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ABSTRACT

Shape and Laminate Optimization of Fiber-Reinforced-Polymer
Structures

By

Jun Wu

Fiber Reinforced polymer (FRP) composites, or advanced composite materials, which
have shown outstanding mechanical characteristics, such as high strength-to-weight and
high stiffness-to-weight, and high chemical and environmental endurance compared to
conventional materials, have been adapted from aerospace and defense industries to civil
infrastructure applications. The nature of FRP composites makes them strong and stiff in
planes along fiber orientations but rather weak through their thickness. Thus, they are
most efficient when used under global in-plane stress demands. Due to their high material
costs, a way to employ their high material stiffness and strength is to use them in
structural forms in which the structural efficiency is maximized by shaping the structural
geometry to achieve mainly in-plane behavior under the applied loads. Therefore, an
approach is needed to develop the structural forms where the in-plane properties of FRP
composites can be used efficiently.

An integrated approach is developed for the shape and laminate optimization of FRP
structures. The integrated approach is implemented in a two-level uncoupled procedure:
shape and laminate-property optimization followed by laminate design optimization,
where structural shape and laminate design are optimized simultaneously with the aim of

maximizing structural stiffness.



Examples of optimizing laminated FRP shell structures are provided to validate the
procedure. The performance of the integrated approach is evaluated by comparing a
shape-and-material optimized FRP shell with two shape-only optimized FRP shells. The
numerical results show that the proposed integrated approach is reliable and provides a
useful tool for designing optimized laminated FRP structures.

The integrated approach is also used to aid the rational implementation of FRP
composites in civil infrastructure by developing innovative bridge design concepts.
Innovative FRP composite membrane-based bridge systems were explored through
analytical studies of the integrated approach. Two types of bridge systems are developed,
FRP membrane beam bridges and FRP membrane suspension bridges. Both bridge
systems consist of a shape-and-laminate optimized FRP membrane/shell carrying the in-
plane tensile and shear forces together with a conventional reinforced concrete deck
providing the live load transfer. The analytical studies of optimizing the FRP membrane
bridges provide the initial development of innovative systems that use FRP composites in
their inherent behavioral characteristics for new high-performance structures.

Results from this work demonstrate that FRP composites can be used with higher
efficiency in new structural systems as long as their advantageous properties of
directional strength, lightweight, and tailored properties are properly considered in the
design process. The work further discusses the feasible implementation of the optimum
design for composite membrane-based bridges in practical engineering construction. The
work also provides insight to further development and applications of the integrated

optimization approach.
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1 Introduction

1.1 General

Fiber reinforced polymer (FRP) composites have been adopted from aerospace and
defense industries to civil infrastructure due to their unique properties, such as high
strength-to-weight and stiffness-to-weight ratios, and high chemical and environmental
endurance. However, to date, the use of FRP composites for civil infrastructure is mainly
for structural rehabilitation and strengthening. The use of FRP composites to fabricate
primary structural components has been limited, primarily due to high material costs and
designs based on shapes suitable to conventional materials. The layered and fiber
dominated structure of FRP composites makes them most efficient when used under in-
plane stress demands. The shape resistance concept that structures carry loads by shaping
structural geometries to achieve in-plane or membrane resultants is introduced in this
chapter, followed by a brief discussion of shape finding for shape resistant structures.
Laminate Optimum designs are then discussed to improve in-plane behavior of shape
resistant structures by tailoring the material properties of FRP composites property. The
rationale to find material-adapted structural shapes and tailor shape-adapted material
properties for efficient use of FRP composites in new construction is thus recognized.
The aim of this research is then presented so as to develop an approach that accomplishes

these integrated design tasks.

1.2 FRP composites for civil infrastructure
This section provides an overview of the mechanical characteristics of laminated FRP

composites and a brief review of current applications in civil infrastructure.




1.2.1 Introduction to FRP composites

Fiber reinforced polymer (FRP) composites are materials in which a reinforcement
constituent of fibers is surrounded by a continuous and uniform matrix constituent of
polymer. The fibers are generally strong and stiff to provide a primary load-carrying
capacity. The polymer matrix holds the fibers together, protects the fibers from damage,
and allows loads to be distributed among individual fibers.

FRP composites are typically used in laminates, which consist of thin layers of fiber-
reinforced material fully bonded together. Each individual layer, or lamina, contains an
arrangement of fibers embedded within a thin layer of polymer matrix material.
Depending on the arrangement of the fiber constituent, an individual layer of a laminated
composite may be constructed by a number of forms. A typical form is to align
unidirectional continuous fibers in a given direction. As it will be discussed in Section
1.2, this arrangement provides a unique feature of the material properties of FRP
laminates, which can be altered by varying the percentage of layers in the laminate with
different orientations. Therefore, FRP laminates composed of unidirectional continuous-
fiber composite layers are commonly used in designs of high-performance structures and

are thus primarily considered in this research.

1.2.2 Mechanical properties of FRP laminates

The properties of FRP composite layers, such as stiffness and strength, strongly
depend on the directional nature of the fibers. The fibers used in FRP composites usually
have much higher stiffness than the polymer matrix. Consequently, unidirectional FRP

composites have different stiffness properties along the fiber direction and perpendicular



to the fiber direction. The stiffness of FRP composites in the fiber direction is governed
by the fibers and the stiffness perpendicular to the fiber direction is mostly dominated by
the polymer matrix. Such materials, in which material properties have two mutually
perpendicular planes of symmetry, are referred to as orthotropic.

The stiffness of Orthotropic FRP laminates can be fully described by four elastic
stiffness properties, which are referred to as the engineering constants, i.e., two Young’s
moduli, E; and E, along the fiber and transverse to the fiber directions respectively, and
the shear modulus G,; and Poisson ratio v;; in the plane of the layer. Typical stiffness
properties of various unidirectional FRP composites are given in Table 1.1.

Table 1.1 Properties of various fiber-reinforced composite layers
E; E; Gr
(GPa) (GPa) (GPa)
300/5208  Graphite/Epoxy 181 10.3 7.17  0.28
AS4/3501  Graphite/Epoxy 138 8.96 7.10  0.30
B(4)/5505 Boron/Epoxy 204 18.5 559 023

Kevlar49/Ep Aramid/Epoxy 76 550 230 034
Scotchply 1003  Glass/Epoxy  38.6 8.27 4.14 0.26

Material Constituents Vio

It needs to be pointed out that FRP layers are highly dependent on the fiber
orientation as shown in Figure 1-1, which demonstrates how the elastic moduli are
strongly influenced by deviation of the fiber orientation. In addition, FRP laminates,
which are constructed of unidirectional-fiber layers stacked at different orientations,
inherit the properties of the individual layers and thus lead to high in-plane but rather low
through-thickness properties. However, material properties of an entire laminate in
different directions along the plane of fibers can be adjusted to maximize the utility of the
directional nature of the material properties by varying the number, orientation, and

stacking sequence of the layers.
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Figure 1-1 FRP elastic modulus as a function of fiber orientation

1.2.3 FRP composites in civil structures

Traditionally, FRP composites have been used extensively in aerospace and consumer
sporting goods where their high stiffness and strength-to-weight characteristics were first
exploited. These properties, together with their high chemical and environmental
endurance and non-magnetic properties compared to conventional materials, have
increased interests in the use of FRP composites for civil infrastructure applications
[Bakis et al., 2002].

Particularly in the rehabilitation of existing structural systems, advanced composites
have shown significant promise in recent laboratory and field applications. The seismic
retrofitting of bridge columns (Figure 1-2a) with carbon fiber wraps or pre-formed

Jackets has been demonstrated to be technically just as effective, and in some



circumstances more economical, as conventional steel jacketing. The benefits of light
weight and high strength also make FRP composites attractive for the flexural and shear
strengthening of existing concrete structures (Figure 1-2b) [Teng et al., 2002; Hollaway

and Leeming, 1999].

) Strengthening

S
(c) Rehabilitation
Figure 1-2 Applications of FRP composites in civil infrastructures

(a) Seismic retrofitting

Structural rehabilitation with FRP composites includes not only repairing and
strengthening of aging infrastructure but also replacement of substandard structural
components such as new bridge decks [Black, 2000] (Figure 1-2c). The advantages of
employing FRPs in new bridge decks include its corrosion resistance, their reduced
weight, and ease of installation. Decks made from composite materials can be customized
to dimensions of traditional decks and can avoid modifications or replacement to the
existing substructure.

Another application of using FRPs in structural components is reinforcing bars

(rebars) fabricated from either glass-fiber or carbon-fiber reinforced plastic composites



[Chaallal and Benmokrane, 1996]. Due to corrosion of steel reinforcement in concrete
structures, deterioration of concrete results in costly maintenance, repairs and shortening
of the structure’s service life. FRP rebars have thus shown to be a viable alternative to
steel reinforcement and prestressing tendons in areas where the use of steel can lead to a
limited life span due to the effects of corrosion.

Finally, the use of all-FRP composite designs for major structural components in new
construction has also become of great interest. Two design and construction systems for
short- and medium-span bridges consisting of tubular FRP members in combination with
conventional materials have been developed and applied to two vehicular bridges in

California [Burgueifio, 1999].

1.3 Outstanding issues and motivation

In spite of the many applications of FRP composites in civil infrastructure cited above,
their use is predominantly in structural rehabilitation and strengthening [Bakis et al.,
2002, Karbhari and Seible, 2000]. Construction of new structures composed in their
majority by FRP composite materials is still limited to a few highly subsidized
demonstration projects. Most of the projects are unique and wide acceptance by the civil
engineering community and commercialization has not yet occurred. The limited use is
partially due to a high cost of FRP composites compared to the conventional materials
such as concrete and steel. Another reason is using FRP composites for primary structural
members in shapes copied from those used for conventional materials (i.e., linear shapes
such as I-section) does not take advantage of the predominant in-plane stiffness and

strength of laminated FRP composites [Burgueiio, 1999; Keller, 2002].



In order to make composite structures competitive with metallic counterparts, the
overall cost of producing FRP composites needs to be reduced. Advances in
manufacturing techniques, such as pultrusion, resin transfer molding, filament winding
and the automated or semi-automated manufacturing of large components, has
significantly reduced costs. A more efficient way to use FRP composites is in conjunction
with conventional structural materials rather than for individual component replacement
or complete FRP composite designs [Burgueno, 1999]. This requires new structural
concepts and systems that combine the dominant characteristics of concrete in
compression and steel in inelastic deformation capacity with the superior mechanical
characteristics of directional strength and stiffness in the direction of the composite
fibers. Therefore, efficient use of laminated FRP composites requires developing
structural concepts and systems that employ them under in-plane stress demands

[Burguefio and Wu, 2002].

1.4 Shape and material optimized FRP structures

The development of FRP structures working under in-plane structural demands
requires combining shape finding methods and material-property tailoring. The concepts
of shape resistant structures and material tailoring are thus introduced next, followed by a
brief discussion of the integrated optimization approach for laminated FRP structures

presented in this dissertation.



1.4.1 Shape resistant structures and optimal shape finding

A genre of structural systems that can be used to improve the efficiency of laminated
FRP composites is called shape-resistant structures (Figure 1-1), which carry design
loads in large spans mainly through in-plane or membrane resultants acquired by shaping
the material according to the applied loads. Membrane structures and thin-shells are two
types of shape resistant structures in which the material is efficiently used under in-plane

stress demands developed by the structural shapes.

Arch Bridge

Shell Structure

Figure 1-3 Shape resistant structures [Otto, 1969]

Traditional design methods using trial-and-error are not applicable for the design
shape-resistant structures. The methods typically used for the design of shape-resistant

structures are called form-finding or shape optimization. These methods, which range



from experimental to diverse numerical approaches, have been successfully developed
for determining the optimal shapes and form finding of shell/membrane structures.
However, they can not be readily applied to the optimal shape design of laminated FRP
composite structures since they apply primarily to structures made from isotropic
materials, maintaining the same material properties during the form finding process.
Designs for FRP structures obtained through these methods are thus often far from

optimal because other competitive material properties cannot be explored.

1.4.2 FRP laminates and optimal laminate design

As previously mentioned in Section 1.2.2, the material properties of FRP laminates
can be altered by varying the number, fiber orientations, and the stacking sequence of
layers in a laminate. This advantage of tailoring the material properties provides the
possibility of improving the structural performance of a shape resistant structure by
adjusting the properties of FRP laminates to strengthen the in-plane behavior of the shape
resistant design. Evolutionary design optimization methods have been successfully
developed and applied for optimal laminate designs requiring discrete changes of fiber
orientations and the stacking sequence. However, these methods cannot be directly
incorporated with shape optimization procedures, which depend on continuous changes
of the structural geometry. Material optimum designs are thus isolated from the shape-
finding process of structural resistant designs. Therefore, development of efficient
designs for FRP structures in infrastructure requires a general approach accomplishing

simultaneous shape and material optimization.



1.4.3 Shape and laminate optimization of FRP structures

From the previous discussion it is understood that finding an efficient structural
design of a laminated FRP structure that meets all the requirements for a specific
application should be achieved not only by shaping the geometric configuration of the
structure, but also by tailoring the material properties, It is thus considerably more
complex to find efficient designs for laminated FRP structures than for those made of
isotropic materials.

Several researchers have investigated the optimum structural design of FRP structural
components. For example, Aref [2001] investigated an approach using genetic algorithms
to minimize the weight of structural components by simultaneously changing the cross-
sectional shape and ply orientations of the FRP laminates. In another effort, Qiao et al.
[1998] developed a global approximation method to optimize material architecture by
volume fractions of cross-plies and the cross-sectional area of laminated FRP beams. In
spite of these and other developments, the methods developed thus far for the
optimization of FRP laminate structures are only applied to what can be termed as sizing
optimization of standard linear shapes with limited laminate optimization of thickness
and/or orientation of limited number of plies.

Although research on the optimum design of FRP laminates and components has been
under continued investigation, it is much less developed than shape optimization
algorithms for conventional structures. The optimum design of an FRP laminate structure
involves both the shape optimization of the structure and the material optimizations of the
laminate. Thus, a general approach is required to simultaneously solve for structural

shape and material properties thus improve the performance of laminated FRP structures.
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1.5 Objective and scope of the dissertation

The main objective of the research reported in this dissertation was to develop an
implement a general analytical approach for the development and optimal design c
material-adopted shapes for laminated FRP composites in civil structures. The propose
analytical approach was evaluated and validated by optimizing FRP shell structures an
applied to develop innovative bridge systems using FRP membrane/shell elements.

The dissertation outlines the developed analytical procedure for simultaneousl
finding the optimal shape and optimal laminate design of FRP structures. The integrate
approach serves as an analytical tool to aid in the design of laminated FRP composit
bridge systems and provides insight to the concept of efficiently using FRP laminates b
taking advantage of their directional strength and material tailorability.

Chapter 1 provides with an introduction to FRP composites, particularly laminate
FRP composites and their mechanical properties. Current applications of FRP composite
in civil structures are briefly reviewed. The research motivation is discussed, followed b
the research scope.

Chapter 2 presents the fundamental relations that govern the linear elastic propertie
of FRP laminates. The chapter then discusses the computation of elastic properties a
functions of variables that can be changed during the design process, followed by th
formulation of constraints between these variables.

Chapter 3 reviews the existing techniques and their limits for form finding c
membrane structures and shape optimization of shell structures. The concept of structur:

shape optimization is then introduced with a brief discussion of requirements for materiz
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optimization of FRP laminates. Finally, an uncoupled integrated approach is proposed for
shape and material optimization.

Chapter 4 and Chapter 5, respectively, describe the optimization problem
formulation, the chosen algorithm and its corresponding implementation for each
optimization level in the integrated approach.

Chapter 6 focuses on the investigation of the performance and stability of the
integrated approach by investigating the optimization of FRP shells. The proposed
approach is evaluated by studying and comparing the structural behavior between a
shape-and-material optimized shell and two shape-only optimized shells.

Chapter 7 proposes two types of FRP composite membrane-based bridge systems that
effectively employ laminated FRP composites. The developed integrated approach is
implemented and evaluated through analytical studies on these two bridges.

Chapter 8 summarizes and concludes the current research efforts for the integrated

shape and laminate optimization and provides recommendations for future research.
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2 Laminated Fiber Reinforced Polymer (FRP) Composites

Laminated FRP composites are a class of composite materials where the layers of
unidirectional fiber-reinforced composites are staked at different orientations. By varying
volume fractions and the fiber orientations of layers in a laminate, material properties of
the entire laminate can be adjusted to meet the requirements of a design. FRP laminates
have a wide range of application in structural design, especially for high-performance
structures that have stringent requirements of specific (property divided by weight)
stiffness and strength. In this research, FRP laminates are the only type of FRP composite
considered in the composite structures.

Applicable structural designs require meeting certain response quantities such as
displacements, stresses, buckling loads and natural frequencies. These response quantities
depend on the constitutive behavior of materials, which are determined by the elastic
properties such as Young’s modulus, shear modulus, and Poisson’s ratio. For laminated
FRP composites, the constitutive behavior is determined not only by the these elastic
properties but also by the parameters of fiber orientations and stacking sequence that can
be altered in order to improve structural performance.

The objective of this chapter is to discuss how the sectional stiffness calculations of
FRP laminates depend on the parameters that can be changed during a design process.
The chapter begins by presenting the stress-strain relation that governs linear elastic
responses of an orthotropic lamina. The section stiffness of FRP laminates composed of
orthotropic laminas oriented at angles is then formulated based on the constitutive
relations and the lamination stacking sequence. In addition, the formulation of the section

stiffness is given in mathematical terms of lamina invariants and lamination parameters.
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This alternative formulation of the section stiffness requires establishing the relationships
between lamination parameters when altering fiber orientations in a stacking sequence.
Thus, the feasible domain of out-plane lamination parameters is explored with respect to

the in-plane lamination parameters at the end of this Chapter.

2.1 Constitutive relations for FRP laminates
The stress-strain relation for a three-dimensional anisotropic linear material, also
known as Hooke’s law, is expressed in the following tensor form:
G=CijmnEnn (2.1)
Because of symmetry, 0j=0j and &un=&m, there are only 21 independent material

constants in the C matrix, in which Cijjmn=Cjimn=Cijnm. S0, Eq. (2.1) can be rewritten in the

matrix form:
o-ll Cll Cll Cl3 CIA C15 C|6 €]l
0-22 C22 C23 C24 CZS C26 22
0.33 | — C33 C’M C35 C36 ¢ 833 . (22)
0.23 C44 C45 CJ() 823
0—31 CSS CS() 83]
1012 sym Ces J L€

In the case of a three-dimensional orthotropic material, such as a unidirectional fiber-
reinforced lamina, there are two perpendicular planes of symmetry that define two
principal axes of material properties. These principal axes correspond to the direction of
the fibers and the directions perpendicular to the fibers, denoted by subscripts 1, 2 and 3,
respectively. The stress-strain relation in the principal material directions of an

orthotropic lamina is given by Eq. (2.3)
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oy Cu C]Z C” 0 0 0 &
273 sz C23 0 0 0 €y
o] C 0 0 0
19 L ) 33 &y (2.3)
(o c, O 0 ||é&xn
05 C55 0 &y
LO-IZ, \sym C66, 512

Due to the thinness of typical lamina, all layers of the FRP laminates are assumed to
behave in a plane stress state in the 1-2 principal material plane so that 033 =0, 023 = 0

and o073 = 0. The strain-stress relation is then simplified to Eq. (2.4)

o0 0, Q. 0 |l&,
Opt=|0, On 0 €y, 24
o0, 0 0 O &0

where the Qj; are the reduced material stiffness coefficients which are given in terms of

four independent engineering material constants in principal material directions as:

E E
0, = —L, 2= —,
I-VIZVZI 1_V12V2|
v, E v, E
le — 1t _ 211 , (2.5)
I_VIZVZl 1—V12V2I
O =02

Since an orthotropic FRP layer can be generally oriented at a certain angle with
respect to a structural coordinate system of x-y-z, the stress-strain relations (Eq. (2.4)) in
the material coordinate system must be transformed to the structural coordinate system.

The transformation of stresses and strains can be accomplished by

0-11 O.xx €” gu
0pt=Tio, ¢ and <&, =T€ ¢, (2.6)
o, o, &, £,
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where T is a transformation matrix. Assuming that the 1-2-3 axis originally coincides
with the x-y-z axis and considering a rotation & about the 3 (or z) axis, the

transformation matrix is given by:

cos’ @ sin’ @ 2cos@sin @
T=| sin’é cos’@  —2cosfsinf |. (2.7)
—cos@sin@ cosfsin@ cos’@—sin’ b

With Eq. (2.6) and Eq. (2.7) substituted into Eq. (2.4), the strain-stress relation in the

structural coordinate system is transformed to:

U.U g_v.r Q 1 él 2 él 6 g.u
o, t=T"QTie, =0, On Ol (2.8)
o-xy 8,\)’ Ql 6 Q26 Q66 E.\y

Q‘j are called the transformed reduced stiffness coefficients, which can be expressed

in a simpler form by introducing the lamina invariants [Tsai and Hahn, 1980] as:

0, =U,+U,co0s20+U, cos48 (2.9a)
0, =U, -U,cos46 (2.9b)
Q,, =U, —U,c0s20 +U, cos 40 (2.9¢)
06 =%U2 sin260 + U, sin 40 (2.9d)
0, = %UzSinZQ -U,Sin46 (2.9¢)
O =U; —U,cos48 (2.91)

where the U’s are the lamina invarnants defined as [Tsai and Hahn, 1980]:

U, = (3Qn +30,, +20,, + 4Q66) (2.10a)

0| m—
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1
U, :"2'(Q1| _sz) (2.10b)

1

U, =§(Q11 + 0y —20,, —404) (2.10¢)
1

U, =500, +0, +60, ~40,) (2.10d)
1

Us = E(Qn +0y —20, + 4Q66) (2.10e)

When n orthotropic layers oriented at different angles are stacked together, a set of
additional assumptions are needed in order to derive the equations that govern the
constitutive behavior of the laminate. Each layer is assumed to be perfectly bonded to the
adjacent layers so that the laminated layers deform in unison without experiencing any
discontinuity in displacements. Furthermore, Classical Kirchhoff plate theory is assumed
for the bending behavior of the laminate so that the strains in the out-of-plane direction z
are neglected and the w displacement in direction z is constant through the thickness of
the laminate. These two assumptions, along with the assumption of the layers being in a
state of plane stress, define what is known as classical lamination theory (CLT), which

will be applied herein to formulate the constitutive behavior of the laminates.

Z hk[=Zk+l'Zk

T 17

N [/
W2 // ©_6 // (\ l

N ® 6 4 A z ! T 2L+
) VA i il
2 ) "

h/2 g,

/@ 6, ( ‘
. / @ 61 \

Figure 2—-1 Laminated FRP composites
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According to CLT, the strains in a plate under a state of stress can be defined by the

addition of the constant mid-plane strain {£“} and the linear variation due to the bending

curvatures { x} as:

pay

[
pey
_ o
w{ =1y (T K, (2.11)
o
o 2 Ky

The stresses in the k™ ply expressed by the material reduced stiffness of that particular

ply are:
(k) — - — k)
O-.\'x Ql 1 Ql 2 Ql 6 g,:v Ku
—| Ve N (k)
o, =10, 0, 0Ok w2 K ol (2.12)
o.,\y Q16 Q26 Q66 8;; 9%

The stress resultants and moment resultants for unit width of the cross section are

obtained by integrating the stresses of all plies through the laminate thickness:

(k)

N, O n O

Ny = .[-hhllzz Oy dz = ;J.;:_, Oy (42, (2.132)
\ny Oy ) (%

( M, o, (k) o
M, =[N0, e kZl: [ 10, fedz. (2.13b)
\MXY Oy i Oy

Substituting the stress-strain relations of Eq. (2.12) into Eq. (2.13), the following

section stiffness of the laminate is obtained:
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N( All All AI6 Bll BIZ BH‘) E:‘
N) AZZ AZ() Bll BZI BZ{) €’\,
N, N Ay B By By |l€ @.14)
M x D1| Dl: le K‘
M.\ Dll DZG K\
M, sym Dy || Kk,

where, [Alsa is the extensional (in-plane) stiffness matrix; [B]ss is the bending-
extension coupling stiffness matrix; and [D]s. is the flexural (out-plane) stiffness matrix.

The components of the A-B-D matrix can be expressed in terms of the reduced stiffness

Q;k) ’s of each layer by

A,=20"( ~z.) (2.153)
k=1
e
B, =230 (a2 -2) (2.15b)
k=1
D, :% 002 -2) (2.15¢)
k=1

If all layers are of the same material, the components of the stiffness matrix can be

further simplified by substituting (2.9) into (2.15) obtaining:

A;=h-A)(U.V) (2.16a)
ooy

B, =7~BU(U,V) (2.16b)
Bt

D, =E-D,,(u.v) (2.16¢)

where the V’s are termed lamination parameters. The use of lamination parameters was
first proposed by Tsai and Hahn [1980]. However, it should be noted that the notation

used in Eq. (2.16) uses a non-dimensional formulation of the lamination parameters,
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which deviates from the classical definition from Tsai and Hahn [1980] by the multipliers

h, h*/2, and h’/12, respectively. The non-dimensional formulation has been found to be

more convenient for use in optimization problems [Miki, 1982; 1985], and is defined by

the following expressions.

VO{A‘B‘D) = {1’ 0, 1}’

u 1 2 ¢, , 12
Viaso) = ZCOS 29(0{;(@ TR )’ P (Z[ - Zk-—l)’ ; (Z; - Zlf—l
k=1

2, 1 2/, L, 12
V?.(A,B.D} = ;sm 29“0{;(@ TR )’ F(Z[ — 20 )* _(Zk} - Zf--n )}
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The A, B,

i Bijs

hZ

parameters V’s are summarized in Table 2—-1.

(2.17a)

(2.17b)

(2.17¢)

(2.17d)

(2.17¢)

D,.:. coefficients in terms of the lamina invariants U’s and the lamination

Table 2-1 A*, B*, and D" matrices in terms of lamina invariants and lamination

parameters
VO(A.B.D} VHA,B.D) VZ(A.B,D) VBIA,B.D} V4(A.B.D)
{AI.I’BI‘I’DI.I} Ul U2 0 U1 0
{A;Z'B;szzz} Ul 'UZ 0 U] 0
{A5,.8;,.0;,} Us 0 0 U, 0
{Ace Bis. Dy Us 0 0 U, 0
{A%. Bl DLy} 0 0 U, 0 2U,
{45 B, D} 0 0 U, 0 2U,

The lamina invariants U’s are independent of the ply orientation and are determined

only by the property of a single layer with respect to the material coordinate system. The

lamination parameters V’s are related to the fiber orientations and stacking sequence of
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the layers with respect to the structural coordinate system. Thus, as long as the properties
of the FRP lamina are known, the section stiffness of an FRP laminate can be determined

by lamination parameters representing the fiber orientations and the stacking sequence.

2.2 Stacking sequence of laminates

In the previous section, the section stiffness matrix describing the elastic responses of
a laminate was presented. According to the section stiffness matrix, it should be noted
that coupling effects may exist. These coupling effects are easily introduced by random
stacking sequences. However, these coupling effects can hamper the effective use of FRP
laminates, and their source and effect should be clearly understood.

The [B] matrix represents the coupling effects between in-plane and out-of-plane
deformations. Then, according to Eq. (2.17), the [B] matrix vanishes when the stacking
sequence of a laminate is restricted to be symmetric with respect to the laminate mid-
plane. According to Eq. (2.14), for symmetric laminates, the in-plane responses and out-
of-plane responses can be solved independently. The in-plane resultants are only related
to the mid-plane strains and the moment resultants are only related to the section
curvatures.

The stiffness terms A6 and Ay in the in-plane stiffness matrix creates a shear-and-
extension coupling effect. This coupling effect will result in in-plane normal stress
resultants by shear deformations. The shear-and-extension coupling can be eliminated by
balancing layers of off-axis fiber orientations. Balanced laminates require that for each

layer with a negative orientation angle @there is a layer with a positive orientation angle

6. Although the layers in a balanced pair do not need to be placed adjacent to each other,
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the distance of two balanced layers will determine the value of the bending-twisting
coupling terms of D;s and Das.

The bending-twisting coupling terms D;s and Dy exist for all laminates that have off-
axis fiber orientations. The out-of-plane bending-twisting coupling effect can not be
eliminated even when balanced laminates are used. However, balanced laminates in
which layers of positive and negative off-axis angles are placed adjacent to one another
will reduce the effect of out-of-plane bending-twisting coupling. Furthermore, for a
certain laminate thickness, the bending-twisting terms, D;s and Dss, vanish with an
increasing number of the layers. This behavior will be proved in the following section
dealing with constrained relations between lamination parameters.

Designs with consideration of coupling effects are generally avoided in the use of
FRP laminates, unless the coupling behavior is sought for pseudo-active structures. Thus,
only balanced and symmetric laminates, which have the least-pronounced coupling
characteristics, were investigated in the current research. Coupling of the in-plane and
out-of-plane responses, denoted by the [B] matrix, vanishes for<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>