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ABSTRACT

WEIGHTED NORM INEQUALITIES FOR CALDERON-ZYGMUND
OPERATORS

By

Aleksandr B. Reznikov

Given a Calderén-Zygmund operator 7" and two weights v and v, we study sufficient
conditions for this operator to be bounded from the space LP(u) to LP(v). We also study
sharp bounds for the corresponding norm. Further, we study a question about conditions
for boundedness of all Calderén-Zygmund operators from LP(u) to LP(v). We do it in the
Euclidian setting and in metric spaces.

Finally, we study the limiting case p = 1 and the case u = v, when the operator has a
chanse to be weakly bounded, i.e. bounded from the space L!(u) to the space L1 (u).

In particular, we disprove the “Aj conjecture”, prove the “Asg conjecture” in the metric
space setting, prove the “bump conjecture” for p = 2; moreover, we state the “separated

bump conjecture” and prove it in several particular cases.
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Chapter 1

Preliminary notation, definitions and

theorems

1.1 Preliminary notation and definitions

We begin with some notation and definitions that are needed throughout this thesis.

Definition 1 (Weight). By a weight in R we call a funtion w, which is positive almost

everywhere and locally integrable with respect to the Lebesgue measure dx.

Definition 2 (Calderén-Zygmund kernel). A function K : R xR" — R is called a Calderén-
Zygmund kernel if there exist positive numbers C' and ¢ such that the following conditions

are satisfied:

C
K(z,y)| < 1.1
K (2, y)] P— (1.1)
-2 . 1
K(e) — Kl < Ol it o< Jo =y (12
/e
y—y : 1
K (2, y) — K(z,9)] <C—‘J€_y‘n’+5 if Jy—y|< 5lt =yl (1.3)

Definition 3 (Calderén-Zygmund Operator). An operator T is called a Calderén-Zygmund



operator, if there exists a Calderén-Zygmund Kernel K, such that

For any f € C§°, and any = & suppf : T'f(z) = /K(m,y)f(y)dy (1.4)

T is a bounded operator from L?(dzx) to L?(dz). (1.5)

An example of a Calderén-Zygmund operator in dimension one is Hilbert transform H

with kernel K(z,y) = %ﬂ/ An example of a Calderén-Zygmund operator in dimension n is

Rietz transform with vector-valued kernel K (z,y) = #

Notation 1. For a set Q C R™ and a function ¢ we denote

(Vg = ﬁ/w(af)dx,
Q

where |@| is the Lebesgue measure of the set Q).

Definition 4 (The A class). Let 1 < p < co. A weight w belongs to a class A; on a cube

I (where I is allowed to be equal to R") if the following holds:

_ 1
p—1 >P—1 <Q.

For every cube J C I: (w) ;(w b <

The best constant @ is called the A, characteristic of w and is denoted by [w]).

Definition 5 (The RH) class). Let 1 < p < co. A weight w belongs to a class RH) on a

cube I (where [ is allowed to be equal to R") if the following holds:

1
For every cube J C I: (wP)! < R(w)



The best constant R is called the RH), characteristic of w and is denoted by [w]p Hp-

As one can see, these definitions do not work for p = 1 and p = oco. However, if we

carefully consider the limit of the left-hand side, we get the following.

Definition 6 (The limiting cases). 1. A weight w belongs to a class A; on a cube [

(where [ is allowed to be equal to R") if the following holds:
For every cube J C I: (w) ; < Qirjfw.

The best constant @ is called the Ay characteristic of w and is denoted by [w];.

2. A weight w belongs to a class Ax, on a cube I (where I is allowed to be equal to R")

if the following holds:
For every cube J C I: (w) ; < Qellos)) .

The best constant @ is called the Ax characteristic of w and is denoted by [w]xc.

3. A weight w belongs to a class RH1 on a cube I (where [ is allowed to be equal to R"™)

if the following holds:

< R.

For every cube J C I: ( log

wy, " Ty,

The best constant R is called the RHy characteristic of w and is denoted by [w]pr Hy-

Next definitions will concern so-called “dyadic models” for Calderén-Zygmund operators.

We make use of these models for weighted estimates of the operators.



Notation 2. If [ is a cube in R™ then by ¢(I) we denote the sidelength of I.

Definition 7 (Dyadic grid). A dyadic grid D is a union of collections of cubes D;., such

that:
1. For a fixed k cubes in Dy, do not intersect, and for I € Dy: (1) = 27F,

2. For any cube I € Dy there exists a unique cube J € Dy, such that I C J. In this

situation [ is called a dyadic child of J; J is called the dyadic father of I.
Elements of D are called dyadic cubes.

Definition 8 (Carleson sequense). Fix a dyadic grin D. A sequense {aj}rep is called

C-Carleson, if for any interval J € D the following inequality holds:

> a1 < Cl).
IcJ

Definition 9 (Generalized Haar function). Given a dyadic cube J, hj is a (generalized)

Haar function associated to a cube J if

hylw)= Y exgl@),

Iech(J)
where ch(J) is the set of dyadic children of J and |cj| < 1.

Definition 10 (Generalized Haar shift). We say that an operator S has a Haar shift kernel

of complexity (m,n) if



where

1
Si(H= > (Fhphy
I.7'cJ
o(1)=2""0(J)
o(Ihy=2""(J)
and hy and hj, are generalized Haar functions associated to the cubes I and I " respectively.

We say that S is a Haar shift of complexity (m,n) if it has a Haar shift kernel of complexity

(m,n), and it is bounded on L?(dx).

Definition 11 (Positive shift). We say that an operator S is a positive shift, if there exists

a 2-Carleson sequense {ay}rep, such that

Sfa) =" as(f) X

JeD

Definition 12 (Orlitz norm). Given a Young function ® we define the corresponding Orlitz

norm on a cube J by

1
I = Wl gy = Wl = int {3 > 0: 2 [ (@i do <.

Finally, we translate several notions to the metric space setting.

Definition 13 (Doubling metric space). A space X with a metric p is called doubling if there
exists a measure p on X and a constant C, such that for any ball B(z,r) = {y: p(z,y) < r}
the following holds:

w(B(z,2r)) < Cu(B(z,r)).

In what follows all metric spaces are assumed to be doubling.

Definition 14 (A Calderén-Zygmund kernel). Let A(z,7) be a positive function, increas-

5



ing and doubling in 7, i.e. A(z,2r) < CA(x,r), where C does not depend on z and r.
K(z,y): X x X — R is a Calderén-Zygmund kernel, associated to a function A, if there

exist positive numbers C, ¢, such that

. 1 1
e < Cmin (3 S 0
K(e) = K@)l < OB e > Cpte).

p(y,y')°
p(x, y) Ay, p(z,y

|K(z,y) — K(z,y/)| < C )YM%M>@MM) (1.8)

Definition 15 (Calderén-Zygmund operator). Let A and K be as in the previous definition.
Let p be a measure on X, such that u(B(z,r)) < CA(z,r), where C' does not depend on z

and r. We say that T is a Calderén-Zygmund operator with kernel K if

T is bounded L?(p) — L?(p), (1.9)

Tf(z) = / K (2,9)f (s)duly), Vo & suppfdp. (1.10)

Definition 16 (Ao weights in metric spaces). Let u be a doubling measure. We say that a

weight w belongs to Ag j; if

L ! -1
v =00 ey | gy [ v
B(z,r) B(x,r)

The measure p will always be fixed and we will supress the subindex p.



1.2  Some known theorems

In this section we collect the theorems that are known and that we will use without proofs.

Theorem 1.2.1 (Hytonen’s decomposition). In a space RY, set DY = {27%([0,1)%4+m): k €

Z,m e Z%. For a binary family w = (wj)jez, wj €10,1}, set I+w =1+ > 2_jwj.
j:27J<e(I)
Denote DY = {I+w: I € DO}. For the canonical probability on set of binary sequences, and

for a Calderon-Zygmund operator T' it is true that

(Tf.9)=c(T) By > 7j(Sdf.9), f.geC,
i20,j>0

where T;; < 27 | and SZ;,j is a generalized dyadic shift of complexity (i, j).

In the Section 4.3 we prove a version of this theorem for metric spaces. The next theorem

is another way to estimate a Calderén-Zygmund operator.

Theorem 1.2.2 (Lerner’s decomposition). For a Calderén-Zygmund operator T and a func-

tion Banach space X it 1s true that
1T x < C(T, X) - sup [|5]|x,

where S is a positive dyadic shift with a 2-Carleson sequense {ar}. The supremum is taken

over all dyadic grids on R and all 2-Carleson sequences.

The next theorem shows how to estimate such operators.



Theorem 1.2.3. Let S be a positive Haar shift of complexity (m,n). Then

1S(o)l Lp (o) 1P (w)

S TIM o) (o) Lo(w) + up

where M s the Hardy-Littlewood maximal function.



Chapter 2

Two weight estimates

2.1 Main results

Suppose T' is a Calderéon-Zygmund operator on R, and u,v are weights. By T}, we denote

the operator that acts as Ty, (f) = T'(fu). The question one asks it the following:

What conditions should weights u and v have to assure that the operator 7T}, is bounded

from L?(u) to L?(0)?

Thus questions got some attention recently in the works of F. Nazarov, S. Treil, A.
Volberg, A. Lerner, M. Lacey, E. Sawyer, C.Y. Shen, I. Uriarte-Tuero, D. Cruz-Uribe, C.
Perez, J.M. Martell.

This question was considered for individual operators: Haar shift, see [NTV2, NTV3|
and Hilbert Transform, see [NTV4, LSUT, LSSUT, Lacl, Lac2]. The conditions in these
questions were formulated in terms of these individual operators.

In our papers [CURV, NRTV1, NRTV2, NRV1] we consider the “bump” approach to this
problem. We give a condition on weights u, 0 which assures that for any Calderén-Zygmund
Operator T, Ty is bounded from L?(u) to L?(¢). In [CURV] we also have some LP results.

The “bump” condition appears from the famous Sarason conjecture.

Conjecture. If there exists a number R, such that for any interval I we have Py (2)- Py(z) <



R, then the Hilbert Transform H, is bounded from L?(u) to L?(c). Here

/ Rez — t)2 (Imz) gult)dt

R

This conjecture is known to be false, see [NV] or [LSUT] for a counterexample.

The bump approach appeared in works of C. Fefferman, [F], Chang-Wilson-Wolf, [CWW].
For more history we refer the reader to the book [CUMP1]. In fact, the Ay condition for
a weight w reads as <w>I(w_1>I < Q. In our setting we have two weights u, v, and the
condition (u),(v); < @ is even weaker than the one in the Sarason conjecture (just take

z = ¢y + |I|i, where ¢y is the center of the interval I). We notice that (u), is the squared

1
1
L2(|d—$|) norm of the function u2 on the interval I. We try to consider a stronger norm.

Precisely, let A: [0,00) — [0,00) be a Young function. In [CURV] we prove the following

theorems.

Theorem 2.1.1 (Separated bump conjecture). Suppose A(t) = t2log!*e(t). Then if for

any interval 1
1 3 1 !
[u2r,alo)f +1lo2ll7a{u)] <Q,

|—

then the operator Ty is bounded from L?(u) to L*(o).

The same is true for A(t) = t?log(t)(loglog(t)) 1€ for sufficiently big e.

Theorem 2.1.2 (Weak separated bump conjecture). Suppose A(t) = t2log! T (t). Then if

for any interval I

1 1
lw2l7afu)f <@,

then the operator Ty is bounded from L?(u) to L>*(v).
The same is true for A(t) = t2log(t)(loglog(t))Y 1€ for sufficiently big e.

10



Theorem 2.1.3 (Bump conjecture). Suppose ®(t) is a young function, such that ﬁ is

integrable at oo. Then if for any interval I

lullr.e - llvllre < @Q,

then the operator Ty, is bounded from L*(u) to L (v).

Notice that while the bump conjecture is proven in full, the separated bump conjecture
is proven only for some functions A. In what follows we give the precise conditions on A for

which we can prove the result.

2.2 The stopping time approach to the separated bump conjecture

We start with the following definition.

Definition 17. We will say that a Young function A satisfies the Bp/ condition, 1 < p < oo,

/OO A(t) dt
— < 00
c 't

If A and A are doubling (i.e., if A(2t) < CA(t), and similarly for A), then A € By, if and

[ ) e

Examples of such bumps are

if for some ¢ > 0,

only if

'

Alt) = tPlogle + )P 10 Ay~ ——————
(1) = " log(e + 1) O~

(2.1)

11



/ / _ P
B(t) =t 1 )P —1+0 B(t) ~ 2.2
( ) og(e—l— ) ) ( ) log(e—i—t)“'é” ) ( )

where § > 0, 0’ =d/(p—1), 8" =4/(p) — 1) Given p, 1 < p < 00, let A and B be Young

functions such that A € Bp/ and B € Byp. Our main condition on weights u and o will be

/
sup(u) o'/ . < oo (2.3)
/
sup [[u 7] 4 o) g < oc. (24)
Q @

Remark 1. By the properties of the Luxemburg norm we have that either condition implies

the two-weight A, condition:

sup(u)l/p<a>1/p/ < 0. (2.5)
0 '@ e

Recall that the Hardy-Littlewood maximal operator is defined to be

M f(x) = sup(|f[),, = ggp 1£111,0-

Q>x

Given a Young function A, we define the Orlicz maximal operator M4 by

My f(z) = sup || f|laq-
Q>

The following result is due to Pérez [Pe| (see also [1]).

Theorem 2.2.1. Fizp, 1 <p < 0o, and let A be a Young function such that A € By,. Then

MA:Lp—>Lp.

The Bp condition is also sufficient for a two-weight norm inequality for the Hardy-

Littlewood maximal operator. This result is also due to Pérez [Pe, 1].

12



Theorem 2.2.2. Fiz p, 1 < p < oo, and let B be a Young function such that B € By. If

the pair of weights (u, o) satisfies
1/p) /¢
sup(u) 4 llo /P || g g < oo, (2.6)
o @

then

IM(fo)llp(w) < CllflILr(o)- (2.7)

By the decomposition theorem of Lerner, to prove the separated bump conjecture it will
suffice to prove that they hold for a positive dyadic shift. More precisely we will prove the

following.

Theorem 2.2.3. Given p, 1 < p < oo, suppose A and B are log-bumps of the form (2.1),
(2.2), and the pair of weights (u, o) satisfies (2.3) and (2.4). Given any positive dyadic shift
S it holds that

ISl Lpwy < CllfllLe(0)-

Theorem 2.2.4. Given p, 1 < p < 00, suppose A is a log-bump of the form (2.1), and the

pair of weights (u, o) satisfies (2.4). Given any positive dyadic shift S it holds that

1S(fo)llpp.oo () < CllfllLp(0)-

By the Theorem 1.2.3 is suffices to estimate ||x75(x70)| 1p(y)- The dual estimate will be

the same.

13



Fix a cube Qp; using the notation from the definition of a Haar shift, we have that

X0pS(xQyo) = D Sr@)+x0, Y. Sr(xgyo) < Y. Sgrlo ) T XQyo)g, (28)
RCQg R,QoCR RcCQy

The second inequality is straightforward: see, for instance, [H, HyLa, HLM+, HPTV]. As
we noted above, the pair (u, o) satisfies the two-weight A; condition (2.5). Therefore, the

LP(u) norm of the second term is bounded by

Ixaoller(®)g, = ()2 (@G o(Q)'P < Co(@o)'/r.

To estimate the LP(u) norm of the first term, we form the following decomposition

(see [HyLal):

K=K;={QCQ: Q)=2"""} neZ

@’U\‘,_.

(o) <20t}

L3I~

Ka={Q € K:2" < (u)
’P(‘)‘ = all maximal cubes in Kg;

P = {maximal cubes P’ C P € P%_,, such that P’ € K, <U>P/ > 2<O’>P} ;

= J P

n=0

Following the terminology from [LPR], we call members of P principal cubes.
Hereafter we suppress the index #; this will give us a sum with 7+1 terms. Given Q) € g,

let T1(Q) denote the minimal principal cube that contains it, and define

ICa(P):{QGICaiﬂ(Q):P}'

14



We will estimate the LP(u) norm of the first sum on the right-hand side of (2.8) using
the exponential decay distributional inequality originated in [LPR]. Below, S is any positive
generalized Haar shift that is bounded on unweighted L2. In particular, we will take S to
be one of the positive Haar shifts S, from above.

We need the following notation. For a family S we denote

Sg=>_ So.

Qe

The following distributional inequality holds.

Theorem 2.2.5. There exists a constant c, depending only on the dimension and the un-

weighted L? norm of the shift, such that for any P € P%,

o(P e
u (x € P: |Sk,pylo)l > t%) Sectu(p).

It follows from Theorem 2.2.5 that for some positive constant c,

1
p

o p
IS Sr@lpe <0 S [ 3 u(P) (%) | (2.9

RCQ a \pepa

We sketch the proof of (2.9) following the beautiful calculations in [HyLa]:

D> Sr@) =) > Sgarpylo),

RCQ i=0 a pepa

15



and so

1D Sr@)lpe) < T+DD 1D Scapy(@)llzew)

RCQ a  pepa

Fix a. Using Fubini’s theorem we write

I Skapy@)llzpw)

pepa

By the choice of the stopping cubes P € P% we have that

U(P))p
{ Z X{Slca( y(o)e (7J+1](7 ] Z X{ ;Ca(p)(U)G(j,jH](i ( 1P|

pepa |P| Pepa |P|

Let us explain it. Take a point x and nested cubes Py D Py D ... D Py, P, € Pﬁk, x € Py,
a(P)

and z € {Sia(py(0) € (j,j + HW} (i.e., for which the terms in sums above are non-zero).

By definition of ng we have (o), > 2(0)

3 P, The inequality may be much better if we

skip several generations, but 2 in the right-hand side is guaranteed. We have a sequense

yp = ¢ 1:],; ﬁ’). The inequality says that

(o) <3

k

Notice that y; > 2y 1. Thus,

Z’yk Z 2N1 “NRYN S UN-

16



Therefore,
(Tu) snexa
k

This beautiful observation from [HyLa] lets us write

1> Skap) (@)l e

pepa
o p o 1/p
sZmn( T (,ﬂi?) u<s,ca<p><o>e<j,j+u%>) |

J pepa

Then by the distributional inequality from Theorem 2.2.5:

|32 Scoun@lun S 36+ e (% (%?)puw))”p.

pPepa pPepa

This gives us (2.9).

It is at this point in the proof that we can no longer assume that our pair of weights

(u, o) satisfies the general A, bump condition and we must instead make the more restrictive

assumption that we have log bumps. Before doing so, however, we want to show how the proof

goes and where the problem arises for general bumps. We will then give the modification

necessary to make this argument work for log bumps.

Define the sequence

|P|, @ = P,for some cube P € P
HQ =

0, otherwise;

17



then the inner sum in (2.9) becomes

()

00y Q)

But by Holder’s inequality in the scale of Orlicz spaces,

1 1
7

7(Q) = <all70
Q]

1 1

Therefore, by (2.3),

u(Q) (@)p D inf _ L p
2o e gl ) re <K 2o v ey M)

1 1 1 . 1
7)o <Cllo? g BlloPllg 5 < llo? g5 Jnf Mp(oPxq)

(2.10)

(2.11)

To complete the proof we need two lemmas. The first can be found in [LPR], formula

(3.3).

Lemma 2.2.6. {uq} is a Carleson sequence.

The second is a folk theorem; a proof can be found in [MP].

Lemma 2.2.7. If {jg} is a Carleson sequence, then

E noinf xg, F(z) S /F(:z:)da:
Q
QCQ Qo

18



Combining these two lemmas with Theorem 2.2.1 (since B € B),) we see that

w@) (a(@)\” . 1
>t (Gat) R

1 1
S KpHMB(UpXQO)H]zp(dx) S KpHUpXQO”ZEp(dI) = KPa(Qo).

This would complete the proof except that we must now sum over a, and in (2.9) this sum
goes from —oo to the logarithm of the two-weight A; constant of the pair (u, o). We cannot
evaluate this sum unless we can modify the above argument to yield a decay constant in a.
In the one-weight argument in [HyLa] the authors could use the fact that the parameter a
run from 0 to the logarithm of A; constant: this follows since by Holder’s inequality the A,
constant of any weight is at least 1. In the two-weight case the A, constant can be arbitrarily
small, and therefore we must sum over infinitely many values of a. We are able to get the
desired decay constant only by assuming that we are working with log bumps.

We modify the above argument as follows. Essentially, we will use the properties of log
bumps to replace B with a slightly larger Young function. Define By(t) = i log(e+t)? /71+g;

then we again have that By € Bj,. Instead of (2.11) we will prove that there exists 7,

0 <~y < 1, such that

P 1
QZ;? u(Q) (U|(c§2|)) Ho < CyE(1=Vpgamw Qz;? po jnf Mg, (@Pxqy)"- (2.12)
CQo C&p

Given inequality (2.12), we can repeat the argument above, but we now have the decay term

2%9P which allows us to sum in a and get the desired estimate.

19



To prove (2.12) suppose for the moment that there exists v such that

1 1 1
lo?" | < C1llo? |} , Bllo v ||W (2.13)
@By Q.B P (Qudz/IQN)

Given this, fix a cube @ € P%—we can do this since otherwise = 0. Then
HQ

1/p \p 1
< (w)olle 7 Iig, gl Il

Rl P

< 1/pyp
S (wgllo AP Ll

= (g 1o [15.0) =7 (g Pl 7| )7

oL /P
7 (Q.dz/|Q)) By,Q

S KU (o e - lovr,

< gA=2)p  9avp 1 ,1/pP|P.

< 71
1

< K(I=9)P . 909 . inf Mo (o] P

S Jnf Mg, (7P xqQp)

Inequality (2.12) now follows immediately.
Therefore, to complete the proof we must establish (2.13). By the rescaling properties of
the Luxemburg norm [1, Section 5.1], the right-hand side of this inequality is equal to

Ly g
lo 7 llello? Ly o

1
1

where C(t) = B(t1=7). Therefore, by the generalized Hélder’s inequality in Orlicz spaces

([1, Lemma 5.2]), inequality (2.13) holds if for all ¢ > 1,

c -ty < By (). (2.14)



A straightforward calculation (see [1, Section 5.4]) shows that

= 3
t P 174
—1py — p—lnl—v o —1
C T (t)=B (t) "~ 5 1) By~ (t) ~ [
log(e +t) P log(e + )P 2p

By equating the exponents on the logarithm terms, we see that (2.14) holds if we take

J

Py:2(p’—1+5)'

Therefore, with this value of v inequality (2.13) holds, and this completes our proof.

For the convenience of the reader we give a direct proof of (2.13); this computation will
also be used below in Section 2.2.2. The desire inequality obviously follows from the following

lemma.

Lemma 2.2.8. Given a probability measure u, let f be a non-negative measurable function.
T

Let B, By be logarithmic bumps as in (2.2) with 6 = 7 and 0 = 5 respectively. Then there

exists an absolute constant C' and v = y(p',7) > 0 such that

1—
1By < C A, (2.15)

,
1

Proof. We will actually show that v = W Define A := [|f ]p, dp. Since inequal-
=47

ity (2.15) is homogeneous, we may assume without loss of generality that

1fllBu=1- (2.16)
Moreover, we may assume that A < 1: otherwise (2.15) can be achieved by choosing C
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sufficiently large. Let € < 1 and K be constants; we will determine their precise value (in

this order) below. Then we have that

" F\
/—, log | e+ = du
eP €

f ]
{f<Ke} {f=Ke}

| Iy =147
gl K Ey [ SRS
v {f=Ke} € [log(e + K)|2

/ /
/ D loo( € F\p' —1+7
2 llog(e + Ky g 4 [ L2 lo8le e
P ¥ [log(e + K)]2

IN

dp

[

IN
>

dp

[

>

/_1 T
7[105;(6 + K)]p )

IN
m

1
+ /
o [log(e + K)]
T 1

A /14 [ —1y/ -1
—[log(e + K)|P 2 + 1+ Alog(e HYP —147]
7 llosl )] log(e 1 K72 g(e™)

7 {/fp/ log? 17 (e + ) du+/fp/ log(e™ 7' 147 d

IN

In the last line we used (2.16). Fix € so that
A == (Ep/)1+cv

where ¢ = 14 (p/ — 1)2. In other words,

— AV Y _ 1
e=(A )—Hf||Lp/(u)>7—1+c-

Now choose K so that

[log(e + K)]T/2 ~ e_pl :
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then

2 /
2

log(e + K ~H7/2 (7Y HINT < (e

If we substitute these values into the above calculation, we see that the right hand side is

dominated by a constant. Hence, by the definition of the Luxemburg norm,

< = v .
0 < Ce= Uy

This completes the proof. O

Remark 2. The conjugate testing condition can be verified similarly. The adjoint S™* is also
a Haar shift, and so we can apply the distribution inequality from Theorem 2.9 to it. Also,
the second sum in (2.8) will have the same pointwise estimate (exchanging ¢ and v) if we

replace S with S*.

Remark 3. In the proof of the first testing condition we only used the bump condition (2.3);

to prove the second testing condition we use the second bump condition (2.4).

2.2.1 Proof of Theorem 2.2.4

The proof of the weak-type inequality uses essentially the same argument as above; here we
sketch the changes required. We repeat the argument, replacing the LP(u) norm with the
LP°°(u) norm. Since the pair (u, o) satisfies the two-weight A, condition we have the well

known inequality that

IM(fo)llLp.ooqw) < Cllfllp o),

where the constant C' depends only on the A, constant and the dimension. Therefore it

remains to estimate the LP'°°(u) norm of Sy (|f|o). However, from Hytonen, et al. [HLM+,
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Theorem 4.3] we have the following analog of Theorem 1.2.3.

Theorem 2.2.9. Let S be a positive Haar shift of complezity (m,n). Then

Ix@S*(x@ull
T .

||S('U)”Lp(a)—>LP,OO(u) < THM<'O->||LP<U)_>L]),OO(U) + sgp
/

u(@Q)?

Given Theorem 2.2.9 the argument now proceeds exactly as before, using the bump

condition (2.4) to bound the testing condition. This completes the proof.

2.2.2  Proof for the loglog-bumps

In this section we consider bumps of the following form.

A(t) = tPlog(e + t)p_l log log(e® + t)p_1+5 A(t) = t (2.17)
log(e + t) log log(e¢ + t)1+5/ 7
/ 1 . T - P
B(t) = t¥ log(e+t)? ~* loglog(e®+t)? , B(t)~ (2.18)

log(e + ) log log(e€ + t)1+3"’
where § > 0. Our proofs are very similar to the proofs given in previous sections, so we
will describe the principle changes. As before, we need to prove the following theorems for

positive dyadic shifts.

Theorem 2.2.10. Given p, 1 < p < o0, suppose A and B are loglog-bumps of the form
(2.17), (2.18) with 6 > 0 sufficiently large, and the pair of weights (u,o) satisfies (2.3)

and (2.4). Given any positive dyadic shift S, |S(fo)llrpwy < Clfzp(o)-

Theorem 2.2.11. Given p, 1 < p < 0o, suppose A is a loglog-bump of the form (2.17) with
d > 0 sufficiently large, and the pair of weights (u,o) satisfies (2.4). Given any positive
dyadic shift S, |15(fo)ll pooqy < Clfllo(o).

24



We will prove Theorem 2.2.10 by modifying the proof of Theorem 2.2.3 above; The-
orem 2.2.11 is proved similarly. The main step is to adapt Lemma 2.2.8 to work with
loglog-bumps. Let B be as in (2.18), and define By similarly but with § replaced by §/2.

Then arguing almost exactly as we did in the proof of Lemma 2.2.8, we have that

171y
11300 < Clll (7o) (2.19)

111 B,

where €(t) = (log %)*", C = C(p,9d), and kK = k(p,0) with k > 1 if § is large enough. For
the detailed proof for wider range of bumps see [NRV], Section 5.2.2.

Given (2.19) we have that

u@) (@)p
Qo \ gl

< clugle™ I, ol Il 4
(¥

o p
Q 1/pyp
) 1ol g

/
< Cluyglla |1, (
Qe |50

<C

P /
Wy’ lo"” 150 ( (wy” o)y
(u

p /
(PP P P
i)y ) p||‘71/p/||B,Q) v o

To complete the proof, we need a good bound in a for the product of first three terms.
Moreover, it is enough to get a good bound for negative and very big in absolute value a.
- 1p, \1/p .
Thus, we can think that <u>Q <0)Q is very small.

Consider a function

olt) = te(3)
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Then

/

<u>ég/pHgl/p/HB,Q <u>(1°2/p<a>gp <u>1Q/p||01/p/||B’Q

1/p, \1/p/ E( 1/p / ) - 1/p, \1/p '
<U>QP<U>QP <U>Q |ol/P 18,0 <u>Qp<a)Qp

g 1o 7 I g

. Then ¢ < t) < C——2L1 The right-hand side of the last
7 SRS 7 g
P (o (P oy

inequality is very big. Moreover, the function ¢(t) = t(log(Ct))~

Set tg =

* is increasing near oo.

Therefore,

o(tp) < Cy (;) < Crp(279).

(P o)y

/
Therefore, since on all cubes P € P% we have (u>g P (0>é2/p ~ 2% we get

<u>1/p||01/p/” p <u>1/p<g>1/p/ p /
c( d B’Q> () @ e,

/
(WP (o)g" 97 1o |15,
< CosP 0PI

Using the Carleson property of the sequence pg), we get

u o p
QZQ NQ|<TQ|) (%) < Coe(24)P / MBO (Ul/pXQO)pdx < C3e(2Y)P0(Qp).
Cp

Thus, returning to the formula (2.9), we get

=

a<0

1
g p p
S ( S w(P) (%) ) <oP(Qo) Y (29,
a \ Pepa

By the formula tor ¢, the series converge if » > 1.
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2.3 The Bellman function approach to the bump conjecture

2.3.1 Main result

In this section we will work with Orlitz functions @, such that % is integrable near infinity.

We aim to prove the following theorem.

Theorem 2.3.1. Let functions ®1 and ®o be as above. Let the weights v, w satisfy

sup [vllay gllwllay.0 < oo (2.20)

here the supremum is taken over all cubes I.
Then for any bounded Calderon-Zygmund operator T the operator Ty is bounded from

L2(v) to L*(w).

2.3.2 Orlicz norms and distribution functions

Orlicz norm is not very convenient to work with, so we would like to replace it by something

more tractable.

2.3.2.1 A lower bound for the Orlicz norm

We start with the remark that notation [ f(t)dt < co means that the function is integrable
near zero. Similarly, [ f(t)dt < co means that the function is integrable near infinity.
Let ® be a continuous non-negative increasing convex function such that ®(0) = 0 and

f+oo d—"; < +00. Define ¥(s) parametrically by ¥(s) = ®/(t) when s = (t > 0).

o(t)

Then W(s) is positive and decreasing for s > 0 and s¥(s) is increasing. Moreover |, %fs) <

L
(1)’ (t)
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+00. Indeed, using our parametrization we can rewrite the last integral as

The first integral converges by our assumption and the second integrand has a bounded near

+o00 antiderivative =L

')
Let w > 0 on I C R™. Define the normalized distribution function N of w by

1

Ni#) = NP () =

Hzel:w(x) >t} (2.21)

Lemma 2.3.2. Let U : (0,1] — Ry be a decreasing function such that the function s —

s\U(s) is increasing. Let ® be a Young function and let

1
/ —
U(s) < CP'(t) where s = 00
for all sufficiently large t. Then for N = N}’
ng (N) = /0 NHW(N(t))dt < CHw”L‘I’(I) : (2.22)

Proof. The left hand side scales like a norm under multiplication by constants, so it is enough

to show that if HwHLq’(I) <1,ie.,

1 o !
m/j@(w):/o NP () dt < 1

then n, (N) is bounded by a constant. Since s¥(s) increases, we may have trouble only at
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+o00 It is clear that it suffices to estimate the integral over the set where W(N(¢)) > ®(t) but
since ¥ is decreasing this means that N (t) < C/(®(t)®'(t)), so we get at most f+oo o)Lt

and we are done. O

Remark 4. In fact, for sufficiently regular ®, the converse inequality

il 0, <C [ NOVE)

holds for any positive decreasing integrable N. To see this, let us consider the family of ®’s
such that ®(t) = tp(t) and p is monotonically increasing and “logarithmically concave” in
the sense that tg /(g) decreases monotonically when t — co. We also assume of course that
lim; o0 p(t) = oo and that p(t) > 1. Let G(t) := N(¢t)¥(N(t)). When t goes to infinity, N

is monotonically decreasing to zero, and hence G is also monotonically decreasing (as sW(s)
increases near zero).

Put s1 = ®(t)®'(t) < tp?(t) (just because &’ (t) < p(t) by our “logarithmic concavity”
of p assumption). Hence s > ¢1(tp?(t))~!. Now W is decreasing by definition, and this

implies

U(er(tp(t) 1) = @' (1) =< p(t) > cap(t) . (2.23)

We now ask an addition to “logarithmic concavity”, namely:

tp'(t)
p(t)

log p(t) — 0ast — oo. (2.24)

Denote r(z) = log(p(e”)). We required at the beginning that limg oo () = 0o. The

last inequality says in particular that /() = o(1)r(z)~!, and therefore, 7’ tends to zero at
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infinity. Thus r(x) < g for all large z. Keeping this in mind we continue.

2
Set u = tpc&. Then
1

Thus, since p is an increasing to infinity function and we assume that ¢ is sufficiently big, we

get p(t) > ¢1. Therefore,

and, thus,

Hence, using (2.23), we get

u

p?(u)

W(u ) > eap(t) > eapley )- (2.25)

Next, we will prove the following inequality. Recall that r(z) = log(p(e”)). We claim
that

A(z) =r(x) —r(z —2r(x) —¢y) < C.

In fact, by the mean value theorem we have for certain ¢ € (x — 2r(z) — ¢, x)

/ p’(ef) I3
Alw) = (2r(z) + co)r'(§) = (2r(z) +co)—ge
ples)
/
Since we assumed that tp—(t) is monotonically decreasing, we get (now using (2.24) in the

p(t)
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second comparison below):

)p/(ex_2r(‘r)_60) ep(e$727'(1’)700)
p<6x72r(x)fco)

o(1)

x—2r(x)—co)

Ax) < (2r(x) + ¢

= (2r(z) + ¢ o(1) =
= @r(z) + O)r(x — 2r(x) — cg)
2r(z) + ¢ 2A(x) + ¢

= o) (ru- @) ) T 2) = @ —ag)

= (2r(z) + co)

log p(e

Finally, we use that r(x — 2r(xz) — ¢g) is separated from zero when x is big. Thus

A(z) < A(x)o(1) 4+ o(1).

This immediately implies A(z) = o(1) when x — oo, and thus

A(z) < C. (2.26)

Let us now write what does it mean. In fact, by the definition of » and by (2.26), we can

conclude that

p(e”) p(e”
C >r(x)—r(x—2r(x) —cy) = log ( x—2logp(ex)—co> = log %.
PAe Pleap®(em)
Thus, we get for all large u:
p(u) < cqp( )
cap?(u)

We chose c3 = cl_1 and plug the above inequality into (2.25). Then we finally get

V() = esplu)
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If NU(N) =G then ¢gG > N p(%) by the previous inequality. Therefore, N < cgG (we

assumed that p > 1), and N < 061G < 661G . And we can continue the previous estimate:
P(W 067G
CGG(t) CGG(t) . . ..
N(t) < 1 < o) We used here the fact that the integrability and monotonicity of
PleeGTE)
6

G implies that G(t) = 0(%), in particular, G(t) < % for large t. But we already mentioned
that ®'(t) < c7p(t). Combining the last two inequalities, we get N (t)®'(t) < cge7G(t), and

we just obtained that [5° N ()@ (t)dt < cqcs.

2.3.2.2 Examples

In the above section only the behavior of ® at +00 (equivalently, the behavior of ¥ near 0)
was important, so we will concentrate our attention there.

Let ®(t) = t(Int)®, o > 1 near co. Then
() ~ (Int)®,  d)P'(t) ~ t(Int)>?,
so U(s) := (In(1/s))“ satisfies the assumptions of Lemma 2.3.2: to see that we notice
In(®(t)®'(t)) ~ Int.
If ®(t) =tlnt(lnlnt)®, o > 1, then
@' (t) ~Int(Inlnt)®,  ®)P'(t) ~ t(Int)?*(Inln¢)>®

and ¥(s) = In(1/s)(Inln(1/s))® works. because again In(®(¢)®’(t)) ~ Int.

Note that in both examples fo(s\IJ(s))*lds < 0.
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The examples of Young functions with higher order logarithms are treated similarly.

2.3.3 Main result in new language

We restate our main result using the newly built functions Wy 9. Let ¥, Wy : (0,1] — Ry

be as above, i.e. for i = 1,2, ¥; is decreasing, s — s¥;(s) is increasing and

/1 ds >
0 sU;(s) '

Recall that for a weight w the normalized distribution function N is defined by (2.21)

Theorem 2.3.3. Let the weights v, w satisfy

8111_p n\Ill(N}j)n\Ij2 (N}) < o0; (2.27)

here the supremum is taken over all cubes I, and ny, is defined by (2.22).
Then for any Calderon-Zygmund operator T the operator Ty is bounded from L2(v) to

L (w).

2.3.4 General setup

Consider a measure space X with o-finite measure p let £, = {IJI.‘;}]’, keZ (orke€Zy) be
partitions of X into disjoint sets IJI-“, 0< u(]]]-“) < 0.

We assume that the partition L1 is a refinement of L.

Let 2 be the o-algebra generated by all the partitions £. In what follows all functions
on X we consider will be assumed to be 2l-measurable.

With respect to this o-algebras we can define martingale averaging operators Ej, and
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martingale difference operators A} := —E; + Ej,.

We adapt the following notation.

chl The collection of children of I € L, i.e.ifI € Ly, thenchl ={J € L1 :J C I}.

chy, I The collection of children of the order k of I € L; cho(!) = {I}, chyp,1(I) =

{ch(J): J € chi(I)}.

(f); The average of f over I, (f), = u(D7L [ fla)dp(z);

E, The averaging operator, £ f := (f) ;1,; note that
Ey = Zleﬁk E['

AI Martingale difference operator, AI = —E;, + ZJech(I) E;; note that Ay =
Zleﬁk A_r'

A? Martingale difference operator of order n,

n._
A":=-E + Y E,

Since the measure p is assumed to be fixed we sometimes will be using |E| for p(E) and
dx for du(x). We also will be using L? for L?(u)

The prototypical example is X = R or R with £ being a dyadic lattice D.

2.3.4.1 Haar shifts

We will use a slightly more general definition of a Haar shift.
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Definition 18. A Haar shift S of complexity n is given by

Sf=_8,A%,
1eD

where the operators S ; act on A?L2 and can be represented as integral operators with

kernels a, [la; |l < |7|~1. The latter means that for all f,g € A;}LZ

(S, f.9) = /I /I o, (z,9) [ (0)g(@)dxdy.

This is a slightly more general definition than the one in [HPTV], but only the estimate
la;lloo < |1 | =1 is essential for our construction. Note also that according to the definition
in [HPTV] the complexity of the corresponding shift is n — 1, not n, which really does not
matter; we just find our definition of complexity a bit more convenient.

The estimate [[a;[loc < 17|71 means that the operators S; are “LV x L' normalized”,

meaning that

fllllglh
(S, f,9)] < ][|H|T|;% Vf,g€ A?LQ (2.28)

Haar shifts of complexity 1 are simply “L! x L1 normalized” martingale transforms; mar-
tingale transform here means in particular that the subspaces A ;are orthogonal, and S can
be represented as an orthogonal sum of the operators S I

A Haar shift of complexity n > 2 is not generally a martingale transform, meaning that
the subspaces A? generally intersect, so S does not split into direct sum of S -

However, if one goes with step n, then the corresponding operator is a martingale trans-

form, so a Haar shift of complexity n can be represented as a sum of n Haar shifts of
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complexity 1. Namely, for k =1,2,...,n — 1 define
£k = {] Ie £k+nj7j S Z}»

and let

Sp= > S,

Ieck
Then S = ZZ;(% S;. and each Sj is a Haar shift of complexity 1 with respect to the lattice

ck.

Remark 5. Therefore, uniform estimate for the Haar shifts of complexity 1 (i.e. for the
“L1 x L' normalized” martingale transforms) gives the linear in complexity estimate for the

general Haar shifts. Notice that the estimate does not depend on the number of children.

2.3.4.2 Paraproducts

Given the lattice £ and a locally integrable function b, the paraproduct II = II;, = I1(£) is

defined as

IIf =Y (E,f)(AD).

IeLl

The necessary and sufficient condition for the paraproduct to be bounded is that

sup [J]71 Y A b)3 < oo
JeL IeLcy

In the case of dyadic lattice in R? or, more generally in the homogeneous situation, when

: . 1]
inf inf  — >0
JEL Tech(J) |/
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this condition is equivalent to b belonging to the corresponding martingale BMO space

BMO£

2.3.5 Reduction to the martingale case.

To reduce the problem to the martingale case we use the following result that can be found

in [H] and [HPTV]:

Theorem 2.3.4. Let T be a Calderon—Zygmund operator in Re. There exists a probability

space (2, P) of dyadic lattices D,,, such that

. . —en 1 2 *
T=C </QHZ:12 Sn(w)dP(w)-i-/Q(H (w) + (I%(w)) )dP(W)> :

where Sp(w) are Haar shifts of complexity n with respect to the lattice D, 112 (w) are the
paraproducts with respect to the lattice D, |12 (w)| < 1.
The constants C' and ¢ depend on d, ||T|| and Calderén—Zygmund parameters of the kernel

of T.

Theorem 2.3.4 implies immediately that the main theorem (Theorem 2.3.3) follows from

the theorem below.
Theorem 2.3.5. Let the weights v, w satisfy the assumptions of Theorem 2.5.3. Then

1. For all Haar shifts S of order 1 the operators S(-v) are uniformly bounded from L(v)

to L*(w), |IS(-v) < C, where C depends on Wy, Wy, the supremum in

‘|L2(v)—>L2(w)

(2.27), but not on the lattice L.

2. For all Haar shifts Sy, the operators Sp(-v) are uniformly bounded from L*(v) to L*(w)

by Cn, where C' .
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3. Let 11 = I} be a paraproduct such that

70> AR <1 YIeL (2.29)
Iel:IcJ

Then the operator 1(-v) is bounded from L2(U) to L2(w) by C, where again C depends

on Uy, Vs, the supremum in (2.27), but not on the lattice L.

Remark 6. For the homogeneous lattices, i.e. for lattices satisfying

inf nf — =:6>0
JeL Iech(J | |

all the normalized LP norms |I|~1/7||A 19llps p € [1,00] are equivalent in the sense of two
sided estimates. So for such lattices condition (2.29) means that ||II|| < C(d). So Theorem

2.3.5 gives the estimates that being fed to Theorem 2.3.4 imply Theorem 2.3.3.

Theorem 2.3.6. Let ¥ be as above. Then for any weight w on X such that ng (N}) < o0

forall I € L

S, ) (170 [ 13, fw1/2>\dx) 1<l (230

Iel

for all f € L?(dx); here C = C(¥) and in the summation we skip I on which w = 0.

Let us see that this theorem implies the condition 1 of Theorem 2.3.5. Assume, multi-

plying the weights by appropriate constants that the inequality

n, (Nf)ny, (Vf) <1 (2.31)
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holds for all I € £. Then

(S(fwl/?), g2 < ST S, A (Fwl/?), A, (g0 /2))]
Iel
< ST UHIA (Fo DA (g0 D)1
Iel
A(f 1/2 A 1/2
S A (Fo )[4, (gv 1/>2||1
It (n%(NI) (Nv))
A f 12
! Zml” S H1 ZWH g?m;”
Ie[, 1 Ie[,

The second inequality here follows from “L! x L' normalization” condition (2.28), the second
one from (2.31) and the last one is just the trivial inequality 2zy < 22 + 2.

Applying Theorem 2.3.6 to each sum we get that

[(S(fw!2), g /)] < 2 (CulIfI3+ Cwa)lgl3)

N | —

Replacing f — tf, g+t 1g, t > 0 we get

(S(fwl/?), ol /)| < = (R FIF +2C@)lgl3)

l\.’)lr—t

Taking infimum over all ¢ > 0 and recalling that 2ab = inf;~o(t2a + t—2b) for a,b > 0 we

obtain

[(S(fwh/2), gol /)| < (C(w1)C (W) 2| fll2lgll2s

which is exactly statement 1 of Theorem 2.3.5. CFor the statement 3 of Theorem 2.3.5

we also need another embedding theorem.
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Theorem 2.3.7. Let U be as above. Then for any normalized Carleson sequence {aI}IeD

(aI > 0), i.e. for any sequence satisfying

sup 1|71 Z aI,\I’\gl
IeD I'eD:I'cI

we get

(fwl/?)?
— Ya. |l C
%HW(NI) arlll < Ol 72

where again C = C (V).

Let us show that this theorem together with Theorem 2.3.6 implies statement 3 of The-
2
orem 2.3.5. Let a; = [|Ab[|5.
Again, multiplying if necessary the weights v and w by appropriate constants we can

assume (2.31). Then we can write

(T (Fwl/2), go /)] < 37 [(Fwl/2) - (A b, A (g0 /2)]

1eD
- |<fﬁvl/2>li(a1)1/2|1!1/2. 1A, (g0 /2|11
= o) 1/2 172
IeD (nwl(zv] )) (n\I,?(NI)) 11]1/2
1/2 1/2
< Z ‘<fw1/2>]|2a]|[’ Z HA](gvl/Q)H%
- 1eD n‘I’1<N}U) 1€D n‘I’2(N})>|I| |

the second inequality holds because of (2.31), and the last one is just the Cauchy—Schwarz
inequality.
Estimating the sums in parentheses by Theorem 2.3.7 and 2.3.6 respectively we get

statement 3 of Theorem 2.3.5. O
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2.3.6 Proof of (the Differential Embedding) Theorem 2.3.6: Bellman func-

tion and main differential inequality

Let (s) := s¥(s). Multiplying ¥ by an appropriate constant we can assume without loss

of generality that

L |
/Owds:L (2.32)

Define m(s) on [0, 1] by m(0) = m/(0) = 0, m"(s) = 1/p(s). Identity (2.32) implies that
m is well-defined and 0 < m/(s) < 1, 0 < m(s) < s. For a distribution function N = NP

define

a(N) = /0 @) — m(N ()t = 2w), — /O T (N ())d: (2.33)

Note that the inequality m(s) < s implies that u(Ny’) > (w),.
The functional u is defined on the convex set of distribution functions, i.e. on the set of
decreasing functions N : [0, 00) — [0, 1] such that [~ N(t)dt < oco.

In what follows we can consider only finitely supported functions N, and then use

standard approximation reasoning. Consider two distribution functions N and Ny and let

AN = Nj — N. Denote also

(0.] o0
wie / N wy = / Ny (t)dt.
0 0

and let

0.0}
AW = W| — W = / AN (t)dt;
0

the motivation for this notation is that if NV and Nj are the distribution functions of the
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weights w and w1, then the integrals are the averages on the corresponding weights. Denote

also

wp = /O AN (8)]dt; (2.34)

clearly [AwW| < wa.

Let us compute derivatives of u in the direction of AN. The first derivative is given by

d o0
/ /
Wy (V)= Tu(N +7an) | = /0 (2= m/(N(£))) AN()dt,
so, in particular
|u’AN| < 2WA.
Therefore we can write
v, = kwa, k= K(AN), |k|] <2. (2.35)

AN

The second derivative in the direction AN = Ny — N is given by

2

d
—u’ (N)= ———u(N +7AN)
dr

7=0

_ /0 AN (1) AN (1)2 di
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By Cauchy-Schwarz, the integral in the right side is at least

“vwewvayd] T avwa]? =) [ jane)al”
0 0 0

=n(N)"H(wa)?,

SO

(2.36)

For the scalar variable f € R and the distribution function /N define the Bellman function

B(f,N) = B(f,u(N)) where
f2
B(f, U) = H

Computing second derivative of B in the direction A = (Af, AN) we get

T

~ Af Bg Bga Af

In the last formula the derivative of B is evaluated at the point (f,N), and derivatives
of B are evaluated at (f,u(V)).

The Hessian is easy to compute

B B ) [ v . (2.37)
2 |’ '
B Buw ) \ =3 3

note that this matrix is positive semidefinite.
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Since By = —f2/u?, we get using (2.36)

f2
" 2
Thus, gathering everything and using (2.35) we get
T
_ Af 2 2 Af
Bl > Lo (2.38)
_2f  2f u
WA w2 T ga) /A

The matrix here is obtained from the Hessian in (2.37) by multiplying the lower right entry
by 1+ % > 1, so it has more positivity than the Hessian. In particular, if we divide the
2Kk4n

upper left entry of the matrix in (2.38) by the same quantity 1 + the matrix still be

_u
2k2n’
positive semidefinite. But our matrix in (2.38) has something bigger in the upper-left corner!

Therefore, since

u \—1 u
() e
2k2n +u

we get that

. 2(Af)2 2(Af)2 Af)2
2k2n +u 2.22n+u n

the last inequality holds for some ¢ > 0 because u < 2w < Cn.

Let us explain it. In fact, we want

/ Ni(t)dt = (w), < C / N7 () U(Np(t))dt.

Clearly, it is enough to consider the set B = {t: W(N(t)) < 1}. Since ¥ is decreasing, for
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t € B we get that Ny(t) > U~1(1). Since s — s¥(s) is increasing, we get Ny(t)¥(Ny(t)) >
U—1(1) > W=H1)Ny(t) (the last is because Ny is normalized). We are done.
Inequality (2.39) is exactly what we will use to obtain the Main inequality in difference

form in the next section.

2.3.7 Main inequality in the finite difference form

2.3.7.1 Dyadic case

Lemma 2.3.8. Let

Then

5 (B u(N) + Bl u(N2))) ~ B(E, u(N)) > (2.40)

where c is the constant from (2.39). (Note that f| — f = f —f5, so we can replace (f; — f)?

in the right side by (fo — f)2)

Proof. Notice that

1
U (s1+ s9) > 581\11(81); (2.41)

81—%—82\1/ 81+ s2 >81—|-82
2 2 - 2

here the first inequality holds because W is decreasing and the second one because sW¥(s) is

increasing. Of course, we can interchange s; and s9 in the above inequality.
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Let Af :=f; — f, AN := Ny — N. Define

F(r) =B(f +7Af,u(N + 7AN)) + B(f — 7Af,u(N — 7AN))

Taylor’s formula together with the estimate (2.39) imply that

c 1 1
F() = F(0) 2 §(Af)2 (n(N + TAN) + n(N — TAN)) (242)

for some 7 € (0,1).

Estimate (2.41) implies that

n(N) > —n(N £ 7AN),

DN | —

SO

1 1 S 1
(n(N+TAN) i n(N—rAN)) = o)’

Then it follows from (2.42) that

c (af)?
F(1)—F(0) > =
Recalling the definition of F' and dividing this inequality by 2 we get (2.40). O

2.3.7.2 General case

Let ¢ and B be as above.

Lemma 2.3.9. Let f,f;. € R, a, € R4 and the distribution functions N, N, k =1,2,...,n
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satisfy

n

n n
f:ZOékfk, N:Zaka, Zak:l'
k=1 k=1

k=1

Then

—B( )+ Z ozkl’p’ f;., N.) > (Z aplf — fl) (2.43)

k=1

2.3.8 Proof of (the Embedding) Theorem 2.3.7.

2.3.8.1 An auxiliary function

Let ¥ be the function from Theorem 2.3.7. Define ¢(s) := s¥(s).

For the numbers A € [1,2], N € Ry define
N/A 1
T(A,N) N/ —ds

Lemma 2.3.10. The function T is convex and satisfies the differential inequality

oT N 1 N2
A = 4 o(N)
Proof. Differentiating the integral we get
or N? 1 N?

TOA = AZo(NjA) S 4 o) (2:44)

since ¢ is increasing and 1 < A < 2.

To prove the convexity notice that 7" is linear on the lines N = kA, so the Hessian d>T
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degenerates.

Differentiating (2.44) we get

O°T  92Ap(N/A) — N/ (N/A)
A2 (A2p(N/A))?

Note that the right side is positive if s¢’(s) < 2¢(s) (because p(s) > 0).
But for our function even a stronger inequality s¢(s) < ¢(s) is satisfied! Indeed, since

p(s) = s¥(s) is increasing and W is decreasing, then
0 < (sU(s)) = W(s) + sP'(s) < U(s)

(the second inequality holds because VU is decreasing). Multiplying this inequality by s we
get s¢'(s) < p(s).
: 02T
Therefore, since ¢(s) > 0, we conclude that oAz > 0.
But the Hessian d27 is singular, and it is an easy exercise in linear algebra to show that
a singular Hermitian 2 x 2 matrix with a positive entry on the main diagonal is positive

semidefinite. O

2.3.8.2 Bellman function and the main differential inequality.

Let now N be a distribution function, and let

T(A,N) = /O T AN () dt.
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As in Section 2.3.6 assume, multiplying W by an appropriate constant, that

/01 w(ls)ds —1.

Then T(A, N(t)) < N(t), so
T(A,N) < /OO N(t)dt =:w = w(N).
0

For f € R, M € |0, 1] and for a distribution function N define the function g(f yN, M) =

B(f,u(M,N)), where

and

u=u(M,N) :2/()OON(t)dt—T(M+1,N)

=:2w(N) —T(M + 1, N).

Note that 2w (N) > u(M, N) > w(N).
We claim that the function B is convex. Indeed, fix a direction A := (Af, AN, AM )T and

compute the second derivative gﬁ in this direction

~ a2 -~
BA = FB(f—FTAf,N—FTAN,M-FTAM)

7=0
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We get

T
~ Af Bﬂ' Bfu Af
/ /
U.A Bfu Buu uA
The Hessian
2 2f
Bg Ba | i
N 2
Be. B _2f 22
fu ~uu 2w

is clearly positive semidefinite, so the first term is nonnegative. For the second term notice

that

f2
Bu=—-—, up=-TZ<0 (2.45)
u

because T', and therefore T is convex. Thus [S’X >0, so B is convex. Let us compute the

partial derivative

oB 3 ou f2'( arr)

—ovi = Buzir =5 (~57 (2.46)

By Lemma 2.3.10

_g—]\r; > i . /OOO @j(\]]\(]t():))it |
A ([ o)

the second inequality here is just the Cauchy—Schwarz inequality. Combining with (2.46)
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and recalling that u < 2w we get

—o >

oB 1 f?

This inequality (together with the convexity of B) is the main differential inequality for our

function.

2.3.9 Finite difference form of the main inequality

Let X = (£, N, M), X;; = (£, Nj., M), (f,f, € R, M, Mj, € [0,1], N, N, are the distribution

functions) satisfy

n n n
f:ZOzkfk, N:Zaka, M:a—i—ZakMk,azO,
k=1 k=1

k=1
where
n
Zak =1, ap >0
k=1
Then
~ n ~ 1 af?
—B(X B(X.)> —. . — 2.48
30+ 3 Bl > 55 7 (2.45)

where n = n(N).

Indeed, for My := >} oy M}, the main inequality (2.47) implies

. . 2
B(f7N7M0)_B(f7N7M) > ii
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The convexity of B implies that

f, N, M) < Z apB(X})
which together with the previous inequality gives us (2.48).

2.3.9.1 From main inequality (2.48) to Theorem 2.3.7.

The reasoning here is almost verbatim the same as in Section 2.3.10.

For a cube I € L let us denote f <fw1/2> Nr = N, M;

w, = (w);, u; =u(M;,N;).

= 1 Sprepay,

Fix I9 € £, and let I, be its children. Applying the inequality (2.48) with oy, = ][k\/|1'0|,

f;. :fk, Np. :N}l;g, M;. :MIk: we get that

1 @]OfQO ~ ~
—'—IIIO!S—IIOIB(XIOH > HIB(X))

16 n(NY
(Npo) Iech(10)

Writing the corresponding estimates for the children of I9, then for their children, we get

after going n generations down and using the telescoping sum in the right side

2
1 f 05 ~
— < - IIB(X
> (Nw)m SB(X o)+ D B
Iech (19) Iechy (10)
0<k<n
< > B(X));
Techp (10)

the last inequality holds because B> 0.
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Since

B(X,) <t fu; <fF/w,

(the last inequality holds because u > w) and by Cauchy—Schwarz

[(fl/2) 12 < (1 f1P) (),

we conclude, exactly as in Section 2.3.10 that

B(X,) < 1/ / P,

SO

2
1T 2
I < du.

1
T 2
Iechy (1Y)
0<k<n

Conclusion of the proof is exactly as in Section 2.3.10: we first let n — oo, and then taking

the sum over I° € £_,, and letting m — oo get the desired estimate. O

Proof. The reasoning below is a “baby version” of the reasoning used to prove the main
estimate (Lemma 6.1) in [T].

For a weight a = {ag}}_;, ap > 0, let (P(a) be the weighted (finite-dimensional) P
spaces, ||x||§p(a) = > g aglzrlP (€%°(a) is just the usual finite-dimensional £°°).

Let (-, - )a be the standard duality (z,y)a = Y p_q QkTLYk-

Define e € P(a), e = (1,1,...,1).
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Consider the quotient space X = ¢!(a)/span{e}. For z € /1 (a) let

0. .._ -1
O = el (rreae,
SO Y p_q ak,xg = 0. Then
HxHX < ||$O||gl(a) < 2||:E||X (2.49)

Indeed, the first inequality is trivial (follows from the definition of the norm in the quotient
space). As for the second one, [(z,e)a| < ||z 1 (a) 5° it follows from the triangle inequality

that

1210y < Il 0y + el 1 @] - el gy < 2l

This inequality remains true if one replaces x by x — Ae, A € R, so the second inequality in
(2.49) is proved.

The dual space X* can be identified with s subspace of (>° = (°°(«a) consisting of z* €
(> () such that (e, z*), = 0 (with the usual (*°-norm).

So, for the vector x = (x1,x9,...2y), v, = f;. — f (notice that (z,e)q, = 0 there is

n
> By — ) =z, > 5 \x\lgl Zak\fk — fl.
=1

Define T, f~, N*, N~ by
n n
=Y (18R, NT = ap(l+ BN
k=1 k=1
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By Lemma 2.3.8
1/~ ~ ~ £t — )2
5(13'(f+,1v+)) +B(f—,N—))) — B(f,N) > Z Nl Vi (2.50)
We know that

n n n
1
fr—f=> apBfy = > apby(f, — ) > 5 > |ty — 1|
k=1 k=1 k=1

(the second equality holds because >} a; S = 0), so the right side of (2.50) is estimated

below by
6 nv) (Z o [fg —f\>

Since the function B is convex

B(ft,NT) < Zak + B)B(fy, Ny).

Zak (1= Br)B(fy, Ny,)

and adding these inequalities we can estimate above the left side of (2.50) by

—B( +ZakB fkak)
k=1
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2.3.10  From main inequality (2.43) to Theorem 2.3.6.

Fix an interval I and let I;, be its children. Applying Lemma 2.3.9 with f}, = <fw1/2)lk,

N = N}‘]’C and oy, = |I.|/|I°| we get denoting f := fwl/?

PNy

E'm OB oo N+ D 11 BUS) N

Tech(1Y)
Applying this formula to all children of IV, then to their children and adding up the inequal-
ities we get after going n generations down that

¢ 1A, 711 =

16 > W < —|1°B((f > ,Njo) + > 1B ), NP

Iechy (1Y) Techy (19)
0<k<n

< 1B NP,

Iechy (19)

- 2
We know that B(f, N) < C-L

ek and since (see (2.33)) u(N}") > (w); we conclude using

the Cauchy—Schwarz estimate |<fw1/2>1]2 < (\f\2>1(w>1 that

o (fwl/?)2 )
|f|-zs‘<<f>pzv1>somW ClI(f1), = /I 2dp.

Therefore, estimating the right side we get

. A If\lz
6 2 a(vP) TS /'f'd

Iechy (19)
0<k<n
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Since the right side does not depend on n we can make n — oo, and have the sum in the
left side over all T € £, I c I9.
Taking the sum over all I € £_,,, and letting m — oo we get conclusion of the theorem.

O

2.4 The Bellman function approach to the separated bump conjec-

ture

2.4.1 A quick reminder

We again work with Young functions ® that satisfy
: : : : o0 dt
® is convex increasing function such that 0] < 00. (2.51)
1

As we have seen, in the separated bump conjecture we work with the following quite natural

one-sided bump assumption:

There exists a constant C, such that for any interval I the following holds:
ol ol gy < ©
(2.52)

and

lull 1 f day - 0l @ < C.
L1(I,|—ﬁ) LY S

And now one-sided bump conjecture is the following statement: suppose (2.52) holds

for all intervals (cubes), and suppose ® satisfies integrability condition (2.51), then any
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Calderén-Zygmund operator is bounded from L?(u) into L?(v) in the sense

Vf ey HT(fu)”LQ(U) < CHfHLQ(u) (2.53)

2.4.2 A construction of function W

To formulate the main result we use a certain language.
For that we need the following construction. Define a function ¥ in the following para-

metric way:

_ 1
5T ) )
W(s) = d/(1)

Of course, we define ¥ in this way near s = 0.

We give the following definition.

Definition 19. A function ® is called regular bump, if for any function u there holds

lull g > C [ MU @)
Remark 7. An example of regular bump is the following: ®(¢) = tp(t), and

p(t)
p(t)

t

log p(t) — 0, as t — 0.

The important result is the following.

Lemma 2.4.1. The function s — W(s) is decreasing; the function s+ s\WU(s) is increasing;

the function S\If;(s) is integrable near 0. Moreover, the following inequality is true with a
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uniform constant C' (which may depend only on ®):

Cllull g > [ Ni)w(Nr(©)at
where
Ny (t) = ﬁ\{x € It ulw) > 1},

Further, for “reqular” functions ® we have that
full g ~ [ NryVi )t

2.4.3 The main results. Boundedness and weak boundedness.

Given a function @, satisfying (2.51), build the corresponding function ¥ as in Section 2.4.2.
We prove the following theorems. Regularity conditions are not very important, but the last
condition in the statement of the theorem is actually an important restriction. This is the
restriction one would wish to get rid of. Or to prove that it is actually needed. Lately we

believe that one cannot get rid of it. We give a non-standard definition.

Definition 20. A function f is “weakly concave” on its domain, if for any numbers z1, ...,y

and A, ..., Ap, such that 0 < A\; < 1, and > Aj =1, the following inequality holds:

FO Ajzj) = CY N f(=)),

where the constant C' does not depend on n.

Theorem 2.4.2. Suppose there exists a function ®qg with corresponding Y, such that:
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Qg satisfies (2.51);

® and ®g are regular bumps;

There is a function e, such that ¥o(s) < CW(s)e(V(s));

The function t — te(t) is weakly concave, in the sense of the Definition 20;

The function t — te(t) is strictly increasing near 0o,

The function t — te(t) is concave near oo;

e(t)

The function t — == is inlegrable at oo.

Suppose that there exists a constant C, such that a one-sided bump condition (2.52) holds.
Then any Calderén-Zygmund operator is bounded from L?(u) into L?(v) in the sense of

(2.53).

Theorem 2.4.3. Suppose the function ® satisfies all conditions from the theorem above.

Suppose that there exists a constant C, such that

[l da vl e < C.
L%Lﬁ) LY =

Then any Calderon-Zygmund operator is weakly bounded from L?(u) into L**°(v), i.e. there

exists a constant C, such that for any function f € C§° there holds

”T(fu)HL2,OO(U) < CH]CHL2<U) (2.54)
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2.4.4 Examples of ® satistying the restrictions of the main results: the cases

from [CURV]

The biggest difference of the above results with those of [CURV] is that here we gave the
integral condition on the corresponding bump function ®. To compare with [CURV] we

notice that in [CURV] theorems above were proved in two cases:
1. ®(t) = tlog!To(¢);
2. ®(t) = tlog(t) loglog!*7(t), for sufficiently big .

We show that these results are covered by our theorems.

First, suppose ®(t) = t1log! 77 (t). Then W¥(s) =< log1+0(%). We put ®(s) = t10g1+%(t),

a

and then e(t) =t 2(1+0) | Then, clearly, all properties of ¢ from our theorem are satisfied.

Next, suppose ®(t) = tlog(t)loglog!T7(t). Then U(s) = log(%) log 10g1+‘7(%). We put
®o(t) = tlog(t)loglog T (t), § < 1 which gives e(t) = log_(l_‘s)"(t). Then, the integral

‘[oo e(t)

Tt dt converges if 0 > 1, and we choose  to be very small.

Moreover, examining the proof of Theorem 5.1 from [CURV], we get the result from our

paper but with a condition

e(t)

The function ¢ — = is integrable at oco.

We notice that for regular functions we have £(t) — 0 when ¢t — oo, and so () < /e(t).

Thus, our results work for more function € and, thus, bumps ®.
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2.4.5 Self improvements of Orlicz norms.

In this section we prove a technical result, which has the following “hand-waving” explana-
tion: suppose we take a function ® and a smaller function ®j5. We explain how small can be

Il @,
the quotient m in terms of smallness of % In what follows we consider only “regular

L
I
bumps” functions in the sense of the Definition 19.

Suppose we have two functions ® and ®(, and we have built functions ¥ and ¥y. We

suppose that

Wo(s) < CU(s)e(P(s)).
The following theorem holds.

Theorem 2.4.4. Let I be an arbitrary interval (cube). If a function t — te(t) is weakly

concave, then Il
u o
L

lull @y < Cllull g &(—~L)
LY Lp "\ (u)g
To do that we need the following easy lemma:

Lemma 2.4.5. For weakly concave functions the Jensen inequality holds with a constant:

/&@@mmw<cﬂ/wmmm>

Proof. This is true since if ¢ is a step function, then this is just a definition. Then we pass
to the limit. Here we essentially used that we can take a convex combination of n points,

and the constant in the definition above does not depend on n. O

Proof of the Theorem. In the proof we omit the index I. Since for regular bumps we know
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that

o ~ / YN (1) N (1),

we simply need to prove that

[mwonwa <o [won (! T

Our first step is the obvious estimate of the left-hand side:

/ To(N())N(t)dt < C / T(N()e(U(N())N(t)dt .

Denote a(t) = te(t). Then we need to prove that

/a(\l/(N(t))N(t)dt < C’/N(t)dta( ?W )t))];ft(” ).

We denote

N(t)

i N(t)dtdt’

dp =

it is a probability measure. Moreover, by assumption, ¢t — a(t) is concave. Therefore, by

Jensen’s inequality (from the Lemma),

[ats@yantt < ca( [ swinte

Take f(t) = W(N(t)), and the result follows. O
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2.4.6 Examples
2.4.6.1 Example 1: log-bumps

First, if ®(t) = tlog!t7(t), then ¥(s) = log!T7(1/s), and

\I]O(S) = 10g_%(1/8) = \I/_ﬁ.

Thus, e(t) =t 2(149) and everything is fine.

2.4.6.2 Example 2: loglog-bumps

Next example is with double logs. In fact, when

W(s) = log(1/s)(loglog(1/5))" "7, Wo(s) = log(1/s)(log log(1/s))" /2

then
Wo(s)

(s) = log IOg—O/Q(l/S) ~ (10g(\1;(5)))—a/2‘

Thus, ¢(t) = (log t)_%. Everything would be also fine, except for one little thing: the
function ¢ — te(t) is concave on infinity, but not near 1. However, ¢t — te(t) is weakly
concave on [2,00), and this is enough for our goals as without loss of generality, U(s) > 2.
So let us prove that a(t) = te(t) is weakly concave on [2, 00).
Let s := §. The function a has a local minimum at e* and its concavity changes at
et We now take xj, Aj and x = Y A\jr;. We first notice that if z > e*T1 the we are

done, because then (z, ) Aja(z;)) lies under the graph of a.
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If 2 <z < *! then a(z) > min[2 1)@ = c(s). Moreover, if ¢ is a line tan-
gent to graph of a, starting at (2,a(2)), and ¢ “kisses” the graph at a point (r,a(r)), then
> Aja(z;) < a(r) = c1(s). This follows from the picture: a convex combination of a(z;)
can not be higher than this line.

Therefore,
Z AjTj) > Cey(s Z Aja(zy) .

This finishes our proof.

2.4.7 Proof of the main result: notation and the first reduction.

We fix a dyadic grid D. To prove our main results it is enough to show that the following

implication holds:
o all 1l 1011 ) < B then T, o) 00 g < )
|1

where C' does not depend neither on the grid, nor on the sequense {as}. It can, of course,
depend on By . This will prove the weak bound 7" : L?(v) — L?*°(u). For simplicity, we
denote Ty = Tp {af}- It is an easy calculation that, under the joint As condition (which is
definitely satisfied under the bump condition), it is enough to get an estimate of the following

form:

G S ) o 30 anelud () K- |1 < Cul). (2.5%)
JcI

Kcl

Remark 8. By the rescaling argument it is clear that we can assume By, as small as we
need (where “smallness”, of course, depends only on the function ®). We need this remark,

since all behaviors of our function ¢ are studied near 0.
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Remark 9. Everything is reduced to (2.55). We concentrate on proving (2.55). Clearly, by
scale invariance, it looks very tempting to make (2.55) a Bellman function statement. This

will be exactly our plan from now on.

2.4.8 Bellman proof of (2.55): introducing the “main inequality”

We start this Section with the following notation. We fix two weights u and v, and a Carleson

sequense {ay}. We denote

ur =)y, vy = ()5 Nit) = e u(e) > 1}

JCI

JCI

We proceed with two theorems that prove our main result. Everywhere in the future we

use that (u);(v); =uyvr <6 <1 for any I. We can do it due to simple rescaling.

Theorem 2.4.6. Suppose that

where ¢ satisfies properties of Theorem 2.9, from which the main one is
o0
t
/ # dt < 0. (2.56)
Let 0 be small enough, and

Q={(NV,A):0< N<1; 0<AL1}
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and for some constant P

Qo ={(u,v,L,A): 0 <AL u,v, L >0; uv<0; L<P-yu}.

Suppose we have found a function By, defined on €1, and a function Bo, defined on (9,

such that:

0<Br<N; (2.57)
N

B))y >1 : 2.

(B1)4 O%(M, (2.58)
—d* By > 0; (2.59)
0< B2 < (2.60)
(B2))y 20 (2.61)
(32)14 >c-u-L, when P-+/uv>L> u—f, (2.62)

e(gp)

uv(Bg)'L > —o01ul, for sufficiently small 61 in the whole of Qo; (2.63)
—d*By > 0. (2.64)

@]

Then for the function of an interval B(I) := Bo(uy,vr, L1, A7) + [ B1(Ny(t), Ar)dt the
0

following holds:

0 < B(I) < 2ug (2.65)
B(I) — B(I+);—B(1_) 2 CCLI~UI~LI. (2.66)

Next, we state
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Theorem 2.4.7. If such two functions By and Bg exist, then (2.55) holds, namely

Jci KcJ

71 2 o0 0 177 X oo K- 11 < 2 [
I

Proof of the Theorem 2.4.7. This is a standard Green’s formula applied to function B(I) on
the tree of dyadic intervals. Let us explain the details.

Since the function B is non-negative, we have that

2/ fur = [1|B(1) = [|B(I) Z\Ink\B n.k)-

Here n is fixed, and I, . are n — th generation descendants of I. Clearly, all [}, ;.| are equal
to 27",
Let us denote A(J) = |J|B(J) — |J+|B(J+) — |J=|B(J=), where J+ are children of J. By

the property (2.66) we know that A(J) > C|J|ajuyL . By the telescopic cancellation, we

get that
n—1 2™
[1|B(1) Z 1y, k’B nk Z ZA(Im,k>'
m=0 k=1
Combining our estimates, we get
n—1 2™
2|I|u1 20 Z Z|]m7k|alm,ku[m,k[/[m7kz :C Z |J|aJuJLJ.
m=0 k=1 JCI|J|=2—"I|

This is true for every n, with the constant C' independent of n. Thus,

ur 2 Oy ZGJUJLJU\
| |Jc[
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The result follows from the definition of L ;. ]
In the future we use the following variant of Sylvester criterion of positivity of matrix.

Lemma 2.4.8. Let M = (mij)gjzl be a 3 x 3 real symmetric matriz such that my; < 0,

mi1mao — miamoy > 0, and det M = 0. Then M 1is nonpositive definite.

Proof. Let E be a matrix with all entries being 0 except for e33 = 1. Consider ¢ > 0
and A := A(t) := M + tE. Tt is easy to see that ay; < 0, ajjaze — ajzas; > 0, and
det A =t - (my1m9o — miamoy) > 0 when ¢t > 0. By Sylvester criterion, matrices A(t),
t > 0, are all negatively definite. Therefore, tending t to 0+, we obtain, that M is nonpositive

definite. O

We need the following lemma, which is in spirit of [VaVo].

Lemma 2.4.9. Let L be given by

L= =" astu), (), 1]
’]| JciI

Let Ay given by Aj = ﬁ > aylJ|. Suppose that it is bounded by 1 for any dyadic I
JcI
(Carleson condition). If for any dyadic interval I we have that (u),(v), <1, then it holds

that for any dyadic interval I we have Ly < Py /(u)(v) ;.

Proof. Tt is true since the function T'(u,v, A) = 100y/uv — A“—j_’l is concave enough in the
domain G := {0 < A< 1, uv < 1, u,v = 0}. One can adapt the proof from [VaVo.
First, we need to check that the function T'(x,y, A) is concave in G. Clearly, T’ 1’4’ 4 <0.
Next,
Tha Tho x

det S
y(A+1)4
T, Y

BO(A + 1)/zy — xy) > 0. (2.67)
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This expression is non-negative, because A + 1 > 1, and /uv < 1. Finally,

/! /! /!
Tya Tay Tay

,U

det Tﬁ,v Té’,v T{]”u = 0.

/" " 1"
TA,u Tuu Tu,u

Therefore, by Lemma 2.4.8 we conclude that T'(u, v, A) is a concave function.

Next,

UV 1
= —uv.

T = — >
A7 (A+1)27 4

u_i_—;u_ v — v++v_

Thus, if we fix three points (u,v, A), (u+, v+, A+), such that v = , 7

and A = E# + a, we get by the Taylor formula:
T A T(u—,v—, A_
T(u,v, A) — (s, v, Ay) + Ty v, A-) > aTy(u,v,A) > Ca-uv.

2

This requires the explanation. The Taylor formula we used has a remainder with the sec-

ond derivative at the intermediate point P4 on segments Sy := [(u, v, #), (u,v, Ay)],
A_+A . . L .
S_ = [(u,v, ;L ), (u,v, A_)]. One of this segments definitely lies inside domain G,

where T' is concave, and this remainder will have the right sign. However the second seg-
ment can easily stick out of domain G, because G itself is not convex. But notice that if, for
example, S is not inside G, still (z,y, B) € S4 implies that one of the coordinates, say x,

must be smaller than u. Then y can be bigger than v, but not much. In fact,

Vp —v=0—v- = vy <2v—v_ < 2.

Therefore, y < v4 < 2v. Then we have that xy < 2uv < 2. Let us consider G = {(z,y,A) :
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0<A<LI, z,y >0, 0<zy <2} Now come back to the proof that T is concave in G.
In (2.67) we used that if (z,y, A) € G, then xy < 1 and the corresponding determinant is

non-negative. But the same non-negativity in (2.67) holds under slightly relaxed assumption

(2,9, A) € G.
We notice that our uy = (u);, vy = (v);, and Ay = |}—| > ar|I] have the dynamics
JcI
above. The rest of the proof reads exactly as the proof of the Theorem 2.4.7. O

Proof of the Theorem 2.4.6. We start with the following corollary from the Taylor expansion.

Suppose we have three tuples (N, A), (N+, A4), such that:

_N+—|—N_' A_A+—|—A_

N ;
2 2

+ m.

Moreover, suppose there are (u,v, L), (u+,v+, L+), such that

U+ u— U v L_L++L_

2 ;v 5 ; 5 +m - uv.

Then, since d?B; < 0, we write

Bi(Ny, Ay) < Bi(N, A) + (B1)y(N, A) (N — N) + (B1)y (N, A)(Ay — A).

Thus,
Bi(N4, Ay) + Bi(N_, A_ Ap+ A
By, 4)- AR A I B gy v,y (=22 <1y, 4)
S N
>m
Wo(N)
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Similarly,

Bo(uy, vy, Ly, Ay) + Bo(u—,v—, L, A_)
2

By(u,v, L, A) — >m - ((Ba)y(u,v, L, A)
A

+uv(Ba)T)

First, suppose that Lj < 41 i}I

“laguy)

. Then, using m = aj we get

B(I+) +BU-)

B(I) - . >

> / (Bl(NI(t),AI) _ BN, (8), Ary) ;F By (Ny_ (t)w‘l]_)) i

Bo(ur, ,vr, Lr,, Ar )+ Bolur_,vr_, Ly, Ar_ ))
2

+ <B2(UI7U17LLAI> -

> ay ((B2)y(ur,vr, Ly, Ap) +upvr(Bo) (ur,vr, L, Ar)) + ag </(BI)C4(NI(t)vAI)dt) >

Ni(t)
ar (/ Wdt — 51UIL]) . (2.68)

The last inequality is true, since (32)14 > 0 and uv(Bg)'L > —0jul on the domain of Bs.

We use Holder’s inequality (and that [ N7(t)dt = uj) to get:

Ny (1) up u
[ et > T > © P N9t o LAY

ur

(2.69)
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Last inequality is Theorem 2.4.4. Therefore, we get that

Ny(t 1 1
/ﬁdt S S L) ) (2.70)
Wo(Nr(t)) lull o lell ;@ lull oo lull @y
1 c i I c b
ur urvr

We are going to use the one-sided bump condition ||ul| 1®V1 < Buy < 1. Thus,
1

urvy

Uy L ——.
s lullgor

Since the function x — —%~ is increasing near 0 (on [0, c¢]) and bounded from below between
Sz

ce and 1, we get

UTv 1 1
Lr . zC-upop———.
vy ||u||L<ID vy ||U||L}I> e(i7o7)
€ urvy

Therefore,

Np(t) urvy
Y s o > CuyLy.
/ Wo(Ng(t)) s(ullvl)

The last inequality follows from our assumption that L; < (ul 1}] ) Putting everything
g

together, we get
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We proceed to the case Ly > Lﬂfl— Then we write

oy

B(Iy)+ B(I)
2

B(I) —

Bo(ur,,vr,, Lr,,Ar )+ Balur_,vr_, Ly, Ar_)
5 .

>BQ(U’I7UI7L17AI)_

This is obviously true, since (Bl);l > 0 everywhere and Bj is a concave function. Next, we

use

Baury vy, Lry o Ary ) + Bour_svr Lr Ar )
2 =
ay ((Bg);l + uv(Bg)/L) > car-urly, (2.71)

By (ur,vr, Ly, Ar) —

by the property of Bg. Therefore, we are done. O

2.4.9 Fourth step: building the function By

In order to finish the proof, we need to build functions By and By. In this section we will

present the function B9. Denote

This function is increasing (by regularity assumptions on e in Theorem 2.9), therefore, there

exists 1. We introduce

(0.9]
L? /1
Bs(u,v, L, A) = Cu — " / © <;> dx.
A+1
L
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Let us explain why the integral is convergent. In fact, using change of variables, we get

ﬁl
—_
/N
8|~
N——
QU
S
I
O\
Q)
—~
|
N~—
|
~
~
S
—~
m
—~
| =
~—
~—
QL
S

which converges at 0 by assumption (2.56).

Therefore, since Ly < C\/ujvy, we get

OgB(uLUIaLI?AI) gCUI

Next,

(Ba)'y +wv(Bs)y = %(pl (%ﬂ) —u(A+ 1)t (ﬁ) —2ulL / o1 (1> dr =

1 T
A+1
L
1 L\ A+l 4/ L A
ulo | ) e <A—+1>—2A/¢ ()| @)
+1

We use that L > —/~ = ¢(uv). Then ¢ (L) > uv, and, since A +1 ~ 1, we get

(uv)

Moreover, since uv < ¢ is a small number, we get that L is small enough for the integral

o0

i go_l(%)dx to be less than a small number cy. Finally, let us compare %gp‘l(ﬁ)
A+1
L
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with a small number c3. Since L is small, we can write

axp
el—) <es.
c3L 3

We do it, since cg is fixed from the beginning (say, c3 = %) Thus,
L < p(csl).

This implies

thus

1
Z@_I(L) < ¢3.

Since A+1 ~ 1, we get the desired. Therefore, if L > (“U ;= p(uv) then (Ba)’y+uv(Ba)} >
“\uy

cul.

Moreover, in the whole domain of By we get, since (BQ)’A >0,

(Bg);l + uv(Bg)'L > uv(Bg)/L > —(c9 + c3)ul

with small ¢g + ¢3. This is a penultimate inequality in the statement of Theorem 2.4.6.
Now we shall prove the concavity of Bg. For this it is enough to prove the concavity of

the function of three variables: B(v, L, A) := By(u,v, L, A) — Cu. Clearly, (B)}, < 0, which
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is obvious. Also, it is a calculation that

(B)yw  (B)ya (Blyr
det | (B, (B)ia (B)ag | =0

(B)yr,  (B)r (B)7r,

Thus, we need to consider the matrix

(B)ow — (B)ya

(Blya  (B)ig4

and to prove that its determinant is positive. We denote f(t) = ¢~ (t), to simplify the next

formula. The calculation shows that the determinant above is equal to
L L N2 L N2 LN [ .1
— ) =—f—— 2of——) - f(—— — ) dx.
g(A+1> f<A+1) * <A+1> f<A+1> / f(:z:) o
Az—l

We need to prove that g is positive near 0. First, g(0) = 0. Next,

§(5) = ~21(5) (5) + 4 (5) [ £(2) et 2525"(s) [ £(5) dw+2f()f(s) =

m\w\g
tn\»—t\g

f(é) dz. (2.73)

SR

4sf'(s)

at

> dz + 252 f"(s)

mh—\g
m\w\g

1

We notice that f’ is positive, since ¢~ is increasing near 0. Moreover, by the fact that

¢ is strictly monotonous, and by concavity of te(t) (see Theorem 2.4.2), we get that ¢ is

1

strictly convex, hence ¢~ is strictly convex near 0 as well. That is, f” is also positive.
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Therefore, ¢'(s) > 0, and so g(s) > g(0) = 0. The application of Lemma 2.4.8 finishes

the proof of concavity of B (and therefore of the concavity of By). We are done.

Remark 10. We can always think that the bump constant By, < Cs, where C¢ is such

that L; < c.. Then we can use the monotonicity and concavity of the function ¢ near 0.

2.4.10 Fifth step: building the function B

We present the function from 2.3.8.1.

N
1o

Bl(N,A):CN—N/ >
0
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Chapter 3

One weight estimate for the limiting

case: the A; conjecture

3.1 The main result

We are on I := [0,1]. As always D denote the dyadic lattice. In this chapter we use the

usual Haar system {h}:

1
L zel,
vari

hr(x) d
__1
N

The weighted weak norm of an operator 7' is defined by

Tl = s tewfe: [Tf@)] > 8
t>0’||f||L1(w):1

We consider the operator

T-io— Y eflehp)hy,
ICIy IeD

where e = £1. Notice that the sum does not contain the constant term.

Our main theorem is the following.

Theorem 3.1.1. For any p < % and for any large Q) there exists a weight w, such that
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(w1 = Q, and

sup | Tell 11,00,y = @log” @

e={es}

3.2 The Bellman approach

Put

F=(flw)r, f = (F)1.0 = Aw = (w)m = inf .

We are in the domain

Q:={(F,w,m, f,A): F>|flm, m<w<Qm}. (3.1)
Introduce
1
B(F,w,m, f,\) := sup Tw{x el: Z ejle,hy)hy(x) > A}, (3.2)
‘ ’ JCI,JeD

where the sup is taken over all e5,|e;| < 1,J € D, J C I, and over all f € LY(I,wdz)
such that F := (|f|w)r, f = (f)1, w = (w);,m < infjw, and w are dyadic Ay weights,
such that VI € D (w); < Qinfjw, and @ being the best such constant. In other words

dyadi
Q — [w]Ayla ’LC‘

3.2.1 Homogeneity

By definition, it is clear that
SB<F/S7w/87m/87f7>\) = B(F7w7m7f7>\)7
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B(tF,w,m,tf,t\) = B(F,w,m, f,\).

Choosing s = m and t = A\™1, we can see that

F w f
F A)=mB(—,—, = .
B(F,w.m, f.\) = mB(=~, = ) (33)
for a certain function B. Introducing new variables o = %, =17 = % we write that B
is defined in
G={(,3,7): W <a,1<B<Q}. (3.4)

3.2.2 The main inequality

Theorem 3.2.1. Let P,Py,P_ € Q P = (F,w,min(my,m_), f,\), P+ = (F + a,w +

vymy, [+ B, A+ B), Po=(F—a,w—-y,m—,f—B,A\—0). Then
1
B(P) ~ 5(B(Py) + B(P) 2 0. (3.5)

At the same time, if PP+, P— € Q, P = (F,w,min(m4,m_), f,\), P = (F + o,w +

vomi, f+ B8, A=0), P- =(F—a,w+y,m4, f—B,A+ ). Then

B(P) — 5(B(P+) + B(P-)) 2 0. (3.6
In particular, with fized m, and with all points being inside ) we get
B(F,w,m, f, )\)—%L(B(F—dF,w—dw,m,f—d)\,)\—d)\)—i-B(F—dF,w—dw,m,f—i—d)\,)\—d)\)—l—

B(F + dF,w + dw,m, f —d\ A+ d\) + B(F + dF,w + dw,m, f +d\ A+ d)\) > 0. (3.7)
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Remark.1) Differential notations dF, dw, d\ just mean small numbers. 2) In (3.7) we loose
a bit of information (in comparison to (3.5),(3.6)), but this is exactly (3.7) that we are going

to use in the future.

Proof. Fix P,PL,P_ € Q. Let v+, ¢p_, wy,w— be functions and weights giving the supre-
mum in B(Py), B(P-) respectively up to a small number n > 0. Using the fact that B does

not depend on I, we think that ¢4, wy ison I and ¢p_,w_ is on /. Consider

pt(z), T € It

p(r) =
p—(v), v €l
wy(z), z € 14
w(z) =
w_(x), x €l
Notice that then
1
(p.hp) —==18 (3.8)
1]
Then it is easy to see that
(lplw)r=F =", {(p)r=f=PFy. (3.9)
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Notice that for z € I using (3.8), we get if e = —1

%uur{x S Z ej(p,hy)hy(x) > A} =

JCIy,JeD
1
e el 3T eylehphy(@) > A+ )
JCI,JeD
L 1
= 2|[+’w+{5661+ : Z ej(p+,hy)hy(x) > Py 3} > §B(P+)_77.

JCI|,JeD

Similarly, for x € I_ using (3.8), we get if e; = —1

ﬁw{x el Z er(p, hp)hy(z) > A} =

JCI,JeD
1
mw—{”” el-: > ejlp.hphyl)>r=p}
JCI_,JeD
—_— 1
T oI yw*{””’ el-: > ejlo— hphy(z) > Pz} > SB(P-) =
- JCI_,JeD
Combining the two left hand sides we obtain for e = —1

Teleeles S0 esleiphule) > N} 2 (8P + BP-) - 20,
JCI,JeD

Let us use now the simple information (3.9): if we take the supremum in the left hand side
over all functions ¢, such that {|p|w); = F,{p); = [, {w) = w, and weights w: (w) = w, in
dyadic A; with Aj-norm at most @, and supremum over all €7 = +1 (only e; = —1 stays
fixed), we get a quantity smaller or equal than the one, where we have the supremum over
all functions ¢, such that (|p|w) = F, ()7 = f, (w) = w, and weights w: (w) = w, in dyadic

Ay with Aj-norm at most (), and an unrestricted supremum over all €5 = +1 including
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ey = £1. The latter quantity is of course B(F,w, m, f, X). So we proved (3.5).
To prove (3.6) we repeat verbatim the same reasoning, only keeping now ey = 1. We are

done.

Remark. This theorem is a sort of “fancy” concavity property, the attentive reader would
see that (3.5), (3.6) represent bi-concavity not unlike demonstrated by the celebrated Burk-
holder’s function. We will use the consequence of bi-concavity encompassed by (3.7). There

is still another concavity if we allow to have | ;] < 1.

Theorem 3.2.2. In the definition of B we allow now to take supremum over all |g;] < 1.
Let PPy, P_ € Q,P=(F,w,m,f,\), Py =(F+a,w+~,m,f+p,\), P-.=(F—a,w-—
7>maf_ﬁ7)‘)' Then

B(P) - %(B(a) +B(P_)) > 0. (3.10)

Proof. We repeat the proof of (3.5) but with e; = 0.

]
Theorem 3.2.3. For fixed F,w, f, X function B is decreasing in m.
Proof. Let m = min(m—, m4) =m—. And let m4 > m. Then (3.5) becomes
B(F,w,m,f,)\) _B(F>w>m+>fa)‘) > 0.
This is what we want. O
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3.3 The unweighted estimate: the exact Bellman function

We first deal with the case when there is no weight, i.e. with the case when w =1 a.e. We
notice that this is the boundary of our domain Q: w = m.

Introduce a function

Bo(\, f,F)=sup|Sa: Y eflphph(z) = Ay,
Icly, IeD

where the supremum is taken over all families {¢7} such that |;| = 1, and all functions ¢
with {[pl), = £, {p)y, =T
Let Qg = {(\, f, F)): F > |f|} be the domain of By.

Denote

1, A< F
Bo(\ f, F) = (F, f,A) € Q.

2
1—%‘%}2—, A>F,

Our main theorem is the following.
Theorem 3.3.1. For any (\, f, F) € Qq it holds that By(F, f,\) = Bo(F, f, \).

Firstly, it will be more convenient to work with a slightly modified function. We need a

definition.

Definition 21. A function 1 is called a martingale transform of a function ¢, if for some

family {81}, with |€I| = 1,
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Denote

B(g, f, F) = sup {z: ¢(x) = 0}/,

where the supremum is taken over all functions ¢ with (|¢|) I = F, {(p) I = f, and all

martingale transforms ¢ of ¢ with (1) =9 It is easy to see that

BO<>‘7f>F) :B(_g7f7F)

Denote Q = {(g, f, F): F' > |f|} and

Then our main theorem is equivalent to the following one.
Theorem 3.3.2. For any (g, f, F)) € Q it holds B(g, f, F') = B(g, f, F).

Corollary 3.3.3. For any function ¢ € LY, any number X > 0 and any family {er} with

ler] = 1 it holds

v Z 6[((10>h[)h[<$) > A gz@
ICIy, IeD
Proof. 1t is easy to verify that
A
sup (Bo()\, f,F)- _> —9
F
Thus,
v Y eplphphy() > A 4| <2k =olPlh
: I\, Iep)rey = < )\ \

Icly, IeD
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]

Corollary 3.3.4. For any function o € L', any number X\ > 0 and any family {er} with

ler| = 1 it holds

v Z 6[(907 h])h[(.l’) > A < 4@
IcIy, IeD

Proof.

v > erle hphp@)| = A = ar Y eplp hp)hy(x) = X |+
ICIo, IeD ICIo, IeD

v Y er(—p hp)hp(z) = A <4@ (3.11)

Icly, IeD
m
We start to prove our main theorem.
331 B>B
We need a technical lemma.
Lemma 3.3.5. Let x& be two points in Q such tat |f+—f~| = |gT—g 7| and x = %(x++x_).
Then
B(zT) + B(z™
B(z) — @)+ B@T) 4. (3.12)

Given the lemma, we prove the following theorem.

Theorem 3.3.6. For any point x € Q) it holds B(z) > B(x).
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Proof. Let us fix a point z € ) and a pair of admissible functions ¢, ¥ on I corresponding
to 2. For any I € D by the symbol 2! we denote the point (¥ 7 (@) . (lel) 5 ). We notice

that since 1 is a martingale transform of ¢, we always have
I ™I

and

Using consequently main inequality for the function B we can write down the following chain

of inequalities

_ 1
B 2 5(BE) 1B > S ) = [ Ba,

IeD, |I|=2—"

where 2 (t) = 2l ift e I, [I| =27
Note that (™ (t) = ((t), p(t), |o(t)|) almost everywhere (at any Lebesgue point ¢), and
therefore, since B is continuous and bounded, we can pass to the limit in the integral. So,

we come to the inequality

1
B> [ B@@.e. e = [ “lftehivm =0} (313
0 {t: (t)=0}

where we have used the property B(g, f,|f|) = 1 for ¢ > 0. Now, taking supremum in (3.13)

over all admissible pairs ¢, ¥, we get the required estimate B(z) > B(x). O
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332 B(g, f.F) <Blg, [, F)

This section is devoted to the following theorem.
Theorem 3.3.7. For any point x € S it holds B(z) < B(x).

To prove the theorem we need to present two sequences of functions {¢,}, {¥n}, such

that

e For every n the function v, is a martingale transform of ¢y,;

o For every n: {leul)y = F, on)y, = 1. (n)y = 0
e It holds that B(g, f, F) = nlgr&) {z: ¥p(z) =0} .
We need the following definition.

Definition 22. We call a pair (¢,%) admissible for the point (g, f, F) if ¢ is a martingale
transform of ¢, and (\go|>IO =F, (gp)IO =f, (1@10 =g.

Definition 23. We call a pair (¢,v) an e-extremizer for a point (g, f, F'), if this pair is
admissible for this point and [{z: ¥(z) > 0}| > B(g, f, F) — €.

The following lemma is almost obvious.

Lemma 3.3.8. 1. For a positive number s: B(sg,sf,sF) = B(g, f, F). Moreover, if a
pair (p, 1) is admissible for a point (g, f, F) then (sp, sv) is admissible for (sg, sf, sF).
If a pair (v, 1) is an e-extremizer for a point (g, f, F') then (sp, sv) is an e-extremizer

for (sg,sf,sF).

2. B(g, f,F)= B(g,—f, F). Moreover, if a pair (p,v) is admissible for a point (g, f, F)
then (—p, ) is admissible for (g, —f, F). If a pair (@,v) is an e-extremizer for a point

(g9, f, F) then (—p, ) is an e-extremizer for (g,—f, F).
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The next lemma is a key to our “splitting” technique.

Lemma 3.3.9. Suppose two pairs (¢+,1+) are admissible for points (gi,fi,Fi) corre-

spondingly. Suppose also that

_ Ft 4+ F-
— > :

_ [T+ g +9”

F =
2 Y 7g 2 Y

f fT=Fl=1lg" =g |

Then a pair (p,) is admissible for the point (g, f, F'), where

Proof. 1t is clear that (go)IO = f, <¢)IO =g, and (|g0|>IO = F. All we need to prove is that

for any interval [ it is true that

|(¥, hp)l = (e, hp)l-

For any interval I # I it is obvious, since pairs (gpi, Y+ ) are admissible for corresponding

points. Thus, we need to show that

(o, hyg )l = 12, b )1

But
(¢ h1y) = <s0>[%’1] - <90>[07%] (idiy = e-doy =F =
<¢u h[o) - <¢>[%’ ] - <¢>[07%] = <w+>[0’1] - <¢—>[0’1] g+ g_7
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which finishes our proof. O]

We generalize this lemma a little.

Lemma 3.3.10. Suppose two pairs (o+,v+) are admissible for points (g%, f*, F%) corre-

spondingly. Suppose also that

_Ft+F-
=

VA S M

F 9 b
2 2

f fT=fl=lgt =g |

Suppose I is a dyadic interval with “sons” I+. Suppose that a pair (®,V) is admissible for

some point (go,fo,FO). Suppose that
Vael o) =pl), W)=l

where the pair (p,) is admissible for the point (g, f, F'). Then the pair (®1, V1), defined

below, is admissible for the point (g°, f0, F9):

P1(@) =4 M), zer, M@=y @), zery

o (z), zel- v (x), rel_

\ \

Essentially this lemma says that if we have pairs (¢4, 14 ), and and a pair (¢, 1) defined
in the Lemma 3.3.9, then we can split this pair into (¢, ¢¥), defined on I* correspondingly.

The proof of the Lemma 3.3.10 is essentially the same as the proof of the Lemma 3.3.9.
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3.3.2.1 Change of variables

It will be more convenient for us to work in variables

/=g —f—y
yl 2 b y2 2 ]

We define M (yy1,y2,F) = B(g, f,F). Then all properties of B are easily translated to
properties of M. Moreover, the “splitting” lemmas 3.3.9, 3.3.10 remain true for fixed 31 or
fixed yo.

If we have a point (y1,y2, F') then by (¢(y1,y2,F)a¢(y1,y27F)) we denote an admissible

pair for this point. An individual function @ is always such that there is a function

ylvaaF)

¢(y1,y2,F)> such that the pair (@(yl,yg,F%w(yl,yg,F)) is admissible for (y1,y2, F').

3.3.2.2 The proof of B> B

We will work in the y-variables. In these variables it is true that the function M is concave
when y; or ys is fixed. This is proved in the Theorem 3.3.4. Analogously to the previous

definition, we define

M(y1,y2, F) = B(g, f, F).

We first prove that

M(1,1,F) > M(1,1,F).
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Fix a large integer r and set § = 2%“ We notice the following chain of inequalities:

M(L,1L,F) 2 = (M(1,1=6F+61—F))+M(1,14+6F—5(1-F))) =

N | —

(M(1,1-6,F+35(1—F)+M(1+6,1,F—81—F))). (3.14)

DN —

Applying the same concavity we see that

M(1,1 =8, F+06(1—F)) = 6M(1,0,1) + (1 = H)M(1, 1, F) =5 + (1 — 5)M(1,1, F).

Moreover, by the concavity

MO +06,1,F-61—F)) >
(6 = DM +6,0,1+8) + (1 = )M+ 6,146, (1+6)(F — 52— F)))+

FPMA+6,1,F—61—F)=6—-6>+(1—-8M(1,1,F-52—F)) (3.15)

Therefore, we get

M(1,1,F) > % <5+ (1= 0)M(1,1,F)+6 -8+ (1—8MQI,1,F—6(2— F))) :
or
2662 1-0
ML F) 2 S+ s ML P = 6(2 = F)).

Notice that it is true for any F'. We now denote

FF=2_@2-F)(1+k
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Then, clearly, FO = F, and FFt1 = pk _ 6(2— Fk) With this notation we get

25 52 K k 1-5 K+1 .
M(1,1,F) > 2_: (1+6> (1—+5> S M(1,1, PR,

3.3.2.3 The case F' > 2

In this case we have FFT1 > FF and therefore the point (1,1 + 6, F¥ — §(1 — F¥)) always

lies in 2. Thus, we can take K as huge as we want. Therefore,

25 52 & ko5 _ 52
ML F) 2 Z(H—é) 25

This is true for arbitrary small §, and thus M(1,1, F) > 1.

3.3.2.4 The case F' <2

In this case to assure that (1,1+6, F¥ —§(1 — FF)) € Q we need F¥ —§(1 — FF) > §, which

implies
2

1 5K+1<_‘
(1+9) T

log o 2F log T 2F
Take K € [m — 10, m + 10], such that this inequality holds. Then we get

2 K k 52 o\ K+1
M(L1F) > 25 5 _ 266 1 1-46 '
1+5 20 146

It is only left to notice that with our choise of K we have

1-0\EH  (2-F)?
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and therefore

M1, F) =121

We leave the proof of the general inequality M (y1,y2, F') = M(y1,y2, F) to the reader.

In fact, it is a simple use of the concavity of M along the line that connects (y1,0,y1) with

(Y1, 92, F).

3.3.3 Building the extremal sequense for points (1,1, F)

The aim of this Section is to prove that B(g, f,F) < B(g, f,F') by a construction of an
extremal sequense of pairs (¢p, ). For the sake of simplicity, we do it only for the case
f—g9g=2

Due to the homogeneity and symmetry of the function B it is enough to prove that

B(g, f,F) < By, f, F)

for f > 0, f — g = 2. In the new variables it means that we consider the case y; = 1, and
y2 < y1 = 1. As we have seen, for f > —¢g we have B(g, f, F) = B(g, f, F)) = 1, and so we
need to consider the case f < —g, i.e. yo > 0. We first build the e-extremizer for the point
(F,1,1).

Fix a large integer r and let 6 = 27". As before, denote Iy = [0,1]. Also denote
J; = [27%, 27" 1), Denote m;(z) = 2z — 1 — the linear function from Jj, onto Iy

We need the following lemma.

Lemma 3.3.11. Suppose 6 = 27" is small enough. Also, fix a small number e > 0. Suppose

F' = F - 62— F), and the pair (w(l,l,Fl)’w(l,l,Flﬂ is admissible. Then there exists an
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admissible pair (¢(1.1,F), ¥(1,1,F)) such that

20—62 1-96
. 5 v —
T+s 1 +5|{x' Y1,y 2 0} —e. (3.16)

{z: va1,r) 20} =

Proof. First, we explain our strategy. In what follows, we always assume that functions on
the right-hand side are already defined. We specify their definition later; however, we clearly
indicate points to which the functions are admissible.

We define

P11-6F+5(1—F))(mi(z)), z €1
e(1,1,F) (@) =

P(1,146,F—5(1—F)) (22), ze0,3).
Y11-6Frs(1-F))(mi(z)), x €

Y1,1,r) (@) =
U(1,146,F—s(1—F)) (22), re0,3).

By the Lemma 3.3.10 we see that ¢(1,1,F) is a martingale transform of ©(1,1,F)- We define
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next

.

@(1,0,1)(%@))7 x € my(61p)
Pa1,p) (@) = e(1,1,7) (mg(m1(x))), vemitm(lo), k=1...r
K_‘P(1+5,1,F76(1—F))(2$)a z €0, 5).
Yo (5D, v € my (1)
e(1,1,F) () =

Y1 m mpmi(@),  zemitm (), k=1...r (17

Y1461, P—s(1—F)(22), T €[0,3).

\

By the Lemma 3.3.8 and a multiple application of the Lemma 3.3.10, we still get an
admissible pair for the point (1,1, F).

Finally, define

)
P(146,0,1+6) (i (5)), re€d-Jp, k=1...r

P61, F-5(1-F))(T) = P(116,1,F—5(1-F))(2): z € [0,0?)

(L+0)e1,rse-r)(mg@), ze€Jg, k=1..r

p

\

U(146,0,146) (M (§)), re€d-Jy, k=1...r

Y14s1,F-s(1-F))(T) = o1, r—s0-r) (), € [0,82) (3.18)

(L4 0)1,Fr=s—rF))(mk(2)), € Jp k=1...7

\

Again, the Lemma 3.3.8 and the Lemma 3.3.10 assure that the defined pair is admissible.
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Bringing everything together, we get

.

e(Lon (™5, v € my'(51p)

90(171,F)(mk(m1(55)))> x € mflmlzl(lo), k=1...r
P(1,1,F) () = —0(11501+6) (ME(3)), ve§m (), k=1...r

_90(1+5,1,F75(1—F))(%%)7 z € [0, é;)

(14 0)p1 rs0-F) (mp(2r)), =€ fmp'(l), k=1...r

\

.
¢(1,0,1)(m15(x)))> x € my ! (61p)
U(1,1,F) (mE(mi(z))), vemytm (Ip), k=1...r
VLR ) = Ygs0.146) (mi(3E), ve§mpt(o), k=1...r  (319)
¢(1+5,1,F75(1—F))((2;7x)> z € [0, é;)
K(1 +0)011 ps2—ry(mi(22)), x€gmit(lo), k=1...r

We now specify definitions of functions on the right-hand side. The pair (gp(1’071), ¢(1,0,1))

is a §-extremizer for the point (1,0,1). The pair (g0(1+5,071+5),1/1(1+5’0,1_~_5)) is a

g
562
extremizer for the point (14 §,0,1+ 9).

The pair (90(1,1,F—5(2—F))v¢(1,1,F—5(2—F))) is given in the lemma. As for the pair
(P(146,1,F=6(1-F))> Y(1+6,1,F—5(1—F))) — We take any admissible pair for this point.
It is an easy calculation that the function @/1(1’1, F) satisfies the inequality (3.16). More-

over, it is easy to see that for any pair, defined by (3.19) we have <90(1,1,F)>I

) —Wa,L,r) g, =

0
2. Thus, what we need to show is that there exists an admissible pair (¢(171,F)v¢(1,1,F))
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that satisfies the self-similarity condition (3.19)

To do that, we first take any admissible pair (¢(1 1 F), zE 1,1,7)) and define

‘P(()1,1,F)(93) =

\
(

—(146,0,146)

ml(x)))’

90(1,0,1)(—5—

?(1,1,F) (M (ma(z))),

my(38)),

—90(1+5,1,F_5(1_F))(§—§)>

—(L+0)e1,1,7-502—F))(Mmi(22)),

¢(1,071)(m—15@))7

b1, p) (mi(my(2))),
my(38)),

V(1+46,0,1+6)(

w(1+6,1,F—6(1—F))((25_§)>

(L+0)Y(11,r—s2—F)) (mg(27)),

xEmfl(M@)

x € ml_lmlzl(_fo), kE=1...r
x € %mlzl(lo), E=1...r
re0,%)

x € %mlzl(lg), kE=1...r.

x € my (61

x € ml_lmlzl(_fo), E=1...r
x € gmlzl(lo), E=1...r
v [0,%)

T € %mgl(lo), kE=1...r

Then the pair (go?LLF), @/J?LLF)) is admissible to point (1,1, F'). It is true by the Lemma

3.3.10, and by an easy calculation that shows that all averages are as we need. We now
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define inductively

‘P?1+11F) () =

bt

\
(

¢?1+11F)( ) =

P11, (M (ma (@),
—©(146,0,146) (M
—90(1+5,1,F—5(1—F))(§—§)>
¢(1,071)(m—15@))
b,y (M (ma (@),
Y(1+6,0,145)(m

¢(1+6,1,F—6(1—F))((25_§)>

—(L+0)e,1, 7502 F))(Mmi(22)),

(L+0)Y(11,r—s2-F)) (mg(27)),

T € mfl (01p)

xEml_ m];

o

ZEEQm];

T € %mlzl(lg), k=

1

LIy, k=

T € mfl(cﬂo)

xEml_ m];

o

1

IL’EQTFL;

z €0,

T € %mgl(lo), k=

52

2

)

YIp), k=

Then for any n we get an admissible pair to the point (1,1, F).

We need to notice that

+1 2,
/WLMF n >\d%’—Z—

Y1), k=1...

1...

1...7.

YIp), k=1...

1...

1...7.

(3.21)

1—-90
=5 [ teha - W Pio (322)

100

Iy



Thus, we can take

C(1,1,F) = hmgp(l L.F) in L2(IO).

Similarly

YLF) = 11m¢"1+11F in L%(Ip).

It is clear that the pair (90(1,1,F)7 w(l,l,F)) satisfies the self-similarity conditions (3.19). More-
over, since the limit in L2 implies the limin in L', we get that all the averages are as needed.

Moreover, for every interval I:

(o1,1,7), hD)l = Tm (6 1 gy, ROl = (0 1 gy, D = 11,y RO

and thus we get an admissible pair. The proof of the lemma is finished. n

We are now ready to finish the whole construction. We consider a sequence
FF=2_@2-F)1+k
Then it is clear the FO = F and FF1 = FF — 52 — FF).

3.3.3.1 The case F' > 2

We take a huge number N and a small number ¢. For a point (1,1, F’ N ) we take any admis-

sible pair <(’D(1,1,FN)’ @/J(LLFN)). Using the Lemma 3.3.11 N times we build an admissible

pair (90(1717};),17&(1,17]\7)). Moreover, we get

25 2 5\ ¥
{a: Y (@) > 0} > Z_:(l+5) K-

101



2
We now specify the choise of 4, N and . We first fix a small §, so that % =1-o.

No(1-5\F 146 5
Then fix a huge number N, such that ) (%) > 12% — 02;—4_'62. Finally, fix a very small

k=0
number ¢, such that Ne < 0. Then we get

20 —62 (140 146
{z: b ,m) (x) = 0} 5 ( o 025_52> c=1-30

where ¢ is an arbitrary small number.

3.3.3.2 The case F' < 2

We remind that our very first step requires that the point (1,146, F'—§(1 — F')) to be in our
domain. Thus, the on the N-th iteration we need that the point (1,1+ 6, FN —§(1 — FN))

is in the domain Q = {(y1,y2, F'): F = |y1 — y2|}. This yields to the inequality

2

1 6N+1 =
1+0)"" <5

Thus, we should stop at the K-th step with

2

14N+~ =2
(1+9) 5%

Here the sign “~” means that
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We again apply the Lemma 3.3.11 N times and get

25 52 Y k 25 — §2 1— g\ v+
o Yy (@) > 0} > ;(Hé) ve= 22T (- (153) ) -

Finally, since

log % log ﬁ

_°2-F 4 _°2-F 4
log(1 +9) "log(1+ ) + 10

N+1 2
we get that § — 0 implies 1 — (%) —1-— (2—4}l, which finishes our proof.

3.3.4 How to find the Bellman function B

In this section we explain how did we search for the function B and find it. We start with
the following lemma. Let 2= be two points in Q such tat [fT — f~| = [¢7 — ¢~ | and

T = %(er + x7). Then

>0. (3.23)

Proof. Fix 2% € Q, and let (gpi,@/zi) be two pairs of functions giving the supremum for

B(x™), B(x™) respectively up to a small number 7 > 0. Write

Soi:fi—i_ Z (Spahf)hja _g + Z (107h1

ICIy, I€D ICIy, IeD

Consider

etet—1), ifteli]
o(t) ==
o~ (2), if t €1[0,3).
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and

w2t —1), ifte(3,1]
P(t) =
v (2), if t €10,3)

Since |z{ — 2| = |v3 — 5 |, the function v is a martingale transform of ¢, and the pair

(ip,1) is an admissible pair of the test functions corresponding to the point x. Therefore,

B(z) > —|{t € Io: w(t) > 0}
[ o]

1

1
ing

2|1y |

[t €[50 0(0) 2 0} + o= [{t € [0, 2): w(t) > 0}

1 1
> EB(I‘L) + 56(1‘_) — 2.

Since this inequality holds for an arbitrary small 1, we can pass to the limit  — 0, what

gives us the required assertion. O]

Corollary 3.3.12. The lemma means that if we change variables f =y1 —y2, g = —y1 —
y2, and introduce a function M(y1,y2, F) := B(g, f, F) defined in the domain G := {y =
(y1,v2, F) € R3: |y1 — ya| < F}, then we get that for each fized yo, M(F,yy, -) is concave

and for each fixed yi1, M(F, -,y2) is concave.

3.3.4.1 The boundary F' = y; — y»

We start with considering a boundary case F' = f or, in the y variables, F' = y1 — yo. It
means that we consider only non-negative functions ¢. By the homogeneity of the function

M we need to find a function S of variable s = Z—%, such that

(S(y—l))” <0, and (S(ﬂ))” <0. (3.24)

Y2/ g1y Y2/ yoys
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We notice that when ¢ — 0 we have s — —1 and we must have S — 0. Thus, we get a
condition

S(s) -0, as s— —L1. (3.25)

Moreover, we have seen that if f > —g then B(g, f, ) = 1. In particular, it holds when

f = —g. Therefore, we have M (y1,—y1,0) = 1. This implies that

S(s) -1, as s— —oc.

From inequalities (3.24) we get that

S"(s) <0, ,s29"(s)+25"(s) <0, se (—o0,—1].

Make the second inequality an equation (we are looking for the best nontrivial S). We get

The boundary conditions imply that

1
S(s)=1-— -
(s) o
and therefore
Y2 Y1 — Y2
M(y1,y2,y1 —y2) =1 — = = :
n 1
or
2f
Bgvaf = 5 -
( ) I
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Thus, we get an answer

L, y2 <0
M(y1,y2,91 — y2) = (3.26)
Yy1-Yy2
] Y2 = 07
or
17 f 2 —g
B(g7 f’ f) =
2f _
ffg7 f< g

3.3.4.2 The domain €2

We remind the reader that for a fixed y; the function M is concave in variables (F,y2). We

also remind the symmetry condition, i.e.

M(y1,y2, F) = M(y2,y1, F).

Let us differentiate this equation in y9 and set y9 = y;. Then we get an equation:

My1<y17y17F) = MyQ(ylaylaF)'

Moreover, due to the symmetry it is enough to find M for yo < y1. As before, we saw that

for f > —g we have B(g, f, F) =1, i.e.

for yo < 0, we have M(y1,y2, F) = 1. (3.27)
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Thus, it is enough to consider the case 0 <y < y1. Denote €y, = {(y2, F): F = |yo — y1|}
— the section of €2 for fixed y1. We want to find M satisfying concavity in this hyperplane—we
are going to look for M (and we will check later that it is concave) that solves Monge—Ampere
(MA) equation in €y, with boundary conditions (3.26) and (3.27). In €, , there is a point
P :=(0,y1,y1). Let us make a guess that the characteristics (and we know by Pogorelov’s
theorem that they form the foliation of {1y, by straight lines) of our MA equation in Qy,
form the fan of lines with common point P = (y1,y1,0). By Pogorelov’s theorem we also

know that there exists functions t1, t9,t constant on characteristics such that

M =1t F +tays +1, (3.28)

such that t1 = t1(t;y1),t2 = ta(t;y1) (we think that y; is a parameter), that

0= (t1)F + (ta)iy2 + 1, (3.29)
that
_aM(7y2aF) _aM(7y27F)
t1 = oF , 11 = B . (3.30)

Let us call characteristics Ly. Extend one of them from P till yo = y1. We recall another
boundary condition:
oM oM

By=y=+——=—-—. 3.31
Oya  Oyr (3:31)

Or if we denote the intersection of Ly with yo = y1 by (y1,y1, F(t)) we get

(b 1) = %@1, y. F (). (3.32)
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We want to prove now that

On the whole Ly we have F(t)t] + 2yito = 0. (3.33)

In fact, our M is 0 homogeneous. So everywhere FMp, + ylMél + yQMX'/2 = 0. Apply this
to point (y1,y1, F'(t)), where we can use (3.32) and get F'(t)t; + toy; + toy; = 0, which is
(3.33) in one point. But then all entries are constants on L;, therefore, (3.33) follows.

Now use our guess that L; fan from P = (y1,y1,0). Plug this coordinates into 0 =

(t1)iF + (t2)jy2 + 1, which is (3.29). Then we get the crucial (and trivial) ODE
, 1 1
ti(t) =——=t1(t) = ——t + C1(y1) - (3.34)
Y1 Y1
Let boundary line F' = y; — u corresponds to t = t. Then we use (3.28) and (3.26):

1 U
(——to+Ciy1))(y1 —u) +tau+tg=1——.
Y1 Y1

Using (3.33) we can plug t9 expressed via F'(t). But by definition F(ty) = 0. So we get

1 U
(——to+Cry)y1 —w) +tp=1——.
Y1 Y1

U U
C1(y1)y1 — (to + Cl(yl)yl)a =1 =

Varying u we get C1(y1) = %, to = 0. Now from (3.34) we get

Ht) = y_11<1 _4). (3.35)
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After that (3.29) and (3.33) become the system of two linear “ODE”s on F'(t) and to(?):

—r F(t) +y1th(t) +1=0
(3.36)

2y1ta(t) + F(t)ﬁ(l —4)=0.

We find t9 = —ﬁ(l — t)t. We find the arbitrary constant for to by noticing that the
second equation of (3.36) at tg = 0 implies that t2(0) = 0 as F'(tg) = F'(0) = 0 by definition.

Hence (3.29) becomes

1 1
P4 —(2— 1y +1=0. (3.37)
vy oy

Given (y1,y2, F) € Qy; N{0 < yo < y1}, we find ¢ from (3.37) and plug it into (3.28), in

which we know already #(t) and ¢3(¢). Namely, we know that

1 1
M(yi,y2, F) = —F — —t(1 = t)ya + 1. (3.38)
Y1 Y1
Plugging t = %%12_1/2) from (3.37) into this equation we finally obtain
(F —y1 — )
M(y1,y2, F)=1— . 3.39
( ) 17 (3.39)

We notice that on the line F' = y9 + y; we get M = 1. Thus, we get the following answer

for M:
(F—y1—y9)°
1 - Iyryy F <y +yo
M(y1,yo, F) = (3.40)
1, F =y +yo.
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In our initial coordinates we get

3.4 The weighted estimate

3.4.1 Differential properties of B translated to differential properties of B

It is convenient to introduce an auxiliary functions of 4 and 3 variables:

z f

§<x7y>f7)‘) = B(XanaX)

Of course

B(F, w,m, f, ) = mB( e

, ,f,)\):mB(m)\, =) (3.41)

3=
3/s

>~

Sle

Lemma 3.4.1. Function B increases in the first and in the second variable.

Proof. We know that by definition the RHS of (3.41) is getting bigger if A is getting smaller.
So let us consider \; > Ao, \{ = Ay + 4§, and variables F,w,m, f fixed, and choose ¢; (and
a weight w), (¢1) = f + ¢, {|¢p1|w) = F, which almost realizes the supremum B(F,w, m, f +
g,A\1). Consider ¢9 such that ¢o = ¢1 — h. Function h will be chosen later, however we
say now that h is equal to a certain constant a on a small dyadic interval ¢ and is zero
otherwise. Constant a and interval ¢ we will chose later. But € := (h) will be chosen very

soon. Function ¢9 competes for supremizing B at ({|pa|w), w, m, f, A2). We choose ¢ in such
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a way that
(p1) f+e  f (¢2)

= = = ) 3.42
A1 A1 Al—0 Ao (342)
Let us prove that (3.42) implies that
(l¢1lw) _ ([92]w)
< : 3.43
M T A ( )

By (3.42) this is the same as

(62 +hlw) _ {d1) _ {d2) +e

< =

(lp2|w) (¢2) (p2)
The previous inequality becomes
(lg2 + hlw) {h)
ook =" " T}

By triangle inequality the latter inequality would follow from the following one

(bl )

([p2|w) > (¢2) 0

We can think that the minimum m of w is attained on a whole tiny dyadic interval ¢ (we
are talking about almost supremums). Put h to be a certain a > 0 on this interval and zero
otherwise. Of course we choose a to have (h) = ¢, where ¢ was chosen before. Now the

previous display inequality becomes

(|| w) > (p2) - m,
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which is obvious.

Notice that B({|¢2|), w, m, f, A9) as a supremum is larger than the w-measure of the level
set > Ao of the martingale transform of ¢o. But this is also the martingale transform of ¢;.
The Aq-level set for any martingale transform of ¢ is smaller, as A\ > Ao. But recall that we

already said that ¢1 (and weight w) almost realizes its own supremum B(F,w, m, f+¢&, A1) =

B({|¢1]), w,m, ($1), A1) So

B((|o1]), w, m, (61), A1) < B({|¢2l]), w,m, (p2), A2) .

In other notations we get

o v (on

mA\1 ' m’ A\

(I¢2)) w (¢2)

mXo 'm’ Ao

) < B(

).

Let us denote the argument on the LHS as (z1, y1, 21), and on the RHS as (x2, y2, 22). Notice
that y; = yo =: y trivially and 21 = 29 =: z by (3.42). Notice also that x1 < zo by (3.43).
Moreover by choosing ¢ very small we can realize any 1 < x9 as close to r9 as we want.

Then the last display inequality reads as

B<x1ay7z) < B(:L?ay?'z) :

So we proved that function B increases in the first variable.
The increase in the second variable is easy. Choose a dyadic interval I on which inf; w >

m, but (w)/inffw < @ =: [w]4,. For non-constant w this is always possible, just take a

1
small interval containing a point xg, where w(zg) > m. Then augment w on [ slightly to

get wy with (w1) = w + e. It is easy to see that as a result we have the new weight with
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the A1 norm at most @, the same global infimum m but a larger global average (w). The
w1 measure of the level set of the martingale transform will be bigger than w measure of
the same level set of the same martingale transform, and w/m also grows to (w + €)/m.
All other variables stay the same. So if the original w (and some ¢) were (almost) realizing
supremum, we would get

B(%?JLZ) < B(xquVZ)

for y1 = w/m,y2 = (w +¢)/m. O

Theorem 3.4.2. Function B from (3.3) satisfies

t— t_lB(at, pt,7y) is increasing for % <t< % ) (3.44)
B is concave. (3.45)
B 3) = 5[ BG =gy s + BG oy = 3T

Proof. These relations follow from Theorem 3.2.3, Theorem 3.2.2, and Theorem 3.2.1 (actu-

ally from (3.7)) correspondingly. O

We can choose extremely small ¢y and inside the domain 2 we can mollify B by a

convolution of it with eg-bell function 1 supported in a ball of radius €(/10.

Multiplicative convolution can be viewed as the integration with 5%¢(x_5x0 ), where § =
£0/10. Here z( is a point inside the domain of definition €2 for function B.
This new function we call B again. It is exactly as the initial function B, and it obviously

satisfies all the same relationships, in particular it satisfies Theorems 3.2.1, 3.2.2, 3.2.3. Only
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its domain of definition{2, is smaller (slightly) than €. The advantage however is that the
new B is smooth. We build B by this new B. A new function B defined by the new B as
in (3.41) will be smooth. Actually the new B should be denoted B, where superscript
denotes our operation of mollification, but we drop the superscript for the sake of brevity. In
fact, all these mollifications are for the sake of convenience, the new functions satisfy the old
inequalities in the uniform way, independently of £j. Property (3.46) can be now rewritten

by the use of Taylor’s formula:

Theorem 3.4.3.

dz dA 2 d 2 dA
2B 828 Y B
aa(x /\> M(y) - )W<)\>

dr  d\\ dy dy dX dr  d\\ d\
—2afBqp (— — T) m 257357—— + QOé’yBa»y< 3 > Y
dr  d\\ d\ d\
2By | — — — | — —29B > 0.
anno(F-5)F -0 (5) =0
Proof. This is just Taylor’s formula applied to (3.46). O
Denoting
de dy A\
e s
T )

we obtain the following quadratic form inequality

Theorem 3.4.4.

~&*[0*Baa + B°Bag + 2a8B,g) — 17 [0 Baa + (1 +72)Byy + 207Bay + 2aBa + 2yBy ]+

+2€n [0 Baa + aBBug + BYBgy + ayBay + aBa] > 0.
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Now let us combine Theorem 3.4.4 and Theorem 3.2.2. In fact, Theorem 3.2.2 implies

_2CV'YBOM772 < —042’730404772 - 'VBV’W?Q :

We plug it into the second term above. Also Theorem 3.2.2 implies

20473@7577 < _CV2’YBaa§2 - ’7377772 )

20vBgy&n < _5273ﬁ552 - 7377772 ;

We will plug it into the third term above. Then using the notation

(e, B,7) == —a’Baa — 208B,5 — 32 Bgg

(which is non-negative by the concavity of B in its first two variables by the way) we introduce

the notations

K = (a, 3,7) + (—a®Baa — 82Bgp)7
L= —’QZ)(O[, ﬁa’}/) + (QQBQ)Q - /BZB/BB’
N:i=—(1+3y+ VQ)BW — 2By — (042304)& - O‘QBOMW'

And we get that the following quadratic form is non-negative:

EK+&L+n?N =

€2 [¥(a, B,7) + (=a?Baa — B2 Bag))+
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&n[—¢(, B,7) + (®Ba)a — 8°Bagl+
7;2 [—(14+3y+ 72)377 — 2yBy — (aQBa)a — aQBao/y] > 0.

Therefore, K is positive, and

N>—. (3.47)

Now we will estimate L from below, K from above and as a result we will obtain the
estimate of N from below, which will bring us our proof.

But first we need some a priori estimates, and for that we will need to mollify B = B0
in variables a, 8. Again we make a multiplicative convolution with a bell-type function. Let

us explain why we need it. Let

~

Q :=supB/a.
G

We want to prove that

Q/Q — . (3.48)

First we need to notice that

1

1/2¢(at, Bt,y)dt < C(Qv + %a), ¥(a, B,7) = —a?Baa — 208B.s5 — f*Bgg.  (3.49)

In fact, consider 8 € [Q/4,Q/2], b(t) := B(at, 5t,7) on the interval %' =:tp <t <1
Let ((t) = b(1)t < Qto. We saw that b(t)/t is increasing and b is concave, and b is under
¢, and so by elementary picture of concave function having property b(-)/- increasing and

b(+) concave on the interval [¢(), 1] we get that the maximum of £(-) — b(-) is attained on the

left. end-point. The left end-point ¢, is the maximum of o = |y|/a and 1/ which is ¢/Q.
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Therefore,

~

‘ )SQ%L%ou

é)) < CQu max(z

0(t) — b(®)|(t = (max(L, £)) < E(max(g, aé

o’ Q
and the above value is maximum of g(t) := £(t) — b(t) on [t{,1]. By the same property that

b(t)/t is increasing we get that

Combining this with Taylor’s formula on [tg, 1] we get for g := ¢ — b (g is convex of course):

1 1 1 A
~(1—=1t0)g'(1) +/ dt/ g"(s)ds = positive +/ (s —t0)g"(s)ds <supg < Qv+ %a.
to t to
(3.50)
This implies (3.49) because ¢”(t) = t%@/}(at, Bt,v), t € [1/2,1].

Consider now function a(t) := B(at, 3,7) We also have the same type of consideration

applied to convex function Qo — a(t) bringing us

1
/ —OzQBaa(at, B,7)dt < CQa. (3.51)
1/2
Similarly,
1 ~
/ —B*Bgg(a, Bt,y) dt < CQa. (3.52)
1/2

We used here that B, > 0, Bﬁ > 0, which is not difficult to see.
For the future estimates we want (3.49), (3.51), (3.52) to hold not in average but point-

wise.
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To achieve the replacement of “in-average” estimates (3.49), (3.51), (3.52) by their point-

wise analogs let us consider yet another mollification, now it is of B:

1
Brew(a, 8,7) == 2/ B(at, pt, ) dt.
1/2

The domain of definition of Bjey is only in tiny difference with the domain of definition

of B. In fact, the latter is {(«,3,7) : |7| < a,1 < § < @}, and the former is just

G:={(a,8,7): |7 <%a,2<p<Q}.
If we replace (o, 3,7) by (at, Bt,7),1/2 < t < 1, everywhere in the inequality of Theorem

3.4.4, and then integrate the inequality with 2 f11/2 ... dt, we will get Theorem 3.4.4 but for

Bnew .

It is not difficult to see that (3.49) becomes a pointwise estimate for Byey, (just differen-

tiate the formula for Bpey in o, 8,7 and multiply by «, 3, appropriately):

~

—QQ(Bnew)aa - Qaﬁ(Bnew)a/B - 52(3n6w>56 < C<Q7 + %a> (3'5?’)

This pointwise estimate automatically imply new “average” estimate:

N

1
’ /1/2 (= a?*(Bucw)aa(@s. 5,7) = 2058(Bnew)ag (- 5. ) = B2(Bnew) 35) < C(Q + %a»

This means exactly that the function

1
B = (Bnew)new = 2/ B(as,3,7)ds
1/2

still satisfies (3.53). It also clearly satisfies the inequality of Theorem 3.4.4 because (as we
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noticed above) Bpey satisfies this inequality. To see this fact just replace all a’s in the
inequality of Theorem 3.4.4 applied to Bpey by as and integrate 2 |- 11/2 ... ds.

Now let us see that B = (Bpew)new also satisfies a pointwise analog of (3.51), namely,
that

—042Baa(a, B,7) < CQa. (3.54)

To show (3.54) we just repeat what has been done above. Let §(t) := Qa — Bpew(at, 3,7).
Then we have: 1) 0 < § < Qa on [tg, 1], 2) §'(1) < 0 (we saw that B, and hence Byey, are

increasing in the first argument), 3) g is convex. Then we saw in (3.50) that

1 1
/ s (s)ds < / §"(s)ds < CQo.
1/2 1/2

But this is exactly (3.54).
So far we constructed a function B = (Bnew)new that satisfies pointwise inequalities

(3.53), (3.54) and the inequality of Theorem 3.4.4. We are left to see that by introducing

1

B ::2/ B(a, s, ) ds
1/2

we keep (3.53), (3.54) and the inequality of Theorem 3.4.4 valid and also ensure

—B%*Bgg(a, B,7) < CQa. (3.55)

W already just saw that (3.53), (3.54) and the inequality of Theorem 3.4.4 are valid for B
just by averaging the same inequalities for B. We can see that (3.55) holds by the repetition

of what has been just done. Namely, consider §(t) := Qo — B(a, pt,v). Then we have: 1)
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0< g < Qaon [y, 1], 2) §(1) < 0 (we saw that B, and hence Bpey, B are increasing in
the first argument), 3) g is convex. Using (3.50) again in exactly the same manner as we did

with proving (3.54) we get

But this is exactly (3.55).

We drop “hat”, and from now on Bis just denoted by B. We can summarize its properties

as follows.

~

0 < 0(a,8,7) £ C@r+ ). (3.56)
0 < —a?Baala, 8,7) < CQa. (3.57)
0 < —B*Bgg(a, B,7) < CQa. (3.58)

Recall that (now with this mollified B):

EK+&L+n N =

&2 [ (a, B,7) + (—a?Baa — B2Bgp)]
&n[—v(a, B,7) + (0?Ba)a — B*Bgg)
0 [=(1 437 +7%)Byy = 27By — (*Ba)a — @’ Baa?] 2 0.

We will choose soon appropriate aq, a1 < 17113040 and v < Taq with some small 7. Let us
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introduce

k= /ao Kda = /ao[w(oﬁﬂaf}/) + (_a2Baa o B2Bﬂﬂ)7] dOé,

@]

@0 @0
n:= / Nda = / [—(14+ 37+ 72)377 —2vBy — (a’Ba)a — a®Baan] da,

aq

( ;:/ "[(er B.7) + (02 Ba)a — B2Bg] dor.

a1
Estimate of k£ from above. The integrand of k is obviously positive and 1 term dominates

other terms (by (3.56), (3.57), (3.58) and the smallness of ). Therefore,

~ ~

0<k<Cy(Qag+ C%&%) +Cy Qyag < C (Qrag + C%@%) , (3.59)

if @ is very large. We choose (we are sorry for a strange way of writing «q, why we do that

will be seen in the next section)

p
oz():c(%> ,pzl,alzﬁ %a. (3.60)

Here ¢ is a small positive constant. We also choose to have v running only on the following

interval

p
v €1[0,7%], 70 = T(%) ag, p=1, (3.61)

where 7 is a small positive constant.

Estimate of ¢/ from below. Estimating from below we can skip the non-negative term
_52B/Bﬁ- Also

/ Y . 8.7) = ~COrap — C%aa.

aq
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On the other hand,

0 9 S 2 9
(Oé Ba)a da = &OBQ(QO7B>PY> alQ?

a]

as mollification gives a pointwise estimate
B, <CQ. (3.62)

Recall that § € [Q/4,Q/2]. We also will prove soon the obstacle condition (3.74), which

says that

B(1,8,9) > <. (3.63)

|

If Ba(ag, B,7) would be smaller than /40 (and then By(s,5,7v) < Q/40 for all s €
[, 1] by concavity of B in its first variable) we would not be able to reach at least 21% In

fact, by our choice of aq in (3.60) we have

B(ag, 8,7) < Qag < ¢Q. (3.64)

If Bo(ag,5,7) < 4%, and so this derivative By (s, 8,7) < %

on s € [agp, 1] (concavity), we
cannot reach @)/(4-8) for s = 1 if we start with value of B in (3.64) at s = ag. But the fact

that we cannot reach /(4 - 8) contradicts to (3.63). Therefore,

Ba(a()vﬁv’Y) Z %7 (365)
and
i o 0
s %o 420 — _0¥a2. .
(2 50Q - 0fQ - CQrag ~ C o (3.66)
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1

As a1 = 15500 Q (see (3.60)), the second term is dominated by the first; the third term

By

is dominated by the first because of the choice of 7 in (3.61), the fourth term is dominated

by the first one because Q2 >> Q, see [P] for a much better estimate.

Finally,
CY2
(> 8—8@ >cad Q. (3.67)
And k is
A Q o 1
05 k= C@ag+Chap) =+ 7).
We got
62 412
n>—>c AO‘OQl . (3.68)
4 agQ (v + o)
Estimate of n from above. By (3.65), (3.62) and (3.57) we get
aQ @0 A A
/ —(042Ba)a da —~y / & Baa da < —cQa% + CQa% -+ cQa%fy <0.
a] aq
Negativity is by the choice of a1 in (3.60) and by the fact that
y=c¢ %, (3.69)

which is much overdone in (3.61).
Therefore, we get, combining with (3.68) (here n > is an absolute constant and it is at

least the maximum of all our 3y + 72)

32 @ 1 .2
«Q 0
0@ (eIJFW7 By da,

Q(v+ Fao)

C

<n<-(+n) |

aq
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or

ag 1 .2 303
/ (—eT+1" B.)y da > o A (3.70)

aq Q (Qy + ap)

Function B is smooth, concave in v and symmetric in « (the latter is by definition). In

particular B (o, 5,0) = 0. So after integrating in v on [0,7],y < yo we get

Q 2 2
/alo(—By) do > Cag% log(ap + Q) — log ag] = Ca%% log(1 + O%fy) ) (3.71)

Integrate again in v on [0,7p]. We get the integral over [aq, ag] of the oscillation of B,

which is

2

(A:uﬂmﬁﬁ»—waimﬂmyzcayé.%%1+Q£?bgl+Qg?'

But this oscillation is smaller than C’Qa%. We get the inequality

Cﬁ%ﬂ+@£ﬂ%u+Q£)§%Q. (3.72)

Notice that g, 79, 70/ag are all powers of %, which we expect to be a sort of —(long)P'

Then we get the estimate in terms of powers of %:

2
2@ 0 0
Ca0Q2 a0 log(1 + an) <1. (3.73)

Let us count the powers of % 04% brings power 2—by (3.60), % brings power 1 by (3.61),

so totally we have in the left hand side.

1 Q
(log Q)°P log (log Q)
We can see that if Q < QlogP Q with p < %, then (3.73) leads to a contradiction. So we
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proved

Theorem 3.4.5. The weighted weak norm of the martingale transform for weights w €

A(liyadz‘c can reach ¢ [w}Al 1ng[w]A1 for any positive p < 1/5.

3.4.2 Obstacle conditions for B.

Now we want to show the following obstacle condition for B, which we already used:

1
if || < 1 then B(1,8,7) > =. (3.74)

| ™

Let I := [0,1]. Given numbers |f| < A\/4, % = A it is enough to construct functions
@, ¥, w on I such that
Put o = —aon I__, =bon Iy, zero otherwise. Andw=1onI__ U/l and w=(Q

otherwise. Then put

¢ = (90’ hI,)hIf - (SO’ h[+)hl+ .

Let 0 < a < band a is close to b. Put A = (a+0b)/4. Then average of ¢ is small with respect
to A and we can prescribe it. F' = (a 4+ b)/4,m = 1. On the other hand, function ¢ (which
is a martingale transform of ¢ — (y)) is at least —(p, h]+)h1+ > %b > X on Iy, whose

w-measure is more than %w([). So

B(1,8,7) = 38, (3.75)

W

for all small v and 8 < @. This is what we wanted to prove.
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Chapter 4

One weight estimates in metric spaces

4.1 Main results

Here we give a proof of the Ag conjecture in geometrically doubling metric spaces (GDMS),
i.e. a metric space where one can fit not more than a fixed amount of disjoint balls of radius
r in a ball of radius 2r.

Our main result is the following.

Theorem 4.1.1 (As theorem for a geometrically doubling metric space). Let X be a geo-
metrically doubling metric space, p and T" as above, w € Ag ;. In addition we assume that

W 1s a doubling measure. Then

||THL2(wdp)—>L2(wdu) < () [w]Q,u‘ (4.1)

The proof is organized as follows:

1. A construction of a probability space of random “dyadic” lattice in a metric space is

given in Section 4.2;

2. Averaging trick of Hyténen [HPTV] (but we think we simplified it) is given in Section

4.4.3;

3. A linear estimate of weighted dyadic shift on metric space from [NV], which uses
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Bellman function technique, is given in Sections 4.4.1 and 4.4.2. For another proof
of the linear estimate for weighted dyadic shifts, which can be easily adjusted to the

metric case, we refer to [T].

4.2 The main construction

4.2.1 First Step

Consider a compact doubling metric space X with metric d and doubling constant A. Instead

of d(z,y) we write |xy|. Precisely, the definition is the following.

Definition 24. Suppose (X, |.|) is a metric space. We call it geometrically doubling with
constant A, if for any x € X and r > 0 we can fit no more than A disjoint balls of radius 2

in the ball B(z,r).

As authors of [HM], we essentially use the idea of Michael Christ [Chr], but randomize
his construction in a different way. Therefore, we want to guard the reader that even though
on the surface the proof below is very close to the proof from [HM], however, our construction
is essentially different, and so the proof of the assertion in our main lemma, which was not
hard in [HM], becomes much more subtle here.

We now proceed to the construction.

For a number k£ > 0 we say that a set G is a k-grid if G is maximal (with respect to
inclusion) set, such that for any x,y € G we have d(z,y) > k.

Let from now on diam X = 1. Take a small positive number 0 < 1 depending on the
doubling constant of X and a large natural number N, and for every M > N fix Gy = {24},

_ 5N—1

a certain 6M-grid of X. Now take Gy and randomly choose a Gy_1 -grid in G .
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Then take Gp_; and randomly choose a Gy_9 = oN=2_grid in Gn_1. Do this N times.
Notice that G consists of just one random point of G ;.
We explain what is “randomly”. Since X is a compact metric space, all G.’s are finite.

Therefore, there are finitely many (N — 1)-grids in Gp. We choose one of them with a

probability

1
number of (N — 1)-grids in Gy

Our first lemma is the following.

Lemma 4.2.1. Fork=0,...,N
U B3V =x
YEGN i

Remark 11. For N + k., k > 0, instead of N — k this is obvious.

Proof. Take x € X. Then, since G is maximal, there exists a point yy € Gj, such
that |zyg| < 6V. Since Gy_; is maximal in G, there is a point y; € Gy _1, such that
lyoy1| < VL. Similarly we get v, ...,y and then

N—Fk
1-9

>

< 26V,

lzygl < lzyol + .+ oy <OV + VTP =N Fa 15+ 460 <

]

Once we have all our sets GGy, we introduce a relationship < between points. We follow
[HM] and [Chr].

k
Take a point y;, 1 € Gpi1. There exists at most one y, € Gy, such that |ygjyg| < %—
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This is true since if there are two such points yé, y]%, then

1 g, oF
lyyil < 5

which is a contradiction, since G, was a 6F-grid in Gry1-

Also there exists at least one z;, € G}, such that |y, 12| < 36%. This is true by the
lemma.

Now, if there exists an y; as above, we set y, 1 < yg. If no, then we pick one of zj as
above and set y; 11 < 2. For all other x € G, we set y; 11 A . Then extend by transitivity.

We also assume that y; < yg. This is if y; on the left happened to belong already to
Gyt

We do this procedure randomly and independently, and treat same families of G.’s with
different <-law as different families.

Take now a point y;. € G5, and define
5t
2=YL.2€Gy

Lemma 4.2.2. For every k we have

X = U clos(Qy,.)

ykEGk

Remark 12. There is only one point in Gy, and clos(Qy),y € G, is just X. But for small

6, X = | clos(Qy,) is a genuine (and random) splitting of X.
y1€6G1

Proof. Take any x € X. By the previous lemma, for every m > k there exists a point
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Tm € G, such that |zzy,| < 30™. In particular, x,, — z. Fix for a moment x,,. Then
there are points ypy,—1 € Gm—1,... Y € Gp, such that zp, < yp—1 < ... < yp. In

particular, z,, € ka, where y;. depends on xy,. Then

e < |ypzm| + |2me| < |[ypom| + 36" < |ypzm| + 3%

Moreover, by the chain of <’s, we know that |yjzm,| < 106%. Therefore,

x| < 156F

We claim that the set {y;} = {yr(2m)}m>k is finite independently on k. This is true since
all y;.’s are separated from each other and by the doubling of our space (we are “stuffing”
the ball B(z, 156%) with balls B(yy, 6%)).

So, take an infinite subsequence z;, that corresponds to one point y;. € Gj.. Then we get

Tm € ka, Ty — T, 80 T € ClOSka, and we are done. O

Remark 13. Since the space X is compact, our random procedure consists of finitely many
steps. Therefore, our probability space is discreet. We suggest to think about all probabilities
just as number of good events divided by number of all events.

However, all our estimates will not depend on number of steps (and, therefore, diameter

of X), which is essential.

Remark 14. We notice that in the Euclidian space, say, R, this procedure does not give a

standard dyadic lattice.
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4.2.2 Second step: technical lemmata

Define

Zk#yk,ZkEGk

In particular,

Qy,. C ka C clos(Qy,)-

Lemma 4.2.3 (Lemma 4.5 in [HM]). Let m be a natural number, € > 0, and " > 100e.

Suppose x € clos Qy, and dist(x, X \ ka) < &6k, Then for any chain

Zltm = Zktm—1 = -0 = 241 = 2k

such that x € clos szer, the following relationships hold

. . 2 —
1221 2 105

Proof. Suppose |z;z;| < 15TJO We first consider a case when zj, = yj. Since 2; < 2, = y;,, we
have B(z;, ﬂ‘%) C Qy;, C @yk Therefore,
J

o ~ - Y]
300 < dist(zj, X \ Q) < dist(x, X\ Q) + dist(w, 2;) + dist(z;, zj) < ed® + 560 + 100

If 9 is less than, say, ﬂ%m’ then we get a contradiction.
The only not obvious estimate is that dist(z, z;) < 56;. It is true since = € clos szer‘

We have proved the lemma with assumption that z;. = y;.. Let us get rid of this assump-
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tion. We know that

x € clos sz+m C clos sz.

Also we have x € clos ka, S0, since

sz =X\ U clos Quy C X\ clos Qy,,
uk;«ézk
we get x € X\ sz In particular, dist(x, X \ sz) = 0 < 6%, and we are in the situation

of the first part. This finishes our proof. O
Lemma 4.2.4. Fix z), € Gj.. Then

5/{—1

P(3 : —) > 4.2
(w1 € Gyt |oprp_q| < 1000) a (4.2)

for some a € (0,1).

Proof. We remind that we are in a compact metric situation. By rescaling we can think that
we work with G and choose G. We can even think that the metric space consists of finitely
many points, it is X := G9. The finite set G1 C X consists of points having the following
properties:
1. Vz,y € G1 we have |zy| > 0;
2. if z € X \ Gq then 3z € G1 such that |zz| < 6.

These two properties are equivalent to saying that the subset G of X consists of points
such that Vz,y € G1 we have |zy| > 6 and we cannot add any point from X to G| without
violating that property. In other words: G is a maximal set with property 1.

Recall that here the word “maximal” means maximal with respect to inclusion, not
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maximal in the sense of the number of elements.

Now we consider the new metric space Y = (G; and G is any maximal subset such that

Vr,y € Go, |vy| > 1. (4.3)

In other words, we have 1. Vz,y € Gg we have |zy| > 1;
2. if z € Y\ Gg then 3z € G such that |zz| < 1.

There are finitely many such maximal subsets G of Y. We prescribe for each choice the
same probability. Now we want to prove the claim that is even stronger than (4.2). Namely,

we are going to prove that given y € Y

P(3zg € Go: 29 =y) > a, (4.4)

where a depends only on ¢ and the constants of geometric doubling of our compact metric
space.

Let Y be any metric space with finitely many elements. We will color the points of Y
into red and green colors. The coloring is called proper if
1. every red point does not have any other red point at distance < 1;
2. every green point has at least one red point at distance < 1.

Given a proper coloring of Y the collection of red points is called 1-lattice. It is a maximal
(by inclusion) collection of points at distance > 1 from each other.

What we need to finish the proof is

Lemma 4.2.5. LetY be a finite metric space as above. AssumeY has the following property:

In every ball of radius less than 1 there are at most d elements. (4.5)
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Let L be a collection of 1-lattices in Y. Elements of L are called L. Let v € Y. Then

the number of 1-lattices L such that v belongs to L
the total number of 1-lattices L

>a>0,

where a depends only on d.

Proof. Given v € Y consider all subsets of B(v,1) \ v, this collection is called S. Let S € S.
We call Wg the collection of all proper colorings such that v is green, all elements of S are
red, and all elements of B(v,1) \ S are green. We call S all points in Y, which are not in
B(v, 1), but at distance < 1 from some point in S.

All proper colorings of Y such that v is red are called B. Let us show that

card Wg < card B . (4.6)

Notice that if (4.6) were proved, we would be done with Lemma 4.2.5, a > 2-d+1  and,
consequently, the proof of the main lemma would be finished, a > 2_5_D, where D is a
geometric doubling constant.

To prove (4.6) let us show that we can recolor any proper coloring from Wyg into the one
from B, and that this map is injective. Let L € Wg. We
1. Color v into red;
2. Color S into green;
3. Elements of S were all green before. We leave them green, but we find among them all
those y that now in the open ball B(y, 1) in Y all elements are green. We call them yellow

(temporarily) and denote them Z;

4. We enumerate Z in any way (non-uniqueness is here, but we do not care);
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5. In the order of enumeration color yellow points to red, ensuring that we skip recoloring
of a point in Z if it is at < 1 distance to any previously colored yellow-to-red point from Z.
After several steps all green and yellow elements of S will have the property that at distance
< 1 there is a red point;

6. Color the rest of yellow (if any) into green and stop.

We result in a proper coloring (it is easy to check), which is obviously B. Suppose L1, Lo
are two different proper coloring in Wg. Notice that the colors of v, S, B(v,1) \ 5, S are the
same for them. So they differ somewhere else. But our procedure does not touch “somewhere
else”. So the modified colorings L/, L’2 that we obtain after the algorithm 1-6 will differ as
well may be even more). So our map Wg — B (being not uniquely defined) is however

injective. We proved (4.6).

Thus, the proof of the Lemma 4.2.4 is finished.

O

Remark. We are grateful to Michael Shapiro and Dapeng Zhan who helped us to prove

Lemma 4.2.4.

4.2.3 Main definition and theorem

Fix a number v, 0 < v < 1. Later the choice of vy will be dictated by the Calderén-Zygmund
properties of the operator T'. Also fix a sufficiently big r. The coice of r will be made in this

section.

Definition 25 (Bad cubes). Take a “cube” @ = ka We say that @ is good if there exists
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a cube ()1 = @z,,, such that if
§F <86 (k=n+r)
then either

dist(Q, Q1) = 6*76"(1=7)

or

dist(Q, X \ Q1) > 6"5" 177,
Remark 15. Notice that 6¥ = ¢(Q) just by definition.

If ) is not good we call it bad.

Theorem 4.2.6. Fixz a cube ka. Then

P(Qu), is bad) <

N

Remark 16 (Discussion). This theorem makes sense because when we fix a cube @y, say,
k > N, so the grid G}, is not even random, we can make big cubes random. And we claim
that for big quantity of choices, our big cubes will have @;. either “in the middle” or far

away, but not close to the boundary.

Definition 26. For () = ka define

do(e) = g = {a: dist(x,Q) < e6* and dist(z, X \ Q) < =6}

Lemma 4.2.7. Let us start with level N by fizing a 5N—grid (non-random), and let k < N,
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x}. denoting the points of the (random) grid Gy,. Fir a point x € X.
P32z, € Gy x € 5ka) < el

for some n > 0.

Proof of the theorem. Take the cube Q). There is a unique (random!) point zj_, such

that 3, € Qz;_ . Then
diSt(ka_aX \ ka_s) > d’&St(l’k,X \ ka—s) - dzam(ka) 2 dZSt($k7X \ ka—s) - C(Sk

Assume that dist(zg, X \ Qu)_ ) > 26k75(k=5)1-) and that s > r (this assumption is
obvious, otherwise ka_s does not affect goodness of ka).

Then, if r is big enough (5T(1_7) < %) we get
dist(Quy, X \ Q) = 0™/gE=9)1=7),
and so ka is good. Therefore,

P(Quy, is bad ) < C Y Play, € 6, (e =25"7)) < CY "M <10006M".

szr s>r
By the choice of n, for sufficiently large r this is less than % O]

Proof of the lemma. Let xj be such that z € clos @y, (see Lemma 4.2.2). We will estimate

P(dist(z, X \ Q) < £6%) |z € clos Qz;.). Fix the largest m such that 500 < ¢". Choose a
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point T4, such that z € clos kaer. Then by the main lemma

5k+ﬂk4
P(ka-i-m—l € Gk—l—m—l: |xk+mxk+m—1| < W) 2 a.

Therefore,
(Sk—i-m—l
Let now
Thtm = Thtm—1-
Then

Sk+m—2

So by Lemma 4.2.3

' 5 sk+i—1 '
P(dist(z, X \ Q) < e6%) < Py jTpyj—1] > 1000 Vi=1,....m)<(1—a)" < Ce"
for
_ log (1 —a)
~ log(9)

4.2.4 Probability to be “good” is the same for every cube

We make the last step to make the probability to be “good” not just bounded away from
zero, but the same for all cubes. We use the idea from [M].

Take a cube Q(w). Take a random variable fQ(w/), which is equally distributed on [0, 1].
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We know that

P(Q is good) = pg > a > 0.

We call @) “really good” if

0, —|.
fQE[,pQ]

Otherwise @) joins bad cubes. Then
P(Q is really good) = a,

and we are done.

4.3 The Haar shift decomposition

Take two step functions, f and g. We first fix an N-grid Gy in X, and “cubes” on level
N, such that f and g are constants on every such cube. Then we start our randomization
process.

As we mentioned, this process consists of finitely many steps, so all probabilistic termi-
nology becomes trivial: we have a finite probability space.

Starting from Gy, we go “up” and on each level get dyadic cubes (random Christ’s cubes).
They have the usual structure of being either disjoint or one containing the other. For each
dyadic cube @) we have several dyadic sons, they are denoted by s;(Q),i=1,..., M(Q) < M.
The number M here is universal and depends only on geometric doubling constants of the

space X.

Definition 27. By & we denote set of all dyadic “cubes” of generation k. We call Q}; -
Qi_l, Q}; € & sons of Q‘]i_l.
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With every cube @ = ka we associate Haar functions hé)? 7 =1,...,M — 1, with

following properties:
1. hé? is supported on Q;

2. hég takes constant values on each “son” of ();

3. For any two cubes Q and R, we have (h‘é?, h%) =0, and (hJQ, 1) =0;

Wl < —S—.
4 H Q)

We notice that the last property implies that Hh llo <
We use angular brackets to denote the average: (f >Q7 o= m fQ f dp. When we average

over the whole space X, we drop the index and write (f) = ﬁX) [x fdp.

Our main “tool” is going to be the famous “dyadic shifts”. Precisely, we call by Sy, j, the

operator given by the kernel

f—>2/ (2,9)f(y)dy,

where

ar(z,y) = > cr.1. 70 (2)h(y),
IcL,JCL
9(I)=g(L)+m, g(J)=g(L)+n
where h?, h{'] are Haar functions normalized in L?(du) and satisfying (iv), and ler. 1.0l <

Vi) p(J)

(1) . Often we will skip superscripts ¢, j.

Definition 28. We call the number m + n + 1 the complexity of a shift Sy, .

Our next aim is to decompose the bilinear form of the operator 7" into bilinear forms
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of dyadic shifts, which are estimated in the Section 4.4.2. The rest will be the so-called

“paraproducts”, estimated in the Section 4.4.1.

Functions {xx} U {h‘ég} form an orthogonal basis in the space L?(X, u). Therefore, we

can write

= (Mxx + Y (L hhG,  g={axx + Y. 3 (9. ).
Q j R

First, we state and proof the theorem, that says that essential part of bilinear form of T’
can be expressed in terms of pair of cubes, where the smallest one is good. We follow the
idea of Hytonen [H]. In fact, the work [H] improved on “good-bad” decomposition of [NTV],

INTV2|, [NTV3] by replacing inequalities by an equality.

Theorem 4.3.1. Let T' be any linear operator. Then the following equality holds:

TgoodE Y (T, W) (f,h}y)(g, ) =B > (Thy, W) (F, 1) (9, hg)-
Q7R’i7j Q7Rai7j
UQ)=L(R) UQ)=((R), R is good

The same is true if we replace > by >.

Proof. We denote

o(T)= > Thf iR (1) (g, ).
LQ)=U(R

o1(T) = > (Thiy, Wp)(F. 1) (9, hp)-

UQ)=L(R)
Ris good

We would like to get a relationship between Eo(T") and Eoy (7).
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We fix R and write (using ggooq == 2. (9, h%)h%)
R is good

DD Ty k() a ) = [T = (Dxx). D (o hphhy | =

@ Ris good R is good

(T(f - <f>XX)7ggood) .

Taking expectations, we obtain

E Z(Ttha ) rI(J; hé)(g,h%)les good —
Q.R

E(T(f - <f>XX>7ggood) = (T(f - <f>XX)aEggood) =

7Tgood<T(f <f>XX = 7TgoodE Z Th] hZ f, hJQ)(g, th) (4.7)
Next, suppose £(Q) < ¢(R). Then goodness of R does not depend on ), and so

Tgo0a(Thly, W) (S ) (9. hig) = B ((Thy, ) (S 1)) (9 h) L s o0l R) -

Let us explain this equality. The right hand side is conditioned: meaning that the left hand
side involves the fraction of the number of all lattices containing (), R in this lattice and such
that R (the larger one) is good to the number of lattices containing @, R in it. This fraction
is exactly 704 Now we fix a pair of Q, R, ¢(Q) < ((R), and multiply both sides by the
probability that this pair is in the same dyadic lattice from our family. This probability is
just the ratio of the number of dyadic lattices in our family containing elements ) and R

to the number of all dyadic lattices in our family. After multiplication by this ratio and the
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summation of all terms with ¢(Q) < ¢(R) we get finally,

goodE Z (Thiy, W) (F, 1) (9, hg) = E Z (Thiy, hig) (£, b)) (9 )L s good -
<((R) <{(R)
(4.8)

Now we use first (4.7) and then (4.8):

goodEZ Thj f7 hj ) (g, hl EZ Thj hz )(f; hj )(g, h‘R)lRlS good —

— Z (Thé),hi )(f, hég)(ga h%)lRis good+

U(Q)<U(R)
E (Théga h rI(/f h‘ég)(% h?%)lRis good —
((Q)=((R)
= TyoodE: Z (Thiy, W) (£, 1) (9, i)+
HQ)<U(R)
E > (Thy, W), 1) (g, W), (4.9)
{(Q)=¢(R),R is good
and therefore
E > (Thy, W) (£, 1) (9, W) = TgoodE Z (Thiy, W) (. 1) (9, hg)-
0(Q)=¢(R),R is good {Q)=U(R)
(4.10)
O

This is the main trick. To have the whole sum expressed as the multiple of the sum,
where the smaller in size cube is good, is very useful as we will see. It gives extra
decay on matrix coefficients (Th]Q, Rt ) and allows us to represent our operator as “convex

combination of dyadic shifts”.
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So, we have obtained that

Thus, to estimate Eoq(T') it is enough to estimate Eoq(7"). Absolutely the same sym-

metrically holds for oo(7).

4.3.1 Paraproducts

In this subsection we take care of the terms (f)xx and (g)xx. These terms will lead to so

called paraproducts. In fact, let us introduce three auxiliary operators:

(f) =y (f) = %}ﬁ@(m@ )i (4.11)
i
melf) = DU QNT i By) s = (e ) () (1.12)
Q.J
olf) = () Txx)xx. (4.13)

Recall that (p) denotes ﬁ 1) y ¢ du. These operators depend on the dyadic grid we

chose. We shall need the following technical lemma.

Lemma 4.3.2.
(7(f).9) = (N(Txx9 = ()xx) + D (whiy, i) (£, ) (9, hip),

(), 9) = () (T*xx, [ = (F)xx) + D (mehily, i) (f, hy) (g, hg)-
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Proof. The second equality follows from the first one and the definition of 7. We prove the
first equality. We will not write superscripts ¢ and j in Haar functions.

We write

7(f) = (Hrlxx) + > hig)m(hgy).

Notice that

m(xx) = Y _(Txx,hg)h = Txx — (Txx),

and that m(f) is orthogonal to x x. Thus,

(7(£).9) = (7(£).9—(g)xx) = (HE0Ox). (0. W) W)+ (whiy, W) (. hiy) (9. W) =

= (N(Txx.9— (@)xx) + 3 (whiy, R) (. hiy) (9. 1),

as desired. The last equality is true because (T'x x) is orthogonal to g — (g)x x- ]

Notice that 7, 7* depend on the random dyadic grid. We introduce a random operator

T:Tf—77<f)—7T*(f)-

Now we state the following very useful lemma.
Lemma 4.3.3.
(Tf.9) =Tppoq® > (Thi hp)(f.hiy)(g, )+

QR

smaller is good

E(r(f),9) +E(m«(f), 9) + (/N9 (Txx, xx)-
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Proof. First, we write

(Tf,9) = > (Thiy, W) (. hig) (g, ) + (F)(Txx. 9) + (9)(T*xx, f = (F)xx)-

We take expectations now. Notice that only the first term in the right-hand side depends

on a dyadic grid. Therefore,

(Tf.9) =E > (Thiy, W) (f. hig)(g. h) + (/) (Txx.9) + () (T*xx. f = (F)xx)-

We focus on the first term. By the Theorem 4.3.1, we know that

B (Thig, g hg)(9: ) = mop B D7 (Thig: h)(f.hig)(g: ) =

smaller is good

= ToodE D (T i) (£ ) g, W)+
smaller is good

FToedE Y (whiy ) (f h) (g, p)+
smaller is good

™ oodE > (mehi, W) (f, hip) (g, ). (4.14)

smaller is good

The first term is one of those that we want to get in the right-hand side.
On the other hand, we want to get a result for paraproducts, similar to the Theorem

4.3.1. Indeed, it is clear that

(whiy, W) = (hig)  (TXx, H),
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which is non-zero only if R C @, and R # Q. So,

E > (whiy, WR)(f, hip) (g, W) =

smaller is good

E Y (hig) p(Txx W) (£ 1) (9 W) Lk i good =
RCQ

=E Y (Txx, W0 M) 1R is good O (1) () - (4.15)
R Q:RCQ

We now see that since f = (f)xx + >.(f, hzg)hiQ, we have
Q
(=) =nB) " xr) = (N =D (h)hg)p =D (£ hg)(hiy) -
Q:RCQ Q
Therefore,

E (Txx, M) (0, M) g is good O hig)(hig) g =
R Q

EY (Txx: M) (0, M)l g is good (Fg — (F). (4.16)
R

Now it is clear that we can take the expectation inside (we have no ) anymore, which was

preventing us from doing that), and so we get

E Y (why W) hig) (9. W) = TgoodE Y (Txx, ) (g, W) (f) p = (1))
R

smaller is good
Making all above steps backwards, we get

E D> (rhig i) h) (9. hh) = mgoodE D (whiy, ) (. B (9. )

smaller is good
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Therefore,

TooodE Y (Thi, ) (£ h) (g, W)+
smaller is good

TodE D (mehiy, BR)(F,hig) (g, W) =

smaller is good
=B (whiy, WR) (£ hi) (g, 1) + B> (mahiy, W) (f. hiy) (9. W) =

=E(n(f),9) + E(m(f),9) —E[(f/)(Txx,9 — (9xx)] — ELg) (T xx, f — (fHxx)]. (4.17)

We now use that last two terms do not depend on the dyadic grid, and so we drop expecta-

tions. Finally,

(Tfg)=E Y (Thiy WR)(£.hiy) (g, 1) +E(n(f). g) + E(me(f), 9)—

smaller is good

—(N(Txx,9—(9xx) — (T xx, f = (Hxx) + (N Txx,9) + ()T xx, f—(fHxx) =

=E Y (Thig, W) (£, hig)(9, 1) + E(x(f), 9) + E(me(£), 9) + (F){g)(Txx, xx).

smaller is good

(4.18)

This is what we want to prove. O
The following lemma, which will be proved later, takes care of paraproducts.

Lemma 4.3.4. The operators 7, wy are bounded on L*(X,wdyu), and

HT"HQ,w <C- [w]2,,u-

The same is true for m.
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We postpone the proof of this lemma. We also notice that the operator

o(f) = (N{Txx)xx

is clearly bounded with desired constant. In fact, as T is bounded in the unweighted L2, we

have <TXX>2 < HTH%2 =: ()
lo(f)13. = (£)*(Txx)*w(X) < Colf2w)(w™ Hw(X) < Colwla f113,-

We, therefore, should take care only of the first term, with 7. We now erase the tilde, and
write T instead of T. Even though 7T is not a Calderon-Zygmund operator anymore, all
further estimates are true for T (i.e., for a CZO minus paraproducts), see, for example, [HM]

or [HPTV].
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4.3.2 Estimates of o4

Our next step is to decompose o1 into random dyadic shifts. We write

o) = > (Thiy, W) (f,hih) (g, hp) =
(Q)=L(R)
Ris good

=E Y (Thihip)(f,hp) (g, W)+
(Q)=0""04(R),
RCQ,
Ris good
+E > (They, KR)(f, 1) (9, 1)+
U(R)<L(Q) <0 T0L(R),

RCQ,
Ris good

+E Y (Thy Kp)(f ) (0. hy). (4.19)
U(R)<UQ),

RNQ=0),
Ris good

Essentially, we will prove that the norm of every expectation is bounded by
C(T)-EY 58y
n

First, we state our choice for v, which we have seen in the definition of good cubes.

Definition 29. Put

2 (e +1logy(C))’

’}/:

where C' is the doubling constant of the function A.

Remark 17. We remark that this choice of ¥ make Lemmata 4.3.5 and 4.3.6 true.
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The estimate of the second sum is easy. In fact,

E 3 (Thiy, W) (F, hy) (9, 1) < Cro [wla 119l

((R)KL(Q)<5"0L(R),
RCQ,
Ris good

This is bounded by at most rq expressions for shifts of bounded complexity, so just see [NV].
For more details, see [HPTV]

We denote

Sin=E > (Thly, hp)(f,h) (9, hR),

0Q)=6""04(R),
RCQ,
Ris good

Sout =B Y (Thiy, hip)(f,h}y)(g, ).
L(R)<K(Q),

RNQ=0,
R is good

4.3.3 Estimate of >,.

We use the following lemma.

Lemma 4.3.5. Let T be as before; suppose £(Q) = 6 "04(R) and R C Q. Let Q1 be the son

of Q that contains R. Then

D=

/(R)
T )

DM D™

s o (i)

We notice that u(Q1) < u(Q).
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We write

Nin =Y 3 (Thiy, W) (. 1) (9, hip),

nzrg ((Q)=6""4(R),R is good,RCQ

Sinl <D0 D0 (T KR D)9, hR)| <
210 £(Q)=6""U(R),

R is good,
RCQ
€ 1
RS (RN o i i
<0y ¥ - (15) 1ot

nzrg E(Q):éfnﬁ(R), f(Q)

R is good,
RCQ
1

A EEEDS (@)? (£, ) (g, W)l (4.20)

=0 a@-s e, MY
R is good,
RCQ

We fix functions f and g and define Sj, as an operator with the following quadratic form:

D=

(Spu,v) = Z + (@> (u, h‘é))(% W),

wqsremy, MY
R is good,
RCQ

where + is chosen so [(f, h‘é?)||(g, h%)| = +(f, hjé)(g, hZR) Then clearly S, is a dyadic shift

of complexity n, and so, see Section 4.4.2,

|(Snfs 9)| < Cnlwl2|| fllwllgll,—1-
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Therefore,

ne
Sinl <0 [wa fllwlgll,,—1 < Clwlall fllwlgll,-1-
n

4.3.4 Estimates for X,

We use the following lemma from [HM].

Lemma 4.3.6. Let T be as before, {(R) < £(Q) and RNQ = ). Then the following holds

(THE B < (Q)2UR)?

1 1
@ "0 =BG R sup.cp Mo, D@, R) @M

where D(Q, R) = {(Q) + ((R) + dist(Q, R).

Remark 18. We should clarify one thing here. If 7" was a Calderon-Zygmund operator, this
estimate would be standard, see [NTV], [NTV2] or, for metric spaces, [HM]. We, however,
subtracted from T two operators: paraproduct and adjoint to paraproduct. However, an
easy argument (see [HPTV]) shows that if RN Q = 0, then (Thé, hi?> = (Th]é, h’Q) (for the

definition of T see Lemma 4.3.4 and thereon).

Suppose now that D(Q, R) ~ §~*¢(Q). We ask the question: what is the probability
P(R c QU010 R e D),
where sq is a sufficiently big number. We use the Lemma 4.2.7. Suppose that

RN Q(S+80+10) = 0.
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Suppose also R = R, (so x is the “center” of R). Then

dist(z, QU500 C dist(z, Q) < dist(Q, R) < C554(Q) =

_ 05—858+80+10€(Q(8+80+10)) _ 05804—106(@(84-80-"-10)). (421)

So x € 5Q(3+50+10) (650710)) "and the probability of this is estimated by §7(50+10) < % for

sufficiently big sg (we remind that n = logg(1 — a)). Therefore,

N —
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So

|Sout] < 21@2 Z (TH, KR (F, B (9, W) 1 i goodL g stsg+10) S
bs u@)=6~ ( )s
D(Q,R)~0°4(Q),
RNQ=0
[} [
{(O)2¢(R)2 1 1
kY Y ML p(Q)2u(R)? x

D(Q, R)¢ Mz, D(Q, R
0 i, D@ -k A DQ.TD)
D(Q.R)~67%4(Q),
RNQ=0
R,QCQS+SO+1O

(L )9 )L i good <

1 1
e (0Q) \°  m@Q?2u(R)2
<=y ¥ (50) :
D(@Q,R cr Mz D(Q. R
(@)t (@, R)) sup.epA(z, D(Q, R))
D(Q,R)~0"%4(Q),
RNQ=0,

|(f; h‘é)!l(g, hé{)‘lRis good S

1 1
Le ge (Q)2u(R)2 j ;
SC2E) 520 > ! B9 B) 1 s eood.
ANz, D(Q, R Q ""RJITRis good
E Q=5 tagm, PR D)
D(Q7R)N578£(Q)7
RAQ=0.

R,QCQS+SO+1O

(4.22)

We now define Sj, as we did before:

D=

1
(Q)2u(R) ] ’
(Snu, v) = 3 +F (w, 25 (v, )1 s .
2 DO R Q R/*Ris good
v, e G DIQ )
D(Q,R)~35¢(Q),
RNQ=0,
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We need to estimate the coefficient. We write

Az, D(Q, R)) ~ A(2,6 *€(Q)) ~ (2,0 57507100(Q)) ~
~ Az, 0QUT0H0Y) A (2, diam(QUT50+1)) > u(B(z, diam(Q+50+20)))) >

> p(QUFe00)) - (4.23)

and therefore

D=

Q)2 u(R)? , Q)2 (R)
e Mz DQR) S € g0

~—

We notice that C' does not depend on s since we used the doubling property of A only for
transmission from 6 ~54(Q) to d 5750~ 10¢(Q).
We conclude that Sy, is a dyadic shift of complexity at most C(s + t). Therefore, see

Section 4.4.2,

te
[Sout] 2CEY 62 6% (s + ) [wl2|l fllwllgll -1 < Clwlallfllwllgll,,—1-

t,s

and our proof is completed.

4.4  The rest of the proof

4.4.1 Paraproducts and Bellman function

Now we will prove the Lemma 4.3.4.
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We remind that the quadratic form of our paraproduct 7 is the following:

(T(£).9) =D > (HurTxx. k) (g hg).
R i

Operator T is bounded in L?(y) and pu is doubling. Therefore, it is well known that
coefficients bp = biq = (Tx X,h%) satisfy Carleson condition for any of our lattices of

Christ’s dyadic cubes:

vQeD > |gl* < Bu(Q). (4.24)

ReD, RCQ

The best constant B here is called the Carleson constant and it is denoted by ||bl|c. It
is known that for our bp = (T XXahég) the Carleson constant is bounded by Bp :=
O L2 20y

If we would be on the line with Lebesgue measure p and w would be a usual weight in

Ay, then the sum would follow the estimate of O. Beznosova [B]:

7y () < C V/Briula, . (4.25)

But the same is true in our situation. To prove that, one should analyze the proof in
[B] and see that it used always conditions on w and b separately. They were always split by
Cauchy—Schwarz inequality. The only inequality, where w and b meet was of the type: let

() be a Christ’s cube of a certain lattice, then

> (whith < ol lble [ wda. (4.20
RCQ, ReD Q
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where

] 5 [ v 5 [ v
W] A, = Sup wdp - exp | ———= [ wdp
0 =P ) u(B
B B

Let us explain the last inequality. We write

1 1

3 312
(W) < [w]asy - exp () ) = 0] 4 - ex (2<w2>M,R) < [l an (w22

1
< [wlay, inf M(w2xp)?

Finally, we notice that {b%} is a Carleson sequence, and finish our explanation with the

following well known theorem.

Theorem 4.4.1. Suppose {ag} is a Carleson sequence. Then for any positive function F

the following inequality holds:

aginf F(x) < [ F(z)du(z).
owyro

In all other estimates in [B] the sums with Agw (see the definition before Lemma 3.2
of [NV]) and the sums with b are always estimated separately. The sums where the terms
contain the product of Agw and by never got estimated by Bellman technique: they got

split first. Then (4.25) follows in our metric situation as well.

4.4.2 Weighted estimates for dyadic shifts via Bellman function

This section is here just for the sake of completeness. In fact, it just repeats the article of

Nazarov—Volberg [NV]. In this section we prove the following theorem.

158



Theorem 4.4.2. Let Sy, be a dyadic shift of complexity m +n + 1. Then
ISmnllwdy < Cm+n+1)%wla .

Remark 19. We notice that the best known a is equal to one. It can be gotten using
the technique from [HLM+] or from [T]. However, for the application we made in the
previous sections, namely, the linear A9 bound for an arbitrary Calderén—Zygmund operator

on geometrically doubling metric space, the actual value of a is not important.
We denote o = w™!. We begin with the following famous lemma.

Lemma 4.4.3.

i = oY+ s

where

1) |o] < J{w) 1.

)13 |(h w) ] .
)187] < oy where w(I) == [;wdp,

3) {h}u’j}] is supported on I, orthogonal to constants in L?(w dp),

4) h}u’] assumes on each son s;(I) a constant value,

5) Hh}U’j”LZ(wu) =1

Definition. Let

Aqw = Z |<w>,u,s(f) - <w>u,l| :

sons of I

It is a easy to see that the doubling property of measure p implies

(R w) | < C(Apw) (D)2 (4.27)
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Therefore, the property 2) above can be rewritten as

N 180 < ¢ JAY]
2) 171 <t (;1/2

Fix ¢ € L?>(wdpu),v € L*(ody). We need to prove

|Smpngw, Yo)| < C(n+m+1)%dllwl¢lo - (4.28)

Remark 20. In next calculations we drop the superscript ¢ and j in Haar functions hf, and

h}u’i. The reader should always assume that we sum up over all i’s.

We estimate (Sp, now, o) as

I erga(ow, hy)u(vo, hy)ul <
L

1,J

S ler g (bw, B/ (w) 1 (Wo, B uly /(o) )+
L

SN lerr{ow), 1Ty >Iw

L W

I.J
)ur/ (@) VI +
I.J
DD len (@ (?}i; (Qw, W)y (w) VI | +
L )

1,7

A A
D ler g low) (o), [0 2T I = T+ 11+ I +1V.
L I.J <w>u,l <U>M,J

We can notice that because |ef, 1 j| < each sum inside L can be estimated

Vi) /()
(L)

by a perfect product of S and R terms, where

|Arw|  p(I)
Ry (ow) = W
L(ow) ICEL. (¢ >uI @)t VD)
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Sp(pw) == E“(d)w,h}”)u (W), 1 D

and the corresponding terms for ¥o. So we have
1<) Sp(ow)Sp(vo), II < Sp(éw)Rr(Yo),
L L

IIT <Y " Rp(¢w)Sp(vo), IV <Y Rp(¢w)Rp(vo).
L

L

Now

7 ow, B2y (w)n, Sp@o) < | (o, k)2 /(o) (4.29)

ICL.. JCL...
Therefore,

1< Clulf2I6lwllelo. (4.30)

Terms [1,11I are symmetric, so consider I71. Using Bellman function (zy)® one can

prove now

Lemma 4.4.4. Let Q := [w]4, and o € (0,1/2).

The sequence

Aqw|? Ajol?
(2B

form a Carleson measure with Carleson constant at most coQ“.

Proof. We need a very simple

Sublemma. Let Q > 1, O<a< . In domain Qg = {(z,y) : X >0,y > 0,1 <2y <Q

161



the function Bg(z,y) := x%y® satisfies the following estimate of its Hessian matrix:

X 2 2
—dzBQ(x,y) > a(l - 2a)xaya((d ) + M) :

The form —d2BQ(x, y) > 0 everywhere in x > 0,y > 0. Also obviously 0 < Bg(z,y) < Q¢

in QQ.

Proof. Direct calculation. O

Fix now a Christ’s cube I and let s;(I),7 = 1,...,M, be all its sons. Denote a =
((w) .15 (@) 1), bi = ((w)u’si([), <O_>M7Si(1))’ i=1,..., M, be points-obviously-in {2, where
@ temporarily means [w]4,. Consider ¢;(t) = a(1—¢)+b;t,0 < ¢ <1 and ¢;(t) := Bg(c;i(t)).

We want to use Taylor’s formula

1 T
4i(0) — gs(1) = —g}(0) - /O dx /0 {1 dt (4.31)

Notice two things: Sublemma shows that —g/(¢) > 0 everywhere. Moreover, it shows that
if t € [0, 1/2], then the following qualitative estimate holds

2
(<O->M,si(l) - <0>M,I)

; ) (4.32)

w1

(<w>u,si(1) 2_ <w>u,I>2 "

wl

R <<w>M,f<a>u,I>a(

(w) (o)

This requires a small explanation. If we are on the segment |[a, b;], then the first coordinate
of such a point cannot be larger than C' (w) 41,1> where C' depends only on doubling of x (not
w). This is obvious. The same is true for the second coordinate with the obvious change of w
to o. But there is no such type of estimate from below on this segment: the first coordinate

cannot be smaller than k (w), 7, but k& may (and will) depend on the doubling of w (so
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ultimately on its [w] 4, norm. In fact, at the “right” endpoint of [a, b;]. The first coordinate

2
is <w>,u78i(l) < Jpwdp/p(si(1) < C [; wdp/p(I)) = C(w),, 1, with C only depending on
the doubling of u. But the estimate from below will involve the doubling of w, which we

must avoid. But if ¢ € [0,1/2], and we are on the “left half” of interval [a, b;] then obviously

the first coordinate is > %<w> 4,1 and the second coordinate is > (o) e

[\

We do not need to integrate —g// (¢) for all t € [0,1] in (4.31). We can only use integration

over [0,1/2] noticing that —¢/'(t) > 0 otherwise. Then the chain rule

¢} (t) = (Bo(ei()" = (d° B(ei(t) (b — a),b; — a)

immediately gives us (4.32) with constant ¢ depending on the doubling of y but independent
of the doubling of w.

Next step is to add all (4.31), with convex coefficients “(jé—g)), and to notice that

f\/[l M(ZE%)) 1(0) = VBg(a) Zz]\il (a— bi)u(ié_gg)) = 0, because by definition

M
o als(D)
=2 (1)

1=1

)

Notice that the addition of all (4.31), with convex coefficients £ pls gives us now ( we take

(s (1)
()
into account (4.32) and positivity of —¢/'(t))

M
Si 1
=1

~
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We used here the doubling of y again, by noticing that £ (/jfg)) > c1 (recall that s;(I) and T

are almost balls of comparable radii). We rewrite the previous inequality using our definition

of Ajw, Ajo listed above as follows

M w 2 o 2
ul(I) Bo(a) — S u(si(1)) B(b) > cex <<w>,u<o->u,f>a(<AI2 S (A1) )um .
i1 Wi (Our

Notice that Bg(a) = <(U}>M’I<U>M7I)a. Now we iterate the above inequality and get for any
of Christ’s dyadic I’s:

a (AJw)2 (AJJ)Q a
Z (<w>u,J<U>u,J) <w>2 + <a>2 u(J) <CQMu(I).

JcI,JeD jov) jov)

This is exactly the Carleson property of the measure {77} indicated in our Lemma 4.4.4,
with Carleson constant C'Q®. The proof showed that C' depended only on « € (0,1/2) and
on the doubling constant of measure pu.

]

Now, using this lemma, we start to estimate our Sy ’s and Ry’s. For S, (¢0) we already
had estimate (4.29).

To estimate Rp(¢w) let us denote by Py, maximal stopping intervals K € D, K C L,

|A gwl 1 Aol 1
@ 2 D O G, 2 e O 2)

where the stopping criteria are 1) either

9(K) = g(L) +m.
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Lemma 4.4.5. If K is any stopping interval then

A I
|<¢w>ufri ;‘”‘ Al
ICK((I)=2—"¢(L) I /(L)
K —a o
2e*(m +n + D{|¢|w) . i Il,:((L)) \/T_<w>u,L/2< >u7L/2 (4.33)
Proof. If we stop by the first criterion, then
|[Arw|  p(I)
|<¢w>u,l| <
ICK ((I)=2—"¢(L) (W) 1 /p(L)
K
2 [(6w) 1) “< L>
ICK (I)=2""4(L) (L)
pE) [Agw| | |Ago] <K>
< () L < 2m ot + 1)<|¢|w>”’K(<w>u,K o )

§2(m+n+1)<|¢|w>#7K—V'M(\/7-—<w>—04/2< a2

g .
(L) KA 3K K

. —a/2, \—a/2 —a/2 a/2
Now replacing <w>M7K <U>M7K by (w)M’L <U>ﬂ,L does not grow the estimate by more

than e as all pairs of son/father intervals larger than K and smaller than L will have there
averages compared by constant at most 14 +n o And there are at most m such intervals
between K and L.

If we stop by the second criterion, then K is one of I's, g(I) = g(L) + m, and

oy 1Al p() oy o ) AR
(ow)url 7 )t o) < [{ow) k| T @)k S
{éhw) .5 ’; if;)) NGO RGN
—0f2 ()02 —a/2 a/2 as before.

Now we replace (w)MK <O’>M,K by <w>u’L (o >u

7
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Now
-2, \—a/2 1K)
Rp(¢w) < C(m+n+1)(w), /(o) | > {Iblw) k== TK
K ePy, /L(L)
—a/2, \—a)2 w(K) 12
where

?L: Z TK -

K ePy,
Notice that the sequence {71 }rep form a Carleson sequence (measure) with constant at
most C'(m + 1)Q%.

Now we make a trick! We will estimate the right hand side as

1/p
Ry(ou) £ Con+nt (), § 0,57 (5 ol ) 2,
KEPL

where p =2 — m In fact,

) uK) p/2 u(K) p/2

KcCL, K is maximal K ePy,

. 1
But if if 0 < j < m, then (C77) mtn+tl < () and therefore in the formula above

P S
(%) 2(m+ntl) < C l/i((IL())’ and C' depends only on the doubling constant of p. So
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the trick is justified. Therefore, using Cauchy inequality, one gets

1/p
—a/2, \—a/2 11(K) ~ \1/2
Ry(ou) < Clm+nt D), § 00,5 ( 5 Pl i) e

K G'PL
We can replace all (w >p L by (w ) L paying the price by constant. This is again because all
intervals larger than K and smaller than L will have there averages compared by constant

at most 1+ + 7nsT- And there are at most m such intervals between K and L. Finally,

1/p _1
Ry(ou) < Clm -+ 0w, 500,57 (X ol ) ol )2

Kep, (L)
(4.34)
We need the standard notations: if v is an arbitrary positive measure we denote
My f(x) [ @)
x) i=sup ———— )
Y r>0 V(B(z,r)) B(z,r)
In particular M, will stand for this maximal function with dv = w(x) du.
From (4.34) we get
1—a/2 2. 1/2
Ry(¢w) < Clm+n+ Dw), 1 (0), 5 int Mu(lo) /P (7)Y (4.35)

Now

1—a/2<0>1—a/2 inff, Mw(|¢|p)1/p y

Sp(o)Rp(pw) < C(m+n+1){w), L 1/2
<U>M,L

V2 ST (o, k)2, (4.36)

JCL...
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Ry (o) Ry(ow) < Clm+n+ 1){w), (o), inf My(jof)"/Pinf Mo ([of?)!/P7, . (4.37)
Now we use the Carleson property of {77} ep. We need a simple folklore Lemma.

Lemma 4.4.6. Let {af}rep define Carleson measure with intensity B related to dyadic

lattice D on metric space X. Let F' be a positive function on X. Then

> (inf F)ag < 23/ Fdpu. (4.38)
L X
f; F F
WL, <CB | Zdu. (4.39)
7 <‘7>u7L X0

Now use (4.36). Then the estimate of I/ < > ; Sp(vo)Rr(¢w) will be reduced to

estimating

: 2/ 1/2
(m+n+ 1)Q1-0¢/2(Z lnfL Mw(’¢|p) p%/L) <

I, <U>,u,L

(m+n+1)*Q (/R(Mw(Iczﬁ|p))2/pwdu)1/2
2_p)1/p(m+n+1 (/cb wdu)m < (m+n+1)° </¢ wdu)l/Q.

Here we used (4.39) and the usual estimates of maximal function M, in L9(;) when g =~ 1.

IN

(

Of course for I1 we use the symmetric reasoning.

Now IV: we use (4.37) first.
;RLwU)Rwa) < (m+n+1)Q " ;nﬁf Mu(|0P) 7 it Mo (0 [P) 177,

< Clom+ e+ 17Q [ (Mu(l9P)YP (0o (1) P02 2
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1/2

< Clm+n+1)%Q ( [ atutiomye wdu)m ( A <Ma<rw|p>>2/padu)

1/2 1/2
SC(m+n+1)4Q</R¢2wdu> (/R¢2ad,u> )

Here we used (4.38) and the usual estimates of maximal function M, in L2?/P(11) when

pr2,p<?2.
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