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ABSTRACT

REAL ASPECTS OF THE MODULI SPACE OF STABLE MAPS OF
GENUS ZERO CURVES

By

Seongchun Kwon

We show that the moduli space of stable maps from a genus 0 curve into a nonsin-
gular real convex projective variety having a real structure compatible with a complex
conjugate involution on CP* has a real structure. The real part of this moduli space
consists of real maps having marked points on the real part of domain curves. This
real part analysis enables us to relate the studies of real intersection cycles with real

enumerative problems.



To my parents

iii



ACKNOWLEDGEMENTS

I would like to express my gratitude and thanks to my advisor, Professor
Selman Akbulut for suggesting this problem and continuous support. I thank Pro-
fessor Sasha Voronov, Professor Sheldon Katz for getting algebraic geometry ques-
tions and observing working ideas at the starting point, Professor Rahul Pandhari-
pande for reading and comments about informal details of construction of real part,
real part analysis, Professor Pierre Deligne for reading my informal draft, sugges-
tions,comments, answering my questions, Professor Frank Sottile for discussions and
help on real algebraic geometry, Professor YongGeun Oh for his explanation about
Fukaya-Oh-Ohta-Ono’s work, Gefry Barad, Professor Janos Kollar for helpful e-mail
correspondences, Professor Michael Shapiro for reading and suggestions, Professor
David Blair, Professor John McCarthy for help on English. I also thank I.A.S.’s
hospitality when I visited that place during spring 2002.

Finally, I thank my parents for their encouragement, moral and financial support for

a long period of time.

v



TABLE OF CONTENTS

1. Introduction ........ ... .. 1
2. Preliminaries .............. o i 2
3. The moduli space of stable maps is a real moduli space............... 9

3.1. Fulton-Pandharipande’s construction of the moduli space of stable

Maps Ma(CPF d) .o 11
3.2. Proof: The moduli space of stable maps is a real moduli space.... 20
4. Real part of the moduli space of stable maps and Projectivity ...... 27
4.1. Real part of the moduli space of stable maps ....................... 27
4.2. Projectivity of the real model M,(X,3)%............................. 35
5. The Gromov-Witten invariant and real enumerative problems...... 38
References . ... 41



1 Introduction

A Gromov-Witten invariant and its applications to enumerative problems in the com-
pler world has been studied by many people. That invariant is defined on the moduli
space of stable maps ( Definition in section 3 ). In this thesis, we investigate the real
aspect of the moduli space M,(X, 3) of stable maps from genus 0 curves when the
target space is a convex (i.e. H'(CP', u*(TX)) = 0, for every i : CP! — X, where
TX is a tangent bundle) nonsingular projective real variety whose real structure cor-
responds to the complex conjugation map on CP*. Here, a projective real variety is
a projective variety having an anti-holomorphic involution. To search for the ways
to use the above moduli space of stable maps M, (X , ) in studying real enumerative
problems, we have to sce whether we can understand the moduli space M, (X, 3) as
a real projective variety or not. If the answer is positive, then we need to understand
the nature of the real part ( Definition in sec 2), for example, whether each point in
the real part of M, (X, 8) represents real maps or not. We will show the following:
e (Section 3, 4.2) The moduli space of stable maps of genus zero curves M, (X, 3),
where X satisfies the above conditions, is a real projective variety.

o (Section 4.1) The real part of M, (X, 3) consists of real maps having marked points
on the real part of the domain curves.

The real model (Definition in sec 2) of M, (X, ) has a Z-module Chow group fun-
damental cycle. And the real part of M, (X, 3) has Z/2Z-module ordinary homology
fundamental cycle. So, it is natural to consider whether we can define real enu-
merative invariants on the real model or the real part of Hn(,Y, 3) which count the
number of real curves on the real model or the real part of M,(.X, 3). Unfortunately,
we cannot define nice enumerative invariants using fundamental cycles. The reason is
explained in section 5. The possible way to use the real aspect of M, (X, 3) will be

developing an efficient method to construct real cycles meeting transversally, maxi-



mizing the number of intersection points of cycles in the real part of M, (X, 3). Its
enumerative implication will concern how many real solutions we can have for the
given enumerative problem, improving the minimum bound of the real solutions. But

the technique to construct such real cycles is open.

A Gromov-Witten invariant in the real world with Quantum Schubert calculus

has been widely studied by F. Sottile. See [Sotl], [Sot2], [Sotd], [Sot5].

2 Preliminaries

We begin with reviews of some standard notions and facts in real algebraic geometry.
A more detailed exposition can be found in [Sil, I. sec.1,4].
Definition. Let .X be a scheme over C. We will say that (X, s), or simply s, is a

real structure on X if s is an involution on X such that the diagram

X 5 X
l {
Spec(C) L Spec(C)

commutes, where j : C — C is the complex conjugation.

We then call such a scheme X a real scheme with a real structure s.

Remark 2.1 If X is a projective variety over C, then having a real structure is
equivalent to having an anti-holomorphic involution on the set of complex points

X(C). See [Sil, p4, (1.4) Proposition].

Definition. Let X be a scheme over C. We will say that X has a real model if

there exists a scheme X% over R such that X = X® xz C, where X% x5 C is the fibre



product of X® and Spec(C) over Spec(R). We will call X¥ a real model of X, and X

a complerification of XF¥.

Proposition 2.1 The category of quasi-projective or projective schemes over R and
that of quasti-projective or projective schemes over C, endowed with real structures are
equivalent categories.

More precisely, there exists a real structure (X, s) on a projective or quasi-projective
scheme X over C if and only if there exists a real model X¥® for X and an isomorphism
¢ : X = XE®xC such that s = ¢~ 'oooy, where o is induced by complez conjugation

in X% xz C. For a fized (X,s), ¢ and X® are unique up to real isomorphism.

Proof. See [Sil, p3] O

Definition. Let (X, s) be a real structure on a projective or quasi-projective scheme
X over C. We will call the fixed points by the action s in the complex points X (C)

the real part of X and denote it by X7"°.

If a projective scheme Y is defined over R, then it consists of real and non-real

closed points because the real number field R is not algebraically closed.

A rcal model of the real projective scheme X is an algebraic gecometric notion
including non-real points also. But the real part of X(C) and the set of real closed
points in a scheme Y defined over R are differential geometric notions. If X (C) is real
isomorphic to ¥ xg C, then each point in the real part of X (C) uniquely corresponds
to real points in Y, and vice versa.

We will use notations CP*, RP* to represent ProjClry, ..., xy], ProjR[ro, ..., x4,
that is, projective k-spaces over C, R in algebraic geometry. Note that CP* can be
considered as a k-dimensional complex projective space in the differential geometric
sense. But RP*, an algebraic variety containing non-real points, cannot be identified

with a differential geometer’s real projective space. The set of real points in RP* is



identifiable to a differential gcometer’s k-dimensional real projective space which we

will denote it by RP*.

Definition. Let (X, s), (Y,t) be real schemes.
We will say the morphism f : X — Y is a real map if the morphism f commutes

with real structures, i.e., fos =1%o f.

Such a morphism f obviously preserves the real parts, i.e., f(X™) C Y.

If X® Y are separated schemes of finite type over R, then giving a morphism
f®: X® 5 Y* is equivalent to giving a morphism f : X — Y which commutes with
the real structures. See [Har, p107, 4.7. (c)]. We will call f* a real model map of a
real map f, f a complezified map of f¥, the restriction map f™: X™ — Y7 of f to

the set of real points a real part map of f.

Example 2.1 1. CP* is a real scheme having an anti-holomorphic involution given
by a standard complex conjugation map. Then, CP* is isomorphic to RP* x3 C. We
illustrate a non-real point in RP'. Let OF be the standard open set {ry # 0}. Then,
OR is isomorphic to SpecR[y], where y = r,/xo. Note that y? + 1 is an irreducible
polynomial in R[y]. Therefore, it generates a prime ideal and obviously corresponds
to a non-real closed point. This non-real point splits into two complex points [1 : 7],
[1: =] corresponding to (y + i), (y — i) in a standard open set O® x C isomorphic
to SpecC[y] = Spec(R[y] ®x C) in CP'. The set of these two points is preserved by
the involution. In this special case of dimension 1, there is a set theoretic one-to-
one and onto correspondence between CP'/ ~ and the scheme RP' , where ~ is the
equivalence relation by the conjugation action, because every irreducible polynomial
having degree higher than one has degree 2. Note that CP'/ ~ is diffeomorphic to a

closed disk. More generally, real points in RP* correspond to the points in the real
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part of CP* which are fixed by the involution. Each non-real point in RP* splits
into an even number of non-real complex points in CP¥ preserved by the complex
conjugation action.

2. We may have more than one real structure on the same scheme. Not every
real structure induces a real part. For example, CP' has two non-isomorphic real
structures. One is explained in 1, having a real part diffeomorphic to RP!, with real
model isomorphic to RP'. The other is an anti-holomorphic map s([z : w]) = [ : Z],
having no fixed points, i.e. no real part, with real model isomorphic to the conic in
RP? given by the homogeneous equation z2 + 2% + 22 = 0. See [Har, p107, 4.7,(e)).
In general, if a smooth real scheme X has a real part, then the dimension of the real
part is half of that of the original scheme. i.e., dimcX(C) = dimzX™. See [Sil, p8§].
3. The Deligne-Mumford moduli space M, with n marked points, is a real moduli
space whose anti-holomorphic involution is induced by the involution in example 1 as
described in [G-M, 2.3], [F-Oh, sec.10], [Cey, sec.4.1]. More precisely,

i. For non-singular curve; (CP',ay,...,a,) = (CP',a,,...,a,)

it. For singular curve with two irreducible components;

(CPL, 6 ai,...,ax) U(CPS, & by....,b) = (CP,, 65, ... a5) U (CPY, 85 by, ..., by),
where CP), CP} are irreducible components after the normalization, 4, §' are gluing
points, a;, b; are marked points, k + [ = n.

iti. General cases are obvious from ¢, ii.

We will prove this map defines an anti-holomorphic involution in section 3. In fact,
this is an involution we get when we consider the C-scheme Deligne-Numford moduli
space as a complexification of the R-scheme Deligne-Mumford moduli space. That
is, the real model of M, is an R-scheme Deligne-Mumford moduli space \_1: with n
marked points.

Not every universal family of curves U, on M, is real. For example, any rational

curve with 3 marked points can become a universal family over M 3. But that can be



considered as a real universal family of curves only when all 3 marked points are on
the real part of CP'. To analyze the real part of M, we need a real universal family of
curves. The real universal family of curves can be constructed by complexification of
the R-scheme universal family of curves over the R-scheme Deligne-Mumford moduli
space ME:. Obviously, the one point moduli space M3 can be represented by a rational
curve (CP', a), az, a3) with 3 marked points a; in the real part. Each general point x(#
a;) in Us := (CP', ay, ay, a3) can be understood as a general point in M, representing
a rational curve with marked points at a,, a,, a3, x. Thus, non-singular curves
represented by points in the real parts of M, are real curves with 4 real marked points.
When these curves degenerate, they make singular curves having real irreducible
components with real marked points and real gluing points. If two points on the real
part of the rational curve collide, then the colliding place becomes a gluing point with
the other new real irreducible component. And then, the collided points split into
two points in the real part of the new irreducible component. Since the construction
of Deligne-Mumford moduli space is inductive using real isomorphisms Up_; & M,,
we see that points in the real part of Af,, n > 3, are represented by rational curves
with real marked points or singular curves having real irreducible rational components

with real marked and real gluing points. See [G-M, sec2.3].

Recall there is a 1-1 correspondence between isomorphism classes of locally free
sheaves of rank n on the scheme X, and isomorphism classes of vector bundles of
rank n over X. We won’t distinguish the words between a ‘locally free sheaf’ and a

‘vector bundle’. See [Har, p129, 5.18(d)].

Note that a real structure s on X induces a canonical morphism on the structure
sheaf Oy by
F(U’ 01\') — F(S(U)v 0/\')

f = jofosi=f%



which is an isomorphism of rings, where U is any open set in X.

Let U be an affine open set in X and £ a locally free sheaf. Then, L(s(U))
is an Ox (s(U))-module. We make L£(s(U)) an Ox(U)-module by changing exterior
multiplication,

Ox(U) x L(s(U)) —  L(s(U))
(f.) o (jofos
leaving the underlying additive group structure as it was. We call the locally free
sheaf L£* of Ox-modules defined in this way the conjugate vector bundle with respect
to the real structure s on (X, s).

For example, if £ is a sheaf of functions with values in C", we may describe £* by
L(U) = {johoslh € L(s(U))}

We call the vector bundle V' over the real scheme (X,s) a s-real bundle if its
conjugate bundle V¢ is identical to the bundle V. Here, ‘identical’ means exactly the
same, not meaning isomorphic. The line bundle from the structure sheaf Ox on the

real scheme (X, s) is a trivial example of a real vector bundle.

Remark 2.2 Let D = £n;D; be a Weil divisor on a real scheme (XX, s). Let D* be a
conjugate Weil divisor £n;s(D;). If we consider a Cartier divisor {(U;, f;)} associated
to the Weil divisor D, then its conjugate Cartier divisor, the Cartier divisor associated
to the conjugate Weil divisor D?*, can be written as {(U;, f’)}. Hence, if O(D) is
the invertible sheaf associated to D, then its conjugate line bundle comes from its
conjugate Weil divisor, i.e. (O(D))* = O(D?). Conversely, if L is an invertible sheaf
on X and D(L) is the associated Weil divisor, then the associated Weil divisor for the
conjugate line bundle £¢ is the conjugate Weil divisor of D(L), i.e., D(L*) = (D(L))°*.

Consequently, the line bundle is real if and only if its associated Weil divisor is fixed

7



by an involution s. More generally, the vector bundle V' on X is real only when there
exists a locally free sheaf 1'® on X® whose complexification becomes V. See [Sil, p6,

(1.8) Lemma].

Example 2.2 1. Line bundles on CP*, RP* are classified by their degree. That
is, any invertible sheaf on CP¥, RP* is isomorphic to O(l) for some | € Z. See
[Har, pl45]. But the restrictions of same degree line bundles on RP* to the real
points, so line bundles on the differential geometer’s real projective space RP*, are
not necessarily isomorphic. Let s be a real structure from the complex conjugation
map on CP'. Then, the Weil divisors [i : 1] + [~i : 1] and [1 : 1] + [~1 : 1] define
degree 2 s-real line bundles, say L;, L, respectively. The natural holomorphic section
s1 to L; induced from the associated Cartier divisors( see [Grif-H, p135] ) vanishes at
[i : 1] and [—i : 1] which are not in the real part of CP'. Thus, it induces a trivial line
bundle on RP!. But the s-real line bundle L, induces a nontrivial line bundle on RP'.
If we restrict the s-real line bundles to the upper-hemisphere so that the fibers along
the boundary come from the real parts of L, and L,, then these give an example of
line bundles whose Chern classes are the same after the complex double, i.e. in this
case, line bundles L;, L, on CP!, but the real line bundles along the boundary are
not isomorphic. The invariant for line bundles on the upper-hemisphere is called a
relative Chern class.

2. Not every degree’s line bundle on CP* allows a real line bundle. Let s be a real
structure on CP' from the antiholomorphic involution [z : w] — [~ : Z], which
doesn’t have any fixed point. Then, this real structure doesn’t have any odd degree
real line bundles O(2r+1) because there is a 1-1 correspondence between Weil divisors,
and invertible sheaves ( see [Har, p144] ) and none of the odd degree’s Weil divisors

can be fixed. Remark 2.2 leads us to the conclusion.



3 The moduli space of stable maps is a real moduli
space

The moduli space M, (X; 3) of stable maps (f,C,xy,...,x,) from a genus zero curve
with n-marked points consists of the equivalent classes of stable maps (f,C, xy, ..., ;)
satisfying the following conditions by its definition;

(1) f.([C]) represents the homology class 3 in Hy(X';Z);

(2) The arithmetic genus of domain curves having n-marked points is zero ;

(3) (stability condition) If the domain curve C has some irreducible components C?
such that f,([C?]) = 0, then each of these components, C?, contain at least 3 special
points(marked or gluing points);

(4) Two stable curves (f,C,x),...,x,). (f',C', 2], ..., 1)) are equivalent if there exists

an isomorphism o; C — C’ such that f'oo = fand o(r;) =2}, i =1,...,n.

Let (CP',s), (X, t) be real structures. Then, it is natural to be concerned whether

the set theoretic involution (f, CP!,x,...,x,) — (to fos,CP' s(x)),....s(xn)) de-

fines an anti-holomorphic involution on A, (X; 3). We will consider the real structure
coming from the complex conjugation map on CP* and real projective varieties .X
related to this real structure and show the above involution is an anti-holomorphic

involution on Hn(‘ (5 3). At the end, we will see this result doesn’t always hold for

any real structures on a domain and a target space.

We will follow Fulton-Pandharipande’s construction in [F-P]. The moduli space of
stable maps of genus zero curves was constructed by gluing the quotient of projective
varieties which are the universal space of an h-rigid stable family of degree d maps
(See a section 3.1 for the definition). The strategy for showing the moduli space of
stable maps is a real moduli space is showing each of the ingredients they used are
real. The universal space for an h-rigid stable family was constructed by using a

certain locus of the Deligne-Numford moduli space and a universal curve on it. Their



construction is not dependent on the chosen universal curve model. However, we need
a real universal curve model for our proof. The existence of a real universal curve

was explained in Example 2.1,3.

Lemma 3.1 The Deligne-Mumford moduli space M,, is a real moduli space with a

real structure induced by a complex conjugation map on CP'.

Proof. method 1: (simplest) The Deligne-Mumford moduli space is originally defined
over Z. So, it is defined over any field. The C-scheme Deligne-Mumford moduli space
can be obtained by a scalar extension from the R-scheme Deligne-Mumford moduli
space. That is, the C-scheme Deligne-Mumford moduli space is a complexification
of the R-scheme Deligne-Mumford moduli space Hi So, Lemma 3.1 is proved by
Proposition 2.1.

method 2: (geometric) We consider the involution defined in Example 2.1 3. The
map we defined is an antiholomorphic involution because the image curve’s marked
and gluing points are induced by the complex conjugation map on that curve and the
splitting of a tangent space at (C,ay,...,a,) is;

T(C.(ll, .. .,ak)Hm = HY(C,Te(=ay ... — am)) @ @sesing() Ty ® T

= D, urreducivie ' (Ca, Te, (=01 - .. — a)) B Bsesinge)Ts @ T

> @, uirreducile H (Ca, TE (a1 + . + 0a) ® we,)* @ Bsesing() Ty @ T, by Serre’s

duality. )

Remark 3.1 Araujo - Kollar constructed the moduli space of stable maps on any
Noetherian scheme in [A-K, sec.10]. However, the relation between an R-scheme
version’s moduli space of stable maps and a C-scheme version’s moduli space of stable
maps is different from that of R-, C-scheme Deligne-Mumford moduli space. That
is, a C-scheme version’s moduli space of stable maps is not the complexification of
an R-scheme version’s moduli space of stable maps. A counterexample showing that

the real model of the moduli space of stable maps and an R-scheme version’s moduli
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space of stable maps are different is given by, z — 22 and z — —22. These maps are
different in R-scheme version's moduli space of stable maps but they are equivalent
in the real model of the moduli space of stable maps My(CP',2) by an isomorphism

between the domain curves defined by multiplication by i.

3.1 Fulton-Pandharipande’s construction of the moduli space

of stable maps M, (CP*,d)

Fulton-Pandharipande constructed the moduli space M, (CP*,d) for k > 0, d > 0 and
(n,k,d) # (0,1,1). Other cases, M, (CP°,0), M, (CP*,0), My(CP', 1) are isomorphic
to M,, M, x CP*, Spec(C) respectively.

[I] Construction of the universal space 1/, (CP*, d, h) for the h-rigid stable

family of curves

We call the correspondence between irreducible components of the curve C and the
degree of the restriction of the line bundle £ to each component of C as the multidegree
of £ on the curve C. We will say bundles £, V on C satisfy equal mutidegree condition
if their degrees on each component are the same.

Definition.  [F-P, 3.2] Let CP* = P(H), where H* = H(CP*, Ocpk(1)). Let
h = (ho, ..., hs) be an ordered hyperplane basis of H*. A h-rigid stable family of

degree d maps from n-pointed, genus 0 curves to CP¥ consists of the data
) p s

(m:C =S, {Ih}lgign- {(Il.j}OSigk.1§J§d~ 1),
where
(1) (m : C = S,{p:}, 1) is a stable family of degree d maps from n-pointed, genus 0
curves to CP¥, where yi;C — CP*;
(i) (m: C = S, {pi}r1<i<n. {4, }o<i<ki<j<a) is a flat, projective family of n+d(k + 1)-
pointed, genus 0, Deligne-Numford stable curves with sections {p;} and {q,,}

(iti)(Transversality condition) For 0 < ¢ < k, there is an equality of Weil divisors

11



w(h) =qiy + g2+ ... + i

Remark 3.2 1. An A-rigid stable family is a special kind of flat family of degree d
maps from n-pointed genus 0 to CP* such that the image of each fibre curve inter-
sects each chosen hyperplane basis (hy,..., ki) of P(V') transversally at unmarked,
nonsingular points.

2. The condition (iz/) implies the last d(k + 1)-marked points {g;;} are from the
hyperplane intersection divisors. Fulton-Pandharipande added those ordered hyper-
plane intersection marked points to relate the geometry of the moduli space of stable
maps of genus zero with that of Deligne-Mumford moduli space.

3. Note that the condition (i7i) combined with (z) implies that the number of marked
points from each set of {g;;}, i = 0,...,k, on each irreducible component in each
fibre is exactly the same as the degree of the map on each component. That implies
k + 1 line bundles on C constructed by using Weil divisors ¢;; + ... + ¢; 4 from the

last d(k + 1) marked points satisfy the equal multi-degree condition.

There is a universal locus B in Deligne-Mumford moduli space M,,, m = n+d(k+
1) that every h-rigid stable family in (ii) factors through. But the map’s information
we can get from the points in B is limited to the hyperplane intersection points.
To distinguish the h-stable maps sharing the same hyperplane intersection points,
Fulton-Pandharipande constructed a k-dimensional C*-fibration on B by using the
k + 1 Weil divisors g;; + ... + giq. The following notion of H-balanced is satisfied
by the sublocus B and enables them to construct the desired fibre bundle, which is a

universal space for the h-rigid stable family of maps.

Notation. We will denote the line bundle Op (g1 +qi2 + ...+ q.a) on Uy, by H;

n

i=0,... k.
Definition.  [F-P, 3.3] Let A[,, be the Deligne-Mumford moduli space of genus

12



0, m-pointed curves. Let 7 : U,. — M,, be the universal curve with m-sections
{pi}1<i<n and {qi;}o<i<k.i<j<a- For any morphism v : X — M,,, consider the fiber

product:

- 77 il T
X x A U m » U m

I7x lm

X 2y M,

The morphism v : X — M,, is H — balanced if
(i) for 1 < i <k, mx. 7 (H; @ Hy') is locally free;

(it) for 1 < i < k, the canonical map 77y 5 (H: ® Hy') — " (H; ® Hy') is an
isomorphism.

The condition (ii) implies that X goes to the locus in M,, satisfying the equal
mutidegree condition for any pair of line bundles (#H;,H,), ¢ = 1,..., k on each fibre of
the universal curve U,, |,(x). The reason is direct image sheaves may change the rank
of the sheaves. If that happens, then the pull back of the bundle 7% mx. 7" (H; ® Hy ')
in (i) has different rank, preventing it from becoming isomorphic to ¥*(H; ® Hy').
Examples showing the rank changes of direct image sheaves are the following :

Let 7 : CP!' — SpecC. Then,

.(Ogp1 (1)) = HY(CP', O (1)) = C®C

m.(Ocp1) = HY(CP', Ogp1) = C

T(Ocz1(=1)) = HY(CP', O (-1)) 20

and 77, (O¢p1 (1)), 7. (Oppr), m* 71, (Ogpi1(—1)) are trivial bundles of rank 2, 1, 0 on
CP! respectively. We can calculate direct image sheaves for the reducible curve cases
by using a short exact sequence of locally free sheaves related to a normalization,

by noticing that a genus zero curve is a tree, which implies the number of gluing
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points is one less than the number of connected components, and taking a long exact
sheaf cohomology sequence induced from that. What we can see is the rank of the
line bundle is preserved by 7*m, only when the line bundle is trivial on the fibre.
Hence, the image of X by a morphism 7 sits inside of a certain locus in M,, on
which the H#; ® H, ' are trivial line bundles on each geometric fibre, equivalently, the
locus satisfying equal multi degree conditions for any pair of (H;,Ho), i = 1,...,k.
The universal sublocus B in M,, for the flat families in (ii) of the definition of the
h-rigid stable family is the largest sublocus satisfying equal multi degree conditions
for any pair of (#;,Ho). Then, B is closed by an upper semicontinuity property [Har,
p288]. By vanishing of higher direct image sheaf R, for i > 1 and the Cohomology
and Base Change Theorem [Har, p290], the direct image sheaf of the line bundle
H: QHy ! on the universal curve U,, becomes a well-defined line bundle on the locus
B in M,,. The subscheme B itself is H-balanced by an inclusion map to M,, because
the natural morphism 7% (7p. (H;: @ Hy ') ®0, C— (’H,-@’HO“I)I@O: C is surjective
for all z € 7~1(B) by noting 7} (7. (H: @ Hy ') 0, C is isomorphic to the global

section sheaf of H; ® H,"' on the fibre of 75! (75(x)).

Lemma 3.2 The universal closed sublocus B in M,, is a real projective variety.

proof. Since B satisfies the equal multidegree condition, for any ¢ and a chosen
irreducible component in the fibre over b € B, the number of marked points from
{4i,;}1<j<a is the same. The closed sublocus B in the projective variety M, is invari-
ant under the antiholomorphic involution described in 3 in Example 2.1 because the
involution preserves the number of marked points from {q,"j}lgjsd on each irreducible

component in any pair of conjugate curves. The Lemma follows from Lemma 3.1. O

Before we do a fibration over B, we see how the fibration can compensate the

missing data with an example. Recall the following standard facts.

Lemma 3.3 [Har, p150] Let C be a scheme over C.
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If L is an invertible sheaf on C, and if sq,....s, € HY(C,L) are global sections
which generate L, then there erists a unique morphism ¢ : C — CPY such that

L= *(Ocpr (1)) and s; = ¢*(w;) under this isomorphism.

Lemma 3.4 [Har, p157] Let C be a nonsingular projective variety over C. Let Dy
be a divisor on C and let £ = L(Dy) be the corresponding invertible sheaf. Then,

(a) Every effective divisor lincarly equivalent to Dy is (s)o for some s € H°(C, L),
where (s)o denotes the divisor of zeros of s.

(b) Two sections s.s' € H°(C, L) have the same divisor of zeros if and only if there

is a A € C* such that s' = Xs.

Example 3.1 Let’s consider the geometric fibre on a geometric point in B, i.e., 74 :

(CP'; {p:}, {qi;}) = SpecC = b e B. We will use each set {g; ;}1<j<a, 0 < i < k from
the last d(k + 1)-marked points as a Weil divisor, so, effective Cartier, ¢, + ...+ ¢; 4.
To use Lemma 3.3, we have to use one line bundle and select & + 1 global sections s;,
telling the actual morphism to CP*, satisfying the condition (iii) in the definition of
a h-rigid stable family of curves, i.e., vanishing at {gij}1<j<a, foreach i =0,1,... k.
Let’s consider a line bundle O 51(qp; +. . .+ qo ) although we may consider any other
line bundle Ogz1(qi) + ... + qia). Note that all same degree effective divisors are
linearly equivalent since line bundles over CP* are classified by their degrees. Hence,
we can choose k + 1 global sections s; € HY(CP', Opi (o1 + + -+ + qo.q)) satisfving
the requirement by Lemma 3.4 (a). On the other hand, the lincar system on CP!
generated by s;, 1 = 0,...,k , has no base point because the ¢, ; are distinct points
in CP! . Thus, we can use Lemma 3.3.

Now, we describe the morphism to CP* decided by the chosen global sections s;,
i =0,....k. Let's denote Sy = {p € CP'|so(p) doesn't vanish } and U = {wy #

0} C CP*. Then, the actual morphisin restricted to Sy — U comes from the ring



homomorphism C[z,. .., z] = ['(S,, OSO) by sending
2 — S,‘/S(), (1)

and making it C-linear, where z; = w;/ug. i = 1,..., k. Since the set S is

CP'\ finite points, the above restriction map is uniquely extended to the whole space
CP'. Observe that the morphism in Lemma 3.3, i.e., the morphism (1), is dependent
on the actual choice of s; € HY(CP', Oz (go,1 + - -+ + qu.a)), but up to ratio of s, /s,
i = 1,..., k. More precisely, {Aoso.--, Acse}, {AoS0s .-y Aksk}, A, AL € C* induce
the same morphism if and only if A\;/Ag = AJ/N,, i =1,... k.

Constructing a space recording all possible ratios A;s;/Agso, Aiy Ao € C* is our goal.
Then, there will be a one-to-one correspondence between points in the constructed
universal space over SpecC = b and maps whose hyperplane intersection points are
{gi;h<j<a, 1=0,... k.

Let s;, 1 =0,...,k be the chosen global sections. Observe that invertible sheaves
H; ® Hy' are generated by any r,(se/si), ; € C* and the coefficients r;, which
are degree 0 polynomials, can be considered as elements in the H*(CP',H; ® H;').
Therefore, all possible ratios A;s;/Agso, Ai, Ao € C* can be recorded by [HO(CIP’I, H®
Ho' )\ O] x ... x [HYCP, Hy @ Hy') \ 0] X C* x ... x C*, where H; = Oz (qiy +
e+ Gid)-

Let’s summarize the geometric procedure of the above construction.

Let m : (CP', {p:},{¢.;}) = SpecC be a geometric fibre on the geometric point b
in B and s, ..., s; be global sections in H*(CP', H,), whose zeros generate effective
divisors q; 1 +...+qiq. i = 0,..., k. We constructed bundles H; = O-s1(qi1+. ..+ ¢iq)
using the last d(k + 1) marked points and considered the tensor bundles H; ® H;'
on CP'. Then, we considered the direct image sheaves g, (H; ® Hg') = C. deleted

a zero element from each ¢ = 1,...,k because of Lemma 3.4 (b), denoting them by

16



Y, and constructed a k-dimensional C*-bundle Y :=Y? x ... x Y}? on SpecC = b.

=b

tb T
CPF & YPx.CP' L CP! — BUg,.
el L7l I 7y

Yyt Zﬁ SpecC = b — B c M,
where BUO‘,,, is the restriction of the universal curve U,, over A ,, to B.

The fibres of any elements in the k-dimensional C*-bundle Y® are naturally
equipped with k+1 sections in H°(Y"®x-CP', 5°*(H,)), representing pull-back divisors
7*(gin + ... + ¢ig). By Lemma 3.3, there is a morphism u to CP* whose restriction
to each fibre over Y} is similar to the morphism described in (1). In fact, that
morphism is given by z; = 1;(y) - 72 (s:) /3% (s0), where y € Y, r; is a C*-valued
function on Y® which may be understood as an i-th projection map from ¥ to Y =

HO(CP', H; ® Hy') \ 0 = C*.

What we have seen is the construction of the universal space M,(CP¥ d, h) for
the h-rigid stable family of maps over a geometric point in B. The way we construct
the k-dimensional C*-bundle M, (CP*, d, k), which will be also denoted as Y, on B
is the same. Conditions in H-balanced allow us to globalize the above construction.
The first condition in H-balanced guarantees direct image sheaves mg.(H; ® Hy')
of H; ® Hy' define line bundles on B and induce a nice geometric object, a k-
dimensional C*-fibration Y = Y| xp ... xp Ys on B, where Y; = 7, (H; ® Hy') \ 0,
t = 1,...,k. The second condition in H-balanced is used to get canonical sec-
tions in H(Y xp BU,, 5 (H; ® Hg')). Those global sections give global sections in
H°(Y xp BU,,,5*(H,)) representing Weil divisors 5 (qiy + ... + qa)s 8 = 1,..., k,
reflecting the meaning of each point in Y which was explained at the end of Example
3.1. By Lemma 3.3, we can define a morphism g from Y x5z BUg,, to CP*. Let's

describe that more precisely.



CP* & Y x5 BU,, % BU,
g 4 l7p
Y=Y, xg...xg}py > B
7T,B,- e Vale?
Y;

We observe the following:

1LV (H: ®@Hy') 2y npmp.(H: ®H;') by the second condition in H —balanced

o ﬂ',;‘ﬂ'éi’yfﬂy,(%,’ R H;')

2. v7p.(H; ® Hy') has a tautological section because of the definition of Y;.

3. The pull-back of the tautological section to 7r'§7r'éi v (Hi®@H;") gives a globally
non-vanishing section.

2 and 3 imply ¥*(H; ® H, ') is a trivial line bundle with tautological non-vanishing
sections r;, ¢ = 1,...,k which are constant along the fibres of Y. We can treat
those sections r; as functions from Y to C*. Now, we got the desired canonical
induced sections r;5*(s;) € H'(Y xg BUp, 5" (Ho)), i = 0,..., k, where 7y = 1, and
r; : Y — C*. Lemma 3.3 gives a morphism from Y xp BU,, to CP* such that
pr(hi) =715"(s:), 1 =0,...,k, and p*(Ogp (1)) = 5*(Ho).

All we have explained is the following Proposition.

Proposition 3.1 [F-P] The moduli space of h-rigid stable family of degree d maps
from n-pointed, genus 0 curves to CP¥ is a fine moduli space M, (CP*,d, h) which is

a nonsingular projective variety.
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(II] Quotients and gluing;

The moduli space of stable maps of genus zero M, (CP*, d) was constructed by
gluing quotients of the moduli spaces of h-rigid stable family of maps M, (CP*, d.h),
where & is any basis of H* = H°(CP*, OCPk(l)).

We need to consider the followings:

1. Is there any ordered basis h = (hg,..., hi) in H* for a given n-marked, genus 0,
degree d curve to CP¥, such that the curve intersects with any chosen hyperplane
basis h; transversally at unmarked, nonsingular points? That is, can we get enough
gluing pieces from the M, (CP* d, h)?

2. The last d(k+1)-marked points {g; ;}1<j<q4. ? = 0,..., k played a role as hyperplane
intersection divisors ¢;1 + ...+ ¢iq, 2 = 0,..., k. How can we forget orders of points
in each set {¢; ;}i1<j<¢, 1=0,...,k7?

3. How can we glue quotients of moduli spaces H,,(CIP"", d, ﬁ) for various choices of
basis h of H*?

The answers are the following:

1. Bertini’s theorem tells us that most hyperplanes in H* intersect with the given
curve transversally at nonsingular points. So, we can always find the ordered basis h
satisfying the conditions.

2. We make the product of the symmetric group G = G% x ... x G% act on the moduli
space (1 : U — M,(CP* d.h), {p:}. {4ij}o<icki<j<d: 1), where GY acts on the set
{4i;}1<j<a by permuting the orders.

Since the finite group G acts on the projective variety M, (CP¥ d, h), its quotient
M, (CP*,d, h)/G is also a projective variety.

3. Let h, i’ be different choices of basis of H*. There are G-invariant open subloci
M(h, '), M (I, h) in M, (CP*,d. 1) , M, (CP*, d, I") respectively, consisting of curves
intersecting with all hyperplane basis hg, ..., hg hg, ..., h}. transversally at nonsingu-

lar unmarked points. Clearly, M (h,h') and M(h', h) are isomorphic. And Fulton-
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Pandharipande showed M (h,h')/G and M(h',h)/G are also isomorphic in [F-P]

Proposition 4.

3.2 Proof: The moduli space of stable maps is a real moduli
space

First, we show that the ingredients used in Section 3.1 [I] are real with respect to the

antiholomorphic involution induced by a complex conjugation map on CP', CP*.

Lemma 3.5 The fine moduli space M, (CP*,d, h) is a real projective variety whose
real structure is induced by complex conjugation maps on CP', CP*, where h =

(o, ..., h) is a real ordered hyperplane basis of H°(CP*, OClP’k(l))'

proof. By Lemma 3.2, B is a real projective variety. Let 7y : BU,, — B be the real
universal curve with m real sections {p;}i<i<» and {gi;}o<i<k,1<j<a from B to BU,,.
Then, the Weil divisors, ¢;1+...+¢ 4.1 =0,...,kand ¢1+...+¢a—Go1—---—qo.d
i = 1,...,k are all invariant under the anti-holomorphic involution on BU,,. That
implies the associated line bundles H;, H; ® Hy ! are all real line bundles by Remark
2.2. Equivalently, there is an anti-holomorphic bundle involution on each bundle. Let
T, 7,7 denote anti-holomorphic involutions on B, BU,,, H;®H; " respectively and 7y

be a natural projection map from the line bundles H; ® H; ' on BU,, to BU,,.
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Ty 4 s d
BU, 5 BU,
T8l l7p

7?’! 1
T (Cb)
i H ! r_ 4 i 0 '~
@ I e N o)
g I 7h
1 ~ 72|7rl_9](b) ~ 1
C]P = Cb — CT(f)) = CP

We'll show the line bundles 7. (H; ® Hg') have natural anti-holomorphic bundle
involutions induced from the anti-holomorphic bundle involutions on the H; ® H;"'.
Since mp,(H; ® Hg') is a bundle over the real scheme B, it is enough to show that
there is a natural anti-holomorphic involution between fibres over b and 7(b). Let’s
see the bundle map 7/| /_;

g (Cy
pointed conjugate curve C.,) = m5'(7(b)), where b € B represents a nonsingular

) restricted to the pointed curve C, = 73'(b) and its

pointed curve isomorphic to CP'. Then, C:(v) is isomorphic to CP! with conjugate
marked points. For notational convenience, we denote both Cy,C; () as CP'. Since the
divisor D;p = ;1 (b) + ...+ gia(b) — qo.1 (D) — ... — go.a(b) has degree zero on CP', it is
a principal divisor. Let D, be defined by f; - f;' € H°(CP',K*), where K* consists

of invertible elements in the sheaf of total quotient rings of O.=1. Then, Q.1 (D,p) is
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globally generated by fy- f!. The divisor D; ;) on the conjugate curve is defined by
fo-f7t € HY(CP', K*) because D; r(s) i8 Gt (b)+. . -+Gs.a(b)—Go.1 (b) = . .—Go.a(b), where
fj is a conjugate polynomial whose coefficients are complex conjugates of the f;. Then,
Ocp1 (Dj 7vy) is globally generated by fo-f7'. So, the restriction of the globally defined
anti-holomorphic bundle involution 7/ on H; ® Hg' to the map between Ogpi(D; )
and Ogcpi1 (D; ;b)) is the map sending fo - f7 ' to fo- f7'. We can describe the similar
situation when b € B represents a pointed singular curve with a little more work by
using the sheaf exact sequence of a normalization.

The canonical anti-holomorphic bundle involution 7! on 7z, (H; ® Hy') is induced
from 7. Observe the restriction map 7/| : mp. (Hi @ Hg')le = 7. (Hi ® Ho V)l v)
can be considered as a complex conjugation map on the induced local charts because
Toe(Hi @ Hy')|p = H°(CP', Op5:1(D;yp)) = C and the bundle map %:IW"’(CI,) goes
a-fo-fP - a-fo- f7! for any a € C, where & denotes a complex conjugate of
a € C. This shows 7/ is an anti-holomorphic bundle involution on 7z, (H; ® Hg').

Let Y;, i = 1,....k be the C*-bundle coming from 7p,(H; ® Hy') by removing
a zero section. The restriction maps of 7/ to Y;, ¢ = 1,..., k are anti-holomorphic
C*-bundle involutions. The k-dimensional C*-bundle ¥ = Y xp ... x5 Y has an
induced anti-holomorphic bundle involution. That means H,,(Cl?k,d, h)=Yisa
quasi-projective real variety.

Since the moduli space of h-stable degree d, n-pointed curves M, (CP*,d, h) is a
fine moduli space, we want to show M,(CP*, d, 1) is equipped with a real universal
curve and a real projective morphism from the universal curve over M, (CP*,d, h) to
CP*.

Note that Y has a universal family Y xpg BU,, induced from the real universal
family BU,, — B C M,, and Y x g BU,, has a natural morphism to CP* as explained
in section 3.1 [I]. We will show Y x g BU,, is real and p is a real morphism to CP*.

It is easy to sce Y xp BU,, is real. Note that Y, B, BU,, are real varieties. Since
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a question is local, we may consider Y, B, BU,, as Spec(Vz ®z C), Spec(Bg ®z C),
Spec(BUg,, ®3 C) respectively. Let’s denote Vg ®r C := Y, Bg ®& C := B, BUgm ®x

C := BU,,, real models Spec(Yz) := Y&, Spec(Bz) := B¥, Spec(BUzp) = BU"

m:*

112

Y©sBUn = [Vx®p, (Bz®:0)]®p, g ¢ (BUzn ®x C)

(Vx®p, BUzn) ®z C

1%

This means Y x5 BUp, = (Y2 x g3 BU,,) x= C.

. . . : —R
Finally, we sce that there is a canonical morphism x® from Y x BR BU,, to RP*
by the similar construction we saw in the section 3.1 [I]. Therefore, we may consider

the morphism p as a complexification of ;®. So, the Lemma follows. O

We are ready to prove the main Theorem in this section. We will consider the

similar questions written in section 3.1 [II] in a real setting.

Theorem 3.1 The moduli space of stable maps of genus zero M,(CP*,d) is a real
moduli space whose real structure is induced from anti-holomorphic involutions by

complez conjugations on CP', CP*.

proof. Recall that Fulton-Pandharipande’s construction was about the moduli
space Hn(ClP’k,d) for k > 0,d > 0 and (n,k,d) # (0,1,1). Other cases, HH(CIP’O,O),
M, (CP*,0), My(CP', 1) are isomorphic to M,, M, x CP¥, Spec(C) respectively and
so, they are obviously real moduli spaces.
We showed M, (CP*,d, h) is a real fine moduli space, where h is a real ordered basis
of H* = H°(CP*, OCPk(l)). We have to consider the following questions :
1. Is there any real ordered basis h = (h, ..., hx) in H* for a given n-marked, genus
0, degree d curve to CP* such that the given curve intersects with any chosen hyper-

plane basis h; transversally at unmarked. nonsingular points?
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2. Does the product of the symmetric group G action on the moduli space

M, (CP*,d, h) commute with the anti-holomorphic involution on M, (CP*,d, k)

so that the quotient space M,(CP* d, h)/G has an anti-holomorphic involution, (i.e.
becomes a real variety)?

3. Does the gluing commute with an anti-holomorphic involution so that the anti-
holomorphic involution on each A, (CP*,d, h)/G extends to the whole moduli space
M, (CP*, d)?

The answers are the following:

1. As F. Sottile [Sot3] pointed out, real points are Zariski dense in CP*. That implies
we can always find a real ordered basis satisfying the transversality condition.

2. The symmetric group G action on M, (CP*, d, h) to forget the orders of the marked
points {g; ;} in each of the last k 4+ 1 sets commutes with the anti-holomorphic invo-

lution.

Co, {pi} {aijt ) = (Co{pi} {Giol ) 1s)

i.e. 1 T { T

g

(Croy, 1P} T 1 ) = (Cooys (P} ATi0() ) Hr )

,where 7/, 7 denote the involution on M,(CP*,d, k) described in the proof of
Lemma 3.5, on B respectively, and o is an element in G.
Note that the description in the above diagram is about up to isomorphism according
to the equivalence relation in the moduli space M,(CP*, d, h) rather than about the
actual model (Cy, {p:}, {¢i0(j)}, 16). But there is no problem.
For example, if (Cy, {pi}, {4 0(j)}> 1) is isomorphic to (Cy, {p}}, {quj}.ybr),
then (Cr), {Pi}, {Gio(j)}s rvy) is isomorphic to (Crw), {P}}. {@,} firr)). More pre-
cisely, if the linear fractional transformation (az + b)/(cz + d), ad — be # 0, gives an

equivalence relation between (Co, {pi}, {qio(j)} 116) and (Cy. {p/}. {q; ;} per), then the
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linear fractional transformation (@z + b)/(¢z + d) gives an equivalence relation be-
tween (Cr), (i} {Gio(n }» i) and (Crwy, {53}, {@};}, iirw)), where @,b,¢,d are the
complex conjugates of a, b, ¢, d if Cy is nonsingular.

3. It is easy to see that the isomorphism which is a gluing map between Af(h, E’) /G
and M (R, h) /G commutes with the anti-holomorphic involutions on M, (CP*,d, h)/G
and on M,(CP*,d,#)/G from the proof of [F-P] Proposition 4. Here, M (k1)
denotes a Zariski open sublocus in M,(CP* d,h) consisting of maps intersecting
transversally with each of the hyperplanes in the basis R of H O(CP*, OCPk(l)).
Since the gluing maps commute with the anti-holomorphic involutions on each of the
quotients of the projective varieties A, (CP*,d, k), the moduli space of stable maps
of genus zero M, (CP*, d) has a globally well-defined anti-holomorphic involution. We

are done. O

Corollary 3.1 Let X be a real projective variety having a real structure corresponding
to the compler conjugate involution on CP¥. Then, M,(X;3) is a real projective

variety.

proof. It is natural from the construction. See section 5 in [F-P]. m]

Remark 3.3 1. Corollary 3.1 cannot be extended to any real structures (CP', s),
(X,t). Sometimes, the natural set theoretic correspondence f + to fos doesn’t define
an anti-holomorphic involution on M, (X, 3). Let’s consider the case on M, (CP*, d).
An anti-holomorphic involution on A, (CP*,d) comes from an anti-holomorphic in-
volution on the projective variety M, (CP*,d, h) where the h form a real hyperplane
basis. But not every involution on CP* allows a real hyperplane basis h. For example,
an involution 2z — —1/% on CP' does not allow such a basis k. Then, there is no way
to make real gluing pieces.

2. The implication of this section is that the moduli space of stable maps of genus
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zero M,(CP*,d) is isomorphic to M,(CP*,d)® xx C, where M, (CP*,d)® is a real
model. Hence, there is a natural Chow ring homomorphism from A?(A7, (CP*,d)*)
to A4(M,(CP*,d)), induced by complexification of cycles.

3. We introduce an adequate notion of a real group action which gives a natural
correspondence in equivariant Chow cycles similar to Remark 3.3 2. We introduce

the concept of a real group action on a real scheme X.

Definition. Let G be a real Lie group, i.e. Lie group having an antiholomorphic
involution, and X be a real scheme. We call a group action G a real group action on

X if a morphism p defining a Lie group action

n:Gx X — X

commutes with real structures, i.e. u is a real morphism.

With this notion, we have a natural equivariant Chow ring version’s morphism
from A*(XR® x G& EG?) to A*(X x¢ EG) by complexification of cycles.

We see examples of real group actions.

Example 3.2 1. Let T = (C*)*¥*! act on CP* in the following way;

T x CP* — CP*

(t(),...,fk)‘[,:();...;zk] — [t/\O'ZQ;...;t/\k'Zk]

Then, it naturally induces a T-action on M,(CP*,d). We can check it is a real
group action.

2. Group actions inducing CP* and O.«(m) are real group actions. i.e.,

@ .
C* x Ck-H 5 Ck+l

(CiCos... k) — (C-copnn.,CoCr)
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and

C*xCH'xC 5 Cr+! x C

(t: 200+ 2k3 2) 4 (tzoy ..., tzk, t™2)

Yol

are real group actions.

4 Real part of the moduli space of stable maps and

Projectivity

4.1 Real part of the moduli space of stable maps

We describe the last section’s construction more concretely. All homogeneous co-
ordinate forms on a domain curve CP! in discussion will be standard homogeneous
coordinate forms. We will denote any irreducible component as CP! for easier look-
ing without mentioning a normalization. We may interpret choosing a real ordered
hyperplane basis it = (hq, ..., hi) of HO(CP*, OC]P"(I)) as choosing a homogeneous
coordinate system for CP*. Then, the last d(k 4+ 1) marked points in the defini-
tion of A-rigid stable family gives us some information about the morphism’s nature
with polynomials’ splitting forms. For example, if we express the hyperplane inter-
section points {g; ;}o<i<k,1<j<a Dy homogeneous coordinates {[qflj) : qgi)]}osisk,ls]‘gd,
then a degree d morphism f can be expressed with a homogeneous polynomial form
[ao - ]—[J . qoj —q(()J)uv N PR H] ) )z—q“w )], @i # 0, where a domain curve is
irreducible. We know there is a universal closed locus B in :\—I,,+d(k+1) through which
every morphism from the base scheme S of a h-stable family factors. But marked
points information doesn’t contain enough data to recover an actual morphism. To
recover an exact morphism f, we need to record the ratios a;/ag, i = 1....,k. That
could be done by constructing a k-dimensional C*-bundle on a universal closed lo-

cus B. Roughly, an associated morphism f with a point (aj...., .ay) in a fibre

27



[HY(CP', H, @ Hy') \ 0] x ... x [HY(CP', H, ® H;') \ 0] on a geometric point rep-

resenting an irreducible curve (CP', {p;}1<i<ns {[ql%); qf,?j)]}ogigk,lgjgd) can be thought

of as
d (1) d d q(x)
0, k.j
[H(z ik H 2 Do o H(z - —(fzi)u')] (2)
j=1 ‘101 j=1 1j j=1 5

, where 2 — (¢, J)/(L e =wif q /qfi) = qf‘lj)/O.

Giving an anti-holomorphic involution on the quotient of the moduli space

M, (CP* d,h)/G is just sending (CP', {a;}i=1....n, Po(z;w); .. 5 pr(z;w)]) to

(CP', {@;}iz1,ms Doz w0): .. . : Dk (z:w)]), where G is a product of symmetric groups
(see the proof of Theorem 3.1), @; denotes a complex conjugate point of a;, and
P;(z;w) denotes a homogeneous polynomial whose coeflicients are the complex conju-
gates of those of p,(z:w). Note that although the polynomial expression depends on
a chosen hyperplane basis h, the anti-holomorphic involution defined as above isn’t
dependent on the choice of a real ordered basis h because they are related by the
PGL(R, k + 1) action which commutes with the anti-holomorphic involution on CP*.
Thus, we may think of the homogeneous polynomials’ image by an anti-holomorphic
involution as their conjugate polynomials regardless of which chosen ordered real hy-
perplane basis makes that polvnomial expression. The same way of thinking works
when we consider reducible curve cases by gluing operation and restricting our polyno-
mial expressions to each irreducible component. Since the quotients of moduli spaces
of various h-rigid stable families with real hyperplane basis h cover the moduli space
M, (CP*,d), we may think of a global anti-holomorphic involution on A, (CP*, d) in

the same way.

Definition. The i-th evaluation map er; is a morphism from M, (CP*, d) to CP*,
sending (Cp, p1,---+Pn, f) to f(pi).
It is easy to see that an evaluation map commutes with an anti-holomorphic

involution. The definitions and properties of forgetting maps in Corollary 4.1 can be
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found in [C-K][7.1.1, 10.1.1].

Corollary 4.1 (i) The evaluation map is a real morphism.
(ii) The forgetting morphisin from M,(CP*,d) to M, is a real morphism.

(iii) The forgetting morphism from M, (CP* d) to M,_,(CP* d) is a real morphism.

proof The proof is immediate from the above explanation and the way we gave the
anti-holomorphic involution on M,(CP*,d, k) in Lemma3.5 because that involution
commutes with the product of the symmetric group actions and gluing maps, i.e. we

can globalize the anti-holomorphic involution to the whole moduli space. a
Corollary 4.1 implies that we have corresponding real model maps for the evalu-

ation map from M, (CP*,d)® to RP* and forgetting maps from M, (CP*, d)¥ to ‘\_[5,

from -]W,,(C]P"‘, d)® to M,_(CP* d)*. Note that real points 3, (CP*,d)™ go to real

points M.

Lemma 4.1 Every point in the real part of M,(CP*,d), before a compactification,

represents a real degree d map with real marked points if n > 3.

proof Let (CP',py,...,pn, f) be a real point. Then, there is a linear fractional
transformation T such that T(p;) = p, and fo T = f, where f : (CP",7,,...,D,) =
CP* is a conjugate map of f. As we have seen in Example 2.1, 3, real points of the
Deligne-Mumford moduli space are represented by real pointed curves. By Corollary
4.1 (ii), we see the domain curve (CP',p,,...,p,) of the map f representing a real
point is equivalent to a real pointed curve (CP!,r,,...,7,) by a linear fractional trans-
formation R such that R(r;) = p;. Note that the conjugation map of a composition
map f o R is that map itself because of the number of marked points(n > 3) in a

domain curve. That implies f is a real map. O

Lemma 4.1 can be generalized to any n.

Proposition 4.1 Every point in the real part of M,(CP¥,d) represents a real degree

d map with real marked points on the domain curve for any n.
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proof The domain curve’s marked points condition comes from Corollary 4.1 (iii).
The map’s condition follows fromm Lemma 4.1 because a forgetting morphism from

M, (CP*,d) to A ,_,(CP*,d) is a submersion. ]

Corollary 4.2 If X is a real projective variety, having a compatible real structure to
the complex conjugation map on CP*, then every point in the real part M, (X, 3)"

represents a real map with real marked points on the domain curve for any n.

proof It is obvious. O

In contrast to the stable map with a nonsingular domain curve case, the image
of the stable map with a singular domain curve by a forgetting map to M, is not
necessarily equivalent to a domain curve of the map because of contractions due to a
stability condition.

Typical type’s degenerations of domain curves on the real points are:

1. Singular curve with real marked, real gluing points

2. Singular curve with or without components described in 1 and added conjugate
pairs of irreducible components without marked points

3. For n = 0 : Singular curve with two irreducible components having a real gluing
point such that the gluing point is the unique point in the real part

i.e., Singular curve we get by squeeczing the equator of the sphere

Note that a forgetting map to M, sends all domain curves of type 1 or 2 to the
real points of M, by a contraction.

A stable map in the real part M,(CP',2)™ with a singular domain curve having
3 irreducible components CP',, CP',,, CP},, P.Deligne [Del] constructed is:

A component CP} has marked points at 0, 1, oc
A point 0 in CP, is glued to i in CP
A point 0 in CP',, is glued to —i in CP}

An anti-holomorphic involution on a domain curve is given by:
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CPy — CPy, 2> =

CP, > CPY, 2z

CP, —» CP},z—z

A stable map is defined by:
Identity maps on CP',, CP',

A zero map on CP},

Cp

Figure 1:

A real h-stable family of maps is a h-stable family of maps which comes from a
complexification of an R-scheme stable family of maps, i.e. WeR Pi+...+p9)®
;LR*((’)RPk(3)) is ample on C¥, satisfving similar conditions in the h-stable family of
maps. The real part of this family of maps consists of stable degree d rcal maps

having marked points on the real parts of the domain curves.

Definition.

Let CP* = P(V'), where V'* = H°(CP*, Ocpr(1)-
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Let h = (hg, ..., hx) be an ordered real basis of V*.

A real h-stable family of degree d maps from n-pointed, genus 0 curves to CP* consists
of the data:

(m: C® xg C = 8* xz C, {pi}iz1,...n, {Gij im0, . k.j=1,.a, 1), Where

(i) (7% : C® — S* {p*},u*) is an R-scheme stable family of degree d maps from
n-pointed, R-scheme genus 0 curves to RP* and 7 comes from a complexification of
an R-scheme map 7.

(ii) (: C* x5 C = S* xz C, {p.}iz1...ns {Gij }izo,. kj=1,.4) Is a flat, projective family
of n + d(k + 1)-pointed, genus 0, Deligne-Mumford stable curves with sections {p;}
and {gi;}

(iii) For 0 < i < k, there is an equality of Cartier divisors, u*(¢,) = g1+ ¢io+ ...+ ;g

Remark 4.1 (a) By base changes, (7 : C¥ x3C = S* x5 C, {p, }i=1...n, it) is a stable
family of degree d maps to CP*.

(b) Along real points in 8* xz C, {¢; ;} consists of reals and complex conjugate pairs
because each fibre along this locus comes from complexifications of R-scheme maps.
More precisely, let f : CP' — CP* be a real degree d map. Then, f can be repre-
sented by real degree d homogeneous polynomials with standard hyperplane basis of
CP!, CP*. Since a chosen basis in the definition of a real h-stable family of maps
is real, that basis is related to a standard basis by the PGL(R, k + 1) action. And
we get another real polynomial representation which splits into linear factors. It is
obvious that solutions of each homogeneous polynomial consist of reals and complex
conjugate pairs.

(¢) Note that the restriction of an anti-holomorphic involution on C* xz C along
real points 8"¢ is complex conjugation maps on each fibre fixing the first n marked
points. (b) in this remark says the complex line bundles H; defined by Cartier di-

visors p*(h;), i = 0...., k are real line bundles on each geometric fibre along real

points 8™¢ of the base scheme because Cartier divisors p*(h;). ¢ = 0,...,k are fixed
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by an anti-holomorphic involution. That means those line bundles come from the
complexifications of the line bundles u**(h%), i = 0,...,k on each fibre. See remark
2.2.

(d) Along the real points 8™, an associated morphism p* with the last d(k+1) marked

points {[q, 534 J)]}0<,<k i<j<d can be related by real homogeneous polynomials

d q(l) d q(l) d q:(cl)

00, ). oy _ Ny L

1§ (ERe-TORTR § (CR IO ER T (€ o V)]
=1 do,j j=1 ‘Iu j=1 .

, where z— (g ])/q, Dw=wif (111 /q” = q,“])/O. The data (ay, ..., ax) can be recorded
by constructing a k-dimensional R*-bundle induced from p**(h3), i = 0,...,k.
(e) As we have seen, the topology of M, (CP*,d) is related to the closed sublocus B
in M, qx+1)- But the topology of real points M,(CP* d)"™ of M,(CP*,d) doesn’t
come from real points of B. It comes from an extended sense’s real locus in B on
which we can construct real line bundles to record the additional data («,...,ax) in
(d). The reason is explained in (b), (c), (d) in this remark.
(f) Note that the first n-marked points are on the real points C™ of the domain curves
along the geometric fibres of real points §™. But the last d(k + 1) marked points are

not necessarily on C™.

Definition.  The derived real h-stable family of degree d maps for a real h-stable
family of degree d maps from n-pointed, genus 0 curves to CP*

(m: C® xg C — S% x5 C, {pi}izl,...,m {Qi.j}izo,..,k.jzl,,..d, ) is

(mz : Cx = 8™, {pi}i=1,...ns {4ij}iz=0, k. j=1,.4: 1), Where Cz = 77'(87°), ux : Czx —
CP*.

Remark 4.2 The construction of real points tends to be geometric because we have
to use an extended sense’s real locus B®" in B. The following picture helps to under-

stand the construction in proposition 4.2.
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H, @ H;' HI@H; !
N N
cPF — RP*
m(Hi@H') N m ' mHEQHTT)
specC —  specR
Note that m,(H; ® Hy') 2 ml(HX @ Hy ') ®=z C.

Proposition 4.2 There is a universal real sublocus HH(C]P"‘,({, h)e" for the derived
real h-stable family of degree d maps in M, (CP¥,d, k). The real part M,(CP¥, d)re
of the moduli space of stable maps M,(CP*,d) is obtained by gluings of the quotient
by the product of a symmetric group action G. See section 3.2 [II] for the definition
of G.

proof Let h be given. The universal closed sublocus B is a real projective variety.
The quotient variety B/G has an antiholomorphic involution induced from that of
B. Then, the points in the real part (B/G)"® represent pointed curves with n first
real marked points and d(k + 1) last reals and complex conjugate marked points and

singular curves described right after Proposition 4.1.

BU v d(k+1)
I 7p
B 2 B/G

Let’s denote n,}‘ opr '((B/G)™) by BUR,W,(HI). When we restrict our attention
to the locus BURHd(kH), ‘H; has a natural fibrewise antiholomorphic automorphism.
So does H; ® H,'. This fibrewise antiholomorphic automorphism induces a fibrewise
antiholomorphic automorphism when we consider the direct image sheaf mg,(H; ®
Hy'). See remark 4.2. This allows us to construct real line bundles and then, the

desired k-dimensional R*-bundle M, (CP*, d, h)" over B*".
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To see the constructed space M, (CP¥, d, h)¢" is a universal locus for the derived real
h-stable family of maps, we observe that the natural morphism from S® xz C to
B sends the real points of a real h-stable family to B¢™ due to the types of the last
d(k+1) marked points. Then, the additional information canonically corresponds to a
point in the k-dimensional R*-bundle as described in remark 4.1. This correspondence
is consistent with what Fulton-Pandharipande did in [F-P]. We will see a concrete
example right after this proof. This locus is preserved by a symmetric group G action.
And the moduli space we get by gluing the quotient spaces M,(CP*,d, k)" /G for
various h is the real points M,(CP*, d)" of the moduli space of stable maps of genus

zZero. |

Example 4.1 We see the concrete case.
cP? & (D) (CPL{d;}) 3 (CP{g;}) C BUznsansy)
3 Tl Tl 3
S > s — c € BT
Let (CP., f) be a real degree 2 map to CP?, where

f([zw]) = [follzw])ian fillz w))i e fo((ziw))] = [22 = w?ian (22 + w?); 02(22° + 0?)],
where o; € R\ 0. Assume marked points from the hyperplane intersection points
{q,} in CP;, i.e. zeros of f;, are given by

({11, [ =13, {6 -1, [: 13, {[5: =v2]. [; V2]}}. And assume CP, has marked
points {{[i; 1], [i =1}, {[-1; 1], [=1; 1]}, {[-1; = 2], [ 1; V2]} }.

(i) Then, we see (CPy, {q;;}) and (CP,,{q],}) are equivalent by ¢([z;w]) = [iz; ),
where ¢; CPL — CP,.

(ii) Note that there is a bundle isomorphism between H'; ® Hy ™' and H; ® Mg,
sending a generator go/g; to a generator go o ¢/g; o ¢ = f}/fl, where H';, H; come
from effective Weil divisors ¢;, + ¢}, ¢i1 + gi2 and [go([z: w]); g1 ([2; w]); g2([2: w])]
=[-2%2 — w22 + w? 222 + w?).

That induces an isomorphism



between 7’ (H's ® Hy ') \ 0 = HO(CP., H'; @ Hy ')\ 0

and 7, (H; ® Hy') \ 0 = H°(CP,,H; ® Hy') \ 0. Both are isomorphic to C* and
we may consider the numbers «; ( of course, degree 0 polynomial) as elements of
7 (H'; ® Hy ')\ 0 and 7, (H; ® Hy') \ 0, which canonically correspond to each other
by an induced isomorphism. The reason is «; - g; 0 ¢ = «; - f!, where ag = 1. It is
easy to see that o; € R\ 0.

The way we extend what we observed with geometric points to the morphism from

S to M, (CP* d k)" is similar to what we saw in section 3.2 [II].

Remark 4.3 1. The general construction for the real part M, (X, 3)" comes from
the modification of sec.5 in [F-P].

2. The general procedure to decide the number of connected components of the real
points M, (CP* d)™ is not yet well understood. Note that the number of connected
components in the Deligne-Mumford moduli space M, is Q’—;—lx which is from half of
the possible cyclic orderings of marked points, before a compactification. But it is
connected after a compactification.

3. Orientability of M, (CP*,d)™ is also not yet clear. But we may expect most of
the cases are non-orientible even for the degree 0 cases because the Deligne-Mumford
moduli space M,, n > 5 is non-orientible. Note that M; is from blowing up four

points of CP? whose corresponding real model is non-orientible.

4.2 Projectivity of the real model M, (X, 3)R

Fulton-Pandharipande have shown the moduli space M, (CP* d) is projective in
[F-P]. They used Kollar's semipositivity approach in [Kol] to apply the Nakai-
Moishezon criterion to a certain power of a determinant line bundle Det(Q). Ample-

ness of Det(Q)? implies the projectivity of M, (CP*,d). We summarize the definition

36



of a vector bundle Q on M, (CP*,d) in [F-P]. The moduli space M, (CP* . d,h) is a
fine moduli space equipped with a universal family (m;U — M, (CP*,d, k), {p:}. p).
Let P(L;) be a projective bundle coming from the projectivization of fibres of L;,
where L} = m. (WL (X, pi) @ 1*(O(31))). We can decide the power [ which allows
a M,(CP*,d, h)-canonical embedding e : i — P(L}) by using Riemann-Roch Theo-
rem and Lemma3.3. The morphism g induces a Kf,,((CIP’k .d, E)-canonical embedding
e : U — P(L}) x CP* and the n sections {p;} define n sections {(e o p;,pt o p)}
of P(L}) x CP* over M,(CP*,d, ). Let ©' denote a natural projection map from
P(L;) x CP* to M, (CP*,d, 1) and P; a subscheme defined by the i-th section, U’ an
embedded U by ¢. The sum of direct image sheaves 7, (L™ @ Oy ) @@ 7. (L™ R Op,)
of the line bundles £™ along U’ and P; becomes a vector bundle for sufficiently large
m by vanishing of higher direct images. That is the definition of the vector bundle
Q. We consider the determinant line bundle det(Q) on M, (CP*,d, h). M,(CP*,d) is
locally a quotient of M, (CP*,d, k). The induced line bundle Det(Q) is a well-defined
line bundle except at the singular points. But we get a well-defined line bundle
Det(Q)?P by raising the power of p for p large enough.

In Lemma 3.5, we showed that the moduli space W,I(C]P’k, d. ﬁ) is a real fine moduli
space equipped with a real universal family (7 : U — M, (CP*,d,h), {p:},n). As
we explained in section 2, that implies that there exists a corresponding real model
map (7% : U® — M, (CP*, d, h)®, {p7},1"). Fulton-Pandharipande’s construction
to show projectivity of A, (CP*, d) works in this setting and it shows the following

Proposition.

Proposition 4.3 The real model M, (CP*, d)* of M, (CP*,d) is real projective.

Corollary 4.3 The real model M, (X, 3)* of M, (X, 3) is real projective, where X is
a nonsingular real projective variety having real structure compatible with the complez

conjugation map on CP*.
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proof. It is obvious because X is a real projective variety. a

Remark 4.4 1. The real dimension of the real model A, (X,3)® has a pure di-
mension equal to the complex dimension of M, (X, 3). 2 in Remark 3.3 implies that
M, (X, B)R carries a fundamental cycle in Chow group.

2. When we pick a triangulation on the real part M, (X, )™, the sum of n-dimensional
simplexes is a cycle modulo 2 of M, (X, 8). Therefore, the real part M, (X, 3)™ car-
ries a fundamental cycle with Z/2Z - module version’s ordinary homology.

3. Fukaya-Oh-Ohta-Ono’s moduli space F'M, of pointed disks consists of all iso-
morphism classes of pointed stable disks with n marked points on the boundary,
where (X, 21,...,2,) and (¥',2],..., 2;,) are isomorphic if there exists an orientation
preserving diffeomorphism 7 : ¥ — ¥’ such that 7(z;) = 2. ‘Stable’ means each
irreducible component has at least three special points, i.e., marked or gluing points.
Geometrically, FFM, has (n — 1)! contractible diffeomorphic orientable components.
After the compactification, its number of connected components doesn’t change and
each component is diffeomorphic to an n — 3 dimensional disk with boundary. Thus,
FM, doesn’t have a Z-module version’s fundamental cycle. It is interesting to see
the differences of geometric properties of a real part of a Deligne-Mumford moduli
space before and after the compactification. Before the compactification, a real part
of Deligne-Mumford moduli space M, consists of (—”_2—1)' contractible diffeomorphic ori-
entable components and F'M, is a double cover of M,,. But after the compactification,
a real part of Deligne-Mumford moduli space M,, n > 4, (resp. M3, M;) becomes a
non-orientable( resp. orientable) smooth connected manifold, having a Z/2Z-module
version’s fundamental cycle. This big difference in geometric properties after a com-
pactification comes from differences in equivalence relations, i.e. whether it preserves
orientations or not. We see more equivalence relation tends to make more conver-

gence property and so make the moduli space have a fundamental cycle. An intuitive

example for this is when the number of marked points is 4. We may think of the
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real part of M, as a circle with 3 points removed, F' M, as two circles with 3 points
removed from each. But after the compactification M, becomes diffeomorphic to a
circle and F M, to 6 disjoint closed intervals. We observe that F M, is a generically
double cover of M, but at the singular divisor, it becomes a 4-uple cover. Generally,
the number of inverse images at the compactification divisors are dependent on the
number of connected components and the number of marked, gluing points on each
component. See [F-Oh, sec.10], [F-Oh-Ohta-Ono| for more detailed descriptions

about Fukaya-Oh-Ohta-Ono’s moduli space.

5 The Gromov-Witten invariant and real enumer-

ative problems

As we have shown in the previous sections, the moduli space of stable maps M, (X, j3)
is a real moduli space if X is a convex real projective variety, having a real structure
corresponding to the complex conjugate involution on CP™. The analysis of the real
part of M, (X, ) and the existence of the fundamental cycle as described in Remark
4.4,1,2 allows us to consider whether there is any way to define a real enumerative
invariant on the real part M, (X, 3)™ or on the corresponding real model M, (X, 3)%
by using homology and cohomology, or Chow group and Chow ring bilinear pairing.
In this section, we assume that the variety X is a homogeneous variety. More detailed
properties about the homogeneous variety can be found in [F-P, sec.0.2, sec.7].
Since in most cases, the real part M, (X, 3)7¢ is non-orientable, it is natural to consider
working with a Z/2Z-module ordinary (co)homology. The invariant on A, (X, 3)"
can be defined by using the real part maps ev/¢ of evaluation maps,

ie., < [Mn(X,3) ). et (&) U...Uerr*(&,) >, where <, > is the bilinear pairing

<,>: Hi(M,(X,3),2/2Z) x H'(M,(X, 3)",Z/2Z) — Z/2Z,
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the dimension of A, (X,3)"™ is | and the real part map of the evaluation map is
evr® : M,(X,3)™ — X™. Note that the Poincaré duality doesn’t hold in this case
because M, (X, 3)™ is an orbifold.

We can define an invariant on the real model M, (X, 3)* by using the real model map

evR of the evaluation map. We use Z-module Chow group and Chow ring’s bilinear

pairing < [M,(X, B)%],ev*(€7) ... ev*(EF) >, where
<, > AWML (X,3)%) x A/(ML(X,3)%) — Z,

[ is the dimension of A, (X, 3)? and the real model map of the evaluation map is
ev® : M,(X,3)® — X®  This time, the invariant is equal to the usual Gromov-
Witten invariant < [M,(X, 8)],ev}(&))...evi(E&) > on M,(X,3) coming from the
bilinear pairing of the complexifications of cycles in M, (X, 3)%. So, the invariant
defined in this way cannot have a significance as a real enumerative invariant. To
relate the previous sections’ results with the real enumerative problem, we will start
with the explanation about why the Gromov-Witten invariant has an implication in
enumerative problems in C-scheme case. Readers can see more explicit details in
[F-P, sec.7], [C-K, Chapter T7].

Let &, ..., &, be given classes in a Chow ring A4*(.X) corresponding to subvarieties
Iy, ..., ', in general position in .X. The Gromov-Witten invariant

Is(&1,.. ., &) = fﬁ"(,\',ﬁ) evi (&) - ... evn(&n) =< [Hn(‘x’v ,13)], evi(&1) . ..evn(&n) >,
where ev; is an i-th evaluation map, can be well-defined only when Y CodimT; is the
same as the dimension of the moduli space.

Roughly speaking, when it has an enumerative meaning, this invariant counts the
number of pointed maps (C, pi, ..., pn; f) such that f,([C]) = 8 and f(p;) € T';. That
is, it counts the number of points in ev; ' ([}) N ... Nev, Y(T,).

Now, suppose I';, ¢ = 1,...,n, is a real subscheme in X, i.e. ['; comes from the
complexification of I'* in X2, Then, ev;!(T;) is a real subscheme in M, (X, .3). So,

the real subscheme ev; ' (['})N...Nev ! (T,) consists of points preserved by the anti-
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holomorphic involution on A, (X, 3). Counting real curves for the given enumerative
problem will be related to the number of points in ev;'([;)N...Nev; ! (T,) in the real
part of Hn(){, 3) when cycles meet transversally. But the number of points in the
real part is dependent on the choice of the actual cycle representatives because the
real number field R is not algebraically closed. Note that those numbers are Z/2Z-
module invariant because the complex number field C has a field extension degree 2
over R.

Therefore, to relate the previous sections’ results with real enumerative problems,
studying the existence of real cycles rationally equivalent to the pull-back of real
cycles, meeting transversally at real points M, (X, 3)™ becomes important. Equality
in the Gromov-Witten invariant and the actual numbers of intersection points means
curves whose i-th marked points go to the real part of I'; are all real curves, i.e. the
given enumerative problem is fully real. Developing methods to construct real cycles
to improve the expected number of real solutions for the enumerative problems should

be the main goal of further study.
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