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ABSTRACT

A MODE-MATCHING APPROACH TO DETERMINE THE
SHIELDING EFFECTIVENESS OF A DOUBLY-PERIODIC ARRAY
OF APERTURES IN A THICK CONDUCTING SCREEN

By

Derik Clayton Love

The transmission of electromagnetic waves through apertures in a conducting
screen is a problem that has been examined many times before. Several techniques
have been used when the apertures are periodically arranged, and computational
approaches have allowed for the analysis of complex aperture shapes. However, past
literature is typically concerned with screens whose thickness is comparable to or
smaller than the aperture dimensions (i.e. thin screens). Further, the usual focus is
on transmission within a narrow band of frequencies.

The shielding properties of planar, periodic structures have been considered in
prior efforts. For a thick conducting screen of apertures, one approach for estimating
the shielding effectiveness is to treat the screen as an array of cylindrical waveguides.
This is referred to as the waveguide below cut-off principle. The result is dependent
on the attenuation constant of the aperture and the aperture length. This technique
is limited by the fact that it was developed to describe the attenuation of waves
propagating in an opening whose length is at least five times its width. In addition,
this approach is only relevant when the frequencies of interest are below the cut-off
frequency of the dominant waveguide mode.

This dissertation uses mode-matching to determine the shielding effectiveness of a
doubly-periodic conducting screen of apertures whose thickness can be several times
the aperture size. This is accomplished by modeling the screen as an array of cylin-

drical waveguides. This study considers rectangular and circular apertures, and the



fields within them are represented using waveguide modal fields. The reflected wave
above the screen and the transmitted wave below the screen are found by applying
Floquet’s Theorem, thereby exploiting the doubly-periodic nature of the screen of
apertures. After enforcing boundary conditions and building a system of linear equa-
tions, the system is then truncated to produce a matrix equation which is solved
using standard techniques. The shielding effectiveness of the screen is determined by
comparing the transmitted power to the incident power carried by a plane wave. It
is clear that as the thickness of the screen increases, the transmitted power is greatly
reduced at frequencies below the cut-off frequency of the dominant waveguide mode.
However, increasing the thickness also increases the attenuation of the higher-order
waveguide modes, leading to non-convergent solutions to the matrix equation. By
selectively eliminating higher-order modes from consideration, meaningful solutions
are found. Results also show the effect of increasing the number of Floquet modes,
varying the incidence angle, and changing the incident plane wave polarization.

The mode-matching results for rectangular apertures are very similar to data
obtained by applying the waveguide below cut-off principle. However, the mode-
matching approach can be used in cases where the frequencies of interest are above
the cut-off frequncy of the dominant waveguide mode, when higher-order modes will
begin to propagate. Comparisons are also made to previously published data using
the mode-matching approach. The data curves are in strong agreement in each com-
parison. However, it should be noted that the previously published data considers the
principal Floquet mode as the only propagating mode. That approach is inconsistent
with the definition of the propagation constant for Floquet waves. Experimental data
using commercial-grade aluminum honeycomb is also presented as another compari-
son for the mode-matching results. In each case, the curves are in good agreement in

describing the transition from strong shield to weak shield.
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CHAPTER 1

INTRODUCTION

The transmission of electromagnetic waves through apertures in a conducting screen
is a problem that has been examined many times before [1]-[4]. Several techniques
have been used when the apertures are periodically arranged [5]-[12], and computa-
tional approaches have allowed for the analysis of complex aperture shapes [13]-[19].
However, past literature is typically concerned with screens whose thickness is com-
parable to or smaller than the aperture dimensions (i.e. thin screens). Further, the
usual focus is on transmission within a narrow band of frequencies.

The shielding properties of planar, periodic structures have been considered in
prior efforts [20]-[22]. For a thick conducting screen of apertures, one approach for
estimating the shielding effectiveness is to treat the screen as an array of cylindrical
waveguides. This is referred to as the waveguide below cut-off principle [23]. The
result is dependent on the attenuation constant of the aperture and the aperture
length. This technique is limited by the fact that it was developed to describe the
attenuation of waves propagating in an opening whose length is at least five times its
width [24]. In addition, this approach is only relevant when the frequencies of interest
are below the cut-off frequency of the dominant waveguide mode.

This dissertation uses mode-matching to determine the shielding effectiveness of a
doubly-periodic conducting screen of apertures whose thickness can be several times
the aperture size. This is accomplished by modelling the screen as an array of cylin-
drical waveguides. This study considers rectangular and circular apertures, and the
fields within them are represented using waveguide modal fields. The reflected wave
above the screen and the transmitted wave below the screen are found by applying

Floquet’s Theorem, thereby exploiting the doubly-periodic nature of the screen of



apertures. After enforcing boundary conditions and building a system of linear equa-
tions, the system is then truncated to produce a matrix equation which is solved
using standard techniques. The shielding effectiveness of the screen is determined by
comparing the transmitted power to the incident power carried by a plane wave. It
is clear that as the thickness of the screen increases, the transmitted power is greatly
reduced at frequencies below the cut-off frequency of the dominant waveguide mode.
However, increasing the thickness also increases the attenuation of the higher-order
waveguide modes, leading to non-convergent solutions to the matrix equation. By
selectively eliminating higher-order modes from consideration, meaningful solutions
are found. Results also show the effect of increasing the number of Floquet modes,
varying the incidence angle, and changing the incident plane wave polarization.

The mode-matching results for rectangular apertures are very similar to data
obtained by applying the waveguide below cut-off principle. However, the mode-
matching approach can be used in cases where the frequencies of interest are above
the cut-off frequncy of the dominant waveguide mode, when higher-order modes will
begin to propagate. Comparisons are also made to previously published data using
the mode-matching approach. The data curves are in strong agreement in each com-
parison. However, it should be noted that the previously published data considers the
principal Floquet mode as the only propagating mode. That approach is inconsistent
with the definition of the propagation constant for Floquet waves. Experimental data
using commercial-grade aluminum honeycomb is also presented as another compari-
son for the mode-matching results. In each case, the curves are in good agreement in
describing the transition from strong shield to weak shield.

This dissertation describes all of the theoretical, numerical, and experimental
investigations involved in this study. Chapter 2 outlines the theory, including deriva-
tions of fields produced both by the Floquet waves and within the apertures. Also

included is a detailed description of the enforcement of boundary conditions on the



electric and magnetic fields, and a full explanation of how the boundary conditions
were used to create a system of linear equations. Finally, the computation of shielding
effectiveness will be shown. Chapter 3 outlines calculations and numerical results for
both rectangular and circular apertures, including computation of the integral expres-
sions that are described in Chapter 2. The experimental set-up and results are dis-
cussed in Chapter 4. An open set-up using horn antennas and a network analyzer was
used to conduct shielding measurements on samples of aluminum honeycomb. The
results confirmed the general behavior versus frequency that was expected. Chapter
5 discusses the considerations that were made in order to obtain the numerical results
in Chapter 3. This involves the truncation of the matrix equation in order to solve
for the unknowns. Most important was the observation that as the thickness of the
screen increased, the number of waveguide modes had to be reduced in order to get
convergent solutions to the matrix equation. The remaining chapters include conclu-
sions, references, and appendices for techniques that were critical to the development
of the theory.

Mode-matching applied to thin screens is not a new technique, and neither is com-
puting and/or measuring shielding effectiveness. However, using mode-matching to
determine the shielding effectiveness of thick screens across a wide range of frequen-
cies is a new direction. To the author’s knowledge, the comparison of mode-matching
numerical results to experimental data for aluminum honeycomb has not been done
until now. Also, the use of styrofoam boards covered in foil tape to analyze the hon-
eycomb samples is a new approach, but similar to using large metal plates with an

aperture to analyze composite materials.



CHAPTER 2

THEORETICAL FORMULATION

2.1 Floquet Waves

The layout of a screen of apertures is shown in Figure 2.1. It is considered to be of
infinite extent in the x and y directions and have thickness ¢ in the z direction. The
screen contains apertures that are arranged in a doubly-periodic fashion, with the first
axis of periodicity being the x-axis and the second making an angle ¢y with respect
to the x-axis. From Figure 2.1, the screen has a periodicity of ¢ along the x-axis
and d along the skewed axis. By representing the screen as an array of cylindrical
waveguides, each element of the array is represented by a cell and the center element
is regarded as the unit cell. The unit cell (S) is composed of two regions, the aperture
region (2) and the conducting region (S—$2), as shown in Figure 2.2 (Note: Although
the figure shows a rectangular unit cell, there are other possible choices for the unit
cell geometry; the rectangular cell is used as an example to graphically indicate S and
Q). A plane wave is incident on the screen with wave vector k* = ki + gk} — zkj,

where

Ic'z = k; sin 6; cos ¢;,
k; = ky sin6; sin ¢;,
ki =k, cosb;,
ki = wy/(mer),

and ¢, and p, are the permittivity and permeability, respectively, in region I (z > 0).
Similarly, €; and u, are the permittivity and permeability in region II (-t < 2z < 0),

and €3 and p3 are the permittivity and permeability in region III (z < —t). The



azimuthal angle ¢; is measured from the positive x-axis toward the positive y-axis,
while the zenith angle 6; is measured from the positive z-axis toward the negative
z-axis.

If regions I, II, and III are assumed source-free, the fields in each region can be
expressed using a TE/TM decomposition of the fields [25]. Furthermore, Hertzian
potential functions can be used to determine the fields while still maintaining the

wave nature of the solution [25]. The Hertzian potentials that are used are

IL(z,y,2) = 2ll(z,y,2)  (TM, Case),

u(z,y,2) = 2llx(z,y,2)  (TE. Case).

Due to the longitudinal nature of the potentials, their satisfaction of the wave equa-
tion simplifies to only requiring the scalar component to satisfy the scalar Helmholtz
equation [25], or

(V2 + k2)neh =0.

The fields due to the potentials are

on, (o2 .
FE = Vg 92 + 2 (52—2 + k2> He + Jwuz X thh, (21)
oIl 0?
H = Vg-é';- +z (@ + kz) I, — jwez x VI, (2.2)
where
.0
Vt =V - Z&,
k% = w?pe,

so that k? = w?u€e; and k2 = w?uze;.

Because of the doubly-periodic nature of the array of apertures and the plane



wave excitation, the potentials in regions I and III must obey Floquet’s Theorem,
such that

Heh(zv Y, Z) = e_jk T _Jkyyneh(x Y,z )

Using the results from Appendix A, I17, can be expanded in a Fourier series such that

I} (z,y,2) = Z Hehmn (2 27rcmxe —j 22 csc oy + j 22 cot by
m,n=—o0o0
Using this, Il., can be rewritten as
Hen(z,y,2) = e —jkz e~ Jkyyneh(x Y, 2)
= Z M (z)e 3 (22 + K2)T =3 (54 e o — 22 cot o + K, )y
m,n=-—00
= Y () donTemiBmy (2.3)
m,n=—0o0
where
am =T K, (2.4)
c
2 2rm
an = —Z—n‘ CSC ¢0 - —7r—— cot ¢0 + k (25)

and the indices m and n are the Floquet mode indices. Substituting II.; into the

Helmholtz equation leads to

02 9 &
(V2 + B = (5;5+'67+ﬂ+k2>ﬂ
00 2 . .
= 0. (2.6)



If a function F},,(z) is defined such that

o2
Fon(2) = <— - B2 + K+ . 2) Hepmn(2),
(2.6) can be rewritten as
Z Fn(z e~ JamT =7 Bmny _ . (2.7)

m,n=—00

The orthogonality of the exponentials can be used to simplify (2.7) by removing the
infinite summations. This is done by multiplying (2.7) by another pair of exponential

expressions and integrating over the unit cell region over which the Floquet waves are

defined. This leads to

/eja..zejﬁaby[ Z Fon(2)e jamxe—jﬁmny] ds = 0. (2.8)

S m,n=—0o0

Interchanging the order of summation and integration, (2.8) becomes

Z an /ej(aa - am)xej(ﬁab - an)yds =0. (29)
mn=-—o0oo S

The orthogonality of the exponentials allows the integral in (2.9) to be evaluated such
that

/ej(aa - am)xej(ﬂab - Bm")yds = Asdamébﬂ’
S

where A, is the area of the unit cell, and ¢ is the Kronecker delta function [26].

Rewriting (2.9) once more leads to

A, Z OamObn Finn(2) = AsFn(2) = 0.

m,n=—00



With A, being a constant and assumed not equal to zero, it follows that

2

Fon(2) = (—afn — ﬂfnn + k2 + 6_) Mepma(z) =0,

or

022

82

(ann + g) Hehmn(z) = 0,

where

2 _ 1.2 2 2
an_k — 0~ Pmn:

The solution to the ordinary differential equation in (2.10) is

Hehmn(z) = a‘e+hrnne_]Fm"‘z +a, e+]rmnz)

ehmn

(2.10)

which represents waves either propagating or evanescent in the +z and -z directions.

The potential expression in (2.3) can now be rewritten as

Heh(l‘v v, Z) =

when z < —t, and

Heh(xv Y, Z) =

when 2z > 0, where

and k; = wy/(p€1) and k3 = w,/(pu3€3) represent the wave number in regions I and

II1, respectively. Also, the coefficients a

oo . . .
Z ae_hmne_]amxe_]ﬁmnye'*']rg

m,n=-00

)2

oo . . .
S a6 I0mTeBmny =il

m,n=—00

1) 2 2 2 2
F£n21 = kl -0y = Ian’
F(3)2 = k2 _ a2 -7

mn — "3 m mn)

+
ehmn

and a

ehmn

represent the complex Floquet



wave coefficients in regions I and III, respectively. Two observations are made here.

The first is that the sign of {/I'2,, must be chosen such that

?R{\/_F?n_n} >0 and 3{@}<0

to ensure that propagating Floquet modes propagate away from the screen and evanes-
cent Floquet waves in each region decay away from the screen. The second observation

is that the potential expressions can be rewritten as

= —JTmn T, +iT3) 2
IIen, = z apmne JTmn TeTJmn (2.11)
m,n=-00
when 2z < —t, and
5 —jTmn -7, —jT1) 2
Men = Y afypne JTmn Te™ ) mn (2.12)
m,n=-00

when z > 0, where 7., = Ty, + YBmn and r = Tz + gy + 22.

The Floquet wave fields will be matched to fields within a waveguide whose lon-
gitudinal axis is the z-axis, and thus only the transverse components of the electric
and magnetic fields will be needed. The transverse electric field is taken from (2.1)
as

M .
Et = Vtaa_z + Jwpz X thh, (213)

while the transverse magnetic field is taken from (2.2) as

I
H,= vt% — jwes x V,IL,. (2.14)

With complete expressions for the Hertzian potentials in regions I and III, the electric

and magnetic field expressions for both regions can be determined. Substituting (2.11)



and (2.12) into (2.13) leads to the electric field, which is

(1)

(1) 00 (1) .~ (3) .
EP = Y |7 D0 — w0y o, (rmn x 2) | eFI 20 Tmn -7,
m,n=—00 (3)

Similarly, the magnetic field can be found by substituting (2.11) and (2.12) into (2.14),

which leads to

(1)

H ) = > q:a,,mnlf‘mn‘rmn +we(1)aemn(‘rmn X %) eFilmnzo=jTmn T
mn=-—00 3)

In cases where signs, subscripts, and/or superscripts are stacked, the upper signs,
subscripts and superscripts correspond to region I (z > 0), while the lower signs,
subscripts and superscripts correspond to region III (2 < —t). Making some substi-
tutions for constants and taking Z x H, the transverse electric and magnetic fields

can be expressed as

E, = Z [:FAemn mn Ahmannn ’ (2.15)
m,n=—0o0
ixHy= 3 iA,,,,mY(s) RE, + A;'.,:n,,n 3 R |, (2.16)
m,n=-00

where
1)

A(:ut'nn = emnrm" Tmn \/A_S)

AI:Enn = W) af:,jfnnTmn V A,,

(3)
(1)
Rz%nn = Tmn R, = Romn e:F]anZ
(1
RE, = (i X )RE, = Ripne ™02,

10



(1) (1

R:t = 1 e:Fj]‘—"('?’)lze_ijn -r - Rmneq:jrf(r?rz,z’

™ VA,
R, = 1 e JTmn T
mn \/A_s )
len = (‘f‘mn X 2)ann, (2.17)
R2mn = ‘fmanm (218)
- Tmn
Tmn = )
Tmn

Tmn = |Tmn| = V aZ, + Bin,

and the wave admittances are given by

(1)  WwWeq)

(3 _ 3
Yoo = (1)
(3)

mn

(1)

(1) (3)
Yh(s) = —_—mn .
WH (1)

(3)
2.2 Waveguide Fields

2.2.1 Modal Fields

To determine the fields within the screen, a modal expansion will be performed using

Hertzian potentials. The Hertzian potentials used for this expansion are

Ip(z,y,2) = 2llep(z, vy, 2) (TM, Case),

th(x, y,Z) = énhp(xa yaz) (TEZ Case),

11



where p is an index to represent a particular waveguide mode. Due to their longitu-

dinal nature, these potentials must satisfy the scalar Helmholtz equation, or

(V2 + k), = 0, (2.19)

where k2 = w?uge,, and €; and p, represent the permittivity and permeability, re-
spectively, in the aperture regions within the screen (region II). The waveguide modal

electric and magnetic fields in terms of the Hertzian potentials are

o, (& .
Ep = Vt o2 + 2 ﬁ + k‘ Hep + Jwpoez X th'lh,,, (220)
2
H Vt aghp +z (aa > k2) th jwe22 X thep. (221)

The separation of variables technique can be used to express the solutions to (2.19)
as [25]

nep = wep($7 y)e:ijzZ,
th = ¢hp(xa y)e:ijzz’

where the mode functions 1., and v, must satisfy
V?"pehp + kzwehp = O, (222)

and
k2 = k2 — k2. (2.23)

To complete the satisfaction of the Helmholtz equation, Z(z) = eFik:2 satisfies

0’7

2
]

12



As was the case with the Floquet wave derivation, the fields of interest within
the waveguide are the fields transverse to the direction of wave travel, or the fields
transverse to the longitudinal axis of the waveguide, which is the z-axis. Thereforé,

(2.20) and (2.21) can be used to obtain the transverse fields as

oI,

Etp = Vt 92 + jwugé X thhp; (224)
a1l
Hy,=Vi— z"” — jweas X VI, (2.25)

For the TM, case, the potential Il., can be used in (2.24) and (2.25) to express the

modal transverse field components as

Egp = :Fetpeq:jkzz, (226)
H, =Y, (; x e,)eTik:2, (2.27)

where
ep(z,y) = 7k Vivep(z,v), (2.28)

and the complex wave admittance is

A modal expansion of the total transverse electric field within the waveguide in terms

of sinusoidal functions and complex coefficients A, and B, leads to

E7 =Y [Apsin(k,z) + Bycos(k,2)|Eyp (2.29)
P

13



where

€ip
E, =22
fpe
fpe = /etp * €yp dS, (230)
Q

and f, is used to make the modal fields orthonormal. For a modal expansion of the

transverse magnetic field (2 x HT), (2.26) and (2.27) can be used to reason that
. r 0. T
Jwe B, = 5;[2 x H;]. (2.31)

This is accomplished by taking the cross product of 2 and H,, and then taking a

derivative with respect to z such that

D (sxHy) = (Ve x 2 x e)eTIH?)

= FjweremeTIhi?

= JjwerEyp.
Substituting (2.29) into (2.31) leads to

jweE] = jwey Y [Apsin(k,z) + B, cos(k,z)|Eyy

p
=y j‘ikf—‘*k,[A,, sin(k,z) + By cos(k;2)| Eyp
P z

z

= 1 Zjﬁkz[Ap sin(k,z) + By cos(k.2)|Eyp
m Gk

o ..
= Ez[sz,T]

14



where 7, represents the intrinsic impedance in region II. The solution for z x HT is

1
:x HT = “m Zj%[Ap cos(k.z) — Bpsin(k,z)|Ey,.
2 p z

(2.32)

For TE modes, a similar approach can be used to determine the fields. II,, can

be used in (2.20) and (2.21) to express the modal transverse field components as

H,, = FhyeTik:2,

Etp = th(ﬁ X htp)eq:jkzz,

where

htp(xv y) = jkzvtwhp(xa y)7

and the complex wave impedance is

The modal expansion for the total transverse electric field is
E{ =Y [Cysin(k,2) + D,cos(k,z)|Ey,
p

where
_ th(i X h'tp)

Etp - \/f; )

fon = / Znp(3 X hup) - Znp(5 % hiyp) ds,
[1]

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

C, and D, are complex coefficients for the TE modes, and f,, is used to make the

fields orthonormal. To obtain the magnetic field expansion, it can be shown using

15



(2.33) and (2.34) that

jwpz (2 x HY) = 5~ (EY). (2.38)

0
9z
This is accomplished by taking the cross product of Z and H,, and then multiplying

by jwpu such that

Jwity (2 X Htp) = ]wya (2 X (q:htpe:}:jkzZ))

= Fjwpz (2 x hy,) eTIk:

Substituting (2.36) into (2.38) leads to

o} 0 :
5;(E$) = 3 > [Cpsin(k.2) + D, cos(k,2)|Eyp
3

= Y k,[Cpcos(k,z) — Dpsin(k,2)|Ey,
P

= Jwps (2 X HtT) .
The solution for 7 x HT is

:x HT = qu > k.[Cpcos(k,z) — Dysin(k,2)|Ey

= kz C,cos(k,z) — D,sin(k,z)|E,
P p P

= ;2: *[Cp cos(k.z) — Dysin(k.2)| Es. (2.39)
p

2.2.2 Mode Functions for Rectangular Waveguides

For the case involving rectangular apertures, the screen is modeled as an array of

rectangular waveguides. Many textbooks have analyzed the rectangular waveguide,

16



including [25]-[27]. Some details of determining the mode functions are repeated here.

Consider a rectangular aperture defined such that —% <z< % and —g <y< g,
and filled with a material with permittivity e, and permeability u;. To properly
represent the fields within the aperture, the mode functions 1., and 1, must satisfy
(2.22) and (2.23). In addition, each mode function must also satisfy the appropriate
boundary condition. For TM modes, that is the homogeneous Dirichlet boundary

condition, or

"»[}ep = wep(m’ y) =0, T,y €erl,

where T is the contour defining the boundary of the waveguide. Also, the index p
refers to the p** mode, whether it is a TM or TE mode. The well-known result is

that 1., can be represented as

Yep = Sin [kJE (x + %)] sin [ky (y + g)] , (2.40)
where
k, = ? m=1,2,3,..
k, = % n=123,..
and

K2 = kE - K2 = k2 4 K2,

Just to clarify, the index p refers to the p** mode combination of the indices m and
n for TM and TE modes.

For TE modes the requirement is satisfaction of the homogeneous Neumann

17



boundary condition, or

awhp _ 61/)hp
on  On

(z,y) =0, z,y €T,

where n is the variable for the normal direction to I'. The well-known result is that

Ynp can be represented as

b
Yhp = COS [kz (z + %)] cos [ky (y + 5)] , (2.41)
where
k=20 ;m=0,1,2,3,..
a
k=2, n=0,1,2,3,..
b
and

K2 =k — k2= K24 K2,

Also, m and n cannot be simultaneously equal to zero for TE modes.
2.2.3 Mode Functions for Circular Waveguides

For the case involving circular apertures, the screen is modeled as an array of circular
waveguides. Many textbooks have analyzed the circular waveguide, including [28](27].
Some details of determining the mode functions are repeated here.

Consider a circular aperture defined such that 0 < r < a, and filled with a material
with permittivity €; and permeability u;. To properly represent the fields within the
aperture, the mode functions v, and 1, must satisfy (2.22) and (2.23). In addition,
each mode function must also satisfy the appropriate boundary condition. To satisfy

the homogeneous Dirichlet boundary condition for TM modes, the well-known result

18



is to define 1), as

Yep = Je (Zf-r) [A cos(cg) + B.sin(cg)], (2.42)
where x.q is the d* zero of the c'* order Bessel function of the first kind. Also,

Bk K=

kr — Xcd
a

To satisfy the homogeneous Neumann boundary condition for TE modes, the

well-known result is to define 9, as

Yhp = Je (X—::“—'r) [A cos(cg) + B.sin(cg)], (2.43)

where x/, is the d"* zero of the derivative of the c** order Bessel function of the first
kind. Also,

K2 = k3 = K2 = Ko

zmn rmn )

2.3 Enforcement of Boundary Conditions

In order to relate the Floquet wave and waveguide coefficients, boundary conditions
are enforced at the upper and lower surfaces of the screen, which correspond to
z = 0 and z = —t, respectively. This is accomplished by taking the transverse field
expressions and equating them at the boundaries. Using (2.15), (2.29), and (2.36),

the continuity of transverse electric field within the aperture region leads to

E; + Z [_Ajr-nnR2mn - A]-;tnanmn] = ZGpEtp, T E Q (244)
P

m,n
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when z = 0 and

—ir® —_ 473
Z [A;mnR'b’mne ITrnt — Apmn Rimne ]ant]

m,n

=Y [~ Fpsin(k,t) + Gy cos(k,t)] By, req (2.45)
P

when 2z = —t. F, and G, are used here to represent the waveguide coefficients for
both TM and TE modes, given the similarity between (2.29) and (2.36). It is assumed
that the transverse electric field outside of the aperture but within the unit cell will
go to zero at z = —t due to the presence of a perfect electrical conductor in that
space. The quantity E} represents the transverse electric field in the plane z = 0 due

to the incident plane wave, and it is defined as

E} = Ej(ie; + i/csy)e—jko(ﬂC cos ¢; sin§; + y sin ¢; sin 6;) (2.46)

where e, and e, are used to describe the transverse field components and Ej is the
incident electric field amplitude. Using (2.16), (2.32), and (2.39), the continuity of

transverse magnetic field within the aperture region leads to

ExH+ Y [A;mn(l)Rgm,. + A Y,,(I)len] =3 [:n—?FpEtp} , reqQ

hmn
’ (2.47)
when 2z = 0 and
(3) (3)
Z Ae_mnYe(g) R2mne_]r\mn b I:mnyh,(?)) lene_er" t
=Y [—n—u”Fp cos(k;t) + G, sin(k,t)] E,, re (2.48)
P 2
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when z = —t. The quantity z x H} represents the transverse part of the incident

magnetic field in the plane z = 0, and it is defined as

3 % H: = (Ghy — jhy)?e-jko(xcos ¢;sin §; + ysin ¢; sin 0,~)’ (2.49)
1

where h; and hy, describe the transverse field components and 7, is the intrinsic

impedance in region I. Also, v, is defined such that

ko
=g,

for TM modes and
.k,

for TE modes.

2.4 System of Linear Equations

The Floquet waves are orthogonal such that
/len . R,‘,m,n,ds = 61[’5mm’5nn’,
5

and 4 is the Kronecker delta function [26]. Having enforced the boundary conditions,
the orthogonality of the Floquet waves can be used on (2.44) and (2.45) to solve for
the Floquet wave coefficients. Multiplying (2.44) by R}, ,  and integrating over S
gives

Ar = / E:-R;, ds-3 G, / E, R.,.ds. (2.50)
s 4 Q
Multiplying (2.44) by R;,,, and integrating over S gives
Ajr-nn = /E; ) Rsmnds - ZGP/EW ' R;mnds' (251)
S P Q
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Multiplying (2.45) by R}, and integrating over S gives
- ]F(a) t . *
Apn = €27 mnt Y " [Fosin(k,t) — G, cos(k,t))] /Etp - Rj,,ds. (2.52)
P )
Multiplying (2.45) by R, and integrating over S gives
— ]P(s) t . *
AL, = edTmnt S (= F, sin(k,t) + G, cos(k;t)] / E,- R;,ds. (2.53)
P Q
The modal waveguide fields are orthogonal [28][29] such that
/Etp . EtpldS = 6pp"
Q

In fact, they are orthonormal due to the normalization that is applied by (2.30)
and (2.37). The waveguide field orthogonality can be used with (2.47) and (2.48) to
obtain additional expressions involving the Floquet wave coefficients and waveguide

coefficients. Multiplying (2.47) by E,y and integrating over {2 gives

_;,/

Ey [ALY O Ry + ALY Ripy] ds = %Fp-l- / [x Hi]-Eyds. (2.54)
2
Q Q

Multiplying (2.48) by E,, and integrating over (2 gives

—4ir®) — -
Z/C ]Fm"tEtP ) [Ahmans(s)len - AemnYC(s)Rzmn] ds
mn o

Vp

= a[Fp cos(k.t) + Gpsin(k,t)). (2.55)

Making some substitutions, (2.50)-(2.55) can be rewritten as

A;;tnn = Slmn - ZGpPIpmm (256)
p
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Ajr—nn = S2mﬂ - ZGPPmena (257)
p

(3
A = I Tmnt SO(Fysin(kst) — G, cos(kst)] Prpmn, (2.58)
)
— _ jT®¢ _ .

A, = el mnt S Fosin(k,t) + G, cos(k.t)] Papmn, (2.59)
)

V.

in = - Z[A:-mn}/e(l)QQPmﬂ + AI;}_mnYh(I)lem"] - SP’ (260)

S e I 47 Vi) Qupmn — A7, Y Qoprnn] = Z2{Fycos(kt) + Gysin(k.t)],
2

| (2.61)
where
Stmn = / E;- R;,.ds, (2.62)
S
Sann = [ By Ripuds, (263)
S
, = [(&x H}) - Eyds, (2.64)
Q
Plpmn = /Etp : RImndS, (265)
Q
P2pmn = /Etp : R;mnds, (266)
(9]
lemn = /Etp - Rymnds, (267)
Q
Q2pmn = /Etp * Romnds. (268)
0

Eliminating the Floquet coefficients by substituting (2.56) and (2.57) into (2.60), and

(2.58) and (2.59) into (2.61), and making some additional substitutions, leads to

F, - Z G:iKyi = Jp, (2.69)
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E,Wy +GWy = 3 [ETy — Gy =0, (2.70)

i
where

Jp = —Sp - Z[Ye(l)SanQ2pmn - Yh(l)slanlpmn],

Ky = Z[Yh(l)Plianlpmn + Y PrimnQopmn),

mn

Tpi = Sin(kzt) Z[}/e(s)PZianhmn + Y;(I)Plianlpmn],

m,n
Upi = COS(kzt) Z[}/e(s)Pﬁan?pmn + Y;(I)Plianlpmn],
m,n
7 2
J, = —=Jp,
p vy p
7 2
Kpi = ‘V;Kpi,

rc __ Vp
Wy = ™ cos(kzpt),

v
W?* = Lsin(k,t).
P om ( : )
Expressions (2.69) and (2.70) can be used to construct a square matrix equation of
the form Az = b, where the unknowns are the waveguide coefficients. Once the

waveguide coefficients are known, (2.56)-(2.59) can be used to compute the Floquet

coefficients.

2.5 Shielding Effectiveness

Shielding effectiveness is defined as the ratio of power carried by the Floquet waves
in region III to the power carried by the incident plane wave in region I. Computing
the power carried by the Floquet waves requires determining the power transmitted
through the unit cell. This is computed by integrating the time-average Poynting

vector,

1 “ .
P =S/§§R(E x H*) - 5ds. (2.71)
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Using vector identities and passing the dot product inside of the ® expression, (2.71)
can be rewritten in terms of the transverse components of the electric and magnetic
fields, leading to
p=- %?R(Et (5 x H?))ds. (2.72)
5

Recalling (2.15) and the complex conjugate of (2.16) for the fields in region III
gives

EC = i [Ae_mnR’Z_mn - A;man_mn] ’

m,n=—00

(o o]
ixHy= Y [-Ag YRy, + AZYO Ry

hpq~ h 1pq epq- e
P,g=—00
Writing out the dot product in (2.72) gives

2 * - - —* D— —x * - - D— —% 3)=
E,- (z X Ht) = Z [AemnAepq mn RquYe(a) + AhmnAhqulmn ) Rlpth( )
mmn,p,q=—00
- —x - —x v (3)* - —x D— —x *
_AemnAhqu’lmn ’ Rlpq h( o AhmnAequlmn ’ Rzpq)/e(a) ] . (273)

Substituting (2.73) into (2.72) leads to four integral expressions. The integrals can

be evaluated using the orthogonality properties of the Floquet waves, giving

(3 1(3)x T3 iT(3)*
/RQ_mn ) R‘Z_p‘qu = e]r‘snlze_]r‘gnh i / Romn - Ryppds = CJFSnZ,ze—JF%L 25’"”6""’
S S

T(3 _AT(3)* T (3) AT (3)=*
[ Rin Ripds = eI Thze—iToN 2 / Rimn - R}gds = e/lmnze=3T0n'25, 5,
S S
. TG , T .
/Rzmn .Ryds = Iinz =il Z/R2mn R}, ds =0,
S S

(3) 5

_ . . _iT(3)* .
/RZmn ’ R‘Zmds = e]an € ern z / Rimn - R2qus = 0.
S S

25
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Equation (2.72) can now be rewritten to reflect transmitted power such that
1 e . N\ i0B) ; _iTd)
Puans = =5R | 2 (145mP YO + A5 PV) I Tmze=iTnn2 | (274)
m,n=-—00
For propagating Floquet modes,
r®?=k2—a2 — B2 >0, T isreal and positive,
while for evanescent Floquet modes,

I‘S;Q;Z,Q =ki-o? -p2, <0, I'®) is imaginary and negative.

The Floquet wave admitttances Y® and Y\ are defined as

Y. (3)
mn
Y(3) FS’;L
h wps’

and w, €3, and p3 are always real and positive. Therefore, for evanescent modes, Yem
and Y,,(3) are imaginary, so these modes provide no contribution to the series, and

(2.74) can be rewritten as

1 _
Pirans = _2 [2 (lAemn‘2Y<a(3) + lAhmn|2Y)53))] ’ (275)

m,n

where m and n correspond to the indices of propagating modes. The power carried
by the incident plane wave is determined by substituting (2.46) and (2.49) into (2.72),

leading to

mc - /
S

R[E; (:x HY)|ds = -

|-
(’)\

[(eyh —ezhy) Ey } ds

Ui

S
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_ —A cosb;

i2
Ey". 2.76
Sy (2.76)

Shielding effectiveness (SE) is computed based on the ratio of transmitted power to
incident power so that

Praﬂ.s
: ) . (2.77)

The transmission coefficient (T) is the negative of the shielding effectiveness in dB

such that

(2.78)

Prans
TdB = —SEdB =10 loglo ( t ) .

Rnc
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Figure 2.1. Doubly-periodic conducting screen of apertures with general cross-sec-
tional shape.
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Figure 2.2. Unit cell for a doubly-periodic conducting screen of apertures with general
cross-sectional shape.
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CHAPTER 3

NUMERICAL RESULTS

3.1 Rectangular Apertures

The layout of the screen for the rectangular aperture case is shown in Figure 3.1,
where the skew angle of the array, ¢, the x-periodicity ¢ and the skewed periodicity
d are shown. Figure 3.2 shows the unit cell, where the aperture dimensions are a and
b, and the unit cell dimensions are u and v.

3.1.1 Calculations

In order to compute the shielding effectiveness of a screen of rectangular apertures,
a total of 14 integral calculations must be made. Four of them, (2.30), (2.37), (2.62),
and (2.63), refer to TM or TE modes, or neither. By contrast, (2.64), (2.65), (2.66),
(2.67), and (2.68) account for the other ten because each must be calculated for both
TM and TE modes within the aperture. However, some similarities between the
different formulas will lead to some redundancy in the calculations.

3.1.1.1 Computing S;,,, and Sy,

Substituting (2.17) and (2.46) into (2.62) leads to

Simn = / Ei R ds
S

ex,an - eyam E6

- ( Jok + B2, ) VA,

x /e—jx(ko cos ¢; sinf; — am) ,—Jjy (ko sin ¢; sin6; — Bmn) 4

S
= (ez\;;n?: :r Z?:.m) ji_ip (g) G (321) (3.1)
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where
__sin [z(ko cos ¢;sin 0; — o))
F(z) = (ko cos ¢; sin b; — ay,)

bl

__sin [y(kosin ¢; sin 0; — By, )]
G(y) - (ko sin ¢i sin 0,' - ,an)

Equation (3.1) is true for all combinations of the Floquet mode indices m and n except

for three. If m = n =0, (2.62) becomes

Simn = (M) Eivuv. (3.2)

V0 + Bhn

If m = 0 only, (2.62) is expressed as

_ [ €xBmn — €yam | 2Eju (E)
Slmn - ( \/a?n n ﬂ?nn ) \/171; G 2 . (33)
And if n = 0 and ¢ = 90°, then (2.62) is found to be
[ €xBmn — eyom | 2Ejv ( E)
s () e () o0

Using similar reasoning, substituting (2.18) and (2.46) into (2.63) leads to

Samn = /Ei'R;mnds
S

[ ecom+eBmn) Ej
Voi + B2, | VAs
% /e-—j:c(ko cos ¢; sin 0; — am) ,—jy (ko sin ¢; sin 6; — Binn) 44
5

() R Qo0
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Equation (3.5) is also true for all combinations of the Floquet mode indices m and n

except for three. If m =n = 0, (2.63) becomes

erQm, + eyﬂmn> ES\/{E (36)

SZmn - ( ’__agn T ﬂ?nn

If m = 0 only, (2.63) is expressed as

[ ezam + €yBmn \ 2Eju (g)
S2mn - ( \/agn + ﬂ?nn ) \/%G 2 . (37)

And if n = 0 and ¢y = 90°, then (2.63) is found to be

2E%v '

[ ezam + €yBmn u
s (S VP ) o

3.1.1.2 Computing f,. and fp

To evaluate fpe, the normalization integral for TM modes in the aperture, (2.40) is

substituted into (2.28), leading to

e, = ik, (:inrcz cos [kx (o + g)] sin [ky (y + g)]
ool ()

which is then substituted into (2.30) such that

fre = / €y - ey ds

0

= —k? / k2 cos? [kz (x + %)] sin’ [ky (y + g)] ds
Q

32 [ 202 a 2 9
k,!kysm [kz (4 3)] cos [ky (y+ 2)] ds

ab

—k2 (k2 + k2) +
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This result is found by using basic substitution to evaluate the integrals and discarding
any terms that involve the sine of an integer multiple of 7, which is always zero.

To evaluate fps, the normalization integral for TE modes in the aperture, (2.41)

ol (3)]

is substituted into (2.35), leading to

Zop (3 % hip) = k. Zng (zk cos [k, (= + 2]
— gk, sin [k,,. (x+§)]cos[ ( )D

which is then substituted into (2.37) such that

fon = / Znp(2 X hap) - Znp(2 X hyp)ds
Q
_ 2.2 [2. 2 aN| . 2
= —wyu /kycos [kx <x+ 2)] sin [
Q
—w?p? / k2 sin® [IcI (x + %)] cos? [ky (y + g)] ds

ab
4’

Pend
<
VS
<

+
N | o
N——
[
o
»

= —wy? (k2 +k2) (3.10)
This result is also found by using basic substitution to evaluate the integrals and
discarding any terms that involve the sine of an integer multiple of 7, which is always
zero. Equation (3.10) is valid for all TE modes in the aperture except for those

involving either k; = 0 or k, = 0. If k; = 0, f,, becomes

fph

Il

[ Zin(z X hup) - Zay( x hip)ds
Q

= —u)?ur"/k;sin2 [k (y+ b)] ds

2ab

= —wu k (3.11)
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If k, =0, fpn becomes

fon = [ Zapl2 X hy) - Zugl2 x hiy)ds
(9]

= —w2/12/k§ sin? [kI (a: + g)] ds
Q

= —wzuzkf‘:%—b. (3.12)

3.1.1.3 Computing S,

Using (2.26), (2.28), (2.40), and (2.49) in (2.64) and making some substitutions gives

STM = / (2 x HY) - Eyyds
9]

—_ Uz T Uy Y o g)] 9
G’o!e e"y9 sin {kx (:L‘+2 cos lky (y+2)st

—Hoh/euzxevyy coS [kz (x + %)] sin [ky <y + g)] ds
eNe? (%) G, (g) — HoH, (%) H, (g) (3.13)

for TM modes, where

Gy = thky,
771\/ fpe
Hy = 2*:Byp k.

Th\/fz

_ —kge¥sT[1 - 2sin®(k,z)] + ke~ Uz

G\(z) = TR , (3.14)
v,eYY[1 — 2sin®(k,y)] — v,e VY

Ga(y) = =2 . Y : 3.15
UzT[1 _ 9 in2 o= UL

Hy(z) = ue¥st[1 — 2sin®(k,x)] — uge , (3.16)

u2 + k2
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_ —kyeWY[1 — 2sin?(kyy)] + ke WY

Ha(y) TR , (3.17)
Yy

uy = —jko cos ¢; sin 6;, (3.18)

Uy = —jkg sin (b,‘ sin 9,’. (319)

There are a couple of special situations that should be noted for making these cal-
culations. If either u, = 0 or k; = 0, the effect on (3.14) and (3.16) can be found

directly from those expressions. However, if u, = k; = 0, (3.13) becomes

SIM = —HoaH, (g) : (3.20)

Similarly, if v, = k, = 0, (3.13) simplifies to
a
SIM = GGy (5) b (3.21)

The effect of either v, = 0 or k, = 0 can be found by directly evaluating (3.15) and
(3.17).
For TE modes, using (2.34), (2.35), (2.41), and (2.49) in (2.64) and making some

substitutions gives

7% = [(:x Hi) - Byds
Q

- U Uy Y 2)] b
Gon/e ey sm[k,(x+2 cos[ky,,(y+2 ds
a\] . b
_Hohfeuzxevyy cos [/’cI (:r + 5)] sin [kyn (y + 5)] ds
b b
= —GoGl (g) G2 (5) - H()Hl (g) H2 (5) y (322)

where G,(z), G2(y), Hi(z), H2(y), ug, and v, are defined by (3.14), (3.15), (3.16),
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(3.17), (3.18), and (3.19) respectively, just as they were for the TM case. The change

is in the definition of Gy and H,, where

_ Jk.Znp By

GO thkzv
771\/ fph
Hy = PK:ZmEoy

771\/fjh

for TE modes. Similar to the TM case, if u, = k, = 0, (3.22) becomes

b
SZE — —HoaH2 (5) .
If v, = k, = 0, (3.22) simplifies to

ST® = ~GoG1 (3) b

3.1.1.4 Computing Piymn, Popmny Qipmn, and Qopmn

(3.23)

(3.24)

In order to evaluate Pipmn, Pepmn, Qipmn, and Qopmn, the same computations that

were carried out previously for S, are repeated. In fact, the formulas to be shown will

include the functions G,(z), G2(y), Hi(z), and H,(y), which are defined by (3.14),

(3.15), (3.16), and (3.17), respectively.

To calculate Py, for TM modes, substituting (2.4), (2.5), (2.17), (2.26), (2.28),

and (2.40) into (2.65) gives

PlTl"%n = /Etp ) R;mnds
Q

- UsT VY 2)] b
G'Or[e e’y sm[k,(x+2 cos[ky(y+2 ds

UgT Uy Y E)] : b
+H0f[e e’y cos[kx(:c+2 sxn[ky(y+2
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AL (g) - HoHty (5) Ha (g) , (3.25)

where
_ jkzkyam
0 — )
\% As\/ fpe a2 + B,
Jk:kzBmn
Hy = =
VA ferJ02, + B2,
Uy = jQm, (3.26)
Vy = JBmn- (3.27)
If u; = kym =0, (3.25) becomes
b
If v, = kyn = 0, (3.25) simplifies to
P = -GG, (‘2—') b. (3.29)

For TE modes, Pipmy is found by substituting (2.4), (2.5), (2.17), (2.34), (2.35), and
(2.41) into (2.65), giving

qul;f:nn = /Etp : RImnds
1]

. a b
= Gof[euxmevyy sin [kr (l‘ + 5)] coS [ky <y + 5)} ds
a . b
+H0/euzl‘evyy cos [Icz (z + 5)] sin [ky (y + 5)] ds

Q

= GG (g) G, (%) + HoH, (g) H, (g) , (3.30)
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where
j kz kz Qam Z hp

VAT A B
— jkzky,anth .
VAN o J + Ban

0

0

If u, = k, =0, (3.30) becomes

b
PLE . = HoaH, (5) . (3.31)

If v, = k, =0, (3.30) simplifies to
1pmn

PTE = GoG, (g) b. (3.32)

To calculate Pypms for TM modes, substituting (2.4), (2.5), (2.18), (2.26), (2.28),
and (2.40) into (2.66) gives

P271;¢n/lﬂ = /Etp'R;mnds
Q
_ UL VY g)] b
GO([e e“¥J sin [k,(z+ 5 cos [ky (y+2 ds
a . b
+H0/euxxevyy cos [kz (J: + 5)] sin [ky (y + 5)] ds

o)
a b a b
= GoG, (5) Go (5) + HyH, (5) H, (-2-> , (333)
where
0= jkzkyﬂmn
VAg[FoerfaZ + B2,
HO —_ ]kzkzam

VAN fperJa2 + B
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and (3.39) and (3.40) still apply. If u, = k, = 0, (3.33) becomes

b
PN = HoaH, (5) ) (3.34)
If vy, = ky = 0, (3.33) simplifies to
PIM = GoG,y (g) b. (3.35)

When calculating Pypmn, for TE modes, substituting (2.4), (2.5), (2.18), (2.27),
(2.35), and (2.41) into (2.66) gives

P27I;§m = /EtP'RImnds
Q

_ Uz T VY o g)] b
Gon/e ey sm[kz(x+2 cos[k,,(y+2 ds
a\1 .. b
+H09/euz$evyy cos [k, (:L‘ + 5)] sin [ky (y + 5)] ds

= GoG: (g) Gs (g) + HoH, (g) H, (g) , (3.36)

where
j kz k:am th

G = )
" VA [eR + B,
— jkzkyﬂmnzhp )

VA Tonfo + B

0

If u, = k, =0, (3.30) becomes

Pyl = HoaH, (g) . (3.37)
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If v, = k, = 0, (3.30) simplifies to
PIE = GyG, (g) b. (3.38)

In order to compute Qipmn and Q2pmn for TM and TE modes, the formulas are
almost identical to what has been shown for Pipn, and Pyym,. The only difference is

that (3.39) and (3.40) are defined such that
Uz = —jOm, (3.39)

Uy = —jBmn; (3.40)

which are the complex conjugates of the versions used in computing Pipm, and Pypmn.

Otherwise, the formulas and constants are exactly the same.
3.1.2 Discussion of Results

Figure 3.3 shows a plot of transmission coefficient versus frequency, where each curve
represents a different value of screen thickness. The transmission coefficient is the
negative of the shielding effectiveness in dB. The aperture is square shaped with di-
mensions a = b = 3.6 mm, while the unit cell is also square shaped with dimensions
u = v = 3.6254 mm. The difference accounts for the thickness of the conducting
region. These aperture dimensions were chosen because they are typical of the di-
mensions of aluminum honeycomb, samples of which were used for an experimental
comparison to the numerical data. The excitation is a normally incident plane wave
with magnetic field perpendicular to the y — z plane, and the array of apertures is
unskewed, i.e. ¢ = 90°. Because the array is unskewed, the periodicity and the
unit cell dimensions along each direction are the same, i.e. ¢ =uand d =v. It is
clear that increasing the thickness of the screen decreases the transmission of power

through the screen at the lower frequencies. It is also important to note that once
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the frequency reaches approximately 41 GHz, the shielding effectiveness approaches
0 dB irrespective of the screen thickness. This is expected given that the aperture
size in this case is 3.6 mm, which corresponds to a cut-off frequency of 41.64 GHz for
the dominant TE;y and TE(; modes of a square waveguide. For a normally incident
plane wave with electric field perpendicular to the £ — z plane, the results are virtually
identical. To compute the curves in Figure 3.3, 882 Floquet modes were used. 60
waveguide modes (mode indices < 5) were used to compute the curves for the 1.1 mm,
2.2 mm, and 4.4 mm curves. For the larger thickness values, the curves for the shield-
ing effectiveness did not provide meaningful data when using 60 waveguide modes.
The trends that were observed in increasing from 1.1 mm to 2.2 mm to 4.4 mm were
not apparent. However, using less waveguide modes did produce useful results that
showed a continuing trend toward better shielding performance at lower frequencies
when thickness was increased. The reasoning behind the use of less waveguide modes
for higher thickness values is explained in Chapter 5, including the techniques that
were used to evaluate problems with high thickness values. The number of waveguide
modes used to compute the other curves in Figure 3.3 are shown in Table 3.1. All 60
waveguide modes and their corresponding cut-off frequencies are shown in Table 3.2.

Figure 3.4 shows the impact of changing the incidence angle 6; for a TM-polarized,
incident plane wave with a screen thickness of 5.5 mm. Results for 15° and 30° were
computed, but are omitted due to their similarity to the 0° case. The dips in the
higher frequency region are due to forced resonances that occur just prior to the
onset of grating lobes. These points are known as Wood’s anomalies [5][9], and they
occur at the point in frequency where the separation between the apertures is about
a wavelength. For the TE-polarized incident plane wave case, the curves in Figure
3.5 show more modest differences for the change in incidence angle. However, this
case does indicate a downward shift in the resonant frequency as 8; is increased, as

was noted in [5]. Here, the resonant frequency is considered the point at which full
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transmission is achieved. This is somewhat different from the TM-incidence case,
where the increase in 6; has no effect on the resonant frequency. Similar to the TM-
incidence plot, results for 15° and 30° were omitted due to their similarity to the 0°
case.

In getting numerical results for the rectangular aperture case, the choice for the
number of Floquet modes was (2 x 10 + 1)2 x 2 = 882, where each mode index (m
and n) ranges from —10 to +10 and there are TM and TE sets of modes. This was
the number of modes used in [19], and it represents the starting point for this study.
Some consideration was given to the idea that using more Floquet modes, while more
time-consuming for computations, might provide more accurate data. Figure 3.6
shows the comparison between using 882 Floquet modes and 1922 Floquet modes
while holding the number of waveguide modes at 60. No appreciable difference was
seen between the two cases when t=4.4 mm, and all curves were computed using
882 Floquet modes. A similar consideration was made with regard to the number of
waveguide modes being used. Increasing the thickness beyond 6.6 mm prevents the
use of 60 waveguide modes, but Figure 3.7 shows that just using the two dominant
modes (TE;q and TE¢,) of the square waveguide gives virtually the same curves as
using 60 modes when t=4.4 mm. However, it should be noted that if the apertures
were larger, higher-order modes would contribute at a lower point in frequency.

Figure 3.8 - Figure 3.14 show comparisons between mode-matching results and
data using the waveguide below cut-off formula at different thicknesses. The

waveguide below cut-off formula for transmission coefficient is given by

Tap = 20logy, (™) (3.41)

f 2
a= w@,‘ (7) ~1. (3.42)
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The quantity d is the length of the aperture, and f. is the cut-off frequency of the
dominant rectangular waveguide mode, which in this case is given by f, = 41.64 GHz.
As the thickness of the screen is increased to five times the aperture width and larger,
the agreement between the curves gets stronger. In fact, the waveguide below cutoff
formula was developed to describe the attenuation of waves propagating in an opening
whose length is at least five times its width [24]. The mode-matching approach is
not limited to a certain ratio between aperture width and aperture length/screen
thickness, making it more flexible for making shielding effectiveness calculations. In
addition, the mode-matching approach can be used for frequencies above the cut-off
frequency of the dominant waveguide mode.

Figure 3.15 and Figure 3.16 show mode-matching results using the proposed ap-
proach in comparison to past published results for mode-matching from [10]. Also,
Figure 3.17, Figure 3.18, and Figure 3.19 compare results to published data from [19].
In each figure, both sets of data are very closely related. However, it should be noted
that in [10] and [19], only the (m = 0,n = 0) Floquet mode was considered to be
propagating. The curves are in very good agreement if that consideration is taken into
account. However, if the frequencies of interest are high enough, other Floquet modes
will become propagating and should therefore be included in the analysis [21][30]. In
fact, the transmission nulls in Figure 3.15, Figure 3.16, and Figure 3.19 are due to the
Wood’s anomaly mentioned earlier. And in each case, the next propagating Floquet

mode occurs very close in frequency to the location of the Wood’s anomaly.

3.2 Circular Apertures

The layout of the screen for the circular aperture case is shown in Figure 3.20, where
the skew angle of the array, ¢q, the x-periodicity ¢ and the skewed periodicity d are
shown. Figure 3.21 shows the unit cell, where the circular aperture radius is a, and

the hexagonal unit cell dimension is u.
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3.2.1 Calculations

In order to compute the shielding effectiveness of a screen of circular apertures, a
total of 14 integral calculations must be made. Four of them, (2.30), (2.37), (2.62),
and (2.63), refer to TM or TE modes, or neither. By contrast, (2.64), (2.65), (2.66),
(2.67), and (2.68) account for the other ten because each must be calculated for both
TM and TE modes within the aperture. In addition, due to the mode functions used
for the circular aperture case, calculations must be done seperately for even and odd
modes. However, some similarities between the different formulas will lead to some

redundancy in the calculations.
3.2.1.1 Computing S;,,, and Sy,

Substituting (2.17) and (2.46) into (2.62) leads to

Simn = / E R, ds
S

_ ezﬂmn - eyam E6
Vo + B | VA
% /e—jx(ko cos ¢;sinb; — ) ,—jy(kosin ¢isin0; — Bun) 4
5

€zBmn — €yam \ 4E}
- ( Vo2 + B2, ) va, i

+ Fy(u)] (3.43)

where
s 2u . 2u
—Jp ; Jp :
Fw) = & 7 (eJ(% + o) _ 1) _ Lpﬂ_ (1 i px)u) |
py (% + p:) py( 5 — Ps) s
.44
s 2u . 24
—JP, ; jp :
Fz(u):_ey_%(e](%—p,)u_l) _%l(l_e—](%+pz)u),
Py (‘% - Px) py( 5 + p2) o
3.45

pzr = kocos ¢;sinb; — oy,
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Py = kosin ¢;sinf; — Byn.

This result is obtained by forming linear equations for the unit cell boundaries and

integrating over the limits. The equations are

yi(z) = L 2—u,
V3 V3
a(z) = =z +
V3 V3
(2) = o=z - 2%
Y3 \/3 \/gv
y4(.’17) = _—117 + —2£,
V3 V3
and F(z) and F,(z) are expressed as
0 ) [ ¥2(z)
Fi(z) = /e_-“”tjc / e JPy¥dy| dr,
—u | y1(z)
u . F ya(z) .
Fy(z) =/e—]px$ / e JPv¥dy| dz.
0 Lya(z) J

Equation (3.43) is true for almost all combinations of the Floquet mode indices. If

m =n = 0, (3.43) becomes

_ €zBmn — €yQm i
Slmn - ( \/m ) EO\/Z;' (346)

If the mode indices are such that p, = p,v/3, (3.43) still applies with (3.44) and (3.45)

simplifying to

u, (3.47)

. 2u s 2u
—IPyv 5 . p JPy /3
Fl(’U,) € ) <e](—”- + pz)u _ 1) .€

= — V3 -3
P
pu (% + - Py

45



—Jipy2 —jpy 2
Fy(u) = _ep_y_Z'a_ (e_j(% +pe)u _ 1) +je—y7iu. (3.48)
Py ('\/'% + pz) Py

Using similar reasoning, substituting (2.18) and (2.46) into (2.63) leads to

Somn = / E -R, ds
S

_ [ezom +eyBmn) Ej

B ( Vo + B, ) VA,

% /e—j:z(ko cos ¢; sin 0; — o) ,—Jy(kosin @; sin6; — Bmn) 46
5
€xQm + €y0mn |\ 4E}

- (\/a?nw?m) 4,

with F(u) and F;(u) given by (3.44) and (3.45), respectively, for most Floquet mode

[Fi(u) + Fy(u)], (3.49)

index combinations. If m = n = 0, (3.49) becomes

[ ezam + €, Bmn

If the mode indices are such that p, = p,V/3, (3.49) still applies with (3.47) and (3.48)

(3.50)

defining Fj(u) and F;(u), respectively.
3.2.1.2 Computing f,. and fp,

To evaluate f,, the normalization integral for TM modes in the aperture, (2.42) is

substituted into (2.28), leading to
ey = jk, (fk,];(k,r) cos(cg) — dB;Jc(k,r) sin(c¢)) , (3.51)

for even TM modes, and

ey = jk; (f'k,Jé(k,r) sin(c¢) + &;Jc(k,r) cos(c¢)) , (3.52)
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for odd TM modes. Substituting either (3.51) or (3.52) into (2.30) gives

fpe = /etp'etpds

Q
= —kk? /[Jé(k,r)]z[cos(w)]zds - kfcz/T—12[Jc(krr)]2[sin(c¢)]2ds
Q Q

= —nk2K? / r[J (k,7)2dr — k2 / %[Jc(k,r)]zdr, (3.53)
0 0

aslongasc#0. If c=0,

fpe = /egp *€tp ds
1]

L AR
Q

— _onk2k? / r[J! (k,)]2dr (3.54)
0

for even TM modes, and f,e = 0 for odd TM modes. The integrals in (3.53) and
(3.54) can be computed in closed form, or they can be determined numerically.
To evaluate fy5, the normalization integral for TE modes in the aperture, (2.43)

is substituted into (2.35), leading to
Znp (2 % hyy) = ks Zny (&skr.};(k;r) cos(cg) + 7= J.(K/r) sin(c¢)> , (3.55)
for even TE mdoes, and
Zny (2 % hup) = ks Znp (q“sk,J;(k;r) sin(cg) — 7 Ju(K;r) cos(cd))) , (3.56)
for odd TE modes. Substituting either (3.55) or (3.56) into (2.37) gives
fon = [ Zap(s X hp) - Zay( X hp)ds
Q
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1
r2

=~ (kK Znp)? [ 1K) Plcos(c9)Pds = ¢ (k. Zup)? [

Q Q
a

= —ﬂ(kszth)“)/r[Jé(kLr)]zdr — wcz(k,th)zl %[Jc(k;r)]:zdr (3.57)
0 0

[Je(k;r)*[sin(co)]*ds

aslongasc#0. If c=0,

fon = [ Zupl2 X hg) - Zing(2 % hep)ds
Q

(kK. Zhp)? [Tk Pds
o]

= —n(k.k Zy)? / r[J (k)| 2dr (3.58)
0

for even TE modes, and fp, = 0 for odd TE modes. The integrals in (3.57) and (3.58)
can be computed in closed form, or they can be determined numerically.
3.2.1.3 Computing S,

Using (2.26), (2.28), (2.42), and (2.49) in (2.64) and making some substitutions gives

ST™ = / (2 x Hi)- Eyds

Q
a 2
= +G0/rJé(k,r) [/ cos(co) sin(¢)e~J Kor sin 6; cos(¢ — ¢i)d¢:| dr
0 0
a 27
—G1/Jc(k,r) [/ sin(c¢) cos(¢)e—'jk°r sin §; cos(¢ — ¢i)d¢] dr
0 0

a 2
_GQ/TJ‘,:(krT) [/ cos(co) cos(qb)e_jkor sin 6; cos(¢ — ¢i)d¢] dr
0 0

27

—-G;;/Jc(k,r) [/ sin(cg) sin(d))e—jkor sin §; cos(¢ — ¢‘)d¢] dr
0 0
= +[GoGs — G2G / rJ!(ko7) Joyr (kor sin 8;)dr
0

— [GoGs + G2Gr)] / rJ! (k) Jo_r (kor sin 6;)dr
0
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- [Gle + G3G7] / Jc(krT)Jc+1(k0T sin Bi)d'l"
0

—[G1Gs — G3Ge] / Jo(kyr) ooy (kor sin 6;)dr (3.59)
0

for even TM modes, and

T™
Sp

- /(2 x Hi) - E,ds

Q

a 2r
+G0/rJé(k,r) l/ sin(c®) sin(d))e_jkor sin 6; cos(¢ — ¢i)d¢] dr

0 0

a 27
+G1/Jc(k,r) [/cos(cq&) cos(qﬁ)e_jkor sin6; cos(¢ — ¢i)d¢} dr
0

0

a 2n
—GQ/rJé(k,r) [/ sin(c@) cos(d))e_jkor sin 6; cos(¢ ~ ¢i)d¢] dr

0 0
a 2r
+Gs / Jo(k,) [ / cos(cg) sin(g)e I kot sin 8; cos(¢ — ¢i)d¢] dr
0 0
— [GoGs + G2Gd] / rJ! (k,7) Jos 1 (Kor sin 6;)dr
0
+[GoGr — G3Gs) / rJ!(ky7) Jo—r (ko sin 6;)dr
0

+[G1Gs + G3G] / Jo(k,) Jes (Kor sin 6;)dr
0

+[G1Gr — G3Gs) / To(ky7) Jeor (Kor sin 6;)dr (3.60)
0

for odd TM modes, where

jkokeE

GO = hz’
My/ fpe
Gl = kZCEO han

771\/?;
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7k k. E}
G, = hy,
7)1\/ fpe !
jk.cE}
G; = hy,
771\/ fpe Y
G4 = mj*sin(c + 1)¢), (3.61)
Gs = nj 'sin[(c — 1)@y, (3.62)
Gs = mjt cos[(c + 1)), (3.63)
Gr = 15 cos[(c — 1)¢y]. (3.64)

(3.59) and (3.60) are valid as long as ¢ # 0. If c =0,

ST™ = /(z x Hi) . Eyds
Q

a 2n
= +G, / rJ (k,7) { / sin(¢)e~Jkor sin 8 cos(¢ — ¢i)d¢] dr

0

r
o

a [ 2n
—GQ/TJ(I)(IC,-T) /cos(qﬁ)e—jkOrSin 0; cos(¢ — ¢i)d¢j| dr

0 L0

= ]27F[G0 sin d),' - G2 (0] ¢,] / TJé(krT)Jl (koT‘ sin Oi)dr (365)
0

for even TM modes, and S]™ = 0 for odd TM modes. The integrals in (3.59), (3.60),
and (3.65) must be determined numerically.
For TE modes, using (2.34), (2.35), (2.43), and (2.49) in (2.64) and making some

substitutions gives

SI® = [(zx H))- Eyds

Q
a 27
= +G0/Jc(k;r) [/ sin(c@) sin(d))e—jkor sin 6; cos(¢ — ¢")d¢ dr
0 0
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a 27
+G, /rJé(k;r) [/cos(c¢) cos(¢p)e~Jkor sin 8 cos(¢ — ¢i)d¢] dr

0 0

a 2r
—G, / Jo(K'7) [ / sin(c) cos(g)e I Kor sin 6; cos(¢ — d"’)d¢] dr
0

0

a 2n
+G3/rJ£(k;r) [/ cos(cg) sin(¢)e_jk°r sin 6; cos(¢ — ¢i)d¢] dr

0 0

= +[G1Gs + G3Gl4 / rJ' (k,) Jos 1 (kor sin 6;)dr
0
+[G1G7 — G3G3) / rJ! (ky7) Jo_1 (kor sin 6;)dr
00
— [GoGs + G2Gl / Jo(k7)Jos1 (or sin 8;)dr
0

+[GoGr — GG / Jo(krr)Joer (kor sin 6;)dr (3.66)
0
for even TE modes, and

STE = /(éxHi)-Et,,ds
Q

a 27
= —Go/rJé(k,r) [/ cos(cg) sin(q&)e_jkorSin 0; cos(¢ — ¢")d¢] dr

0 0
Vis

+G, /Jc(k,r) [/ sin(c¢) cos(qﬁ)e_jk"rsin 0 cos(¢ — ¢i)d¢] dr
0

0

a 2n
+G2/1'Jé(k,r) [/ cos(cg) cos(d))e_jkor sin 6; cos(¢ — ¢")d¢] dr

0 0
a 2

+Gy / Jo(k,7) [ / sin(cd) sin(¢)e ) ko sin 6; cos(d — ¢i)d¢] dr
0 0

= +[G1Gy — G3Ge) / rJ! (ko) Jes (Kor sin 8;)dr
0

+[G1Gs + G3G] / rJ!(ky7) Jo_r (kor sin 8;)dr
0
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— [GoGs — G2G) / Jo (k) Jos1 (ot sin 8;)dr
0

+[GoGs + G2G] / Jo(ker) Jos (or sin 6;)dr (3.67)
0

for odd TE modes, where
_ jk;ZpycE}

771\/f7h
_ k. Znpk Eg
- 771\/f7h
. Jk:ZppcE}
- ﬂl\/ﬂ
_ Jk:Znpkr Eg

771\/f7h

and G4, Gs, Gg, and G are defined by (3.61), (3.62), (3.63), and (3.64), respectively.

GO h.’t )

Gl hl"
G, hy,

Gs hy,

(3.66) and (3.67) are valid as long as ¢ # 0. If c = 0,

STE = /(2 x Hi) - Eyds

Q
a [ 27 3
= +Gl/7‘J6(k:7‘) /cos(¢)e_]kor sin 6; cos(¢ — d"')dgb} dr
0 LO
a [ 27
+Gs [ rJi(kir) | [ sin(g)e3kor sinficos(é - ¢i)d¢] dr
0 L0
= j21[G) cos ¢; + Gy sin 6] / rJ4(KLr)Jy (kor sin 6;)dr (3.68)
0

for even TE modes, and S} ® = 0 for odd TE modes. The integrals in (3.66), (3.67),

and (3.68) must be determined numerically.
3.2.1.4 Computing Piymny Popmny Qipmn, and Q2pmn

In order to evaluate Pipmn, Popmn, @1pmn, and Q2pmn, the same computations that

were carried out previously for S, are repeated.
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To calculate Ppm, for TM modes, using (2.4), (2.5), (2.17), (2.26), (2.28), and
(2.42) in (2.65) gives

TM _ *
Plpmn - /Etp ) lends
Q

a [ 2m h
= +G2/r.]é(k,r) /cos(cd)) cos(q&)ejrc""l cos(¢ — V’"")d¢ dr

0

r
o

a [ 27 h
—GO/rJé(k,r) /cos(ch) sin(¢)elTCmn €08(® = Vmn) g | dr

0 LO

a 2r
+G4 / Jo(k,7) / sin(cg) sin(g)elTGmn €0S(¢ — ”""')dqs] dr
0

LI 5
o

a 2
+Gl/Jc(k,r) /sin(c¢) cos(¢)ed TGmn COS(6 — """‘)qu] dr
0 L0
= +[G2Gr + GoGs] / r (ke 7) oot (Crnr)dr
0
+[G2Ges — GoGa / rJ' (ky7) Josr (Gunr)dr
0

—[G3Gs — GGy / To(ket) Jos1 (Crnr)dr
0

+[G3G7 + G1Gs) / J(krr) ot (Grnr)dr (3.69)
0
for even TM modes, and

Pilx;lr‘nlln = /Etp ' R;mnds

a [ 27 h
= +GQ/rJé(k,r) /sin(ch) cos(qb)ejr(m" cos(¢ — V""‘)dqﬁ dr
0 0 ]
a " 27 T
—Go/rJé(k,r) /sin(af)) sin(g)elTmn c08(¢ = Vmn)4g | dr
0 [0 )

a 2w
—G;;/Jc(krr) [/ cos(c@) sin(d))ejrc"m cos(¢ — V’"")dd> dr
0

0
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a 27
—Gl/Jc(k,r) [/cos(cqb) cos(¢)elTSmn c08(¢ ~ Vmn) 4o | dr
0

0

= +[G3Gs — GoGr] / rJ! (k) Joo1 (G )T
0
+[G2G4 + GoG) / rJ! (ks7) Jorr (CrnT)dT
0
— [G3G4 + GG / T(kr) Joss (Crnt)dr
0

+[G3Gs — G1Gr) / Jo(k) Joe1 (CrnT)dr (3.70)
0

for odd TM modes, where
Jjk kram

 VAGn[fye.

Jk.com

VAGmn\[Fre

_JkekrBmn
VAo Fre

jkzcﬂmn

VA Fre

G4 = 73" sin[(c + 1)Vpma), (3.71)

0
1=
9 =

3:

Gs = 1 'sin[(c — 1)Vmn), (3.72)
G = 1! cos[(c + 1)Vmn), (3.73)
G7 = 15 cos[(c — 1)Vpma), (3.74)

Cmn = V azn + ﬂ?nm

an

Vmn = arctan .
Qm
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(3.69) and (3.70) are valid as long as ¢ # 0. If ¢ = 0,

TM _ *
Plpmn - /EtP ' lends
0
a

27 h
= +G2/TJ(’,(k,r) /cos(¢)ejrc""' c08(¢ — Vmn) 4| dr
0 [0 |
a [ 27 h
—Go/rJ(')(krr) /sin(¢)ejr<"'" cos(¢ — V"'")qu dr
0 0 ]

a

= j2m[Gosin(Vmn) — Go cos(umn)]/rJ(')(k,r)Jl(kor sin@;)dr (3.75)
0

for even TM modes, and PIM = 0 for odd TM modes. The integrals in (3.69),

lpmn

(3.70), and (3.75) must be determined numerically.
For TE modes, using (2.4), (2.5), (2.17), (2.34), (2.35), and (2.43) in (2.65) gives

PITI;gn = /EtP'RImndS
0
a [ 27 ) )
= —Go/rJé(k;r) /cos(c¢) sin(¢)el Smn cos(¢ — """l)qu] dr
0

1T
o

a 2T

—G2/rJ£(k;r) /cos(cd)) cos(q&)ejr(m" cos(¢ — V’"")dd)} dr
0 L0

[ 27

+G1/Jc(k;r) /sin(ch) cos(¢)ejr<’"" cos(¢ — V"‘")dqb dr
0 |

r
(=]

a [ 27 h
—G3/Jc(k:r) /sin(c¢) sin(¢)ejr<m" cos(¢ — V""‘)dq) dr
0 L0 )

= +[GoGs — G2Gr] / rJ! (ke ) oot (Cronr )dr
00

= (oG + GaGe) [ Tkt Jers(Gar)dr
0

+[G1Gu + GaGa] [ Jelker)Jess Gunr)dr
0
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+[G1Gs — G3G / Jo(ket) Joor (G )dr (3.76)
0

for even TE modes, and

TE _ *
Plpmn - /EtP ' lends
Q

a " 27

= —GO/rJé(k:r) /sin(ch) sin(q&)ejrc"‘" cos(¢ ~ V"‘")dqb] dr

0 L0

—GQ/arJ,’:(kir) -7sin(cd>) cos(qb)ejrcm" cos(¢ — V""‘)dq& dr
0 0

-G, /aJc(k;r) F7rcos(c¢) cos(¢)ejr<""‘ cos(¢ — V'"")dq&] dr
0 L0

+G’3/aJc(k:r) -7cos(c¢) sin(¢)elTSmn cos(¢ — ”m")dqb] dr
0 L0

= —[GoGy + GaGi) / r (ks 1) Jor(GrnT)dT
0

a

+[GoGs — G2Gy) / rJ' (ks ) Jos1 (G )dr

0

- [GIGG - G3G4] / Jc(krr)']c+l((mnr)dr
0

—[G\G7 + G3G) / Jo(krr)Joe1 (CrnT)dr (3.77)
0

for odd TE modes, where

— jkzk:-zhpﬁmn
A" AsCmnV fph

\Y, AsCmn V fph

_ jkzk:-zhpam
Vv AsCmnv fph ,

0

1:

2
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jkthpcam

\/‘TsCmn\/ fph ,
and G4, G5, G, and G7 are defined by (3.71), (3.72), (3.73), and (3.74), respectively.

3:

(3.76) and (3.77) are valid as long as ¢ # 0. If ¢ = 0,

Plji;f;nn = /EtP : R;mnds
Q
a [ 27 )
= —Go / rJg(kir) / sin(¢)eJ"Smn C0S(é — ”m")dcjb] dr
0 L0

a " 2m
—Gg/rJ(',(k;r) /cos(qb)ejrc""l cos(¢ — Vm")dqﬁ} dr
Lo

0

= —j27!‘[G0 Sin(an) + G2 COS(an)]/TJ(,)(k:r)Jl (Cmnr)dr (378)
0

for even TE modes, and PLE = 0 for odd TE modes. The integrals in (3.76), (3.77),

1pmn
and (3.78) must be determined numerically.

To calculate Py, for TM modes, using (2.4), (2.5), (2.18), (2.26), (2.28), and
(2.42) in (2.66) gives

Pg;’%n = /Eip : R:Zmnds
hy
a 27 T
= +G2/1‘Jé(krr) /cos(c¢) cos(¢)elTSmn c08(¢ = Vmn) 4| dr

0
a

Lo
o -
+G0/rJé(k,r) /cos(ch) sin(d))ejrc'"" cos(¢ — V""‘)d¢ dr

0

—G1/Jc(k,r (co) cos(o e]TC"’"1 cos(¢ — "m")dqb dr
0

ln c¢ S]n ]"'Cmn COS(¢ - an)d¢ dr

[
[

+G3 /“ Je(k,r)
0

a

= - [GOG5 - GQG7]/TJ(’:(k,-T)JC_l(CmnT)dT
0
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+[G2Gs + GoGl] / P T (ks ) Jop1 (G )dr
0

- [G1G4 + G3G6] / Jc(krT)Jc+l(<mnT)dr
0

—[G1Gs — G3Gr] / Jo(krr) Joet (Crun)dF (3.79)
0
for even TM modes, and

Pg’%n = /EtP'R;mnds
Q

a [ 27 h
= +G2/7’Jé(k,r) /sin(c¢) cos(qb)ejr(m" cos(¢ ~ Vm")d¢ dr
0 L0 ]
a [ 27 T
+Go / rJ!(k,) / sin(ce) sin(¢)elGmn €0S( = Vmn) 4o | dr
0 [0

a B . {
+G1/Jc(krr) /cos(c¢) cos(¢)ed TGmn €0S(¢ — Vmn)dg| dr
0 [0 )

[ 27 h

—Gngc(k,r) /cos(ch) sin(d))ejr(mn cos(¢ — V"‘")dqb dr
0 |

L0

= +[GsGs + GoG / P (ks 1) Tt (Cran)dr
0

+[G2G4 — GoG] / rJ!(kyr) Jes1 (Crnr)dr
0

+ [GIGG - GSG4] / Jc(krr)Jc+l(Cmnr)dr
0

+[G1G1 + G3Gs) / Jo(ks7) oot (Crnr) T (3.80)
0
for odd TM modes, where
jkzkrﬁmn
0= —(—
\/fTsCmnv fpe
Jk:cBmn

1=

VA fre.
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ik ko,
VACmn\/fre

Jk.cam

VAGmn\/Fre

2:

3:

(3.79) and (3.80) are valid as long as ¢ # 0. If c = 0,

TM
P2pmn

for even TM modes, and

a [ 2w h
= +G0/TJ6(/C,-T) /cos(qb)ejrc'"" cos(¢ — V""')dd) dr
0 L0 |
a [ 27 b
+G2/r.](',(k,r) /sin(qﬁ)ejrc"‘" cos(¢ — V""‘)dqb dr
0 L0 |

TM
P. 2pmn

/Etp - Rymnds
Q

a

0

(3.80), and (3.81) must be determined numerically.

J27[G2 c08(Vmn) + Go sin(vmp)) /rJ{,(krr)Jl(Cm,,r)dr

(3.81)

= 0 for odd TM modes. The integrals in (3.79),

For TE modes, using (2.4), (2.5), (2.18), (2.27), (2.35), and (2.43) in (2.66) gives

PTE

2pmn

/Etp - Rypnds
Q

a

+G2 TJ;(/C:.T)
/

~Go / rJ'(k'7)

0

+G1 Jc(k:.T)
/

L0

+Gy [ J.(K'r)
/

L0

[ 27

r
o

[ 27

/sin(c¢) cos(d))ejrc'"" cos(¢ — V’"")dqb

27
/sin(c¢) Sin(¢)ejT<mn COS(¢ - an)ddj

+[G2Gr + GoGs) / P J! (k) Joor (Grnr)dT
0
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/ cos(c¢) COS(¢)ejTCmn COS(¢ - an)d¢

/COS(C¢) Sin(¢)ejTCmn cos(¢ — Vimn) g
L0 J
Cor ]

dr

dr

dr

dr



+ [G2G5 — GOG4] /TJé(krT)Jc+1(<mnT)dT
0

+[C1G4 — G3G / Jo(krr) Josr (Crn)dr
0

+[G1Gs + G3Gr)] / Jo(krr) Joor (Grn)dr (3.82)
0

for even TE modes, and

Pg;lgm = /Etﬂ ) R;mnds
Q

a 27 h
= +G2/rJé(k;r) /sin(c¢) cos(qS)ejrC"'" cos(¢ — V'"")dti) dr
0 L0 .
a " 27 T
—Go/rJé(k;r) /sin(ch) sin(gb)ejrc"'" cos(¢ — V""‘)dqb dr
0 Lo
a [ 2w T
—GI/Jc(k;r) /cos(ch) cos()ed TSmn c08(¢ ~ Vimn) 4| dr
0 L0 .
a [ 27 h
—G3/Jc(k;r) /cos(ch) sin(¢)elTGmn €08( = Vmn) 4| dr
0 Lo |

= +[G2Gs — GoGr] / P (kyt) oot (G )dr
0

+[G2G4 + GoGy] / 1 (k) Jes1 (G )dr
0

—[G\Gs + G3G4] / Jo(k) Jos1 (G )dr
0

—[G\G7 — G3Gs] / Jo(krr)Joer (Grnr)dr (3.83)
0
for odd TE modes, where
Tk ki Zhpoum
0= ——F7—,
\/A_sCmnV fph
jkthpcam

l=

VA G/ fon.
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— jkzk:-thﬂmn
\/"ngmn V fph

\/—fﬁgmn v f ph

and G4, G5, Gs,and G are defined by (3.71), (3.72), (3.73), and (3.74), respectively.

2

3:

(3.82) and (3.83) are valid as long as ¢ # 0. If ¢ = 0,

Pg;’f‘nn = /Et}’ ' R;mnds
)
a [ 2T . b
= +Gg/rJ(',(k;r) /cos(¢)ejr<m" c08(¢ ~ Vmn) 4g| dr

L0
[ 27

0
—-Go/TJ(')(k;T) /sin(d))ejrc"m cos(¢ — V'"")dqb dr
0 |

L0

= j27[G3 cos(Vmn) — Go sin(vm,.)]/rJ{,(kLr)Jl(Cm,,r)dr (3.84)
0

for even TE modes, and PJZ = 0 for odd TE modes. The integrals in (3.82), (3.83),
and (3.84) must be determined numerically.

In order to compute Qipmn and Qzpmn for TM and TE modes, the formulas are
identical to what has been shown for Pipms and Pypms. This is true despite the fact
that Rimn and Ry, are used to compute Qipmn and Qopmy, instead of R
Rn-

3.2.2 Discussion of Results

and

*
1mn

At this time, numerical results for the circular aperture case are not available.

61



Table 3.1. Number of modes used to calculate the curves in Figure 3.3.

Thickness (mm) | Modes Used

1.1 60

2.2 60

4.4 60

7.7 30

8.8 30

9.9 30

18.0 6
26.0 4
40.0 2

Table 3.2. Cutoff frequencies for modes of square apertures.

Modes Cut-off frequency f. (GHz)

TE, TEy 41.64

TMy,, TE,, 58.89

TEg, TEy 83.28

T M3, TMy,,TE3, TEy, 93.11
T M, TEy 117.77

TEg;, TE3 124.91
T M3, TMj3,,TE\3, TEj3, 131.67
T My3, T M3sz, TEy3, TE3y 150.13
TEy, TE4 166.55
TMy4,TMy,,TE 4, TEy,; 171.68
T M33, T Ms3 176.66

TMayy, TMyy, TEy, TEy, 186.21
TMs4, TMyz,TE34, TEys3, TEgs, TEs 208.19
: TMs,TMs,,TEs,TEs, 212.31
TMas, TMsy, T Egs, T Es, 224.23
TMyy, TEyy 235.54
T M3s, TMs3, TE3s, T Es3 242.79
TMys, TMss, TE4s5, T Es4 266.62
T Mss, TEss 294.43
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Figure 3.1. Doubly-periodic conducting screen of apertures with rectangular cross—
section.
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Figure 3.2. Unit cell for a doubly-periodic conducting screen of apertures with rec-
tangular cross-section.
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Figure 3.3. Comparison of transmission coefficient for screens of different thicknesses
for normally incident TM polarized plane wave.
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Figure 3.4. Comparison of transmission coefficient versus frequency for various inci-
dence angles when t=5.5 mm for TM polarized incident plane wave.
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Figure 3.5. Comparison of transmission coefficient versus frequency for various inci-
dence angles when t=>5.5 mm for TE polarized incident plane wave.
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Figure 3.6. Comparison at t=4.4 mm between using 882 Floquet modes vs. 1922
Floquet modes.
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Figure 3.7. Comparison at t=4.4 mm between using 60 waveguide modes vs. 2
waveguide modes.
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Figure 3.8. Comparison at t=1.1 mm between mode-matching approach and
waveguide below cutoff formula.
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Figure 3.9. Comparison at t=2.2 mm between mode-matching approach and
waveguide below cutoff formula.
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Figure 3.10. Comparison at t=4.4 mm between mode-matching approach and
waveguide below cutoff formula.
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Figure 3.11. Comparison at t=7.7 mm between mode-matching approach and
waveguide below cutoff formula.

73



N
(3]

o

Transmission Coefficient (dB)
8 8 & & B

—o— Results from mode .
__________ G- _.......-..|  matching approach

-150 -8- Results from using
"waveguide below cutoff"
formula
_175_”.,.. S S
'200 T T T
0.0 10.0 20.0 30.0 40.0 50.0
Frequency (GHz)

Figure 3.12.

Comparison at t=18.0 mm between mode-matching approach and

waveguide below cutoff formula.
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Figure 3.13. Comparison at t=26.0 mm between mode-matching approach and
waveguide below cutoff formula.
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Figure 3.14. Comparison at t=40.0 mm between mode-matching approach and
waveguide below cutoff formula.
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Figure 3.15. Comparison between proposed mode-matching formulation and mode-
matching results of Chen using 6; = 20° near transmission null (Wood’s anomaly).
Assumes only (0,0) Floquet mode is propagating.
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Figure 3.16. Comparison between proposed mode-matching formulation and mode-
matching results of Chen using 6; = 80° near transmission null (Wood’s anomaly).
Assumes only (0,0) Floquet mode is propagating.
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Figure 3.17. Comparison between proposed mode-matching formulation and mode-
matching results from Widenberg et al using §; = 0°.
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Figure 3.18. Comparison between proposed mode-matching formulation and mode-
matching results from Widenberg et al using §; = 30°.
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Figure 3.19. Comparison between proposed mode-matching formulation and mode-
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Figure 3.20. Doubly-periodic conducting screen of apertures with circular cross-sec-
tion.
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Figure 3.21. Hexagonal unit cell for a doubly-periodic conducting screen of apertures
with circular cross-section.
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CHAPTER 4

EXPERIMENTAL RESULTS

4.1 Setup

4.1.1 Sample Materials

As a means of comparing the numerical results with measured data, an experiment
was set up in order to test the mode-matching approach against actual measure-
ments to determine how well it can predict shielding performance [31]. Samples of
commercial-grade aluminum honeycomb were used in the experiment. The honey-
comb was available with rectangular apertures and hexagonal apertures. The rectan-
gular aperture sample, which was supplied by Benecor, Inc. of Wichita, KS, is about
2 ft. in length and width, and approximately 1/2 inch in thickness. The apertures
are square with about 1/4 inch in length and width. The hexagonal aperture sample,
which was supplied by Plascore, Inc. of Zeeland, MI, is about 1 ft. in length and
width while the thicknesses is approximately 13/16 in. The aperture cell size is about

3/4 in. The foil thickness for all of the samples is approximately 0.003 in. (3 mils).
4.1.2 Equipment

An HP8510C Network Analyzer was used to perform frequency domain transmission
measurements. For samples whose apertures have a dominant mode cut-off frequency
in the range of 2-18 GHz, the Michigan State University arch range was used along
with American Electronic Laboratories H-1498 horn antennas for transmitting and
receiving. Figure 4.1 shows a sketch of the low frequency measurement set-up, in-
cluding the arch range, the network analyzer, the antennas, and the sample being
tested. The arch range, designed and built by the Georgia Tech Research Institute, is
a metallic structure 20 ft. in diameter and 4 ft. high. The receiving and transmitting

antennas are connected to the network analyzer using coaxial cables, and lenses are
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used to collimate the transmit and receive beams. The sample was mounted into
an empty window in a styrofoam board, and the rest of the board was covered with
aluminum tape (see Figure 4.2 for a description). The board is 4 ft. high, 4 ft. wide,
and 1 in. thick. This approach is similar to the one mentioned in [32] to measure
the shielding effectiveness of composite material samples. Mounting the sample in
a board allowed for reducing the effect of a large beam spot size at low frequencies.
The board was then placed onto a styrofoam mount between the transmit and receive
antennas.

For samples whose apertures had a dominant mode cut-off frequency in the range
of 20-40 GHz, a benchtop set-up was used to conduct the experiment. See Figure 4.3
for a sketch of the high frequency measurement set-up. The 8510C network analyzer
was connected to two EMCO 3116 horn antennas with K-type connector cables. Just
as with the arch range set-up, the samples were placed into windows in 4’ x 4’ x 1”
styrofoam boards, and the rest of the board was covered with aluminum tape. A
styrofoam mount was used to position the board containing the sample. The cables
that were used with the high frequency horns were about 3 ft. long, so the transmit
and receive antennas were about 2 ft. from each other, with the sample in the middle.
For horn antennas to be operating in the far-zone, the wave must travel a distance
larger than z = 2D?/),, where D is the largest dimension of the antenna and ), is
the free-space wavelength at the frequency of interest. For the 2-18 GHz range, the
distance 2D?/), ranges from 0.7 ft at 2 GHz to 6.34 ft at 18 GHz. The distance
between the horn antenna and the sample is approximately 10 ft, so the far-zone
requirement is achieved for the low-frequency case. For the 20-40 GHz range, the
distance 2D?/), ranges from 4.8 ft at 20 GHz to 9.6 ft at 40 GHz. These values are
both larger than the distance between the antennas and the sample, so the set-up
does not meet the far-zone requirement. However, despite the fact that the horns are

not in the far-zone, the agreement between numerical and experimental results is still
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pretty good.

4.2 Procedure

4.2.1 Low Frequency Measurements

For all measurements, a two-level calibration was conducted. The first level involved
calibrating the network analyzer using the appropriate standards. For the low fre-
quency measurements, the standards were applied to the ends of the 2.4 mm connec-
tion cables. From the ends of the 2.4 mm connection cables, connector adapters were
used to go from 2.4 mm to 3.5 mm to SMA. Coaxial cables with SMA connectors
were used to link the 8510C with the transmit and receive antennas, both of which
use SMA connectors. The second level of calibration involved taking two transmission
measurements in addition to the sample measurement. The first is an empty mea-
surement, which in this case is a measurement with the window in the board being
empty (no sample). The second is a noise measurement, where a board of the same
size as the one with the window is used to perform a transmission measurement. This
board is completely covered with aluminum tape. The noise measurement includes
the effects of diffraction of the transmitted wave around the edges of the measure-
ment board. The use of the three measurements will be explained in the calculations
section.

4.2.2 High Frequency Measurements

For all measurements, a two-level calibration was conducted. The first level involved
calibrating the network analyzer and cables using the appropriate standards. From
the ends of the 2.4 mm connection cables, connector adapters were used to go from
2.4 mm to 3.5 mm to K. Cables with K-type connectors were used to link the 8510C
with the transmit and receive antennas, both of which use K-type connectors. And
due to the compatibility of 3.5 mm connectors and K-type connectors, 3.5 mm cali-

bration standards were used to calibrate to the ends of the K-type connector cables.
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As was the case with the low frequency experiment, the second level of calibration
involved taking empty and noise measurements in addition to the sample measure-

ment.

4.3 Calculations

To determine the tranmission coefficient at a particular frequency, the three measure-

ments that are used are

Ssampte — Measured transmission S-parameter for sample in window,

Snoise — Measured transmission S-parameter for blocking plate,
Sempty — Measured transmission S-parameter for empty window,

where Sj2 or S;; can be used depending on the set-up. Using those three values, the

transmission coefficient is defined as

Ssample - Snoise

Sempty - Snoise

It should be noted that because of the use of S-parameter measurements in (4.1),
201log,, is used instead of 10 log,, because S-parameters are analogous to voltage and
current measurements. By contrast, (2.77) and (2.78) use 10log,, because power

quantities are involved.

4.4 Discussion of Results

Figure 4.4 shows a comparison between numerical and experimental data for a screen
of rectangular apertures (Benecor sample). The apertures are square shaped with
a width of 1/4 in. (approximately 6 mm). The screen thickness is about 1/2 in.

(approximately 13 mm). Overall, there is pretty good agreement in terms of the
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transition from low transmission (below -20 dB) to full transmission. This case, as
with all others in this section, is for normal incidence.

Figure 4.5 shows a comparison between numerical and experimental data for a
screen of hexagonal apertures (Plascore sample). The apertures have a width of
3/4 in. (approximately 19 mm) between parallel sides. The screen thickness is about
13/16 in. (approximately 21 mm). Square apertures of the same width are used to
model the hexagonal apeture sample, and the results are in good agreement with the
measured data. It is anticipated that once results are available, the use of circular
apertures may prove to be even closer to the measured result. It should also be noted
that this data was obtained despite large losses in measured power due to attenuation
in the coaxial cables.

In both cases, the measured data goes above the 0 dB mark, which at first does not
seem reasonable. However, the contribution to transmission due to diffraction around
the edges of the screen could lead to that kind of behavior. In general, the measured
and numerical data are in good agreement. It is also worth noting that in the context
of a shielding application, where the frequency range of operation would be well below
the point where full transmission occurs, the effects due to edge diffraction are not

expected to be as significant.
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Figure 4.1. Equipment arrangement for taking low frequency measurements
(2-18 GHz)
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Figure 4.2. Styrofoam board with window used to hold aluminum honeycomb sam-
ples. The dark grey region is covered with foil tape.
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CHAPTER 5

DISCUSSION OF MODE SELECTION

One of the major obstacles in this research was determining why the shielding calcula-
tion does not produce useful results for 60 waveguide modes when the screen thickness
exceedes 6.6 mm. Originally, the matrix equation was solved using Gaussian Elim-
ination [33]. When the convergence problems arose, Singular Value Decomposition
(SVD) (33] was used in order to determine if the increase in thickness caused the
square matrix in the matrix equation to become badly conditioned. This was accom-
plished by computing the condition number of the square matrix versus frequency for
all of the thickness values of interest. According to [33], the matrix is badly condi-
tioned once the condition number of the matrix exceeds the accuracy of the computer,
which is about 10'®. Figure 5.1 shows a plot of the condition number versus frequency
for a variety of thickness values, where 60 waveguide modes and 882 Floquet modes
were used in each case. There is no absolute threshold where having a condition
number lower than that point leads to meaningful solutions. However, at the highest
thickness values, the condition number is well past the values that produce useful
results. Further, increasing the thickness of the screen does make the condition num-
ber higher when using 60 waveguide modes. An attempt was made to use SVD in
order to discard small singular values in order to improve matrix conditioning, but
the solutions were not any better than before. To deal with the problem, the condi-
tion number of the square matrix was reduced by considering less waveguide modes
for very thick screens. Modes were removed in order of highest cut-off frequency.
The concern was that a significant amount of accuracy would be lost by taking that
approach. However, Figure 5.2 shows that for the case of the 4.4 mm thick screen,

the use of 60 waveguide modes provides virtually the same result as the use of several
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other combinations of waveguide modes, including using only the 2 dominant modes.
This would seem to suggest that the use of 60 modes is unnecessary. However, it
should be stated that the need to disregard higher-order modes arises from the fact
that the increase in thickness attenuates those modes so severely that they need to be
removed from consideration. Figure 5.3 shows that even with 60 waveguide modes,
the condition number never exceeds 10'° for the 4.4 mm thickness case. As was stated
before, 10!® appears to be a value such that if the condition number is well below that
value, the shielding effectiveness calculations will converge. If the condition number
far exceeds that value, the calculations generally do not converge.

For the case of the 6.6 mm and 7.7 mm thick screens, a point should be made.
Figure 5.4 indicates that the shielding effectiveness converges for all choices of number
of waveguide modes used when the thickness is 6.6 mm. Also, Figure 5.6 shows that
the shielding effectiveness results do not converge for the 7.7 mm case when using 60
or 40 waveguide modes, but they do converge for 30 or less. However, an interesting
observation is that Figure 5.7 shows a condition number at or above 102 for the
7.7 mm thickness when using 60 modes, while 40 modes leads to condition numbers
between 10'3 and 10'°. Meanwhile, Figure 5.5 shows condition numbers of between
10'¢ and 10! for the 6.6 mm thickness when using 60 modes. So, despite the fact that
the 7.7 mm case with 40 modes has a lower condition number than the 6.6 mm case
with 60 modes, the former does not produce practical data while the latter does. This
reemphasizes the point that while the condition number does give some indication of
how the thickness is affecting the solution of the matrix equation, an absolute point
where having a lower or higher condition number guarantees a convergent result was
not found.

More examples of the effect of reducing the number of waveguide modes on the
convergence of the shielding computation are shown in Figure 5.8 - Figure 5.12 for

thicknesses of 8.8 mm, 9.9 mm, 18.0 mm, 26.0 mm, and 40.0 mm. The vertical scales
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were adjusted to include the most information possible, but some curves were not
included. For example, the 60 waveguide mode case for 9.9 mm thickness is not
included in Figure 5.9 because it deviated too much from the curves shown in the

figure.
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CHAPTER 6

CONCLUSIONS

A mode-matching approach for computing the shielding effectiveness of a doubly-
periodic array of apertures in a thick conducting screen has been presented. The
effect of choosing thicknesses much larger than the aperture is the expected result
of lower transmission of power. Mode-matching has shown some agreement with the
waveguide below cutoff formula and strong agreement with other published results
using mode-matching. The technique does suffer from an inability to yield meaning-
ful data when the thickness is increased to a point where inaccurate solutions are
produced. The use of Singular Value Decomposition led to the conclusion that the
condition number is well beyond the accuracy of the computer when the thickness
is increased a great deal. To produce useful and accurate solutions, the number of
waveguide modes included in the analysis is reduced, which also reduces the condition
number.

This dissertation considers mode-matching applied to apertures that are rectan-
gular and circular in shape. Future work will consider hexagonal and other shapes
for aperture arrays in thick screens. The shielding prediction is more flexible than
the waveguide below cutoff approach, and the result is more exact. Other benefits
include observance of the Wood’s anomaly, a strong reliance on the well-known prin-
ciples of waveguide theory, and practical application to the prediction of shielding
performance of aluminum honeycomb and other doubly-periodic structures.

The measurements performed as part of this study were successful in confirming
some of the results that were predicted numerically. Future work will be done in order
to measure the effects of changing the incidence angle, predicting the occurrence and

overall effect of the Wood’s anomaly, determining the impact of using smaller and
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larger sample sizes, and using other measurement techniques.
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APPENDIX A

DERIVATION OF 2-D FOURIER SERIES REPRESENTATION OF A
PERIODIC FUNCTION IN SKEWED COORDINATES

Following the method of [34], a Fourier Series expansion is applied to a periodic poten-
tial function in a skewed coordinate system. Figure A.1 shows a lattice configuration
with periodicity in two directions, one along the y-axis and the other along a direction

at an angle § with respect to the y-axis. If r is defined as

r= lldl + lng,

where [, and [, are integers, and d; and d, are vectors describing the direct lattice,

the reciprocal lattice can be defined by the vectors b, and b,, and they must obey

bi - di = dix, ,k=1,2

or

b, L d;
and

b, L d,.
Letting

d; =d;T + dy,g,
dy = d2, T + dyy7,
by = b1 T + b9,

b2 = b2:cj: + b2yg’
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and

D= row vectors, (A.1)

B = column vectors, (A.2)

then

DB - dizbiz + dlybly dizbos + dlyb2y (A.3)

| d2.1:b11: + d2ybly d2.1:b2:r + d2yb2y
di-b d;- b
| dy by dy- by

10
01

Therefore,

B=D7!,

and any point 7 in the x-y plane can be described using coordinates (£, &) such that

r = §i1d; + &d;

where
L=1- by, (A~4)

§2=r1"b,. (A.5)

A periodic function F(z,y) in the direct lattice has the same value at the points

r = (r,y) and ' = r + 1d; + lod,, where [; and [, are integers. The Fourier Series
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Representation of F'(z,y) in skewed coordinates is obtained by using

F(.’E, y) = f(€1)§2) = E cmne_27rj('rn€l + n§2), (A6)

m,n

where m and n are integers, c,,, are the Fourier series coefficients, and f has a period

of unity in (£,&;) coordinates. Substituting (A.4) and (A.5) into (A.6) leads to

F(z,y) = Zcmne—%rj[m(bl -7) + n(by - 7)] (A.7)

m,n

or
F(z,y) = Ecmne_27rj[h . r],
where
h = mb, + nb,.

Since dzdy = Sgd&,dé,, where Sy is the unit cell area, the Fourier coefficients ¢, are

found using

1 iR -
Cmn = S—d/SF(x,y)e+27r][h T]dxdy.

Using Figure A.2, which was adopted from [19], (A.1) can be rewritten as

dy 0
D= (A.8)

d2 COS ¢0 d2 sin d)o

Substituting the elements from (A.8) into (A.3) leads to

1
dibiz +0=1= by = —,
d,

d1b2x+0=0=>b21 =0,
. -1
d, cos ¢gb1z + ds sin ¢0b1y =0= bly = d_ cot @y,
1
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. 1 1
d2 CcoS ¢0b2;,; + dg sin ¢0b2y =1= bzy = m = d_2 CSC ¢0.
Rewriting b, and b, gives
1 1
bj=—3 - — “
1= g% dlcot¢oy,

1 .
m=£wWW

and using those results in (A.3) leads to

1
dy cos ¢y dysin @g —;,ll cot ¢g E}; csc @g
10
01

(A.7) can now be expressed as

F(.’E, y) = Z cmne_Qﬂj[m(bl : 1‘) + n(b2 : 1‘)]

_ g%ne—2wj [m ((al;:?: - EII cot ¢OQ) . 'r) +n ((31-2- csc ¢og) . r)

] [g‘;x — g‘; cot oy + En; csc ¢0y]

= > Cmne
m,n

115




> L
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