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ABSTRACT

Pattern Formation in Some Nonlinear Systems

By

Peng Feng

We study the pattern formation arising in some nonlinear systems. The problems
come from material science and biological science. We study the instability in the
corresponding mathematical models and explain the pattern formation. In partic-
ular, one mathematical model we studied is an elliptic equation and the other is a
degenerate parabolic system. For the elliptic equation, we study the radial symmetric
solutions and the bifurcation into nonradial ones. For the parabolic system, we study

the existence of traveling wave solutions and the instability of the flat front.
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Introduction

The diversity of the natural shapes that surround us has a profound impact on the
quality of our lives. For this reason alone, it is not surprising that the origins of
these shapes have been the subject of serious study since antiquity. It has long
been believed that a quantitative study of natural forms will help us understanding
their origins and behaviors. Many physicists and mathematicians have devoted to
developing general approaches toward the quantitative description of the complex
patterns that are characteristic of most natural phenomena.

Among these patterns, there are relatively simple ones that can arise in many
simple and complex systems. For example, spiral and helix patterns are often found in
sea shells. One of the most studied examples of spiral pattern-formation in reaction-
diffusion systems is the Belousov-Zhabotinsky reaction. Labyrinthine patterns are
also considered to be a relatively simple pattern. These maze-like patterns can be
found in the well known Rayleigh-Béard convection experiments, in which a thin
layer of fluid is heated from below. Another phenomenon that has been extensively
studied is the viscous fingering in the well-known Hele-Shaw experiment in which a
less viscous fluid is injected into a more viscous fluid in a Hele-Shaw cell.

D’Archy Thompson was one of the first to attempt a mathematical description
of pattern forming process in his work ”On growth and form” from 1917. Cross
and Hohenberg provide an excellent technical introduction into the mathematical

concepts of pattern formation. Below, we briefly describe the basic principles and
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mathematical tools.

Pattern formation implies a change in symmetry. Spontaneous symmetry breaking
is particularly evident in fluids, which are structureless in equilibrium but exhibit a
surprisingly variety of patterns under nonequilibrium conditions.

In this thesis, we first present a mathematical model that describes the deflection
of an elastic membrane in an electromechanical system. The membrane is supported
by an annular boundary. The deflection of the membrane satisfies the following

parabolic equation

ou A .
E—Au—km in @ u=0 on 09 u(z,y,0)=0. (1)

Here €2 is an annulus.

In this dissertation, we show that the equilibrium solution does not necessarily
inherit the radial symmetry of the supporting boundary. Instead, nonradial solution
may bifurcate from the radial ones. We also study the exact multiplicity of such radial
solutions. We also address the finite time touch down behavior in such equation.
These issues will be presented in Chapter 1.

Pattern forming process can often be found in biological system. Recently, the
pattern formed by a bacterial colony growing on a thin agar plate has attracted many
mathematicians and biologists in an attempt to explain the intriguing patterns. A
particular interesting pattern is shown in Fig. 1.

Reaction-diffusion system has been often used as continuous model to describe
patterns and waves arising in far from equilibrium states. In spite that the equa-
tions look so simple, numerics has revealed that the equations generate complex

but regulated spatio-temporal patterns. On the the typical system is the following



Figure 1. A typical pattern in bacterial colony

reaction-diffusion system for two components u and v:

u = dyAu+uwv™ —au - bu" (2)

v = dyAv—uw™ —a(l-v) (3)

where a and b are positive constants. In particular, when m = 2 and n = 1, it
is called Gray-Scott equations. For m = 2, it is known that the system generates
diverse complex patterns in high dimensions depending on the values of m and n. One
typical phenomenon is the occurrence of spot patterns which are generated through
self-replicating process.

On the other hand, when a = 0, (2)-(3) reduce to the following closed system

u = dyAu+uw™ - bu", (4)

vy = dyAv—uv™. (5)



In a bounded domain with the Neumann boundary conditions, it is proved that any
solution (u,v) becomes spatially homogeneous asymptotically, that is, there occurs
no pattern formation at all. Therefore, it has long been believed that such systems
are not so interesting from pattern formation viewpoints. Recently, Mimura et al
found that such system generate complex patterns in transient process, although it
generates no pattern asymptotically.

While diffusion alone tends to create uniform states, in 1952, Alan Turing sug-
gested that diffusion coupled with chemical reaction may lead to spatial patterns in
chemical composition. He speculated that such mechanisms would be sufficient to
explain patterns such as zebra stripes.

Several similar systems have been proposed by different authors to describe the
growth of bacterial colony on a thin plate. The systems have the following general

form

ob

% = V - {Dy(b,n)Vb} + g(b,n), (6)
on
5 = DaV'n—f(bn), (7)

where D, and D,, are the diffusion coefficients of the bacteria and the nutrient, re-
spectively. Here b and n represent the density of the bacteria and nutrient. The
numerics showed that the system captures many patterns successfully.

Another purpose of this dissertation is to present a method to understand how
patterns can arise in such a system. We study the traveling wave solutions to this

system and the instability of the wave front. The results will be presented in Chapter

2.
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CHAPTER 1

Pattern Formation in A

Mechanical System

1.1 Introduction and Summary of result

In 1968, at the age of 82, in the context of investigating fundamental questions in
electrohydrodynamics, Geoffrey Ingram Taylor } one of the great physicists of the
twentieth century, studied the electrostatic deflection of elastic membranes. Tay-
lor’s device is a soap film as the membrane material. He then applied a fixed high
voltage potential difference between two supported circular membrane. He showed
experimentally that the two membranes snap together and touch at a critical volt-
age. At smaller voltage, even though the membranes remained separate, they either

became unstable or failed to exist. This instability is now known to researchers in

microelectromechanical system (MEMS) and nanoelectromechanical systems (NEMS)

Although many researchers are familiar with one or another of Taylors contributions, few seem
to be aware of the incredible breadth of his scientific publications and their relevance to important
research questions today. The same person who is commonly remembered as the namesake for several
basic fluid flow instabilities (TaylorCouette, RayleighTaylor, and SaffmanTaylor) also was the first
to show experimentally that a diffraction pattern produced by shining light on a needle does not
change when the intensity of light is decreased. And these topics are only the beginning. Taylor made
fundamental contributions to turbulence, championing the need for developing a statistical theory,
and performing the first measurements of the effective diffusivity and viscosity of the atmosphere.
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fields as the pull-in instability.

The use of electrostatic forces to provide actuation is now a method of central
importance in MEMS and is of growing importance in NEMS. Here, we study the
electrostatic deflection of an annular elastic membrane. We investigate whether elec-
trostatically deflected membranes always inherit the radial symmetry of the mem-
brane’s domain.

In the recent work of Pelesko, Bernstein and McCuan [19], they derived a mathe-
matical model for the deflection of the membrane at the equilibrium state. The model
is essentially a semilinear elliptic equation with the corresponding boundary condi-
tions. This model incorporated the voltage as a bifurcation parameter. They showed
that asymmetric solutions exist through numerical investigation. A bifurcation dia-
gram was obtained. They conjectured that there are an infinite number of branches
intersecting the upper radially symmetric solution branch. However, they were un-
able to obtain the complete bifurcation diagram numerically where the equation is
very close to become singular.

Motivated by their work, we shall study this problem theoretically and we will
obtain the complete bifurcation diagram and prove their conjecture that there are
indeed infinitely many symmetry breaking point at the upper branch of the radial
solutions.

The problem we will study is the following semilinear elliptic equation with Dirich-
let boundary condition:

A

—Au = (1—_;)—2 in Q, (11)

u=0 on 00N (1.2)
where Q = {z € R?: ¢; < |z| < 1} is an annulus in R?, u is the displacement of the

membrane. A serves as a bifurcation parameter and its exact meaning will be shown

in the next section.
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We investigate the exact number of positive radial solutions and non-radially
symmetric bifurcation of the above problem. The exact number of positive radial
solutions may be 2, 1, or 0 depending on the value of A\. The upper branch of radial
solutions has non-radially symmetric bifurcation at infinitely many Ay € (0, A*). The
proof of multiplicity result relies on the characterization of the shape of the time-
map and shooting method. The proof of bifurcation result relies on a well known
bifurcation theorem by Kielhofer [11].

In fact, we can prove the following results:

Theorem 1.1 There exists a A* such that the problem has no positive radial solution
for A > X*, one radial solution for A = A* and ezactly two radial solutions for

0<A<A.

Theorem 1.2 There ezists infinitely many A\ € (0,*) such that the upper branch
of radially symmetric solutions has a non-radially symmetric bifurcation at each A,

k=12,....

The chapter is organized as follows. In section 1.2, we shall show the full derivation
of the model proposed in [19]. In section 1.3, we show the existence results for small
A. In section 1.4, we obtain the multiplicity results and prove Theorem 1.1. In
section 1.5, we study the radial symmetry breaking problem and prove Theorem 1.2.
In section 1.6, we study the finite time touch down of the corresponding parabolic

equation.

1.2 Formulation of the model

We model the device shown in Figure 1.1, which consists of an annular elastic mem-
brane suspended above a rigid plate. The membrane is supported along the inner

and outer boundaries. A voltage difference is applied across the device in order to

7
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Elastic Membrane at Potential V/
Supported Boundary

I

y d Thickness of Membrane =h

Fixed Ground Plate

Figure 1.1. A basic electrostatically actuated elastic membrane. The prime coordi-
nates indicate they have not yet been scaled.

cause deflection of the membrane. In particular, the upper surface of the membrane
is held at potential V, while the ground plate is held at zero potential.
We shall note the fact that most MEMS devices are of small aspect ratio, and use
thin components, i.e., h/d < 1 in Figure 1.1. We derive an approximate solution.
We assume the electrostatic potential ¢ satisfies Laplace’s equation everywhere

away from the membrane and the plate:

Ad = 0. (1.3)

It also satisfies appropriate boundary conditions on the membrane, that is,

o=V on elastic plate (1.4)



and

¢ =0 on ground plate. (1.5)

We model the elastic plate using the plate equation. In particular, the deflection '
of the membrane satisfies

ph% + a%u: - uVid + DViY = ——6—20- | Vo 2. (1.6)
Here p is the density of the membrane, h is the thickness, u is the tension in the
membrane, D is the flexural rigidity, and ¢, is the permittivity of free space. V
represents the differentiation with respect to z’ and y’. The standard plate equation
has been modified in two ways. First, a damping term has been added. The parameter
a is the damping constant. Second, we have assumed a is proportional to velocity. We
shall rescale the system and rewrite in dimensionless form. We rescale the electrostatic
potential with the applied voltage, time with a damping timescale of the system, the
z' and y' with a characteristic length of the device, and 2’ and «’ with the size of the
gap between the ground plate and the elastic membrane. We define

u' ¢ ' Y z put'
—_ — = -— = -— = — = — = . 1-

In dimensionless form, we have

P9 0% ¢
¢ (32:52 + 32y2) + 0222 0, (1.8)
¢ = 0 on ground plate, (1.9)
¢ = 1 on membrane, (1.10)
1 9*u  Ou o¢
gt~ VietoViu = —A[@ Vi [P +(50)7). (1.11)

Here ¢ is a dimensionless potential scaled with respect to voltage V', r and y are



scaled with respect to the length of the ground pate L, z is scaled with respect to the

gap size d. We assume the displacement of the membrane u satisfies

2 0% ¢ ¢
Au = A 52(8212+62y2)+82z2 : (1.12)

u = 0 on boundary. (1.13)

_ L - . . D
Here a = \/%EE is the inverse of the quality factor for the system. § = 1z; Measures

the relative importance of tension and rigidity. € = % is the aspect ratio of the system.
A = ¢V2L?/2ud3, where T is the tension in the membrane and ¢, is the permittivity
of free space. Note that )\ is a dimensionless number which characterizes the relative
strengths of electrostatic and mechanical forces in the system. As A is proportional
to the applied voltage, it serves as a convenient bifurcation parameter.

Assuming d < L, that is € < 1. Physically, this means that the lateral dimension
of the device are large compared to the gap between the membrane and the ground
plate. For many MEMS systems this is an excellent approximation. We exploit
the small-aspect ratio by setting ¢ goes to zero in equation (1.8). This reduces the

electrostatic problem to

2
T _y (1.14)

022 ’

which we may solve to find the approximate potential,
¢~ Az + B.

We are primarily concerned with the field between the plates and hence apply the

boundary condition on ¢ which is

¢(I7 y’ u’ t) = 1’

10
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and

Hence

©-
Q
SR

Therefore, by sending € goes to zero and use this approximate potential in equation
(1.11), we find
1 8% Ou 4 A

We shall focus on the equilibrium state deflection and set the time derivatives in
equation (1.15) to zero. We further simplify equation (1.15) by assuming that our
elastic membrane has no rigidity, i.e., § = 0 in (1.15). For convenience, we change
variable u — 1 — u. The result is the following semi-linear elliptic equation for the

displacement u:

in Q (1.16)

u=0 on ON. (1.17)

1.3 Existence

In this section, we shall study the following semilinear elliptic equation with Dirichlet

boundary condition.

—Au =

TEE on (1.18)
u=0 on 0N (1.19)

First we show that there is no solution to our problem when A is sufficiently large.

That is, the membrane fails to exist when the voltage is sufficiently large. We prove

Theorem 1.3 There erists a A\* such that when A > \* there is no solution to equa-

11
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tion (1.1) and equation (1.2).

Proof. Let A\ be the lowest eigenvalue of
—Au=J>Mu on (1.20)

u=0 on 01, (1.21)

with u, is the corresponding eigenfunction which can be chosen strictly positive on
Q.

Multiplying equation (1.1) by u; and integrating gives

/n—uAul = /\/r; —(1 SR

Or,

Since ﬁ; > 2Ty, we have

(751 27
A =\ > — )
‘/n’““ /n(l—u)?— 4 /n”‘"

Hence, A < 3t.
Remark. Any smooth solution u must be nonnegative by the maximum principle.
Next we shall obtain the existence result for small A\. We have the following

theorem.

Theorem 1.4 There ezists a solution to equation (1.1) and equation (1.2) for some

small ).

12
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To prove this theorem, we should apply the well-known method of upper and lower

solutions [18]. Let us recall the following definition:

Definition 1.1 A function & € C?(2) is called an upper solution of equation (1.1)

and equation (1.2) if it satisfies the inequalities

on €, (1.22)

>0 on 0N. (1.23)
Similarly, u is called a lower solution if it satisfies all the reversed inequalities.

The following two lemmas provide us with a proper choice of lower and upper solu-

tions.

Lemma 1.1 Any constant ¢ < 0 is a lower solution.

Lemma 1.2 u = lv; is an upper solution when A < La;m. Here oy and v, is the
3 PP 27

first eigenvalue and eigenfunction for the following problem:

—Av=av on (1.24)

v=0 on 0, (1.25)

where Y is a proper domain with smooth boundary which contains Q and has been

chosen such that m < v, <1 on Q.
Proof. It is sufficient to show that

-A

(]
IV

13



In fact,

27 A A

1 1
T2 1B - G

1 A
—A’l_l, = _.3_Avl = galvl 2 501771, Z § .

This completes the proof.
Using Lemma 1.1 and 1.2 and the well-known theorem that a solution exists
between an ordered pair of upper solution and lower solution, we obtain the existence

result.

1.4 Multiplicity

In this section we are concerned with the multiplicity of positive radial solutions.

Consider the following equations:

Au+ f(u) = 0 in Q, (1.26)

v = 0 on 09, (1.27)

where Q is either a radial or annular domain in R" and f is a strictly convex C?
function on [0,00). According to the well-known result of Gidas, Ni and Nirenberg
[7] every positive solution of the above equations is radially symmetric if the domain
is a ball, i.e., it’s only a function of r = |z|. The number of positive solutions has been
widely studied for different types of f on a general bounded domain using variational
and topological methods, see e.g., [1, 2]. The problem is both fundamental and often
difficult.

During the last decade, there has been tremendous progress in studying these
problems when (2 is a ball or entire R, see, e.g., (16, 17]. If the domain is a ball, then
ODE techniques can be applied to get more information on the number of solutions

[23]. Similarly, if the domain is a ball, we can also derive the exact multiplicity of

14



radial solutions [8, 12, 13, 14, 25].

A radial solution has the form u = u(r) where r = |z| = (22 + ..

note fort:=1,...,n,

We thus have

Consequently,

.+ x2)V2, First

Hence the radial solution of equation (1.1) and equation (1.2) satisfies the following

equations
"(r) + lu’(r) + A _ 0 in (e,1)
u r (1 _ ’U.)2 - 1y4)s
u(e,) = u(1) = 0.
Let s = — In7,w(s) = u(r), then w(s) satisfies

1
(1—-w)?

W'+ A~ =0 in (0,—Ine),

w(0) = w(—In¢) = 0.

Henceforth, we shall consider the following initial value problem

u'(r) + de” =0 in (0,—In¢),

I
(1 —u(r))

u(0)=0 and '(0)=p.

15

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)



Definition 1.2 Let u(-) = u(-,p, ) be the solution of equations (1.32) and (1.33)

and we define the time-map associated to the above initial value problem to be the

following function R:
R(p,\) = min{R > 0: u(R,p,A) = 0}.

We shall prove in the next lemma that R(p, \) is well defined for all p. By the
boundary condition, u has exactly one critical point, at which it takes the maximum

value. We shall denote this critical point by 7(p, A). Hence
v'(r) >0 for 7€ (0,7(p,A)) and u'(r) <0 for r € (v(p,A),R(p,N)).

Also note that u satisfies the following integral equation

u(r) =pr + /\/0 (s — r)e_QS(I—_i(S—))zds.

To prove our multiplicity result, we need to establish several useful lemmas.

Lemma 1.3 R(p, \) is well defined.

Proof. First we claim that it is indeed well defined for p sufficiently small or large.
Suppose otherwise that lim,_, . u'(r) = 0. Multiplying equation (1.32) by u’' and
integrating gives

6—25

/0 u"(s)u'(s)ds = ——/\/0 mu’(s)ds.

Hence

1 , 9 1 ) e—2r /r 6—23
= — = A A—— - [ ——d
W) =3P 1—u(r) o 1—u(s)

16
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‘i’s)ds, then we have

Let h(r) = [ i

1-u

1 1 .
AR' (1) + 2Ah(r) — 51)2 + Eu’(r)z -A=0.

When r is sufficiently large,

T 6—23
h(r) = /0 l—u(s)ds

_ —%/Oru"(s)(l—u(s))ds

= 1 [—(1 —u)u' +p —/ u'2(s)ds]
A 0
p
< = 1.34
< P (1.349)
Hence for sufficiently large r,
' Ly 1, 2
M (r) = =2Mh(r)+ 3P~ U (r)*+ A
> —-2p+ %pz - lu’(r)2 + A
> ¢c>0 (1.35)

for some constant ¢ and p either sufficiently large or small.

Therefore,

e—2r

1 —u(r)

>—=->0

¢
A

for sufficiently large r. It follows that

Jim_u(r) =1

17



for p sufficiently large or small. Applying L’'Hopital’s rule we have

-2r 2 ,—2r —4 —2r
lim A'(r) = lim ¢ = lim £ — = lim ‘
r—+00 rotoo | —u(r) ro+too u’(r) ro+o0 u”(r)
) 0r 1 — u(r) .
= —ar” Vo —ulr)) =0. X
= rkiréoéle = rHinooél(l u(r)) =0 (1.36)

This is a contradiction to the previous conclusion that A'(r) > ¢ > 0. Hence R(p, \)
is well defined for p sufficiently large and small. By continuous dependence on para-

meters, R(p, ) is well defined for all p. This completes the proof.

Lemma 1.4

lim R(p,A) = lim 7(p,A\) =0.

p—0+ p—0+

Proof. Suppose otherwise, there exists a A > 0, ¢ > 0 and a sequence p; — 0+ such
that
Ry = R(pe,A) > €.

Since

u(r,pr) = DT+ /\/ (s - r)e'2’(——ds
0

1 T
= T+ A [——8—25(3 )5 +/ —e'%ds}

2 ) 2

=2r

= pr+ A SR !

2 4 4

h) 2

< per - Tr (1.37)

: 1px
Thus R, < P

18






Hence,

Ry
PRy = / (s—Rk)e‘Q‘(T_—lmds

> )\/ € — s)e”*ds

S (1.38)

This is a contradiction. Hence lim,_, o4+ R(p, A) = 0. It follows that lim,_,o4 7(p, A) =

0. This completes the proof.

Lemma 1.5

lim R(p,A) = lim 7(p,A) =0.

p—+00 p—+o0o

Proof. Suppose lim,_,o 7(p, A) # 0, then there exists a 7 > 0 and a sequence
Pk — +oo with ug(r) = u(r,pk, A) > 0 and uj(r) > 0 in (0, 79).
Let 7 = 79/2, we claim

lim supui(7) = 1.

k—+o00

Otherwise, there exists € > 0 such that 0 < ux(7) < 1 —e. It follows that

u(f) = mT + /\/T(r - 7——)6—%(17111(1'_))5(17"

> pT+ —/ e * dr (1.39)

which is impossible since p, — +00. Hence choosing a subsequence if necessary, we

may assume

kl}Too Uk(T) =1

Note that u satisfies

)2u(r) =0 in (7,70).



Let

then

lim I‘Jk = OQ.
k—+o00

Note that Ae=2" > Ae™2™ in (7, 7). Let vy solves
V'(r) + de T Myu(r) =0 in (7, 7).

It follows that v; has at least two zeros in (7, 7o) when k is sufficiently large. By Sturm
Comparison Principle, u; has at least one zero in (7, 7). But this is impossible.

Hence

lim 7(p,A) =0.

p—+o00

Finally, we prove lim,_, ;o R(p,A) = 0. Otherwise, there exists a point 7o > 0 and a

sequence py — +o0o with
ug(r) >0 and wu(r) <0 in (7%,70)

where ux = u(r, pr, A) and 7% = 7(p, A)-
Let 7 = 7, in view of previous lemma that limy, ;. 7(p,A) = 0, we may assume

7 > 7 for any k. We claim that

lim sup ux(7) < 1.

k—+00

Otherwise, by Sturm Comparison Principle again, u; has zeros in (7x,7) when k is

sufficiently large which is impossible since 7, — 0 as kK — +o0.

20



Note that

o T Qe _
Y=~ | T

-2r \' e~ 2"
(lurz+ Ae ) __ e (1.40)

and

2 1 —u(r) 1 —u(r)

Integrate equation (1.40) on (7%, 7), we have

On the other hand, we have

1, / 2)e~% 1, . /f 2 e~
- L ds < - 4
2u(r) + : s 2u(r) + L s

I=u(s) 7 —u(s))?
= %u'(")2 +2u/(7)]. (1.41)
Hence
Ae—Zi e"'27'k 1 1(=\2 1=
TToum) TG <20 A (1.42)

Integrate equation (1.40) on (0, 7x), we have

e~ Tk 2)\e” % 1
B — = ds=-p:+ )\
1 — u(7k) +/; 1 — u(s) 5= 9Pk +
Therefore,
e~ 27k 11
> (P2 4+ ). 1.43

Combining equation (1.42) and (1.43), we have

u'(F) > —oo.
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Thus for r > 7, we have
uk(ro) < ug(7) + wy(7)(ro — 7) = —o0,

a contradiction to ux(rg) > 0. This completes the proof.

Lemma 1.6 Define R = R()\) = sup{R(p,\),p > 0}. Then R()) is strictly decreas-

ng.

Proof. Let 0 < A\; < A and uy is a solution at Az on (0, R()\;)). Let v(s) = cuy(r)

with 7 = s/c where c is some constant greater but close to 1. It’s easy to see v(0) =0

and v(R(A2) +¢€) =0 for e = (¢ — 1)R(A2).

Note that
n 6-23 1 n 6—23
v +/\l———(1—’l)(3))2 = ‘EUZ(T)+/\1—————(1_CU2(T))2
1 e—2r 6—23 )
= —= (A - <0 (1.44
C(Q(I—Uz(r))i’ T ammz) <0 049

When c is sufficient close to 1. Hence v is a lower solution for

e-2r

v"(r) + Alm =0,

v(0) =0, v(R(\2)+¢€) =0.

Hence R()\;) > R()\;) + €. Hence R()) is strictly decreasing. This completes the

proof.

Lemma 1.7 limy_ o, R()\) = +00, limy_, 00 R(A) =0

Proof. Suppose limy_,q; R(/\) # +00, then there exists a number R* > 0 such that

-~ -~

a sequence A\, — 0+ with limg_, 0 R(A:) = limg, 100 R(Ak, k) = R*. Let us write
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uk(r) = u(r, Ak, px), then

R.
1
_ * _ * _ * —2s .
0=wu(R) = mR +/\k/0 (5 = R)e™ s

M [F
> pR+ e—:/ (s — R")e *ds. (1.45)
0

Hence py — 0+ or R* = 0. But this contradicts the facts that lim,_ o, R(p,A) =0
and R()\) is strictly decreasing. This completes the proof.
Finally for any given A, we study the shape of R(p). Note that R(p) is determined
by the implicit equation
u(R(p),p) = 0. (1.46)

Differentiating equation (1.46) we get the following equations for the derivatives of
R:

u,(R(p),p)R'(p) + u,(R(p),p) = 0, (1.47)
urr(R(p), )R (p)? + 2urp(R(p), p) R (P) + ur (R(p), p) R" (P) + upp(R(p), p) = 0. (1.48)

We write h(r,p) = u,(r,p), 2(r,p) = up(r,p) and v(r,p) = u,(r,p), then equation

(1.47) can be written as

v(R(p), p)R'(p) + h(R(p),p) = 0. (1.49)

If R'(p) = 0, we conclude from equation (1.48) that

v(R(p),p)R"(p) + z(R(p), p) = 0. (1.50)

Applying equation (1.50), we may prove the following important Lemma.

Lemma 1.8 For a given A, if R'(p) =0, then R"(p) < 0.
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Proof. Note that h(r, p) satisfies the following initial problem

If R'(p) = 0, then equation (1.47) gives us h(R(p),p) = 0.
We claim that h(r,p) > 0 on (0, R(p)). Otherwise let h(£(p),p) =0 and h > 0 on

(0,€(p)). Note that v satisfies the following

22 e
(1-w?  (1-w?

v + =0, (1.53)

v(0,p) =p, v'(0,p) = -\ (1.54)

Recall that v(7(p),p) = 0. If £&(p) > 7(p), then v < 0 on (£(p), R(p)). By Sturm
Comparison Theorem, v should have a zero on (£(p), R(p)) since h(R(p),p) = 0. This
is impossible.

If £(p) < 7(p), then v < 0 on (7(p), R(p)). Since 0 = v(7(p),p) > h(7(p),p), by
Sturm Second Comparison Theorem, v > h on (7(p), R(p)) which is impossible since
h has to cross over v and reaches zero at R(p).

Next we claim z(R(p),p) < 0. Note that

) Vo 6le 2
2"+ (1—u)32+ (1—u)4h =0, (1.55)

2(0,p) =0, 2Z'(0,p)=0. (1.56)

We claim z is negative in some neighborhood of 0. Otherwise by observing equation
(1.55), we have 2” < 0. It follows that 2’ < 0 in the neighborhood of 0 since 2’(0, p) =

0. This contradicts the assumption.
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Figure 1.2. Timemap Diagram

Next we claim z < 0 in (0, R(p)]. Otherwise, let z(r;,p) = 0 with z < 0 in (0, 7).
Comparing equation (1.51) and equation (1.55), it follows that A must have a zero in
(0,7,) which contradicts our previous statement. Hence z(R(p),p) < 0 and it follows
from equation (1.50) that R"(p) < 0.

We are now in position to prove Theorem 1.1.

Proof. In view of the above lemmas, we may obtain the timemap diagram as shown
in Figure 1.2. From which we can easily conclude the theorem. In fact, for any
given ¢, > 0, 3 A* such that R(A\*) = —Ine; and there is a unique g such that
R(A*,p) = —In¢,, thus there exists a unique radial solution at A = A*. For A < \*,
we can find p;, p2 such that R(A,p;) = R(),p2) = —Ine€;. The problem has two radial
solutions in this case. For A > A*, since R()\) < —Ine¢,, there is no radial solution.

This result is shown in Figure 1.3.
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Nl

Figure 1.3. Bifurcation Diagram

1.5 Symmetry breaking

In previous section, we studied the multiplicity of radial solutions. Our purpose in
this section is to study how radial symmetry can be broken, that is, to describe
the bifurcations of these radial solutions to non-radial solutions. The problem of
non-radial bifurcation from radial solutions on balls were studied by Dancer [4] and
Smoller and Wasserman [22, 24], on an annulus by Lin [15] and others.

Let us first introduce a few basic concepts and the celebrated result by Crandall
and Rabinowitz [3]. We will also illustrate the theorem by an example. Then we shall
introduce a very useful bifurcation theorem due to Kielhéfer [11] which is what we
applied in this thesis. For a summary on bifurcation theory, see for example [9)].

We shall consider two real Banach Spaces, U and V, as well as a nonlinear abstract

operator

F: RxU->YV

of the form

F(Au) = L(ANu+ R(\ u)
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and the associated nonlinear abstract equation
F(\u)=0

where the following assumptions are assumed to be satisfied:

e There exists A\g € R and a,b € R, a < A¢g < b, such that L()) is a linear
operator from U to V for all A € (a,b). Moreover, 3 r > 2 such that the map
A = L()) is of class C™ and L()) is a Fredholm operator of index zero.(R[L(Ao)]
is a closed subspace of V' and dimN[L()o)] = codimR[L()g)] < oo.

e R is an operator of class C™ such that R(A,0) = 0 and D,R(\,0) = 0 for each
A € (a,b).

Definition 1.3 ()¢, 0) is a bifurcation point from the curve of (A,0) if there ezists a

sequence (A, uy) € (a,b) x (U\{0}) such that lim(\,, u,) = (Ao, 0) and F(\,,u,) =0.

Definition 1.4 )\ is a nonlinear eigenvalue of L(\) if (Xo,0) is a bifurcation point

from the curve (\,0) and R()\, u) satisfies the second assumption.

In other word, )¢ is a nonlinear eigenvalue of L()) if the fact that bifurcation

occurs is exclusively based on the linear part.

Definition 1.5 zero as a simple eigenvalue of L(\o) if N[L(Xo)] ® R[L(X)] = V.

For this, we need to assume U C V.

Definition 1.6 )¢ is an eigenvalue of the pair (Lo, Ly) if zero is an eigenvalue of

Lo — XoLy where Ly := L(Xo) and L := 9()).

Crandall and Rabinowitz found that if F(\, u) is of class C? and

dlmJV[Lo] = ].,
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Li(N[Lo)) ® R[Lo] =V,

then (Ao, 0) is a bifurcation point from (A, 0). Moreover, under these assumptions,
the set of solutions bifurcating from (X, 0) at A = A consists of a curve of class C'.
The second condition is usually referred to as the Crandall-Rabinowitz transversality
condition, or nondegeneracy condition. Due to the huge number of applications of
the result, it has become one of the most celebrated in nonlinear functional analysis.

We shall state this theorem more rigorously as following

Theorem 1.5 (Crandall-Rabinowitz/3/) Suppose F (), u) is of class C™ for some

T > 2 and zero is a simple eigenvalue of (Lo, Ly). Let Y C U be a subspace such that

N[LjeY =U.

Then, there ezists ¢ > 0 and two mappings of class C™~!

A:(—€€) >R, y:(—€,¢) oY

such that

and for each s € (—¢,¢)

F(A(s),u(s))=0
u(s) := s(¢o + y(s)).

Moreover, there exists p > 0 such that if F(A,u) = 0 and (A, u) € B,(),0), then
either u = 0 or (A, u) = (A(s),u(s)) for some s € (—¢,€). Here B,(X,0) is a ball
centered at (A\o,0) with radius p. Furthermore, if F is assumed to be real analytic,

then so are A(s) and u(s).
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Note that (A'(0), ¢) is the tangent vector to the curve (A(s),u(s)) at (Ao, 0); it is
usually called the bifurcation direction.

We shall illustrate the application of Crandall-Rabinowitz theorem by the follow-

ing example.

Example 1.1 Consider the nonlinear boundary value problem

—u (z) = Mu(z)[1 + h(u(z))], z€(0,1), (1.57)

u(0) = u(1) = 0, (1.58)

where X is a real parameter and h is a function of class C3 such that

h(u) = hou® + o(u?)

as u — 0 with hy # 0.

Note that u = 0 is a solution of eq. (1.57) for any A € R. Qur goal is to apply
Crandall-Rabinowitz theorem to show the existence of nonzero solution of eq. (1.57)
with small amplitude and arbitrary nodal behaviour. To put it under the abstract

framework introduced earlier, we consider the Banach spaces

U=0Ci([0,1)), vV =0(,1)

then the operator F' defined by

F\u)=u" + Ml +h(u)], (\u)€RxU

makes sense and 1s of class C? if ||u]| is sufficiently small. We also have

LNu:=u" +Au, R(\ u):= duh(u).
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It 1s easy to see that the eigenvalues of L(\) are

A\, = nn?
where n € N, n > 1. Moreover, for each n > 1,

N[L(A,)] = span[sin(nmz)]
and due to Fredholm alternative,
1
R[L(\,)] = {v eV: /0 v(z) sin(nmz)dr = 0} .
Thus, for any integer n > 1,
sin(nm - x) ¢ R[(L),)]

and hence zero is a simple eigenvalue of L()\,). Therefore, applying Crandall-

Rabinowitz theorem, we have the following result

Corollary 1.1 Let n > 1 be an integer and consider
1
Y, := {u eU: / u(z) sin(nrz)dr = 0} .
0
Then there exist € > 0 and two mappings:
An:(—€,€) o R yp:(—€¢€) oY,

of class C? such that
An(0) =An, 9a(0)=0
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and for each s € (—¢,¢€)
F(An(s), s[sin(nm-) + ya(s)]) = 0.

Moreover, if (A, u) is sufficiently close to (\,,0) and F(A,u) = 0, then either u =0

or there exists s € (—¢,€) for which
(A u) = (An(s), s[sin(nn-) + ya(z))).

Therefore, for any integer n > 1, eq. (1.57) has a curve of solutions (A,(s), un(s))
emanating from (X,0) at A = A, where u,(s) := s[sin(nm-) + ya(z)].
Let a()) denote the classical eigenvalue of the family L()\) perturbed from the

zero eigenvalue of L(\):

L(A)o(A) = a(A)s()),
0 # ¢(A) € D(L),
a(X) =0, &(Xo) = oo,

where ¢ spans N(L()\g)). Then the following result holds

Proposition 1.1 If zero is a simple eigenvalue of L(Ag), then a'()g) # 0 if and only
if zero is a simple eigenvalue of the pair (Lo, L;),i.e., L,(N[Lo]) ® R[Lo] = V.

As we recall Crandall’s theorem which states that if zero is a simple eigenvalue of the
pair (Lo, L), then (), 0) is a bifurcation point. In other word, (Ao, 0) is a bifurcation
point if a’(\o) # 0. However, the meaning of nondegeneracy condition is not so clear,
in [3] it is a technical condition which was just needed to apply the implicit function
theorem to a modified equation where the trivial solution was eliminated.

The following theorem deals with degenerate eigenvalue and is due to Kielhofer
[11].
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Theorem 1.6 Assume U C V' and zero is a simple eigenvalue of L(Ao). Then A is

a nonlinear eigenvalue of L()) if and only if a(\) changes sign as A crosses Ag.

With the aid of this result, we now study the symmetry breaking problem. We

shall consider the linearized problem about a given radial solution u:

We may write w in the spherical harmonic decomposition form:
[ o]
w=>ayn(r)y(0),
N=0

and ay satisfies the equation:

2\ N?

o~ e o =0

1
a','\,+;a'N+[

together with the boundary conditions ay(1) = 0 = an(e;).
If the above equation admits a nonzero solution ay # 0 for some N > 1, then
radial symmetry breaks. We consider the following eigenvalue problem:

1 [ 2 N?

n !
ay+-ay+ |7/ — —|av = — an.
N T AN 1 - ) r2} N KN kQN

Let U = C2(e1,1) and V = C(ey, 1).
We have the following lemma.

Lemma 1.9 If u is a radial solution on the upper branch, then for arbitrary positive

integer N, un1(X) < 0 for A sufficiently close to zero.
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Proof. It is well known that the eigenvalue py (A) can be characterized by

f{_w ngﬂ,m},

o r¢?dr

where

If u is a positive radial solution, then

Jivee=r [ a=am

Since u is a solution on the upper branch, ||u||lc — 1 as A — 0+. Note that for

arbitrary p > 0, there exists o > 0 such that

2u
1—u

>p for u>1-oc.

Let i ={z€eQ:u>1-0a}, ={z€Q:u<l-a}l

Hence

_ 2u , [ 2
21Q(u) = A/(l—uZ 1__u)a)u+N T

1
2 _ 2
/'V“' */ Qv =wtV m?
N2 A
< _ 2, vV 2 .
N A e N e et

< (1- +——/ ul?> -
(I-p e%ul) QIV |

(1.59)

for some constant M > 0 which is independent of A.

Hence for any given N > 0, uy,; < 0 since p > 0 can always be chosen to be
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sufficiently large.

Remark. It’s easy to see that if u is an upper branch solution, then

([1oup)t > /7
Q “Vl-¢g

as A = 0. In fact,

ur) = [ " (s)ds < (1 - en)d [ wras:
(/leal )} (1.60)

Lemma 1.10 yo,(A*) =0.

Proof. Let u;(A) be the principal eigenvalue of

n 1 '
"l) +;1/’ - ”(1 _u)3wa VS (61,1),

Clearly,

wo =int { [ o) [ Evt veian)

On the other hand, note that
1
s =t {QU)/ [ rédr, 8 Gl 1},

where
2\

v = [ 11 r (¢'2 -0 u)3¢2) dr.

Thus
2r
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By a more general result by Keller [10] which states that u;(A*) = A*, it follows that

Ho1 (/\‘) =0.

Definition 1.7 A is called a non-radial bifurcation point with mode k if jix 1 (Xo) =0

where k 1s a positive integer.

We now apply the above result to prove the symmetry breaking result.

Proof of Theorem 1.2. Since pg(A*) = 0, it follows that puy;(A*) > 0 for N > 1.
By Lemma 1.9, for any V > 1 there exists Ay € (0, A*) such that uy;(Ay) = 0 and
1(A) changes sign as A crosses Ay. See Figure 1.4. Hence by Theorem 1.6, there is a

bifurcation at Ay where the radial symmetry breaks. The proof is completed.



Figure 1.4. The change of sign as u; crosses A axis at Ax

1.6 Finite Time Touchdown and Touchdown Pro-

file

In this section, we modify a recent result by Flores et al. [6] and show that above a
critical voltage, the membrane will touch the plate in finite time. These are apparently
more important issue in the actual design of a MEMS device. For example, how to
increase the stable operating range by increasing the critical voltage (pull-in voltage)
V.. This increase in the stable operating range may be important for the design
of microresonators. Another example is how to decrease the time for touchdown,

thereby increasing the speed of switch.

Now we consider the following time-dependent deflection of the membrane
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u(r,y,t) which satisfies

Ou
—é)?—Au-f- 1= )2

in Q u=0 on 09; u(x,y,0)=0. (1.61)

The solution u of (1.61) is said to touchdown at finite time if the maximum value of
u reaches 1 at some finite time t = T, < 0o. At such time, the membrane touches the

fixed ground plate. We prove the following theorem.

Theorem 1.7 Let A\, > 0 and u, be the smallest eigenvalue and the corresponding

eigenfunction of the Dirichlet eigenvalue problem
—Au=MXu on Q; u=0 on 0. (1.62)

IfA> )= 52—)‘71, then the solution u of (1.61) reachese -1 at finite time.

Proof. This proof is based on a key result in [6].
Without loss of generality we assume that u; > 0 in 2, and we normalize u; so

that [,u; = 1. Multiplying (1.61) by u, and integrating over Q, we have

d N ux
p Qu,u—/nulAu-}—/\/n(l_u)z.

Using Green’s Theorem, we obtain

d Uy
EZ QUIU——/\I/QUIU'{"A./I;H_—U)?.

Introducing an energy-type variable E(t) by E(t) = Jq w1u, we have

dE Uy
—(17+/\1E_/\/Qm. (1.63)
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Applying Jensen’s inequality on the right-hand side of (1.63), we obtain

dE A
& NE> —2
a TME2 aT e

On the other hand, we have

E(0)=0, E(t)< sgpu/

u; = sup u.
Q Q

Now we let F'(t) solves

dF A

It follows by a standard comparison principle that E(T) > F(t) on the domains of

existence. Therefore, we conclude
F(t) < E(t) <supu.
Q

On the other hand, we may determine ¢ in terms of F' by separating variables in

(1.64). And we have that when

F =1.
T is finite if the integral is finite. A simple calculation shows that the integrand

is finite if A > A = 4. Thus if t = T, where T, < T, u reaches 1.
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CHAPTER 2

Pattern Formation in A Biological

System

2.1 Description of Biological Experiment

Bacteria grown on thin agar plate may develop colonies of various spatial patterns,
depending on both bacterial species and environmental conditions. We briefly de-
scribe an experimental study done by Ohgiwari (1992). They used a bacterial strain
of Bacillus subtilis. The bacteria was point-inoculated at the center of an agar plate
containing peptone as a nutrient in a plastic petri dish with a diameter of 88 mm.

The swimming of the bacteria is a random walk type of movement and can be done
only in a fluid with low viscosity. To produce such fluid the bacteria cooperatively
secrete lubricant in which they can swim.

In order to move, reproduce and perform other metabolic activities, the bacteria
consume nutrients which are given in limited supply. The growth of a colony is thus
limited by the diffusion of nutrient to&ard the colony—-the bacterial reproduction
rate is limited by the level of nutrient available for the cells. If the nutrient is deficient
for a long enough time, the bacteria begin the process of sporulation. They stop

normal activities and change into a spore. The sporulating bacteria may emit a wide
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range of materials, some of which are unique to sporulating bacteria. These emitted
chemicals might be used to signal other bacteria about the condition at the location
of spores.

Even though the initial seed of bacteria is radially symmetric, the colonies may
develop various morphological patterns in response to environmental conditions. Ob-
servations of such patterns occurred as early as 1938. It was first reported by Fujikawa
and Matsushita [32] that the colony may exhibit branching patterns similar to the
type known from the study of fractal formation in the process of diffusion-limited
aggregation (DLA). When the agar medium becomes softer, the colony turns to show
a dense-branching morphology (DBM) with a smooth circular envelope. When both
the nutrient concentration and the softness of the agar are high, the colony grows al-
most homogeneously into a radial shape. Other types of patterns such as concentric

rings and Eden-like pattern may also appear.

2.2 General Mathematical Model

To explain each characteristic colony pattern, various models have been developed.
For example, a diffusion limited aggregation model for DLA pattern proposed by
Fujikawa and Matsushita [33], a communicating walkers model for DLA and DBM
patterns by Ben-Jacob et al. (26, 27]. In a recent paper, Kawasaki et al. [39] devel-
oped a simple reaction diffusion model which closely captured all five different colony
patterns. Other reaction diffusion models can be found in, for example, Kitsunezaki
et al. [40], Matsushita et al. [43], Lacasta et al. [41].

All of the above models contains the population density b(z,t) of the bacterial

cells at time ¢t and spatial location r and the concentration of the nutrient n(z,t).
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The models can be generalized into the form

% = V- {Dy(b,n)Vb} + g(b,n), (2.1)
% = DnVQR—f(b,n), (22)

where D, and D,, are the diffusion coefficients of the bacteria and the nutrient, re-
spectively. It is usually assumed that the diffusion coefficient D,, is a constant, while
the diffusion coefficient of the bacteria D, depends on both bacterial density and the
nutrient concentration.

In [39], they chose Dy(b,n) = onb, g(b,n) = nb, f(b,n) = knb.

In [40], Dy(b,n) = ob*, g(b,n) = nb — ub, f(b,n) = bn. Note that the first term
in g(b,n) represents the rate at which the nutrient is consumed, the second term
represents bacteria becoming stationary.

The initial concentration of bacteria and nutrient is set to be

b(z,0) = by(z),

n(z,0) = ny,

where ng is a positive constant since the nutrient is initially uniformly distributed,
and by(z) is the initial bacteria density which is a function with compact support.

A typical numerical simulation is shown in the next figure.
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Figure 2.1. A typical numerical simulation

2.3 Existence and Large Time Behavior of Weak
Solution
We consider the following nonlinear diffusion system:

ou

BEr A(uk) +u™ — a(u,v)u™ in Qr =N x (0,T), (2.3)
% = dA(W)—u™ in Qr, (2.4)

where k,l,m and n are positive integers, d is a positive constant and a(u,v) is a
strictly positive function of u and v.  is a smooth domain of RV and T > 0. The

following boundary and initial conditions are assumed

ou - v - 5
35 =5y =0 mIx(0,T), (2:5)

(u(z,0),v(z,0)) = (uo(z), vo(z)) for all z € Q. (2.6)
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In the context of bacteria growth, u is the bacteria density and v is the nutrient

density.
When m = n =1 and £ =1 = 1 and a(u,v) is a constant, the model is the

well-known Gray-Scott model in chemistry. A special case is the scalar equation
u, = Aut), (2.7)

which is called the porous medium equation for ¥ > 1. To understand some basic
behavior of the solution, we shall first present this equation as an example. Specifi-
cally, we look for a ”similarity” solution of the porous medium equation and observe

its property.

Example 2.1 Let us look for a solution u with the form

u(z,t) = tlaw(tiﬂ), ze R (2.8)

where the constants o, B and the function w : R* — R are to be determined.

We insert (2.8) into (2.7) and obtain
at~ @Dy (y) + pt=@y . Dw(y) + =@+ A(wk)(y) = 0 (2.9)
for y =t"Px. To put (2.9) into an expression involving only variable y, we require
a+1=ak+28.

Then (2.9) reduces to
aw + By - Dw + A(w*) = 0. (2.10)

Let us further assume that w is in fact radial, that is, w(y) = w(|y|). Then (2.10)
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becomes

w n-—1
aw + 3ro’ + (WF) +

(k) =0, (2.11)

wherer = |y|, ' = (%. Now if we set a = nj3, we have

(r" N (w*)) + B(r"w) = 0.

Thus

rHw*) + Briw =a

for some constant a. Assuming lim,_, o w = lim,_,w' = 0, we conclude a is in fact

0. Hence

(wk-l)l —

Consequently,
k-1
2k

wk—l =b—

2
Bre,

where b is a constant; and so

w= (b— T Br )+ ,

where we took the positive part of the right hand side to ensure w > 0. Recalling
w(y) = w(r) and the rescaling, we obtain

1 k=1 Jz2\* V"
t)=— (b =220
u(l" ) ta ( 2k t2'3>+ )

where

o= g-__1
Tnk-1)+2" 7 nk-1)+2

This solution is called Barenblatt’s solution to the porous medium equation.

Based upon this special solution, one can easily observe that it has compact support
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for each time t > 0. This is a general feature for nonnegative weak solutions of the
porous medium equation with compactly supported initial data. The porous medium
equation becomes degenerate wherever u = 0, and this type of parabolic equation is
generally called degenerate parabolic equation. So the set u > 0 moves with a finite
propagation speed which is a general feature of degenerate parabolic equation. Thus it
is often regarded as a better model of diffusive spreading than the linear heat equation
(which predicts infinite propagation speed).

One may also observe that for k = 2, the first derivative of the solution is discon-
tinuous but finite at the boundary of the support, and for k > 2, the first derivative
diverges at the boundary of the support. This is also a general feature of degenerate
parabolic equation, that is, the solution may not be classical. Hence one shall seek

solutions in a weaker sense.

Definition 2.1 We say (u,v) is a weak solution on [0,T] if it satisfies:
(i) u, v € C(Qr) and u, v > 0,
(i) For all ¢ € C?*'(Qr) such that %‘5 =0 on 0N x [0,T], we have for allt € [0,T):

/ﬂu(t)¢(t) = /ﬂuo¢(0)+/ot/9(ukA¢+u¢t+(u’"v—a(u,v)u")q{)), (2.12)
[owo) = [ w0+ [ [ @'as+ue-umve) (219)

In a very recent study by Mimura et al. [30], they studied the existence and large

time behavior of such weak solutions. The proof is very technical and tedious, we

refer interested readers to their paper. Here we shall state their main results:
Suppose that

1) ug, v € C(f2) and 0 < ug,vo < M for some constant M > 0. and



2) a(u,v) is strictly positive and locally Lipschitz or a = 0, and

k+2/N, if N >3,
1<m< (2.14)

k+1, if N=1,2.

In the case a # 0, the problem admits a unique weak solution (u,v) satisfying

0 < u(z,t) < Cy, and 0 < v(z,t) < M for all (z,t) € @ x (0,T),

for some constant Cy > 0.
There exists a constant v such that

lim (u(t),v(t)) = (0,v*) uniformly in .

t—o0

Furthermore, if 1 < m < n, v*° = 0, while if 1 < n < m, then v* > 0. Especially if
m = n, then v>®° < a(0,v™).
For the case a = 0, they obtained similar result and

lim (u(t), v(t)) = (< uo + vo >,0) uniformly in Q.

t—o0

2.4 Main result and methods

As we indicated earlier, bacteria grown on the surface of thin agar plates often develop
colonies of various spatial patterns, such as fractal morphogenesis, dense-branching
pattern. Recently Kawasaki et al. [39] proposed a degenerate parabolic system with

cross diffusion that captures the qualitative features of the growth patterns. The
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model is

g% = DV - {nbVb} + nb, (2.15)
%_7; = D,V*n —nb (2.16)

with initial conditions
b(z,y,0) = by, n(z,y,0)=ne.

Here b is the bacteria density and n is the nutrient density.

Recently, Maini et al. [45] considered the one-dimensional version of the model
and a special case D, = 0. They studied the existence and uniqueness of traveling
wave solutions. The found that such solutions exists only for speeds greater than
some threshold speed and the wave with the minimum speed has a sharp profile. For
speeds greater than this minimum speed the waves are smooth. By considering the
special case D, = 0, the authors were able to reduce the problem to a phase-space
analysis in R2.

In this thesis, we consider a more general model and we will not assume D, = 0.
The model we will study takes the form

ob x !

% D,V - {nPb*Vb} + nb, (2.17)

a_n = D,V?n - n%'. (2.18)
To our knowledge, there is little theory on traveling wave solutions on such coupled
degenerate diffusion system with cross-diffusion.

Our method is based on Schauder-fixed point theorem. By fixing n in a properly

chosen space V', we investigate the existence of traveling wave solution b. For such
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a traveling wave b, we can find a traveling wave solution n which lies in a compact
subset of V. In this way, we may define a continuous mapping 7' : V — V with
Tn = n. Invoking Schauder-fixed point theorem, we conclude the existence of a
traveling wave solution pair (b, n).

A key part of the thesis is to investigate the existence of finite traveling wave
solution for a degenerate cross-diffusion equation. Our method is inspired by a very
recent study of a similar problem by Malaguti [42]. We will transform the existence
of traveling wave solution b to the solvability of a first-order singular boundary value
problem which can be done by typical shooting and comparison argument. For more
information on singular ODE, see [28, 34, 38, 42, 44].

Our main goal is to prove the following theorem.

Theorem 2.1 Fork=1,¢>1,p=0,1 > 1, there ezists a constant velocity v, such
that the system admits a traveling wave solution (b(§),n(§)) where b is a monotone
finite traveling wave solution and n is a monotone classical traveling wave solution.

Here £ = £ — vt is the usual wave coordinate and by finite traveling wave we mean

£ =sup{€: b(¢) > 0} < oo.

Remark. Even though our result is very restricted on the values of k and p, most
part of our analysis in this thesis works through without such restrictions. We shall
keep them until the occasion arises when we need to impose such restrictions. It is
our future concern to extend our result to more general cases.

In section 2.5, we simulate the 1D problem and oberseve the long time behavior of
the solutions. In section 2.6 we will derive some properties of traveling wave solutions.
In section 2.7 we investigate the existence of finite traveling wave b for a given n. For

this part, the result is general and we place no restriction on k. In section 2.8, we
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derive the equivalent problem and study the existence of a traveling wave n for the
determined finite traveling wave solution b. In this part we shall require that k£ = 1
in order to derive the equivalent problem. In section 2.8 we apply Schauder fixed
point theorem to deduce the existence of traveling wave solutions (b, n) where b is of
finite type. In section 2.10, we study the instability of the flat front and explain the

fingering pattern in the bacterial colony.

2.5 Numerical Simulation to 1D Problem
In this section we consider the one dimensional problem on [0, 1]

o _a, ob

on 0°n

with Neumann boundary condition and initial data is chosen to be

b(z,0) = —(z — 0.25)(z — 0.75), n(z,0) = 1.

We numerically simulate the problem on time interval [0,0.2] and we have the results
shown in Figure 2.2 and 2.3. The numerical results show b stays compact supported.

The long time behavior can be seen when we calculate the density functions up to
t = 9, the results are shown in Figure 2.4 and 2.5. We can see that b tends to a

uniform state and n tends to 0 asymptotically.
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Figure 2.4. Bacteria Density
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Figure 2.5. Nutrient Density
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2.6 Travelling Wave Solution

We consider the system

db 0 ob
2 D (pPp = qpl
pri D(9 (n b 8/')+n b, (2.21)

on 0*n
il nIb!, (2.22)

where (z,t) € R x R* and D is the rescaled non-dimensionalised diffusion coefficient
of b.

Let us denote the spatially uniform steady states by (b,n) = (bs,0), (0, n,), where
n, and b, are some constants. We may assume that initially the nutrient is uniformly
distributed in the plate and there is no bacteria seed. Hence a proper initial steady

state is given by
b=0, n=1, for all —oco<z<o0.

We shall also assume that

ob on

—, + f . 2.2
az,az—)Oas:r—) oo, for all t>0 (2.23)

Let £ = x — vt be the wave coordinates in which b and n solve
D(nPb*b') + vb' + n%' =0 (2.24)

n +wvn' —nt =0 (2.25)

where ' denotes the derivative with respect to wave coordinate £. Equations (2.24)-

(2.25) are to be solved subject to the following boundary conditions ahead of the
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wave

b—>0,n—>1as&— +oo, (2.26)

and behind the wave

b— bs,n = n, as £ > —o0. (2.27)

2.6.1 Properties of the traveling wave solutions.
Property 1. n, =0, by = 1.

Proof. Integrating on both sides of equation (2.24) from —oo to +o0o gives

+o00
— b, +/ n' =0 (2.28)

oo

from which we conclude that b, > 0 since v > 0. But n,b, = 0, hence n, = 0. To

conclude that b, = 1 we integrate Equation (2.24) from —oo to &, we have

£
n?b*b' + v(b - b,) + / nib' = 0. (2.29)

—00

On the other hand, integrating equation (2.25) from —oo to £, we have
§
/ nib' = n'(€) 4+ vn(€). (2.30)
Substituting expression (2.30) into equation (2.29) and passing £ to +o0o, we have
—vbs + v =0. (2.31)

Therefore b, = 1.
Property 2. If n, b are the traveling wave solutions, then n is monotone increasing

and b is monotone decreasing if 0 < b < 1.
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Proof. The monotonicity of n follows directly from equation (2.25). In fact,

n' +wvn' =n% >0, (2.32)

or equivalently

(n'e*)’ > 0. (2.33)

Integrating this inequality from —oo to £, we obtain n'e*®* > 0. Hence n’ > 0 for
all €.

For a traveling wave solution b(£), we prove that

b'(€) < 0 for 0 < b(&) < 1.

We first suppose that b'(&) = 0 for some &, then from equation (2.24) we have

DnPb¥b" + D(nPb*)'b + vb' + n9b' = 0. (2.34)
Hence
n qb z
b (&) = -% <0. (2.35)

Therefore we may define

£ =inf{€:b'(s) >0 forall se€(£&).} (2.36)

Therefore £ > —oo = b'(§,) = 0 since 0 < b < 1 = b(—o0) = 1. Furthermore,

b'(£&.) = 0. On the other hand, from equation (2.24) we conclude that nPb*d is

positive and strictly decreasing in (&,, &), in contradiction with ¥ (£,) = 0 = b/(&).
Thus if ¥(£) > 0 in some interval (&;,&) with &'(§;) = 0, we necessarily have

b(&£;) = 0 which again in contradiction since nPb¥b is positive and decreasing in
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(&1,&). Therefore we conclude that b'(¢) < 0 when 0 < b < 1.

2.7 Existence of b for a given n

Let
& =inf{€:b(¢) <1} € RU {-oc};

& =sup{& : b(§) > 0} € RU {+0o0}.

Since b is strictly decreasing on (&}, §2), it follows that the inverse of b(€), denoted by

€ = €(b) is well defined on (0, 1) and takes value in (&), &;). Therefore we may define

n(b) = n(£(b)) (2.37)
and
u(b) = DnP(b)b*b'(£(b)) <0 for all b€ (0,1). (2.38)
In fact, £, = —o0o. We state this in the following lemma.
Lemma 2.1 £ = —o0.

Proof. The proof is similar to the proof of property 2 in previous section.
Let n(b) € V where V is the closed convex set of the Banach space C°([0, 1])

defined by

V :={n(b) € C°0,1], 0 < n <1, limsup ln(b)b <L, n(b) >1/L(1-0b)}
bo1- 1 —

where L is a sufficiently large constant and will be chosen later. We shall see later in

the thesis the reason why we define such a space.
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Differentiating both sides of equation (2.38) with respect to £ we have

u' (D) (€) = DnPb*b" + (DnPb)'b = —vb’ — n9b. (2.39)

Therefore u as a function of b satisfies

pt+q k+1
W (b) = —v - Dltfbi—, be (0,1). (2.40)

Our next step is to derive the boundary condition at 0 and 1.

Lemma 2.2 u(0*) = »(17) = 0.

Proof. If & = +o0, t.e., b is a classical traveling wave, it follows that

u(0%) = lim DnP(b)b*d'(€) = 0.

£—>+00

If & < 400, i.e., b is a finite traveling wave solution, we may assume that it vanishes

at £ = 0. We expect that as £ — 0

b(€) ~ A(=£)°. (2.41)

Substitute this expression into

DnPb*b" + D(nPb*)'Y + vb' +nib' =0

where the derivative is with respect to £, we obtain

anAk+1[a(a _ 1) + ka2](—£)(k“)°_2 + Dpnp_ln'(—Ak“a)(—f)(’”l)""l

—vAa(=€) + nlAl (=€) = 0. (2.42)
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Equating the dominated terms at £ = 0 we have

k+1D)a-2=a-1,

Dn*? A a(a — 1) + ko] —vAa =0

where n* = lim,_,o n(b) > 0.

Hence we have

a=1/k,
kv
A= .
Dn>*p

From the definition of u, we have

u(0t) = lim DnP(b)b*b'(€)

b—0+

= lim Dn?A*(=€) - (—Aa)(=€)/*1

£-0t

= 0.

u(17) = 0 follows from the definition.

Therefore u solves the following singular boundary value problem:

an+0(b)bk+l

u

u'(b) = —v— for b€ (0,1),

subject to

u(0*) =u(17) =0.

We now consider the solvability of this singular problem.

o7

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)



2.7.1 First-order singular boundary value problem

Given n(b) € V, we consider the following existence problem:

Problem P,. Find a pair (v,u) with v > 0 such that

.u'(b) =—v-— Bﬂszbk*_‘ for b€ (0,1), (2.48)
u(0*) =u(17) =0, (2.49)
u < 0in (0,1). (2.50)

2.7.2 Existence of a critical velocity

In this section we show that P, is solvable with a unique negative solution u = u(b)
if and only if v > v* for some positive v* which depends on the choice of n(b).

We first prove the following lemma
Lemma 2.3 If there ezists ¢ € C'(0,1) such that

DnPta (b) prH

50) for b€ (0,1), (2.51)

¢'(b) > —v —

such that ¢(0%) = 0 and ¢(b) < 0 for b € (0,1). Then P, is solvable and the solution
0 > u(b) > ¢(b).
Proof. The proof is based on shooting argument and some comparison techniques.

First, for a fixed constant by € (0,1), note ¢(by) < 0, let a € [@(bo), 0), we consider

the following initial value problem:

k+1,,p+q
u'-—-——v—Db+(b), 0<b<l,

u(by) = a > ¢(by),



and let u represent the unique solution of it. We first claim that u(b) < 0 on (0, by).
Suppose otherwise there is a b* € (0, by) satisfying u(b) < 0 for all b € (b*, by] and

lim u(b) =0.

b—ob+

Since

lim (—vu — DV¥'nPHa(b)) = —D(b*)k+H'nPH9(b*) < 0,
Jim (5) = D))

hence we can find a constant ¢ > 0 such that

—vu — DbFtinpta -
o = U Db 'nP*a(b) > =% 3o
u u(b)

for all b* < b < b* + ¢, which would imply that u > 0 for b* < b < b* + ¢, clearly a
contradiction.

Next we assert if a > ¢(bg), then

#(b) <u(b) <0 for 0<b< by.

Since ¢(by) < a = u(by), we may define

b=1inf{b: @(s) <u(s) for s € (bb)}

Suppose b > 0, then u(b) = ¢(b) and

, D_Ig"“n”‘“" Q
u'(b) = - —7@—()
_ Dy**'nP+e(b)
TN
< ¢'(b),
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which is clearly absurd.

In view of the arguments above, we have proved that u is well defined in (0. by).
Now we may define (0, b,) to be the maximal existence interval for solution u. The aim
is to show that b, = 1 for some a € [¢(by),0). Let u; and u, be two distinct solutions

corresponding to initial value a; and a, respectively. Suppose for definiteness that

a; < Qo,

then

uy <up in (0,min{by,,ba,}),

hence

ba, > ba,-

We now claim that if the | « | is sufficiently small, then

bo <1 and wu(b;)=0.

The trick is to construct an upper solution and use a similar comparison argument

as in the earlier part of the proof of this lemma. Since

lim —vu— Db**'nPH9(b) < 0,
(b,u)—(bo,0)

there exists a sufficiently small constant M > 0 and A < 2M such that

DbF+prta() M

_v_— — —

u u
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forall -\ <u<0and by <b<by+ A Let « > —\ and define

Y= —\a? - 2M(b— by)

for by < b < by + 2%27 which solves the following initial problem:

We have
2

(04
bo+m<b0+/\<1.

Moreover, u'(by) > 0, hence u(b) > u(by) = @ > —\ in a right neighborhood of b,.

Put
2

_ «a
I = [bo, mzn{bo + m, ba}],
we deduce that

u(b) > =X for all bel.

Apply a similar comparison argument as before to conclude u(b) > ¥(b) for all b €

(bo, ba) N (bo, bo + 27). Since ¢(by + 2) = 0, we have

2

o
< —_— .

Now we let o* = inf{a € (¢(b),0) : bo < 1}, then b,- = 1, therefore the
corresponding solution u is defined and negative on (0,1) and u > ¢ in (0,1) and
u(0*) = 0. This completes the proof.

We are now in position to prove the following solvability result for Problem P;.

Theorem 2.2 There exists v* > 0, such that for all v > v*, Problemm P, has a unique
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negative solution.

Proof. We first show P is solvable for v sufficiently large. To this aim, we let

an+q s Sk-H
c= supse(o,l)+, (2.52)
which is well defined. Let
6(b) = —/cb.

Then, for v > 2,/c, we have

Dbk+lnp+q(b)
(b)

DbF+np+a(b)
/b
< —2/c+ve=d¢(b) (2.53)

—v - < =2yc+

for all b € (0,1).
Hence ¢(b) satisfies condition of Lemma 2.3. Therefore P, is solvable for every

v > 2y/c. We now show that P, is not solvable for v = 0. Otherwise, let u solves

u, B _Dbk+lnp+q(b)
u

defined on some interval (a,1) with0 < a < 1 and u(b) < Ofor all b € (a,1). Integrate

the equation above in [b,b] with a < b < b < 1 we obtain
b

u?(b) = u?(b) — 2/ Ds**nP+a(s)ds. (2.54)
b

Therefore, if u(17) = 0, we have

u(b) = —\/2 /: Dsk+inp+a(s)ds (2.55)

which implies 4(0*) < 0, a contradiction.
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We now let

v =inf{v: P, is solvable}

which is well defined and v* > 0 based on the observation above.
We prove that for every v > v*, P, is solvable. Given v > v*, take v such that P,

is solvable with ¥ < v and the unique solution @ for ¥. Since

, _ DbFtinprta(p) Dbk+inP+a(b)

Uu=—0-—>-v—- —,

u u

hence 4 satisfies condition of Lemma 2.3. Therefore, we conclude the solvability for
v.
Finally we prove that P, admits at most one solution. Suppose for contradiction

that u; and u, are two distinct solutions of P,. For definiteness, we assume
ul(bo) > UQ(bo) for bo € (0, 1),

it follows that

DbitnP+a(by) Dbt nP+a(b)
ul(bo) — up(by) = —— P
1( 0) 2( 0) ul(bO) ’U,Q(bo)

> 0. (2.56)

Hence if u,(bo) > ua(bo), then uj(by) > uj(bo). Therefore, it is impossible that

This completes the proof.
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2.7.3 Finite traveling wave at v*

The main goal of this section is to show that b is a finite traveling wave at the
minimum wave speed. We will also show that b is a classical traveling wave if v > v*.

The idea is to characterize the type of b by the value of u'(0%).

Lemma 2.4 4/(0%) =0 or «/(0%) = —v.

Proof. We first show that if u/(b*) = 0 for some sufficiently small b* then u" (b*) > 0.

To this aim, we write

g(b) = D6 *'n"*4(),

it follows that

Note that
g'(b) = Db**'~'nP*971[(k + 1)n(b) + (p + q)bn’(b)] > 0

for b sufficiently small. Hence if there exists b* sufficiently small such that «'(b*) = 0,
g'(b")
u

then u” (b*) = — > 0.

Therefore we conclude that there exists 0 < b < b* such that

"

uw(b)>0 or u (b)<0 on (0,b).
Case 1: u"(b) > 0 on (0,5). In this case u'(0%) < 0 exists and it follows from

(W +v) - % = — Db+ 1pp+a(p)

that «'(0%) = —v.
Case 2: u (b) < 0 on (0,b). In this case, —v < u/(0*) < 0, similarly we obtain

u'(0%) = 0.
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Lemma 2.5 b is a finite traveling wave if and only if v'(0%) = —v.

Proof. If b is finite traveling wave, then from Lemma 2.2, at £ = 0, we have

_ kv 1/k .
b(E) = Doy (—6)' (257)
Therefore by equation (2.39) we have
0% = lim (~v-20)
v e A

kv
_ : a( U i1 e\I/k=1/k+1
= v+€11)r(r)1+n (an) k(=€)

= —u. (2.58)

On the other hand, if v'(0%) = —v, we have

B = tm MO
fli‘?z- ) = Jim == Hp
) v
= - S =
which is _DZ‘P if k =1 and —oo if k > 1. This implies that b is a finite traveling

wave solution.

Lemma 2.6 For v sufficiently large, b(§) > 0 for all € € R. In other word, b(§) is a

classical traveling wave solution.

Proof. Note that for v sufficiently large, there exists A > 0 such that
D
v+ by < —(k+ DA (2.60)

We claim that

u(b) > —AbF*, (2.61)
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for all b € [0,1]. Suppose u(b) < —Ab¥*! for some b € (0,1), then

. Db¥+npta(p)
"b) = -
u'(b) 2(0)
D5k+lnp+q(5)
< —-v+ -,\Bk_-H
< -v+ 2
A
< =Mk A+ < =Xk + DL (2.62)
Hence
u(b) + A < u(b) + \F*' <0 forallb>b (2.63)

which contradicts u(17) = 0.

Now for any & € (—00,&3), let b(&) = by, we have

bo
§o—& = §'(b)db

0
bo k
/ Dn?(b)b W
0 u(b)
< 1 % DnP(b)
- 2y ¥

db = —o0. (2.64)

Hence &; = +o0o which implies that b is a classical traveling wave solution. Note here
we applied the fact that [ > 1.
Now our goal is to show that when v = v*, b is a finite traveling wave solution. In

view of Lemma 2.5, we shall show that when v = v*, the solution of

satisfies u'(0%) = —v*.
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The trick is to construct a converging sequence of solutions which satisfy this

property. To show this, we define a continuous function g,(b) on [0, 1] as:

1
n+2

gn(b) =0 on [0, ], 0 < g, < DbF*'nP*9(b) for be [ 1 , ! l

n+2 n+1
1
— k+l, p+q
and g, (b) = DV*"'nP79(b) on [_n+1’1]'

It holds that

gn S On+1-

We consider the following problem:

To find a function u, : (0,1) &> R~ and v, > 0 such that

un(01) = u,(17) = 0.

Let us emphasize here that v, is also an unknown of the problem. We shall prove the

following theorem.

Theorem 2.3 There ezxists a unique solution u, : (0,1) > R~ and v, of the problem.

u is of class C'.

Proof. The problem is equivalent to

' In 1
= —y, - 11, 2.65
u, v ” on [n ) ] (2.65)
1
n — = nb 07 ’ 2.66
u vpb  on [ —y 2] (2.66)
, 1

- 2.
d(—s) = - (267)
un(17) = 0. (2.68)
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Note that the solution of this equivalent problem is of C' since u'(—5) = —v,. We

apply the shooting argument and comparison techniques on [ﬁ 1] similar as in

Section 3 to the problem:

' In 1
= —y, - — 1, 2.

u, v . on [n+2 ] (2.69)
1 Un

un(n+2) = iy (2.70)
1

! = —

u"(n—i— 2) = —Up. (2.71)

We can show that there exists a unique v, such that u,(17) = 0.
We now examine several properties of u,,. Some of them will be applied in the proof
of the next lemma. The proof is all the similar shooting and comparison argument.

We shall briefly show the proof of the second one.

Lemma 2.7 u, satisfies:

Pl un(b) = —vpb on [0, 5]

p2 up(b) > —v*b for all be|0,1].

p3 up > upyy for allb € [0,1].

Proof. p2 Since u,(b) = —vn(b) > —v*b on (0, ;35], hence if 3 b such that u,(b) <

—v*b for some n, b must be in (-1, 1]. Furthermore, 3 b € (-, ) such that u,(b) =
n+2 n+2

—v*b and v/, (b) < —v*. However,

which is a contradiction.
Now we will prove that v, determined in the theorem above has the following

properties.

Lemma 2.8 {v,} is monotone increasing and lim,,_, ;o v, = v".
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Proof. First we show that {v,} is monotone increasing. Suppose v, > v,y for

some n. Then,

1 —Un —Un+1 1
n = < up .
u(n+2) n+2 n+2 . +l(n—+-2)
We also have
1 gn+l(’l_) 1
’ = —v, < —v, _ n+2 ]
since
( l)>0
gn+l n +2

Hence u,(b) < tn41(b) in a right neighborhood of —15, therefore in this neighborhood

UL (b) = —vp — L2 < —ppyy — L — oyl (B).
Up Un+1

Hence
1 1
un(b) - un+l(b) < un(n__*_2) - un+l(n n 2) <0
for all b € 35, 1].
This is a contradiction with u,(17) = u,4+;(17) = 0. Hence
Un S Un41-
We now prove that v, < v*. Suppose 3 v,, > v*, then
1 —Un —-v* 1
() = g2 <nvz <G

where we have applied the fact that v’ > —v* for all b € (0, 1).

We also have

1 ) Up < < !
= - —v u
n+2 " n+2

Un( )-
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Hence u,(b) < u(b) < 0 is a right neighborhood of ﬁ For every b in this neighbor-

hood, we have

a n bk+l p+q(}
ul(b) = —v, — CLEP L DY) u'(b).
Un u u

Hence we conclude that
un(b) < u(b) for all be ! 1
" n+2’

which contradicts with u,(17) = u(17) = 0.

|
Finally, we show lim,,_, ,, v, = v*. Let L

o = limsupv, < v*.
n—+o0o

Note that we may define u(b) = lim,,_, ;o un(b), we have

1 ) 1
u) - uy) = Jim (w0 - unl)
b
= lim u;,
n—o+oo J 1
n+l
b
= lim —Up — 9
n—a+4oo f_1 Up
n+l
b k+l,p+q
_ / _g_ Do nPe(b) (2.72)
0 u
Hence u solves
k+lp+q
u=—-7-— l_)b__z___(b_) on (0,1),

Moreover, we have u(0*) = 0 and u(17) = 0.
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By the definition of v* we conclude that 7 > v*. Hence © = v*. Note that

u(b) = lim wu,(b) > —v'b for be|0,1).

n—+0oo
Applying monotone convergence theorem to {u,} we can show that u solves

k+l,.p+q
u=-v —Db+(b) in (0,1),

Hence

Therefore

This shows that the traveling wave at minimum wave speed v* is of finite type.

We conclude this section with a few properties of the negative solution u.

Lemma 2.9 Let u = u(b) be a negative solution of Problem P,. Then, there ezists

u'(17) = 0.

Proof. Let u(b) be a solution of P,. Let M := limsup,,,- % and m :=

liminf,_,,- 25_9} > 0. There are three possible cases: eitherm =M >0orM >m >0

and M = m = 0. We show the first two are impossible.

In fact, if m = M > 0, then

Dnrtapk+ip — 1
. ’ S I - _
bl—ln—u(b) =-v- lim b—1 u(b) v<0,

a contradiction. Here we applied the fact that limsup,_,,- ’1‘(_”2 <L.
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If M >m > 0. Then for any given mqy € (m, M) there exists a sequence {b,}

which converges to 1 such that

Hence,

p+a(p bk+l
lim «'(b,) = lim —v-— 1 D), -v <0,
n—+00 n—+00 my bn - 1

therefore we may assume u'(b,) < 0 for every n. On the other hand,

(H) = [von - 202 = vt —ma >0

!

A contradiction to previous statement that ('gé’-’%) < 0. Therefore, M = m = 0,
b=bn

i.e., there exists v'(17) = 0.

Using this lemma, we can further show that

Lemma 2.10 For the solution u of Problem Py, there erists C, < 0, Cy < 0 such

that
Ca(1 — b)P*9 < u(b) < C,(1 — b)P*9 for b sufficiently close to 1.

Proof. We only need to show that it is impossible to find negative constants Cj, C,
such that u(b) > Cy(1 — b)P*9*7 or u(b) < Co(1 — b)P*97 forany y >0asb— 1-.

Otherwise, we either have

an+qbk+l
u(b)
DnPtapr+
> v - =
- Ci(1 — b)rtaty
_ D(1/L)P+9(1 = b)prapk+!
Ci(1 = bpra

) = -v-

v
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for b sufficiently close to 1. A contradiction to Lemma 2.9.

Or we have

DLP+I(1 — b)Prapk+
v — =
= Ci(1 — b)p+a—

as b — 17. A contradiction to Lemma 2.9 again.

In fact, we can improve this result in the next lemma.

Lemma 2.11 There ezists Co < 0 such that u(b) > Ca(1 — b)P*? for all b € [0, 1].

Proof. Suppose that there exists b € [0, 1] such that u(b) < Cy(1 — b)**9. Then we

have

. DnPta(b)br+
DILrP+I(1 — 5)p+q5k+l
< —-v- =
- Co(1 - b)p+q

< —Calp+q)(1 = by

for C; sufficiently large so that

+qpk+1 _
— - _IZLiCb_ < -Cy(p+4q)(1 - b)p+q—1_
2

Thus
u(b) — Cy(1 = b)P < u(b) — C(1 = b)P*7 < 0

for every b > b. A contradiction to u(17) = 0. This ends the proof. This result is

illustrated in Figure 2.6.
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« C,(1-p)**?

Figure 2.6. Sketch of u

2.8 The Equivalent Problem

Now that we have shown that for any n € V, there exists a v* which depends on the

choice of n such that b is a finite traveling wave, we may assume that
b(() =0 for £>0. (2.73)

We shall simplify the problem by reducing it to a system in the interval £ < 0 only.
Note that n satisfies

n +vn'=0 for £>0. (2.74)

We have the following lemma:
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Lemma 2.12 The problem

n +wm' =0 in (0,+00), (2.75)
n(0) =n* with 0<n* <1, (2.76)
n'(0) = v(1 — n*), (2.77)

has a unique bounded solution that satisfies limg_, oo n(€) = 1.

Proof. We consider the following ODE system:

A phase plane analysis shows that every trajectory can intersect the n — azis at
most once. Hence p’ changes sign at most once, and consequently n(+oo) exists. Let

n(+00) = ¢, a direct integration shows that

+00 +00
n )
/ n = - / v,
0 0

hence

—v(l = n*) = —ve+vn".

Therefore

lim n(é) =c=1.

§—+o00

In view of this lemma, we may reformulate the problem into:

Problem P,. Find (v,b,n) with v > 0 such that

D(@”b*)" +vb + 0% =0, €<0, (2.78)
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n +uen' —ni'=0, €£<0, (2.79)
n'(0) = v(1 = n(0)), n(-o0) =0, (2.80)
b(—o0) =1, b(0) =0. (2.81)

We have seen that as £ varies from —oo to 0, b = b(§) decreases monotonicity from

1 to 0. We can therefore define

& =¢€(b) as the inverse function of b(&)

where b varies from 0 to 1 and £ takes value in (—o0,0).

As before we define

u(b) = DnPb*b'(£(b)) < 0 for all be (0,1) (2.82)
and
n(b) = n(&(b))- (2.83)
Since
d d _ ub) d
&“b(@'%’pnfb* db’

we can transform problem P, into the following equivalent problem:

Problem P;. Find (v,u,n) solves

k+l,p+q
u=-v-— @——Z—ﬁ, (2.84)
u u ., u o, .
m(mn ) + vaknPn - qubl = 0, (280)
u(0%) =u(17) =0, (2.86)
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, . Dbknp
n'(0*) = v(1 — n(0)) -blir(g (0)

= —(1-n(0))Dn(0)’(k=1), n(17)=0, (2.87)
u<0 in (0,1) (2.88)

we shall also need

1 k. p
/0 Iztb(br)’ db = —oo. (2.89)

Remark. The first equality in equation (2.87) is equivalent to the first equality

of equation (2.80) only for £k = 1. Therefore from here we shall take k = 1.

2.9 A fixed point

Give n(b) € V, let (v,u) be the unique solution of Problem P, such that v'(0%) = —v,
i.e., the corresponding b is a finite traveling wave. Consider the following:

Problem P;. Find ni(b) such that

DnPndbt+l

(pps™) +vil = ————=0in (0,1), (2.90)
A'+D(1-a)nP =0at b=0, (2.91)
(1) = 0. (2.92)

We shall show that Problem P, admits a unique solution that is also in V. To

prove this fact, we begin with the following local existence result.

Lemma 2.13

u DnPrdb+k
~1I\! ~1 _ — : 2
(Db"nl’n) +vn — 0in (0,1), (2.93)
fl(O) =ng, 0<nyg<l, (294)
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7'(0) = D(ny — 1)n*?, (2.95)
n(b) > 0 for b > 0 and close to 0. (2.96)

has a local solution. Here n* = lim,_,o n(b).

Proof. Take

E = {a(b)|7(b) € C([0,bo]),0 < 7 < ng for 0 < b < b,

and some small by > 0 to be determined later}.

Then E is a closed convex set in C([0, by]). Before proceeding it is helpful to rewrite
equation (2.93) as an equivalent integral equation. Assuming that n is a smooth

solution on the interval (0, b] with by < 1, we integrate once to get

sl+l

v, . u(s) _, . /b DnPp?
-1 b) — = _— 2.97
Dann s—%h Dsn}’(s)n +vn(b) — vng 0 u(s) ( )
Since
: u(s) ~! __ —v _ =P
D, Dsn?(s) " Drer Dm0 = 1),
we have

u b DnPRasiH

Dbnl’ﬁ, + 'Uﬁ(b) -V = /0‘ W (298)

A second integration yields

Sy > Dsn®(s) . > Dsn? [* DnPadr!'+
n(b) = ng +/0 u(s) v(1 - n(s))ds+/0 u(s) /0 a(r) dr. (2.99)

For small by and 0 < b < by, we have

0<n<ny<+oo,
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dr < C < 4.

P p b ppparltl
_ Dbn (b)v(l _ ) + Dbn /' DnPniTt
u(d) Jo  u(r)

This shows the operator defined above is a compact operator. Therefore it has a

fixed point in E, i.e., it has a local solution.

To establish the existence and uniqueness of solution to P;, we shall also need to

following lemmas:

Lemma 2.14 If n(0) = nq is sufficiently close to 1, then n(1) > 0. If 2(0) = ng is

sufficiently close to 0, then n(b) = 0 for some 0 < b < 1.

Proof. We prove this Lemma by contradictions. We start with the following equa-

tion:
p b P ol+l bnP
7+ ”Db"n-[v+/ DrPnts ]D". (2.100)
u 0 u(s) u

Let h(b) = 2% which is clearly nonpositive. The above equation can be rewritten as

b b b
(elo Ph()s7)1 = elo vh()ds py(p) [v +/ h(s)ﬁqs’ds] . (2.101)

0

Let H(b) = elovh)ds and J(b) = v + fob h(s)79s'ds. Integrating both sides, we have

b
H(b)n —n(0) = ovH%)()

- —H(b)J(b)——H 0)J(0) / ~ H(s)h(s)7%(s)s'ds

= CH)J0) -1~ / L H(s)h(s)9(s)s'ds. (2.102)

Suppose that ng is sufficiently close to 1 but n(b) = 0 for some 0 < b < 1. Then

the left side of the above equation is sufficiently close to -1. But since H(b) > 0,

J(b) = pesn' 4+ va(b) > 0 and fo 1H(s)h(s)n9(s)s'ds < 0. Thus the equality above

is impossible. Hence we conclude that n(1) > 0 for ny sufficiently close to 1.
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To prove the second statement, we note that

£(0) = lim Y = im - 22
b0 b b—0 u
for { > 1.
Since
u oo ( u )'+v ﬁ,+anfqul+'
Dbnp N Dbnr U
u' u upnP~in’ ., DnPpap'+!
_ _ _ Znno (21
[Dw D~ Donw TVt (2103

and

’ n
lim ° u (0)

—_ - - =0
450 Dbn? DW2nP ~  2Dn*?

Thus if p = 0, [ > 1, we have 7" (0) < 0.

Note that there exists § > 0, such that

v

u u v u
(v+m—ﬁ)>§ and 2<|5|<2v on [0,4].

We claim that 72" < 0 on{b € [0,4] : & > 0}.

If not, 3 4, € (0,6) such that

n

7'(6) =0, @(b)<0 on (0,4).

Thus if we let

We have I(4,) = 0.
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On the other hand,

v_, Dn?(0)
1>—-§n(0)— 72

8'>0 for n(0) << 1.

This ends the proof of the lemma.

Remark. Note in the proof of this lemma, we added the restriction on p and [
such that p =0, [ > 1. We expect the result to be true for more general p and [. For
the rest of this thesis, keep in mind that p = 0 even though our argument as follows

does not necessarily need this condition and thus we shall still keep this notation.

Lemma 2.15 Let n,, n, be the solutions corresponding two different initial value
nio and ny with nyg > ng, then ny > ny on [0, min{T (ny), T(ny)}] where T(n;)

represent the corresponding mazimal ezistence interval in the sense that n(T) = 0.

Proof. Suppose otherwise there is a by € [0, min{T (n10), T(n20)}] such that 7, (by) =

fi2(bp) and 7; > 7 on [0, by), then 7 (by) < 75(by). We should have

u(bo) 5! ~ u(bO) - -
=i} (b bo) — v > = bo) — .
DbonP(bo)n‘( 0) + v (bo) — v > Dbonp(bo)nz(bo) + vtz (bo) — v, (2.104)
while
b DnPals!t bo Dppidsi+
7o < — 2.105
./o u(s) /o u(s) ( )

which is clearly a contradiction to (2.98).

In view of the above Lemmas, we have established the following theorem

Theorem 2.4 Problem P, admits a unique solution. The solution n satisfies the fol-

lowing property:




n

li <L,
g <

-M < <0.

Proof. Since equation (2.90) is only degenerate at b = 1. The boundedness of 2’ on
[0,1) follows from standard ODE theory. We shall study the boundedness at b = 1.
To this purpose, we let n(b) ~ (1 —b)* with o > 1 as b — 1. Let #(b) ~ (1 — b)? as

b — 1. In view of equation (2.90), we have

DnpPtae
U~ — n as b— 1.
v
Thus as b — 1, 7 satisfies
q 7q
("—Uﬁ')' + it + v% =0. (2.106)

Suppose that 8 < 1, matching the leading singular terms in the equation above, we

have
or
_ag—1
B = |

This is clearly impossible since a > 1. Thus we conclude 8 > 1, or equivalently, 72'(1)

exits. In fact, by matching the coefficients, one can show that

lim sup <L.

b—1- -b
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Let W = 57/ and differentiate (2.85), we get

u

T W) + oW — gt ta'b — %'t = 0. (2.107)

(

Also
w(0) >0, W()=0.

The maximum principle yields W > 0 in (0,1), ¢.e., 7' < 0 in (0,1). Note that to
deduce W (1) = 0, we have applied the fact that 72'(1) is bounded.

By Lemma 2.14, we have the bound on 7(0). The uniqueness follows from Lemma
2.15. This ends the proof of this theorem.

We shall now combine Lemma 2.15 with Theorem 2.4. For every n € V, we define
(v, u) to be the solution of P, and # by Theorem 2.4, and introduce the mapping T
by

Tn =n.

Clearly, T maps V into itself, and its image lies in a compact subset of V' (since
—M < 7/ < 0). By the uniqueness part in Lemma 2.15, it also follows that T
is continuous. Invoking the Schauder fixed point theorem, we conclude that there
exists at least one fixed point for . We shall denote it by (v*,u,n). To show that
the corresponding (v*,b,n) is a solution to problem P, we shall only need to show
equality (2.89).

In fact, we do have the following conclusion.

1 Dbknp
o u(b)

Proof. We shall start with the following facts. There exists a constant L > 0 such

db = —o0.

Lemma 2.16

that n(b) > 1/L(1 — b) and a constant C, < 0 such that u(b) > C3(1 — b)?*9 where

(u,n) is the pair in the fixed point stated above. The first fact is trivial. The second
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n(b) 1

c,(1-b)

Figure 2.7. Sketch of n

fact follows from Lemma 2.11. Thus

I Dbne DB (1/LPA b
[ o< ) oty -

Remark. Note that we kept k¥ and p here and it is true for general k£ and p as long

asq > 1.

2.10 Instability of Flat Front

In this section, we carry out the linear stability analysis of the traveling wave front.
A similar analysis on a nondegenerate reaction diffusion system can be found in the

papers by Horvath et al.[36, 37]. They introduced a small spatial perturbation of the
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traveling wave solution. Upon linearization of the system, they obtained a dispersion
relation. Using numerical method, they obtained a detailed diagram of the dispersion
relation and explained the instability phenomenon. Because of degeneracy at the flat
wave front, we not only perturb the wave front but also the bacteria and nutrient
function at the front.

The system we will analyze takes the form

% = DAV + nb, (2.108)
%? = An —nb. (2.109)

For the convenience of analysis, we introduce the perturbed coordinate:

n = £ + eexp(At) cos(qy)

in terms of which the bacteria and nutrient density can be expressed as

b(n, y,t) = bo(n) + €by(n)exp(At) cos(qy),

n(n,y,t) = no(n) + eny(n)exp(At) cos(qy).

Here £ is the traveling wave coordinate, by and ng are the traveling wave solutions.

ny = (ng)y(—vo + eXexp(At) cos(qy)) + €(n1),(—vo + eXexp(At) cos(qy))exp(At)
cos(qy) + eny Aexp(At) cos(qy),

Nzz = (N0)gm + €(n1)mezp(At) cos(qy),
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= (ng),(—€q)exp(At) sin(qy) + €(ny),(—eq)exp(At) sin(qy)exp(At) cos(qy) +

enjexp(At)(—q) sin(qy),

My = (n0)y(—eq?)exp(At) cos(qy) + (n0)an(—cq) exp(2Mt) (sin gy)’

+enezp(At)(—g?) cos(qy) + O(€?).

Substituting the above expressions and Equalizing the € terms in equation (2.109),

we obtain

(no),,/\ - Uo(nl),’ + nl/\ = (nl)rm - qz(no),, - q2n1 - nobl - ’nlbo. (2110)

Similarly we calculate

b = (bo)n(—vo + eAexp(At) cos(gy) + €(b1)y
(—vo + eAezp(At) cos(qy))exp(At) cos(qy) + by Aexp(At) cos(qy)
(6% = (k+1)b*((bo)y + €(b1)qezp(At) cos(gy))
(6** )z = (k+1)kb*71((bo)y + €(b1)qezp(At) cos(gy))?
+(k + 1)b*((bo) s + €(b1)mmezp(At) cos(gy)
(6**1)y = (k+ 1)b¥[(bo)s(—eq)ezp(At) sin(gy) + €(b1),(—eq)ezp(At) sin(qy)ezp(At)
cos(qy) + ebi (—q)exp(Mt) sin(gy)]
(6" D)y = (k+ 1)b*[(bo)s(—eq)ezp(At) sin(gy) + €(b1)(—eq)ezp(Mt) sin(qy)ezp(Xt)
cos(gy) + ebi (—g)exp(At) sin(gy)]* + (k + 1)6%[(bo)s (eq)? exp(2At) sin®(gy)

+(bo)»(—€q?) exp(At) cos(qy) + eby exp(At)(—q?) cos(qy) + O(¢?)]  (2.111)

Substituting the above expressions into equation (2.108) and equalizing the ¢
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terms, we have

(bo)gA = vo(bi)y + BN = (k+ 1)k(k — 1)b§72b;(bo)2 + 2(k + 1)kb§ ™" (bo)y (b1),
+(k + 1)kbE™1by (bo) gy + (K + 1)(b0)* (b1)m

+(k + 1)(b0)k[—q2(1)0),’ - q2b1] + nlbo + nobl. (2112)

Using equations (2.110) and (2.112) we can linearize the original system (2.108)-

(2.109) into [
L, L b A+Df'q®> 0 by + (b 1
1 L2 1 _ f'q 1+ ( o)n (2.113) B
L21 L22 n 0 A =+ q2 n, + (no),,
where
& )
L“ = Da_f)z(f)+v055+no
0? » Obg 0
= Df'— + (2Df =2 + vy) —
f8112+( f677+U0)3
m ab() 2 n62b0
+Df (617) +Df an? + ny, (2.114)
Lz = by, (2.115)
L21 = TNy, (2116)
0? 0
L22 = 6—7']2 + ’UOE" - bg. (2117)

Here f = b§*! and the differentiation is with respect to by.

Similarly, if we have the following system:

b, =D <7 -(n<7 b5t + nb
¢ v:(nv ) (2.118)

ny, = An —nb
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After some tedious calculation, we arrive at the following linearized system:

Ly L b A+ Dnof'q* 0 by + (b
-u _12 1 _ nof'q 1+ (bo)y 2119)
Ly Ly n 0 A+ ¢ n1 + (no)y
= 0, 0
L“ = Dnoa 2(f)+’l}oa—n+no
2
n b
= Dnof 9 + (2Dn0f 6—9 + ’()o)a2
”n b " b
+Dnof (67;’) + Dnof §—0+n0
0
+Dn0f,(n0) a + DnOf (Tlo) (b0)1h (2-120)
- 0 ,
L, = bo+Df (bo) + Df"((80)n)* + D' (b0)m, (2.121)
Ly = —ny, (2.122)
- 0? 0
L22 = % + vo— an bo. (2123)

Now if we consider the regular perturbation, similarly we obtain the following lin-

earized system:

L), Ly, by _ A+ fl¢® 0 b, (2.124)

L21 L22 fll 0 A + q2 T-ll

This implies that

As we’ve seen before, by is singular at the front, the above expression indicates that %01

1s not a small perturbation. That’s why we can’t use the usual perturbation method.
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For this eigenvalue problem, we consider two separate regions. For n > 0, we have

which can be solved. In fact,

ny = (1 — co)voexzp(—von) + doexp(—wn).

. -/ +4(A+¢? : . . "
with w = @ and dp is to be determined using the boundary condition at

n = 0. Since n, and its derivative are continuous at n = 0, we have
n1(0) = (1 = co)vo + do,

and

6,,711 = —(1 - C())’Ug - dow.

Since we require that b, /by is bounded, we may assume that at 7 = 0 b, vanishes as
by = B(—n)”.

By a straightforward calculation we obtain

_ _L(@)l/k
k’Uo D

and

| =
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Hence

b A
b_:,_)k_u for n—-0

which is finite.

The boundary conditions at 7 — —oo are given by

bl - 0, 8,,b1 — 0,

n — O, 8,,111 — 0.

Note A is small when ¢ is small. Also n; = 0 and b, = 0 for ¢ = 0 and so for
small ¢, b, and n, are both of order ¢? too. This implies that in equation (2.113) for
g small, the terms on the right hand side involving b, and n, are of order ¢*. Hence

to order ¢, we have

Ly, L b, _ A+ Df'g* 0 (bo)n (2.125)
Ly La ny 0 A+¢° (no)y
Let L* be the adjoint operator of L which is obtained from
oo (o} % h
[ wwr - [ @ner (2.126)
—o° b2 - (2
Let ; and 3 be the eigenvector of
1 92 i)
Lo = | Plom — oz o _2"0 (2.127)
bo ’53—"7 - '1,’0567’ - b()
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Hence by the definition of L*, we have

o0 by * ()
/(1/11,1#"2)[/ =/ (by,by)L*

* n o 02

Hence

o0 A+ Df'q® 0 9%
[ wiut L
00 0 A+ ¢? %’;ﬁ
from which we obtain the following relation
ob on +oo ob on
3T e ng =g [ ons 54 u 5
—00 77 77 —00 77 aT]
So when ¢ is small, we have
@ h
A" " I,
with
+00 an
h= [ (Dns G+
and

ob 0
12=/ (1/)1 g 1!’2&)

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

From this dispersion relation, one may be able to conclude that for fix k, there

exists a threshold Dj such that the flat interface is unstable for small ¢ if D < Dy

and it is stable for all ¢ if D > D,. A possible dispersion diagram is as shown in

Figure 2.8.

This can be explained in the following way. We consider a perturbed flat front

moving from left to right as sketched. At the tip of bacteria finger that penetrate
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Figure 2.8. An illustration of the dispersion relation for different D values

into the nutrient region, the nutrient gradients are compressed and the nutrient
diffusion is enhanced. The "feeding” of the interface from the nutrient is hence
enhanced there, and this tends to make such fingers grow larger. On the other hand,
on the back of such fingers, the bacterial diffusion is reduced, this tends to reduce
the finger from growing, and hence stabilize the interface perturbation. The relative
strength of the two effects is determined by D. When D > Dy, the stabilizing effect

takes over, when D < Dy, the destabilizing effect wins over.
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