EXPLOITING SMOOTHNESS IN STATISTICAL LEARNING, SEQUENTIAL
PREDICTION, AND STOCHASTIC OPTIMIZATION

By

Mehrdad Mahdavi

A DISSERTATION

Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of

Computer Science and Engineering - Doctor of Philosophy

2014



ABSTRACT

EXPLOITING SMOOTHNESS IN STATISTICAL LEARNING, SEQUENTIAL
PREDICTION, AND STOCHASTIC OPTIMIZATION

By

Mehrdad Mahdavi

In the last several years, the intimate connection between convex optimization and learn-
ing problems, in both statistical and sequential frameworks, has shifted the focus of algo-
rithmic machine learning to examine this interplay. In particular, on one hand, this in-
tertwinement brings forward new challenges in reassessment of the performance of learning
algorithms under the assumptions imposed by convexity such as Lipschitzness, strong con-
vexity, and smoothness. On the other hand, emergence of datasets of an unprecedented size,
demands the development of efficient optimization algorithms to tackle large-scale learning
problems.

The overarching goal of this thesis is to reassess the smoothness of loss functions in
statistical learning, sequential prediction/online learning, and stochastic optimization and
explicate its consequences. In particular we examine how leveraging smoothness of loss
function could be beneficial or detrimental in these settings in terms of sample complexity,
statistical consistency, regret analysis, and convergence rate.

In the statistical learning framework, we investigate the sample complexity of learning
problems when the loss function is smooth and strongly convex and the learner is provided
with the target risk as a prior knowledge. We establish that under these assumptions, by
exploiting the smoothness of loss function, we are able to improve the sample complexity of
learning exponentially.

We also investigate the smoothness from the viewpoint of statistical consistency and



show that in sharp contrast to optimization and generalization where the smoothness is
favorable because of its computational and theoretical virtues, the smoothness of surrogate
loss function might deteriorate the binary excess risk. Motivated by this negative result, we
provide a unified analysis of three types of errors including optimization error, generalization
bound, and the error in translating convex excess risk into a binary excess risk, and underline
the conditions that smoothness might be preferred.

We then turn to elaborate the importance of smoothness in sequential prediction/online
learning. We introduce a new measure to assess the performance of online learning algorithms
which is referred to as gradual variation. The gradual variation is measured by the sum of
the distances between every two consecutive loss functions and is more suitable for gradually
evolving environments such as stock prediction. Under smoothness assumption, we devise
novel algorithms for online convex optimization with regret bounded by gradual variation.

Finally, we investigate how to exploit the smoothness of loss function in convex optimiza-
tion. We propose a novel optimization paradigm that is referred to as mixed optimization
which interpolates between stochastic and full gradient methods and is able to exploit the
smoothness of loss functions to obtain faster convergence rates in stochastic optimization,
and condition number independent accesses of full gradients in deterministic optimization.

We also propose efficient projection-free optimization algorithms to tackle the compu-
tational challenge arising from the projection steps which are required at each iteration of
most existing gradient based optimization methods to ensure the feasibility of intermediate
solutions. In stochastic optimization setting, by introducing and leveraging smoothness, we
develop novel methods which only require one projection at the final iteration. In online
learning setting, we consider online convex optimization with soft constraints where the

constraints are allowed to be satisfied on long term.
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Chapter 1

Introduction

In machine learning the goal is to learn from labeled examples in order to predict the labels
of unseen examples. That is, given a training set, we aim to learn a hypothesis, or a classifier
that assigns labels to samples that have never been observed by the algorithm. Efficiently
finding a hypothesis based on the training set which minimizes some measure of performance
is the main focus of machine learning.

In order to study the learning problem is a mathematical framework, it is necessary
to define the framework in which the algorithm is to function. Basically there are two
frameworks that have gained significant popularity within the last two decades: the statistical
learning framework and the sequential prediction or online learning framework. In both
settings mathematicical optimization theory plays an important role by providing a unified
framework to investigate the computational issues of learning algorithms. Additionally, tools
from convex optimization underline the analysis in algorithmic machine learning that targets
most of the practical learning algorithms in both frameworks.

This chapter is devoted to an overview of these three broad topics of statistical learning,
sequential prediction/online learning, and convex optimization, aiming to develop a general
correspondence between the first two and convex optimization. In particular by characteriz-
ing sample complexity, statistical consistency, regret analysis, and convergence rate in terms

of the properties of loss functions such as Lipschitzness, strong convexity, and smoothness,



we elaborate the importance of smoothness ! and explicate its consequences. Here we move
towards the definitions in a fairly non-technical manner and the formal definitions will be

given in Chapter 2.

1.1 Classical Statistical Learning

We begin by stating the basic problem of binary classification in the standard passive su-
pervised learning setting (also called batch learning). In binary classification, the learning
algorithm is given a set of labeled examples S = ((x1,¥1), " , (Xpn, yn)) drawn independent
and identically distributed (i.i.d.) from a fixed but unknown distribution D over the space
= = X x Y, where X is the instance space and ) is the label (target) space. The goal,
with the help of provided labeled examples, is to output a hypothesis or classifier h from a
predefined hypothesis class H = {h : X — Y} that does well on unseen examples coming
from the same distribution. In other words, we would like to find a hypothesis to generalize
well from the training set to the entire domain of examples.

To measure the performance of a classifier A € H on unseen samples, we utilize a loss
function ¢ : H x = +— Ry. The mostly used loss function in binary classification problem
with instance space defined as = = R% x {—1,+1} is the 0-1 loss £(h, (x,y)) = I[h(x) # y],
where I[-] is the indicator function. The risk of a particular classifier h € H is the probability
that the classifier does not predict the correct label on a random data point generated by the

underlying distribution D, i.e., Lp(h) = P(x o) plh(x) # y] = E(y ,)pll(h, (x,y))]. This

1The precise definition will be given later. We say that a continuously differentiable function f : R% s R

is B-smooth if its gradient is Lipschitz with constant 8, i.e., |V f(w) — Vf(w')| < 8|lw — w/|.



performance measure is also called generalization error or true risk in statistical learning
community. An equivalent way to express the generalization bound is the sample complezity
analysis. Roughly speaking, the sample complexity of an algorithm is the number of examples
which is sufficient to ensure that, with probability at least 1 — § (w.r.t. the random choice
of §), the algorithm picks a hypothesis with an error that is at most € from the optimal
one. The difference between the risk of a particular classifier h and of the optimal classifier
hy = argming 4 Lp(h) is called the excess risk of h, i.e., E(h) = Lp(h) — Lp(hy).

Since the underlying distribution D is unknown to the learner, it is impossible for learner
to directly minimize the generalization error or true risk. Therefore, one has to resort to
using the training data in S to estimate the probabilities of error for a classifiers in H. This
alternative approach is known as the Empirical Risk Minimization (ERM) method and aims
to pick a hypothesis which has small error on the training set, i.e., empirical risk. The
performance of the empirical risk minimization has been throughly investigated and well
understood using tools from empirical process theory. It is a well stablished fact that a
problem is learnable with ERM method if and if only if the empirical error for all hypothesis
in ‘H converges uniformly to the true risk. Furthermore, the uniform convergence holds if
the complexity of hypothesis class H satisfies some combinatorial characteristics. This is one
of the main achievements of statical learning theory to characterize, and establish necessary
and sufficient conditions for the learnability of learning problems using the ERM rule.

While the ERM method is theoretically appealing, from a practical point of view one
would like to consider problems that are efficiently learnable which is referred to as com-
putational complexity of learning algorithm. This issue becomes more important by noting
the fact that in many cases ERM approach suffers from substantial problems such as com-

putational requirements in minimizing 0-1 loss over training set. Indeed, solving the ERM



problem for 0-1 loss function is known to be an NP-hard problem. Consequently, it is nat-
ural to consider loss functions that act as surrogates for the non-convex 0-1 loss, and lead
to practical algorithms. Of course, such a surrogate loss must be reasonably related to the
original binary loss function since otherwise this approach fails. For classification problem,
good surrogate loss functions have been recently identified, and the relationship between the
excess classification risk and the excess risk of these surrogate loss functions has been exactly
described.

An important family of learning problems that can be learnt efficiently are called Convex
Learning Problems. In general, a convex learning problem is a setting in which the surro-
gate loss function and the hypothesis space H are both convex. This setting encompasses
an enormous variety of well-know practical learning algorithms such as regression, support
vector machines (SVMs), boosting, and logistic regression, where these algorithms differ in
the type of the convex loss function being used as the surrogate of the 0-1 loss.

Interestingly, for convex learning problems the ERM rule, of minimizing the empirical
convex loss over a convex domain H, becomes a convex optimization problem, making an
intimate connection between machine learning and mathematical optimization. Learnability
in this setting departs from the learnability via ERM method and strongly depends on the
characteristics of convex domain such as boundedness and the analytical properties (cur-
vature) of loss function such as Lipschitzness, smoothness (i.e, differentiable with Lipschitz
gradients), and strong convexity (i.e., at any point one can find a convex quadratic lower
bound for the function). Beyond learnability, the sample complexity of learning algorithms
can also be characterized in terms of the analytical properties of loss function. Therefore,
smoothness and strong convexity of convex surrogate loss function play a crucial role in

characterizing learnability and analysis of sample complexity of convex learning problems.



1.1.1 Smoothness and sample complexity

While the main focus of statistical learning theory was on understanding learnability and
sample complexity by investigating the complexity of hypothesis class in terms of known com-
binatorial measures under uniform convergence property, recent advances in online learning
and optimization theory opened a new trend in understanding the generalization ability of
learning algorithms in terms of the characteristics of loss functions being used in convex
learning problems. In particular, a staggering number of results have focused on strong
convexity of loss function and obtained better generalization bounds which are referred to
as fast rates. In terms of smoothness of loss function, recently it has shown that under this
assumption, it is possible to obtain optimistic rates (in the sense that smooth losses yield
better generalization bounds when the problem is easier) which are more appealing than
the case the convex surrogate loss is Lipschitz continuous. This motivates us to take a step

forward in this direction and investigate the smoothness of loss functions in more depth.

1.1.2 Smoothness and binary excess risk

As noted above, the convex surrogates of the 0-1 loss are highly preferred because of the
computational and theoretical virtues that convexity brings in. Since the choice of convex
surrogates could significantly affect the binary excess risk, the relation between risk bounds
in terms of binary 0-1 loss and it is corresponding convex surrogate has been the focus of
learning community over the last decade. It was delivered that the binary excessive risk can
be upper bound by the convex excessive risk through a transform function that only depends
on the surrogate convex loss.

Although a great deal of work has been devoted to understanding the relation between



binary excess risk and convex excess risk, there remain a variety of open problems. In
particular, this transformation is well understood under mild conditions such as convexity
and it is unclear how other properties of convex surrogates such as smoothness may affect this
relation. This becomes more critical if we consider smooth surrogates as witnessed by the
fact that the smoothness is further beneficial both computationally- by attaining an optimal
convergence rate for optimization error, and in a statistical sense- by providing an improved
optimistic rate for generalization bound. Given these positive news of using smooth convex
surrogates, an open research question is how the smoothness of a convex surrogate will affect
the binary excess risk. So we are thrived to investigate the impact of the smoothness of a
convex loss function on transforming the excess risk in terms of the convex surrogate loss

into the binary excess risk.

1.2 Sequential Prediction/Game Theoretic Learning

An alternative paradigm to analyze the learning problems is the sequential or online learning
that can be phrased as a repeated two-player game between the learner and the adversary,
making an intimate connection between learning and adversarial game theory.

In sequential prediction/online learning framework, the learner is faced with a sequence of
samples appearing at discrete time intervals and is required to make predictions sequentially.
In contrast to statistical setting, in which, the data source is typically assumed to be i.i.d.
with an unknown distribution, in the online framework we relax or eliminate any stochastic
assumptions imposed on the samples and they might be chosen adversarially. As a result,
online learning framework is better suited for adversarial and interactive learning tasks such

as spam email detection and stock market prediction where decisions of the learner could



negatively affect future instances the learner receives.

By dropping the statistical assumptions on the observed sequence, it is not immediately
clear how the prediction problem can be made meaningful and which goals are reasonable.
One popular possibility is to measure the performance of the learner by the loss he/she has
accumulated during the learning process and compare it to the loss of best fixed solution. The
cumulative loss suffered on a sequence of rounds is the sum of instantaneous losses suffered
on each one of the rounds in the sequence. In particular, the goal becomes to minimize the
gap between the cumulative loss of the online learner and the loss of a strategy that selects
the best action fixed in hindsight. This performance gap is called the regret. The analysis
of regret mainly focuses on investigating how the regret depends on the length of the time
horizon the game proceeds. We note that the best fixed action is chosen form a comparator
class of predictors against which the learner will be compared and can only be computed in
full knowledge of the sequence of loss functions.

Regret analysis stands in stark contrast to the statistical framework in which the learner
is evaluated based on his/her accuracy after seeing all training examples, making the online
learning setting inherently harder. The theoretical utility of online learning has long been
appreciated. More recently, it has become the mainstay of optimization, where it serves as
computational platform from which a variety of large-scale learning problems can be solved.
The analogous of statistical learnability in online setting is referred to as Hannan consistency.
A hypothesis class is learnable in online setting, i.e., Hannan consistent, if for any sequence
of samples, there exists an algorithm which attains sub-linear regret in terms of number of
rounds the interaction proceeds. Interestingly, unlike statistical learning theory, the analysis
of online learning is mostly algorithmic where efficient algorithms are proposed to solve the

learning problem and its performance is analyzed to guarantee the Hannan consistency.



Recently tools from convex optimization made it possible to capture many online learning
problems under a generic problem template, and in many circumstances obtain improved re-
gret bounds. This unified framework, which is referred to as Online Convex Optimization,
assumes that the learner is forced to make decisions from a convex set and the adversary is
supposed to play convex functions. Additionally, it has been demonstrated that the curva-
ture of convex loss functions played by the adversary such as strong convexity gives a great
advantage to the player to attain better regret bounds. Surprisingly, tools from online opti-
mization also provided insights to get better convergence rates or more efficient algorithms

for some stochastic and deterministic convex optimization problems.

1.2.1 Smoothness and regret bounds

Unlike strong convexity, the smoothness of loss functions is not a desirable property in online
setting as it yields the same regret bounds as the loss functions being Lipschitz continuous.
However, there are scenarios that the smoothness of the sequence of loss functions played by
the adversary becomes important. One such scenario is the online learning from loss functions
that might have some patterns and not being fully adversarial. For example, the weather
condition or the stock price at one moment may have some correlation with the next and
their difference is usually small, while abrupt changes only occur sporadically. Therefore
devising online convex optimization algorithms which can take into account the gradual
behavior of the environment and at the same time protect against the worst case sequences
would be more desireable. In terms of regret analysis, this translates to having algorithms
with regret bounded in terms of variation of loss functions instead of time horizon that is
main measure in the standard setting of sequential prediction. In these evolving settings,

the smoothness of loss function becomes critical. More importantly, no gradual variation



bound is achievable if the loss functions are no longer smooth. This necessitates the need
to develop online methods that exploit the smoothness assumption in the learning process
or in the analysis to obtain improved regret bounds in terms of variation of the sequence of

loss functions and underlines our motivation in this thesis.

1.3 Convex Optimization and Learning

In the problem of convex optimization, we are interested in minimizing a given convex
function f : R% — R form a predefined family of convex functions F over a convex set
W C R%. The goal is to find an approrimate solution with an accuracy e, i.e., finding a
w € W where f(W) —mingeyy f(w) < e. A typical optimization algorithm initially chooses
a point from the feasible convex set wg € VW and iteratively updates these points based on
some information about the function at hand until it achieves the desired accuracy.

To capture the efficiency of an optimization procedure, we follow the black-box model
of optimization 2. In this model we assume that there exists an oracle which provides
information about the query points such as function value, gradient, and second gradient
(i.e, Hessian). The number of queries issued to an oracle to find a solution with a predefined
level of accuracy is called oracle complexity when it is stated in terms of desired accuracy e
or equivalently convergence rate when it is stated in terms of the number of queries.

As already mentioned, learning problems under both statistical and online learning frame-

works can be directly formulated as optimization problems. In statistical setting and espe-

2 As indicated by Yurii Nesterov in his seminal book [121], in general, optimization problems are unsolvable

and we need to relax the goal to make it reachable.



cially convex learning problems, the learning algorithm corresponds to the optimization
algorithm that solves the minimization problem of picking a hypothesis from the set of hy-
potheses that minimizes empirical loss over training sample. Similarly, in the online convex
optimization, the online learner iteratively chooses decisions from a closed, bounded and
non-empty convex set and encounters convex cost functions.

Formulating and investigating both statistical and online learning problems in the context
of convex optimization makes an intimate connection between learning and mathematical
optimization. Therefore, the study of fast iterative methods for approximately solving convex
programming problems is a central focus of research in convex optimization, with important
applications in machine learning, and many other areas of computer science. The usefulness
of convex optimization in the development of various learning algorithms is well established
in the past several years. Additionally, challenges exist in machine learning applications
demand the development of new optimization algorithms.

In optimization for supervised machine learning and in particular the empirical risk mini-
mization paradigm with convex surrogates and gradient information, there exist two regimes
in which popular algorithms tend to operate: deterministic (also known as batch optimiza-
tion or full gradient method) regime in which whole training data are used to compute the
gradient at each iteration and stochastic regime which samples a fixed number of training
samples per iteration, typically a single training sample, to compute the gradient at each
iteration. Although stochastic optimization methods suffer from the low convergence rate
in comparison to batch methods, the lightweight computation per iteration makes them at-
tractive for many large-scale learning problems. Hence, with the increasing amount of data
that is available for training, stochastic convex optimization has emerged as the most scal-

able approach for large-scale machine learning which is known to yield moderately accurate
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solutions in a relatively short time.

We emphasize that the role of convex optimization goes beyond computational issues and
it also provides tools to characterize the learnability in convex learning problems via efficient
stochastic optimization algorithms for learning these problems.

Analogous to both statistical and online learning frameworks, the curvature of function
to be optimized, significantly affects the convergence rate of optimization methods. Perhaps

the most extensively studied are strong convexity and smoothness of function.

1.3.1 Smoothness and convergence rate

Exploiting smoothness of loss function, in particular in stochastic optimization, to obtain
better convergence rate has been one the main research challenges in recent years. Despite
enormous advances in exploiting smoothness in deterministic optimization, it has not been
utilized in stochastic optimization. In particular, stochastic optimization of smooth loss
functions exhibits the same convergence rate as stochastic optimization under Lipschitz-
ness assumption of function. Therefore, this thesis is motivated by the need of developing
stochastic optimization algorithms with better convergence rates under smoothness assump-
tion. The key question is whether or not smoothness property of loss functions could be

leveraged to develop much faster stochastic optimization methods.

1.3.2 Smoothness and projection-free optimization

At the core of many iterative constrained optimization algorithms in both online and stochas-
tic convex optimization is a projection step to ensure the feasibility of solutions for inter-

mediate iterations. This is a serious deficiency, since in many applications the projection
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onto the constrained domain might be computationally expensive and sometimes as hard as
solving the original optimization problem. It is therefore of considerable interest to devise
optimization methods which do not require projection steps or need a bounded number of
projection operations. At it will became clear later in this thesis, by smoothing a strongly
convex objective function, we are able to reduce the number of projections into a single
projection at the end of the optimization process. In contrast to the other parts of the
thesis where we assume and exploit the smoothness, this is the only result that injects and
leverages the smoothness to gain from the merits of smoothness to be able to devise more

efficient algorithms.

1.4 Main Contributions

In this section we shall elaborate on the main problems considered in this thesis and our key
contributions to address these problems. A common theme in all of the algorithms is that

they exploit the smoothness of loss function for more efficient methods.

1.4.1 Statistical Learning

e Logarithmic sample complexity for learning from smooth and strongly con-
vex losses with target risk. The first problem we consider in this thesis has a
statistical nature. In particular, we consider learning in passive setting but with a
slight modification. We assume that the target expected loss, also referred to as target
risk, is provided in advance for learner as prior knowledge. Unlike most studies in
the learning theory that only incorporate the prior knowledge into the generalization

bounds, we are able to explicitly utilize the target risk in the learning process.
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Our analysis reveals a surprising result on the sample complexity of learning: by ex-
ploiting the target risk in the learning algorithm, we show that when the loss function
is both smooth and strongly convex, the sample complexity reduces to O (log (%) ), an
exponential improvement compared to the sample complexity O(%) for learning with

strongly convex loss functions.

Unlike the previous works on sample complexity, the proof of our result is constructive
and is based on a computationally efficient stochastic optimization algorithm which
makes it practically interesting. The proposed ClippedSGD algorithm uses knowledge
of the target risk to appropriately clip gradients obtained from a stochastic oracle. The
clipping is beneficial because it reduces the variance in stochastic gradients and makes
it possible to reduce the sample complexity. This happens under the assumption that

the loss function is smooth and strongly convex.

Statistical consistency of smoothed hinge loss. The second problem we address
in statistical learning setting is to investigate the relation between the excess risk that
can be achieved by minimizing the empirical binary risk and the excess risk of smooth

convex surrogates.

As mentioned earlier, convex surrogates of the 0-1 loss are highly preferred because
of the computational and theoretical virtues that convexity brings in. This is of more
importance if we consider smooth surrogates as witnessed by the fact that the smooth-
ness is further beneficial both computationally- by attaining an optimal convergence
rate for optimization, and in a statistical sense- by providing an improved optimistic
rate for generalization bound. However, we investigate the smoothness property from

the viewpoint of statistical consistency and show how it affects the binary excess risk
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for smoothed hinge loss. In particular, we intend to answer the following fundamental
questions:

" How does the smoothness of surrogate convez loss affect the binary excess risk? Con-
sidering the advantages of smooth losses in terms of optimization and generalization, s
it beneficial or detrimental in terms of statistical consistency? Under what conditions

on these three types of errors it is better to use smooth losses?”

We show that in contrast to optimization and generalization errors that favor the
choice of smooth surrogate loss, the smoothness of loss function may deteriorate the
binary excess risk. Motivated by this negative result, we provide a unified analysis
that integrates optimization error, generalization bound, and the error in translating
convex excess risk into a binary excess risk when examining the impact of smoothness
on the binary excess risk. We show that under favorable conditions appropriate choice
of smooth convex surrogate loss will result in a binary excess risk that is better than

O(1/+/n) which is unimprovable for general non-smooth Lipschitz losses.

1.4.2 Sequential Prediction/Online Learning

e Regret bounded by gradual variation for smooth online convex optimiza-
tion. As our third problem, we study the online convex optimization problem under
the assumption that even the loss functions are arbitrary, but there is a hidden pat-
tern that can be exploited in learning process. Therefore, an interesting question that
inspires our work in the analysis of online learning algorithms is the following:

" Can we have online algorithms that can take advantage of benign sequences and at

the same time protect against the adversarial sequences?”
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To answer this question, we introduce the gradual variation, measured by the sum of
the distances between every two consecutive loss functions, to asses the performance of
online learning algorithms in gradually evolving environments such as stock prediction.
We propose two novel algorithms, an Improved Follow the Regularized Leader (IFTRL)
algorithm and an Online Mirror Prox (OMP) method, that achieve a regret bound
which only scales as the square root of the gradual variation for the linear and general

smooth convex loss functions.

To establish the main results, we discuss a lower bound for online gradient descent, and
a necessary condition on the smoothness of the cost functions for obtaining a gradual
variation bound. For the closely related problem of prediction with expert advice, we
show that an online algorithm modified from the multiplicative update algorithm can
also achieve a similar regret bound for a different measure of deviation. Finally, for
loss functions which are strongly convex in applications such as portfolio management

problem, we show a regret which is only logarithmic in terms of the gradual variation.

The gradual variation- in addition to its intrinsic interest as an extension of regret
analysis- has several specific consequences. First, since gradual variation lower bounds
the regret bound, devising algorithm with small gradual variation is also guarantees to
achieve small regret. Second, algorithms with small gradual variation are specifically
designed to attain small variation, therefore they can capture the correlation between

loss functions if it exist and boost the performance.

Gradual variation for composite online convex optimization. As an impossi-
bility result for obtaining gradual variation for convex losses, we show that for non-

smooth functions when the only information presented to the learner is the first order

15



information about the cost functions, it is impossible to obtain a regret bounded by
gradual variation. However, we show that a gradual variation bound is achievable for
a special class of non-smooth functions that is composed of a smooth component and

a non-smooth component.

We consider two categories for the non-smooth component. In the first category, we
assume that the non-smooth component is a fixed function and is relatively easy such
that the composite gradient mapping can be solved without too much computational
overhead compared to gradient mapping. In the second category, we assume that
the non-smooth component can be written as an explicit maximization structure. In
general, we consider a time-varying non-smooth component, present a primal-dual
prox method, and prove a min-max regret bound by gradual variation. When the
non-smooth components are equal across all trials, the usual regret is bounded by the

min-max bound plus a variation in the non-smooth component.

1.4.3 Stochastic Optimization

e Improved convergence rate for stochastic optimization of smooth losses. We
then turn to exploiting smoothness in stochastic optimization. Recently stochastic op-
timization methods have experienced a renaissance in the design of fast algorithms for
large-scale learning problems. Unlike the optimization methods based on full gradi-
ents, the smoothness assumption was not exploited by most of stochastic optimization
methods. More importantly, for general Lipschitz continuous convex functions, sim-
ple stochastic optimization methods such as stochastic gradient descent exhibit the

same convergence rate as that for the smooth functions, implying that smoothness of
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the loss function is essentially not very useful and can not be exploited in stochastic
optimization. Therefore, by noting this significant gap between the convergence rate
of optimization of smooth functions in stochastic and deterministic optimization, the
natural question arises is:

" Can smoothness property of function be exploited to speed up the convergence rate of

stochastic optimization of smooth functions?”.

We will provide an affirmative answer to this question. In particular, we propose a
novel optimization paradigm which interpolates between stochastic and full gradient
methods and is able to exploit the smoothness of loss functions in optimization process
to obtain faster rates. The results show an intricate interplay between stochastic and
deterministic convex optimization. The MixedGrad algorithm we propose fits in the
mixed optimization paradigm and is an alternation of deterministic and stochastic
gradient steps, with different of frequencies for each type of steps. We show that it

attains an O(1/T) convergence rate for smooth losses.

Condition number independent accesses of full gradient oracle for smooth
and strongly convex optimization. The optimal iteration complexity of the gradi-
ent based algorithm for smooth and strongly convex objectives is O(y/k log 1/¢), where
K is the conditional number (the ratio of strong convexity to smoothness parameters).
Despite its linear convergence rate in terms of target accuracy e, in the case that the
optimization problem is ill-conditioned, we need to evaluate a larger number of full
gradients, which could be computationally expensive. Therefore, a natural question is:
" Can we manage the dependency on the condition number and devise oplimization

methods independent of condition number in accessing the full gradient oracle?”
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We show that in the mixed optimization regime introduced in this thesis, we may
also leverage the smoothness assumption of loss functions to devise algorithms with
iteration complexities that are independent of condition number in accessing the full
gradient oracle. We utilize the idea of mixed optimization in progressively reducing the
variance of stochastic gradients to optimize smooth and strongly convex functions, and
propose the Epoch Mixed Gradient Descent (EMGD) algorithm that is independent of
condition number in accessing the full gradients. Similar to the MixedGrad algorithm,
a distinctive step in EMGD is the mixed gradient descent, where we use a combination
of the full gradient and the stochastic gradient to update the intermediate solutions. By
performing a fixed number of mixed gradient descents, we are able to improve the sub-
optimality of the solution by a constant factor, and thus achieve a linear convergence
rate. Theoretical analysis shows that EMGD is able to find an e-optimal solution by

computing O(log1/¢) full gradients and O(KQ log 1/€) stochastic gradients.

We also provide experimental evidence complementing our theoretical results for clas-

sification problem on few medium-sized data sets.

Efficient projection-free online and stochastic convex optimization. Another
problem we address in this thesis is efficient projection-free optimization methods for
stochastic and online convex optimization. Our motivation stems from the observation
that most of the gradient-based optimization algorithms require a projection onto the
convex set W from which the decisions are made. While the projection is straightfor-
ward for simple shapes (e.g., Euclidean ball), for arbitrary complex sets this is the main
computational bottleneck and may be inefficient in practice. For instance, for many

applications in machine learning such as metric learning, the convex domain is the
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positive semidefinite cone for which is the projection step requires a full eigendecom-
position. For many other problems, the projection step is itself an offline optimization
problem and might be as hard as solving the original optimization problem. This ob-
servation immediately leads to the following question that inspires our work:

" To what extent it is possible to reduce the number of expensive projection steps in
online and stochastic optimization? Can we trade expensive projection steps off for

other types of light computational operations?.”

We consider this problem in two settings: stochastic optimization and online convex
optimization. In stochastic setting, we develop novel stochastic optimization algo-
rithms that do not need intermediate projections. Instead, only one projection at the
last iteration is needed to obtain a feasible solution in the given domain. Our theoret-
ical analysis shows that with a high probability, the proposed algorithms achieve an
O(1/V/T) convergence rate for general convex optimization, and an O(InT/T) rate for
strongly convex optimization under mild conditions about the domain and the objec-
tive function. The key insight which underlines the proposed projection-free algorithm
for strongly convex functions is smoothing the objective function. This is in contrast
to other problems in this thesis where we try to leverage the smoothness of objec-
tive, while here we introduce smoothness to gain from its computational virtues in

alleviating the projection steps.

In online setting, we consider an alternative online convex optimization problem. In-
stead of requiring that decisions belong to a constrained convex domain for all rounds,
we only require that the constraints, which define the convex set, be satisfied in the

long run. By turning the problem into an online convex-concave optimization prob-
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lem, we propose an efficient algorithm which achieves an O(\/T ) regret bound and an
o(T3/ 4) bound for the violation of constraints. Then we modify the algorithm in order
to guarantee that the constraints are satisfied in the long run. This gain is achieved
at the price of getting O(T3/ 4) regret bound. We also prove an impossibility result
which shows that simple ideas such as augmenting the objective function with penal-
ized constraints fail to solve the problem and results in a linear bound O(T") for either

the regret or the violation of the constraints.

1.5 Thesis Overview

The remainder of this thesis is organized as follows. Chapter 2 lays out the foundation for
the rest of the thesis. In particular, we provide a survey of some of the background material
from statistical learning, sequential prediction/online learning theory, and as well as convex
optimization. It will become clear in this chapter that there exist deep connections between
these three areas.

The first part of the thesis focuses on the statistical learning, investigating the sample
complexity of learning when the target risk is known to the learner and the consistency of
smoothed hinge loss. In Chapter 3 we focus on statistical learning with target risk under the
assumption that the loss function is smooth and strongly convex. Chapter 4 investigates the
consistency of smoothed hinge loss and provides negative and positive results on transforming
its excess risk to a binary excess risk.

The second part of the thesis is on sequential prediction/online learning and introduces
the gradual variation measure to asses the performance of online convex optimization algo-

rithms in gradually evolving environments. Chapter 5 discusses the necessity of smoothness
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to obtain regret bounds in terms of gradual variation, followed by two efficient algorithms
to obtain gradual variation bounds for smooth online convex optimization problems. The
adaption to other settings such as expert advice problem and strongly convex loss functions
are also discussed. The extension of results to special composite loss functions with a smooth
component is discussed in Chapter 6.

The third part of the thesis is devoted to devising efficient stochastic optimization algo-
rithms by leveraging the smoothness of loss functions. We propose the mixed optimization
paradigm for stochastic optimization in Chapter 7 and extend to smooth and strongly con-
vex losses in Chapter 8. The stochastic optimization methods with bounded projections and
online optimization with soft constraints are elaborated in Chapter 9.

Finally, the appendix summarizes rather standard things on convex analysis and con-
centration inequalities that are used in the proof of results in the thesis and is mainly for
reference. In order to facilitate independent reading of various chapters, some of the defini-

tions from convex analysis are even repeated several times.

1.6 Bibliographic Notes

Some of the results in this dissertation have appeared in prior publications. The material
in Chapter 3 is based on a work published in Conference on Learning Theory (COLT)[102]
and the content of Chapter 4 is new [108]. The material in Chapter 5 and Chapter 6 come
from [41] which is published at COLT and its extended version has been recently published
in Machine Learning journal [150]. The results in Chapter 7 and Chapter 8 follow [107]
and [152], respectively, which are appeared in Advances in Neural Information Processing

Systems (NIPS). The content of Chapter 9 is mostly compiled from [106], [104], and [105]
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which are published at NIPS and Journal of Machine Learning Research (JMLR).
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Chapter 2

Preliminaries

The goal of this chapter is to give a gentle and formal overview of the material related
to the work has been done in this thesis. In particular, we will discuss key concepts and
questions in statistical learning, online learning, and convex optimization and will highlight
the role of analytical properties of loss functions such as Lipschitzness, strong convexity, and
smoothness in all these settings. The exposition given here is necessarily very brief and the

detailed discussion will be provided in the relevant chapters.

2.1 Statistical Learning

2.1.1 Statistical Learning Model

In a typical supervised statistical learning problem (also known as passive learning or batch
learning), we are given an instance space X, and a space ) of labels or target values. Each
element in the data domain X represents an object to be classified, e.g., the content of
an email in spam detection application or the features of an image in vision applications.
The target space ) can be either discrete ) = {—1,+1}, as in the case of classification, or
continuous Y = R, as in the case of regression. To model learning problems in statistical
or probabilistic setting, we assume that the product space = = X x ) is endowed with a

probability measure D which is unknown to the learner. However, it is possible to sample
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an arbitrary number of pairs § = ((x1,91), (x2,92), -, (Xn,yn)) € Z" according to the

underlying distribution D. We term this set of examples the training set, or the training
sample. The existence of distribution D is necessary to ensure that the already collected
samples S have something in common with the new and unseen data.

A hypothesis or classifier h : X +— ) is a function that assigns labels h(x) € Y to any
instance x € X such that the assigned label is a good approximation of the possible response
y to an arbitrary instance x generated according to the distribution D. In other words,
the hypothesis h captures the functional relationship between the input instances and the
output, which in turn makes it possible to predict the output value for future input instances.

In light of no free lunch theorem [148], learning is impossible unless we make assumptions
regarding the nature of the problem at hand. Therefore, when approaching a particular
learning problem, it is desirable to take into account some prior knowledge we might have
about our problem. In this regard, we assume that the learning algorithm is confined to a
predetermined set of candidate hypotheses H = {X — Y} to which we wish to compare
the result of our learning algorithm. In a specific learning context, the hypothesis class
can represent our beliefs on the true nature of the classification rule for the problem. For
example the hypothesis class for binary classification might be a subset of a vector space with
bounded norm which represents the linear classifiers, i.e., H = {x — sign((w,x) + b), w €
R? b eR, |w| <R}

In order to measure the performance of a learning algorithm, we usually use a loss function
¢ :H x =+ R4. The instantaneous loss incurred by a learning algorithm on instance
z = (x,y) € = for picking hypothesis h € H is given by ¢(h,z). For example, in binary
classification problems, = = X x {—1,1}, H is a set of functions h : X — {—1,1}, and the

loss function is the binary or 0-1 loss defined as ¢y_1(h(x),y) = [[h(x) # y|, where I[-] is the

24



indicator function that takes value 1 if its argument is true and 0 otherwise. In regression
or real classification problems, where the goal is to predict real valued labels ) = R, the
common loss function used to evaluate the performance of a regressor h on sample z = (x, y)
is the squared loss £(h,z) = (h(x) — y)2.

A classifier is constructed on the basis of the n independent and identically distributed
(i.i.d) samples S = ((x1,¥1), (x2,%2), ** , (Xn,yn)) from =Z. The ultimate goal of a typical
learning algorithm is to pick a classifier h € H that is competitive with respect to the best

hypothesis from H with respect to the expected risk or generalization error defined as:

Lp(h) = Egzpll(h,2)],

where E[-] denotes the expectation with respect to the (unknown) probability distribution
D underlying our samples and £(h, (x,y)) is the binary loss I[h(x) # y] for classification and
squared loss (h(x) — y)2 for regression problem. For binary classification the generalization
error of a hypotheses h : X — {—1,+1} is simply the probability that it predicts the wrong
label on a randomly drawn instance from Z, i.e., Lp(h) = ]P)(x,y)ND[h(X> # yl.

The difference between the risk of a particular classifier A and of the optimal classifier

hy = argming ey Lp(h) is called the excess risk of h, i.e.,

€(h) = Lp(h) = Lp(hx).

In designing any typical solution to a supervised machine learning problem, there are few
key questions that must be considered. The first of these concerns approximation that char-

acterizes how rich the solution space H is to approximate the true underlying model. The
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second fundamental issue concerns estimation that characterizes how well the obtained solu-
tion performs in making future predictions on unseen data and how much training samples
suffices to find the solution. The third key question concerns the computational efficiency
that characterizes how efficiently can we make use of the training data to choose an accurate
hypothesis.

The basic model to analyze learning algorithms in computational learning theory is
the Probably Approximately Correct (PAC) model proposed by the pioneering work of
Valiant [144]. It applies to learning binary valued functions and uses the 0-1 loss under
realizability assumption, i.e., the algorithm gets samples that are consistent with a hypothe-
sis in a fixed class H, 3 hy € H; Py ) oplh«(x) = y] = 1. In PAC model we bound the loss of
the algorithm with a high probability over the random draw of samples. A decision-theoretic
extension of the PAC framework which is known as agnostic learning is introduced by [87]
that generalizes the PAC model to general loss functions and without assuming realizability

assumption as defined below:

Definition 2.1 (Agnostic PAC Learnability). A hypothesis class H is agnostic PAC learnable
with respect to Z and a loss function £ : HxXZ — Ry, if there exists a function myy : (0, 1)2 —
N and a learning algorithm A with the following property: for everye,6 € (0,1) and for any
distribution D over the domain =, when running the algorithm A on m > my(e€,6) i.i.d.
examples generated by D, the algorithm returns h € H such that, with probability of at least
1—9,

Lp(h) < min Lp(h) + e
WeH

If further A runs in poly(1/e,1/5,n), then H is said to be efficiently agnostic PAC-learnable.

The goal of the PAC framework is to understand how large a data set needs to be in order
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to give good generalization. It also provides bounds for the computational cost of learning.
In agnostic PAC learnability there are two fundamental questions that need to be addressed
carefully: these are computational efficiency and sample complexity.

The computational aspect of learning measures the amount of computation required to
implement a learning algorithm. The sample complexity of an algorithm is the number of
examples which is sufficient to ensure that, with probability at least 1 —9 (w.r.t. the random
choice of §), the algorithm picks a hypothesis with an error that is at most € from the optimal
one. We note that while computational complexity concerns the efficiency of learning, the
sample complexity is a statistical measure and concerns the difficulty of learning from the
hypothesis H with respect to the underlying distribution D. An equivalent way to present
the sample complexity is to give a generalization bound. It states that with probability at
least 1 — 4, to attain a risk Lp(h) which departs from the optimal risk min;_,, Lp(h') by
at most ¢, is upper bounded by some quantity that depends on the sample size n and ¢.

Sample complexity of passive learning is well established and goes back to early works in
the learning theory where the lower bounds 2 (%(log% + log %)) and 2 (ﬁ(log% + log %))
were obtained in classic PAC and general agnostic PAC settings, respectively [52, 26, 7]. It
worth emphasizing that the PAC framework is a distribution-free model and we are inter-
ested in sample-complexity guarantees that hold regardless of the distribution D from which

examples are drawn.

2.1.2 Empirical Risk Minimization

Since in the probabilistic setting, we assume that there is an underlying probability distri-
bution D over the sample space X x ) which captures the relationship between the samples

given to the algorithm during training and the new instances it will receive in the future;
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the training examples must be ‘representative’ in some way of the examples to be seen in
the future. Clearly, learning is hopeless if there is no correlation between past and present
rounds.

Note however that the distribution D is not known to the learner; the learner sees the
distribution only through the training examples S = (z1,292, - ,2zy) € =", and based on
these examples, must learn to predict well on new instances from the same distribution.
Therefore, we cannot compute the generalization error directly and machine learning aims
to find estimators based on the observed data samples S .

A simple and well-known learning approach is the empirical risk minimization (ERM)

method. Basically, the idea of ERM is to replace the unknown true risk

Lp= P(x,y)w@[h(x) 7 y]

by its empirical counterpart rooted in the training set S and minimize this empirical risk as

defined below:

Ls(h) = |{i i € [n] and h(xp) # 3} |

The empirical error Lg(h) of any hypothesis h € H is its average error over the training
samples in S, while the generalization error Lp(h) is its expected error based on a random
sample realized by the distribution D. We note that the empirical error is a useful quantity,
since it can easily be determined from the training data and it provides a simple estimate of
the true error. The empirical loss over the training data provides an estimate whose loss is
close to the optimal loss if the class H is sufficiently large so that the loss of the best function
in ‘H is close to the optimal loss and is small enough so that finding the best candidate in

‘H based on the data is computationally feasible. In this regard, generalization error bounds
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give an upper bound on the difference between the true and empirical error of functions in
a given class, which holds with high probability with respect to the sampling of the training
set.

Then, our task becomes to evaluate the expected risk relying on the empirical error.
Having this quantity bounded, a learning algorithm may choose the hypothesis that is the
most accurate on the sample, and is guaranteed that its loss on the distribution will also
be low. The statistical learning theory is concerned with characterizing learnability and
providing bounds on the deviations of this estimate from the expected error. One of its
main achievements is a complete characterization of the necessary and sufficient conditions
for generalization of ERM, and for its consistency.

A fundamental answer, formally proven for supervised classification and regression, is
that learnability is equivalent to uniform convergence, and that if a problem is learnable, it

is learnable via empirical risk minimization.

Definition 2.2 (Uniform Convergence). A hypothesis class H has the uniform convergence
property with respect to = and the loss function £ : H x = — Ry, if for any probability
distribution D over =, there exists a function myy : (0, 1)2 — N such that for any sample S

of size myy(€,9) drawn i.i.d based on D, with probability at least 1 — 0, Yh € H it holds:

|Ls(h) — Lp(h)| < e

Hence, the crucial step towards proving learnability is to obtain a result on the uniform
convergence of sample errors to true errors. Uniform convergence of empirical quantities
to their mean provides ways to bound the gap between the expected risk and the empiri-

cal risk by the complexity of the hypothesis set. Hence, the complexity of the hypothesis
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class H is the critical factor in determining the distribution-free sample-complexity of a su-
pervised learning problem. Several complexity measures for hypothesis classes have been
proposed, each providing a different type of guarantee including the Vapnik-Chervonenkis
(VC) dimension [146] and the Rademacher complexity [15, 91]. The main virtue of the
Vapnik-Chervonenkis theorem and Rademacher complexity is that they convert the prob-
lem of uniform deviations of empirical averages into a combinatorial and data dependent
problems, respectively.

We note that uniform convergence arguments is not the only possible way to characterize
learnability. Since the first results of Vapnik and Chervonenkis on uniform laws of large
numbers for classes of binary valued functions, there has been a considerable amount of
work aiming at obtaining generalizations and refinements of these bounds. These techniques
include sample compression [55], algorithmic stability [32], and PAC-Bayesian analysis [112]
which also have been shown for characterizing learnability and proving generalization bounds.
We will also discuss the stochastic optimization machinery [133] to characterize learnability

in general settings later in this chapter.

2.1.3 Swurrogate Loss Functions and Statistical Consistency

Although ERM approach has a lot of theoretical merits, since we should seek to minimize the
training error based on 0-1 loss, it typically is a combinatorial problem, leading to NP-hard
optimization problem which is not computationally realizable.

A common practice to circumvent this difficulty is to revert to minimize a surrogate
loss function, i.e., to replace the indicator function by a surrogate function and find the
minimizer with respect to this surrogate function. Obviously, the surrogate loss needs to

be computationally easy to optimize, while close in some sense to the 0-1 loss. In partic-
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== 0-1 loss
— Hinge loss
— Logistic loss

— Exponential loss

N > y(w,X)

7

Figure 2.1: Illustrations of the 0-1 loss function, and three surrogate convex loss functions:
hinge loss, logistic loss, and exponential loss as scalar functions of y(w, x).

ular, if the surrogate function is assumed to be convex, it allows the optimization to be
performed efficiently with only modest computational resources. Examples of such surro-
gate loss functions for 0-1 loss include logistic loss £1o(h, (x,y)) = log(1 + exp(—yh(x)))
in logistic regression [61], hinge loss lpinge(h, (X,y)) = max(0,1 — yh(x)) in support vector
machines (SVMs) [43] and exponential loss lexp(h, (X,y)) = exp(—yh(x)) in boosting (e.g.,
AdaBoost [58]). When the hypothesis class H consists of functions that are linear in a
parameter vector w, i.e., linear classifiers, these loss functions are depicted in Figure 2.1.
Having defined the surrogate loss functions, then the task is to minimize the relaxed
empirical loss in terms of the surrogate losses. However, in practice, the ubiquitous approach
to find the solution is the regularized empirical risk minimization which adds a regularization

function R(h) to the objective and solves

hs € arg }rlrél?r_} {Eg(h) +R(h) = %Z U(h,z;) + R(h)} . (2.1)
1=1
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The goal of introducing regularizer is to prevent over-fitting. Of course, given some training
data, it is always possible to build a function that fits exactly the data. But, in the presence of
noise, this may lead to a poor performance on unseen instances. An immediate consequence
of adding the regularization term is to favor simpler classifiers to increase its generalization
capability. Some of the commonly used regularizers in the literature are R(h) = HhH%,
and R(h) = ||h|l;. We note that solving the optimization problem in (2.1) is a convex
optimization problem for which efficient algorithms exist to find a near optimal solution in
a reasonable amount of time.

Although the idea of replacing the non-convex 0-1 loss function with convex surrogate
loss functions seems appealing and resolves the efficiency issue of the ERM method, but
it has statistical consequences that must be balanced against the computational virtues of
convexity. The question then is how well does minimizing such a convex surrogate perform
relative to minimizing the actual classification error. Statistical consistency concerns this
issue. Consistency requires convergence of the empirical risk to the expected risk for the
minimizer of the empirical risk together with convergence of the expected risk to the min-
imum risk achievable by functions in # [14]. An important line of research in statistical
learning theory focused on relating the convex excess risk to the binary excess risk. It is
known that under mild conditions, the classifier learned by minimizing the empirical loss of
convex surrogate is consistent to the Bayes classifier [156, 101, 80, 97, 141, 14]. For instance,
it was shown in [14] that the necessary and sufficient condition for a convex loss £(-) to be
consistent with the binary loss is that ¢(-) is differentiable at origin and ¢/(0) < 0. It was
further established in the same work that the binary excessive risk can be upper bound by
the convex excess risk through a w-transform that depends on the surrogate convex loss

((+). A detailed elaboration of this issue will be given in Chapter 4 where we examine the
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statistical consistentency of smooth convex surrogates.

2.1.4 Convex Learning Problems

We now turn our attention to convez learning problems where = be an arbitrary measurable
set, H be a closed, convex subset of a vector space, and the loss function ¢(h,z) be convex
w.r.t. its first argument. This family of learning encompasses a rich body of existing learning
methods for which efficient algorithms exists such as support vector machines, boosting
and logistic regression. Convex learning problems makes an important family of learning
problems, mainly because most of what we can learn efficiently falls into this family.
Before diving into formal definition, we need to familiarize ourselves with the follow-
ing definitions about convex analysis [28, 121] which will come in handy throughout this

dissertation (for standard definitions about convex analysis see Appendix 77).

Definition 2.3 (Convexity). A set W in a vector space is convez if for any two vectors
w,w € W, the line segment connecting two points is contained in W as well. In other
fords, for any \ € [0,1], we have that \w + (1 — \)w' € W. A function f : W — R is said

to be convex if W is convex and for every w,w' € W and o € [0, 1],
FOW + (1= )W) < Af(w) + (1= A f(w).
A continuously differentiable function is convex if f(w) > f(W') + (Vf(w'),w —w') for all
w,w € W. If f is non-smooth then this inequality holds for any sub-gradient g € f(w').
The formal definition of convex learning problems is given below.

Definition 2.4 (Convex Learning Problem). A learning problem with hypothesis space H,
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nstance space = = X x Y, and the loss function { : = x H +— R4 is said to be convez if the
hypothesis class H is a parametrized convex set H = {hw : x = (w,x) : w € R%, ||w| < R}

and for all z = (x,y) € Z, the loss function ((-,z) is a non-negative convex function.

In the remainder of thesis, when it is clear from the context, we will represent the hy-
pothesis class with VW and simply use vector w to represent hyw, rather than working with
hypothesis Ay .

We note that for convex learning problems, the ERM rule becomes a convex optimization
problem which can be efficiently solved. This stands in sharp contrast to non-convex loss
functions such as 0-1 loss for which solving the ERM rule is computationally cumbersome
and known to be NP-hard. Obviously, this efficiency comes at a price and not every convex
learning problem is guaranteed to be learnable and convexity by itself is not sufficient for
learnability. This requires to impose more assumptions on the setting to ensure the learn-
ability of the problem. In particular, it can been shown that if the hypothesis space W is
bounded and the loss function is Lipschtiz or smooth as formally defined below, then the

convex learning problem is learnable [133, 130].

Definition 2.5 (Lipschitzness). A function f: W — R is p-Lipschtiz over the set W if for

every w,w’ € W we have that |f(w) — f(w)| < p||lw — w/||.

Definition 2.6 (Smoothness). A differentiable loss function f : W — R is said to be (-

smooth with respect to a norm || - ||, if it holds that

f(w) < f(W)+(Vfw),w—w)+ §||W — W/||2, Vw,w ew. (2.2)
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We note that smoothness also follows if the gradient of the loss function is S-Lipschtiz,
ie., [|[Vf(w)—Vf(w)| < B|lw—w||. Smooth functions arise, for instance, in logistic and
least-squares regression, and in general for learning linear predictors where the loss function
has a Lipschitz continuous gradient.

There has been an upsurge of interest over the last decade in finding tight upper bounds
on the sample complexity of convex learning problems by utilizing prior knowledge on the
curvature of the loss function, that led to stronger generalization bounds in agnostic PAC
setting. In [95] fast rates obtained for squared loss, exploiting the strong convexity of this
loss function, which only holds under pseudo-dimensionality assumption. With the recent
development in online strongly convex optimization [68], fast rates approaching O(% log %)
for convex Lipschitz strongly convex loss functions has been obtained in [83, 140, 82] and for
exponentially concave loss functions in [103]. For smooth non-negative loss functions, [138]
improved the sample complexity to optimistic rates for non-parametric learning using the

notion of local Rademacher complexity [13].

2.2 Sequential Prediction/Online Learning

The statistical model discussed above, first assumes the existence of a stochastic model
for generating instances according to the underlying distribution D, and then samples a
training set S = ((x1,41), (X2,¥2), - , (Xn, yn)) and investigates the ERM strategy to find
a hypothesis h € H which generalizes well on unseen instances. Although, this model is valid
for cases for which a tractable statistical model reasonably describes the underlying process,
but it may be unrealistic in practical problems where the process is hard to model from a

statistical viewpoint and may even react to the learners’s decisions, e.g., applications such
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as portfolio management, computational finance, and whether prediction.

Sequential prediction/online learning (also known as universal prediction of individual
sequences) is a strand of learning theory avoiding making any stochastic assumptions about
the way the observations are generated and the goal is to develop prediction methods that are
robust in the sense that they work well even in the worst case. For instance, in the problem
of online portfolio management [18], an online investor wants to distribute her wealth on
a set of available financial instruments without any assumption on the market outcome in
advance. Obviously in applications of this kind, the main challenge is that the learner can
not make any statistical assumption about the process generating the instances and the data
are continuously evolving or adversarially changing. Online learning or sequential prediction
is an elegant paradigm to capture these problems that alleviates the statistical assumption

usually made in statistical setting (see e.g., [38] and [129] for through discussion).

2.2.1 Mistake Bound Model and Regret Analysis

The problem of sequential prediction may be cast as a repeated game between a decision
maker- also called the forecaster- and an environment- also called adversary. In this model,
learning proceeds in T' consecutive rounds, as we see examples one by one. At the beginning
of round ¢, the learning algorithm A has the hypothesis Ay € H and the adversary picks
an instance zy = (x¢,v¢). The adversary at round ¢ can select the instance z; € = in an
adversarial worst case fashion based on previous instances z1, ..., z;_1 and based on previous
hypotheses hi,...,ht_1 selected by the learner. Then, the learner receives the instance x;
and predicts hy(x¢). At the end of the round, the true label y; is revealed to the learner
and A makes a mistake if h¢(x;) # y¢. Unlike statistical setting, here the prediction task is

sequential: the outcomes are only revealed one after another; at time ¢, the learner guesses
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the next outcome y; before it is revealed. The algorithm then updates its hypothesis, if
necessary, to hyq1 and this continues till time 7.

The sequential prediction model discussed above, which is reminiscent of the framework
of competitive analysis [27], is known as mistake bound model and was introduced to learning
community in [98]. In this model the goal of the learner is to sequentially deduce information
from previous rounds so as to improve its predictions on future rounds. When the algorithm
is conservative (or lazy), meaning that the algorithm only changes its hypothesis when it
makes a mistake is called mistake driven. We note that many seemingly unrelated problems
fit in the framework of the abstract sequential decision problem including online prediction
problems in the experts model [37], Perceptron like classification algorithms [25], Winnow
algorithm [98], and learning in repeated game playing [59]- to name a few. Here we list few

sequential prediction problems to better illustrate the setting.

Example 1: Online classification and regression. As an illustrative example let us
consider the online binary classification problem where at each round ¢ the learner receives
an instance x; € X as input and is required to predict a label gy € Y = {—1,+1} for the
input instance. Then, the learner receives the correct label 3 € ) and suffers the 0-1 loss:
Ily+ # §¢]. As another example, let us consider online regression problems where at each
round ¢ a feature vector x; € R? is given to the online learner, and a value 3y € R has to
be estimated using linear predictors with bounded norm, i.e, H = {x — w,x : W € R .

|lw|| < R}, that the learner predicts (w,x;). The loss function at round ¢ for a predictor w

is 0(w) = (yr — (W, xe))%

Example 2: Prediction with expert advice. Every day the manager of a company
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should decide to produce one of the K different products without knowing the market demand
in advance. At the end of the day, he will be informed the gain achieved by selling the product
but nothing about the potential income from other products. The goal of the manager is
to maximize the income of company over a sequence of many periods. This is a problem
of repeated decision-making which is called learning from expert advice where the objective
functions to be optimized are unknown and revealed (perhaps only partially) in an online
manner. In the general prediction with expert advice game a learner competes against
K € N experts in a game consisting of T' rounds. Each round ¢, each expert reveals a
prediction from ) = {0, 1}. The learner form its own prediction by sampling an expert from
hy = wy € H = Ak, where A is the set of probabilities over K experts (i.e., simplex).
The true outcome y; is then revealed and the learner and all of the experts receive a penalty
depending on how well their prediction fits with the revealed outcome. The aim of the learner
in this game is to incur a cumulative loss over all rounds that is not much worse than the
best expert.

One natural measure of the quality of learning in mistake bound model of sequential
setting is the number of worst case mistakes the learner makes. In particular, under the
realizability assumption (i.e. where there exists a hypothesis in H which performs perfectly
on the sequence), the learner’s goal becomes to have a bounded number of mistakes which is
known as mistake bound. The optimal mistake bound for a hypothesis class H is the minimum

mistake bound over all learning algorithms A on the worst case sequence of examples:

T
Mistake(A, H,=,T) = min max Iht(x h(x¢)], 2.3
( ) hl,h%”’hT€HX17X2,m3XT€X; [1e(x¢) # h(xt)] (2.3)
where hy, ho,--- , hp € H is the sequence of hypothesis generated by A.
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We say that a hypothesis class H is learnable in the online learning model if there exists
an online learning algorithm A with a finite worst case mistake bound, no matter how long
the sequence of examples T is. We note that the mistake bound model, in comparison
to PAC model, is strong in the sense that it does not depend on any assumption about
the instances. It is also remarkable that despite the inherent differences between PAC and
mistake bound frameworks, mistake bounds have corresponding risk bounds that are not
worse, and sometimes better, than those obtainable with a direct statistical approach. In
particular, by a simple reduction, it is straightforward to show that if an algorithm A learns
a hypothesis class H in the mistake bound model, then A also learns H in the probably
approximately correct model.

We note that due to impossibility theorem by Cover [45], any online predictor that
makes deterministic predictions is doomed to achieve a sub-linear regret universally for all
sequences. To circumvent this obstacle, two typical solutions have been examined which are
randomization and convexification. In the former we allow the learner to make randomized
predictions, making the algorithm unpredictable against the adversary, and in the latter we
replace the non-convex 0-1 loss with a cover surrogate loss function (see e.g., [24] and [129)]).

Similar to statistical learning, we can also generalize online setting to the agnostic (a.k.a.
non-realizable) setting where there is no classifier in H which performs perfectly on the
sequence. In this case an adversary can make the cumulative loss of our online learning
algorithm arbitrarily large. To overcome this deficiency, the performance of the forecaster
is compared to some notion of "how well it could have performed”. In particular, the
performance of the online learner is compared to that of the best single decision for the

sequence, in hindsight, chosen from the hypothesis in H. This brings us to the objective
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which is commonly known as regret which is formally defined by:

T T

Regret(A, H,=,T) = Zf(ht, (xt,9t)) — }flnlﬁ O(h, (x¢,t)) (2.4)
=1 )

where ¢(h, (x,y)) is the loss function to measure the discrepancy between the prediction
h(x) and the corresponding observed element, e.g., 0-1 loss function I[h(x) # y| for binary
classification.

Regret measures the difference between the cumulative loss of the learner’s strategy and
the minimum possible loss had the sequence of loss functions been known in advance and
the learner could choose the best fixed action in hindsight. In particular, we are interested
in rates of increase of Regret(A,H,=,T) in terms of 7. When this is sub-linear in the
number of rounds, that is, o(7"), we call the solution Hannan consistent [38], implying that
the learner’s average per-round loss approaches the average per-round loss of the best fixed
action in hindsight. It is noticeable that the performance bound must hold for any sequence

of loss functions, and in particular if the sequence is chosen adversarially.

Online learnability. In the online setting, the analogous of PAC learnability was addressed
by Littlestone [98] who described a combinatorial characterization of hypothesis classes that
are learnable in mistake bound model under realizability assumption. The extension of
these results to agnostic online setting was addressed in [20]. Recall that, in the PAC
model, VC-dimension of hypothesis class H characterizes learnability of H if we ignore
computational considerations. Moroever, VC-dimension characterizes learnability in the
agnostic PAC model as well. In online setting what is known as Littlestone’s dimension plays

the same rule. Recently, notion of Sequential Rademacher complexity has been introduced to

40



characterizing online learnability which plays the similar role as the Rademacher complexity

in statistical learning theory [126].

2.2.2 Online Convex Optimization and Regret Bounds

The online convex optimization (OCO) framework generalizes many known online learning
problems in the realm of sequential prediction and repeated game playing. Among these are
online classification and sequential portfolio optimization. The unified setting of OCO was
introduced in [63] and the exact term was used before in [158]. Since the introduction of
OCO, there have been a dizzying number of extensions and variants that is the focus of this
section.

Assume we are given a fixed convex set VW and some set of convex functions F on W. In
OCO, a decision maker is iteratively required to choose a decision wy € W. After making
the decision wy at round ¢, a convex loss function f; € F is chosen by adversary and the
decision maker incurs loss fiy(w¢). The loss function is chosen completely arbitrarily and
even in an adversarial manner given the current and past decisions of the decision maker.
Online linear optimization is a special case of OCO in which the set F is the set of linear
functions, i.e., F = {w — (f,w) : f € R?}. The goal of online convex optimization is to
come up with a sequence of solutions wy, ..., wp that minimizes the regret, which is defined
as the difference in the cost of the sequence of decisions accumulated up to the trial 7' made

by the learner and the cost of the best fixed decision in hindsight, i.e.

Regret(A, W, F,T)

H(wy) — mln th

IIMH

Based on the type of feedback revealed to learner by adversary at the end of each iteration,

41



we distinguish two types of OCO problem. In the full information OCQO, after suffering the
loss, the decision maker gets full knowledge of the function fi(-). In the partial information
setting (also bandit OCO), the decision maker only learns the value fy(w¢) and does not
gain any other knowledge about fi(-).

We also distinguish between oblivious and adapive adversaries. In the oblivious or non-
adaptive model, adversary is assumed to know our algorithm, and can pick the worst possible
sequence of cost functions for it. However this sequence must be fixed in advance before game
starts; during the game, adversary receives no feedback about our chosen decisions. In the
more powerful adaptive model, the adversary is assumed to know not only our algorithm,
but also the history of the game up to the current round. In other words, at the end of
each round ¢, our decision wy is revealed to adversary, and the next cost function f¢(-) may
depend arbitrarily on wq, -, wy.

The design of algorithms for regret minimization in OCO setting recently has been influ-
enced by tools from the convex optimization. It has long been known that special kinds of
loss functions permit tighter regret bounds than other loss functions. Two most important
family of loss functions that has been considered are convex Lipschtiz and strongly convex
functions.

Before presenting the known results on regret bounds for different families of loss func-

tions, we will first need the definition of strong convexity as:

Definition 2.7 (Strong Convexity). A loss function f : W — R is said to be a-strongly
convex w.r.t a norm || - ||, if there exists a constant o > 0 (often called the modulus of strong

converity) such that, for any A € [0,1] and for all w,w' € W, it holds that

FOw -+ (1= )W) < af(w) + (1= N)fw) = A1~ Nallw — W]
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If f(w) is twice differentiable, then an equivalent definition of strong convexity is V2f (w) =
al which indicates that the smallest eigenvalue of the Hessian of f(w) is uniformly lower
bounded by a everywhere. When f(w) is differentiable, the strong convexity is equivalent

to

F(w) 2 f(w) + (VAW)ow = W) + Tllw = w2 ¥ wow! e W

Henceforth, we shall review few algorithms for OCO and state their regret bounds under

different assumptions on the curvature of the sequence of the adversarial loss functions.

2.2.2.1 Online Gradient Descent

We start with the first, perhaps the simplest online convex optimization algorithm, which
nevertheless captures the spirit of the idea behind the most of existing methods. This
algorithm applies to the most general setting of online convex optimization and is referred
to as Online Gradient Descent (OGD). The OGD method is rooted in the standard gradient
descent algorithm and was introduced to the online setting by Zinkevich [158].

The OGD method starts with an arbitrary decision wq € W, and iteratively modifies it

according to the cost functions that are encountered so far as follows:
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Online Gradient Descent (0GD)

Input: convex set W, step size n > 0
Initialize: w1 € W
fort=1,2,....T
Play w1 = Iy (wi — 0V fr(we))
Receive loss function fyy1(+) and incur fyy1(wesq)

end for

Here IIyy(-) denotes the orthogonal projection onto the convex set W.

The OGD algorithm is straightforward to implement, and updates take time O(d) given
the gradient. However, the projection step might be computationally cumbersome for com-
plex domains WW. The following theorem states that the regret bound for OGD method when
applied to convex Lipschitz functions is on the order of O(\/T ) which has been proven to be

tight up to constant factors [1].

Theorem 2.8. Let f1, fa,..., f7 be an arbitrary sequence of convez, differentiable functions
defined over the convex set W C R%. Let G = max;e ) ||V fi(w)|| and R = maxy, /oy |[W—
w'||. Then OGD with step size n; = % achieves the following guarantee for any w € W,

for all'T > 1.

T W— W ) T
> stwn) = 3wy < VRIS o P = oravT) (25)
t=1

#
I
—

In fact it is possible to show that OGD can attain a logarithmic regret O(logT) for

strongly convex functions by appropriately tuning the step sizes as stated below.
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Theorem 2.9. Let f1, fo,..., fr : W — R be an arbitrary sequence of a-strongly convex
functions. Under the same conditions as Theorem 2.8 with step size ny = L the OGD

at’

algorithm achieves the following regret:

T T 1 G2
D Jelwe) =D Siw) <GPy — < (1 +logT) = Olog T) (2.6)
t=1

Remark 2.10. In the above algorithm, the updating rule for OGD uses the gradients of
the loss functions V fy(w) at each iteration to update the solution. In fact it is not required
to assume that the loss functions are differentiable and it suffices to assume that the loss
functions only have a sub-gradient everywhere in the domain VW, making the algorithm suit-
able for non-smooth settings. In particular for any gt € Ofi(w¢) where Ofi(wy) is the set
of sub-gradient at point wy, the algorithm is able to achieve the same regret bounds in both

cases.

2.2.2.2 Follow The Perturbed Leader

The first efficient algorithm for the general online linear optimization problems is due to
Hannan [65], and was subsequently rediscovered and clarified in [86]. The Follow The Per-
turbed Leader (FTPL) algorithm assumes that there is an oracle that can efficiently solve
the offline optimization problem. Having access to such an oracle, the FTPL selects the de-
cision that appears to be the best so far, but for a version of actual cost vectors which have
been perturbed by the addition of some noise. The addition of random noise to the observed
cost functions has the effect of slowing down the algorithm so that instead of tracking small
fluctuations in cost functions, it has the tendency to stick to the same decision unless there

is a compelling reason to switch to another decision.
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Although the FTPL algorithm works in a similar setting as OGD, but there is a crucial
difference between them which makes FTPL more suitable for online combinatorial learn-
ing. In particular, the decision set YW does not need to be convex as long as the offline
optimization problem can be solved efficiently. This is a significant advantage of the FTPL
approach, which can be utilized to tackle more general problems with discrete decision spaces.
The FTPL method for online decision making relies on a linear optimization procedure M
over the set W that computes M(f) = argmingepw (f, w) for all f € RY Then, FTPL

chooses w; by first drawing a perturbation p; € [0, %]d

Wit = M (Zizl fr + #t)'

uniformly at random, and computing

Follow The Perturbed Leader (FTPL)

Input: a general domain W, step size n > 0, offline linear oracle M over W
Initialize: wy € argmingcyy M(0)
fort=1,2,....T

4 yniformly at random

Draw p; € |0, %]
Play wi 1 = M (23:1 fr + Mt)
Receive loss vector f;11 € R and incur (fr11, Wei1)

end for

The regret of FTPL algorithm is stated in the following theorem.

Theorem 2.11 (Regret Bound for FTPL). Let fy,..., fp be an arbitrary sequence of linear
loss functions from unit ball and let w1,...,wp be the sequence of decisions generated by

the FTPL constrained to a general set W. Then for any w € W, the FTPL algorithm with
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ft(w) fy = V fir(wy)

Adversary Linearization FTRL

Wil €W wii] €W

Figure 2.2: Reduction of general online convex optimization problem to online optimization
with linear functions.

parameter n = \/R/GT satisfies:

T T
E | (f.we)| =) (f,w) < 2VRGT

t=1 t=1

where maxyw |(f, w)| < G,t € [T] is an upper bound on the magnitude of the rewards, and

R is an upper bound on the {1 diameter of W, i.e., R > MaXy w/eyy lw —w'||y.

2.2.2.3 Follow The Regularized Leader

A natural modification of the basic FTPL algorithm or fictitious play in game theory is
the Follow The Regularized Leader (FTRL) algorithm, in which we minimize the loss on
all past rounds plus a regularization term. Regularization is an alternative to perturbation
to stabilize decisions during the prediction. Naturally, different regularization functions will
yield different algorithms for different applications.

In FTRL we assume that the loss functions are linear fy(w) = (f;, w),f; € R? and the
generalization to convex loss functions can be accomplished by linearization strategy. This
reductions is shown in Figure 2.2. The main idea behind linearization trick is that if an
algorithm A is able to achieve good regret against linear loss functions, then A can be used

to achieve good regret against sequences of convex loss functions as well. To see this, we
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note that from the definition of convexity, i.e, fr(w) > fr(wy) + (V fir(we), w — wy), we can
feed the learner A with linear loss functions f/(w) = (V fy(w¢), w) and then guarantee that
ft(wy) — fe(w) < (ft, wy — w). Therefore, any bound on the regret of linear loss functions
directly translate to a regret bound for convex losses.

The FTRL algorithm at each round ¢ solves an offline optimization problem based based
on the sum of loss functions up to time ¢t — 1 and a regularization function. Let R(w) be a

strongly convex differentiable function. The detailed steps of FTRL are as follows [3]:

Follow the Regularized Leader (FTRL)

Input: convex set W, step size n > 0, regularization R(w)
Initialize: wi € arg mingcyy R(w)
fort=1,2,...,T
Play w;1 1 = argmingcypy Zé:l (fs, W) + R(w)
Receive loss function fyy1(+) and incur fyy1(wegq)

Set f11 =V fir1(Wet1)

end for

It is noticeable that what FTRL implements at each iteration is the regularized empirical
risk minimization over the previous trials as we saw in the statistical learning. In online
setting, the regularizer has the role of forcing the consecutive solutions is to stay closer
to each other, similar role role the perturbation plays in FTPL algorithm. Furthermore,
different choices of the regularizer lead to different algorithms. For instance, in the simplest

case if we let R(w) = %||WH2, then the FTRL behaves same as OGD algorithm.
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It is not hard to prove a simple bound on the regret of the FTRL algorithm for a given

strongly convex regularization function R(w) and the learning rate 7.

Theorem 2.12 (Regret Bound for FTRL). Let fi,fs,... fp € R be an arbitrary sequence of
linear loss functions over convez set W C R%. Let R : K +— R be a 1-strongly convex function
with respect to a norm || - ||. Let R = maxwew R(W) — R(W1) and max;ciqy [[f[[« < G.

Then for any w € W by setting n = GQT the regret of FTRL is bounded by:

M’ﬂ

. R(w) -
Sl wi) =D (fw) < ; ) 4 nZ |17 = O(GV/RT) (2.7)
t=1

t=1
2.2.2.4 Online Mirror Descent

Another algorithm for OCO problem is the online version of celebrated proximal point algo-
rithm in offline convex optimization. As mentioned before, the implicit goal of regularization
used in the FTRL algorithm is to control by how much the consecutive solutions differ from
each other. The proximal point algorithm is designed with the explicit goal of keeping w1
as close as possible to w;. The closeness of two solutions are measured by the Bregman
divergence induced by a strongly convex Legendre function ®(-) defined over convex domain
IC. A Legendre function is a strictly convex functions with continuous partial derivatives and
gradient blowing up at the boundary of its domain (see Appendix ?? for detailed discussion).
We assume that YW N K # (). Online proximal point method solves an optimization problem
which expresses the tradeoff between the distance from the old solution and the loss suffered

by by the current convex function as:

W] = arg wé%%lc [ntft(w) + B@(W7Wt)] , (2.8)
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where Bg(w, wy) is the Bregman divergence induced by ®(-) (Definition A.17). When the
loss functions are linear, i.e., fy(w) = (f;, w) for some f; € R, or one replaces the objective
ft(w) in (2.8) with its linearized term, i.e., fy(w) = fr(w¢)+(w — wy¢, V fr(wy)), the proximal

point method becomes the Online Mirror Descent (OMD) algorithm as detailed below:

Online Mirror Descent (OMD)

Input: convex sets W, step size n > 0, Legendre function ¢ : £ — R
Initialize: wi € argmingcx ¢(w)
fort=1,2,....T
Play wyi1 = argmingewnic |m{W — we, V fi(W)) + Bo(w, wy)
Receive loss function fyy1(+) and incur fyi1(weyq)

end for

Theorem 2.13 (Regret Bound for OMD). Let f1, fa, ..., fr be an arbitrary sequence of con-
vez, differentiable functions defined over the convex set W C R?. Let G = maxy ||V fr (wy)]]«
and R = maxy, oreyy l|lw —w'||. Let ® : K~ R be a Legendre function which is 1-strongly

convez w.r.t the norm || - || and WNIK # 0. Then the regret of the OMD can be bounded by

T T T
Bo(w,w
S i) =3 fiw) < PV IS o w2 = O(RGYVT), (29)
t=1 t=1 t=1
where || - ||« is the dual norm to || - ||.

We note that many classical online learning algorithms can be viewed as variants of OMD,

generally either with the Euclidean geometry such as Perceptron algorithm and OGD, or in
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the simplex geometry, using an entropic distance generating function such as Winnow [98]

and Online Exponentiated Gradient algorithm [90].

2.2.2.5 Online Newton Step

As mentioned in the analysis of OGD algorithm, it attains a logarithmic regret O(logT') if
the sequence of loss functions which have bounded gradient and are strongly convex. Another
case in which we can obtain logarithmic regret is the case of exp-concave loss functions (i.e.,
the function exp(—af(w)) is concave for some «). Exp-concavity is weaker condition than
the bounded gradient and strong convexity. Online Newton Step (ONS) [68] is the adaption
of Newton method for convex optimization to online setting and is able to achieve logarithmic

regret when learned on exp-concave functions which makes is more general than OGD.

Online Newton Step (ONS)

Input: convex sets W, step size n > 0
Initialize: wi € arg mingcr (w)
fort=1,2,....T

A _ _
Play w1 = 11! <Wt — A, l[vft(wt>]) where Ay_1 = 2071 V fo(we)V fs(ws) T

Receive loss function fry1(+) and incur fry1(wesq)

end for

Here H{}V() is the projection induced by the a matrix A, i.e., H{}V(W) = mingep(z —
W)TA(Z — w). We note that compared to the provisos algorithms which only exploit first-

order information about the loss functions, the analysis of ONS method is based on second
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order information, i.e. the second derivatives of the loss functions, whereas the implementa-
tion of ONS relies only on first-order information.

The following result shows that the ONS method achieves a logarithmic regret for exp-
concave functions which is stronger result than the performance of OGD for strongly convex

losses.

Theorem 2.14 (Regret Bound for ONS). Let fi, fa,..., fr be an arbitrary sequence of a-
exp-concave functions defined over the convex set W C R% with G = maxy ||V fy(wy)||. Let
R = maxy ey ||[w — w'||. Then the ONS algorithm achieves the following regret bound

for any w € W:

T
fr(wy) — Z fr(w) < (é + GR)dlogT = O(dlogT) (2.10)
t=1

1M

We note that also this result seems interesting, but for some of the functions of interest
such as logistic loss the exp-cancavity parameter a could be exponentially large in d [113].

The exponential dependence on the diameter of the feasible set can make this bound worse

than the O(v/T) bound obtained by OGD.

2.2.3 Variational Regret Bounds

Most previous works, including those discussed above, considered the most general setting
in which the loss functions could be arbitrary and possibly chosen in an adversarial way.
However, the environments around us may not always be adversarial, and the loss functions
may have some patterns which can be considered to achieve a smaller regret. Consequently;,
it is objected that requiring an algorithm to have a small regret for all sequences leads to

results that are too loose to be practically interesting. As a result, the bounds obtained for
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worst case scenarios become pessimistic for these regular sequences. Therefore, it would be
desirable to develop algorithms that yield tighter bounds for more regular sequences, while
still providing protection against worst case sequences. To this end, we need to replace the
number of rounds appeared in the regret bound with some other notion of performance. In
particular, this new measure should depend on variation in the sequence of costs functions
emitted to the learner. Having such an algorithm guarantees that if the cost sequence has
low variation, the algorithm would be able to perform better.

One work along this direction is that of [69]. For the online linear optimization problem,
in which each loss function is linear fy(w) = (f;, w) and can be seen as a vector, they

considered the case in which the loss functions have a small variation, defined as

T
Variation(A, W, F,T) = Z £ — NH%’
t=1

where pu = Zthl f; /T is the average of the loss functions. For this, they showed that a re-
gret of O(m) can be achieved, and they also have an analogous result for the predic-
tion with expert advice problem. According to this definition, a small Variation(.A4, W, F,T')
means that most of the loss functions center around some fixed loss function . This seems
to model a stationary environment, in which all of the loss functions are produced according
to some fixed distribution.

The variation bound is defined in terms of total difference between individual linear cost
vectors to their mean. In Chapter 5 of this thesis, we introduce another measure which
is called gradual variation. Gradual variation is more general and applies to environments
which may be evolving but is a somewhat gradual way. For example, the weather condition or

the stock price at one moment may have some correlation with the next and their difference is
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usually small, while abrupt changes only occur sporadically. Formally, the gradual variation

of a sequence of loss functions is defined as:

T-1
GradualVarition(A, W, F,T) = Z ma% IV fey1(w) — Vft(w)“%-
=1 we

It is easy to verify that the gradual variation lower bounds the variation bound and hence
algorithms with regret bounded by gradual variation are more adaptive to regular patterns

than algorithm with bounded variational regret bounds.

2.2.4 Bandit Online Convex Optimization

In bandit OCO, once the online learner commits to the decision w; at round ¢, he does
not have access to the function f¢(-) chosen by adversary and instead receives the scalar loss
ft(wy) he suffers at point wy. In the optimization community, this problem usually known as
zeroth-order or derivative-free convex optimization as we only have access to function values
to solve the optimization problem [79, 136]. A simple approach for bandit OCO which was
the main dilemma in most existing works is to utilize a reduction to the full information
OCO setting. To do so, one needs to approximate the gradient of the loss functions at each
iteration based on the observed scalar loss and feed it to the full information algorithm.
This reduction has been illustrated in Figure 2.3. A simple idea to estimate the gradients
has been utilized in [54] and a modified gradient descent approach for bandit OCO has been
presented that attains O(T 3/ 4) regret bound. The key idea of their algorithm is to compute
the stochastic approximation of the gradient of cost functions by single point evaluation
of the cost functions. The main observation was that one can estimate the gradient of a

function f(w) by taking a random vector u from unit sphere S = {x € R%||x|| = 1} and
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fe(wi) gt

Adversary Bandit OCO Full OCO

W1 € W zi41 € (1 =W

Figure 2.3: Reduction of bandit online convex optimization to online convex optimization
with full information. The full OCO needs to play from a shrinked domain (1 — &)W to
ensure that the sampled points belong to the domain.

scaling it by f(w +du), i.e. § = f(w + du)u. Then E[g] is proportional to the gradient of a
smoothed version of f(-) defined as f(w) = Eycp|f(w+0v)] for v random from the unit ball
B = {x € R? ||x|| < 1}. To ensure that the sampled query points belong the domain W, the

OGD is run over a shrinked domain (1 — &)W where we further assume that rB C W C RB.

Expected Online Gradient Descent (EOGD)

Input: convex set W, step size n > 0, §, r, and &
Initialize: zg =0
fort=1,2,...,T
Pick a random unit vector us uniformly at random
Play w; = z; + duy and observe fi(wy)
Update z1 = I gy (Zt - Uft(Wt)Ut>

end for

Theorem 2.15 (Regret Bound for EOGD). Let f1, fo,..., fr be a sequence of conver,
differentiable functions defined over the convex domain VW C RY where B C W C RB. Let

g1,...,8n are vector-valued random variables with E[gi|wi] = E[V fi(w¢)] and ||gt]] < G,
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for some G > 0. Then, forn = %, E=6/r, and § = 7-1/4 3(5&1#(36‘)

T T
ghdl]

3 filw) 3" Aiw) < o3/
=1

— min
P wGWt

This regret bound is later improved to O(T2/3) [9] for online bandit linear optimiza-
tion. More recently, [46] proposed an inefficient algorithm for online bandit linear optimiza-
tion with the optimal regret bound O(poly(d)v/T) based on multi-armed bandit algorithm.
The key disadvantage of [46] is that it is not computationally efficient. Abernethy, Hazan,
and Rakhlin [2] presented an efficient randomized algorithm with an optimal regret bound
O(poly(d)v/T) that exploits the properties of self-concordant barrier regularization.

For general online bandit convex optimization, [5] proposed optimal algorithms in a
multi-point bandit setting, in which multiple points can be queried for the cost values. With
multiple queries, they showed that the EOGD algorithm can give an O(v/T) expected regret
bound. The key idea of multiple point bandit online convex optimization, proposed in [5], is
to approximate the gradient using two point function evaluations. More specifically, at each
iteration ¢t we randomly choose a unit direction u; and measure the function values at points
wi+0uy and w — duy, i.e. lp(wy+duy) and ¢4 (wy —duy), where § > 0 is a small perturbation
that is O(1/T). Given two point function evaluation, we approximate the gradient V f(wy)
by g; = % (ft(wye + 0ug) — fr(wy — dug)) ug. The nice property of this sampling strategy is
that the norm of sampled gradient is no longer dependent on 9, i.e., ||g¢|| < dG, and yield

the same regret bound as OGD.
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2.2.5 From Regret to Risk Bounds

So far we have dealt with two different models for learning: statistical and sequential or
online. The online setting is in stark contrast to the statistical setting in few aspects. First,
in statistical learning or the batch model there is a strict division between the training phase
and the testing phase. In contrast, in the online model, training and testing occur together
all at the same time since every example acts both as a test of what was learned in the past
and as a training example for improving our predictions in the future. This requires that
the online learner to be adaptive to the environment.

A second key difference relates to the generation of examples. Statistical learning scenario
follows the key assumption that the distribution over data points is fixed over time, both
for training and test points, and samples are assumed to be drawn i.i.d. from an underlying
distribution D. Furthermore, the goal is to learn a hypothesis with a small expected loss or
generalization error. In contrast, in online setting there is no notion of generalization and
algorithms are measured using a mistake bound model and the notion of regret, which are
based on worst-case or adversarial assumption where the adversary deliberately trying to
ruin the learners performance.

Finally, we distinguish between the processing model of statistical and online learning
settings. Online algorithms process one sample at a time and can thus be significantly more
efficient both in time and space and more practical than batch algorithms, when processing
modern data sets of several million or billion points. hence, these algorithms are more
suitable for large scale learning. This stands in contrast to statistical learning algorithms
such as ERM and it would be tempting to switch to online learning algorithm.

Given the close relationship between these two settings and clear advantage of online
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learning from computational viewpoint, a paramount question is " whether or not algorithms
developed in the sequential setting can be used for statistical learning with guaranteed gen-
eralization bound?”. More precisely, can we devise algorithms that exhibits the desirable
characteristics of online learning but also has good generalization properties. Since a regret
bound holds for all sequences of training samples, it also holds for an i.i.d. sequence. What
remains to be done is to extract a single hypothesis out of the sequence produced by the
sequential method, and to convert the regret guarantee into a guarantee about generaliza-
tion. Such a process has been dubbed an Online-to-Batch Conversion and foreshadows
a key achievement, which is any online learning algorithm with sub linear regret can be
converted into a batch algorithm. Here we introduce two methods to convert an online al-
gorithm that attains low regret into a batch learning algorithm that attains low risk. Such
online-to-batch conversions are interesting both from the practical and the theoretical per-
spectives [36, 48, 83].

Formally, let f1, fo, -+, fr be an ii.d sequence of loss functions, f; : W +— R. In
statistical setting one can think of each loss function fi(w) as fr(w) = €(w, (x¢,y¢)) for a
fixed loss function £ : W x = +— R4 and a random instance (x¢, y) € Z sampled following the
underlying distribution D. We feed these loss functions to an online learning algorithm A
and assume that the online learner produces a sequence wi, wo,--- , wp € W of hypothesis.
The goal is to construct a single hypothesis w € W with small generalization error. Here
we consider two solutions for this problem: randomized conversion and averaging.

The simplest conversion scheme is to simply choose a random hypothesis uniformly at
random from the sequence of hypothesis wi, wo, - -+, wp. At the first glance this idea seems
naive, but it has few desirable properties. First, the average loss of the algorithm is an

unbiased estimate of the expected risk of w, i.e., E[{(w)] = (1/T) Z?:l ft(wy). Second, the
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conversion is applicable regardless of any convexity assumption. Finally, in expectation, the

excess loss of w is upper bounded by the average per-round regret of online learner, i.e.,

. ) E [Regret(A,W, F,T)
Lp(W) — Inin, Lp(w) < [ T }

An alternative solution which is only applicable to learning from convex loss functions
over convex hypothesis spaces, is to output the average solution w = (1/7) Zthl wy. This
conversion is also enjoys the same properties as the randomized conversion with an additional
important feature. That is, we can able to show high-probability bounds on the excess risk

provided that loss functions are bounded.

2.3 Convex Optimization

A generic convex optimization problem may be written as

min f(w) subject to w €W,

where f : R% — R chosen from a specific family of functions F is a proper convex function,
and W C RY is nonempty, compact, and convex set which is also called the constraint or
feasible set. We denote by wy the optimal solution to above problem and assume that it
exists, i.e., Wy = argminge)y f(w). Ideally, the goal of an optimization algorithm is to
compute the optimal solution, but almost always it is impossible to compute an exact wiy
in finite time. hence, we turn to find an e-approximate solution. A solution w € W is an ¢
sun-optimal if f(w) —ming /., fw') <e

For a given family F of convex functions over the feasible set W, our primary focus is to
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determine the efficiency of an optimization procedure to produce sub-optimal solutions. To
analyze the efficiency of convex optimization algorithm one typically follows the oracle model
of optimization which lies in the heart of the complexity theory of convex optimization [119,

121].

2.3.1 Oracle Complexity of Optimization

A typical convex optimization procedure initially picks some point in the feasible convex set
W and iteratively updates these points based on some local information about the function
it calculates around these successive points. The method can decide which points to query at
based on the results of earlier queries, and tries to use as few queries as possible to achieve
its task. The crucial question we are interested to answer about a specific optimization
problem is the number of queries the algorithm makes to find an e-accurate solution. The
oracle complexity is a general model to analyze the computational complexity of optimization
algorithms.

In the oracle model, there is an oracle O and an information set Z. The oracle O is
simply a function ¢ : W — T that for any query point w € W returns an output from Z.
The information set provided to the algorithms varies depending on the type of the oracle.
In particular, a zero-order oracle returns f(w) for a given query w € W, first-order oracle
returns gradient Z = {V f(w)} (respectively a sub-gradient Z = {g € 0f(w)} if the function
is not differentiable), and a second-order oracle return the Hessian at the queried point. We
also distinguish between noisy (or stochastic) and exact (or deterministic) oracle models. In
the noisy oracle model, the information returned by the oracle are corrupted with zero-mean
noise with bounded variance.

The algorithm iteratively updates the solution based on the information accumulated in
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Oracle Lipschitz Lipschitz & Strongly Smooth Smooth & Strongly

2
Deterministic -6% £ % Vklog 2
2
i 1
Stochastic -6% ﬁ g + .6% Vklog (g) L

Table 2.1: Lower bound on the oracle complexity for stochastic/deterministic first-order opti-
mization methods. Here p, a, and [ are the Lipschitzness, strong convexity, and smoothness
parameters, respectively. The parameter « is the condition number of function and is defined

as k = [3/a.

previous iterations. In particular, in optimization with zero and first-order exact oracle model

which is the main focus of large scale optimization methods, an optimization method updates

the solution using wy = ¢¢(wq, ..., wi_1, Vf(wq),...,Vf(wi_1), f(wg),..., f(Wy_1)) where
o+ X UtS:1 Ts — W is updating mechanism utilized by the optimization algorithm at iter-

ation t to determine the next query point wy. Roughly speaking, we measure complexity of
an algorithm by the number of queries that it makes to a prescribed oracle for computing

the final solution.

Given a positive integer T' corresponding to the number of iterations, the minimax oracle

optimization error after 1" steps, over a set of functions F, is defined as follows:

OracleComplexity (F, W, O, T) = inf sup (f(wT) — inf f(w)) :
Y feF wew

In other words, the minimax oracle complexity is the best possible rate of convergence
(as a function of the number of queries) for the optimization error when one restricts to
black-box procedures in order to guarantee delivering an e-accurate solution to any function
ferF.

A large body of literature is devoted to obtaining rates of convergence of specific pro-
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cedures for various set of convex functions F of interest (essentially smooth/non-smooth,
and strongly convex/non-strongly convex) and different types of oracles (essentially noisy
or stochastic/deterministic or exact, zero order or derivative free, first order, and second
order). The oracle complexity of first-order deterministic and stochastic oracle models are
summarized in Table 2.1 for different family of loss functions elicited from [121] for deter-
ministic and from [4, 119] for stochastic optimization. The algorithms which attain these

lower bounds will be discussed later.

2.3.2 Deterministic Convex Optimization

Here we briefly review the optimization algorithms in the first-order oracle model which
are called gradient based methods for simplicity. More precisely, we assume that the only
information the optimization methods can learn about the particular problem instance is the
values and derivatives of these components (f(w), V f(w)) at query points w € V. Recently,
first-order methods have experienced a renaissance in the design of fast algorithms for large-
scale optimization problems. This is due the fact that although higher order methods such
as interior point methods [118] have linear convergence rate, but this fast rate comes at
the cost of more expensive iterations, typically requiring the solution of a system of linear
equations in the input variables. Consequently, the cost of each iteration typically grows at
least quadratically with the problem dimension, making interior point methods impractical
for very-large-scale convex programs.

The convergence rate of gradient based methods usually depends on the properties of
the objective function to be optimized. When the objective function is strongly convex and
smooth, it is well known that gradient descent methods can achieve a geometric convergence

rate [33]. When the objective function is smooth but not strongly convex, the optimal
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convergence rate of a gradient descent method is O(1/T?), and is achieved by the Nesterov’s
methods [93]. For the objective function which is strongly convex but not smooth, the
convergence rate becomes O(1/T) [134]. For general non-smooth objective functions, the
optimal rate of any first order method is O(1/ VT ). Although it is not improvable in general,
recent studies are able to improve this rate to O(1/T) by exploring the special structure of
the objective function [123, 122]. In addition, several methods are developed for composite
optimization, where the objective function is written as a sum of a smooth and a non-smooth
function [94, 93, 96]. The proof of coming results can be found in [121] and in the reference

papers.

2.3.2.1 Gradient Descent Method

Perhaps the simplest and most intuitive algorithm for deterministic optimization is gradient
decent (GD) method which which was proposed by Cauchy in 1846 [35] 1. To find a solution
within the domain W that optimizes the given objective function f(w), GD computes the
gradient of f(w) by querying a first-order deterministic oracle, and updates the solution by
moving it in the opposite direction of the gradient. To ensure that the solution stays within

the domain W, GD has to project the updated solution back into the W at every iteration.

IThe original Cauchy’s algorithm uses the direction that descends most and the best step-size which
convergences slowly. Afterwards, a lot of researches have been done on how to choose the step-size for more

efficient algorithms [64, 16]
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Projected Gradient Descent (GD)

Input: convex set W, n > 0, function f € F, first-order oracle O
Initialize: w1 € W
fort=1,2,....T

Query the oracle O at point wy to get V f(wy)

Update wyy1 = Iy (Wi — nV f(wy))

end for

Theorem 2.16 (Convergence Rate of GD). Assume that f € F be a convex function defined
over the conver domain W C R%. Let wy = arg ming ey f(W) be the optimal solution. Then,

for the convergence rate of GD algorithm

e if f be p-Lipschitz, by setting n = p%% we have

pllws — wi

T
1
f f;Wt - f(w) < T

o if f be B-smooth by setting n = % we have

26w — wi?

B

e if [ be B-smooth and a-strongly conver, and k = ¢, be the condition number of f, by
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setting n = o%—ﬁ we have

T
o) = o) < Gl =l (57)

By comparing the rates obtained in Theorem 2.16 to the lower bounds in Table 2.1, one
can realize that the GD obtains the optimal bound only for Lipschitz functions. We also
note that by examining the bounds it turn out that the GD method is independent of the
dimension of the convex domain W as long as the Euclidean norm of solutions and gradients
are independent of the ambient dimension of convex domain WV which makes it attractive for
optimization in high dimension. The computational bottleneck of the projected GD is often
the projection step which is a convex optimization problem by itself and might be expensive
for many domains. In Chapter 9 we propose efficient optimization methods which do not

require intermediate projection steps.

2.3.2.2 Accelerated Gradient Descent Method

The convergence rate of GD method for optimization smooth loss functions is O(1/7") which
is far away from the lower bound O(1/7?2) discussed before. Nesterov showed in 1983 that
we can improve the convergence rate of GD without using anything more than gradient
information at various points of the domain. Accelerated GD [120, 121, 123| bridges the
gap between the lower bound for smooth optimization and lower bound provided by oracle
complexity with a simple twist of GD method and is able to obtain the optimal O(1/T?2)

convergence rate for minimizing smooth functions.
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Accelerated Gradient Descent (AGD)

Input: n > 0, function f € F, first-order oracle O
Initialize: wg =29 =0, \j =0
fort=1,2,....T
Query the oracle O at point wy to get V f(wy)
Set ng = % <1+ w/1+477152_1> , and v = 717;—3{
Update zsy1 = z¢ — %Vf(wt)

Update wyy1 = (1 — v¢)Z¢41 + V22t

end for

The following theorem shows that AGD achieves an O(1/T?) convergence rate which is

tight.

Theorem 2.17 (Convergence Rate of AGD). Let f € F be a convex and [3-smooth function
and wy be the optimal solution. Then the accelerated gradient descent outputs a solution
which satisfies:

_ 2wi —wll®

flar) = flw.) <

2.3.2.3 Mirror Descent Method

Mirror Descent (MD) is a first-order optimization procedure which generalizes the classic GD
method to non-Euclidean geometries by relying on a distance generating function specific to
the geometry. The original MD algorithm was developed to perform the gradient descent in
spaces where the gradient only makes sense in the dual space. In this cases, the MD first

maps the point wy into a dual space by mapping ®, then performs the gradient update in
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the dual space, and finally maps the resulting point back to the primal space. When the
mapping ¢(w) = %HWHQ then the primal and dual spaces are same and the MD performs a

simple gradient descent.

Mirror Descent (MD)

Input: n > 0, function f € F, first-order oracle O

Initialize: wg =0

fort=1,2,....T
Query the oracle O at point wy to get V f(wy)
Update VO(z¢41) = VO(wy) — nV f(wy)
Update w1 = argmingeywniBa (W, z¢11)

end for

Theorem 2.18 (Convergence Rate of MD). Let ® be a mirror map. Assume also that ® is

a-strongly convex on W N K with respect to || - ||. Let R = supwernw @(w) — ®(wy) and f
be convex and p-Lipschitz w.r.t. || - ||, then MD algorithm with 1 = 4/ 2TO‘ satisfies

1 & , 2
f(?;m) —Vgél)gvf(w) < pR T

The MD algorithm can alternatively be expressed as nonlinear projected sub-gradient

type method, derived from a general distance generating function (Bregmen divergence in

Definition ?7) instead of the usual Euclidean squared distance as [17]:

Wi = vgél)r/lv {(w,Vf(wt» + %B@(w,wt)} : (2.11)
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Remark 2.19. In terms of convergence rate, the MD obtains the same rate as GD method
but MD has advantage by exploiting the geometry of convexr domain. More specifically, since
MD method adapts to the structure of domain W wvia mapping ®, it has less dependency
on the dimensionality of the domain which could be appealing for large scale optimization
problems. As an example, it is easy to verify that for optimization over simplex, i.e., A =
{w € Ri+ > wi = 1} by using the negative entropy ®(w) = Zglzl logw; as the mapping
function, the dependency of MD to d is in order of logd, while reqular GD algorithm has a

linear O(d) dependency.

2.3.2.4 Mirror Prox Method

In the black-box oracle model the algorithm has access to the values and gradients of function,
without knowing the structure of the objective function. But in many circumstances we never
meet a pure black box model and have some information about the structure of the underlying
function. Intestinally, the proper use of the structure of the problem can help to obtain better
convergence rate for specific family of loss functions [122, 123, 117]. In particular, in [117]
it been shown that for non-smooth Lipschitz continuous functions which admit a smooth
saddle-point representation one can obtain a rate of convergence of order O(1/7T) with a
properly designed gradient descent method, despite the fact that the original function is
non-smooth and can not be optimized with a convergence rate better then O(1/y/T) in
black-box model. As an example consider the function f to be optimized is of the form
f(w) = maxj<j<y fi(w) where each individual functions f;(w),i € [n] is convex, f-smooth
and p-Lipschitz in some norm || - ||. In this case the function f(w) is not smooth and the
best convergence rate one can hope in the black-box model is O(1/v/T).

Let ® : £ — R be a mirror map on W and let wi € argmingecpynxe®(w). The mirror
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prox (extragradient in a specialized case) method is detailed below.

Extra Gradient Descent Method (EGD)

Input: n > 0, function f € F, first-order oracle O
Initialize: w; =z; =0
fort=1,2,....T
Query the oracle O at point w; to get V f(wy)
Update V@(z{url) = Vo(wy) —nV f(wy)
Update z¢41 € argmingcywnxBeo(z, ZQ_H) and query the oracle to get V f(z¢41)
Update VO(w], ) = VO(w;) — 19 (24+1)
Update w1 € argmingepniBao(w, wy_ ;)

end for

The EGD method first makes a step of MD to go from w; to z¢41, and then it makes
a similar step to obtain wyyq, starting again from w; but this time using the gradient
of f evaluated at z;;1. The following theorem exhibits the rate of convergence for EGD

algorithm.

Theorem 2.20 (Convergence Rate of EGD). Let ® be a a-strongly convex on KK N W with
respect to || - ||. Let R = supwexnw (W) — ®(wy) and f be convex and [-smooth w.r.t.

| -||. Then EGD with n = % has a convergence rate as:

T 2
R
f(%Zm) _vrv%iilvﬂw) < B&—T.

t=1
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2.3.2.5 Conditional Gradient Descent Method

The main computation bottleneck of gradient descent methods in solving constrained op-
timization problems is the projection step which might be as hard as solving the original
optimization problem. Surprisingly the projection step can be avoided by replacing the ex-
pensive projection operation with other kinds of light computational operations. One such
an example is the Conditional Gradient Descent (CGD) method which is also known as
Frank-Wolf algorithm. The Frank-Wolfe method, that was originally introduced in a paper
by Frank and Wolfe from the 1950 [56], where they aimed to present an algorithm for min-
imizing a quadratic function over a polytope using only linear optimization steps over the
feasible set.

The CGD algorithm proceeds by iteratively solving a linear optimization problem to find
a direction p; inside the domain VW and updating the solution as a linear combination of
the obtained direction and previous solution. This procedure guarantees that the updated
solutions remain inside the feasible domain W. This method replaces the projection step
with a linear optimization problem over the constrained domain which is more efficient as

long as the linear problem is easy to be solved.
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Conditional Gradient Descent (CGD)

Input: convex set W, n > 0, a smooth convex function f € F
Initialize: w1 € W
fort=1,2,....T

Find py = arg minpep (V f(wy), p)

Update wii1 = (1 — ne)we + nepy

end for

The following result shows the convergence rate of CGD for smooth functions.

Theorem 2.21 (Convergence Rate of CGD). Assume that f € F be a [5-smooth convex
function with respect to some norm || - || defined over the convex domain W. Let R =

SUPy, 4/ |w — w/||. Then by setting n; = H—Ll in CGD method, we have:

In Chapter 9 we will show that by replacing the projection step with gradient computation
of constrain function, it is possible to devise efficient stochastic optimization methods which

only require a single projection at the final iteration.

2.3.3 Stochastic Convex Optimization

So far we assumed the the optimization algorithm has access to a noiseless oracle. It is more
realistic to consider noisy oracles, where one does not have access to exact objective function

or gradient values, but rather to their noisy estimates (usually zero mean and bounded
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variance). In particular, for a fixed closed convex subset W C R? of R? we consider the

following optimization problem:

min f(w) for f(w)=E[F(w,§)]=

wew

F(w,§)dP(&), (2.12)

m\

where we assume that the expected value function f(w) is continuous and convex on W.
We note if the function F(w, &) be convex on W, then it follows that f(w) is also convex
and the problem becomes a convex programming problem. The main difficulty in solving the
stochastic optimization problem in (2.12) is that the multidimensional integral (expectation)
cannot be computed with a high accuracy [115], and in statistical learning problems we
usually do not know what the distribution P is. Therefore, there are two solutions to address
this issue: these are stochastic approximation (SA) and the sample average approximation
(SAA) methods. The main idea of SAA approach to solving stochastic programs is as follow.
A sample &1, &9, - - -, &y of nrealizations of the random vector in objective is generated and the
stochastic objective is approximated by the sample average function. Then, a deterministic
optimization algorithm is applied to solve the approximate function. We note that we can
not perform a gradient descent on f(w) as we would need to know the underlying distribution
to compute a gradient of f(w)

In SA we assume that there is an stochastic oracle O, which, for a given point (w,§) €
W X E returns an unbiased estimates of subgradient of f(w). In other words, it returns g
such that E[g] € 0f(w). Stochastic optimization methods allow the optimization method
to take a step which is only in expectation along the negative of the gradient. Based on this
oracle, a simple algorithm to optimize the objective is Stochastic Gradient Descent (SGD).

SGD is in the same spirit of GD but it replaces the true gradients with stochastic gradients

72



in updating the solutions:

Stochastic Gradient Descent (SGD)

Input: convex set W, n > 0, function f € F, stochastic first-order oracle O
Initialize: wg =0
fort=1,2,...,T
Query the stochastic oracle O at point wy to get g where E[g;] € 0f(wy)
Update w1 = Iy (we — ngy)
end for

Return: w = %Zthl \L

Under mild conditions as outlined below, one con show the SGD algorithm convergence

to the optimal solution with convergence rate O(1/v/T) with a high probability:

B¢, [gi] = Vf(w)

Eg,lexp(l|gr — Vf(w)|3/0)] < exp(1).

It is also straightforward to generalize the the mirror descent method to stochastic setting
by replacing the Euclidean distance in the update of SGD with another Bregman divergence
adopted to a specific domain.

By comparing SGD method for stochastic optimization and OGD method for regret
minimization, we note that both methods are closely related. Although both methods looks
similar algorithmically, but there are main conceptual differences between SGD and OGD.

We note that in stochastic optimization the goal is to generate a sequence of solutions which
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quickly convergences to the minimum of a function defined as f(w) = E[F(w,¢)], while
is online learning the goal is to generate a sequence of solutions that accumulates a small
loss during the learning measured in terms of regret. In other words SGD provides an
incremental solution to a stochastic optimization problem and OGD provides a solution to
adopt a sequence of adversarially generated loss functions. We note that regret minimization
algorithms equipped with online to batch conversion schemas discussed before settle an
efficient paradigm to solve general optimization problems, but sometimes it seems essential

to go beyond this barrier to obtain optimal convergence rates in stochastic setting [72, 125].

Remark 2.22. [t is remarkable that in stark contrast to deterministic optimization where
the smoothness of objective function makes a significant improvement in terms of conver-
gence rate (i.e., Theorem 2.16), in stochastic optimization the smoothness is not a desirable
property as it yields the same convergence rate as the Lipschitz functions. In particular, as it
has been shown in Appendiz A.3, a tight analysis of stochastic mirror descent algorithm has
an O(@ + i‘/—}%) convergence rate for smooth objective functions, which is dominated by the
slow O(1/V/T) rate unless the variance of stochastic gradients becomes zero o = 0. As it will
be discussed in Chapter 7, the mized optimization paradigm we introduce in thesis is able to
leverage the smoothness of objection function to attain an O(1/T) rate by accessing the full

gradient oracle logT times on top of the O(T') accesses of the stochastic gradient oracle.

2.3.4 Convex Optimization for Learning Problems

Formulating statistical learning tasks and in particular convex learning problems as a convex
optimization problem makes an intimate connection between learning and mathematical

optimization. Therefore, optimization methods play a central role in solving machine learning
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problems and challenges exist in machine learning applications demand the development of
new optimization algorithms.

To see this, consider the typical problem of the supervised learning consisting of a input
space = = X x Y and a suitable set of hypotheses W for prediction such as the set of
linear predictors, i.e., W = {x — (w,x) : w € R?}. Then, the learner is provided with
a training sample § = ((x1,v1), (x2,42), -, (Xn,yn)) € E™ and is supposed to pick a
hypothesis w € VW which minimizes appropriate empirical cost over the training sample
based on a predefined surrogate loss function ¢ : W x = +— R. The last step of this learning
process corresponds to an optimization algorithm that solves the minimization problem of
picking that hypothesis from the set of hypotheses. As a result, convex optimization forms
the backbone of many algorithms for statistical learning. This formulation includes support

vector machine (SVM), support vector regression (SVR), Lasso, logistic regression, and ridge

regression among many others as detailed below:

n
Hinge loss (Support Vector Machine)): Z max(0, 1 — y;(w,x;)).
i=1

n
Logistic loss (Logistic Regression): min Z log(1 + exp(—y;(w, x;))).
weWw P

n
e Least-squares loss (Regression): min Y (y; — (w,x;))2.
weW 4
1=1
n
e Exponential loss (Boosting): min Zexp(—yi(w,xﬁ).
wew P

The domain W in above formulations, captures the constrains on the classifier w. Com-
monly considered examples are the bounded Euclidean ball W = {w € R : ||w|s < R},
bounded ¢4 ball W = {w € R? : ||w||; < B} or the box W = {w € R? : ||w|x < B}.

We note that instead of moving the constraint into the W, by leveraging on the theory of
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Lagrangian method in constrained optimization, one can simply move the constraint into
the objective and solve the unconstrained optimization problem, i.e., W = RY,
To fully understand the application of convex optimization methods to solving machine

learning problems, let us consider the following optimization problem:

min Lg(w) = %Zé(w, (xi, i) (2.13)

wew

A preliminary approach for solving the optimization problem in (2.13) is the batch gra-
dient descent (GD) algorithm. It starts with some initial point, and iteratively updates the

solution using the equation wyyq = Ilyy(wy —nVLs(W¢)) where

VLs(w) = S allw, (xioy)x
1=1

The main shortcoming of GD method is its high cost in computing the full gradient VL g (wy),
i.e., O(n) gradient computations, when the number of training examples is large. Stochastic
gradient descent (SGD) alleviates this limitation of GD by sampling one (or a small set of)
examples and computing a stochastic (sub)gradient at each iteration based on the sampled
examples. Since the computational cost of SGD per iteration is independent of the size of the
data (i.e., n), it is usually appealing for large-scale learning and optimization [29, 115, 134].
Despite of their slow rate of convergence compared with the batch methods, stochastic
optimization methods have shown to be very effective for large scale and online learning
problems, both theoretically [115, 94] and empirically [134]. We note although a large number

of iterations is usually needed to obtain a solution of desirable accuracy, the lightweight
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computation per iteration makes SGD attractive for many large-scale learning problems.

2.3.5 From Stochastic Optimization to Convex Learning Theory

As mentioned earlier, most of existing learning algorithms follow the framework of empirical
risk minimizer or regularized ERM, which was developed to great extent by Vapnik and

Chervonenkis [146]. Essentially, ERM methods use the empirical loss over S, i.e.,

as a criterion to pick a hypothesis. From optimization viewpoint, the ERM methods re-
sembles the widely used Sample Average Approximation (SAA) method in the optimization
community when the hypothesis space and the loss function are convex. If uniform conver-
gence holds, then the empirical risk minimizer is consistent, i.e., the population risk of the
ERM converges to the optimal population risk, and the problem is learnable using ERM.
A rather different paradigm for risk minimization is stochastic optimization. Recall that

the goal of learning is to approximately minimize the risk

(W) = E(xe €W, (x,9))] (2.14)

However, since the distribution D is unknown to the learner, we can not utilize standard
gradient methods to directly minimize the expected loss in (2.14). This is because we are
not able to compute the gradient VLp(w) at a particular query point w. We note that
this is different from the application of SGD for solving the optimization problem in (2.13)

because in (2.13) the randomness is over the uniform sampling from the objective function
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which is known (essentially we have a randomized optimization method), while in (2.14) the
randomness is imposed on the instance space = through a distribution D which is unknown
to the learner in advance.

In stochastic optimization all we need is not the exact gradient of objective function,
but an unbiased estimate of the true gradient VLp(w). Surprisingly, it turns out that the
construction of this unbiased estimate is extremely simple for risk minimization as follows.
First, we sample an instance z = (x;,y;) € = according to D and set the stochastic gradient

to be

g = 0w, (x4, ;)X

which will be an unbiased estimate of true gradient, i.e., E[g] = VLp(w).

The beauty of SGD for direct risk minimization is that it is efficient and it delivers
the same sample complexity as the ERM method. To motivate stochastic optimization as
an alternative to the ERM method, [132, 131] challenged the ERM method and showed
that there is a real gap between learnability and uniform convergence by investigating non-
trivial problems where no uniform convergence holds, but they are still learnable using SGD
algorithm [115]. These results uncovered an important relationship between learnability and
stability, and showed that stability together with approximate empirical risk minimization,
assures learnability [133]. Unlike ERM method in which the learnability is characterized
by attendant complexity of hypothesis space, in SGD based learning, stability is a general
notion to characterize learnability. In particular, in learning setting under i.i.d. samples
where uniform convergence is not necessary for learnability, but where stability is both

sufficient and necessary for learnability:.
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Chapter 3

Passive Learning with Target Risk

The setup of this chapter will be in the classical statistical learning setting discussed in
Chapter 2, but with a slight modification. In particular, we assume that the target expected
loss, also referred to as target risk, is provided in advance for learner as prior knowledge.
Unlike most studies in the learning theory that only incorporate the prior knowledge into
the generalization bounds, we are able to explicitly utilize the target risk in the learning
process. By leveraging on the smoothness of loss function, our analysis reveals a surprising
result on the sample complexity of learning: by exploiting the target risk in the learning
algorithm, we show that when the loss function is both smooth and strongly convex, the
sample complexity reduces to O(log <%>), an exponential improvement compared to the
sample complexity O(%) for learning with strongly convex loss functions. Furthermore, our
proof is constructive and is based on a computationally efficient stochastic optimization
algorithm, dubbed ClippedSGD, for such settings which demonstrate that the proposed
algorithm is practically useful.

The remainder of the chapter is organized as follows: Section 3.1 motivates the problem
and setups the notation. Section 3.2 motivates the main intuition behind the proposed algo-
rithm. The proposed ClippedSGD algorithm and main result on its sample complexity are
discussed in Section 3.3. The proof of logarithmic sample complexity is given in Section 3.4
and the omitted proofs are deferred to Section 3.5. Section 3.6 summarizes the chapter and

Section 3.7 surveys the related works.
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3.1 Setup and Motivation

Recall that in the standard statistical or passive supervised learning setting, we consider an
input space = = X x ) where X C RY is the space for instances and ) is the set of labels,
and a hypothesis class H from which we choose a classifier. We assume that the domain
space = is endowed with an unknown probability measure D and measure the performance
of a specific hypothesis h by defining a nonnegative loss function ¢ : H x = — R4. The risk

of a hypothesis h with respect to the underlying distribution D is defined as:

Lp(h) = Ezpll(h, 2)].

Given a sample S = (z1, -+ ,2n) = ((x1,91),*, (Xn,yn)) ~ =™, the goal of a learning
algorithm is to pick a hypothesis A : X — )Y from H in such a way that its risk Lp(h) is
close to the minimum possible risk of a hypothesis in H.

In the new setting we consider for learning here, we assume that before the start of the
learning process, the learner has in mind a target expected loss, also referred to as target
risk, denoted by €prior 1 and tries to learn a classifier with the expected risk of O(€prior)
by labeling a small number of training examples. We further assume the target risk €ppior 18
feasible, i.e., €prior > €opt Where €opt = ming ey Lp(h). To address this problem, we develop
an efficient algorithm, based on stochastic optimization, for passive learning with target risk.
The most surprising property of the proposed algorithm is that when the loss function is
both smooth and strongly convex, it only needs O(dlog(1/éprior)) labeled examples to find

a classifier with the expected risk of O(eprior), where d is the dimension of data. This is a

IWe use e instead of € to emphasize the fact that this parameter is known to the learner in advance.

prior
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significant improvement compared to the sample complexity for empirical risk minimization.
We note that the target risk assumption is fully exploited by the learning algorithm and
stands in contrast to all those assumptions such as the nature of unknown distribution D,
sparsity, and margin that usually enter into the generalization bounds and are often perceived
as a rather crude way to incorporate such assumptions.

The key intuition behind the ClippedSGD algorithm is that by knowing target risk as
prior knowledge, the learner has better control over the variance in stochastic gradients,
which contributes mostly to the slow convergence in stochastic optimization and conse-
quentially large sample complexity in passive learning. The trick is to run the stochastic
optimization in multiple stages with a fixed size and decrease the variance of stochastically
perturbed gradients at each iteration by a properly designed mechanism. Another crucial
feature of the proposed algorithm is to utilize the target risk €pjor to gradually refine the
hypothesis space as the algorithm proceeds. Our algorithm differs significantly from stan-
dard stochastic optimization algorithms and is able to achieve a geometric convergence rate
with the knowledge of target risk €pjor-

To analyze the sample complexity of ClippedSGD algorithm, we pursue the stochastic op-
timization viewpoint for risk minimization detailed in Chapter 2. Precisely, we focus on the
convex learning problems for which we assume that the hypothesis class H is a parametrized
convex set H = {hw : x = (w,x) : w € R ||w|| < R} and for all z = (x,y) € Z, the loss
function /(- z) is a non-negative convex function. Thus, in the remainder we simply use vec-
tor w to represent hy, rather than working with hypothesis hy. We will assume throughout
that X C RY is the unit ball so that ||x|| < 1. Finally, the conditions under which we can get
the desired result on sample complexity depend on analytic properties of the loss function.

In particular, we assume that the loss function is strongly convex and smooth as defined in
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Chapter 2 and can be found in Appendix ??. We would like to emphasize that in our setting,
we only need that the expected loss function Lp(w) be strongly convex, without having to

assume strong convexity for individual loss functions.

3.2 The Curse of Stochastic Oracle

We begin by discussing stochastic optimization for risk minimization, convex learnability,
and then the main intuition that motivates the proposed algorithm.

As mentioned earlier in Chapter 2, most existing learning algorithms follow the frame-
work of empirical risk minimizer (ERM) or regularized ERM methods that use the empirical
loss over S, i.e., Lg(w) = %Z?:l ((w,z;), as a criterion to pick a hypothesis. In regu-
larized ERM methods, the learner picks a hypothesis that jointly minimizes Lg(w) and a
regularization function over w.

A rather different paradigm for risk minimization is stochastic optimization. Recall that
the goal of learning is to approximately minimize the risk Lp(w) = E, _p[l(w,z)]. However,
since the distribution D is unknown to the learner, we can not utilize standard gradient
methods to minimize the expected loss. Stochastic optimization methods circumvent this
problem by allowing the optimization method to take a step which is only in expectation
along the negative of the gradient. To directly solve mingey [Lp(W) = E,pll(w,z)]],
a typical stochastic optimization algorithm initially picks some point in the feasible set ‘H
and iteratively updates these points based on first order perturbed gradient information
about the function at those points. For instance, the widely used SGD algorithm starts with

wo = 0; at each iteration ¢, it queries the stochastic oracle Og at w; to obtain a perturbed
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but unbiased gradient gy and updates the current solution by

wir1 = gy (W — megt)

where Ilg(-) projects the solution w into the domain H.

To capture the efficiency of optimization procedures in a general sense, one can use oracle
complexity of the algorithm which, roughly speaking, is the minimum number of calls to
any oracle needed by any method to achieve desired accuracy [121]. We note that the oracle
complexity corresponds to the sample complexity of learning from the stochastic optimization
viewpoint previously discussed. This viewpoint for learning theory has been taken by few
very recent works [132, 131] where the ERM method has been challenged and it has been
shown that there is a real gap between learnability and uniform convergence. This has been
done by investigating non-trivial problems where no uniform convergence holds, but they
are still learnable using SGD algorithm. These results uncovered an important relationship
between learnability and stability, and showed that stability together with approximate
empirical risk minimization, assures learnability [133]. Unlike ERM method in which the
learnability is characterized by attendant complexity of hypothesis space, in SGD based
learning, stability is a general notion to characterize learnability. In particular, in learning
setting under i.i.d. samples where uniform convergence is not necessary for learnability, but
where stability is both sufficient and necessary for learnability.

To motivate the main intuition behind the proposed method, we begin by stating the
following theorem which provides a lower bound on the sample complexity of stochastic

optimization algorithms that is taken from [119].

Theorem 3.1 (Lower Bound on Oracle Complexity). Suppose Lp(w) = E, p[l(w,z)]
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18 a-strongly and [-smooth convex function defined over convexr domain H. Let Og be a
stochastic oracle that for any point w € H returns an unbiased estimate g, i.e., E[g] =
VLp(w), such that E[||g — VLp(W)||?] < 0? holds. Then for any stochastic optimization
algorithm A to find a solution W with € accuracy respect to the optimal solution wy, i.e.,

E[Lp(W) — Lp(wy)] < €, the number of calls to Oy is lower bounded by

O(1) (@mg (M) + Z-i) . (3.1)

The first term in (3.1) comes from deterministic oracle complexity and the second term
is due to noisy gradient information provided by stochastic oracle Og. As indicated in (3.1),
the slow convergence rate for stochastic optimization is due to the variance in stochastic
gradients, leading to at least O (02 / e) queries to be issued. We note that the idea of mini-
batch [44, 50|, although it reduces the variance in stochastic gradients, does not reduce the
oracle complexity.

We close this section by informally presenting why logarithmic sample complexity is, in
principle, possible, under the assumption that target risk is known to the learner A. To this
end, consider the setting of Theorem 3.1 and assume that the learner A is given the prior
accuracy €prior and is asked to find an € ior-accurate solution. If it happens that the variance
of stochastic oracle Os has the same magnitude as €piqr, i-€., E [Hg — VED(W)HQ] < €priors
then from (3.1) it follows that the second term vanishes and the learner A needs to issue
only O (log 1/ Eprior> queries to find the solution. But, since there is no control on the
stochastic oracle Og, except that the variance of stochastic gradients are bounded, A needs

a mechanism to manage the variance of perturbed gradients at each iteration in order to
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alleviate the influence of noisy gradients. One strategy is to replace the unbiased estimate of
gradient with a biased one, which unfortunately may yield loose bounds. To overcome this
problem, we introduce a strategy that shrinks the solution space with respect to the target
risk €pior to control the damage caused by biased estimates.

As an illustrative example to see how the knowledge of target risk is helpful, we consider
a simple one dimensional regression problem with loss function £(w, z) = (wz —b)? where b is
a random variable that can either be § or 1 with Pr[b = 6] = 1 — 2. Here we choose d to be a
very small value 6 < 1. The loss function is non-negative, smooth, and strongly convex and is
appropriate for our setting. For this setting we have, eopt < Ep[£(0)] = 62 x 1+ (1—6%)x 6% <
262 which can be arbitrarily small. For this example, the solution obtained by ERM with
a small number of training examples will be on order of § and therefore its expected risk
will be on the order of 62. However, from the viewpoint of the learner, this expected risk is
unknown unless the learner could figure out Pr(b = 1) = 62, which unfortunately requires
an order of 1/ 62 samples. On the other hand, by having the target feasible risk as prior

knowledge the learner is able to find out Pr(b = 1) with a small number of samples.

3.3 The ClippedSGD Algorithm

In this section we proceed to describe the proposed algorithm and state the main result on

its sample complexity.

3.3.1 The Algorithm Description

We now turn to describing our algorithm. Interestingly, our algorithm is quite dissimilar to

the classic stochastic optimization methods. It proceeds by running the algorithm online on
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fixed chunks of examples, and using the intermediate hypotheses and target risk €ppjor to
gradually refine the hypothesis space. As mentioned above, we assume in our setting that
the target expected risk i is provided to the learner a priori. We further assume the
target risk €priop is feasible for the solution within the domain H, i.e., €pior > €opt- The
proposed algorithm explicitly takes advantage of the knowledge of expected risk €pyior to
attain an O (log(1/ €prior)) sample complexity.

Throughout we shall consider linear predictors of form (w,x) and assume that the loss
function of interest ¢((w,x),y) is S-smooth. It is straightforward to see that Lp(w) =
E(x,y)~p [{({W,x),y)] is also S-smooth. In addition to the smoothness of the loss function,
we also assume that Lp(w) to be a-strongly convex. We denote by wy the optimal solution
that minimizes Lp(w), i.e., Wy = argming 3 Lp(W), and denote its optimal value by eqpt.

Let (x¢,yt),t = 1,...,T be a sequence of i.i.d. training examples. The proposed algo-
rithm divides the T iterations into the m stages, where each stage consists of T} training
examples, i.e., T = mTj. Let (Xi;, y,tC) be the ¢th training example received at stage k, and
let n be the step size used by all the stages. At the beginning of each stage k, we initialize

the solution w by the average solution wj, obtained from the last stage, i.e.,

| /A
~ t
Wy = _Tl tE_l W, (3.2)

where w}; denotes the tth solution at stage k. Another feature of the proposed algorithm
is a domain shrinking strategy that adjusts the domain as the algorithm proceeds using

intermediate hypotheses and target risk. We define the domain ;. used at stage k as
Hy ={w et |w—wl <Ag}, (3.3)
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where Aj is the domain size, whose value will be discussed later. Similar to the SGD
method, at each iteration of stage k, we receive a training example (X};, y,tf), and compute
the gradient gz =/ ((Wi;, Xi), yt) X};. Instead of using the gradient directly, a clipped version
of the gradient, denoted by V}; = clip ('yk, g};), will be used for updating the solution. More

specifically, the clipped vector V}’; € RY is defined as

b= (e a],) = e (], o o ],

),z:1,...,d (3.4)

where v, = 2684, with & > 1. Given the clipped gradient v}fg, we follow the standard

framework of stochastic gradient descent, and update the solution by

WZ‘Fl = Iy, (Wtk - nv};) : (3.5)

The purpose of introducing the clipped version of the gradient is to effectively control the
variance in stochastic gradients, an important step toward achieving the geometric conver-
gence rate. At the end of each stage, we will update the domain size by explicitly exploiting

the target expected risk €prior as

AVEREES \/ 5A% + Té€prior > (3.6)

where € € (0,1) and 7 € (0, 1) are two parameters, both of which will be discussed later.
Algorithm 1 gives the detailed steps for the proposed method. The three important
aspects of Algorithm 1, all crucial to achieve a geometric convergence rate, are highlighted

as follows:

e Each stage of the proposed algorithm is comprised of the same number of training
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Algorithm 1 ClippedSGD Algorithm

1: Input:
e step size
e stage size T}
e number of stages m
e target expected risk €prior
e parameters ¢ € (0,1) and 7 € (0,1) used for updating domain size A},
e parameter £ > 1 used to clip the gradients

2: Initialize: wi =0, A =R, and H; = H
3 fork=1,...,mdo
4:  Set Wi: = w}, and v, = 2§6A,
5. fort=1,...,T] do
6: Receive training example (x¢, y¢)
7: Compute the gradient gtk and
8: Clip the gradient gtk to v}; using
[vi]; = sign ( [gl| ) min ! i=1 d
klt — g gkl k> gkz s b Ly ey
9: Update the solution by ijl = H’Hk (w}; — nv};)
10:  end for
11:  Update Ay using (3.6).
12:  Compute the average solution w1 according to (3.2)
13:  Shrink the domain Hy 1 using the expression in (3.3).
14: end for
examples. This is in contrast to the epoch gradient algorithm [72] which divides m
iterations into exponentially increasing epochs, and runs SGD with averaging on each
epoch. Also, in our case the learning rate is fixed for all iterations.

e The proposed algorithm uses a clipped gradient for updating the solution in order to
better control the variance in stochastic gradients; this stands in contrast to the SGD
method, which uses original gradients to update the solution.

e The proposed algorithm takes into account the targeted expected risk and intermediate

hypotheses when updating the domain size at each stage. The purpose of domain

shrinking is to reduce the damage caused by biased gradients that resulted from clipping
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operation.

3.3.2 Main Result on Sample Complexity

The main theoretical result on the performance of the ClippedSGD algorithm is given in the

following theorem.

Theorem 3.2 (Convergence Rate). Assume that the hypothesis space H is compact and the
loss function { is a-strongly convexr and [3-smooth. Let T = mTy be the size of the sample

and €prior be the target expected loss given to the learner in advance such that opt < €prior

holds. Given e € (0,1) and 7 € (0,1), set &, n, and T} as

_AB §3Bd+2§6\/31 ms 16675 1
g—om" L= fmax e R ’n_2§5\/T1’
where
2
s = [logg PR —‘ (3.7)
€prior

. T
Lp(Wimt1) < ——<€"" + (1 + 1—_€> €priors
implying that only O(dlog[1/eprior]) training examples are needed in order to achieve a risk
OfO(Eprior)'

We note that comparing to the bound in Theorem 3.1, for Algorithm 1 the level of error

to which the linear convergence holds is not determined by the noise level in stochastic
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gradients, but by the target risk. In other words, the algorithm is able to tolerate the noise
by knowing the target risk as prior knowledge and achieves a linear convergence to the
level of the target risk even when the variance of stochastic gradients is much larger than
the target risk. In addition, although the result given in Theorem 3.2 assumes a bounded
domain with [|w|| < R, however, this assumption can be lifted by effectively exploring the
strong convexity of the loss function and further assuming that the loss function is Lipschitz
continuous with constant G, i.e., |[Lp(wi) — Lp(wo)| < G|lwi — wal|, V wi,wo € H.
More specifically, the fact that the Lp(w) is a-strongly convex with first order optimality

condition, from Lemma A.14 for the optimal solution wy = arg mingcy Lp(W), we have
a 2
Lp(w) = Lp(ws) 2 Sllw —w", YweH.

This inequality combined with Lipschitz continuous assumption implies that for any w € ‘H
the inequality [|[w — w«| < R« := 2G/a holds, and therefore we can simply set R = Rs.
We also note that this dependency can be resolved with a weaker assumption than Lipschitz
continuity, which only depends on the gradient of loss function at origin. To this end, we
define |¢/(0,y)] = G. Using the fact that Lp(w) is a-strongly, it is easy to verify that
%HW*HQ — G|lw«|| < 0, leading to [|[wx|| < Ry := %G and, therefore, we can simply set
R = R,.

We now use our analysis of Algorithm 1 to obtain a sample complexity analysis for
learning smooth strongly convex problems with a bounded hypothesis class. To make it
easier to parse, we only keep the dependency on the main parameters d, o, 5, T', and €prior
and hide the dependency on other constants in O(-) notation. Let w denote the output of

Algorithm 1. By setting ¢ = 0.5 and letting ¢ = O(7) to be an arbitrary small number,
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Theorem 3.2 yields the following:

Corollary 3.3 (Sample Complexity). Under the same conditions as Theorem 3.2, by running
Algorithm 1 for minimizing Lp(w) with a number of iterations (i.e., number of training

examples) T, if it holds that,

1 1 1
T>0 (d/@4 (log log log + log —))

€prior €prior 4
where k = B/a denotes the condition number of the loss function and d is the dimension of

data, then with a probability 1 — 6, W attains a risk of O(eprior), i-€., Lp(W) < (14 ¢)éprior-

As an example of a concrete problem that may be put into the setting of the present
work is the regression problem with squared loss. It is easy to show that average square loss
function is Lipschitz continuous with a Lipschitz constant 8 = Amax(X | X) which denotes
the largest eigenvalue of matrix X ' X where X is the data matrix. The strong convexity
is guaranteed as long as the population data covariance matrix is not rank-deficient and its
minimum eigenvalue is lower bounded by a constant o > 0. For this problem, the optimal
minimax sample complexity is known to be O(%), but as it implies from Corollary 3.3,

by the knowledge of target risk €priqr, it is possible to reduce the sample complexity to
O(log(1/eprior))-

Remark 3.4. It is indeed remarkable that the sample complexity of Theorem 3.2 has k* =
(ﬁ/a)4 dependency on the condition number of the loss function, which is worse than the

V/B/a dependency in the lower bound in (3.1). Also, the explicit dependency of sample

complezity on dimension d makes the proposed algorithm inappropriate for non-parametric

settings.
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3.4 Analysis of Sample Complexity

Now we turn to proving the main theorem. The proof will be given in a series of lemmas
and theorems where the proof of few are given in the Section 3.5. The proof makes use of
the Bernstein inequality for martingales, idea of peeling process, self-bounding property of
smooth loss functions, standard analysis of stochastic optimization, and novel ideas to derive
the claimed sample complexity for the proposed algorithm.

The proof of Theorem 3.2 is by induction and we start with the key step given in the

following theorem.

Theorem 3.5. Assume epior > €opt- For a fived stage k, if [|[Wy, — wi|| < Ay, then, with a
probability 1 — 9, we have

Hwk—l—l - W*||2 < aA% + bEprior
where

0= aiTl (2gﬁ T+ [£3ﬂd + 255%3} In g) b= O% (3.8)

and s is given in (3.7), provided that &€ > 163/a and n = 1/(2£8v/T}) hold.

Taking this statement as given for the moment, we proceed with the proof of Theorem 3.2,

returning later to establish the claim stated in Theorem 3.5.

Proof of Theorem 3.2. By setting a and b in (3.8) in Theorem 3.5 as a < € and b < 27/,

we have £ > 45/(aT) and

T < a% (255 Ty + [gf’)ﬁd n 255\/3] In g)
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implying that

3 2132
1
T7 > 4max &hd+ 2§ﬁ\/alnf, M .
e 5 a?e?
Thus, using Theorem 3.5 and the definition of ¢ and T}, we have, with a probability 1 — ¢,

2T
2 2
Ak—Fl S €Ak + EEPﬂOI«.

After m stages, with a probability 1 — md, we have

-1
2T o ; 2T
A?TH—I S €mA% + ?eprior E 5Z S SmA% + —B(l — 5) Eprior-
1=0

By the g-smoothness of Lp(w), it implies that

Lp(Wm+1) = Lp(W) < 5[ W41 — wi® < §5mﬁ% + 7 < Cprior;
BR2 m T

IN

9 e+ 1_€€priora

where the last inequality follows from A; < R. The bound stated in the theorem follows the

assumption that Lp(Wx«) = €opt < €prior- -

We now turn to proving Theorem 3.5. To bound ||Wj,1 — Wx|| in terms of Ay, we

start with the standard analysis of online learning. In particular, from the strong convexity
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assumption of Lp(w) and updating rule (3.5) we have,

(8%
Lp(wh) = Lp(w.) < (VEp(wh),wh— wa) = 5 [[w) — wa?

« 2
= <V}‘;,W}; — Wy) + <V£D(W§€) — vtk,w}fC — W) — §||Wt — W]

t+1
< ||W1];_W*||2_ ||Wk;+ _W*||2 ﬂ 2
= oy 9 Tk
a
+SV£D(W};) — v};, WZ — W*Z—Eﬂwt — W*||2, (3.9)

~~
A

t
Uk

where the last step follows from HV}ZH < ypVd. By adding all the inequalities of (7.1) at

stage k, we have

Lo p—wall? dn 5. o, a )
> Lolwh) = Lp(wa) < A L LT Y 0l ~ Y fwe— wil

Az+d" 27 + Vi — 2w, (3.10)
om 27k 1 k 9 k> .

IA

T T .
where V;. and W}, are defined as Vj, = thll v]tC and W} = Zt:ll waC — w2, respectively.

In order to bound V}, using the fact that Vﬁp(wi) = E; [gtk], we rewrite V}, as

T )
Vi = D (Vh B wh - wa) Y (B [gf | - Bulvi] wh - wa)
t=1" st ) ot
=a :ek

where D}, = ZtTil d}; and F;, = ZtTil 61]; which represent the variance and bias of the clipped
gradient v};, respectively. We now turn to separately upper bound each term.
The following lemma bounds the variance term D using the Bernstein inequality for

martingale. Its proof can be found in Section 3.5.
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Lemma 3.6. For any L > 0 and p > 0, we have

€nriord 1 1 S
« Cprior < 2 )l >1_
Pr (Wk S5 ) + Pr (Dk <7 Wi + (kad—l—vak\/a) In 5) 2 1—-46

where s is given by

[ SﬁuRz—‘

s = |logy .
€prior

The following lemma bounds Ej. using the self-bounding property of smooth functions

and the proof is deferred to Section 3.5.2.

Lemma 3.7.

AT 45 AT 45
Ej < Tleopt + ?Wk < Tlﬁprior + ?Wk-

Note that without the knowledge of €0, We have to bound eqpt by (1), resulting in
a very loose bound for the bias term FEj. It is knowledge of the target expected risk €prior
that allows us to come up with a significantly more accurate bound for the bias term Ej.,
which consequentially leads to a geometric convergence rate.

We now proceed to bound ZtT:ll LD(WZ) — Lp(wy) using the two bounds in Lemma 3.6
and 3.7. To this end, based on the result obtained in Lemma 3.6, we consider two scenarios.

In the first scenario, we assume

€prior T

< 3.11
28 (3.11)
In this case, we have
Ty
r t r < B < 6priorT
Z p(W) — Lp(wy) < §Wk s I (3.12)
t=1
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In the second scenario, we assume
1
Dy, < ZWT + (vad + vak\/E> In g (3.13)

In this case, by combining the bounds for Dj. and Ej. and setting L = %, we have

87 (fd 9 ) s 4Ty
Vi < Wit (2% + mArVd ) In S + —— e
k ¢ k 45'7% TRk 5 ¢ prior
87 474

= ?Wk + <€36d + 255@) Az lng + Tepriora

where the last equality follows from the fact v, = 268A. If we choose £ such that % <G

or £ > % > 1 holds, we get

Q s AT
Vi < SWy+ (535d + 255\@ A2ln 2+ Tleprior

Substituting the above bound for V}, into the inequality of (3.10), we have

7 2

A n s AT
> Lp(wh) = Lp(we) < Gh+ ST + (€6 +268va) AT m = + g Cpron
t=1

A
By choosing n as n = k_ — 1 , we have

. 1 4
L(Wii1) = Lp(wi) < 7 (268V/T + |6%8d +266vd| 2 ) A} + goprior: (3.14)

By combining the bounds in (3.12) and (3.14), under the assumption that at least one of the
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two conditions in (3.11) and (3.13) is true, by setting p = B/8, we have

~ 1 4
‘CD(Wk‘—i—l) — Lp(wy) < Tl (255 T+ [Sgﬁd + 255\/6_4 In g) A% + E‘fpriOD

implying

~ 2 3 S ) 8
Wi = wall < 2 (268VT1 + €960+ 26V 0 5) AL+ eprion

We complete the proof by using Lemma 3.6, which states that the probability for either of

the two conditions hold is no less than 1 — 4.

3.5 Proofs of Sample Complexity

3.5.1 Proof of Lemma 3.6

The proof is based on the Bernstein’s inequality for martingales which can be found in

Lemma A.25. Define martingale difference di = <w§C — W*,Et[vtk] — vtk> and martingale

Dy = tTil d’];. Let E% denote the conditional variance as
7y 7y 9
2 2 t t t 2
B m @] < Sm [t vi] | ik - wal
t=1 t=1

IN

T

2|t 2 2
E dillwy, — wl|” = dyi; Wy,
t=1

which follows from the Cauchy’s Inequality and the definition of clipping.

Define M = max |d§€| < 2v/dy, Ay, To prove the inequality in Lemma 3.6, we follow the
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idea of peeling process [92]. Since W}, < 4R%T}, we have

Pr (Dk: > 27]{:‘/ Wkd,o + \/5Mp/3>
— Pr (Dk > 29/ Widp + V2Mp/3, W), < 4R2T1)
~ Pr <Dk > 2/ Widp + V2ZMp/3, 52 < A2d Wy, W), < 4R2T1)

< Pr <Dk > 29/ Widp + V2Mp /3,55 < 42dWy, W), < epriorTl/(Qﬂu))

S 1 .
€nrior2 T €y 2T

+ Y Pr (Dk > 2/ Widp + V2Mp/3, £ < 7jdWy, =50 — LW < ST 1)

; " p

i=1
< Pr (Wk < EpriorTl)

261
a +17 A2 i 2
eprior2 T T17d V2 o _ €prior2 T173d

+ D Pr{Dp=y /2 pt o Mp, g < PRO— Tk

¢ZZ1 : \/ 2Bu 3 r 281

IA

€prior ]’

where s is given by

8B,uR2—‘

€prior

5 = {log2

The last step follows the Bernstein inequality for martingales. We complete the proof by

setting p = In(s/d) and using the fact that
1
29V Wipd < Wi + YipdL.

3.5.2 Proof of Lemma 3.7

To bound Ej., we need the following two lemmas. The first lemma bounds the deviation of
the expected value of a clipped random variable from the original variable, in terms of its

variance (Lemma A.2 from [74]).

98



Lemma 3.8. Let X be a random variable, let X = clip(X, C) and assume that |E[X]| < C/2
for some C' > 0. Then

- 2
[ELX] - E[X]] < & [Var[X]|

Another key observation used for bounding Fj. is the fact that for any non-negative (-
smooth convex function, we have the following self-bounding property. We note that this
self-bounding property has been used in [138] to get better (optimistic) rates of convergence

for non-negative smooth losses.

Lemma 3.9. For any [3-smooth non-negative function f : R — R, we have |f'(w)| <

48 f (w)
Proof. See Appendix 77 m

Proof of Lemma 3.7. To apply the above lemmas, we write 6}2 as
d
eh = B[O (whxh) ) x4 — clip (e € (whoxh) ) x4 )| [wh = wls
1=1
In order to apply Lemma 3.8, we check if the following condition holds

e = 2| [ ((who ) ) bt (3.15)

Since

= [¢ ((whoxh)me) el
< [Ee [{e (whoxhom) = € (e o) } Bl

< Bllwl, — wa| < BAE

[ [¢ (v B
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where the last inequality follows from E¢ [¢/ ((wx, x'];}, Yt) [xzm = 0 since wy is the minimizer

of Lp(w), we thus have

Vi = 2580 > 28 > 2 ‘Et [5/ ((Wi,xlfg)»yt) [X};h}

where & > 1, implying that the condition in (3.15) holds. Thus, using Lemma 3.8, we have

d
¢ < Z;\[WZ—W*]Z- %Et {(€’<<w2,x2>,w>[xﬂi>2}
¢ 2wl gy )

Using Lemma 3.9 to upper bound the right hand side, we further simplify the above bound

for ez as

83w}, — wll
o< T EE [ ((whoxh )|

88| Wt — w||
= kT e (wh)

Yk
Lp(w
- p(W},)

4
= gﬁD(Wi;)

where the second inequality follows from ||w§€ — Willoo < ||WZ — wy| < Ap. Therefore we
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obtain

4 4 4
EBp=) €, <=> Lpw}) = =Y Lpws)+=Y Lp(wh)— Lp(ws)
t=1 $iA o =
AT 5 oL
1
< Lpwe) + = Y [lwh — wlf?
£ § =
4T 4
= —LLp(w.)+ —BWk,
3 3
where the second inequality follows from the smoothness assumption of Lp(w). [

3.6 Summary

In this chapter, we have studied the sample complexity of passive learning when the target
expected risk is given to the learner as prior knowledge. The crucial fact about target
risk assumption is that, it can be fully exploited by the learning algorithm and stands in
contrast to most common types of prior knowledges that usually enter into the generalization
bounds and are often perceived as a rather crude way to incorporate such assumptions. We
showed that by explicitly employing the target risk €,ior in a properly designed stochastic

optimization algorithm, it is possible to attain the given target risk €prjo; with a logarithmic

1

prior

€

sample complexity log ( ) , under the assumption that the loss function is both strongly
convex and smooth.

There are various directions for future research. The current study is restricted to the
parametric setting where the hypothesis space is of finite dimension. It would be interesting

to see how to achieve a logarithmic sample complexity in a non-parametric setting where

hypotheses lie in a functional space of infinite dimension. Evidently, it is impossible to extend

101



the current algorithm for the non-parametric setting; therefore additional analysis tools are
needed to address the challenge of infinite dimension arising from the non-parametric setting.
It is also an interesting problem to relate target risk assumption we made here to the low
noise margin condition which is often made in active learning for binary classification since
both settings appear to share the same sample complexity. However it is currently unclear
how to derive a connection between these two settings. We believe this issue is worthy of

further exploration and leave it as an open problem.

3.7 Bibliographic Notes

Sample complexity of passive learning is well established and goes back to early works in
the learning theory where the lower bounds (2 (%(log% + log %)) and € (gz(log% + log %))
were obtained in classic PAC and general agnostic PAC settings, respectively [52, 26, 7].
There has been an upsurge of interest over the last decade in finding tight upper bounds on
the sample complexity by utilizing prior knowledge on the analytical properties of the loss
function, that led to stronger generalization bounds in agnostic PAC setting. In [95] fast
rates obtained for squared loss, exploiting the strong convexity of this loss function, which
only holds under pseudo-dimensionality assumption. With the recent development in online
strongly convex optimization [68], fast rates approaching O(%log%) for convex Lipschitz
strongly convex loss functions has been obtained in [140, 82]. For smooth non-negative loss

functions, [138] improved the sample complexity to optimistic rates
1 + 1 1
o (¢ () (w5005 )
€ € € )
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for non-parametric learning using the notion of local Rademacher complexity [13], where
€opt 18 the optimal risk.

The proposed ClippedSGD algorithm is related to the recent studies that examined the
learnability from the viewpoint of stochastic convex optimization. In [139, 133], the authors
presented learning problems that are learnable by stochastic convex optimization but not by
empirical risk minimization (ERM). Our work follows this line of research. The proposed
algorithm achieves the sample complexity of O(dlog(1/epior)) by explicitly incorporating
the target expected risk €pyiop into the stochastic convex optimization algorithm. It is how-
ever difficult to incorporate such knowledge into the framework of ERM. Furthermore, it is
worth noting that in [127, 139, 126, 20], the authors explored the connection between online
optimization and statistical learning in the opposite direction. This was done by explor-
ing the complexity measures developed in statistical learning for the learnability of online
learning. We note that our work does not contradict the lower bound in [138] because a
feasible target risk €prior is given in our learning setup and is fully exploited by the proposed
algorithm. Knowing that the target risk oy is feasible makes it possible to improve the
sample complexity from O(1/eprior) to O(log(1/eprior)). We also note that although the
logarithmic sample complexity is known for active learning [66, 12], we are unaware of any
existing passive learning algorithm that is able to achieve a logarithmic sample complexity
by incorporating any kind of prior knowledge.

The proposed algorithm is also closely related to the recent works that stated O(1/n)
is the optimal convergence rate for stochastic optimization when the objective function is
strongly convex [76, 72, 125]. In contrast, the proposed algorithm is able to achieve a
geometric convergence rate for a target optimization error. Similar to the previous argument,

our result does not contradict the lower bound given in [72] because of the knowledge of a
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feasible optimization error. Moreover, in contrast to the multistage algorithm in [72] where
the size of stages increases exponentially, in our algorithm, the size of each stage is fixed to

be a constant.
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Chapter 4

Statistical Consistency of Smoothed

Hinge Loss

In Chapter 2 we discussed that convex surrogates of the 0-1 loss are highly preferred because
of the computational and theoretical virtues that convexity brings in and most prominent
practical methods studied in machine learning make significant use of convexity. This is
of more importance if we consider smooth surrogates as witnessed by the fact that the
smoothness is further beneficial both computationally- by attaining an optimal convergence
rate for optimization, and in a statistical sense- by providing an improved optimistic rate
for generalization bound.

This chapter concerns itself with the statistical consistency of smooth convex surrogates.
The statistical consistency finds general quantitative relationships between the excess risk
errors associated with convex and those associated with 0-1 loss. Consistency results provide
reassurance that optimizing a surrogate does not ultimately hinder the search for a function
that achieves the binary excess risk, and thus allow such a search to proceed within the
scope of computationally efficient algorithms. Statistical consistency of surrogates under
conditions such as convexity is a well studied problem in learning community and quantitative
relationships between binary risk and convex excess risk has been established. In this chapter

we investigate the smoothness property from the viewpoint of statistical consistency and
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show how it affects the binary excess risk. We show that in contrast to optimization and
generalization errors that favor the choice of smooth surrogate loss, the smoothness of loss
function may degrade the binary excess risk. Motivated by this negative result, we provide
a unified analysis that integrates optimization error, generalization bound, and the error
in translating convex excess risk into a binary excess risk when examining the impact of
smoothness on the binary excess risk. We show that under favorable conditions appropriate
choice of smooth convex loss will result in a binary excess risk that is better than O(1/y/n).

The reminder of this paper is organized as follows. In Section 4.1 we set up notation
and describe the setting. Section 4.2 briefly discusses the classification-calibrated convex
surrogate losses on which our analysis relies. We derive the ¢-transform for smoothed hinge
loss and elaborate its binary excess risk in Section 4.3. Section 4.4 provides a unified analysis
of three types of errors and derives conditions in terms of smoothness to obtain better rates
for the binary excess risk. The omitted proofs are included in Section 4.5. Section 4.6

concludes the paper.

4.1 Motivation

Let S = ((x1,v1), (x2,42), -+ , (X, yn)) be a set of i.i.d. samples drawn from an unknown
distribution D over Z = X x {—1,+1}, where x; € X C R is an instance and y; € {—1,+1}
is the binary class assignment for x;. Let (-,-) be an universal kernel and let 3, be the
Reproducing Kernel Hilbert Space (RKHS) endowed with kernel (-, ). According to [157],
H, is a rich function space whose closure includes all the smooth functions. We consider
predictors from H, with bounded norm to form the measurable function class H = {h €

Hi - [|hllge,, < B}-
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For a function h : X — R, the risk of A is defined as:
L(h) = By ) [llyh(x) < 0]] = P [yh(x) < 0].
Let hs« be the optimal classifier that attains the minimum risk, i.e.
hsx = arg m}im[P> [yh(x) < 0].

We assume hi € H; with [hlg, < B. This boundedness condition is satisfied for any
RKHS with a bounded kernel (i.e. supxey k(x,x) < B). Henceforth, let L7, stand for the
minimum achievable risk by the optimal classifier hx, i.e., LI, = Lp(h«). Define the binary

excess risk for a prediction function h € H as
E(h) = Lp(h) — L.

Our goal is to efficiently learn a prediction function h € H from the training examples
in S that minimizes the binary excess risk €(h). Many studies of binary excess risk as-
sume that the optimal classifier h € H is learned by minimizing the empirical binary risk,
ming,cgy % S Iyih(x;) < 0], an approach that is usually referred to as Empirical Risk
Minimization (ERM) [145]. To understand the generalization performance of the classifier
learned by ERM, it is important to have upper bounds on the excess risk of the empirical
minimizer that hold with a high probability and that take into account complexity measures
of classification functions. It is well known that, under certain conditions, direct empiri-
cal classification error minimization is consistent [145] and achieves a fast convergence rate

under low noise situations [109].
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One shortcoming of the ERM based approaches is that they need to minimize 0-1 loss,
leading to non-convex optimization problems that are potentially NP-hard 1 8, 75]. A
common practice to circumvent this difficulty is to replace the indicator function I[- <
0] with some convex loss ¢(-) and find the optimal solution by minimizing the convex
surrogate loss. FExamples of such surrogate loss functions for 0-1 loss include logit loss
Plog (h; (x,y)) = log(1+exp(—yh(x))) in logistic regression [61], hinge loss ¢yinge (h; (X, ) =
max(0, 1—yh(x)) in support vector machine (SVM) [43] and exponential loss ¢exp(h; (X,y)) =
exp(—yh(x)) in AdaBoost [58]. Given a convex surrogate loss function ¢ : R — Ry (e.g.,
hinge loss, exponential loss, or logistic loss) we define the risk with respect to the convex

loss ¢ (convex risk or ¢-risk) as

£ () = Epx o pld(wh())].

Similarly we define the optimal ¢-risk as E%* = infpep By y)~plo(yh(x))]. The excess
¢-risk or conver excess risk of a classifier h € H with respect to the convex surrogate loss
¢(+) is defined as

Eg(h) = LY (h) — LG,

An important line of research in statistical learning theory focused on relating the convex
excess Tisk €4(h) to the binary excess risk (h) that will be elaborated in next section.
It is known that under mild conditions, the classifier learned by minimizing the empirical

loss of convex surrogate is consistent to the Bayes classifier [156, 101, 80, 97, 141, 14]. For

1We note that several works [84, 85] provide efficient algorithms for direct 0-1 empirical error minimization

but under strong (unrealistic) assumptions on data distribution or label generation.

108



instance, it was shown in [14] that the necessary and sufficient condition for a convex loss ¢(-)
to be consistent with the binary loss is that ¢(-) is differentiable at origin and ¢'(0) < 0. Tt
was further established in the same work that the binary excessive risk can be upper bound
by the convex excess risk through a i-transform that depends on the surrogate convex loss
().

Since the choice of convex surrogates could significantly affect the binary excess risk, in
this chapter, we will investigate the impact of the smoothness of a convex loss function on the
binary excess risk. This is motivated by the recent results that show the advantages of using
smooth convex surrogates in reducing the optimization complexity and the generalization
error bound. More specifically, [121, 143] show that a faster convergence rate (i.e., O(1/T?))
can be achieved by first order methods when the objective function to be optimized is convex
and smooth such as accelerated gradient descent method introduced in Chapter 2; in [138],
the authors show that a smooth convex loss will lead to a better optimistic generalization
error bound rooted in the self-bounding property of smooth losses (Lemma A.12). Given
the positive news of using smooth convex surrogates, an open research question is how the
smoothness of a convex surrogate will affect the binary excess risk. The answer to this
question, as will be revealed later, is negative: the smoother the convex loss, the poorer
approximation will be for the binary excess risk. Thus, the second contribution of this
work is to integrate these results for smooth convex losses, and examine the overall effect of
replacing 0-1 loss with a smooth convex loss when taking into account three sources of errors,
i.e. the optimization error, the generalization error, and the error in translating the convex
excess risk into the binary risk. As we will show, under favorable conditions, appropriate

choice of smooth convex loss will result a binary excess risk better than O(1/y/n).
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4.2 Classification Calibration and Surrogate Risk Bounds

Although it is computationally convenient to minimize the empirical risk based on a convex
surrogate, the ultimate goal of any classification method is to find a function h € Hj
that minimizes the binary loss. Therefore, it is crucial to investigate the conditions which
guarantee that if the ¢-risk of h gets close to the optimal E(b’*, the binary risk of h will also
approach the optimal binary risk £7,. This question has been an active trend in statistical
learning theory over the last decade where the necessary and sufficient conditions have been
established for relating the binary excess risk to a convex excess risk [156, 101, 80, 97, 141,
14].

In this chapter we follow the strategy introduced in [14] in order to relate the binary
excess risk to the excess ¢-risk. Their methodology, through the notion of classification
calibration, allows us to find quantitative relationship between the excess risk associated
with ¢ and the excess risk associated with 0-1 loss. It is established in [14] that the binary
excessive risk can be bounded by the convex excess risk, based on the convex loss function

¢, through a -transform.

Definition 4.1. Given a loss function ¢ : R — [0,00), define the function 1 : [0, 1] — [0, 00)

by
- 1+ z 142
s (591 (5)
where
H™(n) = w10 (né(a) + (1 = n)¢(—a)) and H(n) = ik (n¢(e) + (1 —n)d(-a)).

The transform function ¢ : [0,1] — [0, 00) is defined to be the convez closure of 1.
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The following theorem from [14, Theorem 1] shows that the binary excess risk can be
bounded by the convex excess risk using transform function ¢ : [0, 1] — [0, c0) that depends

on the surrogate convex loss function.

Theorem 4.2. For any non-negative loss function ¢(-), any measurable function h € H, and
any probability distribution D on X x Y, there is a nondecreasing function ¢ : [0, 1] — [0, 00)

that
W(Lp(h) — L) < Lp(h) — LY (4.1)

holds. Here the minimization is taken over all measurable functions.

Definition 4.3. A convez loss ¢ is classification-calibrated if, for any n # 1/2,

H™(n) > H(n).

This condition is essentially an extension of [156, Theorem 2.1] and can be viewed as a
form of Fisher consistency that is appropriate for classification.

It has been shown in [14] that the necessary and sufficient condition for a convex loss
#(2) to be classification-calibrated is if it is differentiable at the origin and ¢'(0) < 0. In

particular, for a certain convex function ¢(-), the i-transform can be computed by

o) = int (520t + 15 00-0)) - i (S50 + 10,

that can be further simplified as ¢ (z) = ¢(0) — H (L?) when ¢ is classification-calibrated.

Examples of ¢-transform for the convex surrogate functions of known practical algorithms
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mentioned before are as follows: (i) for hinge loss ¢(a) = max(0,1 — «) , ¥(z) = |z|, (ii) for
exponential loss ¢(a) = e~ @, ¥(z) =1 — V1 — 22 > 22/2, and (iii) for truncated quadratic

loss ¢(a) = [max(0,1 — a))?, ¢(z) = 22

Remark 4.4. We note that the inequality in (4.1) provides insufficient guidance on choosing
appropriate loss function. A few brief comments are appropriate. First, it does not measure
explicitly how the choice of the convex surrogate ¢(-) affects the excess risk E%(h) — E%*.
Second, it does not take into account the impact of loss function on optimization efficiency,
an important issue for practitioners when dealing with big data. It is thus unclear, from
Theorem 4.2, how to choose an appropriate loss function that could result in a small gener-
alization error for the binary loss when the computational time is limited. In this chapter,
we address these limitations by examining a family of convex losses that are constructed
by smoothing the hinge loss function using different smoothing parameters. We study the
binary excessive risk of the learned classification function by taking into account errors in

optimization, generalization, and translation of convex excess risk into binary excess risk.

4.3 Binary Excess Risk for Smoothed Hinge Loss

As stated before, to efficiently learn a prediction function h € H, we will replace the binary
loss with a smooth convex loss. Since hinge loss is one of the most popular loss functions used
in machine learning and is the loss of choice for classification problems in terms of the margin
error [19], in this work, we will focus on the smoothed version of the hinge loss. Another
advantage of using the hinge loss is that its ¥-transform is a linear function. Compared with
the ¢-transforms of other popular convex loss functions (e.g. exponential loss and truncated

square loss) that are mostly quadratic, using the hinge loss as convex surrogate will lead to
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a tighter bound for the binary excess risk.

The smoothed hinge loss considered in this chapter is defined as

1
o(z7) = arél[%),(l] all —2) + ;fR(a), (4.2)

where R(a) = —aloga — (1 — a)log(l — «) and v > 0 is the smoothing parameter. It is

straightforward to verify that the loss function in (4.2) can be simplified as

o(:7) = %10g<1 +exp(y(1 - 2)).

It is not immediately clear from Theorem 4.2 how the relationship between smooth convex
excess risk 8¢(-) and binary excess risk is affected by the smoothness parameter ~. In addi-
tion, as discussed in [14], whereas conditions such as convexity and smoothness have natural
relationship to optimization and generalization, it is not immediately obvious how properties
such as convexity and smoothness of convex surrogate relates to statistical consequences. In
what follows, we show that, indeed smoothness of loss function has a negative statistical

consequence and can degrade the binary excess risk.

4.3.1 Y-Transform for Smoothed Hinge Loss

The first step in our analysis is to derive the 1-transform for the loss function defined in (4.2)

as stated in the following theorem.

Theorem 4.5. The v-transform of smoothed hinge loss with smoothing parameter v is given
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1+1 1 ) 17 1 Ch
y) = 1 R S 1+ ¢
Vi) == 0g(1+a{ Ty 2 \ire | 7Ty

where C1 and Cy are defined as C1 = —n67+\/772627 +1—n%2andCy = 7767+\/772627 +1—n2

The 1-transform given in Theorem 4.5 is too complicated to be useful. The theorem

below provides a simpler bound for the -transform in terms of the smoothness parameter
.

Theorem 4.6. Forn € (—1,1), we have
1 1
b(m;7) = [nl = ~log —.
vl

Remark 4.7. The bound obtained in Theorem 4.6 demonstrates that when ~ approaches to
infinity, the -transform for smoothed hinge loss ¢(n;~) becomes |n|. According to [14], the
W-transform for the hinge loss is ¥(n) = |n|. Therefore, this result is consistent with the

W-transform for smoothed hinge loss, which is the limit of ¢(z;7y) as v approaches infinity.

4.3.2 Bounding £(h) based on &,(h)

Based on the transform function (-;v) that is computed for smoothed hinge loss with
smoothing parameter v, we are now in the position to bound its corresponding binary excess
risk €(h). Our main result in this section is the following theorem that shows how binary

excess risk can be bounded by the excess ¢-risk for smoothed hinge loss.

Theorem 4.8. Consider any measurable function h € H and the smoothed hinge loss ¢(-)

with parameter v defined in (4.2). Then, binary excess risk E(h) can be bounded by the
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smooth convex excess risk €y(h) as

8¢(h) log 1
1+ 78¢(h) 8¢(h)'

E(h) < E4(h) +

Proof. Using the result from Theorem 4.2, we have €4(h) > ¢(E(h); ) and therefore an im-
mediate result from the -transform for smoothed hinge loss that is obtained in Theorem 4.6

indicates

E(h) + % log &(h) < &,(h).

Define A = €(h) — €4(h). We have
A+ Liog(A+e,() = A+ Lloge,(h)+ Slog [ 14+ -2 ) <0
5 ¢ M 5 OB Ey(h) ) =

Based on the log(1 4+ z) < x inequality, the sufficient condition for the above inequality to

hold is to have

and therefore

-1
g 1 Ep(h) 1

ANR < lo = lo

ST ()T P ey () T THAE) E

The final bound is obtained by substituting €(h) — E4(h) for A in the left hand side of above

inequality. [

As indicated by Theorem 4.8, the smaller the smoothing parameter ~, the poorer the
approximation is in bounding the binary excess €(h) with smooth convex excess risk & (h).

On the other hand, the smoothness of loss function has been proven to be beneficial in terms
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of optimization error and generalization bound. The mixture of negative and positive results
for using smooth convex surrogates motivates us to develop an integrated bound for binary
excess risk that takes into account all types of errors. One of the main contributions of
this work is to show that under favorable conditions, with appropriate choice of smoothing

parameter, the smoothed hinge loss will result in a bound for the binary excess risk better

than O(1/y/n).

4.4 A Unified Analysis

Using the smoothed hinge loss, we define the convex loss for a prediction function h € H as
E%(h) = E[p(yh(x);7)]. Let hZ be the optimal classifier that minimizes E%(h). Similar to
the case of binary loss, we assume h3 € H,; with [|h3]| < B. The smooth convex excess risk
for a given prediction function i € H is then given by €4(h) = £%(h) — L%(h;) Given the
smooth convex loss ¢(z;7y) in (4.2), we find the optimal classifier by minimizing the empirical

convex loss, i.e. minpcqe, 15 5. <B Efé(h), where the empirical convex loss /Jfé(h) is given
b K—
by

n

£3(h) = % > oyih(xi); 7). (4.3)

1=1

Let h be the solution learned from solving the empirical convex loss over training examples.
There are three sources of errors that affect bounding the binary excess risk 8(71) First,

since & is obtained by numerically solving an optimization problem, the error in estimating

the optimal solution, which we refer to as optimization error 2, will affect 8(};) Additionally,

2We note that in literature the error in estimating the optimal solution for empirical minimization is usu-
ally referred to as estimation error. We emphasize it as optimization error because different convex surrogates
could lead to very different iteration complexities and consequentially different optimization efficiency.
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since the binary excess risk can be bounded by a nonlinear transform of the convex excess
risk, both the bound for 8¢(ﬁ) and the error in approximating S(E) with 8¢(/f;) will affect
the final estimation of E(ﬁ) We aim at investigating how the smoothing parameter v affect
all these three types of errors. As it is investigated in Theorem 4.8, a smaller smoothing
parameter v will result in a poorer approximation of 8(71) On the other hand, a smaller
smoothing parameter v will result in a smaller estimation error and a smaller bound for
8¢,(ﬁ). Based on the understanding of how smoothing parameter v affects the three errors,
we identify the choice of + that results in the best tradeoff between all three error and

o~

consequentially a binary excess risk &(h) better than O(1/y/n).

To investigate how the smoothing parameter v affects the binary excess risk 8(/5), we
intend to unify three types of errors. The analysis is comprised of two components, i.e.
bounding the binary excess risk €(h) by a smooth convex excess risk 4(h) that has been

established in Theorem 4.8 and bounding & (h) for a solution % that is suboptimal in mini-

mizing the empirical convex loss Lg(h) that is the focus of this section.

4.4.1 Bounding Smooth Excess Convex Risk €,(h)

We now turn to bounding the excess ¢-risk E(b(h) for the smoothed hinge loss. To bound
8¢(h) we need to consider two types of errors: optimization error due to the approximate
optimization of the empirical ¢-risk, and the generalization error bound for the empirical
risk minimizer. After obtaining these two errors for smooth convex surrogates, we provide a
unified bound on the excess ¢-risk €4(h) of empirical convex risk minimizer in terms of n.
We begin by bounding the error arising from solving the optimization problem numer-

ically. One nice property of smoothed hinge loss function is that both its first order and
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second order derivatives are bounded, i.e.

exp(y(1 — 2))
(1+exp(y(1—2)))?

exp(v(1 — 2)
1 +exp(y(1 - 2))

¢/ (7)) = <1, ¢"(z7) =79 <

T

4

Due to the smoothness of ¢(z;), we can apply the accelerated optimization algorithm [121,
143] to achieve an O(1/k?) convergence rate for the optimization, where k is the number of it-
erations the optimization algorithm proceeds (see e.g., accelerated gradient descent algorithm
in Subsection 2.3.2.2). More specifically, we will apply Algorithm 1 from [143] to solve the nu-
merical optimization problem in (4.3) over the convex domain H = {h € Hy : ||h[|4, < B}

which results in the following updating rules at sth iteration:

gs = (1 = bs)hs + s fs
Os
fost =g iy (VL8007 = )+ 15 = Al ) (4.4

hs—i—l = (1 - Hs)hs + esfs—i—l-

The following theorem that follows immediately from [143, Corollary 1] and the fact ¢”(2;v) <

/4, bounds the optimization error for the optimization problem after k iterations.

Lemma 4.9. Let h = hi.1 be the solution obtained by running accelerated gradient descent
method (i.e., updating rules in (4.4)) to solve the optimization problem in (4.3) after k
iterations with 0y = 1 and 0}, = 2/(k + 2) for k > 1. We have

vB?

T ' ¢
Leg(h) < min  Lg(h) + ek

= hlige, <B

We now turn to understanding the generalization error for the smooth convex loss. There

are many theoretical results giving upper bounds of the generalization error. However, a
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recent result [138] has showed that it is possible to obtain optimistic rates for generalization
bound of smooth convex loss (in the sense that smooth losses yield better generalization
bounds when the problem is easier), which are more appealing than the generalization of
simple Lipschitz continuous losses. The following theorem from [138, Theorem 1] bounds
the generalization error for any solution h € H when the learning has been performed by a

smooth convex surrogate ¢(-).

Lemma 4.10. With a probability 1 — 6, for any ||h||sc,. < B, we have

E%(h)—ﬁj’é(h) < Kl((B-i-’)’BQ +\/£ B+7B2))

L0 - L0 < Ko ((B—i—’yBQ +\/£ B+’yB2))‘

where t = log(1/0) + log3n and K1 and Ko are universal constants.

The bound stated in this lemma is optimistic in the sense that it reduces to O(1/,/n)
when the problem is difficult and be better when the problem is easier, approaching O(l /n)
for linearly separable data, i.e., L%* = 0 in the second inequality. These two lemmas
essentially enable us to transform a bound on the optimization error and generalization
bound into a bound on the convex excess risk. In particular, by combining Lemma 4.9 with
Lemma 4.10, we have the following theorem that bounds the smooth convex excess risk

8¢(/h\,) = E% (ﬁ) — E%(h}k\) for the empirical convex risk minimizer.

Theorem 4.11. Let h be the solution output from updating rules in (4.4) after k iterations.

Then, with a probability at least 1 — &, we have

- ~B2 (B +~B?)t \/ ox(B+7B2)t  [yB2(B+~yB2)t
eyh) < —— 4+ K| ——— 2 i LI L
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where K is a universal constant, t = log(1/5) 4 log3 n, and 5%* = min”h”% <B E%(h).
S

Since our overall interest is to understand how the smoothing parameter 7 affects the
convergence rate of excess risk in terms of n, the number of training examples, it is better
to parametrize both the number of iterations £ and smoothing parameter v in n, and bound

the 8¢,(/fz) only in terms of n. This is given in the following corollary.
Corollary 4.12. Assume v > 1 and B > 1. Paramertize k and ~ in terms of n as k + 2 =
n®2 and v = nb. Then, with a probability at least 1 — 9,

e4(h) < C(B,t) (nﬁ—a 4Pl pfolet)/2 [ﬁ%*]l/%(ﬁ—l)/?) (4.5)

where C(B,t) is a constant depending on both B and t with t = log(1/9) + log® n.

The bound given in (4.5) depends on E%*. We would like to further characterize E%* in

terms of . First, we have

1
z; = max max(0,1—2)+ —R(«
07) = s max(0,1-2) + ~R(o)
1 log 2
< max max(0,1 —2)+ —1og2 = dfinee(?) + ,
= acl0] ( ) ~ g ¢H1nge() v

where @pinge(2) = max(0,1 — 2) is the hinge loss. As a result, we have

@,* Hinge,* log 2
ED < ﬁD + T

where ﬁginge,* = min E, . p [¢Hinge(yh(x))] is the optimal risk with respect to the

Ihllgc, <B
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hinge loss. In general, we will assume

a
A1+E

b H b
£%* S‘CDmge*_’_ (4.6)

where a > 0 is a constant and ¢ > 0 characterizes how fast E%* will converge to Eginge’*

with increasing . To see why the assumption in (4.6) is sensible, consider the case when
the optimal classifier hik{inge = argminp 5, <B Lginge(h) can perfectly classify all the data

points with margin €, in which we have

,C%* < Eginge,* L0 (6;67)

which satisfy the condition in (4.6) with arbitrarily large £. It is easy to verify that the
condition (4.6) holds with & > 0 if hjy;, ge CAN perfectly classify O(1 —~17¢) percentage of
data with margin e.

Using the assumption in (4.6), we have the following result that characterizes the smooth

convex excess risk bound 8¢(iAz) stated in terms of the parameters a, J and £ginge,*.

Theorem 4.13. Assume o > 1/2. Set (3 as

min(1/2, a0 — 1/2)
1+¢ '

With a probability 1 — o, we have

Eg(h) < O™ + (L8122
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where
1+ 2¢min(1, a) 1/2+¢
O S A )

Proof. Replacing E%* in Corollary 4.12 with the expression in (4.6), we have, with a prob-

ability 1 — 9,
8(1,@) < C(R,t,a) <nﬁ_o‘ + Bl 4 pf-(etl)/2 [ggmgev*]lﬂn(ﬁ—l)ﬂ + n—1/2—55)

We first consider the case when o > 1. In this case, we have

eg(h) < O (=14 071280 1 [pifinee)1/2,(3-1)/2)

By choosing f — 1 = —1/2 — £f3, we have 3 = 11_—<—2§‘ and

g¢(ﬁ) < O(n—(1/2+§)/(1+£) + [Eginge,*]1/2n_(1/2+5)/[2(1+§)]

In the second case, we have « € [1/2,1]. Hence we have

4(F) < O (n=0 4 [LHPEA1/2p(0-1/2 4 py1/2-65)

By setting § — a = —1/2 — {3, we have §§ = al_jéz and

_ fat1)2 .
8¢(h)§0<n TT¢ +[/_‘,gmgev*]1/2n—(1/2+£)/[2(1+§)])_

We complete the proof by combining the results for the two cases. O
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4.4.2 Bounding Binary Excess Risk £(h)

We now combine the results from Theorem 4.8 and Corollary 4.12 to bound E(h).

Theorem 4.14. Assume o > 1/2. For a failure probability 6 € (0,1), define ngy as

1

1/(27’1 —27’2)
Hinge,* )
’CD

ng < K3(B,0) (

where K3(B,0) is a constant depending on B and 0, and 11 and 19 are defined in The-
orem 4.13. Set B as that in Theorem 4.13 if n < ng and 0, otherwise. Then, with a

probability 1 — &, we have

K4(B,6)n " "Llogn n <ng
€p <
K5(B,§)n_1/2 logn n > ng

where K4(B,d) and K5(B,d) are constants depending on B and 0.

Theorem 4.14 follows from Theorem 4.8 and similar analysis for Theorem 4.13, from

which we have
&h) = Lp(h) — L5 <O <min (7_1, E%(/f;) — E%*> log n)

Remark 4.15. According to Theorem /.14, when the number of training examples n is not

too large, for the binary excess risk of empirical minimizer we have, with a high probability,
&(h) < O(n " logn).

In the case when & > 0 and o > 1/2 (i.e. when the number of optimization iterations is
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larger than \/n and E%* converges to £%mge’* faster than 1/~ ), we have 1 > 1/2, implying

that using a smooth convex loss will lead to a generalization error bound better than O(n_l/Q)
when the number of training examples is limited. This implies that for smooth loss function to
achieve a binary excess error to the extent which is achievable by corresponding non-smooth
loss we can run the first order optimization method for a less number of iterations. This is
because our result examines the binary excess risk by taking into account the optimization
complexity.

We also note 1/(211 — 219) is given by

I 1+¢
211 — 219 1/2 4 &min(1,2a — 1)

When a < 3/4, we have ng > Kg(B,é)[Egmge’*]_2, which could be a large number when

Hinge,x .
Ly 8% s very small.

4.5 Proofs of Statistical Consistency

4.5.1 Proof of Theorem 4.5

We first compute
1+

) 1-—
2 = argmin To(2sy) + Tncb(—Z'; 7)

z

By setting the derivative to be zero, we have

1+7n B 1—n
I+exp(—y(1—2)) 1+exp(—y(1+2))
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and therefore

(1+mn)exp(—vz) — (1 —n)exp(yz) + 2nexp(y) = 0.

Solving the equation, we obtain

exp(—z) = —1OPO) TV 7712jx7§>(27) +(1—1%)

and

ex zeX — n?
exp(yz) = 1EPO) + \/'rz1 _1;(27) + (-7

It is easy to verify that sgn(z) = sgn(n). This is because if n > 0, we have

V1—n? 1—n
exp(—vyz) < = <1
p(=72) < 1+n  Vitg

and therefore z > 0. On the other hand, when 1 < 0, we have

exp(yz) = —nexp(y) + \/772 exp(2v) + (1 — 772) V=T

and therefore z < 0. Using the solution for z, we compute ¢(n) as

y) = HTUCb(ZW) + 1_7%(2; 7) — min () + 1_7%(2; 7)
_ 1 +n10g l+exp(y(l—2) 1 _nlog 1 +exp(7(1+z))'
2y 1+ exp(y) 2 1 4 exp(y)
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By defining constants C] = —neY + \/n2e27 + 1 —n? and Cy = ne? + \/n2e27 +1 — 12, we

can rewrite the transform function v (n; ) as

1+n 1 C1 1—n 1 Co
)= AP Y i I 1 14 ¢ .
() 2 %(1+w[ Ty 2y B \ixa | T,

4.5.2 Proof of Theorem 4.6

Since the expression for ¥ (n; ) is symmetric in terms 7, we will only consider the case when

n > 0. First, we have

CreV 1—n <1—77
Ltn 2+ (1 =nPe 2 = 21

Similarly, we have

Y Y
Coel _ ¢ ne’ + \/772627 +1-n%2) < Lt 72y
L=n 1-m -

Thus, we have

I+ 1+ 11— 1— 1+
i) = 27"log<1+e“*>—7”10g< ”)— ”bg( ”e7>

1 1—- 1— 1
n— +n10g T nlog ~ 0
2y 2n 2y 1—n

1 1—-n2 1+ 1 1 1
n——log( ! + n)zn——log(——i-ﬁ—l——)
Y 4n 2 0 Ul

v

v

where the last inequality follows from the concaveness of log(-) function. As a result when

n € (—1,1) we have



which completes the proof.

4.5.3 Proof of Theorem 4.11

Applying Lemmas 4.9 and 4.10 to the solution to the empirical convex risk minimizer /fz, we

have
o) < L3R + K <(B+T732ﬂ + \/ Lﬁ(ﬁ)@) (47)
. B? B ++B?)t . (B+B2)t B2(B +vB2)t
< LE(RE) +(1€1—2>2+K1 (%jt \/ﬁj‘;(hv)( +7Z L \/7 (li ;;)ZH ) )

On the other hand, by the application of the Bernstein’s inequality [30], with probability at

least 1 — & we have

4E B ()2 — 22 (1)) 1os L
4Blog } (ey)~D | (Wh3(x);7) = Lp(h3)) | log 5
o n (4.8)

L5(R5) - LH(RY) <

1 ¢ 1
< 4Blog 5 N \/8B£D(hi;) loggl

n n

We conclude the proof by plugging in (7.7) with (7.6), replacing the constants with a new

universal constant K, and noting that ¢t = log% +log3n .

4.6 Summary

In this chapter we have investigated how the smoothness of loss function being used as
the surrogate of 0-1 loss function in empirical risk minimization affects the excess binary

risk. While the relation between convex excess risk and binary excess risk being provably
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established previously under weakest possible condition such as differentiability, it was not
immediately obvious how smoothness of convex surrogate relates to statistical consequences.
This chapter made first step towards understanding this affect. In particular, in contrast
to optimization and generalization analysis that favor smooth surrogate losses, our results
revealed that smoothness degrades the binary excess risk. To investigate guarantees on
which the smoothness would be a desirable property, we proposed a unified analysis that
integrates errors in optimization, generalization, and translating convex excess risk into
binary excess risk. Our result shows that under favorable conditions and with appropriate

choice of smoothness parameter, a smoothed hinge loss can achieve a binary excess risk that

is better than O(1/y/n).
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Chapter 5

Regret Bounded by Gradual Variation

The focus so far in this thesis has been on statistical learning where we assumed that the
learner is provided with a pool of i.i.d training examples according to a fixed and unknown
distribution D from the instance space = = X x ) and is asked to output a hypothesis h € H
which achieves a good generalization performance. This statistical assumption permits the
estimation of the generalization error and the uniform convergence theory provides basic
guarantees on the correctness of future predictions.

We turn now to the sequential prediction setting in which no statistical assumption is
made about the sequence of observations. In particular, we consider the online convex
optimization problem introduced in Chapter 2 where the ultimate goal is to devise efficient
algorithms in adversarial environments with sub-linear regret bounds in terms of the number
of rounds the game proceeds. We have seen a wide variety of algorithms such as Follow
The Perturbed Leader (FTPL) for linear and combinatorial online learning problems, and a
simple Online Gradient Descent (OGD), Follow The Regularized Leader (FTRL), and Online
Mirror Descent (OMD) algorithms for general convex functions which attain an O(v/T') and
O(log T') regret bounds for Lipschitz continuous and strongly convex functions, respectively.

Most previous works, including those discussed above, considered the most general set-
ting in which the loss functions could be arbitrary and possibly chosen in an adversarial
way. However, the environments around us may not always be fully adversarial, and the loss

functions may have some patterns which can be exploited for achieving a smaller regret. For
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example, the weather condition or the stock price at one moment may have some correlation
with the next and their difference is usually small, while abrupt changes only occur sporad-
ically. Consequently, it is objected that requiring an algorithm to have a small regret for all
sequences leads to results that are too loose to be practically interesting, and the bounds
obtained for worst case scenarios become pessimistic for these regular sequences. Recently,
it has been shown that the regret of the FTRL algorithm for online linear optimization can
be bounded by the total variation of the cost vectors rather than the number of rounds. This
result is appealing for the scenarios where the sequence of loss functions have a pattern and
are not fully adversarial.

In this chapter we extend this result to general online convex optimization and introduce
a new measure referred to as gradual variation to capture the variation of consecutive convex
functions. We show that the total variation bound is not necessarily small when the cost
functions change slowly, and the gradual variation lower bounds the total variation. To
establish the main results, we discuss a lower bound on the performance of the FTRL that
maintains only one sequence of solutions, and a necessary condition on smoothness of the cost
functions for obtaining a gradual variation bound. We then present two novel algorithms,
improved FTRL and Online Mirror Prox (OMP), that bound the regret by the gradual
variation of cost functions. Unlike previous approaches that maintain a single sequence
of solutions, the proposed algorithms maintain two sequences of solutions that makes it
possible to achieve a gradual variation-based regret bound for online convex optimization.
We also extend the main results two-fold: (i) we present a general method to obtain a gradual
variation bound measured by general norms rather than the £9 norm and specialize it to three
online learning settings, namely online linear optimization, prediction with expert advice,

and online strictly convex optimization; (ii) we develop a deterministic algorithm for online
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bandit optimization in multipoint bandit setting based on the proposed OMP algorithm.

5.1 Variational Regret Bounds

Recall that in online convex optimization problem, at each trial ¢, the learner is asked to
predict the decision vector w; that belongs to a bounded closed convex set W C R<; it then
receives a cost function f; : WW — R4 from a family of convex functions F and incurs a cost
of fi(wy) for the submitted solution. The goal of online convex optimization is to come up
with a sequence of solutions wq, ..., wp € W that minimizes the regret, which is defined as
the difference in the cost of the sequence of decisions accumulated up to the trial 7" made

by the learner and the cost of the best fixed decision in hindsight, i.e.

T T
Regrety = th(wt) — min th(w) (5.1)
=1 wew 3

The goal of online convex optimization is to design algorithms that predict, with a small
regret, the solution wy at the tth trial given the (partial) knowledge about the past cost
functions f1, fo, -+, fi—1 € F.

As already mentioned, generally most previous studies of online convex optimization
bound the regret in terms of the number of trials 7. In particular for general convex Lipschitz
continuous and strongly convex functions regret bounds of O(v/T) and O(log T') have been
established, respectively, which are known to minimax optimal. However, it is expected
that the regret should be low in an unchanging environment or when the cost functions are
somehow correlated. Ideally, the tightest rate for the regret should depend on the variance

of the sequence of cost functions rather than the number of rounds 7. Consequently, the
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bounds obtained for worst case scenarios in terms of number of iterations become pessimistic
for these regular sequences and too loose to be practically interesting. Therefore, it is of
great interest to derive a variation-based regret bound for online convex optimization in an
adversarial setting.

Recently [69] made a substantial progress in this route and proved a variation-based
regret bound for online linear optimization by tight analysis of FTRL algorithm with an
appropriately chosen step size. A similar regret bound is shown in the same paper for
prediction from expert advice by slightly modifying the multiplicative weights algorithm. In
this chapter, we take one step further and contribute to this research direction by developing
algorithms for general framework of online conver optimization with variation-based regret
bounds.

When all the cost functions are linear, i.e., fy(w) = (ft, w), where f; € RY is the cost vec-
tor in trial ¢, online convex optimization becomes online linear optimization. Many decision
problems can be cast into online linear optimization problem, such as prediction from expert
advice [37], online shortest path problem [142]. The first variation-based regret bound for
online linear optimization problems in an adversarial setting has been shown in [69]. Hazan
and Kale’s algorithm for online linear optimization is based on the framework of FTRL. At
each trial, the decision vector wy is given by solving the following optimization problem:

t—1
1 2
W = ar ming f-,w) + —||w|5, 5.2
t g WT_1<T ) 277” HQ (5.2)

wE

where f; is the cost vector received at trial ¢ after predicting the decision wy, and 7 is a step

132



size. They bound the regret by the variation of cost vectors defined as

T

Variationp = Z I — |3, (5.3)
t=1

where p = 1/T Zle f;. By assuming |[ft||o < 1,V¢ and setting the value of 1 to n =

min(2/4/Variationp, 1/6), they showed that the regret of FTRL can be bounded by

T T 15y/Variationy  if v/Variationp > 12
Z £, wy) — mm Z fr,w) < . (5.4)
t=1 150 if v/ Variationy < 12

From (5.4), we can see that when the variation of the cost vectors is small (less than 12), the
regret is a constant, otherwise it is bounded by the variation O(v/Variationg). This result
indicates that online linear optimization in the adversarial setting is as efficient as in the

stationary stochastic setting.

5.2 Gradual Variation and Necessity of Smoothness

Here we introduce a new measure to characterize the efficiency of online learning algorithms
in evolving environments which is termed as gradual variation. The motivation of defining
gradual variation stems from two observations: one is practical and the other one is technical
raised by the limitation of extending the results in [69] to general convex functions. From
practical point of view, we are interested in a more general scenario, in which the environment
may be evolving but in a somewhat gradual way. For example, the weather condition or the
stock price at one moment may have some correlation with the next and their difference is

usually small, while abrupt changes only occur sporadically.
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Algorithm 2 Linearalized Follow The Regularized Leader for OCO
1: Input: n >0
2: Initialize: w1 =0
3: fort=1,...,7T do
4:  Predict wy by

t—1
: 1 2
wy =argmin » (fr, w) + —[|w|3
weW ; ’ 2n
5. Receive cost function fi(-) and incur loss fi(wy)
6:  Compute f; = V fr(wy)
7: end for

In order to understand the limitation of extending the results in [69], let us apply the
results to general convex loss functions. This is an important problem in its own as online
convex optimization generalizes online linear optimization by replacing linear cost functions
with non-linear convex cost functions and covers many other sequential decision making
problems. For instance, it has found applications in portfolio management [6] and online
classification [88]. In online portfolio management problem, an investor wants to distribute
his wealth over a set of stocks without knowing the market output in advance. If we let wy
denote the distribution on the stocks and r; denote the price relative vector, i.e., 1¢[i] denote
the the ratio of the closing price of stock 7 on day ¢ to the closing price on day t — 1, then
an interesting function is the logarithmic growth ratio, i.e. Z?:l log({w¢,r¢)), which is a
concave function to be maximized.

Since the results in [69] were developed for linear loss functions, a straightforward ap-
proach is to use the first order approximation for convex loss functions, i.e., fi(w) =~
ft(wy) + (Vfi(wy),w — wy), and replace the linear loss vector with the gradient of the

loss function f;(w) at wy. The resulting algorithm is shown in Algorithm 2. Using the
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convexity of loss function fi(w), we have

T

T T T
th(wt) — min th( Z fi, w¢) — min Z £, w (5.5)

=1

If we assume ||V fi(w)|l2 < 1,Vt € [T],Vw € W, we can apply Hazan and Kale’s variation-
based bound in (5.4) to bound the regret in (5.5) by the variation of the cost functions

as:

2
T T 1 T
Variationp = > _[|f; — pl|3 = > _ ||V fe(wy) — = > Vir(wr)| (5.6)
t=1 t=1 T=1 9
To better understand Variationp in (5.6), we rewrite it as
T 2
Variationp = Z Vfi(wy) — = Z V fr(wr)
=1 2
1 T
~ o7 Z IV fe(wi) va(WT)||2
)T:
1 T T
< =D D IVilwe) = Vi(wo)ll3 + Z Z IV fi(wr) = V fz(w2)]3
t=171=1 t 17=1

= Variation%w + Variation%.

We see that the variation Variationy is bounded by two parts: Variatioan essentially mea-
sures the smoothness of individual cost functions, while Variation% measures the variation

in the gradients of cost functions. Let us consider an easy setting when all cost functions are
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identical. In this case, Variation% vanishes, and Variation is equal to Variatioan /2, ie.,

T
. 1
Variationp = > Z IV fr(wy) — VfT(Wr)||2
t,r=1

T
1
=57 2 IV fulwi) = Vfylwo)|?
t,r=1

c o1
_ Var1at1onT

2

As a result, the regret of the FTRL algorithm for online convex optimization may still be
bounded by O(v/T) regardless of the smoothness of the cost functions.

To address this challenge, we develop two novel algorithms for online convex optimization
that bound the regret by the variation of cost functions. In particular, we would like to bound

the regret of online convex optimization by the variation of cost functions defined as follows:

T-1
GradualVariationp = Z max ||V fip1(w) — Vft(W)”%. (5.7)
P wew

Note that the variation in (5.7) is defined in terms of gradual difference between individual
cost function to its previous one, while the variation in (5.3) is defined in terms of total
difference between individual cost vectors to their mean. Therefore we refer to the vari-
ation defined in (5.7) as gradual variation, and to the variation defined in (5.3) as total
variation. It is straightforward to show that when fiy(w) = (f;, w), the gradual variation
GradualVariationy is upper bounded by the total variation Variationp defined with a con-

stant factor:

T-1 T-1 T
Dol = fll3 <> 2lfeen — pl3+20f — pl3 < 4D — pllb.
=1 =1 =1
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On the other hand, we can not bound the total variation by the gradual variation up to a
constant. This is verified by the following example. Let us assume that the adversary plays
a fixed function f for the first half of the iterations and another different function g for the
second half of the iterations, i.e., f{ =--- = fT/2 =f and fT/2+1 =...=fp=g+#{f. Then,
in this simple scenario the total variation of the sequence of cost functions in (5.3) is given

by

¢ 2
_ ? — Q(T),

T
Variationp = Z |If — u||% =
2

T
2 H
t=1

2 TH f+g
5 2 2

while the gradual variation defined in (5.7) is a constant given by

T-1
GradualVariationy = > [|fi11 — f][5 = |[f — gl = O(1).
t=1

Based on the above analysis, we claim that the regret bound by gradual variation is
usually tighter than total variation. In particular, the following theorem shows a lower
bound on the performance of the FTRL in terms of gradual variation. Unlike the standard
setting of online learning where the FTLR achieves the optimal regret bound for Lipschitz
continuous and strongly convex losses, it is not capable of achieving regret bounded by

gradual variation. The result of this theorem motivates us to develop new algorithms for

online convex optimization to achieve a gradual variation bound of O(,/GradualVariationy).

For the ease of exposition we use GV to denote the gradual variation after T iterations.
Theorem 5.1. The regret of FTRL is at least Q(min(GVp, VT)).

Proof. Let f be any unit vector passing through wy. Let s = |1/n], so that if we use f; = f
for every t < s, each such z;11 = wi — tnf still remains in W and thus wyy1 = z¢41. Next,

we analyze the regret by considering the following three cases depending on the range of s.
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Case I: s > VT.

First, when s > /T, we choose f; = f for ¢ from 1 to |s/2| and f; = 0 for the remaining
t. Clearly, the best strategy of the offline algorithm is to play w = —f. On the other
hand, since the learning rate 7 is too small, the strategy wy played by GD, for ¢ < [s/2],
is far away from w, so that (f;, w; — w) > 1 —tn > 1/2. Therefore, the regret is at least
15/2] (1/2) = UVT).

Case IT: 0 < s < V/T.

Second, when 0 < s < /T, the learning rate is high enough so that FTRL may overreact to
each loss vector, and we make it pay by flipping the direction of loss vectors frequently. More
precisely, we use the vector f for the first s rounds so that wyy1 = w1 — ¢nf for any ¢ < s,
but just as wgi1 moves far enough in the direction of —f, we make it pay by switching the
loss vector to —f, which we continue to use for s rounds. Note that wg 14, = Wgi1_, but
fs114r = —fs1 1, for any r < s, so E?iﬂftjwt —wi) = {fsi1, Wer1 —wi) > Q(1). As
Wost1 returns back to wi, we can see the first 2s rounds as a period, which only contributes
||2f||% = 4 to the deviation. Then we repeat the period for 7 times, where 7 = |GV /4] if
there are enough rounds, with |7'/(2s)| > |GV /4], to use up the gradual variation GV,
and 7 = |T/(2s)] otherwise. For any remaining round ¢, we simply choose f; = 0. As a
result, the total regret is at least Q(1) - 7 = Q(min{GVy/4,T/(25)}) = Q(min{CVp, VT}).
Case III: s = 0.

Finally, when s = 0, the learning rate is so high that we can easily make GD pay by flipping
the direction of the loss vector in each round. More precisely, by starting with f; = —f,
we can have wo on the boundary of W, which means that if we then alternate between f
and —f, the strategies FTRL plays will alternate between w3 and w9 which have a constant

distance from each other. Then following the analysis in the second case, one can show that
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the total regret is at least Q(min{GVp,T}). O

Assumption 5.2. In this study, we assume smooth cost functions with Lipschitz continuous

gradients, i.e., there exists a constant L > 0 such that

IV fe(w) = Vfi(w')ll2 < Llw — w'l|2, Vw, w' € W, VL. (5.8)

We would like to emphasize that our assumption about the smoothness of cost functions
is necessary to achieve the variation-based bound stated in this chapter. To see this, consider
the special case of fi(w) =--- = fp(w) = f(w). If we are able to achieve a regret bound
which scales as the square roof of the gradual variation, for any sequence of convex functions,

then for the special case where all the cost functions are identical, we have

implying that wp = Zthl wy /T approaches the optimal solution at the rate of O(1/T).
This contradicts the lower complexity bound (i.e., O(1/v/T)) for any optimization method
which only uses first order information about the cost functions [119, Theorem 3.2.1] (see also
Table 2.1). This analysis indicates that the smoothness assumption is necessary to attain
variation based regret bound for general online convex optimization problem. We would
like to emphasize the fact that this contradiction holds when only the gradient information
about the cost functions is provided to the learner and the learner may be able to achieve
a variation-based bound using second order information about the cost functions, which is

not the focus of this chapter.
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w1 = W — nf;
w; = w — nfi_
’:‘t t — Mt—1

wr =w_1 —nf_1

—nfi_1

Figure 5.1: Hlustration of the main idea behind the proposed improved FTRL and online
mirror prox methods to attain regret bounds in terms of gradual variation for linear loss
functions. The learner plays the decision wy instead of wy to suffer less regret when the
consecutive loss functions are gradually evolving.

5.3 The Improved FTRL Algorithm

As mentioned earlier, the ultimate goal of this chapter is to have algorithms that can take
advantage of benign sequences in gradually evolving environments and at the same time
protect against the adversarial sequences. However, the impossibility result we showed in the
previous section and in particular Theorem 5.1, demonstrated that the existing algorithms
such as OGD and in general the family of follow the regularized leader algorithms fail to
attain a regret bounded by the gradual variation of the loss functions. Motivated by this

negative result, we now turn to proposing two algorithms for online convex optimization
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that are able to attain regret bounds in terms of gradual variation. The first algorithm
is an improved FTRL and the second one is based on the mirror prox method introduced
in Chapter 2. One common feature shared by the two algorithms is that both of them
maintain two sequences of solutions: decision vectors wi.p = (wy,--- ,wp) and searching
vectors z1.7 = (z1,--- ,2z7) that facilitate the updates of decision vectors. Both algorithms
share almost the same regret bound except for a constant factor.

All of our algorithms are based on the following idea, which we illustrate using the online
linear optimization problem as an example which is graphically depicted in Figure 5.1. For
general linear functions, the online gradient descent algorithm is known to achieve an optimal
regret, which plays in round ¢ the point w; = Ilyy (w;—1 — nf;_1). Now, if the loss functions
have a small deviation, f;_1 may be close to f;, so in round ¢, it may be a good idea to play
a point which moves further in the direction of —f;_1 as it may make its inner product with
f; (which is its loss with respect to f) smaller. In fact, it can be shown that if one could
play the point w1 = Iy (wy — nfy) in round ¢, a very small regret could be achieved,
ie., Zle (Wit1, fr) — mingeyw Z?:l (w,f;) < O(1), but in reality one does not have f;
available before round ¢ to compute wy1. On the other hand, if f;_1 is a good estimate of
f;, the point wy = Iy (wy — nf;_1) should be a good estimate of w1 too. The point Wy
can actually be computed before round ¢ since f;_1 is available, so our algorithm plays wy
in round ¢. As it will be clear later in this chapter, our algorithms for the prediction with
expert advice problem and the online convex optimization problem use the same idea to be
able to achieve regret bounds stated in terms of gradual variation of the sequence of losses.

To facilitate the discussion, besides the variation of cost functions defined in (5.7), we
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Algorithm 3 Improved FTRL (IFTRL) Algorithm

1: Input: n € (0, 1]
2: Initialize:: zg = 0 and fy(w) =0
3 fort=1,...,7T do
4:  Predict wy by
: L 2
wt = argmin § (w, V fi1(zi-1)) + 5 [w — 2112
weWw n
5. Receive cost function fi(-) and incur loss fi(wy)
6: Update z¢ by
! L
2 = argmin ¢ (W, Vfr(zr_1)) + o [|wl3

7: end for

define another variation, named extended gradual variation, as follows

T-1

EGVra(yrr) = > IVfiri(ye) = Vily)l3 < IVAi(yo)ll3 + GVr, (5.9)
=0

where fo(w) = 0, the sequence (yq, ..., yr) is either (zg, ..., z7) (as in the improved FTRL)
or (wq,...,wr) (as in the online mirror prox method) and the subscript 2 means the varia-
tion is defined with respect to £2 norm. When all cost functions are identical, GV becomes
zero and the extended variation EGV7 9(y1.7) is reduced to ||V fi (y0)||3, a constant inde-
pendent from the number of trials. In the sequel, we use the notation EGV o for simplicity.

Our results show that for online convex optimization with L-smooth cost functions, the

regrets of the proposed algorithms can be bounded as follows

T T

th(wt) — Vgél)r/lv;ft(w) <0 (ﬂ /EGVTQ) + constant. (5.10)

t=1

We now turn to presenting our first algorithm, dubbed IFTRL, which is a simple modi-

fication of the FTRL algorithm and show that its regret bounded by the gradual variation.
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The improved FTRL algorithm for online convex optimization is presented in Algorithm 3.
Without loss of generality, we assume that the decision set W is contained in a unit ball
B={xeR?: |x| <1}, ie, WCB, and 0 € W. Note that in step 6, the searching vectors
z¢ are updated according to the FTRL algorithm after receiving the cost function fy(w). To
understand the updating procedure for the decision vector wy specified in step 4, we rewrite

it as

. L
wi = arg min {ft—l(Zt—l) (W =21, Vfr-(ze-1)) + 5w - Zt—l”%} : (5.11)
wew n

Notice that

W) < filr1) + (w — 0, Vilz) + w213

L
< fi(zi—1) + (W — 241, V fe(z4—1)) + %HW —z 1|3,

where the first inequality follows the smoothness condition in (5.8) and the second in-
equality follows from the fact n < 1. The inequality (5.12) provides an upper bound for
ft(w) and therefore can be used as an approximation of f;(w) for predicting wy. However,
since V f¢(z;_1) is unknown before the prediction, we use V f;_1(z;_1) as a surrogate for
V ft(z¢—1), leading to the updating rule in (5.11). Tt is this approximation that leads to the

variation bound. The following theorem states the regret bound of Algorithm 3.

Theorem 5.3. Let f1, fo,..., fr be a sequence of convex functions with L-Lipschitz contin-

wous gradients. By setting 7 = min {1, L/, /EGVT)Q}, we have the following regret bound
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for the IFTRL in Algorithm 3:

XT: (wy) — IIllIl th < max (L, \ /EGVTQ) .

Remark 5.4. Comparing with the variation bound in (5.7) for the FTRL algorithm, the
smoothness parameter L plays the same role as Vam’atz’on%ﬂ that accounts for the smoothness
of cost functions, and term EGVrq plays the same role as VariationQT that accounts for
the variation in the cost functions. Compared to the FTRL algorithm, the key advantage
of the improved FTRL algorithm is that the regret bound is reduced to a constant when the
cost functions change only by a constant number of times along the horizon. Of course,
the extended variation EGVrp 9 may not be known aprioru for setting the optimal 1, we can
apply the standard doubling trick [38] to obtain a bound that holds uniformly over time and
1s a factor at most § from the bound obtained with the optimal choice of n. The details are

provided later in this chapter.

5.4 The Online Mirror Prox Algorithm

The second algorithm we present to attain regret bounds in terms of gradual variation is
based on the prox method we introduced in Chapter 2 for non-smooth convex optimization.
We generalize the prox method for online convex optimization that shares the same order
of regret bound as the improved FTRL algorithm. The detailed steps of the Online Mirror
Prox (OMP) method are shown in Algorithm 4, where we use an equivalent form of updates
for wy and z; in order to compare to Algorithm 3 . The OMP method is closely related to

the prox method in [117] by maintaining two sets of vectors wy.p and zy.p, where wy and
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Algorithm 4 Online Mirror Prox (OMP) Algorithm

1: Input: n >0
2: Initialize:: zyg = wg = 0 and fp(w) =0
3: fort=1,...,T do
4:  Predict wy by
: L 2
wi = argmin o (W, Vfi_1(we1)) + o [|w — 2112
weW n
5. Receive cost function fi(-) and incur loss fi(wy)
6: Update z¢ by
. L
o = arganin { w, Viwi) + - = 21 B
wew n
7: end for

z¢ are computed by gradient mappings using V f;_1(w;_1), and V fy(wy), respectively, as
5 v~ (= Fosatnen)|
w; = arg min — ||[w — (z;—1 — =V fi_1(w;_
t ngW 2 t—1 I t—1 t—1 9

1 2
=iy S s 150w

The OMP differs from the IFTRL algorithm: (i) in updating the searching points z,
Algorithm 3 updates z; by the FTRL scheme using all the gradients of the cost functions
at {ZT}i_:1 , while OMP updates z; by a prox method using a single gradient V fi(w;), and
(ii) in updating the decision vector w¢, OMP uses the gradient V f;_q(wy_1) instead of
V fi—1(z¢_1). The advantage of OMP algorithm compared to the IFTRL algorithm is that
it only requires to compute one gradient V fi(wy) for each loss function; in contrast, the
improved FTRL algorithm in Algorithm 3 needs to compute the gradients of f;(w) at two
searching points z; and z;_1. It is these differences that make it easier to extend the OMP
to a bandit setting, which will be discussed in Section 5.7.

The following theorem states the regret bound of the online mirror prox method for online

convex optimization.
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Algorithm 5 Online Mirror Prox Method for General Norms

1: Input: 7 > 0, ®(z)
2: Initialize:: zg = wy = min,c)y O(z) and fy(w) =0
3: fort=1,...,7 do
4:  Predict wy by
. L
wy = argmin < (w, V fr_1(wi—1)) + —B(w,z1)
weW n
5:  Receive cost function fi(-) and incur loss fi(wy)
6:  Update z; by
L
zy = argmin {(W, V fi(wy)) + —B(w, Zt—l)}
wew n
7: end for
Theorem 5.5. Let f1, fo, ..., fr be a sequence of convex functions with L-Lipschitz contin-

uous gradients. By settingn = (1/2) min {1/\/5, L/, /EGVT’Q}, we have the following regret

bound for OMP in Algorithm 4

H(wy) — mln Z fr(w) < 2max <\/§L, \ /EGVT72> .

We note that compared to Theorem 5.3, the regret bound in Theorem 5.5 is slightly

IIMH

worse by a factor of 2.

5.4.1 Online Mirror Prox Method with General Norms

In this subsection, we first present a general OMP method to obtain a variation bound
defined in a general norm. Then we discuss three special cases: online linear optimization,
prediction with expert advice, and online strictly convex optimization. The omitted proofs in
this subsection can be easily duplicated by mimicking the proof of Theorem 5.5, if necessary
with the help of previous analysis as mentioned in the appropriate text.

To adapt OMP to general norms other than the Euclidean norm, let || -|| denote a general
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norm, || - ||« denote its dual norm, ®(z) be a a-strongly convex function with respect to the

norm || - ||, and B(w,z) = ®(w) — (®(z) + (w — z,®/(z))) be the Bregman distance induced

by function ®(w). Let fi, fo, -, fr be a sequence of smooth functions with Lipschitz
continuous gradients bounded by L with respect to norm || - ||, i.e.,
IV £i(w) = V£i(W)ll < Lllw = w. (5.12)

Correspondingly, we define the extended gradual variation based on the general norm as

follows:
T-1

EGVy = Y [V fi1(we) = Vfi(we) 13- (5.13)
t=0

Algorithm 5 gives the detailed steps for the general framework. We note that the key

differences from Algorithm 4 are: zg is set to min,c)y ®(z), and the Euclidean distances in

steps 4 and 6 are replaced by Bregman distances, i.e.,

. L
Wt = arg min {(W, Vfi-1(wi-1)) + —B(W,Zt—l)} ,
wew n

L
z¢ = argmin {(w, V fi(we)) + —B(w, Zt—l)} :
wew n

(5.14)

The following theorem states the variation-based regret bound for the general norm

framework, where R measure the size of VW defined as

R = \/Z(Qneaﬁcv d(w) — Vgél)l/lv d(w)).

Theorem 5.6. Let f1, fo, -+, fr be a sequence of convex functions whose gradients are L-

smooth continuous, ®(z) be a a-strongly convex function, both with respect to norm ||-||, and

EGVry be defined in (5.13). By setting n = (1/2) min {\/a/v2, LR/JEGV T}, we have the
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following regret bound

IIMH

H(wy) — mln th < 2Rmax <\/§LR/\/5, \/EGVT> .

In the following subsections we specialize the proposed general method to few specific

online learning settings.

5.4.2 Online Linear Optimization

Here we consider online linear optimization and present the algorithm and the gradual vari-
ation bound for this setting as a special case of proposed algorithm. In particular, we are

interested in bounding the regret by the gradual variation

EGVég Z 1£r1 — £1]13,

where f;,¢t = 1,...,T are the linear cost vectors and fy = 0. Since linear functions are
smooth functions that satisfy the inequality in (5.8) for any positive L > 0, therefore we can
apply Algorithm 4 to online linear optimization with any positive value for L 1. The regret

bound of Algorithm 4 for online linear optimization is presented in the following corollary.

Corollary 5.7. Let fiy(w) = (fr,w),t = 1,...,T be a sequence of linear functions. By

setting n = \/1/ <2EGVf ) and L =1 in Algorithm 4, then we have

T T
£, w; — min (fr, w @/ZEGVf
tz; t WEW;

Lywe simply set L = 1 for online linear optimization and prediction with expert advice.
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Remark 5.8. Note that the regret bound in Corollary 5.7 is stronger than the regret bound
obtained in [71] for online linear optimization due to the fact that the gradual variation is

smaller than the total variation.

5.4.3 Prediction with Expert Advice

In the problem of prediction with expert advice, the decision vector w is a distribution over
m experts, ie, w € W = {w € R : 3" w; = 1}. Let f; € R™ denote the costs for
m experts in trial ¢. Similar to [69], we would like to bound the regret of prediction from

expert advice by the gradual variation defined in infinite norm, i.e.,

T-1
EGV] = Y [lfir1 — fi]%.
t=0

Since it is a special online linear optimization problem, we can apply Algorithm 4 to obtain

a regret bound as in Corollary 5.7, i.e.,

T T
7w — mi f;, w) < \/QEGVf < \/2 EGV] .
; T Wi v{/rél)r/lv;< W) < T2 < m T

However, the above regret bound scales badly with the number of experts. We can obtain
a better regret bound in O(4/ EGV% ~ Inm) by applying the general prox method in Algo-
rithm 5 with ®(w) = Y1 w; Inw; and B(w,z) = > w; In(z;/w;). The two updates in

Algorithm 5 become

_ e/ .
Sy 2y exp(ln/LIf_y)
i Aope(n/Lf)
2§ = - —1=1,...,m.
Sy 2y exp([n/L1fY)

wt

(5.15)
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The resulting regret bound is formally stated in the following Corollary.

Corollary 5.9. Let fy(w) = (f,w),t = 1,...,T be a sequence of linear functions in pre-

diction with expert advice. By setting n = \/(ln m)/EGVf L=1,ow)=>" wnw;

T,00’

and B(w,z) = > w; In(w;/z;) in Algorithm 5, we have

T T
£, wy) — £, w 2BEGVL 1
(v~ iy S ) < /286,

By noting the definition of EGVfR ~» the regret bound in Corollary 5.9 is

-1

O Zm?x|fg+1—fg|lnm ,
t=0

which is similar to the regret bound obtained in [69] for prediction with expert advice. How-

ever, the definitions of the variation are not exactly the same. In [69], the authors bound the

regret of prediction with expert advice by O (\/ Inm max; Zthl | fti — ug|2 +In m), where
the variation is the maximum total variation over all experts. To compare the two regret
bounds, we first consider two extreme cases. When the costs of all experts are the same,
then the variation in Corollary 5.9 is a standard gradual variation, while the variation in
[69] is a standard total variation. According to the previous analysis, a gradual variation
is smaller than a total variation, therefore the regret bound in Corollary 5.9 is better than
that in [69]. In another extreme case when the costs at all iterations of each expert are the
same, both regret bounds are constants. More generally, if we assume the maximum total
variation is small (say a constant), then Zg;}l | ftZ 1 ftl| is also a constant for any i € [m].
By a trivial analysis ZZ:OI max; | fti 1 ft’| < mmax; ZtT:_Ol | ft’ 1 ftZ], the regret bound

in Corollary 5.9 might be worse up to a factor y/m than that in [69].
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Remark 5.10. It was shown in [{1], both the regret bounds in Corollary 5.7 and Corol-
lary 5.9 are optimal because they match the lower bounds for a special sequence of loss
functions. In particular, for online linear optimization if all loss functions but the first
1) = MEGV%Z are all-0 functions, then the known lower bound Q(\/Tk) matches the upper
bound in Corollary 5.7. Similarly, for prediction from expert advice if all loss functions but

the first T) = wEGV% ~ are all-0 functions, then the known lower bound Q(4/ Ty Inm) [38]

matches the upper bound in Corollary 5.9.

5.4.4 Online Strictly Convex Optimization

In this subsection, we present an algorithm to achieve a logarithmic variation bound for
online strictly convex optimization. In particular, we assume the cost functions f;(w) are

not only smooth but also strictly convex defined formally in the following.

Definition 5.11. For f > 0, a function f(w) : W — R is [B-strictly convez if for any

w,z € W

f(w) > f(2) + V{f(z),w —2z) + B(w — 2) | Vf(2)Vf(z) (W 2) (5.16)

It is known that such a defined strictly convex function include strongly convex function
and exponential concave function as special cases as long as the gradient of the function
is bounded. To see this, if f(w) is a #'-strongly convex function with a bounded gradient

IVf(w)ll2 < G, then

f(w) > f(z) +(V[(z),w —2z) + f'{w —2,w — )
(5.17)

> f(2) + (V. {a)w = 2) + S lw =) VS 2)Vf(2) (w—2),
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thus f(w) is a (3'/G?) strictly convex. Similarly if f(w) is exp-concave, i.e., there exists
a > 0 such that h(w) = exp(—af(w)) is concave, then f(w) isa = 1/2min(1/(4GD), «)
strictly convex (c.f. Lemma 2 in [68]), where D is defined as the diameter of the domain.
Therefore, in addition to smoothness and strict convexity we also assume all the cost func-
tions have bounded gradients, i.e., |V fr(w)]]2 < G.

We now turn to deriving a logarithmic gradual variation bound for online strictly convex
optimization. To this end, we need to change the Euclidean distance function in Algorithm 4
to a generalized Euclidean distance function. Specifically, at trial ¢, we let Hy = I+ SG2I +
g ZtT_:l() Vfr(wr)Vfr(wr) " and use the generalized Euclidean distance By(w,z) = %Hw -

ZH%{t = %(W —z)'Hy(w — z) in updating wy and z, i.e.,

. 1
w; = arg min {(W, Vfi—1(wi—1)) + QHW - Zt—l”%lt}
wew (5.18)

. 1
Z; = arg min {(W, V fr(wi)) + §HW - Ztl”%{t} ’
wew

To prove the regret bound, we can prove a similar inequality as in Lemma 5.16 by applying

d(w) = 1/2||w|]%{t, which is stated as follows

Vfi(we) T (Wi — 2) < By(z,2_1) — Bi(2, %)

+ IV fe(we) = Vo1 (wi—)[|? !

- . 2 . 2
b1~ g [zl e — el |

Then by applying inequality in (5.16) for strictly convex functions, we obtain the following
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fi(wi) = filz) < By(w,z41) = Be(w, ) — Bllwi — 23y,

+ IV fi(we) = Vw0l 1 — 1
t

(5.19)
2
Iwe =21 lIy, + e — 2l ]

where My = Vft(wt)Vft(wt) and Hy = I+ 8G21+ 3 Zt 1 o M7 as defined above. The
following corollary shows that general OMP method attains a logarithmic gradual variation

bound and its proof is deferred to later.

Corollary 5.12. Let f1, fa, ..., [T be a sequence of 3-strictly convexr and L-smooth functions
with gradients bounded by G. We assume 8dL% > 1, otherwise we can set L = V1/(8d). An

algorithm that adopts the updates in (5.18) has a regret bounded by
T 2
1
Z (W) — mm th +5G +%lnmax(16dl) , BEGV129),
t=1
where EGVp 9 = Zf:?)l IV fre1(we) — Vfr(we)||3 and d is the dimension of w € W,

5.4.5 Gradual Variation Bounds which Hold Uniformly over Time

As mentioned in Remark 5.4, the algorithms presented in this chapter rely on the previous
knowledge of the gradual variation EGVp 9 to tune the learning rate 1 to obtain the optimal
bound. Here, we show that the Algorithm 3 can be used as a black-box to achieve the same
regret bound but without any prior knowledge of the EGVy 9. We note that the analysis
here is not specific to Algorithm 3 and it is general enough to be adapted to other algorithms
in the chapter too.

The main idea is to run the algorithm in epochs with a fixed learning rate n; = ng/ 2k for
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kth epoch where 7 is a fixed constant and will be decided by analysis. We denote the number
of epochs by K and let by denote the start of kth epoch. We note that bg 1 = T+ 1. Within
kth epoch, the algorithm ensures that the inequality 7, Z:izkl_l IV fri1(ze) — V fi(ze) |3 <
Linzl holds.

To this end, the algorithm computes and maintains the quantity

t
Z IV fs41(zs) — st(zs)H%

S:bl€
and sets the beginning of new epoch to be

t

by = min Y |V fyr1(zs) = Vslzs)lI3 > L
SZbk

i.e., the first iteration for which the invariant is violated. We note that this decision can
only be made after seeing the tth cost function. Therefor, we burn the first iteration of each

epoch which causes an extra regret of K L? in the total regret. From the analysis we have:

T T K [Pk+1-1 bj1-1
> filwe) - mingft(W) <D filwe) - min > filw)
=1 WS k=1 | t=b YV i,
K ;oo
k 2
<N 2 4k .
< ; 3 S EGVy by -1+ KL
K K
<> —+—+K=2L) nlt+KL?
2 20k =1

where the first inequality follows the analysis of algorithm for each epoch, the last
inequality follows the invariant maintained within each phase and the constant KL? is
due to burning the first iteration of each epoch. We now try to upper bound the last
term. We first note that Z?:l 7]];1 = 252_11 n612k + 77612K = nal(QK - 1)+ 77612K <
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770—12K+1. Furthermore, from by, we know that ng_q Z?i{bf(—l IV fra1(ze) — Vft(zt)H% >
L277;{1_1 since the bg is the first iteration within epoch K — 1 which violates the invari-
ant. Also, from the monotonicity of gradual variation one can obtain that ng_1EGVyo >
ML S5 IV (e = V)3 > Lngl ) which indicates n ! < \/EGVr /L.

Putting these together, from (5.20) we obtain:

K+1

T T
: 2 2 2
ft(w¢) — min fr(w) < 2L + KL* <8,/EGVp 9+ KL~ (5.20)
;1 (w¢) — min ;1 (w) o VEGVT2

It remains to bound the number of epochs in terms of EGV7 9. A simple idea would
be to set K to be [log EGVp 2] + 1, since it is the maximum number of epochs that could
exists. Alternatively, we can also bound K in terms of \/EGV 9 which worsen the constant

factor in the bound but results in a bound similar to one obtained by setting optimal 7.

5.5 Bandit Online Mirror Prox with Gradual Variation

Bounds

Online convex optimization becomes more challenging when the learner only receives partial
feedback about the cost functions. One common scenario of partial feedback is that the
learner only receives the cost fy(wy) at the predicted point wy but without observing the
entire cost function fi(-). This setup is usually referred to as bandit setting, and the related
online learning problem is called online bandit convex optimization.

Recently Hazan et al [70] extended the FTRL algorithm to online bandit linear optimiza-

tion and obtained a variation-based regret bound in the form of O(poly(d)+/ Variationy log(T')+
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poly(dlog(T))), where Variationy is the total variation of the cost vectors. We continue this
line of work by proposing algorithms for general online bandit convex optimization with a
variation-based regret bound. We present a deterministic algorithm for online bandit convex
optimization by extending the OPM algorithm to a multi-point bandit setting, and prove
the variation-based regret bound, which is optimal when the variation is independent of the
number of trials. In our bandit setting , we assume we are allowed to query d + 1 points
around the decision point wy.

To develop a variation bound for online bandit convex optimization, we follow [5] by
considering the multi-point bandit setting, where at each trial the player is allowed to query
the cost functions at multiple points. We propose a deterministic algorithm to compete
against the completely adaptive adversary that can choose the cost function fi(w) with the
knowledge of wy,-- -, w¢. To approximate the gradient V fy(w¢), we query the cost function
to obtain the cost values at fy(wy), and fi(wy+de;),i = 1,- -+, d, where e; is the ith standard

base in R?. Then we compute the estimate of the gradient V f(wy) by

d
g = % > (felwi + deg) — fi(wi)) e;. (5.21)

1=1

It can be shown that [5], under the smoothness assumption in (5.8),

VdLS (5.22)

gt — Vfi(we)|l2 < TR

To prove the regret bound, besides the smoothness assumption of the cost functions, and
the boundness assumption about the domain W C B, we further assume that (i) there exists
r < 1 such that rB8 C W C B, and (ii) the cost function themselves are Lipschitz continuous,

i.e., there exists a constant GG such that
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Algorithm 6 Deterministic Online Bandit Convex Optimization

1: Input: n, a, 6 >0
2: Initialize:: zg = 0 and fy(w) =0
3 fort=1,...,T do
4:  Compute w; by
: G 2
wy = argmin < (w,g1)+ Q—HW —z¢-1l3
we(l—a)W n
5. Observe fr(wy), fr(wy +0€;),i=1,---,d
6: Update z¢ by
: G 2
zy = argmin (W, g;) + Q—HW —z—1([
we(l—a)W n
7: end for
(W) = fr(W)] < Gllw — W'}, Yw, w' € W, . (5.23)

For our purpose, we define another gradual variation of cost functions by

T-1
EGVS = ;} Inax. | fer1 (W) — fe(w)]. (5.24)
Unlike the gradual variation defined in (5.9) that uses the gradient of the cost functions,
the gradual variation in (5.24) is defined according to the values of cost functions. The reason
why we bound the regret by the gradual variation defined in (5.24) by the values of the cost
functions rather than the one defined in (5.9) by the gradient of the cost functions is that

in the bandit setting, we only have point evaluations of the cost functions. The following

theorem states the regret bound for Algorithm 6.

Theorem 5.13. Let fi(-),t =1,...,T be a sequence of G-Lipschitz continuous conver func-

4d max(v/2G, vEGVY)
(VAL + G+ 1/r)T

tions, and their gradients are L-Lipschitz continuous. By setting 0 = \/

1
n = f—dmin {E, G }, and o = §/r, we have the following regret bound for Algo-

J/EGVE,
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rithm 6

T
> filwy) - min ; fi(w) < 4\/ max <\/§G, \ /EGvg'p) d(dL+G/r)T. (5.25)

Remark 5.14. Similar to the regret bound in [5](Theorem 9), Algorithm 6 also gives the
optimal regret bound O(v/T) when the variation is independent of the number of trials. Our

regret bound has a better dependence on d (i.e., d) compared with the regret bound in [5] (i.e.,

d?).

5.6 Proofs of Gradual Variation

5.6.1 Proof of Theorem 5.3

To prove Theorem 5.3, we first present the following lemma.

Lemma 5.15. Let f1, fo,..., f7 be a sequence of convex functions with L-Lipschitz contin-

uous gradients. By running Algorithm 3 over T trials, we have

T

o) < g, | o218+ 32 o) + (o = 11, Ver-)

I

T-1
n % > IV fre(ze) = Vilzo)ll5-
t=0

With this lemma, we can easily prove Theorem 5.3 by exploring the convexity of fr(w).

Proof of Theorem 5.3. By using ||w|o < 1,Vw € W C B, and the convexity of fi(w), we
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have

T
L 9
min ¢ —|w +E Zi 1)+ (W—24_1,Vfi(zi_ <——|—m1n§
=Y 277” ||2 ft(t 1) < t—1 ft(t 1)> EW ft

Combining the above result with Lemma 5.15, we have

th W) — mm th — + —EGVT2

By choosing 7 = min(1, L/, /EGV ), we have the regret bound claimed in Theorem 5.3.
[

The Lemma 5.15 is proved by induction. The key to the proof is that z; is the optimal

solution to the strongly convex minimization problem in Lemma 5.15, i.e.,

7y = arg ml)I/lv [—HWHQ + Z fr(zr—1) + (W — zT_l,VfT(zT_1)>]

7=1

Proof of Lemma 5.15. We prove the inequality by induction. When T = 1, we have w; =

zg = 0 and

L
i | B + i) + (= 20, V1 20} + LIV 1 0B

> fulao) + 7 19013 + i { oo w1 + (o~ 20, Vi) |

= f1(zo) = fi(w).
where the inequality follows that by relaxing the minimization domain w € W to the

whole space. We assume the inequality holds for ¢t and aim to prove it for ¢t 4+ 1. To this end,

we define
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t
wt(w> = %HWH% + Z fT(ZT—l) + <W —Zr-1, va<ZT—1)>
T7=1

t—1
i % > IV fr1(zr) = Vir(zo)|3.
7=0

According to the updating procedure for z; in step 6, we have z; = arg mingecyy ¥r(w).
Define ¢ = 14(z¢) = mingeyy e(w). Since ¢(w) is a (L/n)-strongly convex function, we
have

1 () = w1 (an) 2 50w = 3+ (= 21, T (20)

L
= %HW — 2|3+ (W — 2, Vo (zt) + Vfie1(zr)).

Setting w = z;,1 = arg mingcyy ¥rr1(W) in the above inequality results in

Vi11(ze41) — Yip1(zt) = Gp1 — (08 + fig1(ze) + %vawrl(zt) — Vfi(z)3)

L

> %HZHI — 2|3 + (zes1 — 20, V() + Vi (ze))  (5.26)

L
> %Hztﬂ — 2|3+ (241 — 26, Vfrs1(zt)),

where the second inequality follows from the fact z; = arg minyeyy ¥¢(w), and therefore
(W —2z¢) | Vi (zg) > 0,Yw € W. Moving ft+1(z¢) in the above inequality to the right hand

side, we have
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Gry1 — Ot — %vatﬂ(zt) — Vfilz)|l3

L
> 2—n||2t+1 — 2|3+ (21 — 26, Virg1(z0)) + fri1(ze)

. L
> min {—HW — Zt||% + (W =2, Viii(ze)) + ft+1(zt)}
wew | 2n

= min £||W — 24|35+ (W — 20, V fi(2)) + fri1(ze) + (W — 20, V fry1(ze) — V fi(ze))
wew \277 L

~
J/

p(w) )
(5.27)

To bound the right hand side, we note that w1 is the minimizer of p(w) by step 4 in

Algorithm 3, and p(w) is a L/n-strongly convex function, so we have

L L
p(W) > p(wWiy1) + (W — w1, Vo(wWigr)) +%HW —wi1]3 > p(wipr) + %HW — w13
>0

Then we have

p(W) + fri1(zt) +r(w) > p(wit1) + fir1(ze) + %HW — w13+ r(w)

L L
%HW:&H — 2|3+ (w1 — 20, Vi(2e)) + fer1(ze) + %HW —wi1]3 +r(w)

(. J/

p(Wii1)

Plugging above inequality into the inequality in (5.27), we have
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b1 — 6t = 5V Frar (20) = V()3
L
Z—nHWt—H — 2|3+ (Wis1 — 21, Vfi(2e) + frra (1)
) L
i {55 I w3+ (o = 20,V o) ~ Vi)

To continue the bounding, we proceed as follows

Bt = 0t = 3V fior1 (2e) = V(o)1

L
2_77||Wt+1 — 2|3+ (Wit — 20, V() + fri1(ze)

, L
i {5 I = w4 (o = 0,V o) = Vi)

we

L
:%Hwt+1 — 2|3+ (Wit — 26, Viie1(2)) + fro1(ze)
+ mi {Ln 3+ Y fii (1) — Vil >>}
min —{|W — W W — W s Z — Z
nin 45 4113 t+1, Vfir1(z t(z¢

L
2_77||Wt+1 — 2|3+ (Wit — 20, Vip1(2) + fro1(ze)

. L
+min {%HW — w13+ (W — w1, Vi (ze) — Vft(zt)>}
L
2n

> fre1(Wip) — %vat—i—l(zt) — V()13

Iwesr = 2el3 + (We1 — 20 V fran (2e)) + frra(ze) - %HVle(Zt) =V filz)|13

where the first equality follows by writing (wyy1 — z¢, V fi(2¢)) = (W1 — 2¢, Vfrr1(2e))—
(We1 — 2,V fi1(2e) — Vfi(2¢)) and combining with (w — 24,V fiy1(2¢) — Vfi(z¢)), and
the last inequality follows from the smoothness condition of f;11(w). Since by induction

o > 23:1 fr(wz), we have ¢y 1 > Zt;;11 fr(wr). o
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5.6.2 Proof of Theorem 5.5

To prove Theorem 5.5, we need the following lemma, which is the Lemma 3.1 in [117] stated

in our notations.

Lemma 5.16 (Lemma 3.1 [117]). Let ®(z) be a a-strongly convex function with respect to
the norm || - ||, whose dual norm is denoted by || - ||«, and B(w,z) = &(w) — (®(z) + (w —
z) ' ®'(z)) be the Bregman distance induced by function ®(w). Let Z be a convex compact

set, and U C Z be convex and closed. Letz € Z, v > 0, Consider the points,

W = arg min yu'€+B(u,z), (5.28)

2+ = arg min yu' ¢+ B(u,z), (5.29)

then for any u € U, we have

2
76T (w = u) < B(uz) — Blw,zs) + 1€ — I = Sliw 2] + lw — 24|/

In order not to have readers struggle with complex notations in [117] for the proof of
Lemma 5.16, we present a detailed proof later in Appendix A.3 which is an adaption of the
original proof to our notations.

Theorem 5.5 can be proved by using the above lemma, because the updates of wy, z;
can be written equivalently as (5.28). The proof below starts from (5.16) and bounds the

summation of each term over t = 1,..., T, respectively.

Proof of Theorem 5.5. First, we note that the two updates in step 4 and step 6 of Algorithm 4

fit in the Lemma 5.16 if welet U = Z =W,z =2 1, W = Wy, z24 = 74, and ®(w) = %HWH%,
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which is 1-strongly convex function with respect to || - [|2. Then B(u,z) = %Hu — z||§ As
a result, the two updates for wy,z; in Algorithm 4 are exactly the updates in (5.28) with
z=121,7y =n/L, £ = Vfi_1(z4_1), and ( = V fi(wy). Replacing these into (5.16), we

have the following inequality for any u € W,

Ui 1
Fwr =) "V i(w) < 5 (=713~ lu - 23)
2
1
+ LIV fewe) = Vi w0l = 5 (Iwe = 2113+ l[we = 22l13)
(5.30)
Then we have
1
L(fulwe) = fulw) < T we = w) ' fylwe) < 5 (= ze-1]3 = u - 24]13)
21 5, 21 2
+ 27 IVAwi1) = Viea(Wi)lls + 75 IV fe(we) = Vilwi-1)2
1
=5 (Iwe =213 + lIwe — 24113 (5.31)
1 2 2\, 20 2
< 5 (= 2ol = u = zl3) + T5 IV filweo1) = Vfioa(wi1)]

1
+2?we = wial3 = 5 (Iwe = 2113 + Iwe = 213)

where the first inequality follows the convexity of fi(w), and the third inequality follows the
smoothness of fi(w).

By taking the summation over t = 1,--- , T with z* = arg m% Zg;l ft(u), and dividing
uc

164



both sides by n/L, we have

T T-1
: L 27
> filw) = min Y fi(w) < 0+ ) [V fipa(wi) — V(w3
wew 2n L
t=1 t=1 =0
T T,
+> 2P we — w15 - 5 (HWt — 213+ [wi — ZtH%)
t=1 =1
2B,
We can bound Brp as follows:
. | T+
2 2
By = 5 Z [wt — 215 + B Z W1 — 2113
=1 =2
| T
2 2
> =3 (Iwe = 2113 + lIwi1 = 2-1113)
=2
1 & 1 &
2 2
27 > llwie — wi—lls = 1 > llwe — w1l
=2 t=1

where the last equality follows that wi = wq. Plugging the above bound into (5.32), we

have
T I D T-1
3" filwe) — min > fi(w) < 5+ 253 [V fia(we) = V(w3
w 2n L

t=1 t=1 t=0

T
3 (2= ) i = wial
t=1
We complete the proof by plugging the value of 7. n

5.6.3 Proof of Corollary 5.12

We first have the key inequality in (5.19): for any z € W
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fr(wi) = fi(z) < Bi(z,21—1) — Bi(z,2¢) — 5HWt — 7%,

+ IV fi(wt) = V fyo1(wi 1)) ||Wt—Zt 1y, + lwe — ey, |

- =
H,
Taking summation over t = 1,...,7T, we have
T T T
> fewe) = fi(z) <> (Bi(z z—1) — By(z,21)) Zﬁnm — 7%,
=1 =1 t=1 N t=1
=4 20,

1

2 2 2

# 2V Aulo) = 9 fiea (Wil - § 3 1w = 21y, + lwe = 24l |
=1 L, t=1 “— 4

éSt éBt

Next we bound each term individually. First,

T T-1
> A; =Bi(z,29) — Br(z,27) + Y (Biy1(2,2¢) — Bi(2, 7)) (5.32)
— t=1
Note that Bi(z,zg) = 7(1 + BG?)|z||3 < (1 + BG?) for any z € W, and By 1(z,2¢) —
Bi(w,z¢) = 5z — ||y, therefore
ST
Z < 5 (1+ BG?) —i—Z—Hz—thHt (5.33)
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Then

M=

T
(At = Cf) < %(1 +BGH) + )

B 2 2
5z =zl — Bllwe — 2z,

~+
I
—_
~+
I
—_

IN

M=

1 2 2 2 2
S+ 86 + 37 |Bllz = wilRy, + Bllwe — zill3g, — Bllwe 2y,

~
I
—_

1
BHWt—ZtHMt (1+5G2 +Z||Wt—ZtHHt
=1

M=

IN

%(1+BG2) +

i
5

(5.34)
Noting the updates in (5.18) and from inequality in (A.9) in the proof of Lemma 5.5 in

Appendix A.3, we can get

Iwe — zellm, < |V fe(we) — Vftfl(wtfﬁHHtfl

Next, we bound Zz?:l By.

LT T
ZBt Z [Wit1 — ZtHHt_H +35 Z Wi — Zt”Ht
t o

> = Z [Wit1 — Zt||Ht + 5 Z [we — ZtHHt

T 1 - (5.35)

1 — 1
2 - HWt+1 will3, > - HWt+1 — w3 — >|[w1 — wo)3
t 4 4

1
> - Z Iwi1 — will3,

where the last inequality follows that wg = w1 = 0. Therefore,
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1

T 1
Wt Z §§

T
(14 8G%) +2)  IVfewe) = Vfema(we-1)llgg1
t=1

-1
1 P
~1 > llwirr — wills
t=0

(5.36)

To proceed, we need the following lemma.

Lemma 5.17. We have

T
D IV fr(w) —
i=1

d
Z vat Wt) — vft—l(wt—l)”H—l < %ln ( g

vft—l("Vt—l)HHt—

—_
[\

.
| &
=
A
%IQ

T
Z IV fe(we) Vftl(“’tl)%)

(5.37)

IIMH

||Vft(Wt) - VfH(wzel)%)

H
_.I_

-

M*ﬂ

~
I

1

IV fi(we) = V fe(wi1) + V fi(wi_1) — VfH(w“)%)

T T
p B
1+5 > L2 |wy —wi|l5 + +3 Z IV fi(we—1) = V fr—1(wi—1)ll3
=1 t=
BT_l /BT—l
1+ 3 L?|wis1 —will3 + 5 2 IV i (we) — V fi(w)ll3
t=0 t=0
T-1
1+ g L |wiq — w3 + gEGVT,Z)
=0

(5.38)
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Then,

T-1
8d
th +5G2)+Eln 1+§ZL2HWH-1 —WtH%JFgEGVTz

tzl t=0

T-1

1 p

~ 1 > lwisr — well3
=0

l\DI»—

MH

(5.39)
Without loss of generality we assume 8dL2 > 1. Next, let us consider two cases. In the

first case, we assume SEGVy o < 16dL?. Then

T-1
8d
Sy (142 L?|[wigy — w3 + EEGVT,Z
B 2 ~ 2
T-1
8d
<S48 > L2||wip1 — w3 + 8dL?
b 2 t=0
T—1
8d
< Eln p > L2||wigq — w3 + 16dL
t=0
B§T-172 2
_ 8d 2 52 =0 Lolwir1 — w5
In16dL~" + In 1
B8 [n " ( 16dL? i
T—1 T-1
< _d In16dL2 + 8_dgzt:0 L2||Wt+1 Wt||2 8dl 16dL2 + Zt:() [Wiy1 — WtH%
- B 5 16dL? G 4
(5.40)
where the last inequality follows In(1 4+ z) < z for z > 0. Then we get
a d Iy 8d
2 2
;ft( 2_: < {1+ 6G%) + 5 In16dL (5.41)

In the second case, we assume SEGVyp 9 > 16dL2 > 2, then we have
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T-1
8d p 312 2, b
E In {1+ 5 2 L*||wyy1 — Wt||2 + EEGVT’Q

sa 5Tl
2 2
< 7 In|3 ;—0 L7[|wit1 — wi|3 + BEGV o

< %i lln(ﬁEGvT’g) +1In (

BEGV o

-1
S Plwi —wall3
(5.42)

8d 8d 5 Yrg LPlwern — will3

- In(BEGVp2) + 3 BEGVT 9

8d AdL? Y0 [wien — w3
=~ In(BEGVry) + =y :
5 ( T,2) BEGVrs

T-1 w2
< %lln(/BEGVT,Q) 4 =0 “W’;jl welz

where the last inequality follows SEGV 9 > 16dL2. Then we get

N | —

fiw) =3 file) < (1+BG2)+%dln(ﬁEGVT,2) (5.43)

I~
I~

Thus, we complete the proof by combining the two cases.

Next, we prove Lemma 5.17. We need the following lemma, which can be proved by using

Lemma 6 [68] and noting that |1+ Z’;Zl urul | < (1+ Zg;l ||ut||%)d, where |- | denotes the

determinant of a matrix.

Lemma 5.18. Let uj,us, - ,ur € R be a sequence of vectors. Let Vi = I+ZtT:1 uTu;l—.
Then,
T T
> o/ Viluy <dn [ 1+ w3 (5.44)
t=1 t=1

To prove Lemma 5.17, we let vy = V fi(wy),t = 1,...,T and vog = 0. Then Hy =

170



I+ BG%I+ BZT OVTVT Note that we assume ||V fi(w)||2 < G, therefore

t

t
T B T T
H; >1+3 ZVTVT >1+ 5 ;(VTVT + vV 1Ve_q)

=1 (5.45)

>I+5Z —Vr— 1 _VT—1>T:Vt

Let vy = (v/B/2)(vi —vi_1), then V; =1+ ZT 1 uTu . By applying the above lemma,

we have

T T
_ B
> (vi—vi) Vil vi—vig) <dIn [ 14 +7 E Ive = vi1ll3 (5.46)

(5.47)

5.6.4 Proof of Theorem 5.13

Let hy(w) = fe(w) + (gt — V fe(wy), w). Tt is easy seen that Vhy(wy) = g¢. Followed by

Lemma 5.16, we have for any z € (1 — o)W,

9
n 1 n
EVht(Wt)T(Wt —z) < 3 (||Z —z 1[5~ ||z - Zt||%> + @Hgt — g1l

1 2 2
=5 (Iwe = 2113 + Iwe = 24/13)

(5.48)

Taking summation over t = 1,...,7T, we have,
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o T Iz —z0ll3 | <~ 7 >
;5Vht (w —2z) < s + ; @Hgt —gi—115

1
=35 (Iwe =213+ lwe — 2413)

=1
T
<lemlf | 5 -3 Hiwe - w3
< ozl — gl t— w1l
=1 =1
T 9 T
1 n 2 1 2
=5 + Z @Hgt —gi-1la - Z ZHWt — w13
t= 1 t= 1
§—+Z 2||gt gt— 1||2+Z 2||gt gi-13
=1
1
_ZZHWt—Wt—IH%
=1
2
1 27]2 T d
S5t 5c DD (elwi + bei) — fulwi—1 + de))e; — (fr(we) — fr(wi1))e;
=1 ||i=1
2

2

1=1

1 2
- Z ZHWt —wi—1|]5,
=1

T
Z Z fe(wi—1 +d€;) — fr—1(wi—1 + de;))e; — (fr(wWi—1) — fr—1(Wi—1))e;
t=1

2

(5.49)

where the second inequality follows (5.32). Next, we bound the middle two terms in right

hand side of the above inequality.
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2

T || d
Z Z fe(wi + de;) = fe(wi1 + 6e;))e; — (fi(wi) — fr(wi—1))e;

2

d
Z (|ft Wi+ 0e;) — fe(wWi_1 +0e;)|* + | fi(wy) — ft(Wt_1)!2> (5.50)

I/\

G?lwi — wi_1]3,

i

and

2

T d
> Z fr(wi_1 +0e;) — fro1(wi—1 +de;))e; — (fr(wi—1) — fro1(wi—1))e;
t:

2

< ZQdZ (|ft(Wt—1 +0e;) — fro1(Wi—1 +0ep)|* + | fr(wi_1) — ft—l(Wt—l)F) (5.51)

T
< ;4(12 ma |fy(w) — fro1(w)]?.

Then we have

oy 1 8d2n
T
;avwwa (Wi —2) < 5+ an w112
T T

8d*r 2 1 2
+ 5202 2 nas, | fe(w) = fr—1(w)[" — ; ZHWt —wi—1]5 (5.52)

1 8d%n? d 9
<= _
<3+ T 2 M)~ fia ()

where the last inequality follows that n < §/(4v/2d). Then by using the convexity of

hi(w) and dividing both sides by /G, we have
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P wew o 277 G52

Following the the proof of Theorem 8 in [5], we have

T T T T
S filwe) =) few) <> he(wi) = > byl +th wt)
=1 t=1 t=1 =1
T T T
<D he(we) =Y he(w)+ ) (ge = Vfi(wi), w —wy)
=1 =1 =1

T T
< Z he(wyg) — Z H(w) + VALST

where the last inequality follows from the following facts:

VdLé

gt — V fr(wi)]|l2 < —

lw —wi] <2

Then we have

T

t=1

By the Lipschitz continuity of fi(w), we have

)+ GaT

|M%

T
> (- a)w
=1
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T
d? 4d
th(wt) — min A ((1 — a)w) < — G 877 ——EVARS < 5 max

— he(wy) —

(V26 \/EVARS)

(5.53)

ft(w) + he(w)

(5.54)

(5.55)

T
Z fr(wy) — v{/lél)l/lvz fri((1=—a)w) < Z%d max (\@G, \ /EVARCT> +VdLOT (5.56)
t=1

(5.57)



The we get

T

T
Z fr(wy) — v{gﬁ/; fr(w) < Z%d max (\/§G, \ /EVARCT> + 6VdALT + oGT (5.58)

t=1

Plugging the stated values of § and a completes the proof.

5.7 Summary

In this chapter, we proposed two novel algorithms for online convex optimization that bound
the regret by the gradual variation of consecutive cost functions. The first algorithm is an
improvement of the FTRL algorithm, and the second algorithm is based on the mirror prox
method. Both algorithms maintain two sequence of solution points, a sequence of decision
points and a sequence of searching points, and share the same order of regret bound up to a
constant. The online mirror prox method only requires to keep tracking of a single gradient
of each cost function, while the improved FTRL algorithm needs to evaluate the gradient
of each cost function at two points and maintain a sum of up-to-date gradients of the cost
functions.

We note that a very recent work Chiang et al. [40] extends the prox method into a
two-point bandit setting and achieves a similar regret bound in expectation as that in the
full setting, i.e., O (d? VEGV1 2 InT) for smooth functions and O (a2 In(EGVr 2 +InT)) for
smooth and strongly convex cost functions, where EGVr 5 is the gradual variation defined on
the gradients of the cost functions. We would like to make a thought-provoking comparison
between our regret bound and their regret bound for online bandit convex optimization with

smooth cost functions. First, the gradual variation in our bandit setting is defined on the
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values of the cost functions in contrast to that defined on the gradients of the cost functions.
Second, we query the cost function d times in contrast to 2 times in their algorithms, and
as a tradeoff our regret bound has a better dependence on the number of dimensions (i.e.,
O(d)) than that (i.e., O(d?)) of their regret bound. Third, our regret bound has an annoying
factor of v/T in comparison with vIn T in theirs. Therefore, some open problems are how to
achieve a lower order of dependence on d than d? in the two-point bandit setting, and how to
remove the factor of /T while keeping a small order of dependence on d in our multi-point
bandit setting; and studying the two different types of gradual variations for bandit settings

is a future work as well.

5.8 Bibliographic Notes

As is well known, a wide range of literature deals with the online decision making prob-
lem and there exist a number of regret-minimizing algorithms that have the optimal regret
bound. The first distribution-free framework for sequential decision making was proposed
by Hannan [65] which was rediscovered in [86]. Blackwell in his seminal paper [23] gener-
alized the Hannan’s result and concerned the problem of playing a repeated game with a
vector-valued payoff function and gave a precise necessary and sufficient condition for when
a set is approachable. The most well-known and successful work is probably the Hedge
algorithm [58], which was a direct generalization of Littlestone and Warmuth’s Weighted
Majority (WM) algorithm [99]. Another algorithm for online decision making problem is
the Vovk’s so-called aggregating strategies [147]. Other recent studies include the improved
theoretical bounds and the parameter-free hedging algorithm [39] and adaptive Hedge [53]

for decision-theoretic online learning. We refer readers to the [38] for an in-depth discussion
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of this subject.

As we already discussed in Chapter 2, over the past decade many algorithms have been
proposed for online convex optimization, especially for online linear optimization. As the first
seminal paper in online convex optimization, Zinkevich [158] proposed a gradient descent al-
gorithm with a regret bound of O(v/T). When cost functions are strongly convex, the regret
bound of the online gradient descent algorithm is reduced to O(logT') with appropriately
chosen step size [68]. Another common methodology for online convex optimization, espe-
cially for online linear optimization, is based on the framework of Follow the Leader (FTL).
FTL chooses w; by minimizing the cost incurred by wy in all previous trials. Since the
naive FTL algorithm fails to achieve sublinear regret in the worst case, many variants have
been developed to fix the problem, including Follow The Perturbed Leader (FTPL) [86], Fol-
low The Regularized Leader (FTRL) [3], and Follow The Approximate Leader (FTAL) [68].
Other methodologies for online convex optimization introduce a potential function (or link
function) to map solutions between the space of primal variables and the space of dual vari-
ables, and carry out primal-dual update based on the potential function. The well-known
Exponentiated Gradient (EG) algorithm [89] or Multiplicative Weights algorithm [99, 58]
belong to this category. We note that these different algorithms are closely related. For ex-
ample, in online linear optimization, the potential-based primal-dual algorithm is equivalent

to FTRL algorithm.
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Chapter 6

Gradual Variation for Composite

Losses

This chapter continues our investigation and analysis of online learning methods which can
lead to better regret bounds in gradually evolving environments. The results we have ob-
tained in Chapter 5 rely on the assumption that the cost functions are smooth. Additionally,
we showed that for general non-smooth functions when the only information presented to
the learner is the first order information about the cost functions, it is impossible to obtain
a regret bounded by gradual variation. However, in this chapter, we show that a gradual
variation bound is achievable for a special class of non-smooth functions that is composed
of a smooth component and a non-smooth component.

We consider two categories for the non-smooth component. In the first category, we
assume that the non-smooth component is a fixed function and is relatively easy such that
the composite gradient mapping can be solved without too much computational overhead
compared to gradient mapping. A common example that falls into this category is to consider
a non-smooth regularizer. For example, in addition to the basic domain W, one would enforce
the sparsity constraint on the decision vector w, i.e., |w|g < k < d, which is important in
feature selection. However, the sparsity constraint ||w||g < k is a non-convex function, and

is usually implemented by adding a ¢ regularizer A|[w||; to the objective function, where
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A > 0 is a regularization parameter. Therefore, at each iteration the cost function is given
by fi(w)+ A||w||1. To prove a regret bound by gradual variation for this type of non-smooth
optimization, we first present a simplified version of the general online mirror prox method
from Chapter 5 and show that it has the exactly same regret bound as stated in Chapter 5,
and then extend the algorithm to the non-smooth optimization with a fixed non-smooth
component.

In the second category, we assume that the non-smooth component can be written as
an explicit maximization structure. In general, we consider a time-varying non-smooth
component, present a primal-dual prox method, and prove a min-max regret bound by
gradual variation. When the non-smooth components are equal across all trials, the usual
regret is bounded by the min-max bound plus a variation in the non-smooth component. To
see an application of min-max regret bound, we consider the problem of online classification
with hinge loss and show that the number of mistakes can be bounded by a variation in
sequential examples.

Before moving to the detailed analysis, it is worth mentioning that several pieces of works
have proposed algorithms for optimizing the two types of non-smooth functions as described
above to obtain an optimal convergence rate of O(1/7") [122, 123]. Therefore, the existence
of a regret bound by gradual variation for these two types of non-smooth optimization does

not violate the contradictory argument in Section 5.3.
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6.1 Composite Losses with a Fixed Non-smooth Com-

ponent

6.1.1 A Simplified Online Mirror Prox Algorithm

In this subsection, we present a simplified version of online mirror prox (OMP) method
algorithm proposed in Chapter 5, which is the foundation for us to develop the algorithm
for non-smooth optimization.

The key trick is to replace the domain constraint w € W with a non-smooth function in

the objective. Let dyy(w) denote the indicator function of the domain W, i.e.,

0, wew

oo, otherwise
\

Then the proximal gradient mapping for updating w (step 4) in Algorihtm 5 is equivalent

to

. L
wi = argmin(w, V fi_1(wi-1)) + EB(Wy z¢—1) + oy (w).

By the first order optimality condition, there exists a sub-gradient v; € 9y (wy) such

that

Vi1 (weet) + 5 (Tw) = V(1)) + v = 0. (6.1)

Thus, wy is equal to

. L
Wi = arg m“lln<w, Vfi—1(We—1) +ve) + EB(W, Zi1). (6.2)
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Then we can change the update for z; to

L
7t = arg II%H(W, V fe(wi) +vi) + ;B(W, Z¢1). (6.3)

The key ingredient of above update compared to step 6 in Algorithm 5 is that we explicitly
use the sub-gradient v; that satisfies the optimality condition for w; instead of solving a
domain constrained optimization problem. The advantage of updating z; by (6.3) is that we

can easily compute z; by the first order optimality condition, i.e.,

V fi(wi) +vi + %(V(I)(zt) VO(z1)) = 0. (6.4)

Note that Eq. (6.1) indicates vi = =V fi_1(w¢_1) — V®(w) + VO(z4_1). By plugging

this into (6.4), we reach to the following simplified update for z,

V(z) = VO(we) + L (Vim1(Wio1) = Vfi(wp)).

The simplified version of Algorithm 5 is presented in Algorithm 7.

Remark 6.1. We make three remarks for Algorithm 7. First, the searching point z; does
not necessarily belong to the domain W, which is usually not a problem given that the deci-
sion point wy is always in YW. Nevertheless, the update can be followed by a projection step
z: = mingeyy B(w,z})) to ensure the searching point also stay in the domain W, where we

slightly abuse the notation z} in V®(z)) = VO(wy) + %(Vft_l(wt_l) — Vfi(wy)).
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Algorithm 7 A Simplified General Online Mirror Prox Method
1: Input: 7 > 0, ®(z)
2: Initialize:: zg = wy = min,c)y O(z) and fy(w) =0
3: fort=1,...,7T do
4:  Predict wy by

. L
Wi = arg min {<W7 Vfi-1(wi-1)) + —B(w, Zt—l)}
wew n

5:  Receive cost function fi(-) and incur loss fi(wy)
6:  Update z¢ by solving

V(z) = VO(wi) + LV fio1(wi—1) = Vfi(we)).
7: end for

Second, the update in step 6 can be implemented by [38, Chapter 11]:
2 = VO (VO(w1) + (Vfi—1(wi—1) = Vilwe)).

where ®*(-) is the Legendre-Fenchel conjugate of ®(-) (see Appendiz 7?7 for definition). For
example, when ®(w) = 1/2HWH%, O*(w) = 1/2HWH% and the update for the searching point
15 given by

zt = wir + (/L) (Vfi1(wi—1) — Vfi(w));

when ®(w) = >, wiInw;, *(w) = log [>; exp(w;)] and the update for the searching point

can be computed by

[zt]; o< [Wiliexp (n/LIV fr1(wi—1) = Vfi(w))), st Y [zl = 1.

)
Third, the key inequality in (5.16) for proving the regret bound still hold for { = V fi(wy)+
ve, £ =V fi_1(wi_1) + v¢ by noting the equivalence between the pairs (6.2, 6.3) and (5.28,

5.29), which is given below:
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(Vfi(wy) + v, w —w) < B(w,z;_1) — B(w,2z)

9
Y o
+ EHVft(Wt) — V1w~ E[Hwt — 2z 1|2+ [|w — z]?], Yw € W,

S~

where vy € 0opw(we). As a result, we can apply the same analysis as in the proof of
Theorem 5.5 to obtain the same regret bound in Theorem 5.6 for Algorithm 7. Note that the
above inequality remains valid even if we take a projection step after the update for zé due

to the generalized pythagorean inequality B(w,z¢) < B(w,z}),Vw € W [38].

6.1.2 A Gradual Variation Bound for Online Non-Smooth Opti-

mization

In spirit of Algorithm 7, we present an algorithm for online non-smooth optimization of

functions f;(w) = fi(w) 4+ g(w) with a regret bound by gradual variation as:

T-1
EGVr = Y IV firi(we) = Vfelwi)ll3.
t=0
The trick is to solve the composite gradient mapping:

) L
Wy = argvgrél)r/lv<w, Vi—1(wi1)) + EB(W, zt-1) + g(w)

and update z; by

V(z) = VO(we) + L (Vim1(Wi-1) = Vfi(wp)).
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Algorithm 8 Online Mirror Prox Method with a Fixed Non-Smooth Component

1: Input: 7 > 0, ®(z)
2: Initialization: zg = wy = mingeyy ®(z) and fo(w) =0
3: fort=1,...,7T do
4:  Predict wy by
. L
wi = argmin o (W, Vfi_1(wi_1)) + —B(w,z¢—1) + g(w)

weW n
5:  Receive cost function fi(-) and incur loss fi(wy)
6:  Update z; by

2y = VO* (VO(we) + H(Vfi-1(wi-1) = Vfi(wy)))
and z; = minyeyy B(w, z})

7: end for

Algorithm 8 shows the detailed steps and Corollay 6.2 states the regret bound, which

can be proved similarly.

Corollary 6.2. Let fy(w) = ﬁ(w) +g(w),t =1,...,T be a sequence of convez functions
where ﬁ(w) are L-smooth continuous w.r.t || - || and g(w) is a non-smooth function, ®(z)
be a a-strongly convex function w.r.t | - |, and EGVp be defined in (5.13). By setting

n = (1/2)min {/a/v2, LR/\/JEGV T}, we have the following regret bound

T T
th(wt) - v?éiﬁvzf’f(w) < 2Rmax <\/§LR/\/5, \/EGVT) :
t=1 t=1

6.2 Composite Losses with an Explicit Max Structure

In previous subsection, we assume the composite gradient mapping with the non-smooth
component can be efficiently solved. Here, we replace this assumption with an explicit max
structure of the non-smooth component.

In what follows, we present a primal-dual prox method for such non-smooth cost functions
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and prove its regret bound. We consider a general setting, where the non-smooth functions

ft(w) has the following structure:

frlw) = fi(w) + max(Aw, u) - ot (u), (6.5)

where ﬁ(w) and at(u) are Li-smooth and Lg-smooth functions, respectively, and Ay €
R™*4 is a matrix used to characterize the non-smooth component of f;(w) with —ggt(u) by

maximization. Similarly, we define a dual cost function ¢¢(u) as

~ ~

dt(u) = —¢¢(u) + min (Ayw, u) + fr(w). (6.6)
xeW

We refer to w as the primal variable and to u as the dual variable. To motivate the setup,
let us consider online classification with hinge loss ¢;(w) = max(0,1 — y¢(w,x¢)), where we
slightly abuse the notation (x¢,y;) to denote the attribute and label pair received at trial
t. It is straightforward to see that ¢;(w) is a non-smooth function and can be cast into the

form in (6.5) by

((w) = max ol —yx/ w) = max —ayx] w+ a.
a€l0,1] a€l0,1]

To present the algorithm and analyze its regret bound, we introduce some notations. Let
Fy(w,u) = ]?t(w) + (Ayw,u) — @(u), ®1(w) be a aj-strongly convex function defined on
the primal variable w w.r.t a norm || - ||, and ®2(u) be a as-strongly convex function defined
on the dual variable u w.r.t a norm || -||4. Correspondingly, let B1(w, z) and Ba(u, v) denote

the induced Bregman distance, respectively. We assume the domains W, Q are bounded
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and matrices Ay have a bounded norm, i.e.,

max [|[wll, < R max |[|ulls < R
e [wily < Ry, max [l < Ry

max ®1(w) — min &1(w) < M

ew ew
v v (6.7)
max ®o(u) — min $o(u) < My
ucQ ueQ
|Atllpg = max u' Ayw <o
[Wlp<1,]ullg<1
Let || - |[p,« and | - ||¢,« denote the dual norms to || - || and || - ||4, respectively. To prove a

variational regret bound, we define a gradual variation as follows:

-1 T-1
EGVrpg= Y IVfiri(wi) = VA(wW)l2 . + (R + R3) Y ||Ar— A3,
t=0 t=0
T—1 R R
+ ) V1 () — V(w2 ..
t=0

Given above notations, Algorithm 9 shows the detailed steps and Theorem 6.3 states a

min-max bound.

Theorem 6.3. Let fi(w) = f;(w) + maxye o (Arw,u) — or(u),t =1,...,T be a sequence of
non-smooth functions. Assume fAt(w), qg(u) are L = max(Ly, Lo)-smooth functions and the
domain W, Q and Ay satisfy the boundness condition as in (6.7). Let ®(w) be a aq-strongly

convex function w.r.t the norm ||-||p, ®(u) be a ag-strongly convez function w.r.t. the norm |-

g, and o = min(aq, ag). By settingn = min <\/M1 + My/(2\/EGV1, ), Vo) (4Vo? + L2)>

in Algorithm 9, then we have
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Algorithm 9 Online Mirror Prox Method with an Explicit Max Structure
1: Input: n > 0,®(z), Po(v)
2: Initialization: zp = wo = mingecyy 1(z), vo = up = mingeg Po(v) and ﬁ)(w) =
po(u) =0
3: fort=1,...,7T do
4:  Update u; by

- Lo
u; = argmax {<u7 At w1 — Vr_1(ug—1)) — —Ba(u, Vt—l)}
ueQ n

5:  Predict wy by

. - Ly
Wy = arg min {<W7 Vi1 (wio1) + A1 A jupq) + =By (w, Zt—l)}
wew n
6:  Receive cost function fi(-) and incur loss fi(wy)
7. Update v; by
—~ L2
v = argmax ¢ (u, Aywy — Vi (ug)) — —Bo(u, v¢_1)
ueQ n
8:  Update z; by
. n T Ly
a1 = angmin { (w, VFiCwi) 4 AT w) + 2181 (w211
wew n

9: end for

T

T
max Fiy(wy,u) — min Fiy(w,u
ueQ; twe, ) WGW; t(w, ut)

(M + MQ)(02 + LQ)
< 44/ My + M max (2\/ o , Q/EGVT’qu .

To facilitate understanding, we break the proof into several lemmas. The following lemma

is by analogy with Lemma 5.16.

Lemma 6.4. Let 0 = <W> denote a single vector with a norm ||0|| = \/[|w|2 + [[u[|2 and
u

a dual norm |0/« = \/HWH%* + HuH?I* Let ®(0) = ®1(w) + Po(u), B(A,() = By(w,u) +

Bo(z,v). Then
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. < VwEr (Wi, uy) )T <Wt -w

S B 97 ~1)—B 97 t
Syt ) (M) <806 - B0,
17 (Vo Fr(wi, 01) = Ve Fi o (wy1,y1)]2,)
+ (HVuFt(Wtaut) = Vuli1(wi-1, ut—1)||§,*)

o 2 2 2 2
= 2 (e = 2al13 + e = vil2 + Iwe = 7113 + hue = veal12)

Proof. The updates of (w¢,uy) in Algorithm 9 can be seen as applying the updates in

Lemma 5.16 with 0; = (Wt) in place of w, (; = <Zt) in place of z1, (;_1 = (Zt1> in
uy Vit Vi1

place of z. Note that ®(f) is a o = min(a, ag)-strongly convex function with respect to the

norm ||6||. Then applying the results in Lemma 5.16 we can complete the proof. [

Applying the convexity of Fy(w,u) in terms of w and the concavity of Fy(w,u) in terms

of u to the result in Lemma 6.4, we have

1 (Fy(wi,u) — Fr(w,ug))

< Bi(w,z¢—1) — Bi(w,2¢) + Ba(u, vi—1) — Ba(u, vy)
+ 0PIV Fi(we) = Vioi(wiy) + A w — AL a7
+ 02| Vor(wy) — Vor1(w—1) + Aywy — Ap_ywyq[2

(6% (8%
= 5 (Iwe =211+ twe = zl) = 5 (Ihe = vl + e = vell?) (6.8)

2
< By(w,zt—1) — B1(w,z¢) + Ba(u, vi—1) — Ba(u, v¢)
+ 202 |V fe(wi) = Vo1 (W) I3 4 + 207 | A w — AL w3
2o ~ 9 9 9
+207[[Vor(ur) — Vor_1(u—1)lg« + 207 | Arwe — Ap—1wi—1|lg

o 2 2 o 2 2
= 5 (Iwe =211+ twe = zel2) = 5 (Ihe = vl + e = vell?)
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The following lemma provides tools for proceeding the bound.

Lemma 6.5.

IV Fe(wi) = VFra(wi)lp s < 20V Fi(wi) = Veoa(wo)llp s + 207 [we — wia |7

IV (ur) — Vor_1(ue1)||2. < 2[Vor(ue) — V1 (ur)|2 ., +2L%lug — wp_q 2

| Arwi — A w12, < 2RAL — A3 + 202 wi — w1

A — A w2, < 2R3|A: — Ay_q2, + 202w — wyq |2

Proof. We prove the first and the third inequalities. Another two inequalities can be proved

similarly.

IV Fi(wi) = Vo1 (we)l[2
< 2|V fr(wy) = Vioi(wi) |20 + 2V fim1(we) — Vo1 (wi—1) ]2

< 2|V fy(wi) = Vfro1(wi)ll7 . + 2L | wy — wy—q |3
where we use the smoothness of f(w).

[Aw: — Agwi_q |2, < 20(Ar — A1) w2 + 2] A1 (Wi — wy_q) |2

< 2R3 Ay — A1 |2, + 207w — w2
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Lemma 6.6. For any w € W and u € Q, we have

n (Fe(we,u) — Fr(w,ug))
< Bi(w,zi—1) — Bi(w,z) + Ba(u, vi—1) — Ba(u, v¢)
P (I i) = VT (w3 + VG (w) = 1 (),
(0 + A Al )
+dn?o?||\wi — w1 |7 + 477 L2 [wy — wia || — %(”Wt — ||+ [[we — zg—1]3)

@
Ao |Jug — w5+ 407 L[y — wp g = S (lae = vl g+ ue = vier[9)-

Proof. The lemma can be proved by combining the results in Lemma 6.5 and the inequality

in (6.8).

n (Fr(we,u) — Fy(w, )
< Bi(w,zi-1) — B1(w,2¢) + Ba(u, vi—1) — Ba(u, v¢)
+ 27|V fe(wi) = Vfima(wi1) |20 + 207 | A v — A w2,
+ 202V (ur) — Vo1 (w13 . + 20° [ Apwy — Ay_ywy 1|2,
= 5 (Iwe = ze-1 2+ Iwe = 2l12) = 5 (e = veeall2 + o = val12)
< Bi(w,zi—1) — Bi(w,z¢) + Ba(u, vi—1) — Ba(u, vy)
4P|V fi(wi) — YV fma (W12 + 40P L2 || wy — Wi [|3 + 40202 |wi — w1 ||
+AP RY| Ay — Ay 7, + 407 R311 A — Av I3,
+ 4|V (uy) — V<$t_1(ut>||3,* + 4 L2 |Juy — ut—1||3 +dn?o?|uy — ut—ng
= 5 (Iwe =zl + iwe = zl}) = 5 (e = vl + lfue = vil?)
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< Bi(w,zt-1) — B1(w,z¢) + Bo(u, vi_1) — Ba(u, v¢)
tar? <Hvﬁ<vvt> VTt ()l + V1 (00) — Ve (a2
(R RR)|A, - At_ln,%,q)
2% i — w1+ 4222w — w2 = S — sl + i — )

o
AP0 g — wg gl + 40 L2 fag = wglly = 2 (lag = vellg + [l = v ).

O
Proof of Theorem 6.3. Taking summation of the inequalities in Lemma 6.6 overt =1,...,T,
applying the inequality in (5.32) twice and using n < v/a/(4Vo? + L?), we have
T T
My + M:
Z Fy(wg,u) — Z Fy(w,u) < mEGVp, , + R
t=1 t=1
My + Ms) (02 + L2
= 4y/M + My max (2\/( 1+ My)(o” + L) /EGVqu> .
a b
We complete the proof by using
T
w* = arg mi F,
g min > Fi(wi,u)
t=1
and
T
u* = argma F
a3 P,
t=1
O

As an immediate result of Theorem 6.3, the following Corollary states a regret bound for
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non-smooth optimization with a fixed non-smooth component that can be written as a max

structure, i.e., fy(w) = ft(w) + [g(W) = maxyco(Aw, u) — &E(u)]

Corollary 6.7. Let fi(w) = ﬁ(w) +g(w),t=1,...,T be a sequence of non-smooth func-
tions, where g(w) = maxyeco(Aw,u) — gg(u), and the gradual variation EGVp be de-
fined in (5.13) w.r.t the dual norm || - ||p«. Assume fi(w) are L-smooth functions w.r.t

| - ||, the domain W, Q and A satisfy the boundness condition as in (6.7). If we set

n = min (\/Ml + My /(2y/EGV7), Va/(4Va? + L2)> in Algorithm 9, then we have the fol-

lowing regret bound

T T
; Jr(wy) — vfg)l}v ; fr(w

My + Ms)(o? + L2
< 4y/ My + Mjmax (2\/< Lt Mp)(o” + ),\/EGVT>+V(97W1:T),

«

where Wp = ZtT:I w/T and V(g,wi.T) = Z?:l \g(w¢) — g(Wp)| measures the variation

in the non-smooth component.

Proof. In the case of fixed non-smooth component, the gradual variation defined in (6.8)
reduces the one defined in (5.13) w.r.t the dual norm || - ||p «. By using the bound in (6.9)

and noting that f;(w) = maxyeco Fi(w,u) > F(w,u;), we have

Z(ft wi) + (Awg,u) ) th

t=1

(07

2 2
4/ My + Mo max (2\/(M1+M2)(0 tL ),w/EGVT>'
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Therefore

T R T
> (s + o)) < Y- i)+

t=1
2 2
4/ M7 + Moy max (2\/(M1 + My)(o” + L )’ w/EGVT> .

(0%

We complete the proof by complementing ﬁ(wt) with g(w¢) to obtain fi(w¢) and moving

the additional term Zthl(g(vAvT) — g(wy)) to the right hand side . O

Remark 6.8. Note that the regret bound in Corollary 6.7 has an additional term V (g, w1.7)
compared to the regret bound in Corollary 6.2, which constitutes a tradeoff between the reduced

computational cost in solving a composite gradient mapping.

To see an application of Theorem 6.3 to an online non-smooth optimization with time-
varying non-smooth components, let us consider the example of online classification with
hinge loss. At each trial, upon receiving an example x¢, we need to make a prediction based
on the current model wy, i.e., y = (W, X¢), then we receive the true label of x; denoted
by y+ € {+1,—1}. The goal is to minimize the total number of mistakes across the time
line Mp = Zle I[g¢yr < 0]. Here we are interested in a scenario that the data sequence
(x¢,yt),t = 1,...,T has a small gradual variation in terms of y;x;. To obtain such a gradual
variation based mistake bound, we can apply Algorithm 9. For the purpose of deriving the
mistake bound, we need to make a small change to Algorithm 9. At the beginning of each
trial, we first make a prediction gr = (wy, x¢), and if we make a mistake I[gry; < 0] the we
proceed to update the auxiliary primal-dual pair (w}, 8;) similar to (z¢, v¢) in Algorithm 9

and the primal-dual pair (w;yq, a1 1) similar to (w1, us41) in Algorithm 9, which are
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given explicitly as follows:

B=TT (B +n0=wiye)), wi= TI (Wit +nowex)
[0,1] [wllog<R

a1 =[] (ﬁt +n(l - WtTtht)) cowir =[] (WE A+ nayexe).
[0,1] [wllog<R

Without loss of generality, we let (x¢,y;),t = 1,..., Mp denote the examples that are pre-
dicted incorrectly. The function Fy(-,-) is written as Fy(w, ) = a(1 — y¢(w,x¢)). Then for

a total sequence of T examples, we have the following bound by assuming ||w¢|l2 < 1 and

n<1/2v2

Mp—1

Mg Mrp
D Fiwe,a) <D lyw) xi) 1 > (R + Dllysraxee — vexe)3 +
=1 =1 1=0

R2 + o2
2n

Since th;r x¢ is less than 0 for the incorrectly predicted examples, if we set « = 1 in the

above inequality, we have

T ! R?+1

My <Y Uyewi xe) +1 Y (R4 Dllyeraxert — ycel3 + 5
t=1 =0 1
M

<> lyewi x¢) + V2(R? + 1) max(2, \JEGV 7).
=1

which results in a gradual variational mistake bound, where \/TGTQ measures the gradual
variation in the incorrectly predicted examples. To end the discussion, we note that one may
find applications of a small gradual variation of y+x; in time series classification. For instance,
if x; represent some medical measurements of a person and y; indicates whether the person

observes a disease, since the health conditions usually change slowly then it is expected that
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the gradual variation of yx; is small. Similarly, if x; are some sensor measurements of an
equipment and y; indicates whether the equipment fails or not, we would also observe a

small gradual variation of the sequence y;x; during a time period.

6.3 Summary

In this chapter we developed a simplified online mirror prox method using a composite
gradient mapping for non-smooth optimization with a fixed non-smooth component and
a primal-dual prox method for non-smooth optimization with the non-smooth component
written as a max structure. Despite the impossibility result in Chapter 5 which demonstrated
that smoothness of loss functions in necessary to obtain gradual variation bounds, we showed
that a simplified version of online mirror prix method is able to attain regret bounded by
gradual variation for loss functions with a smooth component and two types of mentioned

non-smooth components.
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Chapter 7

Mixed Optimization for Smooth

Losses

In this part of the thesis, we consider stochastic convex optimization problem and show that
leveraging the smoothness of functions allows us to devise stochastic optimization algorithms
that enjoy faster convergence rate.

The focus of this chapter is on stochastic smooth optimization. The motivation for
exploiting smoothness in stochastic optimization stems from the observation that the optimal
convergence rate for stochastic optimization of smooth functions is O(1/+/T), which is same
as stochastic optimization of Lipschitz continuous convex functions. This is in contrast to
optimizing smooth functions using full gradients, which yields a convergence rate of O(1/ TZ).
Therefore, it is of great interest to exploit smoothness in stochastic setting as well. In
particular, we are interested in designing an efficient algorithm that is in the same spirit of
the stochastic gradient descent method, but can effectively leverage the smoothness of the
loss function to achieve a significantly faster convergence rate.

We introduce a new setup for optimizing convex functions, termed as mixed optimiza-
tion, which allows to access both a stochastic oracle and a full gradient oracle to take
advantages of their individual merits. Our goal is to significantly improve the convergence

rate of stochastic optimization of smooth functions by having an additional small number of
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accesses to the full gradient oracle. We show that, with an O(InT) calls to the full gradient
oracle and an O(T') calls to the stochastic oracle, the proposed mixed optimization algorithm
is able to achieve an optimization error of O(1/T). The key insight underlying the mixed
optimization paradigm is that by infrequent use of full gradients at specific points we are able
to progressively reduce the variance of stochastic gradients which leads to faster convergence
rates.

The rest of this chapter is organized as follows. In Section 7.1 we motivate the problem.
Section 7.2 describes the MixedGrad algorithm, discusses the main intuition behind it, and
states the main result on its convergence rate. The proof of convergence rate is given in
Section 7.3 and the omitted proofs are deferred to Section 7.4. Section 7.5 concludes the
paper and discusses few open questions. Finally, Section 7.6 briefly reviews the literature on

deterministic and stochastic optimization.

7.1 Motivation

As it has been shown in Chapter 2, many practical machine learning algorithms follow the
framework of empirical risk minimization, which often can be cast into the following generic
optimization problem:

min  F(w) := %Zfz(w), (7.1)

wew

where n is the number of training examples, f;(w) encodes the loss function related to
the ith training example (x;,;), and W is a bounded convex domain that is introduced to

regularize the solution w € W (i.e., the smaller the size of W, the stronger the regularization
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is). In this chapter, we focus on the learning problems for which the loss function f;(w) is
smooth. Examples of smooth loss functions include least square with f;(w) = (y; — (w,x;))?
and logistic regression with f;(w) = log (1 + exp(—y;(w,x;))). Since the regularization is
enforced through the restricted domain W, we did not introduce a 5 regularizer \||w||?/2
into the optimization problem and as a result, we do not assume the loss function to be
strongly convex. We note that a small /o regularizer does NOT improve the convergence
rate of stochastic optimization. More specifically, the convergence rate for stochastically
optimizing a (9 regularized loss function remains as O(1/v/T) when A = O(1/V/T) [72], a
scenario that is often encountered in real-world applications.

A preliminary approach for solving the optimization problem in (7.1) is the batch gradient
descent (GD) algorithm [121]. It starts with some initial point, and iteratively updates the
solution using the equation wyy1 = Iy (wy — nVF(wy)), where Iy (+) is the orthogonal
projection onto the convex domain Y. It has been shown that for smooth objective functions,
the convergence rate of standard GD is O(1/T) [121], and can be improved to O(1/T2) by an
accelerated GD algorithm [120, 121, 123]. The main shortcoming of GD method is its high
cost in computing the full gradient VF(w;) when the number of training examples is large,
i.e., it requires O(n) gradient computations per iteration. Stochastic gradient descent (SGD)
alleviates this limitation of GD by sampling one (or a small set of) examples and computing
a stochastic (sub)gradient at each iteration based on the sampled examples [29, 115, 134].
Since the computational cost of SGD per iteration is independent of the size of the data (i.e.,
n), it is usually appealing for large-scale learning and optimization.

While SGD enjoys a high computational efficiency per iteration, it suffers from a slow
convergence rate for optimizing smooth functions. It has been shown in [119] that the

effect of the stochastic noise cannot be decreased with a better rate than O(1/+/T) which
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is significantly worse than GD that uses the full gradients for updating the solutions and
this limitation is also valid when the target function is smooth. In addition for general
Lipschitz continuous convex functions, SGD exhibits the same convergence rate as that for
the smooth functions, implying that smoothness of the loss function is essentially not very
useful and can not be exploited in stochastic optimization. The slow convergence rate for
stochastically optimizing smooth loss functions is mostly due to the variance in stochastic
gradients: unlike the full gradient case where the norm of a gradient approaches to zero when
the solution is approaching to the optimal solution, in stochastic optimization, the norm of
a stochastic gradient is constant even when the solution is close to the optimal solution. It is
the variance in stochastic gradients that makes the convergence rate O(1/v/T) unimprovable
for stochastic smooth optimization [119, 4].

In this chapter, we are interested in designing an efficient algorithm that is in the same
spirit of SGD but can effectively leverage the smoothness of the loss function to achieve a
significantly faster convergence rate. To this end, we consider a new setup for optimization
that allows us to interplay between stochastic and deterministic gradient descent methods.

In particular, we assume that the optimization algorithm has an access to two oracles:

e A stochastic oracle Oy that returns the loss function f;(w) based on the sampled

training example (x;,;) !, and

e A full gradient oracle O that returns the gradient V.F (w) for any given solution

wEW.

We refer to this new setting as mized optimization in order to distinguish it from both

stochastic and full gradient optimization models. Obviously, the challenging issue in this

1We note that the stochastic oracle assumed in our study is slightly stronger than the stochastic gradient
oracle as it returns the sampled function instead of the stochastic gradient.
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regard is to minimize the number of full gradients to be as minimum as possible while
having the same number of stochastic gradient accesses. The key question we examined in
this chapter is:

" Is it possible to improve the convergence rate for stochastic optimization of smooth func-
tions by having a small number of calls to the full gradient oracle O ?”

In this chapter we give an affirmative answer to this question. In particular, we show that
with an additional O(InT") accesses to the full gradient oracle O , the proposed algorithm,
referred to as MixedGrad, can improve the convergence rate for stochastic optimization of
smooth functions to O(1/T'), the same rate for stochastically optimizing a strongly convex
function [72, 125, 137]. The MixedGrad algorithm builds off on multi-stage methods [72]
and operates in epochs, but involves novel ingredients so as to obtain an O(1/7") rate for
smooth losses. In particular, we form a sequence of strongly convex objective functions to be
optimized at each epoch and decrease the amount of regularization and shrink the domain as
the algorithm proceeds. The full gradient oracle Oy is only called at the beginning of each
epoch. In this chapter our focus is only smooth functions and in the coming chapters, we
show that the it is further possible to develop faster optimization schemes when the functions
is both smooth and strongly convex by making the number of full gradients independent of

condition number.

7.2 The MixedGrad Algorithm

In stochastic first-order optimization setting, instead of having direct access to F(w), we
only have access to a stochastic gradient oracle, which given a solution w € W, returns

the gradient V f;(w) where i is sampled uniformly at random from {1,2,--- ,n}. The goal
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of stochastic optimization to use a bounded number T' of oracle calls, and compute some
w € W such that the optimization error, F(w) — F(w*), is as small as possible.

In the mixed optimization model considered in this study, we first relax the stochastic
oracle Og by assuming that it will return a randomly sampled loss function f;(w), instead of
the gradient V f;(w) for a given solution w may be applied to achieve O(1/T) convergence.
Second, we assume that the learner also has an access to the full gradient oracle Oy. Our
goal is to significantly improve the convergence rate of stochastic gradient descent (SGD) by
making a small number of calls to the full gradient oracle O¢. In particular, we show that by
having only O(log T") accesses to the full gradient oracle and O(T') accesses to the stochastic
oracle, we can tolerate the noise in stochastic gradients and attain an O(1/T") convergence
rate for optimizing smooth functions.

We now turn to describe the proposed mixed optimization algorithm and state its con-
vergence rate. The detailed steps of MixedGrad algorithm are shown in Algorithm 10. It
follows the epoch gradient descent algorithm proposed in [72] for stochastically minimizing
strongly convex functions and divides the optimization process into m epochs, but involves
novel ingredients so as to obtain an O(1/T) convergence rate. The key idea is to introduce
a l9 regularizer into the objective function to make it strongly convex, and gradually reduce
the amount of regularization over the epochs. We also shrink the domain as the algorithm
proceeds. We note that reducing the amount of regularization over time is closely-related to
the classic proximal-point algorithms. Throughout the chapter, we will use the subscript for
the index of each epoch, and the superscript for the index of iterations within each epoch.
Below, we describe the key idea behind the MixedGrad algorithm.

Let wj, be the solution obtained before the kth epoch, which is initialized to be 0 for

the first epoch. Instead of searching for w, at the kth epoch, our goal is to find wy — wy,
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Algorithm 10 MixedGrad Algorithm
1: Input:
e step size 1

e domain size A
e the number of iterations 77 for the first epoch
e the number of epochs m
e regularization parameter \q
e shrinking parameter v > 1
2: Initialize: w1 =0
3 fork=1,...,mdo
4:  Construct the domain Wy, = {w:w +w, ¢ W, |w| < A}
5: Call the full gradient oracle O for V.F(wy,)
6:  Compute g, = \yWy, + VF(Wp) = \pWy + 2 S0, V(W)
7. Initialize W,lf =0
8¢ fort=1,...,T do
9: Call stochastic oracle O to return a randomly selected loss function [t (w)
k
10: Compute the stochastic gradient as gz =g+ szgc (wtk + W) — vf@}; (W)
11: Update the solution by
. 1
w?jl = arg max 1 (w — WZ, g}; + )\kw};) + §||W — W};HQ

WEWk

12:  end for

13: Set V~Vlc+1 = TL—I—I ZtT:—i_ll Wi: and Wi = Wi + VA\//'k_H

14 Set Apy1 = Ap/7, Abg1 = e/ M1 = /7, and Tjpq = 42Ty,
15: end for

Return w1

resulting in the following optimization problem for the kth epoch

)\k 2 1
min W+ w| +HZfi<W+Wk)a (7.2)
w+wp €W =1
Iwl| < A

where A}, specifies the domain size of w and A, is the regularization parameter introduced
at the kth epoch. By introducing the ¢5 regularizer, the objective function in (7.2) becomes

strongly convex, making it possible to exploit the technique for stochastic optimization of
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strongly convex function in order to improve the convergence rate. The domain size Aj and
the regularization parameter )\, are initialized to be Ay > 0 and A1 > 0, respectively, and
are reduced by a constant factor v > 1 every epoch, i.e., Ar. = Ay /4" L and A\ = Ay /7P~ 1.
By removing the constant term Aj||[wy||2/2 from the objective function in (7.2), we obtain

the following optimization problem for the kth epoch

(7.3)

min

A9 ) 1 _
F; = = A , — .
o (W) = W+ A (w, W) + > filw+Wy)

1=1

where W = {w:w+w, € W, ||w| < Ai}. We rewrite the objective function Fj(w) as

A 1 _
Fiw) = S+ Adw.wi) + > filw + W)
1=1

A 1 & 1 &
= éﬁ”WH? + <W, ALWE+ Z sz’(v_"k)> + > filw W) = (w, V fi(wy))
: i=1

A 1 &

k

= W+ w0 T (7.4)
=1

where

8k = AW + % > Vfiwy) and fF(w) = fi(w + Wg) — (W, V f;(Wy)).
i=1

The main reason for using ]/CZC(W) instead of f;(w) is to tolerate the variance in the
stochastic gradients. To see this, from the smoothness assumption of f;(w) we obtain the

following inequality for the norm of ff(w) as:

|V 7| = 19 fitw + w03 = Vi)l < Bl
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As a result, since ||w| < A and Ay shrinks over epochs, then ||w| will approach to zero
over epochs and consequentially HV]/”Z‘C(W) || approaches to zero, which allows us to effectively
control the variance in stochastic gradients, a key to improving the convergence of stochastic
optimization for smooth functions to O(1/7).

Using F.(w) in (7.4), at the tth iteration of the kth epoch, we call the stochastic oracle O
to randomly select a loss function fillf (w) and update the solution by following the standard

paradigm of SGD by

witl = Tlyew, (w}tC — (AR W), + 8, + VJ?Z%(W%)))

wew, (WZ — e (\eWh + g + Vfiz (Wi + W) — Vi (Wk))) , (7.5)

where HweWk(-) projects the solution w into the domain Wj, that shrinks over epochs.

At the end of each epoch, we compute the average solution w;., and update the solution
from Wi to W1 = Wi + Wy. Similar to the epoch gradient descent algorithm [72], we
increase the number of iterations by a constant 42 for every epoch, i.e. T = T172(k_1).

In order to perform stochastic gradient updating given in (7.5), we need to compute
vector g at the beginning of the kth epoch, which requires an access to the full gradient
oracle Oy. It is easy to count that the number of accesses to the full gradient oracle Oy is

m, and the number of accesses to the stochastic oracle Oy is

m
T=T ny?(i—l) _r ~--
i=1

Thus, if the total number of accesses to the stochastic gradient oracle is T, the number of
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access to the full gradient oracle required by MixedGrad algorithm is O(InT"), consistent
with our goal of making a small number of calls to the full gradient oracle.

The theorem below shows that for smooth objective functions, by having O(InT') access
to the full gradient oracle Oy and O(T) access to the stochastic oracle Og, by running

MixedGrad algorithm, we achieve an optimization error of O(1/T).

Theorem 7.1. Let § < e=9/2 be the failure probability. Set v =2, \y = 16/ and

Ty =3001n 2,

1
50 M= ogan A

Define T =T} (22m — 1) /3. Let Wy, 41 be the solution returned by MizedGrad method in
Algorithm 10 after m epochs with m = O(InT) calls to the full gradient oracle Oy and T

calls to the stochastic oracle Og. Then, with a probability 1 — 20, we have

7.3 Analysis of Convergence Rate

Now we turn to proving the main theorem. The proof will be given in a series of lemmas and
theorems where the proof of few are given in Section 7.4. The proof of main theorem is based
on induction. To this end, let W¥ be the optimal solution that minimizes Fj(w) defined
in (7.3). The key to our analysis is show that when |[W¥|| < A, with a high probability, it
holds that HVAVZEJFIH < A} /7, where whF1 is the optimal solution that minimizes Fra1(w),

as revealed by the following theorem.

Theorem 7.2. Let W* and WEt! be the optimal solutions that minimize Fj,(w) and Fri1(w),
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respectively, and Wy 1 be the average solution obtained at the end of kth epoch of MizedGrad
algorithm. Suppose HvAfo < Ay. By setting the step size np. = 1/ (25\/3Tk), we have, with
a probability 1 — 26,

PYRAY
24

- Ay ~ :
Wi+ < = ond Fp(Wiia) —min Fi(w) <

provided that § < e 92 and

3007882 1
s B 1
A i )
Taking this statement as given for the moment, we proceed with the proof of Theorem 7.1,

returning later to establish the claim stated in Theorem 7.2.

Proof of Theorem 7.1. It is easy to check that for the first epoch, using the fact W € Bp,
we have

lwill = [[wsll < R = Ay

Let w! be the optimal solution that minimizes F,(w) and let w7+ be the optimal solution

obtained in the last epoch. Using Theorem 7.1, with a probability 1 — 2md, we have

~m ~m m 1
Wi < Wa Fm(Wm+1) — Fn(Wy") < 274 - 2~3m+1

Hence,

1 < ) » AlA% . _
ﬁizzlfi(wmﬂ) < Fm(WY) + 3BT 7m—1<wm+lvwm>

AlA% >\1HV_VmHA1
D3+ ~2m=2

< Fm(Wi') +
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where the last step uses the fact [|[W7Y| < Ay = Ay~ Since

S S VA1
”WmH < Z |VNVz| < ZAi < ﬁ < 24
1=1 1=1

where in the last step holds under the condition v > 2. By combining above inequalities, we

obtain

e, o e MAZ 20 AT
n ;fi(wm“) < Fm(W) + oyl T am2

Our final goal is to relate Fp,(w) to miny £(w). Since w1’ minimizes Fy,(w), for any
wy € argmin £(w), we have
1 & A

Fm(wi') < Fm(ws) = — > filwi) + o1 <||W* — Winl? + 2(wy — Wmawm>> . (7.6)
i=1

Thus, the key to bound |F(w]") —F(ws)| is to bound ||wy —Wyy||. To this end, after the first
m epoches, we run Algorithm 10 with full gradients. Let Wy, 41, Wy, 42, . . . be the sequence of
solutions generated by Algorithm 10 after the first m epochs. For this sequence of solutions,
Theorem 7.2 will hold deterministically as we deploy the full gradient for updating, i.e.,
|lwr|| < Ay for any £ > m + 1. Since we reduce \j, exponentially, A; will approach to zero
and therefore the sequence {w}7° 41 Will converge to wy, one of the optimal solutions
that minimize £(w). Since wy is the limit of sequence {w;}72  ; and [|[wg|| < Ay for any

k > m + 1, we have

> > Aq 271
Iwe —wmll < > (Wil < ) A< Ty S
t=m-+1 k=m-+1
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where the last step follows from the condition v > 2. Thus,

1 — A [4A2 8A2
Fm(wi') < ﬁ;fi(w*)+27m_1< )
1 2\ A2 1 5A A2
= ﬁZfz‘(W*) + ST 2+77") < ﬁZfz(W*) + 21 (7.7)
i=1

By combining the bounds in (7.6) and (7.7), we have, with a probability 1 — 2md,

I, 1 & 5A1A?

= fiWme1) = =Y filwi) < 55— = O(1/T)

n - n - ¥

i=1 1=1
where
Ty (v -1 T
T=T e
Z 7 T <30

We complete the proof by plugging in the stated values for v, A\; and Aj. O

We turn now to proving the Theorem 7.2. For the convenience of discussion, we drop the
subscript k for epoch just to simplify our notation. Let A = A\, T'= T}, A = Ay, g = g;..
Let W = Wy, be the solution obtained before the start of the epoch k, and let w' = w1 be
the solution obtained after running through the kth epoch. We denote by F(w) and F'(w)

the objective functions Fj(w) and Fj1(w). They are given by

Flw) = SIWIP+Aww) + -3 filw+ ) (79
p A A _y 1 _
Fw) = gl w15 o+ ) (7.9

Let Wy = w¥ and W, = Wt be the optimal solutions that minimize F(w) and F'(w) over

the domain Wy and Wy, 1, respectively. Under the assumption that ||[wy| < A, our goal is
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to show
. A . N AA2
Wl < > F(w') = F(wy) < o

The following lemma bounds F(w¢) — F(Wy) where the proof is deferred to Section 7.4.

Lemma 7.3.

we — Wall? lwir1 — W2
21 21

F(wi) = F(Wy) <
n ~ 2
+g vait (wt) + )\WtH + (8 Wt — Wii1)
+(VFE) = V(%) we = W)
+ (=Y iy (w0) + T iy (W) = VE() + VE(wi), wi — 50,
By adding the inequality in Lemma 7.7 over all iterations, using the fact w; = 0, we

have

r o2 =2
. [Well* w1 — W]
> Flwi) = F(w,) < 1t - BT (g wry)
-1 n n
77 T T R
§Zy|mt wi) + w2+ D (VF(W) = Vi, (W), W — W)
=l =
240 2B,

T
+Z< Vi, (we) + Vi, (W) - V.F(VAV*)—I—V.F(Wt),Wt—vAV*>.
t=1
20

Since g = VF(0) and

B B
F(wry1) — F(0) <(VF(0), wriq) + §||WT+1||2 = (g, Wry1) + §||WT+1||2
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using the fact F(0) < F(wy) + §\|W>k|\2 and max(||wy||, [[wr1|]) < A, we have
s .
— (g wr41) < F(0) - Fwygr) + §A2 < BA? — (F(wri) = F(Ws))
and therefore

ZF(Wt)—F(\?V*)SA < —|—6> + AT+BT+CT (7.10)
The following lemmas bound A7, By and Crp.

Lemma 7.4. For Ap defined above we have Ap < 652AT.

The following lemma upper bounds By and Cp. The proof is based on the Bernstein’s

inequality for martingales and is given later .

Lemma 7.5. With a probability 1 — 20, we have

1 1
B < BA? (m% + ,/len%> and Cp < 28A? (mg + \/2Tln5> .

Using Lemmas 7.8 and 7.9, by substituting the uppers bounds for A7, By, and Cp
n (7.10), with a probability 1 — 2§, we obtain
_ o [ 1 5 1 1
> Fwi) = F(Wa) <A o + 5+ 6651 + 351n < + 36 /2T In
By choosing n = 1/[26v3T], we have

z_: F(wi) — F(Wy) < A? (25\/37 +B+38 h% +384/2T In %)

and using the fact w = Zilel w¢/(T + 1), we have

~\ ~ 255\/3111[1/(5] ~9 2 255\/3111 ]_/
F(w) }—(W*)SA—\/T—H , and A% = ||lw—w||" <A W
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Thus, when T > [3007852 In %]//\27 we have, with a probability 1 — 24,

A2 A

A2 < ey and |F(W) — F(Wi)| < = A2, (7.11)

The next lemma relates |[W|| to ||W — W

Lemma 7.6. We have |[wi| < v|[|w — w/|.

Combining the bound in (7.11) with Lemma 7.10, we have ||[W,|| < A/7.

7.4 Proofs of Convergence Rate

7.4.1 Proof of Lemma 7.7

Before proving the lemmas we recall the definition of F(w), F/(w), g, and ﬁ(w) as:

A I .
Flw) = JIwl? 4 Aw ) + -3 filw + W),
=1
Fw) = w2+ 2w,y + L3 fiw + W)
2’)/ ) ni:1 1 9

I )
g =AW + ﬁzlvfz’(“’%
1=

filw) = filw + W) — (w, Vf;(w)).

We also recall that W, and W/, are the optimal solutions that minimize F(w) and F'(w)

over the domain Wy, and Wy, 1, respectively.
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Lemma 7.7.

~ — w2 W1 — W2 ~ 2
Flwe) - F(w,) < e vl - Ll d +%va¢t(w7:)+kw7:H + (g, Wt — Wii1)

- n n
+ (VFiy(¥2) = VE(W), wi = W)
+ <—vﬁt (W) + Vi, (W) — VE(R) + VF (W), wy — w>

Proof. For each iteration ¢ in the kth epoch, from the strong convexity of F(w) we have

- . A -
F(wi) = F(Ws) < (VF(We), e = W) = 5[ we = W)

_ ~ _ _ v A ~
= (g+ V/fi,(We) + Awg, wi — Wy) + <—sz't(wt) + VF(wi), wi — W*> = glwe = Wl |,

where F(w) = %Z?:l ﬁ(w) We now try to upper bound the first term in the right hand

side. Since

(g + Vi, (Wi) + Awp, Wi — W)

n ~ [wi — Wl|> | [lwe — W[
= (g8+ Vi, (W) + Awg, wp — W) — o - o -

+ [we — Wit 2 wipr — Wal2 | [lwe — W2

[wip1 — Wl ? | [wy — W[
< _ _
< (g8 Wt — Wit1) 2 + 2
n [wi — wl|?

+ max (V fip(We) + Awg, Wi — w) — B T
S M .= ok 1 N . L WG T N PO

where the first inequality follows from the fact that wy;1 in the minimizer of the following
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optimization problem:

B . > [w — w|?
Wipr = argmin (g Vi (We) + AW, W — W) + T
weWwn|w—w|| <A U

Therefore, we obtain

F(wy) — F(Wy)

Wi — W w - W A .
|| t *” H t+1 *H || ’ *||2

<
- 2n 2n 2

Hawe—win) + 0| 9 (w4 dwi | (V) — Vs (%), we — )

+ <—vﬁ-t (W) + Vi, (W) = V() + VF(wi), Wy — vAV> ,

as desired.
We now turn to prove the upper bound on Arp.

Lemma 7.8.

Ap < 682A0%T

Proof. We bound Ap as

T
Ap = D IV i (we) + Awe)?
=1

T
< > 2V (w2 + 207wy
t=1
T ~ o~ o~
< ) 2XAT 42|V (W) = Vi (W) + Vi (W) |12
t=1
< 6B82A2T
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where the second inequality follows (a+b)? < 2(a? 4 b?) and the last inequality follows from

the smoothness assumption. O]

Lemma 7.9. With a probability 1 — 20, we have

Bp < BA? (m% + ,/wm%) and Cp < 2BA? (m% + \/2T1n%>

The proof is based on the Berstein inequality for martingales stated in Theorem A.25.
Equipped with this concentration inequality, we are now in a position to upper bound Bp

and Cp as follows.

Proof of Lemma 7.9. Denote X; = <Vﬁt(v/€f*) — VF(Ws), Wt — Wx). We have that the
conditional expectation of X3, given randomness in previous rounds, is E;_1[X¢] = 0. We
now apply Theorem A.25 to the sum of martingale differences. In particular, we have, with

a probability 1 — e,

5
By < gm NG

where

ko= 1I£ta§XT<vﬁt(w*) VF(Ws), Wi — W) < 2847
T -~ ~

= 3R [V, () - VR w - w2 < 2A0T
t=1

Hence, with a probability 1 — d, we have
o 1 1
Br < BA lng—i— 2T1n5
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Similar, for C'p, we have, with a probability 1 — 4,

Cp < 2B8A? (m% +1/2TIn %)

Lemma 7.10. [|[W, || < v||Ww — W]

Proof. We rewrite F(w) as

A - 1 & B
Flw) = §HW||2+/\<W,W>+EZJ%(W+W)
1=1
A 1 <&
= §HW—V~V+V~VH2+A(W—V~V+€V,W>+ﬁzlf,'(w—v~v+vv’)
1=

Define z = w — w. We have

Fiw) = St W24 Mz w) + A, %)+ - > filn+ W)
=1

A2 IR L A2 ~
= EHZH +)\<Z>W>+gzlfi(z+w)+§!|w|f + Mw, W)
1=

~ Ay~ ~
= Flz) + SIWI* + Mw, w)

where

Fla) = Sl + MWy + -3 fia+ W)
=1

Define Wy = Wy — w. Evidently, Wy minimizes F(w). The only difference between F(w)

and F'(w) is that they use different modulus of strong convexity A. Thus, following [153],
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we have

[Ws — Wil < %ﬁ!\ﬁ*ll < (v = Dlfws|
Hence,
Wil < Allwall = yl[ws — W]
which completes the proofs. O

7.5 Summary

We presented a new paradigm for optimization, termed as mixed optimization, that aims to
improve the convergence rate of stochastic optimization by making a small number of calls
to the full gradient oracle. We proposed the MixedGrad algorithm and showed that it is able
to achieve an O(1/T') convergence rate by accessing stochastic and full gradient oracles for
O(T) and O(log T') times, respectively. We showed that the MixedGrad algorithm is able to
exploit the smoothness of the function, which is believed to be not very useful in stochastic
optimization. The key insight behind the MixedGrad algorithm is to use infrequent full
gradients to progressively reduce the variance of stochastic gradients as the optimization
proceeds.

There are few directions that are worthy of investigation. First, it would be interesting
to examine the optimality of our algorithm, namely if it is possible to achieve a better con-
vergence rate for stochastic optimization of smooth functions using O(InT') accesses to the
full gradient oracle. Furthermore, to alleviate the computational cost caused by O(logT)
accesses to the full gradient oracle, it would be interesting to empirically evaluate the pro-

posed algorithm in a distributed framework by distributing the individual functions among

216



processors to parallelize the full gradient computation at the beginning of each epoch which
requires O(logT") communications between the processors in total. Lastly, it is very inter-
esting to check whether an O(1/7?) rate could be achieved by an accelerated method in the
mixed optimization scenario, and whether linear convergence rates could be achieved in the

strongly-convex case.

7.6 Bibliographic Notes

Deterministic Smooth Optimization. The convergence rate of gradient based methods
usually depends on the analytical properties of the objective function to be optimized. When
the objective function is strongly convex and smooth, it is well known that a simple GD
method can achieve a linear convergence rate [33]. For a non-smooth Lipschitz-continuous
function, the optimal rate for the first order method is only O(1/v/T) [121]. Although
O(1/V/T) rate is not improvable in general, several recent studies are able to improve this
rate to O(1/T) by exploiting the special structure of the objective function [123, 122]. In
the full gradient based convex optimization, smoothness is a highly desirable property. It
has been shown that a simple GD achieves a convergence rate of O(1/7") when the objective
function is smooth, which is further can be improved to O(1/T?) by using the accelerated
gradient methods [120, 123, 121].

Stochastic Smooth Optimization. Unlike the optimization methods based on full gradi-
ents, the smoothness assumption was not exploited by most stochastic optimization methods.
In fact, it was shown in [119] that the O(1/+/T) convergence rate for stochastic optimization
cannot be improved even when the objective function is smooth. This classical result is
further confirmed by the recent studies of composite bounds for the first order optimization

methods [17, 96]. The smoothness of the objective function is exploited extensively in mini-
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batch stochastic optimization [44, 47], where the goal is not to improve the convergence rate
but to reduce the variance in stochastic gradients and consequentially the number of times
for updating the solutions [154]. We finally note that the smoothness assumption coupled
with the strong convexity of function is beneficial in stochastic setting and yields a geometric
convergence in expectation using Stochastic Average Gradient (SAG) and Stochastic Dual
Coordinate Ascent (SDCA) algorithms proposed in [128] and [135], respectively.

Finally, we would like to distinguish mixed optimization from hybrid methods that use
growing sample-sizes as optimization method proceeds to gradually transform the iterates
into the full gradient method [60], which makes the iterations to be dependent to the sample
size n as opposed to SGD. In contrast, MixedGrad is as an alternation of deterministic and
stochastic gradient steps, with different of frequencies for each type of steps. Our result for
mixed optimization is useful for the scenario when the full gradient of the objective function
can be computed relatively efficient although it is still significantly more expensive than
computing a stochastic gradient. An example of such a scenario is distributed computing
where the computation of full gradients can be speeded up by having it run in parallel on
many machines with each machine containing a relatively small subset of the entire training
data. Of course, the latency due to the communication between machines will result in an

additional cost for computing the full gradient in a distributed fashion.
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Chapter 8

Mixed Optimization for Smooth and

Strongly Convex Losses

In the preceding chapter, we presented a new paradigm for stochastic optimization that al-
lowed us to leverage the smoothness of objective function to devise faster algorithms. In this
chapter of thesis, we continue our study of efficient optimization algorithms in mixed opti-
mization regime and show that we may leverage the smoothness assumption of loss functions
to devise algorithms with iteration complexities that are independent of condition number
in accessing the full gradient oracle. To motivate the setting considered in this chapter,
consider the optimization of smooth and strongly convex functions where the optimal itera-
tion complexity of the gradient-based algorithm is O(y/klog1/e€), where & is the condition
number of the objective function to be optimized. In the case that the optimization prob-
lem is ill-conditioned, we need to evaluate a larger number of full gradients, which could be
computationally expensive despite the linear convergence rate of the algorithm in terms of
the target accuracy e.

In this chapter, we propose to reduce the number of full gradients required by allowing
the algorithm to access the stochastic gradients of the objective function. To this end, we
present an algorithm named Epoch Mixed Gradient Descent (EMGD) that is able to utilize

two kinds of gradients similar to Chapter 7. As same as MixedGrad a distinctive step in
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EMGD is the mixed gradient descent, where we use a combination of the full gradient and
the stochastic gradient to update the intermediate solutions. By performing a fixed number
of mixed gradient descents, we are able to improve the sub-optimality of the solution by
a constant factor, and thus achieve a linear convergence rate. Theoretical analysis shows
that EMGD is able to find an e-optimal solution by computing O(log1/¢) full gradients and
O(r?log1/e) stochastic gradients. We also provide experimental evidence complementing

our theoretical results for classification problem on few medium-sized data sets.

8.1 Introduction

The optimal iteration complexities for some popular optimization methods considering dif-
ferent combinations of characteristics of the objective function are shown in Table 8.1. We
observe that when the objective function is smooth (and strongly convex), the convergence
rate for full gradient descent is much faster than that for stochastic gradient descent. On the
other hand, the evaluation of a stochastic gradient is usually significantly more efficient than
that for a full gradient. Thus, replacing full gradients with stochastic gradients essentially
trades the number of iterations with a low computational cost per iteration.

In this chapter, we consider the case when the objective function is both smooth and
strongly convex, where the optimal iteration complexity is O(y/k log %) if the optimization
method is first order and has access to the full gradients. For the optimization problems that
are ill-conditioned, the condition number s can be very large, leading to many evaluations
of full gradients, an operation that is computationally expensive for large data sets. To
reduce the computational cost, we are interested in the possibility of making the number of

full gradients required independent from . Although the O(y/k log %) rate is in general not

220



Lipschitz continuous Smooth Smooth & Strongly Convex

Full Gradient 19) <€l2> 10, (%) O (ﬁlog %)
Stochastic Gradient 0] <€l2> O <€l2> 0O (%)

Table 8.1: The optimal iteration complexity of convex optimization. L and A are the moduli
of smoothness and strongly convexity, respectively. kK = L/\ is the conditional number.

improvable for any first order method, we bypass this difficulty by allowing the algorithm
to have access to both full and stochastic gradients. Our objective is to reduce the iteration
complexity from O(y/k log %) to O(log %) by replacing most of the evaluations of full gra-
dients with the evaluations of stochastic gradients. Under the assumption that stochastic
gradients can be computed efficiently, this tradeoff could lead to a significant improvement
in computational efficiency.

We propose an efficient algorithm, dubbed Epoch Mixed Gradient Descent (EMGD),
which fits the mixed optimization regime introduced in Chapter 7. The proposed EMGD
algorithm divides the optimization process into a sequence of different epochs, an idea that
is borrowed from the epoch gradient descent [72]. In each epoch, the proposed algorithm
performs mixed gradient descent by evaluating one full gradient and O(/{Q) stochastic gra-
dients. It achieves a constant reduction in the optimization error for every epoch, leading
to a linear convergence rate. Our analysis shows that EMGD is able to find an e-optimal
solution by computing O(log %) full gradients and O(x? log %) stochastic gradients. In other
words, with the help of stochastic gradients, the number of full gradients required is reduced

from O(y/klog %) to O(log %), independent from the condition number.
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8.2 The Epoch Mixed Gradient Descent Algorithm

First, we recall from Chapter 2 that we wish to solve the following optimization problem

win F(w) for F(w) = Elf(w,&) = [ f(w.aP(e) (8.1

wew =

—

where W is a convex domain, and f(w,§) is a convex function with respect to the first
argument. An special setting which is more appropriate for machine learning tasks is the
case when the objective function can be written as a sum of finite number of convex functions,

le.,

n

Fiw) == 3" f(w.6) (52
1=1

For learning problems such as classification and regression, each individual function in the
summand can be considered as the prediction loss on the ith training example & = (x;, y;) for
a fixed loss function, i.e., f(w,&;) = €(w; (x;,9;)). For simplicity of exposition, we absorb the
randomness in the individual functions and use f;(w) to denote the loss on random sample &;
instead of f(w,&;). We note that although the formulation in (8.2) seems attractive from a
practical point of view, but the proposed algorithm is general enough to solve any stochastic
optimization problem formulated in (8.1). As a result, in the remainder of this chapter
we base the randomness on sampling the individual functions according to the unknown
distribution defined over functions.

Similar to the setting introduced in Chapter 7, we assume there exist two oracles.

1. The first one is a gradient oracle O4, which for a given input point w returns the
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gradient V.F(w), that is,

Oy(w) = VF(w).

2. The second one is a function oracle O , each call of which returns a random function
f(w), such that

F(w) =E¢[f(w)],vw e W,

and f(w) has Lipschitz continuous gradients with constant L, that is,

IVf(w) = V(W) < Lw — w'[l, Yw,w' € W. (8.3)

Although we do not define a stochastic gradient oracle directly, the function oracle Oy allows
us to evaluate the stochastic gradient of F(w) at any point w € W.

Notice that the assumption about the function oracle O ¢ implies that the objective
function JF(-) is also L-smooth. To see this, since VF(w) = E ¢[f(w)], by Jensen’s inequality

we have:

IVF(w) — VF(W)| < Ef||Vf(w) - Viw)| < Liw —w'||, Yw,w € W. (8.4)

Besides, we further assume F(-) is A-strongly convex, that is,

|IVF(w) — VJ_"(W,)H > \|w — W/H, Yw,w’ € W. (8.5)

From (8.4) and (8.5) it is straightforward to see that L > A. The condition number & is
defined as the ratio between these two parameters, i.e., k = L/A > 1.

The detailed steps of the proposed Epoch Mixed Gradient Descent (EMGD) are shown
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in Algorithm 11, where we use the superscript for the index of epochs, and the subscript for
the index of iterations in each epoch. Similar to the MixedGrad algorithm, we divided the
optimization process into a sequence of epochs (step 4 to step 11). While in the MixedGrad
algorithm the size of epochs increases exponentially and the full gradient oracle is called at
the beginning of each epoch, the size of epochs and the number of access to the two types
of oracles in EMGD is fixed.

At the beginning of each epoch, we initialize the solution W]f to be the average solution
Wk obtained from the last epoch, and then call the gradient oracle Oy to obtain VF (wh).
At each iteration ¢ of epoch k, we call the function oracle O 7 to obtain a random function

ftk(w) and define the mized gradient at the current solution wf as

g = VFW") + VW) - v iEwh),

which involves both the full gradient and the stochastic gradient. The mixed gradient can be
divided into two parts: the deterministic part VF(w") and the stochastic part V fF(w}) —
Vftk(vvk) Due to the smoothness property of fﬁk(-)7 the norm of the stochastic part is well
bounded, which facilitates the convergence analysis.

Based on the mixed gradient, we update Wf by a gradient mapping over a shrinking
domain (i.e., WN ||[w — wF|| < A¥) in step 9. Since the updating is similar to the standard
gradient descent except for the domain constraint, we refer to it as mixed gradient descent
for short. At the end of the iterations for epoch k, we compute the average value of T + 1
solutions, instead of T solutions, and update the domain size by reducing a factor of v/2.

The following theorem shows the convergence rate of the proposed algorithm.
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Algorithm 11 Epoch Mixed Gradient Descent (EMGD) Algorithm

1: Input:
e step size
e the initial domain size Al
e the number of iterations T per epoch
e the number of epochs m

2: Initialize: w! =0
3: fork=1,...,mdo
4: Set wlf = wh
5. Call the gradient oracle Oy to obtain V.F (wh)
6: fort=1,...,7 do
7 Call the function oracle Oy to obtain a random function jid0)
8: Compute the mixed gradient as
g = VF(WE) + VI (wi) - V(w5
9: Update the solution by

. . 1
wig=arg o omin (W= wiL g + o flw - wi|?
wewn|w—wk|<ak

10:  end for

11:  Set whtl = TLH ZtT:‘Lll Wf and AR+ — Ak/ﬂ
12: end for

Return w1

Theorem 8.1. Assume

115212 1 2
§<e 12 ps 2T L AL S max <\/X(}“(O) — Flws)), ||w*||) . (86)

A2 5’

Setn = 1/[LVT). Let w L be the solution returned by Algorithm 11 after m epoches that
has m access to oracle Oy and mT access to oracle Of. Then, with a probability at least

1 —md, we have
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Theorem 8.1 immediately implies that EMGD is able to achieve an € optimization error

by computing O(log %) full gradients and O(/ﬁ2 log %) stochastic gradients.

8.3 Analysis of Convergence Rate

The proof of Theorem 8.1 is based on induction. From the assumption about Al in (8.6),

we have

,and [|w! — w* < [A1]%,

which means Theorem 8.1 is true for m = 0. Suppose Theorem 8.1 is true for m = k. That

is, with a probability at least 1 — ko, we have

Our goal is to show that after running the k+1-th epoch, with a probability at least 1 — (k+

1)d, we have

For the simplicity of presentation, we drop the index k for epoch. Let w be the solution

obtained from the epoch k. Given the condition

F(W) = Flws) < %AQ, and [[w — wa|? < A2, (8.7)
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we will show that that after running the 7" iterations in one epoch, the new solution, denoted

by w, satisfies

F(W) — Flws) < EAQ, and [|w — w|? < SA2,

N | —

with a probability at least 1 — 9.

(8.8)

In the proof, we frequently use the following property of strongly convex function (see

Appendix 77).

Lemma 8.2. Let F(w) be a A-strongly convex function over the domain W, and wy =

arg ming ey F(w). Then, for any w € W, we have
A 2
F(w) = Flwi) 2 Sllw —wal|”.

Define

g =VFW), F(w)=F(w)—(w,g), and g(w) = fi(w) — (w, Vf3(W)).

The objective function can be rewritten as

o~

F(w) = (w,g) + F(w).

And the mixed gradient can be rewritten as

g% = g+ Vgr(wy).
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Then, the updating rule given in Algorithm 11 becomes

1 2
W = ar 1 s . 8.12
t+1 gwewﬁm”WnV_V'KAn(W wi, 8+ Vgr(we)) + 2||W w| (8.12)

For each iteration ¢ in the current epoch, we have

./T(Wt) — ./—"(W*)

8.5
(§)<V~F(Wt)7wt—w*> — %||Wt—w*||2 (8.13)
(8.11)

~ A
= (g + Vgr(wi), ws — wy) + <V]'"(Wt) — Vg (wi), wi — W*> - §||Wt — w||?,

and
(g + Vgr(wi), wp — wy)
2 2
:<g+Vgt(Wt)>wt _W*> — H ! 277 *H + H t 277 *H
S i — Wil Wit —wal® | = wal?
< \4 — — + . t+1 * t %
= (e Vol 21 21 M—
Hwt _W*”2 HWt+1 — W*H2
< - —_—
—<gawt Wt+1> + 277 277
[we — w2
\4 VAN | AL A
T max << gt(Wt), Wi — w) o
O . Y .77 T 23 G PRSP
) t+ o T : .

(8.14)

Combining (8.13) and (8.14), we have

./_"(Wt) - ]—"(w*)

2 2
Wi — W Wil — W A
<H 5 *H H + 5 *H QHWt W*H2

+ (g, Wt — wiy1) + gHVgt(Wt)H2 + <VJ%(Wt) — Vgi(wi), wi — W*> :
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By adding the inequalities of all iterations, we have

T
> Flwy )
=1
W — w2 W —we? A 2 _
< — — =) lwe = wi||* + (g, W — wriq)
2n 2n 2 ; (8.15)

T
g;HVgt Wt ’ —|—; V./T" Wt) Vgt(wt),wt —W*>,

J/ N J/

éAT éBT

Since F(-) is L-smooth, we have

_ _ _ L, _
F(wryr) — F(w) <(VF(W), wrip — W) + §||W —wry1|%,

which implies

L
<F(W) = F(wry) + 5 A%
2
(8.16)
(8.7) Ao Lo
<F(wy) — F(wpy1) + LA
From (8.15) and (8.16), we have
T+1 1
Z F(wy) — F(wy) < A? (% + L) + gAT + Br. (8.17)
t=1

Next, we consider how to bound A7 and B7. The upper bound of Ap is given by

T T
(8.3)
Ap =3 [Var(wo)ll? = Zuwt w)-VAWE < L2 [wi-w|? < TL?A% (8.18)
t=1 t=1 t=1
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To bound By, we need the Hoeffding-Azuma inequality which is stated in Theorem A.20 for

completeness. Define

~

Vi=(VF(wi) = Vg (wi), wr —wy), t=1,...,T.

Recall the definition of F(w) and g¢(w) in (8.10). Based on our assumption about the
function oracle Oy, it is straightforward to check that V1,... is a martingale difference with

respect to g1, .... The value of V; can be bounded by

Vil < | V) = Vgrtw) | we = we

< 2A (|[VF(wi) = VEW)| + |V fe(we) = Ve (w)])

(8.3), (8.4) B 5
< ALA|wy — w|| < 4LA*.

Following Theorem A.20, with a probability at least 1 — 9, we have

1
Br < ALA?(/2T'In 5 (8.19)

By adding the inequalities in (8.17), (8.18) and (8.19) together, with a probability at

least 1 — ¢, we have

T+1 2
> Flwi) = Fws) < A? (% + L+ nTQL +4L4/2T n %) .
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By choosing 1 = 1/[Lv/T], we have

T+1
> F(wi) — F(ws) < LA (\/T+ 1+ 44/2T log %) < 6LA%\ /2T In %

t=1

and therefore

A212L,/2n 1/

N 26[“/21111
F(%) ~ Flw.) <A W =

) and ||W VV*H2 <

Thus, when

115202 1
T 2 )\2 ng,

with a probability at least 1 — §, we have

F(w) — ]:(W*)<>\A2 and ||W — wi|? < =A%

N —

8.4 Experiments

In this section, we provide experimental evidence complementing our theoretical results. In

particular we consider solving the regularized logistic regression problem formulated as:

n

1 A 9
s 32 i) + 5l
where

—Y;
1+ exp(y;(w, x;))

filw) =log (1 + exp(—y;(w,x;))), and V f;(w) =

X;-
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We compare the EMGD algorithm to the SGD method. SGD start with solution w; = 0
and at each iteration samples a random function indexed by ;. uniformly at random over all

n available functions and updates the solution by:

1

1 1
Wt+1 = Wt — E (szk(Wt) + )\Wt) = (1 — ;) W¢ — Evflk (Wt)

The variance of SGD method at each iteration can be computed as:

n 2 n 2
vaik(wt) +Awy — (%Z;Vfi(wt) +)\Wt> Ei, |V fif, (wt) — %vai(wt)
2 Il n 2 2
=&, [Vhi, o0 | Vs = Il - Zm wi)
i=1

By noting the gradient at each iteration as

<sz'k(Wt)+>\Wt>—<sz‘k( +/\W> ( Zsz >—(%§:Vfi(wt)+)\“’t>,
i=1

the variance of the mixed gradient in EMGD is given by

2

]Ei]€

Vfi (Wi) =V fi (W ( Z V fi(w) — %Z Vfi<vvt>>
! 2
sz wt) — —Zm

We run both algorithms on two well-known Adult and RCV1 data sets. The data sets

= IV iwe) — V()2 -

used in this experiment were sourced from the University of California Irvine (UCI) Machine
Learning Repository [11] and are referred to as the Adult and RCV1 data sets. The Adult

data set contain information on individuals such as age, level of education and current
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Table 8.2: Experimental results on the Adult data set. A = le—3 and n = 0.01 in EMGD.
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Table 8.3: Experimental results on the RCV1 data set. A = le—5 and n =1 in EMGD.

employment type. The Adult data set contains over 30,000 records of census information
taken in 1994 from many diverse demographics. The RCV1 is an archive of over 800,000
manually categorized newswire stories recently made available by Reuters, Ltd. for research
purposes. For EMGD, we set the number of stochastic gradient in each epoch to n, which
is the number of training data.

The results of both SGD and EMGD algorithms on the Adult data set are provided in

Figure 8.2. Figure 8.1a shows the difference between the current objective value and the
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Table 8.4: The testing accuracy on RCV1 and Adult data sets.

optimum (which is obtained by running a batch algorithm for a long time) versus

Th ber of stochasti dient
The number of full gradients + ¢ IUINDET 07 STochiastic sradion i)
n

Figure 8.1b shows the variances of the SGD and EMGD, respectively. It can be inferred from
the results that the variance of SGD is almost same even when the algorithm approaches
the optimal solution. As can be seen, the EMGD method is able to reduce the training error
and the variance exponentially. We obtain similar results on the RCV1 data set, which are
shown in Figure 8.3.

We also examine the testing accuracy of SGD and EMGD, which are depicted in Fig-
ure 8.4. As can be seen, in terms of testing, EMGD is slightly worse than SGD at the

beginning. This behavior is expected since EMGD needs one full gradient to initialize.
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8.5 Discussion

Compared to the optimization algorithm that only relies on full gradients [121], the number
of full gradients needed in EMGD is O(log%) instead of O(\/Elog%). Compared to the
optimization algorithms that only relies on stochastic gradients [81, 72, 125], EMGD is more
efficient since it achieves a linear convergence rate.

The proposed EMGD algorithm can also be applied to the special optimization problem
considered in [128, 135], where F(w) = % 1 fi(w). To make quantitative comparisons,
let’s assume the full gradient is n times more expensive to compute than the stochastic
gradient. Table 8.5 lists the computational complexity of the algorithms that enjoy lin-
ear convergence. As can be seen, the computational complexity of EMGD is lower than
Nesterov’s algorithm [121] as long as the condition number xk < n?/ 3 the complexity of
SAG [128] is lower than Nesterov’s algorithm if x < n/8, and the complexity of SDCA [135]
is lower than Nesterov’s algorithm if x < n2.1 The complexity of EMGD is on the same
order as SAG and SDCA when xk < nt/ 2 but higher in other cases. Thus, in terms of

computational cost, EMGD may not be the best one, but it has advantages in other aspects.

1. Unlike SAG and SDCA that only work for unconstrained optimization problem, the
proposed algorithm works for both constrained and unconstrained optimization prob-

lems, provided the constrained problem in Step 9 can be solved efficiently.

11y learning problems, we usually face a regularized optimization problem
minweW%Z?:1 Ly (w,x;)) + %||w||2, where £(;-) is some loss fixed function. When the norm
of the data is bounded, the smoothness parameter L can be treated as a constant. The strong convexity
parameter A is lower bounded by 7. As a result, as long as 7 > Q(n72/3), which is a reasonable

scenario [149], we have k < O(n2/3), indicating that our proposed EMGD algorithm can be applied.
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Nesterov’s algorithm [121] EMGD SAG (n > 8k) [128] SDCA [135]

0 (vrnlog?) O(m+rogl)  O(nlogl)  O((m+n)logt)

Table 8.5: The computational complexity for minimizing (1/n) Y 1 f;(w)

2. Unlike the SAG and SDCA that require an €2(n) storage space, the proposed algorithm

only requires the storage space of 2(d), where d is the dimension of w.

3. The only step in Algorithm 11 that has dependence on n is step 5 for computing the
gradient V.F (Wk) By utilizing distributed computing, the running time of this step
can be reduced to O(n/k), where k is the number of computers, and the convergence
rate remains the same. For SAG and SDCA | it is unclear whether they can reduce

the running time without affecting the convergence rate.

4. The linear convergence of SAG and SDCA only holds in expectation, whereas the linear

convergence of EMGD holds with a high probability, which is much stronger.

8.6 Summary

In this chapter, we considered how to reduce the number of full gradients needed for smooth
and strongly convex optimization problems. Under the assumption that both the gradient
and the stochastic gradient are available, the EMGD algorithm, with the help of stochas-
tic gradients, is are able to reduce the number of gradients needed from O(y/klog %) to
O(log %) In the case that the objective function is in the form of (8.1), i.e., a sum of n
smooth functions, EMGD has lower computational cost than the full gradient method [121],

2/3

if the condition number k£ < n*/?. We validated our theoretical results on the convergence
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of EMGD algorithm and in particular its ability in reducing the variance during the op-
timization by some experimental results on two data sets. We note that although EMGD
enjoys many nice properties, it is unclear whether it is the optimal algorithm when two kinds
of gradients are available. Finally, we provided experimental evidence complementing our

theoretical results for classification problem on few standard data sets.

8.7 Bibliographic Notes

During the last three decades, there have been significant advances in convex optimiza-
tion [119, 121, 34]. In this section, we provide a brief review of the first order optimization
methods.

We first discuss deterministic optimization, where the gradient of the objective function
is available. For the general convex and Lipschitz continuous optimization problem, the iter-

%), which is optimal up to constant
€

ation complexity of gradient (subgradient) descent is O(
factors [119]. When the objective function is convex and smooth, the optimal optimization
scheme is the accelerated gradient descent developed by Nesterov, whose iteration complex-
ity is O(%) [120, 123]. With slight modifications, the accelerated gradient descent algorithm
can also be applied to optimize the smooth and strongly convex objective function, whose
iteration complexity is O(y/k log %) and is in general not improvable [121, 124]. The objec-
tive of our work is to reduce the number of access to the full gradients by exploiting the
availability of stochastic gradients.

In stochastic optimization, we have the access to the stochastic gradient, which is an un-

biased estimate of the full gradient [115]. Similar to the case in deterministic optimization, if

the objective function is convex and Lipschitz continuous, stochastic gradient (sub-gradient)
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descent is the optimal algorithm and the iteration complexity is also O(e—lg) [119, 115].
When the objective function is strongly convex, the algorithms proposed in very recent
works [81, 72, 125] achieve the optimal O(%) iteration complexity [4]. Since the conver-
gence rate of stochastic optimization is dominated by the randomness in the gradient [94, 62],
smoothness usually does not lead to a faster convergence rate for stochastic optimization.
From the above discussion, we observe that the iteration complexity in stochastic opti-
mization is polynomial in %, making it is difficult to find high-precision solutions. However,
when the objective function is strongly convex and can be written as a sum of a finite number

of functions, i.e.,

Flw) =+ 3" filw),
=1

where each f;(w) is smooth, the iteration complexity of some specific algorithms may exhibit

a logarithmic dependence on %, i.e., a linear convergence rate. The first such algorithm is the
stochastic average gradient (SAG) [128], whose iteration complexity is O(n log %), provided
n > 8k. The second one is the stochastic dual coordinate ascent (SDCA) [135], whose

iteration complexity is O((n + &) log %)
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Chapter 9

Efficient Optimization with Bounded

Projections

In this chapter we aim at developing more efficient optimization methods by reducing the
number of projection steps. An examination of optimization methods for both online and
convex optimization problems introduced in Chapter 2 reveals that most of them require
projecting the updated solution at each iteration to ensure that the obtained solution stays
within the feasible domain. For complex domains (e.g., positive semidefinite cone), the
projection step can be computationally expensive, making first order optimization methods
unattractive for large-scale optimization problems. The broad question in this chapter of
the thesis is the extent to which it is possible to reduce the number of projection steps in
stochastic and online optimization algorithms.

In stochastic setting, we address this limitation by developing novel stochastic optimiza-
tion algorithms that do not need intermediate projections. Instead, only one projection at
the last iteration is needed to obtain a feasible solution in the given domain. Our theoretical
analysis shows that with a high probability, the proposed algorithms achieve an O(1/y/T)
convergence rate for general convex functions, and an O(In7T/T) rate for strongly convex
functions under mild conditions about the domain and the objective function. The key in-

sight underlying the proposed method for strongly convex objectives is that by smoothing the
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objective function and leveraging it in the optimization, we are able to skip the intermediate
projections. This is in contrast to other parts of the thesis where we explicitly leveraged
the smoothness assumption. To the best of our knowledge, these are the first projection-free
stochastic optimization methods.

In online setting, to tackle the computational challenge arising from the projection steps,
we consider an alternative online learning problem as follows. Instead of requiring that
each solution obeys the constraints which define the convex domain, we only require the
constraints to be satisfied in a long run. Then, the online learning problem becomes a task
to find a sequence of solutions under the long term constraints. In other words, instead of
solving the projection on each round, we allow the learner to make decisions at some rounds
which do not belong to the constraint set, but the overall sequence of chosen decisions
must obey the constraints at the end by a vanishing rate. We refer to this problem as
online learning with soft constraints. By turning the problem into an online convex-concave
optimization problem, we propose an efficient algorithm which achieves an O(\/T ) regret
bound and an O(T 3/ 4) bound on the violation of the constraints. Then, we modify the
algorithm in order to guarantee that the constraints are exactly satisfied in the long run.

This gain is achieved at the price of getting an O(T3/ 4) regret bound.

9.1 Setup and Motivation

In stochastic setting, we consider the following convex optimization problem:

Juin f(w), (9:1)
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where W is a bounded convex domain. We assume that V¥ can be characterized by an

inequality constraint and without loss of generality is bounded by the unit ball, i.e.,

W={weR: g(w) <0} CB={weR?: |wly <1}, (9.2)

where g(w) is a convex constraint function. We assume that W has a non-empty interior,
i.e., there exists w such that g(w) < 0 and the optimal solution wy to (9.1) is in the interior
of the unit ball B, i.e., ||[w«|l2 < 1. Note that when a domain is characterized by multiple
convex constraint functions, say g;(w) < 0,4 = 1,...,m, we can summarize them into one
constraint g(w) < 0, by defining it as g(w) = maxj<;<, g;(W).

To solve the optimization problem in (9.1), we assume that the only information available
to the algorithm is through a stochastic oracle that provides unbiased estimates of the
gradient of f(w). More precisely, let &1, ..., & be a sequence of independently and identically
distributed (i.i.d) random variables sampled from an unknown distribution. At each iteration
t, given solution wy, the oracle returns g(wy; &), an unbiased estimate of the true gradient
V f(wy), ie., Ee, [g(we, &) = Vf(we). The goal of the learner is to find an approximate
optimal solution by making 7" calls to this oracle.

Recall from Chapter 2 that to find a solution within the domain W which optimizes
the given objective function f(w), SGD computes an unbiased estimate of the gradient of
f(w), and updates the solution by moving it in the opposite direction of the estimated

gradient. To ensure that the solution stays within the domain VW, SGD has to project the

updated solution back into the W at every iteration. More precisely, SGD method produces

241



a sequence of solutions by following updating;:

w1 = My (we — neg(we, &), (9-3)

where n; is the step size at iteration ¢, Il () is a projection operator that projects w into
the domain W, and g(w, &) is an unbiased stochastic gradient of f(w), for which we further

assume bounded gradient variance as

Ee, lexp(g(w, &) — VA(w)|I3/0%)] < exp(1). (9.4)

For general convex optimization, stochastic gradient descent methods can obtain an O(1/v/T)
convergence rate in expectation or in a high probability provided (9.4) holds [115]. Although
a large number of iterations is usually needed to obtain a solution of desirable accuracy, the
lightweight computation per iteration makes SGD attractive for many large-scale learning
problems.

The SGD method is computationally efficient only when the projection Iy (-) can be
carried out efficiently. Although efficient algorithms have been developed for projecting
solutions into special domains (e.g., simplex and ¢1 ball [51, 100]); for complex domains, such
as a positive semidefinite (PSD) cone in metric learning and bounded trace norm matrices
in matrix completion (more examples of complex domains can be found in [73] and [77]),
the projection step requires solving an expensive convex optimization, leading to a high
computational cost per iteration and consequently making SGD unappealing for large-scale
optimization problems over such domains. For instance, projecting a matrix into a PSD cone

requires computing the full eigen-decomposition of the matrix, whose complexity is cubic in
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the size of the matrix.

The central theme of this chapter in stochastic setting is to develop a SGD based method
that does not require projection at each iteration. This problem was first addressed in a
very recent work [73], where the authors extended Frank-Wolfe algorithm [56] for online
learning. But, one main shortcoming of the algorithm proposed in [73] is that it has a slower
convergence rate (i.e., O(T~1/3)) than a standard SGD algorithm (i.e., O(T~Y/2)). In this
work, we demonstrate that a properly modified SGD algorithm can achieve the optimal
convergence rate of O(T_l/ 2) using only ONE projection for general stochastic convex
optimization problem.

We further develop an SGD based algorithm for strongly convex optimization that
achieves a convergence rate of O(InT/T), which is only a logarithmic factor worse than
the optimal rate [72]. The key idea of both algorithms is to appropriately penalize the
intermediate solutions when they are outside the domain. With an appropriate design of
penalization mechanism, the average solution wp obtained by the SGD after T iterations
will be very close to the domain W, even without intermediate projections. As a result, the
final feasible solution wp can be obtained by projecting wp into the domain W, the only
projection that is needed for the entire algorithm. We note that our approach is very different
from the previous efforts in developing projection free convex optimization algorithms (see
(73, 78, 77] and references therein), where the key idea is to develop appropriate updating

procedures to restore the feasibility of solutions at every iteration.
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9.2 Stochastic Frank-Wolfe Algorithm

Before presenting the proposed algorithms, here we investigate and analyze a greedy algo-
rithm, which is a slight modification of the Frank-Wolfe (FW) method, when applied to
stochastic optimization problem. As discussed in Chapter 2, the FW or conditional gradient
algorithm is a feasible direction method and at each iteration, it finds the best feasible direc-
tion (with respect to the linear approximation of the function) and updates the next solution
as a convex combination of the current solution and chosen feasible direction. This algorithm
is revisited in [77] for deterministic smooth convex function over a convex domain aiming to
devise an efficient algorithm without projections. As discussed before, the algorithm in [77]

generates a sequence of solutions via the following steps:

u = arg lrlré%m, —V f(wy))

w1 = (1 — ) wy + npuy

The bulk of computation in FW algorithm is step (9.5) and the algorithm is an attractive
method whenever step (9.5) can be achieved with low cost complexity, for otherwise, it is
not practically interesting. This is true for some special domains, such as polyhedron, sim-
plex and ¢1 ball where the linear optimization problem can be efficiently solved. However,
this assumption does not hold for general complex domains (e.g. general PSD cones). This
limitation makes the FW algorithm computationally unattractive for general complex do-
mains since it simply translates the complexity of quadratic optimization for projection into
a linear optimization problem over the same domain. We note that the FW algorithm is also
attractive because of its sparsity merits which is not the focus of this chapter and we only

consider the computational efficiency of optimization methods.
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A trivial modification to extend the FW algorithm to stochastic gradients is to replace
the true gradient V f(wy) with a stochastic gradient g(wy, &) in (9.5). Next, we sketch an
analysis of stochastic greedy algorithm and discuss the problem caused by using unbiased
estimate of the gradient instead of true gradient in updating solutions.

A key inequality in the convergence analysis of stochastic greedy algorithm is

fwig1) < f(we) — v?g%(% —w, Vf(wp)) +17L, (9.6)

J/

'

£ g(wy,Vf(wy))

where f(w) is assumed to be L-smooth function, g(w, V f(w))) = max,ey(w —u, Vf(w))
is the duality gap. Using g(wy¢, Vf(wy)) > f(wi) — f(Wx), we can obtain an O(1/T") conver-
gence bound for the greedy algorithm with n; = 2/(¢t+1) by induction (e.g., see Theorem 2.21
in Chapter 2). However, when using the stochastic gradient, u; = arg maxyecyy (u, —g(wye, &)),

and the key inequality becomes as:

Fwis1) < f(we) — newy — g, V f(wy)) + 7L
< f(wi) — neg(we, Vf(wi)) + 17 L

+0e(g(we, V(W) — g(wi, g(we, &) + ne{we — ug, g(we, &) — Vf(wi))

g

£

where the top line recovers the inequality in (9.6). However, the problem is that the quantity
(¢ in the second line of above inequality is not a martingale sequence, i.e., E¢ £lé1) [¢t] # 0.
We can take a conservative analysis to bound ¢ < Cn||V f(wy) —g(we, &) ||« = Cnedy, where
C'is a constant. Assuming ||V f(w¢) —g(wy, & )|« < o, we could have, with a probably 1 —¢,

neoy < me(1 + In(1/€))o by Markov inequality in Lemma A.18. As a result, we obtain the

245



following recursive inequality

Fwir1) = F(we) < (L=me)(f(we) = f(ws)) + 57 L+ C(1 + In(1/e))o

where the last term in the above inequality makes the convergence analysis more involved.
Whether it is possible to design a sequence of step sizes 1; to have a vanishing bound for
f(wy) — f(ws) is unclear for us and remains an open problem, which is beyond the scope of

this chapter.

9.3 Stochastic Optimization with Single Projection

We now turn to extending the SGD method to the setting where only one projection is
allowed to perform for the entire sequence of updating. The main idea is to incorporate the
constraint function g(w) into the objective function to penalize the intermediate solutions
that are outside the domain. The result of the penalization is that, although the average
solution obtained by SGD may not be feasible, it should be very close to the boundary of the
domain. A projection is performed at the end of the iterations to restore the feasibility of
the average solution. Before proceeding, we recall few definitions from Appendix 7?7 about

convex analysis.

Definition 9.1. A function f(w) is a Lipschitz continuous function with constant G w.r.t

a norm || - ||, if

|f(w1) — f(wa)| < G|lwi — wal|, Vw1, W € B. (9.7)

In particular, a convex function f(w) with a bounded (sub)gradient ||0f(w)||« < G is
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Algorithm 12 SGD with ONE Projection by Primal Dual Updating (SGD-PD)

. Input: a sequence of step sizes {n;}, and a parameter v > 0
: Initialize:: wi =0 and A\ =0
cfort=1,2,...,7T do
Compute w_ | = wy — 1:(g8(wy, &) + M Vg(wy))
Update wi1 = w},/ max (w2, 1)
Update Ai+1 = [(1 — ) At + meg(we)]+
end for
. Output: wp = Iy (W), where wp = Zthl wy/T.

G-Lipschitz continuous, where || - ||« is the dual norm to || - ||.

Definition 9.2. A convez function f(w) is 5-strongly convex w.r.t a norm ||-|| if there exists
a constant > 0 (often called the modulus of strong convezxity) such that, for any o € [0, 1],

it holds:
Flaws + (1= a)wa) < af(wi) + (1 - a)f(ws) — so(l — a)fwi — wall%, Yy, w € B.
When f(w) is differentiable, the strong convexity is equivalent to
fwi) = f(wa) +(Vf(w2), wi —wo) + §||W1 — wal|*, Ywi, wy € B,

In the sequel, we use the standard Euclidean norm to define Lipschitz and strongly convex
functions.

The key ingredient of proposed algorithms is to replace the projection step with the
gradient computation of the constraint function defining the domain W, which is significantly
cheaper than projection step. As an example, when a solution is restricted to a PSD cone,
ie., X > 0 where X is a symmetric matrix, the corresponding inequality constraint is

9(X) = Amax(—X) < 0, where Apax(X) computes the largest eigenvalue of X and is a
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convex function. In this case, Vg(X) only requires computing the minimum eigenvector of
a matrix, which is cheaper than a full eigenspectrum computation required at each iteration
of the standard SGD algorithm to restore feasibility.

Below, we state a few assumptions about f(w) and g(w) often made in stochastic opti-

mization as:

Assumption 9.3. We assume that:

Al [[Vi(w)ll2 <G1, [[Vy(w)ll2 <G, lg(w)| < Co, Vw € B, 05)

A2 Eglexp(|g(w,&) — VF(W)[3/0)] < exp(1), Vw € B.

We also make the following mild assumption about the boundary of the convex domain

W as:

Assumption 9.4. We assume that:
A3 there exists a constant p > 0 such that (mi)n IVg(w)|l2 > p. (9.9)
g(w)=0

Remark 9.5. The purpose of introducing assumption A8 is to ensure that the optimal dual
variable for the constrained optimization problem in (9.1) is well bounded from the above, a
key factor for our analysis. To see this, we write the problem in (9.1) into a convex-concave
optimaization problem:

i Ag(w).
glé%gl%f(vvﬂ g9(w)

Let (Wy, Ax) be the optimal solution to the above convex-concave optimization problem. Since
we assume g(w) is strictly feasible, wy is also an optimal solution to (9.1) due to the

strong duality theorem [33]. Using the first order optimality condition, we have V f(wy) =
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—MVg(wy). Hence, \x = 0 when g(wy) < 0, and A« = ||V f(Ws)|l2/[|Vg(Ws)|2 when

g(wy) = 0. Under assumption A3, we have A\« € [0,G1/p].

We note that, from a practical point of view, it is straightforward to verify that for many
domains including PSD cone and Polytope, the gradient of the constraint function is lower
bounded on the boundary and therefore assumption A3 does not limit the applicability of
the proposed algorithms for stochastic optimization. For the example of g(X) = Apax(—X),
the assumption A3 implies ming(x)_o [[Vg(X)[lp = |luu’ || = 1, where u is an orthonomal
vector representing the corresponding eigenvector of the matrix X whose minimum eigen-
value is zero.

We propose two different ways of incorporating the constraint function into the objective
function, which result in two algorithms, one for general convex and the other for strongly

convex functions.

9.3.1 General Convex Functions

To incorporate the constraint function g(w), we introduce a regularized Lagrangian function,

L(w,\) = f(w) + \g(w) — %)\2, A> 0.

The summation of the first two terms in L(w, \) corresponds to the Lagrangian function in
dual analysis and A corresponds to a Lagrangian multiplier. A regularization term —(~y/ 2)/\2
is introduced in L(w, A) to prevent A from being too large. Instead of solving the constrained

optimization problem in (9.1), we try to solve the following convex-concave optimization
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problem

min max L(w, \). (9.10)
weB A>0

The proposed algorithm for stochastically optimizing the problem in (9.10) is summarized
in Algorithm 12. It differs from the existing stochastic gradient descent methods in that
it updates both the primal variable w (steps 4 and 5) and the dual variable A (step 6),
which shares the same step sizes. We note that the parameter p is not employed in the
implementation of Algorithm 12 and is only required for the theoretical analysis. It is
noticeable that a similar primal-dual updating will be explored later in this chapter to avoid
projection in online learning. We note that in online setting the algorithm and analysis only
lead to a bound for the regret and the violation of the constraints in a long run, which does
not necessarily guarantee the feasibility of final solution. Also our proof techniques differ
from [115], where the convergence rate is obtained for the saddle point; however our goal is

to attain bound on the convergence of the primal feasible solution.

Remark 9.6. The convex-concave optimization problem in (9.10) is equivalent to the fol-
lowing minimization problem:

min f(w) +

FYVE 9.11
weB 2y ( )

where [z]+ outputs z if z > 0 and zero otherwise. It thus may seem tempting to directly
optimize the penalized function f(w)+ [g(w)]i/(Qv) using the standard SGD method, which
unfortunately does not yield a regret of O(ﬁ) This is because, in order to obtain a regret

of O(VT), we need to set v = Q(VT), which unfortunately will lead to a blowup of the
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gradients and consequently a poor regret bound. Using a primal-dual updating schema allows

us to adjust the penalization term more carefully to obtain an O(1/ VT ) convergence rate.

Theorem 9.7. For any general convex function f(w), if we set ny = 7/(2G%),t =1,---,T,

and v = G%/\/(G% + 022 + (1 4+In(2/0))0?)T in Algorithm 12, under assumptions A1-AS3,

we have, with a probability at least 1 — 9,

(7)< min f(w) +0 (%) |

where O(-) suppresses polynomial factors that depend on In(2/0),G1,Ga,Cs, p, and o.

9.3.2 Strongly Convex Functions with Smoothing

We first emphasize that it is difficult to extend Algorithm 12 to achieve an O(In7'/T’) conver-
gence rate for strongly convex optimization. This is because although the function —L(w, \)
is strongly convex in A, its modulus for strong convexity is v, which is too small to obtain
an O(InT) regret bound.

To achieve a faster convergence rate for strongly convex optimization, we change assump-

tions A1 and A2 as follows.

Assumption 9.8.
A4 lg(w, &)l <G1,  [[Vg(w)llz < G2, Vw e B,

where we slightly abuse the same notation G7.

Note that A1 only requires that ||V f(w)||2 is bounded and A2 assumes a mild condition
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on the stochastic gradient. In contrast, for strongly convex optimization we need to assume
a bound on the stochastic gradient ||g(w,&)[|2. Although assumption A4 is stronger than
assumptions A1l and A2, however, it is always possible to bound the stochastic gradient for
machine learning problems where f(w) usually consists of a summation of loss functions on
training examples, and the stochastic gradient is computed by sampling over the training
examples. Given the bound on ||g(w,&;)||2, we can easily have |V f(w)||2 = |[Eg(w, &)l <
E|lg(w,&)|l2 < G1, which is used to set an input parameter Ay > G1/p to the algorithm.
According to the discussion in the last subsection, we know that the optimal dual variable
A« is upper bounded by G1/p, and consequently is upper bounded by Ag.

Similar to the last approach, we write the optimization problem (9.1) into an equivalent

convex-concave optimization problem:

, (r‘gi)r% o (W) = min ma f(w) + Ag(w) = min f(w) + Ao[g(w)]+-

To avoid unnecessary complication due to the subgradient of [-]4+, following [123], we intro-
duce a smoothing term H(A/\g), where H(p) = —plnp — (1 — p)In(1 — p) is the entropy
function, into the Lagrangian function, leading to the optimization problem min F'(w), where

weB

F(w) is defined as

Fiw) = J(w) + max Agfw) £ vH(M o) = F(w) +71n (1 +exp (_va(w))) |

where v > 0 is a parameter whose value will be determined later. Given the smoothed

objective function F'(w), we find the optimal solution by applying SGD to minimize F'(w),
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Algorithm 13 SGD with ONE Projection by a Smoothing Technique (SGD-ST)

1: Input: a sequence of step sizes {n:}, A\g, and ~y
2: Initialize: w1 = 0.
3 fort=1,...,T do
4:  Compute
/ exp (Aog(we)/7)
Wi =W — | 8w, §) + AoVg(wi
e (st + -t Vo)
5. Update wy1 = W£+1/max(|lwé+1||2, 1)
6: end for

7. Return: wp = Iy (Wp), where wp = Zle wi/T.

where the gradient of F/(w) is computed by

exp (Aog(w)/7v)

VE(w) =V f(w)+ 1+ exp (Agg(w)/7)

Ao Vg(w). (9.12)

Algorithm 13 gives the detailed steps. Unlike Algorithm 12, only the primal variable w is
updated in each iteration using the stochastic gradient computed in (9.12). The following
theorem shows that Algorithm 13 achieves an O(InT'/T") convergence rate if the cost functions

are strongly convex.

Theorem 9.9. For any [3-strongly convez function f(w), if we setny = 1/(2pt),t =1,...,T,
v=IT/T, and \y > G1/p in Algorithm 13, under assumptions A3 and A4, we have with

a probability at least 1 — 6,

- In
flwy) < vrvlggv f(w)+0 (7T> ,

where O(+) suppresses polynomial factors that depend on In(1/0), 1/5,G1,Ga, p, and \.

It is well known that the optimal convergence rate of SGD for strongly convex optimiza-

tion is O(1/T) [72] which has been proven to be tight in stochastic optimization setting [4].
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According to Theorem 9.9, Algorithm 13 achieves an almost optimal convergence rate ex-
cept for the factor of In7T". It is worth mentioning that although it is not explicitly given
in Theorem 9.9, the detailed expression for the convergence rate of Algorithm 13 exhibits
a tradeoff in setting Ay (more can be found in the proof of Theorem 9.9). Finally, under
assumptions A1-A3, Algorithm 13 can achieve an O(1/+/T) convergence rate for general

convex functions, similar to Algorithm 12.

9.4 Analysis of Convergence Rate

We here present the proofs of main theorems. The omitted proofs of some results are deferred

to Section 9.6.

9.4.1 Convergence Rate for General Convex Functions

To pave the path for the proof of of Theorem 9.7, we present a series of lemmas. The
lemma below states two key inequalities for the proof, which follows the standard analysis

of gradient descent.

Lemma 9.10. Under the bounded assumptions in (9.8) and (9.8), for anyw € B and A > 0,

we have

1
(we = w, T L(we, M) < 5 (I = w3 = I = i [3) + 20 G+ mG3A?

+ 20 |g(we, &) — Vf(Wt)\\%+ (W —wi, g(wi, &) — Vf(wi)),

'

=1 =(¢(w)

1
(A= A)VAL(we M) < 5 (10 = 2l = 1A = M1 P) + 2mC3.
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An immediate result of Lemma 9.10 is the following which states a regret-type bound.

Lemma 9.11. For any general convex function f(w), if we set ny = 7/(2G%),t =1,---,T,

we have
a E ) g(we)2
;ww — f(ws)) + 20T+ 2 /7()9 »
GE (G2+CD) '
372+( 3 2) T+G2 ZAt+ZCt (W),

2 ¢=1

where Wy = arg mingcyy f(w).
Proof. (Proof of Theorem 9.7) First, by martingale inequality (e.g., Lemma 4 in [94]), with
a probability 1 — §/2, we have Zle Ci(wy) < 20+/3In(2/0)V/T. By Markov’s inequality
(Lemma A.18 in Appendix A.2), with a probability 1 — §/2, we have Zthl Ay < (1+
In(2/6))o?T. Substituting these inequalities into Lemma 9.11, plugging the stated value of

7, and using O(+) notation for ease of exposition, we have with a probability 1 — §

T T
SO (Flwi) — Flwa)) + %ﬁ 'S gwi]? < 0T,

where C = 2G5(1/4/G3 +C3 + (1 +In(2/8))02 + 2,/G3 + C3 + (1 + In(2/8))02) and O(-)
suppresses polynomial factors that depend on In(2/6), G, G, Co, 0
Recalling the definition of wp = Zg;l w;/T and using the convexity of f(w) and g(w),

we have

(W)} <O ( > . (9.14)



Assume g(wp) > 0, otherwise wp = wp and we easily have f(wp) < mingey f(W) +
O(1/V/T). Since wr is the projection of W into W, i.e., Wy = arg ming y)<q [|w — X/K\ITH%,

then by first order optimality condition, there exists a positive constant s > 0 such that

g(wr) =0, and wp — wp = sVg(wr)

which indicates that wp — wyp is in the same direction to Vg(wp). Hence,

~

9(Wr) = g(Wr) = g(Wr) = (W —Wr) ' Vg(Wr)
= [[wr —wrll2][Vg(wr)|2 (9.15)
> pllwr —wrll2,
where the last inequality follows the definition of ming ) [[Vg(w)[2 = p. Additionally,

we have

f(wy) = f(wr) < f(wy) — f(wr) + f(wWr) — f(Wr) < Gil|[wr — wrllz, (9.16)

due to f(wy) < f(wr) and Lipschitz continuity of f(w). Combining inequalities (9.14), (9.15),

and (9.16) yields
2
Y ~ ~ ~ ~
5\/17||WT —wrl3 < O(U/VT) + Gilwr — wro.

. ~ ~ GIC C
— <
By simple algebra, we have ||[wp — wy|lo < 2T +0 (‘ /FTT> Therefore
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fwr) < f(wr) = f(wr) + f(Wr)

< Gy el + ) +0 (- ) (9.17)
< f(ws) +0 (%) :

where we use the inequality in (9.14) to bound f(wp) by f(wy) and absorb the depen-

dence on p, G, C into the O(+) notation. ]

Remark 9.12. From the proof of Theorem 9.7, we can see that the key inequalities are (9.14), (9.15),
and (9.16). In particular, the regret-type bound in (9.14) depends on the algorithm. If we
only update the primal variable using the penalized objective in (9.11), whose gradient de-
pends on 1/, it will cause a blowup in the regret bound with (1/~v+~T +T/v), which leads

to a mon-convergent bound.

9.4.2 Convergence Rate for Strongly Convex Functions

Our proof of Theorem 9.9 for the convergence rate of Algorithm 13 when applied to strongly

convex functions starts with the following lemma by analogy of Lemma 9.11.

Lemma 9.13. For any (B-strongly convex function f(w), if we set ny = 1/(2/t), we have

T 2, 22 n T
S ((w) - Fwa) < GEACDOERT | $7 ¢ ) - 237 s il

t=1

where Wy = arg mingcyy f(w).

In order to prove Theorem 9.9, we need the following result for an improved martingale
inequality.
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Lemma 9.14. For any fived w € B, define Dp = Z?:l |wy — W”%, Ap = Zle Ct(w), and

= [logy T'|. We have

Pr (DT < %) 4 Pr <AT g4Gl,/DT1n%+4G11n%) >1-4.

Proof of Theorem 9.9. We substitute the bound in Lemma 9.14 into the inequality in Lemma 9.13
with w = wy. We consider two cases. In the first case, we assume Dp < 4/T. As a result,

we have

T T
D Gwa) =D (Vf(wi) —g(we, &) (we — wy) < 2G1\/TDp < 4Gy,
t=1 t=1

which together with the inequality in Lemma 9.13 leads to the bound

(G2 +N3G2)(1+1InT)
28 '

T
S (F(w) — F(wa)) < 4G +

t=1

In the second case, we assume

T 2
/ B 6G m

t=1

where the last step uses the fact 2v/ab < a® + b%2. We thus have

T
D (F(wi) = F(wy)) <

<16G2 ) m (G2 +NGH(1+WT)
t=1

6—|—G1 Il5+ 23

Combing the results of the two cases, we have, with a probability 1 — 9,
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d 16G2 m (G2 +)2G3)(1 + InT)

(& J/

o(nT)

By convexity of F(w), we have F(wp) < F(wx) + O (InT/T). Noting that w, € W,

g(wx) <0, we have F(wy) < f(wx) +vIn2. On the other hand,

F(wp) = f(wp) +~vIn (1 + exp (@)) > f(wp) +max (0, \gg(Wr)) .

Therefore, with the value of v = InT/T, we have

(9.19)

Applying the inequalities (9.15) and (9.16) to (9.19), and noting that v = InT/T, we

have

- ~ - - InT
Mopl|lwr — w2 < G||wWwp —wrll2 + O (T) :

For \g > G1/p, we have |[wp — wrpllo < (1/(Agp — G1))O(InT/T). Therefore

fwr) < f(wy)=f(Wr)+f(Wr) < Gil[Wwp—wrplla+f(ws)+O (#) < f(ws)+0 (thT) :

where in the second inequality we use inequality (9.19). O
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9.5 Online Optimization with Soft Constraints

We now turn to making online learning algorithms more efficient by excluding the projection
steps. To this end, we consider an alternative online learning problem in which, instead of
requiring that each solution obeys the constraints, we only require the constraints, which
define the convex domain W, to be satisfied in a long run. Then, the online learning problem
becomes a task to find a sequence of solutions under the long term constraints. We present
and analyze an online gradient descent based algorithm for online convex optimization with
soft constraints.

To facilitate our analysis, similar to the stochastic setting described in Section 9.1, we
assume that the domain WV can be written as an intersection of a finite number of convex
constraints, that is,

W ={weR’: gi(w) <0,i € [m]},

where g;(w),i € [m], are Lipschitz continuous functions. We assume that W is a bounded
domain, that is, there exist constants £ > 0 and » < 1 such that W C RB and »rB C W
where B denotes the unit ¢9 ball centered at the origin.

We focus on the problem of online convex optimization as introduced in Chapter 2, in
which the goal is to achieve a low regret with respect to a fixed decision on a sequence of
adversarially chosen cost functions. The difference between the setting considered here and
the general online convex optimization is that, in our setting, instead of requiring w; € W, or
equivalently g;(wy) < 0,4 € [m], for all t € [T'], we only require the constraints to be satisfied
in the long run, namely Zg;l gi(wy) < 0,i € [m]. Then, the problem becomes to find a
sequence of solutions wy,t € [T] that minimizes the regret, under the long term constraints

Z?:l gi(wt) < 0,7 € [m]. Formally, we would like to solve the following optimization
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problem online,

T

min th (W) — mln th s.t. Zg (wy) <0,4 € [m]. (9.20)

WTG -

For simplicity, we will focus on a finite-horizon setting where the number of rounds 7" is
known in advance. This condition can be relaxed under certain conditions, using standard
techniques (see, e.g., [38]). Note that in (9.20), (i) the solutions come from the ball B O W

instead of VW and (ii) the constraint functions are fixed and are given in advance.

9.5.1 An Impossibility Theorem

Before we state our formulation and algorithms, let us review a few alternative techniques
that do not need explicit projection. A straightforward approach is to introduce an appro-
priate self-concordant barrier function for the given convex set V¥V and add it to the objective
function such that the barrier diverges at the boundary of the set. Then we can interpret
the resulting optimization problem, on the modified objective functions, as an unconstrained
minimization problem that can be solved without projection steps. Following the analysis
in [3], with an appropriately designed procedure for updating solutions, we could guarantee
a regret bound of O(v/T) without the violation of constraints. A similar idea is used in [2]
for online bandit learning and in [114] for a random walk approach for regret minimization
which, in fact, translates the issue of projection into the difficulty of sampling. Even for
linear Lipschitz cost functions, the random walk approach requires sampling from a Gaus-
sian distribution with covariance given by the Hessian of the self-concordant barrier of the
convex set W that has the same time complexity as inverting a matrix. The main limitation

with these approaches is that they require computing the Hessian matrix of the objective
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function in order to guarantee that the updated solution stays within the given domain W.
This limitation makes it computationally unattractive when dealing with high dimensional
data. In addition, except for well known cases, it is often unclear how to efficiently construct
a self-concordant barrier function for a general convex domain.

An alternative approach for online convex optimization with long term constraints is to
introduce a penalty term in the loss function that penalizes the violation of constraints.

More specifically, we can define a new loss function ft(w) as

m

fr(w) = fe(w) + 8 [gi(w))+, (9-21)

1=1

where [z]+ = max(0,1—z) and § > 0 is a fixed positive constant used to penalize the violation
of constraints. We then run the standard OGD algorithm from Chapter 2 to minimize the
modified loss function ft(w). The following theorem shows that this simple strategy fails to
achieve sub-linear bound for both regret and the long term violation of constraints at the

same time.

Theorem 9.15. Given § > 0, there always exists a sequence of loss functions f1, fo, -+, fr
and a constraint function g(w) such that either Zthl Je(wi) — ming(g)<q Z?:l fr(w) =
o(T) or ZtT:ﬂg(Wt)]Jr = O(T) holds, where wi,wo,--- W is the sequence of solutions

generated by the OGD algorithm that minimizes the modified loss functions given in (9.21).

Proof. We first show that when 0 < 1, there exists a loss function and a constraint function

such that the violation of constraint is linear in 7. To see this, we set fy(w) = w ' w,t € [T]

T

and g(w) = 1 — w'w. Assume we start with an infeasible solution, that is, g(wy) > 0

or WlTW < 1. Given the solution w; obtained at tth trial, using the standard gradient

descent approach, we have wyy1 = wy — n(1 — 6)w. Hence, if W;I— w < 1, since we have
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T T
Wi W < w,

w < 1, if we start with an infeasible solution, all the solutions obtained over
the trails will violate the constraint g(w) < 0, leading to a linear number of violation of
constraints. Based on this analysis, we assume ¢ > 1 in the analysis below.

Given a strongly convex loss function f(w) with modulus 7, we consider a constrained

optimization problem given by

g(rv%ﬁ%of(w)’

which is equivalent to the following unconstrained optimization problem

min f(w) + Mg(w)] .

where A > 0 is the Lagrangian multiplier. Since we can always scale f(w) to make A < 1/2,
it is safe to assume A < 1/2 < §. Let wy and w, be the optimal solutions to the constrained
optimization problems argming(y)<o f (w) and arg m“i,n f(w) + d[g(w)]4, respectively. We
choose f(w) such that ||V f(ws)|| > 0, which leads to w, # ws. This holds because

according to the first order optimality condition, we have

Vf(ws) = =AVg(wy), Vf(wg) = —6Vg(ws),

and therefore Vf(wy) # Vf(wy) when A < §. Define A = f(wg) — f(ws). Since A >
v|[wa — wi||?/2 due to the strong convexity of f(w), we have A > 0.

Let {Wt};[zl be the sequence of solutions generated by the OGD algorithm that minimizes
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the modified loss function f(w) + d[g(w)]+. We have

M=

F(wt) +0lg(wi)l4 = Tmin f(w) + o[g(w)]+

~
I

1

= T(f(wa) +0[g(Wa)l+) = T(f(Wa) + Alg(Wa)l+)

= T(f(ws) + Alg(wa)l+) + T(f(Wa) + Alg(Wa)l+ — (W) — Alg(w)])

> T mi TA.
S

As a result, we have

M’ﬂ

F(wi) + dlg(we)l+ — min_f(w) = O(T),

P g9(w)<0

implying that either the regret Zthl f(wy) — T f(ws) or the violation of the constraints

S L [g(w)]+ is linear in T, O

To better understand the performance of penalty based approach, here we analyze the
performance of the OGD in solving the online optimization problem in (9.20). The algorithm

is analyzed using the following lemma from [158] (see also Theorem 2.8 in Chapter 2).

Lemma 9.16. Let wi,wo,...,wp € W be the sequence of solutions obtained by applying
OGD on the sequence of bounded convex functions f1, fo,..., fr. Then, for any solution

wix € W we have

T
Z IV fi(wi) |17

T T
D fewie) =D filwa) <
=1 =1

l\Dld

We apply OGD to functions f;(w), ¢ € [T] defined in (9.21), that is, instead of updating

the solution based on the gradient of f;(w), we update the solution by the gradient of ft(w).
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Using Lemma 9.16, by expanding the functions ft(w) based on (9.21) and considering the

fact that Y ;" [gl(w*)]i =0, we get

T

> filwe) =

t=1

2 T

T
ft(W*)—FgZZ[gi( 2— gg\Vftwt : (9.22)

t=11i=1

1M

From the definition of f;(w), the norm of the gradient V fy(w;) is bounded as follows

IV few)I? = IV felw) +6 D [9:(w)]+- Vi (w)||* < 2G*(1 +ms”D?), (9.23)
i=1

where the inequality holds because (aj 4 ag)? < 2(@% + a%). By substituting (9.23) into the

(9.22) we have:

T 5 T m R2
fewe) = filwa) + 5 > Z gi(wp))2 < 2t nG2(1+md2DHT.  (9.24)

1M

Since []1 is a convex function, from Jensen’s inequality and following the fact that Zg;l fr(wy)—

ft(wy) > —FT, we have:

2
m

S T 5 m T EQ ) .
oT E E 9i(wt) 5 E E [gi(wt)] S o +nG*(1+moé“D*)T + FT.
+

By minimizing the right hand side of (9.24) with respect to 7, we get the regret bound as

T T
S fulwe) Z (ws) < RG\/2(1 + ma2D)T = O(5VT) (9.25)
=1 t=1
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and the bound for the violation of constraints as

T R2 oT
S gilwr) < (% +nG2(1 + md2D2)T + FT) == O(TY*5Y/2 4 75=1/2). (9.26)

t=1

By examining the bounds obtained in (9.25) and (9.26), it turns out that in order to recover
O(VT) regret bound, we need to set § to be a constant, leading to O(T) bound for the
violation of constraints in the long run, which is not satisfactory at all. The analysis shows
that in order to obtain O(v/T) regret bound, linear bound on the long term violation of the
constraints is unavoidable. The main reason for the failure of using modified loss function in
(9.21) is that the weight constant ¢ is fixed and independent from the sequence of solutions
obtained so far. In the next subsection, we present an online convex-concave formulation
for online convex optimization with long term constraints, which explicitly addresses the
limitation of (9.21) by automatically adjusting the weight constant based on the violation
of the solutions obtained so far.

As mentioned before, our general strategy is to turn online convex optimization with
long term constraints into a convex-concave optimization problem. Instead of generating
a sequence of solutions that satisfies the long term constraints, we first consider an online
optimization strategy that allows the violation of constraints on some rounds in a controlled
way. We then modify the online optimization strategy to obtain a sequence of solutions
that obeys the long term constraints. Although the online convex optimization with long
term constraints is clearly easier than the standard online convex optimization problem, it
is straightforward to see that optimal regret bound for online optimization with long term
constraints should be on the order of O(v/T), no better than the standard online convex

optimization problem.
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9.5.2 An Efficient Algorithm with O(v/T) Regret Bound and O(T%/*)
Bound on the Violation of Constraints

The intuition behind our approach stems from the observation that the constrained optimiza-

tion problem min ¢y Zthl fr(w) is equivalent to the following convex-concave optimization

problem
T m
min max w) + Aigi (W), 9.27
WGEAERTth( ) Z i9i(W) ( )
t=1 =1
where A = (A, ..., /\m)T is the vector of Lagrangian multipliers associated with the con-
straints g;(-),7 = 1,...,m and belongs to the nonnegative orthant R’!". To solve the online

convex-concave optimization problem, we extend the gradient based approach for variational
inequality [116] to (9.27). To this end, we consider the following regularized convex-concave

function as

cilw ) = fiw) + Y- {xiw) - G2} (9.9

where § > 0 is a constant whose value will be decided by the analysis. Note that in (9.28), we
introduce a regularizer 517)\12 /2 to prevent \; from being too large. This is because, when \;
is large, we may encounter a large gradient for w because of Vi Li(w, X) o< Y1 A Vg (w),
leading to unstable solutions and a poor regret bound. Although we can achieve the same goal
by restricting A\; to a bounded domain, using the quadratic regularizer makes it convenient

for our analysis.
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Algorithm 14 shows the detailed steps of the proposed algorithm. Unlike standard online
convex optimization algorithms that only update w, Algorithm 14 updates both w and A.
In addition, unlike the modified loss function in (9.21) where the weights for constraints
{gi(w) <0}, are fixed, Algorithm 14 automatically adjusts the weights {A;}!"2; based on
{gi(w)}",, the violation of constraints, as the game proceeds. It is this property that allows
Algorithm 14 to achieve sub-linear bound for both regret and the violation of constraints.

To analyze Algorithm 14, we first state the following lemma, the key to the main theorem

on the regret bound and the violation of constraints.
Lemma 9.17. Let Ly(-,-) be the function defined in (9.28) which is convez in its first argu-

ment and concave in its second argument. Then for any (w,X) € B x R'!" we have

Le(wi, A) = Le(w, M) < oo (lw = well 2+ I = Aell” = [w = wia | = 1A = A1)

g~

+ g(llvwﬁt(wt7>\t)|!2 + VAL (wi, M%)

Proof. Following the analysis of [158], convexity of £¢(-, A) implies that

Li(wi, Ae) — Li(w, ) < (wy — W, VL (W, Ap)) (9.29)
and by concavity of L;(w,-) we have

Lt(wi, A) = Le(wi, M) < (A= Ap, VAL(wi, Ag)). (9.30)
Combining the inequalities (9.29) and (9.30) results in

Li(wi, A) = Le(w, M) < (Wi — W, VwLe(We, M) — (A = A, VaLe(we, Ae)). (9.31)
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Algorithm 14 Online Gradient Descent with Soft Constraints
1: Input:
e constraints g;(w) < 0,7 € [m]
e step size n
e constant 6 > 0

2: Initialize: wi =0 and A\ =0
3: fort=1,2,...,T do
4:  Submit solution wy
5. Receive the convex function fi(-) and suffer loss fi(wy)
6:  Compute the gradients as:
m .
Vwle(We, At) = Vfi(we) + Y AVgi(wi)
=1
Vo Le(We M) = gi(we) = noX;
7. Update w¢ and A by:
w1 = g (We — nVwLi(we, At))
At+1 = g ooym (Ae + VALt (W, At))
8: end for

Using the update rule for wyy1 in terms of w; and expanding, we get

[w — wip1]|? < |w —wel|> = 2n(wi — w, VwLi(we, M) + 02| VwLe(we, M), (9.32)

where the first inequality follows from the nonexpansive property of the projection operation
(see Lemma A.5). Expanding the inequality for ||[A — >\t+1H2 in terms of A+ and plugging

back into the (9.31) with (9.32) establishes the desired inequality. O

Proposition 9.18. Let wy and A, t € [T] be the sequence of solutions obtained by Algo-

rithm 14. Then for any w € B and X € R"", we have

269



T

Z ﬁt(Wt, )\) — ﬁt(W, )\t)
t=1

T
R+ ||A2 nT
< 27‘7| I + 777 ((m +1)G? + 2mD2> + ((m +1)G? + 2m52n2> Z (¥
t=1

N3

Proof. We first bound the gradient terms in the right hand side of Lemma 9.17. Using
the inequality (aj + ag + ..., an)% < n(a% + a% + ... 4 a2), we have |VwLl(we, Ap)||? <
(m + DG? (L + | Ae]?) and [|[VaLe(wi, A)[? < 2m(D? + 6%9%||A¢[|?). In Lemma 9.17,
by adding the inequalities of all iterations, and using the fact ||w| < R we complete the

proof. O]

The following theorem bounds the regret and the violation of the constraints in the long

run for Algorithm 14.

Theorem 9.19. Define a = Ry\/(m + 1)G2 +2mD?2. Set n = R?/[aV/T)]. Assume T is
large enough such that 2¢/2n(m +1) < 1. Choose § such that § > (m + 1)G? 4+ 2mé%n?. Let
W1, W9, -, W be the sequence of solutions obtained by Algorithm 14. Then for the optimal

solution Wy = mingecyy Zthl ft(w) we have

th wy) — fi(wy) < aVT = O(TY?), and

Zgz (wy) \/<FT+a\/_>\/_($+%>:O(T3/4).

Proof. We begin by expanding (9.33) using (9.28) and rearranging the terms to get
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m T
S 1w — w3040 S gi(w) thgz RN
i=1 | t=1

t=1

on R2+ NE
S—EZHA 12 + ” =, 2 ((m+1)G2+2mD2)

3

+5 (( +1)G? + 2m52n2> Z [B¥[ES
t=1

Since § > (m + 1)G? 4 2md?n?, we can drop the |[A¢||?> terms from both sides of the

above inequality and obtain

T m T 577T )
D Uilwe) = fr(w)]+ )\izgi(wt)_(7+2 ))\
t=1 i=1 | =1 g
O R* T 2 2
< ZZ)\tgi(w)—l—%—F?((m—kl)G +2mD ))

The left hand side of above inequality consists of two terms. The first term basically mea-
sures the difference between the cumulative loss of the Algorithm 14 and the optimal solution
and the second term includes the constraint functions with corresponding Lagrangian mul-
tipliers which will be used to bound the long term violation of the constraints. By taking

maximization for A over the range (0, +00), we get

2
T m [Z?:1 9i(wt) }

RQ nT 2 2
— 4+ — 1 2mD?) ) .
< 277 + 3 ((m+ )G* 4 2m ))
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Since wy € W, we have g;(wx) < 0,7 € [m/], and the resulting inequality becomes

2
T [Zt 1 9i Wt)]+ R T ) )
;f( — fr(w. +Z G T ) §%+7<(m+1)0 +2mD?).

The statement of the first part of the theorem follows by using the expression for 7. The
second part is proved by substituting the regret bound by its lower bound as Zle fr(wy) —

fiwy) > —FT. 0

Remark 9.20. We observe that the introduction of quadratic regularizer én||\||2/2 allows
us to turn the expression \; Z?:l gi(wy) into [Z?:l gi(wt)]i, leading to the bound for the
violation of the constraints. In addition, the quadratic reqularizer defined in terms of A allows
us to work with unbounded A because it cancels the contribution of the ||A¢|| terms from the
loss function and the bound on the gradients ||VwL¢(w,N)||. Note that the constraint for o

mentioned in Theorem 9.19 is equivalent to

-2 _ 2,2
2 <5<1/(m+1)+\/(m+1) 8G?2n

1/(m+1)++/(m+1)~2=8G%2 ~ ~ 4n? ’

(9.33)

from which, when T is large enough (i.e., n is small enough), we can simply set 6 = 2(m +

1)G? that will obey the constraint in (9.33).

By investigating Lemma 9.17, it turns out that the boundedness of the gradients is
essential to obtain bounds for Algorithm 14 in Theorem 9.19. Although, at each iteration,
At is projected onto the R"?, since W is a compact set and functions fy(w) and g;(w),i € [m]
are convex, the boundedness of the functions implies that the gradients are bounded [22

Proposition 4.2.3].
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9.5.3 An Efficient Algorithm with O(7%/) Regret Bound and with-
out Violation of Constraints

In this subsection we generalize Algorithm 14 such that the constrained are satisfied in a long
run. To create a sequence of solutions {wy,t € [T} that satisfies the long term constraints
Zthl gi(wt) < 0,i € [m], we make two modifications to Algorithm 14. First, instead
of handling all of the m constraints, we consider a single constraint defined as g(w) =
MaX;c|y] gi(w). Apparently, by achieving zero violation for the constraint g(w) < 0, it
is guaranteed that all of the constraints g;(-),7 € [m] are also satisfied in the long term.
Furthermore, we change Algorithm 14 by modifying the definition of £(-,-) as
£1(w.X) = fulw) + Mglw) +7) — 32 (9.34)
where v > 0 will be decided later. This modification is equivalent to considering the con-
straint g(w) < —7, a tighter constraint than g(w) < 0. The main idea behind this modifica-
tion is that by using a tighter constraint in our algorithm, the resulting sequence of solutions
will satisfy the long term constraint Zthl g(w¢) <0, even though the tighter constraint is
violated in many trials.
Before proceeding, we state a fact about the Lipschitz continuity of the function g(w) in

the following proposition.

Proposition 9.21. Assume that functions g;(-),i € [m] are Lipschitz continuous with con-
stant G. Then, function g(w) = max;e(,,) i(W) is Lipschitz continuous with constant G,
that s,

lg(w) — g(w')| < G|lw —W|| for anyw € B and w' € B.

273



Proof. See Appendix ?77. O

To obtain a zero bound on the violation of constraints in the long run, we make the

following assumption about the constraint function g(w).

Assumption 9.22. Let W C W be the conves set defined as W' = {w € R% : g(w)+~ < 0}
where v > 0. We assume that the norm of the gradient of the constraint function g(w) is

lower bounded at the boundary of W', that is,

A5 min  ||Vg(w)| > o.
g(w)+y=0

A direct consequence of assumption A5 is that by reducing the domain W to W', the
optimal value of the constrained optimization problem minycyy f(w) does not change much,

as revealed by the following theorem.

Theorem 9.23. Let wy and w~ be the optimal solutions to the constrained optimization
problems defined as ming <o f(W) and ming gy f(w), respectively, where f(w) =

ST fi(w) and v > 0. We have

F(w) — f(wy)] < %T.

Proof. We note that the optimization problem min (< f(W) = mingyy<_, Zg;l fr(w),

can also be written in the minimax form as

T

f(wy) = min Juax ; fi(w) + Ag(w) +7), (9.35)
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where we use the fact that W C W C B. We denote by wy and Ay the optimal solutions

to (9.35). We have

T

J(wy) = min juax ; fr(w) + Ag(w) +7)

T
t=1

T

<37 filwa) + Ay (g(wa) + ) <
t=1

ft(ws) + Ay,

1M

where the second equality follows the definition of the w, and the last inequality is due
to the optimality of wy, that is, g(ws) < 0.
To bound |f(wy) — f(Wx)|, we need to bound A,. Since w is the minimizer of (9.35), from

the optimality condition we have

T

- Z Vft(wq) = A Vg(wy). (9.36)
t=1

By setting v = — Zthl V fi(w~), we can simplify (9.36) as AyVg(wy) = v. From the KKT
optimality condition [34], if g(w,) + v < 0 then we have Ay = 0; otherwise according to
Assumption 9.22 we can bound Ay by

v o< vl 6T
T Vew)ll T o

We complete the proof by applying the fact f(wx) < f(wry) < f(Wi) + Ayy. O

As indicated by Theorem 9.23, when + is small, we expect the difference between two
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optimal values f(wy) and f(w-) to be small. Using the result from Theorem 9.23, in the
following theorem, we show that by running Algorithm 14 on the modified convex-concave
functions defined in (9.34), we are able to obtain an O(T3/%) regret bound and zero bound

on the violation of constraints in the long run.

Theorem 9.24. Set a = 2R/\/2G% +3(D2 +12), n = R?/[aVT], and § = 4G?. Let

wy,t € [T] be the sequence of solutions obtained by Algorithm 14 with functions defined in

(9.34) with v = bT~Y* and b = 2/ F(6R%2a=1 +aR~2). Let wy be the optimal solution to
MiNy ey Zle fr(w). With sufficiently large T', that is, FT > aVT, and under Assump-
tion 9.22, we have wy,t € [T satisfy the global constraint Zthl g(wt) <0 and the regret is

bounded by

T
Rearety = 3 fulwr) — filwa) < av/T + 2GT4 = O(T%),
t=1

Proof. Let w, be the optimal solution to mingy)<_, Zthl ft(w). Similar to the proof of

Theorem 9.19 when applied to functions in (9.34) we have

T T T 577T )
th(Wt)—th(W)+)\Z(g wi) + ) — Z)\t (g(w +7)—TA
t=1 t=1 t=1
< o - A2 B2+ A% T 2G2 +3(D? +~2)) + 2 (262 + 36212 S A2
< -G T (6T AT 5 (267 4+ 30%7) 300

=1 2n =1

By setting 6 > 2G2 + 36212 which is satisfied by 6 = 4G2, we cancel the terms including A
from the right hand side of above inequality. By maximizing for A over the range (0, 400)

and noting that v < b, for the optimal solution w~, we have
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T 2
r [Zt:19(wt)+7T . R

N (o2 2 | 12
> [felwe) — felws)] + T ) §%+7<2G+3(D+b)>,

which, by optimizing for  and applying the lower bound for the regret as Zthl fr(wy) —

ft(wy) > —FT, yields the following inequalities

T
> filwe) = fi(ws) < aV'T (9.37)
t=1
and
T 9 a
D glwi) < \/2 (FT + a\/_> VT (5% + ﬁ> — T, (9.38)
t=1

for the regret and the violation of the constraint, respectively. Combining (9.37) with the
result of Theorem 9.23 results in Zthl ft(wy) < Zthl fr(ws) + aVT + (G/o)yT. By

choosing v = bT—1/4 we attain the desired regret bound as

T
> filwe) = fr(wi) < aVT + %TSM = O(T3/%).

t=1

To obtain the bound on the violation of constraints, we note that in (9.38), when 7T is

sufficiently large, that is, FT' > av/T, we have Zg;l g(wy) < 20/ F(0R2a~T + aR=2)T3/* —

bT3/%. Choosing b = 2v/F(0R2a=1 + aR=2)T3/* guarantees the zero bound on the violation

of constraints as claimed. O
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9.6 Proofs of Convergence Rates

In this section we provide the proof of the main lemmas omitted from the analysis of con-

vergence rate.

9.6.1 Proof of Lemma 9.10

Following the standard analysis of gradient descent methods, we have for any w € B,

Iwip1 = w5 = [we — w3 < [wq — w3 — [lwi — w3
= [[wi = me(g(we, &) + M Vg(wi) = w3 = [[we — w3
< nillg(we. &) + MVa(wi)l3 — 2n(we — w) ' (g(we, &) + M Vg(wy))
< ntllg(we. &) + A Vg(wi)ll

— 2 (wi — W) T (Vf(We) + MVg(we)) +2m (W — wy) | (g(wy, &) — V.f(wy)),

(. J/ (.

~~

=VwL(wg,A\p) = RW)

Then we have

(W — W) VwL(w, \r)

L nt
= o (HWt — w3~ Wi — W||§> + 5 llgtwe, &) + AV g(wi)l[3 + G (w)
< L _ 2 o 2 2 )\2 v 2
< g Uwe = wliz = llwen = il )+ melig(we, &)1z + mAr [ Vo(willz + G (w)
< 5 (Iwe = wl3 = wisr — wiB)
2nt

+ 2 (e, &) — V(w3 +20l|V S (wo)lI§ + A V(w3 + G(w)
vy
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By using the bound on ||V f(w)|2 and ||[Vg(wy)||2, we obtain the first inequality in

Lemma 9.10. To prove the second inequality, we follow the same analysis, i.e.,

A1 = AP = A = A2 < A+ me(g(we) — vA0) 2 = A = A2

< n?lg(we) — ve? 4 20 (A = A) (g(we) — vAe) -
~—— ——
EV}\L(Wt,)\t)

Then we have

1
A= M)VALWE A < 5 (1A = A2 = st = A=) + Tglwe) = ol
U 2

By induction, it is straightforward to show that A\ < C9/7v, which yields the second

inequality in Lemma 9.10, i.e.,

1
(= A)VaAL(wE ) < 5 (126 = A2 = a1 = A12) + 203,

9.6.2 Proof of Lemma 9.11

Since L¢(w, \) is convex in w and concave in A, we have the following inequalities

L(w, M) — L(wi, M) > (W —wy) | Vw L(wy, \p),

L(wg, A) = L(we, A) < (A= A)VAL(we, At).
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Using the inequalities in Lemma 9.10, we have

1
L(wi, At) — L(w, Ar) < o <||W — w3 — lw - Wt—i—l”%) + 2 G + iGN + 2t + Gi(w),
1
L(we, N) = L(we M) < 5= (I = Ml? = A= A ) + 2mC3,

2nt

where (¢(w) = (W — wy, g(wy, &) — V f(wy)) as abbreviated before. Since ny = -+ = np,

denoted by 7, by taking summation of above two inequalities over t =1,--- [T, we get

[wl3 A2
;L(Wt,)\) — L(w, \) < TS + 2 + 2T (G2 + C3) + ZnGQ)‘t +277;At +;Ct

By plugging the expression of L(w, A), and due to ||w]||s < 1, we have

T

T
S (Fwe) = W)+ A glwe) - (g N ) 2

t=1 t=1 21

T T
1
< 5+ 207G (G2 +CH + > G — /2N + 3 Ng(w) +20 Y A+ Glw
t t = =

Let w = wy = arg miny¢yy f(w). By taking minimization over A > 0 on left hand side

and considering 1 = 7/(2G3), we have

G2 + (2 d
Cit+&), = 2) T+G22At+2§t )
2

2 t=1 t=1

T T 2
wi) — flw D =1 9wl

<

G2
—2 4+
~
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9.6.3 Proof of Lemma 9.13

Since F(w) is strongly convex in w, we have

F(w) ~ Flwi) 2 (w —wi, VE(wi)) + 2w — w3

Following the same analysis as in Lemma 9.10, we have

| -

(wi = w) ' VE(w) < 5= (IIw = wil3 = [w = wis1]3) + 2-llg(we &) + p(we) Ao Va(wo)l3

[\

m

_|_

G(w) = Slhw = wall

| -

2 2
< 5= (Iw = wel3 = lIw — wesa13)

(\)

m

B
+ G2+ NG + G (w) — §||W — w3,

where
_exp(rog(w)/v)
p(w) = :
1+ exp (Aog(w)/7)
Taking summation of above inequality over t = 1,--- T gives

— — o M—1
T T 3 T
+ Y m(GE+ NGGE) + D Gulw) = 7Y Iw — w3
t=1 t=1 t=1

Since ny = 1/(2t), we have

281



T

2 22 0 T
>k (wi) ~ Fw)) < IR 5 ) -
t=1 t=1

IS

T

p
D lw = will3
=1

We complete the proof by letting w = wy = arg mingcyy f(w).

9.6.4 Proof of Lemma 9.14

The proof is based on the Berstein’s inequality for martingales (see Theorem A.25). To
do so, define the martingale difference X; = (w — wy, V f(wy) — g(wy, &) and martingale

Ap = Z?:l Xt. Define the conditional variance E% as

T T
2 2 2 2 2
3 =3 By, [X7] <4633 wi — wil = 463Dy
t=1 t=1

Define K = 4G1. We have

Pr (AT > 24/4G2 DT + \/EKT/?))
= Pr (AT > 24/4G2 DT + V2K T/3,5% < 4G%DT)

4
= Pr (AT > 24/4G2 DT + V2K7/3,5% < 4Gi Dy, D < T)

m
4 4,
+) Pr (AT > 2\/4G}Dr7 + V2KT/3,5% < 4GTDp, 22" < Dp < Tg@)

i1=1

4 ul 4 ) o4
< Pr (DT < ?) + z;Pr <AT >4 /2 x 4(;%% +V2K7/3,%% < 4GIT22)
1=

4
< Pr <DT < T) +me ",

282



where we use the fact ||w; — WH% < 4 for any w € B, and the last step follows the

Bernstein inequality for martingales. We complete the proof by setting 7 = In(m/J).

9.7 Summary

In this chapter, we made a progress towards making the SGD method efficient by proposing
a framework in which it is possible to exclude the projection steps from the SGD algo-
rithm. We have proposed two novel algorithms to overcome the computational bottleneck
of the projection step in applying SGD to optimization problems with complex domains.
We showed using novel theoretical analysis that the proposed algorithms can achieve an
O(1/V/T) convergence rate for general convex functions and an O(InT/T) rate for strongly
convex functions with a overwhelming probability which are known to be optimal (up to a
logarithmic factor) for stochastic optimization.

We have also addressed the problem of online convex optimization with constraints, where
we only need the constraints to be satisfied in the long run. In addition to the regret bound
which is the main tool in analyzing the performance of general online convex optimization
algorithms, we defined the bound on the violation of constraints in the long term which
measures the cumulative violation of the solutions from the constraints for all rounds. Our
setting is applied to solving online convex optimization without projecting the solutions
onto the complex convex domain at each iteration, which may be computationally inefficient
for complex domains. Our strategy is to turn the problem into an online convex-concave

optimization problem and apply online gradient descent algorithm to solve it.
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9.8 Bibliographic Notes

Generally, the computational complexity of the projection step in SGD has seldom been
taken into account in the literature. Here, we briefly review the previous works on projec-
tion free convex optimization, which is closely related to the theme of this study. For some
specific domains, efficient algorithms have been developed to circumvent the high compu-
tational cost caused by projection step at each iteration of gradient descent methods. The
main idea is to select an appropriate direction to take from the current solution such that
the next solution is guaranteed to stay within the domain. Clarkson [42] proposed a sparse
greedy approximation algorithm for convex optimization over a simplex domain, which is
a generalization of an old algorithm by Frank and Wolfe [56] (a.k.a conditional gradient
descent [21]). Zhang [155] introduced a similar sequential greedy approximation algorithm
for certain convex optimization problems over a domain given by a convex hull. Hazan [67]
devised an algorithm for approximately maximizing a concave function over a trace norm
bounded PSD cone, which only needs to compute the maximum eigenvalue and the corre-
sponding eigenvector of a symmetric matrix. Ying et al. [151] formulated the distance metric
learning problems into eigenvalue maximization and proposed an algorithm similar to [67].

Recently, Jaggi [77] put these ideas into a general framework for convex optimization with
a general convex domain. Instead of projecting the intermediate solution into a complex
convex domain, Jaggi’s algorithm solves a linearized problem over the same domain. He
showed that Clark’s algorithm , Zhang’s algorithm and Hazan’s algorithm discussed above
are special cases of his general algorithm for special domains. It is important to note that all
these algorithms are designed for batch optimization, not for stochastic optimization, which

is the focus of this chapter.
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The proposed stochastic optimization methods with only one projection are closely re-
lated to the online Frank-Wolfe algorithm proposed in [73]. It is a projection free online
learning algorithm, built on the the assumption that it is possible to efficiently minimize a
linear function over the complex domain. Indeed, the FW algorithm replaces the projection
into the convex domain with a linear programming over the same domain which makes sense
if solving the linear programming is cheaper than the projection. One main shortcoming
of the OFW algorithm is that its convergence rate for general stochastic optimization is
O(T_l/ 3), significantly slower than that of a standard stochastic gradient descent algorithm
(i.e., O(T~1/2)). Tt achieves a convergence rate of O(T~1/2) only when the objective function
is smooth, which unfortunately does not hold for many machine learning problems where
either a non-smooth regularizer or a non-smooth loss function is used. Another limitation
of OFW is that it assumes a linear optimization problem over the domain ¥V can be solved
efficiently. Although this assumption holds for some specific domains as discussed in [73],
but in many settings of practical interest, this may not be true. The proposed algorithms
address the two limitations explicitly. In particular, we show that how two seemingly dif-
ferent modifications of the SGD can be used to avoid performing expensive projections with
similar convergency rates as the original SGD method.

The proposed online optimization with soft constraints setup is reminiscent of regret
minimization with side constraints or constrained regret minimization addressed in [110],
motivated by applications in wireless communication. In regret minimization with side
constraints, beyond minimizing regret, the learner has some side constraints that need to
be satisfied on average for all rounds. Unlike our setting, in learning with side constraints,
the set WV is controlled by adversary and can vary arbitrarily from trial to trial. It has been

shown that if the convex set is affected by both decisions and loss functions, the minimax
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optimal regret is generally unattainable online [111].
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Appendix A

Technical Background

A.1 Convex Analysis

In this appendix, we introduce the basic definitions and results of convex analysis [121, 34, 28]
needed for the analysis of the algorithms in this thesis. We begin by formalizing a few
topological definitions we used throughout the thesis followed by few definitions and results

from convexity.

Definition A.1 (Euclidean Ball). A FEuclidean ball with radius r centered at point wgq is
B(wg,7) = {w € RE ||w — wol| < 7). An £, ball is also defined equivalently but now the

distance is defined by the £y norm as ||w|p = (Zle |wi\p)1/p.

Definition A.2 (Boundary and Interior). For a given set W, we say that w is on the
boundary of W, denoted by OW, if for some small € > 0, the ball centered at w with radius
€ covers both inside and outside of the set, i.e., B(wq,e) N W # () and B(wg,e) N W # 0,
where W is the complement of set W. We say that a point w is in the interior of set W if

de > 0 s.t. B(wg,e) C W.

Definition A.3 (Convex Set). A set W in a vector space is convex if for any two vectors
w, W' € W, the line segment connecting two points is contained in W as well. In other fords,

for any X\ € [0, 1], we have that A\w + (1 — \)w’ € W.
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Intuitively, a set is convex if its surface has no ”"dips”. The intersection of an arbitrary

family of convex sets is obviously convex.

Definition A.4 (Projection onto Convex Sets). Let W C R% be a closed convex set and let

weR? be q point. The projection of w onto W is denoted by Iy (w) and defined by

Ilyy(w) = arg min [|[w — w/||.
w/e

In particular, for every w € RY there exists a point Wy which satisfies this and it is unique.

Here are few examples of projections. For the positive semidefinite (PSD) cone, i.e.,
Si = {X € RIxd . X 0}, the projection requires a full eigendecomposition of the
input matrix. Precisely, let W € Si has the eigendecomposition W = UTXU where
Y = diag(Aq, A2, - -+, Ag) and U is an orthogonal matrix. Then, HSd (W) = U ', U where

+

>y = diag([M]+, [Mo]+, -+ 5 [Ag]+). For Hyperplane H = {x € R?: (a,x) = b},a # 0, the

<a,w>—b
a2

the projection can be obtained by IT4(w) = w—A " (AA™1) (Aw—Db). For Polyhedron set,

a. For Affine set A = {x € R?: Ax = b},

projection is equivalent to Ilg(w) = w —

P = {x € R?: Ax < b} there is no analytical solution and the projection IIp(w) is an offline
optimization by itself where the corresponding optimization problem argmin /g |w' — wl|

must be solved approximately.

Lemma A.5 (Non-expensiveness of Projection). Let W C R? be a conver set and consider

the projection operation defined as above. Then,

[Ty (w) = Ty (W) < [[w = /||, Yw, w' € R?

Definition A.6 (Convex Function). A function f : W +— R is said to be convex if W is
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convex and for every w,w' € W and a € [0,1],

FOW + (1= W) < Mf(w) + (1= N f(w)).

A continuously differentiable function is convex if f(w) > f(W') + (Vf(w'),w —w') for all

w,w € W. If f is non-smooth then this inequality holds for any sub-gradient g € f(w').

Definition A.7 (Subgradient). A subgradient of a convex function f : R — R at some
point W 1S any vector g € R that achieves the same lower bound as the tangent line to

function f at point w, i.e.,

fW) > f(w)+ (g w —w), vw' € R

The subgradient g always exists for convex functions on the relative interior of their
domain. Furthermore, if f is differentiable at w, then there is a unique subgradient g =

V f(w). Note that subgradients need not exist for non-convex functions.

Definition A.8 (Subdifferential). The subdifferential of a convez function f : RY — R at

some point w is the set of all subgradients of f at w , i.e.,

Of(w) ={g € R :vw/, f(W') > f(w)+ (g, w —w)}

An important property of subdifferential set of a function df is that it is closed and
convex set, even for non-convex functions which is straightforward to verify by following the
definition. Moreover, the subdifferential is also always nonempty for convex functions. This
is a consequence of the supporting hyperplane theorem, which states that at any point on the

boundary of a convex set, there exists at least one supporting hyperplane. Since the epigraph
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of a convex function is a convex set, we can apply the supporting hyperplane theorem to
the set of points (w; f(w)), which are exactly the boundary points of the epigraph. The
subdifferential of a differentiable function contains only single element which is the gradient
of function at that point, i.e., df(w) ={Vf(w)}.

We are now prepared to introduce the concept of Lipschitz continuity, designed to measure
change of function values versus change in the independent variable for a general function
F0)

Definition A.9 (Lipschitzness). A function f : W +— R is p-Lipschitz over the set W if for

every w,w’ € W we have that |f(w) — f(w)| < p||lw — w'||.

The following lemma shows a result on the Lipschitz continuity of a function which is

defined as the maximum of other Lipschitz continuous functions.

Lemma A.10. Assume that functions f; : W — R i € [m] are Lipschitz continuous with
constant p. Then, function f(w) = maX;em] fi (w) is Lipschitz continuous with constant p,
that is,

[f(w) = fW)] < pllw = W'|| for any w,w' € W.

Proof. First, we rewrite f(w) = max;c[,, fi(W) as f(w) = max,ep,, ot i fi(w) where

Ay, is the m-simplex, that is, Ay, = {a € R7; > ; = 1}. Then, we have

m
/
W) — %% = ma (67 R D — 1ma; (0%
‘f( ) f( )’ O‘GA)T(nizzl zfz GA%; zfz
m
< maX Zazfz Zazfz(wl)
a€ m | .
< a@iﬁzaz}fl /)lngW_W/“’
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where the last inequality follows from the Lipschitz continuity of f;(w),7 € [m]. O

Definition A.11 (Smoothness). A differentiable function f : W +— R is said to be B-smooth

with respect to a norm || - ||, if it holds that
Fw) < W)+ (VW) w—w) + gHw — W% Vw,w ew. (A1)

The following result is an important property of smooth functions which has been utilized

in the proof of few results in the thesis.

Lemma A.12 (Self-bounding Property). For any -smooth non-negative function f : R —

R, we have |f'(w)| < \/4Bf(w)

As a simple proof, first from the smoothness assumption, by setting wq = w9 — % f/(ws) in
(A.1) and rearranging the terms we obtain f(w9)— f(wq) > % | £/(w2)]?. On the other hand,
from the convexity of loss function we have f(w1) > f/(wsg) + (f'(w1), w1 — we). Combining
these inequalities and considering the fact that the function is non-negative gives the desired

inequality.

Definition A.13 (Strong Convexity). A function f(w) is said to be a-strongly conver w.r.t
a norm || - ||, if there exists a constant o > 0 (often called the modulus of strong convezity)

such that, for any X € [0,1] and for all w,w' € W, it holds that
1
FOwW + (1 =2)w') <af(w)+ (1= N f(w) - SAL = Aaflw — w2,

If f(w) is twice differentiable, then an equivalent definition of strong convexity is V2 f(w) >

al which indicates that the smallest eigenvalue of the Hessian of f(w) is uniformly lower
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bounded by a everywhere. When f(w) is differentiable, the strong convexity is equivalent
to

F(w) 2 FW) (VS W)w = W)+ Flw = w| ¥ wow e W,

An important property of strongly convex functions that we used in the proof of few

results in the following:

Lemma A.14. Let f(w) be a a-strongly convex function over the domain W, and w* =

arg ming ey f(w). Then, for any w € W, we have
o
fw) = f(w*) > §||W—W*||2‘ (A.2)

Definition A.15 (Dual Norm). Let ||- || be any norm on R%. Its dual norm denoted by |- ||«
1s defined by

W[l = Supd<W’,W> — [wl]
weR

An equivalent definition is ||w/||« = supweRd{(W,W’HHWH < 1}. If p,q € [1, 0] satisfy

1/p+1/q =1, then the ¢, and ¢4 norms are dual to each other.

Definition A.16 (Fenchel Conjugate 1). The Fenchel conjugate of a function f : W — R

1s defined as

[*(v) = sup (w,v) — f(w).
wew

An immediate result of above definition is the Fenchel-Young inequality stating that for

any w and v we have that (w,v) < f(w) + f*(v).

Definition A.17 (Bregman Divergence). Let ® : W — R be a continuously-differentiable

1 Also known as the convex conjugate or Legendre-Fenchel transformation
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real-valued and strictly convex function defined on a closed convex set VW. The Bregman

divergence between w and W' is the difference at w between f and a linear approzimation

around w’'
Bp(w,w) = &(w) — &(w') — (w —w/, VO(w)).
For example the squared Euclidean distance B(w,w’) = ||w — w'||? is the canonical
example of a Bregman distance, generated by the convex function ®(w) = |w]|?2. The

entropy function ®(p) = > . p;logp; — > p; gives rises to the generalized Kullback-Leibler

divergence as Bkr,(p,q) = > p;log ]qj—z = > pi+> 4.

A.2 Concentration Inequalities

This appendix is a quick excursion into concentration of measure. We consider some impor-
tant concentration results used in the proofs given in this thesis. Concentration inequalities
give probability bounds for a random variable to be concentrated around its mean (e.g.,

see [49] , [30] and [31] for a through discussion and derivation of these inequalities).

Lemma A.18 (Markov’s Inequality). For a non-negative random variable X and t > 0,

P[th%@

The upside of Markov’s inequality is that it does not need almost no assumptions about

the random variable, but the downside is that it only gives very weak bounds.

Lemma A.19 (Hoeffding’s Lemma). Let X be any real-valued random variable with expected
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value E[X] =0 and such that X € [a,b] almost surely. Then, for all A € R,

B[] <o (ZO2),

Theorem A.20 (Hoeffding’s Inequality). Let Xi,---, X, be a sequence of i.i.d random

variables. Assume X; € |a;,b;] and let S = X1 + Xo + -+ + Xy,. Then,

2
P(S —E[S] > t) < exp (— n—1(2(fi — ai)Q) ;

2
P(|S — E[S]| > ) < 2exp (— o a‘p) |

The following result extends Hoeffding’s inequality to more general functions f(z1,z9, -+ ,zy).

Theorem A.21 (McDiarmid’s Inequality). Let X1, --- , Xy, be independent real-valued ran-

dom variables. Suppose that

sup ‘f(xla yLi—1,Lg, Tg41, " 7$TL> - f(xla"' 7xi—17xf/i7xi—|—l7"' amn)l S G,

/
T1,L95" " Jn@’i

fori=1,2,--- n. Then,

2
P(|f(X17X27'” 7Xn> _]E[f<X17X27"' 7X’fl)]| 2 t) S 26Xp _2;2
2i=16

Hoeffding’s inequality does not use any information about the random variables except
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the fact that they are bounded. If the variance of Xj;,i € [n] is small, then we can get
a sharper inequality from Bennett’s inequality and its simplified version in Bernstein’s In-
equality.

Theorem A.22 (Bennett’s Inequality). Let Xq,---, X, be a sequence of i.i.d random vari-
ables. Assume E[X;] =0, E[X?] =02, and | X;| < M,i € [n]. Then,

n 2
P (ZXZ Zt> <exp (%qé (%))

1=1
where ¢(z) = (1 + x)log(l + z) — .

Theorem A.23 (Bernstein’s Inequality). Let X1,..., X, be independent zero-mean E[X;] =
0,i € [n] random variables. Suppose that |X;| < M almost surely, for all i € [n]. Then, for

all positive t,

t2

P (;Xz > t) < exp —2 <ZE [Xﬂ —i—%Mt)

The next result is an extension of Hoeffding’s inequality to martingales with zero-mean

and bounded increments which is due to [10]. Before stating the Hoeffding-Azuma’s inequal-
ity, we need few definitions. A sequence of random variables (X;);cn on a probability space
(Q, A, P) is a martingale difference sequence with respect to a filtration (F;);cy if and only

if, or all © > 1, each random variable X is F;-measurable and satisfies,

E[X;|F;i—1] = 0.

Theorem A.24 (Hoeffding-Azuma Inequality). Let X1, Xa,... be a martingale difference

sequence with respect to a filtration F = (F;)jen. Assume that for all i > 1, there ezists a
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Fi_1-measurable random variable A; and a non-negative constant ¢; such that X; € [A;, A;+

¢;]. Then, the martingale Sy, defined by Sy, = > 1" 1 X;, satisfies for any t > 0,

2t2

i=16

The Hoeffding-Azuma’s inequality indicates that Sy, is sub-gaussian with variance Y 1 ; sz /4,

P S >t < —2t?
max ; ex = .
1<i<n "= | — P noe2

i=16

ie.,

The following inequality which is due to Freedman [57] extends Bernstein’s result to the
case of discrete-time martingales with bounded jumps (a.k.a Freedman’s inequality). This
result demonstrates that a martingale exhibits normal-type concentration near its mean

value on a scale determined by the predictable quadratic variation of the sequence.

Theorem A.25 (Bernstein’s Inequality for Martingales). Let X1,..., X, be a bounded mar-
tingale difference sequence with respect to the filtration F = (F;)1<i<n and with | X;| < M.

Let
i
Si=2_X;
j=1

be the associated martingale. Denote the sum of the conditional variances by

n
52— Y B [XA].
=1
Then for all constants t, v > 0,

/2
P S:>tand Y2 <v| < v
G, 2l 2 b and g = '/] = X ( 2w + Mt/3)> ’

geeey
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and therefore,

2
P _max Si>\/2yt+§]\/[t andZ%ﬁu Se_t.

7 n

—1,...

A.3 Miscellanea

A.3.1 Extra-gradient Lemma

Lemma A.26. Let (z) be a a-strongly convex function with respect to the norm ||-||, whose
dual norm is denoted by || - ||, and B(w,z) = ®(w) — (®(z)+ (w—2) " &'(2)) be the Bregman
distance induced by function ®(w). Let Z be a convexr compact set, and U C Z be convex

and closed. Letz € Z, v > 0, Consider the points,

w = arg minyu’' ¢ + B(u, 2), (A-3)

24 = arg min yu' ¢+ B(u,z), (A.4)

then for any u € U, we have

2
7¢ (W = u) < B(uz) — Blw,z+) + ¢ = (I = Sliw —2]* + [w — 24|/

Proof. By using the definition of Bregman distance B(u, z), we can write two updates in (A.3)

as

298



w=argminu' (7§ — ®'(z)) + ®(u),
uclU

2y = argminu’ (¢ — @/(z)) + (),
uclU

by the first oder optimality condition, we have

(u—w)" (4¢ - ¥'(z) + ®'(w)) > 0,Vu € U,

(u—2y) (/¢ =¥ (2) + ¥ (24)) > 0,Yu U

Applying (A.6) with u = z4 and u = w, we get

Y(w —24) "€ < (¥ (2) — (W) ' (w —24),
Y7y —w) < (¥ (2) = ¥ (24)) " (21 — w).

Summing up the two inequalities, we have

Hw = 24) (6~ Q) < (@ (z4) — ¥ (w)) | (w - 22).

Then
VIE = Cllslw = 24 || = —y(w —24) (€= ¢) = (¥ (z4) — (W) " (24 — W)

> allzy — wl>

where in the last inequality, we use the strong convexity of ®(w).
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B(u,2) — B(u,z4) = D(zy) — B(z) + (0 —124) ¥/(z4) — (u—2) ¥/(2)
—b(z4) — D(2) + (u—24) ¥ (zs) ~ (- 2) ¥(2) — (4 —2) V(2)
—b(z4) ~ D(2) — (24 —2) V() + (0 —zy) (@(2s) ~ ¥(2))
—B(z4) ~ D(2) — (24— 2) V() + (u—22) (56 + P (ag) — ¥(2) — (0 —24) 5
>B(z4) — D(z) — (24 —2) ¥(2) — (u—24) 7

=0(z4) — 0(z) — (24 —2) ¥(2) — (W —24) 7 +(w —u) ¢,

-~

€

(A.10)

where the inequality follows from (A.6). We proceed by bounding e as:

e =(z4) — 0(z) — (24 —2) /() — (w—24) ¢
—~0(z4) — (z) — (2 —2) | ¥'(2) — (w—24) 9(C &) — (w—24) 5
—0(z4) ~ ®(z) — (24 —2) /() = (W~ 24) 7(( ~ §)
+ (24— w)T (96 = @ (2) + @(w) — (2 — ) (@/(w) — ¥/(2))
>0(24) — B(z) — (24 —2) ¥/(2) = (W= 24) 7(( =€) = (24 — W) T (¢ (w) — ¥/(2))
—(z+) — ®(z) — (w—2) ¥'(2) = (w—22) (( — ) — (24 — W) ¥/(w)
= [@(24) = @(w) = (24 = W) T@'(w)| + [@(w) — B(2) — (w - 2) P'(2)
—(w—24) (=)
>Zw — 24 ]1? + Sliw — 2l = yllw — 2+l — €l

2
Q v
25w - 2 |” + |w—z|*} — e 4
(A.11)
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where the first inequality follows from (A.6), the second inequality follows from the strong
convexity of ®(w), and the last inequality follows from (A.10). Combining the above results,

we have

2
1w =) ¢ < B(wz) — Blu,z) + L - €2 - Slllw — P+ w — 2Py (A12)

A.3.2 Stochastic Mirror Descent for Smooth Losses

In this subsection we provide a tight analysis of stochastic mirror decent algorithm for
smooth losses. We will show that the convergence rate of the mirror descent algorithm [119]
for stochastic optimization of both non-smooth and smooth functions is dominated by an
o(1/ VT ) convergence rate. We consider the nonlinear projected subgradient formulation of

the mirror descent from [17] which iteratively updates the solution by:

. 1
Wil = arg min {<W, gt) + EBCD(W’ Wt)}, (A.13)

where gy is a (sub)gradient of f(w) at point w; and Bg(+, -) is the Bregmen diveregnce defined
with strongly convex function ®(-). Define the average solution as wp = Zle wy/T and let
g(w, &) denote a stochastic gradient of function at point w, i.e., E[g(w,&)] = Vf(w). We
state few standard assumptions we make in our analysis about the stochastic optimization

problem.

A1l. (Lipschitz Continuity) E[||g(w,¢)||?] < G2
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A2. (Bounded Variance) E[||Vf(w) — g(w,¢)|]] < o2
A3. (Smoothness) The function f has L Lipschitz continuous gradient.

A4. (Compactness) By (wy, w) < R2.

The proof is extensively uses the following key inequalities:

(1) Optimality condition
1 1
(W—wy1,8+ —VO(wyp1) — —VP(wy)) >0
Tt Tt
(2) Generalized inequality

Bo (Wi, Wt) — Bo (Wi, Wit1) — Bo(Wit1, We) = (Wa — W1, VO(Wii1) — VO(Wy))

(3) Fenchel-Yang inequality applied to the conjugate pair %H -||? and %H |12 yields

nt 1
(g1, Wi — wWii1) < = llgel? + —|wi — wyp]?
2 2m

1
Ba(w,y) > 5w~y

5) From smoothness assumption we have
(5)
/ ! L / 2
FW) = flw) = (Vf(w),w —w) < Sf|w —w]

The analysis of the convergence rate of basic mirror descent algorithm follows standard

techniques in convex optimization and for completeness we provide a proof here following [17].
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Lemma A.27. We have

Flwn) = Fsws) < Flgel + - By(wws, wr) = Bolwa wria)

Proof. From the convexity of f(w) and by setting (; = V f(wy) — g¢ we have

f(wi) — f(wy)
< <Vf(wt),wt — W*>
< {gt, Wt — Wx) +(Vf(Wt) — g, W — Wy)

1) 1 1
< <gt7Wt - W*> + <W* — W¢ypl, 8t + av@(wt+1) — EV(I)(Wt» + <Ct7Wt — W*>

—~

1
= (g1, Wt — Wyt1) + E<W* —Wiil, VO(Wip1) — VO(wy)) + (Cr, Wi — W)

2
77t 1 1

< §||gt||z + o Wy — W1t+1||2 + —[be(W*’Wt) - B@(W*,Wtﬂ)
U Nt

—~
~

— Bo (W1, wi)| + (G, Wi — W)

3
Nt 1
< 5Hgt|\3 + E[B@(W%Wt) — B (Wa, Wiy 1)] + (G, Wi — W)

—~
~—

]

Theorem A.28. By setting leaning rate as np = % we have the following rate for the

convergence of stochastic mirror descent for non-smooth objectives:

E[f(®7)] — f(w.) < 0<§—§>
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Proof. Summing up Lemma 1 for all iterations we get

T T 1 1

7 Flwr) — f(w) < —Bap(wawr) + 3 Bap(wa, wi)(— — ——)

=1 m o o M—1
T T

U
+ 5!\gtH§+ E (Ct, Wi — W)

where the second inequality follows since each w; is a deterministic function of 1, -+ ;& 1,

50 E[<Vf(Wt) — 8ty Wi _W*Hgl’ 7£t71] =0 []
We generalize the proof for smooth functions.

Theorem A.29. By setting ny = L; where By = (o0/R)\Vt, the following holds for the

+5¢

convergence rate of stochastic mirror descent for smooth functions:

2 g
E[f(%7)] — f(wa) < O( 4+ T2

T 7

Proof.

f(wi) = f(ws) < (VF(Wi), Wi — W)

<AV (W), wi — wip1) +(V (W), Wi — W)

5)
< f(we) = f(wWegr) + gHWtH — w2+ (VF(We), Wep1 — W)

—~
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By rearranging the terms we proceed as follows:

fwigr) — f(wy)
<AV f(Wt), W1 — W) + gHWtH — wi |

L
< (g, Wiy1 — W) + §||Wt+1 —wi|? 4 (G Wil — W)

L
< E<W* — Wit1, VO(Wip1) — VO(wy)) + §||Wt+1 —wie|? + (G Wit — W)
(2) 1 L 2
< E[BQ(W*»WQ — By (Wy, Wir1) — Bo(wi, wip1)] + §||Wt+1 — Wil + (G, Wir1 — W)
4) 1
< E[BCP(W*» wt) — Bo(Wi, Wi p1)] — (L + B)Bo (Wi, Wiy1) + LBy (Wi, wiy1)

+ (Gt W1 — W)

1
= E[quw*, wi) — Bo(Ws, Wig1)] — BiBo (Wi, Wig1) + (G W1 — W) + (G, Wi — W)
3) 1 1 9
< —[Bop (W, W) — By (Wi, Wip1)] + Q—HQH* + (Ct, Wt — W)

Ul Bt

Summing for all ¢ yields

t=1
O TYCS TE R U o 1S
Xy k 9 k
m = moom-1 o 20 o
T T
Rz 1 1 02— 1
<— R (= —)+ =Y — 40
m 2(7% 771571) 2 ; Bt
R?> oR
< + 25T = O(LR? + oRVT),
o 2
where in the second in equality we used the fact E[(V f(w¢) —g¢, We —ws)[E1, -+, &1] =

0. By averaging the solutions over all iterations and applying the Jensen’s inequality we

obtain the convergence rate claimed in the theorem.
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