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ABSTRACT

NONLINEAR WAVELET-BASED NONPARAMETRIC CURVE ESTIMATION
WITH CENSORED DATA AND INFERENCE ON LONG MEMORY
PROCESSES
By

Linyuan Li

In the first two parts of this thesis, we provide asymptotic formulaes for the
mean integrated squared error (MISE) of nonlinear wavelet-based density and haz-
ard rate estimators under randomly censored data. We show this MISE formula,
when the underlying survival density and hazard rate functions and the censoring
distribution function are only piecewise smooth, has the same expansion as anal-
ogous kernel density estimators. However, as to the kernel estimators, this MISE
formula holds only under the smoothness assumption. In addition, we establish
an asymptotic normality of non-linear wavelet estimator of hazard rate function,
which is useful to construct a confidence interval of hazard rate function.

In the third part, we discusses the asymptotic behavior of Koul’s minimum
distance (m.d.) estimators of the regression parameter vector in linear regression
models with long memory moving average errors, when the design variables are
either known constants or i.i.d. random variables, independent of the errors. It is
observed that all these estimators are asymptotically equivalent to the least squares -

estimator in the first order.
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Chapter 1

Nonlinear Wavelet-based Density

Estimator

1.1 Introduction

The mathematical theory of wavelets and their applications in statistics have be-
come a well-known technique for non-parametric curve estimation: See e.g., Meyer
(1990), Daubechies (1992), Chui (1992), Mallat (1989), Donoho and Johnstone
(1994), Donoho, et al. (1995, 1996) and Kerkyacharian and Picard (1992, 1993).
For a systematic discussion of wavelets and their applications see recent mono-
graph by Hardle, et al. (1998). The major advantage of the wavelet method is its
adaptation to erratic behavior of the density and local adaptation to the degree
of smoothness of the unknown density. These wavelet estimators typically achieve

the optimal convergence rates over exceptionally large function spaces. They do



an excellent job of taking care of discontinuities in the target function, and in con-
sequence they enjoy very good convergence rate even if smoothness conditions are
imposed only in a piecewise sense.

Hall and Patil (1995) first explicitly demonstrated that, in the no censorship
case, the discontinuities of densities have a negligible effect on the performance of
non-linear wavelet density estimators. The mean integrated squared error (MISE)

of the kernel estimator of density function f has the form

MISE ~ ¢;(nh)~! + cph?,

]

where “~’ melans that the ratio of the left- and right-hand sides converges to 1 as
the sample size n — 0o, h is the bandwidth of the kernel estimator, r is the order of
the kernel and ¢, and ¢, are constants depending on both the kernel and unknown
density. The first term derives from the variance and the second from the squared
bias. This expansion for kernel estimators generally fails if the underlying density
function does not have r derivatives (Hall and Patil, 1995, p.906). However, the
MISE expansion of non-linear wavelet estimators is still valid for only piecewise
smooth density function, and even has the same constants ¢, and c,. Patil (1997)
provided similar results for non-linear wavelet-based hazard rate estimator with
complete data.

In industrial life-testing, medical follow-up research and other studies, the
observation of the occurrence of the failure event may be prevented by the previous

occurrence of the censoring event. So only part of observations are real failure times.

Formally, let X;, X5, -+, X, be i.i.d. survival times with a common distribution



function F and density function f. Also let Y;,Y3,---,Y, be i.i.d. censoring times
with a common distribution function G. It is assumed that X; is independent of
Y; for every i. Rather than observing X, X, ---, X, the variables of interest, in
the randomly right-censored models, one observes Z; = min(Xj;,Y;) = X; A Y; and
d; =I(X; <Y;),i=1,2,--- ,n, where I(A) denotes the indicator function of the
set A.

Antoniadis, et al. (1999) describe a wavelet method for the estimation of den-
sity and hazard rate functions from randomly right-censored data. The method is
based on dividing the time axis into a dyadic number of intervals and then counting
the number of events within each interval. The number of events and survival func-
tion of the observations are then separately smoothed over time via linear wavelet
smoothers. They provide estimator’s asymptotic normality and obtained best pos-
sible asymptotic MISE convergence rate under the assumption that survival time
density function f is 7-times continuously differentiable and the censoring density
g is continuous.

The objective of this chapter is to propose a non-linear wavelet estimator of
density function with censored data and derive a result similar to the main result,
Theorem 2.1 of Hall and Patil (1995). One of the consequence of this extension is

that we can show that MISE has the analogous expansion
MISE ~ kyn~'p+ kop™ %, (1.1.1)

where n denotes the sample size, p is the smoothing parameter, a wavelet analogue

of the bandwidth h~! for kernel estimators and k; and k, are constants depending
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on the wavelet, unknown density and censoring distribution.

Recently Wu and Wells (1999) provided hazard rate estimation by non-linear
wavelet methods in the left truncation and right censoring model. They have n
observations (Xj, d;, Vi) with X; > V;, where X; = min(T;,U;) and §; = I(T; < Uj;).
They applied counting process techniques and obtained analogous MISE expansion,
but needed further truncation. They provided a wavelet-based estimator for hazard
rate function over bounded interval [¢, 7] which is chosen such that the size of risk
population satisfies the following conditions:

(Y1): P(Ymi,,'g na) = o(n~?) for some a > 0, where Yyin = infie;, Y (t) and
Yt)y=",I(X;>t>V).

(Y2): Esupeefunly — ;;cl_(z)l = o(n~!), where C(s) = E|Y(s)/n|.

Basically, the condition (Y1) means that the size of the risk population Y'(¢) is
large and the condition Y(2) means that Y (¢) is uniformly close to its expectation,
for all t € [¢, 7). In addition, they only obtained the approximation (1.1.1) for the
MISE, which is weaker than the result (1.3.1) given below.

In this thesis, we apply the method of Stute (1995) that approximates a
Kaplan-Meier integral by an average of i.i.d. random variables with a sufficiently
small rate. We provide a MISE expansion similar to that of Hall and Patil (1995)
for density function over (—oo, T}, for any fixed T < 7, where 7y = inf{z : H(z) =
1} < oo is the least upper bound for the support of H, the distribution function of
Z,.

In the next section, we give the elements of wavelet transform and provide non-



linear wavelet-based density estimators. The main results are described in Section

3, while their proofs appear in Sections 4 and 5.

1.2 Notations and Estimators

This section contains some facts about wavelets that will be used in the sequel. Let
¢(z) and ¥(z) be father and mother wavelets, having the properties: ¢ and v’ are
bounded and compactly supported. [¢? = [¢? =1, px = [y*¥(y)dy = 0 for

0<k<r-—1andpu, =7k #0, where k = (r!)~! [y ¢ (y) dy. Let
¢;(z) = p?¢(pz - j), wi;(z) =p;*v(piz —j), TER

for arbitrary p > 0, —oc < j < o0 and p; = p2°, ¢ > 0. Then

/¢jl¢jz = 8j1ja /11%‘111%12 = 6iiy0;, 52 /‘15111/%]’2 =0,

where 6;; denotes the Kronecker delta, i.e., 6;; = 1, if 7 = j; 0, otherwise. For the
more on wavelets see Daubechies (1992).

In our random censorship model, we observe Z; = min(Xj, Y;), and §; = I(X; <
Y)),1=1,2,--- ,n. Let T < 7y be fixed and f,(z) = f(z)I(z < T). We estimate
f1(z), i.e. density function f(z) for z € (—o0,T]. The wavelet expansion of f,(z),

assuming f; € Lo, is

filz) = Z bj¢j($)+z Z biji; (),

j=-00 =0 j=-o00 (1.2.1)

b; =/fl¢j1 bij=/f1¢'ij-



We propose a nonlinear wavelet estimator of f;(z) :

oo -1 oc
@)=Y bio@)+d > biI(Ib] > 8y (), (1.2.2)
j=-o00 1=0 j=-o00

where § > 0 is a “threshold” and ¢ > 1 is another smoothing parameter, and the

wavelet coefficients b; and b;; are defined as follows:

. - 1 < O0l(Zk < T)p;(Zk)
b; = (x)] T)dF,(z) = — = , 1.2.3
= [ 0)1@ < T du(z) D AT (123)
. . 1 = 8 1(Zk < T)ii(Zk)
by = [ vy(2)I(z < T)dEu(z) = = . . 2.4
[ @1 < Ty k@) S (120

Here F,, and G, denote the Kaplan-Meier estimators of distribution functions F

and G, respectively, i.e.,

R n r 6(k) h ’(Z“,)Sl‘)
B@=1-1lp-i=s)
k=1 " -
R n r l _ 6(k) b I(Z(k)S-C)
w@)=1-[]|1- ——2% ,
Gn(z) H _1 n—k+1]

ool
—

where, Z(x) is the k-th ordered Z-value and §(x) is the concomitant of the i-th order

Z statistic, i.e., dx) = 0, if Z(x) = Z;. Note that §x/n(1 — Gn(Zx—)) is the jump of

the Kaplan-Meier estimator E, at Z,.

Remark 1.2.1 We can define the wavelet estimator of f(z), say f(z), instead of
fi(z), similarly to (1.2.2)-(1.2.4). However, in this case, the MISE, i.e. Ef(f -
f)? < oo cannot be ensured. Thus we typically consider E f_Too( f = f)? to eliminate

the endpoint effects. Since wavelet estimator f is the same as f; whenever Ziny LT,

/_1(f‘—f)'~’=/(ﬂ—ﬁ)h/ff“fz[(ﬂ—f1)2,
6

we have



provided that T < Z,). Thus, our analysis for f1 is closely related to that for f

restricted to (—oo, T.

Remark 1.2.2 Although here we consider survival times setting, the random vari-
ables by no means be necessary restrictedly to positive. Suppose there is no censor-
ing, i.e. G =0 on (—oc,00). Then é; =1, for all k =1,2,--- ,n and upon taking
T = Ty = 7F, we see that f; = f and the above estimator fl = f of Hall and Patil

(1995).

1.3 Main results

We assume that the smoothing parameters p, q and ¢ satisfy the following condition:

(A): p—oo, g—00, pib2—0, p**é? > 00, 6> CvVn~'lnn, where

C>Co=2{r(2r+1)"'sup f1i(1 - G)~'}V2

Theorem 1.3.1 In addition to the conditions on ¢ and ¥ stated in section 1.2,
assume that the r-th derivative f(") is continuous on (—o0c,00) and is bounded,
monotone on (—oo, —u) and (u,oc) for a sufficiently large positive u and the cen-
soring distribution function G is continuous. Also assume that condition (A) holds.

Then

(1.3.1)

=o(n p+p™¥).

Remark 1.3.1 This theorem is an analogue of Theorem 1 of Hall and Patil (1995),
where the monotonicity of f) on (u,oo) for large positive u is needed. However,

7



it is not needed for censored data case, because of the effect of truncation at 7.

Remark 1.3.2 The result (1.3.1) is stronger than traditional asymptctic formula

for MISE. It implies a wavelet version of the MISE formula:

In the Theorem 1.3.1, we have assumed that survival time density f is r-times
continuously differentiable and censoring distribution function G is continuous for
simplicity and convenience of exposition. However, if (") and G are only piecewise

continuous, Theorem 1.3.1 still holds. That is the following:

Theorem 1.3.2 In addition to the conditions on ¢ and 1 stated in section 1.2,
assume that the r-th derivative f\) and G are only piecewise smooth, i.e. there
ezist points Tg = —00 < I} < Ty < ++- < Ty < 0C = In4, Ssuch that the first r
derivatives of f erist and are bounded and continuous on (z;,x;y,) for 0 < i< N,
with left- and right-hand limits; and that f(") is monotone on (—oc, —u) and (u, 00)
for sufficiently large positive u. In particular, f and G themselves may be only
piecewise continuous. Also assume that condition (A) holds and p2+'n~? — oo.

Then also (1.3.1) holds.

1.4 Proofs of the theorems

The proof of the above theorem follows along the lines in Hall and Patil (1995),
combined with Stute (1995) which establishes an asymptotic representation for

the Kaplan-Meier integral [ ¢dF, as an average of i.i.d. random variables with a

8



sufficiently small error. This allows for a more traditional and direct approach to

the density estimation problem for the censored data, compared to the martingale

approach as, e.g., in the Wu and Wells (1999). We begin with some lemmas. To

state these lemmas, we first need some addtional natation. Let

‘p](l.) = ¢J(.'I:)I(1' S T)7 ] = 07i17i21“' ’

(,3‘,‘]'(1‘) :—"(/),'J'(I)I(.’L'ST), l'—‘O,l, ,q—l, ]:O,il,:tQ, y

~ 1 - Jk(pj(Zk) .
L — - —_ +1.4+2. ...
”J—nzl_a(zk)’J‘O’ E2,,

- 1= ewii(Zk) . .
b,‘j=—2m,220,1,“',q—1;]=0,:l:1,:t2,"‘,

- G(2Zx)
and
Wj(Zk) = Uj(Zk) - Vj(Zk)’ tJ(Zk) l](Zk) - ‘z](Zk)
1 n
=;§WJ‘(ZI:)» } ——EW (Zk),
where
1= TH » /
Uj(Zk) = T=H(Zy /s, @j(w) F(dw),

1- 6 TH
Us(Z0) = =055 / i (@) F(dw),

Vi(Zi) / /'" w;(w) I(U<Zk/\w) G(dv) F(dw),

o (1= H()|[1-G(v)]

Vii(Zi) = f ff" i (W ”<Z"’\“’)G(du)p(w).

o (1= H©)][1 - G(v)]

(1.4.1)
(1.4.2)

(1.4.3)

(1.4.4)

(1.4.5)

(1.4.6)



We also define

z

dy),

" (- Fune
" (1= Gly-)F(dy),

H(2)=P(Z < 2,6 =0) =/
H'(z2)=P(Z<z6=1) =/

H,(2) = n“iI(Z,- < z2),

Hi(z)=n"'Y I(Z;<2,6,=j), j=0,1, z€R,

i=1

and

Bin = n/_i— In [1 + n(l—-_—l—H(z))] HO(dz) — /_Z— % (1.4.7)
= [ Py

Lemma 1.4.1 Let 5,- and bij be defined as in equations (1.2.3) and (1.2.4). Then

1< k< n. (1.4.8)

the following equations hold.

bj = b; + W; + Rnj, ER:;,)=0 (%) /cp?dF, (1.4.9)
bij = bij + Wy; + Rnyj, E(R:,,)=0 (%) /(p?j dF. (1.4.10)
Proof. Because the proofs of (1.4.9) and (1.4.10) are similar, details are given only
for (1.4.10). The proof below uses many ideas of the proof of the main theorem
of Stute (1995). The main difference is that here the integrand ¢;; depend on n,

instead of a fixed function in Stute (1995). Another difference is that we need the

rate of reminder in second moment, instead of in probability.

10



Write 5,5 =f cp,-j(x)d}f’,,(x). From a result in Stute (1995, p.434) and details

of the proof of the theorem in Stute (1995), we obtain

by = f () 1iaw) + [ [ L) g i)
Ilv<uv< w)cpu(w)’Yo(U) N
where
Ei,ij = Snlij + Sng,,']' + Rnl,;]‘ - Rﬂ2,ij + 2Rn3,ij ’ (1411)

H,, fi,? and fI,‘, are the empirical (sub-) distribution function estimators of H , H®

and H!, respectively, 7(Zx) = 1/(1 — G(Z)), and

1 n
Sniij =;Z<Pij(zk)”/o(zk)5k3km (1.4.12)
k=1
1 n
Sn2,ij =% ; <Pij(Zk)5k€A"{Bkn + Ckn}za (1.4.13)

Ruwss = [[ euwho(w)I(z < w)g _”,f}‘f;)ﬁf{_( ]2Z]H3(d~)H,‘.(dw), (1.4.14)

v<u,v<w ‘pz]( )70(w)
Rn?:_; //f [1 — H(’U ]2 H,,(du)

x [HY(dv) — H(dv)][H}(dw) — H'(dw)]

// 1v<ulilifw<pu]§ w)yo(w)

X [Hn(du) — H(du)|H(dv)[H}(dw) — H'(dw)]

/'//I(v<u[11)fw g w)yo(w)

X [Hn(du) — H(du)][H(dv) — H°(dv)]H'(dw),  (1.4.15)

Rusis = [ ’”“”“”"("’ ”"(“”[H" _ O (dv)|[ ) — 7 (dw))

(1.4.16)

11



Writing the first three integrals of 8"]’ as sum and using the definitions of U;;(Zx), V5;(Zk)

and W;;(Zx), we have

Thus, to prove (1.4.10), it suffices to bound the five terms of the RHS of (1.4.11).
Hence, the lemma follows from the following five propositions. All proofs are given

in the next section.
Proposition 1.4.1 Under the assumptions of Theorem 1.5.1,
E (S? =0 ! 2
( nl.ij) = 2 ¥Pij dF.
Proposition 1.4.2 Under the assumptions of Theorem 1.3.1,
E(s%,)=0(=) [
( n2.ij) = ) ¥ij dF.
Proposition 1.4.3 Under the assumptions of Theorem 1.3.1,
R? = ! 2d
E( nl.ij) =0 2 ¢i; dF.
Proposition 1.4.4 Under the assumptions of Theorem 1.5.1,
E (R? =0 1 2 dF
( n2,ij) = 2 i al.

Proposition 1.4.5 Under the assumptions of Theorem 1.3.1,

1

12



Lemma 1.4.2 Under the assumptions of Theorem 1.3.1,

Z(b - b;) “/ h l o(n~!p).

J

SIEE

Proof. In view of (1.4.9),
~ _ —
> (b —b;)? —n lp/ - f‘G +EY W;+EY R,
J J J

+2E)_ [b; = b;||Rnjl + 2E Y |b; — b;|[TW;] + 2E Y _ | Ry 5|7
i ; i

S1 SE

=811 + S12 + S13 + S14 + S15 + S16, (say).

Noticing that

E@, - b)) /¢2 f1 (y+J)/p) dy — b

G((y+J)/p) 7
we obtain
p Hlly+3)/p)
E( b - b)) 2 1 b2,
Z /¢ -G((y+17) /p Z
Since [ ¢? =1,

S i+ /R0 = Gl +)/p) > [ £/1-6)
J
and )5, 6% = O([ f}), then

ES (-0 =np [ £1/(1-G)+ ofn™'p).

J
As a consequence of Zy < T for all k = 1,2,---,n, all denominators appearing in
(1.4.3) and (1.4.4) are bounded away from below. Thus they may be handled along
the same lines as those in Hall and Patil’s paper p.922 to show that Var( Zj(I;j -
b;)?) = o(n~2p?). So we obtain s;; = o(n"!p).

13



From (1.4.5), we have
sz <n”' Y EWHZ) <207 (EUF(Z)) + EVE(Zy)).

In view of (1.4.6), applying the Cauchy-Schwarz inequality and using the compact

support of ¢, we finally can obtain

2 1 -1 2 -
EUHZ) < gamir=Grr? | S /e, (1a17)

[1-
So we obtain

n‘IZEU2 Zy) = ( “/d>2 Zzo"f1 (u+j /p)du) = o(n"'p).

]

By applying the same argument, we can obtain

1
[1 - H(T)P[1 - G(T)

EV3(Z)) < o f P A(u+5)/p)du,  (14.18)

thus, n7' 3°. EV?(Z)) = o(n"'p) too. Hence s12 = o(n”™'p). By (1.4.9),

s13=0 (%) Z:/cpde =0 (%) = o(n"'p).

Finally, by applying Cauchy-Schwarz inequality twice to s)4, together with s,; and

S13, we obtain

1/2
s14 < 2 (}: E(b; — b;)* - ZER?.,,-) = o(n”'p).
J J

By applying the same argument, we can show s;5 = s;6 = o(n~!p) too. This

completes the proof of the lemma.

Lemma 1.4.3 Under the assumptions of Theorem 1.3.1,

-1
2= qZ:ZE{(i’ij = b;)*1(|by;] > 5)} = o(n2r/r+h)y

i=0 j

14



Proof. The proof is analogous to that of Theorem 2.1 of Hall and Patil (1995,
p.916-918). The difference is that we need to take care of two additional terms,
W,-j and R, ;;. Thus we only provide the detail for these two parts. As there, let o
and 3 denote positive numbers satisfying o + 3 = 1, and set
q-1 )
sm=_ > E{(by— b;,)"H(Iby] > ad),
i=0 j
q-1 R A
s =Y Y E{(by — b;;)*I(|bi; — bi;| > B5)}.
i=0 j

So sy < s21 + s22. By (1.4.10), we have

Sa1 53iZE{(i’U — bi;)*}H (|bi;| > ad)

1=0 j
q-1
+35° N EW, I(b| > of)
i=0 j
q-1
+3> > ER? I(b;] > ad)
=0

=3(s211 + s212 + S213), (say).

Define fi;; = sup fi((y+3)/pi)/(1—G((y+3)/pi)). Since the denominator
yEsupp v

1-G((y+3j)/p) =2 1—-G(T), for all i,j and y, we have f,;; < sup (1 —
yEsupp ¥

G(T)) ' fi((y + 7)/pi). Because f, is bounded and monotone in the extreme tails

and ¥ has a compact support (—v,v), we have, for suffiently large K,

sup =3~ fuiy < (L= G(T) " sup =3~ sup ful(y+3)/p)

n;i>0Pi n;i>0pPi j ye(-vv)

<a-6m) sl 3 fiuril/p) + Ksuwh

n;i>0pP;i | .
UREEE e > K

< (1= GT)~ | sup /l il s+ Ksupfl],

[n;i2>0

15



where u = v or —v, depending on the monotony of f,. Hence we have

n;: >0 n;:1 >0

sup p; zfl ij <oo and supp; IZ/cp?de < oc. (1.4.19)
J

Use this fact and an argument as in Hall and Patil (p.916-917) to obtain s9;; =

o(n=27/(r+1) As to the sy, from (1.4.5),

S212 EZZ EU2(Z)) + EVX(Z)] . (1.4.20)

i=0

3

By applyving an argument similar to (1.4.17) in Lemma 1.4.2, we have

BU3(2) =0 (" [ ¢ fil(u+)/p)au),

so that

—;EJIEUQ (1) = (%) 2; / o) i 1+ ) s
-0 (l“") = o(n2/Cr+),

where the second equality holds from ¢ = O(In n), and Zj pi fA((y+3)/p) = [ ft.
By applying an argument similar to (1.4.18) to the second term of (1.4.20), we have
912 = o(n~2/(r+1)) Next, from (1.4.10),

q-1
S213<ZZERMJ O(%)Zpin /cp,]dF

=0 j

=0(B)  by(a), (1.4.21)

—-2r/(2r+1))

= o(n by n™'p, = 0.

Thus, s, = o(n=27/(2r+1)),

16



As to the sy, by (1.4.10) we have

S22 <3ZZE{ i T 1] '_bij|>66)}

=0 j
q-1
+ 3EZE{W?jI(‘Bij — b;;| > 86)}
i=0
+3ZZE{RW bij — bi;| > 36)}

=0 j

=3(s22,1 + S222 + S223), (say).

By applying the similar argument as that in sy;, and sp; 3, it is obvious that

S22 = S923 = 0o(n~2/2r71)) " To complete the proof of this lemma, it thus suffices

to prove sy = o(n~2/(?r+1)) In view of (1.4.10), we have

5221 <ZZE{ iy z] 21 | 1 bt]l > 01/36)}

1=0 j

+ZZE{ 5 — by 1Ty > 0286)}

+ZZE{ i = bi;)2I(|Rn 5| > a3B6)}

=0 j

=S22,11 + $22,12 + $22,13,

where a;, a; and a3 are positive numbers such that a; + a; + a3 = 1.
The term s, 1, is similar to s, in Hall and Patil, following the argument there,

noticing 5,5 and f;; play the roles of 5,7 and f;; there, we can show that

S2211 = O (n—2r/(2r+l)) . (1422)
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As to the sg2,3, let A = {II;ij — bij| £ 0136}, then,

$22,13 —ZZE{ i — bis) )*I(|R, il > asB86)14}

i=0 J

q-1
+ 33 T E{(bij — b;)*I(|Rn sl > 0386)Lc}

i=0 j

q-1
<)) " alB%6P(|Rass| > 389)

i=0 j

+ZZE{ ij = zJ 21] b!Jl > 01 36)}

=0

< Z Z a¥ﬁ252 25252 + S22,11

i=0

(ZZER,, ) + s

=0 j

=0 (n—2r/(2r+l)) ,

the last equality follows from (1.4.21) and (1.4.22). By applying the same argument
to S2212, We can show that sy 1, = 0 (R72/(2*1)) too. This completes the proof of

the Lemma 1.4.3.

Lemma 1.4.4 Under the assumptions of Theorem 1.3.1,

B[S S i) <0 -t -2 [ 1] -

=0 J

—2r)'

Proof. The proof here is again analogous to that of Hall and Patil (1995) and the
details are omitted. We only provide special treatment for the additional two terms

related to —W.j and R, ;. As there, let € > 0, and define

sao_ZZb (1B < 6), 331_22b I{|b;] < (1 + €)8},

=0 j i=0 j
qg-1
$32 _ZE 2 I{1bi;| < (1 - €)5}, A= "b5I(Ibi; — by| > €5).
i=0 j 1=0 J

18



Then

S320— A <s30<s31+A. (1.4.23)

By applying the arguments analogous to those of Hall and Patil (1995, p.918-921)

to s3; and s3p, we can obtain

T2 -2r
831 = S32 =p_2rK.2(1 - 2—27')—1/}'1( ) +0(p 2 ) (1424)
Now,
q-1
EA <)) B P(bi; — bij| > 11€6) +EZb (W] > 72¢6)
i=0 J i=0 j
+ZZb (|1Rnsj| > vs€6)
=0

:Al + A? + A;’n (Say)’

where 7, 72 and 7y; are positive numbers such that vy + v, +7y3 =1 .

(ZZb exp [‘— 1—¢€)y ?BQf;,;néi’])

(zzb )  ofsa)

The first equality follows from Bernstein’s inequality (see Hardle, et al. 1998,

p.244), while the second follows from né? — oo.

m=0 (S5 i) =0 (550 o [ ar)

i=0 j =0 j
q-1

=o0 (ZbeJ) = 0(s31) -
i=0 j

The second equality follows from the arguments in (1.4.17) and (1.4.18), while the
third follows from né? — oo. Similarly, we can show Az = o(s3;) too. Thus,

EA = 0(s31). Combining (1.4.23) and (1.4.24), the proof of lemma follows.

19



Lemma 1.4.5 Under the assumptions of Theorem 1.3.1,

S4 = ibej =o(p~?).

i=q J
Proof. The proof follows from the step 3 of Theorem 2.1 of Hall and Patil (1995).

We are now in the position to give the proof of the Theorem 1.3.1 and 1.3.2.

Proof of the Theorem 1.3.1. Proof follows from the bound

< 81+ S9 + s3 + 84,

and Lemmas 1.4.2, 1.4.3, 1.4.4 and 1.4.5.
Proof of the Theorem 1.3.2. We use the same notations as in Hall and Patil (1995).

Noticing that, by the orthogonality properties of ¢ and v,

/(f} - f)2=1,22,...),

where Z denotes the set of all intergers and

q-1
Iq(!p, Wo, W], .. ) = Z(b_, - bj)2 -+ Z Z(b,‘j - b,‘j)zl(lb,’jl > (5)
Jev 1=0 jev;
q-1 00
+2 D Iyl <)+ Y bl
1=0 jev; 1=q j€V;
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By (1.4.9) and (1.4.10),

1,(9,%,¥,,...)
=S50 -0+ W+ S R 423 (6, - b,) T

JEVY §13'4 JEV jeW

+2 (b — b;)Rn, +2EWJR,,J+ZZ i — bi)21(|by| > 6)
JG'I’ JEV i=0 jew;

+ZZW Ilb'3|>6 +ZZRnU |b1J|>o)

1=0 jev; i=0 je¥;

q-1

+23 S (B — by) Wi I (Jby;] > ) +ZZ ij = bij) Ruis1(|biy] > 6)
i=0 jew; i=0 jew;

+2ZZW,,R,,,,I bi;| > 6) +EZb (1b;] < 6) +ZZb
i=0 jew; 1i=0 jEeV; 1=q jEV;

=h+L+L+1i+Is+1s+ 1I; + Ig+ Iy + I
+ Iy + Lo+ i3+ Ly, (say).

By the Theorem 1.1 of Stute (1993), when F and G are only piecewise con-
tinuous, a quartile transformation may be applied so as to trace evervthing back
to uniformly distributed Z’s. Thus the above Lemma 1.4.1 still holds in this case
(see also Stute and Wang (1993, p.1603).

From (1.4.17) and (1.4.18) in the Lemma 1.4.2, we obtain EI, = o(n~!p).
From (1.4.9) in the Lemma 1.4.1, it is easy to see EI; = O(n~2p) = o(n"!p). From
the proof of Lemma 1.4.3, we have Ely = o(n~2/(?r+1)). From (1.4.21), we also
have EIy = o(n~%/(+1)). Applying the Cauchy-Schwarz inequality, we can show
I4, Is, Ig, Io, I, and I}, are all of the order o(n=27/(2r+1),

When f; is only piecewise smooth, let IT denote the finite set of points where
fl(’) has discontinuities for some 0 < s < r. Suppose supp ¢ C (—wv,v), supp
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¥ C (—v,v) and let

K={k:k€ (pr—v,pr+v) forsome z € Il},

K; = {k:k € (pir — v,pix +v) forsome ze€ll}.

Also let K¢, K¢ denote their complements. Then, unless j € K;, b;; and l.),j are con-
structed entirely from an integral over or an average of data values from an interval
where fl(') exists and is bounded. Also, unless j € K, b; and Ej are constructed

solely from such regions. Thus we may write

LW, W,W,...)=L(K)+ L+ I+ I+ Is + Is + [;(Ko, K, Ko, . ..)
+Ig+ 1o+ Lo+ Ity + 112
+ 1)3(Ko, Ky, Ko, ... ) + I14(Ko, Ky, Ky, ...)
+ I (K°) + I;(K§, K{, K3, ...)

+ L3(KS, KS,KS, ... ) + N (KS, KS,KS, .. ). (1.4.25)

where

LK) =) (b, -b)%  L(K)=Y (b-b),
JEK JeEKe
gq-1

I(Ko, K1, Ko, ) = YD (b
0

1=0 j€eK,

bij)*1(|bij] > ),

iy =
J
-1
I(KS, KS, KS, . ...) ZZ i — bi) 21 ([by| > 6),
J

i=0 jEK¢
the rest of the terms are defined similarly. However, for our compactly supported
wavelet ¢ and v, both K and K; have no more than (2v + 1)(#II) elements for |
each i. Considering ¢ = O(Inn), we can show I,(K), I7(Ko, K,,K,,...), and
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I13(Ko, Ky, Ko, ... ) are of the lower order o(n=?/(2"+1). Thus it is negligible com-
pared to the main terms of MISE. Although b;; is only of the order p; /2 \when fiis
not r-times smooth, based on theorem'’s additional assumption p2"*'n~?" — oc, we
readily see that I);(Ko, K;, Ko, ...) = o(n=2/r+1)), By tracing the whole proof of
Theorem 1.3.1 carefully, we will see the rest of the terms of the right hand side of

(1.4.25) have precisely the asymptotic properties claimed for [ ( fi=f1)? in Theorem

1.3.2.

1.5 Proofs of the propositions

Proof of the Proposition 1.4.1. In view of (1.4.12), applying the moment inequality

to Sp1,;; and taking expectation yields

1 n
B (Sh) < B(3 X ey(andaast,)
L= (1.5.1)
1
== Z E(‘P?j(zk)ﬁ’g(zk)CskE(BZn|(Zk, 5k)))-
k=1
In view of (1.4.7), the definition of By, and note that
.'L'2
x——2-§ln(1+:r)§x, for >0,
we have
|B |<i/zr H(d) ! (1.5.2)
=9 o 1= Ha(2)]? = n(l = Ha(Zk-)) -

Thus, conditionally on {Z; = z} and {dx = d}, noticing nH,(z—) = }_7_, I(Z; <

z) is a binomial random variable with parameters n — 1 and p := H(z—), we have

1 2
E B2 =2z = < < .
(BialZi = 2,60 =d) < E <n2(1 - H,,(z—))2) = n?(1 - p)?
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Thus, from (1.5.1), notice (Z1,61), (Z2,62), - ,(Zn,d,) are i.i.d., we have

B(Sh) < B(A(203(806 ) = 0 (%) [ dF

The last equality follows, because {Z, < T}, T < 7y, imply that 1 — H(Z,-) >

1-H(T)>0.

Remark 1.5.1 If we consider the estimation of f, instead of trunction f;. Then

we have

- v () F(de)
(%) =0(2) [ Tt - e

The above integral will be infinity for some 7 and j, such that ¢.2j > K > 0 on
a neighborhood of 7y. Since ¢ — oo and j € (—oc,00), there always exist some
¢ and j satisfing above condition. Thus we could not show f;; > E(S% ;) =

o(n~?r/(2r+1)) without the truncation.
Proof of the Proposition 1.4.2. In view of (1.4.13),

1 1 o
Suzil < = 3 0 ZO10ee By + — S |033(Z0)16xe>+Chy.
k=1 k=1
Again applying the moment inequality to the average and taking expectation yields

FE (5,212 ij) S ZE(QDU Zk)6 62A"Bk") + %ZE(‘p?j(Zk)éke2AkC:n)'

M =1 k=1
Because the proof of the two terms are similar and the second term is more involved

and require more details, we here only need to prove, for any k,

1 ] .
F ((p?j(Zk)(ske2AkC:n) =0 (F) /(p?] dF. (103)
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Writing LHS of (1.5.3) as

E(4 (26 E (€ Cal(Ze,61))

< E[4,:?j(Zk)6kE‘/2(e“A*|(Zk,6k))E‘/2 (C£n|(Zk,6k))].

Next, we want to show, conditionally on {Z; = z} and {é; = d}, uniformly in k, z

and d,

E(€4Ak|Zk =z, 61: = d) = 0(1), (1.5.4)

(S]]
(S]]
~—

E(CE,JZ/c =z, 6k = d) = O (i) . (1. .

nd
Then (1.5.3) follows, thus Proposition 1.4.2 follows.

We first prove (1.5.4). Since (Z1,6,), (Z2,02), - ,(Zn,0,) are i.i.d., we here
only consider k = 1 for the convenience of exposition. Recalling A, is between two

terms: Z; and z;, where
Zi- 1 ~ 2= ﬁo(dz)
= 0 —
amn [ m ) A m= [y
Thus there exists 0 < A < 1, such that
A] =T + )\(.’i‘l - .’L’l) =T + A(Bln + C]n),

where B, is as in (1.4.7) and C}, is defined as in (1.4.8). Notice 0 < z; =

—In(1 - G(Z,-)) £ —=In(1 — G(T)), which is bounded, and
0 < [ABin| € |Binl < [n(1 — Ha(Z,-)])71 <11,
by n(1 — H,(Z,—) > 1. So we obtain

e*® = exp{4z, + 4\By, + 4)C1,} < (1 = G(T)) e Cin = C - **1n,
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where C is a positive constant, the concrete value of which may changes from line to
line in the sequel. Thus, in order to prove (1.5.4), we only need to prove, uniformly

in z; and d;,
E (e%"|Z) = 21,6, = dy) = O(1). (1.5.6)

Note that

1 1-H(2) 2
1-H,(2) [1-HG@PE 1-H@
[Hn(z) - H(z)]2
(1 - H(2)]?[1 - H(2)]

+

we can rewrite C), as

zZ) - _ B Z,—- _
Cpn = — / 1= Hn2) pogy 4 / — 2 _f%d)

~o [1— H(2)]? e 1—H(z)
AT o (BT [Ha(d) - HEP oo
[ =@ [ i o - A

=I + I, + I + I, (say).

The first three terms of C), are bounded w.p.1, because {Z; < T} and T < 7y, all
denominators are bounded away from below. Thus we need only to deal with the
fourth term I;. Because of A < 1, to prove (1.5.6), it suffices to prove, uniformly in

2 and d,,

E (e‘”“lZl = 21,51 = dl) = O(l) (157)
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Let J(z) = [(n —1)7'3°7_,1(Z; < z) — H(2)][1 — H(z)]™", writing I, as a

sum, conditionally on {Z, = z;}, {6, = d1}, we have

J2(Zy)1 Zk < 21 H*(Z\)1(Z, < 21)
s A3

i = H(Z)2n[1 — Hn(Z))
Zk < Zl) 2H2(T n Zk < Zl

MG I ey R e D e Ay
Clnn

< 2sup J%(z2) Inn +
<T

Since the second term goes to zero, we only need to bound the first term. From

8J2(z)

the above inequality, we have e*”* < supCn . Since J(z) is a martingale in z

<T
(see Koul, 1992, p.42), n8’*@) is a sub-martingale. Thus, from the property of the

sub-martingale, we have, uniformly in z,, 4;,
( 414'21 = 41,51 = dl) < CE (nsﬂ(T)) )

Noticing 2_;':2 I(Z; < T) is a binomial random variable with parameter n — 1 and
= H(T). Let b(k;n,p) = (:) pFq"*, through direct calculation and enlargerment,
we have

Bk — s C n 16(k—np)?
En®*™) = Znﬁfﬁ%’ blkin—1,p) < -2 2 nritn" blkin, p) =: Pl
k=0 =0

Since p = H(T) > 0, we need to bound the J. The idea is to divide the sum
16(k— neg
into two parts according to the magnitude of n~*t-»?. To make it clear, let

A ={k;|k—np| <nide (1/2,1)}. We write J =Y, x + D tenc = S + Jo. It s

easy to see J, < n!"**(1-P)7? = O(1). As to the J,, when k > np + n?, we have
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(see Feller, 1957 p.163)

2 1

b(k;n,p) < b(m:n,p) e PPEHE 5] < 5
where & = Mﬁ ( 1)p — 1 < 1 d b(m: s th 1
Y syl A +1)p <m < (n+1)p and b(m;n,p) is the centra

term, which is O((27rnpq)"%) (see Feller, 1957 p.140). Thus, when k — np > n?, we

have & > (pq)~'/?[n%"1/2 4+ (1/2 — p)n~"/2?] and

2
16(k—np) —1.2d—1

¥ nwb(k;n,p)=O(nn16b(m;n,p)e Lg7in ).—:0(1).

k>np+nd

By applying the same argument to the k < np — n¢, we have J, = O(1). Thus we

prove (1.5.7) and hence (1.5.6).

[}
As to the (1.5.5), in view of (1.4.8), we write Cj, , conditionally on {Z| = z,}

and {61 = dl}, as

n

__1 z I(Zk<21,(5k=0) 1 I(Zk<21,6k=0)
Cin =13 a2

k=1 1- H (Zk) k=1 - H(Zk)
Zk < 1.1,(5k = 0) o= Iio(dz)
n Z ,/;oo 1- H(‘:)
_ I(Zk < Zl, k= 0)[H (Zk) H(Z)] 1.5.8
- Z (1 — Ha(Z)][1 - H(Z)) 158

(Zi < zl,ék =0) 2= Ho(dz)
Tn Z [ el H(z)]
=: Dip + Day.

Applying the moment inequality to D), and taking expectation yields, conditionally

on {Zl = Zl} and {61 = dl} ,

1 < I(Z; <z1 )[Hn(Z)) — H(Z))®
8 = = < - = =
EDulf =m0 =d) < E(n ) Ty NV A o e
I(ZQ < Z])[H (Z2) H(ZQ ]8 R
gCE( - H.(Z)P Zy=2,6=d ).
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Conditionally on {Z; = 21}, {6, = d1}, {Z2 = z,} and {62 = dp} , nH,(22) :=
1+ @, Q is a binomial random variable with parameter n—2 and p := H(z3). Thus,

through directly calculation, we have

I(Z2 < 21)[H (22) H(ZQ)]B
E( [1 — Hy(22))8

1+k—np n—2\ . ne2—k 1
< E - < (OC—

Thus, uniformly in z,, d,

IZI =21,00=d,Z, = 22,0, = dz)

1
E(D?anl = 21,51 = dl) =0 (ﬁz) . (159)

As to the D,,, which is the sum of i.i.d. centered bounded random variables. By

Rosenthal’s inequality, it is easy to show

E(D3,|Z) = 21,6, = d) =O(n—14). (1.5.10)

Combining (1.5.8), (1.5.9) and (1.5.10), we proved (1.5.5). Together with (1.5.4),
we proved (1.5.3). Thus Proposition 1.4.2 follows.

Proof of the Proposition 1.4.3. In view of (1.4.10),

_ 1(Zk < W)(l — ) [Hn(Zk) — H(ZW)]” 5
Rﬂl.ij “'/¢l](w ’)’o('ll)) Z [1 _ Zk)]2[1_ > Zk)] : Hri

(dw).

So

k=1
\ I(Zy < w)[H, (Zk) H(Z))!
(1 = H(Z)]*[1 - Ha(Zk)]?

1 <~ I(Zx < w)[Ha(Ze) — H(Z)?\? 7,
R: i _/w.,( )75 (w) (; (1 — H(ZW)2[1 = Ha(Z))) ) H}(dw).

H (dw).

< [ whiw )y

=1

~ 1N 12k < Z0)[Ha(Zk) — H(ZW))
= ;g‘ﬁgj(zl)'yg(zl)dln g - H(Z)L - HaZO))?
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Thus

®\ I(Zk < Z,)[Hn(Zx) — H(Z))*
(1 = H(Zy)]*[1 = Hn(Z)]?

E(Rnl :]) < E(‘P?J(Zl)ﬁ’g(zl)51E(%

7s)

(1.5.11)

k=1
By applying an argument similar to that in Proposition 1.4.2, we can show, condi-

Zy = 2,6 =d1) =O(l2> )
n

uniformly in 2; and d;. Thus by (1.5.11), the proposition follows.

tionally on {Z, = z;} and {6, = d,},

1 I(Zk < 21)[ ( ) Zk ]4
E(Eg = HZOP[ - HalZe)P

Proof of the Proposition 1.4.4. In view of (1.4.15), we write R,2;; as
Rn2ij = Rn2,ij(1) + Rn2,ij(2) + Rn2,5(3).

Because of the similarity of the proof, we here only provide the details for the first

term. We write

Rn25(1) =/K(u)H,,(du),

where
/ / v < '[‘1"_“’ “"1)(12 W) [0 (dv) — BO(dv)][ ] (dw) — A (dw)).
Hence
E(R%, (1) < E(K*(Z))) = E(E(K*(2))121) ). (1.5.12)

Conditionally on {Z; = 2z} and {6, = d,}, we rewrite K(z;) as sum, we have

) =23 [0 w) - u(w) ) - 7 (dw),
k=2
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where

I(Zk <z A w)gaij(w)'yo(w)(l - (Sk)

M) = - H(Z)F |

w) = E[h(Z,w)], k=2,3,--- ,n. (1.5.13)
Again continuing to write K(z;) as sum, we have

K(z) =%Z {7112 [h(Zk 26 —u(Z) 5, /[h(Zk w) — u(w)]H (dw) }

k=2 =1
== Z{ Z [ (Zk, Z0)0 — U(Zl)<5t] - ;U(Zk)(sk
17k
- [ w) - s )}
1 tn 1 n 1 n
=-= 2 u(Zx) 0k + - 2 {; ; (h(Zk, Z))01 — u(Z))6))

—/[h(Zk,w - u(w)]ffl(dw)}

n

= - l u(Zx)0k ZZ[}; Zi, Z))6 — u z,)(s,]
n k=2 1) k=2 I#k
n(n=1) ZZ{[h (Zk, Z1)0 — u(Z))é)]) - /[h (Zk, w) — u(w)]HY( dw)}

k=2 I#k
=1, + I + I, (say).

As to the I, in view of (1.5.13), we have

EI} =0 (%) E(v*(22)8,) =0 (%) /go,?j dF. (1.5.14)

As to the I, in view of (1.5.13), we have

111=0 () T3 leu(@ho(zs =0 () > e Z000(208

k=2 l#k

Thus

EIZ =0 (nl ) /% dF. (1.5.15)
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As to the I, let H(Zy, Z1) = [h(Zy, Z1)& — u(Z1)6)) — [[h(Zk, w) — u(w)]H (dw),

thus I3 = O(n™2) 30 _, > i H(Zk, Z)). Noticing

EH(Zx,Z) = E(E(H(Zx, Z))|Z:)) = 0, k # 1. (1.5.16)

EH(z,2) =0, EH(Zx,2)=0, k#1.

Hence
EI? =0 (i) H*(Zy, Z))
)< 1%k
1
+0 (m) S Y EH(Z.. 2)H (24, )
k£l k#l2 £l
t
1
e (m) S5 3 EH(Zy, Z)H (24, Z2)
k#£l k#l2 L#l,
1
+0 (m) >33 EH(Z. 2,)H(Zy, )
kel kil Ll
1
+O (7—{4‘ ZZ Z EH(Z/CﬂZl)H(leZ)Q)
k1#£Uka#£l k1 #ks

=I3(1) + I3(2) + I3(3) + I3(4) + I5(5), (say).

The first term

n n

E(E(H*(Zx, Z1)|Zx))

3|~
»

|

WE

2 I#k

*

I I
QS C
e N N N

:wl —

E[h(Zx, 2))8 — u(Z)6,)

3ﬁ| —

x
[\
-

*
x

E(h*(Zx, Z))6))

3‘_| —

k

s
N
M- §

I
Qo

EQ(Z1)ve(Z1)d

:.:.l —

k

~
S

Il
O

dF.

—_ O~ O~
T™M = 1§
NE

~—~ T
S

)
Q.
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As to the 13, let H(Zk,Z[) = [h(Zk, Z1)51 - u(Z,)é,] — f[h(Zk,w) - u(w)]ff‘(dw),

thus I3 = O(n™2) 3°0_, 3" H(Zk, Z)). Noticing

EH(Zx,2)) = E(E(H(Zk, Z))|Zk)) = 0, k # L.

EH(z,21) =0, EH(Zk,z)=0, k#I.

Hence

EI? =0 (;1-4-) EH*(Zy, Z))

2 £k
SN EH(Z, 2,)H (24, 2,)

k#£ly k#l2 11 £l

)
)X XY BH(Z 20H (2, 20
)

1
nt

+0

+0

(
o
wo(

3|

k#l k#ly L #lp
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k£l ka#L k) #k2

:‘_I —

=I3(1) + I3(2) + I3(3) + I3(4) + I3(5), (say).
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As to the I5(2), for k # l1, k # I, and I, # 5, conditionally on {Z; = 2} and

{5}; = dk}, we have
E(H(Zk, Z[])H(Zk, le)[zk, dk) = EH(Zk, le) EH(Zk, le) = 0,

which is from (1.5.16). Thus I3(2) = 0. By applyving the same argument, we have

I3(3) = 13(4) = 13(5) = 0. Thus

EI} =0 (%) /cp,?j dF. (1.5.17)

Together with (1.5.14), (1.5.15) and (1.5.17), we deduce EK?(z)) = O(n?) [ ¢, dF.
+
From (1.5.12), we finally obtain ER2,,;(1) = O(n"?) [ ©Z; dF.

Proof of the Proposition 1.4.5. The proof is basically the same as the previous

proposition.
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Chapter 2

Nonlinear Wavelet-based Hazard

Rate Estimator

2.1 Introduction

In this chapter, we consider the same setting of survival analysis with random
censorship as that in Chapter 1, with the extra assumption that random variables
X and Y are nonnegative. Our goal is to estimate the hazard rate function A(z)

with censored data,

. P X<z+elX2>212)  f(x)
Alz) —(1_1’1(1)1 € 1= F(z-)’

z € (0,00).
There is an extensive literature avaliable on estimating A(z) from censored
data, see e.g., the survey paper Singpurwalla and Wong (1983) and the review paper

Padgett and McNichols (1984). Tanner and Wong (1983) and Lo, at al. (1983)

studied a kernel estimation of density and hazard rate under random censorship
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and provided Mean Square Error (MSE) and asvmptotic normality of hazard rate
estimators.

The objective of this chapter, like that in the previous, is to provide a non-
linear wavelet-based hazard rate estimator for randomly censored data, its asymp-
totic formula for MISE and its asymptotic normality. We show this MISE formula,
when the underlying survival density function and censoring distribution function
are only piecewise smooth, has the analogous expansion for the kernel estimators.
However, as to the kernel estimators, this MISE formula holds only under the
smoothness assumption.

In the next section, we give the elements of wavelet transform and provide
nonlinear wavelet-based hazard rate estimators. The main results are described in

Section 3, while their proofs appear in Section 4.

2.2 Notations and Estimators

As that in Chapter 1, let T < 7y be fixed and A (z) = A(z)I(z < T). Since, in
general, hazard rate function A(z) is not square integrable, we estimate A;(z), i.e.

hazard rate function A(z) for £ € (0,T]. Like in Section 1.2. the wavelet expansion

of A\ (z) is

M(z)= Y bigs@) + Y D biyvy(a),

j=-oo =0 j=-o0 (2.2.1)

bj =//\1¢]‘, b,’j ://\111’,']'.
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We propose a nonlinear wavelet estimator of \;(z) :

oo q-1 o0
= 3" bioi(a)+ D D biI(Ibyl > 8)vs(a), (2.2.2)
j=—-o00 1=0 j=-00

where now the wavelet coefficients b and 5,-,» are defined as follows:
dF, _dFy(z)
b = / )l (z
851 Sy

_ 1L 5k1(Zk <T)¢;(Zk)
Z = Fa(Ze-))[1 = Gu(Zi-))

dF( )
1] /wu ) ( )
_1yg 5k1 Zk < T)'/)U(Zk)
Z {1 = Fa(Ze)lll = Ga(Ze-))

where F, and G, are the Kaplan-Meier estimators of distribution function F and

G, respectively. For more details, see section 1.2.

2.3 Main results

Theorem 2.3.1 In addition to the conditions on ¢ and v stated in Section 1.2,
assume that the r-th derivative A(;) is bounded and continuous on (0,T), the cen-

soring distribution G is continuous. Also assume that condition (A) holds with

Co=2{r(2r +1) ! sup\;(1 — H)"'}/2. Then

. A 2
E’/(/\1 _ /\1)2 _ {n‘lp/ — —-2r 2(1 _2—2r)—1//\(l) }

=o(n"'p+p ). (2.3.1)

Remark 2.3.1 This result is stronger than traditional asymptotic formula for

MISE. It implies a wavelet version of the MISE formula:

A1 -2r 2 -2r —1/ (r)?
E/(Al M) ~n” p/l_H+p k(1 —-277) Al
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Remark 2.3.2 The truncation parameter ¢ and threshold parameter é are chosen
to ensure that A, is very close to A; in case where A; is smooth, yet at the same
time provide sufficient local adaptability to produce automatic incorporation of
appropriate wavelet terms Eijd),‘j in place where A, is not smooth. For the details

about how to choose these smoothing parameters, see Hall and Patil (1993).

In the Theorem 2.3.1, we have assumed that hazard rate function A, is r-times
continuous differentiable and the censoring distribution function G is continous for
simplicity and convenience of exposition. However, if A\; and G are only piecewise

smooth, the following theorem gives a similar result.

Theorem 2.3.2 In addition to the conditions on ¢ and y stated in Section 1.2,
assume that ,\ﬁ" and G are only piecewise smooth, i.e. there ezist points 1o = 0 <
T, < T3 < - <zINy <T = zpN41 such that the first r derivatives of A\, exist and
are bounded and continuous on (z;,z;1,) for 0 < i < N, with left- and right-hand
limits; In particular, A\, and G themselves may be only piecewise continuous. Also
assume that condition (A) holds with Cy as in Theorem 2.3.1 and p'*'n"%" — oc.

Then (2.3.1) continues to hold.

While wavelet estimators allow us to obtain MISE and optimal convergence
rates analogous to kernel estimators under weaker assumption, there is a fundamen-.
tal instability in the asymptotic variance of wavelet estimator caused by the lack of
translation invariance of the wavelet transform. For more details, see Antoniadis, _

et al. (1994). Because wavelet estimators are only dyadic translation invariant, we
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provide an asymptotic expansion of the variance and asymptotic normality result

at dyadic point = 1/2* k and [ are integers.

Theorem 2.3.3 In addition to the conditions on ¢ and y stated in Section 1.2,

assume A (z) is r-times continuously differentiable at z = /2%, Also assume that
p=2N= O(nl/(2'+l)), q — oc, pq¢52 -0, d>CvVnllnn,
where C > C; = {(87 + 2)(2r + 1)~ 'sup A\ (1 — H)"'}Y/2. Then

VapT (X(z) — Mi(z) + b(z)) == N(0,0%(z)),

where

b(@) = () (@) [0 Y d(u+ Do du -
]

2y M(z)
o(z) = THD Z¢u+l l)

Remark 2.3.3 This result is analogous to Theorem 4.2 in Lo, et al. (1989), a
result of asymptotic normality of kernel estimator of hazard rate function with

censored data.

2.4 Proofs

The proofs of the Theorems 2.3.1 and 2.3.2 are very similar to those of Theorems
1.3.1 and 1.3.2. The difference is that we have one more term 1 — F, in the de-

nominators of b; and 5,~,~, which create an extra technical difficulty. We begin with
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some lemmas. To state these, we need some additional notation. Let

b, = - 5k<Pj(Zk) ;1 _&wi(Z)
Z 7 [1 - F(ZW)][1 - Ga(Ze-)) & n 4= (1 - H(Z)]’ (2.4.1)
= ‘Z &cpu(zk) P l L Gkii (Zi) o
{[1-F(Z)|1-Gn(Z-)] 7 —~ 1 - H(Z)]
We also define
A 1 e r 1 -
wj=;§wj(zk), " nZu (Z4),

Wi(Zk) = Uj(Zy) — V;(Zk), Wii(Zx) = Ui;(Zk) = Vij(Zk)

and

1= "ogi(w)
Uj(Zk) = 1—-_HTZ—J/Z,, T——?@—)F(dw)’

“ _ 1=& (™M (W) »
0;(w) I(U < ZkAW) o B
// [1- H@)]? GlaF(da),
e I(‘U < Zk Aw)
lJ Zk _// [1 - U)]2 GlavFide)

Remark 2.4.1 We use the same notation of the coefficents b;, b;;, their estimators

I3j, B,-j and U;(Z), V;(Zk), W;(Zi), etc. as those in Chapter 1 for easy comparision.

However here they all include one more term 1 — F,, or 1— F in their denominators.

Lemma 2.4.1 Under the assumptions of Theorem 2.3.1, we have
_ - — 1
bj = bj + IV]' + Rn,]‘, E(Rﬁ‘]) =0 (?) /¢? dF,

o 1
by = b+ Wi+ Rnyy, E(R: i) =0 (F) /‘P?j dF.

(2.4.3)

Proof. The proof follows along the same lines as those in Lemma 1.4.1, use ¢;/(1 —

F) and ¢;;/(1 — F) instead of v; and ¢;;. Because the denominators of b; and b,;

are bounded away from zero, all needed conditions are satisfied.
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Let

=23, W)=Y Wz
k=1 k=1

(2.4.4)
Q(Zk,t) = (S;L_(Z(;T%})Z, W(Zx,t) = U(Zk,t) = V(Zk,t)
and
U(Zx,t) = /1 (Zk < w < t) F(dw),
(2.4.5)
_ I(w<t1v<Zk/\w) ’ '
V(Zk, t) = // = @)1 =G| G(dv)F(dw).

Lemma 2.4.2 Under the assumptions of Theorem 2.3.1, for anyt < T, we have

Fo(t) = Q(t) + W(t) + Ra(t),  supERAi(t) =0 (n7%). (2.4.6)

t<T
Proof. From a result of Stute (1995, p.434) and details of the proof of the main
theorem of Stute (1995), we have (2.4.6), an approximation of the Kaplan-Meier
estimator when ¢(z) = I(z < t). The rest of the proof is completely analogous to
that of Lemma 1.4.1. Here we only consider the specific integrand ¢ (z), instead of
¢i;(z) there. Also we consider the fourth moment of R,(t), instead of the second

moment there. However, from an argument similar to the one used in the proof of
Lemma 1.4.1, we can obtain ERA(t n~') [ ¢*(z)dF. Thus sup,<rERp(t) =

O(n™4).

Remark 2.4.2 An argument similar to the one used in the proof of the above
lemma, we can show that, for any integer k > 1, sup,<r ER?(t) = O(n=?*). Thus,
from Holder’s inequality, sup,<rE|R;(t)| = O(n™®), for any o > 1. This fact is
analogous to Lemma 2.1 in Lo, et al.(1989), where they show sup,<rE|R;(t)| =
O([Inn/n]®). Because of the technical reasons, they defined estimator F}, slightly
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different from here. In addition, by Theorem 1.1 of Stute (1995), where F and
G are only piecewise continuous, Lemma 2.4.2 still holds, which will be used in

proving Theorem 2.3.2.

Lemma 2.4.3 Under the assumptions of Theorem 2.3.1, we have

E{Z(f’j - 51)2} = o(n”'p).

J

Proof. In view of (2.2.3) and (2.4.1),

;o : 1 Gkwi(Ze) Fo(Zk=) - F(Z)
b] b] Z _ F(Zk) [1 _ Fn(Zk—)][l _ Gn(Zk——)].

From the definition of F, and G,, we have

- - 1(Z, < Z
[1 - Zk )][1 - (Zk )] n+1 nRanka _ n zl;ékn( | S k).

Apply Lemma 2.4.2, and use the continuity of F' to obtain

ZA (Z4)B(Zy)P(Z) + ZA,(Zk (Z )W (Zi)
*a k‘éA,-(zk)B(zk)Rﬂ(zo

=+ Ij + I3, (say),

where

5k<Pj(Zk) . n
1- F(Zk), B(Zk) T n— 21#: I(Zl < Zk)’

Aj(Zy) =
P(Zy) : = Q(Zx) — F(Z),

Q(Zy), W(Zy) and R,(Zy) are defined as in (2.4.4) and (2.4.5). Conditionally on

{Z, = z1}, {61 = d1}, through direct calculations, we have
EP%(z) =0(n"?), uniformly ind, and z; < T. (2.4.7)
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Conditionally on {Z) = z,}, {6, = d,}, B(z1) =n/(n=V), where V=3, I(Z, <
z1) is a binomial random variable with parameter n — 1 and p := H(z;). Thus,

through direct calculations, we have

EB*(z) = O(1), uniformly in d; and z;, < T. (2.4.8)

1
12 = = A%(Zx)B*(Zk)P*(Zy)

n n

A;(Zx)B(Zk)P(2x)A;(Z)) B(Z)) P(Z)

The first term
EI(1) = - E[43(2)BX(2) P/ 2)]
- 0(%)E[A§(21)E‘/2(B"(Zl)

= 0(%)13/13(21) = 0(%) /@-?dF.

Hence, from (1.4.19), we obtain

Z1,6,) EV2(P(2))

Z 5,)] (2.4.9)

EY 1%(1) = o(n”'p). (2.4.10)
7
The second term
EI%(2)

E|14,(20114,(201 B (1B(201 B P01 P20 |21, 2.60.6) |
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Conditionally on {Z; = 2}, {6 = dx}, {Z1 = z} and {6 = d;}, by the Cauchy-
Schwarz inequality, we have
4 4 4 4 1/4
E(1B(z0)| 1B(2)1|P(20)] [P(:0)]) < [EB'(:0) EB*(2) EP*(:0) EP' (1)

Through direct calculations as that in (2.4.7) and (2.4.8), we have

B0 =0 (% )Z S El4,(20114,(20)

k=11=1, #k

-0 (%) (/ |<,o]~|dF)2. (2.4.11)

Hence

EZIU 2) = /|<p1|dF = O( ) =o(n"'p) (2.4.12)

by EJ(f lpjldF)? < oo and p — oo. This, together with (2.4.10), we have
EZJ. Ifj = o(n"'p). Apply the previous same lines in I;; to Ip;, we can show
EY I3 = o(n"'p) too.

To complete the proof the lemma, it remains to show that E ) _; I3, = o(n"'p).
Apply the moment inequality to I3;, we have EI3; < E[A%(Z,)B*(Z,)R2(Z,)).

Conditionally on {Z; = 2,}, {d; = d,}, by the Cauchy-Schwarz inequality, we have
E[B%(z)R%(z,)] < [EB*(z1)ER:(2,)]"/? = O(1/n?)
by (2.4.6) and (2.4.8). Thus
£y 1,-0 () T [ or
j
= (nz)zp—l/‘*’2dF (2.4.13)

= o(n”"p).
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Lemma 2.4.4 Under the assumptions of Theorem 2.3.1, we have

- _ A
Db —b) —n lpfﬁ

J

SIEE

Proof. The proof is similar to that in Lemma 1.4.2, but here we need one more step

to approximate 5J~. In view of (2.4.3) and

> (b —b;)? Zb—b +Zb—b +2Z ) (b; — b)),

J

we have

81SE

T - A T2
> (b —b;)* = n lp/I_‘H +EY W,+EY R,
J J J
+2E ) [b; = b;||Rnj| + 2E Y |B; = b,[[TW;| + 2E ) _ | Rn ||V
J J Jj

+EZ +2EZ|b—b||b—b|

=h+L+ I3+ 1+ 15+ Ig + I7 + g, (say).

Notice that

bj —b,)" = fasj(x)l—f‘%r—)dx—b?,

we have
> 56, -2 [y oy 2l w-iy
: H((y+J '
since [ ¢? =1,

S PN +9)/p)/ (1~ H((w +4)/p) = / M/ - H

= O(f A?), it follows that Ezj(l.)j - b)) =n"'pfA/(1 - H)+o(n'p).
Because the denominator appearing in l;j is bounded away from below. Thus these
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I-),- may be handled along the the same lines as those of Hall and Patil (1995, p.922)
to show that Var{Zj(l;j —b;)?} = o(n™?p?). So we obtaln I, = o(n"'p). By Lemma
24.1,

L=n"'Y EW}(Z) <2n' ) (EUXZ))+ EVE(Z))).
J J

By direct calculation, notice all denominators are bounded away from below, we

u+])du).
p

Thus, I; = O(n™!) [¢*(u) X;p7' A} ((u + 5)/p)du = o(n"'p) by 3. p~'A}((u +

have

EU2(Z\) = EV}(Z) =0 (p“ / ¢ (u) A\ (

3)/p) = [ A < 00 and p = oo.
By Lemma 2.4.1 or (2.4.3), we have I3 = o(n~'p). From Lemma 2.4.3, I; =
o(n~'p). Applying the Cauchy-Schwarz inequality to the rest terms, we complete

the proof.

Lemma 2.4.5 Under the assumptions of Theorem 2.3.1, we have

-1
2= qZZE{(Z’U — b;j)*1(|bi;| > 5)} = o(n~2r/2r+D),

=0 J

Proof. Let a and 8 denote positive numbers satisfying a+ 3 =1, we have

32<2EZE{(b,, bi;)21(1bj| > 6) }+2ZEE{ i — bi;)21(|b;] > 6)}

i=0 j i=0 j
q-1
S?X&ZE{(% 57+ 25 5 BBy - 0,1 (5) > 08))
i= j =0
+2ZZE{bu—bu"’I o = bl > 66)}
=0 j

= 2(s21 + 822 + 523), (say).



Apply the argument analogous to (2.4.9), (2.4.11) and (2.4.13) appearing in the

proof of Lemma 2.4.3 to s3;, we conclude that

=0 (1) 5,3 [ var 0 () 55 (futr)

i=0 1=0
1\ & 1 1 q-1 2
— -1 A .
=0 (;2—) gp.-;p,- /%,dF+ o) (H) > XJ: (/ |<m|dF>

2] Inn
0 (n2) +0 ( n )
— O(n—2r/(2r+l))'
The third equality follows from Y. p;' [ w5dF < oo, 3_.([ |¢yldF)? < oo and
= O(Inn), ‘while the last equality follows from n~'p, — 0. Apply the same
argument as that in the proof of Lemma 1.4.3 to s;;, use I—),-J- instead of 5,,- in there,

we conclude that sy = o(n=27/(2+1). Now let A = {|b;; — b;;| > 6}, then

S23 = qizE{(Bu - bij)21(li)z] bz_;' > 55 A)}

i=0
+ZZE{ 1} z] _Bz]l>ﬂ5)I(Ac)}
=0
SZZE{ i — by 21(|b,j—b,]|>6}+2262 (Ibij — by;| > B9)
=5

q-1
<N E{(5y - by)* 1 (1B bul>6}+zzﬁ‘2E i = bis)?
i=0 j i=0 j

= 823(1) + 523(2), (say),

where s23(1) is analogous to sy in section 1.4, which is o(n=2"/?r+1)), While s,3(2)
is O(s21) , which is o(n=2/(>"+1)) to0. Together with sy and sy, we prove the

lemma.
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Lemma 2.4.6 Under the assumptions of Theorem 2.3.1, we have

B[S S 05,1 < 6) - porera o) 1B

i=0

= o(p™™").

Proof. The proof follows the same lines as that of Lemma 1.4.4.

Lemma 2.4.7 Under the assumptions of Theorem 2.3.1, we have

84_2217 —2r

i=q J

Proof. The proof follows from the step 3 of Theorem 2.1 of Hall and Patil (1995).
We are now in the position to give the proof of the Theorem 2.3.1 and 2.3.2.

Proof of the Theorem 2.3.1. Observe that

g [ = (oo [ 2wy o)

< 81 + 82+ 83 + 84.

Thus Lemma 2.4.4, 2.4.5, 2.4.6 and 2.4.7 together prove the Theorem 2.3.1.
Proof of the Theorem 2.3.2. The basic idea of the proof is similar to that of Theorem
1.3.2. We omit the details.

In the sequel we prove the Théorem 2.3.3. This will involve the following two

lemmas.

Lemma 2.4.8 Under the assumptions of Theorem 2.3.3, we have

Wors (Z(Bj - bj)¢j(x)) 2, N(0,0%(c),

J

where

o¥(z) = Al(xz)/[z¢u+l ]
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Proof. In view of (2.4.1),

V(6 - 5)6,(0))

J

Vn,k ’

s

b ol

=1

where K (t, 1) Z o(t — 7)é(x — j). For the wavelets in Section 1.2, the kernel
K (t,z) satisfies the moment condition (See Theorem 8.3 of Héardle, et al. 1998,
p.95), ie. [(t—z)*K(t,x)dt = 6ok, for k =0,1,--- ;7 —1. Notice (Z, 6) are i.i.d.

fork=1,2,--- ,n,EV,, =0, and

2
EVZ, = % / 1il—g)(t)K2(pt,px) dt — -f’;( / M (8K (pt, pz) dt)

_1 M(z + u/p)
- /1—H(x+u/p)

[ 6w+ pz — ooz~ )]
J
2
RS /) otz = )6l - 3)du)

- 5[ P2 [T otue o] st

The second equality follows by the change of variable, while the third equality by
p=2",z=1/2%, N - oo and the Taylor expansion. Thus }"p_, EV??, = o%(z) +
O(p~!) = o%(z). In addition, K(t,z) being uniformly bounded, we have |V, | <
C\/TF]—J — 0, cis a positive constant. So forall e > 0, limp00 3 pey E([Varl? [Vakl >
€) = 0. Thus by Lindeberg-Feller CL’s Theorem, the lemma follows.

Let

Jo = Zzbuvu Ibt]l > 4).

=0

48



Lemma 2.4.9 Under the assumptions of Theorem 2.3.3, EJZ = o(n"!p).

Proof. In view of (2.4.3), write b;; as following

~

bij = Bij + (i’ij - Bij) + Wij + Rnj - (2.4.14)
Then
9-1 A
Jo = ZZ”'J"’U I(lbi| > 6) + > D (bij — bij) s (2)I(|by;| > 6)
=0 j i=0 j
q-1
+ ZZWU’(L’U IbUl > (s + ZZR"UL)U |b1J| > O) (2410)
=0 j =0 J

=L+ 1+ I3+ 1, (say).
Because of the compact support of ¥)(z), for each i, there are only finite number of

Jj such that %;;(z) are nonzero. So

EI2 —O(Q)EZE iy T 1])2 1_]( )

-0 E [l e (o) ]

=0 3

T

n2 n
=o(n7'p).
In the above, the second equality follows from the argument similar to (2.4.9),
(2.4.11) and (2.4.13) in Lemma 2.4.3, while the last equality is from p,n~! — 0 and
g = O(Inn). Similarly, we can show EI? = EI? = o(n~!p).

As to the first term of Jg,

ZZ(b:J 1] wz] |b1]| > 6 + Zzbuvz] Iszl > 6) - Ill + Il2

=0 ) i=0 j
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Let a and 8 are positive numbers such that o + 3 =1, so

|111|<ZZ|1711 bij i ()1 (1bi;] > @d)

i=0 j
+ZZI% bislly (2) 11 (1by; = bys| > B6).
i=0 j
Because \,(z) is r-times continuously differentiable at z, so |b;;| < cp, —rH) o
b} < *p; ~(r+1) ¢ is a constant (see Hall and Patil, 1995, p.917). Notice 62 =

O(lnn/n), p; = p2, p = O(n/?+1), thus I(]b;;] > &) = 0 for large n, hence the
first term in the bound of I;; actually is zero for all sufficient large n. In view of
(2.4.14), the leading term to approximate 5,,» is 5,«1. Apply a similar argument as in

(2.4.15) to Iy;, all the rest of the terms are of smaller order, we have

EIY = O( q)ZZE i — bis) 22 (2)1(|bij — bis| > BS)

=0
q)ZZE”“ = biy) 202 (2) P ([by - by > B9)
.
—0()§Zﬁ .n—d_O()z —d-1 h d>47‘+1
=uU\9 L2 o P = 0O(q)pyn , where o

= o(n~¥/ 1)) = o(n~1p).
The second equality follows by Holder’s inequality, while the third equality by
Rosenthal’s and Bernstein’s inequality and let a — 0o, b — 1 (see the details in
Hall and Patil, 1995, p.917-918). The fifth equality follows by n~'p, — 0. Apply

—(2r+1)

the same argument to Iy, using b7, < c?p; , we can show that ET%, = o(n~!p)

too, which proves the lemma.
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Proof of Theorem 2.3.8 In view of (2.2.2), by analogous equality of (2.4.14) to 13j

and the definition of Jg in Lemma 2.4.9, we have

Xl(a:)—Al(x)-b(x)=Z(b - b)¢;(z [Zb]qb, (z) - b(z >] +Js
=2 =)o) + 30— B)oy(a) + 3 W0,
# 3 Fat @ [Z b65(2) = Ma(z) - bla)] + Je

=h+L+I3+Jy+ 5+ g, (say).

By Lemma 2.4.8, \/np~1J, =4 N(0, 0%(z)). By Lemma 2.4.9, we have y/np=1J; =
0. The terms J,, J3 and J; are analogous to I5, I3 and I; in Lemma 2.4.9, so ap-
plying the same argument, we can show that EJ? = EJ? = EJ? = o(n"!p). Thus
\/7;‘—1 Jo =25 0, same as J; and J,;. Hence, in order to prove the theorem, it suffices
to show that Js = o(p~"). Apply the same argument as in Lemma 2.4.8, using the

moment condition of K(t,z), it is easy to see
Jo= [u@) = M@ p K (ot p2) it - b(2)

= /[/\l(z +u/p) — \(2)]|K (pz + u, pr) du — b(z)

A8 (
/E —-K(px + u,pz)du+ o(p™") — b(x)

(')
/2¢u+z 1) dup™ — b(z) + o(p™")

=o(p™"),
the last equality follows from the moment condition of K(t,z), which proves the

theorem.



Chapter 3

Minimum Distance Estimators in
Regression Models under Long

Memory

3.1 Introduction

The practice of obtaining estimators of parameters by minimizing a certain distance
between some functions of observations and parameters has long been present in
statistics. These estimators have many desirable properties, including consistency,
asymptotic normality under weak assumptions and robustness against outlier in
the errors. Koul and DeWet (1983) and Koul (1983a, b; 1986) pointed out the
importance of this methodology in linear regression models, using certain weighted

empirical processes that arise naturally in these models. For more details and



references on this methodology, see the monograph by Koul (1992b).
Koul and Mukherjee (1993) extended the above results to linear regression
models with long range dependent errors that are either Gaussian or subordinate

to Gasussian. More specifically, they considered the multiple linear regression model
Yni=1.‘:"»/3+5.', EiZG(ni), 1 = 1’2,... ,n,

where {zn;,i > 1} are known fixed constants, G is a measurable function from R
to R, {7, > 1} is a stationary, mean zero, unit variance Gaussion process with
correlation p(k) := Emmix ~ k7®L(k), k > 1, 0 < § < 1, where L is a function
of positive inéegers, slowly varying at infinity, and L(k) is positive for large k.
Thus } ;2 | p(k) = oo, implying the errors have long memory. For motivation and
arguments in support of this Gaussian and/or Gaussian subordinated long memory
error process, see Taqqu (1975), Dehling and Taqqu (1989) and a review paper by
Beran (1992).

The other class of long memory process is of the moving average type. For
more on their importance in economics and other sciences, see Robinson (1994),
Beran (1994), and Baillie (1996). These processes include an important class of
fractional ARIMA processes. For various theoretical results pertaining to the em-
pirical processes of long memory moving averages, see Ho and Hsing (1996, 1997),
Giraitis et al. (1996), Koul and Surgailis (1997, 2001b), Giraitis and Surgailis
(1999), among others.

Because of the importance of multiple linear models with long memory moving

average errors, and the desirable properties of the above mentioned minimum dis-
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tance estimators, it is natural to investigate their properties under the long memory
moving average errors. The objective of this paper is to obtain the asymptotic dis-
tribution of the m.d. estimators of regression parameter in multiple linear model
with long memory moving average symmetric errors when the design variables are
either known constants or i.i.d. random variables, independent of the errors. These
results thus extend those of Koul (1985a,b) and Koul and Mukherjee (1993) to
these models.

The rest of this chapter is organized as follows. Section 2 provides the m.d.
estimators anc\i their asymptotic normality under both fixed and i.i.d. random

design cases, while their proofs appear in Section 3 and Section 4, respectively.

3.2 Main results

3.2.1 The case of non-random designs

Consider the linear regression model where one observes the response variable

{Yai}, 1 <@ < n, satisfying

Yoi=z,8+e, 1<i<n, BeR (3.2.1)

h ]

Let X denote the n x p design matrix of known constants whose i** row is zJ;,

1 < ¢ < n. Here R? denotes p-dimensional Euclidean space, R = R!. In the
sequel, for the sake of convenience, the dependence of various entities on n will not

be exhibited. We assume the errors {¢;,1 < 7 < n} to form a stationary moving



average sequence,

%)
€ = Zbkc,‘_k, by ~ Ly(k) k—(1+0)/2, 0<f<1l, 1<:i:<n, (3.2.2)
k=1

with the common distribution function F', where (;, s € Z are i.i.d. standard
random variables, symmetric around zero and L, is a slowly varying function at
infinity. This implies that p(k) = Cov(ey,e14x) = L(k)k~%, where L(k) = Cy L3(k),
Co = 2(2-6)"1(1 = 0)7! [7°(u + u?)~(+9/2dy, and hence the errors have long

memory. We assume that (p in (3.2.2) satisfy the following conditions:
Al |Ee‘“<‘f| <C(1+|u|)™% forsome C < oo, 6§>0, Vu€eR.
A2 E|G) < .

Giraitis et al. (1996, Lemma 1) proved that under the Condition A.1, the error dis-
tribution function F' is infinitely differentiable. The assumption A.2 is a condition
on the decreasing rate of its density function in the tails.

Now, let 7, = LY?(n)n(*-9/2 and define, following Koul and Mukherjee

(1993),
M) =72 [0 a0 -aia <o) - 1458 <} [ an),
Q) = [|oxx (S alie <v) - 1t > -]}

XA -0 + ()| ), Acw,

where I(A) is the indicator function of set A, ||u|| denotes Euclidean norm and H .

is a nondecreasing right continuous function from R to R. The m.d. estimator of
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the regression parameter 3 is defined by

B := argmin {M(A), A € RP}.

Note that J is the estimator 3+ defined in Koul (1985b) for the independent errors
case and is the estimator 35 defined in Koul and Mukherjee (1993) for the Gaussian
subordinated process errors. The motivation for considering these m.d. estimators
and its finite sample properties are discussed in Koul (1985b, 1992b). In particular,
forp=1,2,=1, H(z) = z[H(z) = I(z > 0)], 3 is the Hodge-Lehmann [Median
estimator]| estimator of the one sample location parameier.

Before wé state the asymptotic normality of B, we need the following additional

assumptions on the model (3.2.1) and (3.2.2):
A3 (X'X)7!exists for all n > p.
Y'Y Y1 ] —
A4 nlnsllas)ﬂ:ri()x X) x| = 0(1).
A5 [(1+y?*)'dH(y) < oc.

Conditions A.3 and A.4 are the same as those in Koul and Mukherjee (1993), while
A.5 replaces the conditions [ f"dH < oo, 7 = 1,2 and [;°(1 — F)dH < oo of the
above paper.

Let A = 77Y(X'X)V2, B = 1,(X'X)"?, ¢; = A™'zy, di = B~'r;. We now

state the main result:

Theorem 3.2.1 In addition to (3.2.1) and (3.2.2), assume that A.1-A.5 hold. -
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Then,

A(B - B)
= (2 £an)” [ Sl <0 - 16> 0]/ ) dHE) + o). (323

The next result gives the asymptotic equivalence of the m.d. estimator in the

first order to the least square estimator and its asymptotic normality.

Corollary 3.2.1 Under the assumptions of Theorem 3.2.1,
X' X)V2(B - B) = =17 (X' X)Y/? Zx €i + 0,(1). (3.2.4)
‘ i=1
Moreover,
G 27 (X' X) V2 (B = B) = Np(0, Ixy), (3.2.5)

where Iy, is p X p identity matriz, and

Gn =1 A(X' X)X R X (X'X) T2 Ru= (p(i = 5)) e 85 =12, 1.

3.2.2 The case of random designs

In this subsection, we consider the following multiple linear regression model
Y,=X/{B+e, 1<i<n, BeR (3.2.6)

under the same assumptions as those in the previous section, except that here

{Xi,i > 1} are i.i.d. random variables, independent of the errors and EX,; # 0. )
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Similarly, define
Mi(A _7-2/” -2f ZX T~ XA <y) - I(-Y, +.XA<y]}” dH(y
Q@)= [ { Sl <0 - 1> -]}
-1/2/ vy 2
+ 27 HXX)A = A [F0) + F(-v)]|| dH ()
The m.d. estimator of the parameter 3 in (3.2.6) is defined by
B, := argmin {M;(A), A € R?}.

Before we present the asymptotic normality of m.d. estimators, we need the fol-

lowing assumptions on the model (3.2.6).
A6 E|X)|° < oc.

Let a, = 7,7'n'/2, b, = 7,n'/2, C; = a;'X;, D; = b;'X;, then we have the

n -

following analogous result of Theorem 3.2.1 under the i.i.d. random design case.

Theorem 3.2.2 In addition to (3.2.6) and (3.2.2), assume that A.1, A.2, A.5 and
A.6 hold, then
an(Bl - B)
- (2/f2dH)_l /ED,- (I < y) — I(es > —v)] f(y) dH (y) + 0,(1).
(3.2.7)

Corollary 3.2.2 Under the assumptions of Theorem 3.2.2,

T2 (B = B) = 17072 Xiei + 0,(1). (3.2.8)

1=1
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Moreover, let EX, = u # 0, then

n
T,flnl/?(Bl —-B)=—u Tn'ln“l/?Zsi + 0p(1), (3.2.9)
=1
and
T2 ey = N(0,1). (3.2.10)

1=1

3.3 Proofs of the theorems

The method of proof is similar to that of Koul (1985a or 1992b; Ch5) which requires
that M(A) is\uniformly locally asymptotically approximated by quadratic form
Q(A) and shows ||A(3 — 8)|| = O(1). This approximation in turn is used to obtain
the asymptotic normality of m.d. estimators B. For more details, see Koul (1992b;
Ch5) and Koul (1985a).

In order to provide the details, we need some notations and several lemmas.
Let C stand for a generic constant which may change from line to line. As in Ho
and Hsing (1996, 1997) and Koul and Surgailis (1997, 2001a, b), put

l oo
a=D bkGiok,  Eai= Y bio,
k=1

k=l+1 (3.3.1)
F(z) :=P(ea<1), filz) = F(z).

The following two lemmas are analogous to Lemmas 5.1 and 5.2 of Koul and Sur-

gailis (2001b), thus their proofs can be deduced from there.

Lemma 3.3.1 Under the assumptions A.1 and A.2, there erist ly > 1 and a con-
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stant C such that for any l > [y, z € R,

|fP@)| +|fPz)| <cc(l+12P)7", p=0,1,2 (3.3.2)

|fi(z) = fir(z)| S CB(L + |z?) 7" (3.3.3)

Lemma 3.3.2 Let g,(z) := (1+|z|")~! and h(z), z € R be a real valued function

such that, for some C < oo,
|h(z)| < Cy,(z), 7=12,3. (3.3.4)

Then there ezists a constant C.,, depending only on C in (3.8.4), such that for any

z, y€R,
h(z + y)| < Cyg,(z) (1 V [y]), (3.3.5)
where a V b = maz{a, b}.

Remark 3.3.1 From (3.3.2) in the Lemma 3.3.1, f(x) and f (z) satisfy conditions
of h(z) in Lemma 3.3.2, thus, |f(z +y)| < CQ1+ 2?11+ 4%, |f(z+y)] <

C(1+ %)~ 11 + y?).

Lemma 3.3.3 (Surgailis). Under the assumptions A.1 and A.2, there erists a

constant C < oo such that
lCov(I(so <z), I(; < z))l <Cc(1+ z2)_1i'0,
foralli€e Z, z € R.

Proof. The proof is in Appendix.
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Lemma 3.3.4 Under assumptions of A.1 and A.2, there ezists a constant C such

that

'Cov([(x<so <z+ag), I(z<e¢; §z+a,-))|

< C(1+2%) 7" Jaol V Jao*]* [Jas| V asP] V2,
foralli€eZ, z €R, o9 €R, a; €R.

Proof. The proof is very similar to that of Lemma 3.3.3, so here we only give the
outline. Let F; be the o-field generated by (i, k¥ < i and F(z,y) := F(y) — F(z).

Write the telescoping identity:
o0
Iz<e<z+o)— F(r,z+ ;) ZU,,xx+a, (3.3.6)
=1
where

Uiz, z+ ;) = Fioi(z = Smn, s+ — €ymy) — Fi(z — €, 0+ o — €4y)

=U (2,2 + ;) + U (2.2 + ai),
where

1 - - .
Uf',)(z,x +o))=F(z—é-nz+oi—&imy) - F(z— &,z + 05 — &4),

2 - - - -
U( )(I,I +a;)=F_(z—€-r,c+a; —Eiy1) — Fil(z — &, 2+ @i — €i4-).

In order to prove the lemma, as that of Lemma 3.3.3, we only need to show the

following (3.3.7) and (3.3.8).

2
E[U.-,«(x,x+a,-)] <CA+2) Ml Vi), 1=1,2,--- 1, (3.3.7) -

2
E[Uf(z,5+a)| <CU+) 0 (jaul Vi), 1>l g=1,2 (338)
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Proof of (3.3.7). According to the definition, we have

2
E[Ui,,(x,x + O‘i)] S2[EF% (z = |oi| = €iymry T + Jou] — &141)
+ EFY (z - |ai| = &0, + o] — &3y)]

<A4F(z - |ai|, z + |ai])
il

=4 f(z +v)dv
-|aif

<C+ %) (|au] V |ail?),

the last inequality follows from lemma 3.3.2 with h(z) replaced by f(z) and vy = 2.

Proof of (3.3.8). For ¢ =1,

U zra)= [ [lu-bGi-&) - ilu-E0lde  (339)

Follows the argument of Lemma 3.3.3, apply Lemma 3.3.1 and 3.3.2 with v = 2,

we can obtain the following analogous inequality
U (2,2 + )| € C>1bGice V 1BG-t?) (1 + E2) (1 + 22) 7 (Jes] V |eil?).
From (3.3.9) and (3.3.2), we have |U,.(})(x,x +a;)| £ C(|biGi=i| A1), thus we obtain
E[U“)(x T+ a,)] < CEbG-’(1 + E22)(1 + 22) 7 (Jos| V uP),

which is (3.3.8) for ¢ = 1.
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For ¢ = 2, apply Lemma 3.3.1 and 3.3.2, we have

I+a;
U (2,2 + )| < / [filw = &ipmr) = fima(u = &) dul

2‘+|01|
S C bl2(1 + |u b c:i‘l_1|2)_l du

z—|a;]

z+|a,|
SCb,z/ (1+u?)"'(1+€2_)) du

~lail

< Ch(1+ g+ %) (Joa| V |ail?).

Again, as IU,-(f) (r,z+ a,~)| < 2, we obtain (3.3.8) for ¢ = 2. Hence, we proved the
lemma.

We are now ready to state and prove the asymptotic uniform quadraticity of

M(A).
Lemma 3.3.5 Under the assumptions of Theorem 3.2.1, for all b € (0,00),

E sup |M(5 + A7) - QB+ A"ls)[ = o(1), (3.3.10)
SEN(b)

where N(b) = {s € R? : ||s|| < b}.

Proof. The proof basically is similar to that of Theorem 2.1 of Koul (1985a). As

there, use the symmetry assumption of f(y), it is enough to show that Vb € (0, o0),

sup /”Z d; [F(y,y +cis) — cﬁsf(y)] 2dH(y) =o(1), (3.3.11)

SEN(b)

2
E Sl;,I()b)/HZ di[I(y<ei <y+cis)— F(y,y+cs)]|| dH(y) =0(1), (3.3.12)
s€E i

2

E sup. / “Zdi[f(siSy)—F(y)+CQSf(y)] dH(y) = 0(1), (3.3.13)

The first equality (3.3.11) follows from the infinite differentiablity of F, . dic; =
I xp, max;|c;s| = 0, (3.3.2) and assumption A.5.
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As to the (3.3.12), here we only give the proof for fixed s € N(b). The uniform
convergence can be obtained by the compactness of N (b), similar to that of Theorem
2.1 (Koul,1985a). Let d,;:=the j-th entry of the vector d;. Thus the integrand of

the j-th summand of the left hand side (LHS) of (3.3.12) does not exceed

SN ldidesl |Cov(I(y < e Sy +cls), Iy <&, <y +chs))l.

Apply Lemma 3.3.4, notice ||cs|| < |laillllsll = O(n=%/2)||s|| — 0, so, for any 0 <

h < 6, the above bound does not exceed

C S ldides| (1 + 43 (1 + i = ) P s

Y

S C”S”n—(Q—O)nZ—on—h/?(l + y2)—1’

where the last inequality follows from max;||d;|| = O(n~(3-9)/2), Thus the j-th entry

of the LHS of (3.3.12) does not exceed
Cllsllrz"'/2/(l +9%)'dH(y) 2 0, n — oc,

which proves the (3.3.12).

As to (3.3.13), we need to prove
/ 1> deisf )" dH () = 0(1), (3.3.14)

JE|Zalre < v - F| arw = o). (33.15)

But 3, dic; = Ipxp, [Isf (W)II* < |IslI?f?(y) < Cb?*(1+3?)~". Thus (3.3.14) follows
from (3.3.2) and assumption A.5. As to (3.3.15), like (3.3.12), apply Lemma 3.2.1,
the j-th entry of the LHS of (3.3.15) does not exceed cn=2**n?-¢ [(1+y?)~! dH(y) <

00, hence the lemma is proved.

64



Lemma 3.3.6 Let A = argmin {Q(A),A € RP}, assume the conditions of Theo-

rem 3.2.1 hold, then

IA(3 = B)Il = 0,(1). (3.3.16)

14(A - 3)]l = 0,(1). (3:3.17)

Proof. The proof of (3.3.16) follows from the following Lemma, while proof of

(3.3.17) basically is the same as that of (3.3.16).

Lemma 3.3.7 Assume the conditions of Theorem 3.2.1 hold, then

(a). for any e > 0, there ezists a 0 < z, < oc and Nj. such that
P(|1W(,3)| < 55) >1—¢, forall n> Ni.
(b). for any e > 0, 0 < z < 00, there ezists Ny, and a positive b > 0 such that

P( inf M(3+ A™'s) > z) >1—c forall n> N

lsli2b
Proof. The proof of part (a) is from finite moment EM(3) < oo, which is from
(3.3.15). The part (b) is very similar to that of Lemma 3.1 of Koul (1985a) which
we omit here.

Finally, we are in the position to provide the proof of main theorem.
Proof of Theorem 8.2.1. The proof follows that of Theorem 5.41 of Koul (1992b)
and Theorem 3.1 of Koul (1985a). We only give the sketch here. From Lemma

3.3.6, we have

2y _ Al = | ; ) -1,y _ -1
M(B) Q(A)] ‘||§|I|15fbM(ﬂ+A s) “:ﬁlsbe(ﬂ+A S)I

< sup [M(B+ A™'s) - Q(B + A”‘s)'.

lisli<é
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From above inequality and Lemma 3.3.5, we get
M(3) = Q(A) + 0,(1). (3.3.18)
The last equality (3.3.18) together with M(3) = Q(3) + 0p(1), yield Q(A) =
Q(B) + 0,(1), which is precisely 1 4(8 = A)|| = 0,(1). Thus
A(B - B) = A(A - 8) +0,(1). (3.3.19)

Now, from the defintion of Q(A) and A, we readily get the (3.2.3) of Theorem 3.2.1
from (3.3.19).

In order to prove the Corollary 3.2.1, we need the following lemma.

Lemma 3.3.8 Let Sy(z) = Y i, di[I(ei < ) — F(z) + f(z)ei], under the assump-

tions of Theorem 3.2.1, then
sup|Sa(z)| = 0p(1).

Proof. The proof of the lemma can be deduced from Theorem 3.1 of Koul and
Surgailis (2001c), where they proved more general case, i.e. the uniform reduction
priciple for weighted residuals empirical processes.

Proof of Corollary 3.2.1. From the Theorem 3.2.1 and notation of S, (z), we obtain
AB-0) = (2 [ £ar)” [[8.w) + 50 2def D) W)dH () + 0p(1)

= - Z d,‘€,’ + 0p(l)
=1

the last equality , which is (3.2.4), follows from lemma 3.3.8, while (3.2.5) follows
from Theorem 2 of Giraitis et al. (1996).
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The following lemma is the asymptotic uniform quadraticity of M;(A) under

i.i.d. random case.

Lemma 3.3.9 Assume the conditions of Theorem 8.2.2 hold. Then, for all b €

(0’ w)?

sup |My(B+a;'s) — Qi(B +a;'s)| = 0,(1).

SEN(b)
Proof. The proof is similar to that of Lemma 3.3.5 except here {X;,7 > 1} are i.i.d.

r.v’s, instead of fixed known constants. To prove the theorem, it is enough to show

that Vb € (0, 00),

sup [ DilF @y +Cio) - Clsr ]| B @) = 0,1,

sEN(b)

(3.3.20)

SEN(b)

E sup /”Z D;[I(y < & < y+Cls) - F(y,y + Cls)] “2dH(y) = o(1), (3.3.21)

Esup [|SDil1e <v) - Fo)+ Clsr]| i) = o)

SEN(b)
(3.3.22)

Proof of (8.3.20). Write F(z,y) = [} f Y f(u)du, use the differentiability of f, we

can obtain

LHS of (3.3.20) <b“/“ 3 ‘ 3 XXX ||/ |dz|| dH(y

(3.3.23)

Now, from Remark 3.3.1, we have

-1

/a"
—a;!

£ (y+bllXil2) |d < Cag! (1+ BIX7) (1+97)
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Thus, from (3.3.23), we have

Xi

2
LHS of (3.3.20) < Ca,;?b"“n-‘ Y XXX+ b2||X,-||2)|| /(1 +?) " 'dH(y),

which is 0,(1) from A.6, A.5 and a;? — 0, hence (3.3.20) is proved.
Proof of (3.3.21). Similar to the proof of (3.3.12), we here only give the proof
for the fixed s € N(b). Let D;;:=the j-th entry of the vector D;, which are analogous

to d;; in the fixed design case and
Ki(2):=I(y <z <y+Cjs)— F(y,y +C;s).

Thus the inteérand of the j-th summand of (3.3.21) does not exceed

ZZE [|D11Dr1| IE[ K, (er)

| X

X, X,]

] (3.3.24)

Apply Lemma 3.3.4, as |C/s| < a;;*

|s]|, we have

|E [Kifei) Ko(e) | X, X,

<C(L+y?) 1+ i - r)°[ICs| v ICisP) 2 [1Cts| v ICLs ] 2.
(3.3.25)

Combining (3.3.24) and (3.3.25), use A.6, we obtain, for any 0 < h < 8, the j-th

entry of

LHS of (3.21) < C(|lsl| V [Is]*)n 2+9221+|1—r| /(1+y2) dH (y)
cmﬂwmmfm/a+frwmwam n - o0,

which proves the (3.3.21).
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Proof of (3.3.22). 1t suffices to prove
/EH Z DiClsf(y)||” dH(y) = O(1), (3.3.26)

fEHED [I(si <) - Fly) “ dH(y) = O(1). (3.3.27)

The first equality (3.3.26) follows from the following inequality and assumptions

A6, (3.3.2) and A.5.

2
LHS of (3.3.26) < ||s|I2E"n‘IZXi‘\’{ / F(y)dH(y) < oo

As to the (3.3.27), like that of (3.3.15), we have the integrand of the j-th summand

of the LHS of '(3.3.27) does not exceed

22 E [ID:'jDrjI ‘E{[I(fi <y) - F@)] (e, <y) - F(y)]

X, X, }

]

Thus, from Lemma 3.3.3 and similar argument as (3.3.24), we obtain the j-th entry

of

LHS of (3.3.27) < 623 (1 +1i - r|)“’/(1 + ) dH(y).

Thus, LHS of (3.3.27) < Cn~=9n2-? (1 + y?)"'dH(y) < oc. Hence, lemma is
proved.

Proof of Theorem 3.2.2. The proof is completely analogous to that of Theorem
3.2.1.

Proof of Corollary 3.2.2. Proof of the (3.2.8) is completely analogous to (3.2.4) of

Corollary 3.2.1. From (3.2.8), we obtain

rInl/2(3, — T—ln—1/2z . i—prn 1/225 +0p(1). (3.3.28)

=1
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But, the variance of the first term of the RHS of (3.3.28) goes to zero, thus the
first term is 0,(1), which proves (3.2.9). The last equality (3.2.10) follows from the

Lemma 5.1 of Surgailis (1982).

3.4 Appendix

Before we give the proof of Lemma 3.3.3, we need a following lemma.

Lemma 3.4.1 Let g(z) = (1 + |z|*)~! and h(z), € R be a real valued function

such that
|h(z)| < Cg(z), (3.4.1)
hold for any x € R. Then, for any x < 0 and any v,w € R
I/_; [h(u+ v +w) — h(u+ u,»)]du} <C(olvIrP)aviwP)d+ 237" (3.4.2)

Proof. First consider |v| < 1, then by (3.4.1) and (3.3.5) with v = 3, the LHS of

(3.4.2) does not exceed

Clv| /z (1+]u+ wla)—ldu <C|(1vVv les)/z (1+ |u]®)"'du

—o -
< Cll(1 v JwP) (1 +2%)7h

Next, consider |v| > 1. Then the LHS of (3.4.2) does not exceed

C/:(l +lutv+wP) du+t C/I (1+ |u+wP) ' du. (3.4.3)

) —00

By (3.3.5), the first term of (3.4.3) does not exceed

C(1V|v+w)?) /z (14 |ul®)'du < ClvP(1 Vw1 + 227
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The second term of (3.4.3) follows similarly. This proves the lemma.
Proof of Lemma 3.3.3. Let F; be the o-field generated by (x, k < i. Write the

telescoping identity:

I(e; <z)-F(r) = i Ui (z), (3.4.4)
1=1
where
Uii(z) = Fioi(z — €iy-1) — Filz — €4))
= U (@) + U (@), (3.4.5)
where

Ui(,:)(z) = Fi(z — &,3-1) — Fi(z — &),
U (2) = Fioi(z = &4m) = Fi(z = &)
The lemma 3.3.3 follows from the following (3.4.6) and (3.4.7).

2
E[Ui,t(x)] <C+2%)7Y 1=1,2,--- 1, (3.4.6)

2
E[Uf,‘:’)(w)] SCA+2)ME Uy, ¢=1,2, (3.4.7)

where [y will be chosen sufficiently large in order that the bounds of Lemma 3.3.1

hold. Indeed, by orthogonality of (3.4.4) and (3.4.6), (3.4.7).

’Cov (eo<x) s.gx)l—li Usivt(z)Ugy( )'

E'? [Uiin(2)]” B2 [Vou(2))’

IA
MS i

l

[o o]
S 1+:c IZ z+l (1+0)/2 —(1+6)/2
=1

1

<01 +12)" k.
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Now, it suffices to show (3.4.6) and (3.4.7) for z < 0 only. As to (3.4.6),

E[Ui(2)]? < 2[EFZ,(z = &) + EFR(z — &)
<2[EF-1(z — &) + ER(z - €,))]
= 4F (z).
Notice F(z) = [*_ f(u)du and by Lemma 3.3.1 (3.3.2), we have F(z) < C(1 +

z?)~!, this proves (3.4.6).

Consider (3.4.7) for ¢ = 1. In view of (3.4.3), as £;;_1 = b;(;_; + £i4, we have

U (@) = / (Al = bt = £0) = lu = £0)]du.

— 00

Here, f, satisfies Lemma 3.4.1’s h(z) by Lemma 3.3.1. Thus from (3.4.2), we obtain
|U,~(})(I)| < C(Ibiizt| V 1biGi-a*) (A V |EP) (1 + 22) 7!
< C(IbiGomt| V biGitl) (1 + EaP) (1 + 7). (3.4.8)

Combining (3.4.8) with the estimate |U,-(‘})(:r)| < C(|iCi=t] A 1), which is an easy
consequence of (3.3.2), we obtain
E[UR@)]* < C(EWbiGia? + ElbiGia*) (1 + EléiP) (1 + 22) !
< Ch(1+4z%)7!
<C(1+z%)~ 119, (3.4.9)

the second inequality follows from E|é;|* < oo, which follows from the Rosenthal

inequality.

EIZ bl(l‘s < Cz EbG)® + C(Z ElblCl|2)3/2,
=1 =1 =1
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this proves (3.4.7) for ¢ = 1.

As to (3.4.7) for ¢ = 2. From Lemma 3.3.1 (3.3.3) and Lemma 3.3.2 (3.3.5)
with v = 3, we obtain
IU,'(,?)(I)I = I/ [filu = &iuz1) = fioa(u — 5.;',1-1)]‘1“‘

< Cb,?/ (14 Ju=Eu?)  du

T

50b{~’(1v|§,-,,~1|3)/ (1+ [ul)~'du

—00

<CH(1VIE )1+ 2?7
Hence, as |Ui(f) (z)|] £ 2, similarly as ¢ = 1, we obtain
E[UD(@)]* < (1 +2%)' < C(1 +2%) 71719,

this, together with (3.4.9), proves (3.4.7). Hence the lemma is proved.
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