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ABSTRACT

NATURAL RESONANCE REPRESENTATION OF THE TRANSIENT
FIELD REFLECTED FROM A MULTILAYERED MATERIAL
By

Bradley Thomas Perry

The transient reflection from a multilayered material structure is a deep and in-
volved problem, even though closed form representations are available in the frequency
domain. This thesis presents a novel approach for evaluating the transient field re-
flected from a layered material. Here a natural resonance representation is sought for
the temporal response in both the late time of the layered structure, and the late time
of individual substructures making up the layered material stack. In seeking this rep-
resentation, a time domain reflection coefficient is defined, such that the convolution
with a finite duration incident waveform yields the reflected field in the time domain.
Through the definition of this time domain reflection coefficient, a methodology for
obtaining the temporal response evolves. Questions on the source of the resonance re-
sponse during various time periods are answered in this thesis, and the conditions for
existence of the natural mode series are developed. It is found that for an n-layered
material stack, a natural resonance representation can be found for the transient field
if the backing material is either a perfect conductor, or a lossless medium. When the
backing layer is lossy, a non-time limited branch cut contribution appears. It is also
found that with the addition of a lossless layer, this branch cut contribution can be
turned off. This is a valuable result with applications to non-destructive evaluation

of materials.
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CHAPTER 1

INTRODUCTION AND BACKGROUND

Time domain electromagnetics has been utilized for many applications, such as radar
target discrimination [1]-[3] and materials characterization [4],[5], mainly due to its
adaptability to broadband signals. The singularity expansion method (SEM) [6],
which views the late time of a temporal response of a scatterer as a series of residues
at the poles of the Green’s function (7], has been used by many for radar target
discrimination. This late time is defined as the time period after the entire scatterer
has been illuminated by the incident wave and the scattered field has returned to the
observer. Applications of SEM and its limitations are the subject of [8]-[10].

The extinction pulse (E-pulse) technique [1]-[3] is a target identification scheme
which was born out of the singularity expansion method. This technique uses a
natural mode series representation of the late time response to devise a waveform
that will extinguish the modes present in a measured response through a convolution.
The E-pulse consists of a series of pulses and is designed for a given radar target.
For convolution of the E-pulse with the intended target, all modes in the band of
the response are annihilated, giving zero energy from the convolution in the late
time. In addition to radar target discrimination, the E-pulse technique has been
applied in non-destructive evaluation of materials [4],[5]. Here, E-pulses are created
from baseline measurements of known materials, and convolution with an identical
material measurement will yield zero energy in the late time. Experimental results
have shown that the E-pulse technique can work well for material testing. The validity
of the E-pulse technique for non-destructive evaluation is the motivation of the study

of the form of the transient field, which is done analytically in this thesis.



1.1 Background and related work

There is a lack of detailed analysis for the transient response of a layered medium
in terms of a resonance series, except for work done by Tihuis and Block in 1984
(11],[12], and more recent work performed by Oh [13] and Suk [14].

In the work of Tihuis and Block, the transient scattering of a normally incident
plane wave from a lossy dielectric slab is considered using the singularity expansion
method. Their work, however, is semi-analytic and does not clearly show that the
late-time response can be expressed as a pure natural resonance series, due to difficulty
in evaluating the branch cut contributions and infinite contour contributions needed
to evaluate the Laplace inversion integrals.

Oh also considers the reflection from single layers of materials backed by free space,
or by a perfect conductor. This work is rigorous and shows that a natural resonance
representation is valid for the reflection from an air-backed lossy material layer, as
well as a conductor-backed one. Consideration is given to oblique incidence, and the
behavior of the poles of the frequency domain reflection coefficient with changing
incidence angle are analyzed heavily. Early time responses from these material slabs
are found to be identical to the response from the single interfacial reflection, which
is considered in detail by Suk.

Suk analyzes the transient response for plane-wave reflection from a single planar
interface between two material half spaces. This is a rigorous development which
shows that the interfacial reflection from a dissipative material is composed of both
an impulsive component and an infinite tail, which has to do with conduction currents
in the lossy medium.

The work presented in this thesis looks to expand on the work done by Oh and Suk
by considering multilayered material problems. Since these problems involve various

material regions, the interfacial reflection coefficients developed by Suk are valuable.



Also, the method employed for the factorization of the frequency domain reflection
coefficient for a multilayered material problem is based on the approach used by Oh

in his single material layer analysis.

1.2 Overview of the research

This thesis is presented as a series of postulates on the form of the late time temporal
response for various geometries, along with verifications of these postulates, which
lead to a general property describing the late time behavior of an n-layer structure.
Chapters 3 through 5 consider simple problems, the solutions to which provide suffi-
cient evidence to form a hypothesis about the behavior of an n-layer structure. This
hypothesis is verified through the developments of Chapter 6.

Oh showed that the late time response of a single layer backed by either free space
or a conductor is a natural mode series. This leads one to consider the question
‘can the late time response of a material stack with more than a single layer also be
a natural mode series?’, and, if so, ‘under what conditions will this be true?’. To
answer these questions, the reflection from an air backed single lossy layer terminated
by a perfect electric conductor is first considered. Physical reasoning suggests that
there should be a ‘middle time’ period during which the response of the structure is a
natural mode series identical to that of the single air-backed layer, since the incident
wave will not have reached the conductor backing and thus no information about the
position of this backing can be available in the reflected response. After this middle
time period there should be a late time during which the response differs from that
of the air-backed layer. An important question is ‘will this late time response, which
must include information about the entire structure, also be a natural mode series?’,
and, if so, the additional question of ‘will the natural frequencies be the same as those
of the middle time response, or will an entirely new natural mode series arise, either

replacing or augmenting the middle time series?” must be considered.



Examining the temporal response of the air backed lossy layer terminated by a
conducting screen, the time domain response is found to have a natural mode series
representation once the response from the refection off of the second interface is
observed at the observation plane; this provides a definitive turn on time for the
natural mode series and marks the beginning of the middle time period that was
speculated. Further, it is found that the natural resonance representation during the
middle time period is given in terms of the poles of the frequency domain reflection
coefficient for the air-backed lossy layer, as physical reasoning would suggest. The
observation of the response from the reflection off: of the conductor returning to the
observation plane is the event that marks the end of the middle time period. After
this event occurs, the time domain reflection coefficient is found to have an entirely
new natural resonance representation related to the poles of the frequency domain
reflection coefficient for the entire problem. Hence, the response of the air-backed
lossy layer present during the middle time period is turned off, and replaced by a
different natural mode response.

With this knowledge, the next question to consider is ‘does the presence of a pure
natural mode series in the late time have anything to do with the properties of the
backing layer?’. To study this, a single lossy layer, backed by a material layer, either
lossless or lossy, is considered.

In examining the response from a single lossy layer backed by a material half space,
it is found that whether or not the late time response of this structure is a natural
mode series is dependent only on the properties of the material backing. When a
lossless half space is considered, the response is found to have a natural resonance
representation in the late time. However, when a lossy half space is considered, it
is found that a pure natural resonance representation is not possible, as there may
be a branch cut contribution to the temporal response. This is found to be the case

regardless of the properties of the first material layer.



Combining this with the results from Oh, a statement can now be made that a
single lossy layer, backed by a perfect conductor, or a lossless half space, will have a
late time response that is a pure natural mode series. However, when that same layer
is backed by a lossy region, the late time natural mode response will be augmented
by a branch cut contribution which is not time-limited. The portion of the response
due to this branch cut contribution is an infinite tail which pollutes the natural mode
response.

These results lead to one last question, that is, ‘is it the properties of the final
backing layer in an n-layer material stack that determine the form of the response in
the late time of the structure?’. To explore this, a stack consisting of two lossy layers
backed by a perfect conductor is considered.

It is found in this exploration that the response of the two-layered material struc-
ture backed by a perfect conductor is a natural mode series during the late time.
This implies that the branch cut contribution that is present in the middle time of
the response is turned off when the reflection from the conductor backing reaches the
observation plane; that is, at the start of the late time. Thus, the presence of the
conductor terminates the infinite tail in the response of the single layer backed by a
lossy layer, and initiates a pure natural mode series.

These results lead to the following hypothesis about the response of an n-layer
system:

1. The late time reflected field response of an n-layer system is a pure natural mode
series if the backing layer is lossless or a perfect electric conductor. If the backing
layer is lossy, the late time reflected field response is a natural mode series augmented
by a non-time limited branch cut contribution.

2. If an additional interface is added to produce a new n+ 1 layer structure, the early
time response will be the same as the total response of the n-layer structure. This

response will turn off completely at a time associated with the reflection from the new




interface with the backing material, and a late time response will turn on consisting
of a natural mode series that is augmented by a branch cut contribution only if the
new backing is lossy. If the n-layer structure had a non-time limited component in
its late time, this component will turn off at the start of the late time of the n + 1
layer structure. This hypothesis is verified in Chapter 6 by decomposing an n-layer
structure into simpler substructures and continuing the decomposition until one of

the simple problems of Chapters 3 through 5 is reached.



CHAPTER 2

FREQUENCY DOMAIN AND TIME DOMAIN REFLECTION
COEFFICIENTS

In order to consider the transient field reflected from a multiply layered dielectric,
begin by examining the frequency domain reflection coefficient. This reflection co-
efficient has a closed form representation for planarly layered materials, which can
be found using various approaches, including the wave matrix method [16] and iter-
ative approaches [17]. In both of these approaches, the frequency domain reflection
coefficient for a layered material is written in terms of interfacial reflection and trans-
mission coefficients, which are found for interfaces between two material regions of
semi-infinite extent. The derivation of these reflection and transmission coefficients
are outlined in Section 2.2. For this work, the wave matrix method is utilized and an
explanation of this method is included in Section 2.3.

The time domain reflection coefficient is defined in Section 2.4, such that the
reflected field in the time domain is given as the convolution of this time domain

reflection coefficient with an incident field of finite duration.

2.1 The plane wave field

For a source-free region of linear, isotropic, homogeneous material, Maxwell’s equa-

tions in terms of the fields £ and H are given in point form as

Vxﬁ:—jwuﬁ (2.1)

VxH-= ]wec_E" (2.2)

V.- E=0 (2.3)

vV-H=0 (2.4)
7



where e®(w) is the frequency dependent complex permittivity, which is defined by
€“(w) = € + o/jw. Here, dielectric loss is included through the conductivity, o.

Taking the curl of Faraday’s law, which is given in (2.1), gives

= wue’E (2.5)

where Ampere’s law, given by (2.2) has been utilized. Using V x V x E = V(V -

—

F) - V2E and Gauss’s law, given in (2.3), Equation (2.5) can be written as
V2E +k*E =0 (2.6)

where k = w+/u€e is the wave number of the medium. Similarly, taking the curl of

Ampere’s law, which is given in (2.2), gives

- . c g
V xVx H=jwe(V x E)
=w2uecﬁ (2.7)

where Faraday’s law, given by (2.1) has been utilized. Using V x V x H= v(V.
ﬁ) — V2H and Gauss’s magnetic law, given in (2.4), Equation (2.7) can be written

as

VZH +k¥H =0 (2.8)

Equations (2.6) and (2.8) are the homogeneous vector Helmholtz equations. In rect-
angular coordinates, the vector Helmholtz equations reduce to three scalar Helmholtz

equations of the form

V3 + k%Y =0 (2.9)



where 1 is representative of the z, y, and z components of the electric and magnetic
fields. Equation (2.9) has a product solution in terms of a linear combinations of
harmonic functions, which can be found through a separation of variables. Since

exponentials describe propagating wave functions, the scalar term 1) is written as

P = A(w)etikz(W)zoEiky(W)yotikz(w)z (2.10)

where A(w) is the amplitude spectrum of the plane wave and k2 + kg + k2 = k2.
Using this solution for each component of the electric field, the solution to (2.6) is
given by

E(7,w) = Egw)etike@egtibywlyetikz(w)z (2.11)

where ﬁo(w) is the vector amplitude spectrum of the electric field. Defining the wave

vector as

& () = Fkz(w) + Thy(w) + Zk2(w), (2.12)

the electric field can be written as
E(7,w) = Egw)e I k@7 (2.13)

where 7 is the position vector given by 7 = Zz + 3y + zz. Here, the negative sign
has been taken in the exponential function, allowing the wave vector components to
be either positive or negative, depending on the physics of a given problem. For a
uniform plane wave, electric and magnetic fields are related by

—_
k x

wh

I

—_
H =

(2.14)

The plane-wave field, which has E and ﬁ mutually orthogonal to one another, and

to the wave vector, is said to be transverse electromagnetic, or TEM, to the direction



of propagation.

2.2 Interfacial reflection and transmission coefficients

Consider a uniform plane wave incident on a planar interface between two regions
of space, as shown in Figure 2.1. The material in each region is assumed to be
isotropic and homogeneous with material parameters (u;,e5). Here, y; is the frequency
independent permeability of the it region, and € is the frequency dependent complex
permittivity of that region, which is a complex number that includes dielectric loss.
Since the incident field is uniform, the wave vector associated with this field may be
written as

=Kk (2.15)

where

k(W) = wy/me§() (2.16)

Without loss of generality, it can be assumed that the unit vector k' lies in the xz-
plane and makes an angle 6;,, with the interface normal, as shown in Figure 2.1. The
angle 0;, is the angle between the direction of propagation of the planar phase fronts
of the incident field, and the normal to the interface. This angle is referred to as the

incidence angle of the incident field. With this, the wave vector can be written as
i A . -~ ~qd i
k*=Tkysinb;, +Z kycosby, =T k; + 2k, (2.17)

The fields in each region of space are solved for directly in the frequency domain. The

incident electric and magnetic field are given by (2.13) and (2.14) as

Fi(7,w) = Biw)e I k@7 (2.18a)
o TixE
Hi= 2 (2.18b)
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To proceed, note that a uniform plane wave can be decomposed into two orthogonal
components. The two components are distinguished from one another by the plane
in which the electric field lies. The first of these is parallel polarization, in which
the electric field lies in the plane containing the interface normal and the direction of
propagation, as shown in Figure 2.2. The form of the interfacial reflection coefficient
for this polarization is the subject of Section 2.2.1. The second case is when the electric
field vector is perpendicular to this plane (perpendicular polarization), as shown in
Figure 2.3. The derivation of the interfacial reflection coefficient for perpendicular
polarization is the subject of Section 2.2.2. A solution for both of these polarizations
is sufficient to characterize any arbitrary incident uniform plane wave. The total
field in any region of space is given as a superposition of the fields found for each
polarization.

2.2.1 Parallel polarization

For parallel polarization, where the electric field lies in the plane containing the
interface normal and the direction of propagation, the incident field is given using

(2.18) and examining Figure 2.2 as

i i [ K2 Aki ~j(kLz+kiz)
_ Kz sk 2.1
E“ E6<xlc1 zk1 e (2.19)
Tiﬁ 0 -i(kha+kiz) (2.20)
m

Here g = \/m is the frequency dependent intrinsic impedance of region 1.

It is hypothesized that the total field in region 1 will be given by the incident
field superposed with a reflected plane-wave field with wave vector, Tc", while the
field in region 2 is given by a single transmitted plane-wave field having wave vector,
rg Although the reflected and transmitted fields are not known explicitly at this

point, their form is known. This is because the reflected and transmitted fields cannot

11



have vector components that are not present in the incident field, in order to satisfy

boundary conditions at the interface. Letting Ef be the amplitude of the reflected

field gives
— k7 kT LT AT
roo_ r [tz 2hr ) —j(kLr+k}z)
E” = Ej (zkl zkl)e TRz (2.21)
T
Hy = g%e‘j(kv'c“kgz) (2.22)
1

for parallel polarization. Similarly, letting Eé be the amplitude of the transmitted

field gives
— kt kt (1t t
t _ t (~Nz2 _ 2Pz |\ —jkrz+k;2)
E“ = Ej (rk2 Zkz)e Ttz (2.23)
t
HY = y%‘le‘i("fr“kiz). (2.24)
2

where 79 = \/m is the frequency dependent intrinsic impedance of region 2.
In region 2, Ic% = (kL)2 + (kt)2, with the amplitude given by the wave number,
k2 = wy/p265.

In order to satisfy continuity of tangential electric and magnetic fields over the
entire interface, the x-variation of all three partial fields, that is the incident, reflected,

and transmitted fields, must be identical; i.e.,
kL= kT = kL (2.25)
These constraints on k%, and k% also place constraints on k] and kt. Thus, (k)2 +

(ki)2 = (kKL)% + (K5)? = k2, which requires kTl = +ki. Here k[ = —ki is chosen to

give propagation of the planar wave fronts away from the interface.

12



The boundary condition on continuity of tangential electric field requires

(2.26)

Using the constraint on the x-component of the various wave numbers and the bound-

ary condition on the electric field leads to

k; ; k] KL 4
™ 0+k1 _-k—E0 (2.27)

Dividing (2.27) by the amplitude of the incident field, Eé, gives

T Ej E}
kB _ E-k—}_o (2.28)
ki By ko ki E}

The boundary condition on the magnetic field at the z = 0 interface also requires
continuity. Thus, with the hypothesized form of the fields in each region, continuity

of tangential magnetic field requires
Fx (Hy+H| _ =zxH} (2.29)

Using the constraint on the x-component of the various wave numbers and the bound-

ary condition on the magnetic field leads to

Ei E’ Et

. (2.30)
nmom 2
Rearranging terms in this equation gives
E} E}
0N (2.31)
Ey mEg

13



The addition of (2.28) and (2.31), along with k] = —ki gives

E) 2zl ki,
By zl 4zl ki kL

_ll Kk

Eu (2.32)
where, using (2.17) and (2.25),
ki
Z{I = .%7171 = 1 cosb;,, (2.33a)
I_Km _mio o e2\V2_m(2 2.2, \/2
zy=—22=1 (- w?) " = s (K3 - ki sin?6:n) . (2.33b)

Here Tl is a frequency-dependent transmission coefficient that relates the tangential
components of the incident and transmitted fields for parallel polarization. This will
be referred to throughout this thesis as the interfacial transmission coefficient. The

relationship of this transmission coefficient to the total fields is given by

t
22) Bl Ey(k/ky)

M= = 5 = B (234)
Plugging the interfacial transmission coefficient back into (2.28) gives
T ET
r-1+%5_ gl (2.35)
k% Eg

Here Rl is a frequency-dependent reflection coefficient that relates the tangential
components of the incident and reflected fields for parallel polarization. This will

be referred to throughout this thesis as the interfacial reflection coefficient. The
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relationship of this reflection coefficient to the total fields is given by

wE, By El. z)-2

Rl = ) = 1T
(3 )
Ey Ej, z)+2]

_k_iEa

(2.36)

with Z{l and Zg given by (2.33).
2.2.2 Perpendicular polarization

For perpendicular polarization, where the electric field lies perpendicular to the plane
containing the interface normal and the direction of propagation, the incident field is

given using (2.18) and examining Figure 2.3 as

Ei = gEjei(krzthiz) (2.37)
. Ei 1 1 i i
Hi = n_f("”?%+3%) ¢ ikba+kiz) (2:38)

It is hypothesized that the total field in region 1 will be given by the incident field
superposed with a reflected plane-wave field with wave vector, Tc”, while the field in
region 2 is given by a single transmitted plane-wave field having wave vector, rg
Although the reflected and transmitted fields are not known explicitly at this point,
their form is known. This is because the reflected and transmitted fields cannot
have vector components that are not present in the incident field, in order to satisfy

boundary conditions at the interface. Letting Ejj be the amplitude of the reflected

field gives
Ei - @*Ege—j(karzﬁ'kgz) (2.39)
Ej A k7 ; z
Ay, = n—f(—iz—i+2ﬁ> ¢~ (KEz+A2) (2.40)
15




for perpendicular polarization. Similarly, letting E6 be the amplitude of the trans-

mitted field gives

EBY = gELe-i(kba+kts) (2.41)
t t t

B - %(‘5%”%) emi(kbr+hL2) (2.42)
2 2

In order to satisfy continuity of tangential electric and magnetic fields over the
entire interface, the x-variation of all three partial fields, that is the incident, reflected,

and transmitted fields, must be identical; i.e.,
kL =kl =KL (2.43)

The constraints on k7 and k. also place constraints on k7 and k. Thus, (k%)% +
(k)% = (kL)2 + (k)% = k2, which requires k} = +ki. Here k} = —k’ is chosen to
give propagation of the planar wave fronts away from the interface.
The boundary condition on continuity of tangential electric field requires
zZx (E’L + fi)

~_ Tt

2.44
z=0 z=0 ( )

Using the constraint on the x-component of the various wave numbers and the bound-

ary condition on the electric field leads to
i+ Eb = E} (2.45)

Dividing (2.45) by the amplitude of the incident field, Ej, gives

t
Ey _ Eg

1+ =2 . (2.46)
Ey E

16



The boundary condition on the magnetic field at the z = 0 interface also requires
continuity. Thus, with the hypothesized form of the fields in each region, continuity

of tangential magnetic field requires
(2.47)

Using the constraint on the x-component of the various wave numbers and the bound-

ary condition on the magnetic field leads to

2.48
kxm  kim kem (248)
rearranging terms in this equation gives
r ET t Et
KBy _mk: kB (2.49)
KL Ey  mkakiE}
The addition of (2.46) and (2.49), using kT = —k%, gives
1
Ey__22
Ey Zy+2Zi
=7t (2.50)
where, using (2.17) and (2.43),
1_kim
Zi = ki = m/ cosbin (2.51a)
Z
k —1/2
Zy = 2?2 = km(kg — k?sin? 0,~,,) 2 (2.51b)
Z

Here Tt is a frequency-dependent transmission coefficient that relates the tangential
components of the incident and transmitted fields for perpendicular polarization. This

will be referred to throughout this thesis as the interfacial transmission coefficient.
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Plugging the interfacial transmission coefficient back into (2.46) gives

L Eg L -
T-=1+—-=1+R (2.52)
Eg

or
Rt = -E—f:’ = E%LZ% (2.53)
Ey Zy+2Zj
Here R is a frequency-dependent reflection coefficient that relates the tangential
components of the incident and reflected fields for perpendicular polarization. This

will be referred to throughout this thesis as the interfacial reflection coefficient.

2.3 Wave matrix method

The wave matrix method is used to obtain the frequency domain reflection coefficient
of a multilayered medium in terms of the interfacial reflection and transmission co-
efficients derived in Section 2.2. Consider a plane wave with amplitude c; incident
from the left and another plane wave with amplitude by incident from the right on the
planar interface shown in Figure 2.4. In region 1 there will be a wave which is par-
tially made up of a reflected wave and partially made up of a wave transmitted past
the discontinuity from the right, propagating in the negative 2z direction. In region
2 there will be a wave which is partially made up of a reflected wave and partially
made up of a wave transmitted past the discontinuity from the left, propagating in the
positive z direction. Letting the amplitude of the wave propagating in the negative
z direction and the amplitude of the positive z propagating wave be given by b, and

cg, respectively, these waves can be written as

by = Rfci+Tyb
cg = Tier+Riby (2.54a)
18



or

R{ Ry R}
by = (Tf‘ ! 1)b2+—1c2
oy T’
1 _
—= (c2 — R7b2) (2.55a)
1

Cl =

~

where Ri’“ and Rl_ are the interfacial reflection coefficients for waves incident from
the left and right, respectively. The terms T1+ and 7| are interfacial transmission

coefficients. Equations (2.55) can be written in matrix form as

a| 1|1 Rf co Al Az | | @ (2.56)
= — i i i - '
b | Tv | -Ry T}Ty -RYRD || b Az Agp | | b

The matrix [A] is termed the wave-transmission chain matrix because it relates the
amplitudes of the waves on one side of a discontinuity interface to the amplitudes of
the waves on the other side. For the case of planar discontinuities, the elements of

the wave-transmission matrix are given as

1
A = —
11 T1+
R+
An = —%
oy
-RT R
A - 1 _ 1
PT T
Apy = T;T;—RTR;=(1—R;f)(1+R;L)+(R;f)2= 1

T T T
4 [ [

since Rf' = — Ry using (2.36) and (2.53) for parallel and perpendicular polarizations.
Here T1+ =1+ R’l" and T|” = 1+ R[ are the interfacial transmission coefficients for
transmission from the left and right, respectively, and are given by (2.34) and (2.50)

for parallel and perpendicular polarizations. Since only the interfacial reflection and
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transmission coeflicients for incidence from the left onto the planar interface appear,
the simpler notation of R; = RT and 71 = T1+ will be utilized. Equation (2.56) can

thus be written as
c1 1|1 R c2

b n R 1 b

Before considering a cascade connection of n layers, the wave-transmission matrix

(2.57)

for a length of unbounded space needs consideration. Consider a wave c;e~7%2% which
propagates in the positive 2z direction, and another wave byeikzz propagating in the
negative z direction. At z = 0, the amplitudes of the waves are c; and by, respectively.
At another terminal plane, z = 21, the complex wave amplitudes are given by cg =
c1e~J*z21 and by = byje*2%1. The wave amplitudes at z = 0 can thus be related to

those at z = z; by

¢1 = cpelkz21 (2.58)

by = boe~Tkz21 (2.59)

These equations are written in matrix form as

c efkzz1 0 c
. | 2 (2.60)
b 0 e—Jkz21 b
The diagonal matrix
elkzz1
(2.61)
0 e~Ikz21

relates the amplitudes of the waves propagating in the positive z and negative z
directions at one plane to those of the same waves at another terminal plane an
electrical distance k,z; away. With this, a cascade connection of n material regions

can be examined.
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Consider the n-material stack shown in Figure 2.5, where each material layer is of
thickness A; and the it? interface is located to the left of the ith layer. Each material
layer has parameters (u;, €;, 0;) which may differ between individual layers, or remain
the same, without invalidating the results contained here. Using the developments of
(2.56) through (2.61), the complex wave amplitudes to the left of the it? interface can
be related to the amplitudes to the left of the (i + 1)!* interface, with propagation
occurring in region ¢, as

G| 1|1 R &ri% o Cit+1 (2:62)
- R 1 0 e TkziBi bit1 - .
Using this, the complex wave amplitudes at the first interface to the n layered material

structure can be written in terms of the amplitudes at the second interface as

¢ 1 | €F2181 RleIkz1A1 ¢

_1 | _ (2.63)
by T RyfFz181 ik 181 by

Thus, if ¢ and by are now written in terms of c3 and b3 using (2.62), and c3 and b3
in terms of ¢4 and b4, and so on, the amplitudes ¢; and b; can be found as a matrix
product of n matrices which characterize propagation through each layer of material.
The complex wave amplitudes at the input to the first layer are thus given in terms

of the amplitudes at the output from region n as

c1 Fzibi R.emIkzibi

by

fntl (2.64)

-115
o1 T | Ryef*zibi gikz,id b1

The frequency domain reflection coefficient at the input to the layered material is
found using (2.64) as I' = b;/c;. The interfacial reflection coefficients, which are

needed to compute I', are given for parallel and perpendicular polarization by (2.36)
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and (2.53) as

_Zi—2Zi
R, = 7t Zi1 (2.65)
and the interfacial transmission coefficients from (2.34) and (2.50) as
T, =1+R,. (2.66)

Here, the wave impedances used to determine the interfacial reflection and transmis-

sion coefficients for each polarization are given for region 0 by

7o ¢os B;, parallel polarization
Zp= (2.67)
no(cos 0;,)~ 1 perpendicular polarization

and for the it? region as

n-t:(k? - k(% sin® 9in)1/ 2 parallel polarization
zi={ " (2.68)
ﬂiki(kiz - k% sin?6;,)~1/2 perpendicular polarization

where 6;,, is the incidence angle for the wave impinging on the interface between
region 0 and region 1.
2.3.1 Frequency domain reflection coefficient for two-layered geometries
The geometries which are rigorously considered in Chapters 3 and 5 are cases of two-
layered geometries. For this reason, and to provide an example using the wave matrix
method, the derivation of the frequency domain reflection coefficient for this specific
geometry will be shown here.

Beginning with (2.64) and examining Figure 2.6, the forward and backward trav-

elling waves at the z = 0 interface can be found in terms of the fields at the output
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from the second layer as

cl 1 | F2181 ReIRz 18 F2282  poomikz 282 c3
by DTy | R k2181 =ik 181 Roe?*2.282 omikz 282 by
(2.69)

where dependance on the angular frequency, w, is understood for the wave numbers,
k;, and the interfacial reflection coefficients, R;. Defining the propagation factors

P=e" k2181 and Pp=e k2,282 and carrying out the matrix multiplication gives

c1 1 1+ Ry R2P12 R2P22 + R1P12P22 c3

S S (2.70)
b | DRIP4y RP2 RiRyPE+ PP | | b

The frequency domain reflection coefficient can be found as the ratio of backward

travelling to forward travelling waves at the z = 0 interface, or

by _ (Ri(w) + Ry(w)PE(w))es + (Ri(w)Ro(w)P3(w) + PE(w)P3(w))bs
1 (1+ Ri(w)Re(w)Pi(w))es + (Rp(w) P§(w) + Rl(w)Pf(w)Pg(w)()bs |
2.71

INw) =

dividing through by the complex amplitude of the forward travelling wave at the third
interface and using R3 = b3/c3, gives the frequency domain reflection coefficient from

the two-layered geometry as

b _ Ri(w) + Ry(w)P}(w) + (Ri(w)Re(w) P} (w) + P} (w) P} (w)) R3(w)
1 1+ Rj(w)Ro(w)Pi(w) + (Ro(w)P5 (w) + Ry (W)Pf(w)Pzz(w))Rs((w) )
2.72

Nw) =

For the special case of a conductor backed geometry, where the interfacial reflection

coefficient R3 = —1, the frequency domain reflection coefficient is given by

_ Ri(w) + Ry(w) P}(w) ~ P}(w)P§(w) — R1(w)Ra(w) P§(w) '
1+ Ry(w)Rp(w)PE(w) — Ri(w) P (w) P§(w) — Ra(w)Pj (w)

I'(w) (2.73)

Since the frequency domain reflection coefficient, I'(w) exists, a Laplace domain rep-
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resentation also exists. This quantity is given by I'(s) = I'(w)
w=

S

2.4 Time domain reflection coefficient

To define the time domain reflection coefficient, begin by considering the response
due to a finite duration input waveform. Letting the input waveform be given by

g(t), where G(s) = L{g(t)}, the frequency domain response is given by
F(s) = G(s)I'(s) (2.74)

where I'(s) is the frequency domain reflection coefficient found in Section 2.3. The

time domain response of the system is thus given as
Ft) = L7HF(s)} = L7HG(s)T(5)}- (2.75)

Although this is the temporal response of the system, the response cannot be written
as g(t) * L71{I'(s)}, because the inverse Laplace transform of I'(s) either may not
exist, or may be difficult to compute. This is because the frequency domain reflection
coefficient, I'(s), does not go to zero uniformly on all of the infinite contours used in
evaluating the Laplace inversion integral. However, by neglecting the contributions
from these infinite contours, since G(s) does go to zero on them, a new quantity, I(s)

is defined. This quantity is identical to I'(s), except for its behavior as |s| — co. The

quantity ['(s) will satisfy

L7HG(s)T(5)} = LTHG(s)I(s)} = f(t), (2.76)
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since G(s) goes to zero on the infinite contours. With the infinite contour contribu-

tions neglected, the inverse transform exists, and by the convolution theorem,

f(t) =g(t)*T(t) (2.77)

where I'(t) = L'l{f‘(s)} is defined as the time domain reflection coefficient. Note
that this time domain reflection coefficient, when convolved with a finite duration
incident waveform, gives the reflected field.

Exploration into the form of the time domain reflection coefficient is given for

specific geometries in Chapters 3 through 5, and for the n-layer case in Chapter 6.
2.4.1 Propagation through lossy media - wave velocity and transit time

To determine the start and end of the various time periods, a complex-analysis based
approach is taken in Chapters 3 through 6. To relate the distinction of the various
time periods to physical events, the propagation of a plane wave through a dispersive
medium is considered. To do this, consider the solution for the total field of a plane
wave propagating in a homogeneous region of permittivity, €, permeability, u, and
conductivity, o, reflected from a perfect conductor.

In a source free region, the electric and magnetic fields, E and ﬁ, satisfy identical

wave equations given in the time domain by

8%2E(z,t) OE(z,1) d%2E(z,t)

P— a__—.—.—_

52 M e 0 (2.78)

and

8%2H(z,t) OH(z,t) 8%2H(z,1)
5.2 M Mg 0 (2.79)

Here it is assumed that the plane of field invariance is the zy-plane, with generalization

to any planar surface obtained through a simple rotation of the coordinate axes. Thus,

propagation of the plane-wave occurs in the +2-direction.
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Begin by considering the lossless (o = 0) case, assuming the region z < 0 contains
a perfect conductor. Boundary conditions at the conductor require the tangential
component of the electric field to vanish. Since the electric field is orthogonal to Z,

requiring
O0H(z,t)
0z z=0

=0

gives E)(O,t) = 0 and thus satisfies boundary conditions. The solution to (2.79),

subject to the above boundary condition, and assuming H(0,t) = Hyf(t), is given by

H(z,t) = 22f(t - 2)+ %9 (t+ S) (2.80)

where v = 1/(pe)'/2. With the solution for the magnetic field, H, the electric field is

obtained as

E(z,t) = @ (t - %) - ”“2H°f(t + g) (2.81)

Examining this solution for the electric and magnetic fields, the term f(t + z/v)
can be interpreted as a wave field disturbance propagating in the —z-direction with a
velocity v. Similarly, the term f(t—2z/v) can be interpreted as a wave field disturbance
propagating in the +2z-direction with the same velocity v.

Now consider the case of propagation through a lossy medium, again assuming
the region z < 0 contains a perfect conductor. The solution to (2.79), with the
boundary condition of vanishing tangential electric field at the conductor, assuming

H(0,t) = Hof(t), is given in [17] by

e =g dt (1= 2) + ey 14 3)

20'2Hoe—g;t /t+z/v f(u)eﬁ‘?“‘ll(i_“"/z? ~(t — u)20?)
8ev t—z/v 2%\/27 — (t —u)%v?

where v = 1/ (ue)l/ 2 as in the lossless case. The first two terms of this solution
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are similar to the terms in the lossless case, modified by an exponential damping
factor. This term gives the necessary decay associated with propagation through a
dissipative material. The interpretation of these two terms as propagating wave field
disturbances remains valid, with propagation velocity, v. The remaining term, which
only appears in the case of a lossy medium, results in an extension of the disturbance
through the medium, due to currents induced by the passing wavefront. This response
will be a remnant left behind as the wavefront passes.

The important result for defining the time periods of the transient response from
a layered material is that the leading edge of the wavefront propagates with wave

velocity v, which is again defined by

v= (2.83)

1
Vi

where p = prpg and € = er¢g are the frequency independent permeability and per-
mittivity of the material. Note that in free space, this wave velocity is given by the
speed of light, c.

With the wave velocity of a plane wave propagating in a lossy medium known, the
two-way transit time in a layer of material can now be considered. It is important
to note that this transit time is not just the propagation time for the wave to travel
through the slab. The timing between the initially-reflected wave, which sets the
time-reference of the transient response, and the subsequent response due to various
reflections inside the material layer can only be properly described by considering
the field over an observation plane.[17] Consider the observation plane designated
P-P in Figure 2.7. This plane intersects the first interface at the first “exit point”

of the wave that is initially transmitted into the layer. To arrive at this plane, the
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initially-reflected wave takes the path B, arriving at the observation plane at a time

Dsin6;,

o (2.84)

after the initial reflection. Here vg is the wave velocity in region 0. To arrive at this
same plane, the wave that penetrates the surface takes the path A, arriving back at

the reference plane at a time
24
vy cos By’

(2.85)

where 0; is the transmission angle into region 1, and v; is the wave velocity in the
medium. Noting that D = 2A; tan#;, the time difference between these two waves

arriving at the reference plane is given by

| = 2A1 [l_smetsmem]. (2.86)
v] cos 6 vo/v1
Utilizing Snell’s law of refraction, which gives
Yo _ sin 6;, (2.87)
1 sin 9t '
the two-way transit time of the material layer is found to be
6
n:zégfl. (2.88)
1

This quantity appears in the complex-analysis based approach taken in Chapters 3

through 6, and is found to determine the start and end of the various time periods.
2.4.2 Simulation based comparison of NMS to IFFT

For purposes of comparing the natural mode series (NMS) to the inverse fast-Fourier

transform (IFFT), the reflection coefficients of several layered arrangements are com-
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puted. Consider the two layer material stack shown in Figure 2.8, with layer thick-
nesses of 25 and 24 millimeters and material parameters of (ug,4.8¢g) and (1o, 2.5¢p).
Using the wave matrix method detailed in Section 2.3, the reflection coefficient can
be found and an inverse fast-Fourier transform can be performed. This procedure
gives the time domain reflection coefficient, however it gives no physical insight into
the source of the response. To gain this insight, a natural mode series representa-
tion is found using the poles of the frequency domain reflection coefficient. These
poles are found using the secant method, with initial guesses generated using an E-
pulse program on the time domain reflection coefficient found by an IFFT. Figure
2.9 is a comparison of the IFFT of the reflection coefficient with the resulting natural
mode series representation for the air-backed case found using (3.16); here the first 7
modes are used to construct the natural mode series, as listed in Table 2.1. For the
conductor-backed case shown in Figure 2.10, a comparison of the IFFT to the NMS
for the conductor-backed case, using the 8 modes listed in Table 2.2 to construct the
natural mode series is shown in Figure 2.11.

Note that, in each case, there is no difference between the IFFT and the NMS
results after the reflection from the second interface has returned to the observation
plane. This implies that the natural mode series is a valid representation of the tem-
poral response for times after the reflection from the first material-material interface
is seen at the observation plane. This is an interesting result, since the late time is
generally taken as starting after the wave has completely penetrated the entire stack
of materials and has been reflected from the last interface. A rigorous, complex-
analysis-based approach is given in Chapter 6 to evaluate the contributions of branch
cuts to the time domain reflection coefficient, and to accurately determine where the
late-time period begins. In this chapter the reflection coefficient is decomposed into
various components which are used to validate the natural mode series representation

for both the n-layer material stack in the late time, and portions of the early time.
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Pole Amplitude

Natural Mode Amplitude

Mode

Real Part

Imaginary Part

Real Part

| Imaginary Part

—0.41045 x 10V

0.90877 x 10!

0.35161 x 10U

—0.23713 x 10”

—0.40353 x 1010

0.81846 x 10!

0.36648 x 109

0.24961 x 10°

—0.38304 x 10'Y

0.70678 x 10!

0.40979 x 1010

—0.16679 x 10°

—0.42604 x 10!V

0.61114 x 10!

0.31807 x 100

0.74073 x 10°

—0.41727 x 1010

0.40177 x 10!

0.33693 x 1019

—0.20099 x 107

—0.39591 x 1010

0.31051 x 10*!

0.38275 x 109

0.24041 x 10°

O = || W] O

—0.3889 x 101V

0.19793 x 101!

0.39755 x 1010

—0.21095 x 10

Table 2.1. Natural mode frequencies and coupling coefficients for the problem of

Figure 2.8
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Pole Amplitude

Natural Mode Amplitude

Mode

Real Part

Imaginary Part

Real Part

Imaginary Part

—0.14262 x 1019

0.96877 x 1011

0.33152 x 101V

—0.14396 x 10°

—0.18016 x 10'Y

0.8627 x 101!

0.42388 x 10'Y

0.23251 x 10°

—0.17131 x 1019

0.66496 x 10!

0.4025 x 10*Y

—0.16103 x 10°

—0.16018 x 1010

0.553 x 10*!

0.37517 x 101V

0.20664 x 10°

—0.14772 x 1010

0.46196 x 101!

0.34423 x 101V

—0.18384 x 10°

—0.17866 x 101V

0.35327 x 1011

0.4203 x 10"V

0.73224 x 10°

—0.13724 x 1010

0.2531 x 101!

0.31817 x 1010

0.32635 x 10°

Ol N|W ]|

—0.17567 x 1010

0.15598 x 101!

0.41304 x 101U

—0.12013 x 10”

Table 2.2. Natural mode frequencies and coupling coefficients for the problem of

Figure 2.10
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-~ Region 1 Region 2
(4, €) (t4:€7)

Figure 2.1. A discontinuity interface between two material regions

32



,€) | (4y,85)

Figure 2.2. Fields at an interface between two materials for parallel polarization
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(1, | (,6)

Figure 2.3. Fields at an interface between two materials for perpendicular polarization
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Region 1 Region 2
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€ ) T'c, R
&)
_ R'c, R'b,
b
"1 Tb b,

Figure 2.4. Fields at a discontinuity for incidence from each direction
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A, A, A, A,
Region 0| Region 1 | Region 2 Region i Region n
(&) . C, R Cisi Cpil
. b, ) b, b, b,..
— —
Rl RZ ;

Figure 2.5. An n-material cascade of planar layers
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Region 0| Region 1 Region 2
(4, &) (4, &)

(e R ¢, , G,

. bI . b2 " b3
—n __1.nh ]
—1 — o~
R R, R,

Region 3

(44,&5)

Figure 2.6. Geometry for a two layered material stack
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Region 0 Region 1
(4, &) (&)

Figure 2.7. Timing diagram for determining transit time in a lossy material layer
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A, =25mm A, =24 mm

(/l,,Er,O') (lur’gr’o.)
= (1,4.8,0) = (1,2.5,0)

Figure 2.8. A two-layered, air-backed geometry
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15 ------= Natural Mode Series
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Figure 2.9. Time domain reflection coefficient for a two-layered, air-backed geometry
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A|=25 mm A2=24 mm

(lur’er’a-) (ﬂr’gr’o-)
= (1,4.8,0) = (1,2.5,0)

Figure 2.10. A two-layered, PEC-backed geometry
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Figure 2.11. Time domain reflection coefficient for a two-layered, PEC-backed geom-
etry
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CHAPTER 3

AIR-BACKED LOSSY LAYER IN THE PRESENCE OF A
CONDUCTING SCREEN

As a first step towards the development of a procedure for multiply layered materials,
an air-backed lossy layer in the presence of a conducting screen is considered. The
geometry is shown in Figure 3.1. This builds upon the work completed in [13], where
the transient reflection from an air-backed lossy layer was rigorously developed. As
shown in Chapter 2, the frequency domain reflection coefficient for a two-layered
geometry backed by a perfect electric conductor is given using the wave matrix method

as

R1(w) + Ry(w)PE(w) — PE(w)P3(w) — R1(w)Rp(w) P§(w)

) = ROR@ P - @PI@ W - R@Pe) )

with interfacial reflection coefficients
Ry (w) = % (3.2a)
Ro(w) = ZEZ; - 28 (3.2b)

where Z1(w) and Zs(w) are the wave impedances in the material layers given for

parallel (TM) and perpendicular (TE) polarizations, respectively, by

2wy = ———k"’il(c:’(i')’;(w) (3.32)
Zrw) = ———k‘lifzr(’:f;” ) (3.3b)

where 7;(w) = |/u;/€{ is the frequency dependent intrinsic impedance in region i. Zg

is the wave impedance in free space, which takes on the same forms as (3.3), but with
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frequency independent intrinsic impedance, 79. Pj(w) and Pp(w) are propagation

factors given by

P(w) = e Ikz,1d (3.4a)

Py(w) = e TFz2h, (3.4b)

Examining the geometry of Figure 3.1, it can be seen that R} (w) = —Ra(w), so (3.1)
can be rewritten in terms of just the first interfacial reflection coefficient, R;(w), and

the propagation factors given in (3.4) as

R1(w) — Ri(w)P}(w) — PX(w)P}(w) + R%(w)Pi(w)

) = R (0)P2(w) - Ry(@) PR@) P2@) + Ry@)PR(w)

(3.5)

Since kiz = k:%,i + kg,i and kz; = k; 0 = kosinf;, to satisfy boundary conditions at

all points on the planar surfaces, the wave impedances will take the forms

" Zj(w) = L \/k2 ko sin? 6;,, ZII = ng cos b;n, (3.6a)
kil 74 =2 (3.6b)
\/ - kO sin? Cos Uin

for parallel and perpendicular polarizations, respectively. For notational purposes,

the propagation factors will be written in the form

Pw) = e~Jwri(w), (3.7)

44



where the expressions contained in the exponent are given by

wty(w) = 2k, 1d

= 2d\/lc2 kO sin?

=w—y/-L —sin?6;, (3.8)

wTp(w) = 2k, oh

w% cos 0;y,. (3.9)

Here, the complex permittivity is given by €f(w) = €1r€9 + 0/jw, and a nonmagnetic
material layer is assumed; i.e., u; = po. To simplify notation, the quantity ¢; =

€1 — sin? 6;,, is defined, giving

(3.10)

3.1 Laplace domain representation

Since the frequency domain reflection coefficient, I'(w), exists, a Laplace domain

representation also exists. This quantity is given by

I(s) = W) ,
J

Ri(s) — Ri(s)P(s) — PE(s)P3(s) + R3(s)P3(s)

1 - R}(s)PE(s) — Ri(s)P(s)P(s) + Ri(s)Pj(s)

Ri(s) - R (s)e—srl(s) — e—S(r1(s)+ma(s)) + R2(S)e—s1'2

1- R%(s)e—srl(s) - R1(s)e‘s(71(s)+72(s)) +R; (8)6'372( s)

(3.11)

45



with expressions appearing in the exponentials given by

s71(s) = jwny @)|__

SUe

A o
= §— fl + —
S€Q

C

2d
==-——\/€1\/§1/s-+-:£1—
c €1€0

= 2—6"\/6_1\/5\/3—_31 (3.12)

s7a(s) = jwrp(w)

Siw

2h
= s cos Oin, = ST (3.13)

where the quantity s; = —o0/€j¢g has been defined. The interfacial reflection co-

efficient for the first interface is given simply as R;j(s) = Rj(w) The wave
w=

s
J
impedances, which are needed to compute the interfacial reflection coefficient by

(3.2), are given for parallel polarization as

zlis) = 2l (w)l

61 _—
({/e0) s€Q

mVEVSYS —s1

s€1r +0/€

(3.14a)
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and for perpendicular polarization by

zi(s) = ztW)| _,

k1m
k% - k% sin 6;,,

kim

S | L (3.14b)

The interfacial reflection coefficient, R;(s), can thus be written for parallel and per-

pendicular polarizations using (3.2), as

VEi1Vsys —s1 — (serr + %) cos bin
Ru(s) = | VAT ST Gty + &) costin

scosfin — VE1VsV/5 =51

scosfin + Ve1Vsys —s1

parallel polarization
(3.15)

perpendicular polarization

3.2 The time domain reflection coefficient

Using the frequency domain reflection coefficient found in Section 3.1, the time domain
reflection coefficient of the material stack, I'(¢), which is defined through an inverse
temporal transform, can be found. This time domain reflection coefficient, when
convolved with a finite duration incident waveform, gives the reflected field in the
time domain.

In order to use the extinction pulse technique, it must be shown that the time
domain reflection coefficient can be represented in terms of a natural mode series,
after a finite period called the early time. The time period during which the natural

mode series is an accurate representation of the time domain reflection coefficient
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is commonly referred to as the late time. Thus, in the late time, the time domain

reflection coefficient should take the form:
[o 0]
T(t) =) Ane™t (3.16)
n=1

where A, is the amplitude coefficient associated with the nth pole, sn = on + jwn,
of the frequency domain reflection coefficient. This representation of the temporal
field is found by taking the inverse Laplace transform of (3.11), neglecting infinite
contour contributions for which (3.11) does not approach zero uniformly. To perform
this inverse transform, the singularities of the frequency domain reflection coefficient

are explored, and the evaluation of the integral

/ [(s)etds (3.17)
Br

is carried out through complex plane integration for several ranges of time, t. Here,
the integration is carried out along the contour Br, which is the Bromwich path. The
Bromwich path, which defines the inverse Laplace transform, is a path in the complex
s-plane which is taken parallel to the imaginary axis, to the right of all singular points.

Evaluation of the integral in (3.17) gives the time domain reflection coefficient as

1

= — T'(s)e®tds 3.18)
727 Jan (s) (

I'(t)

when infinite contour contributions are neglected. In order to carry out the contour
integration involved with the evaluation of this integral, singularities of the integrand

need to be determined, and appropriate branches defined.
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3.2.1 Singularities of the frequency domain reflection coefficient

Singularities of the frequency domain reflection coefficient take on various forms.
First, s7(s) and Z(s), given by equations (3.12) and (3.14), respectively, contain
complex square roots which lead to branch points at s = 0 and s = s;. Corre-
spondingly, branch cuts are taken along the negative real axis to define the principal
branches of the square root functions. In addition, observing that the frequency

domain reflection coefficient may be written as

I(s) = =2 (3.19)

there are poles associated with the zeros of the denominator, D(s). These poles will
appear in the left half of the complex s-plane, with some lying on the real axis, and
the rest occurring in conjugate pairs.

3.2.2 [Evaluation of the time domain reflection coefficient

Evaluation of the time domain reflection coefficient is carried out by factoring the
frequency domain reflection coefficient such that the inverse Laplace transform of the
individual components are physically meaningful during various time periods. The
definition of these time periods, the factorization used in each time period, and the
implications of these developments are the subjects of Sections 3.2.2.1 through 3.2.2.3.

In evaluating the Laplace inversion integral, Jordan’s Lemma is used many times

to evaluate the integral contributions from various contours. This lemma is given by

(15] as
Theorem 3.1 (Jordan’s Lemma) If H(z) is an analytic function having the property

3
2

IA
S
IN

lim H(Re¥%) =0, - <6<
R—oo

0ol
o1
0ol 3
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uniformly with respect to 0, then, if b is a nonzero real number,

lim H(z)e¥*dz =0, ifb<0
R—oxo Cy

lim | H(2)e¥dz=0, ifb>0
R—o0 Cy

where C1 and Co are semicircles in the right and left half planes, respectively, centered

at the origin and of radius R.

3.2.2.1 Early time: t < T}

The early time is defined as the time period before a response is observed at the obser-
vation plane due to reflection from the second interface, as discussed in Section 2.4.1.
This response should be identical to the interfacial reflection for two semi-infinite
media during this time period. Because of this, the frequency domain reflection co-
efficient is factored into the sum of the interfacial reflection coefficient of the first

interface, R1(s), and a reduced reflection coefficient defined by

I'(s) = T(s) - Ri(s)
~(1- Rf(s))(Rl(s)e‘”l(s) + e~ 8(r1(s)+72(5)))
1— R%(s)e_‘"l(s) _ Rl(s)e—s(‘rl(s)+7'2) + Rl(s)e—srg(s)'

(3.20)

Since the inverse Laplace transform is a linear operation, the time domain reflection
coefficient for the entire structure is given as a sum of the inverse Laplace transforms
of the two components of the frequency domain reflection coefficient. The inverse
Laplace transform of the interfacial reflection coefficient, given by R;(t), is rigorously
developed in [14]. The evaluation of the inverse Laplace transform of the reduced
reflection coefficient remains; this is given by I'(t) = £~1{I"(s)}, where I'(s) is

identical to I'/(s), except for its behavior at infinity. This inverse transform is found
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by evaluating
1
— I'(s)estds, 3.21
Jjem Jpr ( )
neglecting infinite contour contributions for which I''(s) does not go to zero uniformly.
On an infinite contour, C, exponential terms appearing in the numerator of the

reduced reflection coefficient are given using (3.12) as,

. 2d _ o1 2d — A
|s|l—r»noo{ S ‘/61 + 860} . Vel =Ty (3.22)

Letting t; =t — T1, which is negative for ¢ < T7, evaluation of the integration along
the Bromwich contour in (3.21) is obtained by closing the integration contour in the
right half of the complex s-plane, as shown in Figure 3.3. Right half plane closure
is justified here, since t; is negative for the time period t < T}. Note that T is the
two-way transit time of the first material region, as discussed in 2.4.1. The early time
is thus given by the time period ¢ < T7. The integration on the infinite contour Coq
is given by

/ I'(s)e%tds = / I'(s)esT1est1ds (3.23)
Coo COO

Here, Jordan’s Lemma cannot be directly applied to evaluate the integral contribution
over Cwo, because the integrand does not go to zero as |s| — oo at all points on the
contour. However, it is possible to apply Jordan’s Lemma, when the following theorem

from [15] is used:

Theorem 3.2 Let f(t) be a function which is APC (almost piecewise continuous)
and which is identically zero for t greater than some number T. Then the Laplace
transform of f(t) approaches zero uniformly as s becomes infinite in a right half

plane,

s
larg(s — co)l < 3,
where cg = og + jwg is any complex constant in the s plane.
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To use this theorem, recall that the time domain reflection coefficient is always con-
volved with a finite duration incident waveform. Letting this waveform be given
by g(t) and noting that this waveform is APC, the spectral response of the system
is G(s)['(s), where G(s) = L{g(t)}. Using Theorem 3.2, G(s) will approach zero
on the infinite contour, C. The response of the system thus approaches zero on
_the contour. Defining I (s) as a function which approaches zero uniformly on the
infinite contour, and which satisfies £L~1{G(s)['(s)} = L~1{G(s)['(s)}, the infinite
contour contribution is neglected to give the time domain reflection coefficient as
I'(t) = £L~1{T'(s)}. Thus, the time domain reflection coefficient in the early time is
identical to the inverse Laplace transform of the interfacial reflection coefficient, as
developed in [14].

3.2.2.2 Middle time: ) <t <T1 + T

The middle time for this structure is defined as the time period between the observa-
tion of the reflection from the second interface at the observation plane, as discussed
in Section 2.4.1, and the observation of the reflection from the conductor. During
this time period, physical reasoning suggests that the temporal response should be
identical to the reflection from the first layer of material backed by free space. Be-
cause of this, the frequency domain reflection coefficient is factored into the sum of
the reflection coefficient for a single air-backed lossy layer, which is rigorously devel-
oped in [13], and a reduced reflection coefficient defined by the difference between

the total reflection coefficient and the frequency domain reflection coefficient for the
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single air-backed lossy layer. The reduced reflection coefficient is thus given by

P’2!ay(s) = I'(s) - 1-‘llay(s)
r(s) - A1 = Ro(s)en o)
1- R%(s)e‘s"l(s)
—e—3(11(s)+73)
X
1- R%(s)e‘”l(s)

(1 - Ri(s))®
X
1- R%(s)e—sﬁ(s) - Rl(s)e_s(Tl(s)+T2) + R (S)e—ST2(s)

(3.24)

Since the inverse Laplace transform is a linear operation, the time domain reflection
coefficient for the entire structure is given as a sum of the inverse Laplace transforms
of the two components of the frequency domain reflection coefficient. The inverse
Laplace transform of an air-backed lossy layer is rigorously developed in [13]. The
evaluation of the inverse transform of the reduced reflection coefficient remains; this
is given by I"'may(t) = L‘l{f'may(s)}, where f'may(s) is identical to I"'may(s), except

for its behavior at infinity. This inverse transform is found by evaluating

1
7or /g, F'may(s)e“ds, (3.25)

neglecting infinite contour contributions. On an infinite contour, Cy, exponential
terms appearing in the numerator of the reduced reflection coefficient are given using

(3.12) and (3.13) as,

lim {2—d €+ Z 4 %?cos&in } = ?cii\/a+ %cosBin AN+T, (3.26)

|s]=o0 | € S€gQ

where T7 and T, are the two-way transit times of the first and second layer, re-
spectively, as discussed in 2.4.1. Letting t9 = ¢ — (T} + T»), which is negative for

t < Ty + T3, evaluation along the Bromwich contour in (3.24) is obtained by closing
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the integration contour in the right half plane of the complex s-plane, as shown in
Figure 3.3. Right half plane closure is justified here, since t9 is negative during this
time period. The end of the middle-time period is defined by (3.26). The integration

on the infinite contour C is given by

I'(s)etds = ' (s)esT1+T2)est1 45 (3.27)
Cxo Coo

It is not possible to apply Jordan’s Lemma directly to this integral, since the integrand
does not go to zero uniformly on the entire contour, Coo. However, by definition of the
time domain reflection coefficient, the infinite contour contribution is to be neglected.
Thus, during the middle-time period, the time domain reflection coefficient is identical
to the the time domain reflection coefficient for the air-backed lossy layer, which is
rigorously developed in [13]. It is found in [13] that after the time 77, the time domain

reflection coefficient for the air-backed lossy layer is given by a natural mode series.
3.2.2.3 Late time: t > T+ T3

The late time of the response for this geometry is defined as the portion of the transient
response after a response from a reflection off of the conductor backing arrives at the
observation plane, as discussed in Section 2.4.1. For this time period, the frequency
domain reflection coefficient is factored into the sum of the reflection coefficient for
a single air-backed lossy layer, which is rigorously developed in [13], and a redﬁced
reflection coefficient defined by the difference between the total reflection coefficient
and the frequency domain reflection coefficient for the single air-backed lossy layer,
as is done for the middle time. The reason for this factorization is two-fold. First,
the time domain reflection coefficient for the air-backed lossy layer is known to be a
natural mode series after the time 77, thus only the reduced reflection coefficient needs
to be addressed. Second, by examining the properties of the individual components

of the time domain reflection coefficient, some insight into the transient response can
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be obtained. The reduced reflection coefficient is given by (3.24), and repeated here

as

Félay(s) = I'(s) - 1-‘llay(s)
= T(s) - - Ry(s)e~*n(s))
1- R%(s)e"”l(s)
_e—s(fl(s)+T2)
X
1= B(o)e0

(1 - R3(s))?
X
1— R(s)e*1(8) — Ry(s)e~s(m(s)+m2) 1 Ry (s)e572

(3.28)

Evaluation of the inverse transform of the reduced reflection coefficient is carried
out through the integration along the Bromwich path, neglecting infinite contour

contributions; this integration is given by

1

j2—7"/Br F&lay(s)estds. (3.29)

On an infinite contour, C, exponential terms appearing in the numerator of the
reduced reflection coefficient include the two-way transit times of the two layers, T
and Ty as in (3.26). Letting to = t — (T1 + T3), which is positive for ¢t > T} + T»,
evaluation along the Bromwich contour in (3.28) is obtained by closing the integration
contour in the left half of the complex s-plane, as shown in Figure 3.7. When closure
is taken in the left half plane, many integration paths are involved. In this discussion,
these integration paths will be referred to in two groups, the outer contour, C, which
includes integration paths parameterized by quantities receding towards infinity, and

the inner contour, C’, which includes integration paths taken along the branch cut.
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These integration contours are given by

C=BruLiuCHuCx UL

C'=l4UnUynU.UypUlLUlU..Ulgulg

Then, by Cauchy’s residue theorem

T (s)estds = 521y  Res[T%,  (s)e®, complez poles]. (3.30)
cuc! 2lay 2lay

Thus, determination of the time domain reflection coefficient is possible provided the

integral contribution from each path is known.

3.2.2.3.1 Contributions from the outer contour, C
The Laplace inversion integral is found by computing (3.30) for the Bromwich path
contribution in terms of the contributions from all other integration paths and compu-
tation of the residues from the enclosed simple poles. The outer contour, C, consists
of various integration paths that are parameterized by quantities that recede towards
infinity, including the Bromwich path which defines the inverse Laplace transform.
Contributions from C}, and Cg

Integral contributions from CF and Cg, are given directly by Jordan’s lemma,
as stated in Theorem 3.1, since I"Zlay(s) — 0 on the infinite contours. Thus, direct

application of Jordan’s lemma gives

- Félay(s)e"tds =0 (3.31)

o0

/ F’Qlay(s)e“ds =0. (3.32)
=

Contributions from L; and L,

On L, and L9, Jordan’s Lemma cannot be directly applied to evaluate the integral
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contributions, because the integrand does not go to zero as |s| — oo at all points
on the contours. However, by definition of the time domain reflection coefficient,

contributions from L, and Ly are to be neglected, as discussed in Section 2.4.

3.2.2.3.2 Contributions from the inner contour, C’
The segments of the inner contour C’, which enclose the branch cut, can be broken
into three groups. The first group consists of the contours v, 73, 75, and g, etc,
which enclose the real poles on the branch cut. Note that two poles are shown on
the real axis here, but more may appear depending on the properties of the material
layers, and the incidence angle. The second group is made up of contours 71, 74, and
~7 that enclose the branch points. The straight line segments immediately above and
below the branch cut make up the final group. Within this group, the segments {4
and lg, which lie to the left of all of the branch points will be handled separately
from the segments l; through lg.
Contributions from 9, 73, 75, and g

The integral contributions from the first group of contours, which enclose the poles
on the negative real axis, can be found by calculating the residues of I"le ay(s)e"‘ at
the poles. It is found that all of the poles of I'}, ay(s) are of first order and thus the

residues may be found from

Res [F'Zlay(s)eSt,poles] = slinsl (s — sg) [Félay(s)est] = Ape’kt (3.33)
s=sy, 5k
where
=sp(T1(sk)+72) (1 — p2 2
A= (1 = Ry(se)) (3.34)
&MON|_,

is the complex mode amplitude, and the denominator of the reduced reflection co-
efficient has been written as 1 — M(s). Note that I’'Hopital’s rule has been used to

obtain the form of the complex mode amplitude shown here. Carrying out the details
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of the differentiation gives

2 ()] = L [Be)e ) + (1 - Bs)e 1)

(Rz(s) —-571(s) + Ry(s)e -3s(71(s)+79) — Ryi(s)e —s79(s )

—_—

=[2(1 - R}(5)e™T10)) = Ry(s)(e™*(10+72) — e=72)] = [R}(s)e™n1 ()]

4
ds
+ (1= B (s)e™ 1) L [Ry(s) e+ — =)
=[2R;1(s)e™*1(®) (2(1 = R3(s)e™*"1(8)) — Rl(s)(e s(r(s)+m2) _ g=972))
+ (1 _ R%(S)e—srl (s))(e—s(T1(3)+T2) _ e—sr2)] E [Rl(s)]
R%(s) (2(1 - Rf(s)e‘*‘”l Ryi(s)(e” s(r1(s)+m) _ —sr2))zdg[e—srl(s)]

) —
+ Ry(s)(1 - R3(s)e™*m1(s >)di [emnrtm) _ g=om] (3.35)

with the derivatives of the exponential terms given by

% [e—s(‘rl(s)+'r2) _e—srg] [(d\/’—_\/gs ;ils 2h) —s(T1(s)+79) _ (_22}‘_)6—312]

and
dr _ or — 25— 8] _
ad 1(s s71(s)
ds [e ] [ \/—\/5 s — sl ]
The derivative of the first interfacial reflection coefficient is found using (3.15) as

%[Rl(s)] = 0) (3.36)

where, for parallel polarization,

252 — ss
T(s) = \/_\/3\/3_1 (se1r + )cosOm - 261,.\/_\/5\/3 — sjcosb;,

Q(s) = (se1r + %)Zcos Oin + 2(s€1, + 62) Veivsys — s) cos i, +€15(s — 51)
0
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and for perpendicular polarization,

- 252 — ss
s)=2\/a\/§\/s—slc050in cosGln\/_\/_\/ﬁ

§(s) = 5% cos® 6;, + 2 cos 0ins\/E1V3V5 — 51 + €15(s — 51)

Here it is noted that the residues of the poles located on the branch cut must be
evaluated carefully, taking into account the value of functions on each side of the
branch cut. For this particular problem, the reduced reflection coefficient is even
about the branch cut, as discussed on pages 62 through 67, so the values on each side
of the branch cut are the same. This allows the evaluation of the residues from each
side to be combined into one evaluation, where all of the residues are evaluated using
(3.33).
Contributions from ~;, 74, and 7

The integral contribution from the contour surrounding the branch point at s =0
can be computed by denoting the radius of 4 as ry and letting ¢ be an angle
measured counterclockwise from the real axis to the point on 4. This allows any
point on the contour to be located as s = roej¢0. The reflection coefficient on the v4

contour is given in the limit of rg — 0, i.e., s — 0, as

VeEiVsys=s1 — (se1r + eo)cosem
VaVvsys = s1 + (se1r + )cosem -

V/scosb;, — \/"_\/s—s 1
\/s-cosem+\/_\/s—s

-1 parallel polarization
Ry(s) =

perpendicular polarization
(3.37)

For parallel polarization, as s — 0 terms in the numerator of the reduced reflection
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coefficient are given by

(VEIVEYE=] — (se1r + ) cos )’
(V&1Vsvs =51 + (se1r + &) cosbin)?

4VE1Vsvs —si((serr + &) cosbin)

" (VaVava a1+ (serr + 0>cosem)

4\/‘_\/5\/3_: ((se1r + cosGm ( \/——\/g\/s_—_s+sel,cos6m)

(Z o COs 6;n)? © cos 6;

1-R3(s) =1 —

Using the first two terms of the binomial expansion, this can be written as

4\/—\/5\/3-27((361, ) cos 0, [1 \/_\/_\/s_-'—_s + €1y cOS om]

1-Ri(s) = & 2 cos Gm)2 —6 cos 0;,
\/—_\/5\/8——8 S€lr \F\/g\/s__s seir ] 5
(a/eo) cos b;, ((a/eo) + 1) [1 (0/€p) cos b, 2(0/50)] Vs

(3.38)

Thus, the numerator of the reduced reflection coefficient is proportional to s as s — 0
for parallel polarization, using (3.28). Similarly, for perpendicular polarization, as

s — 0 terms in the numerator of the reduced reflection coefficient are given by

(V30861 — VETYET=5)?
(Vscosbin + Ve /5 — 51)2

_ 4/AVE/E st costi
 (Vscosin + VEy/5 = 51)?

—4 V/scosb;y, (l+ V/scosb;, )—2

I—R(s)—l—

Using the first two terms of the binomial expansion, this can be written as

2y _ 4 VScosbin ¢ \/scosbin N
l—Rl(s)—4——\/€_l\/s___s_l(l 2_—\/?—1@) NZ (3.39)

Thus, the numerator of the reduced reflection coefficient is proportional to s as s — 0
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for perpendicular polarization, using (3.28).

For both polarizations, terms in the denominator are given, as s — 0, by

1 - R3(s)e™*"108) = 1 — R2(s) + R}(s) — R¥(s)e*"1(9)
=1~ R}(s) + RY(s)(1 - e~*11(%)

~Vi4smi(s) ~ VE(L+8) ~ V5 (340)

and
Ry(s)e*2(1 — e*T1()) ~ (s7(s)) ~ 5v/5 (3.41)

where (3.38) and (3.39) are utilized. Thus, the denominator of the reflection coefficient
is also proportional to s, as s — 0 for each polarization. The reduced reflection
coefficient, for both parallel and perpendicular polarization, is then given using (3.28),

(3.38), and (3.39) as s — 0 by

-(1- R%(s))ze_s(Tl(s)’H'?)
(1 _ R%(s)e—srl(s))(l _ R%(s)e—srl(s) _ Rl(s)(e—s(rl(s)+‘r2) _ e—sr2))

/
I12lay(s) =
— plht (3.42)
Since the numerator and denominator of the reduced reflection coefficient are both

proportional to s for each polarization, as g — 0, the reduced reflection coefficient

goes to a constant, DL, Thus,
[(s)est = Dll-Lest

and

lF(s)eSt < |DlhL|erot,
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Therefore

I/ I"(s)e“ds| < 27rr0|D”"L|eT0t — 0, (ro — 0).
74

As a result, the integral contribution from the contour around the branch point at

s =0 is given by

/7 F’may(s)e“ds =0 (3.43)

The integral contributions from the contours surrounding the branch point at
s = 81 can be computed by denoting the radius of both v and 47 as r; and letting
¢1 be an angle measured counterclockwise from the real axis to a point on either v;
or 7. This allows any point on the contours to be located as s = s + r1e/?1. The

reflection coefficient on the contours are given in the limit of 71 — 0, i.e., s — s7, as

Veavsys—s1 — (seir + %)Cosein
—_
— g .
Ry(s) = VE1Vsys =51 + (serr + eo)cosom

508 0in — VeIV — 81 -1
s¢os O, + €1 /5\/5s — 51

-1 parallel polarization

perpendicular polarization
(3.44)

In an analogous development to the one for the branch point at s = 0, it can again

be shown the both the numerator and denominator of (3.28) are proportional to s,

and thus I"21 ay(s) becomes constant on the contour. This leads to

/ Thlaye™ds = / Tty ()e*'ds = 0. (3.45)
7 7

Contributions from segments above and below the branch cuts

The contributions from the straight line segments of the inner contour immediately
above and below the branch cuts are separated into two groups. The first group is
given by 4 and (g, which lie to the left of the branch points. The rest of the contours,
1 through lg, lie to the right of the leftmost branch point. Note that if more than

two poles lie on the real axis, more contours would be included in at least one of
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these groups. The developments here will remain valid for any number of integration
contours along the branch cut.

Branch cuts which define the principal branches of the complex square root func-
tions of the wave impedances and propagation factors are taken along the negative
real axis. These branches are defined by —7 < ¢g < 7, and —7 < ¢; < m. Looking
at Figure 3.8, begin by examining the integration paths designated as A4 and A_.
For the contour A4, ¢g = ¢ = m. Letting s = —x, where z is a nonnegative real
number, denote a point on the negative real axis, the product of the square root

functions found in the wave impedances and propagation terms take the form
VaVE =51 = oy G002 = 1 rE e = ~VzyT T (3.46)
On A—, ¢g = ¢1 = —m, and the product of square roots is given by
Vsvs—s1 = Viva+sie T = —/zV/T + 5. (3.47)
Thus, the products of the square roots are analytic on the A contours, and
Thiay(5)], = Totay(®)] ,_- (3.48)

Since the integrations above and below the branch cut are taken in opposite directions,

Félay(s)e“ds +/ F'may(s)e“ds =0 (3.49)
lg Il

On B4, ¢g = 7, ¢1 = 0, and the product of square root functions found in the wave

impedances and propagation terms is given by
VaVs =51 = Vav—z =512 = j\ /=T — 51. (3.50)
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Similarly, on B—, ¢9 = —m, ¢1 = 0, and

Vs —s1 = Vay=z—s1e "? = —j\/zy/=z 51 (3.51)

The product of square roots on the B contours is not found to be analytic, so further
investigation into the form of the reduced reflection coefficient is needed. Plugging

(3.50) into (3.12) gives the term s71(s) on a contour directly above the branch cut as

= J_\/_\/—m = ]zq>1 (3.52)

ST1\S
1( ‘B

where @[, = %\/E_l VZ+/=Z — 51 has been defined. The wave impedances, which
are needed to compute the interfacial reflection coefficient by (3.2), are given by (3.14)

on the contour B4 as

2| = jno\/ET\/E\/—:v — 51

L) : T —z€1r +0/€ (3.53a)
for parallel polarization, and as
Zi(s) 0% (3.53b)

B+ vy -z —s1

for perpendicular polarization. Plugging (3.51) into (3.12) gives the term s71(s) on a

contour directly below the branch cut as

2d - ,
sn(s)|B_ = —]-C—\/q\/a-:\/—x —s1=7281| (3.54)
where ®|p_ = -4 €1v/Z+/—1 — 51 has been defined. The wave impedances are
[
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given for parallel and perpendicular polarizations, respectively, by (3.14) as

Z”(s)‘ - _jnO\/g_l\/:'Ev —T—3s] (3.55a)
1 B- —z€1r +0/€g '
le(s){ = —j oz (3.55b)

B-~ Vava/z-s
on the contour B_. Thus, odd symmetry is seen about the branch cut along the B
contours for both the propagation terms and the wave impedances; i.e.,

zl|

= —Zl| (3.56)

B+
o, 0|
lB+ 1

B-
3.57
o (357)
Plugging R;(s) into (3.28) and multiplying top and bottom through by (Z; + 20)4,

the reduced reflection coefficient takes on the form

—eS(11(8)+72)
(Z1 + 20)? - (21 — Zp)2e~"T18
y (21 ~ Z0)* - (21 + Z0)°)?
(Z1+ 20)2 — (21 — Zp)2e=*"108) — (Zy — Z)(Z1 — Zp)(e%(T1(8)+72) — ¢72)

= —162222/D(s) (3.58)

Flzlay(s) = ) X

where the products in the numerator have been carried out and e~5(71(s)+72) has
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been moved into the denominator term, ﬁ(s). This term is given by

D(s) = @72 (2, + 20)* - 22y + 20)2(21 - Zo)Pe™*N1 )
+(21 - Zo)*e 1) — (2} - Z8)[(21 + 20)* - (21 - Zp)%e 1))
x (e~5(r1(s)+72) _ e—sr2)]
= e (2, + Z0)* - 2(21 + 20)2(21 — Z0)%e M)
+(Z1 = Zo)te %M1 _ (2} + 221(2220 - 28) + Z{)

— (28 = 221(22 20 — Z3) + Z§) e 1] (e73(n () +72) _ e‘”2)] (3.59)

Multiplying the exponential term eS(T1(5)+72) into the square brackets and expanding

some of the bracketed wave impedance terms gives

D(s) = (2} + 22,2y + 22)2e5 )4 m2) _ (2, + Z0)4(Z) — Zp)2e*™2
+ (2% - 2212y + 23)2e~*(n)m2) _ (24 4 221(22 20 - Z8) + Z§)

x (1—e16N) 4 (24 —221(2320 - 23) + Z8) (e7"1) — 1) (3.60)
Continuing to multiply out the bracketed wave impedance terms and regrouping gives

D(s) = [Zi‘(e”2 +1)+ 23(6372 -1)+ 6Z%Z(2)CST2] (e51(8) 4 e~571(5))
- 4(ST2 4,579 _ 1\ _ 07272 5T
2(Z7(e°2 + 1)+ Zj(e 1) - 2Z7Z§e

+ 2[2%20(2e8’2 +1) + Z3(2e572 — 1)] Z1(e5118) —emsm1(9))  (3.61)

Using ®; = (s71(s)/2j) from Equations (3.52) and (3.54), the denominator of the
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reduced reflection coefficient becomes

D(s) = [zf(e*‘fz +1)+ Z4(e™2 - 1) + 6zfzge“2] (1291 4 ¢=1291)
—2[Zi(e2 + 1)+ Z(e2 - 1) - 22}25¢°72]
+ 2[zfzo(ze”2 +1)+ 2322 - 1)] Zy (3221 — ¢=i2%1)
= Z[Zii(e""r2 +1)+ Z§(e 2 1) + GZfdes’?] cos 29,
—2[Z8(e™2 + 1) + Z§(e™2 — 1) - 2232372

+4j [leZo(26”2 +1) + Z3(2¢72 — 1)] (Z;5in29;) (3.62)

Note that the wave impedance, Z1, appears in 5(3) either raised to an even power,
or multiplied by (sin 2®;). Since regions 0 and 2 are free space, using (3.56) through
(3.62) gives

/ _
F2lay(3) B+ - F2lay(s) B (363)

Since the integrations above and below the branch cut are taken in opposite directions,

the evenness about the branch cut of the reduced reflection coefficient gives

s stds+/ Tl (s)e®tds = 0 (3.64)
/11U12Ul3 Zlay() l4Ul5U16 2[ay( )

The time domain reduced reflection coefficient is thus given in the late time by

(3.30) as

F’Zlay = Z Res [Félay(s)e“,complez poles] + Z Res [I"'zlay(s)e“, real poles]

= ZRes [F’Zlay( ,poles ZAke (3.65)

which is a pure natural mode series with amplitude coefficients given by (3.34). Note

that the complete pole series gives this response, with residue contributions due to
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both the complex poles and the poles on the branch cut.

Since the two components of the time domain reflection coefficient are each given
by a natural mode series by [13] and (3.65), the time domain reflection coefficient
is also a natural mode series during this time period. It is important to note that
the poles of the total reflection coefficient do not include the poles of the reflection
coefficient for the air-backed slab. The poles of the air-backed slab reflection coefficient
are in fact cancelled by poles of the reduced reflection coefficient, once this response
turns on at the start of the late time. This cancellation gives a response that is a
natural mode series based just on the poles of the total reflection coefficient, rather

than some superset of the poles of the substructure reflection coefficients.
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Figure 3.2. Single interface between free-space and a lossy dielectric
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Figure 3.3. Closure of the Bromwich contour in the right half plane.
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Figure 3.4. Interfacial reflection coefficient for the first interface
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Figure 3.5. Air-backed lossy dielectric layer
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Figure 3.6. Temporal response from an air-backed lossy layer
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Figure 3.8. Inner contour integration paths for left half plane closure
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CHAPTER 4

MATERIAL-BACKED MATERIAL LAYERS

Having considered the addition of an interface to a geometry which was known to
have a natural mode series representation after a finite time period in Chapter 3, the
next step is to consider a single material layer backed by some material. Doing this,
with the consideration that either the material layer, the backing layer, or both, are
lossy, allows the examination of the effect of loss in one or both of the materials on
the response of the system. This is also the first consideration of a backing layer other
than free space or a perfect conductor.

As shown in Chapter 2, the frequency domain reflection coefficient can be obtained
using the wave matrix method. For the single layer with a material backing, this

reflection coefficient is given as

_ Ri(w) + Ry(w)PE(w)
Pw) = 1+ R (w)Rg(w)Pf(w)’ (4.1)
with interfacial reflection coefficients
_ Zy(w) - Zp
Ry (w) Z1(@) + Zo’ (4.2a)
Zo(w) = Z1(w)
Ry(w) = - BEYA® (4.2b)

Here Zj(w) and Z3(w) are the wave impedances in the material layers given for parallel

(TM) and perpendicular (TE) polarizations, respectively, by

kz,i(w)mi(w)

zMw) ) (4.3a)
Z w) = %()‘”—) (4.3b)
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where 71 (w) and 72(w) are the frequency dependent intrinsic impedances of the ma-
terial layers, given in terms of the complex permittivities, €{(w) and e§(w), and per-

meabilities, u; and p9, as

H1 c o1
T = e 44
m (UJ) e(lz(w) €1(“')) €1r€0 + jw ( )
= [ M2 C(w) = o2
m) = [ 285 () = o + 22 (45)

Here, €1, and €9, are frequency independent relative permittivities, and o] and o9 are
the frequency independent conductivities of the first and second material, respectively.
In this development, only nonmagnetic materials will be considered, thus p; = pg =
po- The wave impedance in free space, Zj, takes on the same forms as (4.3), but
with frequency independent intrinsic impedance, 7g. Since ki2 = k?m- + kf’i and
kzi = kzo = kosin6;, to satisfy boundary conditions at all points on the planar

surfaces, the wave impedances take the forms

Z|| (w) = . \/k2 k3 sin? 6;y,, zl = 10 cos B;p (4.6a)

Zlw) = ki , z} = (4.6b)
\ﬂcf - kg sin? 0;,
for parallel and perpendicular polarizations, respectively. Pj(w) is a propagation

factor given by
Pi(w) = e IFz14 (4.7)

where d is the physical thickness of the material layer, and k;  is the z-directed wave
number in region 1. For notational purposes, the propagation factor is written in the
form

P}(w) = e~39n1(), (4.8)
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where the expression contained in the exponent is given by

wT1 (w) = 2kz,1d

= 2dy/K2 ~ K3 sin2 6y,

2d [€§ 9
=w—4[— —sin“§; 4.
W - sin® 0;, (4.9)

To simplify notation, the quantity €; = €1, — sin? 0;n, is defined, giving

2d g1
n(w) = ~ €+ Jweg

(4.10)

4.1 Laplace domain representation

Since the frequency domain reflection coefficient, I'(w), exists, a Laplace domain
representation also exists. This quantity is given, inserting the propagation factor,

Pj(w), from (4.8), as

_ Ri(s) + Ry(s)em1 ()

I(s) = r(w)] = (4.11)
w=% " 1+ Ry(s)Rp(s)e=*11()
with the expression appearing in the exponential term given by
smi(s) = jum )| _,
J
2d _ o1
=8—, /€ + —
c s€Q
_ fVs, [s+ —L
(& 1€0
= gcq\/z_l\/E §— 81 (4'12)
where the quantity s; = —o0,/€1¢q is defined. The interfacial reflection coefficients
are given using (4.2) as Ri(s) = Rl(w)| s and Rao(s) = Ra(w)| ,. The wave
w=5s w=3
J J
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impedances, which are needed to compute the interfacial reflection coefficients, are

given for parallel polarization as

Il — 7l
zls) = 2, (w)lwzg
= & \/ k2 — k3 sin?
_ o komi |6 9,
= & Ve sin® 6;,,
= M [z %
= @)V s
_ MvEVsVs - % (4.13a)
s€ir + 03/€g
and for perpendicular polarization by
zHe) = ztw)| _,
J
_ kini
\/ k2 — kO sin?
— kz"h
ko \/ (ef / 60) — sin? Oin
_ o
Vi + (0i/s€o)
10S
= . 4.13b
NN (4:130)
with s; = —o0;/€;cp. The interfacial reflection coefficients can thus be written for
parallel and perpendicular polarizations using (4.2) and (4.13), as
Vavsys — 51 — (seur + (91/¢0)) c0s bin parallel polarization
R](S) — \/E_l\/gv s—81+ (3€1r + (01/60)) COSGin
5¢0sbin — VE1V/5V/5 — 51 perpendicular polarization
scos 0;, + VeE1V/sVs — 81
(4.14)
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and

(se1r + ) VaVEVE =52 ~ (sear + RIVAVEVE =31

R2(8) = (Sflr + %)\/3—2\/5\/3 — S+ (3621- + %02)\/%;\/5\/;—‘—81 ” —pOI
\/E_l\/g\/s — 8 — \/?E\/E\/s — 89 N _pOl
Vavsys—s1 +Ve/sv/s—s2 .

4.2 The time domain reflection coefficient

Using the frequency domain reflection coefficient found in Section 4.1, the time domain
reflection coefficient of the material stack, I'(¢), which is defined through an inverse
temporal transform, can be found. This time domain reflection coefficient, when
convolved with a finite duration incident waveform, gives the reflected field in the
time domain.

In order to use the extinction pulse technique, it must be shown that the time
domain reflection coefficient can be represented in terms of a natural mode series,
after a finite period called the early time. The time period during which the natural
mode series is an accurate representation of the time domain reflection coefficient
is commonly referred to as the late time. Thus, in the late time, the time domain

reflection coefficient should take the form:
oo
L(t) =) Ane™ (4.16)
n=1

where A, is the amplitude coefficient associated with the nth pole, s = on + jwn,
of the frequency domain reflection coefficient. This representation of the temporal
field is found by taking the inverse Laplace transform of (4.11), neglecting infinite
contour contributions for which (4.11) does not approach zero uniformly. To perform

this inverse transform, the singularities of the frequency domain reflection coefficient
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are explored, and the evaluation of the integral

/ [(s)e®tds (4.17)
Br

is carried out through complex plane integration. This is done in several steps, cor-
responding to several ranges of time, . Here, the integration is carried out along
the contour Br, which is the Bromwich path. The Bromwich path, which defines the
inverse Laplace transform, is a path in the complex s-plane which is taken parallel to
the imaginary axis, to the right of all singular points. Evaluation of the integral in

(4.17) gives the time domain reflection coefficient as

1
L(t)=— | TI(s)e®ds (4.18)
Jj2m JBr
when infinite contour contributions are neglected. In order to carry out the contour
integration involved with the evaluation of this integral, singularities of the integrand

need to be determined, and appropriate branches defined. These are explored in

Section 4.2.1.
4.2.1 Singularities of the frequency domain reflection coefficient

Singularities of the frequency domain reflection coefficient take on various forms.
First, sm1(s) and Z;(s), given by equations (4.12) and (4.13), respectively, contain
complex square roots which lead to branch points at s = 0, s = s;, and s = s9.
Correspondingly, branch cuts are taken along the negative real axis to define the
principal branches of the square root functions. In addition, observing that the fre-

quency domain reflection coefficient may be written as

I'(s) = (4.19)
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there are poles associated with the zeros of the denominator, D(s). These poles will
appear in the left half of the complex s-plane, with some lying on the real axis, and

the rest occurring in conjugate pairs.
4.2.2 Evaluation of the time domain reflection coefficient

Evaluation of the time domain reflection coefficient is carried out by factoring the
frequency domain reflection coefficient such that the inverse Laplace transform of the
individual components are physically meaningful during various time periods. The
definition of these time periods, the factorization used in each time period, and the

implications of these developments are the subjects of Sections 4.2.2.1 and 4.2.2.2.

4.2.2.1 Early time: t <T)

The early time is defined as the ﬁme period before a response is observed at the
observation plane due to reflection from the second interface, as discussed in Section
2.4.1. The temporal response should be identical to the interfacial reflection between
two semi-infinite media during this time period. Because of this, the frequency domain
reflection coefficient is factored into the sum of the interfacial reflection coefficient of

the first interface, R;(s), and a reduced reflection coefficient defined by

I'(s) = T(s) = Ri(s)

_ (1= R}(s))Ra(s)e”*11 (4.20)
1+ Ri(s)Ra(s)e 3" (s) ° .

Since the inverse Laplace transform is a linear operation, the time domain reflection
coefficient for the entire structure is given as a sum of the inverse Laplace transforms
of the two components of the frequency domain reflection coefficient. The inverse
Laplace transform of the interfacial reflection coefficient, given by R;(t), is rigorously
developed in [14]. The evaluation of the inverse Laplace transform of the reduced
reflection coefficient remains; this is given by I'(t) = £~1{I"(s)}, where I'(s) is

identical to I'(s), except for its behavior at infinity. This inverse transform is found
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by evaluating

1
2 I (s)e’tds, (4.21)

neglecting infinite contour contributions for which I'/(s) does not go to zero uniformly.

On an infinite contour, C, exponential terms appearing in the numerator of the

reduced reflection coefficient are given using (4.12) as,

. 2 [ o) 2d A
1 “ ] AV _Z e a )
|3|1m { ! + seo} - Ve =T (4.22)

Letting t; = ¢ — T, which is negative for t < T, evaluation of the integration along
the Bromwich contour in (4.21) is obtained by closing the integration contour in the
right half of the complex s-plane, as shown in Figure 4.3. Right half plane closure
is justified here, since ¢; is negative for the time period t < T7. Note that T3 is the
two-way transit time of the first material region, as discussed in Section 2.4.1. The
early time is thus given by the time period ¢t < T;. The integration on the infinite

contour Cy is given by

T(s)e’tds =/ I'(s)esT1et1ds (4.23)
Coo COO

Here, Jordan’s Lemma cannot be directly applied to evaluate the integral contribu-
tions over Coo, because the integrand does not go to zero as |s| — oo at all points
on the contour. However, by definition of the time domain reflection coefficient, the
infinite contour contribution is to be neglected, as discussed in Section 2.4. Thus, the
time domain reflection coefficient in the early time is identical to the inverse Laplace

transform of the interfacial reflection coefficient, as developed in [14].
4.2.2.2 Late time: t > T)

The late time of the response for this geometry is defined as the portion of the transient

response after a response from a reflection off of the second interface arrives at the
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observation plane, as discussed in Section 2.4.1. For this time period, the frequency
domain reflection coefficient for the entire geometry, given by (4.11), is considered.
Evaluation of the inverse transform of the reflection coefficient is carried out through
the integration along the Bromwich path, neglecting infinite contour contributions;
this integration is given by

1

—_— ['(s)e’tds. 4.24
= |, 1 (4:24)

On an infinite contour, C, the exponential term appearing in the numerator of
the reflection coefficient is given using the two-way transit time of the material layer,
T1, as in (4.22). Letting t; = t — Ty, which is positive for t > T}, evaluation along
the Bromwich contour in (4.24) is obtained by closing the integration contour in the
left half of the complex s-plane, as shown in Figure 4.4. For closure of the integration
contour in the left half plane many integration paths are involved. In this discussion,
these integration paths will be referred to in two groups, the outer contour, C, which
includes integration paths parameterized by quantities receding towards infinity, and
the inner contour, C’, which includes integration paths taken along the branch cut.

These integration contours are given by

C=BruLiUCLuUC UL,

C'=l4UunUyU..UyUljUlhu..Ulgulg

Using Cauchy’s residue theorem, evaluation of the closed contour integration is given
by

f , I'(s)e®tds = jor Z Res [F(s)e“, complez poles). (4.25)
cuc

Thus, determination of the time domain reflection coefficient is possible provided the
integral contribution from each path is known.

Contributions from the outer contour, C.
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The Laplace inversion integral is found by computing (4.25) for the Bromwich path
contribution in terms of the contributions from all other integration paths and compu-
tation of the residues from the enclosed simple poles. The outer contour, C, consists
of various integration paths that are parameterized by quantities that recede towards
infinity, including the Bromwich path which defines the inverse Laplace transform.
Contributions from CJ, and C5

Integral contributions from CZ, and Cy, are given directly by Jordan’s lemma, as
stated in Theorem 3.1. Since I'(s) — 0 on the infinite contours, C} and C7,, direct

application of Jordan’s lemma gives

/C+ I'(s)etds =0 (4.26)

[(s)e’tds = 0. (4.27)
Cx

Contributions from L; and Lo

On L; and Lg, Jordan’s Lemma cannot be directly applied to evaluate the integral
contributions because the integrand does not go to zero as |s| — oo at all points on
the contours. However, by definition of the time domain reflection coefficient, the
infinite contour contribution is to be neglected, as discussed in Section 2.4.
Contributions from the inner contour, C’.
The segments of the inner contour C’, which enclose the branch cut, can be broken
into three groups. The first group consists of the contours v, v4, 76, and 7g, etc,
which enclose the real poles on the branch cut. Note that two poles are shown on
the real axis here, but more may appear depending on the properties of the material
layers and the incidence angle. The second group is made up of contours 71, 73, 7s,
7, and 7g that enclose the branch points. The straight line segments immediately
above and below the branch cut make up the final group. Within this group, the

segments !4 and lg, which lie to the left of all of the branch points will be handled
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separately from the segments [; through lg.
Contributions from 79, 74, 76, and 4g
The integral contributions from the first group of contours, which enclose poles
located on the branch cut, can be found by calculating the residues of I'(s)e®t at the
poles. It is found that all of the poles of I'(s) are of first order and thus the residues
may be fo;md from
Res [F(s)e"’t,poles] = lim (s — sk)[F(s)eSt] = Age’kt (4.28)

S=Sk 3—*Sk

where
Ry(sg) + Ro(sg)e™ k"1 (%)

" 4 [Ry(s)Rals)e="1 )]

(4.29)

8=8k
is the complex mode amplitude, using I’Hopital’s rule to obtain the form shown here.

Carrying out the details of the differentiation gives
i[R (s)R (s)e_‘"l(s)] = [R (s)e—srl(s)]i[R (s)] +[R (s)e—STl(s)]—(i—[Rg(s)]
dst 2 2 dsL™ ! ds

+ [Bis) Ra(s)]) [~ )]

with the derivative of the exponential term given by

d [ —sr ] [ f[—28 =81 s (s)]
— 1(8 1
ds [e V/5v/5 = 81
The derivative of the first interfacial reflection coefficient is found using (4.14) as

Ti(s
:[Rl( )] Qigs;
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where, for parallel polarization

22 — 881 o
Ti(s) = \/—\/E\/s_ (sqr l) cos B;, — 2€1,1/E1V/5v/5 — 51 cos B;,

2
g g
Q(s) = (8617- + zl) cos? Oin + 2(861,- + ;—1-) VA3 V/sy/s — 51 cosb;, + €15(s — s1)
0 0

and for perpendicular polarization

s2 = ss
T1(s) = 2y/€1v5V/5 — 51 cos By, — cosG,n\/—\/g\/s____sL

Q(s) = s% cos? 0;, + 2 cos Gins\/a\/g\/s — 81+ €18(s —s1)

The derivative of the second interfacial reflection coefficient is found using (4.15) as

':_3[32(3)] = 00)

where, for parallel polarization

0= VAV (02 2 )i

1 s(s1—s3) o1 o2
— —_— + —
+ 2 /5= s1vs =59 S€1r + P S€9r "

2 2
o o
Qo(s) = (sq,- + —1) €s(s —s9) + (segr + —2-) €18(s — s1)
€0 €0
o o
+ 2(selr + e_l) (sezr + -6—2) VeIV €28V — s1V/Ss — S2
0 0
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and for perpendicular polarization as

s(s1 — s2)
\/_\/_ —S1V/S5— 82

Qa(s) = €25(s — s2) + &15(s — 81) + 21/€1V/E25V5 — 51v/5 — 59

Here it is noted that the residues of the poles located on the branch cut must be
evaluated carefully, taking into account the value of functions on each side of the
branch cut. The evaluation of the integral contributions from each of the contours

which combine to enclose the poles on the real axis are thus given as

/ I'(s)estds = —]WZR&S s)‘ t real poles],
72,74

/ [(s)etds = -ijRes [I‘(s)‘ e, real poles], (4.30)
76,78 (=)

where the designators (+) and (-) correspond to the values of the frequency domain
reflection coefficient above and below the branch cut, respectively.
Contributions from v, 73, 75, 77, and g

The integral contribution from the contour surrounding the branch point at s = 0
can be computed by denoting the radius of 75 as rg and letting ¢g be an angle
measured counterclockwise from the real axis to the point on <5. This allows any
point on the contour to be located as s = rge/®0. The reflection coefficients on the

75 contour are given in the limit of 1o — 0, i.e., s — 0, as

VeiVsys =351 — (se1r + —&)cos&in
Ry(s) = { YaVevs—si +(351r o) cosbin

\/.'s'cosam + \/_\/s =51

— —1 parallel polarization

perpendicular polarization
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(%)\/3—2\/"_32— (%)\/E_l\/—_?l a C"
Ryls) - | @WVav=a+(@Vav=s

€1v/—51 — N
\/\/; \/_sl n \/\/EE \/_:_2 £ C'll perpendicular polarization
1v =91 2V —952

This gives the reflection coefficient from (4.11) as

parallel polarization

F(S) = —i'lll—l' = -1
1-C7
Thus,
I(s)e’ = —et
and
‘F(s)e“ < ot
Therefore

l/ F(s)e“ds' < 27rge0t — 0, (rg — 0).
75

As a result, the integral contribution from the contour around the branch point at
s = 0 is given by

/ I'(s)etds = 0. (4.31)
75

The integral contributions from the contours surrounding the branch point at
8 = 81 can be computed by denoting the radius of both 43 and 7 as r; and letting
¢1 be an angie measured counterclockwise from the real axis to a point on either 73
or 7. This allows any point on the contours to be located as s = s; + r1e7®1. The

reflection coefficients on the contours are given in the limit of r; — 0, i.e., s — s1, as

VeaVsy/s =1 — (serr + ’:‘(])‘)COS Oin
Ri(s) = Velvsy/s —s1 + (serr + %(])')COS Oin

scos 0, — V€155 — 51 1
—
8¢0sb0;, + V€158 — 51

— -1 parallel polarization

perpendicular polarization

91



(se1r + Z2)VE2V/EVE = 52 — (sear + 22)VE1VsV/5 — 81
Ry(s) = 4 (61r + IVaVEVE =53+ (sear + R)VEIVo5 = 51
Veivsys = s1 — Ve V/s\/s — sy

—1 | —pol

Vavsysositvavas—n ol
This gives the reflection coefficient from (4.11) as
Flteons)
o= e =7

Thus,

[(s)e’t = Fest
and

}F(s)est < 6(31+r1)t.

Therefore

l/ F(s)e“ds‘ < mrels1trdt _, o (r1 — 0).
377

As a result, the integral contribution from the contour around the branch point at
s = 81 is given by

/ I(s)e’ds = 0. (4.32)
737

The integral contributions from the contours surrounding the branch point at
s = 89 can be computed by denoting the radius of both v; and g as ro and letting
¢2 be an angle measured counterclockwise from the real axis to a point on either v;
or 79. This allows any point on the contours to be located as s = sp + rqe/92. The

reflection coefficients on the contours are given in the limit of ro — 0, i.e., s — s9, as

Ve1/52v/52 — 81 — (s2€1r + %)COS% o Al
= — [} T2
Ry(s) —» \/5—1.\/5\/ 53 — 51 + (s2€17 + < ) cos O;p,

8208 0in — VE1/52V/52 = 51 o ol
52€080in + V/E1,/52v/52 — 51 °

| —polarization

1 —polarization
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(se1r + %)\/3—2\/3\/3——5 — (seor + %)\/3_1\/5\/3_—_-_31—

— -1 —pol
R = | G+ DIaVas st (st DVavavass T
VavsVs —s1 - Vavsys—s; 1 —pol

Vavsys —s1 +Vasy/s—s

This gives the reflection coefficient from (4.11) as

C%"'L Fe Tl (s)

T(s) = s pliL
) 13 Cltesm(s)
Thus,
I(s)e’t = Dl Lest
and
’F(s)e“’t < |D||,L|e(s2+r2)t.
Therefore

|/ F(s)e“ds‘ < ﬂrngu’lle(W’Lr?)t — 0, (rg — 0).
71,79

As a result, the integral contribution from the contour around the branch point at

8 = 89 is given by

/ [(s)e®tds = 0. (4.33)
7179

Contributions from segments above and below the branch cuts

The contributions from the straight line segments of the inner contour immediately
above and below the branch cuts are separated into two groups. The first group is
given by 4 and g, which lie to the left of all the branch points. The rest of the
contours, /] through [g, lie to the right of the leftmost branch point. Note that if more
than two poles lie on the real axis, more contours would be included in at least one of
these groups. The developments here will remain valid for any number of integration

contours along the branch cut.
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Using (4.11), and noting that this equation can be written simply as I'(s) =
N(s)/D(s), the numerator and denominator of the frequency domain reflection coef-

ficient can be put into the forms

N(s) = (Z1 — Z0)(Za+ Z1) + (Z2 — Z21)(Z1 + Zg)e*T1(®)

= (2122 — ZoZ1)(1 + e7*T19) 4 (2} — ZpZp)(1 — e™*T1(%))

= (2122 — ZyZ;) cos (sgjs)) + (22 - ZpZy)sin (s'r;](s))

=X-Y, (4.34)
and

D(s) = (21 + Z0)(Z2 + 21) + (21 — Zo)(Zy — Zy)e™*T1(%)

= (2122 + ZoZ1)(1 +™*10)) + (2} + Zp2Z5) (1 — €711 %))

_ s71(s) 2 . (871(8)
= (2129 + ZOZl)cos( T ) +j(Z7{ + Zng)sm( oY )

=X+, (4.35)

where a multiplication and division by 2¢571/2 has been used, and the quantities X’

and Y have been defined as

X = ZlZ2cos( 2; )) +]le (ST;.; )) (4.36)
Y = ZyZjcos (sréj(s)) + jZoZa sin (sréﬁs)) (4.37)

This allows the frequency domain reflection coefficient to be written as

xX-)
X+)Y
X2 _2xYy + )2

= i (4.38)

I'(s) =
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Using this expression, the behavior of the reflection coefficient about the branch cut
can be examined by evaluating the quantities X’ 2 Y2 and XY about the branch cut.

Defining the quantity ®; = 8—}]@ and writing these expressions out gives

X% = 2272 cos’ @) + j2Z%29(2; sin 1) cos B — Z{sin® @, (4.39)
V2 = Z2Z%cos? @) + j2Z225(Z sin @) cos &) — Z2Z3sin® @) (4.40)

XY = ZoZ%Zylcos® ) —sin® ®1] + j[Z2 + 22| Zo(Z, sin ®;) cos By (4.41)

Branch cuts which define the principal branches of the complex square root functions
of the wave impedances and propagation factors are taken along the negative real
axis. These branches are defined by —7 < ¢g < 7, and —7 < ¢; < 7. Looking at
Figure 4.5, begin by examining the integration paths designated as A4+ and A_. For
the contour A4, ¢ = ¢o = ¢g = m. Letting s = —z, where z is a nonnegative

real number, denote a point on the negative real axis, the product of the square root

functions found in the wave impedances and exponential terms take the form

VSVs —sq = \/ﬁ\/ﬁej(d’ﬁ%)ﬁ = VZIVZ + 528" = —VZVZ + 5a  (4.42)
Vs\/s—s5 = \/ﬁ\/ﬁej(qsl+¢ﬁ)/2 = Vz./T+ sﬂej7T = -V, /T+s3 (443)

where sq and sg represent the two branch points s; and sg, such that |sq| < |sgl.
Which of the branch points s; and s correspond to sq, and which to sg, depends on
material properties in each region, and incidence angle. Every case will be examined
in this section.

On A_, ¢1 = ¢a = ¢g = —, and the products of square roots found in the wave
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impedances and exponential terms are given by

V3V —Sa = VIVI+sae "= —VZVT + 54 (4.44)
Vs\/s—s3 = \/5\/_2+_533e_j" = —Vz,/T+33 (4.45)

Thus, the products of these square roots are analytic on the A contours, and
P(s)lA+ - F(s)‘A_. (4.46)

Since the integrations above and below the branch cut are taken in opposite directions,

/ [(s)e®tds +/ I'(s)e’tds =0 (4.47)
i 'B

On B4, ¢1 = ¢a = 7, ¢g = 0, and the products of square root functions found in

the wave impedances and exponential terms are given by

ViVs—3sa = VIVZI+5a€" = —/TVT ¥ 5a (4.48)
Vs\/s—s5 = Va/—z-spe"t= jvz,/~z—35 (4.49)

Similarly, on B—, ¢1 = ¢ = -7, ¢5 =0

V3Vs—5a = VIVI+sae T = —\/IVZI ¥ 5a (4.50)
Vs\/s—sg = \/.71:-\/--1—3[36'11"/2 = —jvVz,/—T— 33 (4.51)

On C4, ¢1 = 7, ¢a = ¢g = 0, and the products of square root functions found in
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the wave impedances and exponential terms are given by

VsvVs—5a = VIv—z -3¢ = j\/zv/=T = 54 (4.52)
Vs\/s—sg = ﬁ,/—x—Sgej”/2= vz /[=z =g (4.53)

Similarly, on C—, ¢1 = =7, ¢q = ¢3 =0

VSVs—5a = VIV-T —sae I = —j/T\/~ZT = 54 (4.54)
Vss—s5 = Vay/—z-spe It = —jyz,/~z 35 (4.55)

The products of square roots along the B and C contours are not found to be analytic
when moving from a point on one side of the branch cut to a point on the other side,
so further investigation into the form of the reflection coefficient is needed. To do
this, individual consideration is given to various combinations of lossy and lossless

materials.

4.2.2.2.1 Lossy layer backed by a lossless half space

For a lossy layer backed by a lossless half space, the branch point at s = s,
where sp = —o9/€¢g, disappears, and only the paths C; and C- need to be con-
sidered, since s = s = 0. Note that the wave impedance in region 2 becomes
Zy = 1)9+/€2/ €y, which is not a function of s. Taking s3 = s1, the wave impedance

of region 1 is given using (4.53) and (4.55) by

72|, =——r =
Hey T iVaviv=z=s

z | ~To*

1 = =

C-  —jvavzy-r—s]

=7 (4.57)
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Similarly, the term ®; = s71(s)/2j is given by

d
‘I’l‘c+ = Z\/E]\/E\/ -z -8 =®14 (4.58)
d
@1‘0 = —z\/gl\/?l,‘-\/—x —-s1 =9, (4.59)

Thus, on the contour C, the terms which determine the behavior of the reflection

coefficient are given by
X2 = 72, 7Z2cos® @1, +j222, Z5(Z14 sin @14 ) cos 14 — Z7, sin® @y,

2
xy

Z372%, cos® @y + 222 Z5(Z14 sin @1, ) cos B4 — Z3Z2sin? &y,

I

2072, Zolcos® @14 —sin® @) + j[Z3 + Z2,)Z0(Z14 sin @14 ) cos D4
Similarly, on the contour, C_,

X2 = 72 72c0s?®,_ +j2Z2_Z(Zy_sin®_)cos®;_ — Z}_sin? ®;_
V2 = Z27%_ cos®®y_ +j2Z2Z5(Z)_sin®y_)cos ®_ — Z3Z3sin? ®;_

XY = ZgZ}_Zplcos® ®)_ —sin® ®,_] + j[2% + Z?_)Zo(Z1_ sin®;_) cos ) _

Note that wave impedances that change sign as a point moves from C4 to C— across
the branch cut appear raised to even powers, or grouped with a sine function that
also changes sign upon crossing the branch cut. Thus, the quantities X2, Y2, and

XY are even about the branch cut, and by (4.38),
o)

= F(s)| (4.60)

C+ Cc-

So, for the lossy layer backed by a lossless half space, the integral contributions from
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contours above and below the branch cut are given by

/ [(s)etds + / I'(s)e®tds = 0 (4.61)
11U12Ul3Ul4 15U16U17U18

since integrations are taken in opposite directions.

4.2.2.2.2 Lossless layer backed by a lossy half space

For a lossless layer backed by a lossy half space, the branch point at s = sy,
where 81 = —01/€;1¢q, disappears, and only the paths C4+ and C- need to be con-
sidered, since s = s; = 0. Note that the wave impedance in region 1 becomes
Z1 = mov/€1/€1r, which is not a function of s. Also, the term 7j(s) becomes a con-
stant; this gives ®; proportional to s, which is analytic across the branch cut. Thus,

taking sg = sg, the wave impedance of region 2 is given using (4.53) and (4.55) by

—moz
22| R A 4.62
C+ JVea/z/—z — 59 + (4.62)
Zg‘ i = Zo_ (4.63)

c- jVavz/-z -5

Thus, on the contour C4, the terms which determine the behavior of the reflection

coefficient are given by

x? = 2122§+ cos? &1 + j2Zl2Z2+(Z1 sin @) cos ®; — Zi1 sin® ®;
Y2 = Zng cos? ®; + j2ZgZ2+(Zl sin ®;) cos &; — Z§Z§+ sin? o,

XY = ZgZ2Z,[cos® @) —sin? &1] + j[Z2, + Z2|Zo(Z; sin @) cos Dy
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Similarly, on the contour, C_,

x? = 212222__ cos? &, +j2Z1222_(Zl sin®;) cos 1 — Zf sin? &,
Y2 = Z2Z%cos® ®) + j222Z5_(Zsin®))cos @) — ZZZ3_sin® &,

XY = ZyZ%Z;_[cos® @) —sin® &) + j[Z2_ + Z3)Z(Z, sin ®;) cos B,

Note that wave impedances that change sign as a point moves from C4+ to C- across
the branch cut are not grouped with a sine function that changes sign between the
contours. Thus, the quantities X2, 2, and XY are not even about the branch cut

for the lossless layer backed by a lossy half space. Thus, using (4.38),

r(s)) ” l"(s)‘ (4.64)

C+ C-

This is an important result, because the time domain reflection coefficient will not be
given by a pure natural mode series in the late time since the integral contributions

from contours above and below the branch cut do not cancel; i.e.

/ I'(s)e’tds +/ ['(s)estds # 0. (4.65)
[ UlQUIgUl, I5UlgUI7UIg

4.2.2.2.3 Lossy layer backed by a lossy half space

For the case of the lossy layer backed by a lossy half space, evaluation of the
contours above and below the branch cut are examined in three cases. These cases
represent combinations of material parameters for which |s;| < |s2], |s1] > |s2|, and
|s1] = |s2l-
Case 1: (01/¢) < (02/%2)

Examining each combination of material parameters for the two material regions,

beginning with the case of (01/€1) < (02/€2), the behavior of the frequency domain
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reflection coeflicient on each side of the branch cut is determined. For this first case,

sa = 51 and sg = s3. Using (4.48)-(4.55), wave impedances on each integration path

take on the form

z|, = =2 -z
B_ JaVz T+ 35
Vave/——-si "

noz -7
vavzy-z—si

—moz
P = Z2+
jVevzy-z =5

T =7
Vevzy-z =5

(4.66)
(4.67)
(4.68)
(4.69)

(4.70)

thus, Z14 = —Z1_, Z34+ = —Z3_. The exponential terms appearing in the frequency

domain reflection coefficient are given using

ST

8Ty

8T]

8T I

B_

2d
= —?\/31\/5\/:1: + 51 = 29
.2d - .
J?\/flﬁ\/—l‘—sl =724
2d - .
—J—C—\/qﬁ\/—x — 51 = j2%1_

(4.71)
(4.72)

(4.73)

where the quantity ®; = (s71(s)/2j) is defined. It is important to note that ®;4 =

-d,_.

On By, plugging (4.66) through (4.73) into (4.36) and (4.37) gives

x? = 21223_,, cos? &, +j2Zl2Z2+(Z1 sin ®;) cos ®; — Zf sin? ®,

2
Xy

]

2373 cos® @) + j2Z2Z4,(Z) sin ®)) cos &1 — Z3Z2, sin? &,

202225 [cos® &) —sin® &) + j[Z2, + Z2)Zy(Z) sin ®;) cos &y
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Similarly, on the contour, B_,

X2 = 7222 cos® @) +j22%2Zy_(Z)sin @) cos ®) — Z{ sin® &,
y = Z(%Zl2 cos? @, +j2ZgZz_(Zl sin ®;) cos $; — ZgZ%_ sin® ®;

XYy = Z()Zl2Zg_[cos2 ®; — sin? ®] +j[222_ + Zf]Zo(Zl sin ®1) cos ¥,

Note that wave impedances that change sign as a point moves from B4 to B— across
the branch cuts are not grouped with a sine function that changes sign crossing the
branch cut. Thus, the quantities X 2 Y2 and XY are not even about the portion of

the branch cut for which the B contours run. Thus, by (4.38),

r ‘ r | . 4.74
()| g, #T0)| 5_ (4.74)
For the contour Cy,

X2 = 7% 7% cos’ @1y + j2Z%, Zo (214 sin®14) cos @y — Z1, sin® &y,

Y2 = Z2Z% cos® @1y +j2Z2822,(Z14 sin®14) cos By — 2823, sin? &y

Xy Z0Z%, Zy [cos® @14 —sin ®14] + j[Z3, + Z2,)Z0(Z14 sin ®14) cos 4

Similarly, on the contour, C_,

X2 = 22 72 cos’®,_ +j27%_Zy (Z1_sin®,_)cos®_ — Z}_sin® ®;_
V: = Z27%_cos® ®,_ +j2Z2Z9_(Z1_sin®;_)cos ®)_ — ZZZ3_sin® ®;_

XYy Z0Z%_Zy_[cos® ®1_ —sin? ®;_] +j[Z2_ + Z?_)1Zy(Z)-sin®;_) cos &) _

Note that wave impedance, Z1, which corresponds to the lossy material in region 1,

only appears raised to even powers, or grouped with a sine function that changes sign
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upon moving from the C4 to the C_ contour, as the wave impedance does. However,
for Zo, which is the wave impedance in the backing material of region 2, sign changes
occur which change the values of the quantities X2, Y2, and XY on opposite sides
of the branch cut. Thus, since X2, Y2, and XY are not even about the branch cut,

thus

(4.75)

Case 2: (01/€1) > (02/€2)
For this case, sq = s2 and sg = s1. Using (4.48) through (4.55), wave impedances

on each integration path take on the form

11B+,C+ B j\/a\/;nofl‘ = Z1+ (4.76)
Zl|B_’C_ = T ﬁ""x_x_SI =71 (4.77)
Zly, = 2y =72 \/g"jﬂ_s_z =7y (4.78)
Zl, = 5= ﬁ"f;m=z2_ (4.80)

Thus, Zy4 = —Z1_, Zo4 = —Z3_. The exponential terms appearing in the frequency

domain reflection coefficient are given using

2d - .
STl}B c. = i—vavzy—z —s; =j2®14 (4.81)
+C4 c
2d .
31'1'3 c. = —]?\/q\/i\/—x — 51 =729 (4.82)
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On By, plugging (4.76) through (4.82) into (4.36) and (4.37) gives

X% = Z2,ZZcos’ &1y + 5222, Zy(Z14 sin ®14) cos D14 — 27, sin® By
Y2 = 7272 cos?®4 + j2Z325(Z14 sin®y4) cos 14 — Z8ZZsin® @y,

XY = 2022, Zplcos® ®14 —sin? ®1,] + j[Z2 + Z2,)Z0(Z14 sin @14 ) cos by 4
Similarly, on the contour, B_,

X2 = Zf_Z% cos? ®;_ +j2Zf_Zg(Zl_ sin®_)cosP;_ — Zf_ sin? &, _
V2 = 2272 cos?®)_ +j222Z5(Z)_sin®_)cos®_ — Z3Z2%sin? &, _

XY = ZoZ?_Zylcos® &1_ —sin® ®y_] + j[Z2 + Z2_]Zy(Z;_ sin ®;_) cos &)

Note that wave impedances that change sign when moving from a point on the By
contour to a point on the B_ contour across the branch cut appear raised to even
powers, or grouped with a sine function that also changes sign crossing the branch
cut. Thus, the quantities X’ 2 Y2 and XY are even about the branch cut, and by
(4.38),

F(s)l r(s)| (4.83)

B+ B-
The expressions for X2, 2, and XY on the integration paths C4 and C_ are given
by the same equations as in case 1, since the wave impedances and propagation factors

are identical for these paths for all combinations of (¢,/€;) and (02/€2). Therefore,

as in case 1,

F(s)lc+ ” F(s)‘c_. (4.84)

Case 3: (01/¢1) = (02/€2)
For this case, the integration paths B4 and B_ disappear, leaving just the inte-

gration paths along C+ and C—-. These expressions are the same as in the first two
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cases, thus

F(s)’c+ # F(s)| (4.85)

_
This is an important result, because the response will not be given by a pure

natural mode series in the late time, since the integral contributions from contours

above and below the branch cut do not cancel; i.e.

I(s)e*tds + / I(s)estds 0 (4.86)

¢/l‘1U12Ul3Ul4 15U16U17U18

4.2.2.2.4 Conclusions for the late time period for material-backed mate-
rial layers

In the late time, the time domain reflection coefficient may or may not be a pure
natural mode series, since a branch cut contribution can exist. The time domain

reflection coefficient is given by (4.25) as

Ir'@t)= Z Res[I'(s)e®, complex poles] + %Z Res [F(s)l+eSt,real poles]

+ %ZRes [F(s)l—est,real poles] - J%r- ; ‘/l; [(s)e’tds (4.87)

Here, the pole contributions from the complex poles included inside the closed con-
tour, and the contributions from the poles on the real axis combine to give the com-
plete pole series, where all of the residues are evaluated using (4.28). It should be
emphasized here that caution needs to be exercised in evaluating these residues, as
the correct value for the frequency domain reflection coefficient on each side of the
branch cut needs to be used in order to obtain the correct solution.

Note that this response, unlike the air-backed and conductor-backed cases consid-
ered in [13], may include a branch cut contribution in the late time of the system.
This is the case when the backing material is lossy. It is assumed that this response

will be a non-time limited response, as it is for the reflection for a single interface

105



involving lossy material. Note also that the first material layer can be either lossy or
lossless, yielding a branch cut contribution in either case.

Another important result to note here that the integral contributions from the
contours along the branch cut disappear when the backing material of region 2 is
lossless. This is important because it shows that cancellation of a branch cut con-
tribution from the interfacial reflection occurs upon the return of the reflection from
the second interface to the observation plane. This has implications in a multilayered
problem, where some of the layers may be lossless, yielding a pure natural mode series
representation during portions of the early time of the system. This is explored in

detail in Chapter 6.
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Figure 4.1. Material-backed lossy dielectric layer
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Figure 4.2. Single interface between free-space and a lossy dielectric
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s=jb

Figure 4.3. Closure of the Bromwich contour in the right half plane.
|| = 00,0 < ¢ < 00
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Figure 4.4. Closure of the Bromwich contour in the left half plane.
lal, 8] = 00,0 < ¢ < o0
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Figure 4.5. Inner contour integration paths for left half plane closure
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CHAPTER 5

TWO MATERIAL LAYERS BACKED BY A PERFECTLY
CONDUCTING SCREEN

Having examined the various subproblems associated with the geometry of Figure
5.1, the temporal response for two planar material layers backed by a perfect electric
conductor is considered. This geometry is interesting because, unlike the structure
considered in Chapter 3, the middle time response of this structure does not neces-
sarily have a pure natural mode series representation. Evaluation of this geometry
thus gives insight into the behavior of the response in regard to a turn on and turn
off behavior of various components.

As shown in Chapter 2, the frequency domain reflection coefficient for a two-

layered geometry backed by a perfect electric conductor is given using the wave matrix

method as
r) = i)+ RWP) - RWPW) - @R
1+ Ry (w)Ry(w)PE(w) — Ry (w)PE(w)P{(w) — Ra(w)P§(w)
with interfacial reflection coefficients
Ry(w) = 2 Ew; n gg (5.22)
Ry(w) = ZQEw; " 2 E:; (5.2b)

Here Z; (w) and Z3(w) are the wave impedances in the material layers given for parallel
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(TM) and perpendicular (TE) polarizations, respectively, by

kzi(w)m;
Al %@’—) (5.3a)
ZHw) = %‘i’l (5.3b)

where 71 (w) and 79(w) are the frequency dependent intrinsic impedances of the ma-
terial layers, given in terms of the complex permittivities, ¢{(w) and e5(w), and per-

meabilities u1 and p9, as

I‘l’l Cc Ul

= = — 5.4

771 ((4)) 5?((.0)’ 6]_(“‘)) 611-60 + jw’ ( )
_ B2 c — 92

772(“’) - eg(w)’ 52((4)) €2r-€0 + jw, (55)

In this development, only nonmagnetic materials will be considered, thus p; = ug =

to. The wave impedance in free space, Z, takes on the same forms as (5.3), but

with frequency independent intrinsic impedance, 7g. Since k¢'2 = kg,i + kf,i and
kzi = kzpo = kosinb;, to satisfy boundary conditions at all points on the planar
surfaces, the wave impedances take the forms
i :
Zzu(w) = —é\/kf - kg sin2 6;,,, Z(q = g cos b;, (5.6a)
ZH(w) = it , z3 =2 (5.6b)

\/ kf - kg sin? 6;, cos bin

for parallel and perpendicular polarizations, respectively. P;(w) and P(w) are prop-

agation factors given by

P(w) = eIk (5.7a)

Py(w) = e Ik22h, (5.7b)
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For notational purposes, the propagation factors will be written in the form

P}(w) = e7Iwmilw), (5.8)

1

where the expressions contained in the exponent are given by

and

wTy(w) = 2k;1d

= 2d\/k2 - K sin2 6y

C
= wE I _ gin2 Oin (5.9)
¢\ e

wro(w) = 2k, oh

= 2h\/ k% - kg sin2 6;,,

C
- w?ﬁ‘ [22 _sin26;,. (5.10)
c \ €

To simplify notation, the quantities € = €1, — sin?6;,, and €& = €9, — sin®6;,, are

defined, giving

2d [ o
W) = = [€1 + jwleo (5.11a)

(5.11b)

5.1 Laplace domain representation

Since the frequency domain reflection coefficient, I'(w), exists, a Laplace domain

representation also exists. This quantity is given, inserting the propagation factors,
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P (w) and Py(w), as

I(s)=Tw)| ,
“=7
R (s) + Ra(s)e =s71(8) _ g—s(r1(s)+72(s)) _ R](S)R2(S)€—3T2(s) 5 19
1+R1( )Ra(s)e —s71(8) _Rl(s)e—s(rl(s)+7'2(s)) _R2(s)e—8‘r2(s) (5.12)
with expressions appearing in the exponential terms given by
smi(s) = jomW)|__,
J
2d 0'1
=s5—, /€ +—
C S€Q
2
=2 favsfs+ 2L
(& €1€0
2d ~
= ?\/6—1\/5\/8—31 (5.13)
and
s72(s) = juma(@)|_,
J
_ s e 2
c seg
\/—\/E s+ 22
2€0
= ?\/5\/5\/8 ) (5.14)
where the quantities s; = —o1/é1¢p and sy = —o9/€2¢g have been defined. The
interfacial reflection coefficients are given using (5.2) as Ri(s) = Rj(w)| , and
w==
J
Ry(s) = Ra(w) . The wave impedances, which are needed to compute the inter-

Sle
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facial reflection coefficients, are given for parallel polarization as

zl) = 2w ’L_s
= nt\/k2 kosm
k0771

= — sin2 §;,

B C/éo) V

— 7’0\/—_1\/3\13_31 (5 153.)
seir +0i/€0 .

and for perpendicular polarization by

ZHs) = Z}-W)|

Sie

kin;

\/ k2 — kg sin? Oin
kin;
ko\ﬂef/ €o) — sin? 6;,
0
V& + (0i/seo)

oS
NN (5.15b)

The interfacial reflection coefficients can thus be written for parallel and perpendicular

polarizations using (5.2), as

VE1Vs\/5 =51 — (se1r + (01/€p)) cos b

R (3) — \/—_\/_\/m + (361,- C"1/60)) cos O;n
! scosb;p, — \/€1/5v/s — 81
5c0s0in T VEIVY5 =51

parallel polarization

perpendicular polarization

(5.16)
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and

(se1r + ZH)VERVEYE = 53 — (sear + Z2)VETVEVE = 51

Rg(s) = (se1r + %)\/2_2-\/3\/3——?2 + (segr + g-g)\/g_l\/g\/g_—sl | =pol
VEIVss =81 — Ve /s\/s = s2 —
Vavsys —s1 + Vasy/s — s ;(>5 .

5.2 The time domain reflection coefficient

Using the frequency domain reflection coefficient found in Section 5.1, the time domain
reflection coefficient of the material stack, I'(t), which is defined through an inverse
temporal transform, can be found. This time domain reflection coefficient, when
convolved with a finite duration incident waveform, gives the reflected field in the
time domain.

In order to use the extinction pulse technique, it must be shown that the time
domain reflection coefficient can be represented in terms of a natural mode series,
after a finite period called the early time. The time period during which the natural
mode series is an accurate representation of the time domain reflection coefficient
is commonly referred to as the late time. Thus, in the late time, the time domain

reflection coefficient should take the form:
o0
I(t) =Y Ape*™ (5.18)
n=1

where A, is the amplitude coefficient associated with the nth pole, sp = on + jwn,
of the frequency domain reflection coefficient. This representation of the temporal
field is found by taking the inverse Laplace transform of (5.12), neglecting infinite
contour contributions for which (5.12) does not approach zero uniformly. To perform

this inverse transform, the singularities of the frequency domain reflection coefficient
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are explored, and the evaluation of the integral

/ I'(s)e’tds (5.19)
Br

is carried out through complex plane integration. This is done in several steps, cor-
responding to several ranges of time, . Here, the integration is carried out along
the contour Br, which is the Bromwich path. The Bromwich path, which defines the
inverse Laplace transform, is a path in the complex s-plane which is taken parallel to
the imaginary axis, to the right of all singular points. Evaluation of the integral in

(5.19) gives the time domain reflection coefficient as

1
L) =— | T(s)e’ds (5.20)
j2r JBr
when infinite contour contributions are neglected. In order to carry out the contour

integration involved with the evaluation of this integral, singularities of the integrand

need to be determined, and appropriate branches defined.
5.2.1 Singularities of the frequency domain reflection coefficient

Singularities of the frequency domain reflection coefficient take on various forms.
First, st1(s), sm(s) and Z;(s), given by equations (5.13) through (5.15), contain
complex square roots which lead to branch points at s = 0, s = s;, and s = s9.
Correspondingly, branch cuts are taken along the negative real axis to define the
principal branches of the square root functions. In addition, observing that the fre-

quency domain reflection coefficient may be written as

_ N(s)
" D(s)’

[(s) (5.21)

there are poles associated with the zeros of the denominator, D(s). These poles will

appear in the left half of the complex s-plane, with some lying on the real axis, and
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the rest occurring in conjugate pairs.
5.2.2 Evaluation of the time domain reflection coefficient

Evaluation of the time domain reflection coefficient is carried out by factoring the
frequency domain reflection coefficient such that the inverse Laplace transform of the
individual components are physically meaningful during various time periods. The
definition of these time periods, the factorization used in each time period, and the

implications of these developments are the subjects of Sections 5.2.2.1 through 5.2.2.3.
5.2.2.1 Early time: t< T}

The early time is defined as the time period before a response is observed at the
observation plane due to reflection from the second interface, as discussed in Section
2.4.1. This response should be identical to the interfacial reflection between two
semi-infinite media during this time period. Because of this, the frequency domain
reflection coefficient is factored into the sum of the interfacial reflection coefficient of

the first interface, R1(s), and a reduced reflection coefficient defined by

I'(s) = T(s) — Ra(s)

_ (1 - R3(s))(Ra(s) — e=72))e=om (4
1+ Ry (5)Ra(s)e—110) — R, (s)e—*(1)+720)) _ Ry(s)e=2(5)

(5.22)

Since the inverse Laplace transform is a linear operation, the time domain reflection
coeflicient for the entire structure is given as a sum of the inverse Laplace transforms
of the two components of the frequency domain reflection coefficient. The inverse
Laplace transform of the interfacial reflection coefficient, given by R;(t), is rigorously
developed in [14]. The evaluation of the inverse Laplace transform of the reduced
reflection coefficient remains; this is given by I'(t) = £~1{I"(s)}, where I'(s) is

identical to I'/(s), except for its behavior at infinity. This inverse transform is found
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by evaluating

1
727 I, I(s)e®lds, (5.23)

neglecting infinite contour contributions for which I'/(s) does not go to zero uniformly.
On an infinite contour, C, exponential terms appearing in the numerator of the

reduced reflection coefficient are given using (5.13) as,

lim {-25 zl+fl—}=2—d\/€%ﬂ (5.24)

Is]l—oo | € S€Q c

Letting t; =t — T1, which is negative for ¢ < T7, evaluation of the integration along
the Bromwich contour in (5.23) is obtained by closing the integration contour in the
right half of the complex s-plane, as shown in Figure 5.3. Right half plane closure
is justified here, since t; is negative for the time period ¢ < 7}. Note that T3 is the
two-way transit time of the first material region, as discussed in Section 2.4.1. The
early time is thus given by the time period ¢ < 77. The integration on the infinite

contour Cy is given by
/ I'(s)eslds = I'(s)e*T1e%t1ds (5.25)
Coo COO

Here, Jordan’s Lemma cannot be directly applied to evaluate the integral contribution
over Coo, because the integrand does not go to zero as |s| — oo at all points on
the contour. However, by definition of the time domain reflection coefficient, the
infinite contour contribution is to be neglected, as discussed in Section 2.4. Thus, the
time domain reflection coefficient in the early time is identical to the inverse Laplace

transform of the interfacial reflection coefficient, as developed in [14].
5.2.2.2 Middle time: 71 <t<T1+ T3

The middle time for this structure is defined as the time period between the observa-

tion of the reflection from the second interface at the observation plane, as discussed
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in Section 2.4.1, and the observation of the reflection from the conductor. During
this time period, physical reasoning suggests that the temporal response should be
identical to the reflection from the first layer of material backed by a half space of
the second material. Because of this, the frequency domain reflection coefficient is
factored into the sum of the reflection coefficient for a single material-backed lossy
layer, which is developed in Chapter 4, and a reduced reflection coefficient defined
by the difference between the total reflection coefficient and the frequency domain
reflection coefficient for the single material-backed lossy layer. The reduced reflection

coefficient is thus given by

F,21ay(s) = F(s) - I_‘llay(S)
=(s) — Ry(s) + Ry(s)e~*n(®)
1+ Rl(s)Rz(s)e"STl(s)
—e—8(11(8)+72(s))

= X

1+ Ry (S)Rz(s)e‘s'rl(s)

x (1 - RY(s)(1 - R3(s))

1+ Ry(s)Ra(s)e=*1(8) — Ry (s)e*(11(8)+72(s)) _ Ry(s)e~572(5)
(5.26)

Since the inverse Laplace transform is a linear operation, the time domain reflection
coefficient for the entire structure is given as a sum of the inverse Laplace transforms
of the two components of the frequency domain reflection coefficient. The inverse
Laplace transform of a material-backed lossy layer is developed in Chapter 4. The
evaluation of the inverse transform of the reduced reflection coefficient remains; this
is given by F’ZIay(t) = L’l{f'may(s)}, where félay(s) is identical to I"way(s), except

for its behavior at infinity. This inverse transform is found by evaluating

1

— | 1 stq 5.27
j27r Br 2lay(s)e S, ( )
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neglecting infinite contour contributions. On an infinite contour, C, exponential

terms appearing in the numerator of the reduced reflection coefficient are given using

(5.13) and (5.14) as,

. 2d [ o1 2h [ 09 2d - 2h A
1 — —_ —_ = = — — /€9 = .
|s|l—l»noo{ c ‘/61 + o + p ‘/€2+ o } p Ve + p VE Th+Ty (5.28)

where 77 and T3 are the two-way transit times of the first and second material layer,
respectively, as discussed in Section 2.4.1. Letting to = t— (T} +T3), which is negative
for t < T1+T3, evaluation along the Bromwich contour in (5.26) is obtained by closing
the integration contour in the right half of the complex s-plane, as shown in Figure
5.3. Right half plane closure is justified here, since ¢ is negative during this time
period. The end of the middle-time period is defined by (5.28). The integration on

the infinite contour C; is given by

/ F'(s)e“dsz/ I'(s)e*(T1tT2)est1gs (5.29)
Coo

Coo

It is not possible to apply Jordan’s Lemma directly to this integral, since the integrand
does not go to zero uniformly on the entire contour, Co,. However, by definition of the
time domain reflection coefficient, the infinite contour contribution is to be neglected.
Thus, during the middle-time period, the time domain reflection coefficient is identical
to the the time domain reflection coefficient for the material-backed lossy layer, which
is rigorously developed in Chapter 4. It is found in Chapter 4 that after the time 77,
the time domain reflection coefficient for the material-backed lossy layer will be given
by a natural mode series if the material backing is lossless, otherwise a branch cut
contribution may be present. This holds here as well, since the response is identical

to that of the material-backed layer during the middle time period.

122



5.2.2.3 Late time: t > T} + T»

The late time of the temporal response for this geometry is defined as the portion of
the transient response after a response from a reflection from the conductor backing
arrives at the observation plane, as discussed in Section 2.4.1. For this time period,
the frequency domain reflection coefficient for the entire geometry, given by (5.1), is
considered. Here the entire geometry is used because the middle time response is
not necessarily a natural mode series. By examining the properties of the reflection
coefficient for the entire structure, insight can be gained into the possible existence
of a branch cut contribution in the late time. Also, insight can be obtained as to
what happens to the the branch cut contribution that may be present in the response
during the middle time, once the late time begins.

Evaluation of the inverse transform of the reflection coefficient is carried out
through the integration along the Bromwich path, neglecting infinite contour con-

tributions; this integration is given by

3_;7 A [(s)eds. (5.30)
-

On an infinite contour, Co, exponential terms appearing in the numerator of the
reflection coefficient include the two-way transit times of the two layers, 71 and T3 as
in (5.28). Letting ty = t— (T} +T3), which is positive for t > T} + T3, evaluation along
the Bromwich contour in (5.30) is obtained by closing the integration contour in the
left half of the complex s-plane, as shown in Figure 5.5. For closure of the integration
contour in the left half plane many integration paths are involved. In this discussion,
these integration paths will be referred to in two groups, the outer contour, C, which
includes integration paths parameterized by quantities receding towards infinity, and

the inner contour, C’, which includes integration paths taken along the branch cut.
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These integration contours are given by

C=BrULUCLUCL UL

C’=lAU’)’1U’72U...U’)'gUllUlgU...UlgUlB

Using Cauchy’s residue theorem, evaluation of the closed contour integration is given

by

f ) I(s)e®tds = jon Z Res [F(s)est, complez poles]. (5.31)
cuC

Thus, determination of the time domain reflection coefficient is possible provided the

integral contribution from each path is known.

5.2.2.3.1 Contributions from the outer contour, C
The Laplace inversion integral is found by computing (5.31) for the Bromwich path
contribution in terms of the contributions from all other integration paths and compu-
tation of the residues from the enclosed simple poles. The outer contour, C, consists
of various integration paths that are parameterized by quantities that recede towards
infinity, including the Bromwich path which defines the inverse Laplace transform.
Contributions from C} and Cg

Integral contributions from CJ, and C are given directly by Jordan's lemma, as
stated in Theorem 3.1, since I'(s) — 0 on the contours. Thus, direct application of

Jordan’s lemma gives

/ [(s)e®tds = 0 (5.32)
C
[(s)e’tds = 0. (5.33)
Co

Contributions from L; and L9

On L; and Ly, Jordan’s Lemma cannot be directly applied to evaluate the integral
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contributions, because the integrand does not go to zero as |s| — oo at all points on
the contours. However, by definition of the time domain reflection coefficient, the
infinite contour contribution is to be neglected, as discussed in Section 2.4.
Contributions from the inner contour, C’
The segments of the inner contour C’, which enclose the branch cut, can be broken
into three groups. The first group consists of the contours 79, 74, v6, and ~g, etc,
which enclose the real poles on the branch cut. Note that two poles are shown on the
real axis here, but more may appear depending on the properties of each material
layer, and the incidence angle. The second group is made up of contours v, 73, 7s,
77, and ~g that enclose the branch points. The straight line segments immediately
above and below the branch cut make up the final group. Within this group, the
segments !4 and g, which lie to the left of all of the branch points are handled
separately from the segments /] through lg.
Contributions from 79, v4, 76, and g

The integral contributions from the first group of contours, which enclose poles
on the branch cut, can be found by calculating the residues of I'(s)e® at the poles.
It is found that all of the poles of I'(s) are of first order and thus the residues may be

found from

Res[I'(s)e®, poles]

= lim (s — sk)[I’(s)eSt] = Age’kt (5.34)
$— S

S=3k

where

_ Ra(sk) + Ra(sp)e” k710K — e~k MO+08) — Ry (54) Ry(sy)e” k72K
~&5[M(s)]

Ag

s=sk

(5.35)
is the complex mode amplitude, with the denominator of the reflection coefficient

written as 1—M(s). Note that I’'Hopital’s rule has been used to obtain the form of the
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complex mode amplitude shown here. Carrying out the details of the differentiation

gives

;}i;[M ()] = {;[Rz(s)e'“?(s) + Ry(s)e™ 5720 — Ry () Ry(s)e ™M1 ())]
- _ d
— [e s(t1(s)+12(s)) _ Ro(s)e STI(S)]a[Rl(S)]
+ [e7°m2) — Ry(s)e™ 8*1(3)] [Rg( )]
+ [R1(3)3_8T2(8 - R (S)Rz(s)] I [e"srl(s)]

+ [RQ(S) + Rl(s)e—STI (3)] d_d; [6-372(3)]

with the derivatives of the exponential terms given by

ﬂ_ [e—srl(s ] _ [ \/.—\/23 ;EISI e—s-rl(s)]

ds

and

&l = -Vag )]

The derivative of the first interfacial reflection coefficient is found using (5.16) as

&%[Rl(s)] ~ (s)

where, for parallel polarization,

Ti(s) = \/_j;\/;_fl_( )cosOm — 2€1,1/€1V/5\/5 — 51 cos bip,

01\2 o
Qi1(s) = (sel,- + e-l) cos? O;, + 2(361,- + 6—1—) Ve1vsvs — s cosb;y, +€15(s — s1)
0 0
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and for perpendicular polarization

T1(s) = 24/€1V/5V/5 — 51 cos b;;, — cos Gm\/‘jf\/:_s;

Q(s) = s% cos? Bin + 208 0;,5\/€1V/5/5 — 51 + €15(s — 51)

The derivative of the second interfacial reflection coefficient is found using (5.17) as

where, for parallel polarization

To(s) = Vava| (e — arg )sVs=s1ve— 52

v sar + ) (s + 2]

o1\2 o9\ 2
Qa(s) = (sq,- + ;l) €s(s — s9) + (862,- + 5_2) €1s(s — s1)
0 0

o o
+ 2(sqr + —e—l) (seg,- + 6—2) VElVESVS — S1VS — 81
0 0

and for perpendicular polarization as

s(s1 — s2)
) = Vava =t

Qo(s) = Eas(s — s3) + €15(s — 81) + 2v/e1/€25V/5 — 515 — 52
Here it is noted that the residues of the poles located on the branch cut must be
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evaluated carefully, taking into account the value of functions on each side of the
branch cut. For this particular problem, the reflection coefficient is even about the
branch cut, as discussed on pages 131 through 140, so the values on each side of the
branch cut are the same. This allows the evaluation of the residues from each side to

be combined into one evaluation giving

/ I(s)etds = —j2n Z Res [I‘(s)eSt, real poles]. (5.36)
7271476978

Contributions from v;, 73, 75, 77, and g

The integral contribution from the contour surrounding the branch point at s =0
can be computed by denoting the radius of 75 as rg and letting ¢y be an angle
measured counterclockwise from the real axis to the point on v5. This allows any
point on the contour to be located as s = rge/?0. The reflection coefficients on the

~5 contour are given in the limit of rg — 0, i.e.,, s — 0, as

VAVEYETL - (sety + ) cosbin
Ryi(s) = \/3\/3\/8—81+(S€1r+%)6089m

Vscosbin — Va5 — 81 - -1
Vscosbin + VE1/s = 51

- -1 parallel polarization

perpendicular polarization

(B)vav=s - (R)Vay=a
Ro(s) | WVarv=s + (B)Varv=s1

VAV - VBYVE a o
Vav=si+veay/-s2 |

This gives the reflection coefficient from (5.12) as

£ C{‘ parallel polarization

perpendicular polarization

_—1+ct o140t

F(S) = = -1
1-cMt+1-cht

Thus,

P(s)est — —€8t



and

|F(s)e3t < €0t

Therefore

|/ F(s)e“'tds‘ < 2mrge™® — 0, (ro — 0).
75

As a result, the integral contribution from the contour around the branch point at
s = 0 is given by

/ [(s)eStds = 0. (5.37)
75

The integral contributions from the contours surrounding the branch point at
s = 81 can be computed by denoting the radius of both 73 and 7 as r; and letting
¢1 be an angle measured counterclockwise from the real axis to a point on either y3
or 7. This allows any point on the contours to be located as s = s; + r1e/®1. The

reflection coefficients on the contours are given in the limit of r; — 0, i.e., s — 31, as

Ve1Vsys —s1 — (serr + %)Cosoin
Ri(s) = VeiVsys —s1 + (serr + %)Cosoin

scos ;i — \E1V/svs — s1 1
scos0;, + VEr1V/sy/s — 51

— -1 | —pol

1 —pol

(se1r + %)@ﬁm_ (segp + %g)\/g_l\/g\/s__s]
Ry(s) = (se1r + 3 )Vev/s Vs =52 + (sear + 2)Vavsys—s1

VELVEYE T~ VBYSETE |

This gives the reflection coefficient from (5.12) as

1 || —pol

1 —pol

:Fl + C_STI(S) —_ 8—3(T1(8)+1'2(3)) + 6_37.2(8)

F(S) = 1-— e—srl(s) + 8—3(T1(3)+7'2(3)) F 6—872(8)

where the top sign is taken for parallel polarization, and the bottom sign for perpen-
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dicular polarization. Thus,
[(s)et = Fet

and

‘F(s)e“’t < e(s1+7m1)t

Therefore

l/ F(s)e“ds] < 2rrels1trt (r1 — 0).
37

As a result, the integral contribution from the contour around the branch point at

s = 81 is given by

/ [(s)e’tds = 0. (5.38)
137

The integral contributions from the contours surrounding the branch point at
8 = 8 can be computed by denoting the radius of both v; and g as ro and letting
¢2 be an angle measured counterclockwise from the real axis to a point on either v;
or 79. This allows any point on the contours to be located as s = sy + r9e/%2. The

reflection coefficients on the contours are given in the limit of ro — 0, i.e., s — s9, as

Ve /52v/52 — 81 — (s2€1r + %) cos bin

a Al “
= —pol
Ry(s) — VELV52v/52 = 51 + (s2€1r + L) cos Bin 2
52¢080in — VE1/52V52 — 81 4 1 1 —pol
52€080; + \/e1,/52v/52 — 51 >
(s€1r + %)\/2_2\/5\/3 — 52 — (sear + %)\/?_1\/5\/8 — 51 ~—1 | —pol
Ry(s) = (se1r + %)\/?5\/5\/3_324‘(35%4'%)\@?\/5\/3_31
VavEiTR - VAT E -
Veavsys =1+ Vasys —s2
This gives the reflection coefficient from (5.12) as
i — - + L —
D) = 02 Fe s71(s) — g—s(m1(s)+72(s)) 4 C2 e—5m2(s) 2 DH,l

1¥ Cg»le—sq(s) _ Cgvle—s(rl(s)+72(s)) + e—972()
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where the top sign is taken for parallel polarization, and the bottom sign for perpen-

dicular polarization. Thus,

[(s)et = DllLest

and

}I\(s)est < ID”,.Lle(S2+7‘2)t.

Therefore
I/ I‘(s)e”ds) < 27rr2|D"‘J‘|e(s2+r2)t — 0, (rg — 0).
71Y79

As a result, the integral contribution from the contour around the branch point at

s = 89 is given by

/ I'(s)estds = 0. (5.39)
MY%re

Contributions from segments above and below the branch cuts

The contributions from the straight line segments of the inner contour immediately
above and below the branch cuts are separated into two groups. The first group is
given by l 4 and g, which lie to the left of the branch points. The rest of the contours,
Iy through lg, lie to the right of the leftmost branch point. Note that if more than
two poles lie on the real axis, more contours would be included in at least one of
these groups. The developments here will remain valid for any number of integration
contours along the branch cut.

Using (5.1), and noting that this equation can be written simply as I'(s) =

N(s)/D(s), the numerator and denominator of the frequency domain reflection coef-
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ficient can be put into the forms

N(s) = (21— 20)(22+ Z1) + (22 — Z1)(Z1 + Z())e_STl(s)
= (21 + 20)(2Z2 + Z1)e™* (120D — (2, — Z0)(Z3 — 2y)e™o720)
= ZIZZ(I + e—sTl(S))(l _ e-3T2(3)) _ ZQZQ(I _ e—-STl(s))(l _ e—STQ(s))
— Z0Z1 (1 + e~ 1)) (1 4 e757208)) 4 Z2(1 — e757108))(1 4 ¢7972())
= jZ1Z3cos ( ;( )) sin (ST2(S)) + ZpZ3 sin (STI(S)) sin (372_(3))

j 2j 2j 2j
_ 797, cos ( 1; )) (f;_js_)_) +jZ%sin ( T;J(s)) cos (STS;S))
_X+j, (5.40)

and

D(s) = (Z1 + 20)(Z2 + Z1) + (21 — 20)(Z3 — Z1)e*"1 )
— (21 = Z0)(Z2 + Z1)e~ 520 _ (7, — 71)(Z1 + Zg)e™™2(®)
= Z125(1 + e‘”l(s))(l _ e—STg(S)) + ZoZ5(1 — e—srl(s))(l _ em57m25))
+ Z0Z1(1 + e~ 1)1 4 57209 4 Z3(1 - e~s1108))(1 +
sz () on (552) - otaon (5 i (5)
e () o (57) v ton (52 e (57)

e—s-r2(s))
T2

sin 2

ST

2 P\

=-X +3), (5.41)

where a multiplication and division by 5(71/2+72/2) has been used, and the quantities

X and Y have been defined as

X = ZyZgsin (sﬁ;s)) sin (ST2(,S)) — ZyZ cos (m) cos (&(s)) (5.42)

2 2j 23 25
Y = Z1Zycos (STéﬁs)) sin (ST;S,S)) + Zl2 sin (%gfl) cos (*_9";7(3)) (5.43)
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This allows the frequency domain reflection coefficient to be written as

X +35Y

X +35Y

—X? - joxy + )2
x2+yr

I(s) =

(5.44)

Using this expression for the reflection coefficient, even symmetry about the branch
cut can be shown if the quantities X 2, yz,and XY are shown to have even symmetry
about the branch cut. To show this, the behavior of each of these quantities on either
side of the branch cut needs to be evaluated.

Branch cuts which define the principal branches of the complex square root func-
tions of the wave impedances and propagation factors are taken along the negative
real axis. These branches are defined by —m < ¢g < 7, and —7 < ¢; < m. Looking
at Figure 5.6, begin by examining the integration paths designated as A} and A_.
For the contour A4, ¢; = ¢o = ¢g = m. Letting s = —z, where z is a nonnegative
real number, denote a point on the negative real axis, the products of the square root

functions found in the wave impedances and exponential terms take the form

V3VE = 8a = /rIVrae P112)/2 = /z /T ¥ 5qe) = —\/ZVT t5a  (5.45)
Vs\/s—s5 = \/1'_1\/r—gej(qsﬁ'd)ﬁ)/2 = VI, /T + s,gej7r = —Vz,/T+s3 (5.46)

where s, and sg represent the two branch points s; and sg, such that [sq| < |sgl.
Which of the branch points s; and sy correspond to sq, and which to sg, depends
on the material properties of each region, and the incidence angle. Every case will be
examined in this section.

On the contour A—, ¢1 = ¢a = ¢g = —, and the products of square roots found
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in the wave impedances and exponential terms are given by

VSVs—5a = VIVZItsae ™ = —\/ZVT + 54 (5.47)
\/5,/3—.3[3 = ﬁ,/z-&-s[;e_j": —\/5,/:1:+35 (5.48)

Thus, the products of these square roots are analytic for the portion of the branch

cut which the A contours run, and

F(s)| r(s)| (5.49)

A+ A=

Since the integrations above and below the branch cut are taken in opposite directions,
/ I'(s)eflds + / [(s)e®tds =0 (5.50)
I B

On the contour By, ¢; = ¢o = m, ¢g = 0, and the products of square root

functions found in the wave impedances and exponential terms are given by

VsV —sa = VaVT+see" = ViVt sa (5.51)
Vss—s5 = Vi z-s3"?= jyz,/~z—35 (5.52)

Similarly, on the contour B—, ¢; = ¢q = =7, ¢g =0

VsVs—sa = Vz $+3ae_j7r= —ﬁvx+sa (5.53)
Vs\/s—s5 = Va/z—spe "= —j\a,/~z-35 (5.54)

On Cy4, ¢1 = 7, ¢a = ¢g = 0, and the products of square root functions found in
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the wave impedances and exponential terms are given by

VSVs—5a = VIV=T —sa€™? = j\/T\/=T — 54 (5.55)
Vs/s—s5 = Vi/~z-s5™ = j\z,/~z-s5 (5.56)

Similarly, on C-, ¢1 = -7, ¢o = ¢35 =0

VSVE—5a = VIV=T —sqe T2 = —j\/T\/=Z = 54 (5.57)
Vs /fs—s5 = Vz,/~z—sge i i= —jyz,/~z-355 (5.58)

The products of square roots for the portion of the branch cuts which the B and C
contours run are not found to be analytic, so further investigation into the form of
the reflection coefficient is needed.

Case 1: (01/€1) < (02/%2)

Examining each combination of material parameters for the first and second layer,
beginning with the case of (¢1/€1) < (02/€2), the behavior of the frequency domain
reflection coefficient on each side of the branch cut is determined. For this first
case, so = 8] and sg = sp. Using (5.51) through (5.58), wave impedances on each

integration path take on the form

4y, = 4ly = \/g"jm_l = Z; (5.59)
2|, = j\/aﬁn?/x—z—-—sqzzl- (5.61)
Z2| - o* = Zo_ (5.63)

B_C- ivéavzy/-z =52
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so, Z14 = —Z1-, Z24+ = —Z3_. The exponential terms are given using

5T s, = snlB—:—gc(—i\/E_l\/E\/m=—2<bl (5.64)
|y = TEVAVEVTE T = 20 (5.65)
sn|, = I aVETE T = 20 (5.66)
oy o = I VAVETET R = 20 (5.67)
ST2|B_,C_ = —j%\/?a\/i\/—z——sz = j2®g_ (5.68)

where the quantity ®; = (s7;(s)/2j) has been defined. Note that ®;, = —®;_ in all
cases.

On the contour By, plugging (5.59) through (5.68) into (5.42) and (5.43) gives

x? B, = 2872, sin®(j®)sin® @9y — Z2Z2 cos?(j®1) cos® &
— 22271 Zo4 sin(j®;) cos(j®1) sin Bo.4 cos Doy (5.69)
)? B, = Z12222+ cos?(j®)sin? gy + Zf sin?(j®;) cos® day
+ 2Z%Z2+ sin(j®) cos(j®1) sin P4 cos o (5.70)
XYy 5, = sin(j®;) cos(j<I>1)(ZoZ1Z%+ sin? by, — ZOZ? cos? ®y4)

+ ZOZ%ZQ+ sin &9 cos <I>2+(sin2(j<l>1) — cos?(j®)) (5.71)
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Similarly, on the contour B_,

X2 B = Zng'_ sinz(j%) sin® ®g_ — 23212 cosz(j<1>1) cos? ®q_
- 2Z§Zl Zy_sin(j®1) cos(j®P;) sin @5 cos P (5.72)
)? 5 = 7222 cos?(j®;)sin® ®y_ + Z§ sin?(j®1) cos? &y
+ 2Z?Zg_ sin(j®;) cos(j®1) sin P2 cos Po_ (5.73)
XYy B = sin(j®;) cos(791)(ZoZ1 Z%_ sin? ®y_ — Z()Zis cos? ®y_)

+ ZoZ2%Zy_ sin ®y_ cos By_(sin?(j®;) — cos?(j®,))  (5.74)

Note that wave impedances that change sign as a point moves from B4 to B_ across
the branch cut appear raised to even powers, or grouped with a sine function that
also changes sign upon crossing the branch cut. Thus, the quantities X2, Y2, and

XY are even about the branch cut, and by (5.44),

1“(s)|B+ = r(s)|B_ (5.75)
For the contour C4,
x? o = 2322, sin? &, sin? &gy — Z2Z2, cos? @14 cos? Doy
+
— 2223214 Zy sin ® 4 cos &) 4 sin & cos Do (5.76)
»? . = Zf+Z§+ cos® &4 sin? ®g + Zf+ sin® ;4 cos® @gy
+
+ 2Zi3+22+ sin @14 cos ®1 4 sin o4 cos Py (5.77)
XY|, = sin®ycos ®14(Z0214 22, sin? ®gy — ZoZ3, cos? &)
+
+ Z0Z12+Z2+ sin &9 cos $oy (sin2 b4 - cos? ®14) (5.78)
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Similarly, on C_,

X2| = ZgZ%_ sin? P, sin? $q_ — ZgZ%_ cos? b cos? Dy

Cc-

- 22321_22_ sin®;_ cos ®;_ sin ®p_ cos Py

y2| = Zl2_Z§_ cos? P, sin? $y_ + Zi‘_ sin? P, cos? Py

c_

+ 2Zi3_Zg._ sin ®;_ cos ;_ sin Po_ cos $9_

xyl = sin®;_ cos®,_(ZoZy_Z2_sin® By — ZoZ3_ cos? dy_)

Cc-

+ ZOZ%_ Zy_ sin®y_ cos ¢I>2_(sin2 ®;_ — cos? d,_)

(5.79)

(5.80)

(5.81)

Note that wave impedances that change sign as a point moves from the C4 contour

to the C— contour across the branch cuts appear raised to even powers, or grouped

with a sine function that also changes sign in crossing the branch cuts. Thus, the

quantities X2, Y2, and XY are even about the branch cut, and by (5.44),

F(s)‘m - F(s)‘c-’

Case 2: (01/¢1) > (02/€2)

(5.82)

For this case, so = s2 and sg = s1. Using (5.51) through (5.58), wave impedances

on each integration path take on the form

—ToT

le = - =2
B, .Cy ivavzy/-z=s; *
Zl‘ = . “o% =271
B_.C_ —jvavzy=z =5
z|, =z, = /LA
2By T BT —Vava/rtsz
Z — o< z
2 = T = = 42
Cy ivevzy—z = s; *
Z2 = ~To% = Z2..
C- —jvevzy/—z =53
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(5.87)



Thus, Z14 = —Z1—, Zo+ = —Z_. The exponential terms are given using

2d - :
STI'B . = i—Veavzv—z —s; =j2914
+:C+ ¢
2d - :
STllB c. = —]';\/flﬁ\/“z--sl:ﬂ‘bl—
2h
sT9 = srgl = - \/eVIVI ¥ 55 = 20,
B+ B_ c
2h .
o, = J—c-\/€2\/5\/—$—32=12¢’2+
2h .
|, = —]—c—\/eg\/i\/—x—s = j2dy_

On By, plugging (5.83) through (5.92) into (5.42) and (5.43) gives

x| =
By

¥, =

By

Xy|B+ -

Similarly, on B_,

X =

L

2272 sin® & sin?(j®) — Z2Z2, cos? &1 cos?(j®q)

- 2Z§ZI+Z2 sin ®14 cos @14 sin(jP2) cos(jP2)

Zl2+Z22 cos? ®1., sin2(j‘1>2) + Zf+ sin? o4 cos2(j<1>2)

+ 2Z?+Zg sin @14 cos @14 sin(jP2) cos(jP2)

sin @14 cos ®14 (20214 Z2 sin2(j®3) — ZoZ3, cos?(j3))

+ Zngz+Zg sin(j®9) cos P94 (sin2 b,y — cos? ®14)

2272 sin? &) _sin?(j®q) — Z2Z%_ cos? ®)_ cos?(j®,)

- 2Z82]-Z2 sin ®1_ cos ®;_ sin(jP2) cos(jP2)

Zf_Z% cos? ®;_ sin2(j<1>2) + Zf’_ sin? ®;_ cos?(j®s)

+ ZZ?_ZQ sin ®;_ cos ®; _ sin(j®2) cos(jP2)

sin ®; _ cos <I>1_(ZoZl-Z§ sin2(j¢>2) - ZOZ?_ cos2(j<I>2))

+ ZOle_ZQ sin(j®2) cos(j<I>2)(sin2 ®;_ — cos? o)
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Note that wave impedances that change sign as a point moves from B4 to B_ across
the branch cuts appear raised to even powers, or grouped with a sine function that
also changes sign upon crossing the branch cuts. Thus, the quantities X2, Y2, and

XY are even about the branch cut, and by (5.44),

F(s)|3+ = r(s)|B_. (5.99)

The expressions for X2, 2, and XY on the integration paths C4 and C- are
given by equations (5.76) through (5.81), since the wave impedances and phase factors
are identical for these paths for all combinations of (%{-) and (%%) Therefore, as in
case 1,

F(s)l = r(s)j

.10
C+ (5.100)

oo
Case 3: (01/€1) = (02/€2)

For this case, the integration paths By and B_ disappear, leaving just the in-
tegration paths along C4 and C_. These expressions are given by equations (5.76)
through (5.81), as in the first two cases.

Thus, for all combinations of (o1 /€;) and (o2/€2), the frequency domain reflection
coefficient displays an even symmetry about the branch cut along the entire negative
real axis. Since integrations along the branch cut are taken in opposing directions,

there will be no contributions from integrating along these paths; i.e.,

/ F(s)l eStds+/ P(s)l estds
11,lp B+ I3,l4 C+

+/ I’(s)‘ e“ds+/ F(s)l e’tds = 0. (5.101)
I5.lg - I7.lg

Thus, in the late time, the time domain reflection coefficient is given from (5.31)
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—_ L st
I(t) = 727 Js I(s)e*ds
= Z Res [F(s)eSt, complex poles] + Z Res [F(s)eSt, real poles]
= E Res[[(s)e ,poles Z Age’kt (5.102)

which is a pure natural mode series, with amplitude coefficients given by (5.35). Here,
the pole contributions from the complex poles included inside the closed contour, and
the contributions from the poles on the real axis are combined to give the complete
pole series for this geometry, where all of the residues are evaluated using (5.34).

It is important to note that the response of the two-layered material structure
backed by a perfect conductor is a natural mode series during the late time. This
implies that the branch cut contribution that is present in the middle time of the
response is turned off when the reflection from the conductor backing reaches the ob-
servation plane; that is, at the start of the late time. This has important implications
in the form of the temporal response in that a turn on and turn off behavior can be
identified. This behavior provides motivation for investigation into this occurrence

for the n-layered case in Chapter 6.
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Material 1
Free Space

o, ) (4,0,

[ ¢

Figure 5.1. Air Lossy Lossy PEC
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Material 1
Free Space
“,8,) (4,,.0)
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R TN %
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P 54
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Figure 5.2. Single interface between free-space and a lossy dielectric
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Figure 5.3. Closure of the Bromwich contour in the right half plane.
[b] = 00,0 < ¢ < o0
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Material 1
Free Space

o, ) (46,0,

Figure 5.4. Material-backed lossy dielectric layer
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Figure 5.5. Closure of the Bromwich contour in the left half plane.
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Figure 5.6. Inner contour integration paths for left half plane closure

147



CHAPTER 6

N-LAYERED MATERIAL PROBLEMS

The temporal response from a multilayered material backed by a material half space
is obtained through the inverse Laplace transform of the frequency domain reflection
coefficient. For a planar layered structure, this reflection coefficient is easily obtained
in closed form using the wave matrix method. A methodology for performing the
inverse Laplace transform on a general, multilayered material is developed here.

Calculation of the inverse Laplace transform for an N-layered material structure
is broken up into various steps, corresponding to various time periods of the temporal
response. Physically, these steps have to do with the time that it takes for an incident
electromagnetic field to penetrate the multilayered structure. These time periods are
determined by the thickness of each material layer, along with the speed of light
in that layer. Further discussion on the definition of these time periods is given in
Sections 6.2 and 6.3.

The inverse Laplace transform is defined by an integration in the complex s-plane
along the Bromwich path. This is a path which is taken parallel to the imaginary axis,
to the right of all singular points. Singularities in the frequency domain reflection
coefficients occur in various forms. An example of the types and locations of these
singularities is given in Figure 6.1. Examining the figure, one type of singularity
present is simple poles, which will appear both on the real axis, and as complex
conjugate pairs. Either type of pole will appear in the left half of the complex s-plane
for this passive system. In addition to simple poles, the frequency domain reflection

coefficient contains complex square roots due to the terms s7;(s) and Z;(s). The
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quantity s7;(s) is given in Chapters 3 through 5 as

2A; X
LV, s+

(& €:€0

L NN = (6.1)

C

sTi(s) =

where A; is the physical thickness of the material layer, c is the speed of light in free
space, and € = €;r — sin®6;,. Here ¢;, is the relative permittivity of region i, and
0;n is the incidence angle of a wave in region 0 impinging on the first interface to the

layered material. The wave impedance of region ¢ is given by

perpendicular polarization

M08
iy | oo
=) myEvsas

S€;r + 0‘,'/60

(6.2)

parallel polarization

In both the wave impedance and propagation terms, the product of complex square
roots /sy/s — s; appears. These square roots will lead to branch points and corre-
sponding branch cuts in the complex s-plane. The branch points are given by s = 0
and s = s;. The quantity s; = —a;/€;€¢q is a nonpositive real number, so the branch

points are located on the real axis.

6.1 Evaluation of the Laplace inversion integral

In taking the inverse Laplace transform, closure of the integration path in the complex
plane will take place in either the left or right half plane, depending on the behavior
of the integrand on an infinite contour. The implications of closure in each half plane

are discussed here.
6.1.1 Left half plane closure

When closure is taken in the left half of the complex s-plane, as shown in Figure 6.2,

many integration paths are involved. In this discussion, these integration paths will
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be referred to in two groups, the outer contour, C, which includes integration paths
parameterized by quantities which recede towards infinity, and the inner contour,
C’, which includes integration paths taken along the branch cut. These integration

contours are given for the example of Figure 6.2 as

C=BruLiuCtuCZ UL

C'=lyUmnUynU..UpUljulu..Ulgulg

Using Cauchy’s residue theorem, evaluation of the closed contour integration is given
by
f ) f(s)e%tds = j27rz Res [f(s)e“,poles] (6.3)
cuc

where f(s) represents the frequency domain reflection coefficient for which the inverse
Laplace transform is sought. Thus, determination of the time domain reflection co-
efficient is possible provided the integral contribution from each path is known. Note
that the singularities shown in the s-plane in Figure 6.2 are for illustration purposes,
and the actual singularities associated with a given frequency domain reflection coef-
ficient will vary. Thus, more poles, branch points, and branch cuts will occur in some
cases, and additional segments will be added to the inner contour. The formulations

included here are valid for any number of these contours.
6.1.1.1 Contributions from the outer contour, C

The Laplace inversion integral is found by computing (6.3) for the Bromwich path
contribution in terms of the contributions from all other integration paths and compu-
tation of the residues from the enclosed simple poles. The outer contour, C, consists
of various integration paths that are parameterized by quantities that recede towards
infinity, including the Bromwich path which defines the inverse Laplace transform.

Contributions from C}, and CZ
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When closure in the left half plane is warranted, that is for ¢ > 0, integral contri-
butions from C%, and Cg are given directly by Jordan’s lemma. This is given in [15]

as

Theorem 6.1 (Jordan’s Lemma) If H(z) is an analytic function having the property

3

lim H(Re!%) =0, - >

<6<
R—o0

e m
— — < <
g S5 or 5s6<

ol

uniformly with respect to 6, then, if b is a nonzero real number,
lim H(z)e?*dz=0, ifb<0
R—o0 (o)

lim | H(z)e¥*dz=0, ifb>0
R—o0 Cy

where C1 and Cy are semicircles in the right and left half planes, respectively, centered

at the origin and of radius R.

Since f(s) — 0 on the infinite contours, CF, and Cg;, for the reflection coefficients of
interest here, application of Jordan’s lemma gives
f(s)e®tds =0 (6.4)
Co
(s)etds = 0, (6.5)
Cx
where t > 0.
Contributions from L; and L9
On L; and Lo, Jordan’s Lemma cannot be directly applied to evaluate the integral
contributions, because the integrand does not go to zero as |s| — oo at all points on
the contours. However, by definition of the time domain reflection coefficient, the

infinite contour contributions are to be neglected, as discussed in Section 2.4.
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6.1.1.2 Contributions from the inner contour, C’

The segments of the inner contour C’, which enclose the branch cut can be broken
into three groups. The first group consists of the contours v, v3, 75, and ~g, etc.,
which enclose the real poles on the branch cut. Note that two poles are shown on the
real axis here, but more may appear depending on both the properties of the material
layers, and the incidence angle. The second group is made up of contours 7, 74, and
v7 that enclose the branch points. The straight line segments immediately above and
below the branch cut make up the final group. Within this group, the segments I 4
and lg, which lie to the left of all of the branch points will be handled separately
from the segments {; through [g.
Contributions from ~9, 73, 75, and g

The integral contributions from the first group of contours can be found by cal-
culating the residues of f(s)e at the poles. For the reflection coefficients considered
here, it is found that all poles of f(s) are first order and thus the residues may be

found from

Res [f(s)est,POleS] = sl_ifgk(s - Sk) [f(s)est] (6.6)

s=s)
It is important that care be taken in evaluating the residues from poles residing on the
branch cut. The formula for computing the residues given here is valid for poles on
the branch cut, since there exists a neighborhood around the pole where the function
f(s) is single valued, even though the neighborhood is in more than one Riemann
sheet.[15] Since this is true, a semicircular integration path around the pole will yield
jm times the residue, when the proper value of f(s) is taken. If f(s) is even about
the branch cut, then the value on both sides is the same, and the distinction between
the two sides need not be made. Explicit expressions for the residues can be found by
evaluating (6.6), but they depend on the form of the reflection coefficient, and thus

are not included in this general formulation.
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Contributions from v, v4, and 7

The integral contribution from the contour surrounding the branch point at s = 0
can be computed by denoting the radius of v4 as ry and letting ¢y be an angle
measured counterclockwise from the real axis to the point on 4. This allows any
point on the contour to be located as s = rge/%0. Computing the reflection coefficient
on 74 in the limit of rg — 0 it is anticipated that this will lead to the reflection
coefficient approaching a constant on the contour, as has been the case in every

geometry considered. If this constant is given by D, then
[(s)e®t = De®t

and

lF(s)eSt < De"0t,

Therefore

l/ I‘(s)e“dsl < 2rrgDe™0t 0, (ro — 0).
74

With this, the integral contribution from <4 is given as

/ f(s)eds = 0 (6.7)
74

Analogously, the integral contribution from the contours surrounding the branch
point at s = s; can be computed by denoting the radius of v; and 7 as r; and
letting ¢; be an angle measured counterclockwise from the real axis to a point on
either 1 or 7. This allows any point on the contours to be located as s = s; +r1ej 1,
Computing the reflection coefficient on the contours as r; — 0, it is anticipated that

this will lead to
/ f(s)e%tds = 0. (6.8)
MYy
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Contributions from segments above and below the branch cuts

The contributions from the straight line segments of the inner contour immedi-
ately above and below the branch cuts require further knowledge of the form of the
frequency domain reflection coefficient. This is the focus of Section 6.4, which ex-
plores the conditions for the existence of a branch cut contribution. Discussion of
the contributions due to the branch cuts will be deferred to that section, noting only
that a branch cut contribution is possible, and the integral along the Bromwich path

is thus given using (6.3) through (6.8) by

f(s)e®tds = jor Z Res [f(s)e“, complex poles]
Br

+ g Z Res [f(s)LeSt, real poles]
+gm Z Res[f(s) '_eSt, real poles]

- Z/I f(s)e*ds (6.9)

for closure in the left half plane.

6.1.2 Right half plane closure

When closure is taken in the right half of the complex s-plane, as shown in Figure 6.3,
only two integration paths are involved, and no singularities of the reflection coefficient
are contained within the closed contour. One of these paths is the Bromwich path,
labelled Br, which defines the inverse Laplace transform, and the other is an infinite

contour, marked Coo. Thus, by Cauchy’s Integral theorem,

f f(s)e®tds = f(s)e®tds + / f(s)e*tds =0 (6.10)
(o) Br Cm

where f(s) is the frequency domain reflection coefficient for which the temporal re-

sponse is desired. Using (6.10), the infinite contour contribution is all that is needed
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to determine the inverse transform. For the reflection coefficients discussed here, di-
rect application of Jordan’s Lemma will not be possible in evaluating the contribution
of the integral over C, since f(s) will not approach zero over the entire contour.
However, by definition of the time domain reflection coefficient, the infinite contour
contribution is to be neglected. Thus, when the closure of the Laplace inversion in-
tegral can be taken in the right half plane, which can be done if ¢ < 0, the inverse
Laplace transform of the reflection coefficient is equal to zero. This is used in Sec-
tion 6.3 to establish a factorization of the frequency domain reflection coefficient into
substructure responses which occur during certain time periods associated with the

transit times of the material regions.

6.2 Form of the reduced reflection coefficient

To examine the transient reflected field from a layered material in terms of the layers
which make up the structure, several substructures and the decomposition of their
reflection coefficients will first be considered. These substructures are layered geome-
tries which can be identified as components of the multilayered structure of interest.
The choice of which substructure to use for the decomposition of the frequency do-
main reflection coefficient is based on the response seen at an observation plane during
a given period of time. For example, if the time period of the response is between the
two-way transit times of first two layers, then the substructure response used in the
decomposition of the reflection coefficient is that of the first layer backed by a half
space of the second material. This is used in decomposing the reflection coefficient
into a reflection coefficient describing the response of the substructure, and a reduced
reflection coefficient.

The earliest portion of the temporal response corresponds to a time period in

which only a reflection from the first interface is seen at the observation plane. The
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response for a single interface between two regions of space is given as
I(s) = Ri(s), (6.11)

where Rj(s) is the interfacial reflection coefficient for the interface between region
0 and region 1. The interfacial reflection coefficient is computed for the interface

between any two material regions as

Zi—2Zi

Ri(s) = Z 5 Zi1

(6.12)

where Z; is the wave impedance for the it? region of space as given in (6.2).

Now consider the reflection from a single layer, backed by a material half space as
shown in Figure 6.5. This is the geometry whose temporal response will appear after
the two way transit time of the first layer. The frequency domain reflection coefficient
for the single layer is found, using the wave matrix method discussed in Section 2.3,

as

Tiay(s) = Ni(s)/Di(s)
N1(s) = Ra(s) + Ra(s)P{ (s)
= No + Ro(s [Pl (s) } (6.13)
D(s) = 1+ Ry(s)Ra(s) PE(s)

= Do + Ra(s) [ 1(s)P(s ] (6.13b)

where Ny = Rj(s) and Dy = 1 are the numerator and denominator of the frequency
domain reflection coefficient for a single interface, as given by (6.11). The interfacial
reflection coefficients for the first and second interface are given by R;(s) and Ra(s),

respectively, and PZ(s) = e=571(3) is related to the propagation of a wave through
1
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the material layer, with st (s) given by (6.1).

To examine the response from this structure, the assumption is made that the
early time response, which occurs prior to the two way transit time of the material
layer, will be identical to the reflection from a single interface. Because of this, the
frequency domain reflection coefficient is decomposed into two components. The first
of these is the reflection coefficient for the single interface between two material half
spaces, given by the interfacial reflection coefficient of the first interface, and the
second is the reduced reflection coefficient. The reduced reflection coefficient for the
single layer geometry is defined as the difference between the reflection coefficient
for the two interface structure, and the one for the single interface. The reduced

reflection coefficient is thus given by

I-‘lllay(s) = 1-‘llay(s) — Ry(s)

2
- (1~ Ry 2
S 2 S
- Tf(s)T;(s)—Rzg)zg)( )
= [T} (s)Py(s)] [g%] [T7 (5)Pu(s)] (6.14)

where I'yj4,(5) is the frequency domain reflection coefficient for the single layer ge-
ometry. Here T (s) and T (s) are the interfacial transmission coefficients for for-
ward and backward transmission though the first interface, 7" (s) = 1 + R;(s) and
Ty (s) = 1 — Ry(s), respectively. The reduced reflection coefficient is thus composed
of the transfer functions for the direct path to and from the second interface, divided
by the denominator of the reflection coefficient for the single layer structure.

Now consider adding a third interface to the layered structure, as shown in Figure

6.6. The frequency domain reflection coefficient is given using the wave matrix method
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T'o1ay(s) = Na(s)/Da(s)
No(s) = Ri(s) + Ry(s)P{(s) + R3(s)P{(s)P§ () + Ry(s)Ra(s) Rs(s) P§(s)
= Ni(s) + Ra(s) [No(s)Ra(s) P3(s) + PR() P3 (s)] (6.152)
Dy(s) = 1+ Ry(s)Ra(s) P{(s) + Ri(s)R3(s)PE(s) P§(s) + Ra(s)Rs(s) P3(s)

= Di(s) + Ra(s) [ Do(s)Ra(s)P3 (s) + Ra(s) PE(s) P§(s)] (6.15b)

where N;(s) and D;(s) are the numerator and denominator for the single layer struc-
ture, as given by (6.13). Also, Ny(s) and Dy(s) are the numerator and denominator
of the single interface structure, whose response is given by (6.11). The various ex-
ponential terms, P12(s) and P22(s), describe the propagation through the first and
second material layers, respectively.

To examine the response from the two layer structure, the assumption is made
that the early time response, which occurs prior to the two way transit time of the
two material layers, will be identical to the reflection from a single layered structure,
backed by a material half space. Because of this, the frequency domain reflection co-
efficient is factored into two components. The first of these is the reflection coefficient
for the single layered structure, given by (6.13), and the second is the reduced reflec-
tion coefficient. The reduced reflection coefficient is defined for the two layer structure
as the difference between the reflection coefficient for the three interface structure,
and the one for the two interface geometry. The reduced reflection coefficient is thus

given by

T1ay(5) = T2iay(s) — Tiiay(s)
_ Na(s)Da(s) — Ni(s)Da(s)
Do(s) D1 (s)

(6.16)
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where the various terms in the numerator of the reduced reflection coefficient are

given by

Ny(s)D1(s) = (Ry + RoP? + R3PP? + RiRyR3P3)(1 + RiRyP?)  (6.17)
and

Ni(s)Da(s) = (Ry + RoP?)(1 + R RyP? + RiR3PP? + RyR3P}) (6.18)

where dependance on the complex variable, s, is suppressed for brevity. The difference

between the terms in (6.17) and (6.18) can be simplified to give

Na(s)Di(s) — N1(s)Da(s) = R3PEP§ + RIR3R3PEP§ — RIR3PE P} — R3R3PPS
= R3P2P}(1 + RIR} — R} - R})

= RyPIP{(1 - R})(1 - R)). (6.19)

The reduced reflection coefficient for the two layer case is thus given by

2 2 S
Ty (5) = (1 = B(s))(1 - B (o) LA 2L
2 S 2 S
= TP )T )T ()T () A
= [Tf(s)Pl(s)T;'(s)Pg(s)] [D—;%E%(s)] [Tl_(s)Pl(s)T2_(s)P2(s)] ,

(6.20)

where T1+ (s) and Ty (s) are the interfacial transmission coefficients for forward and
backward transmission though the first interface, and T2+ (s) and T, (s) are for the
second interface. These transmission coefficients are found for forward and backward

transmission as Ti"'(s) = 1+ R;(s) and T, (s) = 1 — R;(s), respectively. The reduced
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reflection coefficient is thus composed of the transfer functions for the direct path
to and from the third interface, divided by the product of the denominators of the
reflection coefficients for the single layer structure and the two layer geometry.

Now consider adding a fourth interface to the layered structure, as shown in Figure
6.7. Then, the frequency domain reflection coefficient is given using the wave matrix

method as

I314y(s) = N3(s)/Ds(s)
N3(s) = Ry + RoP? + R3PEP? + R1RyR3P} + Ry R3RyP?
+ RyR3R4P?P? + R\RyR4 P2 P2 + RyP2P2P?
=anwdmw&%+%@@g%+ﬁﬁ@] (6.21a)
D3(s) = 1+ RyRoP? + RiR3P?P2 + RyR3P2 + R3R4P?
+ RyRyR3R4PEP} + RyR4PEP} + R\RyP? P2 P?

= Dy(s) + Ry [D1(s)R3P§ + DoRoPSP} + RiPEPIP]|  (6.21b)

where the numerator and denominator are given in terms of the numerator and de-
nominator of the reflection coefficients for all of the substructures as described by
(6.11), (6.13), and (6.15). The various exponential terms, Pf(s), P22(s), and P32(s),
describe the propagation through the three material layers.

To examine the response from the three layer structure, the assumption is made
that the early time response, which occurs prior to the two way transit time of the
three material layers, will be identical to the reflection from a two layered structure,
backed by a material half space. Because of this, the frequency domain reflection co-
efficient is factored into two components. The first of these is the reflection coefficient
for the two layered structure, given by (6.15), and the second is the reduced reflection

coefficient. The reduced reflection coefficient is defined for the three layer structure as
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the difference between the reflection coefficient for the four interface structure, and
the one for the three interface geometry. The reduced reflection coefficient is thus

given by

Pglay(s) = 1-‘31ay(~‘") - F21ay(s)
_ N3(s)Da(s) — No(s)D3(s)
D3(s)Da(s) -

(6.22)

where the various terms in the numerator are found as

N3(s)D(s) = (Ry + RoP? + R3P?P? + RiRyR3P2 + R1R3R4 P}
+ RyR3R4P?P? + R1RoR4 P2 P2 + RyP2PZP})x

x (1+ R RyP? + RiR3P}P? + RyR3P2) (6.23)

and

No(s)D3(s) = (R + RoP? + R3P?P? + RiRyR3P)x
x (1+ Ry RyP? + R{R3P?P? + RyR3P? + R3R4P?

+ RiRyR3R4PLP? + RyRyP2P} + R1R4PIPZP}) (6.24)
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The difference between these terms can be simplified as

N3(s)Do(s) — Nao(s)D3(s) = RyPEPZ P2 + R2RZR4PIP}P? + R?R3R, P} P} P}
+ R3R3R,P?P2P?} — R?R3R%R,P?P}P}
— R3R,P2P2P2 — RZR4P?P2P} — R2R4P}P}P}
= RyP?P}P2(1+ R?R% + R?R% + R3R}
— R?R3R% - R2 - R2 - R?)

= RyPIP{P{(1 - R})(1 - R3)(1 - R3) (6.25)

The reduced reflection coefficient for the three layer case is thus given by

Ry(s)P}(s) P3(s)P3(s)

Th1ay(5) = (1 = R3(s))(1 — R3(s))(1 — R(s))

D3(s)Da(s)

S 2 S 2 S 2 S
=T7 ()T} ()T ()T (8)T4 ()T (s )R4( )glags;gzz((s))%( )
=mmwﬂqmbﬁngMHQ&%m (6.26)

where Tl+ (s) and Ty (s) are the interfacial transmission coefficients for forward and
backward transmission though the first interface, 7o' (s) and T (s) are for the sec-
ond interface, and T;’ (s) and Ty (s) are for the third interface. These transmission
coefficients are found for forward and backward transmission as Té’+ (s) =1+ R3(s)
and T3 (s) = 1 — R3(s), respectively. The reduced reflection coefficient for the three
layer structure is thus composed of the transfer functions for the direct path to and
from the fourth interface, divided by the product of the denominators of the reflection
coefficients for the two layer structure and the three layer geometry.

Continuing to add interfaces to the geometry, the general case of an N-layer geom-
etry can be addressed. Beginning by examining the processes used to determine the

forms of the numerator and denominator of each reflection coefficient for the cases

162



of one through four interfaces, given by (6.11), (6.13), (6.15), and (6.21), a recursive
formula for determining the numerator and denominator of the frequency domain

reflection coefficient can be found for any number of interfaces as

7 1—2 1
Ni(s) = Ni—1(s) + Riz1 | [] PP(s)+ D Nj(s)Rjz2(s) ] P,?(s)] (6.272)
=1 j=0

k=j+2

Di(s) = D;i-1(s) + Riy1 | Ra(s) [T P} (s) +ZD (s)Rj42(s) H F; (s)]

j=1 k=j+2

(6.27b)

This form of the numerator and denominator of the frequency domain reflection
coefficient can also be obtained through a direct examination of the wave matrix
method. This is due to the fashion in which the transmission chain matrices for each
material layer are cascaded to give the desired frequency domain reflection coefficient.

Using the form of the numerator and denominator of the frequency domain reflec-
tion coefficient given in (6.27), the reflection coefficient of a N-layered geometry can

be written as

I1Nlay(3) = Nn(s)/Dn(s)

[ N N-2
Ny (s) = Ny-1(s) + Bvar | [T F7(s) + D Ni(s)Riva(s) 1'[ P3(s)
=1 i=0 j=i+2
(6.28a)
[ N N-2
Dy(s) = Dn-1(s) + Bn+1 Rl<s H ZD(s>m+2(s> 1‘[ P(s)
j=1 j=i+2
(6.28b)

where the numerator and denominator are given in terms of the numerator and de-

nominator of the reflection coefficients for all of the substructures comprising the
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N-layered geometry. The various exponential terms, Pj2(s), describe the propagation
through the different material layers.

To examine the response from this structure, the assumption is made that the
early time response, which occurs prior to the two way transit time of the N material
layers, will be identical to the reflection from a (N — 1)-layered structure, backed by
a material half space. Because of this, the frequency domain reflection coefficient is
factored into two components. The first of these is the reflection coefficient for the
(N — 1)-layered structure, and the second is the reduced reflection coefficient. The
reduced reflection coefficient for the N-layered geometry is defined as the difference
between the reflection coefficient for the (N + 1) interface structure, and the one for

the N interface geometry. The reduced reflection coefficient is thus given by

T'Niay(8) = TNiay(s) = T(N-1)iay (5)
_ Nn(s)Dn-1(s) — Nn-1(s)Dn(s)
Dy (s)Dn-1(s)

R
=5N—7)§_—1[DN-1(HP (s)+zm+2 I P ©)

j=1+2

N
_NN—I(RIHP2 +ZDR1+2 H P(s) )

j=1 j=i+2

(6.29)

Defining Ay = Hﬁ_—l sz(s) and B; y = Hf/:, +2 Pj2(s) to simplify notation, and
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plugging in Dpy_; and Ny _; using (6.27) gives

N-3
RN41
T'Niay(5) = DND;LV , [(DN-z + Ry [RIAN-—I +y DkRk+2Bk,N—1D x
k=0

N=-2
X (AN + ) NiRi+2Bi,N) - (NN—2+

i=0
N-3 N-2
+ Ry [AN—I + ) NkRk+2Bk,N-1]) (RlAN + ) DiRi+2Bz',N)]
k=0 i=0
(6.30)

The terms in brackets are multiplied out using

N-3 N-2
(RIAN—I + ) DkRk+2Bk,N—1) (AN + Y Nz'Ri+ZBz',N>
k=0 1=0

N-3 N-2
- (AN—I + ) NkRk+2Bk,N—1) (RIAN + Y DiRi+2Bi,N>
k=0 i=0

N-3

=Ry ( Z NyRiyo(AN-1Bkn — ANBrn-1) + ANNN—2RN)
k=

N-
+ ( Z DyRyyo(ANBxN—1 — AN_1Bx N) — ANDN—2RN)
k=0
N-3N-2

+ Y " (DgNi — DiN)RyyoRiv2Bx N—1Bi N (6.31)
k=0 i=0

where summation terms have been combined by pulling the N — 2 term out in each of

the first two expressions. Plugging in the expressions for Ay B y_1 and Ay_1 By N,
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the single summation terms in (6.31) are exactly zero, giving

N-3 N-2
(RlAN-l + ) DkRk+2Bk,N—1) (AN + ) NiRi+2Bi,N)
k=0 1=0

N-3 N=2
- (AN—l +Y NkRk+2Bk,N-l) (RlAN + Y DiRi+2Bi,N)
k=0 1=0

= RANNN_oRNy — ANDN_oRpN

N-3N-2

+ 3 ) " (DiNi — DiNp)RiyoRisaBi n_1Bi N (6.32)
k=0 =0

The expression for the reduced reflection coefficient is thus given by

N=2
R
T'Niay(s) = EIEV—I_I [DN-—2 (AN + ) NiRL+2Bi,N>

i=0
N-2
—Nn-2 (RlAN + Y DiRi+2Bi,N) + RIANNN_2RY,
i=0
N-3N-2
— ANDN_oR%, + Ry Y Y (DgN; — DiNi)RiyoRisaBi n-1Bi N
k=0 i=0

(6.33)

Next, examining the double summation in (6.33), for indices which occur in both
summations, that is fori =0: N -3 and k = 0 : N — 3, expansion of the summations
shows that the double summation is equal to zero. This will leave only the i = N — 2

term, which is a single summation. To see this, take the example of N = 5. For this
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example, the double summation in (6.33) is given as

2 3
D > (DiNi—D;iNg)Ry42Ri+2By 4Bis
k=0i=0

2 2
=" (DgN; — DiNi)Ri2Ris 2By 4Bis
k=0i=0
2
+ Y (DxN3 — D3Ng)Ry42R5 By 4B3 s (6.34)
k=0

Looking at the double summation term with identical indices for both sums and

expanding out the sums gives

2 2

3" (DiN; - DiNi)RyyaRiv2By 4Bis
k=01:=0

= (DoNo — DoNo)R3Bo 4Bo 5 + (D1 No — DoN1)R3Ra(B1.4Bo s — BoaB15)
+ (DyNy — D1N1)R3B; 4B 5 + (D2Ng — DoNa)R4Ro(B2 4By 5 — Bo4B2,s)
+ (D3Ny — DaNo)R3By 4By 5 + (D1 Ny — DaN1)R3R4(B) 4Bo 5 — Bo 4B 5)

=0 (6.35)

where the difference between the products of terms involving B; y can be shown to
equal zero by plugging the quantities B; y = l—[;v=2 +2 sz(s) back into (6.35). With

this, the reduced reflection coefficient is given as

Ry

Fvey(®) = Dy oy

N-2 N-2
X [DN—Z (AN + Y NiRi+2Bi,N) - Ny_2 (RlAN +y DiRi+2Bi,N)
i=0 i=0

N-3
+ Ry (RlANNN—z — ANDN_3+ ) _(DkNyn_g - DN—2Nk)Rk+2Bk,N)]
k=0

(6.36)
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Rearranging terms to combine the first two summations into one gives

R
Mt () = ot |1 = B)(Dy-24y = Ny-2RiA)
N-2
+ Y (DN—2Nk — DkNN_2)Ry42Bk N

k=0
N-3

+RY Y (DeNy—g - DN-sz)Rk+2Bk.N] (6.37)
k=0

Now noting that the N — 2 term in the first summation is exactly zero, a (1 — R?\,)
can be pulled out of the equation, leading to

R
/ _ N+1 _ R

N-=-3 N-3
x [DN—2(AN s Ni&+2Bi,N) ~ Nys (RIAN + 3 D,-R1-+2B,-,~)].

i=0 i=0
(6.38)

At this point, the derivation of the form of the reduced reflection coefficient becomes

recursive, because the portion of the equation in brackets can be written generally as

i-1 i—1
D; (AN +Y NjRj+2Bj,N) - N; (RIAN +Y DjRj+2Bj,N)
i=0 Jj=0

i—2 i—-1
= (Di—l + R4 [RlA,' + Z DkRk+ZBk,i]) (AN + z NJ‘Rj+2Bj,N)
k=0 Jj=0

i-2 i-1
- (Ni—l + Rin [Ai +y NkRk+2Bk,i]) <R1AN +> DjRj+2Bj,N>
k=0 j=0

(6.39)

where D; and N; have been substituted from (6.27). Note that many terms on the

right hand side of (6.39) will cancel out, as they did in (6.30). Using analogous steps
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to (6.31)-(6.35) gives

i—-1 i-1
D; (AN +y NjRJ'+2Bj,N) - N; (RlAN +>_DjRj12B;n )
j=0 7=0

=(1- Ri2+1)><

1—-2 i-2
X [Di—l (AN + Z NJ'Rj+2Bj,N) = Ni—1 (RIAN + Z DJ'RJ'+2BJ\N)]
j=0 J=0

(6.40)

Continually reapplying (6.40) for decreasing values of ¢, until ¢ = 3, at which point
simple expressions for the terms Ny, Dy, N1, and D are available, gives the reduced

reflection coefficient as
N

R
/ N+1 _p2

X [Dl (AN + NOR2BO,N) -MN (R]AN + DOR2BO,N)]~ (6.41)

Plugging in the expressions for Ny, Dy, N;, and D, using (6.11) and (6.13), and

writing out the products Ay and By y gives

R
lay(s N+1 H(l R2

DNDN-1
N
[( + RiRoPE(s )(]’[Pf(s +R1R2HP2 )

j=1 J=2
N
~ (R1 + RoPi(s )(Rlnpf +R2HP2 )]
j=1 j=2
(6.42)
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Multiplying out the bracketed terms and rearranging the equation gives

N
/ _ RN+1 2
Phviay(s) = By oy 110 = )

N
x [ I1 P¥s) [(1 + Ry RyP(s) + RIR3 + R\ Ry P 2)

j=1
— (R% + R1RyP2(s) + R} + R1R2P'2)H

- Diﬁ;l 1 H(l [H P (1-R)(1 - R2)]] (6.43)

Finally, combining the product terms allows the reduced reflection coefficient for the

N-layered material structure backed by a material half space to be written as

I-‘INlay(s) = I-‘Nlay(s) - I-‘(N l)lay(s)

3 II7+ By 4i(s 1 s)P; 6.44
b 1 (5)F [DN (s)Dn- 1(3] H (), (04)

where Ti+(s) and T; (s) are the interfacial transmission coefficients for forward and
backward transmission though the i** interface. These transmission coefficients are
found for forward and backward transmission as ’.Tt-"'(s) = 1+ R;(s) and T (s) =
1 — R;(s), respectively. The reduced reflection coefficient is thus composed of the
transfer functions for the direct path to and from the N + 1 interface, divided by the
product of the denominators of the reflection coefficients for the N layer structure

and the (N — 1) layer geometry.

170



6.3 Decomposition of the temporal response using substructure re-

sponses

The reflection from a multilayered structure is considered in terms of substructure re-
sponses in this section. These substructures are layered material structures backed by
material half spaces, which can be identified as components of the larger multilayered
geometry.

Begin by considering the temporal response due to reflection from a single interface
between two materials as shown in Figure 6.4. The interfacial reflection coefficient
is given in the frequency domain by (6.12) in terms of the wave impedance in each
region of space. The time domain response is obtained through an inverse Laplace
transform of the interfacial reflection coefficient. This reflection coefficient may be
multiplied by a unit step function without changing the response, since the system is

causal. The time-domain reflection coefficient is thus given for a single interface by

T1int(t) = [R1(8)]u(t) (6.45)

This response consists of an impulsive component resulting from the discontinuity
between the two regions of space, and, in the case of a lossy half space, an infinite tail
which slowly decays. The second of these terms results from conduction currents in
the lossy material, and will prohibit a pure natural mode series representation from
fully describing the transient response, as long as it is present. A rigorous exploration
into the components of this interfacial reflection coefficient can be found in [14].

By adding a second interface to the material structure, a single layer geometry
with a material backing as shown in Figure 6.5 is created. The frequency domain
reflection coefficient for this structure can be decomposed into two parts. The first of
these is the interfacial reflection coefficient given by (6.11), since the response should

be identical to that of the single interface during the early time. The second part of
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the frequency domain reflection coefficient is the reduced reflection coefficient, which
is given by (6.14). Taking the inverse Laplace transform of the frequency domain
reflection coefficient yields the temporal response of the layered structure. Because
the inverse Laplace transform is a linear operation, the temporal response of the
single layered geometry can be found as the sum of the inverse transforms of the
components of the frequency domain reflection coefficient. Examining (6.14), the
term Plz(s) = ¢571(5) appears in the numerator. Looking at the behavior of T1(8)

on an infinite contour,

20
lim “=L/e1, /1 + —2 =%\/€_1=T1

|s|—o0 € S€Q€]

with this, which is the two-way transit time of the material layer as discussed in
Section 2.4.1, the inverse transform of the reduced reflection coefficient is found by
closing the Laplace inversion integral in the right half plane for ¢ < 71, and in the left
half plane for ¢t > 71, since 77 is a positive real number. The inverse transform of the
reduced reflection coefficient will thus be zero for ¢t < 71, and nonzero after this time.
Thus, the inverse Laplace transform of the frequency domain reflection coefficient
for this structure can be multiplied by a unit step function without changing the
response. The temporal response for ¢ > 7 is explored in detail in Section 6.4. The

response of the two interface geometry is thus given as

Tint(t) = T1ing(t)u(t) + Toins(B)u(t — 1) (6.46)

Plugging in the definition of the reduced reflection coefficient, which is the difference
between the reflection coefficient for the two interface geometry, and that of the single

interface structure, the temporal response of the two interface structure can be written
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Toint(t) = Ry(t)u(t) + (Coine(t) — Ra(t))u(t — 1)
= Ry (t)(u(t) — u(t — 1)) + Foint (t)u(t — m1)

= [R1(t)u(®)]u(ry — t) + Toine(t)ult — 1) (6.47)

The temporal response from a single layered structure is thus given by the response
of the single interface geometry for a time ¢ < 71, where 7} is the two way transit time
of the material layer. After this time, the response of the single interface substructure
turns off, and a late time response from the entire structure turns on. The form of
this late time response is considered in Section 6.4. This behavior of one response
turning off, and another turning on is an important result. It gives that the branch cut
contribution of the interfacial reflection coefficient, R;(t), is exactly cancelled when
the response from the next interface arrives at the observation plane. This provides
motivation to continue adding interfaces to find out if the turn on and turn off behavior
of the responses will continue, yielding an algorithmic approach to finding the time
domain reflection coefficient for a structure with an arbitrary number of layers.
Adding a third interface to the material structure creates a two layer, material
backed geometry shown in Figure 6.6. The frequency domain reflection coefficient for
this structure can be decomposed into two parts. The first of these is the total reflec-
tion coefficient for a single layer structure, as given by (6.13). This is used because the
response of the multilayered structure should be identical to that of a material backed
material layer during the early time. The second part of the frequency domain reflec-
tion coefficient is the reduced reflection coefficient, which is given by (6.16). Taking
the inverse Laplace transform of the frequency domain reflection coefficient yields the
temporal response of the layered structure. Because the inverse Laplace transform is

a linear operation, the temporal response of the two layered geometry can be found as
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the sum of the inverse transforms of the components of the frequency domain reflec-
tion coefficient. Examining (6.16), the term P12(s)P22(s) = ¢~ 8(T1(8)+72(s)) appears

in the numerator. Looking at the behavior of 71(s) + 7(s) on an infinite contour,

G NCE

|s|—o00 S€Q€] S€Q€Q
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with this, which is the two-way transit time of the first two material layers, as dis-
cussed in Section 2.4.1, the inverse transform of the reduced reflection coefficient is
found by closing the Laplace inversion integral in the right half plane for ¢ < 7,
and in the left half plane for ¢ > 79, since 7 is a positive real number. The inverse
transform of the reduced reflection coefficient will thus be zero for ¢t < 79, and nonzero
after this time, thus, a unit step function can multiply the inverse Laplace transform
of the reflection coefficient without changing the response. The temporal response
for t > m is explored in detail in Section 6.4. The response of the three interface

geometry is thus given as

T3int () = Coine (t)u(t) + Ty (H)u(t — 1)

Plugging in the definition of the reduced reflection coefficient, which is the difference
between the reflection coefficient for the three interface geometry, and that of the

two interface structure, the temporal response of the three interface structure can be
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written as

T3int(t) = Coint(t)u(t) + (T3int(t) — T2ine(t))u(t — 12)
= [oint (t)(u(t) — u(t — 72)) + T3int(t)u(t — 72)
= [Pint ()u(®)u(r2 — t) + T3ins(t)ut — m2)

= [Ry(t)u(t)]u(ty — t) + [Coint (R)u(t — 71)]u(m — t) + T3ine (t)u(t — )

(6.48)

The temporal response from a two layered structure is thus given by the response
of the single interface geometry for a time ¢ < 71, where 7 is the two way transit
time of the first material layer. After this time, the response of the single interface
substructure turns off, and a late time response from the single layer structure turns
on. This response continues until a time 79, which is the two way transit time of the
two material layers. At the time 7, the response of the single layer geometry turns
off, and a late time response for the entire structure turns on. The form of this late
time response is considered in Section 6.4.

Continuing to add interfaces to the material structure eventually creates an N layer
geometry backed by a material half space, as shown in Figure 6.8. The frequency do-
main reflection coefficient for this structure can be decomposed into two parts. The
first of these is the frequency domain reflection coefficient for the (/V — 1) layer geom-
etry, and the second part is the reduced reflection coefficient, which is given by (6.44).
Taking the inverse Laplace transform of the frequency domain reflection coefficient
yields the temporal response of the layered structure. Because the inverse Laplace
transform is a linear operation, the temporal response of the N-layered geometry can
be found as the sum of the inverse transforms of the components of the frequency do-
main reflection coefficient. Examining (6.44), the term [, P2(s) = [N, esmil®)

appears in the numerator.
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Looking at the behavior of Zﬁl 7;(s) on an infinite contour,

g:.,..(s)_ lim iv:%'_\/:‘ 1+ % _i?_éi\/—_._
i1 : —|s!—oooi=1 c € SEOEi_i:l c “=TN

with this, which is the two-way transit time of the N material layers, the inverse
transform of the reduced reflection coefficient is found by closing the Laplace inversion
integral in the right half plane for ¢ < 757, and in the left half plane for t > 7, since 7
is a positive real number. The inverse transform of the reduced reflection coefficient
will thus be zero for ¢t < 7, and nonzero after this time, thus, a unit step function can
multiply the inverse Laplace transform of the reflection coefficient without changing
the response. The temporal response for t > 7y is explored in detail in Section 6.4.

The response of the (N + 1) interface geometry is thus given as

L(n41)int(t) = TNine ()u(t) + Ty 1yine (ult = 7n)
= INint(0u(t) + (C(v41)int (t) = TNing(t))ult — 7n)
=T Nint (£)(u(t) — u(t — 7N)) + T(v41)ine (B)ult — 7)
= [R1(t)u(t)]u(rs — t) + [F2ine(t)ult — 71)]u(r2 — 1)

+ oo+ PNine(Ou(t — N-1)]u(ty — t) + Ty p1)ing(Dult — 7)

(6.49)

The temporal response from a N-layered structure is thus given by the response of the
single interface geometry for a time ¢ < 71, where 7 is the two way transit time of the
first material layer. After this time, the response of the single interface substructure
turns off, and a late time response from the single layer structure turns on. This
response continues until a time 7y, which is the two way transit time of the first two
material layers. At the time 75, the response of the single layer geometry turns off,

and the late time response for the two layer geometry turns on. This turn on and
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turn off behavior of the various substructure responses continues until the two way
transit time of all N layers has elapsed, when the late time response for the entire

structure turns on. The form of the late time responses are considered in Section 6.4.

6.4 Determination of the branch cut contribution

The recursive forms of the numerator and denominator of the reflection coefficient,
given by (6.27), can be expanded out to find explicit forms, which give information
on the form of the temporal response. This can be done relatively easily for a small
number of layers. However, for many layers, expansion in this way is prohibitively time
consuming. For this reason, the recursive nature of the numerator and denominator
is exploited in order to show the origin, or existence, of a branch cut contribution
to the late time response of a N layer geometry, without placing the expressions in
explicit form. Several products will be employed throughout this derivation in order
to simplify equations as much as possible. For notational purposes, these products

will be written as

b
Agp=[[(Zis1+ Z) (6.50a)
i=a
b
B,y =[] P (6.50b)
i=a

Exploration into the origin of the branch cut contributions is carried out by looking
at the forms of the denominator and numerator of the reflection coefficient, in Sections
6.4.1 and 6.4.2, respectively. The implications of these forms will be discussed in the
context of the frequency domain reflection coefficient in Section 6.4.3.

To begin, the possibility of branch cut contributions due to a product of square
roots is examined, since these appear in the wave impedance and propagation terms

found in both the numerator and denominator of the reflection coefficient. For a
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material region i, the term which describes propagation through the i** region and

appears in the frequency domain reflection coefficient is given by
P2(s) = e~57i(8) (6.51)
with

s7i(s) = L V/aVs [s + 25

€i€0

_ 2_f_\/;\/g\/s—:; (6.52)

where A; is the physical thickness of the material layer, c is the speed of light in free
space, and € = €;, — sin?8;,,. Here ¢;, is the relative permittivity of region i, and
0;, is the incidence angle of a wave in region 0 impinging on the first interface to the

layered material. The wave impedance of region ¢ is given by

perpendicular polarization

TS
Zi(s) = VEiV/s\/s —s;
' MoVEVSYs = 8i

S€;r + 0} / €0

(6.53)

parallel polarization

In both the wave impedance and propagation terms, the product of complex square
roots y/s\/s — s; appears. These square roots will lead to branch points and corre-
sponding branch cuts in the complex s-plane. The branch points are given by s = 0
and s = s;. The quantity s; = —o; /é,-eo is a nonpositive real number, so the branch
point is located on the real axis. Branch cuts are taken along the negative real axis
for each complex square root, defining the principal branches of the square roots for
-7 < ¢g < mand —7 < ¢; < , each of which is measured from the positive real axis,
as shown in Figure 6.9. Looking at this figure, begin by examining the integration

paths designated as A4+ and A_. For the contour A4, ¢g = ¢; = . Letting s = —z,
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where z is a nonnegative real number, denote a point on the negative real axis, the
product of the square root functions found in the wave impedance and propagation

terms takes the form
VaVE— 5 = Jioyre W)t = B rTse" = —VivaTs  (6.54)
on A_, ¢g = ¢; = —m, and the product of square roots is given by
Vsvs—si = ViV +sie T = —/r/z+s; (6.55)

Equations (6.54) and (6.55) show that the product of the square root functions is

analytic when crossing the branch cut along the A contours, thus

Zi(s)’A+ = Zi(s)lA_ (6.56)
s7’1~(s)lA+ = srz-(s)‘A_. (6.57)

On the contour By, ¢g = 7, ¢; = 0, and the product of square roots is
Vsvs =5 = Viv—z =52 = jz\/~T =3, (6.58)

Analogously, on B_, ¢g = —m, ¢; = 0 yielding

VsVs =5 = Vav—z - sie "2 = —j\/a/z—; (6.59)

Plugging (6.58) and (6.59) into (6.52) and (6.53) gives

— = ‘ perpendicular polarization
zi(s)| . = IVavE/TE o (6.60)

B - . X [—r — <.
+ JmvVeEvzv/—z = si parallel polarization

—T€jr + 0’,'/6()
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ToT

20| = VA

perpendicular polarization

= , ' — (6.61)
B- —ImVEVIYT = si parallel polarization
—T€ir + 0’1'/60
s7i(s)] 5, = J—\/_ NN (6.62)
37’1’(3)|B = —]—\/_\/_\/——:L‘—sz (6.63)
thus

Zi(s)| 5, = ~Zi(s)| ;_ (6.64)

sri(s)iB+ - -sn(s)]B_ (6.65)

In order to examine symmetry of various quantities about the portion of the branch

cuts along which the B contours lie, the following quantity is defined

) STz(s)
T (6.66)
Note that, using (6.65), <I>i|B+ = -9, B’ Plugging (6.66) into (6.51) leads to
P, = e~ 57i(8)/2 (6.67)

= ¢ 7% (6.68)
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which allows the following relationships to be written for the B contours

Pi_l — P, =% — 7%
= j2sin ®; (6.69)
P74 P= el eI

= 2cos ®;. (6.70)

Finally, even symmetry about the branch cut, which is necessary for cancellation of
the integrals taken in opposite directions on the B contours, can be shown for the
following quantities using (6.64) through (6.66), and the even and odd properties of

the cosine and sine functions, respectively,

Zi(s)sin ®; Ba = Z;(s)sin ®; B (6.71a)
Z?(s)‘B+ - z,?(s)|B_ (6.71b)
i = 1 .
cos ’B+ = cos ® B (6.71c)

These relationships are used extensively in the examination of the forms of the numer-
ator and denominator of the frequency domain reflection coefficient, which is carried

out in Sections 6.4.1 through 6.4.2.
6.4.1 Form of the denominator

In this section, the denominator of the frequency domain reflection coefficient for an
N-layered material structure is manipulated into a form which can be used to help
validate a natural mode series representation of the time domain reflection coefficient
in the late time of the structure. Here, the late time begins after the two way transit
time of the N regions comprising the N-material structure. The manipulation of the

denominator proceeds by continuously utilizing a recursive form of the denominator
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and collapsing the equation by defining quantities which are even about the branch
cuts. This is done at each step along the way, eventually leading to a recursive
expression which allows for N steps to be performed. Finally, once the expression is
placed in terms of the denominator of the frequency domain reflection coefficient for
a two layered structure, explicit expressions for the denominator are substituted in,
leaving the expression in terms of quantities which are even about the branch cut,
and wave impedances. The wave impedances may be even or odd about the branch
cut, depending on the material characteristics of the region.

To this end, begin by establishing some relationships for the it* layer of a multi-
layered structure. These relationships will prove extremely useful in the exploration

into the form of the transient response from the multilayered structure.
6.4.1.1 Equations for the i-th layer

To utilize the symmetry relationships of (6.71), it is helpful to place the denominator
in an alternative form. To do this, R; is plugged into (6.27b), and the result is mul-
tiplied though by Ay ;, noting a cancellation of terms in Ag; with the denominators
of the interfacial reflection coefficients for indices of 0, j, and i. The denominator is

then found in terms of the wave impedances, rather than the reflection coefficients as

D;Ag; = Di_1A¢; + (Ziy1 — Z;) X

i-2
X (21 = Zp)A1,;-1B1; + Z Dij(Zj4+2 — Zj+1)A0,jAj+2,i-1Bj+2.
i=0
= Xpi-1(Zi+1+ Zi) + Ypi-1(Zis1 — Z;) (6.72)

where dependance of parameters on the complex variable, s, is suppressed for brevity.

Several quantities are defined here in order to aid in the understanding of the steps
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used in this derivation. These quantities are given by

Xpi= D;jAg;

= D;_1A0,i-1(Zit1+ Z;) + (Ziy1 — Zi) VD i-1

=Xpi-1(Zis1+ Z;) + Vp i-1(Ziy1 — Z;) (6.73a)
i-1
Yp,i= [(Zl = 20)A1,;By 41 + Z Dj(Zj4a - Zj+1)Ao,jAj+2,iBj+2,i+1]
Jj=0

= (Zz+l + Z;) P} [(Zl — Zp)A1 ;1B +
+ZD - )Ag A B +(Ziy1 — Z;)P2 {Di_1Ag i
J+2 ]+1 0,73 +2,i—10542, i+1 )41 7i-180,i-1

= Ypi-1(Zit1 + Z)PA1 + Xpi—1(Ziv1 — Zi) P}, (6.73b)

Here the i — 1 term was removed from the summation in Yp ;, and (Z;41 + Z; )Pz .

was factored out of the remaining terms in order to write Yp ; in terms of Vp ;_;
and Xp ;_1. Various quantities involving the sum or difference of the expressions in
(6.73) are utilized in the exploration of the form of the denominator for an N-layered

material. These terms will use the relationships

(XD,i + yD,i) = (XD,i—l(Zi+1 +Z;)+Ypi-1(Ziy1 — Zi))
+ (yD,i—l(Zi+1 +Z;)PA ) + Xpi-1(Zig - Zi)Pi2+1)
iv1(1 £ Pz'2+1)<XD,i—1 + yD,i—l)

+Z;(1F Pﬁn)(XD,i-l - yD,i-—l)~ (6.74)

Because of various operations carried out on the denominator, the two quantities

given by (6.74) appear in various combinations, including the squaring of either of
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the quantities, given by

2 2
("'D.z‘ + yD,z‘) = 24,1+ PYy)? (XD,i—l + yD,i—l)
2
+Z2(1F Pz'2+1)2(fVD,i—1 - yD,i—l)
+2Z;41Z;(1+ PA,)(1 - P4)) (XD,z'-1 + yD,i—l) (XD,i-l - yD,i—l)»

(6.75)

and the product of the two quantities, which takes the form

(XD,i + yD,i) (XD,i - yD,i)
= (1+ P4,)1 - Py [Zi2+l (XD,i—l + yD,i—1)2 + 2} (XD,i—l - yD,i—l)z]
+ Zi11Z; [(1 +PA)2+(1- ﬂ%r1)2] (XD,i-l + yD,i—l) (XD,i-l - yD,i—l)-

(6.76)

The products of (6.75) and (6.76) appear often in the denominator of the frequency
domain reflection coefficient. The following recursive formula, which appears in the

course of this derivation and is utilized heavily, contains all combinations of (6.75)

and (6.76).

2
4_1P(7v2_1-) [(gl,i—l +JZN+192,i-1) (XD,N—(HI) + yD,N—(i+l))

+(Gri + iZN4+192,0) (XD,N—(HI) - yD,N—(i+1))2 +(93,i-1Zi—1 + jG4,i-1) X
X ZN_; (XD,N-(i+1) + yD,N—(i+1)) (XD,N—(H-I) - yD,N—(i+l))]
= (91,i + IZN+1G2,1) (XD,N—(i+2) + yD,N—(i+2)) 2
+ (G141 + 5ZN41G2,i+1) (’YD,N—(i+2) - yD,N—(i+2))2 +(93,iZN+1 + 794,1) %

X ZN_(i+1) (XD,N—(i+2) + yD,N—-(i+2)) (XD,N—(i+2) - yD,N—(i+2))
(6.77)
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where the following quantities arise from application of (6.73) through (6.76)

Gri= z%_; [gl,i—l cos?®py_; — ‘31,:' sin &y _;
—G4,i-1(ZN—-isin®y_;) cos ‘I’N—i]
Goi =22 _.1Gy; 2dn_i —Go,isin2dn_;
2,1 N—i|Y2,i-1C0S" PNn_; 2,51 PN _g
+G3,i-1(ZN—;sin®y_;) cos ‘I’N—i]
g. =72 G, icosl® . — Gy 4 in2®n
1,i+1 N—(i+1) [Y1,é COS” PN 1,i-181" PN _4
—G4i-1(Zn—;sin®y_;) cos ‘I’N—i]
'g'. =72 Go : cos? @ . — Goi_15in2®n_;
2,i+1 N—(i+1)|¥2,i COS" PN ¢ 2,i—-181IM" PN _4
+G3,i-1(ZN—;sin®p_;) cos ‘I’N—i]
Gyi=2%_. [0082 ®p_; — sin? (I)N—i] G3.i-1
-2 [g2,i—l + Q~2,i] (Zn-isin®py_;)cos®pn_;
G4i= ZI2V—i [cos2 On_; — sin? ‘I’N—i] Gai-1

+2 [gl,i-l + gl,i] (Zn-isin®y_;)cos Py _;.

6.4.1.2 N-Layer geometry

Consider the N-material, planar layered geometry shown in Figure 6.8, where region
0 is free space, and region N + 1 is a material which may or may not be lossy. The
denominator of the frequency domain reflection coefficient, multiplied by Ag y, is

given by (6.72) for i = N as

DnAo N = XpN-1(ZN41+2ZN) + YD N-1(ZN41 — ZN) (6.78)
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To explore the properties of the denominator of the reflection coefficient, begin by

plugging in expressions for Xp y_; and Yp y_; using (6.73). Doing this gives

DyAo N = [XD,N—z(ZN +Zn-1)+YDp N-2(ZN — ZN—I)] (ZN4+1+ 2ZN)

+ [yD,N—2(ZN +Zn_1)PA,+ Xp N_2(ZN - ZN—I)PJ%/] (ZN+1 - ZnN)-

(6.79)

Rearranging terms to separate the Xp y_2 and Vp ny_2 terms gives

DyAg N = XpN-2 [(ZN-H +ZN)(ZN+ZN-1)+ (ZN41— ZN)(ZN - ZN—I)P12\7]

+ YD N2[(ZN+1+ ZN)(EN = Zn-1) + (Zn+1 = ZN)(ZN + Zn-) PR

(6.80)

Multiplying out the wave impedance terms in brackets and regrouping gives

DnAg N = Xp N-2 [ZN(ZN+1 +ZN_1)(1+ P&+ (Z% + Zn41ZNn-1)(1 - Pz%/)]

+ yD,N—Z[ZN(ZN+1 —Zn_1)(1+ Py + (2% - Zny1ZNn-1)(1 - Pz%/)]

1 - P2
= A(1 + P%) +jB( : N) (6.81)
J
where the quantities A and B are defined as

A=XpN_2(ZN+1ZN +ZNZN-1) + VD N-2(ZN4+12ZN — ZNZN-1) (6.82a)

B=XpN_2(Z% + Zn412ZNn-1) + YD N-2(ZX — ZN412ZN-1) (6.82b)
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L . 1-P2
Multiplying the denominator by (A(l + va) - jB(—]—M))4‘1PA',2 in order to take
advantage of (6.69) through (6.71) gives

B 2y (1= PR =1 p2
Dy = DnAon [ AL+ P}) - B( ; ) Jatpy
Pyl + Pyy2 Pyl — Pyy2
— A2(IN N 2(IN N
A () B 72 )
= A%cos? ®y + B2sin? &y (6.83)

where @ is defined by (6.66) as s7y(s)/2j, and (6.69) through (6.70) are utilized.
Plugging A2 and B2 into (6.83) using (6.82) gives

) 2 2 2 2,2 2l o
N =|ZN+1ZN (XD,N-z + yD,N—2) +ZNnZN_ (XD,N-2 - yD,N—2) cos” @
2 2
+ [Z}‘v (XD,N—z + yD,N—2) + Z12V+IZJ2V—1 (XD,N-z - yD,N—2) ] sin? @y
+2ZN 4123 2N -1 (XD,N—z + J’D,N-z) (XD,N-z - yD,N—2) (6.84)

Rearranging (6.84) to organize the equation in terms of various products of (Xp y_2+

Yp,N-2) gives

= 2 2 2 ) 2
Dy = |2y 14ycos” Py + Zysin“ Py (XD,N_2 +yD,N_2)
. 2
+ [212\7212\/—1 cos? oy + ZI2V+IZ]2V—1 sin? (I)N] (XD’N._2 - yD,N_Q)
+ [2312\(] ZN41ZN-1 (XD,N—2 + yD,N—Z) (XD,N-z - yD,N—z)
2 2
=R (XD,N—z + yD,N—2) + Fy (XD,N—2 - yD,N——2)

+ F3ZN4+1ZN-1 (XD,N-z + yD,N—2) (XD,N-z - J’D,N—z)- (6.85)

Here the functions Fj through F3 are even about the branch cut, since they are

defined in terms of wave impedances and trigonometric functions which are raised to
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even powers. Plugging in expressions for the various products of (Xp y_2+Yp n—2)

using (6.75) and (6.76) with i = N — 2 gives

— 2
Dy=h [Z?v-1(1 + PJ%/—l)z(XD,N—S + yD,N—s) + Z_o(1 = PR_1)*x
2
X (XD,N—:; - )’D,N—3) +2ZN_1Zn_2(1+ P§_1)(1 - Py _y)x
X (XD,N-:; + yD,N—3) (XD,N-a - yD,N—3)]
2
+ Py (231 (1 = Ph_y)? (Xpv—s+ Ypn-3) + Zh o1+ Ph_1)*x
2
X (XD,N—s - yD,N—3) +2ZN_1ZN-2(1+ PE_)(1 - P3_))x
X (XD,N-s + yD,N—3) (XD,N—s - yD,N—s)]
2 2 2 2
+ FaZN 4121 [(1+ P_)(t = Ph_p) [ 2321 (%, —s + YD v—s)
2
+ 2%, (XD,N—s - yD,N—S) ] +ZN-1ZN-2 [(1 +P%_))?

+(1- P}%_l)ﬂ (XD,N—s + yD,N—-3) (XD,N—s - yD,N—S)]- (6.86)

Rearranging (6.86) to organize in terms of the various products of (Xp y_3+Yp n-3)

gives

Dy =Z}_1 [Fi(1+ PR_1)* + Fo(l - P§y)?
2 2 2
+ F3ZN41Zn-1(1+ Py_q)(1 - PN_1)] (XD,N—s + yD,N—s)
+ 2% [P = PR_p)? + a1+ PR_y)?
2 2 2
+ F3Zn41ZN-1(1+ Py_p)(1 - PN—I)] (XD,N—S - yD,N—S)
+ZN-1ZN-2 [2[F1 + F)(1+ P}_y)(1 - P§_y)
+ FaZnZna [(1+ Py)? + (1= Py_p)?]] x

X (XD,N—3 + J’D,N—s) (XD,N-:; - yD,N—3)- (6.87)
Multiplying through by 4"1P]\',2_1 in order to take advantage of (6.69) through (6.71)
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gives

47'P2 Dy =23%_, [F1 cos?®y_; — Fysin? ®@y_;
+JiF3ZN4+1(ZN-1sin®py_1) cos 4’N-1] (XD,N—3 + yD,N—3)2
+ Z12V—2[ -R sin? b1+ Fy cos? dn_1
+JF3ZN4+1(ZN-15in @y _1) cos ‘1>N—1] (XD,N—:'. - yD,N—3)2
+2ZN_9 [2]’ [F1 + Fg] (Zny_1sin®p_1)cos Py _y
+ F3ZN+1Z12V_1 [0052 ®pn_; — sin? ‘I)N—-l]] X
X (XD,N-:; + yD,N—B) (XD,N—:; - yD.N—S)
= (61,1 +3ZN+1G21) (XD,N—s + yD,N—3)2
+(G12+3ZN+1922) (XD,N-s - yD,N—3)2 +(931ZN+1 + 794,1)

X ZN-2 (XD,N—s + yD,N—S) (XD,N—s - yD,N—3) (6.88)
where @ _; is defined by (6.66) as sty _1(s)/2j, and

Gi1= Z,ZV_I F cos? dn_; - ngin2 <I>N_1]

Go1 = F3(Zy-1sin®y_1)Z% _jcos®py_1

61,2 = ZI2V—2 -F2 cos? b1 - F sin? (I)N—l]
Goo = F3(Zn_1sin®py_1)Z%_4cos by _;
G31 = F3212V-1 [cos2 dn_1 - sin? <I>N_1]

Ga1 = Q[Fl + Fg] (Zn-1sin®py_1)cosPp_1.

Note that the quantities G1,1 through G4, are defined in terms of Fj through Fj,
Wave impedances, and trigonometric functions, thus Gj 1 through G, ; are even about

the branch cut as shown by using (6.71) and evenness of F] through F3.
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Multiplying by 4—1P1\_/2-2’ the right hand side of (6.86) has the form of the left
hand side of (6.77) for i = 2, thus,

— — — = . 2
4 2PN2_1PN320N = (G1,2 +71ZN+192,2) (XD,N—4 + yD,N—-4)
~ -~ 2 _
+(G1,3+t7ZN+192,3) (XD,N-4 - yD,N—4) +(93,2ZN+1 + j94,2) %

X ZN-3 (XD,N—4 + J’D,N-4) (XD,N—4 - yD,N—4) (6.89)

with

2 5 . . )
Gro=2%_, [gl,l cos? @y _g — Gy 25in? By _p — G4 ,1(Zn—25in®p_3) cos By _g

Goo = 2% _, [92,1 cos? @y _g — Gaosin? ®y_g +G3 1(Zn_2sin ®_3) cos ‘I’N—z]

5 2 2 . . ]
G13= ZN_3[ 2005 ®y_o — Gy sin? @y _g — G4 1 (ZN—_2sin By _p)cos Py _s
5|

1
52’3 = leV-— 62'2 COS2 dn_9— gg,l Sin2 Sn_o+ g3’1(ZN_2 sin ®_o) cos @N_g]
G3p=Z%_s [0052 O _g — sin? ‘I)N—2] G3,1
-2 [g2,1 + 52,2] (Zn_sin®p_q)cos®Pp_o

Gs2 = Z12V—2 [cos2 Pn_o— sin? ‘I’N—2] Ga,1

+2 [gl,l + 51,2] (ZN_2sin®p_g)cos Py _2

Note that the quantities G 2 through G4 2 are defined in terms of Gy ; through G4,
wave impedances, and trigonometric functions. Thus, G; o through G492 are even
about the branch cut using (6.71) and evenness of Gy 1 through Gy ;.

Multiplying by 4—1P1\—/2-3’ the right hand side of (6.89) again has the form of
the left hand side of (6.77), this time with ¢ = 3. This leads to terms G; 3 through
G4,3, which are defined by (6.77) in terms of G; o through G4 2, wave impedances,
and trigonometric functions, thus G; 3 through G4 3 are even about the branch cut

using (6.71) and evenness of G; o through G4 9. Continuing to multiply through by
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4_1P1:,gi and applying (6.77) for increasing values of #, until i = N — 3, and then
multiplying by 4'2P1" 2P{ 2 Jeads to

N-1
4—(N-1) 1 P %Dy = Gin-3 +jZN+192,N_3)[4'2P1-2P{2 (Xp,l +yD,l)2]

i=1
5 - 5 —2p-2p-2 2
+ (G1,N-2 +JZN+1g2,N—2)[4 P[°P, (XD,l—J’D,l)]
+ (G3,N-3ZN+1 + jG4 N-3) X

x Z[472P2P; (X1 + Yp1 ) (Xp1 — YDy )] (6.90)

with

GI1,N-3 = Zg :gl,N-4 cos? &g — 51,1\7_3 sin? @y — G4 N-4(Zo sin ®3) cos @2]
GoN-3= Z§ :g2,N_4 cos? dg — GQ,N._:; sin® &g + G3 N—-4(Za sin ®3) cos @2]
Gin-—2=23 :GI,N—3 cos® & — Gy y—_45in? B2 — Gy y—4(Z2 sin ®2) cos 4’2]
GoN-2 =23 :52,N—3 cos® @ — Gy y_45in® @3 + G3 y—4(Z2 sin ®3) cos 4’2]

g3 N-3 = Z§ cos? by — sin? @2] G3 N-4— 2[92,1\;_4 + 52,1\7_3] (Z2 sin ®3) cos P,

GaN-3 = Zg cos? dy — sin? <I>2] GaN-4+ 2[(}1,1\1_4 + gl,N_3] (Z9 sin ®3) cos ®9

Here G1 n_3 through G4 n_3, which are defined by (6.77) in terms of G, y_4 through
G4, N -4, wave impedances, and trigonometric functions, are even about the branch
cut using (6.71) and evenness of G n_4 through G4 ;_4. This symmetry about the
branch cut is established through the continual reapplication of (6.77) leading to the

form of (6.90).

At this point, the expressions for (XD,I + yD,l) are simple enough to be written
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out explicitly. These expressions are found as

(XD,l + yD,l) =DiAg) = [(Zl — Z0)A1,1B12 + Do(Z — Zl)Ao,ole,z]

_ (1 + &2 = 20)(Z) - Z)
(Z2+ Z1)(Z1 + 20)

£ (21~ 20)(Z2 + 20 PR} + (22 - 20)(21 + Z0) ]

P) (22 + 21)(21 + Z)

= Zy(1 + P3)(Z1(1 + P2) + Zo(1 — P2))

+Z1(1F P3)(Z1(1 - PE) + Zo(1 + P?)) (6.91)

The expressions for (XD,I + yD,l)z and (XDJ +yD'1) (XDJ - yD‘l) can thus be

written out explicitly as

(%01 £Yp,1)" = 301+ B3R [2201+ P2 + 231 PR’
+22021(1+ PY)(1 - P)| + 2201 % P)?x
x 2201 - P2 + Z3(1 + PD)2 + 220211 + PH)(1 - PD)]
+2Z1Z5(1+ P§)(1 - P§)x
x (2} + 2)(1+ PH(1 = PP+ ZZo[(1 + PP)? + (1 = PPY?]]
(6.92)

and

(XD,l + yD,l) (XD,1 - yD,l) =(1+P2(1-P} [222 [22(1+ P22 + Z2(1 - P?)?
+22021(1 + P?)(1 - PY)] + Z2[Z22(1 - P?)% + ZZ(1 + P?)?
+220Z1(1+ PH)(1 - Pf)]] +Z1Z2[(1+ P)? + (1 - P§)?]

x [(2F+ Z) 1+ P)(1 - PD) + ZoZa[(1 + P)? + (1 - PD)?)| (6.93)
Thus, the expressions in square brackets in (6.90) can be written explicitly. The first
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of these is given as

42P2P (Xp, + Vp,)
=Z§ cos? ®9 [212 cos? d; - Zg sin? ®; + 252Z0(Z, sin ®q) cos @1]
- Zf sin? [Zg cos? ®; — Zf sin ®; + 27Zy(Z1 sin ®1) cos <I>1]
+ 2j(Z9 sin ®3) cos ¥y [j(Zl sin®;) cos ®1(Z2 + Z2) + ZyZ? [cos? ®; — sin? @1]]
= [z§ cos® @323 cos® &1 — 28 sin? &) — 2 sin® B[22 cos® &, — Z2sin? &,
— 2(Z3 sin ®3) cos Po(Z; sin ) cos P, (Zi'2 + Zg)] +jZg [2(21 sin ®;) cos P; x
X [Z% cos® &y — Z2 sin? ®y] + 272 [cos2 ®; — sin? ®,](Z2 sin ®2) cos @2]

£H, + jZoH, (6.94)

where ®9 and ®; are defined by (6.66). The quantities defined here as H; and Hy are
only functions of wave impedances and trigonometric functions, and are even about
the branch cut using (6.71). The second expression found in square brackets in (6.90)

is given by

472P 2Py 2(Xp1 — V)
=- Z% sin? &y [Zf cos? ®; — Zg sin® ®; + 2jZo(Z; sin ®;) cos (I)l]
+ Z% cos? &y [Zg cos? dy — Zf sin? ®; + 2jZy(Z1 sin ®y) cos Ql]
+ 2j(Z9 sin ®3) cos P9 [j(21 sin @) cos <I>1(Zl2 + Zg) + Z()Z?[cos2 &, — sin? <I>1]]
=[ — Z%sin® @52 cos? &1 — Z sin® &1] + ZF cos® @[ Z3 cos? @) — Z} sin’ &1
— 2(Zy sin ®3) cos ®5(Z sin ®1) cos ®;(Z2 + 23)] +jZy [2(Z1 sin ®;) cos P; x
x [Z2 cos? &y — Z2 sin’ ®y] + 2212|:cos2 &, — sin? ®1](Z7 sin ®2) cos @2]

2H, +jZoH, (6.95)
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The quantities defined here as H 1 and ﬁg are only functions of wave impedances and
trigonometric functions, and are even about the branch cut using (6.71). Finally, the

third expression found in square brackets in (6.90) is given by

23 [472P 2Py (Xp1 + Y, ) (Xp1 - Vb1 )|

= j(Za sin ®9) cos B2 [z%[zf cos? ®; — Z2sin? &, + 2jZo(Z; sin ®;) cos &1
+ Z%[Zg cos? ; — Z% sin? &, + 252y(Z; sin ®;) cos ‘I)l]]

+ 222 [j[cos2 &9 — sin? <I>2][(Zl2 + Zg)(Zl sin ®1) cos P,
+ Z()Zf(cos2 &, — sin? <I>1)]]

=2 [Z%Z%(cos2 ®; — sin? d)) - 2[Z§ + Zf]Zg sin ® cos $o(Z; sin @) cos <I>1]

+J [Z2 sin @5 cos ®o [222 [Zf cos? o, — Zg sin? <I>1] + Zl2 [Zg cos? d; - Z% sin? (I)l]
+ Z%[cos2 &g — sin® <I>2](Z12 + Zg)(Zl sin ®;) cos @1]

£ H3Zo + jHy (6.96)

The quantities defined here as H3 and Hy are only functions of wave impedances and
trigonometric functions, and are even about the branch cut using (6.71).
Plugging (6.94) through (6.96) into (6.90) gives

N-1
4~N=DTT P7*Dy = (G1,n-3+ iZN+1G2,N—3)(H1 + jZoHo)

i=1
+ (G1LN—2 + 5ZN+1Ga N—2)(H1 + jZoHy)

+ (93, N-3ZN+1 + JGaN-3)(H3Zp + jHy) (6.97)

Examining this equation, it can be seen that all quantities in the equation are even
about the branch cut, with the possible exceptions of Zy and Zy ;. These wave

impedances will exhibit an evenness about the branch cut if the regions they corre-
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spond to are lossless. This occurs because the wave impedance of a lossless region of
space is independent of the complex variable, s. However, if these regions are lossy,
the wave impedances will display an odd symmetry about the branch cut by (6.64).
Implications of the wave impedances displaying either even or odd symmetry about

the branch cut on the form of the transient field are discussed in Section 6.4.3.
6.4.2 Form of the numerator

In this section, the numerator of the frequency domain reflection coefficient for an
N-layered material structure is manipulated into a form which can be used to examine
the form of the time domain reflection coefficient in the late time of the structure.
Here, the late time begins after the two way transit time of the N regions comprising
the N-material structuré. The manipulation of the numerator proceeds by contin-
uously utilizing a recursive form of the numerator and collapsing the equation by
defining quantities which are even about the branch cuts. This is done at each step
along the way, eventually leading to a recursive expression that allows N steps to be
performed. Finally, once the expression is placed in terms of the numerator and de-
nominator of the frequency domain reflection coefficient for a two layered structure,
explicit expressions for the numerator and denominator are substituted in, leaving
the expression in terms of quantities which are even about the branch cut, and wave
impedances. The wave impedances may be even or odd about the branch cut, de-
pending on the material characteristics of the region.

To this end, begin by establishing some relationships for the ith layer of a multi-
layered structure. These relationships will prove extremely useful in the exploration

into the form of the transient response from the multilayered structure.
6.4.2.1 Equations for the i-th layer

To utilize the symmetry relationships of (6.71), it is helpful to place the numerator in

an alternative form. To do this, R; is plugged into (6.27a), and the result is multiplied
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though by Ag;, noting a cancellation of terms in Ag; with the denominators of the
interfacial reflection coefficients for indices of 7, and . The numerator is then found

in terms of the wave impedances, rather than the reflection coefficients, as

NiAg; = N;_1Ap; + (Zi41 — Z;) %

i—2
x |Agi-1Bri+ Y Nij(Zjs2 — Zj+1)A0jAj12,i-1Bjsa;
=0
= &N,i-1(Zi+1+ Zi) + UNi-1(Ziy1 — ) (6.98)

where dependance of parameters on the complex variable, s, is suppressed for brevity.
Several quantities are defined here in order to aid in understanding of the steps used

in this derivation. These quantities are given by

XN, = NiAg
= &Ni-1(Zi+1+ Zi) + YN i-1(Zi+1 — Zi) (6.992)
i-1
IN,;i = [AO,iBl,i+1 +Y Nj(Zj42 - Zj+1)Ao,jAj+2,iBj+2,i+1]
j=0
i—2
= (Zis1+ Zi) P2y [AO,i—lBl,i +Y Ni(Zjya - Zj+1)A0,jAj+2.i—IBj+2,i]
j=0

+(Zigy1 — Zi)Pi2+1Nz'—1Ao,i—1

2 2
= IN,i-1(Ziy1 + Z)) Py + AN i-1(Zin1 — Z9) Py (6.99b)
Here the ¢ — 1 term was removed from the summation in Yy ;, and (Z;4; + Zi)P,-2+1
was factored out of the remaining terms in order to write V) ; in terms of Yy ;_;
and Xy ;_1. Various quantities involving the sum or difference of the expressions in

(6.99) are utilized in the exploration of the form of the numerator for an N-layered
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material. These terms will use the relationships

(XN,i + yN,i) = (XN,i—l(ZiH +Z))+ Yni-1(Ziy1 — Zi))
+ (yN,i-l(Zz+l +Z)P2 1 + AN ic1(Zig1 — Zi)Pi2+1)
=2Zi+1(1£ Pza-l)(XN,i-l + yN,i—l)

+ 20 PA) (Aot - o) (6.100)

Because of various operations carried out on the denominator in 6.4.1, the two
quantities given by (6.100) appear in various combinations with the quantities
(XD,,- + yD,,-), given by (6.74) when these same operations are performed on the

numerator. Terms which appear include the combinations of

(XD,i * yD,i) (XN,i + yN,i)
= 2}, (1£ P}y)? (XD,i—l + yD,i—l) (XN,i-l + yN,i—l)
+Z}(1F Py)° (XD,i—l - yD,i-—l) (XN,i—l - yN,i-l)
+Ziy1Z:(1+£ PA))AFP )[(Xp,i—l + yD,i-—l) (XN,i—l - yN,i—-l)

+ (XD,i—l - yD,i—l) (XN,i-l + yN,i—l)] (6.101)

and

(¥ Yps) (s % V)
= 2}, (1% P+1>(1 F P21) (Xpic1 + Vo) (Xwio1 + Yo
+ 221+ PY)(1F 1‘24-1)(XD,1’—1 - yD,i-l) (XN,i-l - yN,i—l)
+ Ziy1Z [(1 + P1) (XD,i—l + yD,i—l) (XN,i—l - yN,i—l)

+ (17 P42 (¥pic1 - Ypio) (Xwic1 + Yniar)|- (6.102)
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The products of (6.101) and (6.102) appear often throughout the manipulation of
the numerator of the frequency domain reflection coefficient. The following recursive
formula, which appears in the course of this derivation and is utilized heavily, contains

all combinations of (6.101) and (6.102).

aPy2, [(7'(1,1'—1 +JZN4+1H2i-1)%
X (XD,N—(i+1) + yD,N—(i+1)) (XN,N—(i—H) + yN,N—(i+l))
+ (Hyi + ZN41Ha,0) X
X (XD,N—(1'+1) - yD,N—(i+l)) (XN,N-(1+1) - yN,N—(i+1))
+ (H3,i-1Zi-1 + jH4i-1)%
X ZN—i (XD,N—(iH) + yD,N—(i+1)) (XN,N—(i+1) - yN,N—(i+l))
+ (M3i-1Zi—1 + 7Hai-1)
X ZN_; (XD,N—(i+1) - yD,N—(i+1)) (XN,N—(HI) + yN,N—(i+1))]
= (H1,i + JZN+1H2,1) X
X (XD.N—(i+2) + yD,N—(i+2)) (XN,N—(1'+2) + yN,N—(i+2))
+ (Hyi41 + 5ZN41H2,i41) X
X (XD,N—(i+2) - yD,N—(i+2)) (XN,N—(i+2) - yN.N—(i+2))
+ (M3,iZNn+1 + THa)ZN—(i41) ¥
X (XD,N—(i+2) + yD,N—(i+2)) (XN,N—-(i+2) - yN,N—(i+2))
+ (H3,iZN41 + THa) ZN - (141) %

X (XD,N—(i+2) - yD,N—(i+2)) (XN, N-(i+2) + I, N_(,-+2)) (6.103)
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where the following quantities arise from application of (6.99) through (6.102)

M= Z}qv_i [7‘(1’,'_1 cos? dy_; — ﬁl,z‘ sin? dy_;
— [Ma-1 + Hai—1](Zn—isin®py_;) cos ‘PN-i]
. — 72 . 2 o He s cin2
Mo =2%_, {Hg,z_l cos? @y _; — Haisin® by _;
+ 2H3,i—l(ZN—i sin (I’N—i) cos (DN—i]
Hiiv1 = 2% . 1y | Hyicos? ®y_; — Hyi_qsin? @y _;
1,i+1 N—(i+1)|t1,i €08 PN 1,i—-1SM" PN _;
— [Mai—1 + Hai-1](Zn—isin®p_;) cos ‘PN—i]
Ha,iv1 = Z]2V_.(i+1) [ﬁzi cos® @y _; — Mg ;_1sin y_;
+ 2H3,i—1(ZN—i sin q’N—i) Ccos (DN—i]
H3zi = ZIZV—i [0052 dn_;i— sin? ‘DN—i] Hs3i-1
- [HZ,i—l + H2,i] (ZN-isin®py_;)cos Py _;
2 , 2 S a2
Hai=2ZN_; [H4,z—1 cos® Py _; — Hyg-1sin ‘I’N-i]
+ [Hl,i—l + ﬁl,i] (Zn—isin®pn_;)cosPpn_;
Hoi=Z%_.|Ha, 20N_; —Hgi1sin®dpy_;
4,4 N-i|/t4,i-1COS PN_; 4,i—-1810" PN _;

+ [Hl,i—l + 7‘71‘1'] (ZN—isin®p_;)cosPp_;

6.4.2.2 N-Layer geometry

Consider the N-material, planar layered geometry shown in Figure 6.8, where region
0 is free space, and region N + 1 is a material which may or may not be lossy. The

numerator of the frequency domain reflection coefficient, multiplied by A y, is given

by (6.98) for i = N as

NNAoN = AN N-1(ZN41+ 2ZN) + INN-1(ZN41 — 2ZN) (6.104)
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To explore the properties of the numerator of the reflection coefficient, begin by

plugging in expressions for Xy ;_1 and Yy ny_1 using (6.99). Doing this gives

NNyAoN = (AN N-20ZN + ZN-1) + YN N-2(ZN — ZN-1))(ZN+1 + ZN)

+ (UNN-20ZN + Zn_1)PE + Xnn-2(ZN — Zn_1)PE)(ZN+1 - ZN)

(6.105)
Rearranging terms to separate the Xy y_2 and Yy y_2 terms gives

NyAgN = AN N-2 [(ZN+1 +ZN)ZN+Zn-1) +(Zny1 — 2ZN) (2N - ZN—l)PJ%/]

+ YN .N-2 [(ZN+1 +ZN)(ZN — Zn-1) +(ZNn41— 2N)(2N + ZN-1)P1%/]

(6.106)

Multiplying out the wave impedance terms in brackets and regrouping gives

NyAg N = XN N-2 [ZN(ZN+1 +ZN_1)A+PE) + (24 + Zn41Zn-1)(1 - P12v)]

+YN,N-2 [ZN(ZN+1 = ZN_1) 1+ PR) + (2} — Zn1Zn-1)(1 - Pz%/)]

1- P2
=c(1+ Pf) +p(—2) (6.107)
J
where the quantities C and D are defined as

C=XyN-20ZN+1ZN +ZNZN-1) + YNN-2(ZN+1ZN — ZNZN-1) (6.108a)

D=Xyn_2(Z% + Zn11Zn-1)  + VN N-20Z — ZN41ZN-1) (6.108b)
eye o s-r-(s) ] . 2
Utilizing ®; = (—é—j—), and multiplying through by (A(l + Py) -

1-P2
jB (—3-11))4"1P;,2, which is the same term the denominator is multiplied by in
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Section 6.4.1, leads to

Ny = Nyhon AL+ PR) - jB(l _jPI%’))rlP];?

= (ca+ ) +j’D(1 —jP’%’)) (A + PE) - jB(l —«].P’%’))‘i'lpﬁ2

= ACcos? @y + BDsin? ®y + j(AD — BC)sin® y cos d (6.109)

Here, the terms AC, BD, AD, and BC are calculated using (6.82) and (6.108). The

first term is given by

AC = XN N—2XD N-2(ZN+1ZN + ZNZN-1)*
+ YN, N-2YDN-2(ZN 412N - ZNZN-1)?
+ (Xp N—2YNN-2+ XNN-2VD N-2)(ZX 1 28 — ZX Z%_))
=Z%.12%(Xp N-2+ VD N-2)(XN N-2 + YN .N-2)
+Z}Z%_1(Xp.N-2 = YD.N-2)(XN.N-2 — YN .N-2)
+2ZN 1252y [(XD,N—z - YpN-2)(XNN-2+VYNN-2)

+(XpN-2+ YD N-2)(XNN_2— yN,N—2)]- (6.110)

Next, BD is found as

BD = Xy N_2Xp N-2(Z + ZN+1ZN-1)? + YN N-2VD N-2(ZX — ZN11ZN-1)*
+ (Xp N-2YNN—2+ XN N_2YDN-2)(ZN — Z¥ 1125 1)
= Z§n(XD,N-2 + YD, N-2)(XNN-2 + YN.N-2)
+2% 124 (XD N—2— YD N-2)(XNN-2— YN .N-2)
+2ZN 4123 ZN 1 [(XD,N—z - YpN-2)(X*NN-2+ VYN N-2)

+ (XpN-2+ VYD N-2)(XNN-2— yN,N—2)]~ (6.111)
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AD and BC are given by

AD = XN N_2Xp N-2(ZN+1ZN + ZNZN-1)(ZY + ZN+1ZN-1)
+YNN-2YDN-2(ZN4+1ZN — ZNZN-1)(Z} — ZN4+1ZN-1)
+ Xp N-2YNN-2(ZN+1ZN + ZNZN-1)(Z% - ZN41ZN-1)
+ XN N-2VD.N-2(ZN 412N — ZNZN-1)(Z} + ZN 412N 1)
= ZN+1Z3(XD N—-2 + YD N-2)(XN,N—-2 + VN N—2)
+ Z3%ZN-1(XpN-2 — YD N-2)(XN,N-2 + YN,N—2)
+ 2% 1ZNZN-1(Xp N -2+ YD N-2)(XNN-2 — YN.N=2)
+ ZN41ZNZ%_(Xp N2 — YD N-2)(XN,N—2 — YN,N-2) (6.112)
BC = XN N—2XD N-2(ZN+12N + ZNZN-1)(ZX + ZN412ZN-1)
+ YN N—2YDN-2(ZN+1ZN — ZNZN-1)(Z% — ZN+1ZN-1)
+Xp N-2VNN-20ZN+1ZN = ZNZN-1)(ZF + ZN+1ZN-1)
+ XN N_2YDN-2ZN+12N + ZNZN-1)(ZX — ZN41ZN-1)
= ZN+12%(Xp N2 + YD N-2)(XN.N-2 + YN,N-2)
+ Z} ZN-1(Xp,N-2 + YD N—-2)(XN.N-2 — YN,N—2)
+ 2% 1ZNZNn (XD N-2 - VD N-2) (XN N-2 + YN N-2)

+ZN+1ZNZ8_1(XpN-2 — YD.N-2)(XNN-2 — YNN—2)-  (6.113)

The difference between (6.112) and (6.113) is then given as

AD - BC = (Z4 - Z%,,1)ZnZN -1 [(XD,N—2 - Yp N-2)(XNN-2+ VYN N-2)

—(XpN-2+ VYD N-2)(XNN_2— yN,N—-2)] (6.114)
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Plugging (6.110) through (6.114) back into (6.109) gives

Ny = [ZI2V+1ZJQV (XD,N-z + yD,N—2) (XN,N-2 + yN,N—2)
+ 23 2% (XD,N-z - yD,N-Z) (XN,N—z - yN,N—2)] cos? &y
+ [Z}‘v (XD,N-z + yD,N—2) (XN,N—z + yN,N—2)
+ 231281 (XD,N—z - yD,N—2) (XN,N—2 - yN,N—2)] sin &y
+2ZN 4125 2N -1 [(XD,N—z - yD,N—-Z) (XN,N—2 + yN,N—2)
+ (XD,N—-2 + yD,N—2) (XN,N-z - yN,N—2)] +J (Zzzv - Z12v+1) x
X ZNZN-15in @y cos Py [(XD,N-z - yD,N—2) (’YN,N—2 + yN,N—2)

- (XD,N—z + yD,N—2) (XN,N—z - yN,N—Q)] (6.115)

Rearranging (6.115) to organize the equation in terms of various products of

(XpN—2xYp N—2) and (X ny_2 = VN n_2) gives

Ny = [2417% cos® @ + Z sin? @n | (Xp w2 + YDv—2) X

x (X n-2+Vvn-2) + [ZR 2 cosP Oy + 2y, ZF_ sin? oy | x

X (XD,N—z - yD,N—2) (XN,N-z - yN,N—2) + [2ZN+1Z?V + (2%~

— Z3+1)ZN sin @ cos ‘PN] ZN-1 (XD,N-z - yD,N—2) (XN,N-z + yN,N—2)

+ 2281 2% - §(Z} - ZR41) 2w sin @y cos @ |

X ZN-1 (XD,N-z + yD,N—2) (XN,N—z - yN,N—2)

=F (XD,N-z + J’D,N—2) (XN,N—z + yN,N-Z)

+F (XD,N-z - J’D,N-z) (XN,N—z - yN,N—2)

+(Zn1Fs+ jFa)Zn_ (XN,N—z + yN,N—2)
- (

XN N-2— yN,N-2) (6.116)

) 1(XD,N-2 - yD,N—-2)
+(Zn41F3 = jFy)Zy 1(XD,N-2 + yD,N—2)
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Here the functions 1?’1 through f‘g are even about the branch cut, since they are
defined in terms of wave impedances and trigonometric functions which are raised
to even powers. Multiplying through by 4-1P1\—12—1’ plugging in the expressions for

(Xp N—2xYp N-2) and (X Ny_2 £ VN N-2), and rearranging terms gives

41PNy = 2%, [Fl cos? By — Fysin? &1 + j(Zn41 Fa+
+jF3)Zy_1sin®y_1cos®y_y + j(Zn41F3 — jFa)Zy_1sin®p_; cos ‘I)N—l] X
X (XD,N-s + yD,N-s) (XN,N—a + yN,N—3) + 2% [fz cos? Dy _1—
— Fysin?®y_1 + j(Zn41F3 + jF4) Zy_1sin®py_1 cos @y _;
+§(Zn4+1F3 — jF4)ZN -1 sin®y_; cos <1>N-1] X
X (XD,N-a - J’D,N-s) (XN,N—s - yN,N—B)
+ZN-2 [J'[FH + Fo)(Zn-15in®y_1) cos ®n_1 + (Zn41F3 + jFy) cos? @y _
— (Zn41F3 — jFy) sin’ ‘1>N-1] (XD,N—s + yD,N—3) (XN,N—3 - yN,N—3)
+ZN-2 [j[ﬁl + F))(Zn-1sin®y_1)cos®n_1 — (ZN41F3 + jFy) cos? @y _
+(ZNn41F3 — jFy) sin? ‘PN-l] (XD,N—s - yD,N—3) (XN,N-:; + yN,N—3)
= (H1,1 +jZn+1H2,1) (XD,N—a + yD,N—B) (XN,N—3 + yN,N—3)
+ (Hi2 +jZn1+1Ha2) (XD,N—s = J’D,N—s) (XN,N-—s - yN,N—3)
+ (M3,1ZN+1 +JH4,1)ZN-2 (XD,N-3 + yD,N—3) (XN,N—s - yN,N—s)

+ (M312Zn41 +5H41)ZN—2 (XD,N-s - yD,N—B) (XN,N—s + yN,N—3) (6.117)

204



with @ _ defined by (6.66) as sty_1(s)/2j, and

Hi1= ZJ2V—1 [F’l cos? dn_1 - f‘g sin? <I>N_1]

Ha1 = 2F‘3ZJ2V—1(ZN—1 sin®py_1)cosPpn_1

ﬁl,z = ZJZV__2 [ﬁz cos? dy_1 - F sin? ‘I’N—l]

Moo = 2F32% _o(Zn_1sin®y_1)cos Oy _1

M3y = F32%_, [c052 ®pn_; — sin @N_l]

Hyy = [f’l + f’g] (Zn_-1sin®py_1)cosDPy_1 + F‘4Z,2v_1

Hyy = [1?'1 + f‘2](ZN—1 sin®y_1)cos®y_1 — FaZ¥_;

Note that the quantities H; ; through Hy4 1 are defined in terms of F 1 through 1:;3,
wave impedances, and trigonometric functions. Thus, H;; through H4; are even
about the branch cut using (6.71) and evenness of Fj through Fj.

Multiplying by 4'1P;,2_2, the right hand side of (6.117) has the form of the left
hand side of (6.103) for ¢ = 2, thus,

47%P, 1;’2—1P K/2-2NN
= (H12+JZNn+1H22) (XD,N—4 + yD,N—4) (XN,N-4 + yN,N—4)
+(H13+ iZN+1H23) (XD,N-4 - yD,N—4) (XN,N-4 - yN,N—4)
+ (H3,2ZN+1 + 7Ha2)ZN-3 (XD,N-4 + yD,N—4) (XN,N—4 - yN,N—4)

+ (H32ZN+41 + iHa2)ZN-3 (XD,N-4 - yD,N—4) (XN,N—4 + yN,N—4)

(6.118)
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with

Hi2 = Z?v_z [Hl,l cos? dy_o— 7-'21,2 sin? Opn_o

- [7'(4,1 + 7?14,1] (ZN-2sin®y_3)cos ‘I’N-z]
Hao = Z,zv_z ['Hgyl cos? dy_9— 7"222 sin? Spn_o

+2H31(ZN—25in Py _9) cos <I>N_2]
7'71,3 = 212\,__3 [77(1,2 cos? ONn_2—Hia sin? bn_o

- ['H4,1 + ﬁ4,1] (ZN-28in®py_2)cos ‘1’N—2]
7'72,3 = 212\/-3 [7"22’2 cos? ®n_2—Ha; sin? SnN_2

+ 2H31(ZNn—-25in @ _3) cos <I>N_2]
H32 = ZJ2V-2 [0032 ®pn_g — sin’ (I)N_g] H3,1

- [HZ,I + ﬁz,z] (Zn-2sin®y_g)cos®y_o
Mao = ZN_, [7‘(4,1 cos® &y _g — Hy,1 sin’ ‘I’N—2]

+ [Hl,l + 'ﬁlyg] (ZN_9sin®p_g)cos Py _o
ﬁ4,2 = ZI2V—2 [ﬁ‘;,l cos? ®n_o—Hy sin? <I>N_2]

+ [Hm + 771,2] (Zn-2sin®N_2)cos Py _2

Note that the quantities H; 2 through Hy 9 are defined in terms of H;; through
H4,1, wave impedances, and trigonometric functions. Thus H; 2 through Hy 9 are
even about the branch cut using (6.71) and evenness of H; ; through Hy ;.
Multiplying by 4—1Pﬁ2—3’ the right hand side of (6.118) has the form of the left
hand side of (6.103), with ¢ = 3. This leads to terms H; 3 through H4 3, which are
defined by (6.103) in terms of H; 3 through H4 2, wave impedances, and trigonometric
functions. Thus H; 3 through Hy 3 are even about the branch cut using (6.71) and

evenness of Hj o through H4 2. Continuing to multiply through by 4"1P1\—,Ei and
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applying (6.103) for increasing values of ¢, until i = N — 3, and then multiplying by
472P2P; 2 leads to

N— —
-0 ] pr2my
1

—

-

= (H1,N-3+3ZNn+1H2,N-3) [4_21’1_ 2py? (XD,1 + yD,l) (XN,l + yN,l)]

+ (Hi,n-2+ i ZN+1Ha,N-2) [4_2P1_2P2"2 (XD,l - yD,l) (XN,l - yN,l)]

+(H3,N-3ZN+1 + TH4,N-3)22 [4—21’{ Py 2(*’0,1 + yD,l) (XN,1 - yN.l)]

+ (M3 N-3ZN+1 + THaN-3)Z2 [4-21’1' 2Py 2(XD,1 - yD,l) (XN,l + yN,l)]
(6.119)

with

HiN-3 =23 [Hl,N—4 cos® By — My, y_3sin’® &

- ['H4,N_4 + ﬁ4,N_4] (Z2 sin ®3) cos <I>2]
Hon-3 = Z§ ['Hng_4 cos? &g — ﬁZ,N_:; sin &9 + 2H3 N —4(Z7 sin ®3) cos <I>2]
Hin-2 =23 [ﬁl,N—S cos? @3 — Hy v —4sin® &

- ['H4,N_4 + ﬁ4,N_4] (Z9 sin ®3) cos @2]
ﬁ2’N_2 = Z% [7"?2,1\[._3 cos? &y — Hao N—-4 sin 9 + 2H3 N —4(Z2 sin ®3) cos <I>2]
HaN-3 = Z§ [cos2 &9 — sin? <I>2] H3 N—4— ['H2,N_4 + ﬁQ’N._Q,] (Z3 sin ®3) cos &9
MyN-3 =23 [H4,N—4 cos? @y — Hy N4 sin® ‘I>2]

+ [HI,N—4 + ﬁlyN_;;] (Z5 sin ®3) cos P9
7"24, N-3 = Zg [774, N-4 cos? Q2 —HyN—-4 sin? Qz}

+ [HI,N—4 + 7‘71’1\/_3] (Z2 sin ®3) cos P9

Here H; y_3 through Hy y_3, which are defined by (6.103) in terms of H; y_4
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through Hy N _4, wave impedances, and trigonometric functions, are even about the
branch cut using (6.71) and evenness of H; y_4 through M4 y_4. This symmetry
about the branch cut is established through the continual reapplication of (6.103)
leading to the form of (6.119).

At this point, the expressions for (XD,I + yDvl) and (XNJ + yN,1) are simple

enough to be written out explicitly. These expressions are found as

(XN,l + J’N,1) = N1Ag, £ [Ao,llBl,z + No(Z2 - ZI)A‘-O,O]B2,2]
= (Za+ 21)(21 - 20) + (22 - Z1)(Z1 + Zo) P}
+ [(22 +21)(21+ Z0)PY P} + (Z2 — 21)(Z1 - Zo)Pzz]
= Zo(1 £ P§)(Z1(1 + P}) — Zo(1 - P}))

+ Z1(1 F P§)(Z1(1 = P}) - Zo(1 + PY)) (6.120)
Repeating (6.91),(XD‘1 + yD,l) is given by

(%01 £ YD) = Z2(1 2 B)(Zi(1 + P) + Zo(1 - PD))

+ Z1(1 F PH(Z1(1 — P?) + Zy(1 + PP)) (6.121)

The expressions in brackets in (6.119) can be written using (6.120) through (6.121).

The first of these terms is given by

4~2p2p;? (XD,l + yD,l) (XN,l + yN,l)
= [22 cos ®o(Z1 cos @ + jZysin®;) + jZ; sin Po(jZ; sin @) + Zg cos <I>1)J X
x [22 cos @o(Z; cos &) — jZgsin ;) + j 2 sin ®o(j 2 sin ®; — Zg cos @1)]
= Z% cos? D) (212 cos? d; + Zg sin? @1) + le sin? &y (Z% sin? d; + Zg cos? <I>1)

+ 2(Zs sin &5) cos ®o(Z; sin &) cos B (zg - 212) 20 (6.122)

208



The quantity defined here as G is only a function of wave impedances and trigono-
metric functions, and is even about the branch cut using (6.71). The second expression

found in brackets in (6.119) is given by

2P 2Py (%p1 - Vi) (Xwa - Iva)
= [j22 sin ®3(Z; cos &, + j Zosin &) + Z; cos ®(jZ; sin®; + Zg costbl)] x
X [jZ2 sin ®9(Z1 cos ®; — jZpsin®;) + Z cos ®2(jZ; sin®; — Z cos‘bl)]
= —Z% sin? (D) (Zio‘ cos? d; + Zg sin? <I>1) - Zl2 cos? ) (Z12 sin2 d; + 23 cos? <1>1)

+ 2(Zs sin ®2) cos ®(Z; sin ®;) cos B (zg . Z%) 23 (6.123)

The quantity defined here as 51 is only a function of wave impedances and trigono-
metric functions, and is even about the branch cut using (6.71). The third expression

found in brackets in (6.119) is given by

Zy [4’2P1—2P2_2 (XD,I + yD,l) (XN,I - yN’l)jI
= Z9 [[Zz cos Po(Z1 cos @) + jZysin @) + jZ; sin Po(j2Z; sin Py + Z cos<I>1)] X
X [ng sin ®9(Z) cos ®; — jZysin @) + Z; cos Po(jZ; sin &1 — Zy cos <I>1)]]

= Z%Z%Zo +7J [(Zz sin @) cos ®9 (Z%(le cos? ® + Zg sin? d;) - 212(212 sin? od)
+ Zg cos? <I>1)) + 222(21 sin @) cos P; (Zf - 23) (cos2 @4 — sin? <D2)]

£ G32y + jGy (6.124)

The quantities defined here as G3 and G4 are only functions of wave impedances and

trigonometric functions, and are even about the branch cut using (6.71). Finally, the
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fourth expression found in brackets in (6.119) is given by

Z [4'2P;2P;2(XD,1 - V) (¥ + yN,l)]
=2y [[ng sin ®o(Z) cos @1 + jZpsin ®1) + Z; cos P9(j Z; sin ®y + Z cos <I>1)] X

x [22 cos ®9(Z; cos &y — jZosin®y) + jZ; sin By (jZ; sin ®; — Zg cos qm]]

= Z%Zon +3j [(Zg sin ®3) cos &9 (Z%(Z% cos? ) + Zg sin? ®;) — 212(212 sin @,

+ Zg cos? <I>1)) + Z%(Zl sin ®;) cos ®; (212 - Zg) (cos2 &, — sin? <I>2)]

=27 [4—21"{21’2—2 (XD,I + yD,l) (XN,l - yN,l)] (6.125)

Plugging into (6.119) gives

N-1
4~ W=D TIT P72Ny = (Myn-3 + iZN+1Ha,N-3)G1

1=1
+ (HyN-2+iZNn+1HoN—2)G1
+ (M3 N-3ZN+1 + 5 (Han-3 + Han—3))(G3Z0 + jGy4)
(6.126)

Examining this equation, it can be seen that all quantities in the equation are even
about the branch cut, with the possible exceptions of Zyp and Zy ;1. These wave
impedances will exhibit an evenness about the branch cut if the regions they corre-
spond to are lossless. This occurs because the wave impedance of a lossless region of
space is independent of the complex variable, s. However, if these regions are lossy,
the wave impedances will display an odd symmetry about the branch cut by (6.64).
Implications of the wave impedances displaying either even or odd symmetry about

the branch cut on the form of the transient field are discussed in Section 6.4.3.
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6.4.3 Form of the reflection coefficient

The frequency domain reflection coefficient is given by

__ Nn(s) _Nn(s)
T Niay(s) = DNG) ~ Dts)

(6.127)

where Ny (s) and Dy (s) are defined by (6.109) and (6.83), respectively. Multiplying
and dividing by 4= (V-1) HN 1 P'2 gives

4~ (N-D)N- P_2NN
4=(N-1) n 1P Dy

I-\Nlay( s) = (6.128)

Here, the numerator is given by

-1
4~ W=D TT P72Npy = (Hy,n-3 + iZn41HaN-3)C1
i=1

+ (HyN—2 + iZN4+1HoN—2)G1

+ (2H3 N—3ZN+1 + §(Ha N-3 + Ha n—3))(G3Z0 + jGy)
(6.129)

and the denominator by

N-1
—(N-1) H Pi-zﬁN = (G1,N-3 + JZN+192,N-3)(H1 + jZoH))
i=1

+ (GuN—2 + JZN41G2 N—2)(H1 + jZoHy)

+ (93, N-3ZN+1 + G4 N-3)(H3Zo + jHy)  (6.130)

Both the numerator and denominator are given in terms of wave impedances for
regions 0 and (N+1), and quantities which are even about the branch cuts. Quantities
displaying evenness about the branch cut lead to identical expressions on each side of

the branch cut. Thus, since all other quantities are even about the branch cut, there is
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only a possibility of a branch cut contribution due to the material properties of regions
0 and (N + 1) in the late time of the N-layered system. Since region 0 is assumed to
be free space, only the properties of the backing material region will determine the
form of the late time response. If this region is lossless, the wave impedance will be
even about the branch cut. This will lead to evenness about the branch cut for the
frequency domain reflection coefficient and the cancellation of integral contributions
due to integration paths located on opposite sides of the branch cut. Thus, if region

(N +1) is lossless,
> / f(s)e®tds = 0. (6.131)
~ J1;
1 1

The integration along the Bromwich path is then given by

/B f(s)e®tds = Z [Res(f(s)e®), poles] (6.132)

Thus, for an N-layered material structure backed by a lossless material half space, the
late time response is a natural mode series, assuming that region 0 is free space. This
development also validates a natural mode series representation for substructures of
the multilayered structure, during the late times of these substructures, provided that
the backing material of the substructure is lossless. If the N layer material structure
is backed by a lossy half space, it is likely that there will be a branch cut contribution
which pollutes the natural resonance response. Examining 6.129 and 6.130, it appears
that a pure natural resonance representation of the time domain reflection coefficient
is not possible with a lossy backing layer, however this has not been shown explicitly,

and proving this is left as future work.
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Figure 6.1. Singularities of the frequency domain reflection coefficient
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Figure 6.3. Right half plane closure of the integration path. |0 — 00,0 < ¢ < o
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Figure 6.5. Single layer geometry backed by a material half space

217



Region 0 Region 1 Region 3

o, &) (0,80, | (4,800,
—_— _— —_—
— ——

Figure 6.6. Two layer geometry backed by a material half space
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Figure 6.9. Inner contour integration paths for left half plane closure
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CHAPTER 7

TIME AND FREQUENCY DOMAIN MEASUREMENTS

In this chapter, the experimental setup and procedure for obtaining a measured re-
sponse from layered material is examined. An overview of time-domain and frequency-
domain measurement systems is given in Section 7.1, including benefits and draw-
backs of each measurement system. Determination of experimental parameters and
calibration procedures for each of these measurement systems are discussed in Section
7.2, and results of measurements for various material sheets are given in Section 7.3.

Comparisons of the two measurement systems are provided throughout the chapter.

7.1 Measurement Systems

Time-domain and frequency-domain measurement techniques for scattering from pla-
narly layered dielectric materials are examined here. Included are descriptions of
measurement systems and calibration techniques for both time and frequency-domain
setups. For both systems, reflection measurements are made using the MSU reflec-
tivity arch range. The arch range is a circular structure measuring 6.096 meters in
diameter with transmitting and receiving horn antennas and dielectric lenses placed
at a height of 1.219 meters. The horn antennas have a 2 GHz to 18 GHz bandwidth
and are manufactured by American Electronics Laboratories, Inc. (AEL), model H-
1498. These horn antennas can be placed at arbitrary locations on the perimeter of
the arch, as shown in Figure 7.1. To measure the backscattered fields the two horn
antennas are placed adjacent to each other in order to approximate a mono-static
configuration.

Comparisons of the data measured using the frequency-domain and time-domain
systems are given in Section 7.3.3. It is shown there that nearly equivalent temporal

results may be obtained using the two systems, and that these results compare favor-
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ably with theory. Importantly, the performance of each system is “tuned” through the
adjustment of the various measurement parameters. Thus, the comparison between
systems reflects trade-offs regarding measurement time and measurement accuracy
chosen using the best judgment of the operator. With the signal levels allowed by
the various sources, the noise reduction allowed by using a reasonable number of
averages, the attenuation in the cables, the dynamic ranges of the systems, the band-
width of the antennas, and the geometrical positioning of the samples, equally good
time-domain results may be obtained using the two systems.

7.1.1 Time Domain Measurement System

True time-domain measurements are made using a digital sampling oscilloscope
(DSO), a pulse generator, and the MSU reflectivity arch range. Scattering targets
are placed at the center of the arch range and are supported by a metallic pedestal
that centers two foot by two foot material sheets at a height of 1.219 meters, which is
the height of the horn antennas. This setup provides the most uniform incident field
for the reflection measurements [18]. The time domain response is measured using
a Hewlett Packard HP84750A digitizing oscilloscope with HP54753A TDR. module.
The TDR module is a plug-in which allows for time-domain reflectometry / time-
domain transmission measurements through 18 GHz and 20 GHz input channels.
The TDR unit uses an integrated step generator to send a 200 mV step with a 45
ps rise time from channel 3 of fhe DSO to the trigger input of a Picosecond Pulse
Labs (PSPL) 4015B step generator. This trigger signal is shown in Figure 7.2. The
PSPL 4015B step generator creates another step using a PSPL 4015RHP remote pulse
head. This -9 volt step output with 15 ps fall time is sent into the PSPL 5208 pulse-
generating network, creating 20 ps, approximately gaussian pulses, whose amplitudes
are -3 volts, as shown in Figure 7.3. The spectrum of this pulse is obtained through a
fast Fourier transform (FFT) and is shown in Figure 7.4. Significant spectral content

is visible in the range 2-18 GHz.
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The output pulse from the pulse-generating network is transmitted by an AEL
H-1498 horn antenna mounted 35 cm behind a dielectric lens. This horn antenna
is mounted for horizontal polarization. The receiving antenna is an identical horn
antenna placed adjacent to the transmitting horn, also mounted for horizontal po-
larization and placed behind a dielectric lens, as shown in Figure 7.5. This setup is
meant to approximate a mono-static arrangement; however, the antennas are sepa-
rated by 70 cm at their apertures, corresponding to a bistatic angle of 11.5 degrees.
The receiving antenna is connected to channel 4 of the DSO, where the voltage is sam-
pled using 1024 sample points (which is the maximum number of samples allowed) in

a typical 5-20 ns time window.
7.1.1.1 Benefits of the time-domain system

While both systems have many benefits, several important ones are discussed here
for the time-domain measurement system.

Data is collected directly in the time domain. Since the temporal response of the
material is desired, the time-domain system gives this directly. However, calibration
must still be done in the frequency domain (see drawbacks in Section 7.1.1.2).

Time gating of multipath signals is easily done to raw measurements. Since the
time domain data is directly available, no processing is required to remove undesired
clutter not present in the background response (such as multipath reflections).

Broadband data is obtained with a single measurement, which can be quite rapid.
By using a short-duration pulse, data over the entire equivalent band is produced from
a single measurement. This measurement can be done quite quickly. However, to
improve the SNR, many averages are usually taken, which increases the measurement
time (see drawbacks in Section 7.1.1.2). Typical measurement time for the data
presented here is 15-20 seconds.

Receiver (oscilloscope) can be replaced with a high-quality digitizer (can be minia-

turized). Although a relatively expensive digitizing oscilloscope was used as the re-
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ceiver in the laboratory experiments, this can be replaced with widely available high
speed A/D converters and signal amplifiers. This would be useful in a portable ver-
sion of the system. However, producing the required pulse might be difficult (see
drawbacks in Section 7.1.1.2).

Can measure the response of nonlinear materials. The reflected-field response of

nonlinear material samples is directly available in the time domain data.
7.1.1.2 Drawbacks of the time-domain system

As with every measurement system, the time-domain measurement system has its
drawbacks. Several of these, which are important to the measurements of interest,
are discussed here.

Many averages or high pulse amplitude required for good SNR. Unlike with the
frequency domain system, the time domain system cannot make use of narrow filters
to eliminate noise. Thus, the SNR is increased through the use of averaging. This
increases the measurement time. The SNR can also be increased by reducing the
distance between the antennas and the sample, and by using a pulse with a higher
amplitude. The distance to the sample is set to provide approximately uniform illumi-
nation of the samples, and increased pulse amplitude requires the use of a high-power,
linear, wideband amplifier.

Calibration is done in the frequency domain. Even though the data is collected
in the time domain, calibration is performed in the frequency domain. Thus, the
data must be transformed into the frequency domain, and the calibrated data must
be windowed before transforming back into the time domain. Direct time-domain
calibrations are possible, but these often prove difficult to implement.

Narrow pulse width required to get equivalent wideband data. A pulse of very
short duration (about 10 ps) is required to get data in a band equivalent to that
available from the network analyzer used in the frequency domain system (2-18 GHz).

Producing a narrow pulse of sufficient amplitude is difficult, especially in a portable

225



system.

Drifting of time reference can cause lowering of SNR. An important tradeoff exists
between the number of averages and the resulting drift in the time reference of the
receiver. As the number of averages is increased, the SNR increases. However, as
the measurement time increases, inaccuracies in the time reference due to thermal
drifting increase. Thus, there is an optimal number of averages to use.

Receiver is “wide open” and thus prone to interference from external sources. The
bandwidth of. the input stage of the receiver is only limited by the response time of
the electronics. Thus, any strong external CW signals will be passed through and
measured by the receiver, appearing as “noise.”

The receiver has a low dynamic range. The dynamic range (ratio of largest to
smallest measurable signal) of the sampling oscilloscope is relatively low - roughly
40 dB. However, by setting the time window of the measurement appropriately, only
the reflected signal must be measured. Thus the large direct coupling signal between
the transmit and receive antennas can be omitted. This is not possible with the
frequency- domain system, since the direct coupling is present at all frequencies, and

thus a larger dynamic range is required with the frequency-domain system.
7.1.2 Frequency Domain Measurement System

The frequency domain measurement system consists of a Hewlett Packard 8510C
vector network analyzer (VNA) and the MSU reflectivity arch range. For reflection
measurements, scattering targets are placed at the center of the arch range and sup-
ported by a metallic pedestal at a height of 1.219 meters; this places the center of
the two foot by two foot target at the height of the horn antennas. This arrangement
provides the most uniform incident field for measurement of the reflected field. [18]
The frequency response is measured using the HP 8510C vector network analyzer
with HP 8517B S-parameter test set, which has a bandwidth of 45 MHz to 50 GHz.

Port 1 of the S-parameter test set is attached directly to the transmit antenna and
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port 2 is connected to the receive antenna as shown in Figure 7.6; both transmit
and receive antennas are AEL H-1498 horn antennas with 2 to 18 GHz bandwidths.
The horn antennas are both mounted 35 cm behind dielectric lenses and configured
for horizontal polarization. The arrangement of the transmit and receive horns is
shown in Figure 7.5. This setup is meant to approximate a mono-static arrangement;
however, the antennas are separated by 70 cm at their apertures, corresponding to a

bistatic angle of 11.5 degrees.
7.1.2.1 Benefits of the frequency-domain system

While both systems have many benefits, several important ones are discussed here
for the frequency-domain measurement system.

VNA has a very stable signal source. The synthesized signal source in the HP
8510C VNA is highly accurate (with 1 Hz resolution) and not prone to drifting.
With a properly chosen dwell time, the frequency can be considered as stable.

VNA has a large dynamic range. The dynamic range (ratio of the largest to the
smallest measurable signal) of the VNA is over 120 dB. This allows the small reflected
signals to be separated from the large signals due to the direct-path coupling between
the transmitting and receiving antennas.

Calibration is done in the frequency domain. The data is measured in the fre-
quency domain, where the calibration takes place. However, the data must first be
transformed into the time domain to gate out multipath reflections, which cannot be
subtracted as background clutter (see drawbacks in Section 7.1.2.2).

Receiver is phase locked and therefore not prone to external interference. Since the
received signal is phase-locked to the transmitted signal, interference from external

signals at the same frequency is reduced.
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7.1.2.2 Drawbacks of the frequency-domain system

As with every measurement system, the frequency-domain measurement system has
its drawbacks. Several of these, which are important to the measurements of interest,
are discussed here.

Time-domain aliasing requires fine sample interval and large number of frequency
points. This is a very serious problem with the frequency-domain system. The fre-
quency sample interval determines the span of the time-domain signal (through the
FFT time/frequency relationship). This span must include all of the significant events
in the time response. Problems occur when reflections from distant objects (walls,
ceilings) or multipath signals are present in the data. If the frequency step size is not
fine enough to provide a time span that will encompass these events, the events will
wrap around and overlap with the desired sample response. Often these events cannot
be subtracted as background clutter, because they originate as reflections from the
target, and thus are not present in the background measurement. Experience shows
that the sampling rate of the 8510C cannot be set high enough to accommodate the
distant reflections within the laboratory unless absorbing material is used to eliminate
the reflections altogether. Thus, a field unit might be prone to this difficulty.

Long measurement times, especially with long dwell time. VNA measurements can
take a considerable amount of time to complete. As mentioned earlier, a tradeoff is
used between measurement time and accuracy. For the measurements presented here,
a typical time to acquire one measured waveform is 60-90 seconds.

Averaging required to gain full benefit of dynamic range. While the dynamic range
of the 8510C is quite impressive, only signals above the noise level can be measured.
Thus averaging is used to improve the SNR. This increases the measurement time.

Must convert data into the time domain to do time gating. Time gating is used
to eliminate reflections not present in the background measurement and direct inter-

actions between the antennas. The measured data must be converted into the time
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domain via the FFT in order to do the time gating. This requires the application of
a windowing function which is thus present in the final data.

Equipment is very complicated and costly - difficult to miniaturize. A good VNA
is a very expensive item requiring significant maintenance. A portable system with
the capabilities of a VNA would be hard to produce. The VNA can be replaced by
a source and a receiver, but with reduced capabilities producing inferior measured
results.

Cannot measure the time response of nonlinear materials. Data obtained from a
frequency-stepped system cannot be used to determine the time response of a non-
linear material. That is, for a given radiated frequency, the nonlinear reflected-field
response of the material is manifested through higher harmonics, which are not mea-
sured by the VNA.

7.1.3 Arch Range Calibration

In order to obtain the desired reflected-field response, the system response and the
effects of the surrounding environment need to be removed through an appropriate
calibration. The techniques described in [19]-[21] are employed. The system response
is a function of the cables, antennas, antenna coupling, dielectric lenses, mutual in-
teractions, and arch-range clutter. A block diagram of the measurement system is
given in Figure 7.7. Examining this figure, the measured waveform of an unknown

target is formulated as

Rr(f) = E(N)Hr(f)HR(S){HAa(S)

+ Hrp(f)Hro(HHS(f) + Hic(f) + Ho(H} + N(f).  (7.1)

Here Hg:( f) is the unknown response of the target and N(f) is the background
noise present in the environment. Examining Equation (7.1) and Figure 7.7, the

measured waveform is formulated beginning with the source pulse, E(f). This pulse
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arrives at the transmitting horn antenna, which has a transfer function of Hp(f).
Next, the field is radiated by the horn antenna and is either passed through a colli-
mating lens, with a transfer function of Hy(f), or it directly couples to the receiving
antenna, with this path represented by the transfer function H4(f). The portion of
the field passing through the collimating lens is then either reflected by the target
directly, which is the scattered response Hg:( f), or it is involved in interactions with
objects in the laboratory environment. Interactions with the environment are either
direct, which are referred to as arch-range clutter with transfer function He(f), or
they are mutual interactions between the target and the environment, represented
by the transfer function ch( f). With all three of these paths, the signal returns
through another collimating lens, which has a transfer function of Hgy (f). Finally,
the signal passes through the receiving horn, with transfer function Hg(f), and arrives
at the receiver. The receiver will also pick up background noise, which is included
through the term N(f).

To obtain the desired target response, several measurements are required to elim-
inate undesired components of the response. The first of these measurements is used
to eliminate the effects of the laboratory environment, and is carried out by taking
a measurement with the material holder left empty. This background measurement
includes the same responses as the measurement target, with the exception of the
scattering and mutual interaction terms. Thus the background measurement is given

as

Ry(f) = E(f)HT(f)Hr(/){HA(f) + Hr(f)HRL(f)Hc(f)} + N(f).  (7.2)

By taking this background measurement immediately following other measurements,

the error introduced by the background noise, N(f), is minimized. By subtracting
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the background response from the target response, the following result is obtained:

Rr_u(f) = E(NHr()Hr(f)Hro(f)Hro(H)HE () + Hsc(f))
= S(NHIHL) + HEc(1)): (7.3)

This result is in terms of a transfer function of the measurement system, S(f), the
desired target response Hg:( f), and a mutual interaction term, ch( f), which rep-
resents interactions between the target and objects in the environment, such as the
metal stand used to hold the material sheets. Thus the desired target response can be
obtained if the system transfer function is known and the mutual interaction terms
are assumed negligible. (In fact, these terms are often quite important and must be
removed using time gating). To acquire the system transfer function, the response of
a calibration target must be measured. The response of the calibration measurement

with the background measurement removed is found to be

Ro_y(f) = S(AHS (f) + HSo(f)]. (7.4)

Here Hg( f) is the theoretically known response of the calibration target. By as-
suming the mutual interaction between the calibration target and the surrounding

environment, ch( f), can be neglected or removed, the system response is obtained

as

Reo_p(f)
S(f) = —=———.
(f) HE(f)

This system transfer function is used to obtain the unknown target response as

(7.5)

Hg () - Tl (7.6

Calibration procedures using the developments of (7.1) through (7.6) are covered
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in Sections 7.2.2 and 7.2.3 for the time-domain and frequency-domain measurement

systems, respectively.

7.2 Experimental Procedures

In this section, procedures involved with selection of experimental parameters are
discussed, along with calibration procedures and examples for both the time domain
and frequency domain measurement systems. Included in the calibration procedures
are necessary measurements and weighting techniques needed to obtain the desired
response from raw measured data, and to reproduce the results contained in Sections
7.3.1 through 7.3.3.

7.2.1 Determination of Experiment Parameters

Before carrying out measurements of the material sheets, various experiment param-
eters needed to be determined. Many of these parameters were selected to either
maximize the signal-to-noise ratio (SNR) or minimize the effect of mutual interac-
tions on the measurements. Increasing SNR provides for more accurate results in
arch range measurements, while minimizing the mutual interactions in the measure-
ments allows the system response and the desired target response to be obtained using
the calibration procedures outlined in Section 7.1.3 and detailed for the time-domain
system in Section 7.2.2 and for the frequency-domain system in Section 7.2.3.

Other things that need to be considered in order to obtain meaningful, accurate
results are the affect of the metal stand on measurements, in comparison to the Styro-
foam stands used in many arch range studies, and the tradeoffs between measurement
time and accuracy. Experimental parameters for both the time-domain system and

the frequency-domain system are explored here.
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7.2.1.1 Time Domain Measurement System

By maximizing signal-to-noise ratio, more accurate results can be obtained from the
arch range measurements. In general, increasing the number of averages will increase
the SNR [20]; however, when the background noise is high, the subtraction of the
background noise measurement can worsen the results due to small time drifts in
longer sampling processes. It has been found that 1024 averages provide a good SNR
without an excessively long sampling process. [18]

In order to minimize the affect of mutual interactions on the measurement, absorb-
ing foam and time-gating are used. Typical time-windows are 5-20 ns as mentioned
earlier. Based on the duration of the target response, 10 ns windows were chosen
for measurements taken with the time-domain measurement system. This allows the
response of the material to the incident field to be measured, while the effect of mu-
tual interactions between the material and surrounding objects is removed if they are
sufficiently separated in time. It also allows the strong direct interaction between
the horns, which is difficult to completely remove through subtraction, to be win-
dowed out, since it occurs much earlier in time than the target response. Due to
the proximity of the metallic pedestal used to support the scattering targets, further
determination of its effect on the measured results is required. To accommodate this,
measurements are taken using a 2 foot by 2 foot conducting plate atop both the metal-
lic support structure and a Styrofoam pedestal. A comparison of these measurements
is shown in Figure 7.8. For comparison purposes, measurements of several spherical
targets were also taken on both metal and Styrofoam pedestals. The results for a 14
inch spherical calibration target are shown in Figure 7.9. It can be seen by compar-
ing these figures that interactions between the spherical structures and the metallic
pedestal are significant, while the interactions between the planar structures and the
metallic pedestal are negligible. Since the materials used here are planar layers, and

an aluminum plate is used for calibration purposes, the effect of the metallic support
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pedestal is found to be negligible.
7.2.1.2 Frequency Domain Measurement System

In order to maximize signal-to-noise ratio in the frequency domain system, several
measures were taken. First, the source amplitude was set at 15dBm, which is what
was determined to be a safe level, just short of the maximum rating of the S-parameter
test set, which is 17dBm. In addition to increasing the signal strength, averaging was
used. In general, increasing the number of averages will increase the SNR [20]; how-
ever, when the background noise is high, the subtraction of the background noise
measurement can worsen the results due to small time drifts in longer sampling pro-
cesses. [18] To determine the number of averages to use, measurements were taken
using 2, 4, 8, 16, 32, 64, 128, 256, and 512 averages, all for 201 sample points. Re-
sults are summarized in Table 7.1 and Table 7.2. Table 7.1 uses the measurements
taken using 256 averages as the baseline measurements for comparison to the other
cases. This table shows that increasing the number of averages decreases the differ-
ence between the cases, as expected. Table 7.2 uses the measurements taken using
512 averages as the baseline measurements for comparison to other cases. Examining
this table, it is seen that increasing the number of averages does not decrease the
difference between the cases. This is because the small time drifts encountered in the
longer measurement process cause the background subtraction to worsen. For this
reason, a maximum of 256 averages are chosen for measurements using 201 sample
points.

Another parameter which determines the amount of time that a given measure-
ment takes is the dwell time. This quantity is the amount of time that the network
analyzer waits before taking measurements, after the source has settled at a point in
the frequency list. To determine a minimum dwell time for the arch range measure-
ments, dwell times ranging from 1 to 25 milliseconds were tested. All measurements

were taken using 201 points over the 2 to 18 GHz band with averaging turned off.
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It was found that measurements for dwell times between 10ms and 25ms showed no
differences across the band, while measurements for shorter dwell times differed for
the lowest frequencies in the band.

As with the time domain system, the affect of the metallic support pedestal was
found to be negligible.

7.2.2 Calibration of the Time Domain System

Measurements made using the time domain system were calibrated using an aluminum
plate. To illustrate this calibration procedure, the measurement of a 25 millimeter
thick garolite sheet backed by a conductor is considered. Examining the calibration
procedure outlined in Section 7.1.3, three measurements are required for this calibra-
tion: measurement of the material, shown in Figure 7.10, a background measurement,
given in Figure 7.11, and a calibrator measurement. The calibrator used for this work
was a conducting plate of the same size as the samples, whose measured response is
shown in Figure 7.12.

To obtain the system transfer function (7.5) is used. The background measure-
ment is subtracted from the measured response of the conducting plate and is time
windowed to exclude multi-path interactions, which are not considered in the theo-
retical response. This response, which is shown in Figure 7.13, is then fast-Fourier
transformed. Upon dividing by the theoretical reflection coefficient of the calibrator
plate, which is negative unity, the system transfer function is obtained. This transfer
function, also called the system response, is shown in Figure 7.14.

Subtracting the background measurement, applying a time window, and fast-
Fourier transforming the material measurement gives the result shown in Figure 7.15.
This response is divided by the system response found previously according to (7.6)
to give the calibrated response of the material measurement in the frequency domain,
as shown in Figure 7.16. The data is then truncated to include only the band from 2

to 18 GHz, since the rest of the data is outside of the bandwidth of the horn antennas,
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and is thus not meaningful.

To obtain the time-domain response, a windowing function is applied to smooth
the roll off of the data around 2 and 18 GHz; this is used to avoid excessive oscillation
in the time domain response due to an abrupt truncation of the bandwidth, analogous
to weighting with a rectangular window. A cosine-taper window is chosen because
it retains more of the energy in the waveform under transformation than does a
Gaussian window centered at 10 GHz, allowing more of the response to be seen.[19]
Applying the cosine-taper window gives the response in Figure 7.17, and fast-Fourier
transforming gives the calibrated material response in the time domain. Figure 7.18
shows the calibrated material response compared to simulation results obtained using
the wave matrix method with €, = 4.75, which are fast Fourier transformed using the
same windowing function. It can be seen here that the measured result matches well

with the theoretical response.
7.2.3 Calibration of the Frequency Domain System

The frequency-domain measurement system is calibrated using a two-level approach.
This involves a full two-port calibration of the network analyzer and a calibration
using a conducting plate.

The primary calibration for the frequency domain system is a full two-port cali-
bration which uses the HP85056A 2.4 mm calibration kit. This kit is used to calibrate
to the end of the 2.4 mm cables which connect directly to the S-parameter test set.
The full two-port calibration is carried out through three types of measurements: re-
flection, transmission, and isolation. Reflection measurements are taken using short
circuit, open circuit, and broadband matched-terminated standards on both ports 1
and 2. After reflection measurements are completed, transmission measurements are
taken. This involves four measurements with the cables connected directly to one
another. Next, isolation measurements are taken if desired. For this work, isolation

measurements were omitted from the calibration. From this point on, a correction
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is automatically applied to the measured data on the network analyzer, which cali-
brates out the affects of everything between the sources and the plane of the 2.4mm
connectors.

Further calibration of the system is carried out using a conducting plate. This
calibration requires that three measurements be taken: a material measurement, a
background measurement, and a calibrator measurement. The calibrator measure-
ment is made using a conducting plate, whose theoretical reflection coefficient is nega-
tive unity. To obtain the system response, the background measurement is subtracted
from the calibrator response using either a math function in the network analyzer or
a computer program and a division by the theoretical reflection coefficient. The re-
sult is shown in Figure 7.19. Comparing this to the system response found using the
time-domain system, Figure 7.20 shows that the results are nearly the similar, except
for the strong oscillations on the data from the frequency-domain system. This oscil-
lation occurs because time gating has not been applied to this measurement as this
was done to the sample measurements, rather than the system response. Next, the
background measurement is subtracted from the material measurement. The result is
then divided by the system response found previously to give the calibrated response
of the material measurement in the frequency domain, as shown in Figure 7.21. The
data is then truncated to include only the band from 2 to 18 GHz, since the rest of
the data is outside of the bandwidth of the horn antennas.

To obtain the time domain response, a cosine-taper window is applied to smooth
the roll off of the data around 2 and 18 GHz. Applying this windowing function
gives the response in Figure 7.22, and fast-Fourier transforming gives the calibrated
material response in the time domain. Figure 7.23 shows the calibrated material
response compared to simulation results obtained using the wave matrix method,
which is fast-Fourier transformed using the same windowing function. It can be seen

here that the measured result matches up well with the theoretical response.
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7.3 Measurement Results

Measurements for cast acrylic, polyvinyl chloride (PVC), and garolite material sheets
are considered here. Each of these samples is square, two feet by two feet on a
side, and one inch thick. Only the PVC has a dielectric constant specified by the
manufacturer: ¢, = 3.19. The dielectric constant of cast acrylic is estimated from
published data to be around ¢, = 2.5. The dielectric constant of garolite is assumed
to be close to bakelite at e, = 4.75.

The results of measurements taken with the time-domain and frequency-domain
systems are presented in Sections 7.3.1 and 7.3.2, respectively. Each material was
measured with both an air backing and a conductor (PEC) backing (using an alu-
minum sheet). In addition to single layer measurements, various two layer measure-
ments were also taken with both air and PEC backing. All results are calibrated
using a conducting plate, as discussed in 7.2.2 and 7.2.3, and are weighted using
cosine-taper windows. Measurements are compared to simulation results found using
the inverse fast-Fourier transform of the reflection coefficient obtained via the wave
matrix method. In all of these theoretical responses the materials are assumed to be
perfect, lossless, nonmagnetic dielectrics, with permittivities that are independent of

frequency.
7.3.1 Time Domain System Measurements

Measurements were taken using the time-domain system, with 1024 samples, 1024 av-
erages, and a 10ns time window. All materials measured were two feet by two feet and
approximately one inch thick. Both air-backed and conductor-backed measurements
were taken with material sheets supported by a metallic pedestal.

The calibrated, time-domain measured response for an acrylic sheet backed by a
conductor is shown in Figure 7.24. Figure 7.24(a) is the temporal response, which

matches well with the theoretical response found using the wave matrix method.
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Figure 7.24(b) is the frequency-domain response, which also matches relatively well
with the theoretical response. There are some differences that show up more in the
frequency-domain response than in the time-domain response. These differences are
due both to variations in the thickness of the acrylic sheet, and to loss in the materials
that are not accounted for in the simulations. Figure 7.25 shows the response of
the air-backed acrylic sheet. It can again be seen that the time domain response
matches very well with theory, while some differences show up in the frequency-
domain response. Figure 7.26 and Figure 7.27 are responses for conductor and air
backed garolite, respectively. In both of these cases, there is good agreement with
theory for the time-domain response, however, the material shows some loss, causing
deviations from the theoretical response which was assumed lossless. The frequency-
domain response matches reasonably well, but again there is some loss and some
variation in the thickness of the garolite sheet. Figure 7.28 and Figure 7.29 are the
conductor and air backed responses for measurement of polyvinyl chloride (PVC).
Two layer measurements were also taken using the time-domain measurement
system. These include a garolite-acrylic stack, with the response for the conductor-
backed material stack shown in Figure 7.30, and the response for the air backed
material stack in Figure 7.31. Figure 7.32 is the response for an air-backed acrylic-
garolite material stack. All of these measurements agree well with theory for the
time domain response, while the frequency domain responses deviate from theory as

discussed above for the single layer cases.

7.3.2 Frequency Domain System Measurements

Measurements were taken with the frequency domain system using 201 sample points
across the frequency band from 2 to 18 GHz, 32 averages, and a dwell time of 10 ms.
All materials measured were two feet by two feet and approximately one inch thick.

Both air-backed and conductor-backed measurements were taken with material sheets

supported by a metallic pedestal.
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The calibrated, frequency domain measured response for the conductor backed
and air backed acrylic sheet are shown in Figure 7.33 and Figure 7.34, respectively.
Figure 7.35 and Figure 7.36 are the measured responses for the conductor backed
and air backed garolite sheet. Measurements of the polyvinyl chloride (PVC) sheet
are shown in Figure 7.37 and Figure 7.38 for the conductor-backed and air-backed
cases. The time-domain responses shown in these figures match up very well with the
theoretical responses found using the wave matrix method. The only difference found
in these responses is in Figure 7.35, where there is evidently loss in the material, since
the measured signal dies off faster than the theoretical response, in which the material
was assumed lossless. The frequency-domain responses shown in these figures also
match up well, with deviations from the theoretical response again occurring due to
loss in the materials and variations in the thickness of the material sheets.

Two-layer measurements were also taken using the frequency-domain system. The
response for a conductor backed garolite-acrylic material stack is shown in Figure 7.39.
Figure 7.40 shows the response for a conductor backed PVC-garolite material stack.
The time domain responses shown in both of these figures match up well with the
theoretical responses found using the wave matrix method. The only deviations from
the simulated results occur because of loss in the material, which can be seen in the
later portion of the time-domain results. The frequency-domain responses also match

well.

7.3.3 Comparison of Results from the Time-Domain and Frequency-

Domain Systems

In comparing time-domain measured data to frequency-domain measured data, very
good agreement is seen between the measured time-domain response results in all
cases. Measurements of an acrylic sheet with conductor and air backing are shown in
Figure 7.41 and Figure 7.42, respectively. Figure 7.43 and Figure 7.44 show conductor-

backed and air-backed garolite measurements, comparing the time domain measure-
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ments to the frequency domain measurements. Measurements of polyvinyl chloride
(PVC) are compared in Figure 7.45 and Figure 7.46 for conductor-backed and air-
backed cases. The comparison of a two layer material stack is shown in Figure 7.47,
for a conductor-backed garolite-acrylic stack. Although the time-domain responses
found using both systems are nearly identical, there are some differences in the mag-
nitudes of the frequency domain responses. The “noise” in the magnitude of the
frequency-domain responses measured by the frequency-domain system is due both
to less averages being used with the frequency-domain system, and the fact that time
gating of later multipath signals was not done for the system response; because of
this, time-aliasing can occur and creates oscillations in the measured results. The
time-domain responses agree quite well because the phases of the frequency-domain

responses (which are not shown, to save space) agree well.
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Averages Frequency

Amplitude | 2 MHz | 8 MHz | 12 MHz | 16 MHz | 18 MHz [ Average

1 0.085 | 1.296 0.999 1.810 1.499 0.814

2 —0.253 | 1.206 0.750 1.905 1.941 0.770

4 0.296 | 1.100 0.586 1.485 2.042 0.627

8 —0.500 | 1.078 0.681 1.655 1.902 0.600

16 —0.163 | 0.986 0.665 1.555 2.009 0.567

32 —-0.648 | 0.977 0.622 1.531 2.047 0.516

64 0.133 | 0971 0.512 1.386 1.672 0.451

128 —0.224 | 0.816 0.377 1.275 1.189 0.341

256 0.000 | 0.000 0.000 0.000 0.000 0.000

512 —0.116 | 1.550 1.882 2.344 2.804 1.326
Phase 2 MHz | 8 MHz | 12 MHz | 16 MHz | 18 MHz | Average

1 0.355 | —1.540 | —0.656 | —0.730 | —0.440 | 0.145

2 0.039 | —1.388 | —0.623 | —0.684 | —0.566 | 0.028

4 0.584 | —1.303 | —0.491 | —0.487 | —0.570 | 0.000

8 0.152 | —1.204 | —0.417 | —0.482 | —0.351 | 0.034
16 0.697 | —1.188 | —0.411 | —0.470 | —0.354 | —0.005

32 0.147 | —1.205| —0.403 | -0.435 | -0.272 | 0.000
64 0.131 | -1.097 | —0.372 | —0.413 | —0.316 | —0.084
128 0.240 | —0.993 | —0.257 | —0.186 | —0.239 | —0.129

256 0.000 | 0.000 0.000 0.000 0.000 0.000

512 0.376 | —0.843 | —0.170 | 0.369 0.166 0.026

Table 7.1. Percent difference between measurement with given number of averages,
and measurement with 256 averages
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Averages Frequency |
Amplitude | 2 MHz | 8 MHz | 12 MHz | 16 MHz | 18 MHz | Average |
1 0.201 | —-0.251 | —0.867 | —0.522 | —1.269 | —0.503
2 —-0.137 | -0.339 | —1.110 | —0.429 | —0.839 | —0.546
4 0413 | —-0443 | —1.271 | —0.840 | —0.741 | —0.687
8 —0.384 | —0.465 | —1.178 | —0.674 | —0.877 | —-0.714
16 —0.047 | —0.556 | —1.194 | —-0.772 | —0.773 | —0.746
32 —0.533 | —0.564 | —1.236 | —0.795 | —0.736 | —0.796
64 0.249 | —-0.571| —1.344 | —-0.937 | —1.101 | —0.860
128 —0.108 | —0.723 | —1.477 | —1.045 | —1.570 | —0.968
256 0.116 | —1.527 | —1.847 | —2.291 | —2.727 | —1.300
512 0.000 0.000 0.000 0.000 0.000 0.000
Phase 2 MHz | 8 MHz | 12 MHz | 16 MHz | 18 MHz | Average
1 —0.020 | —0.703 | —0.486 | —1.095 | —0.605 0.134
2 —-0.335 { —0.549 | —0.453 | —1.049 | —0.730 0.019
4 0.207 | —0.464 | —-0.321 | —0.853 | —0.735 | —0.012
8 —0.222 | -0.364 | —0.247 | —0.848 | —0.516 0.021
16 0.321 | —0.348 | —0.241 | —0.835 { —0.519 | —0.018
32 —-0.227 | -0.364 | —0.233 | —0.801 | —0.437 | —0.012
64 —-0.244 | -0.256 | —0.202 | —0.779 | —0.481 | —0.096
128 —0.135 | —0.151 | —0.087 | —0.553 | —0.404 | —0.141
256 —-0.374 | 0.851 0.171 -0.367 | —0.166 | —0.012
512 0.000 0.000 0.000 0.000 0.000 0.000

Table 7.2. Percent difference between measurement with given number of averages,
and measurement with 512 averages
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Figure 7.1. Arch range setup for the time-domain measurement system
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Figure 7.2. Step output from channel 3 of the HP54750A used as trigger for the PSPL
4015B step generator
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Figure 7.3. Transmitted pulse created by the PSPL 5208 pulse-generating network
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Figure 7.4. Spectrum of transmitted pulse created by the PSPL 5208 pulse-generating
network
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Figure 7.8. Comparison of raw measured data for a conducting plate measured with
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Figure 7.10. Raw measurement for a conductor-backed garolite sheet

253



12 T T T T T T T T T

10} .

Measured Response (V)

_6 1 I 1 | i 1
0 1 2 3 4 5 6 7 8 9 10

Time (ns)

Figure 7.11. A typical background measurement for the time-domain measurement
system (Note the change in scale)
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Figure 7.12. Raw conducting-plate calibration measurement
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Figure 7.13. Time-gated conducting-plate calibrator measurement
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Figure 7.14. System response for the time-domain measurement system
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Figure 7.15. Time-gated, Fourier transformed PEC-backed material measurement
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Figure 7.16. Measured PEC-backed garolite data after division by system response
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Figure 7.17. Spectrum of PEC-backed garolite sheet weighted by a cosine taper
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Figure 7.18. Calibrated temporal response of PEC-backed garolite sheet measured
with the time-domain system
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Figure 7.19. System response of the frequency-domain measurement system
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Figure 7.21. Spectrum of a PEC-backed garolite sheet measured using the frequen-
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Figure 7.23. Calibrated temporal response of PEC-backed garolite sheet measured
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Figure 7.31. Air-backed garolite-acrylic stack - Measurement using time-domain sys-
tem (a)temporal response and (b)spectral response
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Figure 7.32. Air-backed acrylic-garolite stack - Measurement using time-domain sys-
tem (a)temporal response and (b)spectral response
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(a)temporal response and (b)spectral response
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(a)temporal response and (b)spectral response
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CHAPTER 8

CONCLUSIONS

In this thesis, the temporal response for reflection from an n-layer material structure
is explored. This work builds on work done by Oh, which showed that the late time
response of a single layer backed by either free space or a conductor is a natural
mode series. Oh’s work leads one to consider what conditions lead to the late time
response of a material stack with more than a single layer having a natural resonance
representation. To answer this question, the reflection from an air backed single
lossy layer terminated by a perfect electric conductor is first considered. Physical
reasoning suggests, and the analysis shows, that there is a middle time during which
the response of the structure is a natural mode series identical to that of the single air-
backed layer, since the incident wave has not reached the conductor backing and thus
no information about the position of this backing is available in the reflected response.
The middle time period is found to correspond to the time between the observation
of the response due to reflection from the second interface, and the observation of
the response from the conductor at an observation plane. After this middle time
period there is a late time during which the response is an entirely new natural mode
series related to the poles of the frequency domain reflection coefficient for the entire
problem. Hence, the response of the air-backed lossy layer present during the middle
time period is turned off, and replaced by a different natural mode response.

With this knowledge of the response from a multilayered structure, properties of
the backing layer and their relationship to the presence of a pure natural mode series
in the late time are considered. To study this, examination of the response of a single
lossy layer, backed by a material layer, either lossless or lossy, is undertaken. It is

found that whether or not the late time response of this structure is a natural mode
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series is dependent only on the properties of the material backing. When a lossless
backing half space is considered, the response is found to have a natural resonance
representation in the late time. However, when a lossy half space is considered, it
is found that a pure natural resonance representation may not be possible, as there
may be a branch cut contribution to the temporal response. This is found to be the
case regardless of the properties of the first material layer.

Thus, a single lossy layer, backed by a perfect conductor, or a lossless half space,
will have a late time response that is a pure natural mode series. However, when that
same layer is backed by a lossy region, the late time natural mode response may be
augmented by a branch cut contribution which is not time-limited. The portion of
the response due to this branch cut contribution is an infinite tail which pollutes the
natural mode response.

Next, the properties of the backing layer in an n-layer material stack are explored
in order to determine their affect on the form of the response in the late time of
the structure. For this, a stack consisting of two lossy layers backed by a perfect
conductor is considered. It is found in this exploration that the response of the two-
layered material structure backed by a perfect conductor is a natural mode series
during the late time. This implies that the branch cut contribution that is present in
the middle time of the response is turned off when the reflection from the conductor
backing reaches the observation plane; that is, at the start of the late time. Thus,
the presence of the conductor terminates the infinite tail in the response of the single
layer backed by a lossy material, and initiates a pure natural mode series.

All of these results lead to the following hypothesis about the response of an n-
layer system. First, it is hypothesized that the late time reflected field response of
an n-layer system is a pure natural mode series if the backing layer is lossless or a
perfect electric conductor. Also, if the backing layer is lossy, the late time reflected

field response is hypothesized to be is a natural mode series augmented by a non-time
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limited branch cut contribution. This hypothesis proves to be true, with the backing
layer being the determining factor as to whether the late time response is a pure
natural mode series. It is also found that the addition of another interface, which
produces a new n + 1 layer structure, has an the early time response that is identical
to the total response of the n-layer structure. This response turns off completely at a
time associated with the reflection from the new interface with the backing material,
and a late time response turns on consisting of a natural mode series that is only
augmented by a branch cut contribution if the new backing is lossy. If the n-layer
structure has a non-time limited component in its late time, this component turns off

at the start of the late time of the n + 1 layer structure.

8.1 Suggestions for Future Work

In this work, a lot of emphasis was placed on the determination of the branch cut
contributions to the temporal response of layered material structures. There is still a
great deal of work to be done in exploring layered material problems. Some sugges-
tions for this work include:

Tracing of pole trajectories for the air-backed lossy layer terminated by a perfect
conductor for oblique incidence, as a function of both the position of the conductor,
and the incidence angle. This investigation should be straight forward for incidence
angles below the Brewster angle, but may become intriguing as grazing incidence is
considered.

Tracing of pole trajectories and numerical evaluation of the branch cut contribution
for the lossy material-backed material layer as the backing material is varied from
a lossless material to a highly lossy one. This becomes interesting because of the
nonexistence of branch cut contributions for both the lossless case, and the perfect
conductor case, while at points in between, a branch cut contribution may occur.

Verification of integral contributions from the paths around branch points vanish-
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ing. It was assumed in this thesis that these paths yield no contributions to the inverse
transform, however, this was not verified for the n-layered case. This assumption was
based on these contributions being zero for all cases examined.

Determination of whether there will be a branch cut contribution during the late
time response when the backing material is lossy. This thesis shows rigorously that
there will not be a branch cut contribution if the backing material is lossless, however
the mandatory inclusion of a branch cut contribution when the material is lossy
has not been shown rigorously. That is to say, there was not an evaluation done
to find out if a branch cut contribution is guaranteed when the material is lossy.
Determination of the form of the branch cut contribution as a non-time limited wave
has not been shown rigorously for the layered case either, it was assumed based on
the developments of [14].

Consideration of transmission through material stacks has not been considered
here. It would be interesting to explore the properties of the transmitted field through
a stack of materials to find out if a natural resonance series exists. If so, does it exist
at all times for the transmitted response, or is there a distinction of time periods as
in the reflection case?

These are only a few of the many open questions which warrant exploration in

this field.
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