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ABSTRACT

REGULATION OF NONLINEAR SYSTEMS USING
CONDITIONAL INTEGRATORS

By
Abhyudai Singh

Regulation of nonlinear systems using conditional integrators is studied. Previ-
ous work introduced the tool of conditional integrators that provide integral action
inside a boundary layer while acting as stable systems outside, leading to improve-
ment in transient response while achieving asymptotic regulation in the presence of
unknown constant disturbances or parameter uncertainties. The approach, however,
is restricted to a sliding mode control framework. This thesis extends this tool to
a fairly general class of state feedback control laws, with the stipulation that we
know a Lyapunov function for the closed-loop system. Asymptotic regulation with
improvement in transient response is done by using the Lyapunov redesign technique
to implement the state feedback control as a saturated high-gain feedback and in-
troducing a conditional integrator to provide integral action inside a boundary layer.
Improvement in the transient response using conditional integrators is demonstrated

with an experimental application to the Pendubot.
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CHAPTER 1

Introduction

When a system is subjected to unknown constant disturbances or parameter uncer-
tainties that cause a shift in the equilibrium point, we need to use integral action
to achieve robust asymptotic regulation. The traditional approach for introducing
integral action is to augment integrators with the system and design feedback
control to stabilize the augmented system [4], (7], [8], [9], [10], [12]. The integrators
are introduced in such a way that they create an equilibrium point at which the
regulation error is zero. Hence, stabilizing the equilibrium point ensures asymptotic
regulation. In this approach, achieving asymptotic regulation usually happens at
the expense of degrading the transient response. A new approach of conditional
integrators has been recently introduced in [14]. The work [14] deals with continuous
implementation of sliding mode control and introduces conditional integrators that
provide integral action inside a boundary layer of the sliding surface, while acting
like a stable system outside it. The striking feature of the results of [14] is that
the state of the conditional integrator is always of the order of p (the width of the

boundary layer) and as u — 0 the trajectories of the closed-loop system approach the



trajectories obtained under ideal sliding mode control without integral action, which
provides analytical confirmation of the property that integral action is introduced

without degrading the transient response.

In this thesis we extend the tool of conditional integrators beyond the sliding
mode control framework. Towards that end, we consider a stabilizing, locally
Lipschitz, state feedback control law that stabilizes the origin of a nonlinear system
and assume that we know a Lyapunov function for the closed-loop system. Then,
we perturb the system with a matched uncertainty that causes a shift in the
equilibrium point. To recover asymptotic regulation of the state, we introduce
integral action via a conditional integrator. The key idea is to use Lyapunov redesign
to implement the state feedback control as a saturated high-gain feedback and then
introduce the conditional integrator to provide integral action inside a boundary
layer. We prove analytically that, for sufficiently small y, conditional integrators can
recover asymptotic regulation of the state to the origin in the presence of matched
uncertainty and, under certain assumptions, global asymptotic regulation can be

achieved.

We also show that, for a certain compact set of the initial states, as the width of
the boundary layer approaches zero, trajectories of the system with conditional
integrator approach those of a system with no integral action. Hence, degradation in
transient response due to integral action can be attenuated by tuning the width of

the boundary layer without sacrificing asymptotic regulation. In the afore-mentioned



results the goal is to regulate the state of the system to zero despite the constant
disturbance or parameter uncertainty. In many regulation problems, however, such
requirements could be restrictive and it might be sufficient to regulate the states to
a disturbance-dependent equilibrium point at which the regulation error is zero. In
Chapter 3, we consider such regulation for a class of minimum-phase, input-output
linearizable, nonlinear systems which is basically the same class studied in [14], aside
from some differences in the technical assumptions. As in [14], we study output
feedback control using high-gain observers, but, unlike [14], we do not use sliding
mode control. Instead, we use a saturated high-gain feedback implementation of the

linearizing feedback control.

Finally, in Chapter 4, we demonstrate the improvement in transient response

with conditional integrators by an application to the Pendubot.



CHAPTER 2

Regulation using Conditional

Integrators

2.1 Problem Statement and Controller design

Consider a nonlinear system represented by
r = f(z)+ G(x)u (2.1)

where u € R™ is the control input, z € R" is the state vector, G(z), f(z) are,
possibly unknown, sufficiently smooth functions in a domain X C R", with {0} € X,
and f(0) = 0. Suppose there are, possibly unknown, locally Lipschitz function ¥(z),
with ¢(0) = 0, and C? Lyapunov function V(z), with ££(0) = 0, such that the

following assumptions are satisfied.



Assumption 1:

@) + G < -W(), VreX (2:2)

for some continuous positive definite function W (x).
Assumption 2: %°G(z) can be expressed as 2-G(z) = hT(z)L(z) where
h(z) is a known continuous function with ~(0) = 0 and L(z) is a, possibly unknown,

continuous function satisfying L7 (z) + L(z) > 2XI and* || L(z)|| < k, V = € X where

k>X>0.

Assumption 3: The square matrix M(x) = %G(r) has the property that
M (0) + MT(0) is positive definite.
Let Q = {V(z) < 1} C X be a compact set and

A = Amin { [M(0) ;MT(O)] } v kp=|IM(0)] (2.3)

where Apin{.} stands for the smallest eigenvalue of a positive definite matrix. Suppose
system (2.1) is perturbed by a sufficiently smooth matched uncertainty é(x) that

causes a shift in the equilibrium point, i.e, §(0) # 0. The perturbed system can be

Il = 11-1l2



written as

= f(z)+Gx)u+6(z)]

f(z) + C(2)() + G(z)u + G(z)[6(z) - $()]. (2.4)
Let 3(z) > 0 be a known continuous function such that
16(x) = ¥(x)l < Bx), Ve
Choose a locally Lipschitz function a(z) such that, V z € Q,
a(r) > koB(7) + ao, (2.5)

where k, = max {’x‘, ;ﬁ} > 1 and ag > 0. We make the following local assumption

on the functions G(x), f(x),d(x), h(z), ¥ (z) and a(z).

Assumption 4: There exist non-negative constants k; to k¢ such that

[6(z) = 6(0) —¥(z)l| < killh(z)]| + k2 vV W ()

la(z) — a(0) < ks|h(z)]l + ks vV W(z)

IN

“g_:[f(f) + G(z)y¥(x)] ks|lh(z)|| + ks /W (x)

in some neighborhood of r = 0.



If W(z) > kyllz||?,kw > 0, near the origin, then any locally Lipschitz func-
tion can be bounded by k,/W(z) for some k, > 0. Define the vector saturation
function p(y) by

iyl 21
py) =4 M (2.6)

y if [y <L

It is not hard to verify that the saturated high-gain feedback control

u=—a(z)p <%) RN (2.7)

where y = h(z), achieves practical stabilization in the sense that, within a finite time
interval, z(t) reaches a neighborhood of the origin whose size is a class K function of
u. Hence, by reducing p, we can reduce the ultimate bound on z. However, in reality,
we cannot make the ultimate bound arbitrarily small because it would require u to be
arbitrarily small; hence, inducing chattering, excitation of unmodeled fast dynamics,
and other well-known problems. To achieve asymptotic regulation without forcing u

to be arbitrarily small, we introduce a conditional integrator by modifying (2.7) to

u = —a(z)p (y 7") , 2.8)

where o is the output of the conditional integrator

0= —y0 + pp (yJ;’W) , 1>0. (2.9)



Because ||o(y)|| < 1, Y y € R™, it can be verified that ||o(t)|| < p/vy forallt > 0

provided ||o(0)|| < u/7, as from (2.9)

O’Td’ = —WUTO' + ,UO'T(,O (M)
U
< —llolP + ol <0, ¥ o) > . (2.10)
Inside the boundary layer {||ly + vyol|| < 1}, (2.9) reduces to
o = —7a+p<y‘;’w) =y, (2.11)

which provides integral action.

2.2 Class of Systems

We will now show that Assumptions 1-4 are satisfied for a class of feedback linearizable

systems. Consider the system

& = &
&1 = & (2.12)
& = bi(£,0)+ Zd.j(f,ﬁ)uj, 1<i<m
j=1
v = 51,



where u = [u,---,un]T € U € R™ is the control input, £ =
(€, €l 6n, - €m )T € X € R™ is the state vector, with {0} € X,8 €
© € RY is a vector of unknown constant parameters, and the functions b;(§, ) and
d,;(§,6) are locally Lipschitz in their arguments over the domain of interest, with
b;(0,6) =0, V 8 € ©. We assume that the decoupling matrix D(¢,0) = {d;;(&,0),1 <

i <m,1 < j<m}isnonsingular V¢ € X and V 6§ € ©. System (2.12) can be written

as

€ = A&+ BJb(&,0) + D& 0)y]

= A£+ BJb(E,0) + D(,0)D7'(£,6)D(E, )u),

where

A = block diag[Ay,...,An], (2.13)
- 0 1 0 -
0 0 1 0
A = )
0 0 1
0 0 rixri




n
0
B = block diag[Bi,...,Bn], Bi=| : , (2.14)
0
bi (€, 6)
b(§.0) = : :
| bn(6.6)

1< i< m,and 6 is a nominal value of §. It can be seen that Assumption 1 is satisfied

with

Y(€,0) = DTV O)[-b(E,0) — K€, V(€) =¢€TPE, W(E)=-€"¢,

where the matrix K is chosen such that A— BK is Hurwitz and P = PT is the solution
of the Lyapunov equation P(A— BK)+(A— BK)TP = —I. As D-Y(£,6)D(¢,0) =1
for § = 0 it must be true that for some perturbation of  around 6,

[D~'(¢,0)D(,0)] + [D~}(¢,0) D(&, 0))
2

T
> 0. (2.15)

Let (2.15) be satisfied for § € ©; C ©. For the single input case, condition (2.15)
implies that the scalars D(&, ) and D(¢, 6) have the same sign. With (2.15), Assump-

tion 2 will be satisfied with hT(¢,6) = %QBD(&,&) and L(¢,0) = D-1(£,0)D(¢,9).

10



Figure 2.1. Two-link robot.

As V(€) is quadratic and rank[D(0,6)] = m

~ 2 -
DT(ﬁ,G)BT%@-BD(S,G) > 0.
af £=0
Using similar arguments as used for (2.15), it can be shown that there exists a set 8, C

© such that the matrix D;(,6) = DT(g,é)BT%@BD(g,é)[D—I(g,é)D(g,e)]k:o

satisfies

>0 (2.16)

for 6 € ©,. Inequality (2.16) satisfies Assumption 3. Finally, Assumption 4
is also satisfied as W(£) is quadratic. Hence, Assumption 1-4 will be satisfied

Ve O, NB, CO.

Example : The two-link robot shown in Figure 2.1, can be modeled [13] by the

11



following equation

M(q)g+ C(q,4)4d + D + g(q) = u,

where ¢ is a two-dimensional vector of generalized coordinates representing joint po-
sitions, u is a two-dimensional control (torque) input. M(q) is a symmetric inertia
matrix, which is positive definite for all ¢ € R? and is given by

a; + 2a4cosqs as + a4CoS g

M(q) = ,
ag + a4 COS g2 as
where ay,...,a4 are positive constants. The term C(q,q)q accounts for centrifugal

and coriolis forces and is given by

r ..

o . —¢2 —(q1+q2) 1

C(g,4)d = assing, :

l’_ q1 0

The term Dgq accounts for viscous damping , where D is a positive semidefinite matrix.

However, in this example we will neglect damping and take D = 0. The term g(q),

which accounts for the gravity forces, is given by

by cos gy + by cos(q1 + ¢2)
9(q) = ,

by cos(qy + g2)

where b; and b, are positive constants. These constants a,,...,a4,b; and b, depend

on masses, moment of inertia, lengths of the two links, acceleration due to gravity

12



and the load kept on the robot. The nominal values corresponding to no load on the

robot are

a; = 200.01, G, = 23.5, a3 = 122.5, a4 = 25, b; = 784.8, by = 245.25.

The state space equation for the two link robot is given by

qQ1

. q
i = Az + B{M (M (@M (@u-Ca.di-g@)}, z=| |,
q2

2

- -

where A and B given by (2.13) and (2.14) respectively with {ri =2, 1 <i < 2} and

Gy + 2a4c0sqy Qg + 44 COS Qo

M(q) =

[12 + 6.4 COS @2 &3

It can be seen that Assumption 1 is satisfied with

¥(z) = [C(a,9)q+9(q) — M(9)Kz], V(z)=2"Pz, W(z)=-10z"z,

15.7074 0.1548 -0.4792 0.0103
0.1548 0.4273 0.0074 0.0143

—0.4792 0.0074 18.4157 0.1014

0.0103 0.0143 0.01014 0.3423

L .

13



32.492 12.0791 -2.8711 -0.4700

—2.9927 —.4903 49.5071 14.9209

Due to an unknown load, the actual system parameters are perturbed to
a; = 259.7, a; = 58.19, a3 = 157.19, a4 = 56.25, b; = 1030.1, by = 551.8125.
It can be verified that for this perturbation, V q € R?,

[M(g)M~(g)) + [M ()M~} (9))" > 0

A N T
[M“lT(q)BPBTM‘l(q)] + [M'IT(q)BTPBM’I(q)] > 0.
Hence, Assumptions 2 and 3 are satisfied with
KT (z) = 22TPBM~"(q), L(zx)= M(q)M~*(q).

Finally, Assumption 4 is also satisfied as W (z) is quadratic.

2.3 Asymptotic Regulation

In this section we prove that, for sufficiently small y, the system (2.4), (2.8), (2.9)

has an asymptotically stable equilibrium point at which = = 0.

Theorem 1: Suppose Assumptions 1-4 are satisfied. Then, there exists u* > 0 such

14



that Vu € (0,pu*

a) The system (2.4), (2.8), (2.9) has an asymptotically stable equilibrium point at
(:r =0, = —ﬁ—_é(O)) and £ = {V(z) < ¢} x {||lo]| < p/~} is a subset of the region

a(0)y

of attraction.

b) If (2.5) and Assumptions 1, 2 hold globally, V(z) is radially unbounded,

and
a(r) < kW(z)+cy, Yz ER" (2.17)

for some kg, cy > 0, then, V (2(0),0(0)) € R* x {|lo|| < n/v}, limi_z(t) = 0.

Proof : a) The proof is divided into three parts. First we show that all tra-
jectories of the system (2.4), (2.8), (2.9) starting in the set ¥ reach a positively
invariant set £, = {V(z) < p(u)} % {|lo|| < p/7} in finite time, where p is a class K
function. Then we show that the trajectories in the set ¥, enter the boundary layer
{lly + vo|| € p} in finite time. Inside the boundary layer, we show that the system

has an asymptotically stable equilibrium point at which z = 0.

To show that all trajectories starting in ¥ enter £, in finite time, we calcu-

15



late V for (z,0) € L.

Vo= i)+ Gt + 2Gu+ 2

oz
< —W(z) —yTa(z)L(z)e ( ) +yTL(z)[8(z) — ¥(z)]

= —W(z) - (y +70)Ta(z)L(z) (y +#7 ) +a(@he’ L(z)e (y :7(7)

G(2)[6(z) = ¥(2)]
y+no

—'7UTL(I)[5(1:) ()] + (v + 70)TL(2)[6(z) — ().

oy +90)l 2 m e (22) = (#22 Using yloll < u,L7(x) + L(z) 2

2AI, || L(z)|| € k and (2.5) we have

V < =W(2) = a@)ly +10)l + k3@)l(y + 10)ll + kla(z) + B(z)]n

IN

~W(x) + e, oy = maxkla(z) + Bz )l.

I f(y+10)ll S py o (452) = 27 and

V < -W(2)+ k[a(z) + 28(2))p (2.18)

< —W(2)+aop, oy =maxkla(z) +28(z)] 2 e

Thus, ¥ (z,0) € £, V < —W(z) + ayu. Hence, from ([11], Theorem 4.18), for
sufficiently small y, the set ¥ is positively invariant and all trajectories starting in
L enter a positively invariant set £, = {V(z) < p(u)} x {||o|| < #/~} in finite time,

where p is a class K function.

16



Next, we show that the trajectories reach the boundary layer {|ly + vo||

< n}
in finite time. For (r,0) € £, we have
y = a[f(r)+ (2)] + M(O)[u — ¢(2) + 6(2)]
+[M(x) = M(0)][u — ¥(z) + d(x)]. (2.19)

From (2.8) and (2.9),

(y+7v6) = —a(z)M(0

¢(y’:‘”'”)+1v()+m )16(2) - $(2)] - 7o

)
y+~o
+7#<P< ),
M

where

N@) = o21/(@) + Cau@) + M) ~ MO)lu - 4(z) + )]

As we are already inside the set £, and N(0) = 0, ||N(z) + vJ|| can be bounded by

a class K function p;(u), i.e.

+ yo
HN(IHWWJ (y ”/ ) -7’0

Let Vi = L|ly + ol

< pr(p).

Vi = (y+70)"@+70)

< —O(I)(y+‘7‘0)TM(0)‘P(y+#W)+( £ 10)TMO)5(z) - ()]

17



+o1 ()l (y + 7o)l

If|ly+vol| > p ¢ (yt?”) = 89 and, using (2.3) and (2.5),

— y+aall

Vi s -, ote) = 52000 - 242 1y 40
< = [on= 28] iy 5001

Thus, for sufficiently small u, all trajectories inside ¥, would reach the boundary
layer {|ly + vo|| € p} in finite time. Inside the boundary layer, the system (2.4),

(2.8), (2.9) is given by

y+~o

z = f(z)+G)y(z) — a(r)G(z) (

. + o

We can see that (3: =0,0= ;(%;5(0)) is an equilibrium point. Defining 6 =0 — &

) +C(@)B() - v()]

and §(z) = 6(x) — 8(0), the system inside the boundary layer can be written as

i = f(z)+Cle)(x) + Cla) {—a(r) (y 7‘}) - ff(?}) la(z) - a(O)]}
+G(z)[8(x) - ¥(x)] (2.20)
o =y (2.21)

18



Define the Lyapunov function

Va=V(z)+ 5676 + = (y +75)" (v +75),

| o
N o

where b and c are positive constants to be chosen. Calculating V; along the trajectories

of the system (2.20) and (2.21), we obtain

. . Oh
Vo, = V+bsTy+cely+ 7&)T($i +7Y). (2.22)

Using Assumptions 1, 2 and 4 yields

v %%[f(l) 4 G(I)l,/z'(ll')] + yTL(f) {—a(:p) (y + 75) _ (5(0)

%) - 2 ate) - a(0)}

+yTL(z)[5(x) — v(x)]

IN

“W(z) - a(r)ﬁnyu"’ - a(r)yTLu)vff; T kel + ksl V@)

for some non-negative constants k7, ks. We also have

(%i + 7y) = %[f(:r) + G(z)y(z)] — #A'I(x)(y +76)

M@ W a@) - a(0) + M@)B() - v(2)] + 1.
2(0)

Since z € {V(z) < p(p)}, a(z) and ||M(z)|| can be bounded by constants.‘Moreover,

since M (0) + MT(0) is positive definite, there is a positive constant ¢, < ¢; such that

19



M(z) + MT(z) is positive definite for all z € Q; = {V(z) < ¢} C Q. Let
A = % min Ao {M(z) + M7 ()} . (2.23)
For sufficiently small u, {V(z) < p(p)} C 1, hence
M(z)+ MT(z) > 20,1, Vze{V(z)<pp) (2.24)

Using (2.24) and Assumption 4 we obtain

a(r)

0
o (Gre+ ) < =Sl 40P + bl VT

+ki||F] VW (2) + ki2llyl® + kwllF ]Iy,

where klo, k“, km, k12 > 0. Therefore,

W(x)
2

— o)1 + (ks + ekl + (s + o) Iyl V) - 5

#067y = 2y + 907 + ckial 6 VIVE) - a@ Lz

V; < -

+ckolla lyll-
Taking b = 2&\,7%92, we can express the upper bound on V; as

Vi < —Wi(z) = Wy(z) — Ws(a),

20



where

Wiz Qmin
Wile) = 5 DN = by = o) = (h + k) [V )
W) Do T, .
W?(I) = 2 + ca mm7 “U“ _CkIZHUH w/ mmzrpelga(x)
, a(z ~ 2c)hgy +ck -
W) = L){C/\qllyllz+§72/\qllal|2— R )

and p, is a class K function such that

lla(z) — a(0)l < p2(u), ¥V z € {V(z) < p(w)}-

We can see that both W) (zx) and W(z) will be positive definite for sufficiently small

u. For Wj(x) to be positive definite, we need

c2

242
'5’)‘/\q>

- |7k +

(2cAgvp2(p) + Ckw/i)} ?
) .

Qmin

Taking ¢ = k/)A; ensures that V, will be negative definite for sufficiently small y;
consequently the equilibrium point (r =0, = O—(OL(S( )) will be asymptotically

stable for sufficiently small p.

b) Inequality (2.18) is valid V (z,0) € R"™ x {|lo]| < u/v}. Using (2.5) and

(2.17) we obtain

V < —W(z) + 3ka(z)p
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< —[1 = 3uk k]W (z) + 3kcgp.

Hence, as in part a), for sufficiently small u, all trajectories starting in
(z,0) € {V(z) £ a1} x {|lo]l £ n/y} enter E,. Since V(z) is radially un-
bounded, ¢; can be chosen to include any z(0) € R"™ in the set {V(z) < a}.
Analysis inside the set ¥, remains the same as in part a). Thus, for sufficiently small

i,V z(0) € R™ and ||o(0)|| < n/7v,z(t) = 0 as t — oo.

Remark: In Theorem 1 we assumed ||o(0)]] < p/y. However, we can relax

this requirement. Given ||o(0)|| < ks, /7, ks > p, then, from (2.9),

. vy 2u
T < =TJolP, Vol 2 2.
~

Hence, from ([11], Theorem 4.18), o(t) reaches the set {||o|| < 2u/~v} in finite time.

For ||(0)|| € k,/ we can repeat the derivation preceding (2.18) to show that
V < —W(z) + ask,, Vze .

Thus, from ([11], Theorem 4.18), there exists a positively invariant set S = {V(z) <
p3(ks)}, where pj is a class K function, such that trajectories starting outside S reach
it in finite time. If k, is small enough such that S C Q, then z(0) € Q@ = z(t) €
Q, Vt>0. Once ||o|| reaches the set {||o|| < 2u/v} the proof of Theorem 1 can be

repeated for the set Q x {||o|| < 2up/v}.
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2.4 Performance

In this section we show that the conditional integrator does not degrade the transient
response of the system, in the sense that, as ug — 0, the trajectory of the closed loop
system under saturated high-gain feedback with conditional integrator (2.8) approach
those of the closed-loop system under saturated high-gain feedback without integrator
(2.7). The closed-loop system under (2.8) is represented by (2.4), (2.8), (2.9) while

the closed-loop system under (2.7) is given by

2 = f(5)+ C)() - ala)C(z)p (%) , (2.25)

where y* = h(z*). In both cases, the trajectories eventually enter a boundary layer,
which is {||ly + vyo|| < p} for (2.4), (2.8), (2.9) and {||y*|| < u} for (2.25). Showing
closeness of frajectories is relatively easy when trajectories of both systems are either
outside or inside their respective boundary layers. The tricky part is to keep track
of the closeness of trajectories as trajectories enter and leave the boundary layers
since the entry and exit times will be different for the two systems. Note that, while
trajectories eventually settle inside the boundary layers, there could be a period of
time when trajectories go in and out for a finite number of times. For convenience,
we restrict our analysis to a case where once the trajectories enter the boundary
layers, they cannot leave. This will require us to limit the compact set of analysis

and to change the choice of the function a(z) in the feedback control law (2.7) or (2.8).
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Recall from the proof of Theorem 1 that Q; = {V(z) < &} C Q is a com-
pact set such that MT(z) + M(z) is positive definite in Q;. Let )\, be defined by

(2.23) and
kq = max||M (z)]].

Let 3)(x) be a known continuous function such that

”%[f(ﬂ%—G(z)d)(a:)] < Bi(z), Vze.

The choice of a(z) is changed to

a(z) > max {;ﬂ(z), %ﬂ(l) + /\lqﬂl(z)} + ao. (2.26)

The choice (2.26) is more conservative than (2.5); hence, the conclusions of Theorem 1
hold for all z(0) € Q,. For all (z,0) in the positively invariant set Q; x {||o|| < p/7},

the derivative of V; = ||y + v0||? satisfies

Vi = (y+v0)T(y+10)

y+noo

INA

—a(2)(y + o) M(z)p ( ) £ [Bi(2) + koB() + 29| (9 + 1)1l

Outside the boundary layer {||y + vo|| < p}, we have

. 2
Vi < o o= 2]y + el
q9
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Hence, for sufficiently small p, all trajectories starting inside Q; x {||o|| < p/~} will
reach the boundary layer {||ly + vo|| < u} in finite time and stay there for all future

time. We can arrive at a similar conclusion for the system (2.25) using V2 = §|ly*||.

To compare the equations of the two systems inside the boundary layers, it is
convenient to recognize that high-gain feedback creates slow and fast dynamics,
which can be represented in the singularly perturbed form. The following two
assumptions are used in analyzing the closeness of trajectories inside the boundary

layers.

Assumption 5: There exists a diffeomorphism 7'(z) such that

0
TDoa=| |,
oz
I
Vze.
21
The change of variables z = = T'(z) transforms the system (2.1) into
22

3 = f1T(ZI722)

Zy = fzf(zlaz2) +u
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and y = h(z),-1-1(z) can be written as y = hf(zy, 25)

Assumption 6: 0 = h'(z, 2;) has a unique solution 2, = v(z;) for all € Q; and

the system

5 = fl(z1,v(21))

has an exponentially stable equilibrium point at z; = 0.

Theorem 2: Suppose Assumptions 1-6 are satisfied and a(x) satisfies (2.26).
Let z(t) and o(t) be the state of (2.4), (2.8), (2.9) with z(0) € Qy, ||lo(0)|| < /7, and
z*(t) be the state of (2.25) with z*(0) € Q,. Suppose that ||z(0) — z*(0)|| = O(u).

Then, [l2(t) — 2 (8)]| = O(k), ¥ t > 0.

Proof : Let t; be the first time one of the two systems reaches its boundary
layer. For all ¢t < t;, trajectories of both the systems are outside their respective

boundary layers and the systems are represented by

6 = —yo+ pp (-‘fl‘}ﬂ> -
i = f(z)+G(@)d(z) — a(z)G(z) (fﬁ‘h)
i = f(z*) +G(x")s(z") - a(z)G(z") (Wh) . (2.28)
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As ||o]] = O(u), the difference in the state equations for £ and z* is O(u) for all
t < t;. From ([11], Theorem 3.4), ||lz(t) — z*(t)|| = O(u), V t < t;. From, ||o| =
O(u), and ||z(t;) — z*(¢1)|] = O(n) it can be seen that if trajectories of one system
reach its boundary layer, the trajectories of the other system will be in some O(u)
neighborhood of its boundary layer. As derivatives of both 1||(y + v0)||* and §||y*||?
are strictly negative outside their boundary layers, uniformly in g, it must be true that
trajectories of the other system also reach its boundary layer in time t; = t; + O(u).
Hence, ||z(t)—z*(t)|| = O(u), Vt € [t1,ts]. For all t > t,, trajectories of both systems

(2.27) and (2.28) are inside their respective boundary layers and can be represented

by
o =y
(2.29)
i = f(@)+G(@)) - a(x)Gl) (£22)
i = f(z*) +C(z*)d(z") — a(z*)G(z") (%) (2:30)
21 P2
With the change of variables z = = T(z) and 2* = = T(z*), (2.29)
29 Z;
and (2.30) can be written in the singularly perturbed forms
g = ht(zl’ 22)
n o= fl(z,2) ( (2.31)
iy = plfi(n,2) +8' (2, 2)] - ol (21, 2) [ (21, 22) +70] |
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7 = fl(z1,2) 232

pz = iz 3) + 812, )] — ol (31, )R, 23)

where 61(z1,22) = 6(2)|e=r-12), @' (21,22) = @(z)|z=r-1(r) and hi(z1,2) =
h(z)|;=7-1(;)- Let 23 = v;(z,0) be the unique solution to hi(z1,22) + yo = 0.

The slow and fast models of (2.31) and (2.32) are given by

7o (2.33)
2 = ff(zhvl(zl,a))

2 = —al(z, 2)[h' (2, 22) + 0] (2:34)
5 = flhu(E) (2.35)
B = —al(z, )3, 2), (2.36)

where 7 = t/u. The differences between the right hand sides of the slow models
(2.33), (2.35) and the fast models (2.34), (2.36) are O(u). Furthermore, from As-
sumptions 3 and 6 it can be verified that systems (2.33), (2.34), (2.35), and (2.36) are
exponentially stable. Hence, from ([11], Theorem 9.1) and Tikhonov theorem ([11],

Theorem 11.2), ||z(t)—z*(t)|| = O(p), YVt > to. Thus, ||z(t)—z*(t)|| = O(u), Vt > 0.

Example: Consider the second-order system

I, = —I— I

(2.37)

Iy = I14u
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Assumption 1 is satisfied with ¥(z) = —x,, V() = (2,2 + 2,2)/2, W(z) = —1,2 — 1,°
and Assumption 2 is satisfied with h(z) = x5, L(z) = 1. It can be easily verified
that M7 (x) + M(z) is positive definite V = € R? and Assumptions 3-6 are also
satisfied. A constant matched uncertainty é(z) = 1 is added to the control u to shift
the equilibrium point from the origin. To recover asymptotic stability of the origin,
system (2.37) is augmented with the conditional integrator (2.9) and from (2.8) and

(2.26), the control u is given by

u = —(2|ry| + |7, | + 2.2) sat (“: ") .

The closed-loop system can be written as

6 = —v0+ pusat (5%)
Ty = —I1—1I;
) (2.38)
i‘g = rn+u+ 1
u = —(2lz2| + |z1| + 2.2) sat(%2E2)
/

We will now demonstrate through simulation that as u — 0, trajectories of the

system (2.38) approach the trajectories of the closed-loop system

3\
Ty = —x]—13
T3 = ri4+u+l & (2.39)
u = —(2lzy| + |z}| +2.2) sat(f“i) )
Simulation was run for the initial conditions 7,(0) = x7(0) = 0,z,(0) = z35(0) = —20
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Figure 2.2. Plot of error ||z;(t) — z}(t)|| for systems (2.38) and (2.39) with p =1
(solid), u = .1 (dashed) and plot of s = ||y + o|| (dashed) for p = 1, with initial
conditions x,(0) = z}(0) = 0,z2(0) = z3(0) = —20 and ¢(0) =0

and o(0) = 0, for different values of p. It can be seen from Figure 2.2 that the

trajectories of (2.38) enter its boundary layer and stay there for all future time, and

that they approach those of (2.39) as p — 0. However, if a(z) is given by (2.5), as

was taken in Theorem 1, in place of (2.26) then the control u would be

u = —(|z2] +2.2) sat (

1’2+0’)
p .

The closed-loop systems (2.38) and (2.39) would be

Ty

Ty

_ 12t0
Y0 + p sat(=252)
—TI) — I

xl+u+1

—(|z2| +2.2) sat(f%)

30
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Figure 2.3. Plot of error ||z;(t) — z}(t)|| for systems (2.40) and (2.41) with p =1
(solid), u = .1 (dashed) and plot of s = ||y + o|| (dashed) for u = 1, with initial
conditions z;(0) = z}(0) = 0,z2(0) = 23(0) = —15 and ¢(0) =0

and

I, =
12 =

u =

* L]
—I), — I,

ri+u+l

= (o3| +2.2) sat(%2)

/

\ (2.41)

For similar initial conditions z,(0) = z}(0) = 0,z,(0) = z3(0) = —20 and 0(0) =0, it

can be seen from Figure 2.3 that the trajectories of (2.40) enter and leave its boundary

layer once before settling there; yet the trajectories of (2.40) still approach those of

(2.41) as u — 0, a property that is not guaranteed by Theorem 2.
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CHAPTER 3

Output Feedback of

Minimum-Phase Systems

In this section we apply the conditional integrator design of Section 2 to output
feedback regulation of a class of minimum-phase, input-output linearizable systems.
Aside from some technical differences, this is the same problem treated in [14], but
the controller design presented here is different from the “continuous” sliding mode

controller of [14].

3.1 Problem Statement
Consider the MIMO nonlinear system
z = f(z,w)+ G(z,w)u (3.1)

y = lz,w) (3.2)
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where u € R™ is the control input, € R" is the state vector, y € R™ is the
measured output and the disturbance input w belongs to a compact set W C R..
The functions G(z,w), f(z,w),!(z,w) are sufficiently smooth functions in z on a
domain X C R™ and continuous in w for w € W. We want to regulate y(t) — 0 as

t — co. We make the following Assumptions about (3.1), (3.2).

Assumption 7: For each w € W there is a unique pair (z,s,u,s) that de-

pends continuously on w and satisfies

0 = f(Zss,w)+ G(Tss,W)Uss (3.3)

0 = l(z4,w). (3.4)

Subtracting (3.3) from (3.1), we have

i = f(z,w)+ Gz, w)u— u,), (3.5)

where f(z,w) = f(z,w) — f(Zss, w) + [G(z, w) — G(Tss, w)]uy,. Hence, the regulation
problem reduces to the stabilization of the equilibrium point z = z,,. The system

(3.5) is in the form (2.4) with u,, as the matched uncertainty 4.
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Assumption 8: For all w € W there exists a mapping

which is a diffeomorphism over X onto its image X, x X¢, that transforms (3.5), (3.2)

into the normal form

7" = ¢(7I1 va)

-~

AC + B{b(n,¢,w) + D(n,¢, w)[u — uy)} (3:6)

Va
I

y = C¢

and maps the equilibrium point z,, into (7,s,0) with  and ¢ belonging to the sets
X, C R*" and X; C R’ respectively. The m x m matrix D(n,(,w) is non-singular
for all (n,¢,w) € X, x X x W. The r x r matrix A and the r x m matrix B are given

by (2.13) and (2.15), respectively. The m x r matrix C is given by

C = block diag[Cy,...,Cyl, (3.7)

Q
[

10 --- --- 0 , (3.8)

1xri

where 1 < ¢ <mand r =7l +...+rm. The triple (A, B, C) represents m chains of

integrators.

Conditions for the existence of such a change of variables that transform (3.5), (3.2)

into the normal form (3.6) are discussed in ([8], Chapters 5 and 9)
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Assumption 9: For all (.{,w) € &, x X, x W,

D(n,¢,w) + DT (n,¢,w) > 0 (3.9)

BTPBD(,,0,w) + DT (45,0, w)BTPB > 0 (3.10)

where P = PT is the solution of the Lyapunov equation P(A— BK)+(A—BK)TP =

—Q in which Q is a positive definite matrix and A — BK is Hurwitz.

In [14], Assumption 5, the decoupling matrix D(n,(,w), is required to be of

the form

D(n,¢,w) = T(n.¢, w)A(¢, w), (3.11)

where A is a known nonsingular matrix and ' = diag[y, -+ ,Ym] with
Y%() 2 % >0, 12>1:>m, for all (n,¢,w) € &, x X, x W and some posi-
tive constant 9. In the case of (3.11), without loss of generality a new control input
can be defined as v = A(C ,w)u and with respect to the input v, the decoupling

matrix D(n, {,w) = I'(n, (,w) will satisfy (3.9).

Assumption 10: There exists a Lyapunov function V, (7, w) where 7 = n— 7,, and
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a compact set X,, C X, x X, x W such that V (n,({,w) € X,

oV,.(7,
e gn.6w) < bl + kulalc]

for some constants k5 > 0,k > 0.

With ¢(7,{,w) being locally Lipschitz in its arguments, if n = 7,, is an expo-
nentially stable equilibrium point of 7 = ¢(n,0,w), then, the existence of such
Lyapunov function is ensured by the converse Lyapunov theorem ([11], Theorem
4.16). In [14], Assumption 4, exponential stability of 7§ = ¢(n,0,w) is required but
the upper bound on Wg{)(n,(, w) does not need to be quadratic in ||¢|| and ||7|

over the compact set X,,.

3.2 Partial State Feedback Design

It can be seen that V (,{,w) € X,, Assumption 1 is satisfied with ¢ (7,{,w) =
D77} + s, €, w)[=b(7 + 75, ¢, w) = K], and V(7,¢,w) = Vi(7,w) + k(T P,
where k)7 is chosen such that kj; > k%;/4k;s, and that the function W (7, ¢, w) is
quadratic in ||| and ||7||. From (3.9) it can be seen that Assumption 2 is satisfied
with AT (¢) = 2ky7¢TPB and L(7,¢,w) = D(f} + nss, ¢, w). Inequality (3.10) satisfies
Assumption 3 and as W (7, (,w) is quadratic in ||¢|| and ||7j|| Assumption 4 is also

satisfied.
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Let 5(¢) be a known function such that V (,{,w) € Xy,

lluss + ¥(7, ¢ w)| < B(Q). (3.12)

Then, from (2.8), a partial state feedback control is taken as

. T
u = —a(Q)y (W) >0, (3.13)

where a(¢) and o are given by (2.5) and (2.9), respectively. From Theorem 1 it can be
seen that for the closed-loop system (2.9), (3.6), (3.13), for sufficiently small p,{ — 0

as t — o0o. Thus, lim,_ y(t) = 0.

3.3 Output Feedback Design

The controller (3.13) cannot be implemented as a state feedback controller because
the partial states ( depends on the unknown vector w through the change of variables
T.(z). However, it can be implemented as an output feedback controller that uses

the high-gain observer

¢ = AC+H(y-Cd (3.14)
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to estimate (, where A is given by (2.13) and the observer gain H is chosen as

3
a
€

MNL;D-

H = block diag|Hy,...,Hy,], H;=

L € 4 rix1

in which € is a positive constant and the positive constants a} are chosen such that

the roots of

s"4ajs e+l =0
are in the open left-half plane, for all i = 1,--- ,m. The output feedback control is

given by

¢ = AC+H(y-Cd)

G = —v0o + pp (2k17B:‘P&10) (315)

~”

i

N

/
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If the closed-loop system under the state feedback control (3.13) has an exponentially
stable equilibrium point at the origin then, for sufficiently small €, the closed-loop
system under the output feedback control (3.15) will have an exponentially stable
equilibrium point [2]. If the equilibrium point is asymptotically, but not exponentially,

stable we need to place an upper bound on the modeling error

50(777 C’ w) = b(nv Cv ’UJ) + D(’I, (v ‘LU)[U - uss]-

In the latter case, for each w, the following properties hold. The closed-loop system
under state feedback can be transformed into the form ([11], Theorem 4.7)

ﬁ = Alﬁ + gl(ﬁ! Z,'U))
, (3.16)

é= Al + g2(7, ¢, w)

where A; has all its eigenvalue with zero real parts and A, is Hurwitz. Also ([11],
Theorem 8.1), guarantees the existence of a continuously differentiable center man-
ifold ¢ = h(f,w) for all ||7|| < d,, for some d,, > 0. From ([11], Corollary 8.2) the

origin of the reduced system

ﬁ = Alﬁ + gl(ﬁa }—1(7_71 UJ), 'LU) = gO(ﬁa ‘LU) (317)

is asymptotically stable and the converse Lyapunov theorem ({11], Theorem 4.16)

guarantees the existence of a continuously differentiable function V3(7, w) defined on
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B;(0,7), a ball of radius r around 7 = 0, such that V 7 € B;(0, ),

oV-
577—390(77710) < —ao(|I7l]),

where aq is a class K function, possibly dependent on w.

For the above properties to hold uniformly in w € W, we make the following

assumptions.

Assumption 11: The closed-loop system under state feedback can be trans-
formed into the form (3.16), where A; has all its eigenvalue with zero real parts and

A, is Hurwitz, uniformly in w € W.

Assumption 12: There exist a continuously differentiable center manifold
¢ = h(7j,w) for all ||| < d, for some d,, > 0, such that origin of the system (3.17)

is asymptotically stable, uniformly in w € W.

Assumption 13: There exist a continuously differentiable function V3(7, w) defined

on B;(0,7), a ball of radius r around 7 = 0, such that V 7 € B;(0,7),Y w € W,

oV;
'6—77390(77yw) < —ao(|I7ll),
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where ag is a class K function, possibly dependent on w.

Let 6,(7, w) be the projection of the modeling error onto the center manifold,

i.e.

60(7)' Ca ‘U)) = 61(7—]* ‘UJ) + 62(T7a Cy U,’).,

where 65(7,0,w) = 0. Now we make the following assumption on the functions

V3(9,w) and 6,(7, w).
Assumption 14: V7€ B;(0,7), Ywe W

oV
18: )l < condhl) and | 52| < e,

where a,b < 1 are some positive constants such that a +b=1,¢o > 0 and ¢; > 0.

Under Assumption 14, from (2], the closed loop system under output feedback

will have an asymptotically stable equilibrium point for sufficiently small e.

Furthermore, from [2], if R is the region of attraction under state feedback
control, then for any compact set M in the interior of R and any compact set

Q C R’ of initial estimate {(0), the set M x Q is included in the region of attraction

under output feedback control for sufficiently small ¢, and trajectories under output
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feedback approach those under state feedback as € — 0.

3.4 Comparison of Controllers

In this section we compare the controller design presented in Section 3.2 to that of

(14] through an example.

Example: Consider the two-input, third-order system

A
i'l = I9
Ty = a ity
.'ifg = GQ.T% + U > ) (318)
I
y =
I3 )

where a; and a, are unknown constants with |a;| < 1 and |ap| < 1. It can be seen
that Assumption 1 and 2 are satisfied with
—a 1} — 1) - 219 I+ 19

Y(r) = , h(z) = , (3.19)

-ang — I3 500z3

V(z) = 1512+ 0.529% + 1129 + 25023, W(z) = —1,2 — 1,2 = 50022, L(z) = 1.

From (3.12) and (3.19) a function a(z) can be chosen as

az) = /(o] +2lral +23)2 + (2} + [zal)? + 2
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and from (2.8) the control u can be taken as

I B IR 1€ k)
- ~ -a(ale (12 ) (3:20)
U2
o = —U+,u<p(y+a),
M

(251
where 0 =

g2

Now we will design a “continuous” sliding mode controller as presented in
(14]. The first step in a sliding mode design is to specify a sliding surface on which

the sliding motion occurs. The sliding surfaces are taken as

ST = I1+x9+ 0,

S = I3+ 09,

where o; is the output of

Si

di:_ai+p’i Sat( ), U,-(O)E[—Ili,lii], 151S2
H

and p; are positive constants to be chosen.
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From ([14], (12)), a control u can be taken as

U (22 + || + 20) sat -‘U-)

¢ = =-| (i . (3:21)
Ug (z2 +1) sat (,%)

Simulation was run for the following initial conditions z,(0) = -3,z,(0) =

—15,73(0) = 1,04(0) = 0, and 02(0) = 0 with g = py = po = .1. The difference in
performance of controllers (3.20) and (3.21) can be seen in Figure 3.1. The controller
(3.20) regulates the states z; and z3 faster as compared to the sliding mode controller

(3.21). The control inputs u; and u, are shown in Figure 3.2.

From this example its clear that the controller design of Section 3.2 is a good

alternative to the sliding mode controller design presented in [14] and can give better

performance in some cases.
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Figure 3.1. Plots of z,(t),z(t) and z3(t) for the controller design (3.20) (dashed)
and the controller design using sliding mode control (solid)
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Figure 3.2. Plots of u;(t) and u,(t) for the controller design (3.20) (dashed) and the
controller design using sliding mode control (solid)
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CHAPTER 4

Application to the Pendubot

We illustrate the improvement in the transient response using conditional integrators

by application to the Pendubot.

4.1 The Pendubot

The Pendubot is an electro-mechanical system consisting of two rigid aluminum
links interconnected by a revolute joints. The first joint is actuated by a DC-motor
while the second joint is unactuated, thus making the Pendubot an under actuated

mechanisin.

The Pendubot is in some ways, similar to the inverted pendulum on a cart,
where the linear motion of the cart is used to balance the pendulum. The Pendulum
uses instead the rotational motion of the first link to balance the second link. In this
regard, the Pendubot is also similar to the more recent rotational inverted pendulum,

invented by Professor Furuta of the Tokyo Institute of Technology [6]. In the
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Figure 4.1. Front and side view drawing of the Pendubot.

rotational inverted pendulum, the axis of rotation of the pendulum is perpendicular
to the axis of rotation of the first link. The Pendubot has both joint axes parallel,
which results in some additional rotational coupling between the degrees of freedom.
This additional coupling, which is not found in either the linear inverted pendulum
or the rotational inverted pendulum makes the Pendubot more interesting and more
challenging from both a kinematics and a dynamic stand points. For example, in
both the linear inverted pendulum and the rotational inverted pendulum, the Taylor
series linearization around any operating point results in a controllable linear system.
Moreover, the linearized model (A, B, C) is the same at all points. In the Pendubot,

the linearization is operating-point-dependent; in other words, the linearization
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(A, B,C) changes at each configuration and there are even special configurations

where the linearization is uncontrollable.

The Pendubot possesses many attractive features for control research and edu-
cation. It can be used to investigate system identification, linear control, nonlinear
control, optimal control, learning control, robust and adaptive control, fuzzy logic
control, intelligent control, hybrid and switching control, gain scheduling and other
control paradigms. One can program the Pendubot for swing up control, balancing,
regulation, tracking, identification, gain scheduling, disturbance rejection and friction
compensation to name just a few of the applications. Some of these applications are
described in [18], [15] and [16]. The maker of the Pendubot is Mechatronics Systems,

Inc. Figure 4.1 shows the front and side view of the Pendubot.

4.2 Mathematical Model

The equation of motion of the Pendubot can be found using Lagrangian dynamics

(17]. In matrix form the equation is

D(q)§+C(q,4)4+g(q) =u (4.1)
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where

0, + 03 + 263cos(q2) 6 + O3c0s(g2)
D(q) = :
6 + B3c0s(q2) 0,
_ —03singagi  —03sin(g2)(d1 + g2)
Clg,q) = ,
63 sin(ga)q1 0
619 cos(q1) + 659 cos(q1 + g2) qQ T
g(q) = y 9= y U=
659 cos(q1 + g2) 92 0
and
6, = mllfl + mﬂf +1, 6= m2132 + I, 03 = malil, 04 = myly +maly
fs = malag
m; : the total mass of link one
l; : the length of link one
l.i : the distance to the center of mass of link 1
I, : the moment of inertia of link one about its centroid.
m, : the total mass of link two
lo : the distance to the center of mass of link two
I, : the moment of inertia of link two about its centroid
g : the acceleration due to gravity
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The Pendubot parameters are 8; = 0.0308, 6, = 0.016, 6; = 0.0095, 6, = 0.2087 and

s = .063. The matrix D(q) is invertible for all ¢ € R?; hence, the state equations

can be written as

r, =

i’1=

By =

i'3=

.’i?4=

D™ (q)[u - C(a.9)4 — 9(q)]
q1,T2 = Q1,73 = 2, T4 = @2
I
)
Iy

-

4.3 The Equilibrium Manifold

For each constant value of 7 the Pendubot will have a continuum of equilibrium

configurations. Since at equilibriumn we ¢; = ¢; = ¢, = ¢ = 0, we have

04 cos(q;) + 05 cos(q; + q2) =

© wlN

65 cos(q1 + q2) =

and the Pendubot will balance at

q1

q2

= cos™! (—T-)
bag

= ng—ql, n=13.
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4.4 Controlling The Pendubot

The Pendubot control strategy developed for the Pendubot in [18], [5] is divided
into two parts: a balancing control which balances the Pendubot about the desired
equilibrium point, and a swinging control that swings the Pendubot up from the

downward configuration to the desired configuration.

Balancing Control

The balancing problem may be solved by linearizing the equation of motion about an
operating point using Taylor series expansion and designing a linear state feedback
controller. As we saw before, the Pendubot has an equilibrium manifold which is
a continuum of balancing positions. The linearized system becomes uncontrollable
at qy = 0,7 as illustrated in Figure 4.2 which shows controllable and uncontrollable

positions of the arm.

Swing Up Control

The problem of swinging the Pendubot up from the downward position to the

inverted position is an interesting and challenging nonlinear control problem.

From the equation of motion we have

dingi +dipga+hi+ =7 (4.2)

d21G1 + da2ga + ho + ¢2 =0, (4.3)
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Figure 4.2. The pendubot arm at a: Controllable position, b: Uncontrollable position

where

dyy dy2
D(q) =
dy do
. hy o)
Clq.q) = . o9lg) =
ho o

Solving for ¢, from (4.3) and substituting in (4.2). we obtain

,, lyady Lo L2
i (= ) (=) o (o0 ) =




Taking the control variable 7 as

dyod dioh d
T=(d“_ *;2;1)1,14,(;”_ 3222)+(¢,_ d¢)

results in

q1 = U1

(4.4)
dngs+ ho+ ¢ = —dyv

The control v, is taken as

v = ky(qf — q1) + ka(df — G1)

to track some reference positions r = ¢¢,7 = ¢¢ = 0 and the positive constants k, and

kq4 are the control gains. Defining the tracking errors as

e = g¢i—q, e2=¢{—a
m = @, h=q

the system (4.4) can be rewritten as

é2 = —kpel—kdeQ
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m = M

. 1 d . .
m = ———(ha+¢2) — —Qkp((fli —q1) + ka(df — 41)
da daa
y = e.
The tracking error part can be written as
0 1
€= = Fe,
-k, —kq

where e = [el,eg]T,kp and k4 are chosen to make E Hurwitz. On the sliding surface

e = 0, the dynamics are given by

m = 1 (4.5)

1
Ny = —d—(hg+¢2) (4.6)
22

which represents the zero dynamics with respect to the output y = e;. We see
from (4.5) and (4.6) that the zero dynamics are just the dynamics of the unactuated
arm, which has a periodic orbit. While the error e(t) converges to zero, the steady-
state behavior for the first link converges exponentially to ¢¢ and the second link
oscillates about (—m,0). The swing up control job then is to excite the zero dynamics
sufficiently by the motion of link 1 such that the pendulum swings close to its unstable
equilibrium. When the pendulum is close to the desired equilibrium, the controller
is switched from a partial feedback linearization controller to the linear balancing

controller.
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4.5 Hardware Description

The Pendubot consists of two rigid aluminum links of length 14 in and 8 in. Link
one is directly coupled to the shaft of a 90 V permanent magnet DC motor mounted
to the end of the table. The motor mount and bearing support the entire system.
Link one includes the bearing housing for two joints. The shaft extends out in both
directions of the housing, allowing coupling to the second link and to an optical
encoder mounted on link one. The design gives both links full 360° of rotational

motion. The optical encoders resolution is 1250 pulse/rev.

All the control computations are performed in Pentium PC with a D/A card
and encoder interface card. Using the software routines supplied with the Pendubot,

the control algorithm are programmed in C.

4.6 Observer design

As the optical encoders only measure the positions of the links, i.e., the angles ¢; and

q2, We estimate the angular velocities ¢; and ¢, using a nonlinear high-gain observer

I = AZ+ Béy(Z,u)+ H(y - C%)

where

¢o = D7} (g)[u - C(q,9)¢ — 9(q)]
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and

0100 00
0000 10
A= ,B= b
0001 00
0000 01
1000 2 500
C = , HT =
0010 00 2 3

The observer parameter ¢ > 0 was chosen to be .008, to recover the performance

under state feedback.

4.7 Addition of Uncertainty

The Pendubot was stabilized at angles q; = 75° and ¢, = 15° using the control strat-
egy developed for the Pendubot in Section 4.4, which applies first a swing-up control
to swing the Pendubot from the downward configuration to its desired equilibrium po-
sition and then applies a balancing controller to do the balancing. A linear balancing

controller

u = 16.4615(x; — 1.3090) + 3.1287x, + 16.242(x3 — .2618) + 2.0658x4 + 0.5296
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Figure 4.3. Trajectories for angle ¢, for different balancing controls, linear controller
with no disturbance (solid), linear controller with constant disturbance of 1.6V in the
control (dotted), linear state feedback integral controller with constant disturbance
of 1.6V in the control (dashed)

with £, = ¢1,29 = ¢1,23 = ¢ and x4 = ¢, was obtained using pole placement
techniques and linearized nonlinear equations of the Pendubot from [3]. The details
of the controller design is presented in Appendix A. The linear controller regulated
the states to desired values as shown in Figure 4.3. Matched uncertainty in the form
of a constant disturbance of 1.6 Volt was added to the control leading to an offset in
the motor torque and shifting of the equilibrium point causing steady-state error as

shown in Figure 4.3.
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4.8 Integral action

Traditional integral action was introduced in the balancing controller by augmenting
the states with integrators such that at the equilibrium point of the new augmented
system the steady-state error is zero. The linear state feedback integral controller is

given by

u = 51.5023(z; — 1.3090) + 8.602z, + 40.0770(z3 — .2618) + 5.1840z4 + 23.3882¢,

where € is the augmented state. The performance of this controller in the presence
of constant disturbance in the motor torque can be seen in Figure 4.3. Although
the integral controller regulates the states to desired values, the transient response

becomes more oscillatory.

4.9 Conditional Integrators

Conditional integrators were introduced to both improve the transient response and
also achieve zero steady-state error. As the linear controller designed above achieves
exponential stability of the Pendubot in the absence of disturbances, Assumption 1
is satisfied with quadratic Lyapunov function V(z) and quadratic positive definite
function W (z). With both Lyapunov function and state equation being known, As-
sumption 2 is satisfied with L(z) = 1. Finally, it can be verified from the linearized

nonlinear equations of the Pendubot in 3] that Assumption 3 and 4 are also satisfied.
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Figure 4.4. Trajectories for angles g, for different balancing controls with disturbance
of 1.6V in the control, traditional integral action (solid), conditional integrator with
#=0.25 (dashed), conditional integrator with u=0.15 (dotted)

The balancing controller is given by the saturated high-gain feedback

u = -=3sat <y+_o>
I

y = 3.5(—.811(z; — 1.3090) — 0.145z, — .8045(z;3 — .2618) — 0.1z),

where the conditional integrator state o is given by (7). As can be seen from Fig-
ure 4.4 and Figure 4.5, the controller achieves zero steady-state error and improves
the transient response with decreasing u. Note that the apparent discontinuity in the

three figures corresponds to the point of switching from the swing-up controller to

the balancing controller.
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Figure 4.5. Trajectories for angles g, for different balancing controls with disturbance
of 1.6V in the control, traditional integral action (solid), conditional integrator with
©=0.25 (dashed), conditional integrator with £=0.15 (dotted)
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CHAPTER 5

Conclusion

We presented conditional integrators as a tool for achieving asymptotic regulation
of nonlinear systems subject to constant disturbances or parameter uncertainties,
without compromising the transient response. We considered a fairly general
class of nonlinear systems that can be stabilized by state feedback control and
showed that, in the presence of matched parameter uncertainties that cause a
shift in the equilibrium point, the system can be augmented with conditional
integrators to recover asymptotic regulation of the state to the origin. We showed
that the conditional integrator does not degrade the transient response, in the
sense that as the width of a boundary layer approaches zero, trajectories of the

system with conditional integrator approach those of a system with no integral action.

We also considered regulation of a class of minimum-phase, input-output lin-
earizable, nonlinear systems where instead of regulating the states to the origin, they

are regulated to a disturbance-dependent equilibrium point at which the regulation
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error is zero. Output feedback control was implemented using high-gain observers.
Towards the end, the performance of traditional and conditional integral control
were demonstrated experimentally on the Pendubot. Asymptotic regulation with

improved transient response was achieved with conditional integrators.
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Appendix A

Controller Design

A.1 Linear Controller

The linearized nonlinear dynamic equation of the Pendubot about the operating point
q1 = 75° and g, = 15° is obtained from the Matlab code provided in [1]. The linearized

equation is
& = A% + Blu — 0.5296)

where T = [.’l‘l - 1.3090,i1,l‘2 - 2618,1‘2]T and

o 1 0 0 [
63.2865 0 —23.8152 0 44.0722
A = , B= (A1)
o o0 0 1 0
—60.3877 0 102.9146 0 —82.6285
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The controller gain matrix K was found using the place command of Matlab. The
poles of the closed-loop system were placed at —10.15 + 7.66¢,—10.15 — 7.667, —8.3

and —4.2.

A.2 Traditional Integral Action

Traditional integral action was introduced by augmenting the states with é = z; —

1.3090. With the augmented state, the linearized equation is

# = AZ + Blu — 0.5296)

where z = [z; — 1.3090, ), 7, — .2618, 35, ¢]” and

( 0 1 0 00 0
63.2865 0 —23.8152 0 0 44.0722
A = 0 0 0 10|, B= 0
—60.3877 0 102.9146 0 0 —82.6285
1 0 0 0 0 0
i J L ]

The controller gains were found using the place command of Matlab. The poles of the
closed-loop system were placed at —23.67, —6.76 + 5.1844:, —6.76 — 5.18441, —7.1618

and —4.88.
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A.3 Conditional Integrator

Let P be the solution of the Lyapunov equation

(A- BK)TP + P(A- BK) = -Q,

where A, B are as given in (A.1), controller gain matrix K is chosen as in Appendix

A.1 and the positive definite matrix Q is taken as

0206 O 0 0
0 .0206 O 0
Q =
0 0 .0206 O
0 0 0 .0206
L J

Then, for the closed-loop system under the linear controller, Assumptions 1-4 are

satisfied with

V(z)=2TPz, W(z)=-27Qz, L(z)=1, h(z)=2BTPx

and control u is taken as (2.8).
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