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ABSTRACT
GRADED LOCAL COHOMOLOGY AND ITS ASSOCIATED PRIMES
By

Chia Sien Lim

It is known that the i-th local cohomology of a finitely generated R-module M over
a positively graded commutative Noetherian ring R, with respect to the irrelevant
ideal R, is graded. Furthermore, for every integer n, the n-th component H;'{+ (M),
of this local cohomology module H}u (M) is finitely generated over Ry and vanishes
for n >> 0. We want to understand the behavior of Hp, (M), for n << 0.

We will specialise the study of Hy, (M) to the case where R is a Cohen-Macaulay
ring and M is a Cohen-Macaulay R—module. When dim Ry = 1, we will show that
Assg, (H;L’(M ),,) becomes constant when n becomes negatively large. When Ry is
local, equidimensional and dim Ry = 2, we will show that there exists an integer N
such that either Hy (M), = (0) for all n < N or, Hp (M), # (0) for all n < N.

These results will extend the work of Brodmann and Hellus in [2].
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Introduction

Let R be a commutative Noetherian ring with unit, a an ideal of R and M a finitely
generated R-module. We want to study Hi(M), the i-th order local cohomology of
M with respect to the ideal a. Since H:(M) is not finitely generated as a R-module
in general, a great effort has been expanded to understand its finiteness properties
(cf. [2], [4], [8]). A question raised by C. Huneke regarding the finiteness of the set
of associated primes of H:(M) has prompted many researchers to work in this very
active area of mathematics. The most notable finiteness result in this direction is that
if R is a regular local ring containing a field, then for every integer i, Assg (H:(R))
is a finite set for every ideal, a, of R. The characteristic p case was proved by C.
Huneke and R. Sharp (cf. [11]). G. Lyubeznik settled the characteristc 0 case using
D-modules (cf. [13], [14] and [15]).

However, there are examples of local cohomology modules whose set of associated
primes is not finite. The first example is provided by A. Singh in [18]. In this example,
M is a graded hypersurface over R, R is a positively graded algebra over Ry and Ry is
a polynomial ring over the integers. Subsequently, M. Katzman gave another example
where Ry is a polynomial ring over any field (cf. [12]). This result effectively shows
that the set of associated primes of a local cohomology module over a local ring can
be infinite.

In this paper, we wish to investigate the local cohomology module H:(M) in the
graded case. Throughout the paper, we will assume that R = @ff’zo R, is a positively
graded homogeneous Noetherian ring of finite Krull dimension; a is the irrelevant
ideal, @, Rn, denoted by R.; M is a finitely generated graded R-module. The
R-module H};+(M ) has a natural grading and H}Z+(M )n, the n-th component of
H;'h(M ), is a finitely generated Ro-module. Moreover, for n >> 0, Hy (M), = (0).



This raises the following question. What about Hy (M), and Assg, (Hg, (M),) for
n << 0 and their relations with Assg (Hj, (M))? This work is motivated by a recent
paper of Brodmann and Hellus in [2]. They showed the following:

Proposition 1. (cf. [2], 4.2) If Ry is semi-local and dim Ry < 1, then for every
i € No, Hp (M) is asymptotically gap free.

H;'2+ (M) is called asymptotically gap free if there exists an integer N such that either
Hy, (M), = (0) for all n < N or, Hp, (M), # (0) for all n < N.

Proposition 2. (cf. [2], 5.6) Let t € No. If Hy (M) is finitely generated over R for
alli < t, then {Assg, (Hg, (M)s)}nez is asymptotically stable.

{Assp, (Hp, (M)n)}nez is called asymptotically stable if there exists an integer N
such that Assg, (Hk, (M).) becomes constant for all n < N.

It was noted by Brodmann and Hellus that asymptotic stability implies that H};z+ (M)
is asymptotically gap free and Assg (Hk+(M )) is finite. However, the converse is false
according to the joint paper by M. Brodmann, M. Katzman and R. Sharp (cf. [3]).

Brodmann and Hellus also showed that for a local base ring (Rp, my), mo is the
maximal ideal of Ry, if Hy, (M) # (0), then 7 is bounded above by dim %4- More
precisely,

Proposition 3. (cf. [2], 3.4) Suppose that (Ry, my) is local and M is finitely generated
graded R-module with dim %ﬁ =d. If M # Tg (M), then H (M) # (0) and
r, (M) for alli > d.

In this project, we will apply and extend Brodmann and Hellus results to the
case where R is a Cohen-Macaulay ring, M is a Cohen-Macaulay R module and dim
Ry is either 1 or 2. In this situation, the grade of M with respect to R, provides
a lower bound for the order in which the local cohomology does not vanish, while
Proposition (3) of Brodmann and Hellus gives an upper bound. One of our main

ideas is to localise R at a prime ideal of Ry so that our base ring can be local. This



allows us to use Proposition (3) of Brodmann and Hellus to get a better handle on
the support of Hjh (M). More precisely, we will prove:

Theorem 2.0.1. Suppose that R is a positively graded homogeneous Cohen-Macaulay
ring and M is a finitely generated graded Cohen-Macaulay R-module. Assume also
that dim Ry = 1. Then, for all 1,

{ASSRo(H}{+ (M)n)}nez

is asymptotically stable.

Theorem 4.0.1. Suppose that R is a positively graded homogeneous Cohen-Macaulay
ring and M 1is a finitely generc;ted graded Cohen-Macaulay R-module. Assume also
that Ry is local, equidimensional and dim Ry = 2. Then for all i, H;Z+(M ) is asymp-

totically gap free.

Due to the known results of Brodmann and Hellus in Propositions (1) and (2),
the interest of our work will be in the case, Hy (M) for i > grade(R,, M). In fact,
for Theorem (4.0.1), we can simply focus on the situation where ht (I’ N Rp) = 0
(I' = anng (M)), because if ht (I' N Ro) > 1, Hy, (M) is a £-module and dim
(,—‘r‘f)0 < 1; this situation is dealt with by Brodmann and Hellus’s Proposition (1)
above.

Here is an outline of our project: In Chapter One, we will gather the tools that
will be applicable in the proof of Theorems (2.0.1) and (4.0.1); in Chapter Two, we
will give a proof of Theorem (2.0.1) and its Corollaries; in Chapter Three, we will give
some sufficient condition for H}z+(M ) to be asymptotically gap free if dim Ry = 2;
in the final Chapter, we will apply the results in Chapter Two and Three to prove

Theorem (4.0.1) and its Corollaries.



1 Auxiliary tools

We begin by recalling some definitions and observations made in [2]. Then, we will
state three results that we will constantly utilised from the paper, [2], by Brodmann
and Hellus. Then, we will prove several Lemmas which will be applicable in the cases
where dim Ry = 1 and dim Ry = 2.

For any unexplained terminology, the reader can refer to [6] and [16]. The reference
we use for background information on local cohomology is the textbook by Brodmann
and Sharp (cf. [5])

We will assume throughout this paper that R = @;‘;0 R, is a positively graded
homogeneous Noetherian ring of finite Krull dimension. This means that R is gen-
erated by degree 1 elements. Assume also that M is a finitely generated graded
R-module. We will refer to these two assumptions as the standard hypotheses on R
and M. We will denote I = /anng (M) and R, = @, , Rn, the irrelevant ideal of
R. We note that I is graded.

For a ¢ € Spec(Ry), M, (resp. Ry) is the localisation of M (resp. R) at the
multiplicative set, Ry —q. We note that M, and R, are both graded and R, is graded
local. Furthermore, (R;)o = (Ro)q as rings.

Definitions. Let T be a graded R-module. Then,

(a) T is asymptotically gap free if the set,
{n € Zy|Ts # (0) and T,y; = (0)}

is finite.
(b) {Assg, (Tn)}nez is asymptotically stable if there exists N € Z such that for all
n <N,

ASSRO (Tn) = ASSRO (TN)



We note that (b) implies (a) because any Ry-module, L, is (0) if and only if Assg, (L) =
0 (cf. [2]).

The interest in (b) is its relations to Assg (Hk, (M)). There is a bijection of sets:

Assg (Hg, (M) «— UnezASSRo(H;2+(M)n)

p+Ry <> p
(cf. [2], 5.5). Consequently, Assg (H, (M)) is a finite set if and only if

Unez AssRoH,"h(M)n

is a finite set. Furthermore, since Hy, (M), = (0) for n >> 0 and for each n,

Assg, (Hy, (M),) is a finite set, so if we have asymptotic stability, then

U, Assro (Hi, (M)a)

is finite. Hence, asymptotic stability of {Assg, (Hg, (M)a)}nez implies the finiteness
of Assg (Hy, (M)).
We also note that the same correspondence gives us a bijection of sets between

the support of Hy, (M) and the support of Hp (M),
Suppr (Hp, (M)) +— |J__, Suppr(Hy, (M)a)
p+Ry «— p
1.1 Results from Brodmann-Hellus in [2]

Proposition 1.1.1. (Brodmann-Hellus) Suppose that dim Ry < 1, and Ry is semi-
local. Fiz i € Ny. Then, for every finitely generated graded R-module M, H},'z+ (M) is

asymptotically gap free.

Proof. (cf. (2], 4.2) O



Proposition 1.1.2. (Brodmann-Hellus) Suppose that (Ro, my) is local and M is a
finitely generated graded R-module with dim ;X—M =d. If M # T'r, (M), then

(a) HE, (M) # (0) and

(b) Hy, (M) for alli > d.

Proof. (cf. (2], 3.4) O

Proposition 1.1.3. Suppose that R, M # M. Let g = grade(R,, M). Then:
(a) For alli < g, Hy (M) =(0) ;

(b) for i =g, Hp (M) # (0);
(¢) (Brodmann-Hellus) if Hy (M) is finitely generated over R for alli < t, then

{Assg, (Hp, (M)n)}nez
s asymptotically stable.
Proof. For (a) and (b), (cf. [5], 6.2.7). For (c), (cf. [2], 5.6). 0O

We will very often use the preceding two Propositions in the following way. Given
a g € Spec(Rp). Suppose that M, # I'r,r(M,) and RaM # M. Then, if ¢ €
Suppr, (H, (M)a), then

M
ad M,) <i < dim—*.
grade(R, Ry, My) < i < dim
We will give an upper bound for dimq—%’; in terms of grade(R,, M). This is because
grade(Ry, M) < grade(R Ry, My).
This basic setup can help us understand the support of Hy, (M).

1.2 Preliminary Lemmas in the Cohen-Macaulay case

Given a ¢ € Spec(Rp). This subsection is devoted to the understanding of dimq—mt

and grade(R,, M), when both R and M are Cohen-Macaulay. Our first goal is to



give an upper bound of dim:—,{k in terms of ht (¢ + R;) and ht (¢ + I)R, where,
I = \/aTR(AT). This is the content of Lemma (1.2.6). Then, we will use the fact
that Ry is equidimensional to write ht (¢ + R;) in terms of ht (R;). This will be
accompanied by a calculation of ht (g + I)Rq in terms of ht (/). Finally, in Lemmas
(1.2.9) and (1.2.10), we will relate grade(R,, M) to ht (I) and ht (R, ). This will give
us a more concrete link between dimq%}; and grade(R,, M).

Some notations and conventions: Min(R,) will represent the set of minimal
primes of Ry. Max(Rp) will represent the set of maximal primes of Ry. For ¢ € N,
Speci(Ryp) will represent the set of primes of Ry whose height equals i. For an ideal J

in R, Min(J) will represent the set of minimal primes over J.

Lemma 1.2.1. Suppose that (Ro, mg) is local. Let m = mo + R,. Then,
dim M =dim M,,

Proof. We may assume that M # (0). Otherwise, dim M is undefined. Let P €
Supp (M) and P* be the ideal generated by all the homogeneous elements in P. By
([6], 1.5.6), P* € Supp (M). This implies that M,, # (0) and hence, dim M,, is
defined.
If P = P*, then dim Mp < dim M,,, by the definition of dimension. Suppose that
P # P*. Then,

dim Mp = dim (Mp.) +1
(cf. [6], 1.5.8). Since m is the graded maximal ideal of R, so P* C m and thus
dim (Mp-) < dim M,,. Therefore, dim Mp < dim M,,.
Since dim M = dim My for some Q € Supp (M) and dim M > dim M,,, we have

our contention. a



Lemma 1.2.2. Suppose that both R and M are Cohen-Macaulay. Assume also that
(Ro, mo) is local. As before, I = \/anng (M). If P, Q € Assg (M), then

ht P = ht Q.
In particular, all minimal primes of I have the same height.

Proof. Let m = mg + R;. Let P and Q € Assg(M). They are both graded and
hence, contained in m ([6], 1.5.6(b)(ii)). Since M,, is Cohen-Macaulay, by ([6], 2.1.2),

dim —P% = dim M,p,. (1.1)
Since R,, is also Cohen-Macaulay and P C m,
ht PR, + dim fm_ _ dim R,,. (1.2)
PRy,
(cf. [6], 2.1.4). Hence, combining equations (1.1) and (1.2), we get
ht PR,, + dim M,, = dim R,,.
Similar equation holds for () implies that
ht PR,, = ht QR,,.
Since P and @ are prime ideals, and are contained in m,

ht P = ht Q.

Since M is a finitely generated R-module, V(I) = Suppg (M) and Assg (M) has
the same minimal elements as Suppg (M). Therefore, all the minimal primes of I
are in Assg (M). More importantly, by the argument above, they all have the same
height. O



Lemma 1.2.3. Suppose that both R and M are Cohen-Macaulay. Assume also that

(Ro, mp) is local. I = \/anng(M). Let p € Spec(Rp) and p 2 (I N Ry).
If there exists W € Min(I) such that W N Ry = p, then

ht (p+ )R, =ht I.

Proof. Since all minimal primes of I are graded ([6], 1.5.6), W C (p+ R, ). Note that
(p + Ry) € Spec(R) and (p + Ry) N (Ro — p) = 0. Therefore, ht WR, = ht W.
Since all minimal primes of I have the same height (cf. Lemma (1.2.2)), ht W = ht I.
By the definition of height,

ht WR, > ht (p+ I)R, > ht I.

Hence, ht (p+ I)R, = ht I. O

The following will only be used in Section (2.4). It is essentially Lemma (1.2.2)

without assuming that Ry is local.

Lemma 1.2.4. Suppose that both R and M are Cohen-Macaulay. I = \/m.
Assume also that dim Ry = 1, Min(Ry) = {p} and for all W € Min(I),W N Ry = p.
Then,

(a) all minimal primes of R, have the same height;

(b) all minimal primes of I have the same height.

Proof. For (a), note that R, has only 1 minimal prime over it, namely p + R,.

For (b), the hypothesis implies that ht (I N Ry) =0 and I C (p+ Ry). Let Q €
Min(7). Then, @ N Ry = p by assumption. By ([6], 1.5.6(b)), Q is graded and hence,
Q C (p+ Ry). In particular, ht Q = ht QR,.

Note that, (R,)o is local as well as equidimensional, and both R, and M, are Cohen-

Macaulay. Therefore, by Lemma (1.2.2), all minimal primes of IR, have the same



height. Since QR, € Min(I/R,),

ht QR, = ht IR,.

More importantly,
ht Q@ =ht IR,

and the latter is independent of Q). Therefore, all minimal primes of I have the same

height. a

The fact that all the minimal primes of R, have the same height will make the
calculations of grade(R,, M) easier in Lemmas (1.2.9) and (1.2.10).

Lemma 1.2.5. Suppose that R is Cohen-Macaulay and (Ry, my) is local. I = \/anng(M).
If g € Spec(Ry) and ¢ 2 (I N Ry), then

R, ~
dim m-{’-ht (q+I)Rq-ht (q+R+).

In particular,

) R
dlmm-th (mo+1)=ht (mo+R+).

Proof. Let q € Spec(Rp) and ¢ 2 (INRy). Put Q@ = ¢+ R,. Note that, Q € Spec(R).
Since I is also graded, (¢+ I) C Q and hence, (¢+ I)Rg # Rq. Then, by ([6], 2.1.4),

) Rq )
dim ——— +ht (¢ + 1 = dim } 1.3
T s i @+ DRg = dim R (13)
We will make three observations:
(i)
di Rq = dim Ry

" @+ DRe @+ DR,

because

@ +Rf>Rq - (qu)Q = ((qTR;)E)Q&,

10



as Rg-module and since QR, is the graded maximal ideal of Ry,

B\ g P
dim ((q ¥ I)Rq)% W G DR,

(cf. Lemma (1.2.1)). Note that, the dimension is defined here because every minimal
prime of q + I is contained in Q.
(ii) ht Q@ = dim R, because

Rq = (Ry)er,

as rings and since QR, is the graded maximal ideal of R,

dim (Rg)qgr, = dim R,
(cf. Lemma (1.2.1)); dim Rg = ht Q since Q € Spec(R).
(ii1) ht (¢ + I)Rq = ht (¢ + I)Rq because (¢ + I)R, is graded implies that all the
minimal primes of (q + I)R, are graded ([6], 1.5.6) and hence, they all have the form
PR,, where P is a graded prime ideal of R and P C Q.

From these observations, the following can be deduced from equation (1.3),

dim ————— +ht (¢g+ 1 =ht (¢ + R}). 14
To show that
R
d +ht (mo + I) = ht (mo + R}),

im ————
(mo + 1)
we simply replace q and Q) by mg and m respectively, where m = my+ R, in equation

(1.4). Then, we have

. Rumg ~
dim m + ht (mo + I)Rmo =ht (mo + R+)

Since (Rp — my) consists of units of R, we can identify R,,, with R. In particular,

the preceding equation becomes

. R
dim o)) + ht (mo + I) = ht (mo + R,).

11



For g € Spec(Ry), we will use the nice formula in Lemma (1.2.5) to give a bound

. M.
—4q
on dim oM,

Lemma 1.2.6. Suppose that both R and M are Cohen-Macaulay and (Rp, mg) is
local. I = \/anng(M). If q € Spec(Ry) and ¢ 2 (I N Ry), then

M
dim —* < ht (¢+ R,) — ht (¢ + I)R,,.
M, (¢+ Ry) (¢+ IR,

In particular,

dim MM < ht (mo+ R;) — ht (mo + I).

mo
Proof. Let g € Spec(Rp) and g 2 (I N Ry). Then, ¢My; # M,. Otherwise, M, = (0)
(cf. [6], 1.5.24(a)).

By the definition of dimension,

.M, . R,
By Lemma (1.2.5),
dim _ R +ht (g + I)Ry =ht (¢ + R;). (1.6)
(g+I)R,

Combining inequality (1.5) and equation (1.6), we get
. M,
dim —- < ht (¢g+ R;) — ht (¢ + I)R,. (1.7)
qM,
Since (Rp — mg) consists of units of R, we can identify M,,, with M and R,,, with

R. In particular, inequality (1.7) becomes

dim < ht (mo + R;) — ht (mo + I),

moM

after we substitute my for q. O

The object of the next few Lemmas is to facilitate the calculations of grade(R,., M).

12



Lemma 1.2.7. Suppose that R is Cohen-Macaulay and (Ry, mg) is local.
Then, Ry is equidimensional if and only if all the minimal prime ideals of R, have

the same height.

Proof. Let P € Min(R,) and m = mo+R,. Then, P = p+ R, for some p € Min(Ry).
Furthermore, for every ¢ € Min(Ry), (¢ + R4) € Min(R,).
Since R,, is Cohen-Macaulay, by ([6], 2.1.4),

. Rm ..
htPRm+d1mFR—m—d1mRm.

Then, P € Spec(R) and P C m implies that ht PR,, = ht P.

Since
. Rn . mR,
dim PR, = ht PR’
we have
htP+ht%=htm.
Note that
m_ o
ht P—ht »

because, every prime containing P is of the form ¢ + R, where ¢ € Spec(R,). More
importantly,

dim& = ht ﬂp‘l.

Hence, dim %ﬂ is the same for all p € Min(Rp) if and only if all minimal primes of

R, have the same height. a

Lemma 1.2.8. Suppose that R is Cohen-Macaulay. Assume also that (Ry, mp) is
local and equidimensional. Let i € Ny.

If g € Spec(Ry) and ht ¢ =1, then (¢ + R,) € Spec(R) and

ht (g+ Ry) = ht (Ry) +1.

13



Proof. Let q € Spec(Ryp) and ht ¢ = ¢. Then, (¢ + R,) € Spec(R) because

R Ry

g+R, ¢

1%

as rings and the latter is a domain. There also exists p € Min(Ry) such that p C ¢
andhtg =i Let P=p+ R, and Q@ =q+ R,.
Since R is Cohen-Macaulay,

: . . Rg
dim Rg = ht (PRg) + dim —PRQ (1.8)
(cf. [6], 2.1.4). Since P € Spec(R), equation (1.8) can be written as
_ Q
ht Q = ht P+ht 5. (1.9)

Since all primes of R containing R, must be of the form, u+ R, where u € Spec(Ry),

m%:m% (1.10)
Since all the minimal primes of R, have the same height (cf. Lemma (1.2.7)),
ht (P) = ht R,. (1.11)
Hence, combining equations (1.9), (1.10) and (1.11), we have
ht (g + Ry) = ht (Ry) +1.
a

Lemma 1.2.9. Suppose that both R and M are Cohen-Macaulay. Assume also that
(Ro, mo) is local and equidimensional. I = \/anng (M). Leti € No. If ht (I N Ry)

=1, then

grade (Ry, M) =ht (Ry)+¢—ht I.

14



Proof. By ([6], 1.2.10(a)),
grade (R4, M) = inf {depth Mp|P € V(R,) }.

Since depth (0) := oo, we have

grade (R4, M) = inf {depth Mp|P € V(R, +1I)}.

Since M is Cohen-Macaulay,
grade (R4, M) = inf {dim Mp|P e V(R, +1)}.
For any P € V(R + I),
dim Mp = dim I_R;

Since Rp is Cohen-Macaulay,

. R )
dim ﬁ = dim (Rp) — ht IRp

(1.12)

(1.13)

(1.14)

(cf. [6], 2.1.4). By Lemma (1.2.2), all minimal primes of I have the same height.

Hence, combining (1.12), (1.13) and (1.14), we have

grade (R;, M) =dim Rg —ht I

(1.15)

for some @ € V(R + I) such that dim R is the smallest. Since ht (I N Ry) =%, Q

will be of the form ¢ + R, such that g € Spec(Ry) and ht ¢ = i. By Lemma (1.2.8),

ht (¢ + Ry) = ht (Ry) +1.
Therefore, combining equations (1.15) and (1.16), we get

grade (R,, M) =ht (R,) +i—ht I.

15
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The following will only be used in Section (2.4). It is essentially Lemma (1.2.9)

in the case where Ry is not necessarily local.

Lemma 1.2.10. Suppose that both R and M are Cohen-Macaulay. I = y/anng (M).
Assume also that dim Ry = 1, Min(Ry) = {p} and for all W € Min(I), W N Ry = p.

Then,
grade(R,, M) =ht (R;) —ht I.

Proof. By ([6], 1.2.10(a)),
grade (R4, M) = inf {depth Mg |Q € V(R}) }.

Since depth (0) := oo, we have

grade (Ry, M) = inf {depth Mg |Q € V(R; +I)}.

Since M is Cohen-Macaulay,
grade (R;, M) = inf {dim Mg |Q € V(R +1)}.
For any Q € V(R + 1),
dim Mg = dim %
Since Rq is Cohen-Macaulay,

dim%mtmq:dim&,

(1.17)

(1.18)

(1.19)

(cf. [6], 2.1.4). By Lemma (1.2.4)(b), all minimal primes of I have the same height.

Hence, putting the equations (1.17), (1.18) and (1.19), we have

grade (Ry, M) =dim Rg — ht I
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for some @ € V(R + I) such that dim Ryg is the smallest. Since ht (I N Ry) = 0,
Q=p+ R,. ht (I N Ry) = 0 because Min(Ry) = {p} and (I N Ry) C p. Now, by
Lemma (1.2.4)(a),

ht @ =ht R,. (1.21)

Note that, dim Rg = ht Q. Therefore, combining equations (1.20) and (1.21), we get
grade (R4, M) =ht R, —ht I.

a

Lemma 1.2.11. Suppose that both R and M are Cohen-Macaulay. Assume also that
(Ro, mp) is local and equidimensional. I = \/anng(M).
If q € Spec(Ryp) and q D (I N Ry), then

grade(R,, M) < grade(R, Ry, M,).
Proof. Given q € Spec(Rp) such that ¢ 2 (I N Ry). By ([6], 1.2.10(a)),
grade (R, M) = inf {depth Mp|P € V(R,)}
and
grade (R Ry, M,) = inf {depth (M)pr, | PR, € V(R Ry) }.
Note that, for PR, € V(R.R,),
(Mg)pr, = Mp

as Rp-modules where, P has the form p + R, for some p € Spec(Ry) and ¢ C p.
Consequently,

depthr,)pr, (My)Pr, = depthr, (Mp)
In particular,

grade(Ry, M) < grade(R, Ry, My).
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2 Asymptotic stability when dim Ry =1

The object of this chapter is to show the following Theorem.

Theorem 2.0.1. Suppose that both R and M are Cohen-Macaulay. Assume also
that dim Ry = 1. Then, for all 1,

{ASSRO (H;u (M)n) }nGZ
is asymptotically stable.

We will first prove Theorem (2.0.1) in two special cases namely,
(a*) Suppose that R and M are Cohen-Macaulay. Assume also that Ry is local and
dim Ry < 1.
(b*) Suppose that R and M are Cohen-Macaulay. Assume also that [Min(Rp)| = 1
and for all W € Min(I), W N Ry € Min(Ryp).

In Section (2.5), we will prove Theorem (2.0.1) by first decomposing Spec(Rp) into
a finite union of localisation, where each localisation of Ry will give us the hypothesis
of Theorem (2.0.1)(a*) and Theorem (2.0.1)(b*).

We begin by proving the following Proposition that deals with the case
ht(I N Ry) = 1, where I = y/anng(M). This is essentially due to Brodmann and

Hellus’s result, Proposition (1.1.1).

Proposition 2.0.1. Assume the standard hypotheses on R and M. Suppose that
dim Ry = 1. I = \/anng(M). Ifht (I N Ry) = 1, then for all ¢,

{Assg, (H;u(M)n) }nez

is asymptotically stable.

Proof. Let 1 € Ny. First, we show that for all n € Z,

Assg, (H;L,.(M)n) = Supprg, (H;t+(M)n) .
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The containment, ” C ”, and both sets having the same minimal elements are common
knowledge. For the other containment, let p € Suppg, (H }3+(M )n) for some n. Then,
p 2 (INRy). Hence, p € Max(Ry) because, ht (INRy) = 1. Therefore, all the elements

of Suppg, (H§+(M )n) are maximal. In particular, for all n € Z,

Assg, (Hg,(M).) = Suppgr, (Hg,(M)a)-

Finally, we will show that

{Suppr, (Hi, (M)} _,
is asymptotically stable. We note that Suppg ( ;2+(M )) is a finite set because
Suppr (Hg, (M)) C Suppr (M) N V(R,)

and the latter is a finite set. Since, ht (/ N Ry) =1 and dim Ry = 1.
Let ¢ + R, € Suppr (Hg, (M)) and ¢ € Spec'(Ro). Since dim (Ro), = 1,
Hp, Rr,(Mg) is asymptotically gap free (cf. Proposition (1.1.1)). Therefore,

q € Suppg, (Hg, (M),)

for n << 0 or,

q ¢ Suppg, (Hg, (M)n)
for n << 0. Since Suppgr (H;'Q(M ) is also a finite set, there exists N such that for
aln <N,

Suppr, (Hk,(M)a) = Suppr, (Hi, (M)y).

Remark:
(i) During the preparation of this paper, we realise that Theorem (2.0.1)(a*) is proven

by M. Brodmann, ST. Fumasoli and R. Tajarod without assuming either R or M is
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Cohen-Macaulay (cf. [1], Theorem 3.5(e)). Therefore, if we wish to prove asymptotic
stability for dim Ry = 1, the case (b*) is at the heart of the matter.

(ii) Our proof of Theorem (2.0.1)(a*) is different from the one in [1].

2.1 Auxiliary Lemmas for the special case, (a*): R, is local

We recall the hypothesis of Theorem (2.0.1)(a*) .

Suppose that both R and M are Cohen-Macaulay. Assume also that (Ro, mg) is local
and dim Ry < 1.

Note that the assumption on Ry imply that Ry is equidimensional. Hence, all the

minimal prime divisors of R, have the same height (cf. Lemma (1.2.7)).

Lemma 2.1.1. Assumptions as in Theorem (2.0.1)(a*). I = \/anng (M).

Then, all minimal primes of I have the same height.
Proof. We refer to Lemma (1.2.2). a

Lemma 2.1.2. Assumptions as in Theorem (2.0.1)(a*). I = \/anng(M).
Let p € Spec(Rp) andp DO (INRy). If there exists W € Min(I) such that WN Ry = p,
then

ht (p+I)R, =ht I.
Proof. We refer to Lemma (1.2.3). a

Lemma 2.1.3. Assumptions as in Theorem (2.0.1)(a*). As before, mg is the mazi-

mal ideal of Ry and I = y/anng(M).
If q € Spec(Ry) and q 2 (I N Ry), then

M,
— < —_ .
dim S ht (¢+ R;) —ht (g+ )R,

In particular,

dim < ht (mo + R;) — ht (mo + I).
Mo
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Proof. We refer to Lemma (1.2.6). a

Lemma 2.1.4. Assumptions as in Theorem (2.0.1)(a*) except that dim Ry = 1.
Then,
ht (mo+ Ry) =ht (Ry) + 1.

Proof. (Ry, my) is equidimensional and htg, (mp) = 1. By Lemma (1.2.8),

ht (mo+ Ry) =ht (R4) + 1.

O
Lemma 2.1.5. Assumptions as in Theorem (2.0.1)(a*). I = \/m.
Ifht (IN Ry) =0, then
grade (Ry, M) =ht R, — ht I.
Proof. We refer to Lemma (1.2.9). O
Lemma 2.1.6. Assumptions as in Theorem (2.0.1)(a*). I = \/anT(.M—).
If g € Spec(Ry) and ¢ 2 (I N Ry), then
grade(R,, M) < grade(R; Ry, M,).
Proof. We refer to Lemma (1.2.11). O

2.2 Ry is local

The main object of this section is to show the following.
Theorem (2.0.1)(a*) Suppose that both R and M are Cohen-Macaulay. Assume
also that (Ro, myp) is local and dim Ry < 1. Then, for all i,

{ASSRO (H;L (M)n) }nGZ
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is asymptotically stable.

We begin by dealing with the case dim Ry = 0. This is the content of Proposition
(2.2.1). The proof is essentially a Corollary of Proposition (1.1.1).

After that, in light of Proposition (2.0.1), we will focus on the case
ht (I N Ry) = 0. We will use Lemmas (2.2.2) and (2.2.3) to describe the ele-
ments in Suppg, (Hj (M )n) . For p € Spec(Ry), we will bound dim p—’;% in terms of
grade(R,, M). We want to get a handle of dim p—A—[{;; because by Proposition (1.1.2),
it tells us that for all ¢ > dim ;,A—:i, H§+ r,(Mp) = (0). These effort will be culminated
in Proposition (2.2.4).

Finally, we will prove Theorem (2.0.1)(a*).

Proposition 2.2.1. Assumptions as in Theorem (2.0.1)(a*) except that dim Ry = 0.
Then, for all 1,

{ASSR0 (H;L_ (M)n) }neZ

is asymptotically stable.

Proof. Fix i € Ng. Then, by Proposition (1.1.1), Hg, (M) is asymptotically gap free.

Since Ry is also local and Artinian, there exists IV such that either
Assp, (Hy, (M),) =0

for all n < N or,
Assg, (Hg, (M)n) = {mo}.

for allmn < N. O

Lemma 2.2.2. Assumptions as in Theorem (2.0.1)(a*) ezcept that dim Ry = 1.

I = \/anng (M). Let ¢ € Min(Ry). Then:
(a) If for all W € Min(I), W N Ry # q, then M, = (0).
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(b) If there exists W € Min(I) such that W N Ry = q, then

M
dim —% < grade(R,, M).
qu_gT (R4 )

Proof. For (a), suppose that for all W € Min(I), (W N Ry) # ¢. Then, ¢ 2 (I N Ry).
Otherwise, (¢ + Ry) contains a prime W € Min(I) such that W N Ry = ¢ because
g € Min(Rp). This is contrary to assumption. In particular, (I N Ry) N (R — q) # 0.
Therefore, My = (0).

For (b), suppose that there exists W € Min(/) such that (W N Ry) = q. Then,
q 2 (IN Rp). By Lemma (2.1.3),

dim My <ht (g+ Ry) —ht (g+ I)R,. (2.1)
qu

By Lemma (2.1.2),

ht (+ )Ry =ht I. (2.2)
By the equidimensionality of R,

ht (g+ R,)=ht R,. (2.3)
Putting expressions (2.1), (2.2) and (2.3), we get

M,
dim —% < h —ht I
1quq__ tR+ ’

which is grade(R,, M) by lemma (2.1.5). Note that our assumption in (b) implies
that ht (I N Ry) = 0. O

Lemma 2.2.3. Assumptions as in Theorem (2.0.1)(a*) exzcept that dim Ry = 1. As
before, mg is the mazimal ideal of Ry and I = \/anng (M).

Suppose that ht (I N Ry) = 0. Then:

(a) If for all W € Min(Ry), W N Ry # my, then

M
< .
moM — gra.de(R+, M)

dim
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(b) If there exists W € Min(I) such that W N Ry = my, then

dim MM < grade(Ry, M) + 1.

mo

Proof. For (a), by Lemma (2.1.5), it suffices to show that

M
< —ht I.
3 Sht (R —ht ]

dim

By Lemma (2.1.3),

dim
mo
By Lemma (2.1.4),
ht (mo+ R;) =ht (R}) + 1.
By assumption,
ht (mo+ I) > ht (I) + 1.

Putting the expressions (2.4), (2.5) and (2.6), we have

_ M

For (b), we still have expressions (2.4) and (2.5). By Lemma (2.1.2),

ht (mo + 1) = ht I

MM < ht (mo + Ry) — ht (mo + I).

(2.4)

(2.5)

(2.6)

after we identify R,,, with R. Therefore, combining the three expressions together,

we get

dim —=7 < Bt (Ry) = bt (1) + 1

Since grade(R,, M) = ht (R;) — ht (I), we have our contention.
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Proposition 2.2.4. Assumptions as in Theorem (2.0.1)(a*) ezcept that dim Ry = 1.
As before, my is the mazimal ideal of Ry and I = \/anng (M). Let g = grade(R,, M).
Ifht (IN Ry) =0, then
(a) Hp (M) = (0) for alli>g+1;
(b) Suppr, (HE:'(M)n) € {mo}.
Proof. Note that g € Ny since M is Cohen-Macaulay. We may assume that ', (M) #
M. Otherwise, Hy (M) = (0) for all i > 0.

For (a), let d = dim ;%;. By Proposition (1.1.2), for all i > d, Hg, (M) = (0).
Futhermore, by Lemma (2.2.3), d < g+ 1. Therefore, H (M) = (0) for all i > g +1.

For (b), let p € Suppg, (Hff:l(M ),.) for some n. Then, by the Flat Base Change
Theorem ([5], 13.1.8, 15.2.2(iv)), Hf{:;?(Mp) # (0). Obviously, M, # (0). By Propo-
sition (1.1.2),

dim plw;,, >g+1.
By Lemma (2.2.2), p ¢ Min(Ry); otherwise, dim p%% < g. This shows that for all
n €7z,
Suppr, (HE;'(M)n) N Min(Ro) = 0.

Since (R, mo) is local and dim Ry =1,

Suppr, (HE'(M)a) € {mo}.

We will now prove the main result of this section.
Theorem (2.0.1)(a*) Suppose that both R and M are Cohen-Macaulay. Assume
also that Ry is local and dim Ry < 1. Then, for all i,

{Assg, (Hg,(M),) }nGZ

is asymptotically stable.
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Proof. Case 1: dim Ry = 0. This is proven in Proposition (2.2.1).

Case 2: dim Ry = 1. We will consider the following 2 situations seperately.

Case 2a: ht (I N Ry) = 1. This is proven in Proposition (2.0.1).

Case 2(3: ht (I N Ry) = 0. Let g = grade(R4+, M). We may assume that M #
Cgr,(M). Otherwise, Hp (M) vanishes for all ¢ > 0 and H}L(M) = g, (M) is

finitely generated. By Proposition (1.1.3)(c), for i = g,

{Assg, (Hr,(M)a)}, .,

is asymptotically stable. By Proposition (2.2.4)(a), for ¢ > g + 1, Hk+(M) = (0).
Therefore, it remains to check for i = g + 1.

By Proposition (1.1.1), Hf{:l(M ) is asymptotically gap free. The nontrivial case
is when H,gttl(M)n # (0) for n << 0. Then, for n << 0,

Assg, (Hfgl(M)n) = {mop}.

This is because:

By Proposition (2.2.4)(b), for all n € Z,

Suppry (HE (M)a) € {mo}
and
Assg, (H;"{:l(M)n) C Suppg, (HEI(M),,).
In fact, we have equality in the last two expressions because any Ro-module L is (0)
if and only if Assg, (L) = 0. O

2.3 Auxiliary Lemmas for the special case, (b*): [Min(Rp)| =1

We will state the hypothesis of Theorem (2.0.1)(b*).
Suppose that both R and M are Cohen-Macaulay. I = y/anng(M). Assume also
that dim Ry = 1, Min(Ry) = {p} and for all W € Min(I),W N Ry = p.
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We will collect some Lemmas from Chapter (1) that will be applicable in the
context of Theorem (2.0.1)(b*).

Lemma 2.3.1. Assumptions as in Theorem (2.0.1)(b*). Then,
(a) all minimal primes of Ry have the same height,

(b) all minimal primes of I have the same height.
Proof. We refer to Lemma (1.2.4). a

Lemma 2.3.2. Assumptions as in Theorem (2.0.1)(b*). I = \/anng(M).
If ¢ € Max(Ry), then
. M,
dim —- < ht (¢ + R;) — ht (¢ + I)R,.
qM,
Proof. Let ¢ € Max(Ry). Then, R, is graded local and (Ry)o is equidimensional. Now,
we can apply Lemma (1.2.6) to M, and R, to get
. M,
dim —- < ht (¢ + Ry)R; —ht (¢ + I)R,.
M,

Note that, g(Rg)o is the maximal ideal of (R,)o. Since (¢ + R;) € Spec(R),

ht (¢ + R4)Ry = bt (g + R.)

Lemma 2.3.3. Assumptions as in Theorem (2.0.1)(b*).
If ¢ € Max(Ry), then (¢ + R;) € Spec(R) and

ht (¢ + R;) =ht (Ry) + 1.

Proof. Let ¢ € Max(Ryp). Then, R, is graded local. (Ry)o is local, equidimensional
and dim (R,)o = 1. Then, by Lemma (1.2.8),

ht (¢ + Ry)R, = ht (RyR,) + 1. (2.7)
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Since (q + R,) € Spec(R),

ht (g + Ry)Ry = ht (¢ + Ry). (2.8)

By Lemma (2.3.1)(a),
ht (R+R;) =ht Ry (2.9)
Therefore, combining equations (2.7), (2.8) and (2.9), we have our goal. a

Lemma 2.3.4. Assume the hypothesis of Theorem (2.0.1)(b*). Then,
grade(R,, M) =ht R, — ht I.
Proof. We refer to Lemma (1.2.10) a

2.4 Proof of Theorem (2.0.1) special case, (b*) : |Min(Rp)| =1

The goal here is to prove the following.
Theorem (2.0.1)(b*) Suppose that both R and M are Cohen-Macaulay. I = \/anng (M).
Assume also that dim Ry = 1, Min(Ry) = {p} and for all W € Min(I),W N Ry = p.
Then,

H;1+(M) = (0) if and only if ¢ # grade(R,, M).

In particular, by Proposition (1.1.3)(c), for all i,
{Assg, (Hg, (M)a)}nez
is asymptotically stable.

Lemma 2.4.1. Assumptions as in Theorem (2.0.1)(b*).
Then, for all ¢ € Max(Ry),

. M
dim qVq < grade(R,, M).

q
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Proof. Let ¢ € Max(Ry). By Lemma (2.3.4), it suffices to show that

M
dim —X <ht R, — ht I.
1quq_ +

We note that both M, and Ry are Cohen Macaulay. (Rg)o (= (Ro),) is local and

equidimensional. Therefore, by Lemma (2.3.2),

dim My <ht (¢g+ Ry) —ht (¢g+ I)R,. (2.10)
M,

Since no minimal prime of IR, contains (¢ + I)R,

ht (g+ I)Rq > ht (I) + 1. (2.11)
By Lemma (2.3.3),

ht (g+ Ry) =ht (Ry) + 1. (2.12)
Putting the expressions (2.10), (2.11) and (2.12) together, we get,

dim% <ht Ry —ht I.

qMq

O

Theorem 2.0.1(b*) Suppose that both R and M are Cohen-Macaulay. I = \/m .
Assume also that dim Ry = 1, Min(Ry) = {p} and for all W € Min(I), W N Ry = p.
Then,

H}{+(M) = (0) if and only if i # grade(R,, M).

In particular, by Proposition (1.1.3)(c), for all i,

{ASSRO (H;-Z.,, (M)n)}nez

is asymptotically stable.
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Proof. Note that, R, M # M because (p+ R;) € Suppg (M). Let g = grade(R,, M).
By Proposition (1.1.3)(a), it remains to show that for all < > g, Hi, (M) = (0).

Fix ¢ > g. Suppose that Hy (M) # (0). Then, there exists ¢ € Max(Ro) and
n € Z such that

Hy, (M) ®r, (Ro)q # (0)-

By the Flat Base Change Theorem ([5], 13.1.8, 15.2.2(iv)), this implies that

Hp, p,(My) # (0).

Then, by Proposition (1.1.3),

M
dim —- > i,
qivlg

contrary to Lemma (2.4.1). O

2.5 Proof of Theorem (2.0.1)

The object here is to prove Theorem (2.0.1).

In Proposition (2.5.1), we will show that if we can break up Spec(Rp) into smaller
pieces and on each piece, we can answer the questions on asymptotic stability and
aymptotic "gap freeness”, then we will have a better handle with the same questions
on the whole Spec(Rp).

In Propositions (2.5.2) and (2.5.3), we will show that if dim Ry = 1, then Spec(Rp)
can be decomposed into pieces where either the hypothesis of Theorem (2.0.1)(a*) or
(2.0.1)(b*) is fulfilled. To this end, we recall the hypotheses of the two special cases
of Theorem (2.0.1).

(a*) Suppose that both R and M are Cohen Macaulay. Assume also that Ry is local
and dim Ry < 1.

(b*) Suppose that both R and M are Cohen Macaulay. Assume also that dim Ry =1,
[Min(Ry)| = 1 and for all W € Min(I), W N Ry € Min(Ry).
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Finally, we will prove Theorem (2.0.1).
Notation: For a closed multiplicative subset, S, of Ry, we will identify Spec(S~!Rp)
with the set,
{q € Spec(Ro) | gN S = 0}.

Proposition 2.5.1. Suppose that R and M satisfy the standard hypotheses. Let

Si1,...,Sk be closed multiplicative subsets of Ry with
k
Spec (Ro) = | Spec (S;! Ro).
j=1

Fiz i € Ng. Then,
(a) If for all 3,
{Asss i, (Hi-rp, (S7'M)a) }

is asymptotically stable, then

nez

{AssR0 (H;{+ (M),) }nez

is asymptotically stable.

(b) If for all 3,
Hgo1p, (S7'M)

is asymptotically gap free as a S;' R-module, then H%, (M) is asymptotically gap free.
J Ry

Proof. Suppose that

{ASSS;‘RO (H;;‘R+ (SJT'IM)n) }

neZ

is asymptotically stable for every j, 1 < j < k. Then, there exists IV such that for all

n < N, and all j,

Asssj-lRo (H;,“R+ (Sj—lM)n) = AssSJ_-xRo (H;;‘m (SJ.“M)N) .
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Fix n < N and let p € Assg, (Hk, (M),) . Then,

k
Spec (Ro) = |_J Spec (S; Ro)

=1
implies that S;'p € Assg-1p, (H;.__,R+ (SJ.'IM),,) for some j. Fix this j. There-
fore, S;'p € Assg-1p, (H;;1R+ (SJ-‘IM)N) so that, p € Assp, (Hk, (M)n) . Conse-
quently,

Assg, (Hp, (M)n) C Assg, (Hg, (M)n) .

For the other inclusion, let g € Assg, (Hg, (M)n) . Then,
k
Spec (Ro) = U Spec (SJ-'IRO)
=1

implies that 57 € Ass iz, (H;:, .

Si'q € Assgoig, (H;{‘R+ (S[IM),,) for all n < N so that, g € Assg, (Hg, (M),)

(S;'M) N) for some t. Fix this t. Therefore,

for all n < N. Consequently,

Assp, (Hg, (M)N) C Assg, (Hg, (M)n)

for alln < N.
For (b), suppose that
H g, (57 M)
is asymptotically gap free for every 7,1 < j < k.

Case 1: There exists j such that

for n << 0. Then, by the Flat Base Change Theorem ([5], 13.1.8, 15.2.2(iv)),
R, (M) # (0) for n << 0.
Case 2: For all j,
Hy-1p, (S5 M)n = (0)
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for n << 0. Then, there exists N such that for all n < N,
Hi g, (57" M)a = (0)

for all j. This is because we only have finitely many j.
Suppose that H;'2+ (M), # (0) for some n < N. Fix this n. Then, there exists

p € Suppg, (H;'2+ (M),) . Since

k
Spec (Ry) = USpec (S;7'Ro),

J=1
P € Spec (SJ-_IRO) for some j. Fix this j. Then,
Hy, (M)n ®r, Sj'Ro # (0)
since pN S; = 0. By the Flat Base Change Theorem ([5], 13.1.8, 15.2.2(iv)),
H;J__, &, (S;1M)a # (0),
a contradiction to assumption. a

Proposition 2.5.2. Suppose that dim Ry = 1. Then, there are closed multiplicative

subsets S;, T; C R (1<i<s,1<j<t) such that

Spec(Ro) = | JSpec(S;" Ro) U | Spec(T; " Ro) (2.13)

j=1
where,
1. for alli, Min(S;'Ry)| = 1 and dim S; 'Ry = 1;
2. for all 7, Tj’lRo is local and dim Tj_lRo <l

Proof. Let
o = Min(Ro) N Max(Ry)

and

Q) = {m € Max(Rp) | m contains at least two distinct elements of Min(Rp)}.
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Min(Ry) is a finite set since Ry is Noetherian. Since we also have dim Ry = 1, for
any two distinct minimal primes of Ry, there are at most finitely many m € Max(Ry)
that contains both. Consequently, 2o U Q2 is a finite set.

Put

Min(Ry) — Qo := {p1,---,Ds}-

Min(R,) — Qo # @ because dim Ry = 1. For every i, 1 <i < s, we choose

T; € n Pi| — P
Pj#Pi

and define S; := {z?|n € Ny}. Then, for all 5, [Min(S;Ro)| = 1 and dim S; 'Ry = 1.

Furthermore, for each i, we put
M; := {q € Spec'(Ro) | < z:, p:i >C q}

Since htg, (< z;, pi >) = 1 or < z;, pi >= Ry, so Az is finite for all 2. Therefore, we
can write

UMUQQUQ] ={m1,...,m¢}.

i=1

Now, for 1 < j <t, put T; = Ry — m;. Then, Tj'lRo is local and dim Tj"lRo <1l

With these choices of S;’s and T}’s, we would like to show that the equation (2.13)
holds.
It is clear that

8 t
Min(Ro) C |_JSpec(S; " Ro) U | Spec(T; Ro)-
i=1 j=1

Let g € Spec!(Rp). Suppose that ¢ ¢ Spec(Tj'lRo) for all 5. Then, ¢ contains exactly
1 minimal prime, p;, for some p; € (Min(Ry) — ) and does not contain z;. Therefore,

q € Spec(S;'Ry). m)
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Proposition 2.5.3. Suppose that dim Ry = 1 and Min(Ry) = { p }. Let J be a
graded ideal of R with ht (J N Ry) = 0. Assume that

¥ := {q € Spec'(Ro) | ¢ = W N Ry for some W € Min(J)} # 0.

Then, there exist closed multiplicative subsets, % C Ry (1 < k <1), andz € (Ry—Dp)

such that l
Spec(Ro) = Spec(Ry)= U | Spec(2;' Ro)

where .

1. for all k, Q' Ry is local and dim Q'R = 1.

2. dim (Rp); < 1 and for all W € Min(JR.), (W N (Ro):) = p(Ro)=-

Proof. Note that all minimal primes of J are graded ([6], 1.5.6). Since Min([) is a

finite set, ¥ is a finite set. We choose

<(0)+

Then, dim (Ry), < 1 and for all W € Min(JR,), (W N (Ro).) = p(Ro).. We can
(and will) identify (R;)o with (Rp),-

Let {qi,...,q} consists of all the prime ideals of Ry that contains z. For all k,
1<k <, we put

Q% = Ry — g

Then, dim 'Ry = 1 and 'Ry is local for all k. It is now clear that
!
Spec(Ro) = Spec(Ro). U |_J Spec(Q;* Ro)
k=1

because if a prime, g, in Ry contains z, then q € Spec(2;'Ry) for some k; if q does

not contain z, then ¢ € Spec(Rp). O
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We recall Theorem (2.0.1), Theorem (2.0.1)(a*) and Theorem (2.0.1)(b*).
Theorem 2.0.1 Suppose that both R and M are Cohen-Macaulay.
Assume also that dim Ry = 1. Then, for all i,

{Assg, (Hg,(M)n)}nez

is asymptotically stable.
Theorem 2.0.1(a*) Suppose that R and M are Cohen-Macaulay. Assume also that
Ry is local and dim Ry < 1.Then, for all i,

{Assg, (Hg,(M)n)}nez

is asymptotically stable.
Theorem 2.0.1(b*) Suppose that R and M are Cohen-Macaulay. Assume also that
dim Ry = 1, Min(Ry) = {p} and for all W € Min(I), W N Ry = p. Then, for all 1,

{ASSRO (H;l,. (M)n) }neZ

s asymptotically stable.

We will now prove Theorem (2.0.1).

Proof. Recall that I = y/anng (M). Fix t € Ny. We want to show that

{Assg, (Hfu(M)n) }nez

is asymptotically stable.
Case 1: ht (I N Ry) = 1. This is done in Proposition (2.0.1).
Case 2: ht (I N Ry) = 0. By Proposition (2.5.2), there are closed multiplicative

subsets S;, T; C Rp (1<i<s,1<j 5?) such that

s t
Spec(Ry) = USpec(S{lRo) U U Spec(Tj‘lRO)
i=1 1=1
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where
(1) for all 4, [Min(S;'Ry)| = 1 and dim S; 'Ry = 1,
(2) for all j, T; ' Ro is local and dim T; 'Ry < 1.

We wish to show that for all 7, 7, both

{Asssi_l . (H;:1 R+(S,.‘1M),,)} and {AssTj_l A (H;J__l R+(TJ-‘1M),,)}

neZ nezZ

are asymptotically stable. Then, by Proposition (2.5.1), we have our contention.
By Theorem (2.0.1)(a*), for all j,
Ass - H: ., (T7'M),
{ SST:‘"“’( T; r(L ))}nez

is asymptotically stable. Note that the Cohen-Macaulay condition on R and M is

preserved under localisation. Hence, it remains to consider the case,

dim Ry = 1 and Min(R,) = {p}-

Let
¥ := {q € Spec'(Ry) | ¢ = W N Ry for some prime W € Min(I)}.

Case 2a: ¥ = 0. Then, for all W € Min(I), W N Ry = p. Then, by Theorem
(2.0.1)(b%),

{ASSR0 (H;a+ (M)") }nGZ

is asymptotically stable.
Case 23: ¥ # 0. By Proposition (2.5.3), there exist multiplicative closed sets {Q%}}_,
in Ry and z € (Rp — p) such that

1
Spec(Ry) = Spec(Rp). U |_J Spec(Q; Ro)

k=1

where

(1) for all k, Q. 'Ry is local and dim Q'R = 1;
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(2) for all W € Min(IR;), (W N (Ro):) = p(Ro). and dim (Rp), < 1.
Recall that, (R.)o is identified with (Rp).. Once again, by Theorem (2.0.1)(a*) (for
the case where dim (Rp), = 0) and Theorem (2.0.1)(b*),

{ASS(RO), (H;{+R¢(M1)") }neZ

is asymptotically stable. Note that Min((Rp).) = {p(Ro):}-
By Theorem (2.0.1)(a*), for all 1 < k <,

{Assn;l . (H;ZEI a (Q;‘M),,) }

is asymptotically stable. Therefore, by Proposition (2.5.1),

neZ

{AssR0 (Hﬁz+ (M)n) }nez

is asymptotically stable.

2.6 Corollaries to Theorem (2.0.1)

We recall
Theorem 2.0.1 Suppose that both R and M are Cohen-Macaulay. Assume also that
dim Ry = 1. Then, for all 1,

{Assr, (Hg, (M)n)}nez
s asymptotically stable.

Corollary 2.6.1. Suppose that both R and M are Cohen-Macaulay. Assume also
that dim Ry = 1.

Then:

(a) For all 1, H§+(M) is asymptotically gap free;

(b) for alli, Assp (Hy, (M)) is a finite set.
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Proof. For i = 0, Hp (M) = Tg, (M) which is a submodule of M. It is finitely
generated over R and hence both (a) and (b) are satisfied.

Fix i € N. Then, by Theorem (2.0.1), there exists N such that for all n < N,
Assg, (H}z+(M)n) = Assg, (H;Z+(M)N)

Note that,
Hy, (M), = (0) if and only if Assg, (Hg, (M)) = 0.

Therefore, Hy (M) is asymptotically gap free.

As for (b), we recall the bijection between

Assg (Hp, (M) © UnezAssRo (Hg, (M),).

Since Hg, (M), = (0) for n >> 0 (cf. [5], 15.1.5), so by Theorem (2.0.1),

Unez Assp, (Hg,(M),) is finite.
Therefore, Assg, (H;%+( M)) is finite. -

Corollary 2.6.2. Suppose that both R and M are Cohen-Macaulay. Assume also
that Ry is semi-local and dim Ry = 2. Then, for all i, Assg (H};+ (M)) is a finite

set.

Proof. Fix i € Ny. Let W consists of all height 2 maximal ideals of Ry. We choose

NS ﬂ m — U Di-
mew pi€Min(Ro)

Let T = {p + R, |p € Spec(Ry) and z € p}. T is finite because Ry is semilocal,
Noetherian, dim Ry = 2, and htg, () = 1.
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Let Q = {z"|n € No}. Now, we put

Ry=Q"'Ro R = Ry[R,]
R =Q7'R, M =MQ@grR

Then, dim R, = 1. Both M’ and R’ are (graded) Cohen-Macaulay. By Corollary
(2.6.1)(b), Assp (HI"{,J((M’)) is a finite set. Since

Assg (H}'{;(M’)) ={Q7'P| P € Assg (Hg,(M)) and PN Q = 0},

and

Assp(Hk, (M)) C{P|P € Assp(Hg, (M)) and PNQ =0} UT

so, Assg (Hy, (M)) is a finite set. O
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3 Asymptotically gap free if dim Ry = 2

Throughout this chapter, in addition to the standard hypotheses on R and M, we
will also assume that (Ry, my) is local and dim Ry = 2. The object of this chapter is
to show that under some conditions, H;'br (M) is asymptotically gap free in the case
where dim Ry = 2.

The first section will show that under certain conditions, I'mor (Hy, (M)) is
Artinian. The final section will show that under some restrictions on Assg (H EI(M ))s
H ;1+ (M) is asymptotically gap free. This will be an extension of a result of Brodmann
and Hellus, Proposition (1.1.1), to the case dim Ry = 2.

We would like to begin by proving the following Lemma. The Lemma relates
the notion of a R-module being Artinian to it being asymptotically gap free. This
observation was used in the paper by Brodmann and Hellus ([2], 4.1(ii)). We include

a proof here since it will be used in some of our arguments later.

Lemma 3.0.1. Assume the standard hypothesis on R in this paper. Let T be a graded
R-module. Then, if T is either Artinian or Noetherian, then T is asymptotically gap

free.

Proof. If T is Noetherian, then there are homogeneous elements z}s in T such that
T =< z,...,zx > over R; since R is positively graded, T,, = (0) for all n <
min{degree (z;)}:=*.

Assume that T is Artinian. Suppose that T is not asymptotically gap free. Then,
the set

Q:={n € Zyo|T, # (0) and Toy, = (0)}

is infinite.

Since R is positively graded and R, is generated by degree 1 elements, T, is a graded
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R-module (R, T, = (0)), for all n € Q. For N € Z, we put

T(N) = @ Tn

neN and n<N

Then, T(N) D T(N — 1) for all N € Z, gives us a decreasing chain of graded R-

submodules in T that will not stablise, contrary to T being Artinian. O

3.1 When is [,z (H;’2+ (M)) Artinian?

In this subsection, we would like to give some sufficient condition to guarantee that
Tmor (H, (M)

is Artinian. This has some interest in its own right. Since, there are R-modules that
are only supported at a maximal ideal, but are not Artinian (cf. [?]).
The following lemma will be useful in the proof of the main proposition in this

subsection.

Lemma 3.1.1. Assume the standard hypotheses on R, Ry and M in this chapter.

Let xo, yo be a system of parameters for Ry. Then,
FyOR (HZR+.10)(M))
is an Artinian graded R-module for all i € Ny.

Proof. Fix i € Ny. We want to show that

FyoR (Hz&,:o)(M))

is a homomorphic image of an Artinian graded R-module.

Consider the following exact sequence (cf. [5], 13.1.12),

H; (M) — HER+,IO)(M) — H; (M),

(R+,-’50,y0) (R+,I0)
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This induces the exact sequence of graded R-modules,

Hig, 2040 (M) — Tyr(Hig, .\(M)) — 0.

By ([5], 7.1.4),
R

(R+, Zo, yo)

is Artinian implies that
H(tR+,Io,yo)(M)
is Artinian. Therefore,

Tyor (H{g,,z0)(M))

is a homormorphic image of an Artinian R-module.

It is clear that the module is graded. a

Proposition 3.1.2. Assume the standard hypotheses on R, Ry and M in this chap-

ter. Fiz i € Ny. Suppose that
(a) Assg (HEI(M)) is finite and
(b) Assg, (H;;l(M),,) N Min(Ro) = 0 for n << 0.
Then,
Timor (Hp, (M))

is an Artinian graded R-module.

Proof. The idea is to show that 'm,r (Hy, (M)) has a submodule A such that both

Tone r (HY (M) o
A and -—°RSA—R+—) are Artinian R-modules.

First, we show that we can choose 2 elements z, yo in Ry such that

Pmor(Hp, (M)) = Tyor (Taor(Hp, (M))) -
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Define

U :={p:|p: € Asspg, (H}'{:(M)n) for some n and htg, (p¢) = 1} U {mo}.

Note that U is a finite set and we choose

To € npj— U b

23 p1EMin(Ro)

Then, htg, (zo) = 1. Since dim Ry = 2, we can find yo € mg such that
(z0, Yo)Ro = mo.
We note that for all R-module T, and any ideal a of R,

I /&(T) = Tu(T).

Therefore,
Tmor(Hg, (M) =T je—sr(Hg, (M)).
Since
L /emsor(Hr, (M) = Tyor (Teor(Hi, (M)
we have

FmoR(H;?+ (M)) = FyoR (onR(H;L,.(M))) .
Consider the exact sequence of graded R-modules (cf. [5], 13.1.12),
i— o i i i
HE ! (M)z, — Hig, ;)(M) — Hp (M) —— Hp (M)x,.

The sequence (3.5) induces the exact sequence of graded R-modules,

0 — Image ® —— H! (M) —— Tyr(Hg, (M)) — 0.

(R+'10)
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We can then apply the left exact functor I'y,r(®) to sequence (3.6) to get another
exact sequence of graded R-modules (cf. [5], 1.2.2, 12.3.3),

Tyor (Hig, 20y (M) — Tyor (Tzor(Hg, (M))) — HLp(Image ®). (3.7)

By equation (3.4), sequence (3.7) can be written as
. 0] .
Tyor (H{g,,z0)(M)) — Tmor(Hg,(M)) — Hyp(Image ®).  (3.8)

We wish to show that both Image ¥ and Coker ¥ are Artinian.

First, we will show that Image V¥ is Artinian. With sequence (3.7),

Lyr (H(iR+,xo)(M))
Ker ¥ '

Image ¥ =

Moreover, equation (3.3) tells us that zg, yo is a system of parameters for Ry, which
implies that Iy p (H("hao)(M )) is Artinian (cf. Lemma (3.1.1)). Therefore, Image ¥
is Artinian.

Finally, we will show that Coker ¥ is Artinian. We begin by proving that it is
sufficient to prove that (H}{:(M )zo)n = (0) for all n << 0.

Suppose that (Hy.!(M)z,) = (0) for n << 0.

Claim: (Coker ¥), = (0) for n << 0.

Proof. By sequence (3.5), (Image @), = (0) for n << 0. Therefore, for n << 0,
(Hj,r (Image ®)) = (0). This is because

(H,, r (Image ®)) = H, g ((Image ®),)

Y

as Ro-modules (cf. [5], 13.1.10). Then, with sequence (3.8), (Coker ¥),, = (0) for

n << 0. a

Claim: Coker V¥ is Artinian.
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Proof. Since Hy, (M), is a finitely generated Ro-module and Hg, (M), = (0) for
n >> 0 (cf. [5], 15.1.5), (Coker ¥), = (0) for n >> 0. This is because Coker ¥ is a
graded quotient of I'r, r (H}'Q(M )) (cf. sequence (3.8)).

With this and the preceding Claim, (Coker ¥),, # (0) for only finitely many n. Since
for each n, (Coker ¥), is a finitely generated Ry-module, we conclude that Coker ¥

is a Noetherian R-module. Furthermore,
Suppg (Coker ¥) C V(mo + R4)

Since, Coker ¥ is a quotient of I'myr(Hg, (M)). Consequently, Coker ¥ is Artinian.
a

This shows that it is sufficient to prove that (H}}{:(M )zo)n = (0) for all n << 0.
We will check that this condition is actually satisfied.
By the definition of U (cf. expression (3.1)), for n << 0,

ﬂ p; € \/annRo (HEI(M),,).

P; eU

Note that U is a finite set by assumption (a) in the hypothesis. Then, for n << 0,

Zo € \/annno (H;al(M),,)

(cf. expression (3.2)). To see this, we consider the Graded Independence Theorem
([5], 13.1.6), it says that for all j,

Hp, (M)gy & Hp, g, (M)z

as graded R-modules and the isomorphism is homogeneous. Furthermore, by ([5],
15.2.2(iii)), for all n € Z and j,

(Hhyney (M)ao) 2 Hh, (M) ®r, Ry (3.9)
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as (Ro)z, (and hence Rp)-modules. By the choice of z,
Hy  (M)n ®r, Rzo = (0)
as a Ry-module for n << 0. Hence, for n << 0,
(Hg,' (M)z)n = (0)
(cf. isomorphism (3.9)). O
3.2 When is Hj (M) asymptotically gap free?
We will give some sufficiency conditions for H}Q(M ) to be asymptotically gap free.

Proposition 3.2.1. Assume the standard hypothesis on R, Ry and M in this chap-

ter. Fiz i € Nyg. Suppose that

(a) Assg (H;‘;;(M)) is finite;
(b) Assg, (HE‘(M),,) N Min(Ro) = 0 for n << 0;
(c) Assg, (Hg,(M).) C {mo} forn <<0.
Then,
Hp (M)=A+N

where A and N are both graded R-submodules of Hy (M); A is Artinian and N is
Noetherian as R-modules.

In particular, by Lemma (3.0.1), H}{+(M ) is asymptotically gap free.
Proof. Define
A :=Tpnr (H,';(M)) .

By Proposition (3.1.2), A is an Artinian graded R-module. According to ([5], 13.1.10),

for all n € Z,
An = Cingre (Hp, (M)n) -
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Then, condition (c) in the hypothesis and the maximality of mg in Ry implies that
for n << 0,

I-‘rnoRo (H;t+(M)n) = Hj{+(M)n'

Therefore, there exists 2 € Z such that for all n < €,

-An = H;z+ (M)n
Define
N =@ H, (M),
n>0N

Since Hy (M), = (0) for n >> 0 and for all n € Z, H§+(M),, is a finitely generated
Ro-module (cf. [5], 15.1.5), N is a graded Noetherian R-module (R is positively
graded).

It is now clear that we can write Hy, (M) as A+ N. a
We will use Proposition (3.2.1) to prove the last Proposition of this chapter.

Proposition 3.2.2. Assume the standard hypothesis on R, Ry and M in this chap-
ter. Let x € R be a homogeneous element of degree 1 which is also M-regular. Fiz
1 € Ny. Suppose that

(a) Assg (H};;l(%)) is a finite set;
(b) Assg, (H;‘;(%),,) N Min(R,) = 0 for n << 0;
(c) Assg (Hj, (M)) is a finite set.

Then, Hy (M) is asymptotically gap free.

Proof. We may assume that Hy (M), # (0) for infinitely many n < 0. Otherwise,
Hp, (M) is Noetherian (cf. [5], 15.1.5) and hence, by Lemma (3.0.1), it is asymptot-

ically gap free.
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We may also assume that Assg, (Hg, (M),) C {mo} for n << 0. Otherwise,
there exists a p € Spec(Ro) of height 0 or 1, such that p € Assg, (Hg, (M),) for
infinitely many n < 0; by Proposition (1.1.1), Hg, (M) ®r, (Ro)p # 0 for n << 0
since dimension of (Rp), is 1. Hence, H}h(M ) is asymptotically gap free.

Since for all n € Z, Hy (M), is a finitely generated Ro-module (cf. [5], 15.1.5);

Assg, (Hg, (M)n) C Suppr, (Hi, (M)n)
and mg is the maximal ideal of Ry, we are in fact assuming
Suppr, (Hg, (M)a) C {mo}. (3.10)

We will continue with the proof with this additional assumption.

By our hypothesis, we have the exact sequence of graded R-modules,

0 — M(-1) =5 M y M 0.

Then, the sequence above induces another exact sequence of graded R-modules,

H, (M)(-1) —— Hy (M) — Hjy, (20). (3.11)
Put .
o Hh (M)
N zHy, (M)

Claim: It suffices to show that C is asymptotically gap free.

Proof. If C, # (0) for n << 0: Then Hy, (M), # (0) for n << 0.

If C, = (0) for n << 0: Then for n << 0, we have an exact sequence of Ry-modules,
H}'Z+(M),, — H}L(M)n“ — 0

Hence, Hy, (M)n41 # (0) implies that Hg (M), # (0) for all n << 0. O
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We will now show that C is asymptotically gap free.

; M
A = H;L, (m)

Note that with sequence (3.11), C can (and will) be identified as a graded submodule

Define

of A. We also note that Suppg, (C.) C {mo} for n << 0. This is because
Suppg, (Ca) € Suppr, (Hg, (M).)
and expression (3.10). Hence, there exists N € Z such that for all n < N,
Cn C (Tmor (A)),, - (3.12)
For this, we recall that for all n € Z,

(Cmor (A))n = Limoro (An)-

With expression (3.12), we can write
C = (CNTmgr (A)) + ED Ca. (3.13)
n>N
By Proposition (3.1.2), 'y, g (A) is Artinian. Therefore, its submodule, CNI'yor (A),
is also Artinian. By Lemma (3.0.1), it is asymptotically gap free. More importantly,
by equation (3.13), for all n < N,

Co = (CNTmgr (A)),
Therefore, C is asymptotically gap free. O

It will be more meaningful to see that the hypotheses of the two propositions that
we just proved are satisfied by some concrete rings and modules. To accomplish that,
we will apply the propositions to prove one of our main Theorems in the following

chapter.
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4 Applications

We will appply our results in the previous chapter to prove the second main result in

this project:

Theorem 4.0.1. Suppose that both R and M are Cohen-Macaulay. Assume also
that (Ro, mo) is local, equidimensional and dim Ry = 2. Then, for all i, Hj2+ (M) is

asymptotically gap free.

In Section (4.1), we will show that to prove Theorem (4.0.1), it suffices to prove
the Theorem with the additional hypothesis that the residue field, %, is infinite.
This condition will guarantee us a homogeneous M-regular element, z, of degree 1
whenever grade(R,;, M) > 1. In the context of Proposition (3.2.2), such an element
will be useful. We will not be needing this additional assumption till we actually give
a proof of Theorem (4.0.1) in Section (4.4).

In Section (4.2), we will state most of the Lemmas we proved in Chapter (1)
under the hypotheses of Theorem (4.0.1). We will need these Lemmas to perform
some of the calculations in Section (4.3). We will also include the three main results
of Brodmann and Hellus, which we have constantly utilised. The reader can refer to
Chapter (1) and [2] for all the proofs.

In Section (4.3), we will analyze the support of Hp, (M). From Corollary (2.6.2),
we know that Assp (Hj, (M)) is a finite set under the assumptions of Theorem

(4.0.1). In fact, we will show that for all ¢ > grade(R+, M) and n € Z,
p € Suppg, (Hg, (M),) implies that htg, (p) > 1.

This will give a situation where condition (b) of Proposition (3.2.1) is satisfied.
In Section (4.4), we will prove Theorem (4.0.1) using the results in the preceding

two sections.
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In Section (4.5), we will give a criterion for the vanishing of Hy (M) using the
analysis made in Section (4.3).

We begin by proving the following Proposition that deals with the case
ht(I N Ry) > 1, where I = y/anng(M). This is essentially due to Brodmann and

Hellus’s result, Proposition (1.1.1).

Proposition 4.0.1. Assume the standard hypothesis on R and M. Suppose that Ry
is local and dim Ry = 2. Let I = y/anng(M). If ht (I N Ry) > 1, then for all i,

H;'?+ (M) is asymptotically gap free.

Proof. Fix i € Ny. Let I' = anng(M) and R' = %. Then, M is a finitely generated
graded R-module. R' is a positively graded homogeneous Noetherian ring. Ry is
local and dim Ry < 1. By Proposition (1.1.1), H; ,+(M ) is asymptotically gap free
as a R’ (and hence, R)-module. By the Graded Independence Theorem ([5], 13.1.6),

Hy (M) is asymptotically gap free. O

With that, the more interesting part of our work will be in the case,

ht (I N Rp) = 0. This will be the main focus in section 4.3.

4.1 Reduction to that case: |%| is infinite

We would like to use a standard construction (cf. [5], 15.2.4) to show that to prove
Theorem (4.0.1), we may assume additionally that the residue field, ;R'%, is infinite.
This construction does not use the Cohen-Macaulay condition on R or M, and the

equidimensionality of Ry. We do assume that (Ry, mo) is local. Put

R;J = RO[X]moRo[X]

where X is an indeterminate over R. Then, Ry is a faithfully flat local Ry-algebra

with an infinite residue field. Furthermore, both rings have the same Krull dimension.
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Put

R’=R®ROR6 M =M@rR

m=my+ Ry m' = myRy[z] + (R} ®r, Rp)-

Then, (R, m') is a positively graded homogeneous and graded local Noetherian ring
with Rj as its 0-th component. M’ is a finitely generated graded R’-module. By ([5],
15.2.2(iv)), for all : € Ny and n € Z,

Hy, (M)n ®g, Ry = Hp, g (M), (4.1)

as Rj-modules. Furthermore, Rj being faithfully flat over Ry implies that for every
n, Hy, (M), = (0) if and only if Hp p/(M'), = (0). Therefore, Hy (M) is asymp-

totically gap free if and only if Hy, p(M’) is asymptotically gap free.
Lemma 4.1.1. Assume that we have R, Ry, M, R', Ry, M' as above. Then
grade(R,, M) = grade (R, M').

Proof. let g = grade(R;, M) and ¢’ = grade (R, M'). If R,M = M, then by a
graded version of Nakayama’s Lemma (cf. [6], 1.5.24(a)), M = (0). Then, M’ = (0).
Hence, by definition, g = co and ¢’ = 0.

Consider the case that Ry M # M. Then, g € Ny. By Proposition (1.1.3)(a) and
(b), for all i < g, Hg, (M) = (0) and Hf, (M) # (0). Hence, by the isomorphism in
expression (4.1), for all i < g, Hj%((M’) = (0) and H9,+(M’) # (0). Then, R, M’ #
M'. Another application of Proposition (1.1.3)(a) and (b) to R’ and M’, we get

/

g=4g. ]

Proposition 4.1.2. If both R and M are Cohen-Macaulay, then both R' and M’ are

Cohen-Macaulay.
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Proof. Since R’ is graded local, by ([6], 2.1.27), to show that both R’ and M’ are
Cohen-Macaulay, it suffices to show that both R, , and M, are Cohen-Macaulay.
Consider the ring extension R,, — R],,. The extension is local, flat and its fibre

R,
mR,,

is a field. Then by ([6]. 1.2.16), for every finitely generated R,,-module, N, we have
depthg N ®k,, Rl = depthp, N + depthg ,
and

dimp' N ®g,, Ry, = dimg, N + dimg

—m’
! mR:n,
R, R’ R,
Since —&~ R, is a field, depthR: and dim g - R, are both zero. If we substitute

R, (resp. My,) for N, we will have that R}, (resp. M} ,) is Cohen-Macaulay.
O

Finally, we would like to show that if R is Cohen-Macaulay and Ry is local, then
R, is equidimensional if and only if Ry is equidimensional. By Lemma (1.2.7), this is

equivalent to the following Proposition.

Proposition 4.1.3. If R is Cohen-Macaulay and Ry is local, then all minimal primes
of Ry have the same height if and only if all minimal primes of R, have the same
height.

Proof. Let p' € Min(Rp) and p' N Ry := p. By going-down (flat extension), p €
Min(Rp). In our case, pRy = p’ because pRy is a prime ideal in R;. Note that, if
q € Min(Ry), then gR; := ¢’ is in Min(Ry). Hence, there is one-to-one correspondence
between Min(Ry) and Min(Ry), via contraction and extension.

We put P =p+ R, and P’ = p’' + R/,. Note that P and P’ are in Min(R,) and

Min(R!,) respectively.
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Now, consider the extension

RP_)R,/

This is a local and flat extension whose fibre 1—:%4— is a field. By ([6], 1.2.16),
P/

: : . R
dim Rp = dim Rp + dimp5-
P!

Therefore,

ht PP =ht P.

4.2 Auxiliary tools for Theorem (4.0.1)

We collect all the preliminary tools we need in order to do the analysis in Section
(4.3). The proof of these Lemmas and Propositions can be found in Chapter (1). We
recall the assumptions in Theorem (4.0.1):

Suppose that both R and M are Cohen-Macaulay. Assume also that (Ry, my) is local,

equidimensional and dim Ry = 2.

Lemma 4.2.1. Assumptions as in Theorem (4.0.1). I = \/anng (M).

Then, all minimal primes of I have the same height.
Proof. We refer to Lemma (1.2.2). O

Lemma 4.2.2. Assumptions as in Theorem (4.0.1). I = \/anng(M). Let p €
Spec(Ryp) and p 2 (I N Ry). If there exists W € Min(I) such that W N Ry = p, then

ht (p+ I)R, =ht I.

Proof. We refer to Lemma (1.2.3). O
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Lemma 4.2.3. Assumptions as in Theorem (4.0.1). I = \/anng(M).
Then, if ¢ € Spec(Ry) and ¢ 2O (I N Ry), then
dim 9 < bt (g+ Ry) = ht (g + )
qA/Iq —_— q + q RQ'

In particular,

dim — <ht (mo+ Ry) — ht (mg + I).
Proof. We refer to Lemma (1.2.6). O

Lemma 4.2.4. Assumptions as in Theorem (4.0.1).

Then, all minimal primes of R, have the same height.

Proof. Ry is equidimensional implies that all minimal primes of R, have the same

height (cf. Lemma (1.2.7)). O

Lemma 4.2.5. Assumptions as in Theorem (4.0.1).

Then, if q € Spec(Rp) and ht ¢ = i, then
ht (¢ + Ry) =ht (R}) + 1.
Proof. We refer to Lemma (1.2.8). O

Lemma 4.2.6. Assumptions as in Theorem (4.0.1). I = \/anng (M).
If ht (INRy) =i, then

Proof. We refer to Lemma (1.2.9). O

Lemma 4.2.7. Assumptions as in Theorem (4.0.1). I = \/anng(M).
If g € Spec(Ry) and q 2 (I N Ry), then

grade(R+, M) < gra'de(R-f-R'Ia MQ)
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Proof. We refer to Lemma (1.2.11). O
Proposition 4.2.8. (Brodmann-Hellus) Suppose that dim Ry < 1, and Ry is semilo-

cal. Then, for every finitely generated graded R-module M, Hy, (M) is asymptotically

gap free.
Proof. (cf. [2], 4.2) O

Proposition 4.2.9. (Brodmann-Hellus) Suppose that (Ro, mg) is local and M is fi-
nitely generated graded R-module with dim %’ﬁ =d. If M # Tg, (M), then

() H, (M) # (0) and
(b) Hy, (M) for alli > d.

Proof. (cf. [2], 3.4) O

Proposition 4.2.10. Suppose that R,M # M. Let g = grade(R,, M). Then:
(a) For alli < g, Hy (M) = (0) ;

(b) for i = g, H, (M) # (0);

(c) (Brodmann-Hellus) if Hy, (M) is finitely generated over R for alli < t, then

{Assg, (Hg, (M)n)}nez
is asymptotically stable.

Proof. For (a) and (b), (cf. [5], 6.2.7). For (c), (cf. [2], 5.6). O

4.3 The support of Hy (M)

We recall the assumptions in Theorem (4.0.1).

Suppose that both R and M are Cohen-Macaulay. Assume also that (Ry, mo) is local,
equidimensional and dim Ry = 2.

Let I = /anng(M) as before. For a prime, ¢ € Spec(Ry), containing (I N Ry), we
begin by analyzing the two dichotomy:
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(a) ¢ # (W N Ry) for all W € Min(I);

(b) ¢ = (W N Ry) for some W € Min([).

We do this by case study in terms of the height of q. These findings are summarized
in Proposition (4.3.4).
In view of Proposition (4.0.1), the case ht (I N Ry) = 0 is at the heart of the issue

here.

Lemma 4.3.1. Assumptions as in Theorem (4.0.1). I = y/anng(M).
Let q € Min(Ryp).

(a) If for all W € Min(I), W N Ry # q, then My = (0).
(b) If there exists W € Min(I) such that W N Ry = g, then

M,
dim—% < grade(R,, M).
qu_g'r (Ry )

Proof. For (a), suppose that for all W € Min(I), W N Ry # q. Then, ¢ 2 (I N Ry).
Otherwise, (¢ + R+) contains a W € Min(I) such that W N Ry = ¢ because q €
Min(Rp). This is contrary to assumption. In particular, (I N Ry) N (R — q) # 0.
Therefore, M, = (0).

For (b), suppose that there exists W € Min(I) such that W N Ry = ¢q. Then,
ht (I N Rp) = 0. By Lemma (4.2.6),

grade(R,, M) = ht (R,) — ht I.
According to Lemma (4.2.3),
. M,
dim —- < ht (g+ R;) — ht (¢ + I)R,.
qM,

By Lemma (4.2.2),
ht (g+I)Ry=ht I.

58



By Lemma (4.2.5) and q € Min(Ry),
ht (g+ Ry) =ht R,.
Therefore, putting the preceding four expressions together, we get

M,
dim —- < grade(Ry, M).
qu_gr (R4 )

Lemma 4.3.2. Assumptions as in Theorem (4.0.1). I = \/anng(M).
Assume also that ht (I N Ry) = 0. Let p € Spec!(Ry) and p D (I N Ry).

(a) If for all W € Min(I), W N Ry # p, then

M,
dim —Z < grade(R,, M).
pM, grade(R, )

(b) If there exists W € Min(I) with W N Ry = p, then

dim My < grade(R;, M) + 1.
M,

Proof. For (a), by lemma (4.2.6), it suffices to show that

dim JW,, <ht (R+) ht I

According to Lemma (4.2.3),

dim 22 < bt (p+ Ry) — bt (p+ I)R,. (4.2)
pMp

By assumptions,

ht (p+ I)R, > ht (I) + 1.

Since p € Spec!(Ry),

ht (p+ Ry) =ht (Ry) + 1. (4.3)
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(cf. Lemma (4.2.5)). Therefore, putting the preceding three expressions together, we
get

M.
dim —2 < ht (R,) —ht I.
pMp —_ ( +)

For (b), we note that we still have inequality (4.2) and equation (4.3). By Lemma
(4.2.2),
ht (p+ I)R, = ht (I).

Putting these three expressions together, we get

M.
dim —2 < ht (R,) —ht (I) +1
ot Sht (o) —bt (1)

Since grade(R,, M) = ht (R4) — ht I (cf. Lemma (4.2.6)), we have our contention.
O

Lemma 4.3.3. Assumptions as in Theorem (4.0.1). I = \/anng(M).
Assume also that ht (I N Ry) = 0.

(a) If for all W € Min(I), W N Ry # my, then

M
< .
moM S gra.de(R.,., M) +1

dim

(b) If there exists W € Min(I) with W N Ry = my, then

dim

M
< .
v~ grade(R,, M) + 2

Proof. For (a), by lemma (4.2.6), it suffices to show that

dim <ht (Ry)—ht (I) + 1.

moM

According to Lemma (4.2.3),

dim < ht (mg + Ry) — ht (mg + I). (4.4)

moM

60



By assumptions,
ht (mo+I) > ht (I) + 1. (4.5)
Since mo € Spec?(Ry),
ht (mo+ Ry) = ht (Ry) + 2. (4.6)

(cf. Lemma (4.2.5)). Therefore, putting inequality (4.4), equations (4.5) and (4.6)

together, we have

dim MM < ht (Ry) - ht (1) + 1.

mo

For (b), we note that we still have inequality (4.4) and equation (4.6). By Lemma
(4.2.2),

ht (mo + I)Rm, = ht (I). (4.7)
Putting these three expressions together, we get

) M
dlmWS(ht R+)—ht (I)+2

Since grade(R+, M) = ht (R;) — ht I (cf. Lemma (4.2.6)), we have our contention.
a

Assumptions as in Theorem (4.0.1). As before, I = \/m and
ht (INRp) = 0. Let 2 € Ny. According to the three Lemmas just shown, for a prime p
to bein Suppg, (Hk, (M)s), it is important to know whether there exists W € Min([)
such that W N Ry = p. This condition determines an upper bound on dim p%f; in

terms of grade(R,, M). For its relevance, we recall that if Hp_ r,(My) # (0), then

M,

<i<dim =%
grade(R, R, M,) < i < dim oM,
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(cf. Proposition (4.2.9)). Moreover, by Lemma (4.2.7),
grade(R,, M) < grade(R, Ry, M,).

Hence, if Hy, g (Mp) # (0), then

M
<i<dim —%.
grade(R;, M) < i < dim I,

Define
A := {p € Spec'(Ry) | there exists W € Min(I) with W N Ry = p}.

If A#0, we put A :={p,...ps}. We further define

~ _]A if for all W € Min(I), W N Ry # my
~ |Au{me} if there exists W € Min(I) with W N Ry = msy.

Notation: For ¢ € Ny, we denote
S; = Unez Suppr, (Hg, (M)n) -
Proposition 4.3.4. Assumptions as in Theorem (4.0.1). Let g = grade(R,, M).
Ifht (IN Ry) =0 then,
(a) Hp (M) = (0) for alli>g+2 andi<g.

(b)

S.. clVen...np) A0
= NV(mo) = {mo}  if A C {mo}.

(c)

{mo} ifmoe A
Sg+2 < {0 ifmo ¢ Z

In particular, fori =g+ 1, g+ 2, and for alln € Z,

Suppr, (Hk, (M)n) N Min(Ro) = 0;

< 00.

U, ., Supprs (HE, (M).)
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Proof. We note that g € Ny because M is Cohen-Macaulay implies that M # (0)
and hence, by a graded version of Nakayama Lemma ([6], 1.5.24(a)), R+ M # M. We
may also assume that M # g, (M). Otherwise Hp (M) = (0) for all i > 0.

We note that Hy (M) = (0) if and only if S; = 0.

For (a), by Lemma (4.3.3), dim # < g + 2. Moreover, by Proposition (4.2.9),
for all i > dim 27, Hy (M) = (0). Therefore, Hg, (M) = (0) for all i > g + 2. For
i < g, Hp, (M) = (0) (cf. Proposition (4.2.10)(a)).

For (b) and (c), let ¢ € Suppg, (Hy, (M)a) N Min(R,). We want to show that
i < g. Note that, this is clear if 7z = 0 because g € Ny. We consider the situation
where i > 1. By the Flat Base Change Theorem ([5], 13.1.8), Hg, g (M) # (0).
Then, M, # T'r, r,(M,) and M, # (0). By the contrapositive statement of Lemma
(4.3.1)(a), there exists W € Min(I) such that W N Ry = q. By Lemma (4.3.1)(b),
dim q—A:;; < g. Since we also have 1 < dim q—ﬁ{}’; by Proposition (4.2.9). Hence, i < g.

For (b), we will first show that if p € S,41 N Spec!(Ry), then p € A.

Let p € Sg41 N Spec!(Ry). Then, M, # (0) and hence, p 2 (I N Ry). Furthermore,
g+ 1 > 0 implies that I'r, g, (M,) # M,. By the Flat Base Change Theorem ([5],
13.1.8) and the choice of p, Hﬂ_ﬂip(Mp) # (0). By Proposition (4.2.9), dim ;AI% >
g + 1. By the contrapositive statement of Lemma (4.3.2)(a), there exists W € Min(I)
such that W N Ry = p. Therefore, p € A.

Suppose A = . Then, S;41 N Spec!(Ry) = 0. If u € Sy41, then u = mg because Ry is
local and dim Ry = 2.

For (c), we want to show that if v € Sy42, then v = my.

Let v € Sg12. Then, M, # (0) and hence, v D (INRy,). We also have Hﬂﬁ%(Mv) # (0)
by the Flat Base Change Theorem ([5], 13.1.8). By Proposition (4.2.9), dim 2 >
g+2. By Lemma (4.3.1) and (4.3.2), htg, (v) > 2. Hence, v = mg because dim Ry = 2
and Ry is local.
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Moreover, there exists W € Min(I) such that W N Ry = v. Otherwise, by Lemma
(4.3.3)(a), dim tf"—M"; < g+ 1. a contradiction to dim %;’; >g+2
Therefore, if H'2(M) # (0), then mo € A.

Finally, to see that

< o0.

U, ., Suppr, (Hi, (M)n)

for all > g. We note that both V(p; N...Np,) and V(my) are finite because for all
1 < j <s, pj € Spec'(Ry); Ry is local and dim Ry = 2. a

There is another ramification of this analysis besides an application of Proposition
(3.2.1) to the proof of Theorem (4.0.1). We will explore it in Section (4.5), after the
proof of Theorem (4.0.1).

4.4 Proof of Theorem (4.0.1)

Theorem 4.0.1. Suppose that both R and M are Cohen-Macaulay. Assume also that
Ry local, equidimensional and dim Ry = 2. Then, for all i, H;Q(M ) is asymptotically
gap free.

Proof. We may assume that s, (M) # M. Otherwise, H (M) = (0) for all i > 0.
Let g = grade(R,, M). M # (0) implies that g € Ny. As before, I = \/anng(M).
The case where ht (I N Rp) > 1 is dealt with in Proposition (4.0.1). It remains to

consider the case ht (I N Ry) = 0. By Proposition (4.3.4), for all i > g and n € Z,
Suppr, (Hi, (M)a) N Min(Ro) = 0 (48)
and

< o0. (4.9)

U, ., Suppro (HE, (M).)
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By Proposition (4.2.10)(c) and (4.3.4)(a), it remains to check for ¢ = g + 1 and
1=g+2.
Case 1: i = g + 2. ng(M ) is asymptotically gap free because the hypotheses of

Proposition (3.2.1) are satisfied:

(a) Assg (HEI(M)) is finite (cf. expression (4.9)).
(b) Assg, (HEI(M),,) N Min(Rp) = @ for n << 0 (cf. expression (4.8)).

(c) Assg, (Hﬂz(M )n) C {mo} (cf. Proposition (4.3.4)(c)).

Case 2: i = g+ 1. We will examine the cases g = 0 and g > 1 separately.

Case 2(a): g = 0. Then g + 1 = 1. Hy (M) is always asymptotically gap free

because it is either finitely generated over R or the first non-finitely generated local

cohomology of M with respect to R, (cf. Proposition (4.2.10)).

Case 2(6): g > 1. By Section (4.1), we may assume that the residue field, %, is

infinite. Then, by ([5], 15.1.4), there exists z € R; that is M-regular. Now zﬂﬁ is still

a Cohen-Macaulay graded R-module and grade(R,, ) = g — 1 (cf. [6], 1.2.10(d)).
Let I' = \/anng (25). H' (M) is asymptotically gap free because the hypotheses

of Proposition (3.2.2) are satisfied:

(a) Assg (Hj’2+ %)) is a finite set and
(b) Assg, (H,g2+ -z%)n) N Min(Ry) = 0 for n << 0 because if ht (I’ N Ry) = 0, we
simply apply expressions (4.8) and (4.9) to %; if ht (I’ N Ry) > 1, we recall that

M M
Suppr (Hfz,,(m)) C Suppr (W) NV(Ry).

(c) Assg (Hﬂil(M)) is a finite set (cf. expression (4.9)).
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Corollary 4.4.1. Suppose that both R and M are Cohen-Macaulay. Assume also
that Ry is semi-local, dim Ry = 2 and for all p € Spec?(Ry), (Ro), is equidimensional.

Then, for all i, H§+(M ) is asymptotically gap free.

Proof. Fix i € Ng. Let Max(Ro) = {p1,...,px}. Let p; € Max(Ryp) and S; = Ry — p;.
If htg, (p;) <1, then
Ry Ry (Mp)
is asymptotically gap free by Proposition (4.2.8). If htg, (p;) = 2, then by Theorem
(4.0.1),
Hy,r,,(Mp,)
is asymptotically gap free. Since

Spec(Ro) = |  Spec(S;*Ro)

pt€EMax(Ro)

and as shown above,

Hgt.l g, (ST1M)
is asymptotically gap free for all ¢, so H;'Z+(M ) is asymptotically gap free (cf. Propo-

sition (2.5.1)(b)). O

Lemma 4.4.2. Suppose that R is regular and (Ry, mg) is local. Then, Ry is a do-

main.

Proof. Let a and b be two elements in mg such that ab = 0. Then, 919 =0in R,
where m = mo + R,. Since Ry, is regular, it is a domain. Then, either = 0 or
% = 0. If § = 0, then there exists ¢ m such that za = 0. The 0-th component of z

is a unit implies that a = 0. Similarly, for % = 0. Consequently, Ry is a domain. [

Corollary 4.4.3. Suppose that R is reqular and M is Cohen-Macaulay. Assume also
that Ry is semilocal and dim Ry = 2. Then, for all i, H}'h(M ) is asymptotically gap

free.
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Proof. R is regular implies that R is Cohen-Macaulay. Furthermore, for all p €
Spec?(Ry), R, is regular. By Lemma (4.4.2), (R,)o is a domain and thus equidimen-

sional. By Corollary (4.4.1), we have our result. O

4.5 Criterion for H; (M) to be non-vanishing

Assumptions as in Theorem (4.0.1). As before I = y/anng (M) and g = grade(R,, M).
We wish to give a criterion for the vanishing of Hp (M).
We first recall the definition of A and A in Section (4.3).

A := {p € Spec'(Rp) | there exists W € Min(I) with W N Ry = p}.

and
~ _JA if for all W € Min(I), W N Ry # my
~ |AuU{me} if there exists W € Min(I) with W N Ry = my.

Our goal in this section is to prove Proposition (4.5.2). Before we do that, we

need a lemma.

Lemma 4.5.1. Suppose that R satisfy the standard hypothesis.Let P := (p + Py)
be a graded prime ideal of R, wherep = PN Ry and P, = PNR,. Ifq D p and
q € Spec(Ryp), then g + P, € Spec(R).

Proof. Let ¢ O p and q € Spec(Rp). Put Q := ¢+ P,. Let a, b € R such that ab € Q.
We wish to show that either a € Q or b € Q. Since Q is graded, it suffices to show it
for the case where both a and b are homogeneous. Note that P C Q.

Case 1: deg (a) > 0 and deg (b) > 0. Then, deg (ab) > 0 and ab € P,. Since P is a
prime ideal, a € P or b € P. In other words, a € Q or b € Q.

Case 2: deg (a) = 0 and deg (b) = 0. Then, deg (ab) = 0 and ab € q. Since q is a
prime ideal, a € g or b € q.

Case 3: deg (a) = 0 and deg (b) > 0. Then, deg (ab) > 0, implies that ab € P,. P
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is a prime ideal implies that a € P or b € P. Since P C (), we are done.

Case 4: deg (a) > 0 and deg (b) = 0. This is symmetrical to the previous case. O

Proposition 4.5.2. Assumptions as in theorem (4.0.1). I = \/anng(M) and g =
grade(R,, M). If A =0 and ht (I N Ry) = 0, then
H;“(M) = (0) if and only if i # g.
Proof. M # (0) because M is Cohen-Macaulay. If I'g, (M) = M, then g = 0 and
k, (M) = (0) for all i > 0. Therefore, we will consider the case ['r, (M) # M.
Let dim ;M7 = d and m = mg + R,. By Propositions (4.2.9) and (4.2.10), it suffices

to show that

dim

<g.

mo
By Lemma (4.2.6), it suffices to show that

<ht (R,)—ht I.

dim ol S

By Lemma (4.2.3),

dim MM < ht (mg + Ry) — ht (mg + I).

Mo
By Lemma (4.2.5),
ht (mo + Ry) = ht (Ry) + 2.

All we need to do next is to show that
ht (mo + I) > ht (I) + 2.

Let @ be a (graded) minimal prime ideal of (mg+ I) such that ht (mo¢+1) =ht Q.
Note that mg = (Q N Rp). Then, @ D P, a minimal prime over I. Since A =0 and
ht (IN Ry) =0, so p := PN Ry € Min(Ryp). Now, put P, := (PN R,). Since Ry is

equidimensional, there exists u € Spec!(Rp) such that

p CuCmy.
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By Lemma (4.5.1), we have a chain of primes in Spec(R):
(p+ Py) C(u+ Py) C(mo+ Py).

Note that, @ = (mo + P ) because (mo + P,) is a prime ideal that contains (mg + I),
(mo + Py) C @, and @ is minimal over (mg + I). By Lemma (4.2.1), all minimal

primes of I have the same height. In particular,

Therefore,

ht Q = ht (mo+ P;) > ht (I) + 2.
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