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ABSTRACT

Essays on nonlinear transformations of nonstationary time

series
By

Chien-Ho Wang

My dissertation consists of four essays on nonlinear transformations of nonsta-
tionary time series. The dissertation has five chapters. The first chapter gives the
motivation for each of the four essays on nonlinear transformations of nonstationary
time series.

In Chapter 2, we consider periodic transformations of nonstationary time series.
We will use the scaled I(1) process n~°z;, where a € (0,1/4). It is shown that a

result of de Jong (2001) can be extended to
=" V2 Y (T(n™°z) = p) 5 N(O, V)
t=1

where p = (2r)~' [T T(x)dz, V is the covariance matrix, and z, is a so-called unit
root process.

In Chapter 3, we extend the asymptotic results for nonlinear transformations of
integrated time series of Park and Phillips (1999). We use less restrictions than Park
and Phillips to derive the improved results for integrable functions and asymptot-

ically homogeneous functions. In addition to the improved results, we propose a



new asymptotic result for non-integrable functions. This new result can extend the
original Park and Phillips results to some functions that are not locally integrable.
In Chapter 4, we investigate the question as to what happens to Dickey-Fuller
tests when the data under consideration is a trigonometric transformation of an I(1)
process. We use analytical tools provided by de Jong (2001) to establish that for the

Dickey-Fuller t-test, we have
n=12, 25 (Ecos(e,) — 1)(1 — (E cos(s,))?) /2

where fu is Dickey-Fuller t-test under trigonometric transformations of I(1) processes
with intercept. The above result implies that the periodic transformation of integrated
process will asymptotically indicate stationarity.

In Chapter 5, we consider a different approach for threshold unit root model. We

consider the Dickey-Fuller unit root test of the threshold unit root model

Aye = g if [y <C ’
L+ @yi—1 + & if |y >C
where —2 < ¢ < 0. We will relax the assumption that threshold value,C,is known.
We derive the asymptotic results that can be used to establish the asymptotic dis-
tribution of the Dickey-Fuller unit root test in a regression of Ay, on a constant and

Ye-11(|ye=1] > C) that has been optimized over the parameter C that is unidentified

under the null hypothesis.
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CHAPTER 1

Introduction

This thesis consists on four essays of nonlinear transformations on nonstationary
time series. Before we discuss nonlinear transformation on nonstationary time se-
ries, we will first introduce some basic concepts about nonstationary time series and

provide a limited overview of the relevant literature.

1.1 Basic properties of I(1) processes

In this section, we will introduce the concepts about nonstationary time series regres-

sion. I will introduce the cointegration and unit root models separately.

1.1.1 Concepts of unit root models

First, we introduce the basic linear time series regression model,
Ty =pri+w t=12,...,T (1.1)

where w, is a stationary process. In general, we need that the coefficient, p, must
satisfy the condition that |p| < 1 to ensure stationarity. In two breakthrough articles
by Dickey and Fuller (1979, 1981), the case of p = 1 was first investigated. They

find that the t-test will converge to a non-standard distribution under p = 1. They

1



also simulate this unit root distribution. After Dickey and Fuller’s articles, Said and
Dickey (1984) and Phillips and Perron (1988) extended the unit root limit theory to
serially correlated errors. The limit theory of linear unit root models is by now well

developed.

1.1.2 The concept of cointegration

In international economics and macroeconomics, there exist long run relationships
between nonstationary variables. One example is the Purchasing Power parity (PPP)
research in international finance. PPP states that in the long run the exchange rate
adjusted price levels in two countries should be the same. The empirical models about

PPP is
pi = ppj +Tij + Wy

where p; (p;) is the price level in country i (j), r;; is exchange rate between country ¢
and j, and u;; is a stationary series. Because p; and p; are I(1) processes, we cannot
use the traditional ordinary least squares method to obtain the limit properties of the
estimated coefficients. In a breakthrough paper, Engle and Granger (1987) developed

the linear cointegration regression model. They considered the time series regression

Ye = BT + uy (1.2)

where z; and y, are two different I(1) processes and wu, is a white noise process. We can
investigate long run relationships between some economic and financial time series
using the cointegration concept. Since cointegration was proposed, it has become

mainstream in econometric research.



1.1.3 Scope of this dissertation

There are a lot of nonlinear relationships between economic variables in economic
theory. Using linear times series models for all economic times series has a lot of
restrictions. However, if we only transform the I(1) processes and directly use trans-
formed variables to regress two transformed variables for cointegration or unit root
models, we will have some problems. The main problem about nonlinear transfor-
mations of nonstationary time series is that transformed I(1) series may not keep
the same nonstationary properties as before. Granger and Hallman (1989, 1991) first
discussed these possible problems. They used nine kinds of functional forms to in-
vestigate whether the transformed I(1) series still keep the nonstationary properties.
They found whether the integrated process keep its nonstationary characteristic after
transformed will depend on functional forms. The other problem about nonlinear
transformations of nonstationary time series is the use of unit root tests. Because
the properties of transformed I(1) series change, we may misjudge the properties of
transformed I(1) series when we use the Dickey-Fuller unit root tests. In Granger and
Hallman’s research, they simulated Dickey-Fuller test critical values under different
transformations. They found the critical values will change depending on functional
forms. Granger and Hallman’s papers investigated about these problems in detail,
but they only used simulations to investigate these problems. They did not derive any
formal limit theory for transformed I(1) series. After Granger and Hallman'’s papers,
Park and Phillips (1999) extended the existing limit theory for integrated processes
to nonlinear models. They considered three classes of functional forms: integrable
functions, asymptotically homogeneous functions and explosive functions. They use
the concept of local time to derive asymptotic results for nonlinear regression models.
Although Park and Phillips’ results are remarkable, some functional forms cannot

be considered in their results, and their results are still restrictive in terms of the



necessary conditions. In this dissertation, we will investigate these questions.

1.2 Thesis Structure

In Chapter 2, we consider periodic transformations of nonstationary time series.
In Park and Phillips’ paper ( Park and Phillips (1999)), the authors derive asymptotic
properties of nonlinear transformations of I(1) series for three classes of functional
forms: integrable functions, asymptotically homogeneous functions, and explosive
functions. The key element here is that the I(1) process was not rescaled by the
square root of sample size. After Park and Phillips’ work, de Jong (2002) established
the asymptotics for periodic transformations of I(1) processes. In that paper, it is

proven that for periodic function T(.) and for I(1) processes z;,
Y (T () = ) = N(0,0%)
t=1

where p = (2r)7! [T T(xz)dz. De Jong derived this result for periodic functions of
I(1) processes that have not been scaled. In Chapter 2, we will use the scaled I(1)
process n~°x, instead of z, in de Jong’s paper, where a € (0,1/4). It is shown that

de Jong's original result can be extended to

n

R (T (nn) — p) 5 N(0,2072 Y 574(a2 +82))

t=1 j=1
where p = (2n)7' [T T(z)dr, a; = = 'f" cos(jz;)T(z)dz and b; =
a1 7 sin(jz,)T(x)dr. When a = 0, this new result will specialize to Theorem
1 of de Jong (2001). In this chapter, we therefore extend the results for periodic
transformations of I(1) processes in de Jong’s original paper.

In Chapter 3, we extend the asymptotic results for nonlinear transformations of

integrated time series of Park and Phillips (1999). In Park and Phillips, they prove



that for I(1) processes z; and integrable function T'(.),

00

n-*/"’i:r(z,) 4 / T(s)ds)L(1,0)
t=1 -

(e <]
where L(t,s) is a two-parameter stochastic process called ”Brownian local time”.
They established the above result for I(1) processes that have not been scaled by
n~%z,. In this chapter, we use the scaled I(1) processes n~%z; instead of x,. We will

use the results of de Jong (2001) to extend their result for integrable functions to

n~1/2-e z,.: T(n °z;) -2 ( / ” T(s)ds)L(1,0),
t=1 oo
where o € [0,1/2). The asymptotics for integrable functions is derived under less
strict conditions than in Park and Phillips (1999).
The asymptotically homogeneous functions as defined in Park and Phillips (1999)

are assumed to satisfy
T(Az) = v(A)H(z) + R(z, A).

For the remainder function R(.,.), Park and Phillips ensured asymptotically neglibil-

ity of

n
n~! ZR(x,,nm).
t=1

Their result for asymptotically homogeneous functions is then

n 1
y(nt/?)~1p-1 t-iv oW (r))dr,
(%)t~ ST /0”‘ W(r))d

where 02 = lim,_.cn ' Ez%. We use the scaled I(1) processes n=°z, instead of z,
as in Park and Phillips (1999). We generalized the original definition of Park and
Phillips of asymptotically homogeneous functions. For functions H(.) and v(.), we

assume that for all K > 0,

/K lv(X\)~'T(Az) = H(z)|dz — 0,
-K



when A — o0o. Under regularity conditions, we derive the result

v(n—1/2-°)_1n_1ZH:T(n_“J:t) - /l H(oW (r))dr
t=1 0

where a € [0,1/2). This result extends the limit theory for the asymptotically homo-
geneous functions as derived by Park and Phillips.

In Chapter 4, we investigate the question as to what happens to Dickey-Fuller
tests when the data under consideration is a trigonometric transformation of an I(1)
process. Granger and Hallman (1991) investigated this question by simulations. They
concluded that the I(1) series will change its properties after periodic transformations.
We use analytical tools provided by de Jong (2001) to establish that for the Dickey-

Fuller t-test, we have
n~ 2, 25 (Ecos(e,) — 1)(1 = (E cos(e,))?)~1/2

where £, is Dickey-Fuller t-test under trigonometric transformations of I(1) processes

with intercept. Otherwise, for the coefficient p we show that
n?(p — E cos(e,)) N N(0,V)

where V = (3/8)E(cos(s,) — E cos(<,))? + (1/8) E(sin(g,))?. Because Dickey-Fuller t-
tests diverge at rate y/n. The above result implies that the periodic transformation of
integrated process will asymptotically indicate stationarity. These theoretical results
are supported by the simulations in Granger and Hallman (1991).

In Chapter 5, we consider a different approach for threshold unit root model.
In Gonzdlez and Gonzalo's paper (Gonzédlez and Gonzalo (1997)), they used the

threshold unit root model:

wrye-1+e if g1 <C

Y
YaYr-1 + &t if yo1>C



They derive the asymptotic properties of Dickey-Fuller unit root tests that the null
hypothesis of unit root exists in at least one regime against stationary threshold au-
toregressive model. But their model has a main drawback. In Gonzalez and Gonzalo’s
TUR model, they only allow the case that all regimes are stationary in alternative hy-
pothesis. In this chapter, we consider the Dickey-Fuller unit root test of the threshold

unit root model

Ay, = g if ly| <C |
pye-rte i |y >C
where —2 < ¢ < 0. We will relax the assumption that threshold value,C,is known.
We derive the asymptotic results that can be used to establish the limit distribution
of the Dickey-Fuller t-test for Hy : ¢ = 0 against the alternative of H; : —2 < ¢ < 0

that has been optimized over the parameter C that is unidentified under the null

hypothesis.



CHAPTER 2

Asymptotics for scaled periodic
transformations of integrated time

series

2.1 Introduction

Nonstationary time series have been attractive for recent research in econometrics.
The applications of nonlinear transformation of nonstationary time series have been
of major interest in international economics and macroeconomics. Although a lot of
macroeconomic models had used nonlinear transformations for some time series data,
the transformed data properties do not totally understand by econometricians. The
first paper to investigate this question was Granger and Hallman (1991). Granger
and Hallman (1991) used the Monte Carlo method to investigate the relationship
in nonlinear transformations of nonstationary time series. They concluded that the
stationarity of nonlinear transformation depends on functional forms. After Granger
and Hallman’s breakthrough research, Ermini and Granger (1993) investigate the

variances, covariances and high monent conditions under transformed data series with



Gaussianity, but they did not build the limit theory under nonlinear transformations
of I(1) processes. In recent paper, Park and Phillips(1999) established the limit

distribution of the form.

an Z T(xt)

where =, = zy + Z;=1 €;, To is an arbitrary random variable that is independent
of all other ¢,, the ¢; satisfy a weak dependence condition, z; € R, a, is a proper
scaling factor such that a, — 0 as n — oo, and T'(.) is a transformation of the inte-
grated process x; that is allowed to be within one of three function classes: integrable
functions, the asymptotically homogeneous functions and the explosive functions. Af-
ter Park and Phillips, de Jong (2000) extended Park and Phillips original results to
periodic transformations on nonstationary time series. De Jong considered continu-
ously differentiable periodic functions and concluded that the periodic nature of the
trigonometric functions effectively "reduces” the dependence in the integrated process
to a point at which a central limit theorem holds.

In this chapter, we extend the result in de Jong (2001). We use a scaled integrated
process n~°zx; instead of z, in de Jong. We use a martingale approximation and a
Fourier series expansion result to obtain the main theorem about periodic transfor-
mations for scaled integrated process. Compared with the main results in de Jong
(2001), we can find that Theorem 1 of de Jong (2001) is a special case of our general

results.

2.2 Assumptions and main result

We consider a time series x, generated by

Ty = Te-1 + & (2.1)



in which ¢, is a sequence of independent and identical distributed random variables
with mean zero and variance o2. F, = Q(&,€&-1,...,€1,%0) is a sigma field including

the information until time period t. Other assumptions will be made throughout this

paper.

Assumption 2.1 ¢, has a symmetric distribution with E(g;) = 0 and Var(e,) = o2.

Assumption 2.2 El|¢;|? < oco.
Using these assumptions, we can obtain the useful lemmas as below.

Lemma 2.1 For the process x; defined before, if €, satisfies Assumption 2.1 and 2.2

with 0 < a < 1/4 and for any ( € R,( # 0, then

n"“‘l/zz sin(n™%*Cx,) — (2('20'2)71"'1/22 (sin(n™%Cz) — E(sin(n™%Czy)| Fi-1))
t=1

t=1

= 0p(1).

and

n_a‘l/zzcos(‘n_"(x) (2¢7%07%) 0_1/22 (cos(n™¢ze) — E(cos(n™*¢z)| Fi-1))
t=1 t=1

= 0,(1).
Lemma 2.2 For the process x, defined before, if €, satisfies Assumption 2.1 and 2.2
with 0 < @ < 1/4 and for any {,y € R,{,y # 0, then for y =(
n2 ‘Z E{[sin(n~*Ca1) — E(sin(n™Cz)| Fiut)[2l Fe1} 2 (1/2) G0V,
and for v # ¢
n?e-1 i E{[sin(n™%yz;) — E(sin(n™%yz,)|Fi-1)]

x [sin(n~%Cx,) — E(sin(n"“(rz)|Ft—1)]|F}—1}—p"o-

10



With the same method, we can also obtain a lemma about the cosine function.

Lemma 2.3 For the process x; as defined before, if €, satisfies Assumption 2.1 and

2.2 with0 < a < 1/4 and for any (,v € R,(,v #0, then fory=(
n*e ‘Z E{[cos(n™Gz:) — E(cos(n ¢z | Feet) | Fm }=(1/2) (o),
and for v # ¢
w221 3™ B fcos(n*24) — B(cos(n™*y20)|Ficy)]

[cos(n™*Cx,) — E(cos(n"”(z,)|F,_1)]|F,_1}—L>O.

From these three lemmas, we can build the limit distribution of the periodic trans-

formation of rescaled integrated process.

Theorem 2.1 For the process x, defined before, if €, satisfies Assumption 2.1, 2.2

and 0 < a < 1/4, then

e ZSIH( Clxt _(,_5 z Cm t —a—% Z Clxt

t=1 t=1
—a-1 = szt ;) d
@ 5(—)) — N(0, A
o hY oS 2. (0,4

where A is a 2m x 2m matrizx  with  diagonal  elements

(2(610)72,...2(¢mo)2,2(C10) 2. . . 2(Cmo) 72). The other elements are zero.

From Theorem 2.1, we obtain two main results. First, we can find that the limit
variances depend on the square of rescaled parameter (;. When (; is large, the limit
variance is small. Second, when a = 0, the result of Theorem 2.1 will be equal with
Theorem 1 of de Jong (2001). From our result, we can find Theorem 2.1 extends
the result obtained from de Jong. From Theorem 2.1, we can obtain the following

corollary.

11



Corollary 2.1 For the process x; defined before, if €, satisfies Assumption 2.1 and
2.2and 0 < a < 1/4, then

n-o1/2 Z sin(n"’(a:t)—d—vN(O, 2(¢0)7?) and
t=1

n
n-a"1/2 z cos(n“"(zt)—'-j—-»N(O, 2(¢o)7?).
t=1
From these results, we can find periodic transformations decrease the dependence
in scaled nonstationary time series. In fact, this result support Granger and Hallman’s
conclusion that periodic transformation of I(1) process is stationary series. But the
variance forms of the limit distribution will depend on scaled factors (;. Using these
results with Fourier series concepts, we can extend our results to more general result

about periodic transformations of scaled integrated process.

Theorem 2.2 For the process z; defined before, assuming that €, is an i.i.d. se-
quence of random variables satisfied Assumption 2.1, 2.2, and assuming that T(.) is

continuously differentiable and periodic on [—m, 7| and 0 < @ < 1/4, we have

[e o]

RS (T (n0m) — bV (0,202 S @ 4 ). 520

=1

where

u= 2#’2/ T(z)dx a;= 7r_1/ cos(jz,)T(x)dz and

s

b; = w‘l/ sin(jz,)T (z)dz.

-7

An possible extension of the above results is to the case of asymptotic distribution
of ;. But from the present proof, it is far from clear how to go about to estabilish

such the results.

12



2.3 Conclusions and possible extensions

In this chapter, we established the limit distribution for summations of continu-
ously differentiable periodic functions of scaled integrated process. We use scaled I(1)
processes n~°z, instead of z; in de Jong (2000). We can obtain more general result for
limit theory of periodic transformations of integrated time series under 0 < a < 1/4
Even though we obtain more general result, but these results still depend on &, must
be an i.i.d. and symmetric distribution. From these results, we can build the limit
behavior of regression under periodic transformations of I(1) processes. For example,
we can establish the behavior of least squares estimator b without intercept in the

model
Yy = bT(n" %) + u,.

Where u, is a martingale difference sequence of random variable with respect to the

sigma field and T'(.) is a periodic function. The least square estimator bis equal to

b= (Z T(n™z)*) () T(n ™z )y) = b+ (Z T(n™*z,)?)7 () T(n ™z )u).

For the denominator of the least square estimator is the periodic function. We can use
the theorem we developed to build the asymptotic properties. About the numerator
of least square estimator, we need to analyze the property of 3., T(n~®x;)u,. This
term is a summation of martingale difference equation. If E(u?|F;-;) = Eu?, the
asymptotic normality holds for \/7_1(5— b). This result enlarge the original result from

de Jong.

2.4 Mathematical Appendix

For the proofs of Lemma 2.1 and 2.2, we need the following lemmas.

13
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Lemma 2.4 For the process x, as defined above, under Assumption 2.1 and 2.2,
|E (sin (n~"Gae) [Fees) = (1= (1/2)n72(Co)?) sin(n"Cze)| < (1/24)* Elesf'n .

and

|E (cos (n™¢xe) |[Fi-1) — (1= (1/2)n7%%(C0)?) cos(n™*Cze-1)| < (1/24)¢*Eler|*n™.

Proof of Lemma 2.4:

From conditional expectation definition and the identity sin(z + y) = sin(z) cos(y) +

cos(z) sin(y),
|E (sin (n™%Cat) [Fic1) — (1= (1/2)n72(Co)?) sin(n (x|
= |sin(n~*Cx,-1)E cos(n™Ce,) + cos(n~*Cze—1) E sin(n™%Ce,)

~(1 = (1/2)n722(C0)?) sin(n™¢zs-1)|
|sin(n™%Cz,—1)(E cos(n™%Cey) — 1+ (1/2)n72*(C0)?) + cos(n™®(ze-1) E'sin(n™*Ce,)|
|sin(n™%Cz,-1)(E cos(n™%Ce) — 1+ (1/2)n72*(C0)?)| + |cos(n™*¢ze—1) E sin(n™Ce,)|
|sin(n™Cze-1)||E cos(n™Cer) — 1+ (1/2)n 72 (Cer)?| + | cos(n™*¢ze-|| E'sin(n™(ey)|-

By the inequality |cos(z) — 1 — x%| < (1/24)z* and |sin(z) — z| < (1/6)z® with

Assumption 2.1, it follows that

|Ecos(n™*Ce) = (1 - (1/2)n"2(Co)?)| < (1/24)G*Elecf*n~ (2.2)
Because 0 < sin(n~*Cz;) < 1 and 0 < cos(n™?(x;) < 1, it follows that
|E (sin (n™%Cz) |[Fio1) — (1= (1/2)n7%%(Co)?) sin(n™*Cze-1) |

< |E'cos(n’°’(s,) -1+ (1/2)n'2°(C0)2| + IEsin(n"“(st)l < (1/24)CAE || n™e.

14



where the last inequality uses the following Equation (2.2). Using the same terminol-

ogy, we can obtain another result.
|E (cos (n™Cz,) |Fim1) = (1= (1/2)n77(C0)?) cos(n™Czy-1 )|
< |Ecos(n™Ce,) — 1+ (1/2)n72*(Co)?| + | E'sin(n™Ce,)| < (1/24)¢*Eley|*n~4e.
o

Lemma 2.5 Let ¢, satisfy Assumption 2.1 and 2.2 with 0 < o < 1/4 Then

n 2
E [nz""lz (sin(n™%yzy) sin(n~*(x;) — E(sin(n™%yx,) sin(n"’(xt)|F¢_1))}

t=1

=o(1)

and
2

n2a—lZ (cos(n™%yz,) cos(n™*(xy) — E(cos(n™%yx,) cos(n™*Cx,)| Fi-1))
t=1

E

= o(1).

Proof of Lemma 2.5:

First, we note that by the martingale difference property of the summands,
2

E n2a-lZ (sin(n™%yz,) sin(n™%Cz,) — E(sin(n™%yx,) sin(n™*¢z¢)| Fi-1))
t=1

= n““'?zn:E[(sin(n““'yzt) sin(n™%(x;) — E(sin(n™%yx,) sin(n‘“(m,)lﬂ_l))]z. (2.3)

t=1
Because sin(n~*yzx,) sin(n~*Cz,) and E(sin(n~*yz,)sin(n~*Cz,)|F,-,) take their val-

ues in [0,1], it follows that

| sin(n™%yz,) sin(n~%Cz;) — E(sin(n™%yx,) sin(n™%(x,)| F1-1)| < 2. (2.4)

15



From Equation (2.3) and (2.4), it now follows that.

E|n?e- IZ sin(n™%yz,) sin(n™(x;) — E(sin(n™%yx,) sin(n~*Cx,)|Fi-1))

< d4niet, (2.5)

From the assumption 0 < a < 1/4 and Equation (2.5), when n — oo, the result

follows. Similarly,
2

— 0.

"20_12 (cos(n™%yx;) cos(n™?Cx,) — E(cos(n™%yzy) cos(n™%Cxy)| Fi-1))

O

Lemma 2.6 Under Assumption 2.1 and 2.2, if 0 < o < 1/4 and for any (,vy €
R,{,v #0, then fory=¢ v, (#0

(l/n)i sin?(n=°Cx)2=(1/2) and (1/n) ZCOS “aCz)-(1/2).
t=1
and for vy # ¢ v, #0

(l/n)Zsin(n'“'yz,)sin(n'“(z,)—p+0 and l/n)ECOb @yz,) cos(n”(xy) —==0.

t=1

Proof of Lemma 2.6:

1. First, from Lemma 2.5, it follows that

n 2
E 712“‘12 (sin®(n~°Cx;) — E(sin®*(n=*Cx,)|Fi-1))| = o(1).
t=1
implying that:
n?e- IZ sin®(n=%Cx,) — (51112(n°°c;t,)|F¢_1)]’ = 0,(1). (2.6)
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Second, from the definition of z,, we can write sin?(n~®(x,) as below:
sin®(n™¢z,) = (sin(n™*(x,—1) cos(n™?¢s,) + cos(n™(xy-y) sin(n“’(s,))2
= sin®(n™Cx,_1) cos*(n™%Ce,) + cos*(n™¢x,_1) sin®(n™%(e,)

+2sin(n~*Cxy—1) cos(n™Cxe—y) sin(n~?Ce,) cos(n™Cey). (2.7)

Under Assumption 2.1, using independence and the symmetry of the
distribution of ¢,, the conditional expectation from Equation (2.7),

E(sin*(n™Cx,)|Fi-y), is

E(sin®(n=Ca,)|Fi-y)

= sin®(n™%Cx,-;) E cos’(n™°Ce,) + cos?(n™%¢xy—y)Esin®(n™%Cs,).  (2.8)
Substituting (2.8) into (2.6), we can obtain result as below:

n
|n2e-1 Z sin?(n=°Czy)
t=1

—n?o! i (sin®(n™°Cxy-1) E cos®(n™%Cey) + cos®(n™%(xe-1) E sin*(n™%(e,)) |
t=1

= 0,(1). (2.9)
Also note that

cos?(n~%Cx,) = 1 — sin®(n™°Cx,). (2.10)
Combining (2.9) and (2.10), we can obtain the equation
|n2°"2n: sin®(n~*Cx,)

t=1

17



—nza_lz ((Ecos®(n™Cey) — Esin®(n™%Ce,)) sin®(n™¢z,y) + E'sin®(n™%¢e,)))|
= o,(1). (2.11)

From Equation (2.11), it implies

n
n2°_1z sin?(n~%Cx,)
t=1

= n2°'li ((E cos®(n™%Ce;) — Esin®(n™%(e,)) sin®(n™*Cx,—1) + Esin®(n™%Ce,))
+0op(1). (2.12)
Also, we have equality:
Zn: sin®(n"*Cx,_,) = Zn: sin®(n~*(x,)+sin?(n"*Cxq)—sin®(n~*(r,).(2.13)
t=1 t=1
and

Esin®(n™°Ce,) + E cos’(n™%Ce,) = 1. (2.14)

Substituting (2.13) and (2.14) into (2.12), we can rewrite Equation (2.12) as

below:

[2E sin®(n™%Ce,)|n?" IZ sin’(n=%Cz,) = n** (Esin®(n™%Ce,)) + op(1).
By Taylor expansion, we can obtain the inequality

|n**E'sin®(n™%Ce) — ¢*o?| < (1/3)C*E et n=%.
By this inequality, it suffices to show

[2(¢%0% + O(n~%))|n"! Zsm “¢zy) = ot + O(n7%) + 0,(1).
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After some algebra, we can obtain
n
n_lz sin?(n™%Cz,)2-1/2.
t=1

- Fory# (v (#0

First, from Lemma 2.5, we obtain that

E

t=1

= o(1).

It follows that

t=1

= 0,(1).

n2°_lz [sin(n”"",’xt)sin(n‘“(xt) — E(sin(n™%yax,) sin(n”(zy) | Fi-1)]

n 2
"20-12 [sin(n“"yx,) sin(n™%Cx,) — E(sin(n™%yx,) sin(n‘“(x,)|F,_1)]]

(2.15)

Second, from the definition of x,;, we can write sin(n~®yz,) sin(n~%(z;) as below:

sin(n™%yx,) sin(n™%Cxy)

= sin(n~%yz,_,) sin(n~%Cx,-,) cos(n™*ye;) cos(n™*Ce,)

+cos(n™*yzy_y) sin(n~*Cxy—1) sin(n~%vye;) cos(n™ ¢

+sin(n™%yzy—y) cos(n~Cxe-1) cos(n™%ye,) sin(n™¢

+cos(n™*yzy_1) cos(n”Cxy_y) sin(n~%ye,) sin(n™Ce,).

Under Assumption 2.1, the conditional from Equation (2.16) is,

E(sin(n™%yx,) sin(n~%Cz,)|Fi-1)

19
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= sin(n™%yx,-,) sin(n™*(x;_1) E cos(n™%ye,) cos(n™(e,)
+cos(n™%yxe_y) cos(n™Cre—y) E sin(n™%ye,) sin(n~%Cey). (2.17)

With the same method as first proof, we can obtain the equality as below:

n
n2°‘lz sin(n~%yx,) sin(n~*Cx,)
t=1

n
= Ecos(n™%yey) cos(n'“(s,)n2°_IZsin(n—°7x,_l) sin(n~%*Cxy-y)
t=1

+Esin(n™%ye,) sill(n’°Ce,)7l2°"Z cos(n™*yxy—1) cos(n”*(xe—1) +0,(1).(2.18)
=1

We move first item of the right side in Equation (2.18) to the left side. We

obtain the following Equation:

n2°'lz sin(n™%yx,) sin(n~*Cz,)

t=1

n
—FE cos(n™%y¢,) cos(n'“(s,)nh"lz sin(n™%yz,_;) sin(n”"*Cx,-)
t=1
n
= Esin(n™%yg,) sin(n"’(st)n%"lZcos(n_“'yz,_1) cos(n™Cxy-y). (2.19)

t=1

Also, we have equalitics:

n
Z sin(n™%yz,_y) sin(n~*Cre-y)
t=1

n
= Zsin(n""yx,) sin(n™%Cx,) + sin(n™%yxy) sin(n™Cxq)

t=1

—sin(n~%yx,) sin(n~*Cxy). (2.20)
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n
Z cos(n™%yx,_1) cos(n™*(x,-y)

t=1
n
= Z cos(n™%yxy) cos(n™*(xy) + cos(n™%yxg) cos(n”*Cxg)
t=1
—cos(n™%yzx,) cos(n™(x,). (2.21)
Substitute (2.20) and (2.21) into (2.19), we can rewrite Equation (2.19) as below:

n
[1 — Ecos(n™%ye,) cos(n™Ce,)|n**! z sin(n™%yx,) sin(n~*Cx,)
t=1

= [E'sin(n™*ye,) sin(n~(e,)|n?*! Z cos(n™%yzx,) cos(n™*Cx,) + 0p(1). (2.22)
t=1

By Taylor expansion, we have two inequalities

(2711 = Ecos(n*ye,) cos(n™Ce)] = (12 + ()o?| < (1/4)(1Q)*Eei [n~.
and

[n?*Y[E'sin(n™%ye,) sin(n=Cey)] — v¢o?| < (1/6)E|v¢(¥* + ¢*)ef|n™>

By these inequalities, they suffice to show:

(7 + ¢Ho? + O(n'2")]n2°'lz sin(n™%yx,) sin(n™*(x,)
t=1

= [y¢o? + O(n=%)|n?>"! Z cos(n™%yx,) cos(n~Cxy) + 0p(1). (2.23)
t=1

Using the same trick, we can obtain another equation about
n
n?@=1%" cos(n~%yxy) cos(n~Cz,)
t=1
n
(2 +¢%)a® + O(n~*)]n**™1 } " cos(n™yz,) cos(n™*Cx,)

t=1
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= [y¢o? + O(n~2*)|n?*"! Z sin(n™%yx,) sin(n~*Cx,) + 0p(1). (2.24)

t=1

Solving Equations (2.23) and (2.24) simultaneously, we can obtain

n

lem @yx,)sin(n”°Cz,) -0 and n 1Zcoz’n ayz,) cos(n~(x,) 0.

t=1

O
Proof of Lemma 2.1:
First, we note that the following identity holds:
n"‘lﬂz":sin () =n°" 1/22 sin(n™%Czy) — E(sin(n™¢z,)|Fi-1))
t=1
n
+n°”l/zzE(sin(n“’(w,)|F¢_1). (2.25)

t=1

By Lemma 2.4, we can rewrite Equation (2.25) as below:

no~1/? ZSin(n“’Cz,) = n°‘l/2z (sin(n™{x,) — E(sin(n™Cz,)|Fiz1))
t=1 t=1

+n°_l/zz sin(n~*(xr,_1) E cos(n™Cs,).

t=1
We move the second item on the right hand side of the equality to the left and leave

the summation of differences on the left side. We obtain,

n n
no1/2 Z sin(n™*Cx,) — n”"l/2z sin(n”Cx,—1) E cos(n™(sy)
t=1

t=1
= n“'lﬂi (sin(n"’(z,) — E(sin(n™%Czy)|Fi-1)) (2.26)
t=1
Also we have following equality:
isin(n'“(zt_l) = i sin(n™%(x,) + sin(n™%(zo) — sin(n~%Cxy,). (2.27)
t=1 t=1
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Now plugging in the result of Equation (2.27) into Equation (2.26) gives
n“'l/QXn: sin(n~°Cxy) — n® Y2E cos(n™(e,) i sin(n™*(z,)
t=1 t=1
—n®V2(E cos(n™%Ce,))(sin(n™%Cxq) — sin(n™¢z,,))
= n"‘mi (sin(n™*Cx,) — E(sin(n™*Cx,)|Fi-1))- (2.28)

t=1

After combination the left side of Equation (2.28), we can obtain
n® V21 — E cos(n™%Ce,)) Zsm ~xy)
—n®"Y2(E cos(n™%Ce,))(sin(n™%Czq) — sin(n™%¢x,))
= n°’l/2i (sin(n=?Cz¢) — E(sin(n™%Czy)|Fi-1)). (2.29)
=1

We move the last item on the left side of Equation (2.29) to the right side. After

some algebra, we obtain.

no12(1 — Ecos(n“’(s,))z sin(n™*Cx,)

= n"'l/?i (sin(n™%¢x,) — E(sin(n™%Cx¢)| Fi-1))
t=1
+n2"V2(E cos(n™Cey)) (sin(n™%Cxo) — sin(n™¢x,)).
By Taylor expansion, we can obtain the following inequality.
[n**(1 = Ecos(n™Ce)) — (1/2)(C0)?| < (1/24)¢*Ele[*n .
By this inequality, it suffices to show.

((1/2)(¢0)? + O(n™*))n "2 " sin(n™"Cx)
t=1

= no 1/22 3111 a<£t E(Sin(n_aCIt)IFe—l))
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+n27Y2(1 = (1/2)n"22(Co)? 4+ O(n™4®))(sin(n~(xo) — sin(n™*Cx,)).
By rearranging terms and boundedness of summands,
n n
n_°“1/2z sin(n™%Cz;) = (2(Co)"2)no"1/? Z (sin(n™%Cz,) — E(sin(n™%Cxy)|Fi-1))
t=1 t=1

+0,(1).

Proof of Lemma 2.2:

1. First, by the law of iterated expectation, it follows that

“2“_12"2 E{[sin(n™°Cz,) — (Esin(n™*¢z)| F-1))*| Fie1}

n
= nz“_lz {E(sin®(n=(x,)|Fi-1) — E(sin(n™%(z,)| Fi-1)?}-
t=1
From the definitions and assumptions of x;, this statistic can be rewritten as

nt S E(sin(n™*Cz,) | Fiot) — (Esin(n™®¢z,)| Fi-1)?)

t=1
=nle-! i E[sin®(n~%Cz,_1) cos’(n~*Ce,) + cos*(n~*Cx,—;) sin®(n™%Ce,)
t=1
+2sin(n™Cx,—1) cos(n™*(xy—1) sin(n~Ce,) cos(n~%Ce,) | Fi-y)
—[sin®(n™%¢x-1)(E cos(n™%Cer))? + cos?(n™Cxe—1) (E sin(n™?Ce,))?
+2sin(n™*Cx,-y) cos(n™Cxs—) ) E'sin(n™%Ce,) E cos(n™(ey)]}- (2.30)
The conditional expectation of Equation (2.30) is:
22 1S ™ (B(sin?(n=*Cz)| Feor) — (Esin(n=Cz)| Feor)?)
t=1
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= nz""lz {[sin*(n™%Cx,_1) E cos*(n™%Ce,) + cos®*(n™*Cx,_,) E sin*(n~Ce,)
t=1 .

+2sin(n~%Cx,—y) cos(n™*Cxe—1) E'sin(n™*Ce;) cos(n™Cey))
—[sin®(n™%Cxe-1) (E cos(n™*Cer))? + cos? (n™%¢xy_1 ) (E sin(n~%Ce,))?
+2sin(n~%Cxz,—1) cos(n™*¢x,—1) E sin(n™%(e,) E cos(n™ %))}

From Assumption 2.1 and 2.2, the odd moments of ¢, are equal to zero. We can

rewrite original equation as below:

nz"_lz {E(sin®(n™%Cx,)|Fi—1) — (E(sin(n™%Cz,)|Fi-1)*}

t=1

=n”! icosz("wCiEt-l)(Czdz + 0(n™2*)) + 0,(1)

t=1
= n“‘((a)2z cos? (n™(x,—1) + oy (1).
t=1
By Lemma 2.6,

n’*"’"z {E(sin®(n™¢z,)| Fomr) = (E(sin(n™*¢z) | Fie1)?}

t=1
=n"1(¢0)*)_ cos*(n™Cxen) + 0,(1) = (1/2)(C0)? + 0,(1).

2. Fory# ¢

First, by the law of iterated expectation, it follows that

nz""li {[sin(n™%yz,) sin(n~*Cx,) — E(sin(n™%yx,)|Fi—1) E(sin(n~%Cx;)|Fi-1)]| Fi-1}

t=1
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— p2a-l Z{E(Sin(n“°7x,) sin(n™*Cz,)|Fi-1)

t=1

—E(sin(n™%yx,)|Fe—1) E(sin(n™%Cx,) | Fi-1)}
From the definition of xz;, this statistic can be rewritten as

n?=' Y {E(sin(n™*yz,) sin(n=Cz0)| Fi1)

=1
—E(sin(n™%yz,)|Fi-1) E(sin(n™%Cz,) | Fi-1)}

= n2°”l}n: sin(n™%yx,_y) sin(n~*Cx,—1 ) E cos(n™*ye,) cos(n™*Ce,)
t=1

+sin(n~%yz,_) cos(n™Cx,—y ) E cos(n™*ye,) sin(n~*Ce,)
+cos(n™%yz_y) sin(n™*Czy— ) E sin(n™%ve,) cos(n™*(e,)

+ cos(n™%yxy_y) cos(n™*Cxy—1) E'sin(n™%ye,) sin(n™(e,)
—[sin(n™%yz;1) sin(n™Cxy-1) E cos(n™*ye,) E cos(n™Ce,)
+sin(n~%yzx,_;) cos(n™*(xy-) ) E cos(n™%ve,) E sin(n™*Ce,)
+cos(n~%yxy—1) sin(n~*Cx,—y) E'sin(n™%ye,) E cos(n™%(s,)

+ cos(n™%yzy—1) cos(n”Cxy-1) E sin(n™%yey) E'sin(n™%Ce,)|}

From Assumption 2.1 and 2.2, the odd moments of ¢, are equal to zero. We can

obtain:

"20-12 {E(sin(n™%yx,) sin(n™%Cx,)|Fi-1) — E(sin(n™%yz,)|Fi—1) E(sin(n™%Cx,)| Fy-1)}

t=1
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= n2"‘lz {cos(n™%yx_1) cos(n™*Cxy—1) E sin(n™%ye, ) E sin(n™Ce,) } + 0p(1)
=1

Because —1 < cos(n™*yx,_1) cos(n~*(x,—;) < 1, it implies

n2e! i{E(Sm(n-wxo sin(n”%¢z)|Fr-1)

t=1

— E(sin(n™yz,)| Fier) E(sin(n~°Cz0) | Fi-1))

= (Co% + O(n'z"))n‘lz {cos(n™%yx,_1) cos(n™*Cxs—1) } + 0,(1).

t=1

By the Lemma 2.6, we know

n"lz cos(n™%yxy-1) cos(n™*Cxy-1) =0 under v # ( and 4, >0

t=1

We can obtain the result as below:

ne-1 Z{[sin(n'“’yzt) sin(n™%(x,)

t=1

—E(sin(n™%yz,)| Fio1) E(sin(n™*Cze) | F-1)]| Fio1 }

= (Co? + O(n~))n1S" {eos(n™yz,-1) cos(n°Czi-1)} + 0p(1) = 0.

t=1

Proof of Lemma 2.3:

1. Using the law of iterated expectation and Assumption 2.1, we can obtain the

equation as below:

n? 1" B{lcos(n™Cay) — (B cos(n™*Ca)| Fuut) 2| Feer }

t=1
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= n2"'lz sin?(n=*Cxy_,) Esin®(n™%Ce;) + 0p(1)

= 01 (G 1) (G0 + O ) + 0,(1)

t=1
= n71(¢o)"_sin(n™*Cze-) + 05(1).
t=1
By Lemma 2.6,

ne-! zn:{E(cosz(n‘aC:rz)lﬂ-l) — (E(cos(n™¢z,)|Fr1)?}

“(¢o 2Zsm Txeoy) +0p(1)
= (1/2)(¢o)* + 0,(1).

-1 #C

By the law of iterated expectation and Assumption 2.1, we can use similarly

way as proof of Lemma 2.2 to obtain the equation.

n*” ‘Z{[cos n”yz,) cos(n™*Cz)
~E(cos(n™*yz,)| Fe1) E(cos(n™¢z)| Fica))| Fion}

= (¢o* + O(n™%) ‘Z {sin(n™%yz,_1) sin(n™°Cxe—1)} + 0,(1).

By the Lemma 2.6, we know

n‘lz sin(n~%yxy—y) sin(n"*Cx4-;) =0 under v # ¢ and v, >0

t=1
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We can obtain the result as below:
n?e-1 Z{[cos(n'“’yxt) cos(n~%Cxy)
=1
—E(cos(n™*yz)|Fy-1) E(cos(n™*Czy) | Fi-1)] | Fi-1}

= (Co? + O(n 12 {sin(n™%yx,_1) sin(n~*Cxy_1)} + 0,(1) = 0.

For proof Theorem 2.1, we need another lemma as below.

Lemma 2.7 For the process x, defined before, if €, satisfies Assumption 2.1, 2.2 with

0 < a<1/4 for any (m € R, then

( nred S sin(42) - (F)ne Y (sin(42) - E(sin(22) Fi-a) \

n
™2 Y sin( ) — (F)n77 ) (sin(4gd) — Esin(“5=) | Fee)
Y N = 0p(1).
n=e"3Y cos(43) — (Z)n""3 Y (cos($2) — E(cos(57)|Fioy)

t=1 t=1

n" ne

| 773 cos(5) () (eos( ) — Bleos( S F)

form=1,2,...

Proof of Lemma 2.7:

By Lemma 2.1 and Taylor expansion, we can obtain the following equalities.

n"“’%Zsin(%)—(é)na'%Z (sm( L) — E(s n( )IFt 1))

t=1

= 0,(1)

t=1

n_a_%gc s Cl't) _ (<202)na %Z (COS(%) - E(COS(%)]F}-O)' = Op(l)
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So they suffice to show.

ne

/ n—a-ézn: sin(%%) - (% n"‘%i (sin(%ﬁ—‘-) — E(sin(854)|F,y) \
t=1

n‘“‘%i sin(g'"—z') - (a%)n"‘%z (sm(‘;—") - (Sm(c" 2o Feer)

n=o=33 cos(42) — (2 3 (cos($2) — B(cos( 92| Fy )

| 7o cosl ) — (203 (eos(5) ~ Bleos( =) Fe)

Proof of theorem 2.1:
By Lemma 2.1 and 2.7, V¢ € R

_a-‘ZS CZIJ: 2 )na—% (sin(% —E(sin(%ﬂﬂ_;)).:op(l).
t=1

<202

4202

ZC%(@ 2 e (cos(%—E(cos %m_l))lw(l).
1

So these suffice to show that:

n

2 -1 . Crt C.’Et 2

——n® _s_ —) - F, =)

<20_2n 2 o (Sln( no ) ( ( )| t— 1)) ( <20,2)
2 n_lz" ¢z €2 d 2

@Tl 2 2 (CO (TL E(COS(n—a)|E_1)) '—*N(O, —CTOQ) V(eR

By the martingale difference central limit theorem (Hamilton (1994) p.193-195) and

Lemma 2.2 and 2.4, it follows that.

(Tl_a—%ibl (C:lxt —a- Z Cmrt n- _%Z Cl t

t=1 t=1 t=1

n

—a-1 . met /i'
Sn 2200&(———710 ) N(0, AI)

t=1

. . . , o (L2 2 2 2
where A is a 2m x 2m matrix that diagonal elements is (2127’ T ot a—ag—)
The other elements are zero. O
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Proof of Theorem 2.2:

First we know that if for all k, Xu——X as n — oo and

limy_. limsup,,_, . E| X, — Xnk| =0, then X, X. This is , for all ¢,
lim E exp(i¢X,) = klim lim [E exp(i¢Xuk) — E exp(i¢X,)] + klim lim F exp(i¢ Xnk)
n—oo —00N—00 —00N—00

= Fexp(i(X) + o(1)

Because  lim lim |Eexp(i(Xn) — Eexp(i€X,)| < |C|klim lim E| X — Xul-

k—oon—o0
Second, we have Fourier series

(o]

T(z) = (a0/2) + Y _ (a; cos(jzc) + b;sin(jz)).

j=1
where a; = 77! {7 _cos(jz,)T(z)dz and b; = n~! ["_sin(jz,)T(z)dz for j > 0. Noting

that p = 277! [ T(x)dz = ao/2,

n oo

n n
n“’“lﬂz (T(n™%xy) — p) = Z [ajn'°'1/2z cos(n™%jx,) + bjn""l/zz sin(n™%jz,)]

t=1 j=1 t=1 t=1
Now set

k

Xoe = (O 57%(a; + b)Y 7% (a; +b;)'

Jj=1 Jj=1

n n

k
X 2:((1]~11’°"1/2 Z cos(n™%jx;) 4 byn"1/2 z sin(n™%jx,))

i=l1 t=1 t=1

and

Xn =

J

(ajn_"_mz cos(n™%jx,) + b,-n""mz sin(n™%jx,))

k n n
From Corollary 2.1, we know.

[o.¢]

Xak—N(0,2072 3" (572)(a? + B)).
j=1
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Also by the Fatou lemma (see Chung (2001, p.45)) and the inequality (a + b)2
2a? + 202,

hm lim sup(E| X, — Xnk|)?

k—0o0 n_oo

hm lim sup E(Z n-%" ‘/22 a;cos(n”jz;) + b, sin(n™%jz,)))?

k—o0 noo

i=k t=1
<2 ]1m llmsupZZaJmEn'l 2022003 (n™%jx,) cos(n™lzy)
k—oo nooo
j=k l=k t=1 s=1

+2 11m lim supZZb b En~'" 2"’Zzzsm(n “jzy) sin(n~%lx,)

—4m n—0o0 ]-—kl k t=1 3—
We will only consider the first term, since the second can be dealt with analogously.

First, we consider the case that for t < s and j # L.
|E cos(n~%jz;) cos(n‘“l:l:s)l
= |(1/4)E'(exp(n"’ijx,) + exp(—n~%jz,))(exp(n~%lz,) + exp(—n"’il:c,)|

< (1/4)|E exp(n~%i(j — l):rO)E'H exp(n~%i(j — l)sp) H exp(—n~%ley)

p=1 q=t+1

+(1/4)|Eexp(n™%i(j + l)xo)EH exp(n~%i(j + l)ep) H exp(n~%iley)
p=1 g=t+1

+(1/4)|E exp(n™%i(l — 5 xo)EHexp i(l = 5)ep) H exp(—n~%leg)

=t+1

+(1/4)|E exp(n™i(—j — l)ro)EH exp(n™%i(—j — )ep) H exp(—n~%iley)|.
p=1 g=t+1

(2.31)

-,

Because Eexp(n~®i(j + [)zo) is bounded by 1, We can rewrite equation (2.31):

IECOb(n *jx,) cos(n~%lzy)| < EHexp (G + Dep) H exp(n~%ilsy)

p=1 q=t+1

(2.32)

For Equation (2.32), we separate four cases to discuss.
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1.O0<n™@(G+1)<(1/2) and 0 < n71 < (1/2)

By Taylor expansion and de Jong ((2001) P.6-7), we can obtain the inequality

as below:

|E exp(n™®i(j + )e,)| < 1= (1/6)n72%((j + 1)o)? (2.33)
Using the same method, we can obtain another inequality:

|E exp(n™?ileg)| < 1—(1/6)n"2%(lo)? (2.34)

We can rewrite Equation (2.32) as below:

t s
EH exp(n=%i(j + l)ep) H exp(n~%iley)
p=1

g=t+1
< ([T - /622G +00)*) [T (1 - (1/6)n7*(10)?)

= lexp(D_ log(1 — (1/6)n™**((j +1)0)?)) exp( D _ log(1 - (1/6)n7*(lo)?))

p=1 g=t+1

t

< exp(3 (~(1/6)n (5 + DoY) exp( 3 (~(1/6)n(10)?))

p=1 q=t+1

= exp(—(1/6)n"2°t((j + 1)o)?) exp(=(1/6)n"2*(s — t)(lo)?) (2.35)

and the same inequality as (2.35) will also hold for t > s. For j = [, assuming

again that ¢t < s,
IE cos(n™*jzy) cos(n™%jz,)|

= (1/4)| Elexp(n~ijz,) + exp(—nijz,)) (exp(n~"ijz,) + exp(~n"°ijz,))|
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< (1/4)|E(exp(n”%ij(ze + ,))| + (1/4)| E(exp(n™®ij(z, — z,))|
+(1/4) |E exp(n™%ij(—x¢ + x5) | +(1/4) |E exp(n™%ij(—zy — a:s))|
< exp(—(1/6)n=22t(27)%0%) exp(—(1/6)n"%(s — t)5°0%)

and again the same inequalities holds for ¢ > s. Therefore,

oo o0
) —-2a-1 a
lg&}l_{go sup Z z a;aq En Z Z cos(n~%jx,) cos(n™%lx,)

j=k l=k t=1 s=1

la;||a]

M8

00
< lim lim E
k—oon—oo

i=k 1

I
Eod

xn~271Y "N "exp(—(1/6)n2t(j + 1)%0?) exp(—(1/6)n~2(s — t)(lo)?)

t=1 s=1

(2.36)

Because the last item of Equation (2.36) is independent of t, under s > t we

can rewrite Equation (2.36) as below:

11m llmsupZZaJa,En‘2" lZZcos n~%jz,) cos(n®lx,)

k—o0 5
noo]klk t=1 s=1

[o o] o o]
<| hm llmsupZZaja,

k=0 n—oo (T

<.

3

n

xEn~22713 " ™ exp(—(1/6)n2t(j + 1)20%) exp(~(1/6)n=%(s — t)(lo)?)|

t=1 s—-t=1

< hm lim bupz Z |a;]|al

—-ocx) s
=00 =k U=k

n

~2a- lz:exp (1/6)n=22t(j + 1)%0?) Z exp(—(1/6)n"2*(s — t)(lo)?)

s—t=1
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(2.37)

The last item of Equation (2.37) can be calculate as following:

n

lim 3 exp(=(1/6)n"*(s ~ £)(10)?)
= ) exp(—(1/6)n —t)(l0)?)

= exp(—(1/6)n=*(l0)*)(1 — exp(—(1/6)n"2*(l0)*)) !

= (exp((1/6)n=*(l0)*) = 1)~ (2.38)
Under 0 < n™] < 1/2, we have the following inequality by Taylor expansion.

exp((1/6)n~(l0)?) = 1 > (1/6)n"2(lo)?

From this inequality, we can obtain the following relationship by inverse this

inequality.
(exp((1/6)n=2*(lo)?) — 1)7! < 6n?*(lo)? (2.39)

Combining (2.38) with (2.39), we can obtain the result as below:

Jim > exp(=(1/6)n7*(s - t)(l0)?)

= (exp((1/6)n"2(lo)?) — 1)™! < (1 + (1/6)n"2(lo)? = 1)~ < 6n**(lo) 2

(2.40)
Using the same method, we can obtain the other inequality:
lim Zexp (1/6)n=22t((j + 1)0)?) < 6n°((j + 1)o) 2 (2.41)
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We substitute (2.40) and (2.41) into (2.37). The Equation (2.37) can be rewrit-
ten as below:

n

(2.37) < llm lim SUPZZ la;|lan~1(6(lo)~ 2)2 exp(—(1/6)n=2t(j + 1)%0?)

j=k l=k t=1

Ms
NE

< Jim lim Y Y o, llafn™ (6(10) ) (607 (G + 1)) ™)
i=k =k
= lim lim ) ° % " la|arn® ! (6(10) ) (6(( + Do) ™)

=k I

[
1
kol

< hm hmz 2n2=1(6(j0)"2)(6((25)0)~?)

—-oon~oo

+lim lim Y Y fajllan®* =} (6(10) ) (6(( + Do) )

=k I=k,I#]
o0 o0
: 2 2 .
< CIJLI&(Zk a; + (Zk la;|)?) for some constant C,
= i=

n~ %G +1) > (1/2) and n7°l > (1/2)

According to Theorem 2.1.4 of Lukacs (1970, p18) Eexp(n™®i(j +l)sp) < 1 if
n~%(j + 1) € R\{0} and Fexp(n~%iley) < 1 if n=l € R\{0}. We assume

a = max{ sup |Eexp(n~®i(j+1)e,)|, sup |Eexp(n~%lg,)|} < 1.

In=e(G+)>1/2 In—el|>1/2
We can rewrite Equation (2.31) as below:

E cos(n™%jx;) cos(n °113 Eexp i(J+ Dep) E exp(n~%ils
P q
q=t+1

< atas—t < amax(t.s) (242)

and the same inequality as (2.41) will also hold for ¢ > s. For j = [, assuming

again that ¢ < s,

|Ecos(n'°jxt) cos(n"’jzs)l
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= (1/4)| E(exp(n™®ij,) + exp(=n""jz,)) (exp(n""ijz,) + exp(-n""jz,))|
< (1/4)| E(exp(n®ij(x, + 2.)| + (1/4)| E(exp(n~?ij(z. — z,))
1/4)|E(exp ij(—x¢ + ) | +(1/4) |E (exp(n~%ij(—x¢ — :cs))| < amax(t:s)

and again the same inequalities holds for ¢t > s. Therefore,

llm llmsupZZaJa,En 2a- IZZcos “jxy) cos(n™%lxy)

k—o0 —
n=0 =k I=k t=1 s=1

X n n
< lim lim Z Z |aj||a1|n_2°‘lz Z Qmax(t:s)

k—oon—o0
j=k l=k t=1 s=1
o ) [0 0] n oo
< lim lim a2 ~2a- IE E o’ + lim lim E E |a]||a,|n"2“_lg E a’
k—oon—oo0 k—oon—o0
ji=k t=1 s=1 j=k l=kl#j t=1 s=1

< lim lim Z a?n'%"((l —a) 'na)

k—oon—o0
Jj=k

[o o] o0
N —2a- -1
+ lim ILIEOE E la;|larlln™2*" (1 — @) 'na)
=k =kl

—oon
o0 oo
1 2 2 S 3 b
< CQ;.IH&(X; aj + (Z laj])?). for some constant Cs
J:

3.0<n™(j+!1)<1/2and n™@l >1/2

First, we assume o = sup  |Eexp(n~?i(j +l)eg)| < 1. We can rewrite
In=a(+1)>1/2

Equation (2.32) with Equation (2.34) as below:

t s
EHexp(n"’i(j +1)ep) H exp(n~%ileg)
p=1

g=t+1

n2((j + o H Eexp(n~%ile,)

q=t+1
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exp ZIOg 1—(1/6)n~2((j + 1)o)?) H Eexp(n™“ile,)

p=1 q=t+1
t

< exp(Y (~(1/6)n72((j + )o)?))a™

r=1

= exp(—(1/6)n"2(t(j + D)o)?)a*~" (2.43)

and the same inequality as (2.43) will also hold for ¢t > s. For j = [, assuming

again that t < s,
|E cos(n~%jx,) cos(n'“jzs)|
= (1/4)|E(exp(n""ij:ct) + exp(—n~%jx,))(exp(n~%ijx,) + exp(—n‘“ijxs))l
< (1/4)|E(exp(n™ij(z¢ + z,))| + (1/4)| E(exp(n™ij(z — )|
+(1/4) ]E exp(n™%ij(—xy + x,) | + (1/4) |E exp(n~%ij(—z, — rs))l
< exp(—(1/6)n"2*t(2jo?%)a""

and again the same inequalities holds for t > s. Therefore,

n

oo o 2] n
- . -2a-1 -a (O
kh_x.l;onh_.nolosup E E aja En E E cos(n™?jx;) cos(n™%lx,)

j=k l=k t=1 s=1

< lim llmZZIaJHa,]n ~2a- 1Zexp —(1/6)n2¢((j a’”

k—oon—oo0

j=k =k st=l

< hm hmza n=2e- 1Z:exp —(1/6)n"2*t(2j0) )Z a®t

s—t=1

oo
+ll_{2° llmz Z |la;||ailn~2" lZexp (1/6)n~2t((j + 1)o) )Z a*t

j=k I=kJ#j s—t=1
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< lim lim afn'l(G((2j)a)‘2)((1 —a)'a)

+‘31§303er302 Y lallaln™(6(( +1)o)*)((1 - a)'a)

j=k I=kl#j
[o <] (e <]
~ 2 2 e et
< C3‘}Lr{.lo(2; aj + ( 2 la;])°). for some constant Cj
i= j=

4. n7?(j+1)>1/2and0<n"2 <1/2

First, we assume a = sup  |Eexp(n™@i(j +1)gq)| < 1. We can rewrite
In=a(j+1)[>1/2
Equation (2.32) with Equation (2.33) as below:

E,!jl exp(n™%i(j + l)s,,)FI:I+1 exp(n~%ile,)

< gEeXp(n“’i(j + l)ep)FI:ll (1= (1/6)n"*(l0)?)

= gaexx)(qg;l log(1 = (1/6)n™?(l0)?))| < @' exp(qul (=(1/6)n=%(10)*))
= a'exp(—(1/6)n"2*(s — t)(lo)~?) (2.44)

and the same inequality as (2.44) will also hold for ¢t > s. For j = [, assuming

again that t < s,
|Ecos(n'°jz,) cos(n"’jxs)[
= (1/4)|E(exp(n'“ij:tt) + exp(—n~%jz,))(exp(n~%ijz,) + exp(-—n"’ijxs))l
< (1/4)|E(exp(n=®ij(xe + z,))| + (1/4)| E(exp(n™3j(z, — x,))|

+(1/4)| E(exp(n™®ij (=2, + 2,))| + (1/4)| E(exp(n™®ij (=2, — x,))]

39



< atexp(—(1/6)n~2*(s — t)(lo)?)

and again the same inequalities holds for t > s. Therefore,

oo oo
—-2a-1
]B&,,IE&SUPZZGJG En ZZCO:: n~%jx,) cos(n™%lz,)

=k l=k t=1 s=1

Ms

0 r |2 'Z Zexp (1/6)n7%(s - (1o’

s—t=1

oo
< hm lim E
—-xn—o
=k 1

1]
x

< lim hm a n~2e- 12 Zexp (1/6)n=2%(s — t)(lo)?)

k—~oon—~oo
=k

+llm llmz Z |a;||ailn~2" IZa Z exp(—(1/6)n"2%(s — t)(lo)?)

j=k l=kl#j s—t=1
< klim lim afn (1 = a) 'a)(6(lo)?)
—'m'n—*wj:k

+lll»20 hmz Z lajllaln™((1 — @) a)(6(lo)~?)

j=k l=k,l#j

[o o] oo
; 2 2 it
< C4’}L113°( E k aj + ( E la;])*). for some constant Cy
J:

From four cases before, if it can be shown that Z la;| < o0 and Z a? < oo,

=0 J1=0

this proof will be complete. These conditions hold because Z (a;" +b%) <
=0

and Y (|a;| + |bj|) < oo by the assumptions on T(.). (See Apostol (1971) p340.)
Jj=0

O
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CHAPTER 3

Further results on the asymptotics
for nonlinear transformations of

integrated time series

3.1 Introduction

This chapter proves three results about functions of integrated processes. Our first
result is an extension of a result in Park and Phillips (1999), where it is proven that

for integrable functions 7T'(.) and for I(1) processes z,

n V23" T(z) -5 ( /_ ” T(s)ds)L(1,0), (3.1)

where L(t, s) is a two-parameter stochastic process called (Brownian) local time. The
remarkable thing about this result is that it establishes limit theory for a function of
an I(1) process that has not been rescaled by n='/2. Park and Phillips establish the
above result under some regularity conditions on the I(1) process x; and the integrable
function T'(.). In this paper, we show that Park and Phillips’ regularity conditions for

the above result can be relaxed and also that their result can be extended to yield,
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for0 < a<1/2,

[e ¢]

n~1/2-e zn: T(n °z,) - ( /_ T(s)ds)L(1,0). (3.2)

A central tool for the proof of this first result is a lemma that was recently established
in de Jong (2001). Also in Park and Phillips (1999), it is shown that for functions

T(.) that satisfy
T(Ar) = v(A)H(z) + R(z, A) (3.3)

under conditions on R(.,.) that basically serve to ensure asymptotic negligibility of

v(n') 'ty " R(x, '), (3.4)
t=1
we have
n 1
z/(nl/z)‘ln’lZT(x,) —d—+/ H(oW(r))dr, (3.5)
t=1 0

where 02 = lim,_.,n"'E22. Again the interesting aspect of the above result is
the fact that it considers integrated processes that have not been rescaled by n=!/2.
Functions T'(.) that satisfy the appropriate condition are coined asymptotically homo-
geneous by Park and Phillips. The asymptotically homogeneous condition is trivially
satisfied for T'(z) = |z|® for a > 0, but is general enough to also deal with functions

such as T(z) = |z|*log |z| for all @ > 0. In this paper, we show the more general

result that whenever for functions H(.) and v(.) we have
v(A)'T(\x) —» H(x) as A — o0 (3.6)
in L; sense, we have for 0 < a < 1/2, under regularity conditions,
n 1
u(nl/z"’)‘ln'lZT(n""x,) —d*/ H(oW(r))dr. (3.7
t=1 0

Therefore, we show that Park and Phillips’ class of asymptotically homogeneous func-

tions can be extended, and we consider n™?xz, for 0 < a < 1/2 instead of z, as the
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argument for 7°(.).

A third result that is proven in this chapter concerns averages of the type
-1 Z [n= 2z, "™ I(n" 2z, > ¢,) (3.8)
and
n
n! Z In~Y2z, | "™ I(|n" Y 2xy| > cp), (3.9)

where m > 1. While it has been shown in de Jong (2001) and Pétscher (2001) that

under regularity conditions for locally integrable functions T°(.) we have

n! iT(n'mxt) N /IT(aW(r))dr, (3.10)
t=1 0

it is yet unknown what happens to functions 7T'(.) that are not integrable. Using a
“clipping device” involving a deterministic sequence ¢, that converges to 0 with n, it

will be proven that for m > 1,

(m —1)cl™n™! Z lo~n "2z, "™ (0™ In" V22, > ¢,) LN L(1,0), (3.11)

n

and also that

(1/2)(m — 1)cl™n™! Z lo ™Y 2z, | "™ (o~ in" V22| > ¢,) N L(1,0).(3.12)

3.2 Assumptions and result for integrable func-
tions

Identically to Park and Phillips (1999), linear process conditions for z; are assumed
Ty =Ty + Wy, (3.13)
where w, is generated according to

we= Y Pk (3.14)
k=0
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where £, is assumed to be a sequence of i.i.d. random variables with mean zero, and
where it is assumed that > .o, ¢x # 0. In addition, we will assume that z; is an
arbitrary random variable that is independent of all w,, t > 1. The main assumptions

used in this paper are Assumption 2.1 and 2.2 from Park and Phillips (1999):
Assumption 3.1 Y32 k'/2¢(k) < 0o and Ec? < oo.

Assumption 3.2

(a) Yo klék| < o0 and Elgy|P < oo for some p > 2.

(b) The distribution of &, is absolutely continuous with respect to the Lebesgue measure
and has characteristic function (s) for which lim,_o, s"Y(s) = 0 for some

n > 0.

Assumption 3.1 guarantees that n=/2z;,; = oW (r) where “=" denotes weak con-
vergence in C[0, 1], i.e. the space of functions that are continuous on [0,1], while
Assumption 3.2 in addition also guarantees a convergence rate for a Skorokhod repre-
sentation of n=!/ 2. Several of the manipulations in the proofs of the results in this

paper require the use of local time L(.,.). Local time is a random function satisfying
t

L(t,s) = lin(1)(2£)_1/ I(|W(r) — s| < €)dr. (3.15)
e 0

See Park and Phillips (1999, p. 271-272) and Chung and Williams (1990, Ch. 7) for
more details regarding local time.
Park and Phillips (1999) establish the following result for integrable functions of

integrated random variables:

Theorem 3.1 Suppose that T(.) is integrable and Assumption 3.2 holds with p > 4.

If T(.) is square integrable and satisfies the Lipschitz condition

IT(z) = T(y)| < clz -yl (3.16)
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over its support for some constants ¢ and l > 6/(p — 2), then

n—1/22n:T(;L‘,) L (/x T(s)ds)L(1,0). (3.17)
t=1 —oo

For differentiable functions 7T'(.), we need to set | = 1, implying that we need p > 8
in order for the theorem to work. In order to improve the above result, we needed

the following useful lemma, that was established in de Jong (2001):

Lemma 3.1 Under Assumption 3.2, for ally € R, § > 0, and n > M for some value

of M,
Py <n Yz, <y+6) <C4, (3.18)
where C and M do not depend on y, §, or n.

Using this lemma, we were able to improve Park and Phillips’ result and show the

following quite general result:

Theorem 3.2 Suppose Assumption 3.2 holds. Also assume that |T'(z)| < R(z),
and assume that R(.) is integrable, continuous on R, and monotone on (0,00) and

(—00,0). If T(.) is continuous, then for 0 < a < 1/2,

oo

n~1/2-e iT(n"’x,) <, (/‘oo T(s)ds)L(1,0). (3.19)

Compared to Park and Phillips’ theorem, we have completely removed their Lipschitz-
continuity condition and weakened it to continuity, and in addition, their requirement
on p has been removed. Also, weights n™® for 0 < o < 1/2 are allowed for. While no
R(.) function such as present in Theorem 3.2 is explicitly used in their Theorem 3.1,
from Park and Phillips’ proof it is clear that existence of such a function is implied.

Therefore, Theorem 3.2 is a “clean” improvement to Park and Phillips’ Theorem 3.1.
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3.3 Asymptotically homogeneous functions

In this section, we improve Park and Phillips’ (1999) result for asymptotically homo-

geneous functions. Park and Phillips assume that
T(Ax) = v(A)H(z) + R(x, \) (3.20)
and they show that
v(n'/?)~1p71 iT(:c,) <, /Ol H(oW (r))dr (3.21)
t=1
if either

a. |R(z,\)| < a(A)P(z), where limsup,_, a(A)/v(A) = 0 and P is locally integrable,

or

b. |R(x,A)| < b(A)Q(Az), where limsup,_ . b(A)/v(X) < oo and @ is locally inte-

grable and vanishes at infinity, i.e. Q(z) — 0 as |z| — oo.

In this paper, we redefine their notion of an asymptotically homogeneous function,

as follows:

Definition 3.1 A function T(.) is called asymptotically homogeneous if for all K >

0 and some function H(.),

lim / ) lv(A)"'T(A\z) — H(z)|dz = 0. (3.22)

A—00 K

Obviously from the dominated convergence theorem it follows that if for some v/(.)

and H(.), pointwise in z,
v(A)T'T(\z) - H(z) as A — o0 (3.23)

and |v(\)"'T(Az)| < G(z) for a locally integrable function G(.), then T'(.) is asymp-

totically homogeneous. Below, we will call a function monotone regular if for some
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{a1,...,a}, T(.) is monotone on (a;,a;41) for j = 0,...,q (setting ap = —oo and
aq+l = W).

The main result of this section is the following:

Theorem 3.3 Suppose Assumption 3.1 holds. Also assume that T(.) is asymptoti-
cally homogeneous. In addition, assume that H(.) is continuous and T(.) is monotone
reqular. Then, for 0 < a < 1/2,

y(nt/?-a) 11 ; n~ %, L l T))dr = ” o ,8)ds.(3.
( )Tty T ) /OH(UW( ))d /_NH( s)L(1, s)ds.(3.24)

t=1

It is also possible to show that our definition of an asymptotically homogeneous

function is more general than Park and Phillips’. Under Assumption a. above,

K K
/ lv(A)'T(Az) — H(z)|dz = V(/\)_l/ |R(x,\)|dz
-K -K
K
< a()\)u()\)‘l/ P(z)dr — 0 (3.25)
-K

as A — oo if P(.) is locally integrable. Under Assumption b. above,

K K
/_ V(N 'T(Az) = H(z)|dx = v(A)™! /_K |R(x,\)|dx

K
K
< b(/\)l/(/\)_I/ Q(Az)dz — 0 (3.26)
-K

as A — 00, because limsup,_,, b(A)v(A)™! < oo and limy_e f_KK Q(Az)dz = 0 by
boundedness of Q(.) (which is also assumed in Park and Phillips (1999)). Therefore,
obviously the set of functions that is “asymptotically homogeneous” in this paper is
wider than in Park and Phillips (1999). But clearly, most functions that one may
expect to be useful for applications should be expected to already be in Park and
Phillips’ class of asymptotically homogeneous functions, and the main achievement
of our analysis is the redefinition of the class of asymptotically homogeneous functions

to as large as possible a collection of functions. It appears to us that the above result
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should be close to the limits of what should be possible in this setting, and for
the authors of this paper, it is hard to see how the above definition of the class of
asymptotically homogeneous functions can be relaxed further to yield an even larger

function class that generates similar behavior.

3.4 Nonintegrable functions

In de Jong (2001) and Potscher (2001) it is proven that under regularity conditions,

in spite of possible poles in T'(.), as long as f_KK |T(z)|dx < oo for all K > 0, we have

n'lzn:T(n'l/za:,) -4, / lT(aW(r))dr. (3.27)
t=1 0

These results raise the question as to what will happen if a nonintegrable function of

an integrated process is used for T'(.) in statistics of the form

n! Z T(n"2z,). (3.28)
t=1

This issue appears to have never been tackled before in either the statistics or the

econometrics literature. This section explores this issue for functions
T(z)=|z|"™I(z > 0) (3.29)
and
T(z) = |z|™™, (3.30)

for m > 1. As it turns out and is perhaps to be expected, the observations “close
to zero” take over the limit behavior of the statistic in this case. We will need a
“clipping device” and we construct statistics similar to those constructed in Park and

Phillips (1999) for integrable functions. Our first result is the following:
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Theorem 3.4 Let ¢, = n~?P*1/3247 for some n > 0 such that —(2p+1)/3p+n < 0.

In addition, assume that
T(z) = |z|™ (3.31)
for some m > 1. Let d,, = fcl,. T(z)dx. Then under Assumption 3.2,

d;'n™! ZT(a’ln'1/21,)I(a'ln'1/21:, > cp) -, L(1,0). (3.32)
t=1

Clearly, in the above theorem d,, = (m — 1)~!(c}™™ — 1), but we choose the above
formulation to bring out better where our rescaling factor d,, originates from.
The proof of the following “two-sided” version of the above theorem is analogous and

therefore omitted:

Theorem 3.5 Let ¢, = n~P*V/3+0 for some n > 0 such that —(2p+1)/3p+n < 0.

Assume that
T(z) = |z|™™ (3.33)
for some m > 1. Let d,, =2 fcl,. T(z)dz. Then under Assumption 3.2,

d;'n™! ZT(a'ln'mxt)l(|a‘1n'1/2xt| > ¢p) -, L(1,0). (3.34)
t=1

The above theorems leave the issue wide open to what function class the above theo-
rem can be extended. The line of proof employed in the Appendix may allow for some
generalization, but it is not clear to the authors what the outer limits are for which a
result as the above might hold. Furthermore, the clipping device is intriguing, and one
could conjecture that for the above definitions the theorem will remain true if ¢, in the
theorem and in the definition of d, were to be replaced by min;<;<, n~'/2z,I(z, > 0)

and min;<¢<n n~'2|z,| respectively.
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Proofs

Throughout this section, to improve readability, we will assume for every proof that

o?=1.

Below we use the following definitions, which are identically to Park and Phillips

(1999):
1 n
Ny (vn;a,b) = / I(a < vun™2zpn < b)dr =n”! Z I(a < v,n~ Y2z, < b),(3.35)
0 t=1
and

1
N(vn;a,b) = / I(a < v,n Y2W(r) < b)dr. (3.36)
0

In the proofs below, M and C are the constants from Lemma 3.1. The following

lemma from Park and Phillips (1999) was needed in order to prove our results.
Lemma 3.2 Under Assumption 8.2, as n — 00,

E(Np(v0;0,8) — Nu(vp; k6, (k +1)8))? < e(dn~ v 1) (1 + kénlog(n)v;?) (3.37)
and

Np(Un; 0,m,) = N(v; 0, ,) + 0p(n ™3P~ D/3p%e) (3.38)

for m, > v,n 2PV and any e > 0.

Proof:

See Park and Phillips (1999). O

We are now in a position to prove the main theorems of this paper.
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Proof of Theorem 3.2:

Define Tk (x) = T(x)I(|x] £ K), Tk(z) = T(2)I(z > K), and T¢(x) = T(x)I(z <
—K). We will show that

im limsup E|n~'/2-@ Z Tr(n™%z,)| =0 (3.39)

1
K=o n—oo t=1

and the same argument, mutatis mutandis, will hold for n=/2-3"" Ty (n=°z,).

Then, we will show that for all K > 0,

n K
n-1/2=0 3" T (n-o,) 2 ( / T()ds)L(1,0) (3.40)
t=1 -

and the result then follows (for a formal proof that this is sufficient, see for example
the start of the proof of Theorem 1 of de Jong (2001)). To show the result of Equation
(3.39), note that for all K > 0,

M
[n~/2e Y " T(n™,)[(n™ %z, > K)| £ Mn™Y*R(K) — 0 (3.41)
t=1

as n — 00, and

E|n~Y2%-@ Z T(n™x)[(n" %, > K)|

t=M+1

n

o0
=E|Y nV*7 3" T z)I(Kj<n ™z, < K(j+1))
j=1

t=M+1

<SEY n7Ve ST R(KGI(K T e < 72, < K(j + 1)t n°)

t=1

<Y a2 R(KG)CKEY?
Jj=1

n oo
< C(supn™2) "7V K Y~ R(Kj)
t=1 j=1

- c'/1 R(K[j))d(Kj)

o1



2K

/ R(K[z/K))dx = C' R(K[z/K))dx + C’ /2 : R(K[z/K))dz

< C'(KR(K) + / " Rx)da) — 0 (3.42)
K

as K — oo, where C' = Csup,»; n” /230 t71/2 and KR(K) — 0 under the
assumptions of the theorem because
2K )

R(2K)K < -/K R(z)dz < /K R(z)dz — 0 (3.43)
as K — oo. The first inequality follows from the assumed boundedness of |T'(.)]
by R(.) and the assumed monotonicity of R(.), and the second is an application of
Lemma 3.1. This completes the proof of the result of Equation (3.39). The remainder
of the proof follows the line of proof of Park and Phillips (1999, proof of Theorem
5.1), but some modifications will be made. In order to show the result of Equation
(3.40) and thereby make the proof of Theorem 3.2 complete, define for § > 0

K/§-1
T¥(z) = / TGOS < n~°z, < (j + 1)5)dj (3.44)

-K/é

K/6-1

and note that for all K > 0, [ ks 1006 S n7%xy < (J+1)80)dj = I(|]n"%z| £ K),

and therefore

n

Eln='**Y " (Tx(n™z,) — T*(n"°z,))|

t=1

K/6-1 n
_ EI/ —1/2 a ( (J(S) _ T(n‘ﬂxt))](jé < n—"];t < (_} + 1)(5)djl

K/6 1
K/6-1 n
< sp s [TE@-TEIE [ a3 IG8 < < (4 D)
re(-K K] z'€[- K ,K]:|z-z'|<é -K/é =1
= sup sup |T(z) — T(z')|n"1/2 Z P(—n®t™ V2K < t7V%z, < not”V2K)
z€[-K,K|z'€[- K,K):|z-z'|<§
n
< sup sup |T(x) — T(z')|n""/? Z 2CKt™1/?
z€[-K,K])z'€[- K ,K]:|z-2'|<é =1
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<2C'K sup sup |T(z) = T(z')] =0 (3.45)

z€[-K,K)z'€[-K,K|:|]z-x'|<§
as  — 0 by continuity of T°(.), where the second inequality is Lemma 3.1. Therefore,

we can consider n=1/27¢ 3" | T%(n=°z,) instead of n=1/2- 3" Tx(n °z,). Now

n
n—l/2—a Z Té(,n—al.t)
t=1

K/6-1 n
= [ TGe e S 18 < o < G+ 10
K

’/6 t=1
K/6-1
= 3 TONYEON, (01370 6, (5 + 1)6), (3.46)
-K/é

and

K/§-1
'/ e TUOR N 36, G 1)

K/§-1
- / T(j6)djn/?=° N,y (n'/272,0,6)| = o0,(1) (3.47)
-K/é

because by the Cauchy-Schwartz inequality,

K/6-1 K/6-1
E( / T(j6)n!/22 Ny (n/2%; 6, (7 + 1)6)dj — / T(8)djn'/32 N, (n'/2-2: 0, 6))?
-K/$ _K/$

K/S K/6
< n”"/ R(J5)2dj/ E(Na(n'/?7%; j6, (j + 1)8) — N, (n'/?7%;0,6))%dj

K/ -K/5
K/é K/é '
<nte [ RGEPG [ elond) 1+ |16 og(n)n)ay
-K/6 -K/6
K
< n'1/2‘°‘(1/5)(/ R(s)%ds)c2K (1 + Kén** log(n)) = o(1), (3.48)
-K

where the second inequality is Lemma 3.2. Therefore, it suffices to consider

K/é-1 K-§
/ T(j36)djn'/?=2 N, (n'/?72;0,6) = 5“1/ T(s)dsn'/?=° N, (n'/?72,0, ).
-K/é -K

Now note that
I,nl/2-aNn(,nl/2-a; 0,5) _ nl/2—a1\7(nl/‘2—a; 0, é)l — Op(nl/2-on-(2p—l)/3p)
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= 0,(nI7P/A/BP)) = o,(1) (3.49)

by the second part of Lemma 3.2. Therefore,

K-é K-$§
|/ T(s)dsn'/?~* N, (n'/272;0, 5)—/ T(s)dsn'/*=*N(n'/27;0,6)| = 0,(1),(3.50)

-K -K

implying that it suffices to analyze
K-6é
( / T(s)ds) (6~ nV/2-2 N (n}/22, 0, 5))., (3.51)
-K

As n — oo,

67 nl/2=aN(n1/272,0,8) — L(1,0)  almost surely, (3.52)

as explained in the text following Lemma 2.5 of Park and Phillips (1999). In addition,

as 6 — 0, by continuity of 7T'(.),

K-8 K
/ T(s)ds —»/ T(s)ds. (3.53)
-K -K
Therefore,
n K
n~Y2-e ZTK(n“"xt) 4, (/ T(s)ds)L(1,0), (3.54)
t=1 -K

implying that the condition of Equation (3.40) is now verified. This completes the

proof. O

For the proof of Theorem 3.3, we need the following lemma:
Lemma 3.3 Under Assumption 3.1, for any K > 0,
n 1
n! Zl(n_l/?xt <z)=> / I(W(r) < z)dr, (3.59)
t=1 0

where “=” denotes weak convergence in D[—K, K] (i.e. the space of functions that

are continuous on [0,1] ezcept for a finite number of discontinuities).
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Proof of Lemma 3.3:

Pointwise in z, the result follows from Theorem 3.2 of Park and Phillips (1999), and
therefore it suffices to show stochastic equicontinuity of n=! Y"1 I(n~!/2z, < z). By
the Skorokhod representation, we can assume that sup, ¢ |n=Y 22 (en) — W ()] =0.
Then for n large enough, sup,¢ In~2z,, — W(r)| < 6 almost surely, implying

that for n large enough

n

sup sup |n7! Z(I(n'l/zxt <z)—I(n"Y?z, < 2")|
|z|<K z':x<z’' <z +6 t—1

n
< sup n7! ZI(I <nV2r, <z 49)
|I|SK t=1

1
< sup/ I(x =6 <W(r) <z +26)dr
0

lz|<K
z+26
= sup / L(1,s)ds < 36 sup |L(1,s)] (3.56)
|z|<K Jz~-6 |s|<K

where the equality follows from the occupation times formula (see Park and Phillips
(1999, Lemma 2.4)) and because supj <k |L(1,s)| is a well-defined random vari-
able. The above chain of inequalities establishes stochastic equicontinuity of

n~13°% | I(n~'2z, < z), which completes the proof. a

Proof of Theorem 3.3:

Because sup, <;<, n"/%|x,| = Op(1), it now suffices to show that for any K > 0,

P20 S T () (2| < K) / HW () (W (r)| < K)dr

t=1

- / " H(s)L(L, 8)ds. (3.57)
-K
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Now, by Lemma 3.3, n 'Y 7 I(n"Y2z, < 1) = fol I(W(r) < z)dr. By the
Skorokhod Representation Theorem, we can assume without loss of generality that

RIS IV, <z) = [ I(W(r) < 2)dr| = ¢, -2 0. Now for all § > 0, let
t=1 0

n

Sins = Stn = v(n'*7*) 'Y " T(n=z)I(|n™ x| < K)

t=1

K/6-1 n
= u(n1/2'°)'1/ n! ZT(n"’xt)I(jé < n7 Y2z, < (j41)8)d),(3.58)

K/é t=1
K/6-1 n
Sans = v(nt/?7*)7! / T(n'/?>~j8)n™' > " 1(j6 < n™?xy < (j+1)8)dj,(3.59)
-K/§ =1
K/6-1 1
Sans = v(nt/272)"! / T(n'/?7256) / 1(j6 < W(r) < (j + 1)8)drdj,(3.60)
-K/§ 0
K/6-1
Sus = vt o)t [ 8611, 36)d
-K/5
K-6
= u(nl/z"’)'l/ T(n'?=2s)L(1, s)ds, (3.61)
-K
K 1
Ssns = S5 = / H(s)L(1,s)ds = / HW(r)I(|W(r)| < K)dr. (3.62)
-K 0
We will show that lims_g limsup,, . |Sjns —S;+1,ns] = 0 almost surely for j =1,...,4.

By the monotone regular condition, we can act as if 7°(.) is monotone without loss of

generality. For |S; — Sy,5] we then have

lim sup [y — Sns]

n—oo

K/6-1 n
< lim sup u(nm"’)'l/ n! Z IT(n"%x,) — T(n"/*25&)|I(j6 < n 2z, < (j + 1)0).

n—oo K/§ t=1

K/6-1 n
< lim sup u(nl/2‘°)‘1/ n! Z |T(n"/?2(j +1)8) — T(n"/*756)|1(j6 < n™ Y%z, < (j + 1
- t=1

n—oo K/é

K/6-1
< lim sup/ ly(n'/272) 1T (01?725 + 1)6)
n—oo J_K/s
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—u(n!/270) AT (01270 j8) — H((j +1)8) + H(jé)|dj
K/6-1 K-§
+/ |H((j+1)6)—H(j5)]dj=/ |H(z +6) — H(z)|dz, (3.63)
-K/5 -K
and as § — 0, the last term disappears because of continuity of H(.), the second
inequality follows from monotonicity of 7'(.), and the third by our definition of an
asymptotically homogeneous function. To show that lims_o lim sup,,_ . |Sz2ns—S3ns| =
0 almost surely, note that

K/6-1 n
I(n1/2-2)-1 / T(n/228)(n 1 3 1(j6 < n~1V22, < (j +1)6)
-K/é t=1

- / 1(6 < W(r) < (j +1)8)dr)dj|

K/é-1
< 20,,1/(711/2'“)‘1/ |T(n'/2726)|dj
-K/s

K
$2c,,5“/ lu(nm“’)'lT(n‘/2'°z)—-H(x)[dz—!—Zc,.é‘l/
-K

) |H(z)|dx = 0(1)(3.64)
K

almost surely under our assumptions and by the definition of ¢,. For |S3ns — Sans| we

have
|53m5 - S4n6'

K/5 1
< y(nt/2e) ! / 51T (/22 6)| (57" / 105 < W(r) < (j + 1)8)dr — L(1, 56))dj
-K/é 0

1

K/é
< u(n’/2'°)”1/ §|T(n'/27238)|dj sup |67 | I(x < W(r) < z+8)dr—L(1,z)|.(3.65)
-K/$

lz]<K Y

By the earlier argument,

K/s
sup sup u(nl/2'°)‘l/ §|T(n'/?72}6)|dj < oo, (3.66)
-K/6

n>1 6>0

and therefore it suffices to show that as § — 0,
1

sup |67 [ I(x < W(r) £ 2+ 6)dr — L(1,z)| — 0. (3.67)
lz|<K 0
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By the occupation times formula, the above expression satisfies

z+4 T+4
sup |67} L(1,s)ds — L(1,z)] = sup |67} (L(1,s) = L(1,z))ds|
lz|<K z lz|<K z
< sup sup |L(1,s)—L(l,z)]—0 asé—0 (3.68)

|z|<K s€(z,z+6)

by uniform continuity of L(1,.) on [—K, K]. Finally, for |Sy,s — S5|, we have

n—ao

K
lim I/ (v(n!/F 1T (n}/272s) — H(s))L(1, s)ds|
-K
K
< sup |L(1,s)] lim / lv(n'/2=) "I T (n!/%2s) — H(s)|ds = 0 (3.69)
ISISK n—oo -K
by the definition of an asymptotically homogeneous function, which completes the

proof. O

The following lemma is needed for the proof of Theorem 3.4.

Lemma 3.4 For any sequence b, such that ¢, = o(b,), under the assumptions of

Theorem 3.4,

oo

lim lim D T(i8e) (G + 1)dcn > ea)I(jécn < by)dy by = 1. (3.70)
7=0

Proof of Lemma 3.4:

This result follows because

(e ¢]

S TG0 (G + Dien > ) (iben < ba)ds 6
_ / T T16e) I(U] + 1)oen > en)I([j]6en < br)d= 6cad)
1=0
< /w T((j = 1)3en) (G + 1)den > cn)I((j = 1)3cn < ba)ds 6cad)
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= / T(x)I(z + 20c, > cp)l(z < by)d; dx

=0

= (/i T(z)dx)™! /b" T(z)dz. (3.71)

=cn(1-26)

Now because T'(z) = |z|~™I(x > 0), the last expression equals
(m = 1)(e™ = 1)7 (m = 1) (ea(1 = 26)' ™ = B
— (cl—m _ 1)_1((0"(1 _ 26))[—17) _ b'll—m), (372)

n

and because m > 1 and ¢, = o(b,), the result now follows. A similar argument will

hold for a lower bound, which then completes the proof of the lemma. O

Proof of Theorem 3.4:

-1/m-a

Note that, for b, = cn for some a > 0 small enough that b, — 0 and

d;'T(b,) — 0 as n — oo,

n
d;'n7! Z T~ V22 )I(n™ V22, > cy)
t=1
=d;'n™! ZT(n_lﬂ;I:,)](n‘l/z:vt > ) [(n™%z, < by)
t=1

+d;'n"! iT(n_”zl‘,)l(n_l/Qr, > b,), (3.73)
t=1
and the second term is o0,(1) because
d;'n! z": T(n Y2x)I(n" "2z, > b,)
t=1
<d;'T(b,) =0 (3.74)

by assumption. Now note that trivially, for all § > 0, defining W, (r) = n™/ 2z,

d;'n™! ZT(H_I/2It)](Tl_1/2I¢ > ca)(n Y2z, < b,)
t=1
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Z / (DI(Wa(r) > ea) [(Wa(r) < bo)(jca € Wa(r) < (j+1)dc)dr.(3.75)
0 0
An upper bound for the last term is

iT(j(Scn)d;l /01 I(Wy(r) > cp) I(Wa(r) < bp)I(jocn < Wy(r) < (j + 1)dc,)dr

< ZT S8 I((G + Vi > ) Gdcn < )" [ 180w < Walt) < 5+ Do

=0

o0

= T(bea)I((j + 1)en > ca)](j8en < bu)dy' Nu(L; jbcn, (j + 1)dca).  (3.76)

=0

Similarly, a lower bound is

DTG+ Db (8en > ca) (G +1)8en < b)dy Na(1; j8cn, (5 +1)3es).(3.77)
=0
We will only consider the upper bound and determine its limit, but the argument for
the lower bound is identical and renders the same limit. By Lemma 3.2,

E T (jbca)I((j + 1)bcn > cn)I(j8en < bn)dy! |Na(1; 5, (5 + 1)3cn) — Na(1;0, 8¢,

J=0

< S TG I(( + 1)den > ea)I (e < b)d3 (c(8ca/n)(1 + (j(6en)?n log(n))))/?

Jj=0

< (d7'8ca D T(j6cu)1((j + 1)dcn > cu)I(jbcn < by))

=0

x 8 e (c(ben/n)(1 + ((bn/(Scn))(8ca)*nlog(n)))) /2. (3.78)
Now, by Lemma 3.4,

hmhmsupd l<5c:,,z:T (70c)I((F + 1)den > cn)I(joen < by) =1, (3.79)

n—oo =0

and therefore the expression of Equation (3.78) converges to zero in probability if

2((ea/n) + (ca/n)((ba/(ca))(cn)*nlog(n))) — 0. (3.80)
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First, note that by assumption ¢;'n~! — 0, and that the second part of the above

expression is
O(b, log(n)) = o(1) (3.81)
by assumption. Therefore, it suffices to consider

Y T(iden)1(( + 1)den > ca)I(jocn < by)dy6en(Na(1;0,6¢,)/(5ca)).  (3.82)

Jj=0

Now by the comment following Lemma 2.5 in Park and Phillips (1999),
Ni(1;0,6c,)/(0c,) = L(1,0) + 0p(1) (3.83)

if dc, > n~(P=1/3P+n for some 1 > 0, which is the case by assumption for n large
enough. Therefore, we only need consider
L(1,0)d; d¢n Y T(j6cn)[(( + 1)dcn > ca)I(jécn < by). (3.84)
3=0
Now by Lemma 3.4, it follows that by choosing § arbitrarily small, the limit distribu-
tion will be arbitrarily close to L(1,0); and noting that the same argument will work

for the lower bound, this suffices to prove the result. 0
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CHAPTER 4

Unit root tests when the data are a
trigonometric transformation of an

integrated process

4.1 Introduction

Unit root tests were first studied by Dickey and Fuller (1979) with proof and simu-
lations. From this beginning paper, unit root testing became mainstream research in
time series econometrics. It is a widely believed that many time series in macroeco-
nomics are I(1) processes, as argued by Nelson and Plosser (1982). Economists have
concentrated on how to test for a possible unit root in data series. After the Dickey-
Fuller unit root test, Said and Dickey (1984) and Phillips and Perron (1988) proposed
revised unit root tests to take into account the possible autoregressive-moving average
in errors. Their papers corrected the drawbacks of the Dickey-Fuller unit root test.
For the development of unit root tests in econometric time series, see Phillips and
Xiao (1998).

In international finance and macroeconomics, there are a lot of nonlinear models
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for time series, for example used for modelling the real exchange rate. For empiri-
cal reasons, researchers often use nonlinear transformations to transform integrated
time series. One important question is whether the unit root phenomena still exist
after transformation. The first paper to discuss this question is Granger and Hall-
man (1988, 1991). They used simulation to analyze the characteristics of unit root
tests when the data is a function of an integrated process. After Granger and Hall-
man'’s paper, Ermini and Granger (1993) established some asymptotic properties for
transformations of I(1) processes under normality assumptions. Following these three
papers, Franses and Koop (1998), Franses and McAleer (1998), and Kobayashi and
McAleer (1999) analyzed unit root tests when the data are functions of an integrated
process. They find that Dickey-Fuller tests are sensitive to nonlinear transforma-
tions; for example, it can happen that a variable is found to be nonstationary in
level, but stationary after transformations. They consider the logarithm transforma-
tion of integrated time series and propose the revision for sensitive problem when we
use augment Dickey-Fuller unit root tests under transformed integrated process. But
all these papers only study the logarithm transformation. About other functional
forms, they do not establish theoretical results.

This chapter establishes analytically what the asymptotic behavior of the Dickey-
Fuller unit root tests will be when the true data-generating process is a trigonometric
function of an integrated process. For example, the data could be generated as sin(z;),
where z, is an integrated series. This problem has been analyzed mainly through
simulations in Granger and Hallman (1991), and this chapter gives the mathematical
underpinning for their conclusions. Another paper that is related is Ermini and
Granger (1993); in that paper, various moments and covariances are calculated that
involve functions of integrated processes. Ermini and Granger’s (1993) results are

obtained by strongly relying on a normality assumption. In this chapter, we try
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to relax the normality assumptions under Ermini and Granger. We only keep the
symmetric distribution of residual item,e,, and obtain the asymptotical distribution
of Dickey-Fuller unit root tests under periodic transformation of integrated process.

One important tool for the analysis of this chapter is provided in de Jong (2001).
In that paper, it is established that for functions T(.) that are periodic on [—m, 7],

for an integrated process z; that satisfies some regularity conditions,
n 1
n2 3 (T(x) — (27) / T(z)dz) -4 N(0,0%), (4.1)
t=1 -r

where " %" denotes convergence in distribution. This paper extends the tools devel-
oped in de Jong (2001) somewhat in order to arrive at a complete asymptotic analysis

of the problem under consideration.

4.2 Assumption and main results
We consider a time series x, generated by
Ty = Ty + & (42)

where ¢, is a sequence of independent and identical distributed mean zero random
variables with a continuous distribution, a mean of zero, and a variance o%. F, =
o(ee, €-1, - - -, €1, To) is the sigma field that includes all the information in €, until time
period t. Below, let p denote the regression coefficient resulting from a regression of
Y on Y1, and let p, denote the regression coefficient resulting from a regression of
Yy on ¥, and a constant. In all results below, we will allow for both y; = sin(z,) and
ys = cos(z;), but as intuition suggests, for both choices of y, the asymptotic results
are identical.

For the convergence behavior of p and p,, the following result can be established:
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Theorem 4.1 For the process =, as defined before, for y, = sin(z,),
p -2 Ecos(s) and p, -2 Ecos(e,), (4.3)
and similarly for y, = cos(x,),

p > Ecos(s;) and p, -2 E cos(s,). (4.4)

. . p .
In the theorem above and elsewhere in this chapter, ” — ” denotes convergence in

probability. All proofs for this chapter are deferred to the Mathematical Appendix.
For the regression coefficients p and p,, the following theorem establishes root-n
consistency and asymptotic normality under the additional assumption that the dis-

tribution of ¢, is symmetric:
Theorem 4.2 For the processes x; defined before, if €y has a symmetric distribution,
for y, = sin(x,),

n'?(p — Ecos(e,)) -5 N(0,V) and n"%(p, — Ecos(e,)) — N(0,V), (4.5)
and similarly for y, = cos(z,),

nY2(p — E cos(e,)) N N(0,V) and n'’%(p, — Ecos(e,)) 4, N(0,V), (4.6)
where

V = (3/8)E(cos(e,) — E cos(s,))? + (1/8)E(sin(s,))?. (4.7)

The above theorem implies that the Dickey-Fuller coefficient tests will go off to —oo
at rate n - the same rate as would apply for stationary processes y, - and therefore
the Dickey-Fuller coefficient tests will asymptotically indicate stationarity. Finally,
we establish the asymptotic behavior of the Dickey-Fuller t-statistics ¢ and f,, for
the coefficients of y;-; resulting respectively from a regression of Ay, on y,_, and a

regression of Ay, on y,_, and a constant:
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Theorem 4.3 For the processes r, defined before, for y, = sin(z,), defining

¢ = (Ecos(e;) — 1)(1 — (E cos(er))?) ™12, (4.8)
we have
n V2 2yc and V3, 2e, (4.9)

and similarly for y, = cos(z,),

n 12 2sc and V2, Bsc (4.10)

Unlike Theorem 4.2, the result of Theorem 4.3 does not rely on a symmetry assump-
tion for the distribution of &,.

From our results, it is clear that the asymptotic behavior of the Dickey-Fuller
coefficient and ¢-tests in terms of convergence rates is identical to that of the case of
stationary random variables, and that the t-test will asymptotically indicate station-
arity. This conclusion was also obtained through simulation in Granger and Hallman

(1991).

4.3 Conclusion

In this chapter, we introduced the unit root test under trigonometric transforma-
tions. As is shown in the preceding theorems, the trigonometric transformation of an
integrated process will result in a stationary process. When we use the Dickey-Fuller
unit root test under trigonometric transformation, the test will diverge to —oo. These
results support the Monte Carlo simulation of Granger and Hallman. Compared with
the Ermini and Granger paper, we only keep symmetric distribution and relax all nor-
mality assumptions. From our proof, we can obtain more generalized results about

trigonometric transformation of an integrated process.
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4.4 Mathematical Appendix

Proof of Theorem 4.1:

We will consider y, = sin(x,); the case y, = cos(z;) is analogous. By the law of large
numbers for bounded martingale difference sequences,
n
'Y (sin(ze) sin(zer) = E(sin(z,) sin(ze-1)| Feor)) =0, (411)
t=2

and therefore in order to find the probability limit of (n— 1)~ Z: —2 YY1, it suffices

to consider

n~'y " E(sin(z,) sin(ze1)| Feer)

t=2

=n! i(sin(zt_l)QE cos(g¢) + sin(zy—1) cos(z,—1) E sin(ey))

t=2

= E cos(e,)n Zsm (z1-1)® + Esin(e,)n Zsm (z¢-1) cos(z¢-1). (4.12)

t=2

From Theorem 2 of de Jong (2001), i.e. the result of Equation (4.1), it follows that

n~! Zsin(r,-,)2 2,1/2 and n! Zsin(rt_l)cos(xt_l) 2,0, (4.13)

t=2 t=2

and therefore

n! i E(sin(z,) sin(z,-,)|Fi-1) == (1/2)F cos(e,). (4.14)

t=2

It now follows that

n Y oyt p (1/2)Ecos(e)
= 0 — = F cos(g,). (4.15
n Y, (1/2) 2 )

For p,, the same result follows by noting that

>

_1 Z _
. t=2 (Ve = 9) (Y1 — 9)
Py = = (4.16
g SR )
and by noting that again by the result of Equation (4.1), § —— 0. a
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Proof of Theorem 4.2:

Again, we will consider y; = sin(z,), and note that the case y; = cos(z;) is analogous.
For such y;,

n~1/25°"  (sin(z,) sin(z;-1) — sin?(z,-1) E cos(e;))

nly i, sin?(x;-1)

n~Y23" (sin(zy-1) cos(zs-1) sin(e;) + sin(ze—1)? cos(e;) — sin(z,-1)*E cos(ey))
- &) + sl (4.17)
n ! Zt=2 sin (xt)

Now, noting that the denominator converges in probability to 1/2 as before, and in

n'2(p — Ecos(s,)) =

addition note that the summands g; in the numerator are martingale differences with
respect to F; by symmetry of the distribution of ¢;, which implies that E'sin(e;) = 0.
We now apply the martingale difference central limit theorem; see e.g. Theorem 3.2 of
Hall and Heyde (1980). To verify the conditions of this theorem, it now only remains

to be shown that n=1 37, g2 -£5 V € (0, 00). This will be true because

n
-1 2
n E 9
t=2

n

=n"! Z sin(z¢—1)*(sin(z¢-1)(cos(e¢) — E cos(e)) + cos(ze-1) sin(e))?
t=2

n

=n-! Z sin(z,_1)*(cos(e;) — E cos(e;))?

t=2

n

+n7! Z sin(z,_,)? cos(x,_1)?* sin(e,)?
t=2

n

+n”! Z 2sin(z,_)3 cos(z;_1)(cos(e;) — E cos(e;)) sin(e;). (4.18)

t=2

By the martingale difference law of large numbers, the last expression equals

op(1) + n™! Z sin(z,_;)*E(cos(g;) — E cos(e;))?
t=1

+n7! zn:sin(:vt_l)2 cos(x;-1)*E(sin(g;))?

t=1
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+n~! i 2sin(z_;)? cos(x,—1)E((cos(s,) — E cos(e,)) sin(ey)).

t=1

By Theorem 2 of de Jong (2001) as quoted in Equation (4.1), we know that

T

n g
n! Zsiu(x,-ﬁ" 2, (277)‘1/ sin®(z)dz = 3/8,
=1 -

n~! Zsin(x,_1)2 cos(ze-)? 2o (27:)_1/ sin?(z) cos?(z)dx = 1/8,
t=1 -

™

and

n~! Z?sin(zt_l)3 cos(xp-y) = (27r)_1/ 2sin(z)3 cos(z)dx = 0.

t=1 n

Therefore, it follows that
n! Z g2 2 (3/8)E(cos(e;) — E cos(e;))? + (1/8)E(sin(e,))? = V.
For p,, note that

0125, = P)| < 0p(1) + 201/25" = Op(n~'7%),

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

implying that the same limit as for n'/2(p — E cos(e,)) results for n'/2(j, — E cos(e))

as well, and this observation completes the proof of Theorem 4.2.

Proof of Theorem 4.3:

a

First note that, for both the cases y, = sin(z,) and y, = cos(z;), using the results

obtained in the proof of Theorem 4.1,

(n—1) IZ P!/tl

n

n n
1) +n! Zy? —2pn~! Zytyt_l + p*n7! ny
t=2 t=2

t=2
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£ (1/2)=2E cos(g,)(1/2) E cos(g,)+(E cos(,))2(1/2) = (1/2)—(1/2)(E cos(&,))?.(4.25)

Therefore, it now follows that

YT n—1)1/2 1
N T = - ) z( Qy,) NEE
— -1/2 (n=1)"2(p— ECOS(» ) + 12 (n—1)"*(Ecos(g;) — 1)
( 2 n—l Zc 2y 1/2 (52/(("'_' 1 Zt 2yt 1 )1/2
L. (Ecos(e,) — 1)(1 — (E cos(g,))?) V2. (4.26)

For n~Y 2[”’ the same result holds, because the y that would appear in the expression
for f,‘ converges to 0 in probability, and therefore the difference between n='/2t and

n~Y 25,‘ converges to zero in probability asymptotically. )
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CHAPTER 5

Some results on the asymptotics

for threshold unit root test

5.1 Introduction

Economic time series data often show some sudden changes, as a result of an exter-
nal shock. It is generally believed that linear time series models cannot capture such
a structural change. One statistical model that attempts to capture such a sudden
structural change in different regimes is the threshold autoregressive model devel-
oped by Tong (1990). The threshold autoregressive model captures regime switching
based on the lagged values of the variables. This is a very attractive property for
economists, but the threshold autoregressive model still has some drawbacks. One
of main drawback is that for inference in threshold autoregressive models, there is
limited theory for testing null hypotheses that imply a unit root. The first paper to
investigate unit root structure in threshold autoregressive model is Gonzélez and Gon-
zalo (1997). They present a threshold unit root (TUR) model that has either stable
roots existing in all regimes or unit roots in at least one regime. In the context of their

threshold unit root model, they derive the asymptotic distribution of a Dickey-Fuller
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t-test. However, their analysis has some problems. First, in Gonzalez and Gonzalo’s
threshold unit root model, they consider the threshold value to be known and fixed.
But generally in economics time series, threshold values can be unknown. Second,
the threshold unit root test in Gonzédlez and Gonzalo consider unit root exists in one
regime threshold autoregressive model. They test one of all regimes existing unit root
against alternative hypothesis that threshold autoregressive model does not have unit
root in any regimes. But their model does not consider the case that unit root exists
in one regime of TUR model in advance and test the null hypothesis of a pure I(1)
process against the alternative hypothesis of a TUR model that has one regime with
unit root. For improvement of these drawbacks, we establish an asymptotic result
that can be used for testing the null of a unit root (¢ = 0) against the alternative of

a threshold unit root model:

Ay = pte if |y <C (5.1)
gty +e if || > C,
where —2 < ¢ < 0. We will relax the assumption that threshold value, C, is known,
as in Gonzilez and Gonzalo’s TUR model, and we consider tests that have been
optimized over the unidentified parameter,C.

This chapter is organized as follow. In Section 5.2, we will derive the appropriate
asymptotic results. With results, we can establish the asymptotic distributions of
Dickey-Fuller t-test in regression Ay, on constant and y;—1/(y:-1 > C), optimized
over a set of possible value of C. In section 5.3, we will explore the possible further

extension with the asymptotics. The conclusion will be found in Section 5.4. All

proofs are in Mathematical Appendix.
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5.2 Main results

For developing the asymptotic distribution of the threshold unit root test, we will
use results involving the Brownian local time and a result by Perkins (1982) involving

convergence to Brownian local time. In Perkins’ Theorem 1.1, it is shown that

n-1
(1/2)La(1,m) = Y In™ Py = wl(I(n™ gy < ) = I(n7' Py, <))
t=1
n—-1
= Z In™ 2y, — w|(I(n™ 2y < @) (72 > 1) + I(n™2yy > m) (072, < 7))
t=1

n-1
= Z [n=Y2y, — 7|1 (min(n~ 2y, n™Y2%y,_}) < 7 < max(n™2y,, n"Y2y,_)))
t=1
= (1/2)L(1,7), (5.2)

where L(t,s) is the two-parameter stochastic process called "Brownian local time”
and ” =" denote weak convergence. In order to establish our results, we need the

following assumption for ¢,.

Assumption 5.1 ¢, is an i.i.d. sequence random variables with mean zero, variance
02 and Ele)|* < 0. The distribution of <, is absolutely continuous with respect to the
Lebesgue measure and has characteristic function (s) for which lim,_ . s"Y(s) = 0

for some > 0.

Assumption 5.1 implies Assumptions 1 and 2 of Park and Phillips (1999) and the
assumptions of Theorem 1.2 from Perkins (1982), implying that we can combine

results from both papers here. The following results now follow relatively easily from

Perkins (1982):

Theorem 5.1 Assume €, satisfies Assumption 5.1, and assume that Ay, = £, and

Yo = 0. Then,
n 1
n~1/2 Zetl(n‘]/zy,_l <m0 / I(cW (r) < m)dW(r). (5.3)
t=1 0
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Theorem 5.2 Assume €, satisfies Assumption 5.1, and assume that Ay, = €, and

Yo =0. Then

n 1
WY el (07 s < 1) 5 0 [(WEEWE) MW (54)

The proofs of Theorems 5.1 and 5.2 can be found in the Mathematical Appendix.

5.3 Applications

Consider the threshold unit root model

Ay = pte iy <C (5.5)
ptoya+eif y,| > C.

From Chan, Petrucelli, Tong and Woolford (1985), it is known that under regularity
conditions, if & is an i.i.d. error and —2 < ¢ < 0, then y, will be ergodic, and the
usual law of large numbers will be hold for y, and y?. With the results we establish in
Section 5.2, we can construct tests for the unit root hypothesis Hy : ¢ = 0 against the
alternative of an ergodic TUR model, i.e. —2 < ¢ < 0. If the threshold value were
known, we could obtain an estimator ¢ of ¢ by a regression of Ay, on constant and
Ye-1/(ye-1 > C). However, if the threshold value is a priori unknown, the problem
arises that under Hy, the threshold value is unidentified. One solution for this problem
is to use the smallest possible t-value over the space of relevant values for threshold
value as our test statistics. Assuming C' = n!/?r is given, define (j, as the least square

1727) with intercept,

regression coefficient from a regression of Ay, on yp—11(yi—; > n
and similarity define #%_, as the usual t-test for Hy : ¢ = 0 from the regression with
intercept. Under the null hypothesis of ¢ = 0 (and assuming that y, = 0), the fg=0

statistics can be written as

n

(1/31)(2 ytz—ll(yt—l > 711/2”))-1/2(2 eI (Y1 > 711/277)), (5.6)

t=1 t=1
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where s? is the usual error variance estimator. For numerator of (5.6), we can use the

results that we establish in this chapter to obtain

n- Z"tyt I Vy_ <m)=>0 /I(W(r))l(aW(‘r) < m)dW(r). (5.7)

For the denominator, Park and Phillips (2001) established that for a compact subset
of IT of R,

1
n-! Z —1/2 yt L > "1/277-) = 0»2/ W/(r)2](o'|W(1‘)| > 7T)d1”. (58)
0

Combining these two results, we can conjecture the possible asymptotic distribution
of the statistic under the null to be,

cep 4 f (r)I(|W ) > 7w /a)dW(r) — )fo1 W) I(|W(r)| > 7r/a)dr.
0T nh (fy WERI(IW (r)| > m/a)dr — (Jy W(r)I(IW(r)| > m/c)dr)?)!/2

well

(5.9)

The problem with this conjecture is that the denominator equals zero for 7 >
o sup,¢o.y [W(r)], and therefore the above result does not follow straightforwardly
from the continuous mapping theorem. The application of our theorems towards the

problem of testing for a threshold unit root will be part of the future research.

5.4 Conclusion and further research

In this chapter, we derived two theorems involving the product of an error and an
indictor function. With the two results we established, we can consider Dickey-Fuller
t-tests that detect the null hypothesis of a unit root against alternative of a threshold
unit root model. With regard to further research, we can derive the Dickey-Fuller
unit root test for TUR model under 7 € Il with our asymptotic results. In addition to
obtain asymptotics of the Dickey-Fuller unit root tests under our TUR model, we can

relax the assumptions about residuals, £;,. We can use the stationary ARMA processes
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instead of white noises in residual series of TUR model. For this improvement, the

asymptotic properties of augment Dickey-Fuller unit root tests can be derived.

Mathematical Appendix

Proof of Theorem 5.1:

First note that,

-1/2261 l<7r)

n n
=n Z(yz —n'?m)I(n” Py < 7) =72 Z(yt—l —n!2m)I(n™ 2y < )
t=1

= "-1/22 ye — n'2m) (0 2y, < 1) + 07V (g — n'2n) (0 Py < )

Zl (ye — n'27) (" Y2y, < 1) — Y3 (yo — nM2m) [(n~ Y2y < 7)
=n" 2y, — 02 [0 Py <) =07 (yo — 0 Pm) I(nT Py < )
7S (= ) (07 gy < ) = ‘/22 = 2 ("2, < )

t=1
= 02y = 02 (0™ gy < ) = 02y = n2m) (07 2y < )
+n7V2Y (g = 0PI (07 Py < 7) = TPy, < )

t=1

_1/2(y _ nl/27r)1(n_l/2y,._1 <m)-n 1/2(y0 _ n1/27r)1(n_1/2y0 <)
+n"/2z y, — nV27) (min(n™"%y,, n" Y2y, ) < 7 < max(n™Y2y,n"%y,_,)).
(5.10)

For the first term of the last formula, we have

(n_l/zyn - 7r)](n_lﬂyn—l S 77) = (n—l/zyn—l —-7T+ n—l/zgn)l(n_lﬂyn—l S 71').
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By Chebyshev’s inequality,

Estelgln 1V2,I(n~ g <n)<nV2Elg] -0
as n — 00. Also,

(™2 ) (0 2y, < )] = (GW(1) = M) (oW(1)] < ). (5.11)
For the second term, we can obtain

(n™V2yo = M) [(n™ 2y < m) = (—m)1(0 < 7). (5.12)
For the third term, from Perkins (1982), it follows that

-‘/22 e = n ) (min(n= 2y, n7 2y ) < 7 < max(n™M 2y, n2y,0)

= (1/2)L(1,7). (5.13)

The results of Equation (5.11), (5.12) and (5.13) now imply that the statistic of

Equation (5.10) converges weakly to

(W) —m)I(JoW(Q)| < 7r) = (—m)I(0 < ) + (1/2)L(1, ). (5.14)
The Tanaka Formula (see Perkins (1982) p437-p439)

max(W (1) — 7,0) = max(—m,0) + /0l I(W(r) > m)dW(r) + (1/2)L(1, )

now implies that the process of Equation (5.14) can be written as afol I(cW(r) <

m)dW (r). We can conclude that

n 1
n'1/225,1(n_1/2y¢-1 <7)=> a/ (oW (r) < m)dW(r).
0
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Proof of Theorem 5.2:

From the definition of y,_;, we know

eyer = (1/2){yi — vty — <}

The pointwise convergence in distribution of the statistic follows from Park and
Phillips (2001). Therefore, we only need to show stochastic equicontinuity to complete

the proof. To show stochastic equicontinuity note that

nY ey I (n 2y <)
= (1/2)n7! Z( -y - EL)I(n %Yy < )
t=1

=(1/2)n" ’Z[ yo — n'2m)? — (yeoy — n'2m)2 4+ 20V 2ne, — 2 I(n"V 2y, < )

n

= (/20 Y (g - n ) (g, < )
t=1
=(1/2)n IZ ye-1 — 0 2m)2I(n Y2y, ) < )
+(1/2)n IZ (2n'2re, — eV I(n"V2y,_, < 7)
= (1/2)n Z n'2r)2I(n 2y, <)

+(1/2)n  yn — n'2m) 2 (0™ Py, < )

—

n—
—(1/2)n7 Y (yo — n'Pr)2I(n" Y2y, < 7)
1

~
1

—(1/2)n" (yo — n'*7)* I(n~?yo < 7)
+(1/2)n! Z(anns, —eI(nY2y,_, < 1)
t=1
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= (1/2)n" (yn — n'm)* [0~ Pyn_y < )
=(1/2)n" (yo — n'Pm)21 (™" 2yy < 1)

n-1

1/2>n“Z n' eI 2y < 1) = I(n™ 2y, < )]

+(1/2)n 12(271'/%5 V(" V2y,_, < )
Now note that
g(m) = (ye — n'2m) (I (V2 < ) — I(n71 2y, <))
—2(n" M2y, < )

is continuous in 7, and also note that g,(r)is differentiable in 7 and that its first

derivative is

gi(m) = =2n'P(y, — 0! 1) (I(n™2y,oy < 1) = I(n7' 2y, < m)).

Define
=n"! Z g¢(m)
t=1
and
n(m)=n"1" gi(m)
t=1
Now

|Gn(m) = Gu()| < |7 = @[ sup |G ()]
meR

n
=l = #lsup 3 w2y = w102y < ) = T2 < )
TER =1

=|r— 7'TI(I/Z)SIEI;I::|Ln(1,7r)|~
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Therefore, it follows that G, () is stochastically equicontinuous. The proof of stochas-
tic equicontinuity of n=Y/23"1_ e,y,_11(n"/2y,_; < ) is therefore complete if we can

show that
n
2rn~Y/? Z Etl(n'1/2y,_1 <)
t=1

is stochastically equicontinuous, which follows from Theorem 1 and the continuity of

g(m) =m. ]
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APPENDIX A

Introduction to local time

A.1 Definition and properties

In my dissertation, we use the concept of local time. I will give a simple intro-
duction for local time in this appendix. Local time is a continuous two-parameter
stochastic process that characterizes a continuous time martingale process. When
this continuous time martingale process is Brownian motion, the associated local
time function is called the Brownian local time, which we well denote by L(t,s). Like
Brownian motion, local time is a random function that has a well-defined distribution
for any given value of the argument; the finite-dimensional distributions of L(.,.) a
spatial density, i.e. L(.,.) are not normally distributed, however. The intuitive inter-
pretation of local time is that it is a spatial density, i.e. L(.,.) provides information
about how much time a Brownian motion process spends in the neighborhood of a
given point s.

To get to the standard definition of local time, we first need to define the occu-
pation time H. Let [M] denote the quadratic variation process of M, where M is a

continuous time semimartingale process. Then the occupation time of A (r), for any
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Borel measurable set A, is given by
t
H(AL) = / I(M(r) € A)d[M](r).
0

For the special case M = B, [B](r) = r, and the reason for naming H(.,.) “occupation
time” is clear for that case. In the more general case, we can think of the amount of
time spent by M(.) in the set A as being measured in units of quadratic variation.

The following theorem now defines the local time function L (¢, s):

Theorem A.1 For a continuous time semimartingale process M(.), there exists a

continuous function L(.,.) such that

4

H((—oo,x],t)=/ La(t, s)d[M](s).

—00

Proof of Theorem A.1:

See Chung and Williams (1990).

The above theorem implies that

—

La(t,s) = £i11(1)(2s)‘1/0 I(|M(r) — s| < e)d[M](r).

Trotter (1958) was the first to show the result of Theorem A.1 for the special case of
Brownian motion, i.e. M = B. For the case of the Brownian local time, the above

theorem implies that

H((—o0,z),t) = /1 L(t,s)ds
and that

(d/ds) /Ot I(B(r) < s)dr = L(t,s).

We note that in the article by Park and Phillips (1999), that seemed to have started

interest of the econometrics profession in local time, the order of the arguments of the
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L(.,.) function see to be reversed, compared to what is convention in the statistics
literature. Here, we will follow Park and Phillips’ notation.

In order to get some idea of how the local time function behaves, it may be
worthwhile here to realize that since sup,¢ B(r) and inf,¢jo B(r) are well-defined
random variables, fot I(B(r) < s)dr = 0 for s < inf,eo, B(r). Therefore, for such s,
L(t,s) = 0 as well. Similarly, for all s > sup,¢y B(r), fot I(B(r) < s)dr =1 and

therefore, L(t, s) = 0 for s > sup,¢(o, B(r). Also,

/—: L(t,s)ds = [/_:(d/ds) ‘AQI(B(T) < s)dr] :—w =1.

These facts together complete the picture that we should have in mind for L(.,.): as a
function of s, L(.,.) is a function with bounded (yet random) support that integrates

to one.

A.2 The Tanaka formula

The It formula states that, if (d?/dz?)F(z) = (d/dz)f(z) = f'(z) and f’(x) is con-

tinuous, we have

F(B(t)) - F(B(0)) = / F(B(r)dB(r) + (1/2) / J/(B(r))dr.

The Tanaka formula now states that a form of the It formula holds for f(W) = (W <
s) as well. The local time L(t, s) will appear in this formula, as a replacement for the
It correction term. Basically, for this choice of f(.), the Tanaka formula justifies that

one can consider

~(d/ds) /0 J W) w—pydr = —L(t,5)

instead of the undefined
t
/ (d/dW)f(‘V)IW=B(,-)d7‘
0
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in the It formula. For a heuristic application of the It formula along these lines, to
make F'(.) continuous and have f(W) = I(W < s) as its derivative at any point except
W = s, we should choose F(W) = (W — s)I(W < s). This heuristic implication of

the Tanaka formula is then

(B(t) = s)I(B(t) < s) = (=s)I(0 < s5) = /ot I(B(r) < s)dB(r) — (1/2)L(t.s),
which can be rewritten as

max(s — B(t),0) + max(s, 0) = /0 IB() < $)dB() + (U2L(ts). (A1)
However, the most cited form of the Tanaka formula is as follows:

Theorem A.2 Tanaka formula
t
L(t,s) = |B(t) — s| — |s| — / sgn(B(r) — s)dB(r). (A.2)
0

Proof of Theorem A.2

See McKean (1969).

This second form of the Tanaka formula easily results from our conjecture of

Equation(A.1) by noting that sgn(W —s) =1 —2[(W < s).

A.3 The occupation times formula

Because of the interpretation of local time as a spatial density, we may expect a
relationship between integrals over a function of Brownian motion and an expression

involving local time. Specifically, for a continuous function 7(.), we may expect that

/Ol T(B(r))dr
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can be approximated, for small € > 0, by
1
/ ZT(]S)[(jE < B(r) £ (j +1)g)dr.
0
For small € > 0, we should now have that
1
s-‘/ I(js < B(r) < (j + 1)e)dr = L(1, je),
0
suggesting that
1 1
/ T(B(r))dr = / ZT(js)I(jE < B(r) < (j +1)e)dr
0 0 =
j

0

zZT(js)s"L(l,js)z/ T(s)L(1,s)ds.

—0C

This can be formalized in the following theorem:

Theorem A.3 Let T : R — R be a locally integrable function. Then

/01 T(B(r))dr = /_C’0 T(s)L(1, s)ds.

o0

Proof of Theorem A.3:

See Chung and Williams (1991).
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