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ABSTRACT
ADAPTIVE RESONANCE TUNING
By

Jeffrey Andrew Jeltema

Resonant systems arise in many areas of science and engineering. Some examples
include ultrasonic motors, piezoelectric transducers, induction heating loads, resonant
inverter loads, vibrational gyroscopes, cavity resonators and cyclotrons. For optimal
performance, these systems must be excited at their resonant frequencies. However,
even if resonant and excitation frequencies are initially matched, over time they can
drift due to disturbances such as environmental change, load variation, manufacturing
variability, fatigue damage, microphonics and electromagnetic detuning, resulting in
a loss of performance. This necessitates employment of a resonance tuning control
system that maintains lock between the excitation and resonant frequencies.

In this thesis, three resonance tuning methods for lightly damped second order
passive loads are investigated. Each method uses the error between the excitation
and resonant frequencies obtained by a phase detector to adaptively match these
frequencies. In the first method, the excitation to the load is provided by a voltage
controlled oscillator, the frequency of which is adaptively tuned. The second method
adaptively tunes the resonant frequency of the resonator by changing its structure
or element values. Finally, the third method uses proportional feedback around the
resonator and adaptively adjusts the feedback gain to tune the closed loop resonant
frequency to the excitation frequency. Using the frozen time approach, nonlinear
time-varying models that accurately predict the performance of these control systems
are developed, and subsequently linearized, to obtain linear time-invariant models
that facilitate both analysis and design. Furthermore, stability issues are considered

and design guidelines are provided. The results are illustrated through examples.
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CHAPTER 1

Introduction

Resonant systems arise in many areas of science and engineering. In some cases,
these systems must be excited at their resonant frequencies to achieve optimal perfor-
mance (e.g. resonators) while in some others, excitation of their resonant frequencies
may be catastrophic and must be avoided (e.g. bridges). Control systems that achieve

the former objective will be referred to as resonance tuning systems in this thesis.

1.1 Motivation

Ultrasonic motors, piezoelectric transducers, induction heating loads, some res-
onant inverter loads, microelectromechanical gyroscopes, cavity resonators and cy-
clotrons can be modeled as lightly damped second order passive loads [1]-[16]. In
order to maximize the average power delivered to such a load or maximize the res-
onant amplification, it is necessary to drive the load at its resonant frequency [1]-
[16]. However, disturbances such as temperature or humidity change, load variation,
manufacturing variability, fatigue damage, microphonics and electromagnetic detun-
ing [1]-[16] can cause the resonant frequency or excitation frequency of the load to
drift over time and significantly impair the achieved performance. This mandates
employment of a resonance tuning system that maintains lock between the excitation
frequency and the resonant frequency of the load.

The resonance tuning control problem has received significant attention recently

in the contexts of the specific applications listed above and many others. Several



useful analysis and design methods for such systems have been developed and many
such systems have been practically implemented [1)-[16]. Despite these encouraging
results, development of simple but accurate analysis methods as well as robust and
optimal design methods for resonance tuning systems are still needed.

The aim of this thesis is to provide effective tools for modeling, analysis and design
of resonance tuning systems. Specifically, resonant systems that can be modelled as
lightly damped second order loads will be studied. Since the phase of a second order
load takes a constant value (—7/2, 0 or +7/2 rad) at its resonant frequency, the main
idea in designing the resonance tuning system is to use a phase detector to extract
the phase information and use it for feedback purpose. This thesis will investigate

three separate resonance tuning methods.

1.2 Problem Formulation

Based on the above motivation, the following three problems are formulated.

Modeling Problem: Given a resonator, develop an overall model that includes the

resonator and an appropriate resonance tuning system.

Analysis Problem: Given an overall model of a resonator and a resonance tuning
system, determine the performance of the feedback system (stability, robustness, dis-
turbance rejection, reference tracking, rise time, settling time, maximum overshoot,

etc.); also determine performance limitations and tradeoffs.

Design Problem: Given an overall model of a resonance tuning system, design the

parameters so that the system achieves certain desired performance objectives.

Although the resonators mentioned above can be similarly modeled, they differ
from each other as to what part of the system actuation is possible. In this the-

sis, resonance tuning systems will be classified into three groups based on actuation



possibilities.

Group 1: This group consists of those systems that allow actuation on the excita-
tion frequency. That is, these systems contain means to adaptively tune the excitation
frequency to the resonant frequency of the resonator. It should be noted that with

this case, actuation on the resonant frequency may or may not be possible.

Group 2: This group of systems consists of those that allow actuation on the
resonant frequency. This requires the ability to adjust a parameter or element value
of the resonator on which the resonant frequency is dependant. It should be noted

that with this case, actuation on the excitation frequency may or may not be possible.

Group 3: Finally, the last group consists of systems where actuation on neither

the excitation frequency, nor the resonant frequency is practical.

For each group of resonators, this thesis will present an appropriate resonance
tuning system and provide solutions to the three problems formulated above. The

resonance tuning systems will be demonstrated with simulations.

1.3 Resonance Tuning Systems

This section introduces the three resonance tuning systems considered in this

thesis. Some representative examples are also provided.

1.3.1 RTS1

The first resonance tuning system assumes the resonator fits into actuation group
1 above. That is, actuation on the excitation frequency is possible. In this resonance
tuning system, the source of excitation is a voltage controlled oscillator (VCO). A
phase detector is used to produce an error signal that is proportional to the error

between excitation and resonant frequencies. This error signal is then used to adap-
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tively tune the output frequency of the VCO in a direction to reduce the error between
excitation and resonant frequencies. The combination of a phase detector and a VCO
is known as a phase locked loop (PLL). The PLL is a common tool in many commu-
nication systems, however, use of the PLL for the purpose of resonance tuning is a
fairly recent idea.

Some physical systems where RT'S1 may be implemented include some fluorescent
lighting loads, induction heating loads, piezoelectric transducers or ultrasonic motors.
The exact frequency at which these systems resonate is not important, only that they
achieve resonance within a reasonable range. Thus RTS1 is well suited for these
applications.

One physical system that currently implements RTS1 is a plasma ignition system.
Although this ignition system is still being developed, early results have shown that
when RTSI1 is implemented, the system can maintain resonance despite changes in
its resonant frequency.

The basic principle of this plasma ignition system is to use resonance boosting
to achieve the required high voltage for the breakdown and sustain the plasma by
continuing RF excitation. This ignition system generates a strong RF plasma torch
for a prescribed duration and hence it is expected to achieve faster, more uniform
and more complete combustion. Prior to discharge, a spark plug is basically a very
small cylindrical capacitor. Connecting an inductor in series with the spark plug
forms a series resonant circuit. A model of the plasma ignition system is shown in
Figure 1.1. In this figure, the lightly damped second order load is the series RLC
circuit and the rest of the circuit provides the excitation. Driving this circuit with
a suitable RF generator exactly at its resonant frequency yields a very high RF
voltage across the spark plug and results in an RF plasma torch. However, due to
environmental changes, the resonant frequency may drift with time, thus impairing

the the performance of the system significantly. Hence a resonance tuning system is
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Figure 1.1. Plasma ignition system.

required. As the plasma ignition system fits into actuation group 1 above, RTS1 is

implemented.

1.3.2 RTS2

The second resonance tuning system considered assumes the resonator fits into
actuation group 2. That is, actuation is possible on a parameter of the resonator
that changes the resonant frequency. Again, a phase detector is used to determine
the error between excitation and resonant frequencies. This error is then used to
adaptively tune a parameter of the resonator so that the resonant frequency varies in
a direction that reduces the error between the resonant and excitation frequencies.

RTS2 is well suited for use in wireless communication devices. In these devices,
for instance cellular phones, the frequency of an incoming signal cannot be adjusted.
Hence, to achieve optimal performance, the center frequency of the bandpass filter
within the phone must be adjusted. This can be accomplished by implementing RT'S2.

Another physical system well suited for RT'S2 is a cavity resonator. The resonant



frequencies of these resonators are required to be precisely tuned to their excitation
frequencies as they typically have high quality factors. However, their resonant fre-
quencies can easily drift during operation due to factors such as temperature change,
humidity change or microphonics. The result is a large decrease in the performance of
these resonators. Thus, a resonance tuning system is required. RTS2 is well suited to
cavity resonators due to the fact that the resonant frequency of a cavity resonator de-
pends on the cavity dimensions. Thus, the resonant frequency of these systems can be
tuned by altering their physical dimensions. These adjustments can be accomplished,

for instance, with piezoelectric actuators [8]-[12].

1.3.3 RTS3

The third resonance tuning system considered assumes the resonator fits into
actuation group 3 above. That is, actuation is possible on neither the excitation
frequency nor the resonant frequency. Instead, a feedback loop is introduced around
the resonator to allow for the tuning of the closed loop resonant frequency. Similar to
RTS1 and RTS2, a phase detector is used to determine the error between excitation
and closed loop resonant frequencies. This error is then used to adaptively tune the
feedback gain, and thus tune the closed loop resonant frequency, in a direction that
reduces the error between excitation and closed loop resonant frequencies.

An example of a physical system where this method is well suited is a vibrational
gyroscope. Vibrational gyroscopes measure the angular velocity of a rotating system
by sensing the Coriolis force on the system. They are basically a mass spring damper
system driven to vibrate in one direction. When the gyroscope rotates, the Coriolis
force causes the mass to move in a direction perpendicular to the drive axis and
rotation axis [6]. In order to obtain a large response, most gyroscopes must be driven
at their resonant frequency. However, due to manufacturing variability, temperature

and aging the resonance condition can easily be lost. Thus, a resonance tuning
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system is required. Typical MEMS gyroscopes utilize a PLL to tune the excitation
frequency to the resonant frequency of the gyroscope [6]. However, this method does
not allow for the operating frequency to be chosen by the designer, which means
this frequency cannot be used in the signal processing design. Instead RTS3, which
creates a feedback loop around the resonator and adaptively tunes the feedback gain
to bring the closed loop resonant frequency to match the excitation frequency can be

utilized.

1.4 Thesis Overview

1.4.1 Organization

This thesis is organized as follows: Chapter 2 provides the models of the three
resonance tuning systems considered in this work as well as the models of a generic
resonator and two types of phase detectors. Chapter 3 provides analysis of the three
resonance tuning systems including model simplification and stability results. Chap-
ter 4 discusses the issues surrounding the design of these resonance tuning systems
and provides simulation results of each resonance tuning system. Chapter 5 presents a
byproduct of this study, adaptively enhanced phase locked loops. Finally, in Chapter

6, conclusions are given as well as some future research directions.

1.4.2 Original Contributions

The main contribution of this thesis is the development of systematic analysis and
design methods for the adaptive resonance tuning systems described above. Specif-
ically, assuming that the parameters of a lightly damped second order passive load
(including its resonant frequency) and its excitation frequency vary slowly with time,

nonlinear time-varying models that accurately predict the performance of these res-



onance tuning systems are developed. These developed models are subsequently lin-
earized to obtain linear time-invariant models that predict the performance of these
systems. Furthermore, stability analysis of the nonlinear and linear models is car-
ried out. Finally, based on the developed linear time-invariant models, guidelines for
designing the resonance tuning systems are provided.

The research in this thesis has generated three published works {19]-[21]. Also,
another paper providing a summary of the research on adaptive resonance tuning

systems presented in this thesis is currently in preparation.



CHAPTER 2

Modeling

2.1 Introduction

In this chapter, models are presented for the three resonance tuning systems in-
troduced in Chapter 1. Also presented is a review of the phase detectors used in this
thesis and the model of a generic resonator.

As stated earlier, the resonance tuning systems considered in this thesis apply
to resonators that are lightly damped second order passive loads. Since any lightly
damped second order load can be modeled as a series RLC circuit, this thesis will
repeatedly use series RLC circuits for the purpose of illustration. It should be noted
that in most of the examples provided in this work, the nominal element values of
this circuit will not accurately represent any physical system. However, this fact does
not devalue the examples since time can be scaled without changing the qualitative
response of the resonance tuning systems. The response of these system is, however,
dependant on the quality factor of the resonator. Therefore, examples covering a
variety of quality factors will be considered throughout this work.

The remainder of this chapter is organized as follows. In Section 2.2, the model of
a resonator is considered. In Section 2.3, two types of phase detectors are discussed.

Finally, in Section 2.4, the three methods of resonance tuning are investigated.



2.2 Resonator Model

The dynamics of a lightly damped second order system are governed by the dif-

ferential equation

§(t) + 20 ()wn(t)y(t) + Wi (£)y(t) = kgwp (t)u(t), (2.1)

where u(t) is the input, y(t) is the output, wy,(t) is the resonant frequency, ((t) is the
damping ratio and k, is the input gain. The input to the system u(t) is assumed to
be in the form

u(t) = Acos [wot + 0(t)], (2.2)

where A is the amplitude, wp is the nominal angular frequency and 6(t) is the instan-
taneous phase of the input. It then follows that the instantaneous frequency of the
input is

we(t) = wo + 6(2). (2.3)

Thus, optimal performance requires w,(t) to be equal to the resonant frequency of

the resonator.

2.2.1 Resonant Frequency

The way in which the resonant frequency of a lightly damped second order sys-
tem is defined varies throughout the different disciplines of science and engineering.
Certain applications consider a system in resonance when maximum power transfer
is achieved, while in others, maximum signal amplification defines resonance. In this
thesis, we will define the resonant frequency w, as the frequency at which maximum

power transfer occurs. For lightly damped second order systems, it follows that

Wr = Wn. (2.4)
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We will define the frequency at which maximum signal amplification occurs as the
peak frequency w,. For lightly damped second order systems, the value of w, depends
on where the system output is taken.

To help illustrate this, consider a series RLC circuit as the resonator. This circuit
is as shown in Figure 2.1, where R, L and C are a resistor, inductor and capacitor,

respectively, and u(t) and y(t) are the input and output, respectively. In Figure 2.1,

R L
NN—TT
u(t) )= ¢

Figure 2.1. Model of the RLC circuit.

the output y(t) is taken as the voltage across the capacitor. The resulting transfer

function He(s) is
2

wﬂ
Hels) = §2 + 2(wps + w?’ (25)
where
1
Wp = ——— 2.6
e (2.6)
and

(= g\/g (2.7)

From the definition above, it follows that the peak frequency is the frequency at which

|He(jw)| is a maximum. By taking the derivative of |Hc(jw)| with respect to jw and

11



setting it equal to zero, it follows that the the peak frequency w, is

wp =wpV/1—2¢% (2.8)

However, the output can also be taken as the voltage across the resistor or inductor.

Taking y(t) as the voltage across the resistor results in the transfer function

2Cwys
Hrl(s) = §2 + 20wns + w2’ (29)
Again defining the peak frequency as before, it follows that
Wp = Wn. (2.10)

Furthermore, taking y as the voltage across the inductor results in the transfer func-

tion
H s 2.1
L(s) = 82+ 2(wps + w?’ (2.11)
In this case, the peak frequency is
Wy = — (2.12)

Y ol

To illustrate these transfer functions, consider the RLC circuit with values of R,
L and C as R=5 Q, L=10 mH and C=100 uF. Thus, w,=1000 rad/s and { = 0.25.
The bode plots of H¢(jw), Hr(jw) and H[(jw) are shown in Figure 2.2, Figure 2.3
and Figure 2.4, respectively. As seen in these plots, it is evident that the phase at
which w, or w;, occur, is dependant on where the system output is taken. This value
determines what type of phase detector may be used in the resonance tuning system.

More discussion of phase detectors is provided in Section 2.3.

12
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Figure 2.4. Bode plot of the H(jw).

Despite the different definitions provided above, for all resonance tuning applica-
tions, this thesis assumes optimal performance always occurs when (2.4) is satisfied.
This is possible due the nature of the systems we will be considering. In these sys-
tems, the damping ratio is very small and therefore w,, w, and w, are all practically
equal. For the remainder of this work, we will refer to any of these three frequencies

simply as the resonant frequency.

2.2.2 Effects of Detuning

Depending on the quality factor of a resonator operating at resonance, a very
slight change in either the resonant or excitation frequency can cause a very large
decrease in the system output.

To illustrate this fact, consider a series RLC circuit and assume the nominal values

of R, L and C are Ry = 0.25 Q, Lo = 0.1 H and Cp = 10 uF, respectively, so that

14



the nominal values of w,, ( and @ are wp = 1000 rad/s, (o = 0.00125 and Qo = 400,

respectively. A Bode plot of this resonator is shown in Figure 2.5. Due to the

2 N " L L L 2
200 600 700 800 900 1000 1100 1200 1300 1400 1500

1 1 I ' - ' 1 1 1
500 600 700 800 900 1000 1100 1200 1300 1400 1500
w, rad/s

Figure 2.5. Bode plot of RLC example.

sharpness of the peak in this figure, even slight detuning from the resonant frequency
is expected to cause a significant decrease in the resonator output. This can be seen
in Figures 2.6 and 2.7 which are plots of output voltage across the capacitor versus
time. In Figure 2.6 the resonator is excited at its resonant frequency which results
in a steady state output of 400 V across the capacitor. However, in Figure 2.7, the
value of C is decreased by 1 percent, so that the resonant frequency wy(t) becomes
1005.04 rad/s, while the excitation frequency remains 1000 rad/s. These figures show
that a change of only 0.5 percent in the resonant frequency causes the steady state

output voltage to decrease by 75 percent from 400 V to 100 V.

15



Figure 2.7. Output of uncontrolled resonator with 1 percent drop in capacitance.
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With such a decrease in output, the resonator is obviously far from optimal per-
formance. Therefore, a method is clearly needed to control the resonant or excitation

frequency.

2.3 Phase Detectors

The previous discussion necessitates employment of a resonance tuning system
that maintains w,(t) and w,(t) as close to each other as possible despite changes in
either frequency. In order to achieve this task, the controller must have means to
sense the error between these frequencies. As mentioned earlier, a phase detector can
be used to sense the error.

A phase detector compares the phases of two signals applied to its inputs and
generates an output signal whose average value is related to the phase difference
between these input signals [24, 25]. This output is also a measure of frequency
difference, as signals with differing frequencies cannot be locked in phase unless one
is a harmonic of the other.

There exist several types of phase detectors with different characteristics. The
phase detectors considered in this thesis are a multiplication type analog phase de-
tector and an exor type digital phase detector. Below, these two types of phase

detectors will be reviewed briefly.

2.3.1 Multiplication Phase Detector

A multiplication type phase detector uses an analog multiplier phase comparator
followed by a lowpass filter to extract the phase information at its inputs as shown
in Figure 2.8. In this figure, the signals v,(t) and vy(t) are the inputs, v(t) is the
output, F(s) is the transfer function of the lowpass filter and x is the multiplication

operation.

17



'Ul(t)

z(t)
F(s) [— ()

va(t)

Figure 2.8. Model of the multiplication phase detector.

Assuming that v;(t) and v2(t) are in the forms
v1(t) = Ai(t) cos [wot + 6,(t)] (2.13)

and

va(t) = Aa(t) cos [wot + 62(t)], (2.14)

where A;(t) > 0 and Az(t) > 0 are the instantaneous amplitudes, 6;(t) and 0,(t) are
the instantaneous phases and wy is the nominal angular frequency, it follows that

A1()A(t)

2(t) cos [02(t) — 61(t)] + 5

_ il(i)z"?_(t) cos [2wot + B(t) + B1(8)].  (2.15)

Assuming further that A,(t), A2(t), 6,(t) and 6(t) vary slowly with time compared
to the time variation of wot (i.e., |[A1(t)] < wo, |A2(t)] <€ wo, |61(t)] < wo and
|62(t)| < wo) and that the lowpass filter completely removes the high frequency term

around 2wy, the phase detector output v(t) can be written as

v(t) = f(t) * om [62(2) — 61(2)], (2.16)

where

Pm [H(t)] =

él(t—);b(—t)- cos [0(t)], (2.17)

18



f(t) is the impulse response of the lowpass filter and * is the convolution operation.
Figure 2.9 shows ¢, [0(t)] as a function of 8(t) = 6,(t) — 6,(t), where the amplitude
[A1(t)A2(t)]/2 is normalized to A.

Pm(0)
+A
0
—2r -7 0 -7 +27
-A

Figure 2.9. Multiplication phase comparator characteristic.

The nonlinear equation (2.17) describes the operation of the multiplication type
phase detector very accurately provided that the assumptions made earlier are satis-
fied. Note that the amplitudes of both input signals affect the output of the phase
detector. This must be accounted for when designing. the gains in the system. As
will be shown next, the amplitudes of the input signals do not affect the output of

the exor type phase detector.

2.3.2 Exor Phase Detector

An exor type phase detector uses a digital exor phase comparator followed by a
lowpass filter to extract the phase information at its inputs as shown in Figure 2.10.
In this figure, the signals v;(t) and v,(t) are the inputs, v(t) is the output, F(s) is

the transfer function of the lowpass filter, @ is the exor logic gate with logic 0 and 1
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levels being —V and +V, respectively, and HLs are hard limiters with limiting levels
£V that convert the signals v,(t) and v,(t) at the input of phase detector into the

digital signals u;(t) and us(t).

uy(t)
(2] (t) —_— HL

z(t)
(e) F(s) — ()

’Ug(t) —_— HL
uy(t)

Figure 2.10. Model of the exor phase detector.

Assuming that the inputs v, (¢) and v, (t) are as before, the signals u; () and ua(t)

can be expressed as

uy(t) = V sgn (cos [wot + 61(t)]) (2.18)
and
ua(t) = V sgn (cos [wot + 02(t)]) . (2.19)
Thus, it follows that
2(t) = u1(t) © ug(t). (2.20)

Similar to the previous case, assuming that both 6,(t) and 6,(t) vary slowly with time
compared to the time variation of wot (i.e., |61 (t)| < wo and |65(t)| < wo), the signal

z(t) can be expressed as

2(t) = @ [62(2) — 62 ()] + (D), (2.21)

where @, [0(t)] as a function of §(t) = 02(t) — 61(t) is as shown in Figure 2.11 and the
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term r(t) includes the high frequency components that occur around 2wy, 4wy, and

so on. Assuming further that the lowpass filter F(s) completely removes the high

pe(0)
+V
—27 - 0 +m +2m -6
-V
Figure 2.11. Exor phase comparator characteristic.
frequency term r(t), the output of the phase detector v(t) is given by
v(t) = f(£) * @ [62(t) — 6:1(2)] (2.22)

where f(t) is the impulse response of the lowpass filter and * is the convolution
operation.

Like the previous case, this nonlinear equation governs the operation of the phase
detector very accurately provided that the assumptions stated above are satisfied.

Moreover, note that the output of phase detector v(t) is also a slowly time-varying

signal.

21



2.4 Resonance Tuning Systems

The following subsections provide models of the three resonance tuning systems

introduced in Chapter 1.

2.4.1 RTS1

As discussed earlier, RTS1 is a PLL based resonance tuning system. A block
diagram of RTS1 is shown in Figure 2.12. In this figure, SYS is a resonator, PD is a
phase detector, VCO is a voltage controlled oscillator, u(t) is the VCO output, y(t)

is the resonator output and v(t) is the phase detector output.

VCO SYS -
y(t)

PD

v(t)

Figure 2.12. Model of RTS1.

A model of the VCO is shown in Figure 2.13, where wy is the center frequency

and k,, is the angular frequency gain. Defining

6,(t) = k,v(t), (2.23)
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the signal u(¢t) may be written as
u(t) = V cos [wot + 61(2)], (2.24)

where V is the amplitude. If a digital VCO is used, this signal becomes the Walsh
function

u(t) = V sgn (cos [wot + 6(2)]). (2.25)

It should be noted that the narrow bandpass nature of a resonator will essentially
reject all but the first harmonic of the input signal. Thus, if a sinusoidal function or
Walsh function are input to a resonance tuning system, the response of the resonator

will remain generically the same.

v(t) — ko ——i)— s Veos(:) = u(t)

wo

Figure 2.13. Model of the voltage controlled oscillator.

Assuming the resonator model described above, the output y(t) satisfies the dif-

ferential equation

§(t) + 20(H)wa()y(t) + Wi (B)y(t) = wa(t)u(t), (2.26)

where wy,(t) is the natural frequency of the resonator and ((t) is the damping ratio.
Assuming the instantaneous frequency of the input is w,(t), the goal of RTS1 is to

keep w,(t) as close to w,(t) as possible despite disturbances due to environmental
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changes, by adaptively tuning w,(t).

2.4.2 RTS2

As mentioned in Chapterl, RT'S2 adaptively controls the resonant frequency of
a resonator by changing the structure of the resonator. To help illustrate RTS2, a
series RLC circuit is again considered as the resonator. A block diagram of RTS2 is
shown in Figure 2.14, where R(t), L(t) and D(t) form the tunable resonator and PD

is a phase detector.

vl(t)
pp Y0

vz(t)

Figure 2.14. Model of the RTS2.

The resonance tuning is achieved by adaptively controlling the resonant frequency
through the variable capacitor D(t) using the error between the excitation frequency
and resonant frequency. As stated before, the resonant frequency of a series RLC

circuit is
1

)= e

However, in the resonator being considered, it is assumed that the capacitance D(t)

(2.27)
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is controlled by the output of the phase detector v(t) about its uncontrolled value

C(t) according to the expression

C(?)

bt) =13 kou(t)’

(2.28)

where k,, is an appropriate constant. With this tunable capacitor, the new resonant

frequency of the resonator becomes

we(t) = wa(t) V1 + k,u(t). (2.29)

Similarly, the new damping ratio of the resonator becomes

£t) =~
V1+koo(t)

Thus, assuming R(t), L(t) and D(t) vary slowly with time, the voltage y(t) across

(2.30)

the capacitor satisfies the differential equation

§(t) + 20 (wa(t)y(t) + W2 D)y (t) = Wi (t)z(2). (2.31)

Hence, the goal of the resonance tuning system is to keep w.(t) as close to w,(t) as

possible through v(t), despite disturbances due to environmental changes.

2.4.3 RTS3

As previously stated, RTS3 does not directly actuate on resonant or excitation
frequency. Instead, this system places the resonator in a feedback loop, and the
feedback gain is adaptively adjusted to bring the resonant frequency of the closed-loop

system to match the excitation frequency. A model of RTS3 is shown in Figure 2.15.
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z(t) y(t)

- - - o b -

v(t)

Figure 2.15. Model of RTS3.

In this figure, SYS is the lightly damped second order system, PD is the phase
detector, ks is the feedback gain and z(t) is the external input to the system. It

follows from this figure that

u(t) = a(t) - ko()y(), (2.32)

where v(t) is the error signal generated by the phase detector. Thus, the differential

equation governing the closed-loop system inside the dashed box can be written as

§(t) + 20(E)wa(t)y(t) + [1+ krkov(8)] w3 (D)y(2) = kgwn(t)a(t). (2.33)

The resonant frequency of this system is

we(t) = wn(t)V/1 + ku(t), (2.34)
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where k,, = ksk,. Hence, the goal of the resonance tuning system is to keep w.(t) as
close to w,(t) as possible through v(t), despite changes in the excitation frequency or

resonant frequency of the resonator.
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CHAPTER 3

Analysis

3.1 Introduction

In this section, the models developed in Chapter 2 are considered and analysis
methods are developed. For this purpose, the slow time-varying approach [26, 27, 28]
is adopted. Since it is assumed that the resonator parameters are slowly time-varying
compared to its excitation, this approach is justified.

For each resonance tuning system, a nonlinear time-varying model that accurately
predicts the performance of the resonance tuning system is developed. This devel-
oped model is subsequently linearized to obtain a linear time-invariant model that
facilitates both analysis and design of the resonance tuning system. Stability results
of the developed models are also provided.

The remainder of this chapter is organized as follows. In Section 3.2, the developed

models are simplified. In Section 3.3, stability issues are considered.

3.2 Analysis

In this section, models of the three resonance tuning systems are analyzed and
simplified. For each resonance tuning system, either a digital exor phase detector or
an analog multiplication phase detector is used. However, the methods presented in
this work can be easily extended if a phase detector other than the one illustrated

here is used.
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3.2.1 RTS1

Consider the resonance tuning system shown in Figure 2.12 and assume that PD
is an exor type phase detector. Assume further that the VCO output u(t) is in the
form of (2.25), where wy is the angular frequency and 6 (t) is the instantaneous phase.

The instantaneous frequency of the input is then

w,(t) = wo + 61(2). (3.1)

Under these assumptions, the output y(t) satisfies the differential equation (2.26).
Since this equation is time varying, it is impossible to find the voltage y(t) analytically.
However, with the frozen time assumption, the parameters w,(t), {(t), and 6,(t) can
be treated as constant but unknown, and the transfer function from u(t) to y(t) can

be expressed as

wa(t)
= n . 2
HG) = Tt @wn)s + 20 (3:2)
The output y(t) can then be approximated at steady state as
y(t) = Az(t) cos [wot + 62(t)] + e(2), (33)

where Ay(t) = AV |H [jw,(2)]| /7, 02(t) = 61(t)+ L H [jw,(t)] and e(t) includes the higher
order harmonics that occur at 3w,(t), 5w,(t) and so on. Assuming the quality factor
of the resonator is sufficiently high (greater than 10), these higher order harmonics

can be neglected, and y(t) can be approximated as

y(t) = Ag(t) cos [(AJot + 02(t)] . (34)
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Thus, with u(t) and y(t) the inputs to the exor phase detector, it follows from (2.22)

that the output v(t) is

v(t) = f(t) *x peLH[jws(t)], (3.5)

where f(t) is the impulse response of the lowpass filter and * is the convolution opera-
tion. Since —m < ZH[jw,(t)] < 0, it follows from the phase comparator characteristic

that

v(t) = f(t) * ke (—£LH[jw,(t)] — 7/2), (3.6)

where kg = 2V/7 is the gain of the phase detector. Combining (2.23) with (3.6), and

using
£H[jw,(t)] = — arctan [25?&‘;"52“;(3 )] , (3.7)
it follows that
) 204y _, 2
61(t) = ko f(t) * ko arctan [ 2“525;2}" (t‘;’;Eii)] . (3.8)

Combining this equation with (3.1) results in

wo(t) = wo = ko £(2) * ko arcta.n[ wn(t) — w3 (t) } . (3.9)

2Q(t)wn (t)ws(t)

Although simulation shows that (3.9) characterizes the RTS1 very accurately, it
is nonlinear and time-varying, and thus, it has limited value. Hence, this equation is
linearized below to obtain a more tractable linear time-invariant model.

Let dwn(t) = wn(t)—wo and dw,(t) = w,(t) —wo be the deviations of w,(t) and w,(t)
from the nominal natural frequency wy, respectively. Then, (3.9) can be linearized

about the nominal frequency wp as

Swi(t) = kokof(t) * E(ti)&; [6wn(t) — 6ws(2)] . (3.10)

Moreover, letting (o be the nominal value of {(t), the system described by (3.25) can
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be further approximated by the linear time-invariant system
Sun(t) = kukof(£) % —— [Swn(t) — 6uws(t)]. (3.11)
Gowo

Taking the Laplace transform of both sides of this equation, it follows that

 kuks

"~ Gowo

AQ,(s) F(3) [AQu(s) — AQ4(s)] (3.12)

where AQ,(s) and AQ,(s) are the Laplace transforms of dw,(t) and dw;,(t), respec-

tively. Thus, the transfer function from éwy,(t) to dw,(t) is

AQ,(s)  kF(s)
AQu(s) 1+ kF(s)’

(3.13)

where k = (k,kq)/(Cowo)-

The block diagram of (3.13) is shown in Figure 3.1. Having obtained this simplified
model, the performance of the RST1 can be analyzed using standard linear control
system analysis methods. It should be noted that this linear approximation is quite

accurate provided that

|dwn(t) = dw,(2)] <1
Cowo -

(3.14)

This inequality arises from the approximation arctan|z] ~ z around the origin.
Clearly this approximation is only accurate around a small region, as the arctan-

gent function is similar to the saturation function.

6wn(t)ﬁ——- kF(s) dw,(t)

Figure 3.1. Linearized model of RTS1.
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3.2.2 RTS2

Consider the resonance tuning system shown in Figure 2.14 and assume that PD
is an exor type phase detector. Further assume that the excitation source z(t) is in
the form

z(t) = A1(t) cos [wot + 6:(2)] , (3.15)

where A;(t) > 0 is the amplitude, wy is the angular frequency and 6(t) is the instan-
taneous phase of the input z(t). The amplitude A,(t) and the phase 6,(t) are also
assumed to be slowly time-varying parameters. The instantaneous frequency w;(t) of
the input z(t) is defined as in (3.1).

Under these assumptions, the voltage y(t) across the capacitor satisfies the differ-
ential equation (2.31). Since this equation is time varying, it is impossible to find the
voltage y(t) analytically. However, again using the frozen time approach, we(t), wn(t),
¢(t), A1(t) and 6,(t) can be treated as constant but unknown. Hence, the transfer

function from z(t) to y(¢) is

H(s) = we(t) (3.16)
T 524 2((t)wa(t)s + w(t) )
Thus, the voltage y(t) can be expressed approximately as
y(t) = Aa(t) cos [wot + 0,(t)], (3.17)

where Ax(t) = |H[jw,(t)]|A1(t) and 05(t) = 61(t) + LH [jw,(t)]. It then follows that

6a(t) — 02(t) = ZHjwa(2)]. (3.18)
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Using this in (2.22), the output of the phase detector becomes

v(t) = f(t) * pe (LH[jws(t)]) - (3-19)

Since —m < ZH[jws(t)] < 0, it follows from the phase comparator characteristic that

(t) = —kof(t) * (LH[jws(t)] + 7/2), (3.20)

where ks = 2V/7 is the gain of the phase detector. Hence, using

ZH[jw,(t)] = — arctan [25(:()5)"_(?;&(; ) ] (3.21)

in (3.20) yields

2(4) — o2
u(t) = kof(t) * arctan [ 2‘:@()?;,. (t):f()t)] . (3.22)

Moreover, it follows from (2.29) that

1 wi(t) — wi(t)

v(t) = PR—Te (3.23)
Thus, combining (3.23) and (3.22) results in
wi(t) —wa(t) _ wi(t) — w()
O k.kef(t) * arctan [2((t)w,,(t)w,(t)] , (3.24)

which describes the dynamics of the resonance tuning system.

Although several approximations are made to obtain (3.24), simulations indicate
that this equation characterizes the operation of the resonance tuning system very
accurately. However, since (3.24) is nonlinear and time-varying, it has limited value
in design. Thus, this equation is linearized about the nominal frequency wy to obtain

a more tractable linear time-invariant model that facilitates both analysis and design.
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Toward this end, let dw,(t) = w,(t) — wo, dwn(t) = wn(t) — wp and dw,(t) = w.(t) — wp
be the deviations of w,(t), wn(t) and w.(t) from the nominal natural frequency wy,
respectively. Then, the Jacobian linearization of (3.24) about the nominal frequency
wp is

k.ke

Swe(t) — dwn(t) = 5Z(T)f(t) * [0ws(t) — Swe(t)] - (3.25)

Moreover, letting (o be the nominal value of {(t), the system in (3.25) can be further

approximated by the linear time-invariant system

k.ke
20

Swe(t) — dwn(t) = F(2) * [6wi(t) — bwe(t))]. (3.26)

Finally, letting £k = k,ks/(2¢o), the simplified linear time-invariant model of the

resonance tuning system becomes
dwe(t) — dwn(t) = kf(t) * [Bws(t) — duwe(t)] - (3.27)
Taking the Laplace transform of both sides of this equation yields
AQ(s) — AQu(s) = kF(s) [AQ,(s) — AQ(s)]. (3.28)

where AQ,(s), AQ,(s) and AQ.(s) are the Laplace transforms of dw,(t), dw,(t) and
dw,(t), respectively. Thus, it follows that

kF(s) 1

A) = T re 2% ) * T5%F )

AQ.(s). (3.29)

The block diagram of the system described by (3.29) is shown in Figure 3.2.
Having obtained this simplified model, the performance of RTS2 can be analyzed

using standard linear control system analysis methods. As with RTS], it should be
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dwn(t)
{L\ dwe(t)

(sw,(t)-—flf— kF(s)

Figure 3.2. Simplified model of the resonance tuning system.

noted that this approximation is quite accurate provided that

[dws () — dw,(t)]
Gowo

<1 (3.30)

3.2.3 RTS3

Consider the resonance tuning system shown in Figure 2.15 and assume that the
phase detector is a multiplication type. Again, assume that the input z(t) is in the
form of (3.15). The output y(t) satisfies the differential equation (2.33). As this
equation is time varying, it is impossible to find y(t) analytically, but again, with the

frozen time approach the transfer function from z(t) to y(¢) can be written as

_ kgwa(t)
H) = g oo t)s 720 (3:31)
The output y(t) can be approximated using its steady-state part as
y(t) = A2(t) Cos [th + 02(t)] N (332)

where Ay(t) = |H[jw,(t)]|A1(t) and 62(t) = 6,(t) + LH[jw,(t)]. It then follows that

62(t) - 0,(t) = ZH[juws(1)). (3.33)
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Using this in (2.17) yields

vu(t) = f(t) * om (LH[jw,(2)]) - (3.34)

Thus, the output of the phase detector becomes

u(t) = f(t) * %@IH ljws(t)]] cos (£H [jws(t)]) - (3.35)
Since
|H [jws(t)]] cos (£ H [jws(t)]) = Re{H[jws(t)]}, (3.36)

the phase detector output can be rewritten as

AR (t)kgwi (t) [wi(t) — wi(t)]

YO =10 3 a0 - P + K@ O O
Next, solving (2.34) for v(t) and substituting into (3.37), it follows that
wa(t) —wa(t) _ kwk AF(HWA(E) [W2(t) — wi(t)]
)20 1) (3.38)

2 ([w2() — w2(B)] + (2 (Bwn(Ows(B)])”

which describes the dynamics of the resonance tuning system with a multiplication
type phase detector.

Equation (3.38) is a nonlinear model of the resonance tuning system. Although
simulations show that it represents the actual resonance tuning system very accu-
rately, the nonlinear nature of this equation reduces its value from a design perspec-
tive. Therefore, this equation is linearized about the nominal angular frequency wo.
For this purpose, let w,(t) = wo + dw,(t), we(t) = wo+ dwc(t) and wy(t) = wo + dwy(t).

Assume further that (t) and A,(t) are equal to their respective nominal values (o
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and Ag. Then, linearization yields

Suwe(t) — dwn(t) = f( t)* [5 5(8) — dwe(t)], (3.39)

where ko = —kyA2/(4¢o). Finally, letting k = k,kq/(2(o), the simplified linear time-

invariant model of the resonance tuning system becomes

Swe(t) — Bunm(t) = kf(t) * [ws(t) — dwe(t))]. (3.40)

Again, it should be noted that this approximation is quite accurate provided that

[6ws(t) — dw.(t)]
Gowo

<1 (3.41)

The block diagram of the system described by (3.40) is shown in Figure 3.2. It is
evident from this figure that the lowpass filter plays an important role in the resonance

tuning system.

3.3 Stability

3.3.1 Linear Models

From the linear models of RTS1 (3.11), RTS2 (3.27) and RTS3 (3.40), it follows
that these systems are stable if all the roots of the characteristic equation 1+kF(s) =
0 have negative real parts. Under this condition, it can be concluded that the original
nonlinear and time-varying resonance tuning systems given in Figure 2.12, Figure 2.14
and Figure 2.15 are also stable provided that the rate of variations of the slowly
varying parameters are sufficiently small [30]. However, for completeness, nonlinear

stability analysis is required.
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3.3.2 Nonlinear Models

In this section, the stability properties of the resonance tuning systems are studied.

Saturation Like Nonlinearity

In [20], analysis of RTS3 with an exor phase detector is provided. From this anal-
ysis, it can be seen that the nonlinear model of RTS3 is identical to the nonlinear
model of RTS2, which is given in this thesis by (3.24). In this model, the nonlinear-
ity has the nature of an arctangent function. As seen in Figure 3.3, the arctangent
function represented by the solid line is very similar to the saturation function rep-

resented by the dashed line. Due to this similarity, a theorem pertaining to systems

f(z)

—7/2

10 15

[y
(4]

I
[e—y
o

|
(941

SO
(S5

Figure 3.3. Plot of arctangent and saturation functions.
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with a saturation nonlinearity in [17] is adapted to the arctangent nonlinearity in this
work. For this purpose, first let the output w,(t) equal its nominal value wq plus some
perturbation term éw,(t). Also, let w,(t) and wy,(t) equal the nominal value wy and
¢(t) = ¢o. Thus (3.24) becomes

Sw?(t) + 20w, (t)wo —w?(t) — 20wewo

2 = k,kof(t) * arctan [ 20 (3.42)

Next, with the change of variable

2
o(t) = dw?i(t) + 226wc(t)wo’ (3.43)
Wo
equation (3.42) becomes
1
2(t) = kukef(t) * arctan [—fz(t)] . (3.44)
0

Letting {A,B,C,0} be a minimal realization of k, ke F(s), where A € R**", B € R**!

and C € R'*" this system can be represented by the state equations

i(t) = Az(t) + By(u(t))

2(t) = Cz(t) (3.45)
u(t) = Kz(t),
where where K = —5-C and
¢ [u(t)] = arctan([u(t)], (3.46)

Using the model (3.45), a theorem is provided below which states that, under very

mild conditions, the origin z = 0 is the only equilibrium point of this system.
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Theorem 3.1 Consider the system (3.45), and assume that A has no eigenvalues
with positive real parts. The origin =0 is the only equilibrium point of this system if

A + BK is Hurwitz.
Proof: By definition, any point £ € R” is the equilibrium point of (3.45) if

Az + Byp(Kz) =0, (3.47)

or, equivalently,

(A+ BK)z + Blp(Kz) — Kz] = 0. (3.48)

Since A + BK is nonsingular, it follows that
z+ (A+ BK) 'Blp(Kz) — Kz] = 0. (3.49)
Premultiplying both sides of this equation by K, we obtain
[1-K(A+ BK)'B|Kz + K(A+ BK) 'Byp(Kz) = 0. (3.50)

If K(A+BK)™!B = 0, then this equation implies that Kz = 0, and in turn, equation
(3.49) implies that £ = 0. If, on the other hand, K(A + BK)~!B = 1, then equation
(3.50) implies that Kz = 0, and then, equation (3.49) implies that £ = 0. Hence,
assume that K(A + BK)™!B # 0 and K(A + B,K)™ !B # 1, then we claim that

K(A+BK)'B< 1. (3.51)

To see this, note that
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1- K(A+ BK)™'B =det[l - (A+ BK) 'BK]
= det[(A + BK)™!] det(A) > 0,

(3.52)

and by assumption K(A + BK)™'B # 1. Thus, under the above assumptions, it

follows from (3.51) that either

K(A+BK)'B-1
K(A+ BK)'B

<0, (3.53)

or
K(A+BK)'B-1
K(A+ BK)-1B,

> 1. (3.54)

Hence, rewriting (3.50) as

_K(A+BK)'B-1
o(Kz) = K(A+ BK)1B Kz, (3.55)

we see that z satisfies this equation only when Kz = 0. Hence, once again equation

(3.49) implies that z = 0, and this completes the proof. a

Note that since standard control system design requires Re(\) < 0, the first
condition of theorem (3.45) is generally satisfied. Also note that the system (3.45)
may have either one isolated equilibrium (the origin), or three isolated equilibria (one
being the origin). Moreover, since the Jacobian linearization of (3.45) around the
origin is

6z = (A + BK)éz, (3.56)

it follows from the Lyapunov’s indirect method [30] that if A+ BK is Hurwitz, then
the origin is asymptotically stable. Combining this result with that of Theorem 3.1,

we obtain the following
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Corollary 3.1 Under the assumptions of Theorem 3.1, the origin x = 0 is the unique

asymptotically stable equilibrium of the closed-loop system (3.45).

Proof: The proof of this corollary follows from the Lyapunov’s indirect method

and Theorem 3.1. O

Next, assuming A is Hurwitz, we show that the solution of (3.45) remains bounded

for all time.

Theorem 3.2 Consider the system (3.45), and assume that A is Hurwitz. Then,
z(t) is bounded for all time, i.e., there erists an m > 0 such that ||z(t)|| < m for all

t>0.
Proof: The solution of (3.45) starting from xz(0) satisfies
t
z(t) = exp(At)z(0) + / exp|A(t — 7)|By[Kz(7)]dT. (3.57)
0

Hence,

()]l < |l exp(At)z(0)]| + || /0 exp[A(t — 7)| Bo[Kz(r)]dr||. (3.58)

Then, it follows that

k kom
()|l < exp(=vt)||z(0)]| + 2; [1 — exp(-vi)]|| B
3.59)
ko ko (
<
< llz(0)ll + =5~ 1B,
where v is the real part of the rightmost eigenvalue of A. Thus, letting
k ko
m = |z(0)]| + =5~ 11BI), (3.60)
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we see that ||z(t)|| < m for all t > 0.

Circle Criterion

The previous discussion requires A to be Hurwitz for global asymptotic stability.
However, this may not be the case as F'(s) can contain an integrator. For this purpose,
we consider the circle criterion to show asymptotic stability with a finite domain. To
use the circle criterion, we must first represent the system as a feedback connection
of a linear system and nonlinear element, as shown in Figure 3.4. Here, G(s) is the

linear system and ¥ [u(t)] is the nonlinear element.

Figure 3.4. Feedback connection of linear system and nonlinear element.

To illustrate this, first consider the nonlinear model of RTS2 and RST3 with an
exor phase detector given by (3.24). As seen earlier, this model can be represented

by the state equations (3.45). In order to transform this model into the form of
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Figure 3.4, let v(t) = ¢ [u(t)] and ¥ [u(t)] = —¢ [u(t)]. Hence,
G(s) = K(sI - A)™'B. (3.61)

Clearly, ¥ [u(t)] € [0, ﬁ] However, since G(s) is not assumed Hurwitz, in order
to apply the circle criterion, the nonlinearity must remain within the sector [a, 3],
where 0 < a < . The arctangent function will eventually leave this sector no matter
how small the value of « is, as seen in Figure 3.5. For this reason, we can only

conclude absolute stability with a finite domain [30]. Using the circle criterion, the

ﬂu au
vw 't/ "

Figure 3.5. Sector bounded nonlinearity of RTS2 and RT'S3 with exor PD.

following theorem is stated.
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Theorem 3.3 The system in Figure 3.4 is absolutely stable with a finite domain if
0 < a < 3 and the Nyquist plot of G(jw) does not enter the disk D(a, 3).

Proof: To satisfy theorem 3.3,

1+ BG(jw)
e [1 T aGliw) > 0. (3.62)
From equation 3.61,
G(s) = ——C(sI — A)~'B, (3.63)
2¢o
which can be rewritten as
G(s) = =k ke F(s). (3.64)
2Go
Hence,
1+ BkF(jw)
ke [1 FokFGa)| O (3.65)

where k = 2—20-1\7“,169. The remainder of the proof then clearly follows from the proof of

the circle criterion in [30], which uses the fact that that the storage function

V(z) = %xTPx (3.66)

for the linear dynamical system satisfies the Kalman-Yakubovich-Popov equations.

a

Using a multiplication phase detector, and following the same process as before,
the nonlinear model of RST3 (3.38) can be written as
0w?(t) + 26w.(t)wo

3 = kuk,Alwp f(t) *
Wo

0w2(t) + 20w.(t)wo
(6w2(t) + 26we(t)wo)® + (2Cowo)?

(3.67)
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With the change of variables

z2(t) = dw?(t) + 20w, (t)wo, (3.68)

this equation can be written

z(t)
22(t) + (2Gow5)’

At) = ft) + K (3.69)

Again using the circle criterion with the requirement that a > 0, it follows that
(3.69) will only remain sector bounded in a finite domain. This can be seen from
Figure 3.6. Hence, the same method as above can be applied to show stability with

a finite domain.

Figure 3.6. Sector bounded nonlinearity of RT'S3 with multiplication PD.

Finally, consider the nonlinear model of RTS1 given by (3.11). Let the output

ws(t) equal its nominal value wp plus some perturbation term dw,. Also, let wy(t)
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equal the nominal value wy and ((t) = {p. Thus (3.24) becomes

(3.70)

dw, = k ko f(t) * arctan [— Su, (Ows — 2uwo) ] )

2¢owo (dws + wo)

It should be noted that the nonlinearity of this equation is not bounded by a sector
with an upper bound equal to the slope of the arctangent function, as is the case with
RTS2 and RTS3. Instead, as dw, moves away from the origin in the negative direction,
this nonlinearity will always start outside the sector. However, circle criterion may
still be applied to this case by simply increasing the value of 3 to include this portion
of the nonlinearity in the sector. For illustrative purposes, an exaggerated view of

this nonlinearity is shown in Figure 3.7.

u
A B / au,
U [u] ,/ <
s
s
s
s
’
s
’
[
—
u
Y

Figure 3.7. RTS1 nonlinearity crossing the sector bound near the origin.
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CHAPTER 4

Design

In this chapter, the design problem formulated above is considered and some guide-
lines for designing the resonance tuning system are provided. Using these guidelines,
the actual resonance tuning systems, their nonlinear time-varying models and their
simplified linear time-invariant models are simulated using the parameters of the pre-
viously discussed applications. These simulation results illustrate the performance
of the resonance tuning systems and verify the accuracy of the proposed simplified

models. All simulations are carried out in MATLAB/Simulink.

4.1 Design

Based on the developed simplified linear time-invariant models, the resonance
tuning systems can be designed using standard control system design methods. For
RTS1, the goal of the design is to find the “controller” F(s) so that the “output”
dw,(t) tracks the “reference” dw,(t) satisfactorily. For RTS2 and RTS3, the goal of
the design is to find the “controller” F(s) so that the “output” éw.(t) tracks the
“reference” dw,(t) satisfactorily.

In designing the resonance tuning system, the following guidelines should be taken
into consideration. As a direct consequence of the internal model principle [29],
to achieve perfect asymptotic reference tracking the filter F(s) must contain the
model of the reference (éwy,(t) for RTS1 or dw,(t) for RTS2 and RTS3). Similarly,

the filter F'(s) must contain the model of the disturbance dw,(t) to achieve perfect
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asymptotic disturbance rejection (RTS2 and RTS3). In particular, for the output to
asymptotically track any step change in the reference and asymptotically reject any
step change in the disturbance, the filter F(s) must contain at least one integrator.
Moreover, the bandwidth of the lowpass filter F(s) should be sufficiently small to
filter out the higher order harmonics at the output of the phase comparator. In
addition, the bandwidth of kF(s)/[1 + kF(s)] should be sufficiently large for good
reference tracking whereas the gain of 1/[1 + kF(s)] should be sufficiently small for
good disturbance rejection.

In most practical applications, a first order filter of the form
F5)=2, (41)

where (3 is a design parameter, usually gives adequate results. With this filter, the
settling time for dw,(t) in RTS1 or dw,(t) in RTS2 and RTS3 calculated from the
linearized model is 7 = 4/(k(3). If the desired performance is not achievable by a first
order filter, a second order filter of the form

where o and 3 are design parameters, may be used. For this case, the settling time
for dw,(t) or dw.(t) calculated from the linearized model is 7 = 8/a provided that
a? < 4kp.

These well established linear system design methods are generally suitable. How-
ever, in certain applications, for instance when (3.14), (3.30) and (3.41) are not satis-
fied, the linear system will not accurately represent the resonance tuning system. In
this instance, the linear system is still valuable in that it acts as a starting point for

the design process, however, some guidelines pertaining to the nonlinear system are

49



helpful. Currently, more research is required to provide definite methods for determin-
ing parameters such as rise time and settling time for the nonlinear models. However,
using the theorems provided in Section 3.3, the resonance tuning systems can be eas-
ily designed so that stability is guaranteed even in the absence of an accurate linear

model.

4.2 Simulation

4.2.1 RTS1

In this section, the original RTS1, its nonlinear time-varying model and its sim-
plified linear time-invariant model are simulated. These simulation results illustrate
the performance of RTS1 and verify the accuracy of the proposed simplified model.

Assume that the nominal values of the parameters R(t), L(t) and C(t) of this
system are Ry = 0.25 2, Lo = 0.1 H and Cj = 10 uF, respectively, so that the nominal
values of wy,(t), ((t) and Q(t) are wp = 1000 rad/s, {o = 0.00125 and Qo = 400.
Assume further that V = 2.5 V so that ks = 1.592 V/rad. Let k, = 50 V! and
assume the center frequency of the VCO is wy = 1000 rad/s. Hence, the system is
tuned to its resonant frequency. However, as before assume the value of C(t) decreases
by 1 percent, so that the resonant frequency of the system becomes 1005.04 rad/s.

For the second order filter

0.7451
the response of the actual RT'S1 shown in Figure 2.12, the nonlinear model (3.9) and
the linear model (3.11) to this input step change is shown in Figure 4.1. In this figure
the solid line is the response of the actual resonance tuning system, the dashed line

is the response of the nonlinear model, and the dashdot line is the response of the

linear model.
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It is evident from this figure that RTS1 is working satisfactorily and that the
two simplified models are reasonably accurate approximations of the actual RTS1
system. However, to demonstrate the range of this resonance tuning system, a second
simulation is considered. Assume the same parameters as before, but now with a 10
percent decrease in C(t), so that the resonant frequency of the system becomes 1054.1
rad/s. The response is shown in Figure. 4.2. From this figure, it is clear that RTS1
successfully tunes w,(t) to w,(t). However, it is also clear that tl;e linear time-invariant

model is no longer an accurate representation of the actual RTS1. This is due to the

fact that (3.14) is not satisfied.
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Figure 4.1. Simulation results of RTS1 with w, = 1005.04.
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Figure 4.2. Simulation results of RTS1 with w, = 1054.1.

4.2.2 RTS2

In this section, the original RTS2, its nonlinear time-varying model and its sim-
plified linear time-invariant model are simulated. These simulation results illustrate
the performance of RT'S2 and verify the accuracy of the proposed simplified model.

Assume that the nominal values of R(t), L(t) and C(t) are Ry = 0.5 2, Lo = 0.01
H and Cp = 0.0001 F, respectively, so that the nominal values of w,(t), {(t) and Q(t)
are wp = 1000 rad/s, {o = 0.025 and Qo = 20, respectively. Assume also that V = 2.5
V so that ks = 1.592 V/rad and let k, = 0.1 V-!. Assume further that R(t) = Ry,
L(t) = Lo for all ¢, but C(t) varies with time as C(t) = 1.000x10"*Ffor0s <t <2s
and 8.264 x 10~° F for 2 s < t so that the uncontrolled resonant frequency w,(t) of the

resonator undergoes a step change from 1000 rad/s to 1100 rad/s. Finally, assume

that the excitation frequency w,(t) also undergoes a step change at time ¢t = 4 s from
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1000 rad/s to 900 rad/s.

For each of the following filters

2.827 1.571 62.832

Fo)=331 FO==7 FO =gy

(4.4)

the original resonance tuning system shown in Fig. 2.14, its approximate nonlinear
time-varying model given in (3.24) and its simplified linear time-invariant model given
in (3.27) are simulated. The simulation ré.sults. for the resonant frequency w.(t) are
shown in Figs. 4.3, 4.4 and 4.5, respectively. In each figure, the solid curve is for
the exact system, the dashed curve is for the approximate system and the dashdot
curve is for the simplified system. The uncontrolled resonant frequency w,(t) and
driving frequency w,(t) are also shown in each of these figures by the solid curves for
comparison. These figures indicate that both the approximate nonlinear time-varying
model and simplified linear time invariant model predict the behavior of exact system
quite accurately.

Since the first filter does not contain an integrator, the error between the resonant
frequency and driving frequency in the steady-state is not zero as predicted by the
previous analysis. This error, on the other hand, is practically zero for the second
and third filters as expected since they both contain an integrator. Note also that
since the second order filter has better selectivity compared to the other two, its
performance in the steady-state is superior to those of the first order filters.

These results show that the developed simplified model predicts the performance
of the resonant tuning system quite accurately. Therefore, the developed simplified
model can be used to facilitate both analysis and design of the resonance tuning

system.
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Figure 4.4. Simulation results with F(s) = 1.571/s.
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Figure 4.5. Simulation results with F(s) = 62.832/[s(s + 20)].

4.2.3 RTS3

In this section, the developed analysis and design methods of RT'S3 are applied to
two examples. First, a vibrational gyroscope example from [6] is considered. Assume
that the parameters of this system are wn(t) = 63881.1 rad/s, {(t) = 0.0005, k, =
0.0666. Moreover, assume w,(t) = 65973.4 rad/s and A;(t) = 1. In the simulations

below, the feedback gain k; was selected as ky = 100, the nominal frequency wy was

taken as wy = 65973.4 rad/s and the logic voltage V was chosen as V = 2.5 V.

The first simulation of RT'S3 uses a multiplication phase detector with the first
order low-pass filter

F(s) = 005

)

p (4.5)
The results of this simulation are shown in Figure 4.6. Here, the solid curve is for

the actual system shown in Figure 2.15 and the dotted curve is for the nonlinear
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time-varying model (3.38). The instantaneous input frequency w,(t) is also shown by

the solid horizontal line for convenience.

4
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Figure 4.6. Simulation results of RTS3 for vibrational gyroscope example.

It should be noted that while the nonlinear model closely approximates the actual
system, the corresponding linear model is quite different, and thus not shown in
Figure 4.6. This is due to the fact that the deviation of w.(t) from the nominal
frequency wp is quite large initially. In other words, the system in [6] does not satisfy
condition (3.41), and the nonlinearity in (3.38) behaves like saturation due to the
extremely small damping ratio. This discrepancy reduces the values of the developed
linear time invariant models since their predictions are no longer accurate. Therefore,
unless the system is altered to satisfy (3.41), a different design strategy based on the

developed nonlinear time varying models should be used. However, it should also be
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pointed out that the developed linear model still provides some value in that it acts
as starting point in the design process.

In order to illustrate the accuracy of the developed linear time invariant model
when (3.41) is satisfied, a second example is considered. This simulation considers a
hypothetical lightly damped second order system. The parameters of the resonance
tuning system are as follows: w,(t) = 1000 rad/s, {(t) = 0.05, k, = 1, w,(t) = 1050
rad/s, A,(t) = 1, k; = 0.5, wp = 1000 rad/s and the phase detector is a multiplication
type with second order filter
(4.6)

The results of this simulation are shown in Figure 4.7. Here, the solid, dashed
and dashdot curves are for the actual system shown in Figure 2.15, the nonlinear
time-varying model (3.38) and the simplified linear time-invariant model (3.40), re-
spectively. Again, the instantaneous input frequency w,(t) is shown by the solid
horizontal line for convenience.

It is evident from Figure 4.7 that the developed models accurately predict the
performance of the actual system, which was expected as (5.10) is satisfied in this
generic example. Hence, the developed model can be used for both analysis and

design of the resonance tuning system.
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Figure 4.7. Simulation results of RTS3 with F(s) = -2,

s(s+20)
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CHAPTER 5

Extension - Adaptively Enhanced
PLL

5.1 Introduction

The following presents an extended use of RTS2 and RTS3, in which these reso-
nance tuning systems can be combined with a standard PLL to enhance the perfor-
mance of the standard PLL. Much of the derivation behind the equations has been
omitted as it is similar to the analysis presented earlier in this thesis. Initial results
of the adaptively enhanced PLL are promising, however, more research on this topic

still needs to be carried out.

5.2 Modeling

In this section, a model of the adaptively enhanced PLL is presented. This model
can be seen in Figure 5.1. Here the input to the system is z(t) and the output is
y(t). A standard PLL is represented by the components within the dashed box, where
PC is a phase comparator, F(s) is a lowpass filter and VCO is a voltage controlled
oscillator. FE is a frequency estimator system that provides an estimate, w,(t), of the
instantaneous frequency of z(t) to the VCO. The purpose of the frequency estimator
is to provide the voltage controlled oscillator (VCO) of the PLL with an appropriate

free running angular frequency w,(t) that closely matches the frequency of the input.
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Figure 5.1. Model of the enhanced PLL system.

For this task, a method similar to that of RTS2 is used. In this method, the resonant
frequency of a lightly damped second order system is changed using proportional
feedback and the feedback gain is adaptively adjusted to tune the resonant frequency
of the resulting closed loop system to its excitation frequency. Hence, at steady state,
the resonant frequency of this closed loop system acts as an estimate of the excitation
frequency.

A block diagram of the frequency estimator system is shown in Figure 5.2. In this
figure, H(s) is the transfer function of the lightly damped second order system, PD
is a phase detector, k. is the feedback gain and w,(t) is the frequency estimate. The

external input to the system z(t) is assumed to be in the form

z(t) = A; cos [wot + 61(t)], (5.1)

where A; > 0 is the amplitude and wy is the nominal angular frequency, both of which

are assumed to be constant but unknown quantities. The instantaneous phase of z(t)
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we(t)

wny/T+ke(:)

Figure 5.2. Model of the frequency estimator system.

is 6,(t). Thus, the instantaneous frequency of the input is
ws(t) = wo + 6u(t). (5.2)

The transfer function of the lightly damped second order system can be expressed as

w!
n (5.3)

H e == Y
() 82+ 2(wns + w2’

where w, is the natural frequency of this system and ¢ is the damping ratio. The
dashed box represents the closed loop system, the resonant frequency of which is
adjusted to match the instantaneous frequency of the input. The signal v.(t) is the
error generated by the phase detector, which is assumed to be an exor type. Following

analysis similar to that developed earlier in this thesis, v.(t) is given by

ve(t) = fe(t) x @ [02(t) - 61(2)], (54)
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where f(t) is the impulse response of the lowpass filter and * is the convolution
operation.

With v.(t) known, it then follows from Figure 5.2 that
u(t) = z(t) — keve(t)va(t). (5.5)

Thus, the closed loop system within the dashed box is governed by the differential
equation

Da(t) + 20 wata(t) + [1 + keve(t)] wlva(t) = wiz(t), (5.6)

where the resonant frequency of this closed loop system is

we(t) = wnV/ 1+ keve(t). (5.7)

Hence, the closed loop resonant frequency w,(t) can be easily computed from the
output of the phase detector v.(t), and provided to the PLL as an estimate of the

input frequency.

5.3 Analysis and Design

Consider the frequency estimator system shown in Figure 5.2. Here it can be
easily seen how the frequency estimate w,(t) can be computed when provided the error
signal v.(t). However, as good performance of this system requires careful design of
the lowpass filter and lightly damped second order system, equations that describe the
dynamics of this system are necessary. Following analysis methods similar to those

provided earlier in this thesis, the nonlinear equation that describe the dynamics of
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the frequency estimator system with an exor type phase detector is

208) _ 2 205) _ 2
83%2—% = fo(t)*k.kg arctan [%] (5.8)

n

Simulations show that (5.8) represents the actual frequency extimator system
very accurately. However, a simpler model is still desired for design purposes. After
linearization, the the simplified linear time-invariant model of the resonance tuning

system becomes

dwe(t) = fe(t) *x k [(Sws(t) — dwe(t)], (5.9)

where k = kekg/(2¢). The block diagram of the system described by this equation

is as shown in Figure 5.3. This linear model describes the actual system accurately,

Sw,(t) kF.(s) > dw(t)

Figure 5.3. Simplified model of the resonance tuning system.

provide that

|6w,(t)<;n5we(t)| < % (5.10)

However, as the goal of the enhanced PLL is to achieve lock to an input with unknown
frequency, whether this condition is satisfied or not, will most likely remain unknown
as well. Despite this fact, (5.9) is still a valuable tool in that it provides a starting

point for design process.
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5.4 Simulation

In this section, the enhanced PLL system is simulated to demonstrate its lock
range capabilities. All simulations were performed in MATLAB/Simulink.

In order to determine whether the output signal y(t) has locked to the input signal
z(t), the frequency-phase error between these two signals must be calculated. This

error is defined as

O(t) = [ws(t) — we(t)]t — k,,/o vp(T)dT, (5.11)

where w,(t) is the instantaneous input frequency, we(t) is the instantaneous estimator
frequency, k, is the PLL gain and v,(t) is the PLL phase detector error. Thus, when
y(t) locks to z(t), #(t) approaches zero. Lock also occurs when ¢(t) = nm, where
n=123,..

Using the methods described above, three simulations are performed. In the all
three simulations, the lightly damped second order system is assumed to have natural
frequency w, = 1000 rad/s and damping ratio { = 1. The gain of the frequency
estimator is chosen as k. = 25, while the gain of the PLL is k, = 50. The phase
detector of both the frequency estimator and PLL is an exor type, with logic level V'
chosen as +5V. The filter of the PLL is defined as

1

F,(s) = ———— 12
while the filter of the frequency estimator is
F.(s) = 1 (5.13)
3= s(s+25) '

For comparison purposes, a standard PLL is also included in the first two simulations,

with the same parameters as PLL portion of the enhanced PLL.
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In the first simulation, the input signal z(t) is given a nominal frequency of
wo = 1010 rad/s and phase of 6;(t) = 0. The results are shown in Figure 5.4 and
Figure 5.5, where Figure 5.4 is a plot of the frequency - phase error ¢(t) versus time
and Figure 5.5 is a plot of the actual input and output signals z(¢) and y(t). In both
figures, the enhanced PLL system and the standard PLL are represented by the solid
and dashed lines, respectively. In Figure 5.5, the dotted line represents the input
signal z(t). From these figures, it is clear that enhanced PLL locks both in frequency

and phase, while the standard PLL locks in frequency, but with some steady state

phase error.
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Figure 5.4. Frequency-phase error results with small initial frequency difference.
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Figure 5.5. Input and output signals with small initial frequency difference.

As is the case with most problems in engineering, increased performance of one
aspect of a problem usually requires a decrease in the performance of another aspect
of the problem. This tradeoff holds true for the enhanced PLL, as seen from the
steady state oscillations in Figure 5.4. However, it will be shown in the next two
simulations that the lock range of the enhanced PLL dramatically exceeds that of the
standard PLL.

In the second simulation, the input nominal frequency is increased to wg = 1100
rad/s. The phase is still chosen as 6,(t) = 0. The results are shown in Figure 5.6
and Figure 5.7. Again, the solid line and dashed lines represent the enhanced PLL
system and standard PLL, respectively, while in Figure 5.7, z(t) is represented by
the dotted line. From these figures it is clearly visible that the range of the standard
PLL is exceeded, while the enhanced PLL still achieves lock.
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Figure 5.7. Input and output signals with wp
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To demonstrate the capabilities of the enhanced PLL, a third simulation is per-
formed with the input frequency chosen as wy = 4000 rad/s, and the phase 6,(t) = 0.
The results are shown in Figure 5.8 and Figure 5.9. These figures show that the
extend PLL can achieve lock despite an input frequency four times as large as its

nominal frequency.
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Figure 5.8. Frequency - phase error result with wp = 4000 rad/s.
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Figure 5.9. Input and output signals with wo = 4000 rad/s.

Based on the simulations presented here, initial results of an adaptive method to

enhance the capabilities of the phase locked loop are promising.
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CHAPTER 6

Conclusions

6.1 Summary

Resonant systems arise in many areas of science and engineering. Some examples
include ultrasonic motors, piezoelectric transducers, induction heating loads, some
resonant inverter loads, microelectromechanical gyroscopes, cavity resonators and
cyclotrons. For optimal performance, these systems must be excited at their reso-
nant frequencies. However, even if resonant and excitation frequencies are initially
matched, over time these frequencies can shift due to disturbances such as temper-
ature or humidity change, load variation, manufacturing variability, fatigue damage,
microphonics and electromagnetic detuning, resulting in a loss of performance. This
mandates employment of a resonance tuning control system that maintains lock be-
tween the excitation freqﬁency and the resonant frequency.

Three resonance tuning systems for lightly damped second order passive loads have
been investigated in this thesis. Each method uses the error between the excitation
and resonant frequencies to adaptively match these frequencies. This error is obtained
with a phase detector. In the first method, a voltage controlled oscillator provides
the excitation to the load. The excitation frequency is adaptively tuned by providing
the error signal from the phase detector to the voltage-controlled oscillator. The
second method adaptively tunes the resonant frequency of the resonator by changing
its structure, such as geometry or element values. Finally, the third method uses

proportional feedback around the resonator and adaptively adjusts the feedback gain
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to tune the closed loop resonant frequency to the excitation frequency.

Assuming that the parameters of the lightly damped second order system are
slowly time-varying, nonlinear time-varying models that accurately predict the per-
formance of each resonance tuning system have been developed. These developed
models were subsequently linearized to obtain linear time-invariant models that fa-
cilitate both analysis and design of the resonance tuning systems. Based on the
developed linear time-invariant models, guidelines for designing tI;e resonance tuning

systems were also provided. The results were illustrated through simulations.

6.2 Future Work

Despite the research of resonance tuning systems with phase detectors presented
in this thesis, there still exist many unanswered questions and thus the need for future
research work on these systems. For instance, analysis of the effects of noise on these
systems is still required. Also, more work is needed toward developing solid nonlinear
design guidelines, for applications where the linear models do not provide an accurate
representation of the actual system. Also, research is required for the development of

these adaptive resonance tuning systems for higher order resonators.
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