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ABSTRACT

DECOMPOSITION
AND CONSECUTIVE DYNAMIC CONDENSATION METHODS
FOR STATIC AND DYNAMIC ANALYSIS OF SINGLE LAYER
LATTICE PLATES

By

Vera Vladimirovna Galishnikova

Approximate yet accurate methods for analyzing large lattice structures are very
efficient for the preliminary structural analysis and design, and parametric optimization
of large lattice structures.

Two classes of new and effective approximate methods for static and dynamic
analysis of large lattice single layer plates using decomposition and consecutive dynamic
condensation techniques are developed in this work. These developments are extensions
of the decomposition method proposed by Pshenichnov and the dynamic condensation
method proposed by Ignatiev.

Simple and accurate approximate analytical formulas for the displacements, force
responses, and first eigenvalue of the boundary value problems of thin plates with elastic
supports are obtained using the decomposition method. Static and dynamic problems of
latticed plates with elastic supports are efficiently solved using continuum modeling. The
developed analytical dependencies are used to obtain optimal lattice geometries for a
class of plate problems. Shear deformations and joint flexibility are not considered.

The decomposition method also is used with a finite difference formulation that is
able to model the original discrete lattice plate. This alternate method has similar

accuracy to that based on a continuum modeling for simple, regular lattices.



While the decomposition method is effective and accurate for static analysis and
for estimating fundamental frequency of lattice plates, it is intractable for estimating
higher frequencies and mode shapes.

An energy form of the consecutive dynamic condensation method is developed in
this work. It is demonstrated that the combination of static condensation with the energy
form of consecutive dynamic condensation yield accurate estimates of most frequencies
and mode shapes of lattice plates. This technique is computationally efficient due to the
resulting block diagonal equations and is suitable for implementation on parallel

computers.
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CHAPTER 1
INTRODUCTION AND LITERATURE REVIEW

1.1  Introduction

A latticed structure consists of a very large number of elements or cells
interconnected to form a periodic (repetitive) array. Such structures are used extensively
in different areas of engineering. In civil construction their potential for freedom of form
over long spans makes them architecturally attractive. From the engineering point of

view they have advantages such as lightness, high rigidity and rapid erection.
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Figure 1.1.  Examples of latticed structures



A review of early studies in this area is available in “Lattice Structure: State-of-
the Art Report” (1976) and a comprehensive bibliography is given by Sherman (1972).
The development of large space structures (LSS) has provided new impetus for research.
Latticed structures having dimensions of the order of 10%-10® m are the dominant form
for LSS, due to their low weight and high stiffness as well as ease of transporting and

assembling in space.

1.2 Motivation

The finite element method can be used to solve most problems involving lattice
structures. Nevertheless, the large-scale algebraic systems that result in many cases pose
significant challenges. Linear static finite element analysis of a large lattice structure may
involve the solution of thousands of linear simultaneous algebraic equations. Adding
complex boundary conditions or geometrical or physical nonlinearity complicates the
problem. Conventional finite element analysis for such problems is usually used at the
conclusive stage of design, to confirm the strength, stability and stiffness of the structure.
However, numerical analysis does not provide the analytical dependence between force
and deformation characteristics, which is desirable for the prediction of the overall
structural behavior and optimal design. Further, because the calculation process is
cumbersome, it is difficult to use it during the iterative preliminary stages of the design

and for parametric studies of lattice structures.

Therefore, the development of new approximate numerical and analytical
methods convenient for preliminary design and parametric studies is desirable. These

methods provide practical solutions for global structural behavior. They are efficient



during preliminary design to develop the optimal lattice arrangement and estimate the

initial cross section of members.

Another area of application for such methods is the dynamic and stability analysis
of large lattice structures. Computation of the responses due to dynamic loadings requires
the solution of thousands of coupled differential equations. The computational difficulties
of solving such equations often limit the use of full-scale dynamic analysis in design.
Stability analysis of large lattice structures also represents a complicated problem.
Accurate approximate methods for conducting dynamic and stability analyses of such

structures can be very useful in preliminary design.

1.3 Background

Approximate methods that have been proposed for simplified structural analysis
can be divided into three main types: substructure synthesis, order reduction methods and
continuum modeling. The first type involves methods of decomposing or breaking up a
large complex problem into a set of subproblems of lower dimensionality, the union of
which is equivalent to the original problem. This approach includes substructuring
methods, methods of domain decomposition and equation decomposition. The second
type includes techniques for reducing the degrees of freedom in complex structural
systems, and has been referred to as reduction methods or condensation methods. The
third type includes methods that substitute the actual lattice structure by a continuum
model with equivalent properties. These three types of methods are briefly explained

below.



1.3.1 Substructuring Methods

The main concept in substructure synthesis methods is to represent a complex
structure as a set of substructures, each representing an aggregate of basic finite elements.
In this approach, each substructure is defined in a convenient system of selected
coordinates and analyzed independently with boundaries common to the other
substructures. This analysis provides a more compact and tractable stiffness matrix of the
substructure and its nodal loading matrix. The substructure for which such matrices have

been defined is sometimes called a superelement.

The system of equations written for the boundary nodes of the superelements
expresses the equilibrium conditions of the entire structure as an aggregate of
superelements. This system of equations contains far fewer unknowns than if the entire
system is modeled by standard finite elements. Computation of displacements of the

substructure nodes referred to as the “forward step,” comprises the first major step.

In the so-called “backward step,” each substructure is analyzed for the given
loading and the boundary displacements found in the forward step. These calculations
offer no particular difficulty since the substructures are invariably described by relatively
small systems of equations. From the viewpoint of the classic method of displacements,
each substructure (superelement) in such an approach represents a complex element of

the main system of the displacement method (Przemieniecki 1963, 1968).

The conventional form of substructure analysis has several drawbacks. These
include computations in several stages, storage of the stiffness matrices of substructures
at all levels, and limitations of the static condensation procedure which prohibits

blockwise elimination of the boundary nodes in the Gauss method.



During the past decades the concept of substructuring was extended to the
dynamic response of structures. Hurty (1960) proposed the component mode synthesis
method. Craig and Bampton (1968) further developed this method. Substructure synthesis
also includes such methods as branch-mode analysis (Gladwell, 1964), and component
mode substitution (Bajan et al., 1969). A general review of substructuring methods

developed in 1960s and 1970s is provided by Nelson (1979).

Further research in this area yielded solution procedures for extracting
eigenvalues and eigenvectors from linear dynamic systems using the finite element
method. Eigensolution techniques that provide only a partial eigensolution are efficient
because they extract only a subset (normally the lowest) of the eigenvalues and
eigenvectors required for the analysis of systems. These techniques include the subspace
iteration method, the Lanczos method, the conjugate gradient method, the Ritz vector

method, the substructure synthesis method, condensation techniques, etc.
1.3.2 Order Reduction Methods

Techniques for reducing the degrees of freedom (d.o.f.) in complex structural
systems are referred to as reduction methods or condensation methods. The basic concept
in reduction methods is to condense a large system (of algebraic and/or differential
equations) to a similar much smaller system of substitute equations. In dynamic
problems, the full set of equations of complex systems is reduced by selecting a set of
master d.o.f. and eliminating all other (slave) d.o.f. from the primary governing equation.
Guyan (1965) first proposed a consistent method of reducing both the stiffness and mass

matrices. Methods of static and dynamic condensation based on reducing the order of the



characteristic matrix by exchanging all secondary (auxiliary) d.o.f. have gained

considerable application in recent years.

The method of static condensation (Guyan 1965) is one of the most convenient
and simple methods of reducing the unknowns in the substructuring method of solving
dynamic problems. The slave coordinates are those in which, at low frequency, the inertia
forces are considered negligible compared to the static forces. This technique can greatly
reduce the computational effort necessary to calculate the system eigenpairs. However it
has some shortcomings. The major drawback is the error arising from the assumption that
the inertial forces in the secondary nodes are negligible. Another drawback is that the

accuracy of the result depends on the selection of the condensed nodes (master d.o.f.).

Dynamic condensation by modal synthesis of substructures has been discussed in
several works (Hurty 1965, Bathe and Wilson, 1972). Displacements of the secondary
(slave) nodes of the substructure are represented as the sum of their static displacements
caused by displacements of the primary nodes and displacements of firmly fixed primary
nodes in the substructure represented in term of natural modes of vibrations. The dynamic
condensation techniques can yield solutions of very high accuracy depending on the
number of modes used. The frequencies of the first few modes barely differ from those
calculated by the static condensation method. Therefore, the use of dynamic condensation

methods for determining only the lower frequencies is not recommended.

Meirovitch and Hale (1981) demonstrated that the component mode synthesis is
essentially a different form of the Rayleigh-Ritz method. Based on this, Meirovitch and
Kwak (1991) proposed the construction of an approximate eigensolution from the space

of admissible functions, and not necessarily from the component modes. They also



proposed choosing the trial vectors from the space of quazi-comparison functions, a new
class of functions with high convergence characteristics. These functions represent linear
combinations of admissible functions that act like comparison functions. A comparison
function satisfies the boundary conditions but not necessarily the differential equation.
Quazi-comparison functions obtained can satisfy natural boundary conditions to any
degree of accuracy, and the eigensolutions obtained exhibit superior convergence
characteristics compared to those based on admissible functions.

Jonsson et el. (1995) proposed a recursive substructuring of finite elements for
repetitive structures. In each recursive step the problem is transformed in to a new
problem involving half the number of identical substructures. The computational work
involved in factorization grows only logarithmically as opposed to linear growth in
conventional methods.

Farhatt and Geradin (1994) developed a Hybrid Craig-Bampton method involving
the original CB method for assembling substructures, hybrid variational formulation and
finite element procedure for incompatible substructures. This method can be used as an
interface reduction method.

Archer and Graham (2001) present the variation of the component mode
technique for the dynamic substructuring of large-scale structural systems. The principal
innovation of the proposed method is that the resulting matrix of the reduced
substructures remains diagonal. The reduction is accomplished by transforming the
degrees of freedom in the substructure using boundary shapes and internal shapes. Then
diagonalization of the mass matrix takes place. To recover the accuracy, lost in the

diagonalization, additional pseudo-rigid-body-mode shapes are included.



In recent years reduction methods have been extensively developed covering a
wide range of problems. Newer techniques using reduction methods in conjunction with

substructuring and operator splitting techniques also have been proposed.
1.3.3 Continuum Modeling

In the continuum approach, the actual lattice structure is substituted by a
continuum model with equivalent properties derived from those of the discrete members.
The behavior of a discrete structure can be determined by studying that of the continuous
one. Large sets of algebraic equations used in numerical methods are replaced by a small
number of partial differential equations that can be solved analytically or numerically. In
many cases continuum modeling provides practical solution methods for global
structural behavior, and can be used efficiently in preliminary design and parametric
studies. It has been successfully applied to study the vibration and buckling of latticed

structures.

Existing continuum modeling methods differ by how the appropriate relationships
between the geometric and material properties of the original lattice structure and its
continuum model are determined. Most of them fall into one of several main categories.
One group of methods uses the relation between force or deformation characteristics of a
repeating cell of a lattice structure and those of the continuum model (Wright 1965,
Pshenichnov 1982, Necib and Sun 1989). Displacement equations for a lattice cell can be
written in terms of finite difference operators and transformed to differential operators
(Renton 1970, Kollar and Hegedus 1985). A second category includes methods using
energy equivalencies between the lattice and continuum models (Noor, Andersen and

Green 1978, Noor 1988, Dow and Huyer 1987, 1989, and Lee 1990, 1991, 1994, 1998.



Methods of the third category are based on the finite element model of a repeating cell.
The model is subjected to static loading (Sun and Kim 1985, Sun, Kim and Bogdanoff
1988) or wave propagation (Abrate 1991) and the equivalent properties of the model are
determined from the results of these studies. The method suggested by Nayfeh and Hefzy
(1981) combines decomposition of the structural member array and an analytical

geometry approach.

The detailed survey of the application of continuum modeling and an extensive
bibliography in this area are available in the reviews by Noor and Mikulas (1988), and

Abrate (1985, 1988, and 1991).



CHAPTER 2

DECOMPOSITION METHOD
FOR SOLVING PROBLEMS OF STRUCTURAL MECHANICS

21 Main Concept of the Decomposition Method

The decomposition method for solving differential equations and boundary value
problems was proposed by G.I. Pshenichnov (1985). Unlike the domain decomposition
methods in which the structure is decomposed into substructures, this method
decomposes the governing equation and boundary conditions into subproblems. The main
concept in this method is to replace the task of solving the complex boundary value
problem by the analysis of simpler auxiliary problems stated in terms of additional
unknown functions. The form of these functions and their relationship to the field

equation and the boundary conditions is the key to this method.

Assume that the solution y = { V(X esVm (x)} of the boundary value problem

Liy)=fi(x),i=1..m xeQ 2.1)

Li=9;(x),j=1..,r,xel (2.2)

is to be found, where L; and /; are the operators of the equations and the boundary
conditions, respectively, f;(x) and ¢;(x) are given functions, and x = {xl,...,x,,}. The

domain I'" consists of pieces of the whole boundary of the domain , and may include
some regions inside this domain. Domain Q2 may be multiply connected, and the solution

may be multivalued. Let the operators of the system be represented in the form
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h
L= kZ]Lik (2.3)

where some of the terms of the operators L; may not occurin L;.
Introducing the notation

Ly = £t 2.4)

it follows from equations (2.1), (2.3), and (2.4) that

h
fi)= TG, i=l.,m @.5)
k=1

The following A auxiliary problems for yk = {ylk (%), y,l;, (x)} are now added:

Li") =), xeQi=1..mk=1...h (2.6)
LMY =0;(x), xeTjel, j=iy i @.7)

The conditions (2.7) are chosen so that conditions (2.2) are satisfied by at least one

solution yk at each fixed point on the contour I'.

The solutions of the problem described by (2.1) and (2.2) coincide with the
solutions common to all the problems characterized by (2.6) and (2.7). Boundary
conditions will be satisfied as a consequence of the selections in (2.7). Furthermore, (2.1)
will be satisfied as well, since (2.3), (2.5), and (2.6) hold. On the other hand, a solution y
of the problem described by (2.1) and (2.2) is a solution of each of the /4 problems
characterized by (2.6) and (2.7) as well. Consequently, the task of solving the boundary

value problem may be replaced by that of finding solutions of the auxiliary problems

11



(2.6), containing m x h unknown functions f* (x) with the addition of m x h conditions

(2.7) on the solutions.

The merit of this method is the flexibility in the decomposition of the original
problem, which provides wide latitude for choosing the auxiliary problems that facilitate
the construction of the desired solution. As a result, simple and highly accurate
approximate analytical formulas for displacements, force responses, and eigenvalues of
the boundary value problems can be obtained in many cases, where other methods must

usually resort to numerical solutions.

In this work the decomposition method is developed for the bending and free

vibration problems of thin isotropic and single-layer lattice plates with elastic supports.

2.2 Bending of Rectangular Plate with Non-Symmetric Elastic Supports

The application of the decomposition method is first illustrated with a non-
symmetric problem of bending of the rectangular thin isotropic plate shown in Figure 2.1

subjected to a uniform transverse load.

2.2.1 Problem Statement

In the Cartesian coordinate system the differential equation governing the bending

problem has the well-known form

0w +2 o*w N 0w _ q(x)

(2.8)

12



where w is the transverse deflection, ¢ is the uniformly distributed transverse load

intensity, and D is the plate’s flexural rigidity.

=17
|
<y

rl
a 1 r r i
3 4
i r \
|

Figure 2.1. Rectangular plate with non-symmetric elastic supports

Assuming flexible elastic supports along the edges of the plate, (2.8) must be

solved under the following boundary conditions:

ow
=0, My=-ri— =0
w ] r o (x=0)
ow
=0, M{=r,— =
w 1 rzax (x a)
W=0, M2 =—)‘3—— (y=0) (29)
ox
ow
=0, Mr=r4— =b
w 2= T4 (y=>b)

where r; is the stiffness per unit length of the distributed rotational springs along the

corresponding support (0<r,<o). Using the moment-curvature relationships

13



M, =-D(@*w/ox*)and M, =-D(3*w/d?), the boundary conditions may be

written as:

2
w=0, DZ¥_ 1 _0 (x=0)
P
?w  ow
w=0, D—2+r2—=0 (x=a)
o
?w  ow
W=0, D—a;_i—_r3—6_y—=0 (y=0) (210)
2
w=0, Da—;v+r4———0 (y =b)

For a rigid support, the stiffness coefficient is infinity, and the equations above are
inconvenient for obtaining the analytical dependencies. It is expedient to introduce the

following expressions for the dimensionless stiffness coefficients of the elastic supports:

A S S
1+r|a/D 1+r2a/D

@2.11)
1 1

k3=—, k4=——
1+r3b/D 1+7r4b/D

Since0 < r; <, it follows that 0< k; <1, and the extreme cases k; =0and &; =1

correspond to rigid and hinged supports at the edges of the plate. Furthermore, the

following notations are introduced to reduce the whole problem to non-dimensional form:

a=x/a, Pp=ylb, A=bla21
D (2.12)

V=w—-
ga*
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where v= dimensionless deflection function.

The dimensionless differential equation corresponding to (2.8) is

oty 2 a% 1 8%
it 222t A )
oa® A2 oalop? At op

and the dimensionless boundary conditions corresponding to (2.10) are

2
v=0, 52Y -k & =0 (@=0)
v=0, k ‘32"+(1-k 20 (@=1

8%v ov
v 3502 (1=k3)— (B=0)

d%v v
=0, kg—=+(1-kg4)—=0 =1
V=0 kg +(-k)g2=0 (B=D

2.2.2 Decomposition of the Problem

(2.13)

2.14)

The boundary value problem characterized by (2.13) and (2.14) is solved by the

decomposition method. The dimensionless deflection v(a, ) is represented in the three

forms v;,v,, and v3. Three auxiliary problems, two of which are boundary value

problems, are introduced to determine these forms.

The first auxiliary problem (boundary value problem) is to find the solution to the

differential equation

64\71 _

i ~fi@p)

15

(2.15)



subject to the conditions

0%v, v
V1=O, kl————(l—kl)—-—=0 (a=0)
oo oa
(2.16)
0, k Gl k)2 2o 1
Vv, = s + —_ _— a =
! 222 (-k2)— (@=1)

The second auxiliary problem (boundary value problem) is to find the solution to

the differential equation

4

0 %)
— = /2(@.B) (2.17)
op
subject to the conditions
0 k—azv2 Ak 22 =0 (p=0
vy =0, —(l-k3)—/—= =
2 3 aaz 3) da ( )
(2.18)
62\’2 aVZ
v2 =0, ky—a+(-kg)=>=0 (f=1)
oa o

The third auxiliary problem is to find the solution to the interconnection

differential equation

2 9%,

St~ h@h)- G hp) 2.19)

These problems include two unknown functions fj(a,f) and f5(a,p).

Assuming that

v

Vi=Vy =V (2.20)
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and separately summing the left- and right-hand terms of the equations in the three
auxiliary problems, yields the left- and right-hand terms of the original problem in (2.13).
Similarly, summation of the boundary conditions of the auxiliary problems results in the
boundary conditions of the original problem (2.14). Thus, the solution of the boundary
value problem (2.13) and (2.14) can be replaced by the solution of auxiliary problems

(2.15), (2.17), and (2.19) satisfying conditions (2.20).

If the condition (2.20) is satisfied exactly, the three forms of the solution

v}, v, and v3 coincide, and the exact solution of the original boundary value problem is

obtained. In this work an approximate solution is sought by representing of the unknown
functions fj(a,B) and f,(a,p) as power series. These functions do not depend upon
boundary conditions, and therefore can be represented by the same system of basic
functions. Since the fourth derivative of v5 is approximated by these functions, retaining

only a few terms of the power series expansion can still yield accurate results for v.

Assume that

fl(a’ﬂ) =Wl(ﬂ)
fZ(a’ﬂ) = ‘//Z(a)

2.21)

where y(f) and y (a)are arbitrary functions.

Consider the first auxiliary problem (2.15) and (2.16). The integration of (2.15)

yields

4 3 2
o a o
Vi =Wl(ﬂ)[§+C3?+C27+C|a+C0J (222)
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which C;, i =0...3, are the integration constants depending on the values of A (the aspect

ratio of the plate) and k; (the dimensionless stiffness coefficients of the elastic supports).

These constants are found by satisfying boundary conditions (2.16):

Co=0
1 ky(1+5k,) BRI

2 3k e ky)-20-k k) Ry

. =L. (1-k, )1+ 5k,) =1L(l—/cl)(prszcz) .

(1+k1)(1+k2) 201~k k2) i Ry

201+ 2k, )Ry, + (14 5k, )1 - ky &)

6Ry, (1+k,)

Cy=-

where RIZ =3(]+k1)(]+k2)—2(1—k|k2)=]+3(kl +k2)+5k1k2.

The expression for the first form of the deflection function can now be written as

v =l/—/%62{3a4 W[ZRIZ(HM) 1+ 5k, )1 - kK, )| @ -
" 3(l;lzk2)[(1—kl)a2 +2k,a]}
A similar procedure for the second auxiliary problem (2.17) and (2.18) yields
l//z(a){ m[2R341+2k +1+5k i - ksk,)] B2 s
+3(1+5k4)[(1-k3)ﬂ2+2k3ﬁ]}

R34



where Ryy =3(1+k; J(1+ kg )-2(1—k3ky)=1+3k; + k4 )+ Sks k4

Satisfying condition v{= v, from (2.20) yields the arbitrary functions y|(f) and y;(a):

wi(B)=p {3,34 —R_Tl—z:k_y [2R34 (1+2k4)+(1 +5k4)(1"k3k4)],33
34\l +ky

3(1+5k,)
Rs4

+

[(1—1(3)/32 + 2k ﬂ]} (2.26)

or yi(B)=ppi(B)

vy (@) = p {3a4 'ﬂé_ﬁ [2R), 1+ 2k, )+ (14 5k, )1 - K ey ) o
12 2

+3(1;5k2)[(1—k,)a2 +2k,a]} 2.27)
12

or y,(a)=pp(a)

where p is an unknown constant. Substituting y;(f) and w5 () into (2.24) and (2.25)

yields the following expression for the dimensionless deflection function:

v=v, =v, =7—1’2{3a4 _;12—62:;27[2&2 (1+ 2k, )+ 1+ 5k, 1 - K1k )|

" il ;lSZkz) [0-k,)a? + 2k, ]}

(2.28)
’ {3ﬂ4 _mli—klgj‘[zRu (1 + 2k4)+ (1 +5k4)(1 _k3k“)] A

3(1+5k4)[(1_k3)ﬁ2 +2k; ﬂ]}

+

34

Equation (2.28) is an approximate solution to the original problem with the

unknown constant to be determined by solving the third auxiliary problem.
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The approximate solution of the third auxiliary problem (2.19) is found by

assuming vy =v; =v, =v. The following the discrepancy function based on (2.13),
(2.15), and (2.17) is proposed:

4v3

®(a,f) = f(e.f)+ M P

fz (a,f)- 1 (2.29)

If the solution is exact, the function ®(e, B) is identically zero. In the approximate
solution that is sought, the arbitrary constant p is determined by minimizing the

discrepancy function®(a, ) using the Bubnov-Galerkin method. The vanishing

condition for the discrepancy function can be written as:

P(a, B¢y (a) ¢ (B)dadf =0 (2.30)
0

Oy -

Using the notations in (2.26), (2.27), and (2.28) yields the expression

I Lo+ Lo @ (/3)+—11—¢|(ﬂ)]¢z(a)¢1(ﬂ)dadﬂ 0

where the primes denote derivatives with respect to the arguments of the functions.
Performing the integrations and necessary transformations yields the following

expression for the arbitrary constant

49 Ry3 R34 Gy, Gy

p:
4 7
TR, Gy F34 + =z H,Hyy + I R34G34Fyp

(2.31)

where

RIZ =1 +3(kl +k2)+5k1k2, R34 =1+3(k3 +k4)+5k3k4
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Gy =1+ 8(k, + k) + 55k k5, Gsq =1+8(ks +ky)+55ksk,

Hyy = 14+13(ky + k) +58(kZ + k2) + 154k ky +625(k ky + kyk3 ) + 2125k k2
Hyy =14+13(ks + k) +58(k3 + k2) +154ksky +625(kZky + kyk2)+2125k 2k}
Fp =1415(ky + ko) + 60(kZ + k2) + 208k ky +765(k ky + kyk2) + 2575k k2
Fyy =1+15(ks + kg ) +60(k? + k2)+208k;k, +765(kZky +ksk2)+2575k2k?

After the value of p is obtained from (2.31), the dimensionless deflection can be

computed using (2.28). The actual deflection and bending moments at any point of the

plate are calculated using the formulas

4
w=2%_,
D
2 2
M, =—qa?| 22 4, 0¥ (2.32)
! oa 8>
2 2.
M2=—qa2 v—a——%+a—;
oa”® Op

2.2.3 Numerical Results

Test results were obtained from the decomposition method for an isotropic square
plate with different combinations of boundary conditions under the uniformly distributed
load and compared with accurate solutions (Timoshenko and Voinowsky-Krieger 1959).

The calculation results and the associated errors are presented in Table 2.1.

The error in the deflections computed by the decomposition method do not exceed

5%, but the error in the computed bending moments is significant and reaches 20%. This

21



is because the bending moment is related to the second derivative of the displacement
which is prone to greater error. The number of terms in the series expansion should be

increased to improve the results for the bending moment.

TABLE 2.1. Accuracy of results obtained using Bubnov-Galerkin condition (2.30)

v(0, 0)x10° M,(0, 0)x10°
Support
Type Exact Exact
value OM & (%) value Mo (1,0) &(%)
1.32 1.26 4.8 2.77 2.31 -19.0
[ —
: : 414 4.04 -2.0 5.17 479 -9.0
///IIIII{I
| 1.61 1.57 -2.5 3.26 2.83 -156.9
,,,/,,’7;”
: 2.82 2.80 -0.7 4.31 3.90 -10.4
;7 1.98 1.92 3.12 2.77 2.44 135
|l
: 2.40 2.30 4.3 3.02 2.81 -7.5
Notations: wunccee fixed support, === pinned support
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2.3 Symmetric Bending Problem of Rectangular Plates
with Elastic Supports

In this section the decomposition method is used to obtain the bending response of
the thin isotropic rectangular plate with elastic supports shown in Figure 2.2 under an
arbitrarily distributed load. Collocation methods are introduced for minimizing the

discrepancy function.

™ . il r K Hl
a 1 \ ! \
qf T, r, | 1 1k, k, |
a | Y 1 "l | | i-
Ll Ll )
vX va
Figure 2.2.  Rectangular plate with symmetric elastic supports
2.3.1 Problem Statement
The differential equation for the bending problem is
04w otw  otw Zz
+2 = (2.33)

+ E—

where Z is the arbitrary distributed transverse load.
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Assuming symmetrical elastic supports along the opposite edges of the plate, (2.33) must

be solved under the following boundary conditions:
2
w=0, DMi r QK:O (x=1za)
2 o
(2.34)

2
w=0, Da—;irzgw—=0 (v = +b)
dy oy

Using the notations (2.11) and (2.12), the problem is reduced to the non-dimensional
form:

oy N l %y N _1_64v
oat A2 oa?op?  a* apt

=q(a,p) (2.35)

where g(a,f) = = the dimensionless load function. The dimensionless boundary

Izmax'
conditions corresponding to (2.34) are
2

v=0, kla—;i(l-kl)—alw (a = 11) (2.362)
oa oa
8%y Bv

v=0, ky—5*(-k)—=0 (B=1) (2.36b)
op op

2.3.2 Decomposition of the Problem

The boundary value problem characterized by (2.35) and (2.36) is solved by the
decomposition method using three auxiliary problems. The first auxiliary problem

(boundary value problem) is to find the solution to the differential equation

4
oY fi@p) (237)
oa
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subject to the conditions (2.36a), where v=v,.

The second auxiliary problem (boundary value problem) is to find the solution to

the differential equation

64
2 = fr(@,B) (238)
o8

subject to the conditions (2.36b), where v =v,.

The third auxiliary problem (solution of the differential equation) is

a4
O, f)= =2t fi @Bt (@ B)-q@f)=0 (239
22 oa?0p A

These problems include two unknown functions fj(a,f) and f5(a, ). An approximate
solution is sought by retaining the first two terms of the power series expansion of

fi(a,B) and f5(a, B). Due to symmetry in the coordinates a and f, it is assumed that

h@B = /B +a*f5B), fr(@ B)= fr@)+ B f4(@) (2.40)
where f,(0), f, (@), f,(B), f,(«) are arbitrary functions.

Solutions of the boundary value problems (2.37) and (2.38) are then obtained as

v :-2—12[(14 —2(1+2k)) +1+4k,]f,(/)’)
(2.41)
+§éa[a6 =31 +4k))a® +2(1+6k1)]f3(ﬂ)
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vy =%[p4 —2(1+2ky) B2 +1+4k2]f2(a)

+ﬁ[p6 ~3(1+4ky) B2 +2(1+ 6k2)]f4 (@)

Satisfying conditions (2.20) yields

1
v =, —wf')(a)[pw/fz)(ﬂ) ¥ p3w§2)(ﬂ)]

T4

+§é5u/§l)(a)[pzwf2)(ﬂ)+p4w§2)(ﬂ)]

where

w{O(@) =a’ 201+ 2k)a? +1+ 4k
wiD (@)= a® -3(1+4k)a? +2(1+6k))
v (B) = B* -2(1+2ky) % +1+ 4k,

WP (B) = BC -3(1+ 4ky) B2 +2(1+6ky)

and p; = arbitrary constants.

(2.42)

(2.43)

(2.44)

Equation (2.43) is an approximate solution to the original problem with four constants to

be determined by solving the third auxiliary problem. Satisfying conditions (2.20) and

using (2.39) and (2.43) yields

1 n n 1
(@, f) = py [wfz)(ﬁﬂﬂt//]ﬂ) @y (ﬂ)+wa‘)(a)]

o)) 1w @ 1w
+pa| ey (B ——=y, (@ (B)+——v (a)J
2[ ! 18042 2 ! 1524 " 2
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1 n ”n 15
+p3[w§2)(ﬂ)+522—w1(” @y (ﬂ)+;;/»’2w,(”(a)]

+ P4 [azw?’(m - l—séwg)" @y (B + ﬂ%ﬂzwg)(a)] ~q(@.f)=0 (245)

The primes denote derivatives with respect to the arguments of the functions.

2.3.3 Solution techniques for the interconnection equation

The third auxiliary problem (interconnection equation) can be solved by different
methods. For the problem at hand, three different approaches were used to evaluate the

arbitrary constants p;: the Bubnov-Galerkin method and two forms of the collocation

method. The load was assumed to be uniformly distributed: g(a, 8) =1.

Bubnov-Galerkin Method. In the first approach using the Bubnov-Galerkin

method, the vanishing conditions for the discrepancy function can be written as:

11
[[o(a, )y D @)y P (B)dadp =0
00

11
[[o@, By @i (Bydadp =0

00
(2.46)

11
[[o@ By @vy? (Bydadp =0
00

11
[ [o(a, By @)y P (B)dadp =0
00

Substituting the discrepancy function (2.45) into (2.46) and performing the
integrations yields a system of four linear algebraic equations which can be solved to

obtain the four unknowns p;, p, p; and p,. The dimensionless deflection at any point of
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the plate is then obtained from (2.43) and bending moments are computed using the
moment curvature relationships. Results obtained from the decomposition method for a
square plate with three different types of boundary conditions, and the associated errors
compared with accurate solutions (Timoshenko and Voinowsky-Krieger 1959) are given
in Table 2.2. The example demonstrates the accuracy of the technique for the case of

square plates.

TABLE 2.2. Accuracy of results obtained using Bubnov-Galerkin conditions (2.46)

Support Type v (0, 0) €(%) | Mo(0,0) € (%) M (1,0) | (%)
Pinned supports | g 55406 0 0.0474 | 104 0 0
(k1=k,=1)
Fixed supports | 55126 0 0.0228 1.2 00512 | 03
(k1= k,=0)
Mixed supports
oo hyy | 000182 | 01 0.0246 06 00668 | 13

However, the solution using this approach loses the accuracy for aspect ratios
other than 1. Also, the Bubnov-Galerkin method for solving the third auxiliary problem is
cumbersome and does not lend itself to automation. An alternate method is to obtain the
equations for determining the unknown constants by equating the discrepancy function or

its derivatives to zero at several collocation points.

Collocation Method with Single Point. In the second approach the arbitrary

constants are determined by minimizing ®(e, ) in the middle section of the plate.
Accordingly, the function and some of its lower derivatives with respect to « and S are

set to zero at the center of the plate.

2 2 4
@(0,0) =0, a—(12)(0,0) =0, 8;123(0’0) =0, a—2;(0,0) =0 (2.47)
oa op oa
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Since all odd derivatives are zero at the center of the plate owing to symmetry, these are
not used in (2.47).
Using (2.39) and (2.47) results in a system of four linear algebraic equations, the

solution of which yield the constants p;. The values of these constants are then

substituted into (2.43) to compute the dimensionless deflection function. The real
deflections and moments can be calculated using (2.32). Results obtained from this
technique are compared with accurate solutions (Timoshenko and Voinowsky-Krieger
1959) in Tables 2.3 and 2.4, and Figures (2.3) through (2.6). It can be seen that this
approach provides reasonably good results for square plates and for long plates with high

aspect ratios, but yields large discrepancies for intermediate aspect ratios.

TABLE 2.3. Calculation results for k; = k> = 0 (fixed supports) obtained using (2.47)

b v(0, 0) x 10° -Mo(1, 0)x10?

* a | Exact Value Dn:::::;s' £(%) Exact Value Dn::&";: € (%)
1.0 20.16 20.29 0.64 20.52 20.42 -0.49
1.1 24.00 23.74 -1.08 23.24 22.80 -1.89
1.2 27.52 26.75 -2.80 25.56 24.79 -3.01
13 30.56 29.30 4.12 27.48 26.43 -3.82
1.4 33.12 31.42 513 29.04 27.75 -4.44
15 35.20 33.16 -5.80 30.28 28.81 485
1.6 36.80 34.59 -6.00 31.20 29.65 -4.97
1.7 38.08 35.75 6.12 31.96 30.32 -5.13
1.8 39.20 36.70 -6.38 32.48 30.86 -4.99
1.9 39.84 37.48 -5.92 32.88 31.28 -4.87
2.0 40.64 38.12 -6.20 33.16 31.63 -4.61
© 41.60 41.67 0.17 33.32 33.33 0.03
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Figure 2.3. Maximum deflections at the middle of the plate obtained by (2.47)

for k; = k=0 (fixed supports)
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Figure 2.4. Maximum bending moments on the edge of the plate obtained by (2.47)

for ki = k2= 0 (fixed supports)
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TABLE 2.4 Calculation results for k; =k, =1 (pinned supports) obtained using (2.47)

b v(0, 0)x10? M,(0, 0)x10?
r=a Exact Value ':::t‘:‘f:' £(%) |ExactValue ':::t‘:::' & (%)
1.0 6.50 6.41 -1.38 19.16 18.97 -0.99
1.2 9.02 8.78 -2.66 25,08 26.24 4.62
1.4 11.28 10.88 -3.55 30.20 32.60 7.95
16 13.28 12.66 -4.67 34.48 37.88 9.86
1.8 14.90 14.12 -5.23 37.92 42.10 11.0
2.0 16.16 15.31 -5.26 40.80 45.40 11.3
3.0 19.52 18.62 4.61 47.56 53.28 11.9
4.0 20.48 19.83 317 49.40 54.77 10.9
5.0 20.80 20.33 226 49.84 54.53 9.41
0 20.80 20.80 0 50.00 50.57 0.01

v(0;0)x100

1 12 14 16 18 2 22 24 26 28 3
Aspect Ratio

1—0—— Exact Solution — < — Decomposition | Me_thoEl_ ! ‘

Figure 2.5. Maximum deflections at the middle of the plate obtained by (2.47)

for k= k=1 (pinned supports)
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M(0; 0)x100

1 12 14 1,6 18 2 2,2 24 26 2,8 3
Aspect Ratio

—e— Exact Solution —  — Decomposition Method

Figure 2.6. Maximum bending moments at the middle of the plate obtained by (2.47)

for ky = k2= 1 (pinned supports)

Collocation Method with Multiple Points. The third approach is to obtain the

equations for determining the unknown constants by equating the discrepancy function to
zero at several collocation points. For the given symmetrical problem, only a quarter of
the plate needs to be analyzed. For four equidistant collocation points, the linear algebraic

equations can be solved to obtain p;, p,, p;, and p4:
®(0,0)=0, @(0,0.5)=0, ®(0.50)=0, ®(0.5,0.5)=0 (2.48)

Tables 2.5 and 2.6 show the results calculated for plates with fixed and pinned
supports, respectively, for different aspect ratios. These results are also illustrated in
Figures 2.7 through 2.11. The collocation method was used to obtain the results shown in
these tables. The comparison of deflections and bending moments with exact solutions

show the high accuracy of this method.
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TABLE 2.5. Calculation results for k; = k= 0 (fixed supports) obtained using (2.48)

b v(0, 0) x 10° My(0, 0) My(1, 0)
A=— Exact |Decomp. Exact |Decomp. Exact |Decomp.
a Value | Method | © (%) Value | Method & (%) Value | Method & (%)

1.0 | 20.16 | 20.11 | -0.25| 9.24 9.14 | -1.06 | 20.52 | 20.13 | -1.88
1.1 | 2400 | 2396 | -0.14| 1056 | 1064 | 0.71 | 23.24 | 2298 | -1.11
1.2 | 2752 | 2741 | -041| 1196 | 11.93 | -0.23 | 25.56 | 2541 |-0.57
1.3 | 30.56 | 30.37 |-0.62 | 13.08 | 13.02 | -0.45 | 27.48 | 27.43 |-0.20
14 | 3312 | 3286 | -0.79 | 13.96 | 13.91 | -0.34 | 29.04 | 29.05 | 0.03
1.5 | 3520 | 3491 |-082| 1472 | 1453 | -1.28 | 30.28 | 30.34 | 0.19
16 | 36.80 | 36.58 | -0.61| 1524 | 1520 | -0.24 | 31.20 | 31.34 | 0.46
17 | 38.08 | 37.92 | -042 | 1568 | 1565 | -0.17 | 31.96 | 32.12 | 0.49
18 | 39.20 | 38.99 |-054 | 16.04 | 16.00 | -0.22 | 3248 | 32.71 | 0.70
19 | 3984 | 3984 | 0.00 | 16.28 | 16.28 | -0.03 | 32.88 | 33.15 | 0.83
20 | 4064 | 4051 | -0.32| 1648 | 1648 | 0.02 | 33.16 | 33.49 | 0.98

00 4160 | 4167 | 0.16 - - - 33.32 | 33.33 | 0.04
o - N
| |
| 40 !
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X |
© 30 (
e |
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| 1 1.1 1,2 1.3 14 1,5 1.6 1.7 1.8 1.9 2
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! [—0—:Exact Solution — - —- I_Dqumggsjti_onlﬁethoa »

Figure 2.7. Maximum deflections at the middle of the plate obtained by (2.48)

for ky = ky= 0 (fixed supports)
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Figure 2.8. Maximum bending moments at the middle of the plate obtained by (2.48)

for ky = k2= 0 (fixed supports)
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Figure 2.9. Maximum bending moments on the edge of the plate obtained by (2.48)

for ky = k= 0 (fixed supports)
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TABLE 2.6. Calculation results for k; = k; = 1 (pinned supports) obtained using (2.48)

v(0, 0) x 102 M,(0, 0)x10?
A=—
Decomp. Decomp.
Exact Value Method £(%) Exact Value Method £(%)
1.0 6.50 6.41 -1.45 19.16 18.96 -1.07
1.2 9.02 8.91 -1.27 25,08 24.76 -1.28
1.4 11.28 11.15 -1.13 30.20 29.79 -1.34
1.6 13.28 13.06 -1.63 34.48 33.97 -1.49
1.8 14.90 14.64 -1.76 37.92 37.34 -1.53
2.0 16.16 15.91 -1.54 40.68 40.03 -1.60
3.0 19.52 19.33 -0.98 47.56 47.08 -1.02
4.0 20.48 20.45 -0.17 49.40 49.31 -0.19
50 20.80 20.82 0.1 49 .84 50.04 0.41
00 20.80 20.83 0.16 50.00 50.00 0.00
20
"
1
i 16 -
I o
o
% 14 -
)
S 12
;>
1 10 1
. 8]
e |
i 1 12 14 16 18 2 22 24 26 28 3 J
| Aspect Ratio :
i e .
} . —— Exact Solution — - - — Decomposition Method |

Figure 2.10. Maximum deflections at the middle of the plate obtained by (2.48)

for ky = k=1 (pinned supports)
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Figure 2.11. Maximum bending moments at the middle of the plate

obtained by (2.48) for k; = k;= 1 (pinned supports)

2.3.4 Solution of the Problem for the Case of a Non-uniform Load

For the rectangular plate with pinned supports the boundary value problem has the

form (2.35) and (2.36). Assume the load distribution function as

mnf
2 (2.49)

q(a,p) = cos% cos

n,m=13,5...

The approximate solution of the problem has the form (2.43) with respect to (2.44). The

arbitrary constants p; are to be determined from the conditions (2.47). Using the

. nrx mrx : :
notations 4, =5 Am = the values of the load function and its low even

derivatives at the central point of the plate are determined as
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82 02 o*
g(0,0)=1, 6—3(0,0)=—'13’ 5;%(0,0)=—A;’;,, a—%(o,0)=—,1;‘,, (2.50)
a a

Using the expression (2.35) for discrepancy function and applying conditions
(2.47) yields the system of four linear algebraic equations with four unknown constants.
The resulting values of constants are then substituted into (2.43) to obtain the equation of

the dimensionless deflection function.

The non-dimensional values of deflections and bending moments for the plates
with different aspect ratios obtained from this technique are presented in the Table 2.7
and Figures 2.12 and 2.13. To estimate the accuracy, the solution by Timoshenko method

was obtained. The comparison shows a reasonable accuracy of the proposed technique.

TABLE 2.7. Calculation results for rectangular plate under non-uniform load

for k1 =k2=1 (pinned supports) obtained using (2.47)

b v(0, 0)x10? Mo(0, 0)x10?
A=—
Decomp. Decomp. o
a | Exact Value Method & (%) Exact Value Method £ (%)
1.0 411 4.16 1.2 10.1 10.2 1.0
1.2 5.72 5.68 -0.7 18.3 18.3 0.0
14 7.20 7.09 -1.5 23.1 22.8 -1.2
1.6 8.49 8.28 -2.5 27.2 26.8 -1.8
1.8 9.59 9.32 -2.8 30.8 30.1 -2.0
2.0 10.5 10.2 -2.8 33.7 329 2.1
3.0 13.3 12.8 -33 42.7 41.9 -1.9
40 14.5 14.1 -3.2 46.6 46.1 -1.2
5.0 15.2 14.7 -3.1 48.7 48.4 -0.7
10.0 16.1 15.7 -2.6 51.6 52.0 0.6
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Figure 2.12. Deflections at the middle of the plate under non-uniform load

for ki =k, =1 (pinned supports) obtained using (2.47)
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Figure 2.13. Bending moments at the middle of the plate under non-uniform load

for k; =k, =1 (pinned supports) obtained using (2.47)
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2.4 Bending of Rectangular Plate with One Free Edge
and Three Elastically Supported Edges

The transverse bending of a thin isotropic rectangular plate with one free edge and
elastic supports along the three other edges is investigated (Figure 2.14). The load is

assumed to be uniformly distributed.

b - 1
I, y | k, f
o g
a | L 1 k,
ol |
| ) rl i . | kl
) X v

Figure 2.14. Rectangular plate with one free edge

2.4.1 Problem Statement

The problem is stated in the non-dimensional form with respect to notations

(2.10). Assume that the edges @ =0, a =1, and S = 0are supported elastically, and the

edge f =1 is free. In this case the boundary value problem can be written as

4 4 4
az+_22___azv2+_1;___az =1 2.51)
oa®  2oatopr A1 ap
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2
v=0, k,i%i(l-kl)ﬁw (@=0, a=1) (2.52a)
oo oa
v=k &% (-k)% =0 (8 =0) (2.52b)
=k ——-1-k)=—= = .
o> op

(2.52¢)
M,;=—[-—————+;z—}=o B=D
a

2.4.2 Decomposition of the problem

The boundary value problem characterized by (2.51) and (2.52) is solved by the
decomposition method using three auxiliary problems. The first auxiliary problem
(boundary value problem) is to find the solution to the differential equation

84v1 _

6a4

fi(e.B) (2.53)

subject to the conditions (2.52a), where v=v,:

H+

2
v]=kla d (1—k,)%=0 (@=0, a=1) (2.54)
oa oa
The second auxiliary problem (boundary value problem) is to find the solution to
the differential equation

%y

2 = f2(a.B) (2.55)
op

subject to the conditions (2.52b) and (2.52c):
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2
vy =k 82 _(12) 22 2 (8 =0) (2.56a)

A odat B A ap’

M 1 62v2 62v| 0 (ﬂ 1)
= —] — + = =
N P APy IR PY

[(2 )azv, 6v2 1 0 Vz}
ﬂ +—

(2.56b)

Note that boundary conditions (2.56b) now include the derivatives of the
deflection function in both directions. For this case it is more convenient to use the
“weaker” form of the boundary conditions. To obtain it, the summation of work done by

tractions along the edge f =1 is set equal to zero:

1
(2 1'”) 0, '[6 ! %___2332 Iv, da =0
0
(2.56¢)
1 6 V2 avl a Vl avl
= d =0 (L=

The third auxiliary problem (solution of the interconnection differential equation) is

64

D(a,p) = 26—2({3—_

i@ f)+ %f; (@.f)-1=0 2.57)

Note that solutions of the auxiliary problems must satisfy the condition
V=V =V, =1 (2.58)

The approximating functions are taken in the following forms:

fil@.B)=£(B), fila.B)=Bfrla)+ B f3(a)+ B fula) (2.59)
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where f;(r), i=1,...4,are arbitrary functions of the arguments &z and S .

The solution of the first boundary value problem has the form
V= %[a“ =203 = 2(=1+ k) )+ k)a? + 2k /(1 + k, )]f, (8) (2.60)

Consider the second auxiliary problem. Integration of the differential equation

(2.55) yields

3 2
vy = fz(a)(ﬁﬂs +£6—C3 +%—C2 +BC +Co]

1

+f3(a)(360

3 2
B +%C7+%C6+,BC5+C4] (2.61)

+Ja (a)[840 6

3 2
Lﬂv+ﬂ_c,l+ﬂ7clo+ﬂc9+c8]

where C;, i =1,K 11, are the integration constants depending on the values of A4 (the aspect

ratio of the plate) and k; (the dimensionless stiffness coefficient of the elastic supports).
These constants are found by satisfying the boundary conditions (2.56a) and (2.56c). The

expressions for C; are obtained using the Maple computer algebra system, and are given in
Appendix A.

Satisfying condition v|= v, from (2.58) yields:
A B = PP B+ p2wP B+ 3w (B)

f(@)= f3@) = fa(@) = 2—14w."’(a) (2.62)
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where

v (@)=a* —2a% — 21+ k)11 + ky)a? + 2k /(1 + ky)

3 2
v p+ i6+%£wﬁq%b

1 3 2

3 2
2)(,ﬁ')— ﬂ +-ﬂ6—C|| +'BTC10 +PCy +Cy

The expression for the deflection function can now be written as

1
w=—%%®bw9wwmw9wwmw9wﬁ (2.64)

¢ 24

where p;, p,, and p; are arbitrary constants that are to be determined from the third
auxiliary problem with respect to the conditions in (2.58).
Substituting the expression (2.64) into (2.57) and using (2.63) yields
mmm=m[”m) ﬁ%”wwﬁ(m]
+mhﬁwn fm”(wﬂwm]
(2.65)

+m@ﬁwh fwww@”wﬂ

2;vw9’()@+ﬁ +B)-1=
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An overdefined point collocation method is used for the solution of this problem, with 90
collocation points spaced equidistantly over the surface of the plate. For each point the following
condition is applied:

1

®(a, H)W; dadf =0
0 (2.66)

W,=6(a-a,f-B), i=1,2 KKK N

SR —

where ¢ is Dirac delta-function, and (a,, ) are coordinates of the collocation points.

The constants p;, p, and p; are obtained as the least-square solution of the resulting

overdefined system of linear algebraic equations. The dimensionless deflection function is
determined using (2.64), and the real deflections and bending moments are calculated

using the expressions in (2.32).

2.4.3 Numerical results

Test results were obtained from the decomposition method for an isotropic
rectangular plate with different aspect ratios under the uniformly distributed load and
compared with available accurate solutions (Timoshenko and Voinowsky-Krieger
1959) and finite element solutions. The finite element analysis was performed using
the LIRA software (Kiev, 2000). A refined mesh of quadrilateral finite elements was
used to achieve convergent solutions. All dimensional values of deflections obtained
by the finite element method were converted into non-dimensional form. Calculation

results are presented in Tables 2.8 through 2.12 and in Figures 2.14 through 2.18.
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TABLE 2.8. Maximum deflection of the free edge for k; =1 (pinned supports)

, v(0.5; 1)x10°
A=— . Decomp.
Timoshenko o & (%)
@ | solution FEM £(%) method (%) | pmiFEM
05 7.1 7.09 -0.14 717 1.02 1.11
0.67 9.68 9.68 0.00 9.79 1.13 1.14
0.71 10.23 10.28 0.49 10.40 1.65 1.11
0.77 10.92 10.91 -0.09 11.03 0.98 1.03
0.83 11.58 11.56 -0.17 11.67 0.75 0.93
0.91 12.32 12.21 -0.89 12.30 -0.13 0.80
1.0 12.86 12.85 -0.08 12.93 0.51 0.59
1.1 13.41 13.39 -0.15 13.46 0.38 0.51
1.2 13.84 13.82 -0.14 13.88 0.25 0.40
1.3 14.17 14.15 -0.15 14.20 0.19 0.34
14 14.42 14.40 -0.13 14.45 0.19 0.33
1.5 14.62 14.59 -0.18 14.65 0.18 0.37
20 15.07 15.05 -0.14 15.24 1.12 1.25
!
1
|
|
o |
(=} ;
(=) ;
i |
&
3
\ >
! |
i |
| \
| 7 ‘
], 05 06 07 0809 1 1112 13 14 15 16 17 18 19 2
; Aspect ratio
|\ —e—Timoshenko soluion — = = FEM - --Decomposiion Method

Figure 2.14. Maximum deflection of the free edge for k; =1 (pinned supports)
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TABLE 2.9. Deflection at the middle of the plate for k; =1 (pinned supports)

v(0.5; 0.5)x10°
A= 2 Decomp. £(%)
a FEM method  \omvs. FEM
05 3.81 3.87 1.57
0.67 5.43 553 1.77
0.71 5.82 5.96 2.43
0.77 6.31 6.42 1.74
0.83 6.81 6.92 1.70
0.91 7.35 7.47 1.64
1.0 7.94 8.06 157
1.1 8.51 8.64 152
1.2 9.02 9.15 1.50
1.3 9.47 9.61 1.49
1.4 9.87 10.02 1.50
15 10.22 10.38 153
20 11.50 11.69 1.65

| 12
| 11 |
| 10
. - ]
8 9
i
n
e 7
& 6
| 8 5|
, >
| 4 .
! 3 :
O e —
| 0506 070809 1 1112 13 14 1516 17 1.8 1.9 2
: Aspect Ratio
| e FEM - — - - Decomposition Method
L__,‘, —— = - T R — T l,,,- a4

Figure 2.15. Deflection at the middle of the plate for k;=1 (pinned supports)
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TABLE 2.10. Maximum bending moment for k; =1 (pinned supports)

5 M (0.5; 1)x10?
A=— Decomp. o

a |Tiostenko | “metmoa | <04
0.5 6.0 6.25 416
0.67 8.3 8.53 2.75
0.71 8.8 9.06 2.94
0.77 94 9.61 2.20
0.83 10.0 10.16 1.63
0.91 10.7 10.72 0.18
1.0 11.2 11.26 0.54
1.1 11.7 11.73 0.23
1.2 121 12.09 -0.10
1.3 12.4 12.37 -0.26
14 12.6 12.59 -0.1
1.5 12.8 12.76 -0.31
20 13.2 13.27 0.53

15

10

M (0.5; 1)x100

4

5 ; -
05 07 09 11 13 15 17 19 21 23 25 2,7 29

Aspect Ratio

\—e— Timoshenko Method — — — Decomposition Method

Figure 2.16. Maximum bending moment for k; =1 (pinned supports)

47



TABLE 2.11. Maximum deflection of the free edge for k; =0 (fixed supports)

v(0.5; 1)x10*

A=2

Decomp. £(%)
FEM method |DM vs FEM

0.6 22.24 22.10 0.63
0.7 24 .88 24 .65 0.92
0.8 26.44 26.16 1.06
0.9 27.27 26.97 1.10
1.0 27.66 27.33 1.19
1.25 27.78 27.34 1.58
1.5 27.55 27.06 1.78

. -
. -
— . —a

v(0.5; 1)x10000

0,6 0,7 0.8 0,9 1 1.1 1.2 1.3 1,4 15 |
Aspect Ratio !

\——FEM — #— - Decomposition Method

Figure 2.17. Maximum deflection of the free edge for k; =0 (fixed supports)
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TABLE 2.12. Deflection at the middle of the plate for k; =0 (fixed supports)

v(0.5; 0.5)x10*
A= 2 Decomp. £(%)
e FEM method | £(%) | pwvs FEM
0.6 10.89 10.90 15.5 0.16
0.7 13.34 13.27 16.5 -0.48
0.8 15.48 15.35 17.0 -0.85
0.9 17.35 17.19 17.8 -0.95
1.0 18.96 18.82 18.2 -0.76
1.25 22.01 22.14 17.7 0.59
15 25.32 2453 15.4 -3.12

22 |

v (0.5; 0.5)x10000
> > S

ey
H

12

e
o

0,6 07 08 09 1 1.1 1,2 1,3 1,4 15
Aspect Ratio ‘

'—+—FEM — -4~ - Decomposition Method |

Figure 2.18. Deflection at the middle of the plate for k; =0 (fixed supports)

Percentage errors are reported in the tables for comparisons between the
decomposition method and the Timoshenko solution, the FEM and the Timoshenko

solution, and the decomposition method and the FEM. The results clearly demonstrate
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that the collocation form of the decomposition method yields accurate analytical
dependencies for displacements and force responses. The proposed technique is easy for
computer implementation. Depending on the point where the solution is sought one can

use a different distribution and density of collocation points.

2.5 Transverse Free Vibration of a Plate with Elastic Supports

Consider an isotropic elastic rectangular plate of constant thickness shown in

Figure 2.1. The differential equation governing the transverse free vibration of the plate is

4 4 4 2
6w+2 o'w +6 w=pha)
ax4 ax26y2 ay4 D

(2.67)

where o = circular natural frequency of free vibration, w = transverse displacement, p =

mass density, 4 = plate thickness, and D = flexural rigidity of the plate.

Using the dimensionless stiffness coefficients of elastic supports (2.11); the

boundary conditions can be written in the form:

0w ow
W=O, klagx—z——(l—kl)—ax—=0 (x=0)

0w ow
kzagx?'*'(l—kz)g:() (x=a)

3
I
L

i (2.68)
o“w ow
W=O, k3bgy—2——(1—k3)?a)—}-=0 (y=0)

*w ow
w=0, k4by+(l-k4)—a;=0 (y=b)
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The homogeneous equation (2.67) and the homogeneous boundary conditions

(2.68) represent an eigenvalue problem, and the lowest value of w which provides a non-

trivial solution is the fundamental natural frequency of the plate.

Using the decomposition method, the solution w is sought in terms of three

components wi, w, and ws that constitute the unknowns in three auxiliary problems.

The first problem is

o*w

3 = fixy)
X

subject to the boundary conditions

2

w =0, klaa wl-(l—kl)%=0 (x=0)
x> ox
62w1 6w|

wi =0, kyaZli(1-k)) 2L =0 (x=a)
o2 ox

The second auxiliary problem is

54
dy‘? = /(%)

subject to the boundary conditions

62W2 aw2

Wy =0, k3bl o2 _(1-k3) 22 =0 (y=0)
2 =
2

W2=0, k4ba };2+(1—k4)‘a—w—2=0 (y=b)
dy oy

The third auxiliary problem is
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(2.70)

Q.71)

(2.72)



o, )= 2&2‘;2 - "";’ w3+ fi(x, )+ f2(x,y) =0 2.73)

where ®(a, f) is the discrepancy function.
To find the approximate solution to the original problem, it is assumed that

WI= W= w3 (2.74)

and the functions f|(x, y) and f>(x, y) are

Hxy) = HO)

(2.75)
f20x, )= f(x)
Integrating (2.69) four times and satisfying the boundary conditions (2.70) yields
) ), 4 2 3
=2 d3x" ——————— 2Ry (1 + 2k ) + (1 — kg ko )(1 + S5k
L B Ry (L+ky) [2Ri2(1+2k2) + (1 - kykp (1 + 5k7) Jax
(2.76)

+§g—+—ik—2—2kl —kl)a2 x2 +2k) a’ x]}
Rz

where Rj2=1 + 3(k; + k) + Skik,. Similarly, the solution to the second auxiliary problem

(2.71) and (2.72) is

Wy = f_2(i‘2{3y4 2 [2Ryu(1+2kg)+ (1 kg )1+ Sky) |y

72 " Ryg(1+ky)
2.77)

+@l[a—k3)b2 2 +2k3 b° y]}
34

where Ry;=1+ 3(/(3 + k4) + Sk3ky.

To satisfy (2.74), f1(y) and f,(x) must be proportional to the quantities in braces in

(2.76) and (2.77), respectively, and hence
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Wy =w,p = i<o(Jc) o(y) (2.78)

72
where
2 3
o(x)=3xY ———=[2R;y(1+2ky) + (1 - kyko )1 + 5k ) Jax
Rip(1+ky) [ ] 279
+w[(1 —kp)a®x?+2ka’ x
Ry2
o(y) =3y* ——-—2—————-[2R34(1 +2kg)+ (1 kskg)(1+5ky) |5y
R34(1+ky) 2.30)
+M[(1 —k3)b% y? +2ks b° y]
R34
Setting w3 = w) and using the Bubnov-Galerkin method with (2.73) yields:
ba 4 2
o'w W
Il{z 5 —”"D wl+ﬂ(y)+fz(x)}wldxdy=o (2.81)
oo Ox“ oy

Integrating (2.81) yieids the expression for square of the first natural frequency of the

plate

pho® _504R;G, , 288 HipHigy 504 R34Gag
D g* Fy %2 FoFy  p* Fy

, (2.82)

where RIZ»R34 s Gl2 s G34 s le s H34 s F12 s and F34 have the same values as in (231)
Formula (2.82) is symmetric with respect to coefficients k; and the side lengths a and b,

and yields the following dimensionless parameter proportional to the lowest natural

frequency:

P= wszfﬁ (2.83)
D
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Expressions for P obtained for the six possible combinations of fixed (k = 0) and pinned

(k = 1) supports for the plate are given in Table 2.13. Comparison of the results with

exact solutions (Umansky 1973) shows that the error in (2.83) does not exceed 0.5%, and

confirms the high accuracy of the decomposition method.

TABLE 2.13. Expressions for P for different types of supports

2 .
P=wb \/ph D Maximum Error
Boundary /
Conditions ]
Decomposition Method Exact Solution & (%) Loc:tlon
—2 Al
a}_ B _I 9.88(1 + A°) 9.87(1+ %) 0.1 | hes
_b
aj I 9.88V1+23042 +2454% | 0871423342 +2442% | 01 0
b
]
a | 15.45v1+1.084% + 24 15.42v1+1.124% + 24 0.5 ‘
A - b T —
; - - 7
a’ | ossvie2a32 45072t | osmlie2402 4saast | 02 | 057
A - — 7
082000800208, 2 4
ag . 22.45\/1 +0.544° +0472 22‘37‘/1 +05742 + 0472 04 1.21
,;7////////7//7///
b
a’ 22.45V14+0.574° + 24 22371+ 06127 + 2% 0.4 1

Notations: A =b/a,

wunnee fixed support,
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CHAPTER 3

STATIC AND DYNAMIC ANALYSIS OF SINGLE LAYER LATTICE PLATES:
CONTINUUM MODELING
AND SOLUTION BY THE DECOMPOSITION METHOD

3.1 Calculation Model of Single Layer Lattice Plate

In order to compute the responses of single layer lattice plates, a continuum model
based on the theory of lattice plates and shells by Pshenichnov (1993) is used.
Constitutive equations of the model that are based on the lattice structure and material are
obtained by relating force and deformation characteristics of the rods that constitute the
lattice plate to those of the continuum model. In this work all members of the lattice plate
are assumed to lie in a single plane. While a continuum model can be developed for
lattice plates constructed of 3-D trusses, such a model would need to include shear
deformations. Flexibility of joints in the lattice plate is neglected. Joint flexibility can be
approximately accounted for in a continuum model by a shear deformable plate. This is

beyond the scope of this work.

Figure 3.1 illustrates a single layer lattice plate with »n families of rods. The
position of the axes of the i family of rods (1 <i < n) is characterized by the angle ¢,

measured from the x-axis to the y-axis.

A rod’s deformation is assumed to be equal to that of the mid-surface in the

continuum model. Using the transformation relations for the components of deformation
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in the theory of elasticity, the following expressions are obtained for the components of

deformation of the axis of the i family of rods:
. 2 2 - *
K; =K|Cf +K8] +K|28in2¢;, 6; =5;c; (K7 —K))+ K7 COS20; (3.1
= Qi — —_A2 2 -7 2
where s; =sing;, c; =cos@;, k| =-0“w/0x*“, k5 =-0“w/oy°,
and x)p = —azw/(axay) are bending and twisting curvatures of the plate’s mid-surface,

and K: and 0; are the curvature and twist angle of the i th family of rods.

L, g7

*n

Figure 3.1  Lattice plate with elastic supports
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The positive directions of internal forces and bending and twisting moments in a rod are

shown in Fig. 3.2. Their dependence on the deformation components is assumed to be
*
M;=-Elix;, T;=-G;J;6;, Qi=-V;M, (3.2)

o . . . .
where V; =¢; ™ +5; 5 is a linear differential operator, £; = Young’s modulus,

G; = shear modulus, /; = moment of inertia, and J; = torsion moment of inertia.

Figure3.2  Internal forces and moments in a rod

Figure 3.3  Distributed internal forces and moments in the continuum model

Assuming that the rod’s forces and moments are distributed continuously across
the continuum model’s cross section, the following expressions are obtained for the

forces and moments in the continuum model shown in Figure 3.3:
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= S©c)la;, a2 = (0 s/ a;
i=1

i=1

n n
mo=Y(M;c} +Tisicp)la;, my=YM;s?-T;isic;)la;  (3.3)

i=l1 i=1

n n
n=-Y(M;sic;i-Tic})la;, t==3(M;s;c;+T;s?)la

i=1 i=1

where a; = distance between the axes of the i family of rods. By substituting (3.2) into

(3.3) and taking (3.1) into account, the following constitutive equations are obtained for

the continuum model:

noi
my =3 —c;Vi(Eil;c;V;~G;J;siAp)w,

i=19i

n1
my = Za—sivi(Eili 5iVi=GiJiciAw
“a;
= (3.4)
n 1 .
ty==2—c;Vi(Eil; s;V;=GJ; c;Ap)w,
i=14i
n1
ty == —s5;Vi(Eili ¢;V;i+GJ;5;A))w

i=19i

where A; =s; % —ci% is a linear differential operator orthogonal to the axes of the

i family of rods.
Equilibrium equations for an element of the plate has the form

%+£5q_2+2=0, 6t| 6m2 6’2 am]

— =gy =

x o x o q2 =0, 5-5—41“) (3.5)

Using (3.4) in the last two equations of (3.5) yields
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no1
g1 =-Y—VHELcV;+GiJ; s;A)w,

i=14i

(3.6)
nl_,
92 = _Z;‘Vi (Eil;jsiVi=GiJ;ciApw
i=19i
while the first equation in (3.5) yields
Lw)-Z=0 (3.7)
where the linear differential operator L has the form
_wlo2 2 2
L(W)— Z—V, (E,-I,-Vi +Gi‘]i A,)W (38)

i=19i

3.2 Solution of Bending Problem for Lattice Plate with Elastic Supports

Consider a plate with the lattice type shown in Figure 3.4(a). It consists of four
families of rods (n = 4) and the rods of the first and second families are identical. For this

specific case

Q=0 ¢2=-0, p3=7/2, ¢4=0
ay=ay;=a, a=2a3s=2a4c 3.9

ElIl =E212 =E1, G]J] =G2J2 =GJ

With respect to (3.9), the constitutive equations can be written as

my =Bk + P2k, my =Lk + B0k,
(3.10)

f =PB31K12, 1y =B 41K12

where the coefficients f§ depend upon geometrical and physical characteristics of the

lattice:
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B11=-2Elc* + Eglyc+GIs*c?)/a
B12=-252c*(EI-GJ)/a

Poy=-2(Els* + E3]35+GJs%c?)/a

B 31=(EIsin? 29 +2GJ c?cos2¢p +2G4J4¢)/ a

ﬂ‘“=(E1sin2 20-2GJ s20052(o+ 2G3J3s)/a

Note that the parameters without subscripts refer to the first two families of rods.

i=3 ds.

=

(a) Typel

(3.11)

X X X

(c) Type3 (d) Type 4 (e) Type 5

Figure 3.4  Types of grids for lattice plates
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Using (3.7) and (3.8) yields the bending equation for the continuum model as

4 4 4
0,2 ¥ip, % ,pow__a, (3.12)

where

D, = ct +;/s2c2 + 84C

D, = 6c2s? +y(s4 —4c?%s? +c4)+y3s+74c

Ds =s* +}'czsz+g3s (3.13)

Bending equations for plates with other types of lattice geometries shown in
Figures 3.4(b) to 3.4(e) may be obtained from (3.12) and (3.13) by considering the terms

of coefficients corresponding to the family of rods that are not present to be zero.

Since the plates are assumed to have elastic supports, (3.12) must be solved under

the following boundary conditions:
ow
=0, Mi=tn— (x=t4
w 1=En— (x )
ow
W=0, Mz =ir2— (y=iB)
%

Here r| and r; are the stiffness per unit length of the distributed rotational springs along

the supports. Using (3.10) and (3.11), these boundary conditions may be expressed as

o%w ow
=0, —*n—=0 (x=24 3.14a
w A 2 ( ) (3.14a)
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2
w=0, ﬂzza—-;iirzé‘ﬁ:o (y =+ B) (3.14b)
Ay oy

The following notations are introduced to reduce the problem to non-dimensional

form:
a=x/A, ﬂ=y/B, A=B/ A, 77]=D2/D1, 7]2=D3/D|

2EI D
pz=maxZ|, fr(@p)=Z/pz, v=w——-
ad” Pz

where f,(a,f)= dimensionless load function, and v= dimensionless deflection
function.
Non-dimensional forms of the stiffness coefficients of the elastic supports are

taken as k) = ﬁ“/(ﬂ“ +r1A) andk, = ﬂzz/(ﬂzz +ryB), where 0 < k|,2 <l1.
The dimensionless form of (3.12) is

v %y %y
S Sy I - fr(a.h) (3.15)
oa®  A2oa’opr At op

to be solved under the boundary conditions

2

v=0, kla—;i(l—kl)(‘;ﬂ=0 (a =11) (3.16a)
oo a
3%y ov

v=0, kyZvt(l-ky)) =0 (B=tl) (3.16b)
ap> op

The boundary value problem characterized by (3.15) and (3.16) is solved by the
decomposition method as described in Section 2.3. The interconnection equation of the

problem is solved by the multiple-point collocation method. The dimensionless
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displacement is computed using (2.43), from which the actual displacement is recovered.
The internal forces in the rods are finally computed using (3.1) and (3.2). The

displacement and internal forces in the rods are given by

4
w2 aPz, (3.17)
2Dy EI
2
A“apy »
i =8 —21).2 i (3.18)
2
A“apy »
Ti=1 g, 2.6, (3.19)
0 =0 59 Iy (3.20)
Ada Bop

Numerical example

Consider the rectangular lattice plate shown in Fig. 3.5 which is uniformly loaded
at the joints with the loads P, = 1 N. The lattice consists of two orthogonal families of
rods with the following characteristics: /y = 0.1 m, , =0.15m, El, = EL, = 10° N.m?. For
simplicity and without any loss of generalization, torsional rigidities were assumed to be
zero, i.e. GJy1 = GJiz = 0. Deflections and bending moments are calculated at the four
locations indicated in Fig. 6 for pinned and fixed supports. Table 3.1 shows the results
obtained using the finite element method (FEM) and the decomposition method (DM). In
the FEM, each rod was taken as a separate finite element.

The example demonstrates that the continuum model, together with the
decomposition method, yields an accuracy of within 2% for displacements and bending

moments, which is adequate for preliminary design and optimization purposes.
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. 64x0im _
Figure 3.5. Plate with an orthogonal lattice
TABLE 3.1. Results for k) = k; =1 (pinned supports)
3 -1
| ocation w(x 10° m) M (x 10" N.m)
Number|  cem DM & (%) FEM DM £ (%)
0 2.29 2.30 0.1 4.96 5.01 1.2
1 1.93 1.96 0.2 4.41 4.46 1.1
2 1.15 1.16 0.8 2.77 2.83 1.0
3 0 0 - 0 0 -
TABLE 3.2. Results for k; = k; = 0 (fixed supports)
Location w(x 10° m) M (x 107 N.m)
Number!  cem DM £(%) FEM DM £(%)
0 0.555 0.560 0.9 1.40 1.42 14
1 0.407 0.415 1.9 1.98 1.99 0.5
2 0.148 0.149 0.7 -0.265 -0.266 1.0
3 0 0 - -3.12 -3.125 0.4
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3.3 Comparative Analysis for Different Types of Lattices

In this section the bending problem of a lattice plate is analyzed for the different
types of lattices shown in Figure 3.4, and different values of support rigidities. The rod’s
material volume per unit area of the middle surface of the plate is fixed, i.e.,

K F F F
h B B KA
a) a as ag

=0 = const (3.21)

where F; = the cross-section area of a rod in the i” family. The rods of all four families
are assumed to be made of the same material and to have the same cross-section
FR=F=F=F=F (3.22)

With respect to (3.22) and notations (3.9), the condition (3.21) can be written as

5=£(5|+53S+54C) (3.23)
a
Coefficients &), 3, and 54 take the values of 1 if the corresponding family of

rods is present or 0 if the corresponding family of rods is absent. The coefficient of

torsional rigidity of the i” family of rods is defined as y; = 6,7, where y is determined

by (3.13). The formulae for the coefficients 7, and 7, of the bending equation become

6515in2 pcosp+d,y (cos'1 ¢>—6sin2 (ocosqo+é‘3tg¢+54)

m (3.24)

5]cos3 @+, +51}'sin2 @ cos@

3 sin’ otge + 53180 + 6 }/sin2 @cosQ

(3.25)
5|cos3 P+04+01y sin2 @cosp
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Taking the angle ¢ as the controlling parameter, using (3.23) the other variable a

can be expressed in terms of ¢ since the material volume is kept constant:

a= 2(51+§3S+§4C)F/U
or (3.26)

2F

a=ay(01+035+04c), where ay=—
D

Substituting this value into (3.17) and (3.18) and assuming a uniform transverse load, the

equations for deflection and bending moments can be written as

4
w=wd A 9% (3.25)

EI
M;=-M? A%qa (3.26)

where

WO = (51 +§3S+ 54C) (327)

2Dy
M,O _ K’; g; (51 + 53S + 640) (3.28)

2D,

The dimensionless displacement function is determined by (2.43) and (2.44), and the
curvature K; is found from (3.1). The dimensionless coefficient Dy is given in (3.13).
The ap =F/v0 ratio is constant for the particular problem and is known from the

problem definition.

The technique described above was implemented into the PLAST computer

program for analyzing rectangular lattice plates with different types of lattices and
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different values of support rigidities. PLAST is written in the C programming language
and can be used on personal computers. The listing of the program is given in Appendix

B. Some of the results obtained using the program are shown in graphical form below.

Figures 3.6 through 3.11 represent the dependencies of maximum values wg,ax

and M ,0 max ©on the angle ¢ for the values k,=0, 1, and 0.5. The three curves on the

graphs correspond to three different types of lattices shown in Figure 3.4. The graphs
identify the optimal lattice type and governing angle value for each type of support
condition. Figures 3.8 and 3.9 show that for pinned supports the optimal lattice type that
minimizes moments and deflections is rhombic (Type 2) and the optimal value of the
angle is ¢ = 45°. For fixed supports (Figures 3.6 and 3.7) the rhombic lattice with a 45°
angle yields smaller moments but at the same time gives larger deflections than lattices
with the governing angle close to 0° or 90°. For partially restrained supports (Figures 3.10

and 3.11) the rhombic lattice is also optimal.

Figure 3.12 shows examples of similar dependencies of w,?,ax on angle ¢ for

different combinations of support rigidities.
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Governing Angle

'—e— Lattice Type 1 — =— - Lattice Type 2 — + — Lattice Type 3

Figure 3.6. Maximum deflection at the middle of the plate
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for ky = k=0 (fixed supports)
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——Lattice Type 1 — =~ - Lattice Type 2 — = — Lattice Type 3

Figure 3.7. Maximum moment at the middle of the plate

for ky = k2= 0 (fixed supports)
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~—e—Lattice Type 1 — =— - Lattice Type 2 — + — Lattice Type 3

Figure 3.8. Maximum deflection at the middle of the plate
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for k1= k2= 1 (pinned supports)
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~—e— Lattice Type 1 — -~ - Lattice Type 2 — + — Lattice Type 3

Figure 3.9. Maximum moment at the middle of the plate

for ky = k=1 (pinned supports)
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W max (0,0) x 1000
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Figure 3.10. Maximum deflection at the middle of the plate
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Figure 3.11. Maximum moment at the middle of the plate

for k] = kz= 0.5
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Figure 3.12. Maximum deflection at the middle of the plate
for different combinations of support rigidities
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3.4 Transverse Free Vibration of Lattice Plate with Elastic Supports

Consider the plate shown in Figure 3.13 with non-symmetric elastic supports. The
lattice consists of four families of rods (n = 4), as shown in Figure 3.4(a), and the cross-
section of the rods in all the families are identical. The continuum model described in

Section 3.1 is used for this problem.

Figure 3.13 Lattice plate with non-symmetric elastic supports

The differential equation governing the transverse free vibration of the plate can
be obtained from the bending equation (3.12) by substituting the external load Z by the

inertia forces due to its movement:

ﬁwimﬂ

Z=-
o i) a

(3.29)

where p; is the density of material of the i” family of rods. For the case of steady

harmonic free vibration at the frequency @
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n A O 2
Z=w’w Zp;F’ = 2wapp(l+sin¢)+cos¢) (3.30)
i=1 “i

Substituting this value into the right-hand side of (3.12), the governing equation becomes

4 4 4
Dy 9 :v+D2 62 wz +D3a r)— o’p (1+sing+cosg) (3.31)
Ox Oox“oy oy Er? cos @

where r is the radius of gyration of the rods, and the coefficients Dy, D, , and Dj are

defined by (3.13). The boundary conditions for the problem using the non-dimensional

coefficients of support rigidity are

2

w= klAa—z—(] kl)aw 0, (x=0) (3.32a)
ox Ox
2

w= k2A6—~——(1 )2 =0, (x=4) (3.32b)
ox? Ox
2

w=k3Ba—‘2”—(1—k3)a—w=o, (y=0) (3.32¢)
oy oy
2

w=k4Ba—‘2”-(1-k4)9‘3=0, (v=B) (3.32d)
oy Oy

The three auxiliary problems introduced in the decomposition method have the

form:

64 Wl
ox*

1. D = fi(x,y) (3.33)

subject to the boundary conditions (3.32a,b);
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o*w
2. D, 3 2= fa(xy) (3.34)
y

subject to the boundary conditions (3.32c,d); and

64W3 _ a)zp

3. Dy
ox? ay2 Erzcosqo

(1+sin¢+cos¢)= —fl(x,y)—fz(x,y) (3.35)

The approximating functions are taken in the form

fiEY)=mib) HEy)=wa(x)

From the solution of the first two boundary value problems and satisfying

condition w| = w

wi =wy =y (y) wa(x) (3.36)

where

1 y(y-B) 2
- 14 3k; + 3k, + Skak, ) -
vily) 24D2x(1+3k3+3k4+5k3k4)x{y (14 3ks + 3k, + Skaks)

yB(l +k3 + 5k4 +5k3k4)—232(k3 + 5k3k4)]
(3.37)

1 x(x—A) 2
- 143k, + 3k, + Skiky )
) 24D,x(1+3k1+3k2+5k|k2)x[x(+ 1 +3k + Skiks)

XA(1+ kl +5k2 +5k|k2)—2A2(kl +5k|k2)]

The Bubnov-Galerkin method is used for solving the third auxiliary problem,

assuming that wz = wy:

BA a4wl wzp .
f D3a 25,2 +l//1(y)+!//2(x)—w1E—z—(1+sm(p+cos¢) wydxdy =0 (3.38)
00 x oy recose
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The expression for w? is determined from (3.38). For k; =1 (pinned support):

o8 (868D, 4* +867D, A*B* +868D,B* )Er’ cosp

=— 3.39
961 pA'B* (1+sing +cosp) (3.39)
For k; =0 (fixed support):
4 252 4\ .2
2 _72(7D,4* +2D, 428> +7D,8* )E r cosg (3.40)

pA"B4 (l +sing+ cos¢)

Expressions for w? determined for six different types of support combinations

are summarized in Table (3.3).

Numerical examples

Consider the rectangular lattice plate shown in Figure 3.13. The lattice consists of
four families of rods (Type 1 in Figure 3.4). The rods are standard steel tubes. The values
of the first frequency of free vibration @ are calculated using the decomposition method
and compared with the solutions obtained by the FEM using the LIRA software (Kiev

2000).

Tables 3.4 — 3.9 and Figures 3.14 — 3.19 demonstrate the results obtained for

lattice plates with pinned and fixed supports and the values of the governing angle of the

lattice ¢ = 459,30, and 60°. The longer side of the plate was taken as 5=5 m, and the

step of the lattice along side b was taken 1 m.

Tables 3.10 — 3.15 and Figures 3.20 — 3.25 show the results obtained using

expressions (3.41) — (3.46) for lattice plates with different combinations of supports and
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different aspect ratios. The results presented correspond to the case when b=10 m, and

=45,

The results demonstrate that the decomposition method yields sufficient accuracy

for preliminary design applications. The analytical dependencies obtained can be used for

optimization purposes.

TABLE 3.3. Main types of support conditions and corresponding expressions for

the square of the first frequency of free vibration

Type of
su‘g:)eorts Expression for w?
e A B (63D, 4* +36 D, 4B* +133 D,B*)E r* cosg G341
%) 19 pA'B* (1+sing+cosp) '
‘ //////T
/ i
7 , 72 (133D, 4* +36 D, 4*B* +63D,B*)E r* cos
é////////l p i ¢ *eos ¢

NI e T RO T (133D, 4* + 72D, 4?B* +133 D,B*)E r* cose 543
C | 361 pA'B* (1+sing +cos) .

) : 216 (266D, 4" +306 D, 4B +651D,8*)E r’ cosp )

l 589 pA*B* (1+sing +cosp) '
r
o / 212 (42D, 4" +51D, 4B’ +217D,8*)E 1’ cosgp (3.45)
7 31 pA*B* (1+sing +cosp) '

ol T2 | s (651D, 4* +306 D, 4?B* +266 D,B* )E r* cos o (3.46)
zZ z = .
e P 589 pA*B* (1+sing +cosp)

Notations: wucere fixed support, === pinned support
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TABLE 3.4. Results for lattice plate with pinned supports

and governing angle of ¢ = 45°

b Mass First frequency of free vibration o, (L)
A== (metric sec
ton) FEM DM £(%)
1 1.147 85.64 87.17 1.8
1.2 1.370 72.42 72.77 0.5
1.4 1.593 64.44 64.36 -0.1
1.6 1.816 59.26 59.04 04
1.8 2.039 55.70 55.46 04
2 2.262 53.16 52.94 04
3 3.378 47 .14 47.02 -0.3
4 4.493 45.04 44 94 -0.2
5 5.608 44.08 43.95 03
|
(-3
8
x 1
ﬁ |
I i
a !
= i
s ‘
H
40 7

Aspect Ratio

|

l

l T T

’ 1,0 2,0 3.0 4,0 50
|

|

——FEM - - 8 - - Decomposition Method

Figure 3.14. First frequency of free vibration of lattice plate with pinned supports

and governing angle of ¢ = 45°
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TABLE 3.5. Results for lattice plate with fixed supports

and governing angle of ¢ = 45°

b Mass First frequency of free vibration o, (L)

A=— (metric sec
a ton) FEM DM &(%)

1 1.147 163.5 164.2 04
1.2 1.370 139.2 138.2 -0.7
14 1.593 126.1 124.4 -1.3
1.6 1.816 118.4 116.4 -1.6
1.8 2.039 113.4 111.4 -1.7
2 2.262 109.7 108.1 -1.4
3 3.378 103.7 101.1 -2.5
4 4.493 101.7 98.86 -2.8
5 5.608 100.8 97.77 -3.0

Frequency (Hz) x 1000

Figure 3.15. First frequency of free vibration of lattice plate with fixed supports

——F

Aspect Ratio

EM — - — Decomposition Method

and governing angle of ¢ = 45"
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TABLE 3.6. Results for lattice plate with pinned supports

and governing angle of ¢ = 30°

b Mass First frequency of free vibration o, (L)
A=— (metric sec
a ton) FEM DM £ (%)
1.04 0.845 80.83 77.38 4.3
1.27 1.026 71.07 68.26 -4.0
1.38 1.116 67.57 65.44 -3.2
1.50 1.207 64.84 63.30 -2.4
1.61 1.297 62.91 61.61 -2.1
1.85 1.478 59.74 59.17 -1.0
2.08 1.658 57.99 57.55 -0.8
3.00 2.381 53.98 54.37 0.7
3.93 3.104 52.34 53.16 1.6
4.96 3.916 51.48 52.48 19
90
[
3
| x
ﬁ
L
>
8
3
g
(TS
| |

1,00 2,00 3,00 4,00 .
\ Aspect Ratio

+ Féﬁ_— -] —7_l_;)>_e_cpf]po§igivop Method

Figure 3.16. First frequency of free vibration of lattice plate

with pinned supports and governing angle of ¢ = 30°
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TABLE 3.7. Results for lattice plate with fixed supports

and governing angle of ¢ = 30°

b Mass First frequency of free vibration o, (L)
A=— (metric Sec
4 ton) FEM DM 5 (%)
1.04 0.845 147.2 147.5 0.2
1.27 1.026 132.9 133.9 0.8
1.38 1.116 128.8 1301 1.0
1.50 1.207 125.8 127.3 1.2
1.61 1.297 123.5 125.3 1.5
1.85 1.478 120.4 122.4 1.7
2.08 1.658 118.4 120.7 1.9
3.00 2.381 115.0 117.5 22
3.93 3.104 113.9 116.4 22
4.96 3.916 113.4 115.8 2.1
150
| g 1451
S 140
L3
~ 135 1
= 130
§ 125
g 120
w115
L 110 '
i 1,00 2,00 3,00 400
‘ Aspect Ratio

| ‘—&—FEM — @ — Decomposition Method

[ —

Figure 3.17. First frequency of free vibration of lattice plate with fixed supports

and governing angle of ¢ = 30°
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TABLE 3.8. Results for lattice plate with pinned supports

and governing angle of ¢ = 60°

b Mass First frequency of free vibration o, (L)
A=— (metric Sec

a ton) FEM DM & (%)
1.04 0.435 81.61 82.94 1.6
1.38 0.569 61.07 59.88 -1.9
1.73 0.703 51.3 49.69 -3.1
2.08 0.838 45.9 44 .35 -3.4
2.42 0.972 42.6 41.22 -3.2
2.77 1.106 40.46 39.27 -29
3.1 1.241 38.98 37.89 -2.8
3.46 1.375 37.91 37.01 -24
3.81 1.510 37.13 36.28 -2.3
4.16 1.644 36.53 35.76 -2.1
4.50 1.778 36.06 35.35 -2.0
4.85 1.913 35.69 34.91 -2.2
5.20 2.047 35.39 34.65 -2.1

Frequency (Hz) x 1000

1,00 2,00 3,00 4,00
Aspect Ratio

[ — N

—#—FEM — & — Decomposition Method

Figure 3.18. First frequency of free vibration of lattice plate with pinned supports

and governing angle of ¢ = 60°
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TABLE 3.9. Results for lattice plate with fixed supports

and governing angle of ¢ = 60°

b Mass First frequency of free vibration o, (L)
A=— (metric sec
a ton) FEM DM & (%)
1.04 0.435 135.96 142.35 47
1.38 0.569 103.72 108.56 4.7
1.73 0.703 90.41 94.42 4.4
2.08 0.838 84.15 87.59 4.1
2.42 0.972 80.82 83.74 3.6
2.77 1.106 78.89 81.58 34
3.1 1.241 77.67 79.99 3.0
3.46 1.375 76.86 78.85 2.6
3.81 1.510 76.29 77.99 2.2
416 1.644 75.88 77.35 1.9
4.50 1.778 75.57 76.86 1.7
4.85 1.913 75.34 76.45 1.5
5.20 - 2.047 75.15 76.14 1.3
| 150
8 140
o
| T 130 |
| ) 120 - |
CFio |
Q ]
[
\ & 90 -
£ g
70 , : :
E 1,00 2,00 3,00 4,00 5,00
“ Aspect Ratio

| (—0—- FEM — @ — Decomposition @-e_thodﬂj

Figure 3.19. First frequency of free vibration of lattice plate with fixed supports

and governing angle of ¢ = 60°
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TABLE 3.10. Results for lattice plate with supports of Type 1

obtained by (3.41)
b First frequency of free vibration o, (L)
A== sec

a FEM DM £(%)
1.0 33.92 34.24 0.9
1.1 31.79 31.94 0.5
1.2 30.25 30.31 0.2
1.3 29.11 29.09 -0.1
1.4 28.25 28.18 -0.2
1.5 27.57 27.47 -0.4
1.6 27.05 26.91 -0.5
1.7 26.62 26.46 -0.6
1.8 26.28 26.10 -0.7
1.9 26.0 25,08 -0.8
2.0 25.76 25.54 -0.9
25 25.02 24.72 -1.2
3.0 24.66 24.29 -1.5

[~
[
o
-
»
N
£
>
Q
c
[
3
o
e
('S
20 .
1,0 1,5 2,0 2,5 3,0
Aspect Ratio

‘—e—FEM — & — Decomposition Method

Figure 3.20. First frequency of free vibration of lattice plate

with supports of Type 1 obtained by (3.41)

83



TABLE 3.11. Results for lattice plate with supports of Type 2

obtained by (3.42)
b First frequency of free vibration w, (i—)
A=— sec

a FEM DM & (%)
1.0 33.92 34.24 0.9
1.1 30.29 30.31 0.1
1.2 27.62 27.46 -0.6
1.3 25.61 25.34 -1.1
14 24.07 23.73 -14
1.5 22.87 22.50 -1.6
1.6 21.92 21.53 -1.8
17 21.16 20.75 -1.9
1.8 20.55 20.13 -2.0
1.9 20.04 19.63 20
20 19.63 19.21 -21
25 18.33 17.92 -2.2
3.0 17.70 17.29 -2.3

Frequency (Hz) x 1000

Aspect Ratio

'—e—FEM — & — Decomposition Method

Figure 3.21. First frequency of free vibration of lattice plate

with supports of Type 2 obtained by (3.42)
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TABLE 3.12. Results for lattice plate with supports of Type 3

obtained by (3.43)
b First frequency of free vibration o, (L)
A=— sec

a FEM DM £(%)
1.0 29.02 28.87 -05
1.1 26.53 26.24 -1.1
1.2 24 .69 24.32 -1.5
1.3 23.30 22.89 -1.8
14 22.23 21.80 -1.9
1.5 21.38 20.95 -20
1.6 20.71 20.28 2.1
1.7 20.16 19.74 -2.1
1.8 19.72 19.30 -2.1
1.9 19.35 18.93 -2.2
2.0 19.04 18.62 -2.2
2.5 18.05 17.65 -2.2
3.0 17.54 17.14 -2.3

Frequency (Hz) x 1000

1,0 15 2,0 2,5 30 -
Aspect Ratio

——FEM — @ — Decomposition Method

Figure 3.22. First frequency of free vibration of lattice plate

with supports of Type 3 obtained by (3.43)
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TABLE 3.13. Results for lattice plate with supports of Type 4

obtained by (3.44)
b First frequency of free vibration ®, (—1-)
A== sec
a FEM DM &(%)

1.0 25.47 26.44 3.8
1.1 23.82 24 .58 3.2
1.2 22.58 23.21 2.8
13 21.63 22.17 25
14 20.89 21.36 2.2
1.5 20.29 20.72 21
1.6 19.81 20.20 20
17 19.42 19.78 1.9
1.8 19.09 19.43 1.8
19 18.82 19.14 17
2.0 18.58 18.88 1.6
25 17.82 18.06 1.3
3.0 17.41 17.60 1.1
30

[~

3

x 25 ]

N

<

oy

c

$ 20 -

o

2

[V
15

1,0 2,0 3,0
Aspect Ratio ’

—e—FEM — @ — Decomposition M_é-thogj

Figure 3.23. First frequency of free vibration of lattice plate
with supports of Type 4 obtained by (3.44)
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TABLE 3.14. Results for lattice plate with supports of Type S

obtained by (3.45)
b First frequency of free vibration o, (—1—)
A== sec
a FEM DM £(%)
1.0 30.94 31.06 04
1.1 29.56 29.59 0.1
1.2 28.55 28.52 -0.1
1.3 27.79 27.72 -0.3
1.4 27.20 27.09 -04
15 26.73 26.60 -0.5
1.6 26.36 26.20 -0.6
1.7 26.06 25.88 -0.7
1.8 25.81 25.61 -0.8
1.9 25.60 25.38 -0.9
20 25.43 25.18 -1.0
25 24 .86 2454 -1.3
3.0 24 .56 24.18 -1.5
s

g

X 30 -

g

g

$ 25

£

20 : ’ ,
1,0 1,5 2,0 25 30
Aspect Ratio

Figure 3.24. First frequency of free vibration for lattice plate
with supports of Type S obtained by (3.45)

‘—e—FEM — & — Decomposition Method |




TABLE 3.15. Results for lattice plate with supports of Type 6

obtained by (3.46)
b First frequency of free vibration w, (L)
A== sec

a FEM DM £ (%)
1.0 30.94 31.87 3.0
1.1 27.00 27.68 25
1.2 24.03 24.56 2.2
1.3 21.78 22.17 1.8
14 20.02 20.32 1.5
1.5 18.62 18.86 1.3
16 17.49 17.68 1.1
1.7 16.58 16.71 0.8
1.8 15.83 15.92 0.6
1.9 15.20 15.26 0.4
2.0 14.68 14.72 0.3
2.5 13.02 13.02 0.0
3.0 12.19 12.19 0.0

Frequency (Hz) x 1000

10

1,0 2,0 3,0
Aspect Ratio

——FEM — 5 ~ Decomposton Method

Figure 3.25. First frequency of free vibration of lattice plate

with supports of Type 6 obtained by (3.46)
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CHAPTER 4

STATIC AND DYNAMIC ANALYSIS OF SINGLE LAYER LATTICE PLATES
BY THE DECOMPOSITION METHOD
BASED ON FINITE DIFFERENCE DISCRETIZATION

Lattice plates with a regular rectangular grid as shown in Figure 4.1 are
investigated in this chapter. The governing equations for bending and free vibrations
stated in the finite difference formulation are obtained. The decomposition method is then

used to obtain solutions.

Figure 4.1  Lattice plate with regular rectangular grid
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41 Notations and the Main Operators of the Finite Difference

Formulation

This chapter follows the notations introduced by A. Markov (1911) and used in

the works of Bleich and Melan (1936), and Ignatiev (1979).

Assume that @, = f(x;) is a function for the discrete argument x defined in the

interval [a, b]. The discrete argument x takes the values
xj=xo+hi, i=0,£1,+2, ... £n 4.1
where x( is a fixed number, and 4 > 0 is the step size. Without any loss of generality it

is assumed that xy =0 and 4 =1. All functions @, introduced in this work are assumed

to be single-valued, real, and bounded.

The main operator of the finite difference calculus is the difference operator of the

first order A (the forward difference operator) defined as
A;=Af(x;)=f(x; +h)- 1 (x;) 4.2)

or, in short notation

Aj=Afi=fin—Ji, h=1 (4.3)

The backward difference operator is defined as
Vi=Vfi=fi-fi-1, h=1 (4.4)

The forward and backward shift operators, £ and E -1 , are defined as

Ef(x;)=flrin) E7f(x)=f(xiny) 4.5)

or in short notation:
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E=1;,,, E'=1,, (4.6)

Higher-order shift operators can be written as

EXf=1,, E*f=1,_, 4.7)
The following identities exist for the difference and shift operators:
E=1+A, E7'=1-V, Af;=V/f,, Vfi=Afi (4.8)

The higher-order differences may be expressed in terms of the following recurrent

dependencies:

A=Y af)= A i - AT

4.9)
Vi =V @)=V -V
These differences can be expressed in terms of the values of the function as
n
a7 = Y (1Y Clar)fli+(n-r)]
r=0 (4.10)

(r

— are the binomial coefficients, n is a whole number, and nis a
r!

where C(n,r)= "

factorial polynomial.

The central difference operators defined in the domain of equidistantly located
points i=0,+1,+2 K ,+n are used to obtain the constitutive equations for a regular

lattice plate. The central difference operator can be expressed in terms of the forward

difference operator as
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*
A’}=[

The formulae and graphical templates for some lower-order central difference operators

are given in Table 4.1.

-1 -2 -2 -2
y -] ](-1)” =ATTE -2AT T 4 AT

i+1

TABLE 4.1 Lower-order central difference operators

Notation Graphical template and analytical formulation
. —0 -0 @ o o—
A; i-1 i
Ji—Jfiq

—o O- © o o—

* A% i-1 i i+1
fi—l - 2fi + fi+l

—0 o © o o—

A3 i-2 i-1 i i+1 i+2
1
—fira+3fis1 =3fi+ fin
* 4 - < © o o
A; i-2 i-1 i i+1 i+2
Ji-2=4fi1+6fi —4fin1 + fis2

Using the central difference operators yields easier formulations that maintain the

symmetric structure of the main equations. Only this type of operator is used in this work,

and henceforth the asterisk is omitted for simplicity.

In finite difference calculus, the function G; is called the sum of f; if its first

difference in the given domain is equal to f;:
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If AG; = f;,then SAG; = G; = Sf;

and

a+nh a+nh 9% nh
S AG; =|G,|;"™" = S f; (4.12)
a a
The operator of summation, S, is the inverse of the difference operator. Therefore the
summation formulae can be obtained by inverting the difference formulae. For the

general case of a factorial polynomial

Ay =2(i=1)t) 4.13)
_ G+
0 =g ¢ (4.14)

The main differences and sums used in this work are given in Appendix C.

Note that the operator of finite difference summation is related to the operator of

algebraic summation as follows:

—

(4.15)

Q Lo
]
QM?.

4.2 Constitutive Equations for Regular Rectangular Grid Stated in Finite

Difference Form

The finite difference equations obtained from a system of algebraic equations
yield a banded coefficient matrix. The first and the last equations of these systems usually

serve as the boundary conditions.
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Different methods are used to obtain the band structure of the coefficient matrix.
Three different approaches using the principle of virtual work, the displacement method
and the mixed method are illustrated in this chapter.

4.2.1 Method of Virtual Work

In the first approach, auxiliary states of the system are introduced when localized
self-equilibrating groups of forces are applied to any possible statically determinate
system obtained from the original system. The virtual-work equation is then constructed

for the displacements of the original system.

Example 1. Consider the prismatic beam shown in Figure 4.2(a), loaded at equidistant
points. The virtual state shown in Figure 4.2(c) that results in a localized bending moment
diagram is used to obtain the main bending equation for the beam in finite differences.

Equating the virtual work of external and internal forces gives
12
—Yi-1+2Yi~Yiy1 = '6"E—1(Mi—l +4M; + M)
Using the finite difference notation this may be expressed as
Az(y-)=—£—(A2+6)-(M-) (4.16)
] I 6EI 1 1

From the equilibrium condition for node i, it follows that

Mi-M;, Mi,-M,

=5

or

L (u)=r @17
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The set of equations for all node numbers i yields the full system of algebraic equations

for the original problem.
(a)
lPO P Pi Pn-l Pn
' l l El l l/\r“
Q*S\\\ T . i I "/":_]‘;_j-/ X
I B ;
L=nl |
y
) M,
M SIM I vl ‘! (] T , . T
l M /ﬁ,}'lll'[ e ;s »
M i-1 Mi+|
(c) : M ; 1
! 2
l-‘/\l l lcl
1 N ] lw 1 ] M )
/

Figure 4.2  The original beam and auxiliary load cases for Example 1

Equations (4.16) and (4.17) can be transformed to yield the finite difference

equation with respect to the unknown displacements y; :

A‘*(y,)_ (A2+6) (P) (4.18)
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Further, (4.16) and (4.17) can also be manipulated to yield expressions for the bending

moment in the i th nodal section and the shear force between nodes i —1 and i:

El Pl EI Pl
Mi=—‘2—(-Yi—|+2}’i—yf+1)+—=—242)’i+— (4.19)
/ 6 I 6
M. -M;
0 =Mz 2l 5y 4 lap (420)
/ 3 6

The limits of the expressions (4.16), (4.17), (4.19), and (4.20)

2 2
. Ay, d .
lim 22 =2 Y iy [——I—(A2+6)iM,~:|=—Mx
I>de ]2 dc?  I-d| 6EI
2 2
lim ~t=g,, lim AM; _dM,
I>dx | I-»dx ]2 dx?

1

M. [
~t = ! i EIA3yI+‘gAP,j|=E[yM

— =0, Ilim|—
1> dx l I>dx| 3

demonstrate that these relations are the difference analogues of the corresponding
differential identities. Note that the inverse transformation from the differential identities
to those written in finite difference form does not necessarily yield the original form of

the latter.

Example 2. Consider the plate with the regular rectangular grid shown in Figure 4.1
loaded with arbitrary nodal forces. This plate can be treated as a system of orthogonal

beams in the two directions i and j. Assume that the elements of the grid have zero
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torsional rigidity (GJ; = 0). The auxiliary load stateij in the form of the two groups of

self-equilibrating forces shown in Fig. 4.3 is used to obtain constitutive equations.

Figure 4.3 Auxiliary load states for the system of orthogonal beams for Example 2
The first group of forces is applied to the j " beam in the statically determinate system

obtained from the original system as shown in Fig.4.3 (a):

LY ()= L(P)

The second group of forces is applied to the i beam in the statically determinate system
obtained from the original system as shown in Fig.4.3 (b):
2 (py =
L,.j (P)=L;(P)
The operators in these expressions have the following form

Li(P)=-1,_1+2; - 114
Li(P)=-1;_1+2;-1;4
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Two equations similar to (4.16) are obtained using the virtual work method:

2

A2 (Z,]-)+6—2E(A2 +6),(M})=0 (4.21)
w(z;)+ 6232] . (82 +6), (2 )=0 (4.22)

where M ,5 and M ,-j[-[ are nodal bending moments in the i and J th beams, respectively.

The third equation is obtained from the equilibrium condition of the node ij of

the system:

g ) S
I, I

The three equations (4.21), (4.22), and (4.23) form the full system of constitutive finite

difference equations resulting from the method of virtual work for the original system.

4.2.2 Displacement Method and Mixed Method

Example 3. Consider the prismatic beam shown in Figure 4.4(a) under the distributed
load. The main system of the displacement method shown in Fig. 4.4(b) is formed by
introducing nodal constraints in the form of clamps and rollers. The main system of the
mixed method shown in Figure 4.4 (c) is formed by introducing nodal vertical supports

(rollers), hinges and nodal moments as redundant.

For the triplet of nodes i-1, i, and i+1 of the main system shown in Figure 4.4 (b),
reactions in the i/ node due to unit displacements of all restraints obtained from the

slope-deflection diagrams are
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12E] 6EI
R; = —1—3“()’1'—1 =2y + i+l )+-IT(¢’1'—1 @it )- P =0

6EI 2EI
M;= 1—2()’1'—1 ‘yi+1)+l—(¢’i—1 +49; @i )+ 0=0

X,
v 39
(a) . | S L
‘ | | |
el PRSI | L i PR B B S S S T A S |
AN Lox
L ;1
y

(b) l -

) | i-1 i i+1
e
L =nl
y
RN
My Mo My
i j l. ! i & “;f"' ‘; l i i “‘ ‘.* \:‘l i i ! i i y
VAY [ I I e [ I
]l i-1 i i+1
e
L=nl
y

Figure 4.4  The original beam and the main systems of the displacement method

and the mixed method for Example 3
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The system of finite difference equations of the displacement method can be written in

the operator form as

Ly (vi)+ Lia(o;) = Li(g)

(4.24)
Lyy(yi)+ Lo (p;) = Lo (q)

where

Ly =12EI(1;_y -2 +1i+1)/13
Ly =Ly =6EI(;_, -1i+1)/12

Lyy =2EI(; 1 +4; +1;,)/1
If g(x) = g =constant, then L;(q)=ql/2, Lp(q)=0.

For the main system of the mixed method (Figure 4.4 c) reactions in the i™ node

due to the unit displacements and unit moments in the triplet of nodes i-1, i, and i+1 are
R =0 (M ~2M; + M) - B, =0
/
1 l ( )
@i =;(}’i—l -2y; +J’i+l)+ﬁ M +4M;+M;,,)=0

This system can be written in the operator form as

Ly i)+ Lio(M;) = Ly(q)

(4.25)
Ly (y;)+ Lyp(M;) =Ly (q)

where

L =

L, =0i-1-2 1)/ 12
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Ly =(1;-1-2; +1i+1)/1

L, =&;(1 14+ 1)

Generalization of this approach on the regular system of orthogonal beams in
Example 2 yields systems of finite difference equations similar to (4.24) and (4.25). The

system of the displacement method has the form

Ly Zg +L12(¢,(,y))+L13((0,, )— (Pij)

L(z;) +L,_2(¢>( Y))+ -0 (4.26)

where

Ly =2(482+BA2) A=6EI/P, B=6EL[13, L =-1

6E]
liv1) Lyz =Ly =I—22(1j—1 "'lj+l)

2 4.27)
21EIII (A2 6) Ly = 25";12 (A2 6)

6EI,
Ly =1L = (1: 1-

Ly, =

For the main system of the mixed method the finite difference equations have the form

Ly (M) +0+Ly3(z) =0
0+ Lyp(MJ1)+ Ly3(2) =0 (4.28)

Ly (M) + Ly (M) + Ly3(z;) = L(P))

where
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Ly = (A% +6);/4l}, L=-1

Li;=1IL3=0

(4.282)
Ly = (N +6);/BIY, Lyy =1Ly =4i/h,

Ly=Ly =M/, Lj=0

Equations (4.28) written in the full form are identical to equations (4.21), (4.22), and

(4.23) obtained earlier using the virtual work method.

4.3 Governing Finite Difference Bending Equation for Lattice Plate

The systems of equations in (4.26) and (4.28) include three unknowns. Using
operator transformations, both systems can be reduced to one equation in one unknown.

System (4.28) can be transformed to one equation with respect to any of the three

unknowns ML, MI or Z,~j:

(L11L23 L3 + Ly Liz Ly )(M ; )= Ly L3 L(Pij) (4.29a)
(Li1Ly3L3g + Lyp L3 Ly )(M gl'l )= Ly L3 L(Pif) (4.29b)
(LiiLosLap + Lyp Lys Lyy Ny ) = Ly 1 Lop L(Pif) (4.29¢)

Similarly the system of equations (4.26) is reduced to the equation

L(Zij )= (Ll 1Ly3Lyy + Lis Loy + Ly Ly )(Zy )= Ly, L33(Pif) (4.30)

Substituting the corresponding expressions for operators L into equations (4.29¢) and

(4.30) and performing transformations yields the same equation
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{A[A‘,‘- (a2 +6)j]+ B[a* (42 +6) ] } ()= (a2 +6); (a2 +6)j](1’,j) 431)

where 4=6EI, / 113 and B=6EIl, / 13 . Equation (4.31) is a finite difference analogue of a
differential bending equation of the thin isotropic plate.
The system of equations resulting from the mixed method is more general since it

allows the governing equation to be obtained both in terms of internal forces and

displacements.

Accounting for torsion and shear, the operators (4.27) of the finite difference

equation (4.26) become

Ly=(4 a2+ 4,42) L=
L12=L2|= B]Li, L13= L3]= BZL_[ (432)

L= (DIA?_F2A3+GI)’ L3;3= (Dzﬁi"“FlAz%Gz)

where

EnL 7, ElL 7,
m=—y T2
li )
12EL, 1 12EI, 1
A= =
13 1+12n, 1% 1+127,
1 1
B\=—=A\l;, By==A4,l,
b - 2EL (1-6n,) p, .k (i-61.)
1=— v Dy =
l] 1+127]] 12 1+127]2 (4.33)
GI GI
Gy =411}, Gy=4,13, F1=l—"', F = 1"2
1 2
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where 7| and y, are the engineering shear strains. If shear deformations are neglected

i.e., 71 =72 =0, then the coefficients in (4.33) become

m=n2=0
12E1 12E1 1
A==+, 4= 32, Bi==4\l;, By =543l
h 1
2 2EI 2
p=2£h_,h p 22 , 05 (4.34)
I 6 I 6
1 I
Gy =41}, Gy=4,13, Fl=%, F2=le2
! 2

Li=1i =1y, Lj=1j4-1;4

Substituting (4.34) into (4.30) and simplifying yields

F,A F, 4 2 F
S e L R R L) PO Y I ) PR
l]Al 12142 I] 12 6 A2

2 F
+F2(%——A—']A?A‘}+(F,122+F21,2)A,2A2~ }+A,A?(A2+6)j
1

J

2 2
12 I3 Fy [T F
eyt (atrs) Vo) (22 (3P o (15 )
Il 12 AI A2

2 2
e aa- TR a-Sha |l (@] fin) ws

which is the finite difference analogue of the corresponding differential equation.
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44 Boundary Conditions

Example 4. In this example the boundary conditions for the cantilever beam with the

left end fixed and the right end free (Figure 4.5) are obtained.

Pl P2 P3 Pn.] Pn
/
; { ¢ v
1 2 3 ' n-1 n
/ -
an ! ! ' ! ‘ !

Figure 4.5 Boundary conditions for the beam in Example 4

The system of equations resulting from the displacement method for this case has the

following form

12E1 6E]
Ry="=Qy - yz)"T—(I’z A=0
node
6E] 2E1
(Yz)+——(4¢1+¢2)=0
12EI 6EI
Ri=—3~(yio +2yi - )’i+1)+1—2(—¢i—1+¢i+1)—Pi=0
CEl Bl interior node i
M;= --1—2—(—yi—1 +Yin )+ T(¢H +40; +9;1)=0
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.........

12E1 6EI
R, =l_3(yn _yn—l)'*"IT(—(/’n +¢p-1)-P, =0

node n

651

2EI
M, = 2 (,Vn_Yn—l)+T(2¢n+¢n—l)=0

The general case equations for an interior node i apply to all nodes except for
nodes 1 and n. Therefore, the two equations corresponding to nodes 1 and » are the
boundary conditions for the system. When changing from the system of two equations to
one equation with one unknown function, only one boundary equation containing one

unknown function for each end of the beam needs to be obtained.

For the left support, the first equation of the system for node 1 yields

2 12E]
= P - 4y, +
2 6E1[ 1 3 ( Y1 )’2)]

Substituting it into the second equation for node 1 yields

12

6EI
=——|-P-——y+
| 24E1[ 1 13(y1 ,V:z)]

Substituting these expressions for ¢, and ¢ into the first and the second equations for
node 2 produces two expressions for @3, and equating these yields one boundary
equation with one unknown function:

3

l
9yl —4.5y2 +y3 =-1-:2-—E7(7P1 +P2)

For the right end of the beam the equations for R, and R,,_; yield
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_ 2 [ p _6EI REL
(Pn—l"‘6E1 n ;3 Pn 3 Yn~=Vn-1

12 6EI 12E1
Pp-2 = n= -

6El 13 Pn 13 (yn =2Yp-1+Yn-2 )j|

Substituting these expressions into the equations for M, and M,_; and equating the

resulting expressions for ¢,, yields the boundary equation

61—51‘()’71 -2y, +yn—2)= 6P, + P,

Boundary conditions for lattice plates can be constructed similarly since at every edge of
the boundary either a displacement or a force has a fixed value. Using the operator
transformation allows the original system of finite difference equations to be reduced to
one equation similar to the corresponding differential equation for a continuous structure.
This transformation allows the same methods and algorithms that are used for the

solution of differential equations, such as the decomposition method, to be used.

4.5 Solution of the Bending of Lattice Plates with Orthogonal Grids

Consider the rectangular lattice plate shown in Figure 4.1 formed by two
orthogonal families of rods that are parallel to the edges of the plate. The plate has elastic
supports along the edges. The external load is applied at the nodes of the grid. Assuming
that the torsional rigidities of the elements of the grid are negligible, the bending equation

has the form (4.31). This equation can be written in the non-dimensional form
4,2 4 ~ D
[Al A4 (Aj +6; )+ 4, A% (a2 +s; )] (w; )=(a2 +s; )(Azj +6, )(P,.j ) @36
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where

_6ELL . 6ELLR . 1 = Bl
A]— 9 Az— w,’j9
Ely |

W= = 4.37
Ely 137 7w Y Elyw, (3.37)

Ay and A, are dimensionless coefficients, w;; is the dimensionless displacement of the

node ij, and P7,-j is the dimensionless load. The subscript 0 denotes a reference value of

the corresponding function.

According to the decomposition method the original problem (4.36) can be

replaced by the following three auxiliary problems:
1. 64, A4 (W,-j-):fl(i,j) (4.38)
2. 6.4, 8% (w1 )= £ (i, /) (4.39)
3, [AI(A‘}AZ, )+ 4, (2 A )] (w,-j-” )= (a2 +6,.)(A2j +6, KB )- 71 ))- 126, ))  (440)
where f;(i,j) and f5(i, ) are unknown functions of discrete arguments. Solutions to
these auxiliary problems must be subject to condition

Wy =W =Wy (4.41)

Equations (4.38) and (4.39) can be regarded as the bending equations of the non-

interconnected beams in the directions i and j. The beams have elastic supports in the

form of rotational springs. Boundary conditions for the first auxiliary problem for the

beam parallel to the x -axis (i -direction) can be written as
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J
(5 + 4k, )~ (4 + 0.5k )+ 1, = AL B, (a-0.5% )+ B, ] (4.42a)
1
a i=0
W’nj =0
Wl (s+ak)-wl, (44058 )+ w5, = ll Py (4-05%)+ B, ] (4.42b)
ar i=n

where I?l =(1+r,l 1/3EL )_' is the dimensionless stiffness coefficients of the elastic

supports. Boundary conditions for the second auxiliary problem have a similar form with
corresponding subscripts and superscripts.

An approximate solution to the problem is found by approximating the functions

of discrete argument f; (i, j) and f5(i,j). For the case of symmetric load it is assumed

that

A1) =)= w:(z)[( >+z<>—m<'>)—“;—1]

m
(4.43)

fz(",f)=V/1(")“//2(i)[(J'(Z)+J'(l)—mj(l))i2—l]

m

where (), wa2(J), w(i), and w4 (i) are arbitrary functions, and i, and j(’) are

factorial polynomials: i?) =i(i-1)3-2)..(i-t+1), j(’) =j(J-D{G=-2)..(J-t+]).
The first auxiliary problem can be considered as one-dimensional and can be written in

the following form

64, A} (w,j) Dy + Dy iV + Dy i@ (4.44)

109



. : 4 . 4 :
where Dy =y (j)+w2(j) Dy =(n-1)=v2() D3 =-—v2()).
n n
Using formula (4.14), the solution to the first auxiliary problem is

(4) i+ 20) i +2)(6)
LD, (”1;‘3 +D, YU ’;;‘()) +C1—6—+C27+C3i(')+C4 (4.45)

~1 1
Wi = D
Y764y ) 24

with the arbitrary constants C; to be obtained from the boundary conditions (4.42).
Comparing equation (4.44) of the first auxiliary problem with the known bending

equation of the beam loaded at equidistantly located points

4w )= (a2 +6, B! )

implies that

%[D, +D,il) 4 D, i(z)]= (2 +6, )77 )

Solving for ]~’,~j1 yields
Bl =L b, -Lp; )+ D, 4 p,i®
i =36 133+21 + D3l

From the first condition of (4.42) it follows that C4 = 0. The other three conditions yield

the following system of equations:

C, +Cy - 0.5% 1)+ 5 (3%, )c, = 3617[ Dy(5-0.5F, )+ D2(6—E,)+D3(%+%I?,H

C n(3) C n(2) C I D D D
—t —+ - 4 4 -
! 2 2 " 36 ! 2 2 3 60
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Cl[(l__61)(_3)(5+4k ) (4+05k \)(n 2)(3 (n_3)(3)]

6

+C, @ (5 + 4k, )— (4 +0.5k; ) (n "22)(2) + ( ‘23)(3)}

+G3| (n=1)(5+4k ) (8+0.5% Jn—2)+(n-3) }

.

! {DI[S 05F - (5+4,;l)@;L)‘_“L(L‘Jro_s,;l)(n-z)@)_(n-3)(4)}
36A 4 4

+D, —(4_0.55, Jor-1)+ (n+2)(5.+ 4 ) & 2:))(5) cesosi )(n—2)(5) (230 }

_ 20 20
[ - (16
+ Dy L(4 ~ 0.5k, )((n ~1)d - %) +(n+2)® -% (5445, )t 6:))
a0z )9 _(n- 3)(6)} }
60 60

For convenience this system can be written in the matrix form

[B,,]{c’ }: 56—1/1—1[6,,]{01 } (4.46)

In this equation {C1}=[C] C, C3]T, {Dl}:[Dl D, D3]T, and [B,] and

[G,,] are the matrices of coefficients of C; and D; correspondingly. The elements of

these matrices are given in Appendix D. From (4.46)

c'}- (8. 'ea ! |-

36 A,
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and substituting it into (4.45) yields the following expression for the dimensionless

deflection function
Wy = {D’ }T{ fi} (4.47)

where

()= 5or- ()61 (7] )

" 364,
T
{ai } = |:l(44) (’ +220)(5) (I +620)(6) :| (448)

T
o 5 5 ]

L
6 2
Similarly, the solution for the second auxiliary problem is

wll = {D” }T {r;} (4.49)

where
{D”}=[51 B, )"
Dy =y (i)+y> (i), Dy =(m-1):3-2—‘//2(i)s D; = —%V/z(i) (4.50)
Vb 5oz ol (2 )

Expressions (4.47) and (4.49) with respect to (4.44) and (4.50) can be written in the form
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Wg" =01 w1()+22() w2 (j)

(4.51)
W) =010)w10)+02() w2 ()
where
a@)=[a 15} e6)=lanl{s;}
o=l ) o20)=lanml{s; }
(4.52)

[4]=0 o o] [a',,n]=[1 %(n_l) _%]

I

m

Accounting for the symmetry of the system, the arbitrary functions (i) and (i) can

be assumed as follows:

v1()= a1 0()+ a2 0,(), wy(i)=a3 0 (i)+ a4 0,()

(N~ NI (4.53)
vi()=a e ()+ @ 0:(7), v2(i)=a5 0 ()+ &, 02(j)
Satisfying W,j = W,-j” from (4.41) implies that
5]=al, 52 =ay, &3 =a3, 54 =ay (454)

Coefficients « are determined from the third auxiliary problem. Introducing the

discrepancy function CD(i, Jj ), the third auxiliary problem can be written as
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(1) = 0 (85 Jo 4o 0 8 )| 7 - [(03 6,2 +6,)] )
(4.55)
+hlE )+ f7)=

Assuming ﬁ,j = P = constant and performing algebraic manipulations yields
(i, j) = oy [AIA‘}@ (8701 (/) + A A3y (i)Atﬂ’l (l)]
+as|4) Al}coz (8701 () + 4,830, (i)A%Dl (J')]

+a3 ,AIA4j¢’2 (8302 (/) + 4y8%0, (")A‘}fi’z (I')]

+ay :Al A4j(02 ()8702 (/) + 42870, (i)At'fl’z (J)]
+ay[o1 )+ 0 (]+ @201 () + 1 () ()]
+a3lp2 () + @1 ()7 (j, m)]

+al- 02 (0)f(j,m)- 02 (j)f(i,n)]-36P =0 (4.56)

where f(i,n)=(i(2)+i(l)—ni(l))—%-l and f(j,m)z( —-mj
n

SE

The third auxiliary problem is solved by setting ®(i, /) and some of its even lower

differences to zero at the center of the plate:

o, /)=0, Ai[oG,)]=0, A3 j)]=0, aja%[@(,,)]=0 457)
i=nf2, j=m/2
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The arbitrary constants «; are obtained by solving the resulting system of linear
algebraic equations. The values of «; are then substituted into the expression (4.53).

Using (4.53), (4.54) and (4.41), the equation for the deflection function can be written as
Wi = [a][¢>,-(i) ¢,-(j)] (4.58)
where

[a]=[al a; aj 04]

[ 010) 010)]
22(0) 10/)
o1(i) 020))
| 010) 0207)]

(4.59)

[(p(i) m}

The value of bending moment in any rod of the lattice can be found using the expressions

;] EI P
MU =T(_wi-l +2W,‘ _Wi+l)+%
(4.60)
n _EI P
MU =T(—Wj_l+2Wj—Wj+l)+-'6Il-

Using notation (4.37), the equation for the dimensionless bending moment in any j'h

beam in the i th direction can be written as

MU = —(wi—l,j _2wi,j + wi+l,j)+7]—})lj (461)

where
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v it 6lg
M =M , A= (4.62)
WOEII E]()WO

In equation (4.61), IN’,-jI is the nodal load applied to the beams in the first direction ().

Using (4.44) and (4.53)

B - -[a){DG./)} (4.63)
where

{DG)}=[D1GJ) DyG.j) Ds(i.j) Dalij)]”

Di(i, )= (j), Dali,5)=e(j)DGi,n), D3, j)=e2(j) (4.64)
i) 4,
D(i,n)=1+niz+(n-1 f';i—— 4n2

Numerical examples

The square lattice plate shown in Figure 4.1 (L; = L;) uniformly loaded at the
joints with unit loads was analyzed for six types of grids differing by the number of rods
in the two directions (m=n= 8, 16, 24, 32, 64, and 128). The following characteristics of

the lattice were assumed: /) =l =1, EI} = Ely = EI, GJ,=GJ;=0.

Table 4.2 shows the maximum dimensionless values of deflections obtained for
the plate with pinned support for six different types of grid using the decomposition
method (DM) in finite difference formulation and differential formulation based on the
continuum model. The results are compared with those obtained using the finite element

method (FEM). The LIRA software (Kiev 2000) was used for the finite element analysis.
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Maximum bending moments for the plate with a 16x16 grid are shown in Table

4.3 for the cases of pinned and fixed support. Table 4.4 demonstrates the maximum

deflections of the same plate with varying coefficients of support rigidities. The results

presented in Table 4.4 are illustrated in Figure 4.7.

for /?1 =] (pinned support) and I?l =0 (fixed support)

Table 4.2 Deflections at the middle of the plate for the different types of grid
k,=1 (pinned support)
w (ﬁ,ﬂ) X E1 for the type of grid
22) \p3
8x8 16x16 24%24 32x32 64x64 128x128
FEM 0.06403 | 0.13085 | 0.19636 | 0.26213 | 0.52487 | 1.05003
DM
(finite difference 0.06289 | 0.13076 | 0.19737 | 0.26352 | 0.52997 | 1.07959
model)
£(%) -1.78 -0.07 0.51 0.53 0.97 2.82
DM
(continuous model) 0.06768 | 0.13530 | 0.20170 | 0.26381 | 0.52539 | 1.05108
£(%) 5.7 34 272 0.64 0.1 0.1
Table 4.3 Bending moments for the plate with the 16x16 grid

~ [ ~
A | D)
Support Type \2 2/ \PL 2) \P
FEM DM £(%) | FEM DM & (%)
Pinned supports
y 1.2305 1.2329 0.20 - - -
=
Fixed supports
% =0 0.4083 0.4059 -0.58 | 0.9109 0.9152 0.47
=
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Table 4.4 Deflections in the middle of the plate with the 16x16 grid
for different values of support rigidity &,

w(n/2, m/2)x (E—QJ
El PL
FEM Decomposition Method £ (%)
1.0 0.13085 0.13076 -0.06
0.99 0.11028 0.11055 0.25
0.95 0.07268 0.07287 0.25
0.8 0.04162 0.04162 0.0
0.6 0.03283 0.03273 -0.3
0.17 0.02772 0.02753 -0.6
0 0.02663 0.02642 -0.8
: 0,14
5 012} - - — —_- . =
= 01 — -
o
' .E_o,o& -
N
‘€ 006 |
2 0041 -
0

1 0 0.1 02 03 04 O5 06 07 08 09 1
| Coefficient of Rigidity of Elastic Support i
|

~—#—FEM — & Decomposition Method

Figure 4.7  Deflections in the middle of the plate with the grid 16x16
for different values of support rigidity k 1
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Results obtained demonstrate sufficient accuracy of the decomposition method
stated in finite differences for bending problems of lattice plates with different types of
grids and support rigidities. The finite difference formulation of the method provides
better results than the differential formulation for sparse grids. However, for dense grids

the results have similar accuracy.

4.6 Free Vibration Problem of Lattice Plate with an Orthogonal Grid

Consider a free vibration problem of a rectangular lattice plate with an orthogonal

grid shown in Figure 4.8 with concentrated masses at the nodes.

Figure 4.8. Lattice plate with an orthogonal grid and concentrated nodal masses
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The governing equation of the problem has the form (Ignatiev, 1981)
4 A2 4 [ A2 ~ 2 2 ~ 2 ~

where m;; = m;; 13 / Elgy, my; is a point mass at the node /, j, and o is the frequency of

ij

free vibration. The problem is subject to the boundary conditions (4.42).

The decomposition method is used to solve the problem, introducing the three
auxiliary problems. The first two boundary value problems have the form (4.38) and
(4.39). The third auxiliary problem stated in the form of discrepancy function is written

as

@i, j)= [An (4?43')’“ 4, (4.-24;)](%‘)‘ [(412+ 6:')(4‘3*61)](’7’0‘”2%)
(4.66)
+ £ )+ £, /) =0

The solutions for the first two auxiliary problems are known from Section 4.5,
and are given by (4.51), (4.52), and (4.53). Substituting expressions for fl(i, j) and

fz(i, j) from (4.43), and w; from (4.51) into (4.65) and performing algebraic

manipulations yields
C oL 4 (N2 (: 2 (A4 (-
0, /)= oy [ 480, (10201 ()+ 428201 (8% 0, )]
+ay [AIA‘}(PZ('.)A%(PI (j)+ 42850, (i)At“Pl ( )]

v o3 [1% 02 (1020 (1) + 438201 ()80 ()
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+ gt 02 (202 (7)+ 420205 (10405 ()]
+orlor(G)+ 010)- 71y 0201 ()1 )

+ 0202 0)- 011 im)- i 0202 )0 ()] 467)

v o3 fo2(7)- 01 () Gom) - 1 0701 (Do ()
+ gl 0207 (om)-02(1)16.m) -y 0% 02 ()02 ()] = 0

The third auxiliary problem is solved using the collocation method by setting

®(i, j) to zero at the following four collocation points:

G I Gy B ) S

The resulting system of four linear algebraic equations can be written in matrix form as

follows
[A - sz][a] =0 (4.68)
where
l=lay @ a3 a4] (4.69)

and A, and B are the matrices of coefficients. The members of the matrix A are

determined as

ay = AIA?¢l(i)A3'(Pl(i)+ %) A:z<P1(i)A}"<Pl(j)+<P1(J')+<P|(J')
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aye = 4 A‘}(P2(i)A2j(Pl ()+ A2A3<P2(i)A‘}(P1(j)+ ¢2())- 01 (j)f(i.n)
ay; = AIA‘}(Pz(i)AzﬂPz ()+ AzA%m(i)A‘}(Pz (N+020)- 1)/ (ism) (4.70)
agy = AIA‘}(PZ(i)AZJ'(PZ(j)+ AzA%<P1(")A‘}<P2 ())+92(7)- 01 ()1 (jrm)

and the members of matrix B are

bi = Aoy (Do (/)
bax = o2 (en (/)

4.71)
by = mion (o2 ()
bay = ;0,2 (/)
where the subscript £ = 1...4 denote the four collocation points.
For the general case [a ];ﬁ 0, therefore
|A-w23| =0 (4.72)

Multiplying this equation from the right by B, (4.72) can be written as the eigenvalue

problem
|C - Al|=0 (4.73)

where 4 = 2 ,C=4 B! ,and I is the identity matrix.

Solving (4.73) yields the four eigenvalues from which the smallest is chosen.

122




Results for the systems of orthogonal beams shown in Figure 4.8 with pinned
support and six different grid sizes are presented in Table 4.5. The problem was solved in
the dimensionless form using the following assumptions: Iy =I5 =1, EI} = EI; = EI,

and m;; = m . The results obtained by the decomposition method are compared with the

exact solutions obtained by Ignatiev (1979).

TABLE 4.5. Dimensionless values of the first free vibration frequency

&x10°
Grid size 8x8 16x16 24x24 32x32 64x64 128x128
Decomposition
method 211.045 54.5811 24,3659 | 13.6513 | 3.43240 | 0.854986
Exact solution | 218.086 54,5223 | 24.2322 | 13.6306 | 3.40764 | 0.851912
£ (%) -3.22 0.11 0.55 0.15 0.72 0.36

The results demonstrate that the decomposition method yields good accuracy for
the first frequency. To obtain higher frequencies, the other forms of approximation
functions must be used. However, the higher forms of vibration are hard to predict, and
formal approximation may not be exact. For this reason, the number of sequence
members retained in the approximating function must be at least four times greater than
the number of frequencies to be determined. The resulting procedure is hard to implement
by means of the decomposition method. Therefore, other approximate methods have to be
developed for determining larger spectrum of natural frequencies for dynamic problems.
The consecutive dynamic condensation method for solving the eigenproblems of lattice

plates is presented in the next chapter.
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CHAPTER 5

DYNAMIC ANALYSIS OF LATTICE PLATES
BY CONSECUTIVE DYNAMIC CONDENSATION

Free vibration problems of complex structures involve the solution of large

systems of algebraic equations ((N =103 -10° ). Since only a limited number of
eigenvalues and corresponding eigenvectors are required in practice the approximate
methods of static and dynamic condensation can be used. The work presented in this
chapter is based on the frequency dynamic condensation method (Grinenko, Mokeev
1988), and the consecutive dynamic condensation method proposed by Ignatiev (1992).

A brief overview of these methods is given in Sections 5.2 and 5.3 of this chapter.

The energy form of the consecutive dynamic condensation method is developed
in this chapter and three different techniques of using it to solve dynamic problems are
described: condensation using the smallest natural frequency of subsystems;
condensation using the eigenvectors of subsystems; and condensation using preliminary

static condensation in the form of the displacement method.

5.1 Problem Statement

The problem of free vibration or stability of a system described by a discrete

analytical model is characterized by the eigenvalue problem
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[c-ar]{z}=0 (5.1)

In scalar form, the above equation represents a system of homogeneous linear
equations. A non-trivial solution of this system is possible when the determinant of the

matrix of coefficients is equal to zero:
detfc-AI]=0 (5.2)

The matrix of coefficients [C—AI] in (5.1) is called the characteristic matrix of the
given matrix C, and (5.2) is the characteristic equation of C with respect to A .The roots

of this equation are the eigenvalues A ;(i =1,2,... N) that form the full matrix spectrum.

When the free vibration problem is solved by the displacement method

(neglecting damping), the matrix C and the eigenvalue A in (5.1) are determined as

C=M7"'K, 1=0? (5.3)

and (5.1) has the form
[k -aM{z}=0 (5.4)

where M and K are the mass and stiffness matrices, respectively; o is the frequency of
free vibration of the system, and {z} is the vector of nodal displacements.

In the force method, the matrix C has the form

C=Ms (5.5)

and equation (5.1) becomes

[6M -a1){z}=0 (5.6)
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where M is the mass matrix, § is the flexibility matrix, 4 = 1/ w? is the eigenvalue, and |

is the identity matrix.

5.2 Frequency - Dynamic Condensation Method

Similar to other reduction methods, this method divides the full set of degrees-of-
freedom (d.o.f.) into primary (master) d.o.f. and secondary (auxiliary, or slave) d.o.f. The
secondary d.o.f. are eliminated on the basis of the initial matrix equation, and the
condensation of mass and stiffness (or flexibility) matrices is achieved by equating some
frequencies of the condensed system with those of the original system.

S5.2.1 Condensation based on the Displacement Method

Classifying all the d.o.f. of the system under consideration as primary and

secondary, equation (5.4) can be written as

kﬂ' k Mrr M zr
({ rs]_l[ rs]J{ }zo (5.7)
ksr kSS MS" MSS zS

Subscripts 7 and s are used to denote the elements of matrices related to the primary and

secondary d.o.f. correspondingly.

Eliminating the secondary unknowns z, (5.7) is condensed to one equation with

the primary unknowns:

(&, - 284,,)+ P Wz, )=0 58)

where

126



D,(.,f)(/l)= _(Kss "ers)(Kss —AMss)—l (Ksr -lMsr) (3.9)

Equation (5.8) can be approximated as

[(Krr _err)"'(K)(':) _lMS:))](zr)=0 (5.10)

where K S;‘ ) and M Sf ) are found from the assumption that the eigenvalues of the original

equation (5.4) are equal to those of the condensed equation written in the forms (5.8) and
(5.10). Using the two eigenvalues from (5.4) and equating (5.8) and (5.10), the following

system of equations is obtained:

K)(':) 'll,rs MS:) = Dr('ts') ("t l,rs)

(5.11)
KS;.S) —A2rs Mr('g) = Dr(':) (’1 2,rs )

where 4, ,s and A, , are the limiting eigenvalues (Apax and Apin ) of (5.4).
From system (5.11)

1

M) - (D9 (31,1)- D 22,
( 2,rs ~ Al,rs)
| (5.12)

) [}“2,rs DS}S) (2' l,rs )_ A’l,rs Dr(':) (’1 2.rs )]

The limiting eigenvalues A4;,; andA,,;, and the natural frequencies

corresponding to them (basic frequencies, or condensation range) are obtained from
available approximate solutions. The choice of the basic frequencies significantly affects
the accuracy of approximation of dynamic conversion matrices (5.10). This is a serious

drawback of this method.
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5.2.2 Condensation based on the Method of Forces

After separating the full set of d.o.f. into r primary and s secondary ones, (5.6) can

be written in the form

Opp O M 0 I, 0/{)|z
rr rs r 2 r r|_ 0 (5.13)
Osr  Oss 0 M; 0 I Zs
where I, and /g are identity matrices of orders r and s. Lumped mass system is used
here yielding the diagonal mass matrix.

The relation between the primary z, and secondary z; unknowns is obtained

from the second equation of (5.13):
23 =6 My - A1) 6, M, 2, (5.14)
Substituting (5.14) into the first equation of (5.13) yields
{(5,, M, -Al)+ D(s)(l)] }= (5.15)
in which
D (A)= -8, M5 Ms - A1) 6, M, (5.16)

is the dynamic transformation matrix of auxiliary displacements. Matrix Dﬁf) can be

approximated in the condensation range by
bY(2)=6,, M (5.17)

where M SS ) is the matrix of mass transport from auxiliary nodes s into primary nodes r.
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Coefficients of this matrix are obtained from the condition that matrices Dﬁ;‘) (4) and

DE)(4) coincide in the minimal condensation range:

~

D (A max.rs )= DS A ma.rs ) (5.18)

where A pax 5= 1/ w?

min 1S the upper value of the condensation range calculated

approximately by any known method.

From (5.17) and (5.18)
M =5,' D (2 ma.rs ) (5.19)
Accounting for (5.18), equation (5.15) can be written as
(6,0 M, + DD (2 g s )- 41, [f2,}=0 (5.20)
or

[5,, (M, + M) )— Al, ]{z,}= 0 (5.21)

The eigenvalues and the corresponding eigenvectors for the chosen condensation range

are found from the characteristic equation
[5,, (M, + M )— Al, ]= 0 (5.22)

The drawback of this approach is the need to obtain the initial value of A, by

some method. It also involves conversion of high order matrices when the total number
of d.o.f. is high, and the number of selected primary d.o.f. is low.
An advantage of the frequency-dynamic condensation method is the possibility of

stepwise elimination of secondary d.o.f. and evaluation of correctness of their assignment
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as secondary ones based on comparing the approximation errors of the dynamic

conversion matrix in the condensation range.

5.3 Consecutive Dynamic Condensation Method

The main idea of the consecutive dynamic condensation method is to represent
the entire characteristic matrix of the system (5.1) in block form. Thus, the sepondary
d.o.f. of the system are subdivided into several groups and each group is treated
separately. For each group the corresponding partial eigenvalues are found by solving

equation (5.13). Selecting A_,, from these eigenvalues, dynamic transformation of the

given group of masses to the primary group is performed using (5.19). This iterative
procedure is repeated with each submatrix. After dynamic transformation of all groups of

masses, the final equation for the reduced system is obtained as

=0 (5.23)

t
6,,[M, + ZMSS)J— Al,

s=1

Thus the solution of the large-scale problem is substituted by the iterative
procedure of finding the eigenvectors and eigenvalues of small matrices that requires
minimum computer capacity. The method is particularly well-suited for implementation

on parallel computers.

For the case when the original system is reduced to a system with a single d.o.f.,
(5.13) can be considered as a matrix system of two linear algebraic equations. Solution of

this system yields
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1
A max= '2_(Mr Op + Mg 5ss)
(5.24)

1
+\/Z(Mr 6rr +Ms6ss)_MrMs(§rr6ss _ars5sr)

Substituting (5.24) into (5.19) and (5.16) and performing algebraic manipulations, the

equation of mass transport from node s to node r is obtained in the following form:

Ops G5y Ms M,
Oy (5ss M; _lmax,rs)

M© = (5.25)

The coefficient of mass condensation to the main node is introduced as

— Mr('s) - Ors 85y M,

kr,s =
MS 5rr (ass M s A max,rs )

(5.26)
The final equation for the reduced system becomes

=0 (5.27)

N
- M,(Hka]—l

s=1

where N is the total number of d.o.f. of the system.
From (5.27) the approximate equation for the maximum eigenvalue of the system is

obtained that can be used for the following refined analysis:

N
Amax =Opr My | 14 D ky (5.28)
s=1
Test analyses of natural frequencies of beams and rectangular plates demonstrated
the high accuracy of the results obtained by (5.28). However, the technique described

provides accurate results only for the upper part of the eigenvalue spectrum (Ignatiev,

1992).
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5.4 Energy Form of the Consecutive Dynamic Condensation Method

The energy form of the consecutive frequency-dynamic condensation method is

based on the following assumptions:

e Equality of eigenvectors and eigenvalues of the reduced system and the
corresponding part of the eigenvector and eigenvalue spectrum of the original

system

e Equality of kinetic energies of the reduced system and the original system

The equation for the kinetic energy of the original system has the form:
U = Zm,a) z; +—stw 22 (5.29)

After mass transfer to the condensation nodes, kinetic energy of the reduced system

becomes

yreduced _ Zm,(o 22 += Z:m(s)a)zzs2 (5.30)

where mﬁs ) are the condensation additives resulting from transformation of all masses
mg to masses m, .

Equating (5.29) and (5.30) yields
st z3 —Zm(s) 2 (5.31)

or, in matrix form

PR PR MO) ) (532)
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where {z,} and {z,} are the subvectors of the total vector of nodal displacements
corresponding to the primary and secondary d.o.f.; and [ms] and [mfs)] are diagonal
matrices of orders s and r, respectively.

5.4.1 Condensation Using the Smallest Natural Frequency of Partial Systems

For the first form of vibration corresponding to the fundamental (smallest) natural

frequency o, , equation (5.14) for the secondary nodal displacements can be written as

(2. }= D8 (A mee)) 2.} (5.33)
where
(D9 (2 )] = 605 M, - 41T 5,1, ] (534)

Substituting (5.33) into (5.32) yields the dependence

P DT L | LTV | P B g YO P (5.35)

from which the matrix of condensation additives is found:

[057]= (D9 (o | [ 1D ()| (5.36)

The right side of (5.36) results in a square matrix of order » x r. In order to reduce

it to the diagonal form corresponding to the structure of [mfs) ] , all the rows are added

and the result are written in the diagonal form. For every partial system A4,,,, is found

solving (5.27).
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Performing similar operations with all ¢ groups of masses, the final equation for

the reduced system becomes

=0 (5.37)

t
6,,[M, + ZM,(S))-—,U,

s=1

Test Problem 1

Consider the prismatic simply supported beam shown in Figure S5.1. The beam

carries 12 equidistantly located point masses m; = 1.

m mp m; my
Aco&o&occccct

I=(N+Da

FigureS.1.  Simply supported beam with equidistant masses

for test problems 1 and 2

The free vibration problem of the beam was analyzed by the energy form of the
consecutive dynamic condensation method using the fundamental frequency of partial
systems. Condensation was performed to two, four, and six primary d.o.f., by blocks of
two secondary d.o.f. The results are presented in Table 5.1. The values of the natural
frequencies obtained by the proposed technique are compared with accurate solutions

calculated using the formula by Ignatiev (1979).
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TABLE 5.1. Results for Test Problem 1

Frequency o
Arrangement of frc:rd:c:nc 9 Y Dk
of the primary d.o.f. 1 Y| Exact Proposed | (%)
solution technique
, 1 0.13328 0.13409 0.61
t~—0 S 0—‘——0—%—0—0—‘—0-‘*4*— ﬁ 1
n=2,s=10 2 0.00833 0.01121 257
‘ 1 0.13328 0.13341 0.09
MDA A i RS S 2 0.00833 0.00897 7.2
_ _ 3 0.00165 0.00206 20.1
n =4, s=8
4 0.00052 0.00092 13.8
1 0.13328 0.13375 0.35
2 0.00833 0.00891 6.5
R R ST S S I 3 0.00165 0.00182 9.3
nN=6s=6 4 0.00052 0.00063 17.4
5 0.00021 0.00031 32.2
6 0.00010 0.00017 411

The results indicate that only the largest eigenvalue of the original system is
determined with sufficient accuracy. The reason for this is that the condensation

coefficient at each step accounts only for the largest eigenvalue of the characteristic

matrix of the partial system.

5.4.2 Condensation Using the Reduced Spectrum of Eigenvalues and Eigenvectors

of Partial Systems

In order to improve the accuracy of the computed natural frequencies, a different
technique for determining the matrix of condensation coefficients is proposed in this

section. As before, the set of d.o.f. of the original system is subdivided into primary and

secondary d.o.f. The displacement vector is divided into two subvectors
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Z}=lz, =z (5.38)

The procedure is based on the method of forces. The main equation of the original
system has the matrix form of (5.13) and the dependence between the primary and

secondary unknown displacements z, and z; has the form (5.14).

Let us write (5.14) in the form
{zs } = [Asr ]{zr } (5.39)

where [As,] is the transformation matrix from secondary to primary unknowns.

Equation (5.39) is applicable for any K" mode of vibration:
[20.)= 4 Jz1 ] (5.40)

To construct the matrix [A s,] for the partial system the first » of n eigenvectors

of the partial system are used (k = r). Since the matrix [z,, k] is square and nonsingular,

[A sr ] can be determined as

[Asr ]= Y IE (5.41)

Using the notation k, ; for the coefficient of mass condensation introduced earlier in

(5.26), expression (5.32) can be written as

{zs }T [ms ]{ZS } = {ZI' }T [kr,s mr ]{zr } (5‘42)

Substituting (5.41) into (5.42) yields the matrix of the coefficients of

condensation
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[kr,s ] = [Asr ]T [ms][Asr ] [1 / m,.] (5.43)

After determining the matrices of condensation coefficients for all partial systems, the

matrix of condensed masses can be found as
(57, 1=, 11, + Z ks, (5.44)
The equation of the general type for the reduced system can be written as
6, 8%, - 21,]{z, }=0 (5.45)
and the characteristic equation for the reduced system is
|6,,M, - A1,|=0 (5.46)

After solving (5.46) and (5.45), the reduced spectrum of eigenvalues and eigenvectors of

the system is obtained. The eigenvectors corresponding to the secondary d.o.f. of the
system can be determined by the backward transformation. Matrix [As, ] is constructed

for each partial system and can be considered as the matrix of vibration modes of the i

partial system. The matrix of vibration modes for the whole system can be written as
(B1=]r, 4L, .. 40| (5.47)

where ¢ is the number of partial systems. The matrix of eigenvectors can be determined as

{z}={z’} =[Bl{z, } (5.48)

Zs
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Test Problem 2

Consider the prismatic simply supported beam shown in Figure 5.1. The free

vibration problem of the beam is analyzed by the energy form of the consecutive dynamic

condensation method using the reduced spectrum of eigenvalues and eigenvectors of

partial systems. The total number of d.o.f. of the system is twelve. Condensation was

carried out using two, four, and six primary d.o.f. The schemes of the arrangements of

condensation nodes are shown in Table 5.2. The total number s of the secondary d.o.f.

was divided into b blocks. The number of blocks (») and the number of secondary

unknowns in each block (s;) varied.

TABLE 5.2 Arrangement of the primary degrees of freedom for the Test Problem 2

Scheme Arrangement n/s Block size
No of the primary d.o.f. ratio bxs,
‘ 10x1
I LT et S 115 5x2
n=2,s=10 2x5
IORdl S an Su G an on e 4 '"f’f 8x1
I - - 12 4x2
n=4, s=8 2x4
, 6x1
OGP @ e @ i
1] -5 A 1 3x2
n=6,s=6 23

Results are presented in Table 5.3. The eigenvalues obtained for the reduced

system are compared with accurate values calculated using the equation obtained by

Ignatiev (1979) for the case N=12:

2 _
o} =

sin
3

48EI( 4 km
ma
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TABLE 5.3 Results for Test Problem 2

Order Frequency @
Sc::me n/.s of frequency bxs, Exact reqprop:sedk S
ratio k solution | technique | € (%)
10x1 0.13362 0.26
1 5x2 0.13328 0.13471 1.07
| 15 2x5 0.13193 -1.01
10x1 0.00903 84
2 5x2 0.00833 0.00904 8.5
2x5 0.01134 36.1
8x1 0.13356 0.21
1 4x2 0.13328 0.13342 0.10
2x4 0.13343 0.11
8x1 0.00849 1.92
2 4x2 0.00833 0.00862 3.48
I 12 2x4 0.0085 2.04
8x1 0.00169 2.37
3 4x2 0.00165 0.00179 7.82
2x4 0.00173 4.62
8x1 0.00062 16.13
4 4x2 0.00052 0.00059 11.86
2x4 0.00058 10.34
6x1 0.13345 0.13
1 3x2 0.13328 0.13347 0.14
2x3 0.13343 0.11
6x1 0.0084 0.84
2 3x2 0.00833 0.00839 0.72
2x3 0.00838 0.60
6x1 0.00167 1.20
3 3x2 0.00165 0.00175 571
" 1 2x3 0.00168 1.79
6x1 0.00056 7.14
4 3x2 0.00052 0.00056 7.14
2x3 0.00057 8.77
6x1 0.00023 8.70
5 3x2 0.00021 0.00023 8.70
2x3 0.00028 25.00
6x1 0.00012 16.67
6 3x2 0.00010 0.00009 -11.11
2x3 0.00019 47.37
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The following observations are maid:
e The proposed technique provides good accuracy for approximately 25% of the
spectrum of eigenvalues
e The number of blocks does not affect the results significantly
e Increasing the number of condensation nodes improves accuracy. The

recommended ratio of primary to secondary nodes is /2 < n/s <1

5.4.3 Combined Static and Consecutive Dynamic Condensation

The eigenproblem stated in the form of the displacement method has the form
(5.4). The technique proposed in this section combines the two methods presented earlier
— static condensation and the energy form of consecutive dynamic condensation. After
classifying all the d.o.f. of the system under consideration as primary and secondary, the
main equation (5.4) transforms to (5.7). The system is then subdivided into a set of partial

systems, and the secondary d.o.f. are represented in a block form.

In the first step Guyan’s transformation is performed for the partial systems. The

vector of displacements of the partial system is written as

{z}={z'} =4, )z} (5.49)

where

[A,]=[ r } (5.50)

-1
- Kss Ksr

is the matrix of static condensation.
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The statically condensed stiffness and mass matrices of the partial system are

obtained through

[K:r]= [Ar]T[K ][Ar] =Ky —Kys Ks_sl K
(5.51)
[M:r]z[Ar]T[M][Ar] =}urr_jwrs]ws_sl Mg,

The eigenvalues and eigenvectors of the partial system are then obtained from the

solution of the characteristic equation
[ [K:, ]- A[M:, ]] {z}=0 (5.52)

In the second step, refined condensation is performed based on the energy form of
the consecutive dynamic condensation method using the reduced spectrum of eigenvalues

and eigenvectors of partial systems described in Section 5.4.2.

Condensed stiffness and mass matrices of the partial system are obtained through

the transformation

k9] (57 ;. 2]
(5.53)
(7)) (87 o5, J]

Performing condensation of all ¢ blocks of secondary d.o.f., the final stiffness and mass

matrices of the system are obtained by the summations

[I?rr]= i[g;r ]_ (t—l)[Krr] (5.54)
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[Mrr]': é[ﬂ ir ]" (t—l)[Mrr]

(5.55)

The eigenvalues and eigenvectors of the reduced system are obtained from the

characteristic equation

Test Problem 3

[k, Jalin -0

(5.56)

Consider a prismatic single-span beam with fixed ends loaded with a uniformly

distributed mass of intensity m = 1. All geometrical and physical characteristics of the

cross section are taken equal to unity. The beam is divided along the length into 72 linear

finite elements. The length of each element is assumed to be a =1.

TABLE 5.4. Variants of condensation for Test Problem 3

Total number of
d.o.f
N

Number of
primary d.o.f
n

n/s, %

Number of
blocks
b

Number of
secondary d.o.f.
in one block

Sp

142

6

44

68

34

10

7.6

66

44

22

14

11

64

32

16

22

18.3

60

30

DIBIN([OIBDINIO(WINIAIN

20

-
N

10
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The problem was solved by the combined static and consecutive dynamic
condensation method. Different variants of condensation were performed by varying the

number of primary d.o.f. and the secondary d.o.f. blocks as shown in Table 5.4.

Figure 5.2 illustrates the location of the primary d.o.f. and secondary d.o.f. blocks
for the case with 22 primary d.o.f. Results for this case are presented in Table 5.5. The
eigenvalues obtained by both methods are compared with the results obtained by solving
the full system of equations. Figure 5.3 illustrates the distribution of errors for the
eigenvalues obtained by different techniques. Similar graphs for the other cases listed in

Table 5.4 are shown in Figures 5.4 - 5.6.

Test Problem 4

Consider a beam described in Test Problem 3 with three equidistant intermediate
roller supports added (Figure 5.7). Each span consists of 18 finite elements. The total

number of d.o.f. of the structure is 139.

Condensation was performed using eleven, eight, and three primary d.o.f.
Arrangement schemes of the primary d.o.f. and blocks of the secondary d.o.f. are shown

in Figure 5.7(a), (b), and (¢).

Results are presented in Tables 5.6, 5.7, and 5.8 and illustrated in Figures 5.8, 5.9,

5.10,and 5.11.
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with 10 primary d.o.f.
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TABLE 5.6. Results for Test Problem 4 (condensation to 11 primary d.o.f.)

g Eigenvalues obtained by

é& Uil aystom | Staticcondensation | S9TCELoLiClME

% N =142 to 11 primary d.o.f.

5 Ax10° Mx10® | (%) Ax10° =)

iﬁ' g k ° kX Ak |¢ i |
1 1.2628 1.2763 1,07 1.26287 0.01 | 0.12
2 2.2645 2.3066 1,86 2.26451 0.00 | 0.02
3 3.7804 3.8886 2,86 3.78043 0.00 0.2
4 47683 4.9242 3,27 476842 0.00 | 0.06
5 17.4851 22.1025 26,41 17.48739 0.01 | 0.17
6 23.7822 32.4956 36,64 23.78883 0.03 | 0.27
7 31.6421 49.2494 55,65 31.66137 0.06 | 0.78
8 36.2342 64.0146 76,67 36.26416 0.08 | 1.65
9 83.8759 1561.1493 80,21 84.6864 097 | 11.02
10 103.539 230.7529 122,87 105.76222 | 2.15 | 256
1 126.4732 330.8788 161,62 137.7662 8.93 102

! 350
' 300
250 |
200
150 |
100 |
50

Eigenvalue x 1000

4 5 6 7 8 9 10 11
Eigenvalue Number

—&— Static condensation to 11 d.o.f.
L — A — Dynamic condensation to 11 d.o.f.

|
i —&— Exact solution
|

Figure 5.8. Results for Test Problem 4 (condensation to 11 primary d.o.f.)
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TABLE 5.7. Results for Test Problem 4 (condensation to 8 primary d.o.f.)

2 x Eigenvalues obtained by

3 (S0 | e contrastin | CoPmetiv

55 N =142 to 11 primary d.o f. to 11 primary d.o.f.

w Aacx 10° Ax 10° e (%) P x 10° & (%)
1 1.2628 1.28703 1.92 1.26288 0.01
2 2.2645 233339 3.04 2.26453 0.00
3 3.7804 3.92208 377 3.78049 0.00
4 4.7683 4.92419 3.27 4.76843 0.00
5 17.4851 28.65426 63.88 17.5231 0.22
6 23.7822 40.88108 71.90 23.87258 0.38
7 31.6421 56.21311 77.65 31.83166 0.60
8 36.2342 64.01454 76.67 36.4974 0.73

Eigenvalue x 1000

EigenvalueNumber

| —— Exact sb>l_ution
—&— Static condensation |
1 ~— A — Consecutive dynamic condensation'

Figure 5.10. Results for Test Problem 4 (condensation to 8 primary d.o.f.)
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TABLE 5.8. Results for Test Problem 4 (condensation to 3 primary d.o.f.)

® x Eigenvalues obtained by
3
‘® = | Solution of the Consecutive dynamic
E 2 full system Stt:t;c ?mn:en:a;i?n condensation
_g, § N=142 P fy d.o.t. to 3 primary d.o.f.
wZ 3 3 0 3 o
Akx 10 Akx 10 € (%) Akx 10 € (%)
1 1.2628 1,153033 -8,69 1,263967 0,09
2.2645 1,690078 -25,37 2,275782 0,50
3.7804 4,000915 5,83 3,861551 2,15

Eigenvalue Number

Figure S.11.

—— Dynamic con<_:iensation to 11 d.o.f.
—&— Dynamic condensation to 8 d.o.f.
 —A- Dynamic condensaiiq_q to 3 dtq.f.

———— . |

Graphs of errors for Test Problem 4
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Test Problem 5

Consider a free vibration problem of a rectangular lattice plate with a 16x16
orthogonal grid shown in Figure 5.12. Concentrated masses are applied at the nodes. The

problem was solved in the non-dimensional form wusing the following

assumptions:/y =l =1, EI} =El, =EI, and m; =m. The transformation to the

dimensional form can be done using the expression w =@+ EI / mi®  where@ is

dimensionless frequency.

The problem was solved by the combined static and consecutive dynamic
condensation method using three condensation schemes shown in Figure 5.13. The
dimensionless values of natural frequencies are presented in Table 5.6. The results
obtained by the proposed method are compared with the exact solutions obtained by

Ignatiev (1979).

/ /
P P P
(L

Figure 5.12. Rectangular lattice plate with a 16x16 orthogonal grid

155



4,L,H|*+T+|Ht, oy H44 #+MHH# %ﬂ 3 +H = oﬁ TTTPil tTA;.s
BITII IS AT
T T e R + #”H“Tmi .. Wf -Hnii?

S EEestasaeriey T octioseasetsse: SIitii il
L!+4|+|*- REpEnS A o+ et ® R
Hﬂ++l?IiHHH|?+ ilxﬁﬁr'r, % 4 4 im f#t##
Lﬁm?uiﬁaizﬂﬂ‘ HH»& nﬁntﬁiﬁ . - IR B NN
4 o __L

T

o+
# -4
i

jadgey N bessi ﬂ.f
4*&\HfTYAT”|H”HH - \"\\‘ “LTIAY
f+?uﬁ*llﬂ lfo.*? +| n*n‘l% .-

- ‘ +~ 4 |+l - .

*

Agnd

Tt

E

L 4+ v 4 @

ﬁji . #Tuﬂwlﬁ

—

111
3
4 ey

~
o
~

(a)
(b)

156

Figure 5.13. Condensation schemes for Test Problem 5: (a) to 29 primary nodes;
(b) to 49 primary nodes; and (c) to 81 primary nodes



TABLE 5.6. Results for Test Problem 5

Dimensionless frequency values obtained by

% P Combined static and consecutive dynamic condensation method
% é Exact with condensation to

= Z | solution 29 nodes 49 nodes 81 nodes

@102 | (%) | &x10% | £(%) | @x10% | &(%)

1 |5.452232 | 5465317 | 0.24 | 5456594 | 0.08 5.450051 -0.04
2 |21.80858 | 21.83475 | 0.12 | 21.79985 | -0.04 21.9089 0.46
3 |49.06569 | 48.96265 | -0.21 | 49.0755 0.02 49.18345 0.24
4 |87.20919 | 87.40977 | 0.23 | 87.23535| 0.03 87.64523 0.5
§ |136.1962 | 136.4958 | 0.22 | 136.1825 | -0.01 137.6398 1.06
6 | 1959207 | 191.9827 | -2.01 | 196.0383 | 0.06 196.7044 0.4
7 |266.1501 | 269.1309 | 1.12 | 266.2299 | 0.03 266.6824 0.2
8 |346.4102 | 359.2966 | 3.72 | 346.3755 | -0.01 346.7912 0.11
9 | 4357914 | 462.7233 | 6.18 | 436.0528 | 0.06 439.2777 0.8
10 | 532.6364 | 554.581 | 4.12 | 533.0093 | 0.07 526.0317 | -1.24
11 [ 634.0843 | 654.1214 | 3.16 | 633.8307 | -0.04 | 640.1716 0.96
12 | 735.5039 | 774.0443 | 5.24 | 733.8858 | -0.22 | 744.6241 1.24
13 | 830.0138 | 897.577 | 8.14 |831.1759 | 0.14 835.4089 0.65
14 | 908.5588 | 1001.959 | 10.28 | 908.2863 | -0.03 | 910.1034 0.17
15 | 961.1921 | 1006.656 | 4.73 | 963.4989 | 0.24 974.9371 1.43
16 | 979.7959 | 992.2393 | 1.27 |980.9717 | 0.12 985.2828 0.56
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Figure 5.14. Graphs of errors for Test Problem 5

Examples of dynamic analysis of a frame and an isotropic plate using the
proposed method are given in Appendix E. Based on the obtained results the following

conclusions can be made:
e The proposed technique allows for solution of a broad range of problems

e A preliminary static condensation used in combination with the energy form of
the consecutive dynamic condensation method provides better results than both

methods used alone

e The proposed technique allows to determine approximately 70% of the reduced

spectrum of eigenvalues with sufficient accuracy for different types of problems

e Block form of condensation provides a reduction of computation effort and

improves the efficiency of proposed technique
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e The number of blocks does not significantly affect the accuracy; therefore it is
possible to use lesser number of blocks with larger number of secondary d.o.f.

when appropriate

e The number of main d.o.f. and their location play the main role in accuracy of

results
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

Two classes of new and effective approximate methods for static and dynamic
analysis of large lattice structures using decomposition and consecutive dynamic
condensation techniques are developed in this work. The main results of the work are

discussed below.

A decomposition method proposed by Pshenichnov is developed for solving
bending and free vibration problems of thin isotropic plates with elastic supports. Simple
and accurate approximate analytical formulas for the displacements, force responses, and
eigenvalues of these boundary value problems are obtained. A comparison of results with
well-known solutions for rigid and hinged supports, demonstrates the high accuracy of
this method. The merit of this method is the flexibility in the decomposition of the
original problem, which provides wide latitude for choosing the auxiliary problems that

facilitate the construction of the desired solution.

An effective technique for solving bending and free vibration problems of lattice
plates with different combinations of supports is developed based on continuum
modeling of lattice plates. The continuum model developed by Pshenichnov is used in
this work. It is demonstrated that the continuum model together with the decomposition
method yields an accuracy of within 2% for displacements and bending moments, which

is adequate for preliminary design and optimization purposes.
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It is demonstrated that the developed analytical dependencies can be used to
obtain optimal lattice geometries for a class of plate problems. The proposed technique
was implemented into the PLAST computer program for analyzing rectangular lattice
plates with different types of lattices and different values of support rigidities. PLAST is

written in the C programming language and can be used on personal computers.

Analytical formulas for calculating the fundamental frequency are obtained for
lattice plates with different combinations of support rigidities. The results obtained for
the test problems demonstrate that the decomposition method yields sufficient accuracy
for the fundamental frequency. The analytical dependencies obtained can be used for
optimization purposes. However, the method is intractable for estimating higher

frequencies and mode shapes.

The decomposition method is generalized to include bending and free vibration
equations derived from finite difference formulations. This approach allows the original
discrete models of lattice plates to be used. Simple approximate analytical solutions are
obtained for bending and free vibration problems of lattice plates in the form of systems
of orthogonal beams with different types of supports. The results demonstrate that the
decomposition method stated in finite difference form for bending problems of lattice
plates with different types of grids and support rigidities is sufficiently accurate. The
finite difference formulation of the method provides better results than the differential
formulation for sparse grids. However, for dense grids both formulations yield similar

accuracy.

An energy form of the consecutive dynamic condensation method proposed by

Ignatiev is developed. It is demonstrated that preliminary static condensation used in
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combination with the energy form of the consecutive dynamic condensation method
provides better results than both methods used alone. The proposed technique is capable
of determining approximately 70% of the reduced spectrum of eigenvalues with
sufficient accuracy for different types of problems. The block form of condensation
yields a reduction of computational effort and improves the efficiency of the proposed
technique. The number of blocks does not significantly affect the accuracy; therefore it is
possible to use fewer blocks with a large number of secondary d.o.f. when appropriate.
The proposed technique is computationally efficient due to the resulting block diagonal

equations and is suitable for implementation on parallel computers.

Based on the results, the following directions for future research are

recommended:

e Inclusion of shear deformation and joint flexibility in the continuum and finite

difference formulation of the decomposition method

e Application of the decomposition method to nonlinear static and dynamic

problems

e Development of a continuous model for composite laminated plates that will
make it possible to use the decomposition method for static and dynamic analysis

of laminated structural elements

e Application of the decomposition method to stability problems
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Extension of the proposed technique to broader class of lattice structures
including static, dynamic and stability problems of multi-layer lattice plates and

large lattice shells

Use of the finite difference formulation of the method to account for more
complicated types of grids, for example grids with openings, grids with double

regularity, etc.

Development of computer programs for static and dynamic analysis of lattice

plates and shells

Application of the energy form of consecutive dynamic condensation method to
the analysis of complex structural systems such as lattice shells, thin-walled

cellular structures, complex frames, etc.

Development of computer programs based on the consecutive dynamic

condensation method for the analysis of complex structural systems
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APPENDIX A

ARBITRARY FUNCTIONS FOR THE PROBLEM
PRESENTED IN SECTION 2.4.2

C, = 0.03333333333 (0.3808425 107 A* k. +0.1105425 10" A* k.* +0.2652250 10" & *
1 1 1 1
+416160. A% k,” +0.1030000 107 k,* +0.1456380 10" A2k * + 65178. A"k,

+151500. k,” +220980. 2 k. + 10000. k, + 15660. . k, + 4896. A* k, + 250.
+153.04+435.02) k, / (79866. 1% k" +0.1838550 10" A2 &,

+0.2353905 107 A% k.* +25. + 809760. A2 k> +0.2541630 107 A2 k.* +5355. A4 k
1 1 1 1

+611694. 1* k,* +87850. k * +0.3316275 107 A k,* + 14150. k,* + 975. k,
£210. A%+ 114240 A2 k" + 7770. A2k, + 162225. k' - 265225k +153.1%)

C,=-0.03333333333 (1. + k) (0.3808425 10" A2k * +0.1105425 107 A* k'
+0.2652250 107 k. + 416160. A* k.’ +0.1030000 107k, +0.1456380 107 A% &’

+65178. A% k," + 151500. k,” +220980. A2 k,* + 10000. k, + 15660. A> k,
+4896. A* k, +250. + 153. A% +435.1%) / (79866. A* k" +0.1838550 107 A% k,’

+0.2353905 107 A* k * +25. + 809760. A2 k,” + 0.2541630 10" A2 k,* + 5355. A" k,

+611694. A%k’ +87850. k* +0.3316275 10" A* k,* + 14150. k" + 975. k,
+210. A% + 114240. A2 k" + 7770. A2k, + 162225, k" ~ 265225. k” + 153. 1.9
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C, = - 0.05000000000 (250. +418200. A k,” + 29675. A k, + 878500. k,’
+141500. k,” +0.2749400 107 A2 k> +0.1622250 107 k,* +0.1574370 107 A* &’

+220014. A* k,” + 825. A% + 9750. k, +0.5527125 10" A* k,* - 0.2652250 107 k,”
+15453. A% k, - 218875. A2 k. +0.5397075 107 A* k," + 459. 1.*

+0.7139175 10722 k,") / (79866. 1% k" +0.1838550 10" A% &,

+0.2353905 107 A* k * +25. + 809760. A k,” +0.2541630 107 A2k * +5355. A"k,
+611694. 1% k,” +87850. k * +0.3316275 10" A* k,* + 14150. k,* + 975. k,

+210.A2+ 114240, A2 k* + 7770. A2 k, + 162225, k,* - 265225. k,* + 153. 1%)

C, = 0.05000000000 (0.1400800 107 A2 k,* + 368475. A* k,* +0.1326125 10" &,
+138720. A* k,” + 515000, k* + 535680. A2 k.’ +21726. A* k,” + 75750. k °

+81280. A2k ” + 5000. k, + 5760. A2 k, + 1632 A* k, + 125. + 51. 1* + 160. %) k,
/(7986644 k" +0.1838550 10 A2k, + 02353905 107 A* k,* +25.

+809760. A2k’ +0.2541630 107 A2 k,* + 5355. A% k, + 611694, A* k,* + 87850. k,’

+0.3316275 107 A* k,* + 14150. k,” + 975. k, +210. A + 114240. A2k °
+7770. A7 k, +162225. k * - 265225. k * + 153.1.%)
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C, = - 0.05000000000 (1. + k) (0.1400800 107 A% k,* + 368475. A* k,*
+0.1326125 107 k,* +138720. A* k> + 515000. ,” + 535680. A k,”

+21726. M4 k" +75750. k,” + 81280. A2 k" + 5000. k, + 5760. A% k, +1632. 1* k,
+125.+51. 14+ 160.42) / (79866. A*k," +0.1838550 10" A2k’

+0.2353905 107 A* k," + 25. + 809760. A2 k,* +0.2541630 107 A2k * + 5355. 1" k,

+611694. 1" k,* +87850. k,* +0.3316275 107 A* k,* + 14150. k" + 975. k,
+210. A% + 114240. A2k, + 7770. A2k, + 162225, k,* — 265225. k” + 153. %)

C, = - 0.03333333333 (250. + 10251. A* k, - 0.1707225 107 A2k’
+0.3316275 107 A* k,” +0.1809300 107 A% k,” + 141500. k,” + 570. 1.2 + 9750. k,

+282540. A2 k,* +20325. A2k +0.4337490 107 A2k * +0.3459330 107 1* £ *
+0.1027854 107 A* k.’ +145044. A* k,* + 878500. k,” + 306. A*

+0.1622250 10" k" - 0.2652250 107k,") / (79866. 1"k’

+0.1838550 107 A2 k,* +0.2353905 107 A* k,* +25. + 809760. A% k,’
+0.2541630 10" A2 k," + 5355. A4 k, +611694. 1* k * + 87850. k ’

+0.3316275 107 A k,* + 14150. k,* + 975. k, +210. A2 + 114240. A2 k *
+7770. 07 k, +162225. k ' — 265225k + 153.1*)
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C, = 0.02857142857 (0.1488350 107 A> k," + 368475. A* k * +0.1856575 107 k *
+138720. A* k,* +721000. k> + 569160. A2k’ +21726. A* k,* + 106050. k,*

+86360. A2 k," +7000. k, +6120. A2 k, +1632. A* k, +175. + 51 A* + 170. 12) k,
/ (79866. A k,” +0.1838550 107 A% k,” +0.2353905 107 A* k,* + 25.

+809760. A2 k,* +0.2541630 10" A2 k,* + 5355. A* k, + 611694. A* k,* + 87850. k ’

+0.3316275 10" A* k. + 14150. k,” + 975. k, +210. 3> + 114240. A7 &
+7770. A7 k, +162225. k,' 265225,k * + 153. %)

C,, = - 0.02857142857 (1. + k,) (0.1488350 107 A k' + 368475. A* k *

+0.1856575 107 k,* + 138720. 44 k * +721000. k,* + 569160. A% &,

+21726. 14 k,” + 106050. k,” + 86360. A2 k," + 7000. k, +6120. A2 k, +1632. A* k|
+175.451.44+170.22) / (79866. 1% k," +0.1838550 107 Ak,

+0.2353905 107 A* k," +25. + 809760. A2 k,* +0.2541630 10" A2k * +5355. A* k,

+611694. ' k' +87850. k * +0.3316275 107 A* k,” + 14150. k,* + 975. k,
+210.A2+ 114240. A2 k" + 7770. K> k, + 162225, k,* - 265225. k” + 153. %)

C,, = - 0.007142857143 (875. + 49420. A k, — 0.8579900 107 A* k.’
+0.7737975 10" A* k,* +0.5677875 107k, - 0.9282875 10" k,” +495250. k *

+1400. A% + 03074750 10" k,” + 675920. A2 k * + 0.8975960 107 22 & *
+0.8440245 107 1* k. + 34125, k, +0.2537046 10" A* k,’ +25551. A* k, + 765. 1"

+0.4189360 10" A7 k" +360162. 4* k") / (79866. A* k," +0.1838550 107 A% &’

+0.2353905 107 A* k,* +25. + 809760. A% k,* +0.2541630 10" A2k * +5355. ' k,
+611694. A k* +87850. k" +0.3316275 10" A* k,* + 14150. k * + 975. k,

+210.A2 + 114240. A% k" + 7770. A2 k, + 162225, k,' - 265225. k" + 153.1%)
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APPENDIX B

PROGRAM “PLAS” FOR ANALYSIS OF LATTICE PLATES

/*********************************************************/

PLAS

Analysis of lattice plates with elastic support

#include <graphics.h>
#include <stdlib.h>
#include <math.h>
#include <stdio.h>
#include <bios.h>
#include <conio.h>
#include <io.h>

int errorcode, graphdriver, graphmode;

char work,str[6][30];
union inkey char ch(2]; int ii; jj, dd;

int i,ij,3,3ji,k,ki,1,1li,m,mi,n,ni,e([5][5];
double
dl,ee,fl1,£f2,£3,f4,qg9a,k1,k2,k3,k4,12,14,1m,1ml,1lm
2,nu, pi,tl,t2,z1,z2,23,z24;
int dl1,d2,d3,d4,e0;
double
Imm({21],a([5][5],x[9],y[9],vI[9]([9],w[9][9],£[2](7];
double
aa,a0,al,a2,a3,ad4,a5,bb,b0,bl,b2,b3,b4,b5,cc,c0,cl,c2
’
c3,cd4,el,e2,rr,sl,s2,s3,s4,x1,x2,x3,x4,x5,x6,y1,
Y2,¥3,
vd,y5,y6,ul,u2,u3,u4d,vl,v2,v3,v4;
double o[5]1[5],9(5],9q9,90,p[5](35],b([2]([5],c[4][4]:

void opred(),tire(),ramka(),risl();
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/* rnepeMeHHble rpaduku */

int

i1,12,13,1i4,15,16,31,32,33,34,35,36,10y, j0x,1x, 1y,
1x1,1yl, xx[2])([9]),yy[2][9),22[9]([2];

FILE *fd; FILE *fp;

main ()
{
clrscr():; /* ouucrTka sKpaHa */
if ( access("plas.dn",0)==-1 )
printf( "\n HeT ¢aina mcxomHbXx OaHHbX — plas.dn\n" );
exit (1)

fd=fopen("plas.dn","r");
fp=fopen("plas.pr"”,"w");

printf ("\n PacueT nJacTUHKU Ha ynpyroM ocHoBaHum\n");

printf ("\n BBom MCcxomHbIX OaHHHIX\n");
fscanf (fd,"%1£%1£%1£%d",&1ml, &1m2, &d1,&ij);
fscanf (fd,"%1£%1£%1£f",&t1,4&t2,4&ga);

fscanf (fd, "%$d%d%d%d", &d1, &d2, &d3, &d4) ;
fscanf (fd,"%$1£f%1£%1£%1£f",&f1,&£2,4&£3,6&£4);
fscanf (fd, "%$1£f%1£f%1£f%1£f",&kl,&k2,&k3,&k4);

tire():;
fprintf (fp, "PacueT njacTMHKM Ha ynpyromM OCHOBaHumu ");
tire();
fprintf (fp,"\n M ¢ X o o0 H H e o aHUHEBe");
tire();
fprintf (fp, "\n 1ml 1m2 dl
ij");
fprintf (fp,"\n%18.2£%15.2£%15.2£%12d\n", 1ml,1m2,dl,1ij);
fprintf (fp, "\n tl t2 ga"):
fprintf (fp, "\n%18.2£%15.2£%15.2f\n",t1,t2,ga);
fprintf (fp,"\n dl d2 d3
d4");
fprintf (fp,"\n%15d%15d%15d%15d\n",d1,d2,d3,d4);
fprintf (fp, "\n f1 f2 f3
£4");
fprintf (fp,"\n%18.2£%15.2£%15.2£%15.2f\n", £1,£2,£3,£4);
fprintf (fp, "\n k1l k2 k3
k4") ;
fprintf (fp,"\n%18.2£%15.2£%15.2£%15.2f\n", k1, k2,k3,k4);
tire():
n=0;
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if (1lml<l || 1ml>100) n=1;
if (1m2<1 || 1lm2>100) n=1;
if (dl<0.1 || d1>10) n=1;
if (t1l<0 || t1>5) n=1;
if (t2<0 || t2>5) n=1;
if (di<O0 || d1>1) n=1;
if (d2<0 || d2>1) n=1;
if (d3<0 || d3>1) n=1;
if (d4<0 || d4>1) n=1;
if (£1<-90 || £1>90) n=1;
if (£2<-90 || £2>90) n=1;
if (£3<-90 || £3>90) n=1;
if (£4<-90 || £f4>90) n=1;
if (k1<0 || k1>1) n=1;
if (k2<0 || k2>1) n=1;
if (k3<0 || k3>1) n=1;
if (k4<0 || k4>1) n=1;
m=(1lm2-1ml) /dl+1; /* cdyeTuMk uUMKJA Mo lm */
if (m>20)
printf ("\n Uucno waroB no /nambna/ npesBbmaeTr 20 - N =
$d\n",m) ;
exit (1)
if (n==1)

printf ("\n OOMH M3 MCXOOHBEIX NMapaMeTpPOB MMEeT HEeNOoNyCTUMOe
3HadeHue !\n");

exit (1) ;
pi=3.14159265359; ee=2.71828183; nu=0.3;
f1=f1*pi/180; f2=£f2*pi/180;
£f3=£3*pi/180; f4=f4*pi/180;

printf ("\n Hauano pabore nporpamme\n") ;

sl=sin(f1l); cl=cos (fl);
a0=dl+sl1*d3+cl*d4;
rr=dl* (cl*cl*cl*cl)+d4*cl+dl*ga*(sl*sl) *(cl*cl);

/* ko3dOMLUMEHTH NpM HEU3BECTHHIX CUCTEMBl YpPaBHEHUM */

Im=1ml; 12=1m*1m; 14=1m*1m*1m*1m;
ul=1+2*k1l; u2=1+4*k1; u3=1+6*kl;
v1=1+42*k2; v2=1+4*k2; v3=1+6*k2;

afl] [1]1=1+4*k2+2*ul*ul*tl/(3*12)+u2*t2/14;

afl] [2]=u2*v1*tl/(15*%12)+2*u3*t2/(15*14);

afl] [3]1=2*v3+ul*v2*tl/12;

afl) [4]=u2*v2*t1l/(10*12);

af1][0]=1;
af2][1]=(-4)*(v1*tl/12+ul*t2/14);
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al2][2]=2*(1+4*k2-u2*t2/(5*14));
af2)][3]=(-6)*(v2*t1/12);

al[2][4]=4*v3;

af2][0]=0;
al31[1]=(-4)*(1+2*k2+ul*tl/12);
a[3]1[2]=(-2)*u2*tl/(5*12);
a[3][3]=(-6)*(1+4*k2-5*u2*t2/14);
a[3)[4]1=4*u3*t2/14;
a[3]1[0]=0;

al[4)[1]1=6*t2/12;

af4][2]=(-2)*v1*tl;

af4][3]=0;

ald4][4]=(-3)*v2*tl;

a(4][0]=0;

/* enuHuUHblEe KO3QOMUMEHTH NpM MUHOpPax */
for (1=1; 1<=4; 1++)
for (m=1; m<=4; m++)
k=1+m; e0=-1;
for (n=1; n<=k-1; n++) e0=e0*(-1);
e[l] [m]=e0;
/* BBHUYMCJIEHME TJIABHOI'O onpegeaurens */
for (m=1; m<=4; m++)
for (n=0; n<=4; n++)
plm] [n]=a[m] [n];
o[m] [n]=a[m] [n];
opred() ; g[0]l=qq;

/* BBIUMCJIEHME BTOPOCTENEHHHIX onpenenuresen */
for (i=1; i<=4; i++)
for (m=1; m<=4; m++)
for (n=1; n<=4; n++)
plm] [n]=o[m] [n];
for (m=1; m<=4; m++)
plm]} [i]=a[m] [0];
opred() ; glil=qgqg;
/* B3HaAueHMSA HEeU3BECTHhX */
if (g[0]<0.0001)
printf ("\n TsnaBHBM onpemenuTenb paBeH Hyswo !'\n");

exit (1) ;
z1=g(1]/g(0]; z2=g[2]/qg[0];
z3=g[3]/g[0]; z4=9[4]/q9[0];

/*********************************************************/
/* BblUMCIIEHME MNPOTruBOB U MOMEHTOB */
x[0]=0; y[0]=0;
for (k=1; k<=8; k++)
x[k]=x[k-1]+0.125; vy[k]=y[k-1]1+0.125;
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for (3=0; j<=8; j++)
for (i=0; 1i<=8; i++)
/* xoopamHaTel */

x1=x[1i]; yl=y([j]:

x2=x1*x[1i]; y2=yl*y[]j];
x3=x2*x[1i]; y3=y2*yl[j];
x4=x3*x[1]; yd=y3*y[]j]:
x5=x4*x[i]; y5=yd*y[jl:

x6=x5*x[1]; y6=y5*y[jl:

/* oyHkuum "opu" */
ul=1+2*kl; u2=1+4*k1; u3=1+6*k1l;
vli=1+2*k2; v2=1+4*k2; v3=1+6*k2;
fl1][1)=yd4-2*ul*y2+u2;
f(0][1]=x4-2*v1*x2+V2;
f[1][2]=y6-3*u2*y2+2*u3;

f[0] [2]=x6-3*v2*x2+2*Vv3;
f(1]([3]=4*y3-4*ul*yl;
f[0][3]=4*x3-4*v1*x1;
f(1][4]1=6*y5-6*u2*yl;
f[(0][4]=6*x5-6*Vv2*x1;
f(1](5]=12*y2-4*ul;
f[0][5]=12*%x2-4*v];
f[1][6]=30*y4-6*u2;
f[(0][6]=30*x4-6*Vv2;
el=1; e2=1;
el=el/24; e2=e2/360;
bl=el*f[1][1]*(z1*£[0][1]+2z3*f[0]([2])-
b2=e2*f[1][2)*(z2*£[0] [1]+24*f£[0]([2]);
v(j][i]=bl+b2;
al=el*f[1][5]*(z1*£[0][1]+2z3*f[0][2])
a2=e2*f[1]1[6]*(z2*f[0] [1]1+z4*f[0][2])
)
)

’

a3=el*f[1][1]1*(z1*£f[0][5]+z3*f[0][6]
ad=e2*f[1][2]*(22*f[0] [5]+z4*f[0] [6]
wlj]l [i]=al+a2+nu* (a3+ad);

’/
’
’
[ % e ek ok ok ok ok ok ke ke ke ok ok ok ok ok ok ok ok ke ok ok ok ok ok ke ok ok ok ok ok ok ok ko ko ke ke ke

printf ("\n\n BeBon pe3ynbTaTOB Ha nevartb\n");

f1=f1*180/pi; f2=f2*180/pi;
f3=£3*180/pi; f4=£f4*180/pi;
tire();
fprintf (fp, "\n zl z2 z3
z4");

fprintf (fp,"\n%18.4£%15.4£%15.4£%15.4f\n",z1,22,23,24);
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tire();

tire():
fprintf (fp, "\nKoopnuHaTe Touek njacTuHku no X u no Y");
tire();
fprintf (fp," 0 1 2 3 4") ;
fprintf (fp," 5 6 7 8")
tire();
fprintf (fp,"\n %8.3f",x[0]);
for (k=1; k<=8; k++) fprintf (fp,"%8.3f",x[k]);
fprintf (fp,"\n %8.3f",y[0]);
for (k=1; k<=8; k++) fprintf (fp,"%8.3£f",y([k]):
tire():
fprintf (fp, "\nllporubel nIacTMHKM O Toukam") ;
tire():
fprintf (fp," 0 1 2 3 4") ;
fprintf (fp," 5 6 7 8"):
tire();

for (i=0; i<=8; i++)
fprintf (fp,"\n %8.3f",v[i][0]):
for (k=1; k<=8; k++) fprintf (fp,"%8.3f",v([i] [k]):

tire();
fprintf (fp, "\n3rubawowye MOMEHTH MJACTUHKM MO Toukam");
tire();
fprintf (fp," 0 1 2 3 4") ;
fprintf (fp," 5 6 7 8");
tire (),
for (i=0; i<=8; i++)
fprintf (fp,"\n %8.3f",w[i][0]):
for (k=1; k<=8; k++) fprintf (fp,"%8.3f",w[i] [k]):

tire():;
fprintf (fp,"\n KoHeu pesynbTatoB \n");

else
printf ("\n\n Tpaduueckur BeBOO \n");
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/*******************************************************/

/* TlonroroBka rpapmuueckoro nonsa*/

/* KoOpIMHaTH rpaduUecKoTO IoJg MOHMUTOpa */
/* i1=0; j1=0; 12=639; j2=349; */
i1=0; j1=0; 12=639; j2=479;

/* KoopIMHaTH nosngd ms3obpaxeHua */
i3=11+20; j3=j1+425; 14=12-20; j4=32-55;

/* pasMephl MoJiad KpuBon */
1x=14-1i3; ly=j4-33;
/* KOOpAMHATH KOOPIOMHATHBEIX ocen */
i0y=1x/2+i3; jox=1y/2+33;
/* MacuwrabupoBaHue usobpaxeHus */
al=1x; bl=1ly; el=al/bl;
if (lm>el)
1x=(1x/16)*16; ly=1x/1m; ly=(1ly/16) *16;
1x1=1x/16; lyl=1y/16;
else
ly=(ly/16)*16; 1x=1ly*1lm; 1x=(1x/16)*16;
1x1=1x/16; lyl=1y/16;
al=fabs (w[0][0]): bl=fabs(v([0] [0]);

for (i=1; i<=8; i++)
a2=fabs (w[0] [1]): a3=fabs(w[i][0]);
b2=fabs (v[0][i]): b3=fabs(v[i][0]);

if (al<a?2) al=az2;

if (al<a3) al=a3;

if (bl<b2) bl=b2;

if (bl<b3) bl=b3;

if (1x1>1yl) el=1x1; else el=1yl;
if (al>bl) e0=3*el/al;

else e0=3*el/bl;

for (i=0; i<=8; i++)
yy[O] [i]=w[0] [1]*eO;
yy[1][i]=w([i] [0] *eO;
xx[0][1i]=v[0][i]*eO;
xx[1][1i]=v[i] [0]*eO;

clrscr():; /* oumcTka 3KpaHa */

/* oTkpeTMe Trpaduyeckoro pexmma */
errorcode = registerbgidriver (EGAVGA driver);
if (errorcode < 0)

printf ("Graphics error: %s\n", grapherrormsg(errorcode));
exit(1);
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detectgraph( &graphdriver, &graphmode);
initgraph( &graphdriver, &graphmode, "");

setfillstyle(SOLID FILL, EGA CYAN);
bar(il,j1,i2,32);
setfillstyle (SOLID FILL, EGA_WHITE);
bar(il+8,j1+8,i2-8,3j2-38);
setfillstyle (SOLID FILL, EGA WHITE);
bar(i1+90,3j2-30,i2-90,j2-8);
setcolor (EGA BLACK) ;
15=11+10; j5=j2-8; i16=11+50; 36=72-30;
ramka () ;
outtextxy(i2-60, j2-23, "PLAST"):
outtextxy(il+20, 3j2-23, "Esc");

i5=10y-1x/2; j5=j0x-1y/2; i6=1i0y+1x/2;
j6=j0x+1y/2;

ramka () ;

line(i5,j0x,1i6,j0x); line(i0y, 35,10y, j6):

/* noscHeHus k Trpadukam */
sprintf(str(1l],"B/A=%4.2f",1m);
outtextxy(il+460, j2-23, str[l]):;

setcolor (EGA RED); line(il+120,j2-
20,11+150,32-20);
sprintf(str([3], "Mmax=%5.3f",al);
outtextxy(il+160, j32-23, str[(3]):;

i5=1i0y; i6=1i0y;
for (i=0; 1i<=8; 1i++)
35=30%; j6=3j0x-yy[0] [i];
line(i5,3j5,16,36);
zz[1][0]=1i6; zz[1][1]=]6;
15=i5+1x1; i6=i6+1x1;
risl():;
75=30x; 7j6=70x%;
for (i=0; 1i<=8; i++)
i5=1i0y; i6=10y+yy[(1][i];

line (i5,35,16,36);

zz[1)[0]=1i6; zz[i] [1]=]6;
35=95+1yl; j6=j6+1yl;
risl():;

setcolor (EGA BLUE); line(il+270,j2-
20,11+300,32-20);
sprintf (str(2],"Wmax=%5.3£f",bl);
outtextxy(il+310, j2-23, str(2]):;
i5=i0y; i6=10y;
for (i=0; i<=8; i++)
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j5=j0x; j6=J0x-xx[0] [1];
line(i5,35,16,36);

zz[1i] [0]=i6; zz[1i] [1]=76;
i5=15-1x1; i6=16-1x1;
risl():

j5=3j0x; j6=30x;
for (i=0; 1i<=8; i++)

i5=i0y; i6=1i0y+xx[1][i];

line(i5,35,16,736);

zz[1] [0]=i6; zz[1i] [1]=76;
j5=35-1y1; jo=j6-1yl;
risl();

work=1;

while (work==1) /* rnoka He HaxaTa Esc */
jj.ii=bioskey(0);
switch (jj.ch[0])

case 0x1B: /* KnaBuwa Esc - BeiIxon */
work=0;
break;
default: break;
closegraph(); /* 3akpeiTue rpadmuueckoro pexmma */
clrscr(); /* ouucrka skKpaHa */

printf ("\n Pabora nporpammel 3akoHuyeHa\n") ;
} /* KkoHew - main() */

/*********************************************************/

void opred()

qg=0;
for (1=0; 1l<=1; 1l++)
for (m=1; m<=4; m++) b[1l] [m]=0;

for (k=1; k<=4; k++)
b[0] [k]=p[1][k];

switch (k)

case 1: 1i=2; mi=3; ni=4; break;
case 2: 1li=1; mi=3; ni=4; break;
case 3: li=1; mi=2; ni=4; break;
case 4: li=1; mi=2; ni=3; break;
default: exit (1) ;

for (n=1; n<=3; n++)

c(n][1l]=p[n+1][1li];

c[n] [2]=p[n+1] [mi];
c[n][3]=p[n+1][ni];
az=c[1l][1]*c[2](2]*c[3]([3])-c(1][1]*c(2]([3]*c[3]([2];
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a3=c[1][2]*c[2][3]*c[3][1];
al=a2+a3;
b2=c[1][2]*c[2] [1]*c[3][3]-c[1][3]*c[2][1]*c[3][2];
b3=c[1][3]*c[2][2]*c[3][1];
bl=b2+b3;
b[1] [k]=(al-bl)*b[0][k]:

for (k=1; k<=4; k++)
qg=qqg+b[1] [k]*e[1] [k];
return;
void risl ()
for (i=1; 1i<=8; i++)

i5=2zz[i-1][0]; j5=zz[i-1][1];
i6=zz[i][0]; jé=zz[1i][1]~;
line(i5,35,16,36);
return;
void tire() int iv;

fprintf (fp,"\n ");
for (iv=1; iv<=74; iv++) fprintf (fp,"-");
fprintf (fp, "\n");
return;
void ramka ()
rectangle(i5,3j5,16,36);
return;
/*********************************************************/

/* KoHeuwu nNnporpamsMEBH */
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APPENDIX C

FORMULAE FOR THE MAIN DIFFERENCES AND SUMS

Differences of the second order

Differences of the 4" order

A% =2

A4 Z 24

3) = 6(i - 1)(1

A46) — 1203 - 2)0)

A2®) =12 -1)?

%) = 360( - 2)

A%i6) = 20( - 1))

A%i(8) = 30( 1))

Sums

60 _ i+ 1)@ iC

Si=i+C
4
Si= (' +;)(2) +C Si(4) =@+C

S,'(5) = @ +C

179




APPENDIX D

ELEMENTS OF MATRICES OF COEFFICIENTS
FOR THE PROBLEM PRESENTED IN SECTION 4.5

Elements of matrix C;:

¢y =1 ¢y =—0.5k; -1 c3 =3k,

c =ﬁ c =ﬁ Cry =N
21 6 22 2 23

-1)® ~ A=) (-3

ey =) (54 a%)- (a4 0.5% ) 62) N 63)

~1)@ ~ RN RPN 6)) _2)3

,, = =) (5+4k,)—(4+0.5k1)(n 22) L 23)

¢33 = (n—1)5 + 4k, )- (4 + 0.5k Jn - 2)+ (n - 3)

Elements of matrix D;:

d11=5"0~5/?1 d,2=6—1~c’l d|3=l+li€1
36

@ ) (6)

4 20 60
(4) A Q) |4

dy, =5-0.5k - (5+ 4k, )(" 1) +(a 0.5 )2 _(n 43)

(5)

(5) (5)
dy, =(4-0.5% Jn—1)+(n+2)- (5+4k1)(”—2— (4+0.512})("'2(2)) _n-3)

20
(6)

dy, =(4- 05k,( ) +2)‘2)—%—(5+4k,}("—6%)—+

YO (y_2)®
+(4+0.5k,)(" 6(2)) _n 6(3))
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APPENDIX E

EXAMPLES OF DYNAMIC ANALYSIS USING THE COMBINED STATIC
AND CONSECUTIVE DYNAMIC CONDENSATION METHOD

Problem 1. Dynamic Analysis of a Two-Story One-Bay Frame with Fixed
Supports and Rigid Joints.

Consider the concrete frame shown in Figure E.1 (a). The beams have the
following characteristics: dimensions of the cross-section 0.3x0.6 m, the area of the
cross-section A = 0.18 m?, modulus of elasticity E = 210 GPa, moment of inertia | =
0.0054 m*, mass per unit length m = 0.45 (kN*sec?)/m. The columns have the following
characteristics: dimensions of the cross-section 0.3x0.3 m, the area of the cross-section A
= 0.09 m%, modulus of elasticity E = 210 GPa, moment of inertia I = 0.000675 m*, mass
per unit length m = 0.225 (kN*sec’)/m. The frame is divided into 24 linear finite
elements .with equal lengths of beam and column elements: a = b = 1 m. The
condensation was performed using ten main d.o.f. concentrated in the four main joints of
the frame (Figure E.1 b). The secondary nodes were structurally subdivided into six
groups. Two types of blocks of the secondary unknowns were used. The number of
unknowns in the first and the fourth blocks corresponding to the beam groups of nodes
was ten, and the number of unknowns in the second, third, fifth, and sixths blocks
corresponding to the column groups was four. The problem was solved by the combined
static and consecutive dynamic condensation method. Results presented in Table E.1 are
compared to the results obtained by solving the original problem with the full set of d.o.f.

Results are illustrated in Figures E.2 and E.3.
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Figure E.1. (a) The frame for Problem 1; (b) Arrangement of the primary d.o.f.

and secondary d.o.f. blocks for Problem 1
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TABLE E.1. Results for Problem 1

Eigenvalues obtained by

% x

B3| Squmionsrtie | sutc contamsationto 10 |, Soratcitee Sl

u_?g N=46 e d.o.f.

Ax10° Ax10° € (%) Ax10° € (%)

1 0.94334 0,95083 0.79 0.94334 0.00
2 4.15938 5,32689 28.07 4.15985 0.01
3 5.39297 7,71121 42.99 5.39397 0.02
4 8.19999 8.40841 2.54 8.20214 0.03
5 37.927 5471233 44.26 38.3216 1.04
6 39.5599 66.532 68.18 40.3216 1.93
7 46.4969 80.965 74.13 56.0487 20.54
8 51.9747 128.802 147.82 96.7262 86.10
9 69.0507 219.7353 218.22 135.651 96.45
10 98.5372 356.826 262.12 161.634 64.03
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Figure E.2. Results for Problem 1
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Figure E.3. Graphs of errors for Problem 1
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Problem 2. Dynamic Analysis of an Isotropic Plate with Fixed Supports.

Consider a thin rectangular isotropic plate with fixed supports. The plate has the
following parameters: length A = 3 m, width B = 2.8 m, thickness ¢ = 0.1 m, Poisson’s
ratio v= 0.3, Young’s modulus £ = 210 GPa. The plate is loaded by the uniformly distributed
mass of intensity m = 10 (kN*s?)/m. The plate is divided into a mesh of rectangular finite

elements with dimensions a = 0.3m, b = 0.2 m (Figure ED.4 a).

The plate was divided into four substructures by assigning the main nodes along
the centerlines of the plate. Additional main nodes were assigned concentrated in the
middle of each block. The condensation was carried out using 63, 75, and 99 primary

d.o.f. Three variants of the arrangement of condensation nodes are shown in Figure E.4

(a), (b), and (c).

Dynamic analysis of the plate was performed by the combined static and
consecutive dynamic condensation method. Results are presented in Table E.2 and
illustrated in Figures E.5 and E.6. The eigenvalues obtained by proposed technique are
compared with those obtained solving the full system of equations. Alternative

calculations were made using the static condensation to 99 primary d.o.f.
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Figure E.4. Location of condensation nodes for Problem 2: (a) condensation to 63
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