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ABSTRACT
BIFURCATION SUBSYSTEM METHOD AND
ITS APPLICATIONS IN ANALYSIS AND
CONTROL DESIGN FOR POWER SYSTEMS

By
Meng Yue

Two generic bifurcations, saddle-node and Hopf bifurcation, have been proven to
cause various instability problems in the power systems. The size, complexity, and
nonlinearity is the main obstacle to analyzing, diagnosing, and stabilizing power sys-
tem bifurcations. A bifurcation subsystem method, a novel model reduction method,
is able to identify a small order subsystem that (1) experiences, produces, causes,
and provides the cures for power system instability problems; (2) captures the crit-
ical dynamics (the center manifold) and preserves the dynamic behaviors of the
full system; (3) does not utilize a nonlinear or linear transformation that requires
significant computation; (4) retains the physically meaningful state variables and
parameter structure of the full system due to the fact that no linear or nonlinear
transformation is needed; (5) makes the classification of the power system bifurca-
tions possible by noting that states of the generator or load devices in the bifurcation
subsystem model; and (6) can be used to design stabilizing control to be applied to
the full system bifurcation. The complete theoretical framework for the bifurcation
subsystem method is established in the first part of this thesis and applied to an

example power system.

The second part of this thesis is dedicated to the design of robust control based on




the bifurcation subsystem method using a methodology that can provide and clearly
demonstrate advantages over classical control design methods. The first component
of this methodology is the use of the RGA analysis to show that the robust control
design produced by this methodology (1) breaks the external system into subsystems
that are decoupled from one another and from the bifurcation subsystem and (2)
shows the effectiveness of the control in each subsystem. The second component is
to use a structured uncertainty that captures the nonlinear change in linear model
due to the bifurcation parameter change from the nominal value to the bifurcation
value. The third component is the use of the bifurcation subsystem model for design
of the controller rather than the full system model. The fourth component is the
selection of the performance index, weighting matrix, measurements and control that

are based on the bifurcation and the bifurcation subsystem being stabilized.

H, control attempts to find the control that minimize the performance index for the
possible uncertainty that occurs at the frequency where the system is most vulner-
able. The design methodology preselects and coordinates the frequency uncertainty
and subsystem at which the robust controller should have effect. The frequency
where the system is most vulnerable is the bifurcation frequency (w = 0 for saddle-
node and w = wy for Hopf bifurcation), the uncertainty produces the bifurcation at
this frequency and the subsystem is the bifurcation subsystem for this bifurcation.
This coordination within this design methodology enables the very significant control

performance improvements enabled.

The complete robust control design methodology for power system stabilizer, SVC,
and mixed power system stabilizer/SVC, is described by studying a single bifurcation
(saddle-node-or Hopf bifurcation) and multiple bifurcations (interarea oscillation and

local oscillation). The nonlinear effects of the robust control design is also studied.
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Chapter 1

Introduction

1.1 Objectives

The thesis is to be formulated in an effort to achieve the following objectives:
1. provide theoretical framework for the bifurcation subsystem method:

(a) by showing that the properties of trajectories, the size and the nature of
the orbits, the equilibrium, the bifurcation point, the bifurcating eigen-
value, and the center manifold dynamics of the reduced system persist
for the full system with both fast and slow singularly perturbed exter-
nal dynamics provided that singular perturbation is small. Simultaneous
application of both fast and slow singular perturbations for the external
system of a regular internal dynamic system has never been previously
attempted, but is required to define the concept of the bifurcation subsys-
tem for both saddle-node and Hopf bifurcation based on the bifurcation
theory. The definition of a bifurcation subsystem is based on the closeness
of equilibrium and bifurcation points of the full system and those for the

fast singularly perturbed and slow singularly perturbed external system

1



(b)

model;

by developing a set of sufficient conditions for a bifurcation subsystem
to exist. These conditions are referred to as bifurcation subsystem con-
dition, and geometric decoupling condition that establish the conditions
for the bifurcation subsystem to exist. Knowing the test conditions for a
bifurcation subsystem to exist does not imply that one could ever satisfy
these conditions. Moreover, one could not be assured that one should
be able to find the bifurcation subsystem in most if not all cases when
a bifurcation occurs. It is proven that finding a bifurcation subsystem
of some order is a very high probability event. If the external system is
extremely fast compared to the bifurcation subsystem dynamics, then the
bifurcation subsystem exists. This requirement is generally true 1) if the
bifurcation subsystem is experiencing saddle-node bifurcation, 2) if the
coupling of the bifurcation subsystem to the external system is null in the
direction of the right eigenvector at bifurcation point, 3) if the coupling
of the external system to the bifurcation bifurcation subsystem is null in
the direction of the right eigenvector approximation to the center mani-
fold at bifurcation. These results allow the proof that the identification
of a bifurcation subsystem for any bifurcation is a highly probable event
and that the order of the bifurcation subsystem model is very likely to be

small;

these results also allow the comparison of the bifurcation subsystem method
with the slaving principle [27] and a method of clustering dynamics by
a-decomposition [22]. The objectives of the slaving principle and a-
decomposition are respectively to obtain the reduced order model that
describes the bifurcation (slaving principle) or to obtain a reduced or-

der model that allows accurate approximation of the response of the full



system model when disturbances are restricted to the internal subsystem
(a-decomposition). The objective of the bifurcation subsystem method
does not necessarily desire to perform and justify model reduction or to
obtain a reduced order model that describes the bifurcation. The objec-
tive of bifurcation subsystem method is to describe the subsystem that
experiences, produces, and causes the bifurcation in the full system so
that better control can be achieved to correct the instability, and stabilize
the center manifold dynamics of the full system. The ability to determine
a bifurcation subsystem would greatly aid in the design of the control

system;

(d) by proving that the bifurcation subsystem dynamics produce nearly the
same center manifold, orbits and their frequencies, trajectories near the
center manifold, bifurcation points, equilibrium points as the full system
model. It is also to be proven that 1) a very small order bifurcation
subsystem is a good approximation of the center manifold dynamics, and
2) that a bifurcation subsystem model contains the center manifold of the
full system model without requiring the nonlinear transformation used to
determine the center manifold dynamic model for a particular saddle-node

or Hopf bifurcation.

2. provide the theoretical justification of the algorithm for identification of the
bifurcation subsystem and the computational justification of the bifurcation

subsystem method:

(a) by developing an algorithm for identification of the bifurcation subsys-
tem out of the full system model which has relatively small dimension
and includes the center manifold dynamics of the full system based on

the above theoretical results. The bifurcation subsystem identification



(b)

algorithm must be theoretically justified for both saddle-node and Hopf

bifurcation systems;

by obtaining different bifurcation subsystems (both saddle-node and Hopf
bifurcation) by applying the bifurcation subsystem identification algo-
rithm on a two-area example system with different bifurcation parame-

ters.

3. design pu-synthesis based robust controls for the two-area example power system

to stabilize bifurcation and improve the control performance and robustness

based on the bifurcation subsystem information:

(a)

(b)

by modeling the uncertainty of power system with the structural informa-
tion of the system. The structural uncertainty is caused by the variation
of a specific bifurcation parameter. This uncertainty modeling should not

lead much conservativeness for control design;

by designing Hy robust controller [35] for the two area power system
based on the bifurcation subsystem information and the uncertainty model
caused by bifurcation parameter. Robust control of power system stabi-
lizer and SVC devices will be designed and the control performance will
be compared. The dynamic performance of robust controls will be also
compared for conventional power system stabilizer control design and con-

ventional SVC control with and without inverse generator dynamics;

by studying the RG A matrix of the system with and without robust con-
trol. The RGA matrix [35] (relative gain array) indicates the measure
for observing the structure of decentralized control and for indicating the
sensitivity to the uncertainty at different frequencies. The RGA matrix

based on the robust decentralized control will be compared with RGA



matrix computed for an existing conventional controller. This will ex-
plains how and why the robust control improves the control performance

compared to the conventional power system control design.

When the bifurcation parameters change the full system could experience a sequence
of different bifurcations, even chaos. Currently, our program does not have the ability
to trace out this bifurcation sequence. It is not one of the tasks in this thesis but is

left as a topic for future research.

1.2 Why a Bifurcation Subsystem Method

The recurrent problem in diagnosing and analyzing a specific power system stability
problem is that of the size, complexity, and nonlinearity of the model. Although it
seems that a large number of variables are involved in the power system stability
problem, only a small subset of these variables are hypothesized to be critical to the

problem.

Model reduction approach, including modal analysis method [12], singular perturba-
tion method [10], coherent reduction [14], Kalman minimal realization method [13],
decomposition methods [22], and quasi-steady-state approximation [9], has been ap-
plied to determine a reduced order model that retains the dynamics of an internal

system and approximates the dynamics of the external system.

1.2.1 Comparison with Modal Methods

With modal analysis method [12] the location and the states of the system involved
in the response and control of a particular bifurcation eigenvalue are obtained from
the information of right eigenvector, left eigenvector, and participation factor matrix

of the bifurcating eigenvalue when system instability is being approached. The mag-
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nitude of the eigenvalue of the normalized modal transformed system represents the
relative measure to proximity to the bifurcation, the elements of the left eigenvector
can be interpreted as indicating a direction normal to the operational boundary of
the system, and right eigenvector indicates the degree to which given variables re-
spond for a given mode. The highest correlation of the right eigenvector with rows of
the output matrix can be used to select measurements to observe the response of the
model. The highest correlation of the left eigenvector of a mode with the columns
of the input matrix can be used to select the control inputs that best control the re-
sponse. The participation factor matrix indicates the relative involvement of system
components in the unstable mode or the collapse region. The participation factor
matrix determines states where the mode is most evident in terms of both control
and measurement, but does not necessarily determine the subsystem that experi-
ences and the subsystem that produces the bifurcation. A study on the BC Hydro
system conducted in [8] shows that the results obtained by modal analysis can be
misleading or insufficient for determining the portion of the system that is causing

the instability in the full system.

1.2.2 Comparison with Singular Perturbation Method

The singular perturbation technique [10] [9] cannot always be applied for problem
diagnosis that occurs after a power system disturbance since the states most involved
in an unstable behavior in a power system cannot always be classified into either the
slow or the fast dynamics groups so that the reduced model will always describe the
instability. Transient stability often involves both fast and slow dynamics. However,
voltage instability and interarea oscillation are often associated with the slow dy-
namics of coherent bus groups and thus appears to be appropriate for an analysis

via reduced models. When the singularly perturbed models are useful to focus on



s

!



the dynamics experiencing, producing, and causing the bifurcation that are observed
as voltage stability and interarea oscillation, it is anticipated that bifurcation sub-
system method can be applied. In fact, bifurcation subsystems are only possible
when bifurcation subsystem can be modeled simultaneously by the reduced model of
a fast singularly perturbed model of the external system and by the reduced model
of a slow singularly perturbed model of the external system to the bifurcation sub-
system. Since both inter-area oscillation and generator oscillation modes each lie in
a separate narrow band of frequencies, this singular perturbation approach seems to
be inadequate to establish the bifurcation subsystem for a single mode in one of the

narrow band of oscillations.

1.2.3 A Brief Comparison with the Center Manifold

Center manifold dynamics [18] is a subsystem of the full system dynamics which
experiences, produces, and causes the bifurcation in the full model. However, center

manifold dynamics is not considered a bifurcation subsystem since

1. the center manifold dynamics are obtained by a nonlinear transformation of
the full dynamics, and thus are not expressed in terms of physically meaningful

variables;

2. it is generally impossible to use a nonlinear transformation to analyze how
operating condition changes or model parameter changes cause bifurcation for a
very large system model. On the other hand, these problems are not difficulties

when a bifurcation subsystem is used.
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1.2.4 Comparison with Decomposition Methods

The a-decomposition method [22] clusters the subsystems which have frequencies of
oscillation in each subsystem that are close to each other. Effectively, the full system
dynamics can be simplified to a set of subsystems with almost same internal fre-
quencies of oscillation and weak coupling between subsystems. The a-decomposition
method does not intend to look for the subsystem which experiences, produces, and
causes the bifurcation of the full dynamics, nor preserves the center manifold dy-

namics of the full system for any bifurcation.

The property of the clustered system is rigorously established, and it has been verified
that the power system model is a singular perturbation model consisting of slow
intercluster dynamics and fast intracluster dynamics in [22]. The goal of the a-
decompostion method is to determine the fast intracluster dynamics so they can
be eliminated to produce a model reduction that hopefully approximates the slow

intercluster dynamics.

The results of a-decomposition method applied in the dynamic equations reveals
that the eigenvalues of the decomposed state matrix should be close to those of the

full model and the closeness is determined by the choice of a.

Power system differential-algebraic models have both slow and fast dynamics and
thus evolve over different time scales. In this case, time-scale decomposition [9] could
be used based on singular perturbation. Denoting the slow and fast variables of the
dynamic state variables, quasi-steady-state approximation [9] of the slow subsystem
becomes the differential-algebraic form. The slow manifold can be approximated
using a series expansion in perturbation € to the desired accuracy. The slow and
fast dynamics can be represented by the slow manifold. The fast dynamics may
undergo bifurcation when the slow dynamics envolve. In this case the slow time-

scale-decomposition fails since this slow assumptions which assure the validity of
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time-scale-decomposition are violated. Then a fast-time scale decomposition is used

to produce a differential model.

1.2.5 Comparison with Dynamic Equivalent Methods

Modal analysis [12], coherency based method [14], and singular perturbation method [10]
are motivated to obtain the simplified system model such that the approximated re-
sponse of the original system can be achieved. These methods identify the fast or
weakly coupled subsystem that are then aggregated to produce the approximate slow
model of the external system. Modal analysis has also been used to obtain a dynamic
equivalent of the system external to a particular utility. This model reduction method
does not attempt to preserve the dynamics experiencing, producing, and causing a
bifurcation or the center manifold dynamics for a specific bifurcation. Although this
modal analysis approach [12] has completely different objectives than the bifurcation
subsystem method as just noted, it does attempt to aggregate dynamics and those
weakly coupled to the internal system. Thus, this use of modal analysis exploits the
same structural properties of systems that is so much more effectively exploited in
the bifurcation subsystem method. The model approximation methods [12] [10] [14]
are not intended to identify and preserve or even approximate the center manifold
dynamics of the internal system for one bifurcation or all bifurcations that affect the

utility under study which is referred to as the internal system.

For determining the center manifold of the original full system the large computa-
tional requirement to determine the nonlinear transformation limits its application
to small system only. On the other hand, bifurcation subsystem method can be

applied to both large and small system.

The bifurcation subsystem method exploits the same singular perturbation prop-

erties as the a-decomposition method [22] to obtain a reduced model of the fast




singular perturbed external dynamics separated from the bifurcation subsystem by
weak coupling but with the objectives of a) focusing on the internal subsystem that
preserves the center manifold dynamics and experiences, produces, and causes the bi-
furcation, and b) more effectively exploiting the same structural properties to obtain

stronger results.

From the above discussion, capturing the nature of the original system dynamics
cannot be guaranteed except for center manifold method, which does not have clear

physical meaning and is not applicable for relatively complex systems.

1.2.6 Comparison with Slaving

Slaving principle [27], a second approach that is different from model reduction, is
looking for the dominant dynamic response for a system experiencing bifurcation
that may include the dynamics which produces and causes the instability in the full
system. Slaving is not intended as a model reduction or approximation method. The
slaving principle attempts to identify the subsystem dynamics that dominates the
behaviors of a full system model that is experiencing the bifurcation. The approach
through the adiabatic approximation allow us to express the fast external variables
as a nonlinear function of the slow-changing internal variables provided that: the
internal system is very slow and bounded in a small neighborhood around the equi-
librium point; the external system is very fast; and the coupling between internal
and external systems is weak. Therefore, in dealing with system with very many
variables, which are slaved by very few slow variables, we are able to simplify our
understanding of the complex system considerably. In this situation the slow internal

variables are called order parameters.

The slaving principle has been broadly applied to economic, biological, chemical, and

physics based systems, and has been applied to study saddle-node and Hopf bifurca-
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tions and to sequences of bifurcations that lead to chaos [27]. It will be shown that
identifying when slaving exists in a system is the first step in identifying a bifurca-
tion subsystem which experiences, produces, and causes the full system to bifurcate.
This bifurcation subsystem will be argued to exist and be identifiable for most bifur-
cations for much weaker conditions than required by slaving. Slaving thus may be a
much generic property of systems because a) it is true for any bifurcation subsystem;
b) the bifurcation subsystem is identifiable based on much weaker conditions than
required for slaving to occur [27]; and c) these weaker conditions are proven to have

solutions with a high probability.

1. singular perturbation has been argued as being useful in eliminating either the
fast or slow model in [9] to study bifurcation, but slaving only would allow the
elimination of the fast dynamics when the separation between fast and slow

dynamics is sufficiently large;

2. reduced singularly perturbed models have been used to study the bifurcation.
The quasi-steady-state approximation [9] is an example where a singularly

perturbed model is used to reduce the fast dynamics;

3. the hybrid slow dynamics and network have been reduced from a singularly

perturbed model to produce a fast dynamic model [9];

4. tests for bifurcation have been developed for the reduced models and shown to

apply to the full system model (9] [8];

5. no theoretical justification is given that the reduction of a singularly perturbed
model will preserve the equilibrium point, the orbits, the trajectories, the fre-

quencies, and the center manifold of the full system;

6. this singularly perturbed approach in [10] could be theoretically justified us-

ing the same process that will be used to theoretically justify the bifurcation
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subsystem method. This theoretical justification of the bifurcation subsystem
method also be used to theoretically justify using reduced models of singular

perturbed models in item 2 and 3 above.

The goal of bifurcation subsystem method is not model reduction but identification
of the subsystem model that experiences, produces, and causes the full system model

bifurcation.

Bifurcation subsystem method has a much stronger set of objectives than that for
slaving because the bifurcation subsystem should not only act to slave the system
external to it, but is also required to have no coupling to the external system. The
requirement that the bifurcation subsystem slave the external system and be simul-
taneously decoupled from it requires the bifurcation occur and be produced in the
bifurcation subsystem [8]. Thus the bifurcation subsystem is said to experience that
bifurcation of the full system model, and finally that the parameters that cause and
cure of the bifurcation are either in the bifurcation subsystem or its boundary [8].

Although the slaving method is not stated in a rigorous manner [27]:

1. there is an assumption that the external system is fast compared to the internal
(bifurcation) subsystem (A4;;) (the norm on A,; and the condition on it are not

stated);

2. there is an assumption that the coupling between the internal and external
system be weak (the norm on A;, and A is not stated nor is some inequality

condition on these norms stated);

3. the requirement that the internal (bifurcation) subsystem A;; dominate the
external system amounts to requiring that the reduced subsystem of a fast
singularly perturbed model of the external system have an equilibrium point

and bifurcation point that are close to that of the full system model even
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though there is no formal theory to support and prove this.

The theory developed for bifurcation subsystem will necessarily make the above
conditions for slaving rigorous. It will be shown that one does not need to require A,
or Ag; to be small or null, but only column dependent in the center manifold direction
that is approximated by the right eigenvector of the bifurcating eigenvalue. The
theory in this thesis proves that the existence of a bifurcation subsystem using the
bifurcation subsystem method requires the reduced models of both a fast singularly
perturbed model of the external system and a slow singularly perturbed model of
the external system have equilibria and bifurcation points close to those of the full
system. Furthermore, conditions on 1) a norm on A,y and 2) vector based norms on
Aj and A,; are given and only one of these three conditions needs to be satisfied for
the bifurcation subsystem to exist. Slaving requires much more stronger requirements
on all three matrices as noted above. Each of the bifurcation subsystems produced
by satisfaction of norms on Ay, A2, and As; would be of different order with very

different structure.

Finally the slaving method [27] did not attempt to discuss whether the bifurcation,
center manifold, trajectories near the center manifold, orbits, and other dynamic
subsystem properties for the reduced model are preserved by slaving and are close
to those of the full system. The theory presented in this thesis proves such results
not only for the fast singularly perturbed model, but also for the slow singularly
perturbed model of the external system so that these dynamic system properties
(center manifold, trajectories near the center manifold, orbits etc) are preserved
or persist when a bifurcation subsystem model is used to analyze the full system
model near bifurcation. The bifurcation subsystem method result is thus a significant

extension of slaving in terms of

1. what can be stated about the subsystem (experience, produce, and cause bi-
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furcation rather than just dominate the external dynamics);

2. much weaker and more precise statements of the conditions on what is required
for a bifurcation subsystem to exist compared to those required by slaving

method;

3. proof that the probability of existence of bifurcation subsystem is high where

no statement is possible for slaving;

4. a method for identification of bifurcation subsystems that can be applied to

large systems where no such method exists for the slaving principle;

5. a proof that the bifurcation persists in the bifurcation subsystem model and
that the bifurcation subsystem captures the center manifold, trajectories near

the center manifold, and orbits of the full system near bifurcation.

This last result is so important because it allows one to focus on a reduced model
for diagnosis of causes and cures of the bifurcation and control design because this
reduced model captures the most important dynamic system properties of the full

system model.

1.2.7 Comparison with Bifurcation Theory
Bifurcation theory has been well-developed [18] and it

1. can identify the center manifold dynamics that precisely describe the nature
Of the bifurcation. The bifurcation point, the trajectories at or near the center
mManjfold, the size and the nature of orbits, the frequency of the oscillations,

and the equilibrium point all can be described precisely;

* €an describe the sequence of the bifurcations and how and why one bifurcation

deVelops from another;
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3. has allowed nearly complete description of bifurcations and bifurcation se-
quences for multiple bifurcation parameters. Such complete studies have been
limited to small systems (usually less than fifth order systems) due to the

computational requirements and complexity as the order increases;

4. has had limited application to large systems of order of 500 or larger;

furcation subsystem method is not as complete a description of a bifurcation as

bifurcation theory could provide. Bifurcation subsystem method is hypothesized to

have the following desired properties that will be proven in Chapter 2 and 3

2.

3

1. experiences, produces, and causes the bifurcation of the full system model for

both saddle-node and Hopf bifurcations;

identifies a small subsystem model within which the center manifold resides or
can contain the center manifold, describes trajectories that are close to those of
the full system at or near the center manifold, describes the size and the nature
of the orbits and their frequency that is again close to that of the full system
model, has equilibrium point and bifurcation parameters close to that of the
full system model. We note that the center manifold dynamics play a very im-
Portant part in the representation of the system dynamics, thus the bifurcation
Subsystem should contain the center manifold of the full system. The center
mManifold is a minimum order representation of the full system dynamics that
€experiences, produces, and causes that bifurcation. It retains the bifurcation
Orbits, frequencies, bifurcation point, and progression of bifurcation sequences

that is essential to fully describing the bifurcation process;

- does not require a nonlinear or a linear transformation of variables and there-
fore can be expressed in physically meaningful state variables, This lack of

any requirement to perform a nonlinear or linear transformation perfectly pre-
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serves the system state variables and parametric structure of the full system
model. This may assist in finding the function of multiple parameters in the
bifurcation subsystem model that is the bifurcation parameter in the center
manifold dynamics. It may be possible to find more than one such function

that produces a bifurcation parameter of the center manifold dynamics;

4. does not require significant computation to identify a bifurcation subsystem
and thus can be applied to very large systems where computational require-

ments of obtaining a center manifold would make its application impractical;

. can provide insight into the dynamics of the subsystem that experiences, pro-
duces, and causes the bifurcation that may not be captured by the right or
left eigenvector evaluated at an equilibrium. The right eigenvector is a linear
approximation of the center manifold at equilibrium, but can indicate that
states outside the bifurcation subsystem are so excited by the bifurcation that

their response can dominate that of the bifurcation subsystem that experi-

ences, produces, and causes the bifurcation. The left eigenvector is orthogonal
to the right eigenvector and is interpreted as indicating the controls that are
most effective in controlling the response observed in the right eigenvector. If
dominant response to a bifurcation is outside the bifurcation subsystem based
On right eigenvector information and the identified bifurcation subsystem, then
the selection of a subset of control actuators based on the left eigenvector infor-
mation may better control the response to the bifurcation rather than control
the bifurcation subsystem itself. This may make stabilization of the bifurca-
tion subsystem difficult if not impossible. The right eigenvector is often used
to select sensors to observe the response of the bifurcation and may not then
effectively measure and thus observe the bifurcation subsystem response. Thus

knowledge of bifurcation subsystem may provide improved method for selecting
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the output signals to be measured and control input signals to be governed by
control laws than those to be chosen by eigenvector methods on the full system
model. When right eigenvector correctly predicts the bifurcation subsystem,
then eigenvector and bifurcation subsystem method might select a similar or
identical set of sensors and actuators for controlling a particular mode; Results
in [8] show that the right eigenvector did not correctly predict the bifurcation

subsystems on a single machine infinite bus (SMIB) model;

6. identifies the essence of center manifold structure and dynamic properties if
that bifurcation subsystem model is sufficiently small. This is particularly
true if the bifurcation model is approximately of the same order as the center
manifold dynamics. Even if the bifurcation subsystem model order is somewhat
larger than the center manifold dynamics, the determination of the bifurcation
Subsystem can still provide information for control design that is not easily

obtained or may be impossible to obtain when the full system model is very

]arge;

Provides a taxonomic methodology for finding the classes and agents for each
type of bifurcation in a power system model. This will be further discussed in

next section;

bifurcation subsystem method could provide a simple lower order model and
Very important information for the design of hierarchical control systems to
Cure or stabilize the specific type and class of bifurcation for large complex

Nonlinear systems.

T . .
he bifurcation subsystem method will be argued to be a stronger yet more generic
T . . s .
b operty than slaving. It requires conditions on decoupling that are much weaker
t . " .
hap either slaving or a-decomposition based model reduction methods. The values

of bifurcation subsystem method goes considerably beyond that of determining the
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submodel that dominates or approximates the full system dynamics because it ex-
periences, produces, and causes these dominant bifurcation dynamics and contains
all the dynamic system properties of that bifurcation in the full system model. It
is therefore much more useful in model stabilization, developing operating sched-
ules, and deciding when control actions are taken to avoid instability than model

reduction, slaving, or the full system model with all its complexity.

1.3 Classification of Types, Classes, and Agents

for Bifurcation

It has been hypothesized in [26] that there can be a countable but very large number
of bifurcation in a large power system model. There is no automated procedure for
deciding what measurements and controls as well as what control laws are necessary
for stabilizing an instability caused by one of these bifurcation. There is no auto-
Mmated procedure for adjusting model parameters via FACTS devices or operating
conditions to cure a particular bifurcation. If an intelligent control is to be developed
for a SYstem with so many different bifurcation, one needs a classification procedure

Similar to the one developed over the centuries by the medical profession. One needs

L. types of local bifurcation: saddle-node, Hopf, load flow bifurcation, and singu-
larity induced bifurcation etc.

2. classes of each type of bifurcation: a subset of the variables of generator and
load dynamics, controls, and network equations that experience and produce

a specific type of bifurcation;

3. agents of a particular type and class of bifurcation: differ in terms of the specific
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generator and load devices that lie in the bifurcation subsystem, but not the
subset of variables in the models of these devices that belong to its bifurcation

subsystem.

All classes of a particular type of bifurcation are anticipated to have many agents
but not all agents within each class have a high risk of ever experiencing bifurcation.
The subset of the variables of these different devices constitute the class of which an
agent is a member when the generator and load devices that are associated with these
variables in a bifurcation of that class specify the agent of that class. As an example,
classes of saddle-node bifurcation are those that occur in solely induction motors
dynamics, those that occur in generator dynamics, and possibly those that belong
to both induction and generator dynamics. Agents of the induction motor class of
saddle-node bifurcation occur on different induction motors or groups of induction
motors in a particular plant or subregion. Bifurcation subsystem method should
hOpefully be the diagnostic tool required to identify specific classes of bifurcation and
all agents in each class. All classes of a particular type of bifurcation are anticipated
to have many agents but not all agents within each class have a high risk of ever

ex 1 3 3 i
Derlencmg bifurcation.

If the bifurcation occurs to the power system, usually two types of bifurcations,
Saddle-node and Hopf bifurcations, can be found. In the case of saddle-node bifur-
Cation the system may experience slow monotonic instability, i.e., collapse type of
instability, Saddle-node bifurcation has been observed in generator flux decay dy-
"amics, i, generator inertial dynamics, and induction motor inertial dynamics [9] [8].
The Hopf bifurcation, which usually represents the interarea oscillations of the power
Syst‘em, has been observed in the generator inertial dynamics, and in the generator

Ux decay excitation system dynamics [6]. Two different Hopf bifurcations exist:

Supercritical Hopf bifurcation occurs when a stable limit cycle exists around an
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unstable equilibrium point and where the orbits of the limit cycle grows as the bi-
furcation parameter(s) moves away from the bifurcation value; a subcritical Hopf
bifurcation occurs when an unstable limit cycle exists around the stable equilibrium,
where the orbit (a) is a region of stability boundary for excursions in the direction
of that orbit, and (b) shrinks to zero as a bifurcation parameter approaches the
bifurcating value. Classification of types, classes, and agents will be discussed in
following chapters. It will be shown that classification of bifurcations is more than
a taxonomy and it will provide the causes of each specific type and class of stability
problems and thus prescribes the cure for the dynamic bifurcation as in [30] for the

network model.

1.4 Robust Control Design

Basicany robust control is a linear control technique, but may take on nonlinear
PIoperties if the nonlinear change in bifurcation parameter to the point of bifurcation
is modeled as uncertainty in the linear form. The control objective is that robust
stability and/or robust performance of the perturbed system can be achieved over
the fange of the parameter uncertainty. Robust control has been applied broadly

and Would seem to be very promising for power system control design.

Recently robust control techniques including H-optimization and u-synthesis have
been applied to power system controller design. Most of robust control applications
are dedicated to dampen local or interarea oscillation in a power system. A H.-based
Power system stabilizer [36] was designed for a single machine infinite bus system.
The inpuyt uncertainty was modeled simply by a transfer function, which was claimed
o be obtained by lumping various physical variations. The control objectives were
non“n&l performance and robust stability measures. The simulation showed that

NOminy) performance and robust stability were obtained for loading changes and
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ground faults and the results were compared with the conventional power system
stabilizer.

Based on H,, mixed-sensitivity technique a robust controller design for a SVC was
presented [37]. The control design was formulated to increase the power system
damping since the PI SVC control did not provide this contribution no matter how
it was tumned. In this design PI controller was included in the nominal plant. A
multiplicative form of uncertainty was modeled and corresponding weighting func-
tions were selected. The design achieved robust stability and provided an increase
in damping.

A robust thyristor controlled series compensator (TCSC) [38] was used to increased
the damping of an interarea mode for the New York State power system. This large
System was significantly simplified with coherency reduction. The model uncertainty
Was modeled in both an additive and a multiplicative form. Again, H,, mixed-

sensitivity design was used.

A structural singular value (SSV) based method was proposed in [41] to perform the
robust Stability analysis rather than robust control design. This paper focused on
the Uncertainty representation. A novel method for modeling the network uncertain-
ties was developed based on the fact that only some of the state matrix elements
Would change over the range of operating conditions. This conclusion facilitates the
uncertainty modeling undertaken in this paper. By casting the problem into MA

fi .
Orm, Rk-synthesis was applied to evaluate the system performance.

In [46] several control design techniques for a power system stabilizer, including clas-
Sica) design, u-synthesis, linear matrix inequality (LMI) approaches, were compared.

he representation of the uncertainty, which was caused by the tie line reactance,
Was Similar to that in [41]. The p controller was obtained for a power system model

Which yas simplified by Hankel norm approximation. The order of this controller was
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further reduced using coprime factorization. It showed that the u-synthesis based
controller achieves the same damping enhancement with much smaller gain than
the other two designs. However, the time simulation showed that the u-synthesis
controller does not obviously improve the control performance compared to the con-

ventional power system stabilizer design.

H-approach was systematically described in [25]. The dynamic positive feedback
controller for SVC was synthesized with tie line current as an input signal. Robust
H loop shaping technique was used to design the control to damp the interarea
oscillation and be robust to coprime factor perturbations. This ensured the robust-
ness to changes in the coprime factors of a shaped plant and increases the damping.
The controller’s overall performance was evaluated. The addition of damping control

reduced the system load disturbance rejection performance.

One of the difficulties in power system control design is that of using high order
model ang computing a high order controller. SMIB model has been adopted in
Many control designs as noted in [36]. For a large power system, the SMIB model is
ot capable of representing the system dynamics appropriately. Although in [46] a
lower order controller was proposed using coprime factors and LMI, it is still difficult
to design’ compute and implement the full order controller when power system model
is very large.

The System uncertainty plays a very important role in achieving the desired design
Performance despite the fact that the modeling of the system uncertainties is difficult.
Structural uncertainty has not been studied in above research [36] [37] [38] [41] [46]
[25] €ven though some degree robustness of the controller has been obtained without
using structured uncertainty models. Bifurcation subsystem will provide lower or-
der Imodels and the bifurcation parameter that produces the bifurcation within the

bj . . .
Wurcation subsystem will be used to obtain a structured uncertainty model. The
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structured uncertainty captures the nonlinear change in the linearized model that

occurs as the bifurcation parameter changes and reaches the bifurcation value.

The design and implementation of the robust controller in our research will attempt
to stabilize a single bifurcation and furthermore increase the feasibility region in the
direction of a specific bifurcation parameter. Multiple bifurcations produced by more
than one bifurcation parameters in the full system model will also be studied in an
effort to increase the range of the bifurcation parameter (feasibility region) where the
systern remains stable. The robust control design will be based on the bifurcation
subsystemn as well as the full system model since the center manifold dynamics of the
full systerm lie in or are totally contained in the bifurcation subsystem. The bifurca-
tion subsystem indicates the states and the model experiences, produdes, and causes
the bifurcation in full system model. These states are required to be controlled in
order to stabilize the system and cure the bifurcation. It is also hypothesized and
Proven that when bifurcation occurs the RG A matrix of the closed-loop system with
robust control becomes block diagonal. The off-diagonal blocks approach zero, and
the Upper diagonal block approaches the RGA matrix of the internal system or bi-
furcation subsystem with the external system truncated. The lower diagonal block
aPProaches the RGA matrix of the external system with the internal system trun-
Cated. Tpe proof is given in Appendix B. The control of the bifurcation subsystem

s COompletely independent of the external system based on this RGA structure.

A Power system is typically a MIMO system and power system control is a mul-
ti"ariable control problem. The RGA matrix is a simple but a powerful tool for
rnultivariable system control design. The RGA matrix has not been studied or ex-
Plojteq in any of the references [36] [37] [38] [41] [46] [25]. It is impossible to achieve

he desired control performance without thoroughly considering the control struc-
ture design, the effectiveness and disturbance rejection properties of MIMO system

©Ontro] as well as the uncertainty representation for MIMO system as observed by
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its impact on the RGA matrix.

In this thesis, u-synthesis will be used to design the power system stabilizer. We are
trying to achieve better control performance with the help of bifurcation subsystem
method from the very beginning of controller synthesis to achieve significant control
structure improvement, lower order controller simplification, and improved control
performance test. The following topics of power system stabilizer design for a single
bifurcation or multiple bifurcations are studied: (1) determination of which generator
the power system stabilizer is the most effective; (2) how to define the performance
index for the best performance to be achieved; (3) how to simplify the high order
controller and yet achieve excellent performance; (4) whether the controller designed
for one bifurcation is effective for different bifurcations produced by different pa-
rameter variations as well as for what types and classes of bifurcation will a specific
controller be applicable; (5) how to evaluate the control performance and whether
the control performance is improved (degenerated) based on these measures; and (6)

whether the overall performance of robust power system stabilizer is acceptable.

FACTS control has achieved significant applications in enhancing power system per-
formance via high speed and continuous response. Static var compensator (SVC),
as one of the FACTS control devices, can be used to provide the voltage support on
long transmission lines by injecting or absorbing reactive power. In fact, SVC can
also increase the power system damping with supplemental signal. Robust SVC con-
troller will be designed in order to damp the interarea oscillations of power systems
over a given operating range as well as providing the effective voltage control over
the network. The nonlinear effects of the robust control over the power system will

also be studied in this thesis.
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1.5 Contributions of This Thesis

A bifurcation subsystem experiences, produces, and causes the full system bifurcation
when satisfying the same conditions for bifurcation as satisfied by the full system
dynamics. In comparison with center manifold dynamics, a bifurcation subsystem
is a subsystem of the state space model with physically meaningful variables, and
is not a reduced model that can be necessarily be simulated or analyzed apart from

the singularly perturbed full system model.

The bifurcation subsystem method proposed in [8] had not been proven but came out
of the hypothesis that bifurcation subsystems are a generic phenomena that can be
applied to almost every bifurcation in a large power system model. This hypothesis

will be proven in the thesis.

The original work on the bifurcation subsystem in [3] was heuristic in a manner
similar to slaving but did extend the concept by establishing a precise definition
and the two existence conditions (bifurcation subsystem condition and geometric
decoupling condition) where the slaving principle only required one condition that
the external system be represented by the reduced algebraic model that could be

viewed as coming from a fast singularly perturbed model of the external system.

In this proposal, the bifurcation subsystem method and its applications, and the

identification of bifurcation subsystems are described systematically.

1. we define the bifurcation subsystem based on preserving the equilibria, bifur-
cation points and bifurcating eigenvalues when the reduced system of a fast
singularly perturbed external system model and a slow singularly perturbed
external system model are both arbitrarily close to those of the full system for

both saddle-node and Hopf bifurcations [3];

2. we derive sufficient conditions for a bifurcation subsystem to exist for both
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saddle-node and Hopf bifurcations. These conditions are referred to as the

bifurcation subsystem condition and the geometric decoupling condition [3];

. we show that the properties of trajectories, the size and the nature of the orbits,
the equilibria, the bifurcation point, the bifurcating eigenvalue, and the center
manifold dynamics of the reduced system persist for the full system with both
fast and slow singularly perturbed external dynamics provided that singular
perturbation is small enough. We will also show that the center manifold of
the bifurcation is in the bifurcation subsystem and is contained within the
bifurcation subsystem if additional conditions are satisfied. To identify the
bifurcation subsystem it is necessary to study the persistence of full system
bifurcation when bifurcation occurs in the subsystem. The effects of slow or

fast external dynamics on the full system should be considered.

The work by Chiang in [2] summarized the theoretical results about the per-
sistence saddle-node bifurcation with singularly perturbed slow or/and fast
unmodeled external dynamics. As long as the perturbation is small enough in
the presence of either the fast or the slow external system dynamics, the persis-
tence of the saddle-node bifurcation of subsystem can be guaranteed, and the
center manifold dynamics of the full system will be preserved in the internal
subsystem. Based on the theoretical results for the persistence of saddle-node
bifurcation under singularly perturbed slow or fast external unmodeled dynam-
ics in [2], the persistence of the bifurcation in the bifurcation subsystem and
the preservation of center manifold dynamics within the bifurcation subsystem

are proven in Chapter 2.

In [4], the persistence of Hopf bifurcation is discussed in detail in the presence
of fast external dynamics. The equilibrium point, the orbits, the period of

the periodic solutions of the full system and the reduced system are discussed.
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Although the center manifold dynamics of the full system and the subsystem
is not mentioned in [4], the method in [5] is applied to discuss this in this

proposal;

. we prove that solutions can be found to these sufficient conditions for the ex-
istence of a bifurcation subsystem exist and these solutions have a high proba-
bility of occurrence. This is important because there otherwise is no assurance
that one could ever find a solution to the sufficient conditions and what the

probability of finding the solutions might be;

The fact that a-decomposition is applicable for power system dynamics model
of the generator inertial dynamics indicates that power system model can be
clustered as slow and fast subsystem which are weakly coupled, not just in the
direction of the center manifold. This shows that the power system internal
dynamics have a natural structure that lends itself to bifurcation subsystem
method. The fact that all that is needed for a bifurcation subsystem to exist is
that the bifurcation subsystem and internal system model be decoupled in the
center manifold direction is a much weaker condition than a-decomposition and
will be proven to make the finding of bifurcation subsystem a high probability
event even when the dynamics do not satisfy a-decomposition conditions for

decoupling.

The effectiveness of a-decompostion is that these methods reveal that power
system state Jacobian for the classical power system dynamic models [22] can
be represented by a block diagonal matrix, i.e., the coupling between the in-
ternal system and the external system can be considered null. Although this
conclusion is only an approximation of the real system model, we require a sim-
ilar but much weaker condition between the internal and external subsystems

to be able to identify a bifurcation subsystem model. The weaker condition
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requires only that the internal and external system be coupled weakly enough
in the center manifold direction rather than completely decoupled as required
for a-decomposition method. When the bifurcation occurs, for system that
satisfies the a-decompostion condition, geometric decoupling is automatically
satisfied. Thus the bifurcation subsystem and geometric decoupling conditions
are both satisfied automatically for both an algebraic model of the power sys-
tem and/or a classical dynamics model external to the bifurcation system and

bifurcation subsystem itself [7].

Since the power system dynamics can be clustered as slow dynamics and fast
dynamics with weak coupling between them [22], the bifurcation subsystem
identification method can be studied with the singular perturbation technique.
The power system dynamics takes the form of regular dynamics with unmod-
eled slow or fast external dynamics. These facts support that finding of the

bifurcation subsystem with small order is highly probable;

5. it has been clear from 3 and 4 that a very small order bifurcation subsystem
could be obtained and would be a good approximation of the center manifold
dynamics of the full system model. This bifurcation subsystem would be de-
termined without requiring the nonlinear transformation needed to obtain a

center manifold for a particular saddle-node or Hopf bifurcation;

6. a bifurcation subsystem of small or moderate order contains the center man-
ifold dynamics and preserves all the dynamic properties even if it does not
have smaller order and the exact form of the center manifold dynamics that
experiences, produces, and causes the bifurcation in the full system model.
This model would facilitate and possibly improve the design of prescriptive

corrective operating schedules and stabilizing control for the bifurcation;

7. a bifurcation subsystem identification algorithm, which is capable of finding the
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10.

very small order bifurcation subsystem, is developed and theoretically justified

for both saddle-node and Hopf bifurcation subsystems;

. the bifurcation subsystem method is extended to a relatively large two-arca

multiple generator system modeled by the differential algebraic equation rather
than SMIB system [3]. A set of numerical examples are presented and dis-
cussed. The different bifurcation subsystems are obtained (both saddle-node
and Hopf bifurcation) by applying the bifurcation subsystem identification al-

gorithm on a two-area example system with different bifurcation parameters;

a diagnosis procedure based on bifurcation subsystem method [7] has been
developed to find cures for a blackout that may not be found after an average

of after 15 hours of computing and engineering effort to perform the diagnosis.

The various types and classes of bifurcation are investigated as a function of
the network, load or transfer level, and the load models. By applying bifurca-
tion subsystem method, the following problems are addressed: (a) what is the
relation between network and dynamic bifurcation? (b) how and why interarea
and local modes are produced? (c) what are the classes and types of bifurca-
tion for different load models? and (d) how to find the bifurcation subsystem
and the system behaviors when singularity induced bifurcation occurs? It is
shown that the bifurcation subsystem method can identify the different classes
of bifurcation (those with different variables in the bifurcation subsystem) as
well as the agents for each bifurcation class (those with the same bifurcation
subsystem but involving the same subset of variables in different generator,
load, devices, and different network buses). The classification of bifurcation
is more than a taxonomy and it will provide the causes of each specific type
and class of stability problem and thus prescribe the cure for the bifurcation

as in [30] for the network model.
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The bifurcation subsystem was stated and justified based on conditions on both a
fast and slow singularly perturbed model of the external system in [3]. The bifur-
cation subsystem concept was applied to an algebraic power system in [6] and has
provided a theoretical underpinning to a procedure for (a) identification of all the
bifurcation subsystem (agents) in that model; (b) identification of what causes and
cures instability in each agent; (c) contingency selection and ranking on each agent;
(d) identification of vulnerable agents; (e) the condition which must occur for cascad-
ing instability of agents to develop and produce the voltage collapse that produces

the blackout.

The success in algebraic model [3] will hopefully be extended to the differential
algebraic model at some future date. The bifurcation subsystem algebraic (loadflow)
model permits making stronger linkages to previously discussed model reduction

methods in the differential model and in an algebraic model of a power system.

It should be noted that the results stated may be incorrectly taken as a justification
of model reduction of huge power system models since the development of bifurcation
are dependent on the affects of the global response of the model and many discrete
control actions and their sequence throughout the portion of the model being reduced
would almost certainly change the equilibrium and destroy the validity of the model
at the equilibrium. The full system model needs to be retained so that the foundation
for focusing on a bifurcation subsystem have validity at bifurcation of the full system

model.

It is common to view the finding of the center manifold dynamics as an effort to iden-
tify the representation of the full system dynamics. Bifurcation subsystem method
can be considered as a trade-off between the investigations of the center manifold
dynamics and full system dynamics since it is less precise in analyzing, observing the

bifurcation and the trajectories near the bifurcation point than the center manifold
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dynamics. A bifurcation subsystem does not have same order as center manifold, it
just contains the center manifold dynamics with physically meaningful system states.
It experiences the bifurcation as does the center manifold dynamics. Despite that
we do not see the center manifold dynamics directly in the bifurcation subsystem,
we do have everything necessary to investigate how to produce, cause and cure the
bifurcation of the full system that lies in the bifurcation subsystem. The dimension

of the bifurcation subsystem depends on the complexity of the full system dynamics.

The identification of the bifurcation parameters is usually difficult to find but is re-
quired to study the particular bifurcation. The bifurcation parameters are included
in the bifurcation subsystem and it will be relatively easy the find them. The deter-
mination of the bifurcation parameters and the bifurcation subsystem will provide
necessary information for the analysis and control design, which is not easily ob-
tained or even impossible to determine with other methods when the full system is

very large.

The second part of this thesis presents the u-synthesis robust control for the power

system based on the bifurcation subsystem information

1. by modeling the uncertainty of the power system with the second order matrix
polynomial for a specific bifurcation parameter or multiple bifurcation param-
eters acting as the uncertainty parameter. Since the structural information
of the system is utilized in the modeling, this uncertainty model will lead to

almost no conservativeness of the control design;

2. by providing a systematic robust design methodology for power systems. This
includes the use of RGA matrix to observe the subsystems, decoupling of sub-
system, effectiveness of control disturbance rejection, and the lack of com-
petition for control of each subsystem; the use of structured uncertainty to

increase the feasibility region in the bifurcation subsystem direction; the use
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of the structured and dynamical system uncertainty to provide a subsystem
structure in the external system as well as an effective disturbance rejection,
and noncompetitive control within each subsystem including the bifurcation

subsystem;

. by posing the standard p-synthesis robust power system stabilizer and/or SVC
control design problem for the two area example power system. The perfor-
mance index and the weighting transfer function that are expected to improve
the control performance of the system are defined based on the bifurcation

subsystem information;

. by designing a u-synthesis robust power system stabilizer (MPSS). The order of
the resulting MPSS is reduced based on the bifurcation subsystem information
and is applied to the full system. The control performance of the MPSS and
MPSS with inverse dynamics is compared to the performance of the open loop

system with conventional power system stabilizer (CPSS);

. by designing several u-synthesis robust SVC controls (MSVC). The control
performance of MSVC is compared to that of both open loop system with
conventional SVC (CSVC) and the closed-loop system with MPSS. This tells
us whether MSVC or MPSS is more effective in terms of control performance.
The following topics of MSVC control design are also studied (1) MSVC control
effects for voltage coherent buses within groups in the system external to the
bifurcation subsystem; (2) BMSVC design using only the bifurcation subsystem
model rather than the full system model; (3) MSVC design for input uncer-
tainty and measurement noise; (4) MSVC design for saddle-node bifurcation;

and (5) MSVC for input uncertainty and measurement noise;

. by designing different kinds of u-synthesis robust control, including multiple-

output multiple-input robust power system stabilizer and SVC control, for
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multiple bifurcations. This is a very important step for robust control appli-
cation since there usually exist more than one bifurcation to be stabilized in

large power systems;

7. by analyzing the RGA matrix information of the closed-loop system. The
RGA matrix of the above u-synthesis robust designs will be compared with
RG A matrix computed for an existing conventional controller. This will reveal

whether and why the robust control designs improves the control performance;

8. by studying the second order interaction with and without robust control for a
two-area power system. This study shows that the robust control has tremen-

dous effect over the power system up to second order.

1.6 Organization

After the bifurcation theory and bifurcation subsystem method is briefly introduced
in Chapter 1, the saddle-node and Hopf bifurcation subsystem for both fast and slow
unmodeled external dynamics are discussed in Chapter 2 and 3, respectively. The
saddle-node and Hopf bifurcation subsystem are defined using singular perturbation
technique. With the help of Fenichel’s theory, which is summarized in Appendix A.
The persistence of the equilibrium, the bifurcation point, the orbits at or near the
equilibrium point, the trajectories, and bifurcation parameters are proven in Chap-
ter 3. The bifurcation subsystem condition and the geometric decoupling condition,
which are the sufficient conditions for existence of both both saddle-node and Hopf
bifurcation subsystems are derived from the conditions for an existence of bifurca-
tion in the reduced models of the singularly perturbed fast external model and the

singularly perturbed slow external model.

The detailed demonstration of the bifurcation subsystem method is shown in Chapter
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4. The bifurcation subsystem identification algorithm is presented and proven to
obtain the relatively small dimensional bifurcation subsystem. A series of theorems
are presented and proven, which extend and prove the near generality for satisfaction
of both bifurcation subsystem condition and geometric decoupling condition. These
results justify the bifurcation subsystem method as being applicable for most if not

all saddle-node and Hopf bifurcations in a differential model.

A set of examples for a two-area power system in Chapter 5 verify numerically the
bifurcation subsystem method. Different bifurcation subsystem with small order are
obtained and discussed for different bifurcation parameters. The classification of
bifurcations are also discussed in detail in this chapter. In Chapter 6 the future

research in robust control design based on the bifurcation subsystem is presented.

In Chapter 6, u-synthesis based robust control is systematically studied. After a
brief description of robust control theory, a pu-synthesis based power system sta-
bilizer (MPSS) is designed using bifurcation subsystem information. The control
performance is compared with the conventional power system stabilizer (CPSS) by
studying both RGA matrix and the time simulation. The MPSS is shown to be

much more effective than the conventional power system stabilizer.

FACTS controls have been broadly used and proven to be very effective in enhancing
the power system stability. p-synthesis robust SVC control is studied in Chapter
6. By again using the bifurcation subsystem information, a robust SVC control
(MSVC) is obtained. The time simulation and RGA matrix information both show
that MSVC provides better control performance that both MPSS and CPSS. Also in
this section, MSVC with input uncertainty and measurement noise and MSVC that

is designed based on bifurcation subsystem (BMSVC) are studied.

Multiple bifurcation phenomena is observed in this two area power system. To

stabilize the system when multiple bifurcations develop, several different kind of u-
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synthesis robust control, including both power system stabilizer and SVC control,
are designed and compared. The conclusion is drawn for multiple bifurcation sta-
bilization. This will provide important robust control design information for large

power systems since multiple bifurcation are frequently encountered in large systems.

The nonlinear effects of conventional and robust power system control are studied
in Section 6.7. The computation of the second order interactions shows that robust
control not only greatly improves the control performance and robustness, but also

dominates the nonlinear response of the system.

35



Chapter 2

Bifurcation Subsystem for

Saddle-node Bifurcation

2.1 Objective

The singular perturbation theory underlying the definition of a bifurcation subsys-
tem and the sufficient conditions for the existence of a bifurcation subsystem has
been developed in [2] and [3] and are reviewed in this chapter. The theory in [2]
underlying definition of the bifurcation subsystem, is more precisely discussed in
this chapter than in [3] and needed to justify the modified definition of a bifurcation
subsystem. This chapter is arranged to demonstrate the theoretical results related
to saddle-node bifurcation. Some preliminaries are introduced in section 2.2. In
section 2.3 the conclusions on the persistence of saddle-node bifurcation under sin-
gularly perturbed slow and fast unmodeled dynamics are reviewed. The saddle-node

bifurcation subsystem is defined and discussed in section 2.4.

36



2.2 Preliminaries

Generally a set of ordinary differential equations can be used to represent the engi-

neering system which involving dynamics:
z = f(x) (2.2.1)

where z € R", and f;,7 = 1,2,...,n is a nonlinear function of all the states z;,7 =
1,2,..,n.
The equilibrium points represent the true characteristic of the behavior of the dy-

namic system and are defined as the points on the trajectory with zero velocity. The

equilibrium points are those points where the derivatives £ are simultaneously zero,

ie.,

0=f(z)

Unlike the linear system, the nonlinear system may have more than one equilibrium
point. The region of a stable equilibrium may be limited, therefore the existence of a

stable equilibrium does not assure the stability in a neighborhood of the equilibrium
point.

Usually, the stability of a nonlinear system equilibrium is studied via linearized

system in a neighborhood of an equilibrium point z°. Define:
Az =1 -2°
Ignoring the high-order terms of the Taylor series expansion around z° gives:
Az = D, f| oAz

D, f|.o is the Jacobian of vector field f. The local stability of the nonlinear system
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can be judged by the eigenvalues of the state Jacobian. The different eigenvalue
combinations generate the corresponding trajectory behaviors, such as focus, node,
center, and saddle, around the equilibrium points. When there exists a zero eigen-
value or eigenvalues with zero real parts, the linearization fails and we cannot say
anything about the stability. In this case, the center manifold can be computed to

study the behaviors of the trajectories at or near bifurcation.

The bifurcation phenomena in the nonlinear system refers to characterizing the qual-
itative change of the fixed points of the system for a smooth continuous change in a

parameter, say u, over a specified range. For one-dimensional vector fields

i = f(z, ) (2.2.2)

a fixed point (z, 1) is said to undergo a bifurcation at 4 = 0 if the flow for u near

zero and z near zero is not qualitatively the same as the flow near z = 0 at u = 0.

As u varies, the Implicit Function Theorem implies that fixed points are described by
the smooth functions of x away from those points at which the Jacobian D, f(u) with
respect to z, has a simple zero eigenvalue. This is called saddle-node bifurcation. If
the Jacobian D, f(u) has a pair of complex conjugate eigenvalues on the imaginary
axis, it’s called Hopf bifurcation. The precise conditions for defining when saddle-
node and Hopf bifurcation occurs is given in [18]. A value yq of equation (2.2.3) for

which the flow of (2.2.3) is not structurally stable is a bifurcation value of p [21].

In most of the cases, the system dynamics are modeled by ignoring the small time
constants, such as small time constant, capacitance, or parasitic parameters, or con-
sidering the system with a large time constant as a time invariant system. The
analysis based on the “oversimplified” models could be too far from reality. These
unmodeled dynamics with small and large time constants, which are called fast

dynamics and slow dynamics, respectively, may have significant influence on the
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dynamic behaviors of the full system [11].

The dynamic system with slow or fast dynamics can be represented in the form of

(2.2.3) and (2.2.4), respectively.

T = f(l',y,lqu)

¥y = eg(z,y,p6) (2.2.3)

T = f(z,y,1¢€)

ey = g(z,y,u,¢€) (2.2.4)

where ¢ is small real positive number that is called perturbation, and 4 € R is a

parameter subject to variation.

Singular perturbation technique can be applied to this set of problems by separating
time scales, and studying the reduced system (¢ = 0) and the boundary-layer problem

(e is sufficiently small), respectively.

In the case of a system with fast external dynamics the fast reduced system is ob-

tained by setting € = 0:

Tt = f(z,y,,0)

0 = g(z,y,1,0) (2.2.5)

This reduced system represents the fast time phenomena, which is dominant in a

lot of applications. By rescaling 7 = t/e the boundary-layer problem is defined from
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(2.2.4) as:

r = éf(l‘,y,/.l,,f)

y = g(z,y,p€) (2.2.6)
For the system with slow external dynamics setting ¢ = 0 gives the reduced system:

t = f(z,y,1,0)

y =0 (2.2.7)

Usually we are interested in the behaviors in some neighborhood of the equilibrium

point for sufficiently small perturbation.

2.3 Persistence of Saddle-node Bifurcation with

Singularly Perturbed Slow and Fast External

Dynamics

In this section, the persistence of saddle-node bifurcation under singular perturba-
tion with presence of slow and fast external dynamics is studied. The relation of the
reduced and the full system dynamics when a saddle-node bifurcation occurs is dis-
cussed in detail. The theory summarized in section 2.3.1 and 2.3.2 for slow and fast
singularly perturbed models, respectively, is taken from [2]. We use the notations £,
I, and Z to represent the dynamic properties of the full system, the reduced system
with fast external dynamics, and the reduced system with slow external dynamics,
respectively, where z can be equilibrium points, bifurcation points, trajectories or

orbits etc.
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2.3.1 Singular Perturbation with Slow External Dynamics

Consider the nonlinear system with slow external dynamics in the form of of equation

(2.2.3), and the corresponding reduced system given in (2.2.7).

(H1) All the eigenvalues of D,g at equilibrium point m* = (Z*,yo) for 4 = 4* are in
the left-half plane

(H2) The slow reduced system (2.2.7) undergoes saddle-node bifurcation at m* =

(*, yo) for p=p*

Let m* = (Z*, yo) be equilibrium point of the reduced system for 4 = *, then under
assumption (H1) and (H2) there exist an ¢y > 0 such that the following results hold

for the full system (2.2.3) with 0 < € < ¢[2]:

1. The full system undergoes the saddle-node bifurcation at equilibrium point

m* = (Z*,9*) of the full system with || m* —m* ||= O(¢) and || 2*—i* ||= O(e).

Denote a neighborhood of m* by N = N4 x N,. Let 7 = (Z(t, o), yo) be the solu-
tion of the reduced system near W$(Z*,yo) with p = * and initial condition zy, yo
in Nz, and 4 = (£(t,€),§(t, €)) be the solution of the full system near We(2*, §*)

with g = 4* and initial condition (zo + O(e),yo + O(€)) in N; 4, then

2 There is T > 0 and ¢y > 0 such that || ¥ — 7 ||= O(e) for at least ¢t € (0,T] and

0<e<e.
3 || W@, 9" ) NN — WE(Z*, 1) ||= Ofe) for 0 < e < €.

This states the persistence of the saddle-node bifurcation in the reduced system when
a saddle-node bifurcation occurs to the full system. Also, the dynamic properties,
including the equilibrium point and center manifold dynamics of the full system after

the bifurcation are preserved in the reduced system to the order of O(e).
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2.3.2 Singular Perturbation with Fast External Dynamics

(H3) All the eigenvalues of D,g at equilibrium point (z*,3*) for p = * are in the
left-half plane

(H4) The fast reduced system (2.2.5) undergoes saddle-node bifurcation at equilib-

rium point (£*,7*) for p = g*

The full system with fast external dynamics is in the form of equation (2.2.4), and
the fast reduced system is given as (2.2.5), where f,g € C",r > 2. The suspended

system is given by:

T = ef(z,y,pe)
0 = g(z,y,1¢)
g =0

e =0

Under assumption (H3) and (H4) there exists a center manifold C C R"*2. For the
suspended system, the Implicit Function Theorem suggests that there is an unique
solution y = u(z, u, 0) satisfying 0 = g(z, y, 1, 0) at equilibrium point m* = (z*,§*)

for u = fi*. Thus, there is a local representation of the reduced system:

z = f(z,u(z, u,0), u,0) (2.3.8)

It is reasonable to define that the reduced system is undergoing saddle-node bifur-

cation if the local representation of the reduced system has the same behavior.
Let m* = (2*,7*) be an equilibrium point of the reduced system for p = fi*, then
under assumption (H3) and (H4) there exist an ¢y > 0 such that:

1. The full system undergoes the saddle-node bifurcation at equilibrium point
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m® = (2°,9") for p = fi* with || * —m* ||= O(e) and || 4* — a* ||= O(¢)

Let N = N(z4) x N, be a neighborhood of m*. Let ¥ = (Z(t, o), §(t, 1o)) be the
solution of the reduced system near W¢(z*,7*) with p = 4* and initial condition
Zo, Yo = u(zo,£*) in N and 4 = (Z(t,€),7y(t,€)) be the solution of the full system
near We¢(z*,¢*) with 4 = 4* with initial condition (z¢ + O(€),yo + O(e€)) in N. If

Yo lies in the stability region of u(x, 1*) of the fast system,

2 There is T > 0 and ¢g > 0 such that

| (¢, €) — Z(t) [|< Ce

Il 9(t, €) — u(Z(t), 1, 0) ll< Ce
for t € [0,T], and € € (0, ¢);

3 || W (3", §°) NN — WE(2*,§7) ||= O(e) for € € (0, &0).

The conclusions in section 2.3 reveal that the bifurcation point and the equilibrium
point of the reduced system are close to that of the full system of order ¢. The

more important fact is that the dynamic behaviors of the reduced system will persist

around the equilibrium point at the bifurcation point. When saddle-node bifurcation
occurs the trajectories and the center manifold dynamics of the reduced system will

be close to that of the full system provided that the perturbation is small.

2.4 Saddle-node Bifurcation Subsystem

Consider a parameter-dependent (n + m)-dimensional nonlinear system:

= f(z,y,n) (2.4.9)
y = g(z,y, ) (2.4.10)
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The linearized model at an equilibrium point mg(u) = (zo(p), yo(r)) is:

Ai D.f D Az
= I Dt (2.4.11)

Ay D.g D,g Ay

Define:

L | A A | _ | Df Dy

Ay A2 D.g D,g

The saddle-node or Hopf bifurcation can occur if an equilibrium point becomes non-
hyperbolic, that is there is a zero eigenvalue or a pair of eigenvalues which have zero
real part, and the appropriate nondegeneracy and trasversality conditions hold [21].
If system (2.4.9) and (2.4.10) contain subsystems that are decoupled from one an-
other, that is the state Jacobian A = diag(A, A22), then the bifurcation in any

subsystem results in bifurcation being experienced in the full system.

In most of cases the state Jacobian is coupled. Testing for the occurrence of saddle-
node bifurcation requires testing for singularity of state Jacobian. From Schur’s
theorem, testing singularity of A is equivalent to testing the reduced order matrix
Agn:

Asn = An(p) — An(p) Az (1) Az (1) (2.4.12)

and the nonsingular As;(u). This condition on nonsingularity of Ay, is required
for persistence of bifurcation in fast and slow singularly perturbed models. The
test condition (2.4.12) is used in the slaving method when appropriate additional
assumptions on decoupling and external system speed of response on matrices A,
A, and A, are made as noted in Chapter 1. This implies that as long as these

conditions are satisfied an arbitrary subset of states x, an arbitrary subset A;; of the
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system matrix in (2.4.11) and the reduced-order linearized subsystem

AT = [A“ - A12A2_21A21](ﬂ)A.’L'

will capture the existence of a bifurcating eigenvalue in the full system model. There
could be a very large number of such subsystems with different subsets of variables in
z and y, and each of them indicates the occurrence of the saddle-node bifurcation but
likely providing misleading information on causes and cures in the full system. The
selection of the bifurcation subsystem, which experiences and produces the bifurca-
tion in the full system and clearly indicates the causes and cures for the bifurcation,
requires selecting the correct number of variables, the correct subset of variables of
that dimension, and the correct subset of the equations of that dimension that satisfy

the definition and conditions defined as below.

The linearized model of the first equation in (2.2.7) of the reduced system with slow
external dynamics is given by

with y = yp. Since y is constant at the bifurcation point (Z*(z*),y) the dynamics
is restricted to the invariant manifold associated with the bifurcation subsystem
dynamics of the bifurcating eigenvalue. The slow unmodeled dynamics external to
the bifurcation subsystem is used to represent the fact that the bifurcation subsystem
(the first equation in (2.2.4)) must experience and produce the bifurcation of the full

system for a bifurcation subsystem to exist.

The linearized model of reduced system with fast external dynamics is:

At = A“AI'*'AlgAy (2414)

0 = A12A$+A22Ay (2415)
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This linearized model represents that when the full system is approaching the bifur-
cation at bifurcation point (Z(4*), §(22*)) the external subsystem appears arbitrarily
fast compared to the center manifold response that occurs at the bifurcation point.
This model provides the bifurcation conditions for the full system to define and
determine a bifurcation subsystem. Note that if Ay, is nonsingular this linearized
model of the reduced model with fast external dynamics can be tested by finding a
zero eigenvalue or complex eigenvalues with zero real part of (2.4.12). This is the

slaving condition discussed earlier.

The apparent contradiction that the external system can be represented by unmod-
eled slow and fast dynamics is required to define a bifurcation subsystem and derive
the two conditions for existence of a bifurcation subsystem, i.e., a condition for bifur-
cation in the subsystem as well the condition for bifurcation in the full system when
the response is restricted to the invariant manifold of the bifurcation subsystem’s

bifurcating eigenvalue.

The theoretical results of the singular perturbed saddle-node bifurcation with slow
and fast external dynamics state that the bifurcation point (Z(4*),3(4*)), the tra-
jectory 4, the center manifold W$(2*(4*), *(i*)) of the full system are €;-close to
bifurcation point (*(z*), §*(Z2*)), the trajectory 4, the center manifold Wi (z*(4°),
7*(i2*)) of reduced system (2.2.5), and e,-close to bifurcation point (Z*(z*), 7*(i*)),

the trajectory ¥, the center manifold W{**(z*(5*), §*(5*)) of reduced system (2.2.7).
The bifurcation subsystem for a saddle-node bifurcation is ready to be defined [3]:

Definition 2.4.1: The reduced-order subsystem (2.2.7) with linear model (2.4.13),
where y is constant and Ay is assumed to be zero, is called a bifurcation subsystem

for saddle-node bifurcation if following conditions are satisfied:

1. Az, is nonsingular, so that the fast subsystem linearized model Az = [A;; —

AAz} Ay )(p) Az is well-defined.
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2. The fast subsystem linearized model [A}; — A}2A4;,; A2 ](1) has an eigenvalue

A(z) with an R™ eigenvector @(y) such that A(u) — 0 as p — .

3. The bifurcation subsystem linearized model A,;(x) has an eigenvalue A(u) with

an R™ eigenvector @(u) such that A(u) — 0 as p — fi*.

A A 1 ﬂ') 0 1211(# )

w
4. (2*) ( = , where w(a*) = is the
Ay Axp wo () 0 W (")

right eigenvector of A(4*).
5. m* = (z*,9%,4*) and m* = (2*,7% ") are O(¢;) and O(ep) from m* =
(2*,9°, ") and

6. u(i*) and @(pa*) are respectively O(e;) and O(e;) close to a(i*) = w,(4*), and

A(i*) and A(ji*) are respectively O(e;) and O(e;) close to A(i*).

Condition 5 should hold from condition 1 for slow and fast singularly perturbed
conditions. Condition 6 should hold from conditions 2 and 3 for fast singularly

perturbed systems.

The definition of a bifurcation subsystem requires that (2.2.4) experience bifurcation
at 4* with bifurcation point (Z*(4*), *(4*)); (2.2.7) experience bifurcation at z* with
bifurcation point (Z*(z*),yo), (2.2.5) experience bifurcation at i* with bifurcation

point (Z*(*), 7*(£*)) and condition 5 and 6 above hold.

Lemma 2.4.1: If

| Ant(p) || = e+ HO.T(e)

| [Ai1 — Ar2Az Aztld(p) || € (0, €]

then “ A12A521A21ﬁ(,u) ”E (0, 630], where €9 = €¢; + H.O.T(fl), and €39 = €; + €2 +
HOT((;'[) + HOT(CQ)
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Proof:

Suppose ” [All — AIQA;;A‘ZI]'&.(,J) ”—) €1 + HOT(fl) € (0, 610], since
| A2 Az Ani(p) | = || Ana(p) 1] A — ArAz Aala(p) |
Therefore:

” A12442_21A21’l7.([l.) ” S €+ € + HOT(GQ) + HOT(GI)

S (0, 630]

This lemma establishes the geometric decoupling condition as a result of satisfying
conditions for a bifurcation subsystem existence based on the persistence of saddle-
node bifurcation in the slow/fast reduced system models. The theorem that follows
establishes that bifurcation in the slow singularly perturbed system and geometric
decoupling results in satisfying the condition for saddle-node bifurcation in the fast

singularly perturbed system and in the full system by Schur’s Theorem.

Theorem 2.4.1 [3]: The sufficient conditions for saddle-node bifurcation subsystem
to exist is that near i* the following conditions hold at some nonzero R™ eigenvector

@(p) = w;(p) component of w(u):

| [A12Az; AziJi(p) || € (0, €30] (2.4.17)

as yu — ﬂ', then ” [An - A12A2_21A21]ﬂ(/1) ”E (0,61 + 262 + HOT(fl) + HOT(CQ)]
as u — a*.
Proof:

The proof is straightforward by using Lemma 2.4.1 and is omitted here.
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Equation (2.4.16) is called bifurcation subsystem condition, and (2.4.17) is called
geometric decoupling condition. (2.4.16) tests whether the subsystem z = f(z,yo)
with linear approximation (2.4.14) experience bifurcation. Conditions (2.4.16) and
(2.4.17) indicate the bifurcation of the subsystem model produces the bifurcation in
the full system since bifurcation occurs in bifurcation subsystem and the bifurca-
tion subsystem is completely decoupled along the right eigenvector. Since the slow
subsystem (2.2.5) and bifurcation subsystem (2.2.7) experience bifurcation when the
conditions of Theorem 2.4.1 are satisfied, the full system experiences the bifurcation
that is experienced and produced in the bifurcation subsystem. There are three
different ways one can produce bifurcation in the bifurcation in the full system de-
pending on which of the conditions experience change as y — 4*, which will be

elaborated in Chapter 4.

The difficulty with these test conditions is whether there is a solution, i.e., a bifur-
cation subsystem exists. The second difficulty is finding these solutions since there
are so many combinations of variables that potentially could be inside and outside
any order bifurcation subsystem and need to be tested to determine whether that
combination produces a bifurcation subsystem for a specific proposed order n;. This
process must be repeated for each order n; to find all orders n; that have a bifur-
cation subsystem. The desire is to find n] that is the largest bifurcation subsystem
since it will give the greatest flexibility for design of a control system that stabi-
lizes the bifurcation. This apparent difficulty in finding the bifurcation subsystem
is greatly exaggerated because one can directly find the variables in the bifurcation
subsystem of any order based on the ranking of elements in right eigenvector based

on the results in Chapter 4.

Conditions (2.4.16) and (2.4.17) are tests for the existence of the bifurcation sub-
system , but are not a complete algorithm for finding bifurcation subsystem. A

description of systematic bifurcation subsystem identification algorithm based on
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the magnitude of the right eigenvector is given in Chapter 4.

It has been stated that the center manifold dynamics persists in reduced system
for both fast and slow external dynamics. The fact that A;; and 4;; — A12A;21A21
are singular when A,, is nonsingular suggests the bifurcation is in the bifurcation
subsystem. Since the right eigenvector w, of A;; and A;; — A12A;21 Aj, approximates
the center manifold of the full system that persists in these two reduced subsystems,
the center manifold lies in the bifurcation subsystem. It can be shown that if Ay;w;, =
0, then the center manifold is contained in the bifurcation subsystem when the center
manifold trajectories are sufficiently close to the equilibrium since the external system
is not at all excited linearly by the bifurcating eigenvalue. If As;w; # 0 near the
equilibrium point, then the external system can respond but its response is small if
A;21A21w1 is small. It should be noted without proving the persistence of the center
manifold in the fast and slow singularly perturbed external models, the ability to
prove that the center manifold lies in or within the bifurcation subsystem is not

possible.

Remarks:

1. The bifurcation subsystem and geometric decoupling conditions are not only
sufficient conditions for a bifurcation subsystem to exist, but will also act as
a test condition to help find a relatively lower-ordered bifurcation subsystem.
Bifurcation subsystem method is developed to cure the bifurcation, and one of
the significant issues is to determine the bifurcation parameters. The reduced
order bifurcation subsystem will contain fewer parameters. Thus, it is relatively

easy to obtain the bifurcation parameter from the bifurcation subsystem.

2. Given that the center manifold and trajectories of the full system persist in
either the fast or slow singularly perturbed external system, respectively, for

€; < €10 and €3 > €99, including €; = ¢, = 0, and assuming that the center
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manifold and the trajectories of the full system should persist when both the
external system is modeled as simultaneously a fast and a slow singularly per-
turbed model (when the fast singular perturbation tends to zero first), then
the center manifold and the trajectories near the center manifold should be
within the bifurcation subsystem or its boundary defined as occurring when

the external model is simultaneously both fast and slow.
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Chapter 3

Bifurcation Subsystem for Hopf

Bifurcation

3.1 Objective

Singular perturbation theory underlying the definition of Hopf bifurcation subsys-
tem and the sufficient conditions for existence of a Hopf bifurcation subsystem are
developed in this chapter since it was never thoroughly developed in [3] and [4] for
both fast and slow singularly perturbed models. In section 3.2, the Hopf bifurcation
is introduced. The persistence of Hopf bifurcation with fast external dynamics is
presented in section 3.3 and 3.4 based on [4]. Motivated by the results in section 3.3
and 3.4, the persistence of singularly perturbed Hopf bifurcation with slow external
dynamics is proven in section 3.5. The closeness of the bifurcation value, the eigen-
values, and the equilibrium points are concluded in this section. The application
of geometric singular perturbation theory in [5] gives the preservation of the nature
and size of the periodic orbits. By applying overflowing invariant manifolds theory

and conclusions of a-decomposition, the persistence of the center manifold dynamics
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with slow and fast external dynamics is proven section 3.6. In section 3.7 the Hopf
bifurcation subsystem is defined and the sufficient conditions for the existence of a

Hopf bifurcation subsystem are given.

3.2 Hopf Bifurcation

Considering the nonlinear system:

z = f(z,p) (3.2.1)

where z = z(t) € R*, f : R xR — R" is a C" smooth function. Suppose f(0, u) = 0.

For a Hopf bifurcation to occur two hypotheses are required:

(H1) The Jacobian D, f(0, 1) possesses a pair of complex-conjugate simple eigenval-

ues A(p) = a(p) + iw(p), such that a(0) = 0, ¢/(0) # 0 and w, := w(0) > 0.

(H2) tiw, are the only pure imaginary eigenvalues of the critical Jacobian D, f(0, 0).

Hypotheses (H1) means that the linearization of (3.2.1) has a pair of complex eigen-
values which cross the imaginary axis transversally as p is varied through the critical
value y = 0. Therefore, the Hopf theorem asserts the existence of a one-parameter
family {7,,0 < v < 1} of nonconstant periodic solutions of (3.2.1) emerging from
the equilibrium z = 0 at 4 = 0. Here v is the amplitude of the periodic solutions

and v, is sufficiently small.
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3.3 Persistence of Hopf Bifurcation under Singu-

larly Perturbed Fast External Dynamics [4]

Consider the perturbation problems with fast unmodeled dynamics of the form:

= f(z,y,pe)

€y = g(x,y, p,€) (3.3.2)

where z € R", y € R™, pu, ¢ € R and ¢ is a small, but nonzero number. g is the
bifurcation parameter and e is the singular perturbation parameter. System (3.3.2)

is called full system. When € = 0 the full system degenerates to the reduced system:

T = f(x,y,1,0)

0=g(z,y,u0) (3.3.3)

Let m* = (z*,y*) denote the equilibrium point of the reduced system (3.3.3) and
suppose that D,g(z*,7*,0,0) is nonsingular. According to Implicit Function theorem
there exists an unique solution y = h(z, ) in the neighborhood of (Z*,3*, 4* = 0)

which satisfies 0 = g(z, h(z, ), ,0).

Definition 3.3.1: The reduced system undergoes a Hopf bifurcation at the equilib-

rium point m* when g = i* = 0 if this behavior occurs for the local representation
i = f(z, h(z, p), 1, 0).

The following four Hypotheses are required:

(H1) f and g are smooth enough in z, y, u, € in a neighborhood of (m*,0,0).
(Hz) det Dyg(i"» ?)‘a 07 0) # 0

(H3) The reduced system undergoes a Hopf bifurcation at m* for p = 4* = 0.
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(H4) D,g(z*,9*,0,0) has no eigenvalue with zero real part.

Let:

Dl‘f Dyf
€'D,g €'Dyg
A(p) = (Dzf + DyfDzh)|z ()

J(p,€) =

where J(-,-) and A(-) denote the Jacobian of the full system (3.3.2) and the reduced
system (3.3.3), respectively. Under hypotheses H1-H4 we have following conclu-

sions [4]:

1. Closeness of eigenvalues

o(J(u,€)) = [o(A(n) + O((, D] U [ o (Dyg (™, 5™, i, €)) + O(1)]

for small ¢, i, where o denotes the eigenvalues.

2. Persistence of Hopf bifurcation/Closeness of Equilibrium

There is an ¢ > 0 and for each € € (0, €] the full system undergoes a Hopf

bifurcation at equilibrium 7m***¢ of the full system near m* for u,e € (0, ¢).

3. Transversality persistence
(lﬂ(l) P) EA1 K, € «

where A;(u, €) is the bifurcating eigenvalue of A(u) for u = 0.



3.4 Regular Degeneration of Periodic Orbits with
Singularly Perturbed Fast External Dynam-

ics [4]

To study the convergence of the bifurcated periodic orbits consider the suspended

system:

T = f(l',:l/,/.l,,f)
ey = g(z,y,p,¢€)
g =0

€ =0 (3.4.4)
Setting € = 0 gives the associated reduced system:

z = f(z,y,1,0)
0 = g(z,y,u,0)
g =0

é =0 (3.4.5)

Let ¢:(z,y, u,€) be the flow of the suspended system (3.4.4) at time ¢. Let I(U)
represent the set 1(U) = {(z,y, , €) € U$u(z,y, i, €) € U for ¢ € (~00,00)} for any
open set U C R® x R™ x R x R. Then, I(U) is the U-invariant subset of U.

By the associated reduced system (3.4.5) we have that 0 = g(z,y, u,0) holds, then
there exists a manifold x near m* and a neighborhood U of m* such that I(U) € x
for the suspended system [5]. Actually x is a center manifold near m* of the fast

time system corresponding to the suspended system. Hence, x contains all locally
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recurrent trajectories of the suspended system, including the family of bifurcated

periodic solutions for the full system.

Concerning the bifurcated periodic orbits we have the following theorem [4], where

v is the amplitude of the periodic orbits:

Theorem 3.4.1 Let hypotheses (H1) - (H4) hold. Then there exist positive numbers
Vo, €0 and a C™~2 function (v, €) such that the full system has a periodic solution 4,
near m* and of period near 27w ! for the parameter value u = u(v, €), for any (v,e)
€ (0,v0] x (0,€). For a given € € (0, €], the one-parameter family 4,.,v € (0, vy
is identical to the bifurcated family of periodic solutions. At ¢ = 0 the bifurcated
family of periodic solutions 4, of the reduced system occur for the parameter values
uo(v) = p(v,0),v € (0,v). Let v € (0,19). Then for any p > 0 there is an €; € (0, €]
such that the periodic solution %, . lies in a p-neighborhood of ¥, and such that the

period of 4, . differs from that of v, by no more than p whenever 0 < € < ¢;.

This theorem can be summarized in the following statements:

(a) Local attractive property:

The center manifold x contains all locally recurrent trajectories of the sus-
pended system (3.4.4). Let x. denote the e =constant slices of x. Then the e-
sliced manifolds x. can be parameterized as the graph of function y = u(z, p, €)

near * from (H4). Therefore, for small enough p the slow dynamics = obeys

z = f(z,u(z, p,€), u,e€) (3.4.6)

on X..

(b) Invariance of critical bifurcation parameter

For any small ¢ > 0, the critical bifurcation parameter value for full system

(3.4.4) and the local representation of the reduced system (3.4.6) at bifurcation
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points (£*#€, g*#*¢), and Z***, respectively, are both zero.

(c) Invariance of the frequency of periodic solution
For any small € > 0, the bifurcation eigenvalues for the full system and (3.4.6)
cross the imaginary axis at same point.

(d) Persistence of the periodic orbits

For each small ¢, the periodic solution (the orbits) for the full system are
identical to the periodic solutions of the reduced system (3.4.5) and yet 7,
lies in a p-neighborhood of v, and the period of 4, . differs from that of 4, by

no more than p whenever 0 < € < ¢;.

3.5 Persistence of Hopf Bifurcation under Singu-

larly Perturbed Slow External Dynamics

Consider the ordinary differential equations with singularly perturbed external dy-

namics:

T = f(z,y, p,e)

y=e€g(z,y, 1 €) (3.5.7)

The reduced system is given by setting ¢ = 0 in (3.5.7) and the corresponding
equilibrium of the reduced system is m* = (Z*, yo). Generally the equilibrium points
are isolated. For the fast time systems of singular perturbation problem this is not

true.

Let’s make another assumption:

(H5) det D::f(j‘1 Yo, Oa 0) # 0
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By rescaling the full system, it is transformed to be:

e’ = flz,y,p€)

Yy = 9(z,y,1€) (3.5.8)

where ' represents the derivative with respect to fast time 7 = t/¢, and the corre-

sponding reduced system when ¢ = 0 is given by:

0 = f(a:,y,u,O)

y = g(z,y,10) (3.5.9)

Note that the equilibrium point of the reduced system (3.5.9) is still * = (Z*, yo)
since rescaling does not change the equilibrium point. Under assumption (H5), there
exists a unique solution z = h(y, 1) in a neighborhood of m*, whi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>