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ABSTRACT

MIXED ELEMENT FORMULATION FOR THE FINITE

ELEMENT-BOUNDARY INTEGRAL METHOD

By

Jeffrey David Meese

The Finite Element-Boundary Integral (F13-81) method for numerical simulation

combines the computational and memory efficiency of finite element methods with

the global enforcement of the transition conditions offered by the method of moments

making it attractive for modeling three dimensional cavity backed apertures. Using a

finite element formulation in the cavity region removes the need to provide a Green’s

function for the entire cavity and the resulting matrices are extremely sparse. For the

aperture regions, using a moment method approach allows the Sommerfeld radiation

condition to be satisfied, as well as an exact relationship between tangential magnetic

fields across the aperture to be enforced, requiring only a specification of the Green’s

function for the two dimensional aperture. This moment method approach, however,

leads to a fully populated matrix for the aperture which constitutes a large portion

of the computational and memory demand of the formulation. Traditionally, FE—BI

formulations have used a single type of element such as hexahedrals or prisms alone to

discretize the geometry. Hexahedrals have a difficult time modeling highly irregular

contours while prisms tend to produce a large number of free edges in the aperture

region. This dissertation presents a method to use a combination of hexahedral and

prism elements for FE-BI modeling. The accuracy and efficiency of this approach is

demonstrated using some complex aperture examples. In addition, this dissertation

presents a software implementation based on object oriented programming that yields

more efficient and elegant solutions compared to previous programming techniques.
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CHAPTER 1

INTRODUCTION

Three dimensional cavity-backed apertures, such as conformal or microstrip patch

antennas, are of great interest in electromagnetics research due to their capabilities

in areas including, but not limited to, direction finding (DF) and communication.

Together with the push to integrate more capabilities on a single aperture, finding

accurate yet efficient models for these devices is becoming paramount. Traditional

closed form solutions do not exist for almost any practical antennas; hence to model

these devices effectively some sort of numerical solution must be involved. Many such

methods exist including modal and non-modal solutions, asymptotic wave solutions,

the Finite Difference Time Domain Method (FDTD), the Method of Moments (MOM),

and the Finite Element Method (FEM). All of these techniques have advantages and

disadvantages and a great wealth of material is available on each technique; however,

this dissertation will only concern itself with the MOM and the FEM.

1 .1 Background

The Finite Element Method (FEM) has a history dating back to the 1940’s and was

first used in the field of airplane structural analysis [1]. Electrical engineering research

based on FEM did not appear until the late 1960’s where it was used for waveguide

and cavity analysis. FEM had the advantage over boundary integral techniques such

as MoM since it did not require the Green’s function for the geometry. In addition,

since FEM is based on a partial differential equation (PDE) approach as opposed

to an integral equation (IE) approach, it resulted in very sparse matrices for linear

systems, thereby reducing memory and computational demand.

One of the key concepts related to FEM is the choice of suitable elements in

which to subdivide the problem domain. These elements are then assigned a suit-



able set of basis functions (sometimes called shape or expansion functions) which

are used to approximate the unknown quantity Of interest. deitionally FEM has

been implemented using node-based elements, where the unknown is approximated

at the nodes of the finite elements. This worked well for scalar quantities such as

those used in mechanical engineering and scalar wave equations in electromagnetics.

Problems arose, however, when these node-based elements were used to model three

dimensional vector electric or magnetic fields. Spurious modes [2] were observed dur-

ing the modeling of cavities and special conditions had tO be enforced at material

discontinuities and geometry corners [3]. The introduction Of edge-based elements,

first described by Whitney [4], relieved these problems since they were able to more

effectively represent a vector field.

Using edge-based elements, FEM was able to model three dimensional waveguide

and cavity models effectively but it was still not suited for modeling open domain

problems since the Sommerfeld radiation condition was not enforced. Two major

techniques were used to extend the technique for open domain problems. The first was

a combination Of FEM and MOM, termed the Finite Element-Boundary Integral (FE-

BI) technique [5]-[8]. This approach satisfies Sommerfeld radiation at infinity as well

as the transition condition across the aperture, however, it does require the knowledge

Of the Green’s function for the open domain. The second technique involved the use of

absorbing boundary conditions (ABC’s) [9]—[11] which were used to extend the mesh

beyond the dimensions Of the structure and to approximately enforce the radiation

condition. This technique suffered from the fact that the accuracy Of the solution was

dependent on how good the absorbing boundary condition was able to enforce the

radiation condition and how far the mesh was extruded beyond the problem domain.

In this dissertation, the FE—BI technique will be used since the problems studied

herein will consist of cavity-backed apertures cut into an infinite planar ground screen,

for which a suitable closed form Green’s function is well known.



l .2 Overview

Chapter 2 introduces the general formulation for the FE—BI method. The equations

will be derived starting from Maxwell’s equations and placed into a suitable form for

linear system solution. General excitation formulations will be presented along with

some general post processing formulations.

Chapter 3 extends the formulation developed in Chapter 2 for use with right prism

elements. Right prism elements are a popular choice for modeling geometries such as

those studied in this dissertation as they can readily be extruded from two dimensional

triangular elements. Right prism elements also have the advantage that many of the

integrals associated with the FE-BI formulation can be expressed in closed form.

Chapter 4 extends the formulation Of Chapter 2 for use with distorted hexahedral

elements. Hexahedral elements have the advantage of producing fewer unknowns than

the right prism elements used in chapter 3, however, they are not as adept at modeling

highly irregular geometries. This chapter discusses the techniques needed to use

hexahedral elements in an FE—BI solution including the coordinate transformations

needed to perform the necessary integrals.

Chapter 5 combines the two elements from chapters 3 and 4 into the same geom-

etry. It will be shown that using a combination of hexahedral and prism elements

in the same model can significantly reduce the number Of unknowns both in the vol-

ume and on the surface while still maintaining the ability to model highly irregular

surfaces. This allows the modeling Of complex geometries that were tOO computa-

tionally expensive to be modeled with prisms alone. Some examples of these types Of

geometries will be shown in chapter 6.

Chapter 6 models some highly complex apertures using the mixed element ap-

proach developed in Chapter 5. Memory and computational demand for the modeling

Of these apertures with only prisms and using mixed elements will be compared and



contrasted.

Chapter 7 discusses the design Of the software program developed for this disser-

tation. The use Of the C++ programming language and an Object oriented design

approach is discussed and compared to the traditional procedural programming ap-

proach implemented in FORTRAN.

Chapter 8 presents some final thoughts and conclusions as well as some future

considerations for the modeling technique presented herein.



CHAPTER 2

GENERAL FE—BI FORMULATION

This chapter introduces the Finite Element-Boundary Integral (FE-BI) method and

develops the general equations needed to apply it to a cavity-backed aperture problem.

Fields for the interior region and exterior regions are developed separately and then

tangential field continuity is enforced across the boundary of these two regions.

2.1 The FE—BI Equation

A typical three dimensional planar cavity-backed antenna configuration is shown in

Figure 2.1. All electric and magnetic fields are assumed to Obey Maxwell’s equations

and are considered to be time harmonic in nature. Accordingly, an ejwf term is

assumed and suppressed throughout the analysis. The material parameters inside the

cavity (7. < 0) are not required to be homogeneous but are assumed to be isotropic.

The material parameters of the exterior region (2 > 0) are assumed tO be those of free

space. In the figure E8“ and Hm represent the external electric and magnetic field

respectively, while Em and Him represent the electric and magnetic fields within the

cavity.

2.1.1 The Interior Equation

Starting with Maxwell’s equations for the interior fields

V X Emt = —jk()Z()/.t,-(I')Hmt — M (2.1)

v x Hi"t = jar/064nm“ + J (2.2)

In the above equations k0 is the free space wave number, 20 is the intrinsic impedance

of free space, Y0 is the reciprocal Of 20, ,u,.(r) is the relative permeability Of the



material inside the cavity, 6,.(1‘) is the relative permittivity of the material inside the

cavity, and J and M are internal excitation sources of an electric or magnetic type

respectively. For the sake Of simplicity the spatial dependence of p, and 6,. will not

be specifically shown from this point forward. From these two equations the vector

wave equation can be derived in terms of either the electric field or the magnetic

field. The former is referred to as an electric field formulation, while the latter is

referred to as a magnetic field formulation. A electric field formulation is chosen here

as it allows the boundary conditions on a perfectly electrically conducting surface to

be easily satisfied. Assuming the use Of edge-based finite elements the electric field

contribution Of a edge located on metal is set to zero. This amounts to the enforcement

Of the Dirichlet boundary condition. SO for the case Of a electric field formulation

only non-metal or free edges need be considered. If a magnetic field formulation was

used it would be necessary to enforce the Neumann boundary condition on all metal

surfaces to satisfy the boundary conditions. Taking the curl Of both sides of (2.1)

V X Eint

X —_

u.-

VxM

Mr

V
 

= —jk...zo (v x H’"‘) — (2-3)

and utilize (2.2) to simplify (2.3), the vector wave equation for the interior total

electric field is Obtained

 

int _ M

V X Eli—E3— — kgfrEmt = —jk()ZoJ — V X (2.4)

u.-

Defining the inner product as

<u.v>=/u-v (2.5)



the finite element method is applied by performing an inner product of (2.4) with a

vector sub-domain basis function Q,, creating the weighted residual

 

V____Eint .

/ Q.- [Vx X — kge.E"“] dV = _ fv Q, [jOkOZOJ + V: M] (W (2.6)

”7' T

It is assumed that all quantities on the right hand side Of the equation are known a

priori, so the right hand side may be written as

VxM

1'

 ff”: —/ Q,- [jOkOZoJ— ]dv (2.7)

In this, the superscript ‘int’ indicates that this forcing function is attributed to interior

sources. Using (2.7), (2.6) becomes

int

/ Q. [VX L—X E _ kgfrEint] dv = fiint (28)

'7'

Using a vector identity, the first term in brackets can be written as

int

VxEli—=J—(VXVXEW)—Vfo"‘xV(—1—) (2.9)

#r Hr Hr

At this point it is assumed that the material is constant within each element. This

assumption allows for the closed form solution Of many Of the integrals associated with

this method for various elements. Without this assumption these integrals would have

to be evaluated numerically. With this assumption the gradient term in (2.9) is zero.

Therefore (2.8) is now written as

 

int

/ Q,. [V X V X E — kge.E""‘ dV = ff'“ (2.10)
v )1,-



At a point later in the development, the electric field will be expanded as a set Of

sub—domain basis functions in accordance with the finite element method. As (2.10)

stands now, a linear tangential-quadratic normal (LT/QN) basis function would be

required to model the electric field. LT/QN basis functions are harder to implement

than constant tangential-linear normal (CT/LN) basis functions which can be used if

one Of the curl Operations is transferred from the unknown electric field to the basis

function Q,. This also allows the use Of CT/LN basis functions for both the testing

function Q,- and electric field expansion. Using Green’s first vector theorem [17], the

first term Of (2.10) can be written as

i—rer(VxVXE’mldV=;,1:/V(VXQ‘)'(VXE’ntldv

l
7. Sfi. (q, x v x EM) as (2.11)

where S is the closed surface bounding V. Using (2.1) in (2.11), the functional becomes

1- (v x Q,) . (v x E’"’) dV — 1:56.] Q,- . Emt
u, v v

+jkOZO/Sfi' (Q1 X Him) (15' = ffm (2.12)

Equation (2.12) is termed the weak form of the equation since the PDE is represented

weakly, or in an integrated sense and at most one derivative is applied to each term.

Finally, it would be advantageous to manipulate (2.12) so that the normal vector is

crossed with the magnetic field as this will simplify enforcing boundary conditions in

future aspects of the development. Using another vector identity, (2.12) is written as

i (V X Q’) ' (V X Em) dV _ kg‘r fv Q.“ ' Ef'“

Mr V

—jkoZo /S Q.- - (a x H“) d5 = f,‘"‘ (2.13)



2.1.2 The Exterior Equation

The equation shown above only describe the field quantities interior to the computa-

tional volume. In order to fully define the problem the fields exterior to the surface

must also be modeled and these fields must match the fields on the interior as the

surface is approached from either side. In the region exterior to the geometry the

total magnetic field can be written as

Heart = Hinc + Hrcf + Hscat (214)

where Hf"C is the incident magnetic field, H":f is the reflected magnetic field, and

H90“ is the scattered magnetic field. The incident and reflected fields are those that

exist without the presence Of the antenna and are assumed tO be known. Therefore, a

relation must be determined between the scattered and total exterior magnetic fields.

Following the development in [12] the scattered magnetic field for the exterior region

can be written as

H’C‘“ = [3, (11’ x He“) . (V x O ds’—jk011,/S,G-(a’ x Em) .15" (2.15)

where G— is a dyadic Green’s function that satisfies the Sommerfeld radiation con-

dition. Due to the third order singularity in dyadic Green’s functions the integrals

in (2.15) are not actually integrable. This form, however, is notationally convenient

and later in the development the derivatives will be transferred Off Of the dyadic

Green’s function leaving only a first order singularity which is integrable. For more

information on this dyadic Green’s function singularity see [13]-[16].

The tangential electric field on the ground plane is zero so the second integral

reduces to an integration over the aperture. Choosing a Green’s function that obeys



the Neumann boundary condition,

fix v XE€2=O (2.16)

manipulating the first term in (2.15) so that the normal vector is crossed with the

V x G, and solving for the tangential portion of the scattered magnetic field, the first

integral disappears entirely and (2.15) can be written as

.. scat__. A = ' .' ext ’
an _ JkOYO/S,(nxG.2) (n XE )dS (2.17)

where

= = VV e‘jkOR

G. =— I — —— ..2 (+ kg) 2.12 (218)

is the electric dyadic Green’s function of the second kind [17], in which R = [r — r’].

This Green’s function possesses the properties desired for this development. Re-

writing the integrand as

a x 512 - a’ x E8“ = (a x a. x fi’) -E“‘ (2.19)

(2.14) can now be written as

a x H“t = [a x H” + a x Href] — jkOYo [3, (a x a, x a’) -E“‘dS' (2.20)

Taking the inner product Of (2.20) with Q,-

[SQ-(f1 x He") (13 = [SQ- [a x (Hm + Hf)] dS

—jk0Y0/ / Q1 ' (fl x 6.32 X fi') -E”‘dSldS (2.21)
s s’

The first integral on the right hand side involves known quantities and is thus written

10



ff“ = fSQ1- [n x (H’"C+H'Cf)] dS (2.22)

where the ‘ext’ superscript indicates that this forcing function is attributed to exterior

sources. Finally the exterior equation is found to be

/ Q1 ' (fl X Hm) d5 +jk0Yo/ /, Q.- ' (ft x 662 x H) ~Eex‘dS'dS = ff“ (2.23)

S S 5

One important thing to note about this equation is that through the use Of the Green’s

function, the currents on the ground plane do not have to be explicitly modeled. This

is fortunate since the ground plane is considered infinite in extent and modeling the

currents on it exactly would be challenging indeed. To approximately model these

currents, the ground plane would have to be truncated and techniques such as the

Geometrical Theory of Diffraction (GTD) would have to be used to account for the

finite extent Of the ground plane.

Another important Observation about this equation is that since the conductor is

planar the Green’s function can be written as a closed form expression. For cases

where the conductor is not planar the Green’s function would have to be solved

numerically. Work has been done to this effect by [18] for right cylinders, by [19] for

elliptical cylinders and [20] for prolate spheroids.

2.1.3 Matrix Formulation

In the previous sections the interior and exterior equation were derived separately.

The next step is to combine these two equations in a way that satisfies tangential

field continuity across the surface. In other words the following equations must be

satisfied

a x Hi"t = a x H“t (2.24)

a x Emt = a x E”t (2.25)

11



The boundary condition associated with the magnetic field is Often termed the natural

boundary condition [2] and is enforced by setting Hint = He“. Upon enforcement Of

the natural boundary condition equation (2.23) is multiplied by jkOZO and the result

is added to (2.13). The terms with the magnetic field are seen to cancel and the

equation is written as

i (V X Q2.) . (V x Eint) (1V _ kgfr/ Q1. . Eintdv

Mr V V

4.3 [S [3, Q,- (a x O62 x 11’) -E“‘dS'dS = f,‘"‘ + ff“ (2.26)

where

if“ = razors” (22?)

Equation (2.25) is termed the essential boundary condition and it must be explicitly

enforced in the formulation. The essential boundary condition can be satisfied in two

ways. The first way is to use identical basis functions for the exterior and interior

fields at the surface. The second way is to use a coupling equation to relate the

two fields. In the first case continuity is implicitly enforced and this is the method

by which electric field continuity will be enforced in this dissertation. In addition,

the basis functions are chosen to be identical to the testing function Q; an approach

known as Galerkin’s technique. Therefore the unknown electric field is expanded as

E = 2 EL), (2.28)

i

Inserting (2.28) into (2.26), the system Of linear equations

 

ZEj{/V(VXQ1)I;(VXQ1)_k3€r/VQ‘HQJ,

7'

4.3/$19, Q,- . (a x a. x 6') . deS'dS} = fznt + ff“ (2.29)

12



is Obtained. This equation may be separated into two parts, one representing the finite

element portion, written as 155, and the other representing the boundary integral

[.3]portion, written as ,J ,

 1,575 = [v (V X Q‘va x Qj)dV — 1.3.. A Q,- - deV (2.30)

15’ = 4.3 [S A Q,- - (a x if... x fi’) . des’ds (2.31)

These integrals represent the matrix entries in the following linear system

IFE + 13’ IFE

U U u {E} = {f} (232)
I.5E IFE
z] z]

where {f} is calculated from ff’“ and f8“ and {E} is a set Of electric field coefficients

to be determined. In this work, {0} indicates a le data vector while (0) represents

an NxN matrix with N being the number Of unknowns or free edges in the mesh.

2.2 Green’s Function Singularity

While equations (2.30) and (2.31) correctly implement the equations needed for the

FE—BI formulation, there is a subtle problem with equation (2.31) as it is currently

written. There is a singularity in the Green’s function

= = VV e‘jkOR
Ge = _ I — —— 2.33

2 ( + kg ) 2m ( )

as R approaches zero, that is, as the source and field points coalesce. Furthermore,

there are two derivative operations on this singularity making it a third order sin-

gularity. Any numerical evaluation technique that encounters this singularity will

inevitably fail. Special consideration must therefore be given to this integral. This

is a well known challenge in numerical solutions and is commonly referred to as the

13



self-cell case. In finite element programming this case occurs when the two surface

integrals Of (2.31) are evaluated over the same element or if adjacent elements have

common integration points. In order to evaluate this integral properly, it must be

manipulated into a form more suitable for numerical evaluation. To begin, equation

(2.31) is broken up into two separate integrals

e-JkoR
151(1)_2:/3/3’ [Q.'(><2 Ixx-i) le6R____de5 (2.34)

e—jkoR I

.17 [Q]... 1.”)in
where f1 has been replaced with 2 since the planar surface is assumed to lie in the x-y

 

plane. Using the dyadic identity

2 x (xx + yy) x 2 = 4:2 — 99 (2.36)

(2.11) becomes

2
BI(1)__fi / .. M ..

Iij — 2,” [S 5’ [Q1 (xx+Hyy Qje
      (2.37)

151(1) is now in a form which allows substitution Of any user defined basis function.

151(2) requires a bit more manipulation to transform the third order singularity into

something more suitable for numerical evaluation. Noting that the following identities

are useful

  

  

  

—jkoR “—jkOR

Q.-2xvveR = —(2><Q.)'VV6R

e-J'koR . e-jkOR ..

W x z-Q, = W R -(z x Q,) (2.38)

e—jkOR I e-jkoR

VV = -VV

R

14



(2.39)

(2.12) can be written as

—jkoR
1 . .

15"?) = E.’ [3 f5, [(2 x Q.) - vv ‘3 R .(2 x Q,)] 33 d8 (2.40) 

Since the first gradient is not in terms Of the primed (or source) coordinates, the

primed integral may be taken inside this derivative giving

I e—jkoR

2 1 - . ,
 

Using the following vector identity

R

I e—jkOR e—jkOR

=(2xqj).v—R—+ R v’-(2xQ,-) (2.42)  
VI ' [(7.5 X Q1)

 

the primed integral becomes

e-jkOR
, e‘JkoR I I

I

[gv.[(2ijlT]dS—/S,[V
.(iij)]

R dS (2.43) 

and applying the divergence theorem to the first integral in (2.43)

R

 
, e‘jkoR .

L,v-[(2xQ,-)——é—]ds =fc(2xQ,-) -dl (2.44)

is obtained. The contour integral in the above expression corresponds to the integral

along the edge Of an element. In the interior of the geometry, an edge will be shared

by two different elements. Due to the standard rules for basis functions the sign of

this edge will be positive on one element and negative on the other element and the

vector incremental distance d1 will be in the Opposite direction for the two integrals

along that edge. In addition, the value of the two basis functions will be identical

15



along this edge. This means that any contour integral over that edge on one element

will be exactly cancelled by the contour integral Of that same edge on the element

which shares that edge. Therefore, the total contribution Of this contour integral

on the surface will be zero for all interior edges. Also, any edges not shared by two

elements will by definition be boundary edges located on the metal walls of the cavity.

Since the method being studied involves a total electric field formulation there should

be no field on a metallic edge and the contour integral for these edges is also zero.

Therefore, it is argued that there will be exactly zero contribution from the contour

integral in (2.44) and (2.41) becomes

e-jkoRd

151(2’=-2——/(2XQJ)V[/SV'(iij)——dS (2.45)

Bringing the unprimed gradient into the primed integral, swapping the order Of inte-

gration and using the same argument as above (2.45) can be written

e-jkoR

15’”: 27—/[v (2 x Q,)V’(2 x Q,)——ds’dS (2.46)

which is now in a form suitable for numerical evaluation. Though the singularity

still exists in the integral it is now of first order, making it integrable. During actual

computation Of this integral the self-cell case must still be treated differently if a

numerical integration technique is used that will allow R to become zero. Special

techniques such as those shown in [21] can be used to perform the integration in a

way that avoids the singularity problem.

In the interest Of symmetry the FE equation is also broken up into two equations

and the final form Of the general FE—BI equations is shown below where 153 =
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155(1)=p—r/V(VXQ,-)-(VXQ,-)dV (2.47)

15”"’= 1.3.. [V Q.-Q.-dv (2.48)

15"”=— 23%] /, [Q.((+225:+1519 Qj] _:Rd5'd8 (2.49)

151(2)=27r——//V(2XQ,)V'(2xQ,)e-JRkORdS'dS (2.50)

2.3 Excitation

The equations above describe the FE—BI system itself. Solution Of the electric field

coefficients requires that the system be excited in some fashion. There are numerous

ways to excite the FE—BI system. These excitation sources can be both internal

and external. The most popular external source is the plane wave since any general

electromagnetic wave can be modeled by a superposition Of plane waves. Internal

sources are composed of either electric or magnetic currents. Models such as probe

feeds, voltage gap feeds, and coaxial cable feeds can be used as internal sources. For

the sake Of simplicity this thesis will present only the formulations for probe feed

excitation and plane wave excitation. For a more complete description of different

types of sources, both internal and external, see [2].

2.3.1 Probe Feeds

Probe feeds are a simple model used to give the FE-BI system some impetus to which

to respond. Although a somewhat limited model, probe feeds do a sufficient job Of

exciting the system and give a decent approximation tO a real feed model such as

a coaxial cable. Probe feeds are Often used because they are exceedingly simple to

17



implement. Looking at the interior excitation equation,

VxM

u.

 
f?” = — [v Q.- [jkoZoJ — dV (2.51)

probe feeds correspond to a J type current, therefore M is equal to zero. For this

dissertation it is assumed that feeds will be z-directed only. Therefore

It is also assumed that all feeds will be located directly on an element edge. Since the

value Of the basis function along an edge is one for that edge and zero for all other

edges in the element the following is true

A Q,- . 2 =1.- (2.53)

where l,- is the length Of the edge on which the feed is located. Using (2.52) and (2.53)

in (2.51) the internal excitation can be written as

ff’“ = —jk0Z0101,- (2.54)

2.3.2 Plane Waves

Recalling the definition of exterior excitation,

f... = jkOZO / Q,- [a x (Him +H'ef)] dS (2.55)
s

A general plane wave can be written as

Einc = éie—jko(k‘-r)

18



Hinc = Y0 [Rt X Einc]

Eref = ére—jko(f("-r)

Href = “[12,. X Eref]

(2.56)

where 6" is the polarization angle Of the incident field, k‘ is the incident field direction

of propagation, 6" is the polarization angle Of the reflected field, and 12' is the reflected

field direction Of propagation. For the case Of an aperture cut in an infinite ground

plane located at z = 0, the sum Of the incident and reflected magnetic fields is twice

that Of the incident field and f1 = 2.

far! =j2kO’/SQ1'° 2 X [(Ri X éi) e—jko(fii.r)] d5

Using the following relations

A

ki = _fi

6’ = cos 06' + sin 0105'

k' x 6’ = sin 06’ — cos ad)’

A

z x (k’ x 6’) = sina (y cosd’cos (15’ — icos 6’ sin (0’)

+cosa (y sin 05" + xcos 05’)

Hi - r = sin6i (r cosqbi + ysin of)

the general equation for plane wave excitation can be written as

int = j2k0/ Q. ' [sina (9 cos 6’ cos (15’ — xcos 6’ sin (0’)

S

+ cosa (y sin of + xcos (0’)] ejk°(fi")d5
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2.4 Post Processing

While the main goal of the above development is to solve for the electric field coeffi-

cients for each edge in the FE—BI system, these coefficients by themselves do not rep-

resent commonly required information. Once the field coefficients are found they can

be used to model a multitude of different antenna properties such as input impedance,

radar cross section, antenna pattern, and antenna field pattern making it possible to

model both active and passive antennas. This dissertation considers both passive and

active antenna characteristics although the use Babinet’s principle [23] allows passive

antenna characteristics to be predicted from active antenna modeling and vice-versa.

2.4.1 Input Impedance

Input impedance is an important measure of an antenna’s performance. No matter

how well-behaved the antenna’s radiation pattern is, if all the energy used to excite

the antenna is reflected back into the power source the antenna has limited utility.

Therefore, it is important to study the input impedance of an antenna so that the

antenna’s impedance may be matched to that of the excitation source. In section 2.4

it was stated that only probe feeds are going to be used as excitation devices for this

dissertation, so in turn; only the input impedance of probe feeds need be modeled.

Similar to the modeling of the excitation of a probe feed, input impedance modeling

of a probe feed is quite simple. Once the electric field coefficients for each of the edges

is found, the impedance of a probe feed located on the ith edge is found from this

simple equation

_ 13,1,-
Z,,,—— 2.4,0 (6)

where E,- is the electric field coefficient of the edge, I,- is the length of the edge, and

10 is the excitation of the feed. The numerator of (2.64) is recognized as the voltage

across the probe assuming the probe length l,- is small compared to a wavelength.
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The reflection coefficient (F) and standing wave ratio (SWR) can then be found from

I‘ = ————— .

1.0 + |P|

SWR = —— .

1.0 - (r) (2 66)

assuming a feed port resistance of 509.

2.4.2 Radar Cross Section and Radiation Pattern

The analysis discussed thus far can only predict the near field distributions. These

near field distributions, however, can be used to obtain certain far field characteristics,

such as radar cross section (ROS) and radiation pattern. RC8 is a measure of how a

passive antenna scatters and directs electromagnetic energy while radiation pattern is

a measure of how well an active antenna directs energy in a specified direction, with

respect to an isotropic radiator. RC8 and radiation pattern are developed in three

dimensional spherical coordinates 0 and d) and are closely linked. In fact both can be

computed from the definition of ROS [11].

a = lim 4wr2-l—M. (2.67)
r—voo lEmc(r)|2

The far-zone magnetic field can be written as

e—jkor

H (r) = JkoYo 27rr [S (679 + (563) - [2 x E(;c’, y’)] ejk°<"‘"'>ds (2.68)

Let

I = /3 (0‘6 + 636) . [2 x E(x’, y’)] ak0<*"'>ds = 190+ 1,6 (2.69)

Taking the magnitude of (2.68)

koYo

271'7‘

_ kOYO
HSC =

I I 2717‘

III I - 1‘ (2.70)

21



where the (*) indicates the complex conjugate. Assuming an incident plane wave of

unit amplitude

lHinc

 

Without loss of generality, (2.70) and (2.71) may be inserted into (2.67)

a = k—3 (I . 1*) (2.72)
7T

In practice, two components of RCS are defined

k3
= 12 2.

00 7r I 9' ( 73)

a, = 57:3 [13,] (2.74)

When the polarization of the incident plane wave is in the 0 direction (i.e. E‘ = é‘Ei),

099 is termed the co-polarized component of the ROS and 0945 is termed the cross-

polarized component of the RC8. Similarly, when the polarization of the incident

plane wave is in the (0 direction (i.e. E‘ = (EiEi), the co-polarized component is

computed from 0M, while the cross-polarized component is computed from aw.

To compute the radiation pattern of the antenna the RC8 is normalized by the

input power of the antenna.
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Figure 2.1. Cavity backed aperture in a ground plane (a) top view, (b) side view
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CHAPTER 3

RIGHT PRISM ELEMENTS

In this chapter a set of sub—domain basis functions are defined for right prism elements

and the equations from chapter 2 are specialized to these functions. These equations

will represent the final form of the equations needed to correctly implement the FE—BI

method using prism elements in a computer program.

3.1 FE—BI Formulation

The equations derived in chapter 2 are general in a sense that they don’t relate to a

specific element type. To continue the formulation, an element type must be chosen

and a set of sub-domain basis functions must be defined for that element. The basis

functions need to possess a few properties in order to be usable. They must at least

have constant tangential/linear normal (CT/LN) expansion properties, and they must

enforce tangential field continuity across element faces. Expansion functions that at

CT/LN have a constant curl within the domain of the element while lower order

expansions have a curl necessitating the use of Dirac delta functions that are not

suitable for numerical implementation. They also must be divergence free and curl

conforming. Divergence free basis functions are necessary to avoid the build up of

fictitious charge within the element, and curl conforming basis functions are needed to

avoid spurious eigenvalue solutions. A formulation for prism elements has previously

been done by [24].

3.1.1 Basis Functions

A right prism, usually just called a prism, is defined as an element that has a constant

cross-sectional area throughout its extrusion. Prisms have the ability to provide great

flexibility in modeling geometries that are irregular in two dimensions but regular in
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the third dimension, such as cavities recessed in ground planes. Prisms also have the

advantage of making it fairly simple to create a three dimensional mesh from a two

dimensional mesh composed of triangles. Creating the two dimensional mesh for an

arbitrarily shaped surface is quite difficult and beyond the scope of this dissertation

but fortunately many commercial two dimensional mesh generation software pack—

ages exist and can be used without much difficulty. Prisms do, however, have the

disadvantage of possibly over sampling the geometry, especially in the aperture area.

Figure 3.1 depicts a right prism element where the edges for the prisms are defined

in Table 3.1.
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Table 3.1. Local edge numbering scheme for a right prism element.

Notice that in the table the edge numbers for the horizontal edges are defined as

being directly across from the node numbers. This is a bookkeeping procedure and

will facilitate the use of the basis functions soon to be defined. Also, in the figure,

the nodes are ordered in a counter clockwise direction. Numbering in this way is

necessary in order to ensure that the normal vector of the element points towards the

top of the element and therefore out of the cavity model. The edge based expansion

functions for the prism element are derived from the standard Rao-Wilton—Glisson
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(RWG) basis functions [25] for triangles and will be represented by the letter W

instead of Q as in chapter 2. This change of notation will be important when the

basis functions for prisms are coupled with the basis functions for hexahedrals in

chapter 5. Multiplying the RWG basis functions by a function of the prism height

gives the following equations

23-2 [181‘ - A

( C ’)-2§[(x—x.)y-(y-y.)Xl =1»2»3

(zuc- z) :1; [(1, _ xi) _ (y __ Wig] X = 4,5,6 (3.1)3"

W”. : Ki = [(Ikiyk2 - $k2yk1)+(yk218:yk2)$ + ($1.2 - 171:1) yli

wxizviz 

  

Wxi = Mi =

 

x=7,8,9

where l,- = length of the ith edge, 3,- = sign of the ith edge , (12,-, y,) = node positions

across from the ith edge, (21,223,) = bottom and top positions of the prism, c = height

of the prism, Se = Area of the triangle that forms the top (or bottom) of the prism,

and 161 and 10; are defined in Table 3.2.

 

 

 

 

X k1 k2

7 2 3

8 3 1

9 1 2     

Table 3.2. Vertical edge constants for right prisms

The curl of each of these basis functions are found to be

 

 

 

V X Vi = -2656 [($’$1)X+(y—yi)y-2(3— 2,)z]

Ii 2‘ . - .
va,-=2:9 [(x—x,)x+(y—y,~)y+2(zu—z)z] (3.2)

V x Ki = [(17162 — Tkili2;e(yk1 — M2) )7]
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3.1.2 FE Matrix Entries

The FE matrix entries are defined by equations (2.47) and (2.49) which are reproduced

here, with the vector basis function now represented with the symbol W.

1
155“) = #— v (v x w.) - (v x w,)dv (3.3)

1575(2) = 436. / w,-W,dv (3.4)
V

Using the basis functions and their curls defined in (3.1) and (3.2) closed form expres-

sions can be defined for the integrals shown in (3.3) and (3.4). First, some integrals

over triangles are defined [26], for convenience:

Sx=/SIdS=Sy=/Syd3=0

Se = [SdS = l [172(313 — yl) - 3:1(y3 - .712) — 173(312 — 311)]
2

11' Se

5 =/Sa:2dS=-1—2 x¥+x§+x§] (3.5)

SC

_ 2 ___,2 2 2
SW—[Sde—12[y.+y2+y3]

38

SI" = [SIde = T2_ [$1311 + 132.712 + 3333/3]

Also defining the following integrals will be useful

1' — y — — = — = — , eI, —— Is — /S(;r a)dS [3(3) a)dS aS'

3”: — , —de=.S'M bSeI8 [5(2) a)(.r ) + a

13;” = [3(3) — a)(y — b)dS = S” + abse (3.6)

zu
3 _ 3 2 _ 2

I,“ z] (z — a)(z — b)dl = (2“ 3 2,) — (Z1 2 2") +ab(zu — 21)

Z:

  

With the integrals defined in (3.5) and (3.6), closed form expressions can be found

readily for the integrals shown in (3.3) and (3.4). The closed form expressions for
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(3.3) are written as

[,1 3,3 m

153 = Wkls + c159” + 4561,22] Top — Top

IFE liljsisj 10:: y e
i]. = —W[cls + 013” + 45 IF] Top — Bottom

(.3. . . . .
FE I 1 1: .

Iij = —ml($i2 — $11013 + (.7112 — Hid-’3’] T019 - Side

FE 11113131 :1:
113' = —W[cls + C1? + 4SeIfz] Top — Top

FE liljsisj xx 8 z
1,] = WEB + CI?” + 43 I, z] Top — Bottom

1,31. . . x . .

[5E '— —_l(1‘fc2 ” 371013 + (yfcz — 3171013] Bottom - Side

— flr(2Se)2

[FE _ _ ljsj l( i i 1:1: 1' 1 y .

z] _ ur(2Se)2 xk2 — xkl) s + (yk2 - ykl)13l SZde '- TOP

[FE _ lij [( z’ i 11: z‘ i y .

:2 _ 111—(25872- $k2 — 331:1) .9 + (311:2 — 311,1)15] Szde — Bottom

(3.7)

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

C i 3' ‘ ' i 1 ' ' - -

[5E = mlixw _ xkilfl'fcz - xi1)+ (91:2 — 3&1“in “ yfcill Szde ’ Szde (3-15)
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In these, the notation ‘Top—Top’ refers to the interactions between a testing edge on

the top of the prism and a source edge on the top face of the prism. The notation ‘Top-

Bottom’, etc. have similar interpretations. The closed form integrals for equation

(3.4) are written as

15E = %%S2Tj[lfx[fz + Ifylfz] Top — Top (3.16)

[SE = _5_(r%‘:;)321[1:211z2 + 13111122] Top — Bottom (3.17)

[SE = 0 Top — Side (3.18)

[SE = —€—(r—;LC%L:—3?[Ijxlfz + IfyIf‘] Bottom — Top (3.19)

I58 = %§$[Ifxlfz + [3111,11 Bottom — Bottom (3.20)

[SE = 0 Bottom — Top (3.21)

155 = 0 Bottom — Side (3.22)

[SE = 0 Side — Tap (3.23)
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153 = 0 Side — Bottom (3.24)

153 = flip-0,58 + (X,Y, + 2911):?” + 11135“ + X,X,-SW] Side — 51243.25)

where

C,- = ($211112 - $221111)

01' = (lid/(62 _ @9111)

Xi = ($22 — 33in)

Xj = (1712 _ 351:1)

Y.- = (.1112 - 317.1)

Y1 = (311162 ‘ yfcil

3.1.3 BI Matrix Entries

The equations for the BI matrix entries were shown in (2.49) and (2.50) which are

reproduced here, with the basis function now represented by W.

 

k2 -jkoR ,

15’“) = 7% f3 [5, [W,- - (22 + 951) - Wj] %—d8 d3 (3.26)

I —jk0R I

I?"2’=§1;r-/S/Slv.(2xw,)v-(2xW,-)6R deS (3.27)

In order to enforce tangential electric field continuity across the surface, the basis

functions for the interior and exterior fields must be identical at the surface. There-

fore, the three dimensional basis functions for the prisms must be compressed into

two dimensional triangular basis functions. By removing the axial (z) dependence of

30



the V basis functions in (3.1), the two dimensional basis functions are found to be

1131'

w.- = 5.5.32-1»- (y— y.) x] (3.28)

Inserting in the definition of the two dimensional basis functions into the BI equations,

(2.49) becomes

ll3sh 1 €_jk°R121(1)_ 1___J__
, _ . _I” — 871—5—.ij3/5 /S[(a: :r) + (y y,)(y y,)]——R——d5(13 (3.29)

and after computing

\7.(2xW,-)=—“ (3.30) 

(2.50) becomes

 
11 o-J'koR

15"”: 13:41 /[ER 65’d8 (3.31)

Unlike the equations for the FE matrix these integrals do not have closed form ex-

pressions, they must be evaluated numerically. Any suitable numerical integration

technique could be used and some well known algorithms can be found in [27]. The

only consideration needed when using these integration routines is that the self-cell

case must be treated differently than other cases as the singularity in the Green’s

function will cause these routines to fail.

3.1.4 Plane Wave Excitation

Inserting in the definition of the two—dimensional basis functions into the plane wave

excitation equation from chapter 2, (2.63) becomes

~ext _ jkodisi

i — Se

+ (y — yi) (sinacos 6‘ sin (bi — cosacos 6)] ejk°(fi'r)d5 (3-32)

[5 [(23 — xi) (sinacos 19i cos 11>i + cosasin 03")
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This equation, like the BI equations, must be computed numerically. Unlike the BI

equations however, there is no singularity to worry about so its implementation is

fairly straightforward.

3.1.5 Radiation Pattern

Using the expansion of the electric field in terms of the prism basis functions in (2.69)

I = ; {"Efij‘fgjjsl /S (59 + 6303) ' [(1, - 11))" - (y' - 1111*] eiWfldS] (3-33)

Noticing

(fl-x) = cos(0)cos(d>)

(«is-i) = -sin(<1>)

(1‘13) = cos<01sin(1>)

- 5') = C08(2)E
C
.

The radiation pattern is then written as

E'lS' I I . - F1"

16 = z]: {—31:91}?st [(23 — xj)c050cosd>+ (y - yflcosflsmo] elk“ MS} (3.34)

El -3- 1 ‘. 1 10(21')
I¢=Z{—-—§§§1L’ [(r -:rj)sm¢— (y —yj)cos¢]eJ d5} (3.35)

where

ejk0(2.r’) : 631:0 sin 9(2' cos o+y' sin o)
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3.2 Examples

To validate the formulation a software program, codename Morfeus, was developed

and used to model a couple simple geometries. The results were compared to existing

results generated the Prism program (courtesy of Dr. Leo Kempel).

3.2.1 Rectangular Slot Antenna

To begin, the radar cross section of a 6cm x 50m x 2cm cavity with a centered 3cm x

20m slot aperture was computed. The cavity was assumed to be filled with a material

having a dielectric constant of 6,. = 2.17. Figure 3.2 and Figure 3.3 show the radar

cross section of the slot aperture at normal incidence. The first figure shows the

results where the incident electric field has no (13 component while the second figure

shows the results where the incident electric field has no 6 component.

3.2.2 Rectangular Patch Antenna

Next a 6cm x 4cm x 0.0762cm cavity with a centered 3cm x 2cm patch antenna

was modeled. The cavity was filled with a material having a dielectric constant of

c, = 3.2. The patch was excited with a probe feed at approximately x = 3.0cm, y

= 2.1cm. Both the radiation pattern at 5.4 GHz and the input impedance for 4-7

GHz were modeled and again compared to results generated by the Prism program.

Figure 3.4 shows the radiation pattern results while Figure 3.5 shows the results of

the input impedance calculations.
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Figure 3.1. Right prism shown with its defined node numbering

34



 

  
 

 
 

— Prism: 00 - pol

O Morfeus: 66 - pol

-15 ~

O

6

O

-20 .. O

'_' O

5 c

m

E O

m

8
0 -25 "' . .

E

2 o -
o

2 O

-30 b-

0 O

O

O

O

-354
1.

0

_40 I I I I I I I I I I

3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5

Frequency [GHz]
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CHAPTER 4

DISTORTED HEXAHEDRAL ELEMENTS

This chapter introduces basis functions for distorted hexahedral elements and extends

the equations in chapter 2 for use with these basis functions. This chapter also

discusses some of the difficulties that are associated with the use of distorted elements

and how to overcome these difficulties.

4.1 FE—BI Formulation

Distorted hexahedral elements are important in finite element programming because

they have the ability to model slightly irregular geometries with fewer edges than

prisms. This leads to less computational and memory demand for the same geom-

etry modeled with hexahedral elements as opposed to prism elements. Hexahedral

elements, however, have the disadvantage of not being able to model geometries that

have very sharp corners and severely irregular contours without using an excessive

amount of elements, thereby defeating the purpose of using hexahedral elements. A

formulation for curved hexahedral elements has previously been done by [28].

4.1.1 Basis Functions

The basis functions used for hexahedral elements are the so—called rooftop functions.

Rooftop basis functions are most often used in brick elements [1], [2]. Brick elements

are very easy to use but suffer from the fact that they can only model shoebox

type geometries effectively. In order to model more irregular geometries hexahedral

elements must be used. Due to the distortion of the elements, however, the integrals

in (2.30) and (2.31) can be very difficult to compute numerically directly in cartesian

coordinates. On the other hand, numerical integration over brick shaped volumes is

very easy to implement. Through the use of a coordinate transformation, it is possible
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to express the basis functions and the integral operations for the hexahedral elements

in terms of a local coordinate system in which the hexahedral element becomes a

cube. Figure 3 shows the transformation of a distorted hexahedral element in the (x,

y, z) coordinate system to a unit cube in the (£ ,1), C ) coordinate system, where the

edges of the hexahedral and the brick are defined in Table 4.1

 

 

 

 

 

 

 

 

 

 

 

 

 

Edge Node 1 Node 2

1 1 2

2 3 4

3 l 4

4 2 3

5 5 6

6 7 8

7 5 8

8 6 7

9 1 5

10 2 6

11 3 7

12 2 6     
Table 4.1. Edge numbering for a distorted hexahedral element

Such a transformation can be described by the using the following relation at the

eight nodes of the hexahedron where (a—h) are a set of unknown coefficients

:r=a+b€+m+dC+e€n+f€C+gnC+hénC

y = a, + b'é + 0,1) + JC + 6'61) + f'éC + g'nC + hfnC (4.1)

2 = a" + b"€ + c"n + d"< + 6’20 + f"€C + 9"11C + V6774
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Using (4.1) the equations at each node of the element can be written

:n=a—b—c+d+e—f—g+h

x2=a+b—c+d—e+f—g—h

$3=a+b+c+d+e+f+g+h

:u=a—b+c+d—e—f+g—h

$5=a—b—c—d+e+f+g—h

$6=a+b—c—d—e—f+g+h

x7=a+b+c—d+e—f—g—h

xgza—b+c—d—e+f—g+h

yp=d—U—chf+6—fzfif+fi

yy=d+U—cZHf—e+fufif—H

y3=o'+b'+c'+d'+e'+f'+g'+h'

yp=d—U+msz—e—f1Hf—H

yy=d—b345—J+cz+f+gu—H

yy=d+H—wzwf—6—fufif+fi

y7=o’+b’+o’-d’+o’—f’—g’—h’

yy=d—6+GCf—é+f31f+fi

21 = a” — b” — C" + d” + 6" — f” _ g” + h"

Z2 = all + b” — C" + dII _ e” + f” _ g” — h”

z3 = all + bi! + C” + (III + ell + f” + g" + h”
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24 = a" — b" +0" + J, — e" — f" + g" — h" (4.4)

25 =a" —b" —c" —d” +6” +f" +9” —h"

26:11” +0" —-c" —d” —e" —f" +g”+h"

.27 :0." +b" +C” —c{’+e" -f" —g" —h"

28 = all _ bi! + cl! — J! — ell + f” - g” + h”

Solving for the unknown coefficients, the global coordinates are given by

II? = [2:626 n ()1‘.

6 {2:61.15 17 cm.- (4.5)

z = [5:61.22 02.

where

.mcmmi=§0+6ou+mm+11+00 (16

and (g, 17,-, (1) represent the coordinate value of (6,17, C) along the ith edge. Equation

(4.6) represents the scalar nodal basis functions of the element. Following the same

procedure as in [1], the vector edge-based basis functions can be written as

Is,-

N.= —(18+ 7110n)(1 + 1.0% (4.7)

for the edges parallel to the 5 axis

ls,-

N.= —(18+t.t>(1+<.c>Vn (4.8)
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for the edges parallel to the 17 axis, and finally

1,3,-

N‘— —(1+515)(1 +0.11)V5 (49)

for the edges parallel to the C axis, where 1, denotes the length of the ith edge, and 3,-

denotes the sign of the ith edge. Noticing that

35 (95 ~35
V5: 532+ n—+cgz=£

511 _-

V11: 532+ fi—+5EE—n (4.10)

35 .1275 __C_5_«

V5= 505M 77+5ac_C

the basis functions can alternatively be written as

A

81(1 + 7717))(1 + 515l5

(147515“1 +5107? (4.11)

(1 +5:5)(1 +7717])5

   

l,-

  

l.

 

N:

Ni:

N,-=

  

The basis functions for hexahedral elements are now defined in the mapped coordinate

system where numerical integration can be performed over a cube rather than a

hexahedral volume.

4.1.2 Coordinate Ttansformation

Although the basis functions derived in the previous section are in terms of mapped

coordinates, the integrands in (2.30) and (2.31) are still in terms of Cartesian coor-
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dinates. Defining the Jacobian matrix as

:95 Q! Q

a: a: a:

= Q; 211 Q;J 611 an an (4.12)

25 211 25
ac ac ac

the elemental volume of the integral can be written as [1]

dV = dxdydz = det Jdgdndc (4.13)

There are also some vector operations that will be important to evaluating the inte-

grals in (2.30) and (2.31) in mapped coordinates. The dot product of a normal vector

in Cartesian coordinates with a normal vector in mapped coordinates can be defined

by using the definition of the gradient

~*_~ .m.@§~% @§_%(x-§)—(x-V€)—x x82+y6y+zaz —6:1: (4.14)

Using the same method the entire set of dot products can be written as

~ 3 . (9 .. .. B

(3'5)=6—:C (5077):?)g (X'C)=5§

~‘-% ~~_@ m‘_%
(MO—53; (rm-3y (y 0‘63) (4-15)

~ 6 3 .. 8

(20:5: 12-1073 (20:5:

From [29] the following vector operations can be defined

2-(VXN)

1 [8M1 6N5] (4.16)

=63}? Tame—n

1 . BNC 6N" , 6N5 6NC . 8N" 6N5

(“Ninewl (‘67-’62‘)+"(2"a?l+4(‘6676ll ‘4'”)
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4.1.3 FE Matrix Entries

The FE matrix equations for hexahedral elements are different from the FE matrix

equations derived for prism elements in section 3.1.2 due to the fact that they cannot

be evaluated in closed form, they must be evaluated numerically. This fact makes

evaluating these integrals much slower since each numerical integration point must

be mapped into a different coordinate system. To map the integrands to the correct

coordinate system, the development from [29] for mapping vector basis functions

to curvilinear cells can be used. Although this method was shown to map basis

functions to curved cells it works just as well here, due to the fact that it simply

presents mapping of a function from one coordinate system to another. Defining the

vector

.. BNC 0N" 6N5 BNC ~ 8N" (9N5
T _ _ _ __ ~ __ _ __ __ _ __

V‘ " H an BC )+"( 8: as ) +C( 6: an ll (4'18)

the two integrals in (2.30) are written as

l

155‘” = [.1 agit—ijJJTVJ-dgdndc (4.19)

1 x . A ..

157% = f 1 [ N5 + 17M" + m5] J‘TJ“ [ng + my + <N§]Tdet Jdéd'ndC (4.20)

By using the mapping shown in section 4.1.2 the entries of the Jacobian matrix can

be found directly. The inverse Jacobian and the determinant can then be computed

numerically from the Jacobian. Since the inverse and determinant must be computed

numerically, the integrals in (4.19) and (4.20) can take a significant amount of time

to compute. Looking at equation (2.30), however, it can be seen that there is no

frequency dependency in the integrands. This means that the integral quantities can

be computed once and stored independent of frequency. These quantities can then

be scaled by the correct frequency constants.
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4.1.4 BI Matrix Entries

The BI matrix equations for the hexahedral elements follow closely from the BI matrix

equations derived for the prism elements in section 3.1.3. The basis functions must

once again be compressed into two dimensions to enforce tangential electric field con-

tinuity at the surface, making the hexahedrals into quadrilaterals. Following a similar

method used in section 4.1.1 for two dimensions, also shown in [1], the quadrilateral

basis functions can be written as

 

 

[1‘31 A

N = 4 (1+ ”177% (4-21)

for the E directed edges and

[1'81 ..

N = 4 (1+ {2'97} (422)

for the r) directed edges. As in the three dimensional case the two dimensional ele—

mental areas may be written in terms of a Jacobian matrix

ds’ds = dx’dy’dxdy = det Ji detJJ-dé'dn'dédn (4.23)

where the Jacobian matrix is now defined in two dimensions

.52 QH

J = ‘9‘ 3‘ (4.24)

Q2 Qu

57) 071

Expanding the divergence terms in (2.31) in terms of a vector identity

V-(ixN)=—i-(VXN) (4.25)
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Using (4.16) and (4.23), the BI equations become

 
31(1) 168 1 M -. 6_jk°R , ,

1,. = —§;/_1[N,-(xx+xx)-NJ~] R detJidetdef dn dgdn

1 1 6N" 8N5 8N” aw.£ e-J'koR , ,1131(1) : _ 1 _ _1 J _ J .

.1 27r /_1 05 an 05’ an’ R d5 d" dgd"

The derivatives needed in (4.27) are

    

 

 

 

6N5 _ 1,5, .

01) _ 4 772

0W_a€
05 “ 4 '

61V]é _ liSi '

an — 4 77]

(9N? _ lgSig

(9g " 4 3

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

Using the derivatives in (4.28)-(4.31) along with the dot products shown in (4.10) the

integrals in (4.26) can be written

k21-l-s-s- 1 . 6g 65’ a: 65’
Bl(l)__01311 . . __ __

111155) — 327r /_1(1+ W7)“ + "’17) [82: 6:1: + By By

e—jkoR

 (detJ,)(det Jadg’dn’dgdn

k2l-l-s-s- 1 . 653 ' 658 ’BI(1)__0:JIJ _ . ___"7 __77__

Imam — 327r [10+ "'")(1+5’€) [8:13 8:1: + 6y ayl

~jkoR

R (detJ,)(detJ,-)d.g’dn’dgdn
C

 

kQIil'SiS' l I

1535);; = —-‘—’—1———1 /_1(1+£.£)(1 +n.n)[
(9015' 305K

327r (9—101: 6:11.01}
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e—jkoR

(det J. ) (det 1041547744477 

k2l’l'8'8‘ 1
I a a I a a I[91(1)=_()1]z] _ _ ___n__l7_ .._n._n_

13(00) 327r /_1(1+€'€)(1+€J€) 6:1: 3:): + (9y 8y

-jkoR

R (detJ:)(detJ.-)d€'dn'd€dn

6

 

and the integrals in (4.27) can be written

81(2) _ liljsisjnin
j e‘JkOR

141(66) _ T111
2
—--d{dndgdn

ll s,- s 7).: e‘JkoR

15:43—— _.._.. /_‘,,._.....4d.327r

l.l.88€..n e-jkOR

BI(2)_ 11311]

’49:) - 72.7— /_1R*0“d"did"

81(2) Ill] 3131615] e_jk0R

1m: Vfllea—d5“"7did"

4.1.5 Plane Wave Excitation

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

Inserting in the definition of the two dimensional basis functions into the plane wave

excitation equation from chapter 2, (2.63) becomes

”er k diSi l 3 6 -

f.- “0 = 3—02— /_1(1 + 77m) [£01 — [7:02] 6.1.0. decmdn

”0:1: 1 k di'i 8 a

f.’ “” ='J0—2S‘/_111+(+5115)[wnC1-BUC[eJk°C°detJd£dn

where

Co sin 6 [2: cos (bi + y sin of]

CI = sin 0 cos 6' sin (46' — cos 0: cos (25'
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C2 = sin 01 cos 6‘ cos (bi + cos a sin ¢2‘

Again, as in chapter 3, these equations must be computed numerically.

4.1.6 Radiation Pattern

Using the expansion of the electric field in terms of the hexahedral basis functions in

(2.69)

I = [[19, [S (99 + 4345) - [z x N(g’,n’)]e1*°<“'>ds} (4.43)

j

Expanding the integrand as

8_€_ g 877 877
€ 71 6 _

zx[{Nj +17NJ[=NJ- (yy82:_ xgy)+N" (y8_x_ x8y) (4.44)

~ . - ~ . 86 . 86 A 87] x81)
— . . § _ _ _ V __ WPr )I _. 2 {EJ [s (60 + (M) [N] (y82: x8y) + N] (y8x_ x831 e3 dS

(4.45)

Noticing that

(8 - 2) = cos(6) cos(¢)

(43-3) = —sin(4)

(8 - y) 2 003(0) sin(q5)

>

(<25 - 3') = C08(9)

and utilizing in the two dimensional basis functions shown in (4.21) and (4.22), the

radiation pattern can be written as

. . . 1 3

lg = Z §’%S—J [/ cos 0(1 + 173-77) (sina(19—6- — cos¢—g—fj) 63km”)d§ dry] (4.46)

. —1
J

I" = Z E1:11—31[/_llcosfi(1+§j£)(sinq.’>— — coss——¢) 61km”)d{dn] (4.47)

J'

49



E-ls- _ 1 85 , a: . -J , ,-
£ = J J J . , k0(rr)

1., E ——-4 / (1 + 1717)) (COS¢_82 + sinQS—ay) e7 d{ dn . (4.48)

_—l

  

E-l---1 8 8 ...,f
I; = 2 J—fl /_1(1 +610 (COS¢8—: + sin 05—8—3.) 63km” )d£ (177 (4.49)

ejk0(i‘-r,) = ejko sin 0(r' cos ¢+yI sin 4))

4.2 Examples

To validate the hexahedral element formulation the same geometries from chapter 3

were modeled using only hexahedral elements. The results were compared to the case

where only prisms were used.

4.2.1 Rectangular Slot Antenna

As in chapter 3 the radar cross section of a 6cm x 50m x 2cm cavity with a centered

30m x 2cm slot aperture was computed. Figure 4.2 shows the 60-pol results while

Figure 4.3 shows the (be—pol results. It is seen that the RC8 calculations are in very

good agreement with the results computed using only prisms.

4.2.2 Rectangular Patch Antenna

The rectangular patch antenna from chapter 3 was also modeled using the hexahedral

formulation and the results were compared to the results from the prism formulation.

Figure 4.4 shows the radiation pattern from 9 = 90° to —-90° at d) = 0°. Figure 4.5

shows the input resistance from 4—7 GHz.
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Figure 4.1. Hexahedral in (x,y,z) coordinates mapped into a cube in («5,17, C) coordi-

natas. The numbers shown correspond to the local node numbering scheme.
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CHAPTER 5

MIXED ELEMENTS

This chapter presents the mixed element formulation for the FE—BI method. This

formulation combines prism and hexahedral elements into the same geometry and it

will be shown that the computational and memory efficiency of the corresponding

solution is improved while accuracy is maintained.

5.1 FE—BI Formulation

Up to this point in the formulation, it has been implicitly assumed that all elements

in the geometry are the same shape and are modeled by the same basis functions.

This works well in practice and many implementations of this technique have been

successful. In chapter 3, prism elements were used to model the geometry. Prism

elements are quite adept at modeling irregular geometries due to the fact that in two

dimensions they compress into triangles, which are very flexible and able to accu-

rately model many two dimensional surfaces. Triangles, however, have the distinct

disadvantage of producing a large number of unknowns. This does not heavily affect

the FE portion of the system but can have a drastic affect on the BI portion. Since

a large amount of the time solving the system is spent computing and solving the BI

portion of the system, the ability to reduce the number of unknowns on the surface

is of great interest. Hexahedral elements were discussed in chapter 4 and are seen

to model fairly regular geometries as effectively as prisms. Hexahedral elements also

use many fewer unknowns, almost a third fewer [1], in fact. However, hexahedral

elements cannot model severely irregular geometries as effectively as prisms. This is

attributed to the fact that the coordinate transformation process described in chap-

ter 4 cannot accommodate, accurately, severe distortion. Specifically, the Jacobian

matrix becomes unsuitable and its inverse becomes susceptible to error. To get the
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best of both worlds, the flexibility of prism elements and the unknown saving hexa-

hedral elements, the two types of elements can be combined. This allows the use of

prism elements where their flexibility is needed, such as at sharp contours and areas

of rapid varying fields, while still allowing the use of hexahedral elements where fewer

unknowns are needed, such as areas of slowly varying fields. Within the development

itself, only a few additional equations need to be developed in order to make this el-

ement mixing possible. To be more specific, only the boundary integral terms where

a prism edge is interacting with a hexahedral edge need to be derived. All other

equations, such as the FE matrix equations and antenna pattern equations, are still

valid in their current form due to the local nature of their coupling.

5.1.1 BI Matrix Entries

The BI matrix equations for mixed elements can be derived using the same methods

as those used in the computation of the BI matrix equations for both prism and

hexahedral elements. The only major difference is that now the basis functions in

(2.31) will be represented as two distinct functions. The integrals shown in (2.49)

and (2.50) are now written as

-jkoR

 

 

“—1)(+x“x“ x‘x‘ .N e detJd6dnd3 (5.1)

j R J

[131(2): ’ - e_jko[i]. __2_/S/11V ,)V -(z x N,) R det de{dndS (5.2)

when prisms are used as test elements and hexahedrals are used as source elements,

or conversely,

1:810) e—jkOR
1,, ’24531 j [N (xx+xx) W,-]-—-—det.1.d{dnds’ (5.3)

 

1:319) e—jkoR
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when hexahedrals are used as test elements and prisms are used as source elements.

Recalling that

 

 

1 8N'7 8N£

”(V X N): detJ [ a: _ an l (5‘5)

and

- [1'81

V - (z x W.) = -— 5‘3 (5.6)

Using the dot products shown in (4.15) and the basis functions defined in chapter

3 for triangle elements and chapter 4 for quadrilateral elements respectively, the BI

matrix equations can be written as
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The equations in (5.7)-(5.14) constitute the only additional equations needed to de-

velop the mixed element formulation.

5.2 Examples

To validate the mixed element formulation, the same geometries from chapters 3 and

4 were modeled using a mixture of hexahedrals and prism elements. The results were

compared to the case where only prisms were used.

5.2.1 Rectangular Slot Antenna

As in chapter 3 the radar cross section of a 6cm x 5cm x 2cm cavity with a centered

3cm x 2cm slot aperture was computed. Figure 5.1 shows the 00-pol results while

Figure 5.2 shows the (MS-pol results. It is seen that the ROS calculations are in very

good agreement with the results computed using only prisms.

5.2.2 Rectangular Patch Antenna

The rectangular patch antenna from chapter 3 was also modeled using the mixed

element formulation and the results were compared to the results from the prism

formulation. Figure 5.3 shows the radiation pattern from 6 = 90° to —90° at <25 = 0°.

Figure 5.4 shows the input resistance from 4-7 GHz. The slight discrepancy in the

impedance plot can be attributed to the fact that using the mixed element formulation

it is not possible to place the probe feed at the exact same location in both geometries.

Near resonance the input impedance is very sensitive and moving the probe feed a

slight amount can cause a significant difference in impedance values.
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CHAPTER 6

COMPLEX APERTURES

In this chapter a couple of complex apertures will be studied to demonstrate the

validity of the mixed element formulation developed in chapter 5. Comparative results

will be shown as well as a comparison of the time and memory it takes to compute

these results in order to show that using the mixed element formulation can handle

complex geometries in a more efficient manner than using prisms alone.

6.1 Four Arm Spiral Antenna

The spiral antenna has been around since 1954 when Edwin Turner at Wright Pat-

terson Air Force base decided to wind the arms of a dipole antenna [30]. Spiral

antennas demonstrate nearly constant impedance and beamwidth independent of fre-

quency making them attractive for direction wide bandwidth finding applications

among others.

6.1.1 Introduction

Historically, the four arm spiral antenna has been chosen for direction finding (DF)

applications; rather than the two, three, or n-arm spiral antennas since it offers suffi-

cient modes for phase-based DF while the required mode formers can be constructed

using 90° and 180° phase shifters. Hence, this dissertation will consider only four

arm spiral antennas. Theoretically, the number of useful modes of a spiral antenna is

equal to its number of arms but in practice only one fewer mode can be used. Mode

zero suffers from feed line radiation caused by exciting the feeds of the spiral arms

with in phase currents. This feed line radiation limits the usefulness of the spiral

antenna and is not easily suppressed. Therefore, a four arm spiral antenna has three

useful modes. These modes are often termed mode 1, mode 2, and mode 3. For
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transmission, the modes are realized by varying the phase of the feed currents in each

of the spiral arms. Also, in practice mode 3 is the conjugate of mode 1 so only modes

1 and 2 are used. For a four arm spiral antenna, mode 1 is realized by exciting the

feeds with a 90 degree phase progression between each feed current. Mode 2 is real-

ized using a 180 degree phase progression and mode 3 is realized using a 270 degree

phase progression. For reception, a mode former acts as a mode filter extracting the

modes for an incident signal. Since computationally, transmission is more efficient to

compute than reception (due to one right hand side in the system) and reciprocity

applies, only transmission will be considered. For this dissertation only mode 1 and

mode 2 will be considered since this is sufficient to demonstrate the validity of the

mixed element formulation.

The frequencies at which a spiral antenna can operate are determined by two fac-

tors. The upper limit of frequency is determined by the radius of the feed ring. The

lower limit of frequency is determined by the circumference of the outer ring the the

spiral antenna. Spiral antennas can be enlarged by adding additional turns to the

spiral arms. The more turns that are introduced the lower in frequency the spiral will

operate. Increasing the number of spiral turns, however, greatly increases the number

of unknowns present in the computational model since disparity in triangle dimen-

sions lead to ill-conditioned systems. Hence, the spiral antenna is a geometrically

constrained problem as opposed to a electrically constrained one.

6.1.2 Results

To determine how well the mixed element formulation would scale in terms of a

geometrically constrained problem, a four arm spiral with one, two, and three turns

was modeled. Table 6.1 shows the dimensions used for the various spirals.

A frequency range of 12-15 GHz was chosen at which to generate computational

results. This frequency range was chosen because it was in the range of all spiral

antennas studied and being at the higher end of the aperture, spiral termination
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Turns Circumference (cm) Feed Radius (cm) Mode 1 (GHz) Mode 2 (GHz)

1 1.58 0.3 3.00-16 6.0-30.0

2 2.83 0.3 1.50-16 3.0-30.0

3 4.10 0.3 1.16-16 2.3—30.0      
 

Table 6.1. Dimensions of various four arm spiral antennas

is not a major factor in radiation performance. Antenna radiation patterns were

computed at 12 GHz for <1) = 0° and <15 = 90° and impedance measurements were

computed for all four spiral feeds from 12-15 GHz. Each spiral antenna was placed

on a 30 mill dielectric substrate (6,. = 3.2 - 30.095) and backed by 2 cm of absorber

(e, = 6.0 — 36) used to suppress the back wave of the antenna.

One challenge in modeling the performance of an antenna is the strong depen-

dence of the impedance on local mesh details. In theory, the impedance of each feed

should be identical. However, in practice, the mesh generation creates some mesh ir-

regularities near each feed. The result is slightly different impedances. The could be

compensated by massive over-sampling; however doing so makes the tool impractical

for antenna study.

Figure 6.1 depicts a four arm, one turn spiral antenna. Pattern and impedance

results for this antenna were computed at the frequencies and angles described in the

above paragraph. Figure 6.2-Figure 6.5 illustrate the pattern and impedance results

for the one turn spiral excited in mode 1. It is seen that the results for the mixed

element formulation are in good agreement with the results for the prism element

formulation. Figure 6.6—Figure 6.9 illustrate the pattern and impedance results for

the one turn spiral antenna excited in mode 2. Once again, the mixed element results

are in good agreement with the prism element results. In both cases, the slight

discrepancy in the impedance results may be attributed to the slightly different mesh

density around the feed points.
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Figure 6.10 depicts a four arm, two turn spiral antenna. As with the one turn

spiral, pattern and impedance results were computed for this antenna. Figure 6.11-

Figure 6.14 illustrate the results for the antenna excited in mode 1 while Figure

6.15-Figure 6.18 illustrate the results for the antenna excited in mode 2. Similar

to the one turn spiral, the results for the two formulations are in good agreement

for the two turn spiral. As before, there are slight discrepancies in the impedance

results caused by different mesh densities around the feed points. These impedance

differences cause different input powers to be present at the feed points which can

subtly affect the pattern results. While this effect was negligible for the one turn

spiral it is a bit more noticeable for the two turn. While the shape of the pattern

matchae well, the peak values can vary slightly.

Figure 6.19 depicts a four arm, three turn spiral antenna. Figure 6.20-Figure 6.23

illustrate the results for the antenna excited in mode 1 while Figure 6.24-Figure 6.27

illustrate the results for the antenna excited in mode 2. The results are similar to the

two turn spiral with good agreement between the two formulations including slight

variations in impedance and pattern.

6.2 I-Dipole Array Antenna

This section discusses and provides results for I-dipole array antennas. I-dipole array

antennas are another example of a geometrically constrained problem similar to the

four-arm spiral antennas discussed on the previous section.

6.2.1 Introduction

I-dipole array antennas are essentially the converse of spiral antennas. While spiral

antennas exhibit wide-band frequency characteristics, I-dipole array antennas are

designed to resonate at a very specific point in the frequency spectrum making them

very narrow-band. This resonant frequency is determined by many design factors.

These factors can be grouped into two categories, individual dipole parameters and

67



array parameters. The dipole parameters include dipole height and dipole width along

with the dimensions of the metallic portions of the dipole. The array parameters

include the separation between the centers of two dipoles in the horizontal direction

and the separation between the centers of two dipoles in the vertical direction along

with the distance from the outer dipoles to the surrounding cavity. It is noted that

the bandwidth of the array can be substantially increased by tightly packing the array

and hence utilizing the mutual coupling. The fact that the dipoles are end loaded

produces a larger effective area for the dipole in a smaller amount of physical space

compared to a standard dipole. This end loading allows the dipoles to be packed very

tightly together in a minimum amount of space giving a larger bandwidth.

6.2.2 Results

To study the validity of the mixed element formulation I-dipole arrays of one, four,

and nine dipoles were created. The various parameters used for the array are shown

in Table 6.2.

 

 

 

 

 

 

 

 

Wd 0.640 cm

H; 0.750 cm

de 0.800 cm

Hdd 1.000 cm

Td 0.050 cm

Gd 0.100 cm

Wdc 0.375 cm

Hdc 0.375 cm    
Table 6.2. Parameters for I-dipole array antenna.

Wd is the width of the dipole, H; is the height of the dipole, W.“ is the dipole to

dipole separation in the horizontal direction, Had is the dipole to dipole separation

in the vertical direction, Td is the dimension of the metallic portions of the dipole,
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Cd is the dimension of the feed gap of the dipole, Wdc is the horizontal distance from

the outer dipole to the surrounding cavity, and H16 is the vertical distance from the

outer dipole to the surrounding cavity.

Figure 6.28-Figure 6.30 show the one, four and nine dipole array antennas while

Figure 6.31 shows the backseatter radar cross section of the arrays with the excitation

being an incident plane wave at an angle of (I) = 0° from 3-5 GHz. It can be seen from

the figure that the results for the mixed element formulation and the prism element

formulation are in very good agreement. Using the available computational resources

a nine element array was the limit using prism elements for comparison purposes with

the mixed element formulation.

6.3 Mixed Elements vs. Prism Elements

The previous section show that the mixed element formulation produces approxi-

mately the same results as the prism formulation. Now it is important to show that

the mixed element formulation is more efficient in terms of memory and computa-

tional demand and that the mixed element formulation scales better for geometrically

constrained problems.

6.3.1 Memory Demand

The most important parameter used to determine the memory demand of any gen-

eral FE—BI computational problem is the number of surface unknowns present in the

model. Reducing the number of surface unknowns is one of the major goals of the

mixed element formulation discussed in this dissertation. To compare the memory

demand used by the two different formulations the spiral antenna and I-dipole array

antenna were used as a benchmark to determine how much the mixed element for-

mulation was able to reduce the number of surface unknowns in addition to how well

the mixed element formulation scaled as the antenna dimensions were increased.

Figure 6.32 shows the number of surface unknowns needed to model a spiral
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antenna versus the number of turns for both the mixed element and prism element

formulations. Figure 6.33 shows the number of surface unknowns needed to model the

I-dipole antenna array versus the number of dipoles for both the mixed element and

prism element formulations. As seen in both figures, the number of surface unknowns

is decreased for the mixed element formulation at each step. Also, as the dimensions of

the antenna is increased the number of surface unknowns mixed element formulation

rises more slowly than the prism element formulation. Therefore, the mixed element

formulation scales better for geometrically constrained problems.

6.3.2 Computational Demand

The previous section showed that the mixed element formulation produces far fewer

surface unknowns for the same geometry as opposed to a formulation using only

prisms. This reduction in surface unknowns should therefore lead to more efficiency

in terms of computation. In other words, the same problem should run faster using

the mixed element formulation. To quantify these results a number of benchmarks

were run for various spiral and I-dipole array antennas. The following results were

computed on a quad-processor linux machine with processor speeds of 450 MHz and

2 Gb of RAM. The program was run in serial mode.

Table 6.3 shows the comparative results of a pattern cut computation for a spiral

antenna with an increasing number of turns using both the mixed element formulation

and the prism element formulation. Figure 6.34 shows a graph of the same data. It can

be seen from the table and the figure that the mixed element formulation runs faster

than the corresponding prism formulation and that the mixed element formulation

scales better as the number of turns is increased. It is also important to note that the

four turn spiral could only be modeled with the mixed element formulation because

the prism element formulation required too much memory.

Table 6.4 shows the comparative results of a pattern cut computation for an I-

dipole array antenna with an increasing number of dipoles. Figure 6.35 shows a graph
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Turns Mixed (hh:mm:ss) Prism (hh:mm:ss)

1 00:14:29 00:18:48

2 00:47:15 01:09:47

3 02:16:49 03:46:48

4 03:41:14 too big to model   
 

Table 6.3. Pattern computation time for various 4-arm spiral antennas.

of the same data. As with the spiral antenna, the mixed element formulation is more

efficient in terms of computation time for each case and scales better as the number

of dipoles is increased.

 

 

 

 

 

Dipoles Mixed (hh:mm:ss) Prism (hh:mm:ss)

1 00:05:07 00:08:40

4 00:41:19 01:14:37

9 02:54:34 05:18:44

16 09:00:24 18:02:15    
 

Table 6.4. Pattern computation time for various I-dipole array antennas.

6.4 Remarks

From the above results it can be seen that the mixed element formulation works well

for computationally complex geometries. The results are in good agreement with the

prism element formulation and are computed in a more efficient manner. The slight

discrepancies in impedance modeling are attributed to differing mesh densities around

the feed points causing different input powers to be present in the feeds.
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(93)
Figure 6.1. Four arm, one turn spiral antenna.
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Figure 6.19. Four arm, three turn spiral antenna.
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Figure 6.27. Mode 2 input reactance of a 4-arm 3-turn spiral antenna.
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Figure 6.28. I-Dipole antenna array containing one dipole.
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Figure 6.29. I-Dipole antenna array containing four dipoles.
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Figure 6.30. l-Dipole antenna array containing nine dipoles.
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CHAPTER 7

SOFTWARE DESIGN

This chapter presents an overview of the software design used to implement the com-

puter program for this dissertation. Computer science techniques that are not often

used in electromagnetics research based software programs were implemented to in-

crease the efficiency and elegance of the program.

Throughout this chapter code fragments will be written in typewriter font to

separate them from the rest of the text.

7.1 C++ vs. FORTRAN

The FORTRAN programming language has a long history in scientific and mathe-

matical based software. At the time when computer technology advanced to a level

where personal computing became readily available, and numerical simulation became

feasible, FORTRAN was the only language to support complex variables as a native

type. Since a high percentage of scientific problems deal with complex numbers, the

choice to use FORTRAN for scientific programming was an easy one. Since that time

computer technology has advanced in leaps and bounds, making it possible to model

things with computers that the first computer modelers could only have dreamed

about. Along with the evolution of computers, programming languages have grown

from being simple, low-level mechanisms, to being a way to express software design

ideas and algorithms in a very high-level and sophisticated manner. New software

paradigms have been invented that allow a programmer to express ideas in software

in a more abstract, yet intuitive, manner. The idea of object oriented programming

(OOP), as opposed to procedure oriented programming, was introduced as a way

to make computer programs more closely model real life situations. Unfortunately,

FORTRAN was not designed with these types of high-level abstractions in mind. In
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turn, FORTRAN programs written today look very much like programs written thirty

years ago. FORTRAN has begun to address some of these issues with the standard-

ization of FORTRAN 90 and 95 which allow the programmer to expresses concepts

in a more abstract way than before, but limitations still exist. Despite this, writing

scientific programs in FORTRAN 90/95 is a valid option for someone who doesn’t

feel like learning a whole new language but would like to express their software design

ideas in a more high-level way. For more information about using FORTRAN 90/95,

a good reference is [31]. To overcome the limitations of FORTRAN, however, a dif-

ferent programming language must be used. Although many such languages exist,

one of the most popular is the C++ programming language.

The C++ programming language was developed by Dr. Bjarne Stroustrup at

AT&T Bell laboratories in the early 1980’s. It has since become one of the most pop-

ular programming languages in use today. This chapter does not present the details

associated with the language itself, but rather focuses on using C++ to implement

software programs. For the reader not familiar with C++, appendix A presents some

of the basic ideas associated with the language and points the reader to numerous ref-

erences that go into more detail. The C++ programming language contains various

constructs that allow the programmer to make software more robust and extensi-

ble and, with it’s standardization in 1998, C++ became an attractive language for

scientific programming. Through the use of the C++ standard library it is easy to

use sophisticated computer algorithms with a minimal amount of code. Data struc-

tures such as complex numbers, linked lists, dynamic arrays, and binary trees are all

present in the library along with implementations of various fast sorting and searching

algorithms.

7.1.1 Dynamic Memory Allocation

Programs, specifically scientific programs, are often created to model a general class

of problems and a set of parameters is available to the user to create a more specific
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problem. The memory needed by the program can vary widely based on the specific

problem that is being solved. Ttaditionally, these types of programs have used stati-

cally allocated memory. This means that all variables, most importantly arrays, used

in the program must be declared while the program is being developed. This can

lead to various problems. The programmer must be able to determine the maximum

possible size of these arrays without having any knowledge of the specific problem

being solved, only a knowledge of the general class of the problems being modeled.

If the programmer chooses these limits to be too small the program runs the risk of

corrupting other parts of the program data and will probably end up crashing. If the

programmer chooses an array maximum that is so large as to encompass any problem

they can imagine, the amount of memory wasted for a normal program run can be

significant. If the person using the program has access to the source code they can

tailor the array sizes to their specific problem, but this is error prone and inconve—

nient. It makes the user have to worry about things that are really the programmer’s

responsibility.

The answer to these problems is dynamic memory allocation. Dynamic memory

allocation allows the programmer to wait until runtime to determine the size of the

arrays the program uses. This means the program will only use the exact amount of

memory it needs to solve the problem; no more, no less. This also frees the user from

having to worry about changing the source code to fit their current problem, allow-

ing them to focus on more important things. C++ has direct support for dynamic

memory allocation through the use of the new and delete operators.

FORTRAN 90/95 added support of dynamic memory allocation to the language.

For this reason, dynamic memory allocation is not, by itself, a reason to choose C++

over FORTRAN. The important thing to note is that any modern program, no matter

what programming language it is written in, should use dynamic memory allocation

for portions of the program data that can change in size from one run of the program
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to the next.

The advantages of dynamic memory allocation can be illustrated with a simple

example. Consider a interactive program written to compute the average of a stu-

dent’s test scores. In C++, dynamic memory allocation can be used to make sure

that the data array used to hold the test scores is only as big as is required without

being any bigger. Consider the following program

#include <iostream>

int main()

{

int number_of_scores = 0;

std::cout << "Enter the number of scores\n";

std::cin >> number_of_scores;

double * student_scores = new double[number_of_scores];

for (int i = 0; i < number_of_scores; i++)

{

std::cout << "Enter score:\n";

std::cin >> student_scores[i];

double tota1_score = 0.0;

for (int i = 0; i < number_of_scores; i++)

{

tota1_score += student_scores[i];

double avg_score = tota1_score / number_of_scores;

std::cout << "The average score is " << avg_score << "\n";

delete [] student_scores;

return 0;
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There are certainly flaws with this program, the most important being that there is

no error checking performed, but this would only serve to detract from the important

concept of the program. The main point of the program is illustrated by the dynamic

memory allocation of the student score array. Notice that the memory is allocated

after the user inputs the number of scores and must be deallocated, or deleted, at

the end of the program. Forgetting the delete statement would introduce a memory

leak to the program since the memory used by the student score array would never be

returned to the operating system. This is one of the main criticisms of C++ dynamic

memory allocation. Other programming languages use garbage collection schemes

where the runtime determines whether a variable is still in use and reclaims the

memory if it is not. These garbage collection schemes remove the need to manually

delete dynamically allocated memory but introduce notoriously large overhead into a

programming language. As a result, garbage collection was not included in the design

of C++. Instead, the C++ standard template library containers provide a much

better way to implement dynamic arrays of objects that relieve the programmer of

the internal details of dynamic memory allocation and deallocation.

7.1.2 The Standard Template Library Containers

The discussion on dynamic memory allocation shows that it is an important part of

any modern software program designed to work with variable size data. The program

shown in the previous section shows that dynamic memory allocation is easy to use.

The program shown is simplistic to be certain but it illustrates the point. This

program does, however, heavily rely on the fact that the user know how many scores

they need to enter before they can use the program. If the number of scores is large

the user will find it inconvenient to have to determine the number of scores before

they run the program. The program should be allowed to accept any number of
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student scores without any previous knowledge of the total number of scores. An

even more realistic scenario is that the student scores would be read from an external

file. While the file could contain a number specifying the number of scores to read,

this could be error prone if this file is updated manually by the user.

A better solution would be to allow the user to enter scores until they are finished,

or simply specify the file from which the scores should be read. These scores could be

added to some type of dynamic array which grows as needed. This type of dynamic

array is not very difficult to implement from scratch for a C++ programmer with a

grasp of classes and dynamic memory allocation. Templates could even be used to

provide the array with the ability to hold any type of data, not just floating point

data. Fortunately, writing a dynamic array from scratch is not necessary. The C++

standard template library (STL) provides this type of functionality, among other

things, in it’s container classes. Container classes allow the programmer to store and

manipulate any type of data in a multitude of different ways. The most popular

container is that of std: :vector. Consider how the above student score program

would be written using vectors.

#include <iostream>

#include <vector> // for std::vector

int main()

{

std :vector<double> student_scores;

while (1)

{

double score = 0.0;

std::cout << "Enter score (-1 to exit):\n";

std::cin >> score;

if (score < 0.0)

break;
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student_scores.push_back(score);

double total_score = 0.0;

for (size_t i = 0; i < student_scores size(); i++)

{

total_score += student_scores[i];

double avg_score = total_score / student-scores.size();

std::cout << "The average score is " << avg_score << "\n";

return 0;

It can be seen from the above code that the number of scores does not need to

be known or stored since std: :vector does all the necessary memory allocation

and deallocation automatically. Also since std: :vector is a template, any type of

data can be stored in it, even user defined types. For example, a user defined type

describing a student could be developed that held the student’s name, ID number,

grade point average, etc... A std: :vector of students could then be just as easily

created and manipulated as the one containing only test scores. In contrast to C++,

FORTRAN 90/95 does not define this concept of a generic, dynamic array and does

not even allow the programmer to define one.

7.1.3 Data Structures

The ability to group data and functionality together into a single program unit al—

lows programmers to express real world ideas much more easily in software. Data

structures play an important role in this concept. Both C++ and FORTRAN 90/95

allow the programmer to create data structures. C++ defines classes and structs

while FORTRAN 90/95 defines modules. As far as C++ is concerned, classes and
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structs are interchangeable so the only the concept of classes will be used in this dis-

cussion. The concepts of C++ classes and FORTRAN 90/95 modules both provide a

similar mechanism that allows the programmer to group together data and the func-

tions that operate on that data. However, there are some distinct differences. While

FORTRAN 90/95 modules allow the programmer to define functions in a module,

these functions are not really bound to the data declared in the module. They are

simply stand-alone functions. Declaring them in a module simply allows the func-

tions to be separately compiled and reused in other programs. In C++, functions

declared in classes are bound to the data declared in the class. These functions do

not have meaning outside the context of the class in which they are declared. In the

broadest sense, FORTRAN 90/95 modules simply represent an aggregation of data

and functions, while C++ classes represent a wholly new data type. For this reason,

FORTRAN 90/95 does not support the idea of object oriented programming, while

C++ does.

7.2 Efficiency

One of the main goals of any scientific program is to make it as efficient as possible.

Scientific software is usually developed for problems that are far too large to solve by

hand and can even take a significant amount of time to solve with a computer. There

is always a tradeoff between how general a program is and how fast it runs. The more

computation done by hand before the program is developed, the faster the program

will compute the results. On the other hand, computing parts of the program by hand

usually leads to assumptions about the problem being solved and this limits the class

of problems to which the program can provide a solution. This tradeoff is prevalent

no matter what programming language is chosen to develop the software. In this

case, scientists must be more creative in how they formulate the problem to be solved

and the techniques they use to attack the problem. This dissertation provided a
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mixed element formulation to improve the efficiency of the underlying program. This

technique could be implemented in any number of programming languages with the

same results. There are other parts of the program that can be made more efficient

simply by choosing one language versus another.

There are numerous fundamental operations present in many real life programs

regardless of what problem they are designed to solve, of which searching is one of

the most common. Linear searching is the easiest algorithm to implement but it also

the slowest. Hashing is one of the most complex algorithms but, when implemented

properly, can be extremely fast. Hashing can be thought of as placing data into a

file drawer. Using hashing the program can jump to the approximate location of the

data instantly. For example, if the file drawer contained 1000 items a linear search

could take use as many as 1000 comparisons to find the correct item. Hashing allows

as few as one comparison, although in practice it’s more than one but much less than

1000. The FORTRAN programming language does not have any direct support for

searching algorithms other than linear. The C++ standard template library, on the

other hand, has support for many different algorithms, including hashing.

7.2.1 Edge Creation

During mesh creation the edges of all the elements must be created. It is not possible,

however, to simply loop through the elements and create all the edges on that element.

Elements can share edges with other elements, so in the process of creating edges one

must check if an element edge already exists as part of another element. Imagine a

mesh object that holds a vector of edges. An edge is defined by its two global nodes

and its global number as shown in this struct,

struct Edge

{

size_t number;

size_t nodel;

size_t node2;
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The mesh object could have the following structure

#include <vector>

class Mesh

{

public:

// ... Other mesh functions

void AddEdge(const Edge& edge)

{

m_edge_vector.push_back(edge);

}

size_t FindEdge(size_t nodel, size_t node2);

private:

// ... Other mesh data

std::vector<Edge> m_edge_vector;

};

The mesh object could then define the FindEdge function to determine if an edge

already exists between two nodes in the mesh. Using linear searching this function

can be defined as

size_t Mesh::FindEdge(size_t nodel, size_t node2)

{

for (size_t i = O; i < m_edge_vector.size(); i++)

{

const Edge& edge - m_edge_vector[i];

if ( (edge.node1 == nodel && edge.node2 == node2) ll

(edge.node1 == node2 && edge.node2 == nodel) )
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return edge.number;

}

return 0;

While this function is simple and correct, the major drawback is that as more edges

are created this function will take longer to run. For problems with a large number of

edges this can slow down edge creation considerably. Using a hashing algorithm can

speed up this function. In FORTRAN, this functionality would have to be created

from scratch, and implementing a hashing algorithm is not trivial. In C++, this

functionality is already included in the way of the class std: :hash_map. It should

be noted, however, that std: :hash_map is not officially part of the C++ standard

so implementations of it can vary widely from platform to platform. To overcome

this, the std: :hash_map from STLPort can be used. To use std: :hash_map two

additional classes must be implemented. These classes are very simple and their only

purpose is to implement a single function each. These types of classes are called

function objects, or functors. Consider the new declaration of the Mesh class

#include <vector>

#include <hash_map>

class Mesh

{

public:

// ... Other mesh functions

void AddEdge(const Edgeh edge)

{

m_edge_vector.push_back(edge);

m_edge_map.insert(EdgePair(edge,m-edge_vector.size()));
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size_t FindEdge(size_t nodel, size_t node2);

private:

struct EdgeHash

{

// Returns the hash key for an edge

size_t operator()(const Edge& edge) const

{ return (edge.nodel + edge.node2); }

};

struct EdgeCompare

{

// Determines whether edgel is the same as edge2

bool operator()(const Edgeh edgel, const Edge& edge2) const

{

return ( (edge1.node1 == edge2.node1 &&

edge1.node2 == edge2.node2) ll

(edge1.nodel == edge2.node2 &&

edge1.node2 == edge2.node1) );

}

};

// Typing shortcuts

typedef std::pair<Edge,size_t> EdgePair;

typedef std::hash_map<Edge,size_t,EdgeHash,EdgeCompare> EdgeMap;

typedef EdgeMap::const_iterator EdgeMapItr;

// ... Other mesh data

std::vector<Edge> m_edge_vector;

EdgeMap m_edge_map;

It is seen from the above code that the functors for std: :hash_map are declared

as internal structures to the Mesh class. This means users of the Mesh class are
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shielded from their implementation since they are not relevant outside of the class.

The typedef statements simply introduce typing shortcuts and are very common

when using the STL. The AddEdge function has also changed. Now it needs to add

the edge to the edge map as well as the edge vector. The FindEdge function must

also change.

size_t Mesh::FindEdge(size_t node1, size_t node2)

{

Edge edge;

edge.node1 = nodel;

edge.node2 = node2;

EdgeMapItr edgeItr = m_edge_map.find(edge);

if (edgeItr != m_edge_map.end())

return edgeItr—>second;

return 0;

}

In this case, the edge map does the actual search for the edge using a hashing algo-

rithm. This function may look a bit more confusing than the original linear search

function but it is significantly faster. To illustrate the efficiency of the hashing algo-

rithm Figure 7.1 shows the comparison of mesh creation time versus number of edges

using linear searching and hashing.

7.2.2 Preassembly

One of the primary advantages of finite element methods are the sparse matrices it

creates. This allows specialized iterative solution techniques that are much more ef-

ficient than direct inversion techniques. Due to the sparseness of the matrices there

are only a small number of non-zero values in the matrix itself. Therefore, stor-

ing the entire matrix, including all the zero entries, is wasteful in terms of memory

and computational effort. This becomes even more prevalent when modeling three

119



dimensional problems. To avoid this unnecessary memory and computational use

techniques can be used to allow the storage and manipulation of only the non-zero

matrix entries.

One popular technique is the compressed sparse row (CSR) technique. The CSR

technique stores the non-zero matrix entries in a vector format and introduces one

or more auxiliary data vectors that hold information about where each non-zero

entry is located in the actual matrix. Using this method, the memory taken up by

even a large three dimensional problem is minimal and the matrix vector multiply

required at each step of an iterative solver is very fast, O(N) where N is the number

of unknowns. Creating this CSR vector is accomplished by computing each non-zero

entry and placing it into this vector while keeping track of where the entry is located in

the full matrix. Similar to edge creation discussed in the previous section, this cannot

simply be done by looping through all the elements and adding all non-zero entries

to the vector. Two or more entries may reside in the same place in the full matrix.

Therefore, during the computation of the non-zero entries it must be determined

whether an entry already exists in the place where the current entry resides. In order

to speed up this process during the actual run of the program, many finite element

programs implement a “preassembly” process that predetermines the location of all

non-zero matrix entries before actually computing the entry. Similar to edge creation,

hashing can also speed up this process immensely as opposed to linear searching. In

addition the use of data structures can make the implementation of a CSR technique

straightforward. Consider the following structure

struct Entry

{

size_t row;

size_t col;

size_t index;

stdzzcomplex<double> value;

};
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The row and col members of this structure hold the row and column numbers of

the entry in the full matrix while the index holds the position of the entry in the

compressed vector. A vector of these could be stored and this structure could also

be used in a hashing implementation. The hashing implementation is very similar

to the implementation shown for edge creation and the speed increase is substantial.

Figure 7.2 shows the time it takes to preassemble the matrix versus the number of

unknowns present.

One other thing to point out is that the matrix vector multiply for iterative solvers

becomes very simple

void MatVecMult<const stdzzvector< std::complex<double> >& vect,

std::vector<std::complex<double> >& prod)

{

// Assume fe_vector is a vector of Entry’s

// computed in a different part of the program

for (size_t i = O; i < fe_vector.size(); i++)

{

const Entry& entry = fe_vector[i];

prod[entry.row] += entry.value * vect[entry.col];

}

}

Using the STL concept of iterators, which are not discussed in this dissertation, this

matrix vector multiply loop can be computed very quickly, even for large problems.

7.3 Object Oriented Programming Design

As seen from the above discussion, C++ is a viable alternative to FORTRAN for

scientific programming and it is not hard to write a C++ program much like a FOR-

TRAN program using a procedure oriented approach. While this is possible, it does

not take advantage of one of the most powerful features of C++, the ability to write

object oriented software.
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Object oriented programming (OOP) is a software design paradigm that considers

objects to be the central elements of a software program. This is an intuitive idea

since the world is made up of objects. Developing software to deal with cars is easier

if the programming language allows a car to be described as a concrete idea with a

strictly defined interface and functionality. OOP also provides a way to encapsulate

implementation details so that they are shielded from users (i.e. other programmers)

who don’t need to know about them. OOP is not a new idea, it has been around

since the mid 1960’s. Programming languages like Simula and BCPL had constructs

that allowed an object oriented approach and, in fact, C++ was modeled after some

of these concepts. For a complete story on the design of C++ see [36].

The program written to validate the mixed element formulation developed for

this dissertation was implemented using an object oriented design approach. Finite

element programming is about the manipulation of finite elements which can be read-

ily modeled as objects in a software program. Hence, object oriented programming

techniques lend themselves well to finite element programming.

7.3.1 Mesh Creation

The first step in any finite element solution is to create the mesh. A finite element

mesh is composed of nodes and edges, which are then grouped together to form

elements. Nodes and edges have a global representation in terms of the entire mesh

as well as a local representation within the confines of a finite element. A finite

element acts as a map from the local to global representation. In effect, nodes and

edges have both a local number and a global number. For example, a node may have

a local number of 2 within a finite element but may actually be node 34 in the mesh.

Different types of elements have different numbers of nodes and edges and they

are all created differently. Chapters 3 and 4 describe prism and hexahedral elements

and show their corresponding representations. The way basis functions for the edges

are defined on the element depends on how the local edges are created. For this
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reason, one cannot simply change the way in which the local edges are numbered

without changing the way the basis functions are defined for that element. The basis

functions for an element also determine how the element’s matrix entry is computed.

Therefore, there is a tight coupling between how an element is created and how its

matrix entry is computed.

Mesh creation and matrix entry computation are very often separated in a finite

element software program, sometimes being implemented in completely different files.

Since element creation and matrix entry computation are tightly linked, a change

in one area almost always necessitates a change in the other. This tight coupling

between different parts of the program can be the source of numerous hard to find

errors, especially for someone who is not the original author of the code. The problem

occurs because the part of the program that creates the mesh and the part of the

program that computes the matrix entries are too tightly coupled with the details

of the elements they are using. It would be beneficial to hide these implementation

details from parts of the program that don’t require them. For example, instead of

hard coding the local nodes used for the local edge of an element in the mesh creation

routines, the mesh creation routines should ask the element for this information. This

type of encapsulation can be performed using objects. To illustrate, imagine a object

representing a finite element modeled by the following class.

#include <vector>

class Element

{

public:

Element(size_t nodes, size_t edges)

{

m_nodes.resize(nodes);

m-edges.resize(edges);

}
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virtual ~Element()

{}

size_t GetNumbeerNodes() const

{ return m_nodes.size(); }

size_t GetNumberOfEdges() const

{ return m_edges.size(); }

size_t GetNode<size_t index) const

{ return m_nodes[index - 1]; }

size_t GetEdge(size_t index) const

{ return m_edges[index - 1]; }

void SetNode(size_t index, size_t node)

{ m_nodes[index - 1] = node; }

void SetEdge(size_t index, size_t edge)

{ m_edges[index - 1] = edge; }

virtual void GetEdgeNodes(size_t edge,

size_t& node1,

size_t& node2) const = 0;

private:

std::vector<size_t> m-nodes; // local to global node map

std::vector<size_t> m_edges; // local to global edge map

};

This code is taken nearly verbatim from the program used for this dissertation. The

GetEdgeNodes functions is declared as a pure virtual function which means that any

class that derives from this class must implement this function. This makes Element

an abstract base class (ABC) since objects of type element cannot be directly created.

The idea is to derive a class from Element and implement the GetEdgeNodes func—

tionality in that class. For example, to implement a class representing prism elements
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and a class representing hexahedral elements the following code is used.

#include "E1ement.h" // Assuming Element is defined here

class Prism : public Element

{

public:

Prism()

: Element(6, 9)

{

}

void GetEdgeNodes(size_t edge,

size_t& node1,

size_t& node2) const

{

// Return the two nodes needed for the local edge

}

};

class Hexahedral : public Element

{

public:

Hexahedral()

: Element(8, 12)

{

}

void GetEdgeNodes(size_t edge,

size_t& node1,

size_t& node2) const

{

// Return the two nodes needed for the local edge

}

};

The implementation of the GetEdgeNodes function for prisms and hexahedrals is

not explicitly shown since there are many ways to implement this function. The
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implementation must tell the caller which two local nodes correspond to a certain

local edge. Designing an element class in this fashion frees mesh creation routines

from having to know the details of how a element edges are created.

7.3.2 Matrix Entry Calculation

The discussion in the previous section shows how mesh creation routines can be iso—

lated from the details of finite element representation. At this point it is only natural

to wonder if matrix entry calculations could be treated in a similar manner. This

is indeed possible and leads to an elegant design that is both robust and extensible.

Adding one additional function to the Element class, matrix entry calculation can

be nicely encapsulated in the element objects.

#include <vector>

#include <comp1ex>

class Element

{

public:

// ...

// Same as before

// ....

virtual std :complex<double> GetFeEntrstize_t test_edge

size_t source_edge)

const = 0;

private:

std::vector<size_t> m_nodes; // local to global node map

std::vector<size_t> m_edges; // local to global edge map

};

With the addition of the GetFeEntry function the element is now responsible for

its own edge creation and matrix entry computation. Other parts of the program

do not need to know anything about the internal details of the element. The fact
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that GetFeEntry is a virtual function provides the ability to implement polymorphic

behavior for objects inherited from Element. Consider how easily the FE matrix

entries could now be computed for all the elements in the mesh

#include <vector>

#include <complex>

#include "E1ement.h"

// Assume that the elements are created and that

// both prism and hex elements exist in the elements

// array.

void BuildFEMatrix(std::vector<Element*>& elements)

{

for (size_t i = 0; i < elements.size(); i++)

{

Element * element = elementsfi];

size_t edges = element->GetNumber0fEdges();

for (size_t j = 1; j <= edges; j++)

{

for (size_t k = 1; k <= edges; k++)

{

std::complex<double> entry

= element->GetFeEntry(j,k);

// Add this entry into the FE matrix

}

}

}

The use of a solid object oriented design makes this function very small yet extremely

robust. Imagine the situation where a new element was introduced into the mesh.

Assuming this element was derived from class Element and implemented the needed

functionality the code the BuildFEMatrix would remain unchanged. This concept of

“old code calling new code” is a cornerstone of object oriented design.
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7.3.3 Basis Function Integration

While the encapsulation of element edge creation and element matrix entry compu-

tation discussed in the previous sections is a powerful technique, most times these

alone are not enough. Oftentimes the need arises to integrate a basis function over

the extent of the finite element. At the time of the original design of the program,

however, the programmer may not know all possible integrands that could eventually

be used in a basis function integral. Once again polymorphism can be used to provide

a simple yet elegant solution. Consider the abstract base class defined by

#include <complex>

class Integrand

{

public:

virtual std::complex<double> Eval(doub1e x,

double y,

double 2) = 0;

};

This class does absolutely nothing. It has no data members and does not define any

functionality, it simply declares one pure virtual function. It’s importance is seen

when another function is added to the Element class.

#include <vector>

#include <complex>

class Element

{

public:

//

// Same as before

//

virtual std::complex<double> Integrate(size_t edge,
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Integrand& ignd)

const = 0;

private:

std::vector<size_t> m_nodes; // local to global node map

std::vector<size_t> m_edges; // local to global edge map

};

Notice the last argument in the new Integrate function. It is a reference to an

Integrand object. Through polymorphism, any object derived from Integrand

could be used in this argument. A programmer can therefore define any integrand

they wish and use it in this function. In addition, since Integrate is a virtual func-

tion it is also available to implement polymorphic behavior. In effect, polymorphism

is used both in the call to the function itself, and in one of the function’s arguments.

Designs such as this lead to very extensible and reusable code.
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CHAPTER 8

CONCLUSIONS AND FUTURE WORK

A mixed element formulation was developed to model three-dimensional planar cav-

ity backed aperture antennas. This formulation was shown to be equivalent to a

formulation using only prism elements but was more efficient in terms of memory and

computational demand. The main memory and computational savings were due to

the fact that the mixed element formulation produced fewer surface unknowns than

the prism element formulation for the same geometry.

The prism element formulation was presented first, followed by the hexahedral

formulation. The two formulations were then combined and simulations were shown

for a few simple test cases. These results were shown to be in good agreement with

the results computed for a single element formulation.

Next, a couple of challenging complex geometries were studied using the mixed

element formulation. These geometries were described as geometrically constrained

as opposed to electrically constrained. The mixed element formulation was shown to

be more efficient for these geometries and scaled better as the geometrical dimensions

were increased. Slight discrepancies between the mixed element and prism element

formulations were seen in the modeling of impedance and pattern simulations for these

complex geometries. These discrepancies were caused by dissimilar mesh densities

surrounding the feed points causing different input powers to be produced at the

feeds. These discrepancies were not seen in radar cross section simulations as RCS

measurements do not include a feed model.

Finally the software design of the program was discussed. It was shown that the

use of object oriented programming along with the C++ programming language can

make software more robust and extensible as opposed to a procedural approach using
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a language such as FORTRAN. Also, well known computer algorithms were applied

to certain parts of the program that resulted in much more efficient implementations.

The mixed element formulation provides a good foundation on which to develop

tools to model highly complex geometries in a more efficient manner than using a

single element. Future work on this idea might be to include the ability to use

tetrahedral elements which allow any arbitrary complex three-dimensional surface to

be modelled. Future directions for the idea might be to have a mixture of elements

in depth rather than across the surface.
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APPENDIX A

OVERVIEW OF THE C++ PROGRAMMING LANGUAGE

This appendix presents a brief overview of the C++ programming language but by no

means does it aim to discuss all the details associated with the C++ language. Rather,

this overview is presented with the goal of providing the reader with the necessary

background needed to understand the software design considerations discussed in

chapter 7. For the reader interested in a more thorough treatment, there are literally

hundreds of books available on C++. The most popular reference texts in terms of

introductory C++ are [32]-[35]. References will be given to books dealing with more

specific topics as those topics are presented.

Source code fragments shown in this appendix will occur in typewriter font to

distinguish them from the rest of the text.

A. 1 History

The C++ programming language was originally designed as an extension to the C

programming language by Bjarne Stroustrup at AT&T Bell Labs in the mid 1980’s.

The decision to make C++ backward compatible with C is cause for great debate in

the C++ community. On one hand, compatibility with C allowed C++ to spread

rapidly through the programming community since there was little a programmer

needed to learn to start coding in C++. On the other hand, compatibility with C

hampered users of C++ due to the same reasons that made it easy to learn. For

many people C++ was just a ”better C” and the most powerful features of C++

were never used.

The reality is that C++ is a completely different language than C in all ways,

excluding syntax. To write effective C++ programs a different design paradigm must

be used. The flexibility of C++ is both it’s strength and weakness. In his book on
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the design and evolution of C++ [36], Dr. Stroustrup describes how one of his main

goals when designing C++ was to not force the user to have to do things in a certain

way. This allows people to express the same idea in many different ways but at the

same time it can also cause wide variations in the way a program is written. It also

allows previous users of C to write C++ programs much like they used to write C

programs, thereby eliminating the features that make C++ so powerful.

This appendix does not assume any knowledge of C++ although familiarity with

programming in general is assumed. It will not discuss things such as compiling,

linking, and running programs as it is assumed the reader is familiar with these ideas.

Readers who are familiar with procedural languages such as C and FORTRAN

may find the concepts of user defined data types and templates a bit confusing at first;

however, once these ideas understood it becomes easier to develop software programs

that consist of a set of small, separate, well-defined pieces. Programming in this

fashion makes software much easier to understand and maintain.

A.2 Hello World

One of the most famous ways to introduce a user to a new language was shown by

Brian Kernighan and Dennis Ritchie in their book “The C Programming Language”,

and is called “Hello World” program. This program simply outputs the phrase “Hello

World” to the screen. In C++, objects are viewed as the central piece of software

in a program, so the way to create the “Hello World” program in C++ would be to

create an object representing the world and let it say speak for itself. In C++ terms

that would be expressed by the following program.

#include <iostream>

class World

{

public:
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World() { std::cout << "Hello\n"; }

~WorldO { std::cout << "Good-bye\n"; }

};

// Create the world

World theWorld;

int main()

{

return 0;

Readers unfamiliar with C++ will most likely be confused by this program. To the

C programmer it looks as though this program does nothing and to the FORTRAN

programmer the syntax is probably so foreign that it’s impossible to know where

to start. The program above is shown to illustrate that the way in which a C++

program is written can look quite different than a program written in C or FORTRAN.

Successfully compiling and running this program results in the words “Hello” and

“Good-bye” to be printed to the screen. The goal of this appendix to teach the

non C++ programmer how and why this program works, so for the reader who is

thoroughly confounded by the above program, be patient and read on, it will all

become clear. But before this program can be understood the basic syntax of the

C++ language must be introduced and the concept of a user defined data type must

be presented.

A.3 Basic Syntax

Programming languages are defined by their syntax. A language defines a set of

constructs, usually in the form of keywords, that allow compilers to translate the high

level language into machine code that a computer can execute. This section presents

the different constructs that C++ defines. Only basic code concepts associated with
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the C++ language will be discussed here. Readers familiar with C should be able to

skim this section quickly as there is nothing new to be presented with the exception

of references which are not available in the C language (at least not yet). Readers

familiar with other languages may use this section to quickly learn the basic variable

types and expressions that C++ defines.

A.3.1 Types and Expressions

All programming languages predefine a set of types and expressions that can be used

to write software programs. Types allow programmers to model a variety of numeric

and non-numeric data. Expressions define operations that work on these predefined

types. C++ defines the following types:

0 bool — Boolean Type. Takes the value true or false.

int - Represents an integer type.

char - Represents a character.

float - Represents a single precision floating point variable.

double — Represents a double precision floating point variable.

Integral types (int and char) may be prefixed with the word signed or unsigned

which determines whether the variable can hold negative numbers. The default for

integers is to have signed values while the default for char is platform dependent. In

addition the word long may also be prefixed in front of all types except char and

float effectively doubling the machine size of the type.

There are a large number of expressions and operations defined by the C++

language. For this appendix only a certain subset of these need to be examined. For

a complete listing of all expressions and operators defined by the C++ language see

[32]. The most common operations are:
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+9 '9 *3 /i =3 ==i !1%'l &1l1&&1|l1<<1>>

The first four represent the standard binary mathematical operations of addition,

subtraction, multiplication and division. The = operator is used for assignment. The

== operator is used for equality testing, ! is the negation operator, % is the modulus

operator, & is a bitwise AND operation, | is a bitwise OR operation, && is a logical

AND operation, [I is a logical OR operation, << is the left shift operator, and >> is

the right shift operator. The binary operators such as + and - also define assignment

overloads so the operator += is defined as an operator that adds and assigns to the

variable it is working on. For example

int i = 5; // Declare a variable i and set its value to 5

i += 4; // i now equals 9, same as i = i + 4

The statements in the above code fragment end the way all statements in C++ do,

with a semicolon. This means that statements can extend over more than a single

line without needing any special characters and, conversely, more than one statement

can be contained on a single line.

The portion of code located after the // characters is called a comment. The //

characters tell the compiler that anything from that point forward until the end of

the line should be ignored. Comments are a useful way to let other programmers

know the intent of a statement in a program if it is not clear from the context of

the statement. In this case the comments are superfluous and are only included to

introduce their syntax. Normally these type of comments should be avoided as they

only serve to clutter up the code without presenting any relevant information.

Other operators are defined in an expected way such as (<, >) for less than and

greater than and so on.

A.3.2 Functions

Programming languages almost always give the programmer a way to group a set of

related commands and operations into a functional unit. These functional units have
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a variety of names such as procedures, modules, subroutines, and interfaces. In C++

they are called functions. In C++ there is more than one type of function. Functions

can be classified as free functions or member functions. Free functions are functions

that are available to any translation unit in which their declaration is visible. Member

functions are functions that are bound to classes and structs. Only free functions are

important at this point in the discussion. Member functions will be introduced later

when the concept of a user defined type is introduced. In C++, a function (free

or member) must be declared before it can be called. To declare a function the

programmer must tell the compiler what type the function input arguments will be

and the type of it’s return value, if any. For example

// Declare a function f taking an integer and returning nothing

//

// void is a C++ keyword that acts as a placeholder for

// something that does not have a type.

void f(int i);

// Declare a function g taking nothing and returning an integer

//

// It is not necessary to include the void keyword for a

// function that takes no input arguments.

int g();

It is seen that these function declarations end in a semicolon just like any other C++

statement. Note that declaring a function only specifies it’s interface, not the function

itself. The function must also be defined. The function f can be defined by

// Defines the function f

void f(int i)

f

i += 5;

} // Now there is no semicolon
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The curly braces ({,}) are used to define the scope of the function. In this example,

the result is the number 5 being added to the variable 1. When called, the function

starts executing commands directly after the left brace and continues until it hits the

right brace at which point the program returns to the point from which the function

was invoked. The scope of the function determines how variables are treated. If a

variable is declared within the function braces it is only visible to that function and

it is called a local variable.

One important note about functions is that they may be declared multiple times

in a program, but they can only be defined once.

A.3.3 Arrays

Many times a programmer needs to create more than one of the same type of variable

but needs to be able to access these separate variables as a single entity. In this regard

programming languages allow the ability to create arrays of variables. In C++ arrays

of variables are easy to create. For example, consider the following

// Declare an array of 100 integers

int ia[100];

// Declare an array of 50 doubles

double da[50];

As can be seen above, C++ uses a slightly different syntax to declare an array by using

the square brackets [] as opposed to the usual parentheses. Accessing the elements

of the array are done using the same operators, however it is important to note that

in C++ the first element of an array starts at zero and continues to n-l where n

is the number of elements in the array. This means that ia [0] is the first element

of the ia array and ia[99] is the last element. This is different from many other

programming languages where indexing starts at one. This indexing trips up a lot

of programmers when they first start using C++, particularly scientific programmers

with a. background in FORTRAN, so it is important to keep this in mind.
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A.3.4 Pointers and References

Pointers are the whipping boys of C++, everybody loves to hate them. They’ve

received this reputation because they can lead to subtle errors in programs that are

hard to diagnose. They also introduce some syntactical hurdles to the language that

many people find confusing and unnecessary. When used properly, however, pointers

can be very useful so understanding how they work is an important aspect of C++

programming.

Simply put, pointers are addresses. In other words they point to an address of

a variable rather than being a variable themselves} In C++ pointers are used for a

multitude of reasons, one of them is to provide the ability to return more than one

argument from a function. To explain this, a slight digression about how function

calls behave in C++ is required.

Function arguments in C++ are “passed by value”, which is just a fancy term

that means a copy of the argument is passed to a function. In other words, when an

variable is passed to a function only a copy of the variable is given to the function.

For example, consider the code

void f(int i)

{

i += 5;

}

void g()

{

int i = 4;

f(i); // i is still 4

}

Even though the function f adds 5 to the value of its argument it only receives a

 

1In actuality pointers are also variables in the respect that they take up memory in the computer,

although the value of the pointer itself is rarely useful. Instead it is what the pointer points to that

is important.
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copy of the i variable from the function g. Therefore the 1 variable in the function

g remains unchanged.

In order to have the function f change the actual value of i, a pointer to i must

be passed to the function f. Passing a pointer to i to the function f simply tells f

where to find the 1 variable. Once f knows where to find the 1 variable declared in

the function g, it can change its value. Here’s how that would be accomplished in

C++ terms.

void f(int * pi)

{

*pi += 5;

}

void g()

{

int i = 4;

f(ki); // i is now 9

}

Syntactically there is a bit of a difference between passing a normal variable and

passing a pointer to a variable. First, the declaration of f has changed. There is

now a (*) between the variable type and the name of the variable. Here the asterisk

is not acting as the multiplication operator but rather it states that the argument

for the function f holds an pointer to a variable, and the name of the pointer is pi

(pi = pointer-to—i, not the irrational number 7r). Inside the function f is a strange

looking statement. In this case the (*) operator in front of pi takes on yet another

meaning, different from either it has had before. It is used to dereference the pointer.

Dereferencing a pointer means retrieving the value in the memory location indicated

by the pointer value. Since pi is a pointer to int, the process of dereferencing the

pointer will result in a normal int variable. In this case it means the the pointer is

used to retrieve the actual value referenced by the pointer, here the variable i from
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the g function, then five is added to this value.

The way the variable i in g is passed to f also has to change. In order to pass

a pointer to i the (85) operator must be used. In this context the (81:) operator says

that the address of i is passed to the function f, hence it is called the “address-of”

operator. This is in contrast to the meaning of the (&) operator described above as

the bitwise AND operator.

C++ is famous (or infamous) for having operators mean different things in differ-

ent contexts. In this example alone the (*) operator has two separate meanings, in

addition to its use as the multiplication operator, and the (85) operator has a different

meaning from the bitwise AND operator. In fact, the (8:) operator has yet another

meaning that will be presented when references are introduced. These multiple duty

operators can be confusing to the programmer just starting out in C++ and are often

misunderstood and misused. Learning how to use these operators in the correct way

is one of the main keys to learning how to use pointers.

To get back to why pointers were originally introduced, as a way to return multiple

values from a function, consider the following code where a function is needed to

convert a point in polar coordinates to a point in Cartesian coordinates.

#include <cmath> // For sin and cos

void PolToCart(double r, double phi, double * px, double * py)

{

*px = r * cos(phi);

*py = r * sin(phi);

}

void g()

{

double r = 2.0, phi = 0.707;

double x = 0, y = 0;

PolToCart(r, phi, &x, &y);

}
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In real C++ code this type of conversion would probably be wrapped in an object

but for the sake of this discussion on pointers the above code should suffice. Imagine

the case where pointers could not be used. Two separate functions would have to

be created and called, one to compute the x-coordinate and one to compute the y-

coordinate. Using pointers these two functions can be combined into a single, more

intuitive, function.

In C, pointers were the only way to provide a way to return more than one variable

from a function. C++ introduced another way to pass the actual value of a variable

to a function, called references. In short, a reference is just an another name for an

existing variable. While null pointers can exist (e.g. int * pi = 0 ), there is no such

thing as a null reference.2

Through the use of references, C++ allows a programmer to pass a variable to

a function “by reference”. This means the actual value of the the variable is passed

to the function rather than a copy of the variable. The way to declare a reference is

very similar to the way a pointer is declared. Instead of using the (*) operator the

(8;) operator is used. For example to declare a reference called i to a variable called

j the following code is used.

int f()

{

int j =4;

int& i = j; // Declare i to be a reference to j

An important thing to remember about references is that when the value of a reference

is changed what it refers to also changes. Consider the following code.

int f()

{

 

2There are ways to fake null references but why anyone would want to do such a thing is beyond

comprehension.
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int j = 4;

int& i = j; // Declare i to be a reference to j

i += 5; // i = 9 and so does j

Because i is just another name for j, any operation performed on i is also performed

on j. In this case the fact that j also changes is easy to see but in cases where a

reference is declared a significant distance away from where it is changed it is easy to

forget that i is actually a reference and not just a normal variable.

The way to pass a variable to a function by reference is no different than passing

the variable by value as far as the caller is concerned. Only the definition of the

function itself must change. Consider how the PolToCart function would be re-

written using references.

#include <cmath> // For sin and cos

void PolToCart(double I, double phi, double & x, double & y)

{

r * cos(phi);

r * sin(phi);

}

void g()

{

double r = 2.0, phi = 0.707;

double x = 0, y = O;

PolToCart(r, phi, x, y);

}

Here the call to PolToCart in function g looks the same as it would look if x and y

were passed by value. The difference lies in how x and y are declared in the function

PolToCart. The (85) operator in the definitions of x and y determine that x and y

are passed by reference instead of by value like I and phi.
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Some programmers dislike using references because the call to PolToCart looks

exactly the same whether x and y are passed by value or passed by reference. In

contrast, the call to the PolToCart function that uses pointers specifies more clearly

that the actual values x x and y may change during the course of the function call.

To help alleviate these concerns, a function that requires references to arguments

whose values will not change during the course of the function should declare them

as const references. By simply putting a const in front of the variable type (e.g.

const double & x) the caller of the function is assured that the value of x will not

be changed during the course of the function. At this point the reader may see no

difference between passing a variable by constant reference and passing a variable

by value and for the case of built in types this is indeed the case. Passing types by

constant reference becomes more important when user defined types are introduced.

For the case of the PolToCart function the decision to use pointers or references

comes down to a matter of personal taste, while in other cases one may be preferable

to the other.

A.3.5 Loops

Loops are involved in all but the simplest programs. Loops allow a set of statements

to be repeated a set number of times in a straightforward manner. C++ offers three

types of looping constructs, the for loop, the while loop, and the do-while loop.

The for loop consists of three statements separated by semicolons

1. Where to start the loop,

2. Where to end the loop,

3. An operation that should be computed at each step of the loop.

For example, consider the code to fill an array with a set of numbers.

int ia[lOO];
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for (int i = O; i < 100; i++)

{

ia[i] = i;

The first statement of the for loop states where the loop should start, in this case

at i = 0. The second statement is checked at the end of each iteration of the loop.

If the statement is true the loop continues, if it is false the loop ends. In this case

the loop should continue while i < 100. The third statement provides an operation

that should be performed at the end of each iteration of the loop. In this case that

means the variable i should be incremented by one at the end of each iteration.

The operator (++) is simply shorthand that means one should be added to the

corresponding variable.

The loop structures while and do-while are very similar to each other. They

both continue executing as long as a certain condition is met. There is one major

difference between the two loop structures. In a do-while loop the statements in-

side the loop are executed at least one time, while in the case of a while loop the

statements inside the loop may not get executed at all. Consider the following code

int i = 100;

while (i < 100) // Only execute the loop statements if i < 100

f

// Statements to execute

do

// Execute these statements at least once

} while (i < 100); // Continue only if i < 100

In the first case the statements inside while loop will never be executed because the

value of i is not less than 100. In the second case the statements inside the do-while
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loop will be executed at least once since the termination condition is not tested until

the loop has executed for the first time.

A.3.6 Conditionals

Making decisions is an important part of program design. A software program must

be able to respond effectively to different types of input in the correct way. Pro-

gramming languages therefore give the programmer conditional statements. C++

defines two types of conditional statements, the if-elseif-else statements, and

the switch-case statements. Both of these types are effective ways to make deci-

sions during the course of a program and each has its advantages and disadvantages.

The most used type is the if-elseif-else statement. This statement makes it easy

to provide a way to correctly respond to various program states. The most general

way to use this type of conditional statement is shown in the following code

#include <iostream>

void f()

{

int number;

std::cout << "Please enter a number between 0 and 2: ";

std::cin >> number;

if (number == 0)

{

std::cout << "You entered 0\n";

}

else if (number == 1)

{

std::cout << "You entered 1\n";

)

else if (number == 2)

{

std::cout << "You entered 2\n";

}
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else

{

std::cout << "You entered an invalid number\n";

This simple function prompts the user to input a number and using an

if-elseif-else lets the user know what number they entered. Admittedly this

program is a bit convoluted to say the least, but the objective is to show an example

of an if-elseif-else conditional statement. The std: :cin object is declared in

the iostream file and is used to input data from the user.

The other type of conditional statement in C++ is the switch-case statement.

This statement is useful for times when there are a large number of possible values

to choose from rather than using a long list of if-elseif statements. The function

shown above can be written using a switch-case statement.

#include <iostream>

void f()

{

int number;

std::cout << "Please enter a number between 0 and 2: ";

std::cin >> number;

switch (number)

{

case 0:

std::cout << "You entered 0\n";

break;

case 1:

std::cout << "You entered 1\n";

break;

case 2:

std::cout << "You entered 2\n";

break;
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default:

std::cout << "You entered an invalid number\n";

break;

In this example the user is again prompted for a number but the decision making is

done by a switch-case statement. A couple things need to be pointed out however.

The break statements are used by a switch-case statement to break out of the

statement. If these were not included each case statement would be evaluated as

true and the program would print out the statements associated with every case

label as well as the default label. The default label is there in the situation that

none of the case labels are matched. This gives the programmer the ability to define

some sort of default processing for this situation.

A.3.7 Dynamic Memory Allocation

There are two ways a programmer can declare a variable in C++, statically and

dynamically. These two different variable declarations determine where in memory the

variable will be held. There are two types of memory a computer program can use, one

is referred to as the stack, while the other is referred to as the heap. Variables declared

on the stack become part of the programs internal memory. Variables declared on

the heap are allocated during the execution of the program.

Up to this point all variables in the code examples have been declared on the

stack. In C++ the way to declare a variable on the heap is through the use of

the new operator. Consider the following code which shows the difference between

declaring a variable statically and declaring a variable dynamically

void f()

(

int i; // Allocated on the stack

int * j = new int; // Allocated on the heap

151



delete j; // new must always be matched with

// delete

As seen in the example memory allocated with new is in the form of a pointer. An-

other important thing to note is the use of the delete operator. In C++ any memory

allocated with new must be deallocated with delete. In this case if delete is not

called on the variable j the memory 3' uses will not be returned to the operating

system when the function f terminates. There is no way for the system to know

whether this memory is still being used so it assumes that it is and this memory is

effectively lost. This is called a memory leak. With personal computers containing

256MB - 1GB of memory these days the loss of an integer variable (usually 4 bytes)

may not seem all that bad. Imagine, however, if the program this function resides in

runs for weeks at a time and the function is called millions of times. The lost memory

adds up and eventually the computer will run out of memory to give to the function

and the program will crash.

In the example shown above there is really no difference between declaring the

variable on the heap as opposed to the stack with the exception of the burdensome

call to delete. Where dynamically memory allocation can be important is in terms of

zurays.

Sometimes it is not known how big an array should be when the program is

written. The age old solution to this problem is to statically allocate an array with a

size large enough to hold the maximum anticipated value. This solution has two major

drawbacks that stem from the fact that choosing this maximum value can be difficult.

If the size chosen is too small the program runs the risk of trying to access elements of

the array that do not exist (e.g'the 10lst element of a 100 element array). This can

cause any number of problems, from overwriting data that happens to be in a memory

location contiguous to the array, to causing the program to crash all together. On
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the other hand, if the size of the array is chosen to be way too big, massive amounts

of memory will be wasted. The better solution to this problem is defer the sizing

of the array until the actual size is known. Allocating and de-allocating an array

dynamically in C++ requires a slightly different syntax than dynamically allocating

a normal variable. Consider the following code used to dynamically allocate an array

of 100 integers

void f()

{

int * ia = new int[lOO];

delete [] ia;

me the above example it is clear that to declare an array dynamically the new

operator must be combined with the (U) operators. In addition, deleting the array

must be done by combining the delete operator with the (U) operators. In this case

dynamic memory allocation doesn’t seem to have helped that much, the ia could

just have easily been declared statically. There is one important difference, shown in

the following code.

void f()

{

int array_size = 100;

// *Error* - array_size must be constant

int ia1[array_size];

// 0K - array_size can be a variable

int * ia2 = new int[array_size];

delete [] ia2;

Even though it is easy to see that the array_size variable has a size of 100 and

therefore the size of ia1 should be 100, the compiler cannot make this distinction.
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The size of a statically allocated array must be a constant expression. Prefixing the

const keyword to the array_size declaration (e.g. const int array-size = 100;

) will allow this code to compile, although this is really no different than putting a

100 inside the brackets of the ia1 declaration.

In this case the array-size variable is a fixed size but one can easily imagine

that array_size could be a variable input by the user or read from some input file

and in that sense it would be truly variable. In that case dynamic memory allocation

is the only way to correctly size the array.

A.4 User Defined Types

The most fundamental concept in C++ is that of an object. An object can represent

a physical entity of some kind such as a car or an animal, but it can also represent

a more abstract idea such as a vehicle or a species. C++ gives the programmer the

ability to model objects in a way that is extremely intuitive by allowing them to be

introduced as a new type to the language. These new types can be used in a very

similar manner to the types predefined by the language. These user defined types

provide the basis for object oriented programming.

A.4.1 Classes

A class is the way in which C++ allows programmers to define a new type for the

language. This type can be anything the programmer desires but is usually in the

form of some countable object. The concept of creating a class can be introduced by

recalling the “Hello World” program introduced at the beginning of this appendix.

#include <iostream>

class World

{

public:

Wor1d() { std::cout << "Hello\n"; }
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~Wor1d() { std::cout << "Good-bye\n"; }

};

// Create the world

World theWorld;

int main()

{

return 0;

This program can be broken up into four distinct sections:

0 The include declaration.

e The definition of the world class.

0 The declaration of the world object.

o The main function.

Starting at the bottom the main function serves as the entry point for the program and

is called by the operating system when a C++ executable is invoked. This function

must be present in all C++ programs and is a relic kept for compatibility with C.

From the looks of it main seemingly does nothing except return the value 0. This

return value simply states that the program ran to completion successfully. Nothing

else happens inside the main function so it would be reasonable to believe that the

program itself does nothing. However, as stated earlier, running this program will

cause the word “Hello” and “Good-Bye” to be printed to the screen. This behavior

is due to the next section up.

The statement of World theWorld declares an object of type World with the

name theWorld. This definition occurs outside any curly braces and is therefore
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considered to be a global object. When a global object is declared it is actually

initialized before the call to main. So in this case the world is created even before the

program starts running.

Following the program from the bottom up the definition of the World type is

found. The class keyword in front of World tells the compiler that World is a

user defined type. The definition of the World class is delimited by curly braces as

usual but there is a slight difference at the end of a class as opposed to the end of a

function or loop. The right brace is followed by a semicolon, making the declaration

of a class a C++ statement. This may seem a bit strange and a little redundant

(couldn’t the compiler figure this out from the class keyword?) but this is the way

objects are declared in C++. Within the definition for the World class there are

two functions, one named World and the other named ”World . These functions

are called member functions which means they are only defined for objects of type

World. Member functions will be discussed in more detail a bit later. Just above

these member functions is the public keyword followed by a colon. In a class the

public keyword means that any member functions or member variables (classes can

also hold data) below are considered to be public and any user of the class may access

them. There are two other keywords (protected and private) that specify access to

the class but these are not important for the current discussion.

The first member function named World is a special function called a constructor.

A constructor has the same name of it’s corresponding class and may or may not take

arguments. In this case the World constructor takes no arguments so it is called a

default constructor. A constructor is used to initialize an object but is never actually

called directly. The declaration of the object automatically calls the constructor.

An important thing to remember about constructors is that an object must be fully

functional upon its construction. For this case the constructor doesn’t do much but

if an object needs to perform initialization operations, such as allocating memory or
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opening a database connection, the constructor is the place to do it. Inside the World

constructor is the following statement

std::cout << "Hello\n";

This statement may look a bit strange but all it says is that the std: :cout object is

sent the string "Hello\n". The std: :cout object is an object defined by the C++

standard library (not the language itself) that represents the output of the system,

usually the computer screen. This is where the Hello comes from when the program

is run. The “\n” at the end of “Hello” simply prints a new line which means the next

string sent to the std: :cout object will start printing on the next line.

The next member function named ”World is also a special member function called

a destructor. The destructor is called each time an object of a class is destroyed and

it has the same name of the class except that there is a (") in front of it. Unlike the

constructor, the destructor cannot take any arguments. Destructors, like constructors,

are also never called directly? they are automatically called by the system when an

object is destroyed. In the case of the “Hello World” program the destructor for the

object theWorld is actually called after the function main returns.

There are two other special functions associated with classes called the copy con-

structor and the assignment operator. A copy constructor is used to create an object

from a copy of another object of the same type. The assignment operator is used to

assign an object of one type to an object of the same type. While these functions

are an important part of good object oriented design, a detailed explanation of these

functions would be too time consuming to be worthwhile for the current discussion.

The interested reader is encouraged to consult any introductory C++ book.

The last statement to look at is the #include statement. This line tells the com-

piler to find a file named iostream and place the contents of that file at the position

 

3 Well almost never. There are certain cases where a destructor needs to be called directly but

they are extremely rare.
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of the #include statement. The iostream file is where std: :cout is declared. The

double colon operator (:z) between std and cout is called the scope resolution oper-

ator. The scope resolution operator can have a couple different meanings depending

on the context in which it is used. For this case it means that cout can be found in

the namespace std. The std namespace holds most of the elements of the standard

C++ library.

A namespace is simply a construct that allows groups of variables and functions

to reside in a common area without polluting the global namespace. Namespaces are

declared much like classes but there is no semicolon following the last curly brace.

For example, the std namespace is declared

namespace std

{

// Declare things for the std namespace

Namespaces helps avoid name collisions that happen when two programmers define a

function with the same name for example. For example, if there are two programmers

whose names are Fred and Joe and they both want to declare a function named foo

that takes an integer argument they cannot both define the function at global scope

like

// Fred’s foo function

void foo(int i)

{

}

// Joe’s foo function

void foo(int j) // *Error*: foo has already been defined

{

}

but they can define the same function in different namespaces.
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namespace Fred

{

// Fred’s foo function

void foo(int i) // Now foo is actually Fred::foo

{

}

}

namespace Joe

{

// Joe’s foo function

void foo(int j) // 0K : Now foo is actually Joezzfoo

{

}

}

So to summarize the steps executed in the “Hello World” program

1. All global objects are constructed. In this case our object theWorld prints

“Hello”.

2. The main function is called. In this case it does nothing.

3. All global objects are destroyed. In this case that means “Good-Bye” is written

to the screen.

This example of the C++ “Hello World” program was modeled after an example

given on the website http://www.relisoft.com. This website contains a lot of good

information about C++ including an online book from which this example was taken.

The author of this website has also published a book related to the material contained

on the website [37].

The “Hello World” example above only used the constructor and destructor mem-

ber functions. While these functions are important they are not the only kind of
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member functions that can exist in a class. Other member functions are defined sim-

ilarly to free functions except that they are confined to work with objects of the class

in which they are defined. For example, the ability the count the number of people

in the world could be added to the world class with the addition of a few member

functions and a member variable.

#include <iostream>

 

class World
fia{

: Tri

public:
”

Wor1d()

: m_number_of_people(0) ”1'!

{ f
std::cout << "Hello\n";

}

~Wor1d()

{

std::cout << "Good-bye\n";

}

int GetNumberOfPeople() const

{ return m_number_of_people; }

void AddPerson()

{ m_number_of_people++; }

void DeletePerson()

{ m_number_of_people--; }

private:

int m_number_of_people;

};

// Create the world
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World theWorld;

int main()

{

// Find out how many people are in the world

std::cout << "The world has " <<

theWorld.GetNumbeerPeople() << " people\n";

// Add a person to the world

theWorld.AddPerson();

std::cout << "The world has " <<

theWorld.GetNumbeerPeople() << " person\n";

// Delete a person from the world

theWorld.DeletePerson();

std::cout << "The world has " <<

theWorld.GetNumbeerPeople() << " people\n";

return 0;

}

There are a few more things to explain here. First three new member functions

have been added to the World type, called GetNumbeerPeople, AddPerson, and

DeletePerson. These functions do exactly what their names imply. The way to

access these functions through an object of type World is to use the dot (.) operator.

As is seen in the above example, the GetNumbeerPeople function is called by writing

theWorld.GetNumberOfPeople().

The number of people in the world is stored by the member variable

m_number_of_people and is declared private. This means that only functions that

are part of the class are allowed to directly manipulate the variable. In other

words, only functions that are part of the World type may directly change the

m_number-of_people variable. This type of indirection is very common in object

oriented programming and is called “data hiding”, although this is a bit of a mis-
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nomer. The objective of this type of indirection is not to hide the internal data of

the class but rather to protect is from being misused. Hence a better name for this

might be “data protection”. In any case, it shields the users of the class from the

inner workings of the class itself.

It may seem strange to create this kind of indirect access to the

m_number-of_people variable. Why couldn’t the variable be declared public and

the users of the class access it directly? Then, there would be no need for any of

the member functions other than the constructor and destructor. While this might

seem like a more efficient way to do things, it can cause problems. Imagine what

would happen if the way World kept track of the number of people changed. Say

that instead of the number of people being stored in a variable, an array of people

was stored instead. When GetNumbeerPeople was called it would return the size of

the array. Using the “data protection” technique the users of this class do not need

to concern themselves with this change. In their view the class acts in the same way

as before. If the users were allowed direct access to the member variables they would

all have to rewrite their code to reflect the change in an implementation detail of the

World type.

The const keyword can have multiple definitions in the C++ language. Ear-

lier it was seen that putting const in front of a variable in a function call stated

that the variable would not change during the course of the function. In the

definition of the GetNumberOfPeople the const means something different. It

tells the compiler that the internal state of the World type will not change dur-

ing the course of the GetNumbeerPeople function. In other words, the function

GetNumbeerPeople will not change any of the internal variables of the World

type. AddPerson and DeletePerson do not have const since they change the in-

ternal variable m_number_of.people thereby changing the state of the object. Only

GetNumbeerPeople does not change the internal state of the object so it is declared
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const.

One more thing to notice about the class is that the constructor has changed. The

line containing :m_number_of-people(0) family is called a constructor initialization

list. Initialization lists are used to initialize member variables without the need for

assignment. The constructor could also have been written

Wor1d()

{

m_number_of_people = 0;

std::cout << "Hello\n";

and in this case the two constructors are equivalent. The main difference is that the

 

initialization list is completed even before the constructor of the object is called. For

reasons of efficiency the initialization list is usually faster, especially when user defined

types are declared as member variables in other user defined types. There is another

case where an initialization list must be used. If a type defines any const member

variables they can only be initialized in the initialization list. Member variables that

are const are useful for member data that will not be changed during the lifetime

of an object, hence they are read-only variables. For example, if an type was created

to model a piece of inventory for some sort of warehousing program the item might

have some unique id number that identifies it. Since this id number is not going to

change it should be declared const. Consider the following type

class Item

{

public:

Item(const int id)

: m_id(id)

{

}
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private:

const int m_id;

Not a very useful type for sure but the fact that the member variable m_id is const

means that it must be initialized in the initialization list. The following will not work

class Item

{

public:

Item(const int id)

{

m_id = id; // *Error* : m_id is const

}

private:

const int m_id;

}

and trying to do this will cause the compiler to complain.

A.4.2 Structs

Structs, defined by the keyword struct, are similar to classes in that they represent

a grouping of related data and functions. Structs were originally introduced in the

C programming language and were kept in C++ for compatibility. As far as C++

is concerned there is essentially no difference between classes and structs. Therefore

anything that can be said about classes can be said about structs. There is only on

minor difference between structs and classes. The default access level in structs is

public while the default access level in classes is private. This makes the following

code equivalent

struct S

{

// Default access is public

int d1;
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int d2;

class C

{

// Default access is private, public must be specified

public:

int d1;

int d2;

In C++ structs are instantiated in the same way as classes and can have functions,

constructors, destructors and anything else that a class can contain.

A.4.3 Templates

There are times when the internal type of a class will not be known at the time

the class is designed. For example, suppose a class representing a dynamic array is

being designed. A dynamic array is one that grows in size as needed and resolves the

problem of having to guess at a “maximum value” of an array during the design of a

program. A basic interface for a dynamic array class is easily defined

class DynArray

{

public:

DynArray();

int GetNumberOfItems() const;

void AddItem(double item);

void DeleteItem(int index);

private:

int m_size;

double * m_items;

};
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The details of how the class might be implemented are not important for this dis-

cussion. Rather it is noted that only items of the type double can be held in this

dynamic array. If the user wanted to have an dynamic array of integers, possibly even

a dynamic array of a user defined type, this class is not suitable. Sure another similar

class could be written for all the built-in types where the only change would be the

type of data the class holds, but this is a lot of unnecessary work and a maintenance

nightmare. Each time a function was added to any one of the classes it would have

to be reproduced in all the other classes. On top of that, it would still not solve the

problem of creating a dynamic array of a user defined type. The reality is that there

is no way to know beforehand what type the user may want to have in a dynamic

zuray

Enter templates. Templates allow a programmer to defer the type of internal data

in a class like DynArray until the user specifies it. Templates are created using the

template keyword. To create a template for the DynArray class the following syntax

isrmmd

template <c1ass T>

class DynArray

{

public:

DynArray();

int GetNumberOfItems() const;

void AddItem(T item);

void DeleteItem(int index);

private:

int m_size;

T * m_items;

};
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Notice that the only change in the class interface is the addition of the line template

<c1ass T> and the change of the world double to the letter T for the type of the

member variable m-items and in the function AddItem. The first line declares this

class to be a template that is parameterized by the type T. This means that the type

of T will not be known until a user of this class specifies it. A user of this class would

have to specify the type DynArray is to hold when declaring the array.

void f()

{

DynArray<int> da;

da.AddItem(1);

da.AddItem(2);

da.DeleteItem(O);

When the compiler encounters the statement DynArray<int> it produces a entire

copy of the DynArray class using int instead of T in the class definition. This code

is then inserted into the program as if the DynArray class was declared to use in-

teger data. If the user specifies another DynArray with the type double such as

DynArray<double> another copy of the DynArray template is created but this time

double is used in place of T in the class definition.

There are more things that can be done with templates but implementing “con-

tainers of T” is one of the most common uses. The standard template library, to be

discussed later, makes heavy use of templates, hence its name.

A.5 Object Oriented Programming with C++

The classes (and structs) defined in the previous section constitute the cornerstone

of object oriented design in C++. The techniques described in this section make use

of the class concept to provide a way to create truly object oriented software.
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A.5.1 Composition

Composition is a technique of embedding one user defined type inside another user

defined type and is a very common technique in C++ programming. The concept of

composition defines the “has-a” relationship, so in effect one type “has-a” object of

another type. For example a rectangle can be defined by two points, its upper left

point and its lower right point. In C++ this can be defined like

class Point

{

public:

Point(int x = 0, int y = 0)

: m_x(x), m_y(y)

{

}

void Set(int x, int y)

{ m_x = x; m-y = y; }

void Get(int& x, int& y)

{ x = m_x; y = m_y; }

private:

int m-x;

int m_y;

}

class Rectangle

{

public:

Rectangle(Point upper_left, Point lower_right)

: m_upper_1eft(upper_1eft), m_lower_right(lower_right)

{

}

private:

Point m_upper_1eft;
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Point m_lower_right;

Here there are two objects of type Point embedded directly in the Rectangle type.

The constructor for Point introduces a new concept, the concept of default argu-

ments. In order to embed the Point objects in the Rectangle class the Point ob-

ject must be able to be constructed without any arguments. The Point constructor

takes two arguments but these arguments have suitable default values so these values

can be specified in the constructor. For any arguments not specified by the user the

default argument will be used.

A.5.2 Inheritance

Inheritance is the ability to inherit functionality in a new user defined type from an

existing user defined type. Inheritance defines an “is-a” relationship. It is said that

when one type inherits from another type the new type “is-a” object of the existing

type. An example of inheritance is defining a new type called Dog from a type called

Animal. Since a dog “is-a” animal it can inherit all the functionality of an animal

and define some new functionality of it’s own. In code this is stated as

class Animal

{

public:

// Various animal functions

};

class Dog : public Animal

{

public:

// Includes all animal functions plus any

// that dog defines

};

The colon operator in the declaration of Dog is used to define inheritance and in this

case it is specified that Dog will inherit publicly from Animal. There is also protected
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and private inheritance but for the sake of space they will not be discussed here.

Public inheritance is the most prevalent and to understand the material in Chapter

7, a knowledge of protected and private inheritance is unnecessary.

A.5.3 Polymorphism

Inheritance by itself is a nice feature, it allows the programmer to group common

characteristics of multiple types into a common base class, but this is not the most

powerful way to use inheritance.

Polymorphism is the ability for one thing to act as many. For C++ this means

that one type can act as multiple types and the way to achieve this in through

inheritance. Through the use of a special function called a virtual function, a pointer

(or reference) to a base class can actually be used to call functions in a derived

class. This is an extremely powerful technique and is helpful in creating robust and

extensible programs. Continuing with the example of the Animal and Dog classes,

polymorphism can be introduced by the following code

#include <iostream>

class Animal

{

public:

virtual void Run() = 0;

// Various animal functions

};

class Dog : public Animal

{

public:

void Run() { std::cout << "Dog::Run\n"; }

// Includes all animal functions plus any

// that dog defines

};

170

 

 



void MakeAnimalRun(Anima1 * animal)

{

// Member functions are called with the (->) operator for

// pointers rather than the (.) Operator

animal->Run(); // Calls Dog::Run()

}

int main()

{

Dog dog;

MakeAnimalRun(&dog);

return 0;

}

Running this code would produce the phrase “Dog::Run” to be printed to the screen.

This may seem strange because the type of pointer in MakeAnimalRun is Animal but

the actual type that it points to is of type Dog so the Dog: :Run function is called.

This magic occurs because the Run member function is declared virtual in the

Animal class (actually its declared pure virtual, but that will be explained shortly)

which means the function call is not resolved until runtime. This means that the

function Run is associated with the type of object a pointer points to rather than the

type of the pointer. How this magic is achieved is beyond the scope of this discussion

but the result is truly amazing. If another class called Cat was derived from Animal

and the MakeAnimalRun function was passed a pointer whose actual type was Cat it

would call the Cat: :Run function. Cool huh?

A note about the = O at the end of the declaration the Animal class. When a

virtual function is defined without this syntax in a base class it means that any de-

rived classes may redefine this function. In other words the function has a default

implementation. When a virtual function is defined with the = 0 syntax it is con-

sidered to be a “pure” virtual function. Pure virtual functions do not have to have a
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default implementation (although they can) and when a class inherits from this class

it must redefine this function. So in the example above if Dog had not redefined the

Run function it would have caused the compiler to issue an error.

A.6 The Standard Template Library

The Standard Template Library, or STL, is a subset of the entire C++ standard

library (which is not explicitly discussed in this appendix) that supplies the C++

program standard implementations of many of the most useful computer science tech-

niques and algorithms. The section cannot even hope to give a complete view of the

STL as entire books have been written about it. Some of the books are mentioned in

the Remarks at the end of this appendix. Rather the goal of this section is to briefly

overview some of the most widely used portions of the STL. The STL is broken

up into two major components: containers and algorithms. Only containers will be

discussed here as they are the only relevant parts for the software design discussion

in chapter 7.

A.6.l STL Containers

The STL containers provide a standard way for all C++ programmers to use various

data structures that arise is almost all computer programs. There are two types of

containers: sequence containers and associative containers. The sequence containers

are vector, string, list and deque. These containers help the program create

arrays or lists of objects that grow as needed without the programmer having to worry

about any memory issues. The associative containers include set, map, multiset,

and mult imap. The associative containers allow the programmer to relate one type to

another and provide fast lookup for items. A standard container that is not officially

an STL container but is still widely used is valarray. This container provides a

highly optimized container that can be used for numerical arrays. There is also

one important non-standard associative container that is nonetheless widely available
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called hash_map. The container provides the implementation of a hash table, but

since it is not standardized implementations of it are platform dependent. Other

containers exist in the STL but are not important for the current discussion.

The STL containers make heavy use of templates and as many as four template

parameters arguments can be specified for a single container. Most of the time, how-

ever, the majority of the template arguments are not required and the STL provides

suitable defaults.

The most prevalent of the two sequence containers are vector and string. The

vector container allows the programmer to create a dynamic array of objects that

grows as needed. Consider the following code

#include <iostream>

#include <vector>

int main()

{

std :vector<int> v;

v.push_back(1);

v.push_back(2);

std::cout << "The vector has " << v.size() << "

e1ements\n";

return 0;

Running this code will produce the result that the vector has two elements but

nowhere is there the need to allocate any memory. The vector does all the memory

allocation itself and takes care of all deallocation at the end of the program.

The string container works a bit differently from the rest of the containers in

that it can be instantiated without the use of any template parameters. The following

code creates and string and assigns it the word “Hello”.
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#include <iostream>

#include <string>

int main ()

{

std::string str;

str = "Hello";

return 0;

Although it may seem like the string container is not a template it actually is. The

template for string is actually basic_string but a type definition is used to create

the illusion of a non-templated string class however knowing this is not crucial to

using the string class.

The rest of the containers work in a way very similar to the vector container,

although each has a little different functionality so they are not interchangeable.

Choosing which container to use for a specific problems takes experience.

A.7 Remarks

Trying to compress a detailed explanation of the C++ programming language and

the C++ standard library into the appendix of a dissertation is like trying to fit an

800 pound gorilla into a size 2 dress. Something has to give. This appendix presented

a mostly cursory treatment of some of the concepts of C++ while other important

concepts were omitted altogether (e.g. copy constructors, class assignment operators,

inline functions, static variables and functions, exceptions, and operator overloading

among others). The hope is that the reader unfamiliar with C++ will have garnered

enough information to follow the discussion of software design in Chapter 7. Interested

readers are strongly encouraged to consult the many references given on introductory

C++ for more complete information.
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In addition to the introductory texts already mentioned there are a number of

other books that are very popular reference texts for C++. Most of the following

references have more to do using the language more effectively rather than describing

the language itself. For more information on how to effectively use C++ the books

by Scott Meyers [38], [39] are some of the best. A bit more problem oriented are

the books by Herb Sutter [40], [41]. The definitive reference of the Standard Library

is by Nicolai Josuttis [42] while books on effectively using the Standard Template

Library include [43] and [44]. For C++ efficiency considerations [45] is the definitive

(and only) reference. For more advanced techniques including some revolutionary

template programming techniques see [46] and [47].

Newsgroups abound on the Internet and C++ has at least three different groups

dedicated to different aspects of the language. The most popular is comp.lang.c++

where people ask questions about all sorts of language issues. The signal to noise

ratio of posts in this group can be rather low and there are definitely some strange

characters that hang out there. There is also a moderated version, aptly named

comp.lang.c++.moderated, where a concerted effort is made to raise the signal to

noise ratio of posts. Another group called comp.std.c++ is dedicated to the discussion

of the standardization of C++. While this group can be a little technical there is the

possibility of finding out some interesting tidbits from time to time.
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