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ABSTRACT
BELLMAN FUNCTION AND BMO
By

Leonid Slavin

The Bellman function method is applied to three different problems in harmonic anal-
ysis. The first, introductory chapter outlines the specifics of the method, addresses its
stochastic control origins, and gives a harmonic analysis perspective. A brief descrip-
tion of the main function space under consideration, BMO, is also provided. In the
second chapter, the integral form of the John-Nirenberg inequality for BMO func-
tions is examined, the corresponding Bellman function explicitly found, and the sharp
constants in the inequality as well as the exact bounds on the region of its validity
established. Two cases, those of the continuous and dyadic BMO, are treated and
the results differ significantly between the cases. In the third chapter, the dyadic ver-
sion of the Chang-Wilson-Wollf theorem for functions whose s-function is uniformly
bounded is proved using a Bellman-type argument. Furthermore, a local version
of the theorem is established, whereby the s-function is assumed to be bounded
on a measurable subset E of [0,1]. Consequently, the exponential summability of
the second order over E is derived. In the fourth chapter, the famous question of
H! — BMO duality is considered. Two cases, the continuous and dyadic ones, are
treated and the same key lemma, based on a Bellman-type argument, is used in both
to establish the embedding of BMO in the corresponding dual space. Moreover, in

the dyadic case, an explicit estimate for the norm of the embedding is found.
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Chapter 1

Preliminaries

1.1 Introduction

This work is a compilation of three results united by a common theme. In all three,
a relatively new harmonic analysis technique is used to establish the crucial segments
of the argument: the Bellman function method. With its origins in stochastic control,
its timeline in analysis both short and rich, and its scope seemingly unlimited, the
method is as novel as it is powerful. Every successful application, therefore, serves
to further the method’s legacy as well as explore and develop its subtle and intricate
aspects that only come to light in a particular problem. That is why applying the
Bellman function technique to problems that have been solved by other methods
merits a researcher’s time. Due to its nature, this technique often streamlines the
proofs and/or reveals new properties of the function spaces under consideration. What
is more, it has been applied to obtain sharp and dimensionless results in existing
estimates and inequalities, establish their regions of validity, and, sometimes, disprove

intriguing conjectures.

The other theme linking the results presented is, as the title suggests, the function

space for whose elements they are valid. It is BMQO, the space of functions of



bounded mean oscillation (see below for detailed description). The first and the last
results establish certain properties of BMO functions explicitly, whereas the second
one deals with a space that is better (smaller) than BMO, and whose elements
thus possess properties that are similar in nature to those of BMQO functions, but
stronger; that is to say it proves exponential integrability but of higher order than
that of BMO.

Chapter 2 is on the John-Nirenberg inequality for BMO, perhaps the most fun-
damental property of BMO functions. It establishes sharp constants and bounds
previously unknown. This is a joint result with Professor Vasily Vasyunin of St.
Petersburg Department of Steklov Mathematical Institute and Mathematics Depart-
ment of St. Petersburg State University. This work was inspired by that of Professor
Alexander Volberg of Michigan State University, the mathematician who is, perhaps,
the most responsible for establishing and promoting the Bellman function method
as a tool in harmonic analysis. It is his presentation of the stochastic control Bell-
man set-up for the John-Nirenberg inequality in [15] and an earlier version of [24]
that, at about the same time but at vastly distant venues, caught our attention and
spurred further research. We then independently found the Bellman function for the
problem, after which we joined the efforts to solve the problem completely. Many
useful discussions with A. Volberg have allowed us to use his insight and expertise.
Two formulations, the continuous and dyadic, are considered. Notably, the results

are significantly different in the two cases.

Chapter 3 is on a joint result with A. Volberg. It gives a Bellman-function-type
proof of a famous result of Chang, Wilson, and Wolff for functions whose square
function is bounded and uses that result to establish that the square of such a function
is exponentially summable. More precisely, for any ¢ from the unit ball in the
corresponding space (with the usual factorization over constant functions and the s-

. . 2 . . . .
function as the semi-norm), e®¥” is integrable. Furthermore, we give a local version



of the theorem, whereas the s-function is assumed to be from L*(E), as opposed to
L>([0,1]), for a measurable subset E of [0,1]. The result is a weak-form estimate,
similar to that in the Chang, Wilson, Wolff’s original paper [2] and a uniform bound
on the integral [; e’ for some a > 0. The article [2] does not give the local
version, although it seems that the authors’ reasoning can be modified to make it
work for an arbitrary E. Our proof is short, straightforward, and constructive —
the usual advantages of the method used. The formulation of an extremal problem is
discussed, although the “Bellman function” used in the proof is a supersolution of the
optimization problem, i.e. a majorate of the “true” Bellman function. The Bellman
approach to this problem has very intriguing implications, as discussed in the section

on research prospects.

Chapter 4 is on a joint result with A.Volberg. It examines the old question of
H! — BMO duality, first addressed by Fefferman in [5]. We use a Bellman-type
reasoning to establish a key lemma, which then works to prove two duality results:
the continuous one and its dyadic analog. No optimization problem is set up; thus
we use a hands-on, heuristic approach to find a “Bellman function,” whose properties
are dictated by the differential estimates in the lemma. As is often the case with this
technique, we are able to obtain an explicit embedding constant in the dyadic case,
although we do not discuss whether it is sharp. Moreover, the same proof seems to
work in a multidimensional setting and, with the types of H! and BMO norms

used, the constants of embedding are dimensionless.

One common feature, the hallmark of a Bellman function or Bellman-function-type
proof, that is present in all three results is the unwrapping of a certain integral sum,
undoubtedly the main connection between stochastic control and harmonic analysis.

We expand on this connection in the next two sections.



1.2 Stochastic control Bellman function

We will formally derive the Bellman equation for a controlled stochastic process fol-

lowing the exposition in [15, 24, 10].

Let z! be an d-dimensional stochastic process, satisfying the stochastic differential

equation

t t
:c‘=x+/ a(a’,:c’)dw’+/ b(a’,z°) ds. (1.1)
0

0

Here t is the time, w' is a d;-dimensional Wiener process, o(a,y) is a d x d,
matrix, and b is a d-dimensional vector. Different choices of the control, a®, which
is a d-dimensional stochastic process, give us different trajectories, i.e. different
solutions of (1.1). The derivation we give will be entirely formal; thus we do not

address questions of existence or uniqueness of solutions.

Equation (1.1) is a part of an optimal control problem. Namely, given a profit function

f%, on the trajectory zt, for the interval [t,t+ At], the profit is

Fo (2t At + o(At).
Therefore, on the whole trajectory we earn

/ Fo(h) dt.
0
We want to choose the control @ = {a’} to maximize the average profit
v(z) = E / £ (2t) dt + TE(F(z")), (1.2)
0 —00

for the process starting at z. Here F > 0 is the bonus function — one gets it when



one retires. The Bellman function for the process (1.1) is the optimal average gain,

v(z) = supv(x), (1.3)
a€A

where A is the set of admissible controls; v satisfies the well-known Bellman (par-
tial) differential equation, which is based on two ingredients: Bellman’s principle and

Ito’s formula.

Bellman’s principle states that

v(z) = supE [ /0 t o (z*)ds + v(x')] . (1.4)

a€A

To explain it, we fix t > 0 and consider an individual trajectory. The profit for the

/(: f°"(:c’) ds.

Suppose the trajectory has reached the point y at the moment ¢. The maximal

interval [0,t] is given by

average profit we can make starting at ¢ and at the point y is precisely v(y).
Indeed, since the increments of w® for s > t do not depend on w",7 < ¢, and
equation (1.1) is time-invariant, there is no difference between starting at time 0 or
at time t. Applying the full probability formula to take into account all possible

endpoints y = !, we obtain (1.4).

Let us now explain the version of Ito’s formula that we need. Fix a moment of time
s and a small increment As. We want to estimate the difference v(z*+4*) — v(z*).
Let Aw® = w**4* —w®. Assuming enough smoothness, we can use Taylor’s formula.

Among others, we will have the term



After taking the expectation, the first term will vanish, since each Awyj is indepen-

dent of z* and has zero mean. The second term can be rewritten as
E (L:‘l"s(x’)v) (z°)As,

with the first order differential operator L{ given by

d
L3 =3 bila,s) o

The next term in the Taylor formula will be

2 Z 61'7.13131: (Z oirAwg + bi(a®, z°) s) (Zk:a,-kAwk + bi(a’,x )As) .

Averaging over probability, taking into account the fact that EAwjAw;, = As if

k =m and 0 otherwise, and omitting the terms with (As)?, we get
E (C‘;s(:r’)v) (z°)As,

where the second-order differential operator L3 is given by

32
L:a Z aiJ a 1: axlaxj; ‘J(a 1: Za'k a x)ng(a z)

i,j=1

Gathering all the terms together and omitting the ones with powers of As greater

than one, we obtain

E(v(z")) = v(z) + IE/O L (z*) v(z®) ds, (1.5)

where £* = L£§+ L. That is the application of Ito’s formula we need. Putting (1.5)



into Bellman’s principle (1.4), we get

0 =sup [/Ot () + /Ot £ (z*) v(z*) ds] .

acA

Dividing by t an taking the limit as ¢t — 0 (assuming it is justified), we get Bellman’s

partial differential equation supplemented by the obstacle condition v > F

sup [L*(z)v(z) + f*(z)] =0, z € Q
a€A (1.6)
v(z) > F(z), z € Q.

1.3 Harmonic analysis Bellman function

The scope of applications of the Bellman function method has been exceptionally
broad. While the method seems well suited for proving weighted norm inequalities
(see the early 1995 version of paper [16], the ground-breaking proof of the matrix
Hunt-Muckenhoupt-Wheeden theorem in [13], or a more recent result in [20]; alter-
natively, see [12] for a two-weight negative result), it has found use in areas far from
its origins. The (much needed) anthology of the existing Bellman function results is
far beyond the scope of this chapter. An incomplete list of references, besides those
already named, includes (7, 14, 17, 18, 19] and, perhaps the closest in spirit to the

current work, [23].

This panoply of results seemed to necessitate the development of a uniform founda-
tion. Such a foundation has been found in the very field from which the notion of a
Bellman function first arose — that of stochastic control. The work on developing
the stochastic control framework for harmonic analysis problems was begun in [15]
and continued in [24]. It is in paper [15] that the famous result of Burkholder for
martingale transforms [3] was interpreted from the stochastic perspective. We refer

the reader to these articles for a thorough exposition and many interesting examples.



Here, we would like to indicate the general principles of the stochastic control frame-
work. We will use them to develop the Bellman equation for the John-Nirenberg

inequality after we introduce the space BMO in the next section.

The problems that can be treated using the Bellman function from stochastic control
and thus the machinery of the previous section are always dyadic. It is often possible
to pass from a dyadic problem to the corresponding problem with analytic or harmonic
function using some kind of Green’s formula. (That is exactly what is done in Chapter
4 in the continuous case.) It is, therefore, very interesting and unexpected that in the
John-Nirenberg setting of Chapter 2, we, motivated by the stochastic control Bellman
function formally derived for the inequality, first solve the continuous problem and

only then use those results to return to the dyadic case.

First of all, we make a choice of variables so that the function space under con-
sideration is mapped onto a Euclidean domain. Namely, assume that we want to
prove a certain inequality for all functions from the §-ball, Fj, of a space F. Then,
with every pair (p,J), where ¢ € F5 and J is a dyadic interval, we associate a
d-dimensional vector r = (z;,Z3,...,Zq4) in a domain 25 whose geometry is de-
termined by the space F. Very often, the coordinates z; will have a martingale
structure; we often see z1(p,J) = (p),. (We make a choice like this when dealing
with the John-Nirenberg inequality below.) The vector z then is the state vector of
our system, i.e. a solution of (1.1). Thus, given a function ¢ € Fjs, we know the state
of the system on every dyadic level (for every generation of dyadic intervals), that is
to say, at every moment t. Naturally, the time is now discrete and is equivalent to

the order of the current generation. Instead of (1.1), we now have a discrete model

™ = 4 0(0", :L‘")A"’U) + b(a"’ x")_ (17)

Most of the time, we have o = diag{a;,as,...,aqs}. The exact form of the matrix



o and the vector b is determined by the difference z"*! — z™. The Wiener process
is very often just a series of coin tosses: we either move to the left or the right half

of the interval I. Thus the equation (1.7) often becomes
xn+l =" + ané-n + b(an,xn),

where £™ is either 1 or —1. If we are maximizing a sum of the form

that sum can be interpreted as the expectation of the cumulative gain f0°° < (z*) ds,
allowing us to choose the profit function correctly. On the other hand, if we have a
term of the form (g(y)); to maximize, and z; = (p), then the bonus (obstacle)

function is g(z;).

We have described the method very empirically but just enough to be able to for-
mulate the Bellman optimization problem for the John-Nirenberg inequality. First,
however, we need to introduce the space in question, BMQO, in order to understand

the geometry of the state domain .

1.4 The space BMO

1.4.1 John-Nirenberg inequality

The space of functions of bounded mean oscillation, or BMO, was introduced by
John and Nirenberg in [8] in their work on partial differential equations and quickly
began to play a very prominent role in harmonic analysis. An excellent reference on
the complex-variable approach to BMO is [6], whereas [21] describes this space in

the real-variable and multi-dimensional setting in great detail.



The original definition follows. Let I be an interval. Then

BMO(I) = {<p € L'(I): sup— /Icp (p),| dt < oo} (1.8)
act [J]
Here (p); = —T J;e(t)dt, and J is a subinterval of I. If we factorize the space

(1.8) over constant functions, it becomes a Banach space with the norm

1
llellBMo(ry = sup —/ lo(t) = (@), dt. (1.9)
gcr |1 Js

The most fundamental result for BMO is the weak-form John-Nirenberg theorem,
first proved in [8], that states that for every ¢ € BMO(I) one has

m({z €1: |p(z) - ()| > A}) < ™2 ¥IBMON), (1.10)

Finding the sharp constants in the inequality (1.10) is a natural goal. In an important

development, Korenovskii found the sharp constant ¢, = 2/e in [9)].

A remarkable consequence of the John-Nirenberg inequality is that every BMO func-

tion ¢ isin LP(I),1 <p < oo and

(gg:;f,—l [ e)=tor dt) " (1.11)

defines an equivalent norm on BMO(I). We are particularly interested in using the

L?-based norm. Let

1 . 1/2
lellssrous = (sup— oY dt) . (1.12)
gcr ) Jy

We can — and this is the main reason for using p =2 — rewrite (1.12) as

1/2
lellBrocn.2 = (52‘1) {<<p2)J - (cp)i}) . (1.13)

10



Furthermore, we have the corresponding weak-form John-Nirenberg inequality
m({z €1 |p(x)— (o) > A}) < cre” ¥ I¥lBMOM2, (1.14)

with constants ¢; and c, different from those in (1.10). One can rewrite (1.14) in
the integral form, as follows. There exists €p > 0 such that for every € < ¢ and

every ¢ € BMO(I) such that |l¢||pmo(n.2 <€, we have
(e®); < C(e)e!1, (1.15)

for some constant C(e). The inequality (1.15) is the reverse Jensen inequality. Find-
ing the sharp value for €o and the sharp expression for C(e) is highly desirable.

Chapter 2 describes how it is done in both continuous and dyadic settings.

1.4.2 H!— BMO duality

A major reason BMO gained prominence is paper [5] in which Fefferman established
it as dual to H!. This is the result we take up in Chapter 4. Both spaces are
considered on the unit circle T. Again, we treat two cases, the continuous and

dyadic. In the dyadic case, we use the following BMO norm

Il = sup = 5= (49, = )2 11, (1.16)

IcJ

where D is the dyadic lattice rooted in T and I_,I, are the left and right halves
of the dyadic arc I, correspondingly. Here, the advantage of the L2-formulation for

BMO is evident, since

51 2 (0, = 00) =4, = 3)

I1CJ

11



(See Chapter 4 for a detailed explanation.) Thus we are using virtually the same

BMO norm as in (1.12).

In the continuous case, the equivalence of the norm (1.12) and

arc ICT

= su 1 "1 -
lell = w7 [ 6@~ e aace) (117

where ¢(z) is the harmonic extension of ¢ into the disk and Q; is the Carleson

square based on the arc I, can be found, for instance, in [21].

1.5 The Bellman equation for the John-Nirenberg
inequality

To preserve history, we will develop the equation in the way we first encountered
it, although the attentive reader will notice that we use a slightly different choice
of variables in Chapter 2. According to the previous section, we have the follow-
ing underlying dyadic problem: Given that ((¢ — (¢);)?), < 62, for every dyadic

subinterval J of I, prove that
(e®); < C(8)et1.

For every J, let 2, = (p),, z2 = {(¢ — (») J)2) ;- The Cauchy inequality and the

assumption of the theorem give Q5 = {(z1,22): z; € R, 0 <z, < §}.

If we take conditional expectations E(-|z") of (1.7), we get

n\— n\+
bl(a,x") — ]E(I;H-ll:z:'l') — ;1;’1‘ = gi)__;_(:_c.l)_ _ 1.711 =0

12



and

n n n n T3)” + (z3)* n mn-_:cn+2 n
bg(a,x )=E(.’B2+1|:L‘2) -5 = ( 2) > ( 2) -z = (( 2) 5 ( 2) ) — (01)2-
Furthermore, according to the reasoning of section 1.3, the profit function is 0 and
the obstacle function is F(z) = e*1. We, therefore, solve the optimization problem

ov

1
sup [-2- (dzv,v) - 6_152-

a=(ay,ay)

af] 0
(1.18)

v(z) > €1,z € Q.

This is the formulation that led us (independently) to the corresponding family of

solutions
Vo —z, ezl+\/52—12—6
1-6 ’

vs(z) =
As it turned out, this function was NOT the dyadic Bellman function for the domain
5. It was not until the crucial splitting tool (Lemma 4 in Chapter 2) was developed in
[23] and the realization that the continuous case was the one to consider ensued, that
the result started to develop further. The continuous Bellman function was first dis-
covered and after much effort the dyadic one was found in the same family, although,

somewhat bafflingly, not on the same level (to clarify these cryptic statements, the

reader is encouraged to refer to Chapter 2 for a complete presentation).

1.6 Bellman-function-type proofs

We now attempt to address the type of Bellman function argument in which no
explicit Bellman function is found. We can roughly consider two categories of proofs
of this sort. First, we may have an extremal problem posed and, instead of finding

the Bellman function itself, we find its majorate. Provided that is bounded, so is the

13



Bellman function and the result follows. The influential papers [15, 24] describe the
procedure for finding such majorates, provided the corresponding Bellman equation
has been obtained. Chapter 3 details a result of this kind. However, we do not
even attempt to obtain the Bellman equation there. The reason is that the most
important property of the formal stochastic-control-like development in the previous
sections was that the Bellman function, defined as the supremum (taken over all
elements of a function space) of an integral or a dyadic sum over an interval, would
not depend on the interval. For instance, in the John-Nirenberg setting of Chapter
2 (slightly different from that of the previous section), the Bellman function, defined
by

B.(z)= sup {(e®);: (@); =21,(¥%), =22},

llellemo(ry<e
does not depend on the interval I. This allows for effective modeling using the
stochastic control technique. In the case of the local Chang-Wilson-Wolff theorem,

given a measurable subset E of [0,1], the corresponding Bellman function

B?(l‘) = sup {/ etﬂﬁ(s) ds : (‘p)(oyll = :L‘l,SfS,l] = 1;2}
E

‘PEFa

is very FE-specific. This is, of course, due to the fact that E does not scale as well
as [0,1] itself does, i.e. dividing an interval in half, we will not necessarily divide
that interval’s portion of E in half. Of equal importance is the fact that the variable
Sy defined in the chapter does not have a martingale character to it; thus it does not

scale correctly either.

A reasonable question then is whether one can obtain a more manageable Bellman
function set-up in the case E = [0,1] (the original Chang-Wilson-Wolff case), if,
instead of S;, one uses the s-function itself as a variable. This remains subject of

further investigation.

The second category of Bellman-function-type arguments are the ones where the

14



extremal problem does not even enter the consideration. Chapter 4 deals with a result
of this kind, the H'—BMO duality. Although it is possible to think of an underlying
optimization problem, the Bellman function involved appears simply as a means to
carry out a clever segment of the proof. It is a very utilitarian approach — one
attempts to unwrap the corresponding sum over dyadic intervals with a nonexistent
(as of yet) function B and imposes such differential and quantitative properties on
the function as are required so that the estimates work out the right way, the coﬁstants
are not too big, etc. After that, one attempts to find the function satisfying the
properties so determined and, perhaps, optimize its parameters or tweak it otherwise.
We daresay this is the way many explicit Bellman functions as well as their majorates
are constructed. Admittedly, this is how the function in Chapter 3 was constructed
(The function in Chapter 2, however, stands out as a pure product of stochastic

control formalism.)

What, then, distinguishes a Bellman-type proof from any other? Precisely the un-
wrapping of an integral/dyadic sum, mentioned in the preceding paragraph. The
three key lemmas of the three chapters that follow this introduction, the reader will

notice, accomplish just that.

We are now in a position to present the main results of this thesis. It is our hope
that the reader will appreciate the unifying ideas behind the proofs and the flexibility
of the method in dealing with subtleties of each particular case. Some prospects for

future research are detailed in the last section.

15



Chapter 2

Sharp constants and bounds in the

John-Nirenberg inequality

2.1 Introduction

For any interval I C R and a function ¢ € L'(I), we denote by (yp), the average
of ¢ over I, (p); = [, ¢(t)dt. We define the space BMO(I) as

BMO(I) = {(p € L*(I): / l(t) — (@), [?dt < C?|J|,V interval J C I} (2.1)
J

with the best such C being the corresponding norm of ¢. This definition can be

rewritten in a more useful form:
BMO(I) = {p € L*(I): (¢*), - (p); < CLVJ C I} (2.2)
with the norm

1/2
lellBMmoy = (SJléI; {{*), - (90)3}) : (2.3)
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We also introduce BMO?(I), the dyadic analog of BMO(I), whose definition is
identical to that of BMO(I), except that the intervals J over which the supre-
mum is taken are members of the dyadic lattice based on I. Finally, by BMO,(I)
and BMOZ(I) we denote the e-ball (the ball of radius ¢ centered at 0) in the

corresponding space.
The following result is well known. (This is the integral form of the John-Nirenberg

theorem.)

Theorem. There exists €9 > 0 such that for every 0 < € < eo there is C(e) > 0

such that for any function ¢ € BMO.(I),
(e¥); < C(e)etN. (2.4)

We are interested in determining the sharp bound ¢, and the exact expression for
C(e). We will do that in the case of both, the conventional (continuous) BMO and

the dyadic BMO.

In accordance with the ideology of the Bellman function method, with every ball
BMO.(I) (BMO?(I)) and the set of all subintervals J C I we associate the

domain . = {z = (z1,7;) : 71 € R, 22 < 25 < 22 4+ €2} as follows
1 1

(@, ) — ({9): (")) - (2.5)

This map is well-defined because (cp)2J < (¢*,; (Cauchy inequality) and ¢ €
BMO.(I) (BMO(I)). On Q., we define the following Bellman functions

Bia)= sup {(e*);: (¢) =21, (¢*), = 2}, (2.6)
pEBMOe(I)
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Bg(z) = Sup {<€¢)1 2 @)y ==, <902>1 = '732} : (2.7)
peBMOY(I)

Observe that these functions do not depend on I. Finding them explicitly would
provide us with the complete solution of the John-Nirenberg problem. That is exactly
what we are able to accomplish. Remarkably and unlike many other Bellman function
problems, the results for the continuous and dyadic cases differ significantly. Which
is more, we first solve the continuous problem and only then use the corresponding

Bellman function family to solve the dyadic case.

2.2 Main results

Theorem 1. Let €9 = 1. For every 0 < e < g, let

C(e) = . (2.8)
Then, for any ¢ € BMO.(I),
(e¥); < C(e)et1. (2.9)

Moreover, €y and C(c) are sharp.

Theorem 2. Let eg = \/flog 2. Forevery 0<e< eg, let
Ce) = C(9), (2.10)
where C(0) is defined by (2.8) and & = 6(¢) is the unique solution of the equation

(1= V32 —e2)eVe? - [2 - ef/ﬂ] — (1 =8V, (2.11)
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Then, for any ¢ € BMOY(I),
(e#); < C(e)e1. (2.12)

Moreover, € and C%e) are sharp.

Theorems 1 and 2 are immediate consequences of the following results for the Bellman

functions (2.6) and (2.7). Let

/2=
Bs(z) = ! 511-;1 22 exp (x1 + /02 + 2 — x5 — 6) . (2.13)

Theorem 3. If 0 <e <1, then
B.(z) = B(x); (2.14)
if €e>1, then

el ifry =1}

+o0o if 23 > x?

Theorem 4. If 0 < e < v/2log?2, then

Bi(z) = Bs(e)(x); (2.15)

if €2 \/§log 2, then

el ifry =1}

+o0  ifxy > a2

Indeed, since the function t+— (1 —t)e! is decreasing for positive ¢, B assumes its
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maximum when z; = r? + €2, i.e.

—€
e*1,

e
<
B(z) < 1—¢

giving (2.9) and (2.12) with the sharp constant (2.8).

2.3 The continuous case

2.3.1 The key lemmas

We first consider the continuous case and prove Theorem 3. One can observe that
the proof does not work in the dyadic case. We split the proof of the identity (2.14)

into two parts.

Lemma 1. For every z € €.,

B.(z) > B(x).

Proof. We prove this inequality by explicitly finding a function ¢ for every point
z € Q. such that ((¢);, (¢?);) = (&1,72) and

(e¥); = Be(zy,x2).

Since zo = z? occurs if and only if ¢ = z; = const, it is clear that By(z) =

By(z) = €*1. So we only need to consider € > 0.

Take I =10,1], a € (0,1], b € R, v € R\{0}. Let

ylog3+b for0<t<a
Pap(t) =
b fora<t<1.
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Direct calculation shows that ¢ap, € BMO(I), (@ap~); = Ya + b, <‘P3.b.‘7>l =
2v%a + 2vab + b?, and

1-9y+ay
(egpa'bn)l - 1—y lf Y < 1

00 ify>1.

Since B.(z1,22) = B.(z1,22) = €"1 for all £, we only need to consider the points
z € Q, with x5 > z2. Then we can set a = l—m and b= z; — 7a,
which yields (@ap~); = a:l,<<p§‘,m), = z. Now, if we put v = € > 1, we get
B.(z) = 0o. For y=¢ € (0,1), we get

1 -2+ 12 — 1,
B(z) > (efab), = €T T exp (zl + \/52 + 22—z — e) = B.(z). O

1-—¢

Lemma 2. For every z € 2.,

B.(z) < B:(z) (2.16)

Proof. To establish (2.16), we first prove that B¢(z) < B, (z), Ve, > ¢€,Vz € Q,,
and take the limit as €; — €. (Observe that B, is continuous in € from above.)

We need the following two results:

Lemma 3. The function B, is concave in §)., i.e.

Be(a_z™ + a4xt) > a_Bc(z7) + a; B.(zt) (2.17)

for any straight-line segment with the endpoints t* that lies entirely in Q. and any

pair of nonnegative numbers ay such that a_ + a; = 1.

Lemma 4. Fiz €. Take any €, > €. Then for every interval I and every ¢ €

BMO(I), there exists such a splitting I = I_ U I, that the whole straight-line
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segment with the endpoints % = ((cp) I i,(cpz) ! :t) is inside Q. Moreover, the
splitting parameter a, = |I.|/|I| can be chosen uniformly (with respect to ¢ and

I ) separated from 0 and 1.

Assuming these lemmas for the moment, take ¢ € BMO,(I). Take any &; > e.
Observe that ¢ € BMO,(J) for any subinterval J of I. Split I according to the
rule from Lemma 4. Let 1°° =1, 1'% =] " =11, Nowsplit I_ and I,
according to the rule of Lemma 4 and continue this splitting. By I™™ we denote
the intervals of the n-th generation, as follows: I™%* = ["~1% apd [m2k+1 = [7-1k
so the second index runs from 0 to 2" —1. The corresponding points given by (2.5)
are indexed by the same pair of indices. Also, let oy, = |I™™|/|I|. Since Lemma 4
provides for the value of a, uniformly separated from 0 and 1 on every step, we
have

max  {|I™*|} - 0asn— oo.
k=0,1,...2" -1

Then, using Lemma 3 repeatedly, we have

B (230’0) > IIIYOI (.”L' K )+ |Il'1| (1:1'1)
€1 = IIO'OI €1 II0,0| €1
|11’0| |12’0| | |11'0| |12'1| 2,1
2 |790] |719] e (z77) + |799] |11,01351 (™)
14722 e,
[799] 71| e (z 1799|717 Bel(xzs) (2.18)
|I2'ol S |1 l 21 |1 | 22 II | 23
= |19 e (z49) + |100|B€1( )+ |IoolB€1( )+1100|B (™)
p 2l 2n_1 1
> n,m A n,m n,m il wn(s) d

m=0

where we have used the fact that Bel(:c) > et and ¢, is the step function,
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on(s) = '™ for s € I™™. Since ¢, converges almost everywhere to ¢, Fatou’s

Lemma yields

1 1 1
B¢ (z) > = lim sup/e‘“"(’)d’ > — /limsup e ds = — /e“’(’) ds = (e¥);.
] I ] Ji 11 Ji

Taking supremum over all ¢ with (p), = 23° = z; and (?); = 29° = x;, we
obtain the inequality

BEI ((L') Z BE(I),
thus proving the lemma. a

To finish the proof of Theorem 3, we need to prove Lemmas 3 and 4. In the section
“How to find the Bellman function” below, the function B is explicitly constructed
to be concave in ()., which is what Lemma 3 states. Thus Theorem 3 is contingent

on Lemma 4.

Proof of Lemma 4. We fix an interval I and a function ¢ € BMO(I). We now
explicitly construct an algorithm to find the splitting I = I_ U I, i.e. choose the
splitting parameters oy = |I|/|I|. As before, zF¥ = 1y T5 = (<p2),__t . Also,
put z) = (p); and zj = (p?),. Lastly, by [s,t] we will denote the straight-line
segment connecting two points s and t in the plane.

1

First, we take a_ = a, = 3. If the whole segment [z7,z*] isin €, we fix this

(V)]

splitting. Assuming it is not the case, there exists a point z on this segment with
T3 — 22 > €2. Observe that only one of the segments [z7,2° and [z*,z° contains
such points. Call the corresponding endpoint (z~ or zt) £.

Its position is completely defined by the choice of a,. Define the function p by:
play) = max, ,0{z2 — z}}. By assumption, p(3) > e}. We will now change a,

0

so that & approaches z° i.e. we will increase a, if £ = z* and decrease it if

£ = z~. We stop when p(a,) = €2 and fix that splitting. It remains to check that
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, E=a.

N

Figure 2.1: The initial splitting: a_ = a4 =

such a moment occurs at all and that the corresponding «. is separated from 0 and

1. Without loss of generality, assume that & = z+. Let I = [a,b]. Since ¢ € L%(I),
. b b

the functions & (ay) = ifb—lllm e(w)dw and &(ay) = a_1+'fb—|1|a+ ¢} (w)dw are

continuous on the interval (0,1] and &(1) = z°.

Therefore, p is continuous on
(0,1]. Since p(3) > €? and p(1) < €® < €? (recall, 2° € Q. ), we conclude that

there is a point a4 € [1,1] with p(ay) =€l

Having just proved that the desired point exists, we need to check that the cor-

responding a, is not too close to 0 or 1. If & = z*, we have o, > and

N

& — 29 = zf — 2} = a_(zf — z7). Analogously, if £ = =, we have a_ > ] and
& — 1) =27 — 2 = a,(z] — z7). Thus |§ — 29| = min{ags }z] — =T
For the stopping value of o, the straight line through the points z~,z* and z°

is tangent to the parabola z, = z? +¢? at some point y. The equation of this line
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Figure 2.2: The stopping time: [z7,€] is tangent to the parabola z, = z? + €2.

is, therefore, zo = 2z,y; — y? + €2. The line intersects the graph of z, = 22 + €2 at

z(e)* = (yl Ty e = 2y14/ €3 - 52)

and the graph of z, = z? at the points

the points

z(0)* = (y1 L &1, 92 £ 2y161).

We then have

[z(e) 7, 2(e)*] € [, €] € [&7,2*] € [2(0)7, 2(0)"]
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and, therefore,

2vel -2 = |z(e)] —x(e)y| < |a} — & = min{as }|zT — 27

< min{a4}|z(0)} — z(0)]| = min{a4}2¢,,

which implies

As promised, this estimate does not depend on ¢ or I.

2.3.2 How to find the Bellman function

We first observe that the Bellman function B must be of the form

B.(z) = exp {xl + we(z2 — xf)}

for some positive function w on [0,€?] such that w,(0) = 0.

(2.19)

Indeed, fix an interval I. Then ¢ € BMO.(I) if and only if ¢ + ¢ € BMO(I),

where ¢ is an arbitrary constant. Let @ = ¢ +c. We have (all averages are over I)

@) =(p)+¢, (B = (p?) +2c(p) +c% and (e?) =e°(e*). Then

sup  {(e®): (p) =21, (¢*) =z} =€ sup {(e*): (p) = z1,(¥?) = 22}

@€BMOe(I) p€BMOe(I)

or

sup {(€?): (3) = 21+ ¢,(P?) = T2 + 2cz) + F}
pEBMOe(I)

=& sup {(e): (p) = 71, (¢") = 23}

pEBMO¢(I)
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or

B.(z1 + ¢,z2 + 2cz; + c2) = €°B¢(z1, Z2).

Setting ¢ = —z;, and omitting the index ¢ we get

B(0,z; — zf) = e "1B(xy, Z3).

By the Jensen inequality ( (e¥) > e{? ), we get that B(0,z, —z?) > 1. Hence, there
exists a positive function w = logB(0,-) defined on the interval [0,e?] such that
(2.19) holds. Furthermore, zo = ; = 0 if and only if ¢ = 0. Thus B(0,0) = 1
and w(0) =0.

To use the machinery of Lemma 2, we need the Bellman function candidate B to be

a concave function. We thus want

B
~3r0m. (2.20)
i0T;
to be a nonnegative matrix.
Using (2.19), we get
g—:; = (1 - 2z,w")B,
OB ,
= —WB
61‘2 we
2
(ZT? = ((1 - 2z,w')? — 2u' + 4z?w") B,
1
2B
6?:1612 = (v'(1 - 25,w') — 2z,w") B,
0°B "
s = ((w')? + w") B.
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The matrix (2.20) turns into

J’B J)°B
S 0 Y 9
e SR ) (221)
¢ i 0 1 —2r 1
0.1'10.!'2 ()I:;
where
1 - 2u’ u
R = (2.22)

For the extremal function (if anyv) we must have equality at every step in (2.18) from

Lemma 2. so the matrix (2.20) has to be degenerate. Because of the representation

(2.21) and (2.22). this translates into
(1-2u") ((u')? + u") = (u)? (2.23)
2’ =13 0. (2.24)

We solve equation (2.23) by
(1 = 2u"yu" = 2(u')?

(-1_ — L s
2w~ w2) " T

t + const

*)
1\?
- (l - —) =t + const.
2u'

This implies that the constant lias to be nonpositive. We parametrize the tamily of

|
!
I



possible solutions by a positive parameter § setting const = —§%. Then we continue

1\*
(1- ) -5

and

QRN pur (2.25)

2w’

Condition (2.24) requires that the square root be strictly less than 1. Therefore, the
only feasible solutions for w are those for § < 1 and such a solution is defined on

the interval [0,4%]. Equation (2.25) gives

. 1
-V oy

and, taking into account that w(0) = 0, we obtain

w(t)—-—l-/t—l———ds—lo L=v8 -t i
T 1V os T T 1= ’

which, together with (2.19), gives formula (2.13)

32+ 2 —
BJ(I)=1 ij:l I2exp(zl+\/62+xf—:c2—6 .

2.3.3 How to find the extremal function

We now show how to find the extremal function that appeared without any explana-
tion in the proof of Lemma 1. As mentioned in the previous section, for the extremal
function there is equality at every step in the chain of inequalities (2.18). Thus in the

splitting process we only proceed along the vector field defined by the kernel vectors
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of the matrix (2.20). Using (2.13), we obtain the quadratic form of that matrix

2
8’B
E 6.1:56:1:1- AIAj

i,j=1
2
( $1+\/52+.’L‘%—$2)A1—%A2)
= expez1+1/02+ai—z —6}.
VErD -2 (1-0) XP{I b

Hence, the trajectories along which B is a linear function are given by

(xl + /0% + 22 - z2> dr, = -;-d(tg. (2.27)

Introducing the variable ¢t = /62 + z? — 25, we have t? = 62+ 12?2 — 1, and 2tdt =

(2.26)

2z, dz) — dz,. Replacing %dzz in (2.27) by z,dz, —tdt, we get tdz; = —tdt, ie.
t=c—z; and

Ty =6+ 1} -t =2cx, + 62 - .

The corresponding trajectories are the family of the straight lines tangent to the upper
bound z, = 22 + 6% of Qs at the point z = (c,c? + 62). Consider the following

family of straight-line segments
ws(c) = {x= (r1,2ct1+ 62 =) :c—6<1 < c}.
It covers the whole domain, i.e.

95 = U LU&(C).

ceR
Furthermore, B is a linear function on each segment ws(c). Indeed, since

82 + 12 — 2 = |T; — c| on the line 5 = 2cz; + 62 — 2, we have
1

14z, -

Bs(zy,2cx; + 6% — ) = T—3 Cec_‘s for c—6<z <c
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Therefore, if the points z*

d=¢).

are on such a segment, we have equality in (2.17) (with

Note that we have one more “acceptable trajectory,” the envelope of the segments

ws(c), the parabola z, = 22 + 62.

We now write what it means to be on one of our trajectories in terms of the function
. First, consider the case when the point z° is on the boundary, i.e. z9 is arbitrary
and 19 = (29)2 + 6% Let I =[0,1]. Split it at point a: I_ =[0,a]; I, = [a,1].
We can choose which point is to the right of z°. Assume it is z=. We try to place

it on the trajectory z, = z? + 2. Then for all a € [0,1] we have

2 =z; —(z7) = %/Oa Y2(t) dt — <% /: o(t) dt)2. (2.28)

Introducing the function ¢(a) = % f0° o(t) dt, we have ¢ = 6y’ and, after multipli-

cation by a, (2.28) turns into

Aa w’(t)2dt =a+ %d)?(a)

a a? a
2
V¥'(a) - —d’ia) = 1

()

Y(a) = ta (log% + const) .

Q|

Finally, we have (since we seek to maximize e¥, we choose the plus sign)

p(t)y=246 (log% - l) + 28, (2.29)
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where the constant has been chosen so that z9 is the mean value of .

Now, let z° be an arbitrary point inside ;. Then we make the splitting so that =~
is on the boundary z, = 22 + 6% and the segment w(z]) passes through the point

7%, Every point on that segment satisfies the equation

Ty = 27Ty + 6% — (27)3,

so z7 = 20 + /62 + (29)2 — 2. We choose the second endpoint z* to be the point
of intersection of ws(z;) and the lower boundary of €5, z, = z2. This is equivalent
to letting ¢ be constant on I,. Then zj = (z])? = 2z7z] +62—(z7)? and, hence,

z} = z7 — 6. Then for the splitting parameter a = a_ we have the equation

¥ = a_z7 + ayzf = az7 + (1 — a)zf =z + af,

giving us

+ - 0
I, — I

— _ 1 0 0
; - —1—3\/52+(z1)2—z2.

a= =1-

Since z§ = (zf)?, ¢ is constant on I, ol = z}, and for the interval I_
we use the procedure outlined above, since the point z~ is on the top boundary
curve. We only need to renormalize the function from (2.29) to this interval: ¢|, =

] (log% -1) +zj. This yields the function we used to prove Lemma 1.

2.4 The dyadic case

2.4.1 Preliminary considerations

We now explicitly construct BY, proving Theorem 4 and thus Theorem 2. It is
apparent that the proofs given above for the continuous case do not go through in

the dyadic case. In particular, Lemma 4 becomes irrelevant, since in the dyadic case
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one cannot choose the splitting of an interval because it is always split in half, i.e., in
the language of Lemma 3 and Lemma 4, a_ = a4 = % This seemingly makes the
proof of Lemma 2 impossible to use. We, however, are still able to use the chain of

inequalities in Lemma 2 to establish the results in the dyadic case.

A fundamental question that comes to mind first is whether the dyadic Bellman
function is different from the continuous one and if so, whether the size of the BMO¢?
ball in which the John-Nirenberg inequality is valid is the same in both cases (namely,
if it is still the unit ball). The following (counter)example answers the former question

in the positive and the latter, in the negative.

Fix € > 0. Let the function ¢ be defined on I = (0,1] by

<p|(2_(k+1),2_k] = (IC — l)a, k= 0, 1, ceey (230)

with the constant a to be determined later. We have the following picture for ¢

Saj
4a|
3a|
2a|

|
e
al~T
ol=T
=
N’
—

Figure 2.3: The counterexample to the conjecture g = 1.

We now calculate the BMO? norm of ¢ and choose a so that |l¢||gyod =€. The

only dyadic intervals on which ¢ is not constant and, hence, (©?) — () # 0 are
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the ones with 0 as their left endpoint. Let I, = (0,27"]. Then

v 2. ka a
W=7 [ eas=r Y g5=5
k=n-1

and

where we have used the identities

k:i;_lk(%)k -(z) » j;_ e(3) =) we

1

Then

lelsno = | sup_ {(#*), = (e)s}

= sup {<<p2>ln - (cp)?n} = sup {a®(n® + 2) — a’n?} = 24°.

Setting ||¢llgar0d = €, we get a = e/v2. Now,
o eka 0 1 /e k
(€)= orz = 21(7) :
k=—1 k=—1

The latter sum converges if and only if e* < 2, i.e. a <log2. In terms of ¢ from

Theorem 2, we obtain the crucial estimate
ed < V2log 2. (2.31)

Informally, we have just shown that the space BMO? is substantially worse than
BMO. However, having developed the Bellman function family (2.13) for the con-

tinuous BMO, we would like to look for the dyadic Bellman function within that
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family. From the example (2.30) above, it is clear that, should the dyadic Bellman

function be in fact found in that family, we would have to have
B = By (2.32)

for some () > €. One straightforward approach would be to choose é(g) large
enough so that any straight-line segment [z, z*] with z7,z* € Q. would fit entirely
inside 25,). Then we would be able to use the chain of inequalities in Lemma 2
without the help of Lemma 4. Let us investigate how large the é(¢) so chosen would
be with regard to e.

Consider the situation when the segment [z~,z*] “sticks out” the most. This hap-
pens when the middle point z° = %(m' + z*) as well as one of the endpoints, say

z*, are on the top boundary, z, = z? + €2, and the other endpoint, z~, is on the

bottom boundary, z, = z3.

Figure 2.4: The worst case scenario: the largest portion of [z~,z%] is outside €.

We have

9= (2))2+¢€%, 2 =(a)*+€t 1) =(a))?+ €%
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and
1 )

- +
0o_ Ty + 1,
2 - '

T T,
2

Eliminating r~ and parameterizing everything by z?, we get

The equation of the line segment [z° z*] is then

Ty = (%+2z$) zl—%zf—(:c?)2+52, m?§x1§z?+%

and the distance between this segment and the top boundary curve is

€ €

d(z =—z2+( +2x°)x—ix°—z°2, <1 <20+ —,
(1) 1 \/§ 1 1 \/51 (1) 1=<12=>4 \/5

with its maximum d(:c(l’+§§5) = %2. Therefore, any segment [z7,z%] with
z7,z% € Q. will lie inside Q e Thus, for any € < 2432 we can run the machine
2V2

of Lemma 2 to establish that

d
Bﬁaf(x) > Bi(z), Vre€ .. (2.33)

This gives us the following estimates:

———2;/5 <ed < V2log2 (2.34)

and, provided the dyadic Bellman function can indeed be found inside the family Bs,

4(e) (2.35)

3
< ¢
~2V2

In what follows, we are able to prove that the example (2.30) does indeed produce
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the sharp constant and that the dyadic Bellman function is a member of the family

B;s . Clearly, we need to employ more subtle reasoning than the one above.

2.4.2 Detailed considerations

The following simple lemma shows that the dyadic Bellman function is concave, some-

thing that could not be shown directly in the continuous case.

Lemma. For any three points z~,z%,z € Q such that = = 3(z~ + z*) we have
d 1 df, — 1 d/ .+
B(z) > -2-B€(:c )+ EBE(:L' )- (2.36)
Proof. Take a sequence {¢,} € BMOZ(I_) U BMOZ(I,) such that
(™), — Bé(z%) as n — .

We need to check that ¢, € BMOZ(I). But BMOZ(I) = BMO(I_)UBMO%(1,)uU
{¢: (¢®); = (p)] < €?}. Since, by assumption, z € Q, we have (p?);— ()] < €

Then we can pass to the limit in the identity

(€)1 = 5 () + 5 (),

to get

Bi(z) > lim ("), = 5 BY(z") + 7 BY(z"),

1
2
which completes the proof. O

Observe that in the continuous case BMO.(I) # BMO.(I-) U BMO(I,) U
{ P <<p2> ! (cp < 62} since there are other intervals to consider, those with the

left endpoint in I_ and the right one, in I,.
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We have just proved that B¢ is concave in §2.. Furthermore, the reasoning of (2.19)

still works and we conclude that
BZ(z) = exp {z1 + w(z; — 1?)} (2.37)

for a nonnegative function w such that w(0) = 0. What is more, we expect the
corresponding matrix —d?B¢ (assuming sufficient smoothness) to be degenerate, in
order for the supremum to be attained for an extremal function. But we have already
described all functions with these properties. They are the functions Bs from (2.13)
with § > €. This, somewhat heuristic, argument supports our believe that the dyadic

Bellman function is a member of that family.

In our desire to use Lemma 2, we have been trying to ensure that the segment [z7,z%]
lies inside the domain of concavity of a certain function B, so that we can conclude

that
1 _ 1

and proceed with the unwrapping of the integral sum (2.18). Now, we try to enforce
the condition (2.38) directly instead. Since we are searching for é(¢) such that

B? = Bs(e), we attempt to solve the extremal problem

d(e) = min {6 : Bs(z) > lB&(I_) + lB,s(I+),
e<6<min{ ﬁ;e,l} 2 2
(2.39)

- +
Vz~,zt € Q. such that z = ad -;—x € QE},

where we have used (2.35). Recalling the definition (2.13) of Bjs, we write the
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“concavity” condition as

/v s -
! 611-;1 mf"e)cp<ar:1+\/6"‘-’+:z:f—:c;>—<5

11-+/82+ (27)2—z; _ Z _
3 T=3 exp | z] + \/624—(:51 2 —z; -6 (2.40)

2

ll—\/(52+(:::f)2—x;}L
2 1-6

exp (:vfL + \/52+ (zF)2 - zf - 6) .

Let

a=4/62+1} -1 ax = \/62+ (:cli‘)2 -z5, 0= %(zf — 7).

Using this notation and multiplying (2.40) by 2(1 — §)e~%1*, we can rewrite it as
2(1 —a)e* > (1 —a_)e ™ + (1 — ay)e?to+,

A straightforward calculation shows that a? + a% = 2a® + 26%. The condition

z,T_,Z4 € Q. can be rewritten as a,a_,a, € [V6% —€2,4]. Finally, let
fla,a_,a.,0) =2(1 —a)e® — (1 —a_)e o~ — (1 — ay)e 02+ (2.41)

We will solve the extremal problem (2.39) as the following two-stage problem:

For O<e§6<min{$e,l}, let

Ss.e = {(a,b,c,d) €RY: a,b,c€ V2 —e2,8]; b2+ =2a%+ 2d2}
(2.42)
g(6,¢) = min{f(a,a_,a4,0): (a,a_,ay,0) € Ssc},
5(¢) = min{d : g(d,¢) > 0}. (2.43)

While it is not a priori obvious that the set {§ : g(d,e) > 0} is not empty, in
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what follows we show that the problem (2.42), (2.43) has a solution (unique, by our

formulation).

2.4.3 Stage 1

We will often refer to finding the solution of (2.42) as optimization over the cube
[V82 —€2,6]%, even though S;. is in 4-space. We will use Lagrange multipliers in
the interior and on the faces of the cube and straightforward one-variable optimization
on the edges. We make extensive use of the inherent symmetry of the problem. In
addition, since we are only interested in the possible negative values of f, we will

disregard any and all other possible minimums.

Interior of the cube

Let

H(a,a_,a4,0,)) = 2(1-a)e®—(1—a_)e**- —(1-ay)e ?*+ - A(a® +a? —222—-267).

From VH =0 we get

—20e” +4aX =0

a_e®t- —20_A=0

aze o+ — 20,0 =0

—(1—a_)e?* ™ + (1 —ay)e ™+ 4400 =0

a2_+ai—202—202=0.

Since no a can be zero, we get

e* =€ =e** =2\, so a_+a; =2a,
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and so at any possible point of minimum in the interior
f=21-0a)e*-(1—a )e®* - (1-ay)e* =€*[-2a+a_+a,]=0.

Faces

There are six faces. We make the following observations:

- if a=4, then a_ = a, =4 and 6 = 0. Hence, the intersection of the domain

Sse and the interior of this face is empty;

— because of the symmetry in a_,a; (6 can be < 0 or > 0), it suffices to
consider only the faces a; =48 and a; = V62 — €2. The extremum points (if
any) will have their “twins” on the faces a_ = ¢ and a_ = V62 — €2.

Thus the only faces we need to consider are a = V6% — €2, oy =6, and ay =

Vo2 —e2,
1. Face a = V62 — €2

Let

hi(a_,ay,0,)) = H(VOZ —€2,a_,a,,0,)) = 2(1 — /52 — e2)eVé*-¢?

—(1-a_)e?- — (1 —ay)e7 2+ — A(a? + a? — 2(82 — €2) — 26?).

From Vh, =0 we get

a_e®t- —2a_A=0
ase? o+ — 20, A =0
—(1—a_)e* ™ + (1 —ay)e™ ™+ + 400 =0

o +a? =2(6% — £%) + 26°.

Therefore, e+~ = e~ %**+ = 2)\ and a; = a_ + 26. Plugging this into the last
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equation, we get
(a- +60)2=6*-€ a_.=-0+V62—€2, a,=0+V6—¢2

where the plus sign is chosen in the square root to ensure that each a is positive.

Lastly, we obtain at any possible extremum point,
hy = 2(1 — V82 — e2)eV5- _ 2(1 — V& — 2)eV ¥~ = 0.

2. Face a, =
Let

hy(a,a—,0,)) = H(a,a-,6,0,))
=2(1-a)e* — (1 —a_)e?**- — (1 — §)e %+ — A(a? + 6% — 2a% — 26?).

From Vh; =0 we get

e® = e¥te- =2\
—(1—a_)e**- 4+ (1-6)e 0 +401=0

a? + 6% = 2a% + 262,

from which we get @ = 0+ a_, (1—4)e %% = (1 — a_ — 20)ef+>~, and §° =
(a-+20)%. If a_ = —26+4, then we get (1—0)e® = (14 6)e™®, which only has the
trivial solution d =0. So a_ =20+4, a = —60+ 4 and, at any possible extremum
point,

ho=2(1+6—6)e 0 — (1+20—6)e - (1-0)e " =0.
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3. Face a, = V6% —¢?
Let

hs(a,a_,0,)) = H(a,a_, V82 —€2,0,)) = 2(1 — a)e* — (1 — a_)e -
— (1= VBT = 2)e~0+V8-? _ \(a? + (6% — €2) — 207 — 26%).

We observe that this case is identical with the previous one if /6% — €2 is substituted

for 4. Therefore, at any possible extremum point, h; = 0.
Edges

We have a total of 12 edges:

5 =
6) a =4, a+=\/<75_"’_—_€2_
Na=6, a. =96
8) a =39, a_ =62 -¢2
9 a,=90,a-=94

(10) ay =94, a_ = V% — €2

(11) ay = Vo2 —€?, a_ =4
)

(12) oy = V%2 — €2, a_ = V% — ¢?

Edges (5) through (8) have a = 4, which implies a_ = a, = §, § = 0. The
pairs (1)-(3), (2)-(4), and (10)-(11) are symmetric. On edge (12), using the fact that
o +a? =2a%+26%, weget o’ =6%—€%— 6% giving 6 =0, a=a_ =a, and

f =0. This leaves us with the following four (renumbered) edges to consider (out of
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the symmetric pairs we chose the edges sharing a vertex):

(1) ay =6, a_ =94

(2) ay =V82—€2, a_ =4

(3) a=V2—-€, a_ =46

@) a= VIT=2, a, = VIS

1. Edge a, =9, a_ =9
Since o2 + a2 = 2a? + 262, we have a = V62 — 62, —¢ < 0 < e. The function to

minimize is, therefore,
F(8) = 2(1 — V82 — e2)eV5 <" _ (1 — §)e’(e? + e7?).

We only need to show that F(6p) > 0 at any possible extremum point 6, € (—¢,¢).

We will, however, show more; namely, that
F(8) >0, V6 € [-4,4], Vé € [0,1].

Let u=46+6, v=204— 6. Then, slightly abusing notation, we have

F(u,v)=2(1—\/@)e‘/“_"—(l——u;v) (e*+¢€’), u+v=24 0<u,v<20

We will accomplish our goal if we show that F(u,v) >0, 0<u <2,

0<v<2-u
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Every point (u,v) of minimum inside the region in the picture would have to satisfy

the equations

1
Fu=—ve‘/ﬁ+§(e“+e”)— l_u-;-v e*=0
Fv=—uem+%(e"+e”)— 1_u+v e'=0
Adding the two equations, we get
cre _om (2.44)

Subtracting the second equation from the first and using (2.44), we get
e'(1 —v) =¢e*“(1l —u),

which implies (since u,v > 0) that u = v. The value of F' on any possible extremum
point in the interior is then F(u,u) = 0.

On the boundary v =10, 0 <u <2, we have F(u,0) =2— (1—%)(e*+1). The
equation [F(u,0)]' =0 gives e*(1 —u) = 1. Since u >0, we conclude that u = 0.
Then F(0,0) =0. The case u =0 is identical.

If u+v=2 wehave F(u,v) = F(u,2 — u) = 2(1 — /u(2 — u))eV*?™. Since
0<u(2—-u)=1-(u—1)2<1, and the function s+ e*(1 —s) is nonnegative for
s € [0,1], we conclude that F > 0 on this piece of the boundary. This completes

the consideration of this edge.

2. Edge a, =Vé?—-¢€2, a_ =4

Since a? + a2 = 2a® + 26%, we have a = /82 — & — 62, —% <60 < 5. The
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function to minimize is, therefore,

F(O) =2 (1 - ‘/52 - f;_ — 02) e‘”LETE -2 —(1—5)€6+0— (1 _ \/m) e\/m_,;'

Assume that F' has a local minimum for some 6, € (—-%, 755) . Then F'(6,) =0,

i.e.

2_€2_g2
20V T — (1= 8)e 0 + (1- VI =) Vo

Expressing (1 — v/62 —¢2) eV 62-e2-60 from (2.45), we get

(2.45)

F(6o) = 2¢% [(1 - (,/52 - ; - oo)) NPT B0 _(y _ a)eé} . (2.46)

Observe that (1 —z)e* — (1 —y)eY >0 if y >0 and —y < z < y. Together with

(2.46), this consideration implies that if

2
—5< 52—%—93—0055,

then F(6p) > 0. We now solve the inequality (2.47).

First, since |6| < e/v2 < 6, we have that

52—5—2—92—0 > -4, Vb € [——5- —E—]
2 0 0= ) 0 \/-2'a\/§ .

Secondly, solving the (right-hand) inequality (2.47), we obtain that

2_E _
) ——2——90—6036
if and only if
-0+ V62 — €2 -0 — V% —¢€?
602——5—— or 003 2 .
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We must check whether —7‘5 < ﬁ@ This inequality is equivalent to
V82— €2 < V2e - 4.

Since € > —335 > 71= d, we can square the last inequality, getting as a result

2V/2

>—6

again, which is true by the formulation of our extremal problem (2.42)-(2.43). Finally,
we conclude that (2.47) holds if and only if

—_) — 2 _ 22
<gy g ImVE-E (2.48)

-0+ V6% — €2 <a
- 2

o <
2 s

Sl
Sie

We now try and fill the gap in the condition (2.48). Expressing (1 — §)e®*% from
(2.45), we get

‘/ _€2_g2
F(8o) = 2e™% [(1— (\/62_%_0(2)4'00))6 52~ =05 +00

(2.49)
- (1 — Vo2 —¢g2 eV52“‘2] .

Similarly to (2.47), if

\/_??<\/52——2——92+00<\/62—62, (2.50)

then F(6p) > 0. Carefully solving this inequality, we obtain that (2.50) holds if and

only if

-6 — /37 — 2 —5+ V3T — 2
&Sgos_ii%__g_ (2.51)
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To summarize, the fact that 6, € (-—7‘5, %) implies either (2.48) or (2.51), which, in
turn, imply (2.47) or (2.50), respectively. Either one of the latter inequalities implies

that F(6,) > 0. This completes the consideration of this edge.

3. Edge a=Vé —¢€2, a_=§

Since o + a2 = 2a® + 26?, we have ay = V02 — 22 + 262, % < |6] < e. The

function to minimize is, therefore,
F(6) =2 (1 - V&2 — 62) eV#-e?_(1-6)et0— (1 — V62— 22+ 202) eV/8?-262+202-6,

We seek the absolute minimum of F. First, we observe that we only need to consider

0 < 0. Indeed, since 0 < /8% — 2e2 + 262 < §, we have
(1-6) < (1 — V02 — 22 + 292) eV 622624202

So, if 8 > 0, then

(1-6)e’* + (1 —VoZ - 22+ 292) o V/62-2e24202-0
<(1-6)e?+ (1 — Vo2 =22 + 292) oV/62-221202+6

2 (1 — V2 - 52) eVéi-e? _ (1- 5)6‘“'9 — (1 — VoI -2 + 292) eV 6226242020
>2 (1 - Vé2 - 82) eVoi-et _ (1-6)ebf — (1 — Vo2 - 22+ 20‘2) e‘/62“2‘2+292+9,

i.e. F(0) > F(—0). Therefore,
min F(0) = min F(0).

Hslol<e —£<0<- 2=

We now look for the minimum of F over the interval —e < 0 < —755. We have
F'(6) = ¢° [(1 - (\/52 ~ 27+ 202 — 20)) eVor-2624207-20 _ (1 _ a)eé] .
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We claim that F'(6) <0, —e <6< —755. Indeed, since 6 < 7‘5 and € > 243@6,
we have 20 < —V/2e < —%6. Thus 6 +20 <0 and V62 — 2e2 + 202 — 26 > 4. Since

s

the function s — (1 — s)e® is decreasing for s > 0, we conclude that F’(0) <0.

Finally, since there are no extremum points in the interior of the interval, and F'(§) <

0, we conclude that

€
i FO = mn F0=F(-)

i.e. the minimum of f over this edge is attained at a vertex.

4. Edge a =8 —¢€?, a, = V6% —¢€?

Since a2 +a} = 2a® +26%, we have a_ = V62 — €2+ 202, -5 < || < 5. The

function to minimize is, therefore,

F6) =2 (1 — V62 —¢2) eV82-e2 _ (1 — V02 — €2 4 262 eV82-e2+202+6
- (1 - V% — 52) eV 2-e?-0,

As in the previous case, we only need to consider § < 0. Indeed, assume that 6 > 0.

Since

(1- VI =T+ ) VT < (1 VT ) VP,

we have

(1~ V=T 5 27) VT T 1 (1= T g) V-0
< (1- VE—aT2R) V0 (1 VT e) VI

Therefore, as above F(0) > F(—6) and we have

min F(6)= min F(0).
-5<0<5 - 555620
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Assume now that there exists a local extremum 6y in this interval. Then

F'(6p) = 0. This gives
(1 _ m) eV/62-e2-60 _ (1 82 —e2+ 202 — 260> e,/62_52+2og+eo

and

F(6) = 2¢% [(1 _VEE) VR

(1= (VAT ra)) ]

We know that if /62 —e2+ 203 + 6y > V62 — €2, then F(6y) > 0. Solving this
inequality we obtain

|60 > 2V/3% — €2

What to do if |fg] < 2v/6%2 — €27 Assume that is the case. Here we have to consider

the behavior of the derivative. We have
F'(9)=e* [(1 - Vé? - 62) eVe-e? _ (1 - (,/52 — 2 1+ 202 + 29)) e\/62—52+202+29] '

Recall that (1—z)e* —(1—y)ev >0 if y >0 and —y <z <y. Thusif

—V02 — €2 < 62 — €2 + 202 4+ 20 < V2 — €2,

then F’(f) < 0. The left-hand inequality translates into 0 < |0| < 2v/62 — €2, while

the right-hand one, into |6] > 0.

To summarize: we have F’'(§) < 0 if —2v62 —€2 < 6 < 0, thus there are no
points of local extremum on this subinterval; if there is an extremum point 6, <
—20% — €2, then F(6y) > 0. Altogether, the two “interesting” points where the

absolute minimum may be attained are § =0 and 0 = 7‘5, both corresponding to
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some vertices of the cube, to be considered in the next subsection. This completes

the consideration of the last edge.

Vertices

We formally have a total of eight vertices, but some are non-existent and only two

give us nontrivial results.

1. As mentioned before, the set Ss. intersects the face a = § at one point only,

the vertex @ = a_ = a4 = where we have f =0.
2. The vertex a =a_ = a; = V62 —€? also gives § =0 and f=0.

3. The vertex a = V62 — €2, a_ = a, = § was considered above as a part of the

edge a_ = a, = 6 on which we have f > 0.

4. The vertex a =a_ = /2 — €2, ay =6 gives 0 = +%. Then
f|5,=7<s5 =2 (1 - \/m) e\/m_(l V5 52) e\/‘m*’e/‘/i—(l—é)e"‘s/ﬁ
and
flo—— g =2 (1 - \/W) eVoi-e2_ (1 - \/m) em'e/ﬁ—(l—d)e”‘/ﬁ.
Since (1 - /8% —¢?) eV?=<2 > (1 - 6)e?, we have
f|9=7~€5 < flo——s. -

5. The vertex a = ay = V62 — €2, a_ = § is symmetric to the previous one and

gives the same result.

We have thus solved the first part of the extremal problem (2.42)-(2.43) in the sense

that the only possible nontrivial (meaning negative) minimum the function f can
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have on S;s. is given by

98,6) = (1- VT —2) eVoi-e? (2-eV?) - (1= o)ebI. (2.52)

2.4.4 Stage 2

We are now in a position to solve the minimization problem (2.43)

0(e) = min {6 € (e,min {% €, 1}) : g(d,¢e) > 0} : (2.53)

Differentiating g with respect to 4, we get

We observe that g5 > 0. Indeed, checking if 6 — 55 > v 0% — €2, we obtain that this

condition is equivalent to § < %2- €, hence it is satisfied. Then

95(d,€) > deV 522 [—1 + e‘/ﬁ] > 0.

Therefore, if the equation g(d,¢) = 0 has a solution, then it is unique and solves our

extremal problem. We thus look for a solution of the equation
9(d,e) =0 (2.54)

in the interval [z—:, min {2% €, 1}) . We have two cases

22
L 2V2

1.
€<73

We seek the solution 4 € [6‘, 5% 6) . We have

g(e,e) =2 - e/V2 — (1- e)e"‘/ﬁ <0
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and

3e € 3e £
= e)=|(1-—=)(2-¢/V? —(1——)]em>0,
I (2\/5 ) [( 2\/5) ( ) 2v3
which implies that there is solution § of (2.54) inside the interval [e, %5 e) .

2. 2——\3/556<1

We seek the solution § € [e,1). As above, g(e,e) < 0. On the other hand,
g(1,e) = (1- VI—e2) eVi-e® [2 _ ef/ﬂ] .

If € < v2log2, we have g(1,€) > 0 and, hence, there is a unique solution of

2.54) in the interval M,ﬁlogZ .
3

Putting the two cases together, we see that, provided ¢ € (0,v2log2) there is
a unique solution 6é(¢) of equation (2.54), which also solves our extremal problem
(2.53). On the other hand, in light of example (2.30) this is the best we can hope
for, since the example implies that B¢(z) = co if € > v/2log2. Therefore, we have
proved that

ed = V2log2,

as Theorem 2 asserts. a

Some of the prospects and future directions of research on this topic are discussed
at the end. We are now turning to the result that deals with a property not unlike
the one this chapter has been devoted to. The space considered there, the Chang-
Wilson-Wolff space, is better than BMO. Thus the result is stronger: instead of
summability of the exponent e¥ we get summability of e2*”. We deviate from the
formalism of the Bellman function method, so the proofs are Bellman-function-type

proofs.
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Chapter 3

Bellman-function-type proof of a
local Chang-Wilson-Wolff theorem

and related results

3.1 Introduction

Let D be the dyadic lattice on [0,1]. For each I € D and every z € [0,1], define
the dyadic cone I'j(z) to be

I(z)={JeD: JCI,J>z}. (3.1)

Let @ € L'([0,1]). For every I € D, let (p); = 1 [;¢(s)ds. Also, let I_ and I,

be the left and right halves of I, respectively. Let

1/2
Scp(rr)=( > ((w)z+—<<ﬂ)1_)2) : (3:2)

IEF[O,II(I)
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be the s-function of . Let E be a measurable subset of [0,1]. We introduce the

Chang-Wilson-Wolff space

F(B)={peL': |5p()llmm <o} (33)

Then ||S¢(z)| (k) defines a semi-norm in this space. (In the case E = [0,1], it is

actually a norm, with the usual factorization over constant functions).

Fix ¢ € F(E). For every I € D such that m(INE) #0, let

Sr=

> (tohs, - t0)s)

JET(z)

(3.4)

L>(E)

and Sy = 0 if m(INE) = 0. Obviously, S; depends on ¢ but we will not
indicate this dependence when the context is unambiguous. We prove that if Sjp;) =

1So(z)13 e gy < 1, then there exist absolute constants a >0 and C >0 such that
2
/ (1) < ¢ (3.5)
E

The integrability of e’ over the disk D under the assumption [}, |[Vu(z)|?dz < 1
has been studied in [22] and [11]. In [1], the authors study a question like ours
but for functions analytic in . Namely, they answer in the affirmative the ques-
tion of Beurling and Moser as to whether the fact that [} |f'(2)|*dz < 7 implies
Jrexp|f(e?)|>d6 < C for some absolute constant C. Considering for an instant T
instead of [0,1], we note that even in the case E = T (3.5) holds under weaker
conditions, since if ¢ € L%(T) and ¢(z) is its harmonic extension into the disk,
JpIVe(2)?dz < C implies ||So||=r) < C with a different constant (see, for in-

stance, [4]).

Our result follows immediately from a local version of the famous Chang-Wilson-Wolff
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theorem, which we prove first using a Bellman-type argument. In [2], the authors treat
the case E = [0,1], while we prove the theorem for arbitrary E. It has to be said
that the authors’ reasoning would seem to work for arbitrary E as well. However,

the Bellman-function-type proof we give incorporates any E effortlessly.

3.2 Main results

We split the proof into several lemmas. Lemma 1 sets up the stage for the unwrapping
of the typical Bellman-function integral sum and Lemma 2 uses it to prove a certain

integral estimate, not unlike those in Chapter 1.

Lemma 1. Assume there exists @ C?-function B = B(x,L): R xR, — R, such

that %% > 0 and there exists 6 € (0,1) such that

3’B

—(a,b

% < 4(1-6) (3.6)
ﬁ(C, d)

for any (a,b),(c,d) € R x Ry such that b—d < —06*> and |a—c| < 36 for some
0 > 0. Then, for every ¢ € F(E) and every I € D such that m(INE) # 0,

B}, 2 5B (10 51) + 3B (0, 51.) - (3.7

Proof. Assume the existence of such a function B. By definition (3.4),

S] = ma.x{Sl_,S1+} + ((‘P)1+ _ (‘p)1_)2.
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Let Lo=max{SI_,SI+},L=SI Lo+6%, L =5S; ,L* = Sip, z=(p);, T =

(P)_, z* = (‘P)1+ , 6 = |zt —z7|. Then

B(()r,51) - 5B (0, 51) = 3B (0, 51,)

= B(z,L) - % (B(z*,L*) + B(z~,L"))

> B(z, Lo + 62) — % (B(z+, Lo) + B(z™, L))

since H > 0. We continue

= [B(z, Lo + 6°) — B(z, Lo + 66°))
+ [B(z, Lo + 66°) - B(z, Lo)]

+ B(;z;,Lo) — % (B(.’II+,L0) + B(CL‘—,LO))]

B \ 16°B \
> 22 (3,001 - 6) - 757 (1, Lo)s

for some 3 € [Lo + 042, Lo + %] and some 7 between z~ and z+.

laB _1,2'(7) 0)
46L(x B) |:4(1 6) — 8—(,—13)] >0,

since y<|z—z7|=|r—z*| =16 and Lo — B < —66

This completes the proof. a

The choice of B

We introduce the family of functions B parametrized by t > 0. Let
Bz, L) = e=+AL (3.8)
for some A > 0. We find the best suitable A below. For now, we check that the
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functions B, satisfy the conditions of Lemma 1. Fix any 6 € (0,1). Take a,b,c,d

as in the formulation of Lemma 1. Then

02B, (a,b) ) 2
or2 ‘"’ t exp(at + At b) 1 2

a_Bt.(c d) At2 exp(ct + At2d) A exp((a C) + ( ))
oL"”

< Jexp (%ét - At2052) = o (% ((6t) - 2A0(6t)2))
< %exp (% (ﬁ)) =4(1-6),

where we have used the fact that y—2A460y? < g}@ and the last equality is guaranteed
by a suitable choice of A. In Lemma 3, we use Lemma 1 with the function B defined

by (3.8) to prove the estimate

a2
i ({= (o > ) < 0500

This suggests that we need to choose 6 so that A is the smallest possible. Let

D= ﬁ. Then the equation relating 8 and A becomes
DeP/49) =1 _ ¢, (3.9)

which defines D as a function of 6 in the interval (0,1). We are seeking the

maximum of D. Differentiating (3.9) with respect to 6, we get

D D D?
/49) | p/ —_ - =
e [D (1 + 9 02)] +1=0.

Setting D' =0 and solving for D gives

(3.10)
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Solving (3.9) and (3.10) simultaneously yields

2w (i) . D 16w? (

1
4
) 11
142w (3)’ 1+ 2w ( (3.11)

where w is Lambert’s w-function, i.e. w(z) is the solution of the equation we® = r.

Therefore, for the best A we obtain

142
+ w(l ) ~ 0521, (3.12)
i

- 64w? (

1
4
We are now in a position to prove the following lemma.

Lemma 2. For every ¢ € F(E) and every t > 0,
E

Proof. Let B, be given by (3.8) with A given by (3.12). We will apply Lemma 1
repeatedly, at every step omitting the terms corresponding to dyadic intervals whose

intersection with E has zero measure, i.e at every step we use the simple fact that

Y WIBG),, 80> Y IB((#),,8)),
|J[=2"‘j |J|=2_j
m(JNE)#0

which allows us to apply Lemma 1 to every term in the latter sum. Thus we have

ef(¢)[o,1]+““2s[0,11 =B ((<P)[o,1] ’S[‘“])
1 1
2 5B ({00,172 S01/21) + 5B ({01211 Stu/2
2

> Y UB(@:SD2 Y UIB(e);,S)

1n=2-1 [1|=2—"
m(IVUE)#0 m(IUE)#0
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- Z ‘I| et(«.p)1+At2SI.

|I|=2—"
m(IUE)#0

Now let n — oo and observe that, since Sp ;) < oo, we have S; — 0 as |I| — 0.

On the other hand,

Z |I] et —»/e‘“’(’)ds as n — 0o,
E

[j=2""
m(IUE)#0

which completes the proof. a

Lemma 3. Let ¢ € F(E). Let E) = {x €EE: ¢(z) - (p)oy > A}. Let S =
S{o,”. Then

m (Ey) < e¥/245), (3.14)

where A is given by (3.12).

Proof. We apply Chebyshev’s inequality to (3.13) with t = A\/(AS).

m(E/\) 6A2/(As) < / eA(‘P(S)-(ﬂF)[Q'l])/(AS)dS < e)‘2/(2‘45),
E

concluding the proof. O
We are now in a position to prove the main result.

Theorem. If ||¢||rE) <1, then
2
/ (#=901)" < C(a) (3.15)
E

for any a < 5, with A given by (3.12).
34
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Proof. Lemma 3 implies that

(o~ ] 2) <200

: 2 _ 1
Fix any r > 1 such that ar® < 5;. Let

r* rktl
Fy = {X < IW“(‘P){QJ]I < _A—}’ k=0,2,...

Take any a < ﬁ. Then, using (3.16),

2
/ eo(w—(sp)[o,ll) < m(Fk)ear2k+2/A2 < 96—k /(24%) gar?k+2/42 _ o —r2k(1/(24)-
F

Therefore,

/e°(¢_(‘p)[0,l])2 =/ ‘P (‘P)[Q 1] +Z/ P (‘P)[g 1]
2 {le-@rpul<i }

(3.16)

01'2)//42

1 o %
<m ({|<P - <‘P)[o,1]| < Z}) erZ + Z2e"'2k(1/(2A)—ar2)/,42,
k=0

where the last sum converges and depends only on « (provided the best choice of r

has been made). This completes the proof.

3.3 Bellman function considerations

O

Lemma 1 and Lemma 2 are where the Bellman function technique is used, the rest

of the proof follows using standard arguments. One can observe that no extremal

problem as such has been posed. However, in the spirit of Chapter 1, we can try and

associate with every dyadic interval I such that m(I N E) # 0 and every function

¢ € F(E) a point in a certain two-dimensional domain. First, we let F, be the
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“a-ball” in F(E), Fa= {(p €F(E): S0()ll (s < a}. What is the domain in
this case? This depends on the choice of the variables. Lemma 1 suggests the choice
(z1,22) = ({¢);,S1). Then the domain associated with F, is 2, =R x [0,a]. We

can define the Bellman function

B{(z) = sup {/Ee""(’) ds: () = 1,50, = zg}. (3.17)

pE€Fa

If welet ¢ =¢+c, then (@) = (p)+c and S¥ = S¥. Furthermore,
/ e?0) ds = etc / et*®) ds.
E E
Taking the supremum in the last identity, we get
BY(z, + ¢, 72) = €' B¥(xy, 12).
If we set ¢ = —z;, we obtain that
B (z1,29) = €1 fy(22) (3.18)

for some f; > 0. This is one of the considerations that led us to choose the family

(3.8) of Bellman function majorates. We observe that the inequality (3.7)

B (1or5.) + 45 (0, 51)

N

B({¢);,51) 2

implies some sort of concave behavior about B, although the functions (3.8) are

8B

decidedly not concave and (3.7) holds because of the subtle interaction between 77

and g—f—. If one were to produce a concave function U of the form (3.18), which

would also be increasing with respect to the second argument, one could conclude
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that

30 (t9151.) + 30 (0, 50.) <U (0015 (51 +50) ) < UG 50,

where the last inequality is due to the definition of S; and the fact that % > 0.
However, a concave function of the form (3.18) does not exist, signaling the need for

more delicate considerations.

The approach used to obtain the results of this chapter may benefit from being put on
a more formal Bellman function method footing. However, as the preceding discussion
demonstrates, the questions of formulating the extremal problem exactly, the choice
of the variables, and, of course, finding the Bellman function explicitly can be very

complicated in this case. Some intriguing perspectives are discussed at the end.

We now turn to a result, in which the Bellman function does not appear in con-
nection with any extremal problem at all, although, doubtless, the corresponding
formalism may be developed. This result brings us back to the space BMO, the
main space of interest in this work. The old and famous question of H' — BMO du-
ality is examined using the Bellman-function-type approach, which proves powerful;
one Bellman-function lemma yields concise proofs in both, the dyadic and continuous

settings.
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Chapter 4

Bellman function and the

H! — BMO duality

4.1 Introduction

In this chapter, we aim to demonstrate technique rather than new results. Specif-
ically, with the aid of the Bellman function method we prove one, the more tech-
nically involved, direction of the famous Fefferman duality theorem by elementary
means. Namely, we establish the fact that BMOy(T) C HY(T)* ( BMOo(T) =
{¢ € BMO(T),¢(0) = 0}, and as usual, ¢(z) is the harmonic continuation of ¢
into D). The most complex technical tool we use is Green’s formula; thus the proof
serves to show further the power of the Bellman function method in harmonic anal-
ysis. An application of the same method in the dyadic case serves to establish that
BMO? C (1?"1’2). (with an explicit estimate for the constant of embedding), with
the Triebel-Lizorkin space ;’?2 giving a convenient characterization for H}(T), the
dyadic version of H'(T). A simple argument demonstrates the converse inclusion.
One technical “trick” allows us to deal with both, the dyadic and continuous cases.

The key to the proof is a lemma whose hypotheses include the existence of a certain
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function. We will call it the Bellman function slightly abusing the language, since we

make no claim as to its uniqueness.

The formulation of the key lemma. Let D = D, be the dyadic lattice rooted
in an interval I. For aninterval I € D, let I_ and I, be its left and right halves,
respectively. Consider two functions, S : D — (0,00) and M : D — [0, M], such

that
1
S = S[+ >SS and M;> -2-(M1_ + M1+),VI € D. (4.1)

Lemma. Let S and M be as above. Assume there ezists a C>-function B :
(0,00) x [0, M] = R satisfying

Y 2
BBaB>M aB< o’B

< < 2M == > = -
O_B(:c,y)_2M\/5, azay = 21 61:2 _Oa 6y2

>0.  (4.2)

Then, for any positive integer n,

> |J|\/(SJ+ - S1) (MJ - %(MJ_ + MJ+)) < \/-524- 27 > VS (43)

JeD JeD
|J|>2-n+1 |J]=2""

We will prove the lemma and demonstrate our Bellman function later. For now, we

will establish the main results.

4.2 The dyadic case

d
Consider the dyadic lattice D = Dy on T. Let F9* be the dyadic Triebel-Lizorkin

space,

d 2 12
F2={feL': /T< Y ((f)1+—(f),_)> d6<oo} (4.4)

I>6;1eD
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with the norm

o\ /2
1 g, = | ( > ((f>1+—(f)1_)) .

I1>6;1eD

The definition of the dyadic BMO is the same (up to a constant multiple) as the

one we used in Chapter 2:

2
BMO® = {cp eL': sup 7 Z ( ) 1] < oo} (4.5)

IcJ

with the norm

1/2
ol aaron = sup(lJIZ(w),+ )m) .

IcJ

To see the equivalence of the definitions (2.3) and (4.5), recall the Haar system: for

every dyadic arc J, let

( 1
on J_
7
hj=4 ——— onJ, - (4.6)
VIJI
{ 0 elsewhere

It is easy to check that {h;}secp form an orthonormal system in L2 = {f € L*(T):
Jz f(6)d6 = 0}, what is more (and well-known) is the fact that the Haar system
actually is a basis for L2. For any function f € L! and every J € D one can

compute the corresponding Haar coefficient,

=Y (1), = 1,). (47)

For f € L} wethenhave f =3, ,(f hs)h; and
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17l = a0t = S W (9, -0,

JeD JeD

We state our main result.
d *
Theorem 1. BMO® = (F‘ly") .

Proof. The more difficult inclusion is handled using the Bellman-function lemma

stated above.

d *
Lemma 1. BMO? C (F(l)z) . More precisely, in terms of the Haar coefficients, for

d
every ¢ € BMO? and f € FQ®,

PCADNCANIE 4ZIJI|(f)J+ N 1)y, =Ryl (48)

JeD JED

= m"‘pHBMOd ”f”I'_t‘i(l]2
d
Proof. Fix ¢ € BMO?, f € F?2. For every J € D define

My = 53 (o, = (o) M

IcJ

def

1 2
Then 0< My < M |l 00 and My — 5 (Ma, + M) = ((0)y, = (0),_) -

Define

N (T

12J

2 2
Then Sz, =Ss =Y (N1, = (A1) and Su,=Ss =51 =S5 = ((A,=(Ns_) -
127
We thus see that the conditions (4.1) of the lemma are satisfied.
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Assuming the existence of the function B in the lemma and using (4.3), we obtain

S oy =B, b <Y 2275 5 (0, )

JeD JeD \ IJ
|J|>2-n+1 |J]=2—"
Letting n — oo, we get the statement (4.8) of the theorem. O

The converse inclusion follows along more conventional lines.
d * d
Lemma 2. (F‘ln) C BMO"“.

- d
Proof. We want to show that for every continuous linear functional ! on F{? there

exists ¢ € BMO? such that

lell prrod < clltl (4.9)

and
d
11) = [ o@) 1@ ds, VS e P (4.10)
T
d
First, we observe that L2 € F{. Indeed, for f € L2,

2 _ , 2 2
i (L, 0 0] ) <L o)

=Z/XI(9) (< — ), ) do = Zm( 0y )2=4||f||ig
10T

d *
Let | € (F‘ln) . We can apply the Riesz representation theorem to | L3 and

conclude that there exists a function ¢ € L2 such that

I(f) = /T o(6)f(0)d6, Vf € L2, (4.11)
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We test [ on appropriate elements of L2 to see that ¢ € BMO®. Let a; be an

atom associated with a dyadic arc I, i.e. be supported on I with |a;| < a.e.

and [;a(f)d6 = 0. We have

1/2
||‘11||Fd02 =/T( > ((a1)1+— (al)_]_)2) do
1

J36,JeD

1/2
-/ ( > (<az>1+-<a,>J_)2) @
I'\yseucr
, 1/2 12
(L, o) (1)

= 2|lall|Lg 7] < ﬁ\/ |I] =2,

Ill’

and hence

lan) < [t llall oo < 2[)-

[~ ol =| [ou] =1

Since this is true for any atom a;, we conclude that [} |o—(p);| < 2|!|||Z| and thus
that ¢ € BMO? with the norm estimate (4.9). Here we have used the equivalence of
the L!- and L?-based BMO norms, which is due to the John-Nirenberg inequality
(see section 1.4.1). The proof of Lemma 2 (and hence Theorem 1) thus depends on

d
proving that L3 is dense in F92. Together with (4.11) this will yield the result.

d
Take f € F92. Let f, be the truncation of its Haar expansion at the n-th generation

of the dyadic lattice,

fa= Y (fiha)hy

JeD
[Ji=2—"

While {f,} may not converge in the L2-norm, we show that it does converge
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d
(to f)in the F%2-norm. We have

1/2 1/2
4 4
I = £l gy = /T (Z i - fn,h»"’) d = fT ( > gt hJ)'*’) .

J36 J36
|J|<2— "

d
Since f € F92, the dominated convergence theorem applies, so || f — full dyy — 0 88
F

1
n — o0o. This concludes the proof of Lemma 2 and Theorem 1. O

4.3 The continuous case

Following [21], we define H! = H!(T) using the area integral; specifically

H! = {f eL!: /T (/ra(em) |f'(§)|2dA(§))l/2 df < oo} (4.12)

with the corresponding norm

i = [ ([ If'(&)l’dA(ﬁ))m a. (413)

Here f(z) is the harmonic extension of f into D. T,(e) is the cone-like region

e — | ! We will specify the angle
1-|z| "~ sinaf’ P &

with vertex e : T,(e¥) = {z eD:

a a little later.

The corresponding definition of BM Oy = BMOy(T) is

arc ICT

BMO, = {cp €L': sup I—%/q e (€)I*(1 — [€]) dA(E) < o0, (0) = 0}, (4.14)
1

where ¢(z) is the harmonic extension of ¢ into D and @Q; is the Carleson square

corresponding to the arc I, Q;={z2€D: z/|z| € I,1—|I| <|z| <1}. The norm
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Figure 4.1: The region I',(e').

in this space is then

1/2
lollmo = sup (m / PO 1—|£|)dA(€)) .

arc ICT
We are now in a position to state the main result.

Theorem 2. BMO, C (Hl)‘. More precisely,

\ / (p(e“’)ﬂe"“)do’ < Cllgllamo, I fllzn, Vo € BMOo,Vf € H'.  (415)
T

Proof. Not surprisingly, the proof starts off dyadic. For every J € D = D¢ define

Mo= 137 [ WOR - e dAce)

Clearly, M; < M «f llellBro,- We have

My =5 (M, = M0) = 137 [ IORC - gD aAce)

Here T'Q; is the top half of the (dyadic) square Q;, TQs = Q,\(Qs, UQ_).
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TQ,

TQ,| TQ,,

J J
J +

Figure 4.2: The decomposition Q; = U TQ.
IeD,IcJ

Define

Sy = /F NCIEOR ) / |F(©)PAAE).

127;1ep Y TRI
Here T'Y is the dyadic cone, I't = U,2 ;TQs. Observation: For some fixed a,
'Y C T4(e”), VO € J.
We have S;_ =S, = Z / |f'(6)]*dA(€) and thus, S;_—S; = Sy, —8;=
12J;1ep /TQ1
/ |f'(€)]*dA(€). Therefore, the conditions (4.1) of the key lemma are satisfied.
TQ,

Assuming the existence of the function B in the lemma and using (4.3), we have

1/2
_1_ ! 201 _ ’ 2
> IJI<|J| [, wera |£|>dA<e)) (/TQJlf(E)I dA(a))

|J]22—n+1
— 1/2
g@ DY (/d |f'(£)|2dA(£)> .
Ty

|J|=2-7

1/2

Let us estimate the left-hand side as n — oo.

1/2
. l / 2 _ ! 2
lim > ] (m /mjlw(ﬁ)l (1 I£|)dA(E)) (/TQJIf(ﬁ)I dA(E))

lJ|22—n+1

1/2
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1/2

1/2
= J|1? £)2(1 - |€]) dA ) ( '(€)*dA )
-3 (/ dora-maae) ([ 1rerae

>3 |2 / ENFEI - €)2dAE)

JeD

>C' Yy || O11f (€I dA(E)
JeD / 2

> /D IO 1£/(6)]log = dA(E)

€l
(Here we have used the fact that (1 — |¢])}/2 ~ |J|*/2 and |J| ~ log-}-

€]
addition, | J TQ, =D.)
JeD

if € €TQy. In

| [ ap87108 -
C l/l;acpaflog |§|dA(§)’

— CII

- 1
| Ateniog mdA(s)],

where we have used the fact that dpdf = 90(pf) = iA(go f), since ¢ and f are

analytic.

Recall Green’s formula.

1

= [ F(e®)dg — F(0) = /AF £) log —dA(E).
27 T

1€l

Since ¢(0) =0, we get lim (LHS)>C

[ otenrsean].
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On the right-hand side we obtain, as n — oo,

1, - 1/2
Tallelavoo [ ([, , F@Fa©)

where T'd(e') = I'Y. Since each T9 C I'y(e), we have I'é(e®®) C To(e®), and
a J J

Jdei?
thus

L If©OrdAE) md«‘)s _1f'(€)IPdA(E) l/2d0=||f||,,1.
T \Jrd (i) T \Jra(e®)

Putting together the estimates for the right- and left-hand sides, we obtain the state-
ment (4.15). ]

4.3.1 Multi-dimensional setting

Without going into detail, we note that an almost identical proof allows us to extend
the results to the multi-dimensional setting. Fix a dyadic lattice D on R". As
before, for I € D define Q; and TQ;. Given z € R", introduce the “strange”

cones

ri= |J 1o

Iaz,leD

For f € L'(R"), let f(y,t) be its harmonic extension into R7}*!. Let

HY(R") = {f € L'(R") : /Rn (/rg |V f(y, t)|2dydt) v dr < oo}.

with the corresponding norm. We use a quite natural BMO(R").

BMO(R") = {cp € LY(R") : /|V<p(y,t)|2tdydt < C?|I|,VI, a cube in R"}.
1
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The best such 7 is the corresponding B/ O norm. In this notation. we can state

the following theorem

Theorem. B O(ZE") C (HYE"))" and the constant of embedding does not de pend

on dimension.

4.4 The proof of the key lemma
Proof. Fix J € D. Let S=S5;: So=S,_=S,,: M=2M;: M_ =My : M, =

‘\1‘;+. Then

1 1
EB(SJ_.;\[_]_) + §B(‘§J+‘ .'\1J+)

<

1_ .
= BB(S(" M)+ %B(So, M) — B(So. M)+ B(Sy. M) — B(S, M)+ B(S. M)

> B (S()‘ %(‘\1__ + A[.,.)) — B(So A\[) + ;)()TBS;(S .\1)(5() — S) + B(S 1\[)
aB - 1 JB 5, .
= — (S, A1) (.\/ A .\/+)> + SIS0 = S) + BS.M).

for some S € [S.Sy] and VA= [%(‘\1_+,\[+)H\[]. Since L8 < 0. we have

JS=

; 5, . i - . a2 ¢ - i '
S M) = S2(S0. M) and since 5 <0, we have —22(So. M) 2> =2 (5. ).

Therefore,
2

1 1
BUS)_ M)+ 5B(S), . My,)

a3
> ———(5,. ) AV
= o “( =

1] —

3
(M + M. )) + ﬁ(.ﬂ,. Mi(Sy = Sy+ B(S. M)
o’



> 2 -g—z(so, M) g—g(so,M)\/(M - %(M- + M+)) (S0 = 5)+ B(S, M)

> \/2_A7\/<M - %(M_ + M+)) (So — S) + B(S, M).

Now,
-n lBSM—_ﬂ E S lBS M
2 Z 3 (S5, My) =2 Z 53( J_,MJ_)+§ (S, My,)
JeD JeD -
|J|=2"" |J]=2—n+1
[ — 1
>2™" E vV 2M\/(SJ+ - Sy) (MJ - E(MJ_ + MJ+))
JeD L
’JI=2_"+1
+B(SJ,MJ)]
-n -n 1 1
=2""F,+2 'HZ I:EB(SJ_,MJ_)-FEB(SJ+,MJ+):|
JeD
|J|=2—n+2

> 2" F + 27 R + 27 Y D B(Ss, M)

JeD
|J|=2—"+2

> > 22_’:}7" + B(SIO’ MIO)a
k=1

where we have set

Fy = Z \/2_M\/(SJ+—S]) (MJ——;-(MJ_+MJ+)>.

JeD
'JI=2_k+l

Using the fact that B(S;, M) < 2M+/S;,VJ € D, B(S1y, Mpy) > 0 and the defini-

tion of Fi, we obtain the statement of the lemma. O
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4.5 A sample Bellman function
We are looking for a function B such that

2 2
8B<0, a—B>0 —a—Ba—B>Cz,

0 < B < Civ/, 52 S

for some positive constants C},C;. The proof of the key lemma using B suggests

that we want to choose these constants in order to minimize the ratio C;/v/C,. To

make the estimates “sharper,” we require that %‘; = 0. (We cannot require equality

for %{% < 0.) This means that B is a linear function of y. Furthermore, % must
be negative. Because of the homogeneity in the way B is used in the lemma, we
only need to choose one coefficient in that linear function. Thus we seek B in the

form

Therefore,
_0BOB _ A=y A-N
or 0y 2 — 2

since y < M. We have C; = A and for the ratio to be minimized

C, _ V24
VG VA-M

The minimum of this ratio is attained at A = 2M, thus producing the function

B(z,y) = Vz(2M - y),

satisfying conditions (4.3).

Some possible directions of future research on the Bellman function and H! - BMO

duality are discussed in the next section.
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Research prospects

In this section, we discuss some possible directions for future research on the topics
presented throughout the thesis. We do not attempt to embrace all possible research
prospects but rather concentrate on those of immediate importance and the greatest

promise.

John-Nirenberg inequality

The most natural continuation of the research on this topic would be to find the

Bellman function for the weak-form John-Nirenberg inequality (1.14)
m({zel: |p(z)- (o) > A}) < cle_°2’\/”ﬁﬂ"BMO(l)’

where the L?-based BMO norm is used. While it is entirely possible that the
extremal functions are different for the weak and integral form of the inequality,
it would be very interesting to find out how they are related. The corresponding

formulation would look something like this

B(s,t) = sup{l{z € [0,1] : lp(z)~ <g>pu | > t}l, ¢ € BMO,, liglimmo, < s}.

Finding B exactly would give sharp constants for the traditional John-Nirenberg

inequality. This problem is open even in the case p = 2.
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The next order of business would be to explore the possibility of finding the Bellman
function for the integral form in the LP-based formulations with p # 2. We observe
that the ease with which we managed to associate a plane domain with the e-ball
in BMO in the L? setting will not be there. Somewhat similar formulations are
possible in the case of even, positive p, however the number of variables involved
would grow very fast, as would the number of constraints relating those variables.
The essential feature of the formulation we have used is that, after considerations of
homogeneity, the Bellman function can be sought as a function of one variable. That

is unlikely to happen if the number of the variables in the set-up increases.

Perhaps a more perspective direction of research (and, possibly, of more interest to
the general mathematical audience) would be to try to use the results obtained to
deal with BMO(Q) with @ being a cube in R". The John-Nirenberg inequality

holds in higher-dimensional BMO; hence the question of best constants.

Chang-Wilson-Wolff theorem

Having successfully treated the local Chang-Wilson-Wolff theorem in the dyadic
case using the Bellman function technique, we would like to apply the method to
the continuous version of the theorem. Namely, for f € L}(R"), let I',(z) =

{(y,t) eRY : |z —y| <~t}. Let

1/2
A f(z) = ( /r ( )IVyf(y,t)l“’t“"dydt) :

Assume A,f € L=(R"). Then, as shown in [2],

sup /exp (01 f)21 |2> < Cg,
I: cube III ”A‘Yf”
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where c¢;,co depend on 7 and the dimension. A successful application of the Bell-
man function technique (how to do it is far from obvious in this case) may yield
sharp constants. If the constants are independent 1o2f 7, one may replace A, by
the g-function, g(f)(z) = (/w |V f(x, b))%t dt) /, thus solving a famous open
problem. ’

On the other hand, it would be instrumental to try and pose the extremal problem
even in the dyadic case, so that the Bellman function could be found explicitly. The
difficulties with the choice of variables and the right scaling (an impossibility in the

case E # [0,1] ) need to be addressed.

H! — BMO duality

The successful formulation of an optimization problem in this case would be a signif-
icant accomplishment, since it would not only be the first of its kind, but also would
shed some light on how to proceed to find the best function exactly. If the optimiza-
tion problem is explicitly solved, the sharp constant of embedding would be produced,
in the one- and multi-dimensional cases, which, to the best of our knowledge, is an

open problem.
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