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ABSTRACT

Pure Azimuthal Shearing Deformations for an Extended Class
of Elastic Materials that are Characterized By a

Microstructurally Motivated Internal Balance Principle
By

Hasan Demirkoparan

In the event of certain substructural reconfiguration in solids, it is sometimes
the case that the notion of simple deformation X — x must be broadened so as
to incorporate a more detailed kinematic description. This typically involves new
kinematic variables in addition to x = x(X). Each new kinematic variable is in turn
associated with an additional balance principle of the same tensor order as the new
kinematic field variable. Gurtin’s theory of configurational forces and the Ericksen
model of liquid crystals are examples of such theories.

Recently a new constitutive framework for treating finite deformations when con-
ventional elastic behavior is modified by the action of an additional microstructural
balance requirement was proposed by Pence and Tsai. This framework offers inter-
esting possibilities for the development of singular surfaces that can be interpreted
as locations of concentrated microstructural rearrangement. This thesis investigates

the solution of the pure azimuthal shear problem in this new framework.
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CHAPTER 1

Introduction

In the event of substructural reconfiguration in solids, it is sometimes the case that
the notion of simple deformation X — x must be broadened so as to incorporate
a more detailed kinematic description. This typically involves new kinematic vari-
ables in addition to x = x(X). Each new kinematic variable is in turn associated
with an additional balance principle of the same tensor order as the new kinematic
field variable. The continuum mechanical theory known variously as “continua with
microstructure” [9] or “multi-field theory” [18] gives insight into the role of such addi-
tional balance equations. Gurtin’s theory of configurational forces provides a related
type of description [12]. A well-known example of such a theory is the Ericksen model
of liquid crystals [10]. In the liquid crystal theory, the additional field is a (unit) vector
that describes the liquid crystal orientation.

A new constitutive framework for treating finite deformations when conventional
elastic behavior is modified by substructural reconfiguration has recently been pro-
posed by Pence and Tsai [22]. Energy minimization then leads to an additional
balance principle that is associated with the richer kinematics. In this thesis, we
investigate the solution of the pure azimuthal shear problem in this new framework.
Azimuthal shear is most simply conceived as a twisting deformation of a circular

cylinder due to an imposed difference in twist ¥ between in the inner and outer



radii. The constitutive model has, among other things, a natural parameter k£ > 0
such that the neo-Hookean material in standard nonlinear elasticity is retrieved in
the limit £ — 0. In Chapter 2 the solution of the pure azimuthal shear problem
is summarized for a neo-Hookean material in standard nonlinear elasticity theory.
The methodology and results of the pure azimuthal shear problem for a neo-Hookean
material are well-known and will serve as a basis for comparison with the new results
described in this thesis. The new content of the thesis is divided into two parts as
presented in Chapters 3 and 4.

The first part of this thesis, Chapter 3, is concerned with a material model such
that the stored energy to be minimized is the sum of two terms. One term can
be viewed as penalizing macroscopic elastic deformation and the strength of this
penalization is described by a positive constant &. The second term can be viewed
as penalizing elastic substructural reconfiguration and its strength is described by a
positive constant a*. The parameter k is the ratio &/a*. In the first section of
Chapter 3 the pure azimuthal shear problem in this new framework is formulated.
It is confirmed that if the parameter k goes to zero, then the pure azimuthal shear
problem in the new framework reduces to the standard pure azimuthal shear problem
for a neo-Hookean material. Since the governing field equations are complicated for
a general k, it does not seem feasible to get a closed form solution for arbitrary
k. Hence, in Section 3.2, the pure azimuthal shear problem is studied for small
k by a perturbation expansion about the base neo-Hookean solution. The torque-
twist relation is also presented for small k. An interesting aspect of the torque-twist
relation as determined by the perturbation analysis is that torque is not an increasing
function of twist for all values of twist if k # 0. The pure azimuthal shear problem
is then solved numerically for any k£ in Section 3.3. When k # 0 the numerical

solution reveals evidence of a threshold value for twist at which smooth solutions



are no longer available. In Section 3.4 the pure azimuthal shear problem is solved
analytically in the special value k = 1 and a restriction in the form |¥| < ¥, On
the imposed twist ¥ is obtained for a classically smooth solution. With the exception
of k=0 and k =1 it does not seem likely that analytic solutions can be constructed
explicitly. In Section 3.5 the pure azimuthal shear problem is derived by minimizing
an appropriately reduced stored energy function which acknowledges the symmetries
inherent in the solution. In particular, we prove that the exact solution that is derived
in Section 3.4, is indeed an absolute minimum for the energy integral when k = 1.
In Section 3.6 direct methods of calculus of variations are used to investigate solution
possibilities for arbitrarily large twist ¥ when k = 1. A minimizing curve is obtained
among a collection of test curves for the parametric energy integral when the twist is
arbitrarily large. Indeed we prove that this minimizing curve is an absolute minimum
of the parametric energy integral in the class of piecewise-smooth curves such that,
once restricted to the interior, their parametrization reduces to a function. The
importance of such a result is that if we seek minimizers of the nonparametric energy
integral for arbitrarily large twist ¥ in the space of piecewise-smooth functions, then
the global minimum involves a discontinuity at the inner radius.

A more generalized material model is considered in the second part, Chapter 4.
The strain-energy function for the new material model augments the strain-energy
function of the first part by inclusion of an additional term. This additional term
can be viewed as penalizing the overall deformation, as opposed to penalizing specific
partial deformations. The strength of this penalization is described by a positive
constant a. Thus there are now three terms to the stored energy with respective
strengths &, a* and a. The pure azimuthal shear problem subject to the same
boundary conditions is studied in this extended material model when & = o* (k= 1).

Our interest is in the extent to which a > 0 gives different qualitative behavior from



the o = 0 treatment of Chapter 3.

In the first section of Chapter 4, the pure azimuthal shear problem is formulated for
the extended material model when & = a*. Moreover the resulting boundary value
problem is expressed as an integral equation. In addition two modified boundary
value problems are also defined. These second boundary value problems for the pure
azimuthal shear problem are useful for obtaining existence and uniqueness results.
The principle of contracting mapping is then used to prove an existence and unique-
ness result for the pure azimuthal shear problem in Section 4.2. In Section 4.3 the
pure azimuthal shear problem is solved numerically in the extended material model.
In Section 4.4 a regular perturbation procedure is used to investigate the solution of
the pure azimuthal shear problem when the material parameter a/& is small. It is
observed that if |¥| > Wy, then the regular perturbation cannot be used. Further
if U] > Upax or |¥]| = (1 — €)¥max With 0 < € < 1, then severe requirements are
placed on the smallness of a/& in order to obtain a useful approximation near the
inner radius. In Section 4.5 a boundary layer type analysis is developed in order to
get a useful approximation in such cases. In particular, inner and outer solutions
are obtained and a patching method is proposed for obtaining the full solution. This
patching method is found to give satisfactory agreement with the numerical solution.
The relation between torque, twist and energy in the extended material model is
studied in Section 4.6, which is then followed by a concluding discussion in Chapter

5.



CHAPTER 2

Pure Azimuthal Shear Problem for

a Neo-Hookean material

2.1 Introduction

This section provides preliminary discussion from the well known conventional theory
of hyperelasticity in order to provide context for this thesis. Readers familiar with the
pure azimuthal shear problem for a neo-Hookean material can, if they wish, proceed

directly to Chapter 3.

2.2 Pure Azimuthal Shear Problem for a Neo-
Hookean material

In standard nonlinear continuum mechanics it is the case that the continuity equation,
the principles of linear and angular momentum, and the energy equation hold for any
maferia] regardless of its constitution. However, unless the body can be regarded as
rigid, these equations are in general insufficient to determine the motion produced

by given boundary conditions and body forces. They need to be supplemented by



a further set of equations, known as constitutive equations, which characterize the
material composition of the body. Such a set of constitutive equations usually serves
to define an ideal material, and much of the work on modern continuum mechanics
has been concerned with the formulation of constitutive equations to model as closely
as possible the behavior of real materials.

We consider a continuous body which occupies a connected open subset of a three-
dimensional Euclidean point space, and we refer to such a subset as a configuration of
the body. We identify a specific configuration as a reference configuration and denote
this by B,. Let points in B, be labeled by their position vectors X relative to some
chosen origin and let B, denote the boundary of B,. Now suppose that the body
is deformed quasi-statically from B, so that it occupies a new configuration, B with
boundary dB. We refer to B as the current or deformed configuration of the body.
The deformation is represented by the mapping x : B, — B which takes points X
in B, to points x in B, where x is the position vector corresponding to the point
X in B,. The mapping x is called the deformation from B, to B.

In this section we review the well known treatment of this deformation in the
context of conventional continuum mechanics and hyperelasticity. In such a treatment

the equilibrium equations in the absence of body forces are given by
dive =0, (2.1)

where o is the Cauchy stress tensor and div is the divergence operator with respect
to current coordinates. The constitutive equation of an elastic material is given in

the form
o=G(F), (2.2)

where G is a symmetric tensor-valued function defined on the space of deformation



gradients F. Here F = Gradx or in component form

811,‘

F;a=a—/Y01

(2.3)

where 7 and a € {1,2,3}. In general the form of G depends on the choice of
reference configuration and G is referred to as the response function of the material
relative to reference configuration B,. A material whose constitutive law has the
form (2.2) is referred to as a Cauchy elastic material. From the point of view of both
theory and applications a more useful concept of elasticity, which is a special case of
Cauchy elasticity, is hyperelasticity (or Green elasticity). In this theory there exists
a stored energy function (or strain-energy function), denoted W = W(F), defined on

the space of deformation gradients such that the total stored energy is given by

E=/WWMV (2.4)
Then for an unconstrained material
ow
=GF)=J"'=—=FT 2.
oc=GF)=J o5 (2.5)

where J = detF. The Jacobian J of the deformation gradient F determines the
resulting volume change in the deformation. In this setting (2.1), (2.5) are the Euler-
Lagrange equations associated with minimization of (2.4). For a volume preserving

(isochoric) deformation
J=1 (2.6)

A material for which (2.6) is constrained to be true for all deformation gradients F is
said to be incompressible. The modification of (2.5) appropriate for incompressibility
is

_w

7= BF

F' -pl, (2.7)

where I is the identity tensor and the scalar p is an arbitrary hydrostatic pressure,

that is formally the Lagrange multiplier associated with the constraint (2.6).

7



A standard model for an incompressible material is given by the neo-Hookean

stored energy density W in the form

W= ou(h-9), (2.8)

where p > 0 is the shear modulus of the material in the reference configuration,
I, = tr(B) and B = FFT | the left Cauchy-Green tensor of the deformation, and tr
denotes the trace. More detailed explanation of the above concepts, including restric-
tions upon W motivated by observer invariance and material symmetry requirements,
can be found in any standard nonlinear elasticity book [2], [3], [11], [21].

Consider a nonlinearly elastic thick-walled circular cylindrical tube whose natural

(unstressed) configuration is defined by
0<R <R<R,,0<0 <21, 0<Z<h, (2.9)
where (R,0, Z) are cylindrical polar coordinates. Consider the following deformation
r=R,0=0+g(R), z=Z, (2.10)

where (r,6,z) are cylindrical polar coordinates associated with the deformed con-
figuration. The deformation (2.10) is called a pure azimuthal shear (it is also called
gyroscopic, rotational or circumferential shear in the finite elasticity literature [6],

[15], [24], [26]). The deformation gradient F is given by

1 00
F=|rgd 1 0|=1+rde®ep, (2.11)
0 01

where ’ denotes the derivative with respect to R. Since r = R we may also con-
sider that the derivative is with respect to r. Note that (2.6) is satisfied for this

deformation.



The left Cauchy-Green tensor B = FFT is

1 rg 0
B=|rs 14(rg) 0 (2.12)
0 0 1

=I+rg (es®@e, +e Qe+ (rg)’ es @ ey.
For a neo-Hookean material the Cauchy stress tensor follows from (2.7), (2.8) as
o=-pl+uB. (2.13)
The equilibrium equations (2.1) in cylindrical coordinates are

do., 100, Oo,, 1 _
or +; o0 + 02 +; (Urr_UOG) —Oa (214)

Oog, 10099 Oog, 1 _
o Tr a6 T o. Tr ot =0, (2.15)

do,, 100, 0o, 1 _
or "1 a0 5z 70T T 0 (2.16)

We will impose boundary conditions of prescribed twist

9(R:) =i,  g(Ro) = vo. (2.17)
We also consider the boundary condition

rr(Ro) = o7, (2.18)

meaning that the outer surface R = R, supports a radial traction o2.. Replacing the

components of & in equilibrium equations (2.14)-(2.16) gives

Ou—p)  10(prg)
or r 06

+ %[—u(rg')Ql =0, (2.19)

Ourg’)  10(n+p(rg)* —p)
or T 06

1
+ ;(2/"‘9') =0, (2.20)



O(u—p)

Since g is a function of r only, it follows from (2.19)-(2.21) that

0z

=0.

5 +ur(g)? =
d(rg’) 10p
or r 00
Op
35 0.

Then equation (2.24) gives

p = p(r,0),

while equation (2.23) supplies

Op

a6 ="

Hence dp/d6 is a function of r only and so p must be linear in 0; i.e.,

d(rg’)
or

+ 2urg’.

p=co(r) 8 + p(r).

On the other hand it is immediate from equation (2.22) that

&p

arae

Hence ¢y(r) is a constant function and p becomes

p=cob+p(r).

Because of the symmetry, for any 6

0‘,-,-(9) = Urr(o + 271'):

which gives

Co

0.
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(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)



Consequently

p=p(r). (2.32)
Using the above result in (2.26) gives

a(r’g) _
7 =0, (2.33)

After integration and replacing r by R

Cy

9(R) = R + ¢z, (2.34)

where ¢; and c; are integration constants. Using the above result in (2.22)

(,‘2
p(R) = % +c3, (2.35)

where c; is another integration constant. The boundary conditions (2.17) now give

(Yo — %) RIRS

C = R? — Rg ’ (236)
(1/)1' B 1/’0)33
=1+ “R_R (2.37)
Notice that |¢g’(R)| is decreasing in R with finite maximum value
/ 2 (wz - "/’o)R2
3| = 2\ = Yo)li, 2.
The boundary condition (2.18) supplies
L 2 P4
= wu —p+ol. (2.39)

¢ ®-RY

This completes the solution of pure azimuthal shear problem for a neo-Hookean

material. The methodology and results (2.9)—(2.39) are well-known and will serve as

a basis for comparison with the new results described in this paper. We will compute

some useful quantities for later use. The normal traction on the inner surface R = R;
is

R? + R?
RZ-R?

Urr(Ri) =K (wo - d)i)z + 0'9,' (240)

11



Note that o,,(R;) < 0%.. The azimuthal component of the traction on the inner and

outer surfaces are given respectively by

R?
oor (Ri) = 21 13 (Yo — %), (2.41)

2

R
0or(Ro) = 21 5 (Yo — ¥). (2.42)

Torques, M; and M, acting on inner and outer surfaces are

2 47 puh R? R?
Mi=h [~ ou(R) db = - 5520 v, - ) (243)
0 o ‘4
2m 4mph R?R?
M,=h | R2ow(R)d8 = =52 (v~ ). (2.44)
0 o Y4

Note that M; + M, = 0, which is expected from the general theory. Let M = M, =

—M;. Twist ¥ is defined to be the difference between angular displacements at
R=R, and R=R;:
v = (d)o - wz) (245)

The Torque- Twist relation now follows from (2.44), (2.45) as

47 ph R? R?

M= . (2.46)

Note from (2.12) that, I; = 3 + (rg¢’)? which in turn gives W = pu(rg’)?/2. The
energy E stored by this deformation follows from (2.4) and (2.34) as

27 ph R? R?
E = —Eg—T?o ‘1’2. (247)
The work of the torque (2.44) is defined to be

. v
W = /0 M) dy, (2.48)

where M = M(y) is given by (2.46) with 9 replacing V. By direct calculation it is

found that
W =E, (2.49)

12



Figure 2.1: Deformation of an originally vertical line segment for different amount of
twist ¢, and ¥; = 0. Specifically shown are ¥, = .75413, 1.50826, 3.0165, 5.49779
corresponding respectively to 43.20°, 86.41°,129.62°,315° for a neo-Hookean material
in standard nonlinear elasticity theory. Note that R; =1 and R, = 4 are used and
multiples of arccos(R?/R?2) = 1.50826 are selected in order to provide correspondence
with results of the more general theory that is the object of this thesis

which is also to be expected from the general theory.

We will conclude this section by considering the cross-section R; =1, R, =4 and
sketching the deformation of the line segment given by {(R,0)|]1 < R< 4,0 ==/2}
in the reference configuration. Suppose ¥; = 0 so that deformation is governed
by v, whereupon g(R) = ((-16/15R?) + 16/15) v,, ¢'(R) = (32/15R3) v,.
Figure 2.1 shows the deformed location of the line segment for four values ,:
Yo = 0.5arccos(R?/R?) = 0.75413, ¢, = arccos(R?/R2?) = 1.50826, v, =
1.5arccos(R?/R?) = 3.0165, v, = (7/4)n = 5.49779. Multiples of arccos(R?/R2) =
1.50826 are selected in order to provide correspondence with results of the more

general theory as later considered in Section 3.4.
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CHAPTER 3

The Internally Balanced Material

3.1 Formulation of the Problem for the Internally

Balanced Material

The constitutive framework that we consider in this thesis is due to Pence and Tsai

[22] and is based on multiplicative decomposition of the deformation gradient
F = FF*, (3.1)

where F and F* are respectively the conventional elastic part of the deformation and
a precursor internal deformation that we will term pre-elastic. A full discussion of the
rationale and motivation for this theory is given by Pence and Tsai [22]. In this thesis

we will consider materials that admit only volume preserving deformations; hence
detF =1. (3.2)
Further, the elastic part itself is also taken to be volume preserving and thus
detF =1. (3.3)
Note that (3.2), (3.3) in turn give

det F* =1, (3.4)

14



and that any two of (3.2), (3.3), (3.4) implies the third. Equilibrium in this theory is
(3.5)

based on minimizing the potential energy functional

E= / W(E,F*) dX,

where W is a general storage energy function. The energy considered here is taken
(3.6)

to have the following form
(il - 3))

ol

W = %(1; ~3)+
where o* > 0 is the internal modulus, & > 0 is the shear modulus and I} = tr B*

and I, = tr B with B* = F*(F*)T and B = F(F')T. Note that both B and B* are
(3.7)

symmetric positive-definite with

det B = 1,
(3.8)

and

det B* = 1.
As discussed by Pence and Tsai [22] minimization of the potential energy functional

involves separate independent variations with respect to both x and F*. Minimiza-
(3.9)

tion with respect to x at fixed F* gives
(3.10)

dive =0,

c=aB-pl
Here p is a Lagrange multiplier associated with the constraint (3.2). Minimization
(3.11)

with respect to F* at fixed x gives the internal balance

.2 o
aB +¢B=qa"B,
where ¢ is a Lagrange multiplier associated with the constraint (3.4). Equation (3.11)

is the additional internal balance principle that serves to generalize the present treat-
ment. It is a natural consequence of the energetic dependence on the decomposition

15



(3.1) which, as discussed Pence and Tsai, is motivated by the need to characterize
materials with complex microstructural features.

Pence and Tsai prove for arbitrary symmetric positive-definite tensor B obeying
det B = 1 that equations (3.7) and (3.11) can be solved uniquely for a symmetric
positive-definite tensor B and scalar g [22]. The proof given by Pence and Tsai is not
fully constructive, in that the analysis generates a sixth order polynomial equation
for ¢ that may not have a closed form expression for the root of interest. The root
itself however is guaranteed to exist and selected by a bound requirement.

We now formulate the pure azimuthal shear problem for this material. This de-
formation is again assumed to be in the form (2.10) so that (2.11), (2.12) continue to
hold. This in turn ensures (3.2). We seek scalar functions g(r), p(r,9, z), q(r,0, 2)
and a symmetric positive-definite tensor function l§(r, 6, z) such that equations (3.7),
(3.9), (3.10), (3-11) hold where B is given by (2.12). We again consider boundary
conditions (2.17), (2.18).

Since B is given by (2.12), equations (3.7) and (3.11) can in principal be solved
for B and ¢ in terms of r¢’, implying, in particular, that ¢ = ¢(r) and B = B(r).
Once B is known the components of o follow from (3.10) whereupon the equilibrium
equation (3.9) is anticipated to first require p = p(r) and second provide g(R) and
p(R). This is the strategy in what follows.

By using the argument given by Pence and Tsai, it can be shown that B and
q are independent of § and z by the following argument. Let b; and b; be the
eigenvectors of B and B, respectively, corresponding to the eigenvalues A\? and ;\,2
respectively. The internal balance (3.11) gives that B and B have common principal

frames whence b; = b;. Thus by principal frame calculations

A= (o) (@A + g D), (3.12)
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and

1

. g+ JPTdaax
jeo 9t ve tlatad (3.13)
2a

Since (3.7) gives A2 A2 A2 = 1, it follows from (3.13) that
3

H(—q+\/q2+4da‘x\,-2):8é3. (3.14)

i=1

By using the definition of B

A2 =1, (3.15)
A= %(2 +(rg")? — -4+ (2+r2g'2)? ), (3.16)
A2 = %(2 +(rg')? + V-4 + (2 +72¢'2)? ) (3.17)

and corresponding eigenvectors are

b1=ez, (318)
)+ 4+ (24729 2)?

b2=_(rg) v 2rg'( rg’) e, + e, (3.19)
N2 — ./—4 2 2972)2

by = (O VA Qg (3.20)

2rg
Note from (3.14)-(3.17) that ¢ is independent of 6 and z. Since b; = b;, we can

write
BZ;\fb1®b1+;\;b2®b2+;\§b3®b3, (321)

and conclude that B is independent of  and z with B,, =0 and Bgz =0. Thus B

can be written as

Brr Bro 0
B = B.,-o ng 0 ) (322)
0 0 B.
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and by (3.7)
B.. (B.y Bgg — B%) = 1. (3.23)

Now, using (3.22) in (3.10) the Cauchy stress tensor & can be written as

aB..—p @By 0
o= dBrg ngg -p 0 . (3.24)
0 0 aB,, —p

The equilibrium equations (3.9) become

8(aB,,—p)  108(GByg) 1.  .a .
o trog  *@Br—aBw) =0, (329)

8(6Bys)  10(aBaw=p) 1.5\ _
or + r 00 ;(20 ) =0, (3.26)
d(aB.. —p)
2 o | (3.27)

Since B is a function of r only, the equations (3.25)(3.27) reduce to

0B, Op a, = .
a or E + ;(Brr - B00) =0, (328)

OB,y 10p 24 -

&5 ~rag T oe=0 (3:29)
op
%o (3.30)

From (3.30) it follows that p is a function of r and 6, and from (3.29) it follows
that dp/d6 is a function of r only. Hence p must be linear in . By using similar
arguments as in the neo-Hookean case (Chapter 2), equations (3.24) and (3.28) lead

again to the conclusion that p is a function of r only. Then (3.29) gives

0B,y 2a -

A — Dy = U, 31
6= + By =0 (3.31)
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and hence

- d
By = — (3.32)

r2’

where d; is an integration constant. Moreover (3.28) can be written as

dp .0B. &,- .
g-—a or ;(Brr—Bog). (333)

The internal balance equation (3.11) can be written in the following form
kB’ +pB =B, (3.34)

where we introduce the normalized parameter k£ and the normalized function p = p(r)
via

k= %, p(r) = M (3.35)

a*

Then the four nontrivial components of (3.34) generate

k(B +B%)+pB,—1=0, (3.36)
k (B,, B,s + Brg ng) +pBg—rg =0, (3.37)
k(B% + B3y) + pBop — (1 + (rg)?) =0, (3.38)
kB2, +pB,,—1=0. (3.39)

Therefore, in this new framework, the pure azimuthal shear problem reduces to
the following.

Find scalar functions p = p(r), p=p(r), g =9(r), B., = Brr(r), By = ng(r),
B.. = B,.(r) such that equations (3.23), (3.33), (3.36), (3.37), (3.88), (3.39) are
satisfied. Here Bg is given by (3.32) in terms of as yet undetermined constant d; .
This constant and any other integration constants will be determined from boundary

conditions (2.17) and (2.18).
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We conclude this section by showing that this boundary value problem reduces to
the pure azimuthal shear problem for the standard neo-Hookean material in the limit

k — 0. As k goes to zero it follows from (3.36) that

A

B = % +o(1), (3.40)

from (3.37) that

B = r—pg— +o(1), (3.41)

Bgg = ——=— +0(1), (3.42)

and from (3.39) that

- 1
B,, = =+ 0(1). (3.43)
p
Substituting from (3.40)—(3.43) into (3.23) and retaining only O(1) terms gives
1 /1 1+ng'2 ,,.2912
= - =1 3.44
P (p P P ) (3.44)

After simplifying, equation (3.44) reduces to p® = 1 which gives

p=1+0(1) (3.45)
independent of 7. Therefore in the k — 0 limit it follows to leading order that
B,=1 By=r¢, Bp=1+r%?% B, =1 (3.46)

Using the above results in (3.32) and in (3.33), give respectively to leading order that

g =d, (3.47)
and

dp N "2

_— = - R ~4

o ar(g) (3.48)

20



Observe now that equation (3.47) is equivalent to equation (2.33) from the neo-
Hookean case. Similarly equation (3.48) retrieves equation (2.22) from the neo-
Hookean case. Hence as k — 0 the results of the neo-Hookean analysis are obtained.
For future use we note that (3.45) implies p — 1 in this limit, which by virtue of

(3.35) gives that ¢(r) — a*.

3.2 Solution for Small £ (& < a*)

At the end of the last section it was shown that the present theory with & = 0
reduces to the problem for the neo-Hookean type material of standard nonlinear
finite elasticity. In this section we will study the pure azimuthal shear problem for
small k by a perturbation expansion about the base neo-Hookean solution.

If £ =0, then the neo-Hookean solution applies. From equations (2.34) and (2.35)

this solution is given by

c
9o(R) = '1% + C20, (3.49)
and
acl,
po(R) = i T Co0, (3.50)

where ¢jo, ¢, €30 are the constants computed from boundary conditions (2.17),
(2.18) and given by (2.36), (2.37), (2.39) respectively. Note that instead of c;, c2,
c3, the constants cyg, ¢z, c30 are used respectively to emphasize that these are the
constants corresponding to zeroth order solution. The subscript ¢ is used to denote
the zeroth order approximations for the unknown functions and tensor quantities.

Moreover from (3.46) the base neo-Hookean value of B is

1 rgo’ 0
Bo=|rg’ 1+ (rg’)? 0 |, (3.51)
0 0 1
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and from the remark after (3.48)
Qo =a". (3.52)

Assume that there is a small k solution in the form of following expansions for g(R),

p(R), q(R), B(R) for the given problem:

9(R) = go(R) + X732, K" gn(R), (3.53)
P(R) = po(R) + I3, k" pa(R), (3.54)
q(R) = g0 + Z3Z, k" qn(R), (3.55)
B(R) = By(R) + =2, k" B,(R), (3.56)

where go(R), po(R), go and Bg(R) are as given above. Note that by using the

expansion (3.53) the left cauchy-green tensor, B, given by (2.12), can be written as:

1 (90" + kg’ +...) 0
B=|r(g'+ka'+...) 1+7%(go'+kg’+...)2 0|, (3.57)
0 0 1]
or equivalently,
1 Tgo’ 0 0 rgi” 0 ]
B=|rg’ 1+7%g")? 0 |+k| rg’ 2r2g'qy’ 0| +... (3.58)
0 0 1 0 0 0|
giving that
1 90’ 0
Bo= | rg’ 1+7%g")? 0 |, (3.59)
0 0 1

22



and

Bi=|rg’ 2%'q" 0 |- (3.60)
0 0 0
Substituting from expansions (3.53)—(3.56) into the internal balance (3.34) gives

(a’+kq1+...)

k(B + kB +...)* + (Bo + kB; +...)

a‘
~(Bo+ kB +...) =0, (3.61)
or equivalently,
A 2 A a1 5 2
(Bo — Bo) + k(Bo ~B,+B, + ;Bo) +O(k?) = 0. (3.62)
The O(1) terms of (3.62) give
B, = By, (3.63)

which was already evident from (3.51) and (3.59), while the O(k) terms give

B, + % Bo+B, - B, =0. (3.64)
Therefore

&:m—ﬁ—%m. (3.65)

By using (3.59), (3.60) and (3.63)

~1-(q1/a*) = 1%(g0")*  (B1)re 0
B, = (B)eo 0 , (3.66)
-1~ (q/a")
where
(Bl),-g =rg —2rgy’ —1r(g’)® - (%rgo', (3.67)
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(Bl)oo — 27'290 ,gl r_ 1-— 37,2(90/)2 _ ,,_4(90 1)4 _ _g_l; _ %7'2(90/)2, (368)

and the other components of B, follow from the symmetry of B;. To find the
complete solution up to the order k, it is necessary to find ¢;, g; and p,. If the com-
ponents of By and B, given by (3.59) and (3.66)—(3.68) respectively, are substituted

into (3.23), then it follows that

x

1+ k( -3- 3:‘ —12(go ')2) +0(k*) =1, (3.69)

from which it is immediate that

< 3+ (g0")?). (3.70)

Q= 3

If go'(r) is computed from (3.49) and used in (3.70), then ¢ is found as

Q=-a (1 + 4{:%) | (3.71)

where ¢ is the constant given by (2.36). By using the reduced equilibrium equations
(3.32) and (3.33) it follows that g, and p; are given by

_ 80‘?0 2610 —C11 c
- 21
9r6 2r2 '

)1 (3.72)

and

_ (11c2y —3coen) & N 4ct,a
3rd 8

D1 + C31. (373)

The constants ¢y, ¢c1, ¢3; are determined by requiring ¢;(R;) = ¢1(R,) = 0 and
o.(R,) = 0% . Hence

LRI+ RIR + Ro)cly

e =2cp QR;‘ Rg ) (3-74)
8 (R? + R%) ¢}
C21 = W, (3.75)
403 — A
Ca1 = C10 [ 4610 + Rg(3 C11 19 CIO)] a‘ (376)

3RS
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The azimuthal component of the traction on the inner and outer surfaces are respec-

tively given by

a &
Uor(R,i) = 2CIOE?- - kC“-R_? + O(k2), (377)
& & )
Uor(Ro) ==2 cloﬁi + kcllﬁ + O(k ) (378)

By using (3.78) the Torque can be computed from
27
M=h / R? 59.(R,) db. (3.79)
0

Then Torque-Twist relation is given by

4mha R? R?

M=——//#——"*_"°2{y —
R? — R?

4mhé R2R? [9(R? — R%)? + 8(R! + R? R + R%) U]
R - R? 9(R? - R2)?

k ¥ + O(k?). (3.80)

Note from equation (3.80) that M(—¥) = —M(¥) by the terms thus far computed.

The torque can be normalized by dividing 4 7 h & R? R2. The normalized Torque-
Twist relation up to O(k) as given by (3.80) is displayed in Figure 3.1. Here R; =1,
R, = 4 and the solid line shows the neo-Hookean case k = 0. The dashed line shows
the case k = 0.02. Figure 3.1 shows that increasing k = &/a* results in a relative
softening.

Perhaps the most interesting aspect of (3.80) is that, to within the terms thus far
computed, M is not an increasing function of ¥ when k£ > 0 for all V.

By using (3.80) it is immediate that

dM _ 47h&R?R2(k—1)

i -y (3.81)

L 32mh& RYRS(RY + RIRS + R)) k 0°

3R — R2)P + o(k?).
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Figure 3.1: Comparison of normalized torque-twist relation when k£ = 0 and k = 0.02
for R, =1 and R, = 4. The dashed line shows the case k£ = 0.02. The normalized
torque is M/(4mha R? R?)

On the basis of the terms thus far computed one can solve dM/d¥ = 0 for ¥ and

hence M takes its extremum values at

V3(R: - R®V1—k

U = £ U (k), Vere(k) = AR RE T (3.82)
Also note from (3.82) that

lim Vo (k) = 00, (3.83)
and that

Wor _ V3 (R; — RY) (3.84)

dk  /3JI-kk k(R + RERZ+ RY)
Restricting attention to small k, and in particular taking 0 < k < 1 it follows
that dWe/dk < 0. It will indeed be shown analytically in Section 3.4 that loss of

resistance occurs for k£ = 1 at sufficiently large ¥. On the other hand, this thesis
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will show that the subsequent decrease in M with ¥ for ¥ > ¥, is not found
analytically. Presumably this decrease is an artifact of the expansion procedure that
would be corrected by invoking a ¥ dependent criterion for determination of the
number of terms necessary for a uniformly valid approximation. These issues will be

clarified in the following development.

3.3 Numerical Solution

In this section we present a numerical solution procedure for the pure azimuthal
shear problem which does not require an assumption of small k. The solution reveals
evidence of a threshold value for ¥ at which smooth solutions no longer are available.

We begin with some additional reduction of the governing equations. Post-

multiplying (3.34) with B gives
kB+pI=BB . (3.85)

Since the product of two symmetric matrices need not be symmetric, there are five

nontrivial components of (3.85) as follows

kB + p = B..[Bos — rg' By, (3.86)

k B,s = B,.[rg'B,r — By), (3.87)

k B,y = B,.[rg'Be — (1 + (rg')?) Bse), (3.88)

k Boo + p = B..[(1+ (rg')*) Byr — 7¢' B, (3.89)

kB.,+p= L (3.90)
B..
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The values B,, and Bgy can now be obtained from (3.87) and (3.88) respectively in

terms of B,y and Bz,, providing

B, = [; +1 f—;‘j’, (3.91)

A

By = [; +1+ (rg')z] f;

Note, if B,, as determined from (3.91) and By as determined from (3.92) are

(3.92)

both substituted into (3.86) and (3.89) respectively, then the resulting equations are
equivalent. Therefore only four of the five equations in (3.86)-(3.90) are independent.
In addition B,, can be obtained uniquely from (3.90) in terms of p by using the

positive-definiteness of B;

. —p++/ 4k
B, = PTVP Tk (3.93)
2k
The constraint (3.23) yields
- PN 1
B? = B,, Byg — 5 (3.94)

Taken together (3.91)-(3.94) indicates that B,y can be found as a function of g’ and
p. Indeed it is given by
V2krg
Br0 = .
V2 (129 +2) + (K — 1)p+ 3k + p2(1 + k)
By using (3.93), (3.95) in (3.91), (3.92) the nontrivial components of B can be found

(3.95)

in terms of ¢’ and p. In principal (3.86), or equivalently (3.89), now supply an
equation relating p and ¢'.
To get a numerical solution observe first from (3.32) and (3.95) that
2kr?g'? d

2U2(r2g'2 +2) + (KB — V)p+ Ak + pP2(1L+k3) 1
Secondly upon substituting from (3.91), (3.92), (3.93), (3.95) into (3.86) and manip-

(3.96)

ulating the resulting equation it is found that
K3p% — (k3 — Dk2(r2g'2 + 3)p° + [1 — (r2g'2 + 1)k® + k%) (r%g'2 + 3)k p*+
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(1+5k3 — 5% — k%)p® + 2(k* — 1)2k2(r?¢’'? + 3)p® + (K* = 1)* = 0. (3.97)

Let k be fixed and choose a trial value for d;. Then at a given radial location
r = r; the equations (3.96) and (3.97) can be solved simultaneously for p; = p(r;)
and g; = ¢'(r;). Once g; is known the tangent line approrimation can be used
to estimate g(r) at a nearby point 7 provided that g(r;) is also known. This is the
strategy we will follow. At issue is the proper value of d;. Divide the interval [R;, R,)
into IV equal subintervals and label the end points as R; = rg,7y,...,78v = R,. One
of the boundary conditions in (2.17) can be used as starting point, say g(ro) = ;.

Then by the tangent line approximation

g(r1) = g(ro) + (¢'(ro) Ar), (3.98)

where Ar = (R, — R;)/N . In general

—

g; = g(r;) = g(ro) + ) (g'(n) Ar), (3.99)
)

<.

1
=}

for j=1,2,...,N. Since g(Ry) = 9, it is therefore necessary to choose d; so that

Yo — i = i(g’(n) Ar). (3.100)
=0

That is, d; can be used as a shooting parameter. Using this numerical scheme it is
found that d, and the overall solution curves are robust with respect to finer and
finer discretization (increase in N).

However it is found that the R = R; end point value of ¢’; that is, ¢’(R;), is very
sensitive to change in N when 1, is sufficiently large. For example take k = 0.1,
R, =1, R, =4, and 9; = 0. Then for ¢, = 2 it is found that d, = 2.84365 for
N = 300 and that d, = 2.86951 for N = 3000. The associated numerical values of
g (R) at R; =1 are found to be ¢'(1) = 8.54856 and ¢'(1) = 9.05256 respectively.
On the other hand for ¥, = 10 it is found that d, = 3.1621814432 for N = 300 and
that d, = 3.162276607355 for N = 3000. The associated numerical value of g¢'(R)
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at R; = 1 are found to be ¢'(1) = 736.36329 and ¢'(1) = 7101.95319 respectively.
We also find for ¥, = 2 that the numerical value of the derivatives at R = 1.01 are
given by ¢’'(1.01) = 7.56906 and ¢'(1.01) = 7.94672 respectively for N = 300 and
N =3000. For ¢, = 10 it is found that ¢’(1.01) = 23.48574 and ¢'(1.01) = 23.50641
respectively for N = 300 and N = 3000. Therefore only ¢'(R;) is very sensitive to
change in N when 1), is sufficiently large. In general, if j # 0, then g; values are
quite stable to increase in N even for large 1, values. In particular for sufficiently
large 1, , the numerically computed value of ¢’'(R;) increases without apparent bound
as N gets larger. We speculate that this is numerical evidence for a lack of smooth
solutions at R = R; when 1), is sufficiently large.

For k = 0.1 Figure 3.2 shows the graph of g(R) for five values of ¥,: ¥, = 1,
Yo =2, Yo =3, Yo =95 and ¥, = 10 when R; = 1, R, = 4, ¥; = 0 from
the numerical procedure outlined above. For ¥, = 5 and ¥, = 10 the numerical
procedure does not converge to a finite value for ¢’(R;) and the associated graphs for
g(R) show an apparent discontinuity at R = R;. Figure 3.3 shows the corresponding
p(R) for the same parameter values. The graphs of p(R) are ordered from top to
bottom for ¥, = 1, ¥, = 2 and ¥, = 3 and they are almost identical for ¥, = 3,
%, = 5 and ¢, = 10. For ¢, = 1 and ¥, = 2 we find that p(R,) = 0.89962
and p(R,) = 0.89903 respectively. For vy, = 3,5,10 we find that p(R,) = 0.89883.
However p(R;) = 0.790,0.490,0.064, 0.005,0.001 for v, = 1,2,3,5, 10 respectively.

For k = 0.5 Figure 3.4 shows the graph of g(R) for five values of ¥,: 9, =1,
Yo=2,Y,=3, ¥o=>5 and ¢, =10 when R; =1, R, =4, ¢; = 0. For ¢, = 2,
Yo =3, ¥, =5 and ¥, = 10 the numerical procedure does not converge to a finite
value for ¢’(R;) and the associated graphs for g(R) show an apparent discontinuity
at R = R;. Figure 3.5 shows the corresponding p(R) for the same parameter values.

The top curve corresponds to ¥, = 1. The graphs of p(R) are almost identical for
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Figure 3.2: Graphs of g(R) for five values of 9,: ¥ =1, ¥, =2, ¥, =3, ¢, =5
and 9, = 10 when R; =1, R, =4, ¢; =0 and k =0.1. For ¢, =5 and v, = 10
there is an apparent discontinuity at R; =1

p(R)

1 15 2 25 3 35 4
R

Figure 3.3: Graphs of p(R) for five values of ¥,: ¥, =1, ¥, =2, ¥, =3, ¥, =5
and ¥, =10 when R; =1, R, =4, ¥; =0 and k = 0.1. The top curve corresponds
to ¥, = 1 and the middle one corresponds to ¥, = 2. The graphs of p(R) are almost
identical for ¥, = 3, ¥, = 5 and ¥, = 10 and so generates an essentially common
lower curve
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a(R)

Figure 3.4: Graphs of g(R) for five values of ¥,: ¥, =1, o =2, ¢ =3, ¥, =5
and ¥, = 10 when R, =1, R, =4, ¥ =0 and k = 0.5. For ¢, = 2, ¢, = 3,
Yo =5 and 1, = 10 there is an apparent discontinuity at R; =1

Yo = 2, ¥, =3, ¥, =5 and ¥, = 10 and so generates an essentially common
lower curve. For ¢, = 2,3,5,10 we find that p(R,) = 0.49934 and for ¥, = 1 we
find that p(R,) = 0.49955. However p(R;) = 0.3252,0.0042,0.0012,0.0005, 0.0002
for ¥, =1,2,3,5,10 respectively.

For k = 1 Figure 3.6 shows the graph of g(R) for five values of ¢,: ¥, =1, 9, = 2,
Yo =3, ¥, =>5and ¢, = 10 when R; =1, R, = 4, 1); = 0. The associated graphs for
g(R) again show an apparent discontinuity at R = R; when ¥, =2, ¥, =3, ¥, =5
and ¢, = 10. Figure 3.7 shows the corresponding p(R) for the same parameter values.
Note from the scale that this numerical solution gives 0 < p(R) < 1 for R > R; = 1.
The top curve corresponds to ¥, = 1. The graphs of p(R) are almost identical for
Yo =2, o =3, ¥, =5 and ¥, = 10 and so generates an essentially common lower
curve. For each 1, we find that p(R,) = 0.000422356. However p(R;) = 0.0001,
0.000001, 0.0000003, 0.0000001, 0.000000056 for ¥, =1,2,3,5,10 respectively.
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Figure 3.5: Graphs of p(R) for five values of ¥,: ¥, =1, ¥, =2, ¥, =3, ¥ =5
and ¢, =10 when R; =1, R, =4, ¥; =0 and k = 0.5. The top curve corresponds
to ¥, = 1. The graphs of p(R) are almost identical for ¥, =2, ¥, =3, ¥, =5 and
¥, = 10 and so generates an essentially common lower curve

10 Al ) & : : \J

g(R)

3 35 4

Figure 3.6: Graphs of g(R) for five values of ¢,: ¥, =1, b =2, ¥, =3, ¥, =5
and ¥, =10 when R; =1, R, =4, ¥;=0and k=1. For ¥, =2, ¥,=3, ¥, =5
and 1, = 10 there is an apparent discontinuity at R; =1
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x 10

p(R)

Figure 3.7: Graphs of p(R) for five values of 9,: ¥, =1, ¥, =2, 0o =3, ), =5
and vy, = 10 when R; =1, R, =4, ¥, =0 and k = 1. The top curve corresponds
to ¥, = 1. The graphs of p(R) are almost identical for ¥, =2, ¥, =3, ¥, =5 and
', = 10 and so generates an essentially common lower curve

For k = 2 Figure 3.8 shows the graph of g(R) for five values of ¢,: v, =1, ¢, = 2,
Vo =3, U =5 and ¥, =10 when R; =1, R, =4, ¢; = 0. The associated graphs for
g(R) again show an apparent discontinuity at R = R; when ¥, =2, ¥, =3, ¢, =5
and ¢+, = 10. Figure 3.9 shows the corresponding p(R) for the same parameter values.
The lower curve corresponds to v, = 1 and graphs of p(R) are almost identical for
Uy =2, ¥y =3, v, =5 and ¢, = 10 and so generates an essentially common top
curve. For ¢, = 2.3.5.10 we find that p(R,) = —0.9987 and p(R,) = —0.9991
when v, = 1. However p(R;) = —0.6505, —0.0080. —0.0025, —0.0011, —0.0010 for
v = 1.2.3.5.10 respectively.

It is tempting to seek a correlation between the issue of an apparent discontinuity
at R = R, for sufliciently large v, and the previously obtained W (k) in Section

3.2, This gives rise to the notion of a smooth solution region in (. A )-space for
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g(R)

Figure 3.8: Graphs of g(R) for five values of ¥,: ¥o =1, Yo =2, ¥, =3, ¢, =5
and ¢, =10 when R; =1, R, =4, ¢; =0 and k=2. For ¥, =2, ¥, =3, ¥o=5
and 1, = 10 there is an apparent discontinuity at R; =1

P U SN SRS MU S S—

p(R)

Figure 3.9: Graphs of p(R) for five values of ¥,: ¥, =1, ¥, =2, ¥, =3, ¥, =5
and ¢, = 10 when R; =1, R, =4, ¥; =0 and k = 2. The top curve corresponds
to 9, = 1. The graphs of p(R) are almost identical for ¥, =2, ¥, =3, ¥, =5 and
¥, = 10 and so generates an essentially common lower curve

35



fixed R;, R,, ¥;. Using R; =1 and R, =4 in (3.82) gives

15v3v1 -k
V8V2I3k

Let ¢; = 0. Then the curve (3.101) can be used to estimate the boundary for

U (k) = (3.101)

the proposed smooth solution region in (,,k)-space. On the basis of following the
argument it is found that smooth solution region is in fact somewhat larger than that
predicted by (3.101). Based on the numerical solutions presented above it can be
assumed for a given k that there is an ¥ (k) for which ¢’(R;) — co. Equivalently
there is a critical value of shooting parameter d,, say d.t(k), for which ¢'(R;) — oo.
Indeed it can be seen from (3.96) that

e (k) = % (3.102)

Then for a given R, and N equation (3.96) with d; = d.; in conjunction with
and (3.97) can be solved simultaneously for p; = p(r;) and g} = ¢'(r;) as before.
In principle V. (k) can now be approximated by (3.100). However the sensitivity
of ¢(R:;) to N gives difficulty. Since p; (j = 0,...,N) has no such sensitivity,
an alternative is to find a good fitting polynomial for p(r). Once a closed form

approximating function for p(r) is available, equation (3.96) can be solved for ¢'(r)

giving

VAR + (8 = 1) & p(r) + (1 + k) &2 /T + p(r)?

!
i
gr) N T

(3.103)

Note that since 9, > ®; it is the positive root of (3.103) that is of interest. If the
positive root of (3.103) is integrated numerically from R; to R, with d; = d.;, one
then obtains an estimate for ¥, (k).

By using the outlined method, the maximum amount of twist versus k is depicted
in Figure 3.10. Note that VU (k) apparently takes its minimum when k = 1. The

graph of W (k) is also depicted in the same figure. Note that W, (k) is defined if
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Maximum Twist

Figure 3.10: The lower curve is the graph of VU (k) and the upper curve is the
numerically estimated VW (k) when R; =1, R, = 4. Note that ¥ (k) appears to
take its minimum when k£ =1

k € (0,1] and that it gives a reasonable estimate for the critical amount of twist only
if k is sufficiently small.

For k=01, R, =1, R, =4, ¢; =0, we find that ¥;(0.1) = 3.030996. Note
in comparison that We,(0.1) = 1.667811 < W, (0.1). While (3.101) could likely be
improved by computing more terms in the perturbation expansion, the central issue
of an apparent threshold angle 1), remains. Namely, both the perturbation expansion
and the numerical solution procedure give evidence that there is a maximum amount
of twist above which there is no smooth solution for the pure azimuthal shear problem
under consideration.

With respect to the later development of Section 6, it is useful to remark that the
numerical estimate for W, (1) is 1.50826 when R; =1, R, = 4.

Note that the energy density (3.6) is separable in [; and IT. Hence the potential
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Normalized Energy

Figure 3.11: Graphs of the normalized total energy, normalized E and normalized

E* as a function of k when R, =1, R, =4 and 9, —¢; =1

energy functional (3.5) can be decomposed into two parts
E=E+E",

where

E=/%(f1-3)dX

is the energy corresponding to elastic part of the deformation and
E =/%(1;-3) dx

is the energy corresponding to pre-elastic part of the deformation.

(3.104)

(3.105)

(3.106)

Let v, —¢; be fixed. For given R;, R, and k the numerical solution presented in

this section can be computed numerically to find (3.105) and (3.106). This numerical

computation reveals the following relation between E and E* for a fixed amount of

twist. f 0 < k <1 then E > E* and if kK > 1 then E < E*. Moreover £ = E*

when k = 1 meaning that the energies corresponding to elastic and pre-elastic part

of the deformation are equal.
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For ¢, — ¢ = 1, Figure 3.11 shows the numerically estimated graphs of the
normalized total energy, normalized E and normalized E* as a function of k when

R, =1, R, = 4. Energies are normalized by dividing mha.

3.4 Explicit Solution when & =ao* (k=1)

In this section we will show for k = 1 that the governing field equations for azimuthal
shear can be solved explicitly up to integration constants. Then using the boundary
conditions we will show that the pure azimuthal shear problem for k£ = 1 has a unique
solution provided that the twist ¥ is not too large thereby verifying the notion of a
threshold twist as described above.

Recall from Section 3.3 that (3.97) supplies an equation relating p and g'. However
it is only for k = 1 that ensuing algebraic simplifications as given next will take place.
That k = 1 is special in this regard could have been anticipated by the discussions
in Pence and Tsai.

If (3.97) is used with k = 1, then p is a root of the equation
64 p* [p* — ((rg")* + 2(rg')* - 3)] = 0. (3.107)

Hence

p=0,%£/(rg')* +2(rg’)? - 3. (3.108)

However if components of B are computed from (3.91), (3.92), (3.93), (3.95) by using

either p = £./(rg’)* +2(rg’)? — 3, then one finds that the component equations
(3.36), (3.37), (3.38) of the internal balance equation (3.34) are not satisfied. Thus
these roots are spurious and p = 0 is the only solution possibility for the internal

balance equation (3.34). This is consistent with the uniqueness result for the solution

of internal balance. For p =0, it follows from (3.91), (3.92), (3.93), (3.95) that

/
By=—19 (3.109)

rd — (————4 + (Tgl)z,
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B,=— (3.110)

Bgg= —22 (3.111)

B, =1, (3.112)

and it is verified that (3.34) holds. Now equations (3.109) and (3.32) give

! d
"9 _ ~, (3.113)
44+ (rg')2 T
which in turn provides
2d,
e 3.114
9= = (3.114)
After integration and replacing r by R it is found that
4 - d?
g(R) = arctan R 7 Lt d,, (3.115)
1

where d, is another constant. By applying the boundary conditions (2.17) and elim-

inating d it follows that

4
(4

dt

L _arctan Rl —di = (Yo — ;). (3.116)

arctan

S

Equation (3.116) can be solved for d; if and only if the twist ¥ as given by (2.44)
obeys

R?
2

[¥] < ¥hnax,; PYmax = arccos( (3.117)

By restricting the boundary values as indicated in equation (3.117) the constants d,

and d, are found to be

2R2 i
dl _ y Rl Ro sSin \Il ’ (3118)
VR + R —2R?R2 cos ¥
dy = 1; — arctan R - d¥ (3.119)
di
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Note that cos Umax = R?/R2 implies sin ¥, = /R4 — R!/R? whereupon the asso-

ciated values of d; and d, are

(dl)mal = R?, (d2)mar = d)i- (3120)
In particular (3.120); shows that (d;)maez = dait(1) as given by (3.102). In addition
Unax = arccos(1/16) = 1.50826 when R; = 1, R, = 4 which is consistent with
U.it(1) as given at the end of Section 3.3.

Substituting for B", Bys, g’ from (3.110), (3.111), (3.114), into the equilibrium

equation (3.33) gives

@zdf(__? >+2(_jﬂlf) (3.121)
dr = o \Jax g/ | T\a+ g
This equation simplifies to
dp
— =0. 122
=0 (3.122)
Using (3.122) and replacing r by R gives
p(R) = ds, (3.123)

where d; is another constant. This constant can be computed from the boundary

condition (2.18) with the help of (3.24):

@:% R - - 0", (3.124)

where d; is the constant given by (3.118). Since p = gq/a* and p = 0 it is immediate

that
g=0. (3.125)

Thus it has been shown that if k = 1 and ¥ obeys (3.117) then B is given from
(3.22), (3.109)-(3.112), g is given by (3.115), p is given by (3.123) and gq is given by
(3.125), where the constants d;, da, d3 follow from (3.118), (3.119), (3.124). Note

that (3.125) is consistent with the k = 1 numerical solution given in Section 3.3.
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We remark that (3.114), (3.119) give

2R?R%sin ¥
J(R) = o 2T . (3.126)
R\/R*(R! + R{ — 2R?R2cos V) — R!Risin® ¥
Thus |¢g'(R)| is decreasing in R with
P 2R2sin ¥
, _ 2R?sin ¥
g (Ro) = RIE = R 0’ (3.128)
Observe also that
g(R) =00 as ¥ — Uy (3.129)

The normal traction on the inner surface R = R; is

or(R) = 25 \/RE — & — = \J[Ri = &+ 0P, (3.130)

and we observe again that o..(R;) < 0%. By using (3.24) and (3.32) the shear
traction on the inner and outer surfaces are

. d . d
oro(R;) = aﬁ‘?, 0,0(R,) = akig. (3.131)
The Torque-Twist relations follows from (2.44), (3.118), (3.131) and is given by
M =M, = —M,; where

_ 2mh& R? R? sin ¥
VR*+ R* —2R?R? cos ¥’

9] < Ymax. (3.132)

Note that

O (W) =0 (3.133)

Thus V.. is similar to ¥, as discussed in Section 3.2. More generally, the notion
of a threshold value for ¥ has been verified.

To compute the total stored energy E first note from (3.22) that,

Iy = B, + By + B,.. (3.134)
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Figure 3.12: The deformation of an initially vertical line segment for a material with
k =1 for v, = .75413 and v, = 1.50826 = V¥,,.... These two values of 1, were also
used in Figure 2.1 for the neo-Hookean material. Here R; =1, R, =4 and ¥; =0

By using I} = tr B* = tr C*, where C* = (F*)T F* is the right Cauchy-Green tensor

of the pre-elastic part of the deformation and F* = P F, one finds
C'=[F 'FTF 'F|=FB'F. (3.135)

Then by (2.11) and (3.22) it follows that

N2\R _ ' i »
(1+(Tg)A)BT 21':(; B¢ + Bgg + Al _ (3.136)
BrrBOO - B,?o Bzz
At this point an interesting observation following from (3.109)-(3.112), (3.134),

It =

(3.136) is that the values of /; and I? are equal for k = 1. This common value

is given by
L=I'=\4+(rg)?+1. (3.137)
The total stored energy E for this deformation follows from (3.5), (3.6), (3.136) as
E =rh(a+a") /:’(\/W—z)rdr. (3.138)
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Evaluating this integral with the aid of (3.114), (3.118) and using a* = & (since

k=da&/a*=1) gives

E=27rhd(\/R?+Rg—2R$R§ cosW + R? — R?). (3.139)

Note as a result of (3.137) that the energies corresponding to elastic and pre-elastic

part of the deformation are equal for k =1; i.e.,

/%(I’{ —3)dX = '/%(1‘1 —3)dX = % (3.140)

The work of the torque M follows from (2.48) and (3.133) as

W=27rhd(\/R;‘+R3—2R?R§ cos W + R? — RY). (3.141)
By direct comparison of (3.139) and (3.141) it is again found that
W=E. (3.142)

We conclude this section by sketching three graphs for the deformation when
k = 1. The first is analogous to Figure 2.1 which we recall corresponds to the
neo-Hookean material (k = 0). Consider again the deformation of a line segment
occupying {(R,0)|1 < R <4, © =7/2} in the cross-section R; =1, R, =4 in the
reference configuration. It now follows from (3.117) that the solution (3.115) holds
only if |¥| < Wpax = arccos(x) = 1.50826. Suppose ¢; = 0 so that deformation
is governed by v,. Figure 3.12 shows the deformed location of the line segment for
two values ¥,: ¥, = 0.5¥ .« = 0.75413 and ¥, = ¥,.x = 1.50826. Observe that
9'(Ri) = oo for ¥ = ¥max-

For ¢, = .75413 and 3, = 1.50826 = V.. Figure 3.13 compares the defor-
mation of an initially vertical line segment for a material with & = 1 to that of
the neo-Hookean material (k = 0). Since it is possible to twist the neo-Hookean
material beyond V¥,,.., the deformation of the initially vertical line segment for the

neo-Hookean material is also depicted for two more values of ¥, > W ..
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Figure 3.13: Comparison of the deformation of an initially vertical line segment for a
material with £ = 1 to that of the neo-Hookean material (k = 0)
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Figure 3.14: Graph of g(R) when k = 1 for the following ten val-
ues of v,, ¥, = 0.150826,0.30165,0.452475,0.6033,0.754125,0.90495, 1.055775,
1.2066, 1.357425, 1.50826 = ¥,,,,. Here R; =1, R, =4 and ¢; =0

45



Figure 3.14 shows the graph of g(R) for ten values of ¢,: ¥, = V. = 1.50826,
Wo = 0.9U 0 = 1.357425, 1, = 0.8V 0 = 1.2066,. .., 1, = 0.1W 0 = 0.150826. It

is again observed that ¢’(R;) — 00 as ¥, — Ypax-

3.5 Alternative Derivation from Energy

In this section it will be shown that the formulation for the pure azimuthal shear
problem can be obtained directly by minimizing an appropriate energy functional
that acknowledges the a-priori symmetries of azimuthal shear. This will serve as a
basis for later developments and in particular will clarify the interpretation of the
results of the previous section for the case ¥y > .. Consider the deformation
given by (2.10) for a material whose energy function is given by (3.6) and subject
to constraint (3.7). Building the constraint into the minimization with Lagrange

multiplier 7 gives the functional
Y S k . .
H=H(k)=q«a 5(11 —3)+§(Il—3) —7(det B—1) dV. (3.143)
0 )

Upon use of the symmetries g = g(r), 7 = 7(r), B, = Brr(r), B = B,g(r),
By = Boo(r), B,,=B,, (r), the functional H becomes
L [, k. . -
H =2rha [-(1l —3)+ =(J, - 3) — 7(det B— 1)] rdr, (3.144)
R L2 2
with I, and I} given by (3.134) and (3.136) respectively. Thus (3.144) may be written

as
H(r, B, Brg, B, B.., T, 9.9) =
Ro A s a4
nwha* /R. A(r, B,,, B,g, Bgg, B..,7,9,9 )dr, (3.145)
where

A= [k(Brr + BOO + Bzz - 3) - 2T(BzzBrr B()G - BzzBrzo - 1)
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1 "Y)B,, — 2rg'B.g + B 1

+(( +(rg))Bre = 2rgBrot Bop | 1 _ 3)]r (3.146)

BrrBOB - Bzo Bzz
The Fuler-Lagrange equations for minimization of (3.145) are

oA oA 0 ON oA

aérr ’ a‘BrO ’ 6390 ’ aBzz ’

OA d OA, OA

— =0, —=(55)—5-=0. .147

or dr ag’) Jdg (3.147)

The first five equations in (3.147) give

k+ B?,(2rg'B,gBgg — Bl — B% — (rg")?B%) — 27B,,Bey =0,  (3.148)
B..[((rg")* + 1)B,, B,g + Bog B,g — 7 g' (B + B, Bg)] (3.149)
+27T B,.o =0,

k+ B (2rg'B,. B,y — B} — B, — (r¢)*B%) — 27B..B,, =0,  (3.150)
kB? —2rB,, —1=0, (3.151)

B.. (B, By — B%) —1=0. (3.152)

The last equation in (3.147) admits an immediate first integral by virtue of 9A/9g =

0, the result being
A (3P 27 d
B..(r°¢'B. — 1°Bg) = et (3.153)

where d is an integration constant. Note that equation (3.152) is equivalent in form to
(3.7). Moreover, if p = —27, then equations (3.39) and (3.151) are also equivalent. It
remains to show that (3.148), (3.149), (3.150), (3.153) provides the same completions
as (3.36), (3.37), (3.38), (3.39) for suitably chosen d; and d. Although we do not
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have the proof of equivalency of these two systems for general k, such equivalency
can be demonstrated for both k =0 and k£ =1.
Let us first consider the neo-Hookean limit case k¥ = 0. By taking £k = 0 and

p = —27, equations (3.148), (3.149), (3.150) reduce to
B?,(2rg'B.oBo — Bjy — BY — (rg')* B%) + pB..Bao = 0, (3.154)

B”[((T‘g’)2 + 1)3,,3,9 + BgoBrg - rg'(Bfo + Br,.ng)] - pBrg =0, (3155)

B,(2rg'B.,B.g — B}y — B%, — (rg)*B%) + pB..B,, =, (3.156)
and (3.153) reduces to

r3g'B,, — 1°B,g = 0. (3.157)
Moreover (3.151) gives

B, =-. (3.158)

Now substituting from (3.158) into (3.154)-(3.156) gives after some manipulation that

p*Bgg = [rg' B.o — Beg)* + B2, (3.159)
p2Br0 = [((Tg,)2 + 1)Brr Ar0 + BOOBrO - 7'9,(330 + BNBOB)]’ (3160)
p*B,, = [rg'B,, — Bug)* + B2 (3.161)

Now, (3.159) and (3.161) are quadratic equations for Bgg and B,, respectively and
using the positive-definiteness of B can be solved uniquely in terms of B,e and p.

After substituting Bge and B., in (3.160), the resulting equation is

(2 Brﬂ - Tg, P2) \//74 +4 Bro (T glp2 - Bra)
2+2r2(g)?

- (3.162)
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rg [p* + 4B (rg p* — By)|
2 +212(g)2

=0,

which can be solved for B, in terms of p. By using the resulting expressions for

-

B,., Rg, Bge as functions of p in (3.152) one obtains

¢+ o/t (L+21%?)
T2y =1, (3.163)

which has root
p=1, (3.164)

and so retrieves the neo-Hookean limit (viz.(3.45).) If other roots of (3.163) are used
to find the nontrivial components of B, it can be shown that the internal balance
equation (3.34) is not satisfied. This is consistent with the uniqueness result for the
solution of internal balance equation (3.34). It then follows that (3.148)--(3.153) again
lead to (3.46). If (3.46) is used in (3.157), then (3.157) reduces to an identity. If (3.46)
is used in (3.145) with k£ = 0, then H is a functional of ¢’ only. Indeed it is the
same energy integral (2.4) as given in the standard neo-Hookean case. By solving
the Euler-Lagrange equations associated with this integral, one obtains g(R) given
by (2.34). This shows that the solution of the Fuler-Lagrange equations associated
with vanishing first variation to the functional (3.144) for k£ = 0 indeed retrieves the
k = 0 neo-Hookean result.

Next we will consider the case k = 1 which corresponds to & = a*. By taking

k=1 and p = —27, equations (3.148), (3.149), (3.150) reduce to

1+ B?,(2rg'B.gBe — By — B — (rg')*BY) + pB..Bey = 0, (3.165)

B,z[((rg')2 + I)Br,-Brg + ngB,-g - T‘g’(Brzg + B,-,-Bao)] - pBrg =0, (3166)

1+ B%,(2r¢'B,+ B,y — B% — B: — (r¢')*B%) + pB..B,, = 0, (3.167)
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and (3.153) does not change. An explicitly constructive solution procedure for obtain-
ing p from (3.165)-(3.167) is not obvious. However it follows by direct verification
that a solution of (3.165)-(3.167) is given by p = 0 in conjunction with components
of B given by (3.109)-(3.112). If (3.109)(3.112) are substituted into (3.153), then
resulting expression reduces to an identity provided that d = 0. This shows that the
Fuler-Lagrange equations associated with the functional (3.144) for k£ = 1 retrieves
the k =1 result for the internally balanced elastic material model.

By using k = 1 with components of B given by (3.109)-(3.112) in (3.145) we

obtain

Ro
H, =2whé / (r\/4 + (rg')? — 2r) dr. (3.168)

Ri
Here the subscript 1 in H; is notation to indicate that k = 1. It therefore follows
for k =1 that if |¥| < Y. then g(r) as given by (3.115) is an extremal of (3.168)
obeying (2.17). Indeed (3.113) is the first integral of the Fuler-Lagrange equation for
(3.168).

The formal theory of calculus of variations can now be used to prove that g(r)
given by (3.115) is in fact a strong local minimum of (3.168) if |¥| < Wpax (See
Appendix A). Thus minimization of (3.168) is ce;ntral to the k = 1 theory, suggesting
that (3.168) can be used to investigate solution possibilities for |¥| > W, . This will
be the focus of the next section using direct methods of the calculus of variations.

We will close this section by proving that g(r) given by (3.115) is indeed an
absolute minimum of (3.168) if |¥| < ¥,... We proceed on the basis of a convexity
argument using standard procedures of the calculus of variations as reviewed next.

Consider the basic problem of calculus of variations: Find a function y(z) on the

interval [a,b] that minimizes the definite integral

b
Jiyl = / F(z,y(x),y/ (<)) dz, (3.169)
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subject to
y(a) = A, y(b) = B. (3.170)

In general, the minimum value of J[y] depends on the eligible functions specified by

the problem. Hence, the basic problem is stated more precisely as to find
min{J{y] | y(a) = 4, y(b) = B}, (3.171)

where S is the collection of eligible functions specified by the problem. Any
y(z) € S will be called as a test function. Given that 3’ appears in the integrand
F(z,y(z),y'(z)) of J[y], it is rather natural to use S = C?, that is the space of
smooth test functions. However for many problems, it is more useful to work with
continuous and piecewise-smooth test functions, denoted by D'. The following are

well-known from the calculus of variations [1], [28].

Definition 3.5.1 A test function is called an admissible test function if it also sat-

isfies all the prescribed constraints on y(z) such as the end conditions.
Let g(z) be an admissible test function for minimizing J[y] and introduce the nota-

tion F(z) := F(z,§(z),§(2)), Fy(z) := OF (,(z),§(x))/dy, etc.

Theorem 3.5.2 A C' solution § that minimizes Jy] must be a solution of the
Euler-Lagrange equation

. d -
Fy, - E:;(F.y') =0. (3.172)

Proof: See [28], page 13. O
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Definition 3.5.3 A smooth test function which satisfies (3.172) is called a smooth

extremal for the basic problem (8.169)-(3.170).

Definition 3.5.4 An admissible test function §(z) is said to be a weak local min-
imum for the basic problem (3.169)-(3.170) if J[y(z)] > J[§(z)] for all admis-
sible functions of the type y(z) = y(z) + eh(z) with |h(z)] < 1, |K'(z)| < 1,
h(a) = h(b) =0 and € > 0 sufficiently small.

Definition 3.5.5 An admissible test function y(z) is said to be a strong local min-
imum if 3 e > 0 such that J{y(z)] > J[g(z)] for any admissible y satisfying

ly(z) - 4(z)| <€ in [a,b].

Weak and strong local minima can also be defined by using weak and strong neigh-

borhoods of §(z) as described next

Definition 3.5.6 For a given € > 0, the set of all piecewise-smooth test functions

satisfying
ly(z) — g(z)| < e (3.173)

for each z € [a,b], is called a strong e-neighborhood of {(z) and denoted by
US(EaZ}(Z))'

Definition 3.5.7 For a given € > 0, the set of all piecewise-smooth test functions

satisfying the inequality (3.178) and
ly'(z) — §'(z)] < e (3.174)

for each x € [a,b], is called a weak €-neighborhood of §(z) and denoted by
Uw (e, §(z)).

52



Definition 3.5.8 An admissible test function y(x) is said to be a strong local mini-

mum if e > 0 such that J[y(z)] > J[g(z)] for all y € Us(e,y(z)).

Definition 3.5.9 An admissible test function y(z) is said to be a weak local mini-

mum if € > 0 such that J[y(z)] > J[g(x)] for all y € Un (€, 9(z)).

If S = D!, i.e., the set of all piecewise-smooth functions in [a,b], then the Euler-
Lagrange equation (3.172) alone is not sufficient to characterize the minimization.

The characterization needs to be modified as follows.

Theorem 3.5.10 In order for the admissible piecewise-smooth test function 3§ of the
basic problem (3.169)-(3.170) to render the integral J[y] a weak local minimum, it is

necessary that
Fy(z)=c+ / F,(t) dt, (3.175)

for some constant c.

Proof: See [28], page 38. O

Equation (3.175) is called the integral form of the Euler-Lagrange equation.

Corollary 3.5.11 At any point = where § 1is continuous, it is necessary that y

satisfies the Euler-Lagrange equation (3.172).

Definition 3.5.12 A piecewise-smooth test function §(z) that satisfies (3.175) is

called an extremal for the basic problem (3.169)-(%.170).

53



It is more effective and convenient to work with the Euler-Lagrange equation (3.172).
Hence, it is important to know whether the extremals for a basic problem are smooth
and the locations of discontinuities of their derivative when they are not smooth.
These discontinuities are known as corners of extremals. Information on discontinu-

ities can be obtained from the so-called Erdmann’s corner conditions.

Definition 3.5.13 A corner point of a test function y(x) is a point x where the left
derivative and right derivative of §(z) exist at T (and are denoted by y'_ and y/,

respectively) but they are not equal.

Theorem 3.5.14 If §(z) is an extremal, then F () is continuous at a corner point.

Proof: See 28], page 45. O

Theorem 3.5.15 If j(z) is an extremal, then the quantity (F—§'F . ) is continuous

at a corner point.

Proof: See (28], page 46. O

Theorem 3.5.16 (Hilbert’s Theorem)Suppose that 3 is an extremal, zo is not a

corner point, and F vy (20) #0. Then § is C? and

(Fyy) ¥+ (Eya) ¥ + (Fyz = Fy) =0, (3.176)
holds in some neighborhood of .
Proof: See 28], page 48. O

Equation (3.176) is sometimes called the wultradifferentiated form of the Euler-

Lagrange equation.
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Definition 3.5.17 A scalar valued function f: R®™ — R 1is said to be convez if
fOw+ (1 =X)2) < Af(w)+ (1= N)f(2) (3.177)

Vw,z € R*, and VX € [0,1].

Theorem 3.5.18 If F(z,y,y’') is differentiable in its arguments and convez in y
and y' for each z, then any admissible extremal of the basic problem (3.169)-(8.170)

renders J[y] a global minimum and conversely.
Proof: See [28], page 108. O

Theorem 3.5.19 A scalar valued function of one variable f(y) is convez if and only

if f" is everywhere non-negative.

Proof: See [28], page 105. O
This completes the quick review of the appropriate machinery from the calculus
of variations. We may now on this basis rapidly show that g(r) as given by (3.115)

is indeed an absolute minimum. For (3.168) the Lagrangian F is
F(r,g,9') =rV4+ (rg')? - 2r. (3.178)

From (3.178) it follows that

0*F 4r3

897 " U+ (g~

0. (3.179)

Hence F(r,g9,9') = F(r,g') is convex in ¢’ for each fixed r by Theorem 3.5.19. If
|¥| < Wmax, then it follows by the Theorem 3.5.18 that g(r) given by (3.115), (3.118),
(3.119) is an absolute minimum of (3.168) obeying (2.17).
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3.6 Direct Methods for Minimization when k£ =1

At the end of the last section it was shown that if || is restricted by |¥| < U ax
where U, is given by (3.117), then g(r) given by (3.115) provides an absolute
minimum for (3.168) among functions obeying (2.17). The significance of this result
is that minimization of (3.168) subject to (2.17) governs the k = 1 problem. In this
section we will investigate the minimization of (3.168) subject to (2.17) for arbitrarily
large twist ¥. Since ¢'(R;) — oo as ¥ — Wp.,, it is conjectured that minimizers
might involve vertical line segments. Since such a vertical line segment cannot be
considered as a function of R, it is expedient to use the parametric form of the
energy integral (3.168) for further investigation.

Consider the basic problem of calculus of variations in parametric form: Find a
piecewise-smooth curve C = {(z,y) = (z(t),y(t)) : t; <t < t5} that minimizes the

definite integral

t—2
Jc=/f(t,x,y,:t,y) dt,= flt,z,y,2,9) dt, (3.180)
c

t-1

subject to

(z(t), y(t)) = (z1, 1), (z(t2),y(t2)) = (22, v2)- (3.181)
The dots indicate derivatives with respect to the parameter and f is a given function,
continuous in all its arguments when (z(t),y(t)) lies in a given region G; %, y
have arbitrary values and are not zero simultaneously. The function f cannot be
completely arbitrary because the integral under consideration must depend only on
the curve C and not on any particular parametric representation of the curve. By

the discussions given in (1], p 39-40 this independence of parametric representation

will hold if and only if:
(i1) t does not appear explicitly in the integrand function f; that is,
flt,z,y,2,9) = f(z,y,2,9). (3.182)
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(i2) The integrand function f(z,y,z,y) must be positively homogeneous and of the

first degree relative to the second pair of arguments; that is,

f(z,y,mz,my) =m f(z,y,2,9) Vm > 0. (3.183)

As a result of homogeneity

fyfzf = _f?y = {:y—;' (3.184)
If the common ratio in (3.184) is denoted by K = K(z,y,%,¥), then
fes =0 K, foy = -2y K, fry =" K. (3.185)
Suppose an admissible curve
C: z=0¢(t), y=9¢(t) (b <t<ty (3.186)

gives the functional Jc a weak relative minimum. Then functions ¢(t), @(t) must

satisfy the Fuler-Lagrange equations in parametric form

t t
fom A+ ] f.(6) de, =B+ / 5,6 de, (3.187)

in which A and B are constants.

If arc length s is used as parameter, then

= gzcosw, Y= ol = sinw, (3.188)
ds ds

where w is the angle between the tangent to the curve and the r-axis. Along each

smooth arc of a curve

d

d
d—sfi - f==0, Efg -fy=0, (3.189)

and at a corner point s = sg
filsg) = fi(sg) =0,  fy(sg) = fy(sg) = 0. (3.190)
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(Here s§ and s; denote the one-sided limits lim, .+ and lim,_- respectively.) A
smooth solution of (3.189) is called an extremal and (3.190) express the Weierstrass-
Erdmann corner conditions. Note that (3.190), is equivalent to corner condition given
by Theorem 3.5.15 and (3.190), is equivalent to corner condition given by Theorem
3.5.14 for the nonparametric case.

If parametric forms of r = z(t) and g = y(t) are used, then the energy integral

(3.168) becomes
t2
1

H,[x(t), y(t)] = 27 hé / 2 Vaz+anp - oa] d (3.191)

where the subscript p in H), indicates that the parametric form of the energy is used,

z= d:l,‘/dt, y = dy/dt’ (‘T(tl)) y(tl)) = (Ra,'d)t) and (x(tZ)» y(t2)) = (Ro» 11)0)-

Note that the Lagrangian of (3.191) can be written as
f(z,y,2,9) = z V42? + 229* - 2z (3.192)

Homogeneity of f in the last two variables is immediate since

f(z,y,mz, my) = z \/4(mz)? + 22(my)? — 2z(mz) (3.193)

= z\/4m?i? + 22m2y? — 2rmi

= m(z\/41? + 2%y? — 2z1]

=m f(z,y,%,9)-

Thus condition (i2) is satisfied. Moreover, condition (il) is satisfied since ¢t does not
appear explicitly in the Lagrangian (3.192). Therefore the value of the energy integral
(3.191) depends only on the curve C not on any particular parametric representation

of the curve.
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The Fuler-Lagrange equations (3.187) are

(=222 2] / f(6) d (3.194)

V/4i? + 122
and
where ¢; and ¢; are constants. Note that (3.195) is equivalent to (3.113) and by
taking the derivative with respect to ¢ in (3.194) the first Euler — Lagrange equation

becomes

d [ 4z . . z*y? :
= __“_21;]:,/4332-}-3;2 P S Y 3.196
dtl./412 + x272 v VAz? + 22y? ( )

From (3.195) and (3.196) it follows that y(t) = constant and curves described by
(3.115) are extremals whereas z(t) = constant are not extremals. An extremal
consisting of an arc of (3.115) and a straight line segment y(t) = constant will not
satisfy the Erdmann’s Corner Conditions (3.190).

For |¥| < ¥ax, we consider the composite curve consisting of the curve obtained
from (3.115) by vertical translation (with d; = R? and d; = ;) in conjunction with
the line segment £ = R; between y = ; and y = 9, — Yax. This composite
curve will be called A,. Thus A, consists of a vertical translation of the ¥ = ¥,
extremal so as to meet the £ = R, end condition y(R,) = v,, along with an z = R;
vertical segment so as to connect to the z = R; end condition y(R;) = ;. Since
this vertical segment is confined to the boundary, it need not satisfy Euler-Lagrange
condition (3.195) and (3.196).

We begin with some direct comparisons. In particular, it will now be shown that
A, as described above provides a minimum to (3.191) among a collection test curves:

Anm, Az, As(n), Ay(n) that we now define.
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In the remainder of this section we will take ¥; = 0 and v, > 0. For 9, < ¥,

we note that A, can be parameterized as follows

.

T (t) = < R it te(0R] (3.197)

t if t € [Ri, R,

(Yo — ¥Umax) t / Ry if t € [0,Ri]

yi(t) = 4
(Yo — Ymax) + arctan (t“/R;‘) -1 if t € [R;, R,

\

Then the corresponding energy can be computed from (3.191) as
H[A)] = E,+ E, (3.198)

where

Eg = 21h&R? (Yo — U, E, = 27hé [,/Rg ~R'+ R - Rg]. (3.199)

Note that first term Fj is the energy corresponding to vertical segment r = R; and
second term E, is the energy corresponding to the curve obtained from (3.115) by
vertical translation. The associate matching requires that d; = R? and d; = 0 in
(3.115). Since ¥ = arccos(R?/R?), the energy expression (3.198) may also be

written as

H,[Ay] = 2mhé [R? (w,, - arccos(%’z)) + /RS~ R + (R - Rg)] (3.200)

As v, — U, = arccos(R?/R?) the energy associated with the discontinuity Ej
goes to zero as expected.
Let A,y be the curve corresponding to neo-Hookean solution (2.34), (2.36) and

(2.37) with 3; = 0. Then it has the parametrization
InH(t) =t ift € [R,,',Ro], (3201)

_ _—RIRW, _ _w.R
- (RZ—-R)H 2 (R}-RY)

Ynn (1) ift € [Ri, R,]-
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| ¥, || N. Energy for A, | N. Energy for A,y |

2 1.4605 1.7056
2.5 1.9605 2.4835
3 2.4605 3.3440
3.5 2.9605 4.2720
4 3.4605 5.2570

Table 3.1: Normalized energies for A; and A,y for several v, values when R; =1,
R,=4 and ¢, =0

Then the energy for the present case k = 1 using the k£ = 0 neo-Hookean deformation

can be computed from (3.191) as

R 43

Hp[/\nn]=2Whé{R?—R§+RZ\/1+m—

4 ,/,2 2 p2 2 4 .2

R} R34, R, R4 2
=R % [R? e\ T Eory Rg)z] } (3.202)

Note that H,[A.n] = 5.2570(27ha) when R, =1, R, = 4 and ¢, = 4. In
the following table, Table 3.1, the normalized minimum energies for A, and A,y are
presented for several 1, values when R; =1, R, =4 and ¢; = 0. The energy in this
table is normalized via division by 27w h &. It is consistently verified that Ay < Apy.

We now construct a broader class of comparison functions. Let A, be the straight

line connecting (R;,0) to (R,,v,). It is given by the parametrization

5(t) =t ift € R Ry, (3.203)
w(t) = %ﬁ ift € [Ri,RY.
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The corresponding energy is computed from (3.191) to be

HAAﬂ=2nha[Rﬁ—Rﬂ. (3.204)

4R R REGEI 4 (R = R 2
3(R, — R;)? 92 '

Let Az(n) be the family of curves given by the parametrization:

+2nhd[

Zan(t) =t ift € [Ri, Ry, (3.205)

Yan(t) = Yo [1 + (arctan %t:%‘.’))/arctan n] ift € [Ri, R,

with n > 0 and not generally an integer.
Figure 3.15 shows 6 curves of this family for the case R; = 1 and R, = 4 (implying
U nax =~ 1.50826) and 3, = 4, namely n =0, 1, 10, 100, 1000, 10000. Note that in the

limit as n — <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>