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ABSTRACT

MINIMUM DISTANCE REGRESSION AND AUTOREGRESSIVE

MODEL FITTING

By

Pingping Ni

This work proposes a class of tests for fitting a parametric regression model
to a regression function when the underlying design variables are random and the
model is possibly hetroscedastic. These tests are based on certain minimized L,
distances between a nonparametric regression function estimator and the parametric
model being fitted. The work obtains the asymptotic distribution of the proposed
statistic under the null hypthesis. It also derives the asymptotic distribution of
the corresponding minimum distance estimator. A class of tests based on a slightly
different L, distance for fitting a parametric autoregressive model to a autoregressive
function is also proposed in this thesis. The asymptotic properties of underlying

parameter estimator and corresponding minimized distanced is derived.
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Chapter 1

Introduction

This thesis is concerned with the classical problem of using a set of variables, say
d-dimensional variable X, to explain the response Y, a 1- dimensional real variable.
As in the practice this is often done in terms of the conditional mean function of Y,

given X, known as the the regression function, and defined as
p(x)=E(Y|X =1), zeR

assuming, of course, E]Y| < co. In the context of time series where X may be the
vector of the previous d lagged variables, u is called the autoregressive function.
To be specific, let {(X;,Y;) : i =1,...,n, } be observable random variables, where
(X;, Y;) has the same distributions as (X, Y), forall 1 < 7 < n. They are said to obey
a regression model with regression function p if in addition {(X;,Y;): i=1,..,n.}
are independent and identically distributed (i.i.d). The data is said to have come

from an autoregressive model of order d = 1 with autoregressive function y, if in



addition, X,,,, is also observable and Y; = X;.;, 1 <1< n.
Let © ¢ R™, and {my(-) : § € O}, be a given set of parametric models. The
statistical problem addressed in this thesis is that of model checking, i.e., to test the

goodness-of-fit hypothesis

(1.0.1) Hy : p(z) = mg,(z), for some 6y € ©, and for all z € T wvs.

H, : Hy is not true,

based on the given data, where T is a compact subset of R?.

Several researchers have used nonparametric techniques on model checking in
regression and autoregressive setting since the late 1980’s. For instance, Eubank
and Spiegelman (1990), Eubank and Hart (1992, 1993), Hérdle and Mammen (1993),
Stute (1996), and Stute, Thies, and Zhu (1998) address this problem in regression
setting, while An and Cheng (1991), Vidar, Yao, and Tjgstheim (1997), and Koul
and Stute (1999) in the autoregressive setting. In the regression context, some of
these works focus on fixed design rather than random and under some restrictive
assumptions on the error distribution. The proposed tests in these papers, except
Stute (1996), Stute et al. (1998), and Koul and Stute (1995), are based on some
nonparametric estimator of the regression function while the tests in the latter
papers are based on a certain partial sum empirical process of the residuals.

Here we shall briefly summarize the contents of some of these papers. Eubank

and Spiegelman (1990) consider the sequence of models where d = 1, at stage n,



X; = Tiyn with 0 < z,,, < - -+ < ZTpn < 1, known nonrandom, and where

W(Tin) = Bo + Bi1ZTin + f(Tin), 1<i<n,

and f is a smooth unknown function. Moreover, here the errors Y; — u(z;,) are as-
sumed to be i.i.d. N(0,72) with 72 unknown. It is also assumed that z;, are gener-
ated by a continuous positive density w on [0, 1] through the relation f;’" w(z)dz =
(27 — 1)/2n. The problem addressed in this paper is to test the hypothesis f = 0
versus the alternative that f € Lp(w)/{1,z}, f is absolutely continuous and its
a.e. derivative f' is absolutely continuous and square integrable. Here the space
Ly(w)/{1,z} consists of all functions in L,(w) orthogonal to 1 and the identity
function.

The paper proposes two tests. For one, they assume that f = Ty, o € RP,
where T',,;, is a vector of known functions orthogonal to 1 and the identity function.
Then the test is based on the the least square estimators of 3y, 5; and a. The other
test is based on the spline estimation of f and the least squares estimators of 8y, 5.
They prove the asymptotic normality of their proposed statistics under their null
hypothesis. We note that the problem addressed in this paper may be thought to
be equivalent to fitting a simple linear regression model, i.e., to test Hy of (1.0.1),
with m = 2, my(z) = (1, )6, against a nonparametric class of alternatives.

Hardle and Mammen (1993) consider the problem of testing Hy based on the

model

(1.0.2) Y: = u(Xi) +e,



where ¢;'s are allowed to be heteroscedastic with E(g;|X;) = 0 and E(e?|X; =z) =

o?(z). They propose a class of tests based on

(103) Mhh(g) = / [ IZK;, r—X Y me ) {fh 2dG(.’L‘),

. L
— -1 d _

fa(@) = n §‘ Knlz = X)), z € R, Ki(u) = 5K (5),

where K is a kernel density function on [—1,1]¢ and G is a o-finite measure on R?.

Their test is based on the statistic T, := nh?/ 2Mhh(§), where the estimator § and

the null model are assumed to satisfy the condition

(1.04)  my(z) — mgy(z) = (1/n) Z <n(z ) > i + 0p((nlogn)~'/?),

uniformly in z. Here n and v are bounded functions taking values in R* for some
k. It is pointed out in the paper that this assumption holds for linear models and
the weighted least squares estimators in nonlinear models if p(-) is "smooth” with
n(z) = (8/06)my(-) at 6 = .

Apart from the usual assumptions such as the kernel K is a symmetric, twice
continuously differentiable with compact support, X lies in a compact set with
probability 1 and the density f of X is bounded away from zero and infinity, they
also assumed that h, = cn~'/(4*% for some known constant ¢ > 0, the regression
function p and the density f are twice continuously differentiable, and Fezp(te;) is
uniformly bounded in i for [¢| small enough.

Under some additional assumptions, they concluded that the asymptotic null
distribution of nh%2(My, () — Cy) is N(0,V), where C, depends on the u = my,,
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the second derivative of K and h=%4/2_ and where

o ot(z)g*(x) r (2) 2
v_2/—f2(m) d /(K (t))" dt,

and g is the Lebesgue density of G.

The choice of bandwidth h, = cn~/{4+4) is asymptotically optimal for the class
of twice continuously differentiable regression functions. It is also crucial in getting
the rates of uniform consistency of nonparametric estimators of x4 and f, which in
turn play a crucial part in the proofs of this paper.

The paper gives details of the proof for one dimensional case only, i.e, for the
case d = 1. But it is not clear how their proof can be extended to the case d > 1,
without a concern for bandwidth selection.

These authors also did Monte Carlo simulations on both distribution of the test
statistic and its asymptotic distribution. Their studies show that the simulation of
the null distribution of the test statistic has a non-negligible large departure from
the limiting distribution in its mean, variance, and shape. It is also proved in the
paper that the naive bootstrap does not work for degenerate U statistics. So they
suggested to use wild bootstrap to calculate critical values.

Stute, Thies and Zhu (1998) also considered the problem of testing Hy of (1.0.1)
for model (1.0.2) with d = 1. They constructed a class of test statistics by first
splitting the whole sample into two parts, 1 to n; and n, to n with n;, — oo and
n —n; — 0o. The test statistic is based on the cusum process of the residuals of

the second half. Let F},, be the empirical distribution function of Xy, 41, ..., Xn, 0n,



be a /n — n;-consistent estimator of the true parameter under the null hypothesis
based on (X;,Y:), n1 +1 <7< n,andlet
- n
Ry(z) =(n—m)"" Y Lixenon (Xi)Yi — ma,, (X)),
i=n;+1

Define the transformation 7, by

(T f) ()
= 1@ - [ ok, Az x | [ oniehi, (21(65)] Fuula)

Here

/ g, (u 9..l (u)oy 2 (u) Fu, (du),

2

On,

is a consistent estimator of o2 based on the first half sample, and iy = (%mg.
Under the assumption that f:: Thg, (u)Tng, (u)o ~2(u) F(du) is positive definite for
some zg < oo, and under some additional smoothness assumptions on the null
model, they proved that under H,, T,J.Z}l — B o F in distribution on D[—00, ),
where B is a standard Brownian motion and F is the distribution function of X.
They then propose the test statistic o, F; 2(zo) [ [TnRL(2)]*Fu(dz). 1t is also
proved in this paper that their test statistic converges in distribution to fol B?(u)du
under their null hypothesis.

An and Cheng (1991) considered a problem of testing linearity of an autoregres-

sive function. They proposed a Kolmogorov-Simirnov type of test statistic based on



a process similar to R, with

5 - n (X = X)(Xeor — X
X = lZXk, — 2 k= 71lc )( k- 12 )
e k=1 (X — X)
The test statistic is defined to be
m-12

SUDP_ooctcoo ~ E :ekI(Xk_1<t) »
g k=2

where m = m(n) is a subsequence of n satisfying m — oo and m(Ininn)/n —
0. It is proved in the paper that this test statistic converges in distribution to
SUPg<¢<1|B(t)| under the null hypothesis, where B stands for standard Brownian
motion.

Koul and Stute (1999) proposed a class of tests for testing the goodness-of-fit
of an autoregressive model also based on an analogue of R,. The test statistic is

defined as follows,

[T Va(z)]
sup ————,
z<zo Op Gn(llio)

where, for an z € R,

1 n
\/;i i=1
XI(Xjo1 £ Xic1 A 33)] (Xi — mg, (Xi-1)),

1 n
T\Va(z) = [I(Xi—x <z) -~ > g, (Xjo1) A7 (Xjo1) e, (Xio1)
ji=1

n
Gale) = 23 IKes$2) Anlo) = [ e, W), W1y > 2)Gul)
i=1
Here 6, is the least square estimator of 6, o2 is a consistent estimator of the variance
of the error. It is also proved that under Hy and when 02(z) = o2, the test statistic _
converges to supg;«;|B(t)|, in distribution.

7



Vidar, Yao, and Tj¢stheim (1997) considered a problem of fitting a linear autore-
gressive function by using local polynomial approximation. They pointed out that
one can construct new tests of linearity by exploiting that the first order derivative is
a constant, and the second order derivative is zero for a linear model. From the esti-
mation point of view, the local polynomial method does overcome some draw backs
of kernel type nonparametric estimate provided that the regression/autoregressive
function is "smooth”, for example the existence of higher order derivatives. If conti-
nuity is the only smoothness condition that is put on the regression/autoregressive
function, then either a kernel type estimates or a local polynomial estimate of the
regression/autoregressive function yield exactly the same estimates. That means
that some tests proposed in this paper can not be extended easily to nonline.;ir case
without relatively strong smoothness conditions on the regression/autoregressive
function.

Our work uses the minimum distance ideas as developed by Wolfowitz (1952,
1954, 1957), to propose tests of fit for the problem. The inference procedures based
on various L,-distances have proved to be successful in producing tests for fitting a
distribution and/or a density function, and in producing asymptotically efficient and
robust estimators of the underlying parameters in the fitted model, as is evidenced in
the works of Beran (1977, 1978), Donoho and Liu (1988a, 1988b), and Koul (1985),
among others.

Beran (1977) focuses on fitting a parametric family F = {fs : 6 € ©} of densities _
to the common density in the one sample setup. The question raised in the paper is

8



how to estimate 6 in order to investigate the fit of the model to the data. This paper
introduces a new efficient parametric estimator based on the minimum Hellinger
distance. The Hellinger distance is defined to be the L, norm of the difference of
the square roots of two nonnegative densities. The parametric estimator 8, is the
8 € © that minimizes the Hellinger distance between fg and fy. It is proved that
under some conditions the estimator 6, is stable under small perturbations, and
V1 (6, — 8) converges in distribution to a normal random variable with mean zero

1, where 6, is the true parameter, $g, is ;%so at

and variance 47([ 54, ()37, (z)dz]~
0 = 6y, and sy = fol/ %, The test statistic for testing the null hypothesis that f is
a member of F, against the alternative hypothesis that f is not a member of F,
is the corresponding minimum Hellinger distance. It is also proved in the paper
that under some conditions the suitably standardized minimum Hellinger distance
converges in distribution to N (0, 1) under the null hypothesis.

In the context of density fitting problem in the one sample set up, Beran (1977,
1978) showed that the inference procedures based on the Hellinger distance have

desirable properties. In the regression model fitting context, this motivates one to

consider the square distance
(1.0.5) M, (6) = / (iinn(z) — mo(z))2dG(z), 6 € RY,
z

and the corresponding minimum distance estimator aj, = argming.gM;,(6), where

fnn(z) is a nonparametric estimator of the regression function u(z) based on the



window width h = h,:

n~ YT Kn(z — Xy)Yi
fu(z) '

finn(z) =

But because the integrand inside the square of M}, is not centered, and be-
cause of the non-negligible asymptotic bias in the nonparametric estimator s,
the goodness-of-fit statistic M}, () does not have a desirable asymptotic null dis-
tribution. Moreover, the estimator a;, though consistent, is not asymptotically
normal. In fact it can be shown that generally the sequence (nh?)Y/2||a: — 6ol|
may not even be tight. For example, see Remark 2.4.3 at the end of Chapter 2.
To overcome this difficulty, one may think of using M, defined in (1.0.3) and let
G, = argming.g My, (9).

Now, under the null hypothesis Hy, the :** summand inside the square integrand
of Myx(6y) is now conditionally centered, given the i** design variable, 1 < i < n.
But the asymptotic bias in n'/?(4, — ) and M,,(&,) caused by the nonparametric
estimator fh of f in the denominator of [, still exists. It turns out that this
difficulty can be overcome if we use optimal window width, different from h, and

possibly a different kernel, to estimate f. This leads us to consider the following

modification of the above distance and estimator. Define
~ n 1
(1.0.6) fun(z) = n'D Ki(z— X)), z € R, w, ~ (logn/n)7,
i=1

M, (8) = /I[n'IZKh(x-Xi) (Y = mg(X))) | {fun(2)}2dG(2),

where K* is a density kernel function, possibly different from K, satisfying a Lips-

10



chitz condition. The proposed minimum distance estimators of § are

~

6, := argmingcg Mh, (6),
and the proposed tests of Hy, one for each G, will be based on

Olg(g Mhu,(a) = th(gn)-

We also consider the following square distance and estimator:

M (8) = /I (ine(z) — mp(z))2dG(z), 6 € RY,

b, = argminoEeM,:w(B),

where
(@) =170 Ko = XY/ fun(z), zeR.
i=1
For the sake of simplicity, we write h for h, and w for wy,.

This thesis proves the consistency of 8, 6,, and the asymptotic normality of

n'/2(8, — 6,). The asymptotic null distribution of the statistic
T, = nh'? (th(én) - C'n> /T2

is shown to be standard normal. This result is similar in nature as the corollary to
Theorem 8 of Beran (1977, p459). A test of Hy can be thus based on T,. Here, C,

is an nh?%2-consistent approximation of an asymptotic centering sequence C, and

11



~

I',, is a consistent estimator of the asymptotic variance T,
Gn = -22 [ Kite - X0t (@)} dGa),
C, = n""Z/Kh 2 {fu(2)}2dG(z), &i=Yi—my (X;),1<i<m,

r o= 2 / o (z) fz((x;dz / / K(w)K(v+u)du) do,

T, hin ‘22(/Kh (z — Xi)Kn(z — X;) éi€; { ful2)}™ 2dG(:v))2,

i#]

where o2(z) := E{(Y u(z IX = x} T € R

In autoregressive setup, where autoregressive function is defined to be
(1.0.7) w(r) = E(Xy|Xn-1=12),n€Z,

and Z stands for the set of integers, we propose a class of test statistics for testing

Hy of (1.0.1) based on a slightly different L,-distance M, () defined as

(1.0.8)  M,(0) : /( ZKha:— i1 x,-—mg(x,._l))> dG(z).

The underlying parameter estimator is defined as

(1.0.9) 6, := argming.o M, (6).

It is proved in this thesis that when d = 1 and ¢;’s are i.i.d with o?(z) = o2,

under some conditions, \/n(6, — 6,) converges in distribution to a normal random

variable with mean zero and covariance matrix £3'n2%;" under Hy, where
(1.0.10) n*: = 02/Imeo(z)mg;(f)gz(f)fs(f)df» §(z) = rhg, (z) f (),
T = [ @)k @6t

12



It is also proved that under some conditions, a suitably standardized minimized
distance My(0,) converges in distribution to a standard normal randem variable
under the null hypothesis.

This thesis is organized as follows. Chapter 2 discusses the mo'del fitting for
regression function. Theorem 2.2.1 and Theorem 2.3.1 give the asymptotic prop-
erties of the underlying parameter estimate. Theorem 2.4.1 gives the asymptotic
distribution of the minimized distance under the null hypothesis. A test statistic
therefore can be constructed based on this theorem. Chapter 3 discusses a parallel
results for autoregressive model fitting.

Chapter 4 shows a simulation results in the autoregressive setting. This sim-
ulation compares the level and power performance of a minimum distance test
with that of Koul and Stute and An and Cheng (1991) tests for the sample sizes
50, 100, 200, 500. The minimum distance test is seen to perform better at some of
the chosen altenatives and for all chosen sample sizes. For additional details see
Chapter 4.

In the sequel, all limits are taken as n — oo, unless specified otherwise.

13



Chapter 2

Minimum Distance Regression

Model Fitting

2.1 Introduction

This chapter discusses a minimum distance method for fitting a parametric model
to the regression function, i.e. to test Hy of (1.0.1) based on the random sample
{(X:,Y;) : i = 1,..,n} from the distribution of (X,Y), for which (X;,Y;) satisfy
(1.0.2), where T is a compact subset of R?. Moreover, assuming that the given
parametric family of models holds, one is interested in finding the model in the
given family that best fits the data.

In this chapter, we will construct a class of tests based on My (6,) in (1.0.6).
In contrast to Hérdle and Mammen (1993), our results do not require the null

regression function to be twice continuously differentiable nor do the proofs in this

14



chapter need the rate for uniform consistency of i, for u. Moreover, we derive the
asymptotic distributions of n'/ 2(6, — 6y) and T, under Hy. This was made feasible
by recognizing to use different window widths for the estimation of the numerator
and denominator in the nonparameteric regression function estimator.

The rest of the chapter is organized as follows. Section 2 states various as-
sumptions, and section 3 contains the consistency proofs. The claimed asymptotic
normality of én and th(én) are proved in sections 4 and 5, respectively. A sim-
ulation study is presented in section 6 to illustrate the asymptotics for the sample
sizes 50, 100, and 200. The results are presented in terms of densities of \/T_l(én —6y)
and nhd/Q(th(én) - C‘n). These graphs show that the distribution of \/n_(én —6)
resembles the asymptotic normal distribution quite well even for the sample of size
50. The distribution of nh%?(My,(6,) — C,) has a small negative bias compared

with the asymptotic normal distribution for all three sample sizes. But the bias

decreases as n increases.

2.2 Assumptions

Here we shall state the needed assumptions. About the errors, the underlying design

and G we assume the following:
(el) Therandom variables {(X;.Y;); X; € R%, Y; € R,i = 1,--- ,n}, are i.i.d. with

the regression function p(r) = E(Y|X = z) satisfying [ p?(z)dG(z) < oo,

where G is a o-finite measure on R¢.

15



(e2) E(Y - p()())2 < o0 and the function 0*(z) := E{(Y - u(z))le =z} isas.
(G) continuous on Z.

(f) The design variable X has a uniformly continuous Lebesgue density f that is

bounded from below on T.

(g) G has a continuous Lebesgue density g.
About the kernel functions K, K* we shall assume the following:

(k) The kernels K, K* are positive symmetric density functions on [—1,1]¢ with
finite variances and [ |u|"K?*(u)du + [ K**(u)du < oo, for r = 0,1, 2. In addi-

tion, K* satisfies a Lipschitz condition.

About the parametric family of functions to be fitted we need to assume the
following:
(ml) For each 6, my(z) is a.s continuous in = w.r.t integrating measure G.

(m2) The parametric family of models my(z) is identifiable w.r.t 8. i.e., if my, (z) =

me,(z), for almost all z (G), then 6, = 6,.

(m3) For some positive continuous function £ on Z and for some 8 > 0,

g, (z) — me, (2)] < ||62 — 01)° €(z), V6, 6, €0, z€L.

(m4) The model my is differentiable in 8 in a neighborhood of 8, with the vector

of derivatives g, such that for every € > 0, k < oo,

) — N— (O — T, )
limsupP( sup me (X:) mao(lX,) (6 — 60)" g, (X)) S €)
n 1<i<n, (nhd)1/2{|6-6ol|<k 110 = 6l|

16



is 0.

(m5) For every € > 0, there is an N, < oo such that for every 0 < k < oo,

P < max h=%2|| g (X;) — ey (X3)]] > e) <e, Vn> N,
1<i<n, (nhd)! /2|18 -6oli<k

About the bandwidth h, we shall make the following assumptions:

(h1)  hp, — 0 asn — oo.
(h2) nh% — 0o asn — .
(h3) h~mn~? where a < min(1/2d,4/(d(d + 4))).
Conditions (h1) and (h2) suffice for the consistency of 8, while (h3) is needed for

the asymptotic normality of 8, and My, (6,). Of course, (h3) implies (h1) and (h2).

It is well known that under (f), (k), (hl) and (h2), cf., Mack and Silverman

(1982),

(2.2.1) szlelg fh(z) - f(l)l = 0,(1), sgg fu(z) — f(z)]| = 0p(1),
fm) |

(2.2.2) Szlé? @ 1} = 0,(1),

These conclusions are often used in the proofs below.

In the sequel, we write h for h,, w for w,; the true parameter 6, is assumed to be
an inner point of ©; and the integrals with respect to the G-measure are understood
to be over the set Z. The inequality (a + b)? < 2(a? +b?), for any real numbers a, b,

is often used without mention in the proofs below.
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2.3 Consistency of 67 and 0,

This section proves the consistency of §;, and f,.. To state and prove these results we
need some more notation. Let L,(G) denote a class of square integrable real valued

functions on R? with respect to G. Define
plonn) 1= [ () = ()G (a), . e € Le(C),
and the map
T (v) = argming.g p(v, myg), v € Ly(G).L2(G).
In the sequel we shall often use the following notation
dén = f72dG, dp = f2dG.

Moreover, for any integral L := [~dgs, L := [~ydp. Thus, e.g., T(6) stands for

T(9) with @, replaced by o, i.e., with f, replaced by f. We also need to define
pn(z,0) = n7t ZKh(x - X;) mg(X;),
i=1
fin(z,0) = n7'Y " Ku(z — Xi)mg( X)),
i=1

Un(2,0) := n™') Ki(z — X))Y; = pa(z,6),
i=1

n! Z Kn(z — X)) (Yi = me(X3)),  Un(z) = Un(z, 60),
Zn(:c,O) = l"'n(xag) - #n(JJ» 00)

= n! ZKh(.’E - X,)[mg(X,) - TTI.OO(X,‘)], f € RI,
i=1

18



Rn(z) = n_l ZKh(ZL’ - Xi)» I_{;(.’L') = n—l ZK;,(J" - Xi)» TE Rdv
i=1 i=1
Yy = /T'nao(x)mg;(:r)dG(x).
To begin with we state

Lemma 2.3.1 Let m satisfy the conditions (m1), (m2), and (m3). Then the fol-
lowing hold.

(a) T'(v) always ezists, Vv € Ly(G).

(b) If T(v) is unique, then T is continuous at v in the sense that for any sequence

of {va} € L2(G) converging to v in Lo(G), T(vn) = T(v), i.e.,
p(vn,v) — 0 implies T(v,) — T(v), asn— 0.
(c) T(mg(-)) =0, uniquely forV 6 € ©.

Proof. The main ideas of the following proof are essentially as in Beran (1977).
Proof of Part (a). Because © is compact, it suffices to show that for every
v € Ly(G), the map 6 — p(v.my) is continuous. Accordingly, let 8, be a sequence

in ©, converging to a § € ©. Then, by the Cauchy-Schwarz inequalities, we obtain
lo(v, me,) — p(v, me)| < p(me,,mg) + 2p"* (v, me)p'/? (s, , mg) — O,

by (m3).

Proof of part (b). Let {v,}, v in L2(G) be such that
(2.3.1) p(Un,v) = 0.
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Set ¥ = T'(v), ¥, = T(v,). Then, by the definition of T,

P(Vasmy,) < p(vn, my).

By subtracting and adding v and expanding the quadratic and using the the
Cauchy-Schwarz inequality on the cross product term, the above bound is bounded
above by

p(Vn, V) + p(v,my) + 202 (v, v)p* (v, my).

In view of (2.3.1), we thus obtain

(2.3.2) lim sup p(v,, my,,) < p(v, my).

On the other hand, again by the definition of T, ¢, and 9, here, p(v, my) < p(v, my,)

which, together with an argument like the above, implies
p(vn,my,) — pv,my) 2 p(vn,my,) — p(v,ms,)
> p(vn,v) = 20" (v, v)p (v, my,).
But
p(v,my, ) < 6p(vn,v) +4p(v,my) = O(1).
Thus, again in view of (2.3.1), liminf, p(v,, my,) > p(v, my), which together with
(2.3.2), yields

(2.3.3) p(Vn,my, ) — p(v, my).

From this it follows that ¥, — 9. For, suppose 9, - 9. Then, by the compact- _
ness of ©, there is a subsequence {9,,} C {U,} such that J,, — ¥, # 3, and by
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the continuity of the map 8 — p(v,6), and by (2.3.1), we obtain p(l/nk,mgnk) —
p(v,my,). Hence, by (2.3.3), p(v,my,) = p(v,my), implying, in view of the unique-

ness of T(v), a contradiction, unless 9¥; = 9.

Proof of part (c) follows from the identifiability condition (m2), which implies
that T'(mg) = 0. O

A consequence of this lemma is the following

Corollary 2.3.1 Suppose Hy, (el), (e2), (f), (m1), (m2), and (m83) hold. Then,

0; — 6y, in probability under Hy.

Proof. We shall use part (b) of the Lemma 2.3.1 with v, = fiy, v = mg,. Note
that My, (60) = p(fhw, me,), 95 = T(vs), and by the identifiability condition (m2),

T(v) = 6y is unique. It thus suffices to prove

(2.3.4) Pliin ) = 0,(1).

To show this, we note that by plugging in Y; = u(X;) +¢; and note that u = my,
under Hj, and expanding the quadratic integrand, p(finy, 1) is bounded above by

the sum 2[Cp; + Cra(6y)], where,

Co = / U2(2)d@o z),

Cn2(6) := / [,u,,(x,ﬁ) - I_{;(x)rrzg(x)] 2d</3w(x), 0 € RY.

It thus suffices to show that both of these two terms are o,(1).
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By Fubini, the continuity of f and ¢?, assured by (e2) and (f), and by (k) and

(h2),

(2.3.5) E / U2(2)de(z) = n~! / EK2(z - X)o*(X)dp(z) = O(1/nh) = o(1),
we obtain that

(2.3.6) [ vi@)deta) = 0y,

Hence, by (2.2.2),

C < sup|f(2)/ful@)P / U2(2)dg(z) = O,((nh?)™Y).

z€1
Next, we shall show
(2.3.7) Cr2(60) = 0p(1).
Let
en(z,0) = EKp(z— X)me(X) = / K(u)mg(z — uh) f(z — uh)duy,

e: (z,0)

EK;(z — X)me(z /K‘ u)mg(z) f(z — uw)du.

By adding and subtracting e, (z, ) and e},(z,6) in the quadratic term of the inte-

grand, one obtains that

(2.3.8) Cra(8) < 3Cna1(8) + 3Cna2(6) + 3Cnzs(6), 6 € O,
where
(2.3.9) Con(8) = / (n(z,8) — e (. 0)]% du (z),

Coza(6) / (K2 (2)ma(z) — €3 (z.0)]? dpula),
Cunl®) = [ fen(z.0) - €22, 0) dula)
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By Fubini, the fact that the variance is bounded above by the second moment,

and by (f), (k) and (m1l), one obtains hat
(2.3.10) ECpa(6) < n'I/EKﬁ(J:—X)mgo(X)dcp(:r) = O((nh9)™1).

Hence Cr21(6p) = O,((nh?)~!) follows from (2.2.2). Similarly, one can obtain that
Cr22(00) = O,((nh?)~1). The claim Cpa3(6p) = o(1) follows from the continuity of
mg, and f. This completes the proof of (2.3.7), and hence that of (2.3.4) and the
corollary. O

Before stating the next result we give a fact that is often used in the proofs

below. Under (f), (k), and (h2),

(2.3.11)/3

= n“I/E'Kf‘(:r - X)a?}(X)dg(z) + /[EKh(x - X)a(X)]*de(z)

n 2
n"'y  Ki(z - X,-)a(X,-)] dyp(z)

= o(1) + O(1) = O(1), for any continuous function a on T.

We now proceed to state and prove

Theorem 2.3.1 Under Hy, (el), (¢2). (f). (k). (m1), (m2), (m3), (h1), and (h2),

-

(2.3.12) 0. — 6y, in probability under H,.

Proof. We shall again use part (b) of Lemma 2.3.1 with v(z) = mg,(z), vu(z) =

mg_(z). Then by (m2), 6, = T(v,), 6y = T(v), uniquely. It thus suffices to show

that

(2.3.13) p(m; ,mg,) = o0p(1).
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But observe that

p(mg ,me,) < 2[p(ftnw, g, ) + p(fhw, Ma,)]-
Thus, in view of (2.3.4), it suffices to show that
(2.3.14) My (6) = plitnu, mg,) = 05(1).
But this will be implied by the following result.
(2.3.15) sub [ My (6) = M, (6)| = 0,(1).
For, (2.3.15) implies that
M;iu(02) = Maw(60) + 05(1),  M;iu(67) = Mau(87) + 0p(1),
(23.16) M, (0n) = M;y(67) = Muw(6n) = Maw(67) + 05(1)-

By the definitions of 8, and gr, for every n, the left hand size of (2.3.16) is nonneg-

ative, while the first term on the right hand side is nonpositive. Hence,
Mf:w(éﬂ) - Mi:u,(gr‘x) = OP(]')'

This together with the fact that M}, (6;) < M (6) and (2.3.4) then proves (2.3.14).

We now focus on proving (2.3.15). Add and subtract u,(z,8)/f.(z) inside the
parenthesis of M} (), expand the quadratic, and use the Cauchy-Schwarz inequality
on the cross product, to obtain that the left hand side of (2.3.15) is bounded above
by

sup Cn2(6) + 2 sup (Cn2(0) M (6)) 7
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It thus suffices to show that
(2.3.17) sup Cr2(8) = 0,(1), sup My (0) = Op(1).
) )

Recall the notation at (2.3.9). Using the same argument as for (2.3.10), and by

the boundedness of m on Z x ©, one obtains that
sup ECpa1 () = o(1) = sup ECpa(8).
) P)

By the continuity of mg and f, one also readily sees that C,q3(6) = o(1), for each
§ € ©. In view of an inequality like (2.3.8) for C,2, we thus obtain that Cpa(f) =

0,(1), for each # € ©. This and (2.2.2) in turn imply that

(2.3.18) Caa(8) < sup > Cr2(8) = 0,(1), VOeO.
Finally, by (m3),

|Cn2(62) — Cra2(61)]

< 2062 - 6ul| sup f;((z;

+ [ IR Paem)

2

[/ [n—liKh(r—Xi)Z(Xi) do(z)

But (2.3.11) applied once with o = £ and once with a = 1 implies that the third
factor of this bound is O,(1). This bound and (2.2.2) together with the compactness
0 © and (2.3.18) completes the proof of the first part of (2.3.17).

To prove the second part of (2.3.17), note that by adding and subtracting my, (X;)

to the i®* summand in M, (6), we obtain

Muul0) < 25up( @)/ fulo)? [ V22101 + [ Zﬁ(xﬁ)dw(x)) |

zel
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But, by the boundedness of m over T x © and by (2.3.11) applied with a = 1,

(2.3.19) 51;1’/272;(55’ 8)dp(z) < C/ (I-(n(z))zdgc(x) = 0,(1).

This together with (2.3.6) then completes the proof of the second part of (2.3.17),

and hence that of the Theorem 2.3.1. 0

2.4 Asymptotic distribution of 4,

In this section we shall prove the asymptotic normality of n'/2(8, — 6,). The first

step towards this goal is to show that
(2.4.1) nhdl|6, — 6o]| = O,(1).

Recall the definition of Z, from (2.3.1) and let D,(0) := [ Z2(z,6)dp(z). We

claim
(2.4.2) nh?D,(6,) = O,(1).
To see this, observe that
n 2
nh®Mp,(80) = nh? / (n-l Z Ki(z - X,-)E,) dpy(z)
i=1

< nhd / UR(a)dpla) + i [ U2a)dp(a)sup |()/ () - 1

= 0,(1),
by (2.3.5) and (2.2.2). But, by definition,

th(én) S th(e()))
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implying that

nh?! My, (8,) = 0,(1).
These facts together with the inequality
Dn(g) S 2[AJhw(BO) + Alhw(én)]

proves (2.4.2).

Next, we shall show that for any a > 0, there exists an N, such that
(24.3) P (D,,(én)/llén — 6o >a + ”li)ﬁl_fl bTEOb) >l—-a, Vn>N,

where Ly is as in (2.3.1). The claim (2.4.1) then will follow from (2.4.3), (2.4.2), the

positive definiteness of £y, and the fact
nh?Dy(0n) = nh?||6n = 6o]1* [Dn(6a)/116n — 6o]/°].

To that effect, let
(24.4)u, = (0n—0), dp; = mg, (Xi) — meo(Xi) — ul

We have

Pn(on) <
16 = Gol?

o = | [ ZK" (nirfn)rd‘”‘x)

D, = / [Mn(x_"o)] do(z).

[lunl

D, + D,2, where
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By the assumption (m4) and the consistency of 6,,, one verifies by a routine argument

that D, = 0p(1). For the second term we notice that

(2.4.5) Dz 2 inf Ta(0)

where
.(b) = / (67 jin(z,00)] de(z), b e RE.

By the usual calculations one sees that for each b € R?, £, (b) — b7 L¢b, in probabil-
ity. Also, note that for any § > 0, and any two unit vectors b, b, € R4, ||b—b,|| <6,

we have

n 2
[Zn(b) — En(b1)] < 6(6+2) [/ n™t Y Kalz — Xi) [I7i, (Xi) | de ()

i=1
But the expected value of the r.v.’s inside the square of the second factor tends to
Jlm(z)|| f(z)de(z), and hence this factor is O,(1). From these observations and

the compactness of the set {b € R%;||b|| = 1}, we obtain that

sup |Z,(b) — bTTob| = 0,(1).
1bl}=1

This fact together with (2.4.5) implies (2.4.3) in a routine fashion, and also concludes
the proof of (2.4.1).
We shall now prove the asymptotic normality of n'/2(8, — 6,). The proof is

classical in nature. Recall the definitions (2.3.1) and (2.4.4), and let

My (8) := =2 / Up(z,9) fin(z,0)ddy (z).
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Since 6, is an interior point of ©, by the consistency, for sufficiently large n, én will
be in the interior of © and th(én) = 0, with arbitrarily large probability. But the

equation M, (6,) = 0 is equivalent to

(2.4.6) / Un(z) jin(z, 8)dbo(z) = / Z0(2.6,) jin(z, 6 )dpu (2).

We shall show that n!/2x the left hand side of this equation converges in distribution
to a normal r.v., while the right hand side of this equation equals R, (6, — 6o), for
all n > 1, with R, = £y + 0,(1).

To establish the first of these two claims, rewrite this r.v. as the sum S, + Sn1 +

On1 + 9n2 + Gn3 + gns, Where

S.= [ Unlalinla)dela).  in(o) = EKu(z = X)rg,(X),
Su = [ Ual@hin(a) (fi*(@) - £-2(2))dG z),

s = [ Unle) inlz.80) = ()] o)

iz = [ Un(z) lin(z.00) = in(@)} (/@) = /* )G ),
gnS—/U un:z:f)n) uano]

Gng = /U [tn(2,8,) = fin(z, B ] ~2(z))dG(z).
We need the following lemmas.

Lemma 2.4.1 Suppose (e1), (e2), (f), (9), (k), (h1), (h2) hold, E|e|**® < o0, for

some & > 0, and rhg,(z) is continuous in x € I. Then, under Hy, n'/2S, —4
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N(0,%), where

£ = limno / / EKn(z — X)Knly — X) o?(X)iin(2)id (v) dp(2)dio ()

/ o*(x)ring, (z)g, (7)g%(z)

@) dz.

Moreover, if f is twice continuously differentiable, and h satisfies (h8), then
(2.4.7) n'/2|S,1| = o,(1).
Lemma 2.4.2 Under Hy, (e1), (e2), (f), (k), (m1), (m2), (m4), (m5), (h1), (h2),

(2.4.8) (@) ngm=0,(1),  (B) n"2gua = 0p(1).

(2.4.9) (€) n2gu3=0p(1),  (d) n'2gns =0,(1).

The proof of (2.4.7) is facilitated by the following lemma, which along with its

proof appears as Theorem 2.2 part (2), in Bosq (1998).

Lemma 2.4.3 Let fw be the kernel estimate associate with a kernel K* which sat-
isfies a Lipschitz condition. If f is twice continuously differentiable with a compact

1
support, if wy, is chosen to be a, (logn/n)3+* where a, — ag > 0, then

(loge n) ™" (n/ log n) 7 sup |fu(z) ~ f(@)] — 0, a5

for any positive integer k.
Proof of Lemma 2.4.1. For convenience, we shall give the proof here only for

the case d = 1, i.e., when fi;(x) is one dimensional. For multidimensional case, the -
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result can be proved by using linear combination of its components instead of i, (z),
and applying the same argument.
Let s, := [ Kin(z — Xi)eifn(z)dp(z), and rewrite

n
n/?S, =n"Y? Z Sni-

i=1
Note that {s,;, 1 < ¢ < n} are i.i.d. centered r.v.’s for each n. By the L-F C.L.T,

it suffices to show that as n — oo,

(2.4.10) Es? - %,
(2.4.11) E{s2I(|sm|>n'?A)} —0, VA>0.
But,
Es, = E / Kn(z — X) € jun(z) dp(z) x / Kn(y - X) € fin(v)do(y)

- / / EKn(z — X)Kn(y — X)o*(X)i(2)in(y)dp(2)dip(y).

By the transformation z — z = uh, y — z = vh, z = t, taking the limit, and using

the assumed continuity of o2, f, and g, we obtain

h—0

Y = lim///K(u)K(v)o2(t)[th(x+uh)[4h(:r+vh)f(:c)

g(z + uh)g(z + vh)
f3(z + uh) f2(z + vh)

dz.

dudvdz

_ /az(z)m30<x)g2<x)
7@

Hence (2.4.10) is proved.

To prove (2.4.11), note that by the Holder inequality, the L.H.S. of (2.4.11) is
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bounded above by

A—é/zn—é/zE(Sn1)2+6

(/(Kh(x - X)ﬂh(x))z‘?édcp(m))z IE[2+5J .

S A—5/2 n-6/2E

This upper bound is seen to be of the order O((nh?)~%2) = o(1), by (h2), thereby
proving (2.4.11).
To prove (2.4.7), by the Cauchy-Schwarz inequality, the boundedness of fy(z),

(2.3.6), and by Lemma 2.4.3, we obtain

nSh < On [ (Ua@hin(@) e sup| @)/ @) - 1|

zel

n Op((nh?) ™) Op((logy n)?(log n/n) &)

= Oy ((logy n)?(logn) ¥ n*=75 ) = 0,(1), by (h3).

This completes the proof of Lemma 2.4.1. )

Proof of Lemma 2.4.2. By the Cauchy-Schwarz inequality,

gl < (w2 [U2a)aeta)) (172 [ e, 1) = @) Fdp(o)).
By (2.3.5), and (h2),
(2.4.12) Enl/z/Uz(x)dcp(z) =0(n"?h7%) = o(1).

To handle the second factor, first note that i,(z, 8y) — fin () is an average of centered
ii.d. r.v.’s. Using Fubini, and the fact that variance is bounded above by the second

moment, we obtain that the expected value of the second factor of the above bound
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is bounded above by
(2.4.13) n-1/2/E||Kh(x — X)tng,(2)||* de(z) = O(n~2h™?) = o(1).

This completes the proof of (2.4.8)(a). This together with (2.2.2) implies (2.4.8)(b).

To prove (c), similarly,

72l < 0 [Veddeta) [ |

But, the second integral is bounded above by

a2, 82) = (2, 60) | dio()

1<i<n

max g, (X) — ringy (X / (Ral2))? do(z) = 0p(h%) x O,(1),

by (2.4.1) and the assumption (m5), and by (2.3.11) applied with @ = 1. This
together with (2.3.5) proves (2.4.9)(c). The proof of (2.4.9)(d) uses (2.4.9)(c) and
is similar to that of (2.4.8)(b), thereby completing the proof of the Lemma 2.4.2. O

Next, shall show that the right hand side of (2.4.6) equals Rn(én — 6y), where
(2.4.14) R, =%g +0,(1).

Again, recall the definitions (2.3.1) and (2.4.4). The right hand side of (2.4.6)

can be written as the sum W,; + W,5, where

V, = //ftn(x,én) [n'IZKh(m—Xi) dni } d@.(T),

P [unll

/ [un z, 0 IZK;, T - } dp,(z) = Vaulu,,

Woe = /[tn(x,ﬁn);ln(x,&o)dcﬁw(:r)un=Lnun say,

S
Il
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so that the right hand side of (2.4.6) equals [V, uX + L] u,. But,

d R
IVall < max ldnil s
1<i<n [|ug|

Va = /Rn(x) ’l#n(-’r»én)“d‘raw(x)
< max g, (X) = o (X [ Kala)dpula)

+ / Ron(2) |itn (. 60) | dbo(z)

= 0,(1) + 0,(1),

by (2.2.2), the assumption (m5), and by (2.4.1). This together with (m4) then
implies that || V|| = 0,(1), and by the consistency of 8., we also have ||V, uT|| = 0p(1).

Next, consider L,,. We have

L

//ln(xv 00)[ﬂn($» én) - /ln(1'> 90)]Td¢w(l‘) + /l."n(x, 00)“;1;(1:, 00)d¢w($)

= Lp + Lpo, say.

But, by (2.2.1) and (m5), ||Ln1|| = 0,(1), while

L, - /ﬂh(l,go)ﬂf(ly 00)ddw(T) l
< / Vi (2, 86) — fin(z. 60) |Pdpu ()

+2 / Vin(z,80) — jon(z. 80)1] [ln(, 60) [ dpu(z).

But, by (2.2.2) and (2.4.13), this upper bound is 0,(1). Moreover, by usual calcula-

tions and using (2.2.2), one also obtains

/ﬂh(z, Go)ﬂf(zﬁo)dcﬁw(z) =Xy + 0p(1).
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This then proves the claim (2.4.14).
Upon combining these results about the left hand side and the right hand side

of (2.4.6), we have the following theorem.

Theorem 2.4.1 Assume (el), (e2), (f), (g9), (k), (m1) - (m5), and (h3) hold.
Suppose, in addition, that E|e|**% < oo, for some § > 0, and f is twice continuously

differentiable. Then, under H,,

(2.4.15) n'2(0, — 6y) = T5'n'2S, + 0,(1).

Consequently, n'/2(6, — 6,) = N(0.L7'EE5"), where T is as in Lemma 2.4.1.
Remark 2.4.1 Upon choosing g = f, one sees that

r = /az(x)mgo(:v)rhg;(x)f(:r)dx, Yo =/r’n90(1:)rhg;(x)f(z)dx.

It thus follows that in this case the asymptotic distribution of n!/ 2((5,, — ) is the
same as that of the least square estimator. This analogy is in flavor similar to
the one observed by Beran (1977) when pointing out that the minimum Hellinger
distance estimator in the context of density fitting problem is asymptotically like
the maximum likelihood estimator.

Consider z and 6 are one dimensional case. Let my(r) = 0z, so my(z) = z.
Let 6, be the minimum distance (MD) estimator, 8, be the lease absolute distance

(LAD) estimator. The variance of V(0. — 6,) is denoted by V;, and

o2 [, 22} (x) fM(z)dz
© (fpe2dG)”
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The variance of \/n(6, — o) is denoted by V;, and

1

Vo= — .
27 4f2(0)EX?

Let g(z) = f?(z)l(z). then

V- o? [ 2 f3(z)?(z)dz
O (pefeiE)”

Now consider the example that X ~ N(0,72), l(z) = f~!(z), the error distribu-

tion is N(0,02), and Z is a finite interval [—a, a], then

v o [2, 2% f(z)dz -2
1 = — ,
(), w2 f(e)ar) [ar?f @)

2 2

v, 2ra;  mo;

472~ 272’

Take 7 =1 and a large enough such that

/a *y(r)dz > %/oo Y (z)dz,

—a ocC
where 1 stands for the standard normal density, then Vi < V.

Or take a = 1 and 7 small enough such that

UL

oc

2
/_g y*(y)dy > ;/ y*(y)dy,

—0C

then V; < V5.

Remark 2.4.2 Linear regression. Consider the linear regression model, where
g=d+1,0 =R and py(z) = 6, + 05z, with 6, € R, 6, € RY. Because now the
parameter space is not compact the above results are not directly applicable to this
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model. But, now the estimator has a closed expression and this regression function
satisfies the conditions (m1) - (m5) trivially. The same techniques as above yield
the following result.

With the notation in (2.3.1), in this case

Kn(z) EKy(z — X)
bn(z,0) = fin(z) = , bn(z) =
LS Ka(z — X)X EKn(z - X)X
(1 )
%= | 9@z, = [ in(e)in(e)dpu(a),

\:z: xx’}
2= f EERErE
\x xx'}

Miul0) = [[Ua(e) = (0 = 60)in(0)*dpu(a).

The positive definiteness of ¥, and direct calculations thus yield

(6o = 00) = 23" [ inls) Un(@)dpul).

From the fact that £, — %, in probability, parts (a) and (b) of Lemma 2.4.2,
and from Lemma 2.4.1 applied to the linear case, we thus obtain that if (e2), (k)
and (h3) hold, if the regression function is a linear parametric function, and if

[ |z’ dG(z) < oo, f is twice continuously differentiable, then
n'/?(0, — 6)) = 261/Un(z)ph(x)d¢(x) +0p(1) = N(0,Z5'Z%;1).
Remark 2.4.3 Tightness. Consider when d = 1, from the definition, a;, satisfies
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the equation

(2.4.16) / (Mas () — Me, (2)) Tas (2)dG () = An + By + Ch,
I

where
(S e - 5 ) )
_ 1¢ e (X — u ) () 4C@)
B, = L(R;Kh(z Xl) 00(Xl) ﬂa)) na,,(x) fh(l‘)’
C, = /I E'Kh(x—Xl)(mgo(Xl)—mgo(x))ma;(x)%(;)),
and

Mo = EKy(z — Xl) (mOO(Xl) - m0o(x)) )

and m stand for 0m/06.

The left hand side of (2.4.16) is approximately

(af — Oo)ngo(x)dG(x).

A, and B, are 0,(1/v/nh) by Cauchy-Schwarz inequality, consistency of a, and

continuity of m on 6§ € ©. But C, is approximately

/I/K(u) (g, (T — uh) — me, () e, (7)

So if mg,(-) is not differentiable, and v'nh(mg,(z — h) — mg,(z)) is divergent, then

vnh(a;, — 6,) is not tight.
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2.5 Asymptotic distribution of the minimized dis-

tance

This section contains a proof of the asymptotic normality of the minimized distance
th(én). To state the result precisely, recall the definitions of C,, Cn,Cn, T, ['s

from (1.0.7) and let

T, = 2 / / [EKA(z — X)Kn(y — X)o*(X)]? de(z)de(y).
We shall prove the following

Theorem 2.5.1. Suppose (el), (€2), (g), (k), (m1)-(m5) hold, Ec* < oo, h satis-
fies (h8), and f is twice continuously differentiable.
Then, under Hy, nh®?(Myy(6n) — Cr) asymptotically normally distributed with

mean zero and variance I'. Moreover, [, I'™! — 1] = 0,(1).

Consequently, the test that rejects Hy whenever ['; V2 hdl 2|th(9~,.)—(:’n| > Za/2,
is of the asymptotic size @, where z, is the 100(1 — a)% percentile of the standard
normal distribution.

Our proof of this theorem is facilitated by the following five lemmas.

Lemma 2.5.1 If (el), (¢2), (f), (9), (k) hold and if nh® — oo, then
nhd/2( My, (60) — C,) is asymptotically normally distributed with mean zero and vari-

ance I
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Lemma 2.5.2 Suppose (e1), (e2), (f), (k), (m3), (m4), (m5), (h1), (h2) hold and

Ee* < 00. Then nh/2 | My, (60) — Mhuw(8n)| = 0,(1).

Lemma 2.5.3 Suppose, in addition to (el), (e2), (k), (m3), (m{), (m5). and

Ee* < 00, f is twice continuously differentiable and h satisfies (h8). Then,
nh? | My, (80) = Muw(80)| = 0,(1).
Lemma 2.5.4 Under the same conditions as in Lemma 2.5.8,
nh¥2(C, — Cp) = 0,(1).
Lemma 2.5.5 Under the conditions of Theorem 2.5.1., T, = T = 0,(1). Conse-
quently, the positive definiteness of T' implies, |[,[~! — 1l = 0,(1).

Proof of Lemma 2.5.1. Note that th(ﬁo) can be written as the sum of C,, and

M5, where

M, = n_zz/Kh(l'—X,')Kh(l‘—Xj)EiEjdw(l’).
i#]

We shall prove that
(2.5.1) nh¥?M,, is AN(0,T}).

To prove (2.5.1), we shall use Theorem 1 of Hall (1984) which is reproduced here

for the sake of completeness.

Theorem 2.5.2. Let X;, 1 <i < n, be i.i.d. random vectors, and let

Un = Z Hn(f(i» X-j)) Gn(:c,y) = EHn(f(l,:c)Hn()-(l,y),

1<i<j<n
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where H, is a sequence of measurable functions symmetric under permutation, with

EH,(X1,X3)|X1) =0, a.s., and EH*(Xy,X2) < 0o, for eachn > 1.

If
- . - - . . 12
EGﬁ(Xl,Xz)-+-n‘1EH,‘f(X1,X2)] / [EHﬁ(Xl,XQ)] —0,
then U, is asymptotically normally distributed with mean zero and variance
'I’l2 EH?‘(Xl, Xz)/?
Apply this theorem to X; = (X7,¢;)T and

Hn(f(i,f(j) = n_lfld/2/Kh(I - X,')Kh(l‘ - Xj)E,‘Ejd(,O(.’L‘),

so that

Tlhd/2Mng:2 Z Hn(X-i,Xj)‘

1<i<j<n

Observe that this Hn(f(l, Xz) is symmetric, E(H,,()ZI,XQ)IXI) =0, and

EH?(X,, X))

= n’2lzd// [EKh(I - X1)Kp(y — X1)0'2(X1) ]2 dp(z)dp(y)

< (thd)‘I// [/ K(u)K(y ;L T4 u)o?(z — uh) f(z — uh)du ]2 do(z)dp(y)

< 00, for each n > 1.
Hence, in view of Theorem 2.5.2., we only need to show that

(2.5.2) EG(X0, %) / [EH,%(XI,&)]? = o(1),
(2.5.3) nEHY(K0, X) [ [EHA(,, )22)]2 = o(1).
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To prove (2.5.2) and (2.5.3), it suffices to prove the following three results.

(2.5.4) EG%(X1,X,5) = O(n~*h?),
(2.5.5) EH}( Xy, X;3) = O(n~*h™9),
(2.5.6) EH*(X,, X,) = O(n™2).

To prove (2.5.4), write a t € RI*! as tT = (tT,t,), with t; € R?. Then, for any

t,s € R4t

G.(t,s) = n_zhd//Kh(x—tl)Kh(z——sl)t232

xE[Kh(:r - X1)Ku(z - Xl)az(Xl)] dp(z)de(2).
For the sake of brevity write dy,,.., = dp(z)de(z)dp(w)dp(v), and

EKy(z — X1)Kn(z — Xl)az(Xl)

_ /Kh(x—t)K,,(z— Do2(8) f(2)dt

Z_

= h~ /K(u)K( h  + w)o?(z — uh) f(z — uh)du

d
= Bp(z — 1), say.

Then, by expanding square of the integrals and changing the variables, one obtains

that

EG3(X,, X,)

= n“‘h?d////Bh(:r — w)By(z — 2)Br(z — v) Br(v — w) dpziwy

= O(n™*hY).
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This proved (2.5.4). Similarly, one obtains

EH! (X, X,)
= nth¥E (/ Kin(z — X1)Kn(z — X2)e162 dp(z) )4
= ot [ [ [ [ (BKalz = X0Katy = X0Kals = X0)Kalt = X0)o* ()"
d@zyat

= O(n~*h™),
and that
EH2(X,, X)
= n‘zth//Kh(I — X1)Kn(z — Xo)Kn(y — X1)Kn(y — Xa)e2e2 do(z)dp(y)

- n-zhd// [EKW(z — X1)Kn(y — X1)02(X1)]” dep(z)dp(y)

= O(n™?),

thereby verifying (2.5.5) and (2.5.6). This completes the proof of (2.5.1).

By (2.5.7),

(1/2)n*EHZ(X1, X2)

— h’d _ y— 2

- ?//</K(u)h dK(T +u)02(I—uh)f(:v—uh)) dp(z)de(y)
— (1/2) / (0%(2))?g(z)dp(z) / ( / K (u)K (v + u)du)? dv

by the continuity of o2 and f. This complete the proof of Lemma 2.5.1. a
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Note that C, = n™E [ K2(z — X1) e} dp(z). Let e, := E [ K} (z — X,) €2 dp(z).

Then, by routine calculations,
. 2
E (nh*2(C, — Cn)
n 2
= E (n—lhd/z Z [/ K} (z — X;)e? dp(z) — e,,])
i=1

nWE (/ K2(z — X,)e? d<p(x)>2

([ xita- Xodcp(m)?e‘;}

= O((nh")™") = o(1).

IN

= n 'KE

Combining this with the Lemma 2.5.1, one obtains that nh®2?(M,(6y) — C,) is
AN(0,T,).

Proof of Lemma 2.5.2. Recall the definitions of U, and Z, from (2.3.1). To prove
part (b), add and subtract mg,(X;) to the i*® summand inside the square integrand

of th(én), to obtain that

Muw(60) — Mpw(8,) = 2 / Up(2) Zn (0, 6n) ddu(z) — / Z%(z,0,) dpy(z)
= 20 - Q. say.

We need to show that

(2.5.7) (1) nh¥?Q, =0,(1), (1) nh¥?Q, = 0,(1).
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By subtracting and adding (é,, - HO)ngo(Xi) to the 7*® summand of the second

factor of integrand in Q,, we can rewrite Q; as the sum of @;; and Q;2, where

/ Un(z)

Qu = (6 —60) / Un(2)in(z. 60)dbu(z)

Qu

n"'Y " Kn(z - X,-)dm-] ddw(z),
i=1

where d,; are as in (2.4.4). By (2.4.1), for every n > 0, there is a k < 00, N < o0,
such that P(A,) > 1 -7, for all n > N, where A4, := {(nh?)"/2||f, — 6|| < k}. By

the Cauchy-Schwarz inequality, (2.2.2), (2.3.6) and the fact that

(2.5.8) [ (&ala))? dpula) = 0500),

we obtain that on the event A,, nh%?|Q,,| is bounded above by

B2, — Gl (k)2 sup 1o (nhe)irmy.

is(nhe)172]jp—8ol|<k [|0n — o]
This bound in turn is 0,(1) by Theorem 2.4.1 and the assumption (m4). Hence to
prove (2.5.7)(i), it remains to prove that nh%/2|Q:2| = 0,(1).

But @,2 can be rewritten as the sum of 12, and @22, where

Qun = (6a—60) / Un(2)jin (2, 6 dpu (2),

Qi = (0a =007 [ Ua(o) [in(z.00) — fin(z.00)] dbul).
Arguing as above, on the event A, (nh%/?|Q142|)? is bounded above by

n2h?[|0n — Goll* max [[ring, (X:) = rge (Xi)|* Op((nh®) ™) = 0,(1),

1<i<n
by (2.2.2), (2.3.6), (2.5.8), and assumptions (m5) and (h2).
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Next, note that Q;,; is the same as the expression in the left hand side of (2.4.6).
Thus, it is equal to
259)  (On =007 [ Zu(a,B)un(z.60)dpu(a)
RO EACRAPRENATENEY
0= )7 [ 20(2.00) [n(2.60) = pa(2.60)] (o)
= D;+ D,, say,
But, by the Cauchy-Schwarz inequality, (2.2.2), (2.3.19), and (2.5.8), nh%/?|D| is

bounded above by

nh/2||, - Bol|?Op(1) = 0p(1),
by Theorem 2.4.1 and the assumption (m5) and (h2). Similarly, one shows nh?2|D,|

is bounded above by
nh®?16, — Bol[*0p(1) = 0p(1).
This completes the proof of (2.5.7)(i).

The proof of (2.5.7)(ii) similar. Details are left out for the sake of brevity. O

Proof of Lemma 2.5.3. Note that
R | My (6) — May(80)] < nhe/® / U2 (2)de(z) sup | f3(z)/ f2(z) — 1]
z€el
= nh?¥20,((nh%)"1)0,((log n)(log n/n) @) = o,(1),

by (2.3.5) and Lemma 2.4.3. Hence the lemma. O

Proof of Lemma 2.5.4. Let

ti =my (Xi) — mg(Xi), An(z) := f*(z) (ff(x) - f_2(17)) :
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Then,

1
- W Z / Ki(z - Xi)(e: — t)dp(a)
i=1
1 < )
w2 Z/ Kilz = X)(e: = 6) An(2)dip(z)
= Anl + AnZy say.

In order to prove the lemma it suffices to prove that
(2.5.10) (a) nhY*(An —Cp) =0,(1), and (b) nh??An, =o0,(1).

By expanding the quadratic term in the integrand, A,; can be written as the sum

of Cn, An12, and An137 where

Aniz = _2Z/Kh Xi)tido(z),
Auy = —207?3" / K2(z - X\)eitido(z).
i=1

But |A,12| < maxicic, [ti?n72>°0 | [ Ki(z — X;)dp(z). By (m4) and (2.4.1),
one obtains that max;<, |t;|> = O,((nh?)~!). Moreover, by the usual calculation,

one obtains that

Y [ Kita = Xdo(@) = Oy ).

Hence,

| Anz| = Op((nh?) =)0, ((nh?) ") = Op((nh?)™2).
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Similarly,

Awsl < 2maxltin Y [ Kie - Xlaldota)
- i=1

= Oy((nh?) ™) 0,((nh?) ™) = Op((nh?)=%?).
Hence

Inh2(An = Cp)| = nh¥? (0,((nh?)72) + O,((nh?)~3/2))

= Oy((nh™%%)7) + Op((nh%) %) = 0y(1).

To prove the part (b) of (2.5.10), note that A, can be written as the sum of

Apay, Anae, and Apa3, where

An?l

n_zzn:/l(,f(z - X)) A, (z)dy(z),

i=1
Anz2 = 2Z/Kh An(z)de(z),
Apaz = —2n_2Z/KZ($—X,-)eit,-An(:r)dcp(x).

By taking the expected value and the usual calculation, one obtains that

-22 [ Kite - Xieldo(@) = O,((ni) ™).

Hence

WA | < sup|Ana / Kz - X,)eldp(a)

= nh¥20,(log, n (log n/n) T+ )O,((nh?)™1)

3
>

= 0,(h™*log, n (logn/n)7+) = 0,(1),

48



by Lemma 2.4.3 and (2.2.2). Similarly, one obtains that

Nk App| < Sup [ Ay (z)| max t:Pn / Kj(z — X)i)dp(z)
= nh??0,(log, n (log n/n)z/(dH))Op((nhd)'l)Op((nh,d)‘l)

= 0p((nh*%)7) = 0y(1),
and

|nh¥2 Ans| < 2sup|A (x)lmaxlt |n'2Z/Kh (z — X)i)|ei|de(z)
= nh*20,(logy n (log n/n) )0, ((nh?)~1/2)0,((nh%) ™)

= Op(("hw)_l/z) = Op(l)»

thereby completing the proof of the part (b) of (2.5.10), and hence that of the
lemma. O.

Proof of Lemma 2.5.5. Define

I, = h%”i (th(x — X)) Kn(z — X;)ese;do x)) ZH2 X, X;).

We shall first prove

(2.5.11) [n—Th=o0,(1),

(2.5.12) [n—Tn = 0,(1).

The claim of this lemma follows from these results and the fact that I, — T.
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For the sake of convenience, write K;(z — X;) by K;(z). Now, rewrite [, as the

sum of the following terms:

B, = hdn"zi (/ Ki(z)Kj(z)(e; — t:) (g5 — tﬂd«p(:c))z,

i=1
m

Bg = hdn'2z (/ K,‘(IL‘)KJ'(.'E)(Q - ti)(é'j - tj)An(.’E)d(,O(SL‘)) s

d m
B, = 2 > (fx6 - 6)(e; = t)dp(z) )
«( / Ko@) () = 8)(es = )8 (2)de(a) ).
In order to prove (2.5.11), it suffices to prove that

(2.5.13) B, =T, = 0,(1), B, = 0,(1), and B; = 0,(1).

By taking the expected value, Fubini, and usual calculation one obtains that

(2.5.14) h‘in"2 (/ Ki(z T)leil|e Jld(,o(x))z = 0p(1),
(2.5.15) hdn"zi (/ Ki(z)K;(z)|ei|dp(z ))2 = 0,(1),
(2.5.16) hin=? i (/ K,-(x)Kj(z)dcp(:):)>2 = 0,(1).

Further more,

(2.5.17) supAn(z) = o0,(1), by (2.2.2)
zel
(2.5.18) max It = o,(1). by (m4) and (2.4.1).
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Note that by expanding (€; — ti)(€; — t;) and the quadratic terms, |B; — [, is

bounded above by the sum of B2 and B3, where

By = h ni(/K 2)(tit;| + leitil + It dolz ))2,

=1

B - mn—zi ([ KoK @i laota))

(/K 2)(ltity] + lesti] + [tie; ) do(z ))

But By, = 0,(1) by (2.5.15), (2.5.16), (2.5.18), and the fact that {t;} are free of z.
It further implies that By = 0,(1) by (2.5.14) and applying the Cauchy-Schwarz
inequality to the double sum. Hence |B; — T',| = 0,(1).

Note that

2
B, < sup|Au@)hin?Y ([ Ki(a)K()les - e~ lde(o)

z€el

= 0,(1)0p(1) =0p(1),
by the inequality
le; — tille; — 5] < lesesl + ([tits] + leati] + [tigj]),
and expanding the quadratic terms, and by (2.5.17), (2.5.14), and the result that
By2 and Bi; are both 0,(1). Finally, again an application of the Cauchy-Schwarz
inequality to the double sum yields Bs = 0,(1). This completes the proof of (2.5.13),

and hence that of (2.5.11).

To proved (2.5.12), note that I',, = ET,. Hence

- 2 m - - - - - -
E(fa-Ta) < D BHAX X)) +c Y BHAX:, X)) HA(X;, X
i=1 i#i7k
S (n2+cn3)EH:()-(1,X2)
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for some constant ¢ by expanding the quadratic terms and the fact that the variance
is bounded above by the second moment. But by (2.5.5), this upper bound is

O((nh?)~1) = o(1). Hence (2.5.12) is proved, and so is the Lemma 2.5.5. O

2.6 Simulations

The simulation study of the distribution of én and the the minimum distance
th(én) was conducted for a linear regression function family {ms(z) = 0z, 6 € R}
with various sample sizes. First we generated random sample {X;}}, n = 50, from
uniform [—1.1] distribution, and random sample {¢;}} from normal distribution with
mean zero and standard deviation 0.1. Then let Y; = mg (X;) + €;, with 6y = 1,

1 =1,...,n. The kernel functions we used to construct the test statistic are

K(u) = K*(u) = 3/4(1 — u®)I{|u] < 1}.

-1/3 and w is chosen to be n~/5. The measure

The bandwidth A is chosen to be n
G is a measure with Lebeague density g(z) =1 on [-1.1].
Recall that @, is the minimizer of My, (0). By taking the derivative of My, (6)

in 6 and solving the equation of OM,,(0)/06 = 0, the minimum distance estimate

of §, is given by

én = An/an
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where

A, = /l(ixh(x-xi)x)(ixh(x- X)ZK T - X;)) %z

1—1
B, = / ZKhx— i ZK - X; 2d$

The normalized value of 8, then is calculated by \/n(f, — 1). The corresponding

minimum distance and the estimate of its asymptotic mean are calculated by
2 /. -2
Muw(6,) = / (th z — X)(Y; — 0.X) ) (wa(x-x,-)> dz,
B -2
C, = / (Zxﬁ(x—x Y; — 6, X;) )(ZK (z — X ) dz.
-1 i=1

The value of the test statstic is calculated by nh?2(Myy(8,) — C,). In order to plot
a density curve, we repeated the above sampling and calculations for 1000 times.
The density curves of normalized 6, and the test statistic are plot by using density
plot command with Gussian kernel option in SPLUS2000. We also did the above
simulation for n = 100 and n = 200.

The first three graphs in Figure 2.1 are the Monte Carlo density curves of
V(6 — 1) from 1000 runs with sample size n = 50, n = 100, n = 200 respectively.
The fourth graph is the N(0, (0.173025)?) density, the density curve of the limiting
distribution of /n(f, — 1) based on the theorem we obtained in section 4. The first
three graphs in Figure 2 are the Monte Carlo density curves of nh%/2(Mj,(8,) — C,)
from 1000 runs with sample size n = 50, n = 100, and n = 200 respectively. The
fourth graph is the density curve of the limiting distribution of nh%/2(Mj,(6,) = C,)
in Theorem 5.1. which is N(0, (0.026344)?) in the present case. The graphs show
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Figure 2.1: The density curve of \/n(6, — 1).
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that the distribution of \/n(f, — 1) resembles the asymptotic normal distribution
quite well even for sample size is 50. The distribution of nhd/ 2(th(én) - (:',,) has a
small negative bias compared with the asymptotic normal distribution for all three
sample sizes. But the bias decreases as n increases.

A simulation for d = 2 and m = 2 was also conducted. The hypothesis to be

tested is
Hy: p(z) = 0.5z, + 0.8z,, vs. H,: Hy is not true.
The parametric model to be fitted is
{me(z1,T2) = 6171 + O2z2, 6 = (61,6:)T € R? z = (21, 7,)T € R?*}.
We chose the following five models to generate simulated data from:

model 0. Y; =0.5X,; + 0.8Xy; +¢;,

model 1. Y; = 0.5X; + 0.8X5; + 0.3(X; — 0.5)(Xo; — 0.2) + ¢,

model 2. Y; = 0.5Xy; + 0.8Xz; + 0.3X1; X2 — 0.5 + €5,

model 3. Y; =0.5Xy; + 0.8Xy; + 1.4(exp{—0.2X%} — exp{0.7XZ}) + &,

model 4. Y: = I{X2 > 0.2} Xy + €5,

The error distribution is N(0,0.3). Xy; are i.i.d N(0,0.7) and Xy; are i.i.d N(0,1).
The sample sizes chosen are 30, 50, 100, and 200. The nominal level that is used to
implement the test is @ = 0.05. There are 1000 replications for each combination of

(model, sample size). Data from model 0 are used to study the empirical size, and
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the data from models 1 to 4 are used to study the empirical power of the test. The

empirical size (power) is computed by
Relative frequency of (valueof thetest statistic > F~'(1 — a)),

where F is the asymptotic distribution of the test statistics under Hj.

The bandwidth h is chosen to be n~'/4% and w is chosen to be (logn/n)!/(@+%),
the measure G is taken to be the uniform distribution on [-1,1].

The density curves of normalized 6, and M, (6,) are plotted by using den-
sity plot command with Gussian kernel option in SPLUS2000 for one dimenstion
and Surface-Spline Fine Grid for two dimension, where 6, = (6,,,60,)T and 6, =
(0.5,0.8)7.

The results of the power study are shown in the table. The tables gives the
empirical sizes and powers for testing model 0 against models 1 to 4.

The simulation results of the densities of /n(8, —6,), and the minimum distance
test statistics are shown in Figure 2.3 to 2.9.

Figure 2.3 is the Monte Carlo density curves of \/n(6,, — 0.5) from 1000 runs
with sample size n = 30, n = 50, n = 100, n = 200 respectively. Figure 2.4 is
the Monte Carlo density curves of \/n(fy, — 0.8). Figure 2.5 is the Monte Carlo
density surface of \/n(6, — 6y) when n = 30. Figure 2.6 is the Monte Carlo density
surface of \/n(#, — 6) when n = 50. Figure 2.7 is the Monte Carlo density surface
of v/n(6, — 6;) when n = 100. Figure 2.8 is the Monte Carlo density surface of

Vvn(6, — 6y) when n = 200. Figure 2.9 is the Monte Carlo density of the test
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statistic under Hy with sample size n = 30, n = 50, n = 100, n = 200.

In the following figures, ”

...... "isforn=30,"—--—"1isforn=50,"- — —

is for n = 100, and a heavy solid line is for n = 200.

Table 2.1: Empirical sizes and powers for testing models 0 vs. model 1 to 4.

n =30 | n=50 | n=100 | n=200
model 0 | 0.005 | 0.022 | 0.036 | 0.049
model 1 | 0.003 | 0.062 | 0.670 | 0.895
model 2 | 0.931 | 0.999 | 1.000 | 1.000
model 3 | 0.461 | 0.975 | 1.000 | 1.000
model 4 | 0.035 | 0.368 | 0.977 | 1.000
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Figure 2.3:

The density of \/n(61n — 0.5).
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Figure 2.4:

The density of \/n(f2, — 0.8).
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Figure 2.5: The 2 dimentional density of \/n(6, — 6,) when n = 30.
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Figure 2.6: The 2 dimentional density of \/n(6, — 6;) when n = 50.
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| density of \/n(6, — 6) when n = 100.
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I density of \/n(6, — 6y) when n = 200.
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Figure 2.9: The density of test statistics under H.

A
/7
e
7/,
g
A
P
#<5.
P
g
et
- \.‘\\..\.n,‘,\»tﬂ...\
~l\.\\A\v.ﬁl;J
.. oo
a7 s
-
. J
-
‘ :
~ o N
. T R
.).lyl.ll)... )
TR as o
N~
BN
RN
R S & e A S A S
o ® © < N
-— o o o o

0.0



Chapter 3

Minimum Distance Autoregressive

Model Fitting

3.1 introduction

This chapter discusses application of minimum distance idea in fitting a parametric
model to the autoregressive function. To be specific, let X, be a real valued strictly
stationary process having finite expectation. The autoregressive function is defined
to be

p(z) = E(Xp|Xno1=1), nEZ

Let {mg(:) : # € ©},0 C R™, © compact, be a given set of parametric functions.

The statistical problem of interest here is to test the goodness-of-fit hypothesis

Hy : p(z) = my,(z), for some 6y € ©, and for all £ € T vs. H; : Hy is not true,
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based on the sample {X; : i € Z, } from the stochastic process, where 7 is a compact
subset of R.

In the context of regression fitting problem under the i.i.d set up, the asymptotic
properties of minimum distance estimator of the parameter 6,, are studied, where 6,,
is defined to be the argument that minimizes a transformation of the L(G) distance
between the nonparametric estimate of regression function p and the parametric
function my. It has been shown that the so defined minimum distance estimator is
consistent, asymptotically normally distributed with rate of /n. The corresponding
minimized distance is also asymptotically normally distributed. Thus a class of tests
can be constructed by using suitably standardized minimum distance. Encouraged
by what have been shown in 7.7.d case, we consider to apply the same idea to the
autoregressive model checking.

when dealing with regression model fitting, to reduce the bias caused by f, in
M}, (0) defined in chapter 1, we used an optimal window width for the Nadaraya-
Watson type estimation of f, i.e. fw". But it still causes bias. Hence in this chapter
we consider using a slightly different L, distance defined as M), () of (1.0.8), which

is actually the Lo-distance between rﬁ;f and a kernel estimator my f defined as
— 1 &
mef = — > Kilz - Xi1) X,
i=1

where G is a o-finite measure with bounded Lebesgue density g.

The estimate of the parametor is defined as (1.0.9). The test statistic T, is
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defined to be

T, _ 'l M, (8 )—li Ki(z — X;_,)dG(z)é?
n — f2 h\Un n2 2 f h i-1 i o

n

where I'? is a consistent estimator of T,
n

r? =4(02)2/If2(a:)gz(x)d:v / (/K(u)K(u+v)du)2dv,

and é; = X; — mg_ (X;_1). Similar to the discussion in chapter 2, ff, can be chosen

to be

4/1 (%gKh(x—Xi_l)é?)zg%z)dx/(/K(u)K(u+v)du)2dv.

In this chapter a proof of the consistency of 6,, the asymptotic normality of
Vvn(6, —6), and asymptotic normality of the test statistic T, are presented. A test

of Hy can be thus based on T,.

3.2 Assumptions

Recall that the definition of "Geometrically Strongly Mixing” (GSM) from section
2.3 of Bosq (1998). {X.} is GSM if there exists ¢p > 0 and p € [0,1) such that

a(k) < cop¥,k > 1, where

a(k): = supa(c{X,, s <t},o{X,,s>t+k}),
teZ
a(A,B): = sup |P(A[)B)- P(A)P(B)|
A€ A,BeB

where o{X,, s < t} stands for the o field generated by {X,,s < t}. It’s also pointed
out in Bosq (1998) that the usual linear processes are GSM.
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Here we shall state the needed assumptions.

(M) The time series {X;; X; € R, i € Z}, where Z stand for all integers, is strictly

stationary satisfying GSM mixing condition and X; = pu(X;_;) +¢€;.

McKeague and Zhang (1994) pointed out that it is easier to check geometric
ergodicity, which implies strong mixing with a geometric mixing rate. From Tweedie
(1983), one obtains that a sufficient (but by no means necessary) condition for
geometric ergodicity of the nonlinear autoregressive process is that 4 and o are
bounded on compact sets, where o2 = E(e2|X).

About the errors and underlying design we assume the following:

(S1) The autoregressive function u(-) satisfies [ u*(z)dG(z) < oo, where G is a

o-finite measure on R.

(S2) {e;} are i.i.d and €;4, is independent to X;, j =0,..,7, and 02 := Ee2.

(S3) The density of X is twice continuously differentiable Lebesgue density f that
is bounded from below on Z. Denote the first and second derivatives of f by f’

" ]
and f", respectively. We also suppose that supyy, 1, ¢+, 5 te} | ftr.t2,t3.turts telloo <

oQ, where ftl'tht:ht‘yt.')‘tO is a jOint denSity of th, .th, th, Xt41 th, and Xto'

About the kernel function K we shall assume the following:

Conditions (K), (A1), and (A2) are the same as those in chapter 2.

(A3) For each 8, my(z) and g, (z) are a.s continuous in z w.r.t the integrating
measure G.
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(A4) The function 6 — my is continuous in Ly(G): For any sequence 6,, 6 € ©,

|6, — 8|| = 0, implies p(my,,ms) = 0.

(A5) For every € > 0, there is an N, < oo such that for every 0 < k < oo,

max hY2||ring (X;) — mivg, (Xi) || = Op(1).

1<i<n, (nh)V/2(|9-60|l<k
About the bandwidth h we shall make the following assumptions:
(H)  h ~n~° for some a > 0, and there is a v > 0 such that nh?*? — oo.

In this chapter we will often use an inequality in Bosq (1998). We list it here as

a lemma.

Lemma 3.2.1 Let X and Y be real valued random variables such that X € LI(P),

Y € L7(P), where g.r > 1 and ; + ; =1~ 2, then
|Cov(X. Y)| < 2p(22) | X |||V ]I,
in particular
|Cov(X,Y)] < 4al| X |loo]|Y ||,

where

a=ca(c(X),o(Y)),

| X |loo = inf{b: P(]X| > b) = 0}.
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Analog to the notations defined in section 2.3, we introduce some notations that

will be needed in this chapter.
1 n
Un(z.6) = ~ Z Kn(z = Xi_1) (X; — mg(X;_1)), and
Un(.'L') = I 00 ZKh - X 513

and Z,(z,0), u.(z,0), and f1,(z,6) are as defined in section 2.3 with X; replaced by

My (80) = /I U2(2)dG )

We also introduce the following notation,

X;_1. Note that

Jh={yeR:|z-y| < hzeI}

3.3 Consistency of 6,

The main result of this section is the consistency of 6,. Similar to the proof of
consistency of én in previous chapter, we will first prove the consistency of ¢, in

Lemma 3.3.3, where now 8}, is defined to be

0, = argmingcoM;(6), and
M:(6): = /I(%Zkh(z—Xi_l)Xi—mg(x)f(x)) dG(z).

This result will be in turn used to prove the consistency of 6, in Theorem 3.1 .
Lemmas 3.3.1 and 3.3.2 list some results that will be needed in the proof of
Lemma 3.3.3 and theorem.
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Lemma 3.3.1 Let v, be a sequence of m-dimension vectors of real valued functions
defined on R, bounded on J, uniformly in n. Then, under the condition (M), the

following hold forVr € T and V0 <a < 1:

n

(a) ||n7" ; (Kn(z = Xi-1)¥n(Xic1) — EKn(z — Xo)¥n(X0)) ’ = Op(\/n}ll—lﬂ)
/ z (Kn(z = Xic1)¥n(Xio1) — EKp(z — Xo)¥n(Xo)) dG (2 i
= 0, il )
=0yl 7=)
(C) EL Tl_1 Z Kh(.’L‘ b Xi-—l)wn(Xi—l) - EKh(.’L‘ - Xo)'ll]n(Xo) dG(IL‘)
= o)

where || || stands for the usual Ly norm defined on R™, i.e
(a1, ram)Tll = y/a2 + -+ a2, ¥ (ay,...,an)T € R™.

Proof. Note that the lemma holds for {¢,} if and only if it holds for all jt*
component of {¢,}, 1 < j < m. Hence we only need to prove the lemma for the
case of m = 1. Recall m is the dimension of ©.

Leta<b< 1. Foranze€lZ,let

6n(X:) = Kn(z — X)en(Xs) = EKw(z — Xo)un(X).
Then E¢,(X;) = 0. So
(3.3.1) E (n-l 2(1{,.(1: = Xi1)¥n(Xio1) — EKn(z — X0)1/’n(X0))>2
= ' EG(Xy) + 207 Z Cov(da(Xi-1), bu(X;-1))
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The first term is O(ﬁ) by the fact that the variance is bounded above by its second

moment, boundedness of ¢, and f. By Lemma 3.2.1, the second term is bounded

above by
(3.3.2) ”n"zz% (2a(j = ))°lén(Xiz1)llgll6n(X;-1) I
i<j
n-1n-k
92+bp -2 (k)| én (Xiz1)llglldn (Xivi—1) I+
k=1 i=1
n-1

< 207t )y o’ (k)[lén(Xo)ll5s
by taking ¢ =7 =2/(1 —b) and p = 1/b. But note that
16n(Xo) [ = (Elén(Xo)[)*1* = O(h~207/8) = O(1=(4)) = o(h=(+2),

Hence (3.3.1) is o(7+z). Consequently (a) holds. Similarly, one may prove (b) and

(c). a

Corollary 3.3.1 Let ¢(z) be a real valued continuous function on R. Then under

the conditions (M), (S1), (S2), and (S3),
n~! 2": Ki(z — Xi-1)9(Xio1) — 9(z) f(z), in probability,Vz € T.
Proof. Note that by the continuity of f and 1,
EKp(z - X /K Y(z — uh) f(z — uh)du — Y(z) f(z),
so the corollary follows by applying Lemma 3.3.1 (a) to ¥, = ¥. O
Lemma 3.3.2 Under the conditions (S1), (S2), and (K),
E/IZ,f(x,Bn)dG(x) — 0.
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Proof. By adding and subtracting Kx(z — X;_,) X; to the i*® summand in Z,(z, 6,),

and expanding the quadratic term, one obtains
/Zﬁ(m,ﬁn)dG(x) < 2My(6,) + 2M(60) < 4M4(6y).
b4

The second inequality follows from the definition of 8,. Therefore, to prove the

lemma it suffices to show that EM}(6;) — 0. Note that by Fubini,

EM;(6,)

2 n
= %LEKi(I—Xo)dG(x) + %EE/I-Kh(x— Xi_1)Kn(z — X;-1)dG(z)eie;.

i<j
The first term is O((nh)~!) by direct calculation. The second term is 0 by taking

conditional expectation on o{X, : s < j} first. Hence
(3.3.3) EM,(6)) = E /I U2(z)dG(x) = O((nh)™h).
So the lemma is proved. m]
Lemma 3.3.3 Under the conditions (S1), (52), (53), (K), (A1), and (A4),
6, — 6y, in probability under Hy.

Proof. The proof is similar to Corollary 3.1 in chapter 2. According to Lemma 3.1

in chapter 2, it suffices to show that

334 [ (%th(x—xi_oxi—m90<z)f(x)) dG() = 0,(1).

i=1
Note that by plugging in X; = mg,(X;_1) + €;, adding and subtracting
EKp(z — X;_1)mg,(Xi_1) in the i** summand of the integrand, the left hand side of
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(3.3.4) is bounded above by the sum of the following three terms:

(a) /I U3(z)dG(z)
(b) /I (% Z[Kh(l' = Xi-1)mgo(Xio1) — EKx(z — Xi_l)mgo(Xi_l)]> dG(z)
(c) /I (EKw(z — Xo)mey(Xo) — mey(2) f(2))” dG(z).

The term (a) is Oy(1/(nh)) by (3.3.3). The term (b) is 0,(1) by Lemma 3.3.1

(c) with 9, = myg,. The term (c) is o(1) because it is equal to

/z (/ K (u)(mg,(z — uh) f(z — uh) — meo(x)f(:r))du)2 dG(z) = o(1)

by continuity of mg, and f, compactness of Z. Hence (3.3.4) holds, so does the
lemma. 0

Now we are ready to present the main theorem of this section.
Theorem 3.3.1 Under the conditions (M), (S1), (S2), (S3), (K), (A1), and (A4),
6., — by, in probability under Hy.

Proof. The proof of this theorem is similar to Theorem 3.1 in chapter 2. Here
we only sketch the proof. Recall the definition of p from section 2.2 and note that
M;(0) = p(rn, mgf), where r,(z) :=n"t 3" Kp(z — X;1) X;.

By the same argument as in the proof of Theorem 2.3.1 with M} and My,

replaced by My and M,, it suffices to prove the following result,

(3.3.5) sup iM,,(e) - M,:(H)‘ = 0,(1).
6cO
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To prove (3.3.5), add and subtract n™' 3" K, (z — Xi—1)my(X;_;) inside the

i=1

parenthesis of M}, (6), expand the quadratic, and use the Cauchy-Schwarz inequality
on the cross product, to obtain that the left hand side of (3.3.5) is bounded above

by

sup Cn(6) + 2 sup(Cr(6) Mx(6))"/?,
8O 6c0

where

2
1 n
Cn(6) = / (H ZKh(x = Xi—1)(me(Xi—1) — mg(x))) dG(z).
z i=1
To prove (3.3.5), it suffices to prove that

(a) sup Crn(0) = 0p(1), and (b) sup Mx(6) = Oy(1).
9€0 [3e)

First to prove (a). Note that K,(x — X;) is nonzero only if X; € J; for large n

such that A <1, so Cr(6) is bounded above by

n 2
me(y) — ma(ff)i /z (%ZKh(l' - Xi-—l)) dG(z).

As a consequence of Lemma 3.3.1 part (c) with ¢, =1,

(3.3.6) /I (n—l PR ACE x,--l)) dG(z) = 0,(1).

And

sup
ly—z|<h,zy€T

sup  sup  |my(y) — me(z)| =o(1)

l2
0€0 |y—z|<h,z.yeN

because of the continuity of m and compactness of © and ;. Hence

sup Cr(6) = 0,(1).

0co
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Next to prove (b). By plugging in X; = mg,(X;_;) + ¢€;, one obtains that M,(6)
is bounded above by:
2/Uf(m)dG(a:)+2/Z§(z,9)dG(z).
I I

The first term is 0,(1) by (3.3.3). For large n such that h <1, the second term

is bounded above by

4 sup mg(y)'/I (%ZKh(f— Xi—l)) dG(z) = Op(1)

e, ye

by the continuity of m, the compactness of © and Ji, and (3.3.6). Hence

sup My (0) = O,(1).
)

So (3.3.5) is proved, so is the theorem. O

3.4 Asymptotic distribution of \/n(6, — 6).

In this section we will prove the asymptotic normality of §,. Before that we introduce

some notations that are going to be used in this section. Define
(3.4.1) €.(z) = EKip(z — Xg)mng,(Xo),
Ma(z) = g, (2) = may(z) — 1 () (6 — ),

and £(z), n? are as defined in (1.0.10) of Chapter 1.
Note that under the condition (M), 8, is a solution to the equation OM;(6)/96 =

0. 1e.
/Un(x,ﬁn)ﬂn(x,Gn)dG(x) =0.
I
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Plug in X; = mg,(X;_1) + ¢; in Up(z,6,) and rewrite the above equation in the

following form:

(3.4.2) /»,: Un(2)fin (. 0)dG (z) = /I Z0(2,0,) o (. 6) 4G ()

As in the proof of Theorem 2.4.1, we will use Lemmas 3.4.1 and 3.4.2 below to
show that the left hand side of the above equation is approximated by an average of
martingale differences. Hence, by the martingale central limit theorem (M.G.C.L.T)
converges in distribution to a normal random variable with rate 1/\/n. The right
hand side can be written as (6, — 6) times a random variable which, by Lemma
3.4.3, converges in probability to a positive constant. So the theorem about the
asymptotic normality of 6,, follows.

Now we start with three lemmas.

Lemma 3.4.1 Under the conditions (M), (S1), (52), S(3), (K), (A1), and (A4),

there is a function & such that the following hold:

(@) sup|lji(z. o) ~ £(x)]| = 05(1),
(b) sup | iin(z, 8) = £(2)|| = 0, (1)
zel

Lemma 3.4.2 Let! be a real valued continuous function onZ. Under the conditions

(M), (51), (52), (53), (K), (A1), (A3), and (A4),

\/5/ (% ;Kh(ic - Xi—l)l(xi-1)€i§n($)> dG(z)
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converges in distribution to a normal random vector with mean zero and covariance

matriz given by
02/1'ng°(z)mgo(x)lz(a:)g2(z)f(1:)d:v.
I

The result is also true when &, are replaced by &.

Lemma 3.4.3 Under the conditions (M), (S1), (52), (S3), (K), (A1), (A2), (A3),

and (A4),

1 n
(3.4.3)[16 — 90“—1/ <; X:Kh(l7 - Xi—l)Tln(Xi—l)) §(z)dG(z) = 0,(1).
i=1
We will state the main theorem of this section.

Theorem 3.4.1 Under the conditions (M), (S51), (52), (S3), (K), (A1), (A2),
(A3), and (A4), \/n(6, — 6y) converges in distribution to a normal random vec-
tor with mean zero and covariance matriz Ly 117225 1 where £y, n? are as defined

in (1.0.10).

Proof. Note that the right hand side of (3.4.2) can be written as (6, — 6y)Rn,

where R, is a sum of following terms:

Ry = /I fin(z,00)iT (2, 6,)dG ()
= 1 ; z—-X n(Xiza) z,

By Lemma (3.4.1), = [;&(z)€7(2)dG(z) + 0,(1). By Lemma (3.4.3) and

Lemma (3.4.1), Rn2 = 0,(1). Hence R, converges in probability to X,.
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Note that by adding and subtracting Kx(z — X;_,)¢(z) to the i** summand, the

left hand side of (3.4.2) can be written as a sum of the following two terms:

L, / Un(2)€(z)dG (x),

L, / Un(z) liin(z, 62) — £(2)] dG(2).
I

By Lemma 3.4.2 with [ = 1 and &, = &, /nL}, converges in distribution to a
normal random vector. By Lemma 3.4.1 and (3.3.3), the term L%, = o,((nh)~'/2) .
So the left hand side of (3.4.2) is 0,((nh)~!/2) and the right hand side of (3.4.2)

is (6, — 6y) R, where R, converges to ¥ in probability. Hence
(3.4.4) (8, — 60) = 0,((nh)~173).

Next we shall show that (6, — ) is actually O,{1/4/n). Note that by adding
and subtracting K (z — X;_1)7g,(Xi_1) — €.(z) to the i** summand, the left hand

side of (3.4.2) can also be written as the sum of the following three terms:

2, = /I Un (2)6n()dG (),

12, = / Un(2) (jin(2.80) — £(2)) dC(2),

t~
3N
X}

I

/Un(:r)Zn(x,Bn)dG(:r).
1

By Lemma 3.4.2 with [ = 1, \/nL2?, converges in distribution to a normal ran-
dom vector. The term L2, = 0,(1/\/n) by the Cauchy-Schwarz inequality, Fubini,
Lemma 3.3.1 (c), and (3.3.3). The term L2; = 0,(1/y/n) is by (3.4.4), (3.3.3), and

the assumption (A5).
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Combine the above discussion to conclude that

V1 (0n — 60) R = V1L, + 0,(1).

Hence the Theorem holds by Lemma 3.4.2. a.
Next we are going to prove the three lemmas.

Proof of Lemma 3.4.1.
We will prove a bit more general form of this lemma. i.e. for any continuous

function [ on Z,

(3.4.5) supl—ZKh z - Xi)l(Xi1) = U(z) f(z)] — 0

z€el
where f is the density function of Xj.

Because [(z) f(z) is continuous on compact set Z, so it is bounded on Z. So

sup |[E— ZKhl‘— X Xizy) = Uz) f(x )‘

zel

= sup| /K l(z — uh) f(z — uh) — I(z) f(z)]du]

zcl

IN

sup {I(y)f(y) ~ Uz)f(a)| — 0.

ly—z|<hzel,yen

In order to complete the proof of (3.4.5), we still need to show that

(346) sup —Z Kz = Xi)l(Xi1) = EKa(z = Xo)l(Xo)| = 0,(1)

Let ¢a(z) = 130, Kn(z — Xio1)l(Xi-1). Consider covering compact set I €
B ={z € R:|z| < b} forsome b < oo by v, closed set: B;, = {z: |z—z;,| < b/vy},

where 1 < j < v, such that B) (B}, = ¢ for j # k.
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By the assumption that K is Lipschitz, there is a finite positive number 8 such

that
Gal@) = Galzyn)| € Sl = 2,0 = Zu (Xi)| € - lzu Xio1)
|E¢a(z) — ECalzjn)| < ;ﬁ (Xo)l, Vz€Bj, 1<j<n
So
(3.4.7)

sup |Cn(x) - E(,,(x)l
el

< sup sup |Gu(s) — Ea(a)]

1<j<vn €Bjn

S sup sup (|Cn(x) - Cn(zjn)] + ICn(zjn) - EC‘H(‘LJYI)I + IECn(xjn) - ECn(z)I)

1<j<vn z€DByn

2b
= B Op(l) + sup |Cn($jn) - ECn(lJn)|

h?vy, 1<j<vn

Note that |Ky(z — X;_1){(X;_1)| is zero unless X;_; € J, for large n such that
h < 1, and it is bounded by ¢/(2h) when X;_; € J; for some constant c. By

Theorem 1.3, part (1) of Bosq (1998), for any 1 < ¢ < (n/2),

P(|Ca(zjn) — ECa(zjn)| > €) < 4dex —i h? ) + 22 1+4—C—1— v [l
mn mn =3P\ T 1 e h a2q'

Choose v, = n, and ¢ = y/n/h, then

P( sup ICn(xjn) - ECn(xjn)’ > 5)

1<j<vn
2

3 4c1\"?
< dypexp (—@ nh 2”) + 22v,q (1 + ?E) alh™7/2]

< o ne~ VI 4 o321 o VR < (1),
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for some positive constants c;, co, and ¢z by conditions (M) and (H) . Hence (3.4.7)
is 0,(1), so is (3.4.6). this also completes the proof of (3.4.5).
By taking | = my, in (3.4.5), then part (a) of the lemma is proved. To prove

part (b) of the lemma, it suffices to prove that

(3.4.8) sup ||i4(z,6) — u(z, B0) || = 0p(1).

Because for large n such that h <1, K(z — X;_;) is nonzero only if X;_, € Ji,

so by the continuity of 7ng, compactness of © and J;, and the consistency of 6,

sup [|7hg, (y) — g, (y) || = 0p(1).
yen

Apply (3.4.5) with [(z) = 1, one obtains that

supn”! Z Kn(z — Xi—1) = 0,(1).

z€l i=1

Hence (3.4.8) is bounded above by

sup [Ig, (u) = rity (v) | sup ™ ; Kn(z = Xio1) = 05(1).
That completes the proof of the part (b) of the lemma. @)

We are going to apply the Martingale Central Limit theorem, i.e. Corollary 3.1
of Hall and Heyde (1989) to prove Lemma 3.4.2. For the sake of completeness, we

state the corollary here as a lemma:

Lemma 3.4.4 Suppose Spk, = Y., Xni. and (Sni, Fn,i) 1S a zero-mean, square

integrable martingale array with differences X,;, and 7n? is an a.s finite random
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variable. If {Xn:} satisfy the following conditions:

(@) V>0, E[XZI(Xai>e)| Fri-1] = 0, in probability.

i=1

(b) Vi = Z E(X2|Fniz1) = 1%, in probability.

i=1
(C) fn.i Cfn-#—l,i» fOTZSZS kng 1.

Then, Spk, converges in distribution to a normal random variable with mean zero

and variance n?.

Proof of Lemma 3.4.2. W.L.O.G, here only gives the proof for the case that @ is
one dimension. We will construct a martingale array and verify the three conditions

of the Lemma 3.4.4. Define

Snj = Zn_l/z/z.Kh(x—Xi_l)l(Xi_l)En(JI)dG(IL‘)E,‘,

fn,j = O'{XO,XI, ---anaEI, ...,6j}.

Then {Sn;, Fn:} is a zero mean, square integrable martingale array, and F,; C
Frttir Xni =072 [ Ku(z— Xio1)l(Xi21)€a(2)dG(z)e;. So the condition (c) holds.

For any A > 0 and ¢ > 0,

(3.4.9) ZE[X T{ X i) > A} Fnioi] < /\CZE[|X,,,|2+°|.7~',” -

i=1
Because &,(z) = EKy(z — Xo)tng,(Xo) = [ K(u)mg,(z — uh)f(z — uh)du, the
kernel function K has bounded support, and continuity of g, and f, so &, is

bounded uniformly in n at z € Z, and suppose the bound is B. Furthermore, note
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that
(3.4.10)
/IKh(x — Xi)llén(2)|1dG (z) < BE/K(U)Q(Xi + uh)du < Be sup 9(y) < o0
So by stationary of X; and definition of ¥, ;_;, (3.4.9) is bounded above by
A~n=2(Bg sup 9(y))**e ;1; Xn: Elle:™*| Fa -1
i=1
= An"2C = 0,(1),

for some constant C. Hence the condition (a) holds.

For the condition (b), note that

; ; E (( /, Knlz - X f-l)I(Xi-l)fn(x)dc(x))zaz)

- K /I K(z — Xo)l(Xo)6n(2)dG(z))20?

EV?

- /I /I (EKn(z — Xo)Kn(y — Xo)2(X0)) &n(2)6n(v)dG (2)dG () - o
— o / 3 (2)2(2)¢(2) ¥ (2)dz
I
Let Vy,; denote ([, Ki(z — Xi)l(Xi_1)é(2)dG(z))?0?. Note that, V;; is bounded

uniformly in ni. Then

n

§I*—‘

=1

(3.4.11) Var(V)=E ( (Vi EVm'))

= —Var i Cov (Vyi, Vaj).

<j

By (3.4.10), and the fact that variance is bounded above by its second moment,
the first term on the right hand side of the last equality sign of (3.4.11) is bounded
above by c(nh)™! for some constant c. Hence it converges to zero.
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By Lemma 3.2.1 and (3.4.10), the second term on the right hand side of the last

equality sign of (3.4.11) is bounded above by

1 n-1 \ ) )
S 3N AValiak) < Cim = 0()

n
k=1 j—i=k

for some constant C,. So (3.4.11) tends to zero. This proves that condition (b) holds.

So by Lemma 3.44, /n [ (% Son Ki(z - Xi)l(Xi)e,-H) &.(2)dG(z) converges in

distribution to a normal random variable with mean zero and variance given by

o? / 2. (2)0%(2)g? () f(z)dz,
T

in particular when [ = 1, the variance is

7 =o? /I 2, (2)g%(z) f*(z)de.

Proof of Lemma 3.4.3.

By (A2) and consistency of 6,, one obtains

(3.4.12) maxg<i<n—1|7(X:)|/||0n — boll = 0,(1).

Similar to the proof of (3.4.10), [; Ki(z — X;)|€(z)|dG(z) are bounded uniformly

in 2 and h < 1, hence

/I Kn(z = X,)|€(2)|dG(2)lnn(X:)|/ 16 — boll = 0,(1) uniform in .

So (3.4.3) is also a 0,(1). a
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3.5 Asymptotic behavior of the minimum

distance.

In chapter 2, it has been proved that the standardized minimum distance is asymp-

totically normally distributed with rate nh!/2

under the 7.2.d setup. In this section
we will show that the same result is also true if the observations are from a stochas-
tic process satisfying a GSM condition. This result can be seen from the following

three propositions.

Before present the propositions, Define
é,‘ = X,' - Tngﬂ(X,'_l) 1= ]., ey T

Proposition 3.5.1 Under the conditions (M) to (H),

1
nhl/2 )

My(0,) = Mu(6s) = 0,(

Proposition 3.5.2 Under the conditions (M) to (H),

1 o o 1
7 Kl X0 D = o)

Proposition 3.5.3 Under the conditions (M) to (H),

n—2ZLKh(I - Xi_l)Kh(I - Xj_l)dG(l’)EiSj

i<j

2

s asymptotically normally distributed with mean zero and asymptotic variance o,

where o2 is specified in the condition (C1) of the proof of Proposition 3.5.3.

A natural consequence of these three propositions is the following theorem.
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Theorem 3.5.1

~ nh1/2 1 “ 2 ~2
Tn = 2 Mh(on) - ;EZ/I Kh(l‘—Xi_.l)dG(.’L‘)Ei
i=1 Y€

converges to a standard normal random variable as n tends to infinity, where

2)2/If"’(ﬂf)g2 /(/K K(u+v) du)2dv.

Similar to the discussion in chapter 2, one obtains that I'2 defined in the in-

troduction section of this chapter is a consistent estimator of I'2. Hence based on
this theorem, we can therefore conduct the goodness-of-fit test by using 7}, as a test
statistic.

Next we will prove the propositions and the theorems. But before that we will

present some lemmas first.

Lemma 3.5.1 Under the conditions (M) to (H),

/I (n_l ZKA(-’F — Xi 1) (Xi21)/||60n — 00“) dG(z) = 0,(1).

Proof. Let |7,(X;)|/||0n — 6o!| = yni- Note that the left hand side of the lemma can

be expanded as a sum of two terms:

g ——— ————

1 n
(3.5.1) ;Z f K2 (z — Xi21)723_1)dG(z), and
Z/Kh I—XI I)I(h(x—)‘_] 1)dG( )7nz N Tn@-1)-
1<7

The first term of (3.5.1) is equal to

1
2(y 2 —
nh n E/K X1+ uh)du Tn(i-1) = Op(;}:)
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by the boundedness of g and (3.4.12). Note that

E [ Kuw - X)Ka(z = X,)dG(a)
_ / / K(u)K (0)f,;(z — uh, © — vh)dudvdG(z)

< sup fij(z,y) G(T) < oo.
z,yeN

Hence the second term of (3.5.1) is 0,(1). This completes the proof. m]

Lemma 3.5.2 Under the conditions (M) to (H),

/Zi(z,@n)dG(x) = Op(n7h).
z

Proof. By plugging in mg, (Xi_1) — mg,(Xi_1) = m (Xi—1)(6n — o) + 7 (Xi-1) to
the i summand in Z,(z,6,), and basic inequality, the left hand side of the lemma

is bounded above by a sum of following two terms:
2180 = ol [ in(60) PG 2)
2/|6, — 6 2/ Ki( (Xi-1) de.
16n — o ( Z o= X () | dG()

The first term is Op(i) by Lemma 3.3.1 part (c) with ¢, = mg, and Theorem
3.4.1. The second term is 0,(~) by Lemma 3.5.1 and the Theorem 3.4.1. Hence the
lemma is proved. O

Now we are ready to prove the propositions.

Proof of proposition 3.5.1. By plugging in X; = mg,(X;_1) + &; to the i*h

summand in M(6,) and M, (8,) , and expanding the quadratic, the left hand side

89



of proposition 3.5.1 is equal to a sum of following two terms:
@ [Z@6.246@), wd ©)2 [ 2,@6)Un()C)
(a) is Op(%) by Lemma 3.5.2. By plugging in
M, (Xiz1) — mae(Xio1) = 15 (Xi21)(6n — 60) + 7 (Xiz1)

to the i** summand in Z,(z,6,) , the term (b) can be written as a sum of following

two terms:
() (= 60)T / fin(z, 80)Un{2)dG(z),

(0 ( 1 1)
(b)  (6n = 60)" 182 =G0l —Goll ( ZKh “0 _90”)) Un(2)dG(z).

The term (b;) is 0p(k75) by Lemma 3.4.1 (a) , Lemma 3.4.2 with I = 1 and &,
replaced by £, (3.3.3), and Theorem 3.4.1. The term (b) is op(#) by Cauchy-
Schwarz inequality, Lemma 3.5.1. (3.3.3). and Theorem 3.4.1. Hence the proposition
follows. O
Proof of proposition 3.5.2. By plugging in é; = X; — mg, (X;-1) and X; =
mg,(Xi_1) + &; to the i summand, and expanding the quadratic, the left hand side

of this proposition can be written as a sum of following two terms:
@ = Z | Kbt = Xoca)ma, (Xic1) = may(Xic)fdG ),

6 2 Z f K2(z - Xiov)e: (mo, (Xies) — mag(Xe1))dG ().

To prove the proposition, it suffices to show that

1 1

(3.5.2) (a) = Op(m) and (b) = 0p
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Note that by plugging in mg,_ (Xi-1) — Mg, (X;_,) = mg;(x,._l)(o,, —00) + 1 (XiZ1)
to the i** summand in (a), expanding the quadratic, term (a) is bounded above by

the sum of following terms
116 —00“2 Z/Kh Xi1)mg (Xi21)dG(z), and

2(Xeon)
16, - BolP 2 Z / Ki(e = Xio1) (72220146 (a).

The first term of (a) is Op(3;) by taking the expectation of the summation and
Theorem 3.4.1. Similar to the argument of first term in (3.5.1), the second term of
(a) is Op(=3;). Hence the first part of (3.5.2) holds.

Using the same skill and similar argument as above, one obtains that term (b)

can be written as a sum of following two terms

- - Xio1, .
(6, — 00)T-nlﬁ /I (% )3 %KZ(I:}—LI)mgO(Xi_l)ei) dG(z),

(9 2 - - nn(Xi—l)
= e DRSS RS

By taking the expectation of the absolute value of the integration, and Theorem

3.4.1, the first term is 0,(;}75). Similarly the second term is also 0,(—i7). Hence
the second part of (3.5.2) holds, so does the proposition. 0O
Now we prove the proposition 3.5.3.

Proof of proposition 3.5.3. Define
bi; = /Kh(JT — Xi—1)Ki(z — X;_1)dG(z)e e,
I
1 .7 n
Voj = =2 05 Un=) Vay
i=1 ij=1
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Then, U, is a sum of Martingale differences. In order to apply the M.G.C.L.T to

prove the proposition 3.5.3, one needs to check the following three conditions:
(C1) Var(U, Z EVQJ- = o2,
1
(€2 = Z V2 — 1lin probability,
1 n
(C3) ;ZE {VZIv, |>e00} | Fnj-1}} — Oin probability, Ve > 0.

The proof of proposition 3.5.3 is broken down into four lemmas.

Lemma 3.5.3 Under the conditions (M) to (H),

(n?h)*E ( -4 Z ¢,J¢1J> = o(1).

i<l<j

Lemma 3.5.4 Under the conditions (M) to (H),

Var(U,) Z EV: = O(n®h).

Lemma 3.5.5 Under the conditions (M) to (H),

-4 4 _
o, ZE’VM
i=1
Lemma 3.5.6 Under the conditions (M) to (H),

a_2n'4z . — E¢%) = 0,(1).

i<j

The condition (C1) and (C3) are the direct consequences of lemma 3.5.4 and

Lemma 3.5.5 respectively. Note that

(Z¢ +2) ¢,J¢U)

i<l<j
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So,

n

Z(Vnzj - Eij)/Urzz

j=1
1 < 2
= oZnd g(d’?g ~ E¢}) + %igj(fﬁiﬂﬁu — E¢i;¢15) = o0p(1)

by Lemma 3.5.3, Lemma 3.5.4, and 1Lemma 3.5.6. Hence the condition (C2) holds
by Lemma 3.5.4. Therefore the proposition is proved. D
Next we will focus on the proof of the four lemmas.

Proof of Lemma 3.5.3. Note that left hand side of lemma is equal to

h?
(3.5.3) 3 E E¢ijdijdijovy

(i<i<g), (' <V <5")

where the summand E@;;¢;;¢i ;¢ jr is
E/ Kn(z — Xio1)Kn(z — X;-1)Kn(y — Xi1) Ka(y — Xj-1)
IXIXIxT
Kh(s - Xil_l)Kh(S - Xj:_l)Kh(t - Xp_l)Kh(t - XJ‘I_1)E,‘Eﬁ?é’yé’pé‘ildczwt,
and dGgys = dG(z)dG(y)dG(s)dG(t).
Define
F,={(i<l<ji <l <j'): there are v distinct values in i,l,5,7,U', 5. }.

Then on F,,, (3.5.4) is bounded above by

1
(3.5.4) const - e s O(

Denote the v distinct indices defined in F, by (i; < i <, ..., < %,). Define d; be

the jt* largest difference among 4;,; —4;, i = 1,...,v — 1. Also define

Kjijielonn) = [T Kl = Xiael,
le(G1.Jd2s--Jk)
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where p; is either 1 or 2. Then (3.5.3) can be written as

h2 &
(3.5.5)7F yz_a C, FZ E¢ij¢1j¢i/j/¢1'j' = c3A3 + c4 Ay + c5As + A, say,

for some constants cs, cs, s, and cg. In order to prove the lemma, it suffices to show
that A, = o(1), for v = 3,4,5,6.

But when v = 3 or 4, by (3.5.4) and (3.5.5),

h? 1 1

Az = 0(; -n?- F) = O(E) = o(1),
S

A4 =O(7-l—4'n 'hs—_4) —O(h) =0(1)

So we only need to show A; = o(1) and Ag = o(1).

Define
r=min{j <5:d; =141 -4, and EK;,_;(-,-,-,-) =0 for some l.}.
It is seen from this definition that on F,
(3.5.6) T<8—-v.

Next we will show that

1

v =3,6.
Suppose d, = i, — i, for some . On F,, v = 5,6, (3.5.3) is equal to
f Cov (Kil,..,il (.’B, Y, s, t)v KiH.l,..,iu (.’E, Y,s, t)) dG(l‘)dG(y)dG(S)dG(t)
IxIxIxI
By Lemma 3.2.1, the above term is bounded above by

(358) 2P[2a(d'r)]l/p”Kix.--»il”Q”K
IxIxIxT

I-dG (2)dG (y)dG (s)dG(2),

il+lv--viv
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1,11
for any p,q,r > 1, and _ + - 1, where
“Kil,...ilnq = (EIKil...,i1 (I) v, s, t)!q)l/q :

By an usual calculation, (3.5.8) is bounded above by

1

. ip____ -
const - pla(d.)] ()8

By taking ¢ = r = v, A, is bounded above by
const - h—zn’Zd"""[a(d )]3/"’i = O(;) v=2>5,6
nt y T T pa ni-Th2"’ Y

by condition (M). So, (3.5.7) is proved. In view of (3.5.6),

1 1
A = — ) =o0(1 = —} = .
5 O(TllL2) 0( )’ A6 O(thQ) 0(1)
The lemma, therefore is proved. a

Proof of Lemma 3.5.4. Because E¢;; = 0 for any ¢ # j, so EV,,;V,,; =0 for j # [,

and EU, = 0. Hence

n-1

(3.5.9) Var(U,) = EU2 = E (

2 n-1
=1 j=1

1 o« 1
= Y B¢+ — > Ediioy.

i<j i<l<j

S.

By Lemma 3.5.3 the second term of right hand side of the above equation is

o((n®h)™'). Note that E¢?; can be written as a sum of two terms:

(a) /; ICov (Ki(z,y)e?, Kj(z,y)e) dG(z)dG (y),
B [ (BKi)) do)ic ),
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where
Ki(z,y) = Kn(z — Xi-1) Ka(y — Xi1).
By Lemma 3.2.1, the term (a) is bounded above by

(3.5.10) const - 2p[2a(j — i)]l/p/ 1K (z, ) llo|| Kj(z, )| -dG (z)dG (y)

IxT

for any p,g,7 > 1and J + .+ = 1. Take p=g =r =3, then (3.5.10) is bounded

above by
1
(3.5.11) const - [a(j — z)]l/"’h21 )
Hence (a) is bounded above by
-1
const ———= L“h2/ Z N3 = o((n%h)71).

k=1 j—i=k

On the other hand, by the direct calculation,

he | (EKi(z,v)e?)* dG(z)dG(y)

IxI
— (02)2Af2(x)g2( / (/K (u+v) du)zdv =: T2

This together with (3.5.9) as well as Lemma 3.5.3 implies that

n-1
nh-V(U,) = n*h-o? = n*h- Z:EV,?J —I2
Jj=1

So Lemma 3.5.4 is proved. O

Proof of Lemma 3.5.5.
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Note that

(3.5.12) n4h2ZEV = 6172E¢,J +(32 i Z E¢ ¢1J +CS i z E¢11¢1_7
J

i<j 1¢I<J i#£l<j

+C4 Z E@l]d’l]@k_]"}'cS 4 E E¢z]¢ly¢a]¢t]

z¢l¢k<,1 i£l#s#t<]
for some constants c;, ¢z, c3, ¢4 and cs.
By direct calculation, the first term on the right hand side of (3.5.12) is bounded
above by

h
const - Z = n2h = o(1).

i<j

Similarly, the second and the third terms are bounded above by

and the fourth term is bounded above by

const - il—2- z I O(h) = o(1)
ni h - '

)
i#l£k<j

So in order to prove the lemma, it suffices to show that the fifth term on right hand
side of (3.5.12) is o(1). But note that the fifth term is actually a special case of
(3.5.3), hence it is o(1) by Lemma 3.5.3. The lemma is proved. O

Now we are about to prove Lemma 3.5.6. But before that we first prove an
inequality. This inequality is an extension of Theorem 1.3 part (1) of Bosq (1998).

The inequality is given in the following theorem.
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Theorem 3.5.2 Suppose {Fn} is a family of o-field satisfying F, C Fpi1. & 18

measurable w.r.t F;\y ;, E&; =0 for i # j, and |§;] < b. Then for any € > 0,

. 2 1/2
P('Z&’"”?E)Sc‘qefp{-%}+czq2(l+i—b) a(1z])

i<y

for some constants c1,c2 > 0 and 1 < g < [3].

Proof.

First consider blocking. Let p be an integer between 1 and n. Let ¢ = [2] + 1.

Define
n
Vll(l) — Zgij,i=1~p,j=l~p, ......
i<j
n
VI = S g i=2p+ 1~ 2+ )p, j=2p+1,~ (2 +1)p,
i<y

VI = 3y i=lap j=prl~2p,

i<j
Vlz(l) _ Zgij, i=2p+1~2+p,j=Q@Q+1)p+1~2(+1)p,
i<j

1/].3(1) = ZE:J,1=P+1 ""QP»]:P'*‘I ~2p, ......

i<j
v = Eiyi=RI+Dp+1 ~2(l+1)p, j=02l+1)p+1~2(1+1)p,
1 j

i<j
Vi = iy 1= 1 ~2p,7=2p+1~3
= Y g i=p+l~2p, =2+ Dy oo

i<j

Vi = 3 g i= @+ )p+1 ~2(+ 1)p,

i<j

J=Q@+)p+1 ~(2(1l+2)+1)p, ...
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Define
Ar={(7): (k=1)p<j-i<kpi=1l~n,j=1~n}.

Then
n 2q
> &= Z Z &ij-
i<j k=1 (i,j)€Ax

So for any € > 0,
n’e
(3.5.13) (lqul >n e) < ZP 3 &l > 5
i<j (i.7)€ Ak
On each Ag, define V,i it =1~ 4 as above, then

(35.14) Y &= Z Vi 4 Z s E Ve 4 Z v

(i.j)eAx

Hence

B> &J|>—E siP(IZV %—)

(1.J)€ Ak 1=

But by recursively using Bradley’s lemma 1.2 in Bosq (1998), there are indepen-

dent random variables Wli(k), s Wli(k), ... such that P = P i, and
{ 1

. 1/2
,- ,~ ViR 4 ¢l
(3.5.15) r (|W,"" -V "°’|) <11- (% a(p).

i(k)

forany 0 < A < ||V + ¢||o. Hence

2
5.1 Ve > 25
(3:5.16) <|le > 5
=PIV 25w - v < v
l 8q -
+P (U{IW{”‘) -V A})
l

9

P (|ZW{'""| > % -~ q,\> +Y P (lw,““ B VA ,\) .

l =1

IN
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Choose

then

IVi® 4 cllo < IV loe + ¢ < (6 + 1)bp%.

WV® +elle 2 e~ [Vlle 2 (6= 1)tp" > 0.
So,0< A< ||V,1(k) + ¢||oo- Hence in view of (3.5.15), (3.5.16) is bounded above by

(3.5.17)

,. nZe §+1 16¢2p%6(5 +1) \ /2
P(|ZWl(k)|>ﬁ)+q-ll-(m0x( il ))) -a(p)

-1’ n2e

Choose 4 such that

]

1 16¢°p°b _ 4b
-1 n% ¢

then (3.5.17) is bounded above by

(3518) )2 Izwri(k)l>llz t1l.q 1+§_b 1/2.0()
.0. l l 16q q c D).

But by applying Hoeffding's inequality to W,l(k), one may obtain that

P Wik e <9 2(55;)? <9 ne?
'2;: 1> g | S 2P Ty | “”{"wlﬂp}'

Hence (3.5.18) is bounded above by

ne? 8b\ /2
2 -0 11-g- {1+ — . .
e:z:p{ 16 } + q ( + - ) a(p)

100




So (3.5.13) is bounded above by

2 8b\/?
16-q-ea:p{ 1222 }+88 q <1+ ) -a(p).

The theorem is thus proved. ]
We will apply the above inequality to prove Lemma 3.5.5.

Proof of Lemma 3.5.6.
We will show that for any A > 0,

(\ZZ l>A) o(1).

i<j

Apply Theorem 3.5.2 with ;; = q% E¢%, By boundedness of g and kernel

iy
function K, one obtains that &;; is bounded above by c/h? for some constant ¢ that
doesn’t depend on ¢, j. For any positive number A,

(3.5.19) P ('%i(d}?j - Eqs?j)‘ > ,\) <P (’Z 2 _ B¢ | > n2%> .

1< 1<y

By Theorem 3.5.2 with ¢ = A/h and b = c/h?, one obtains that (3.5.19) is

bounded above by

e? 8¢ 1\? n
3.5.20) c1-q-ezp ] ——— - gh? P s 1 LA
(3.5.20) ¢ -q exp{ 8 qt}+cz q (l+ h) ([Qq)

Choose ¢ = nﬁ, then gh? — oo and n/(2q) = O(nﬁ7) — 00 as n tends to oo.
Hence both two terms in (3.5.20) tend to 0 by condition (M). therefore the proof of

the Lemma 3.5.6 is complete. a
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Chapter 4

Simulations

This chapter contains a simulation study comparing three tests. More precisely, let

{X:, t=0,£1%2,..} be a stationary stochastic process satisfying
X = pu(Xe-1) + &4,

where {e,} are ii.d. r.v.’s with mean zero and ¢, is independent of X,_;, for all
t. The parametric family of functions to be fitted to u is chosen to be my(z) =

fz, z € R, 6 € R with §, = 0.8. That is, the hypothesis to be tested is

Hy: u(z) = 0.8z, vs. Hy: Hyis not true.

We chose the following three models to generate simulated data from:

model 1. Xt+1 = 08Xt + €t+1,
model 2. X1 = 0.8X, — 1.2exp(—X?)) X, + €141 + 0.1,
model3.  X;41 = 0.8X, + 0.5(X; — 0.5)> = 0.3(X; — 0.5)% + £141.
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The error distribution is either N(0,0.1) or double exponential. The sample sizes
chosen are 50, 100, 200, and 500. The three different tests are those of Koul and
Stute (1999) denoted by KS, An and Cheng (1991) denoted by AC, and the mini-
mum distance test of Chapter 3 denoted by MD. The nominal level that is used to
implement the test is @ = 0.05. There are 1000 replications for each combination of
(model, sample size, error distribution). Data from model 1 are used to study the
empirical size, and the data from models 2 and 3 are used to study the empirical

power of these tests. The empirical size (power) is computed by
Relative frequencyof (value of the test statistic > F~(1 — a)),

where F is the asymptotic distribution of the test statistics under Hy.

The steps to compute the test statistics are as follows: Let X <,...,< X(n)

b -

denote the ordered X, X1, ..., X,.

1. Koul and Stute test:

Step 1: Compute the least square estimate of 6, under Hy:
n n
olae = zxi—lxi/ szg—l
i=1 i=1
Step 2: Compute V,(X;), i =1,2,...n, where

\/_. z — O15e X )I(Xi_l < .'II), Tz € R

i=1

Step 3: Compute An(X(;)), X(i) < zo, where g is the 99" percentile of the sample
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al) = [v1yzaC nzx (Xer > 2),

P!
]
8
~—

I

%ZI(Xi_l <z), rek

Step 4: Compute the estimate of the error variance:

- Z glae )2 .

Step 5: Compute T,V,(X;), i =1,2,...,n, where

1 ¢ 1
TVa(z) = :/—HZ[I(XH <o) = =Y XA (X)X
i=1 j=1

xI(Xj-1 £ Xica A 17)] (Xi = O Xiz1).

Step 6: compute the test statistic

| T Va(z)] = sup |Tn Va(Xi)]

2<z0 On\/Gn(To)  Xi<co Op G,,(xo).
The limiting distribution of the test statistic is supy.,, |B(t)|, where B(t) is a
standard Brownian motion. The 95t percentile of this distribution is approximately

equal to 2.2414 obtained from the formula

P( sup |B(t)|<b) P(|B(1)| < b) +2Z (2z—l)b<B() (2i+1)b),

0<t<1

given on page 553 of the book by Resnick (1992). The number 2.2414 is such that

|P( sup |B(t)| < 2.2414) _ 0.95[ < (0.1)°.

0<t<1
The same cut off value was also used by An and Cheng (1991).
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2. An and Cheng test:

Step 1: Compute the sample covariance:

1y -
7=;ZX,-2_1, and 1 =—) XiXi1.

i=1 i=1

Step 2: Compute

Step 3: Compute 62 =n"! 3" (X; — pXi-1)2
Step 4: Compute é; = X; — pX;_;.
Step 5: Compute K,(X;), i =1,2,...,n, where

. 1 &
= ;[ Xi— )
Kn(t) Wgel ( 1 < t)

where m = m(n) is a subsequence of n for which m/n is about 0.75.
Step 7: Compute the test statistic K, = sup, |Kn(t)| = sup; |K.(X;)|.
The limiting distribution of the test statistic is the same as that of the KS test.
3. Minimum distance test:
Choose the kernel function K(u) = 3(1 — v*)I(u| < 1), the compact set T =
[-1,1], h=n"Y% and G(z) = z on [-1,1].
Step 1: Compute the minimum distance estimate of 6,

Jr O Ka(z — Xim1)Xy) (i, Ka(z — Xis1)Xi21) dx.

6, = )
Jr (i Kn(z - Xi1)Xio1)? dz

Step 2: Compute the residuals by

éi = X,‘ - 0,,X,~_1, 1= 1,2, .

105




Step 3: Compute the test statistic

T, = nh1/2[/< ZKhx— ;1)5,) dz————Z/Kzz—- ,1)52d.r]

where

/( ZKN‘— 11f2> /(/K u+v)du)2dv.

The simulation programming was done using C language. To generate a time
series of size n from a given error distribution, first a random sample was generated
from uniform [0, 1], then by calling rnorm function from R the errors from N(0,0.1)
were generated, while the errors from the double exponential were generated by
inverting the distribution function. Then a series of (101 + n) r.v.’s are generated
based on models 1, 2, 3, and the errors. Finally, Xy, ..., X, are taken to be the last
(n + 1) observations.

The sizes and powers of the three tests were simulated for the sample sizes

= 50, n = 100, n = 200 and n = 500, each repeated 1000 times. The density
curves of normalized 8, and M}, (6,) are plotted by using density plot command with
Gussian kernel option in SPLUS2000.

The results of the simulation study are shown in the Tables 4.1 to 4.3. The
Tables 4.1 and 4.2 give the empirical sizes and powers of the three tests for testing
model 1 against model 2, and for the error distributions double exponential and
N(0,0.1), respectively. Table 4.3 gives a similar data when testing model 1 against
model 3 with the error distribution N(0,0.1) only. From these tables, one sees _
that all three tests have equally good power performance for the sample size 500.
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But KS and MD tests have better empirical sizes than the AC test for most of all

remaining sample sizes. Compared to the other two tests, the MD test performs

better for testing model 1 against model 3, and also has good performance in testing

model 1 against model 2 when the error distribution is N(0,0.1) and the sample size

100 or more, but its power is not as good as that of the other two tests when the

sample size is as small as 50. Overall, AC test has good power performance but it

seems the empirical size is not good for testing model 1 against model 2 with double

exponential errors. KS test seems to have better performance than AC and MD in

testing model 1 against model 2 with normal error distribution, but not as good as

the other two for testing model 1 against model 3 with N(0,0.1).

Table 4.1: Tests for model 1 v.s.

model 2 with double exponential errors.

n =50 n=100 n=200 n=500
tests size power size power size power size power
AC 0.059 0.027 | 0.308 0.209 | 0.132 0.789 | 0.128 0.934
KS 0.072 0.137 | 0.064 0.446 | 0.054 0.837 | 0.051 0.990
MD | 0.012 0.111 | 0.043 0406 | 0.045 0.824 | 0.050 0.999

107



Table 4.2: Tests for model 1 vs. model 2 with N(0,0.1) errors.

n =50 n=100 n=200 n=>500
tests size power size power | size power | size power
AC 0.010 0.867 | 0.022 0.999 | 0.025 1.000 [ 0.034 1.000
KS 0.029 0.998 | 0.036 1.000 | 0.042 1.000 { 0.049 1.000
MD | 0.011 0.659 | 0.019 1.000 | 0.023 1.000 | 0.044 1.000

Table 4.3: Tests for model 1 vs. model 8 with the N(0,0.1) errors.

n =50 n=100 n=200 n=500
tests size power size power size power size power
AC 0.019 0372 | 0.019 0947 | 0.025 1.000 | 0.029 1.000
KS 0.013 0.554 | 0.071 0.777 | 0.059 0.871 ; 0.046 1.000
MD | 0.011 0421 | 0.021 0.982 | 0.035 1.000 | 0.049 1.000

Tables 4.4 and 4.5 below list the mean and standard deviation of 6, under Hy
with double exponential and N(0,0.1) errors, respectively. From the tables one can

see that 6, converges to 6, = 0.8 as sample sizes change from 50 to 500, and the

standard deviation tends to be smaller as sample size tends to be larger.

The simulation results of the densities of \/n(6, — 0.8), the minimum distance

test statistics, and suitably scaled minimized distances are shown in Figure 4.1 to

Figure 4.12.
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Table 4.4: Mean and s.d.(#,) under model 1 with double exponential errors.

sample size | n=50 | n=100 | n=200 | n=500

mean 0.82 0.809 | 0.807 | 0.802

stdev 0.0963 | 0.0777 | 0.0533 | 0.0339

Table 4.5: Mean and s.d(6,) under model 1 with normal errors.

sample size | n=50 | n=100 | n=200 | n=500

mean 0.845 0.821 0.813 0.807

stdev 0.0957 | 0.0682 | 0.0475 | 0.0306

Figure 4.1 is the Monte Carlo density curves of v/n(f, — 0.8) from 1000 runs
with sample size n = 50, n = 100, n = 200, n = 500 respectively when the error
distribution is double exponential. Figure 4.2 is the Monte Carlo density curves of
vn(6, — 0.8) when the error distribution is N(0,0.1). The graphs show that the
distribution of /n(6, — 0.8) converges to its asymptotic normal distribution very
quickly.

Figure 4.3 is the Monte Carlo density of T,, under H, when the error distribution
is double exponential. Figure 4.4 is the Monte Carlo density of T,, under Hy when
the error distribution is double exponential. Figure 4.5 is the Monte Carlo density
of T,, under Hy when the error distribution is N(0,0.1). Figure 4.6 is the Monte

Carlo density of T, under Hy when the error distribution is N(0,0.1). Figure 4.7
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is the Monte Carlo density of T}, under Hy when the error distribution is N(0.0.1).
From these graphs, it can be seen that eventually the density of the test statistics
converge to a standard normal density under Hy, and to a normal density with unit
variance and a positive mean under the alternatives.

Figure 4.8 to Figure 4.12 are the Monte Carlo density of nh!/2M,(6,) with
sample size n = 50, n = 100, n = 200 under models 1, 2, and 3, when the error
distributions are double exponentail and normal. From the graphs we find that the
densities under models 2 and 3 are approximately their counterparts under model 1
with positive shifts.

.”

In the following figures, ”---- .- is for n = 50, "= - =" is for n = 100, a heavy

solid line is for n = 200, and a light solid line is for standard normal distribution.
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The density of \/n(0, — 0.8) when the errors are double ezponential.

Figure 4.1:
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The density of \/n(6, — 0.8) when the errors are N(0,0.1).

Figure 4.2:
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Figure 4.3: The density of T,,(0,) under model 1 with double exponential errors.
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Figure 4.4: The density of T,(0,) under model 2 with double exponential errors.
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Figure 4.5: The density of T,(6,) under model 1 with N(0,0.1) errors.
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The density of T,(6,) under model 2 with N(0,0.1) errors.

Figure 4.6:
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Figure 4.7: The density of T,(6,) under model 8 with N(0,0.1) errors.
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Figure 4.8: The density of the suitably scaled minimized distance under model 1
with double exponential errors.
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Figure 4.9: The density of the suitably scaled minimized distance under model 2
with double exponential errors.
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The density of the suitably scaled minimized distance under model 1

with N(0,0.1) errors.

Figure 4.10:
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The density of the suitably scaled minimized distance under model 2

with N(0,0.1) errors.

Figure 4.11:
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Figure 4.12: The density of the suitably scaled minimized distance under model §
with N(0,0.1) errors.
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