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ABSTRACT

INVERSE MEDIUM SCATTERING FOR ELECTROMAGNETIC
WAVE PROPAGATION

By

Peijun Li

This thesis focuses on the study of continuation methods for solving inverse
medium scattering problems from electromagnetic wave propagation.

The first Considers a time-harmonic electromagnetic plane wave incident on a
medium enclosed by a bounded domain in R3. A continuation method for the inverse
medium scattering problem, which reconstructs the scatterer of an inhomogeneous
medium from boundary measurements of the scattered wave, is developed. The algo-
rithm requires multi-frequency scattering data. Using an initial guess from the Born
approximation, each update is obtained via recursive linearization on the wavenumber
k by solving one forward problem and one adjoint problem of Maxwell’s equations.

In part two, we consider the inverse medium scattering problem for Helmholtz’s
equation at fixed frequency. A new continuation method for the inverse medium
scattering is developed. The algorithm requires only single-frequency scattering data.
Using an initial guess from the Born approximation, each update is obtained via
recursive linearization on the spatial frequency of a one-parameter family of plane

waves by solving one forward and one adjoint problem of the Helmholtz equation.
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Introduction

Consider an electromagnetic plane wave propagating in a homogeneous medium. In
the absence of any inhomogeneities, the wave will continue to propagate and nothing
of physical interest will happen. However, if there are inhomogeneities present, the
wave will be scattered and we can express the total field as the sum of original incident
wave and the scattered wave. The behavior of the scattered wave will depend on both
the incident wave and the nature of the inhomogeneities in the medium. The direct
problem, given this information, is to find the scattered wave. The inverse problem
takes this answer to the direct scattering problem as its starting point and ask, what
is the nature of the inhomogeneities that gave rise to such scattered field behavior?

This thesis focuses on the study of continuation methods for solving inverse scat-
tering problems. These inverse scattering problems arise naturally from diverse ap-
plications such as medical imaging, nondestructive testing, and geophysical explo-
ration [10]. Two major difficulties for solving these inverse problems by optimization
methods are the ill-posedness and the presence of many local minima. Based on
multi-experimental data with physical parameters, we have developed regularized
continuation methods to solve the inverse medium scattering for three-dimensional
time-harmonic Maxwell’s equations and the inverse medium scattering for Helmholtz
equation at fixed frequency.

In Chapter 1, we consider a time-harmonic electromagnetic plane wave incident

on a medium enclosed by a bounded domain in R3. Existence and uniqueness of the



variational problem for direct scattering are established. An energy estimate for the
scattered field with a uniform bound with respect to the wavenumber is obtained in
the case of low frequency on which the Born approximation is based.

The inverse medium scattering problem is to determine the scatterer from the
measurements of near field currents densities on the boundary, given the incident
field. Although this is a classical problem in inverse scattering theory, little is known
on reconstruction methods, especially in the three dimensional case, due to the non-
linearity, ill-posedness, and the large scale computation associated with the inverse
scattering problem. Our goal is to present a recursive linearization method that solves
the inverse medium scattering problem of Maxwell’s equations in three dimensions.
The algorithm requires multi-frequency scattering data, and the recursive lineariza-
tion is obtained by a continuation method on the wavenumber k. It first solves a linear
equation (Born approximation) at the lowest k, which may be done by using the Fast
Fourier Transform. Updates are subsequently obtained by using higher and higher
wavenumber k. Using the idea of Kaczmarz method, we use partial data to perform
the nonlinear Landweber iteration at each stage of the wavenumber k. For each iter-
ation, one forward and one adjoint state of the Maxwell’s equations are solved. This
may be implemented by using the symmetric second order edge (Nédélec) elements.

Chapter 2 considers a time-harmonic electromagnetic plane wave incident on a
medium enclosed by a bounded domain in R?. Existence and uniqueness of the
variational problem for the direct scattering are established. An energy estimate for
the scattered field is obtained on which the Born approximation is based. Fréchet
differentiability of the scattering map is examined.

The main purpose of this work is to present a single-frequency inversion method,
and to demonstrate the efficiency of a new continuation method for the inverse
medium scattering. The illuminating fields, including the high spatial frequency

evanescent plane waves, form a one-parameter family of plane waves. When the ob-



ject is probed with the high spatial frequency of the evanescent plane waves, only a
thin layer of the object is penetrated. Corresponding to this exponentially decaying
incident field, the scattered field which is measured on the boundary contains infor-
mation of the object in that thin layer. Such a measurement is entirely inadequate
to determine the whole object. However, the measurement may be used to obtain an
approximation. The evanescent plane waves with less spatial frequency are needed
to illuminate the object. While the probing energy penetrates a thicker layer of the
object, the relation between the measurement and the scatterer to be recovered in
the thicker layer becomes more nonlinear. These nonlinear equations can be consid-
ered as perturbations to the already solved equations at the previous thicker layers,
and therefore can be continually and recursively linearized with standard perturba-
tional techniques. Thus, the recursive linearization is a continuation method on the

transverse direction of the incident waves, which controls the depth of its penetration.



CHAPTER 1

Inverse Medium Scattering
Problems for Electromagnetic

Waves

1.1 Introduction

Consider the systems of time harmonic Maxwell’s equations in three dimensions

V x E! = iwp*HE, (1.1.1)

V x Ht = —iws*Et, (1.1.2)

where Et and H! are the total electric field and magnetic field, respectively; w > 0 is
the frequency; and €* and p* are the electric permittivity and the magnetic perme-
ability, respectively. Denote by €9 > 0, po > 0 the permittivity and permeability of
the vacuum. The fields are further assumed to be nonmagnetic; i.e. u* = uo. Rewrit-
ing €* = goe, € = 1 + g(x) is the relative permittivity, where g(z) is the scatterer,
which is assumed to have a compact support, and R(g(z)) > —1.

Taking the curl of (1.1.1) and eliminating the magnetic field H?, we obtain the



uncoupled equation for the electric field Et:
V x (V x Et) — k%Et = 0, (1.1.3)

where k = w,/Eofto is called the wavenumber, satisfying 0 < kp i < k < kmax < oo.

The total electric field E? consists of the incident field E? and the scattered field E:
Et=E'+E.
Assume that the incident field is a plane wave of the normalized form [10]
El = ikpelhT -7, (1.1.4)

where 7 € S? is the propagation direction and p’ € S? is the polarization satisfying

—

p- 1 = 0. Evidently, such an incident wave satisfies the homogeneous equation
V x (V x E') - K2E* = 0. (1.1.5)
It follows from the equations (1.1.3) and (1.1.5) that the scattered field satisfies
V x (V x E) — k%E = k%q(z)E". (1.1.6)

In addition, the scattered field is required to satisfy the following Silver-Muiiller radi-
ation condition:

ranxEx%—Mﬂ=Q

li
T — 00
where r = |z|. In practice, it is convenient to reduce the problem to a bounded domain

by introducing an artificial surface. Let Q2 be the compact support of the scatterer

g(x). Assume that R > 0 is a constant, such that the support of the scatterer, €,



is included in the ball B = {z € R3 : |z|] < R}. Let S be the sphere of the ball,
ie. S={r € R3:|r| = R}. Denote v the outward unit normal to S. A suitable
boundary condition then has to be imposed on S. For simplicity, we employ the first

order absorbing boundary condition (impedance boundary condition) [22] as
vXx (VxE)+ikvx (vx E)=0 onS. (1.1.7)

Given the incident field E?, the forward problem is to determine the scattered field
E for the known scatterer g(x), which is assumed further to be in L>°(B). Based on
the Helmholtz decomposition and a compact imbedding result, the forward problem
is shown to have a unique solution for all but possibly a discrete set of wavenumbers.
Furthermore, an energy estimate for the scattered field, with a uniform bound with
respect to the wavenumber, is given in the low frequency case. The estimate provides
a theoretical basis for our linearization algorithm. For numerical solution of the for-
ward scattering problem in an open domain, the reader is referred to (25, 26, 27, 32]
and references therein. The inverse medium scattering problem is to determine the
scatterer g(x) from the measurements of near field current densities, the tangential
trace of the scattered field v x E|g, given the incident field. Although this is a clas-
sical problem in inverse scattering theory, little is known on reconstruction methods,
especially in the three dimensional case, due to the nonlinearity, ill-posedness, and
large scale computation associated with the inverse scattering problem. We refer the
reader to [1, 13, 19, 20, 34] for related results on the inverse medium problem. See
[10] for an account of recent progress on the general inverse scattering problem.

The goal of this work is to present a recursive linearization method that solves
the inverse medium scattering problem of Maxwell’s equations in three dimensions.
The reader is referred to [3, 8] for recursive linearization approaches for solving the

inverse medium scattering problems in two dimensions. Our algorithm requires multi-



frequency scattering data, and the recursive linearization is obtained by a continuation
method on the wavenumber. It first solves a linear equation (Born approximation)
at the lowest wavenumber, which may be done by using the fast Fourier transform
(FFT). Updates are subsequently obtained by using higher and higher wavenumbers.
Following the idea of the Kaczmarz method (29, 30, 13|, we use partial data to per-
form the nonlinear Landweber iteration at each wavenumber. For each iteration,
one forward and one adjoint state of Maxwell’s equations are solved, which may be
implemented by using the symmetric second order edge (Nédélec) elements.

The plan of this paper is as follows. Analysis of the variational problem for
forward scattering is presented in section 1.2. Based on the Helmholtz decomposition,
a compact imbedding result, and the Lax-Milgram lemma, the well-posedness of the
forward scattering is proved. An important energy estimate is given. Section 1.3 is
devoted to the numerical study of inverse medium scattering. Using the initial guess
of the reconstruction derived from the Born approximation, a regularized iterative
linearization algorithm is proposed. Numerical examples are presented in section 1.4.

The paper is concluded with some remarks and future directions in section 1.5.

1.2 Analysis of the Variational Problem for For-
ward Scattering

In this section, the variational formulation for the forward scattering problem is dis-
cussed. The analysis provides a criterion for weak scattering, which plays an impor-
tant role in the inversion algorithm.

To state our boundary value problem, following (28], we first introduce the stan-



dard Sobolev spaces:

L(S)={ue (L*9S))}: v-u=0 onS},
H)B)={u€ H(B): u=0 onS},
H(curl, B) = {u € (L*(B))*: V x u € (L*(B))%},

Himp(curl, B) = {u € H(curl, B) : v x u € L}(5)},

where Hinp(curl, B) is an appropriate subspace of H(curl, B) for solving problems
involving the impedance boundary condition. Correspondingly, these spaces are

equipped with the norms

el 205yl vl 25y

+ || Vu |17

“ u HZH(curl, B):” u HzLZ(B))"S + ” Vxu ”:(ZL2(B))J’

u 12 = u ||? :
1 W crrt, BY = W (curt, ) + 17 ) -

For convenience, denote the (L?(B))* and (L?(S))? inner products by
(u, v) = / u-vdr and (u,v)= /u-ﬁds,
B s

respectively, where the overline denotes the complex conjugate. Introduce the bilinear

form a : Hipp(curl, B) x Hipp(curl, B) — C;

a(E,¢) = (V x E,V x ¢) — k2(¢E, ¢) + ik(v x E,v x ¢),



and the linear functional on Hjmp(curl, B);

b(¢) = K*(¢E*, ¢).

Then we have the weak form of the boundary value problem (1.1.6) and (1.1.7): find
E € Hipp(curl, B) such that

a(E,$) =b(¢) V¢ € Hipp(curl, B). (1.2.1)

Throughout the paper, C stands for a positive generic constant whose value may
change step by step but should always be clear from the context.
Before presenting the main result for the variational problem, we state several

useful lemmas. The reader is referred to [28] for detailed discussions and proofs.
Lemma 1.2.1 (Helmholtz decomposition). The spaces X and Y are closed sub-
spaces of Hinp(curl, B), which is the direct sum of the spaces X andY, i.e.,
Hipp(curl, B) = X @Y.
Here
X = {u € Himp(curl, B) : div(eu) = 0, in B}

and

Y ={V¢: €€ Hy(B)}.

Lemma 1.2.2 (compact imbedding). The space X is compactly imbedded into the
space (L?(B))3.

Lemma 1.2.3 (Friedrichs inequality). There ezists a positive constant C, inde-



pendent of the wavenumber, such that for allu € X

| u ”(LQ(B)):’S C (” Vxu “(L2(B))3 +|lvxu ”(L2(S))3) .

Next we prove the well-posedness of the variational problem (1.2.1) and obtain
an energy estimate for the scattered field with a uniform bound with respect to the

wavenumber in the case of low frequency.

Theorem 1.2.1. If the wavenumber is sufficiently small, the variational problem
(1.2.1) admits a unique weak solution in Hinp(cur,B)y given by E = u + Vp, while

u € X,p € HY(B). Furthermore, we have the estimate

I E g, < CkIQM* [ g ;= py- (1.2.2)
imp(curl,B) ( )

where the constant C is independent of k and Q) is the compact support of the scatterer.

Proor. Using the Helmholtz decomposition, we take £ = u + Vp and ¢ = v + V¢,
for any v € X,€ € H}(B). Observe that a(u, VE) = 0, for any £ € Hj(B), by the
definition of X. Therefore, we decompose the variational equation (1.2.1) into the

form
a(u,v) + a(Vp,v) + a(Vp, VE) = b(v) + b(VE) Vv e X, €€ Hy(B). (1.2.3)
First, we determine p € Hj(B) by the solution of
a(Vp, VE) = b(VE) V&€ Hy(B),
which gives explicitly

—(eVp, VE) = (¢E*, VE) V€€ HY(B).

10



The existence and uniqueness of the solution p in Hj(B) may be proved by a direct

application of the Lax-Milgram lemma with the estimate
1Vp ll(12(g))s< CHIQM 4 ll (). (12.4)
Rewrite (1.2.3) as
a(u,v) = b(v) —a(Vp,v) VveX (1.2.5)
and decompose the bilinear form a into a = a; + k?a,, where

aj(u,v) = (Vxu,Vxv)+ik(v x u,v x v),

as(u,v) = —(eu, v).

Using the inequality of arithmetic and geometric means, we conclude from Lemma

1.2.3 that a, is coercive

la;(u,u)| > Ck (H V xu II?LQ(B))B +llvxu ”EL2(5))3) > Ck |l u ”2Himp(curl, B)

Yue X.

The continuity of the bilinear form a; follows from the Cauchy-Schwarz inequality.

Next we prove the compactness of ay. Define an operator A : (L?(B))® — X by
a;(Au,v) = az(u,v) Vv € X,
which gives
(V x Au, V x v) + ik{v x Au,v x v) = —(eu,v) Vv e X.

11



Using the Lax—Milgram lemma again, it follows that

=y
k

” Au ”Hin]p(curl, B)S l u ”(LQ(B))I}, (126)

where the constant C is independence of k. Thus A is bounded from (L?(B))? to X,
and X is compactly imbedded into (L?(B))3. Hence A : (L%(B))® — (L*(B))® is a
compact operator.

Define a function w € (L%(B))3 by requiring w € X and satisfying
a;(w,v) = b(v) —a(Vp,v) VveX.
More specifically, we have by using the Stokes formula that
aj(w,v) = kz(qu,v) + k?(eVp,v) VveEX.
It follows from the Lax-Milgram Lemma that
I w g, (eurt, B)S C (R19Y2 1 g o gy +5 1 VPl 2 3y)0) -
An application of (1.2.4) yields
| w ”Himp(curl, B)S CE*QIV? || q l>(B). (1.2.7)

Using the operator A, we can see that the problem (1.2.5) is equivalent to finding
u € (L?*(B))? such that
(T +KkAu=w. (1.2.8)

When the wavenumber k is small enough, the operator Z + k®A has a uniformly

12



bounded inverse. We then have the estimate

where the constant C is independent of k. However, rearranging (1.2.8), we have

u=w — k®Au, so u € X and, by the estimate (1.2.6) for the operator A, we have

” u IIHimp(Curl, B)S“ w ”Himp(curlvB) +Ck ” u l|(L2(B))3

Combining the estimates (1.2.9) and (1.2.7) leads to

I “Himp(curl,B)S Ck2|Q|]/2 |l q ”L°°(B). (1.2.10)

Finally, it follows from the definition of the norm in Hi,,(curl, B) that

I E ”Himp(curl, B)SII u ”Himp(curl, B) +1IVp ”(LQ(B))3,

The proof is complete by noting the estimates (1.2.10) and (1.2.4) for sufficiently

small wavenumbers. O

Remark 1.2.1. The energy estimate of the scattered field (1.2.2) provides a criterion
for weak scattering. From this estimate, it is easily seen that fixzing any two of the
three quantities, i.e. the wavenumber, the compact support of the scatterer 2, and
the L>°(B) norm of the scatterer, the scattering is weak when the third one is small.
FEspecially for the given scatterer q(x), i.e. the norm and the compact support are

fized, the scattering is weak when the wavenumber is small.

Remark 1.2.2. For a general wavenumber, from (1.2.8), the uniqueness and ezis-
tence follow from the Fredholm alternative. If the scatterer q(x) is more regular, say

of C2(B) [15], unique continuation may be used to prove the uniqueness and thus the

13



existence of the forward scattering problem (1.1.6), (1.1.7) for all k > 0. Otherwise,
if k% is not the eigenvalue for Mazwell’s equations in the domain B, then the operator
T + k%*A has a bounded inverse. However, the bound depends on the wavenumber.

Therefore, the constant C in the estimate (1.2.2) depends on the wavenumber.

From the above discussion, we have the following theorem on the well-posedness

of the variational problem (1.2.1).

Theorem 1.2.2. Given the scatterer ¢ € L™(B), for all but possibly a discrete set
of wavenumbers, the variational problem (1.2.1) admits a unique weak solution in

Himp(curl, B), given by E = u + Vp, while u € X, p € H}(B).

1.3 Inverse Medium Scattering

In this section, a regularized recursive linearization method for solving the inverse
medium scattering problem of Maxwell’s equations in three dimensions is proposed.
The algorithm, obtained by a continuation method on the wavenumber, requires mul-
tifrequency scattering data. At each wavenumber, the algorithm determines a forward
model which produces the prescribed scattering data. At a low wavenumber, the scat-
tered field is weak. Consequently, the nonlinear equation becomes essentially linear,
known as the Born approximation. The algorithm first solves this nearly linear equa-
tion at the lowest wavenumber to obtain low-frequency modes of the true scatterer.
The approximation is then used to linearize the nonlinear equation at the next higher
wavenumber to produce a better approximation which contains more modes of the
true scatterer. This process is continued until a sufficiently high wavenumber, where

the dominant modes of the scatterer are essentially recovered.
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1.3.1 Low-Frequency Modes of the Scatterer

Rewrite (1.1.6) as
V x (V x E) — K2E = k%(z)(E* + E), (1.3.1)

where the incident wave is taken as E! = ikpiel¥ 1. Consider a test function

F = ikpyelk® " 2 where p, 71, € S? satisfy fy - iz = 0. Hence F satisfies (1.1.5).

Multiplying (1.3.1) by F and integrating over B on both sides, we have

/F-[V x (V x E)]dx-k?/ F-Edr=k2/ q(I)F-Eidz+k2/ q(x)F - Edz.
B B B B

Integration by parts yields

/E-[Vx(VxF)]dx+/[Ex(VxF)—Fx(VxE)]-Vds——kZ/F-Edr
B S B

=k2/q(a:)F-Eid:r+k2/q(a:)F-Edz.
B B

We have, by noting (1.1.5),

/[Ex (Vx F)—F x(V xE)] -uds=k2/q(I)F«Eidx+k2/q(a:)F-Ed:c.
S B B

Using the boundary condition (1.1.7) of the scattered field and the special form of

the incident wave E' and F, we get

_/(u x E) - (i, xﬁz)eik-"?’ﬁ?ds+/[u x (v x E)] -ﬁgeikx'ﬁ2ds
S s

=/q(r)F~Eid$+/Q(f)F'EdI~
B B
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A simple calculation yields

. — - 1 . —
:velkx'(""*'n?)dx:—_.——:——/uxE-fi x"+ux"elk$°n2ds
/Bq( ) (P1 - P2)k? s( ) (2 x P2 2

i L ikz - 7t
‘o z)p, - Fel 2dzr.

(P - P2)k /Bq( P2
(1.3.2)

From Theorem 1.2.1 and Remark 1.2.1, for a small wavenumber, the scattered
field is weak and the inverse scattering problem becomes essentially linear. Dropping

the nonlinear (second) term of (1.3.2), we obtain the linearized integral equation

/ qo(aﬁ)eikI (4 72) gy — -—_,—1_‘———5 /(uxE’)-(ﬁ2 ><13‘2+1/x;5’2)eikx ' 7-i2ds, (1.3.3)
B (P1 - P2)k? Js

which is the Born approximation. The function ¢o(z) will be used as the starting
point for our recursive linearization algorithm.

Since the scatterer qo(x) has a compact support, we use the notation
do(€) = /qu(:z)ei}‘m (M + ﬁz)d:c,
where §o(&) is the Fourier transform of go(z) with € = k(7 + 7). Choose
n; = (sinf; cos ¢;,sind; sin p;,cosb;), j=1,2,

where 0;, ¢; are the latitudinal and longitudinal angles, respectively. It is obvious that
the domain [0, 7] x [0, 2n] of (8}, ¢;),7 = 1,2, corresponds to the ball {£ € R3: |¢| <
2k}. Thus, the Fourier modes of §o(§) in the ball {£ : |¢| < 2k} can be determined.
The scattering data with the higher wavenumber must be used in order to recover

more modes of the true scatterer.
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Define the data

T—I:—-g/(l’ X E) - (flg X P + v X ﬁz)eikx "“T2ds  for I<] < 2k,
G(¢) = 1-P2)k” Js

0, otherwise,

where ¢ = ((k, 61, ¢1,02, #2) € R3. The linear integral equation (1.3.3) can then be

formally reformulated as

1)l Cdr = . 3.
[y m(@ei Sz = 6(c) (1.3.4)

Taking the inverse Fourier transform of (1.3.4) leads to

1 iz iy - 1 iz
o /Rge e C[/RB qo(y)el¥ " Sdyd = 5% /Rae iz CG(¢)dC.

By the Fubini theorem, we have

1
(2m)°

1
(2m)°

, i(y—z)-¢ = e 1T ¢
Jom @l [ ,e ac)dy [T Sa0c

Using the inverse Fourier transform of the Dirac delta function

1

AW —2) - Car = §(y— ¢
@n? Jrs d¢ =d(y — z),

we deduce

Py = —iz- €
S (@60 = 2)dy o S S0 ere,

which gives

o) = 1 —iz-(
0@ = s /R e CG()dc. (1.3.5)

In practice, the integral equation (1.3.5) is implemented by using the FFT.
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1.3.2 Recursive Linearization

As discussed in the previous section, when the wavenumber is small, the Born ap-
proximation allows a reconstruction of those Fourier modes less than or equal to 2k
for the function q(r). We now describe a procedure that recursively determines g
at k = k; for j = 1,2,... with the increasing wavenumbers. Suppose now that the
scatterer a5 has been recovered at some wavenumber k, and that the wavenumber k
is slightly larger than k. We wish to determine gk, or equivalently, to determine the

perturbation

09 = qj — qj.-

For the reconstructed scatterer qj., we solve at the wavenumber k the forward

scattering problem

V x (Vx E) = k(1 +q;)E = k2qLEi, z € B, (1.3.6)

vx (VxE)+ikvx (v x E)=0 onS. (1.3.7)
For the scatterer g, we have

V x (V x E) - (1 + q)E = K*qE', z¢€ B, (1.3.8)

vx(VxE)+ikvx (rx E)=0 onS. (1.3.9)

Subtracting (1.3.6), (1.3.7) from (1.3.8), (1.3.9), and omitting the second order small-

ness in 8q and in 6E = E — E, we obtain

V x (V x 6E) — k(1 + g7 )0E = k25q(E' + E), z€ B, (1.3.10)

vx (Vx6E)+ikvx (vxdE)=0 onS. (1.3.11)
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For the scatterer g and the incident wave Ei, we define the map S(qy, EZ) by
S(ay, E') = E,

where F is the scattered field at the wavenumber k. Let v be the trace operator to

the boundary S of the ball B. Define the scattering map
M(qg, B*) = 7S(ay, E).

It is easily seen that the scattering map M(qy, Ei) is linear with respect to E' but
is nonlinear with respect to gj.. For simplicity, denote M(qy, E’) by M(q). By the

definition of the trace operator, we have
M(q) = v x Els.

We refer to [1] for the Fréchet differentiability of the scattering map. Let DM (ql-c) be

the Fréchet derivative of M(q;), and denote the residual operator
R(qk) =v x 6F]s.

It follows from [1] that

DM(q;,)09 = R(qy)- (1.3.12)
The regularized least-squares solution of (1.3.12) is

5q = [al + DM"(g;) DM (q;)]™' DM*(a7) Riaz),

where DM*(q;) is the adjoint operator of DM(q;), I is the identity operator, and
k k

a is some suitable positive number. In practice, the main difficulty is the enormous
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computational cost of solving linear systems with huge full matrix. Here, we consider
an alternative way of solving (1.3.12) which is much less computationally demanding.

To state the approach, we first examine the boundary data v x E(z; 80, ¢; k). Here,
the variable z is the observation point, which has two degrees of freedom since it is
on the sphere S. The terms 0, ¢ are latitudinal and longitudinal angles respectively
of the incident wave E?. At each frequency, we have four degrees of freedom, and
thus data redundance, which may be addressed by fixing one of the incident angles,
say 6. Define ¢; = (j — 1) *2m/m,j = 1, ..., m, and the residual operator

R,(a;) = v x E(2;0,¢;3k)ls — v x E(x:8,¢;;k)ls,

where m is the total number of the incident waves or sweeps, and E (x;0, ¢,; k) is the
solution of (1.3.6), (1.3.7) with the incident wave of longitudinal angel ¢; and the
scatterer gj.. Instead of solving (1.3.12) for all incident waves simultaneously, we may
solve it for one incident wave at a time while updating the residual operator after
each determination of the incremental correction d¢. Thus, for each incident wave

with incident angle ¢;, we consider the equation
M;(qy) = v x E(x;8, ¢;; k)]s, (1.3.13)

where M;(g;.) is the scattering map corresponding to the incident wave with longitu-

dinal angle ¢;. It follows from [1] that

DM, (q)dq; = R;(qp), (1.3.14)

where D.Mj(qic ) is the Fréchet derivative of the scattering map M;(q;.). The nonlinear
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‘Landweber iteration for (1.3.13) yields
0g; = ﬁkDMf(qic)Rj(qic)» (1.3.15)

where DM? (qfc) is the adjoint operator of DMj(qfc)’ and [ is some relaxation pa-

rameter [14].

Remark 1.3.1. For a fired wavenumber, the stopping index of nonlinear Landweber
iteration (1.8.15) could be determined from the discrepancy principle. However, in
practice, it is not necessary to do many iterations. Our numerical results indicate
that the iterative process for different incident angles ¢;,j = 1,...,m, is sufficient to

obtain reasonable accuracy.

Next, we discuss the role of the relaxation parameter 3 in the iteration (1.3.15),
which may be understood more clearly by considering the iteration from a different
point of view.

Consider the optimization problem of (1.3.13),

n(}ikn | M(qy) — v x E(x;0.05;k) n?LQ(S)):,. (1.3.16)

The first order optimality condition for the problem (1.3.16) is given by
DA*[;(qic) (M;(q) — v x E(z;6, ¢;;k)) |s = 0. (1.3.17)

To solve the optimality equation (1.3.17), the time marching scheme proposed in [33]

consists of finding the steady state of the following parabolic equation:

dqy. .
d—tk = DM; (qk) (1/ x E(z;0,¢;; k) — A'Ij(qk)) |s-
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The numerical solution could be computed from the explicit method
dq; = TDM; (g;) R, (),

where 7 is the discretized time step. Thus, the relaxation parameter (i is essentially
the step size of time marching, whose length is restricted by the stability of the explicit
method.

In order to compute the correction dq;, we need some efficient way to compute

Dz\'[;‘(qiC )RJ(q];_ ), which is given by the following theorem.
Theorem 1.3.1. Given the residual Rj(qlz), there exits a function F; satisfying the

adjoint equations

V x (vXF]-)—A-?(1+q)1~“,-=0, T € B, (1.3.18)

V x F;—ikv x F; = Rj(qu\_) on S, (1.3.19)

such that the adjoint Fréchet derivative DAIJ-'(ql:_) satisfies

[DM; ()R (7)) (x) = K*(E!(z) + E;(2)) - Fy(x), (1.3.20)

where E; is the incident wave with the longitudinal angle ¢; and E'j is the solution of
(1.3.6), (1.3.7) with the incident wave EJI
PROOF. Let E’,- be the solution of (1.3.6), (1.3.7) with the incident wave E]2 Consider

the equations as follows:

V x (V x 6E) = k(1 + g; )0 = k*q(E} + E}), z € B, (1.3.21)

vx (VxOE)+ikv x (v xdE)=0 onS, (1.3.22)
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and the adjoint equations (1.3.18) and (1.3.19), which take the variational form:

(V x F;,V x ¢) —k2((1+Z]Z)F},¢) —ik(v x Fj,v x ¢)

= (Rj(q;),v x ¢), V4 € Himp(curl, B).

The existence and uniqueness of the weak solution for the adjoint equations may be
proved in the same way as for the scattered field. The proof is omitted.
Multiplying equation (1.3.21) with the complex conjugate of F} integrating over

B on both sides, we obtain
/ij [V x (V x 6E)]dr — k? /B(l + qic)?j -0Edr = kz/qu(EJi + E}) - F;dz.
Integration by parts yields

/[6E x (Vx F;) = F; x (Vx68E)] -vds = k2/ 6q(Ef + E;) - F,dz.
s B

Using the boundary condition (1.3.22), we deduce

/(u xO0E) - (V x Fj +ikv x F})ds = k2/ (5q(Ef + E) - Fjdz.

s B

It follows from (1.3.14) and the boundary condition (1.3.19) that
/[D]\I qk)dq] R ds = k2/ dq(E - Fjdz.

We know from the adjoint operator DM (q;) that

/ 8q DAL (a) R, (a7 )dx = K2 / 8q(E! + E,) - Fdz.
B " B
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Initialization:
k=kpi, smallest kpin
go Born approximation
Reconstruction loop:
FOR k = kpi, : kmax march along wavenumbers
FOR j=1:m perform m sweeps over incident angles
solve (1.3.6)-(1.3.7) for E; one forward problem
solve (1.3.18)-(1.3.19) for F;  one adjoint problem

5q), = Bk*(E} + E;) - F,
=1 +ir

END

o = g}

END
q:=qg final reconstruction

Table 1.1. Recursive linearization reconstruction algorithm for inverse medium scat-
tering.

Since this holds for any dq, we have

DM; (q)R;(q;) = k*(E] + E;) - F}.

Taking the complex conjugate of the above equation yields the result. O

Using this theorem, we can rewrite (1.3.15) as

6g; = Bik*(BL(2) + E;(2)) - Fy (). (1.3.23)

Thus, for each incident wave with a longitudinal angle ¢;, we solve one forward
problem (1.3.6), (1.3.7) and one adjoint problem (1.3.18), (1.3.19). Since the adjoint
problem has a variational form similar as the forward problem, we need to compute
essentially two forward problems at each sweep. Once dg; is determined, a5 is updated

by a5 + dg;. After completing the mth sweep, we get the reconstructed scatterer g,
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at the wavenumber k.
The recursive linearization for inverse medium scattering of Maxwell’s equations

can be summarized in Table 1.1.

1.4 Numerical Experiments

In this section, we discuss the numerical solution of the forward scattering problem
and the computational issues of the recursive linearization algorithm.

As for the forward solver, we adopt the edge elements which were developed orig-
inally for the finite element solution of Maxwell’s equations [31, 22] in the beginning
of the 1980s. From the mathematical point of view, these are natural approxima-
tion spaces for the Hilbert space H(curl, B), which is the adequate functional space
for the variational formulation of Maxwell’s equations. Vector fields in such finite
element (FE) spaces have continuous tangential traces, which is consistent with the
physics. Therefore, the natural degrees of freedom for these elements are related to
tangential traces along edges or faces. Here, we take the symmetric second order
tetrahedral edge elements [23]. When the unknowns are ordered according to the re-
verse Cuthill-McKee (RCM) orderiﬁg [16], the profile of FE matrix is highly banded
which improves the condition number of the FE coefficient matrix. The sparse large-
scale linear system can be most efficiently solved if the zero elements of the coefficient
matrix are not stored. We use the commonly used compressed row storage (CRS)
format, which makes no assumptions about the sparsity structure of the matrix and
does not store any unnecessary elements. In fact, from the variational formula of our
direct problem (1.2.1), the coefficient matrix is complex symmetric. Hence, only the
lower triangular portion of the matrix needs to be stored. Figure 1.1 shows a typical
sparsity pattern of an FE matrix with 1820 unknowns from the symmetric second

order edge element. Regarding the linear solver, either biconjugate gradient (BiCG)
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or quasi-minimal residual (QMR) algorithms with diagonal preconditioning may be
employed to solve the sparse, symmetric, and complex system of the equations. It
appears for our experiments that the QMR is more efficient.

In the following, we present two numerical examples where the number of the inci-
dent wave m = 20, the incident latitudinal angle § = 0, and the incident longitudinal
angle ¢; = (j — 1) *2n/m,j = 1,...,m. The relaxation parameter [ is taken to be
0.1/k for the tested examples. For stability analysis, some relative random noise is

added to the data, i.e. the tangential trace of the electric field takes the form
v X E|s:=(1+orand)- (v x E|s).

Here, rand gives uniformly distributed random numbers in [—1, 1], and o is a noise
level parameter taken to be 0.02 in our numerical experiments. Define the relative

error by
_ 1/2
Sk ek — dl)
€2 = 172
(%4, 5, & lagjkl?)

where ¢ is the reconstructed scatter and q is the true scatterer.

Example 1. Reconstruct a scatterer defined by

2 y? 22 2y z
Y I R N M)
q(zy, 2) = 2Tog o T TogTos S

0, otherwise.

The compact support of this scatterer is an ellipsoid contained in the unit ball. For
simplicity, we take 7i; = 7i; and p) = p» to test the forward solver. The numerical
results are shown in Figure 1.2-1.4. In Figure 1.2, for the fixed incident latitudinal
angle 0 = 7/3 and the longitudinal angle ¢ = 7/3, the forward problem is solved at
different wavenumbers. In Figure 1.3 and 1.4, for the fixed wavenumber k = 2, the

numerical results are shown with different latitudinal angles 6 € [0, 7] (fix ¢ = 7/3)
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Figure 1.1. Parsity pattern of an FE matrix with 1820 unknowns: (a) original order-
ing; (b) RCM ordering.
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k 1 2 3 4 5 6
ez 0.5494 0.4876 0.3197 0.1856 0.1534 0.0895

Table 1.2. Relative error at different wavenumbers of Example 1.

and with different longitudinal angles ¢ € [0,2n] (fix & = 7/3), respectively. It is
easily seen from Figure 1.2 that the first term of the right-hand side of the integral
equation (1.3.2) is dominant compared with the second (nonlinear) term when the
wavenumber is small, which validates the Born approximation. Figure 1.5-1.7 (a)
show the slices of the true scatterer and Figure 1.5-1.7 (b) give the reconstruction
at the wavenumber k = 6. The relative errors are shown in Table 1.2 at different
wavenumbers.

Example 2. Reconstruct a scatterer defined by

4 . .
sin(%) —sin((c® + (y + 0.5)* + %)) for 2% + (y + 0.5)% + 2% < 0.4%,
4 .
q(z,y,2) = sin(2—7;) —sin((z® + (y — 0.5)* + 2%)7)  for 2% + (y — 0.5)? + 2% < 0.4?,
0, otherwise.

The compact support of this scatterer is two isolated balls with the same radius of
0.4 and the centers at (0,—0.5,0) and (0,0.5,0). For simplicity, we take 7, = 7,
and p; = ps in the test of the forward solver. The numerical results are given in
Figure 1.8-2.0. In Figure 1.8, for the fixed incident latitudinal angle 8 = 7/3 and the
longitudinal angle ¢ = /3, the forward problem is solved at different wavenumbers.
In Figure 1.9 and 2.0, for the fixed wavenumber £ = 3, the numerical results are shown
with different latitudinal angles 6 € [0, 7] (fix ¢ = 7/3) and with different longitudinal
angles ¢ € [0, 2] (fix § = 7/3), respectively. It is easily seen from Figure 1.8 that the
first term of the right-hand side of the integral equation (1.3.2) is dominant compared

with the second (nonlinear) term when the wavenumber k is small, which once again
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Figure 1.2. Example 1: Integrals at different wavenumbers for the fixed incident
angle # = 7/3 and ¢ = m/3. Solid curve: the exact integral value of the left-hand
side of (1.3.2), +: the computed integral value of the first term of the right-hand side
of (1.3.2), *: the computed integral value of the second term of right-hand side of
(1.3.2), o: the computed integral value of the right-hand side of (1.3.2).
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Figure 1.3. Example 1: Integrals with different @ for the fixed wave number k = 2.0
and ¢ = m/3. Solid curve: the exact integral value of the left-hand side of (1.3.2), o:
the computed integral value of the right hand-side of (1.3.2).
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Figure 1.4. Example 1: Integrals with different ¢ for the fixed wave number k = 2.0
and 6 = 7/3. Solid curve: the exact integral value of the left-hand side of (1.3.2), o:
the computed integral value of the right-hand side of (1.3.2).
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Figure 1.5. Example 1: (a) the slice z = 0 of the true scatterer; (b) the slice z = 0 of
the reconstruction.
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Figure 1.6. Example 1: (a) the slice y = 0 of the true scatterer; (b) the slice y = 0 of
the reconstruction.
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(b)

Figure 1.7. Example 1: (a) the slice z = 0 of the true scatterer; (b) the slice z = 0 of
the reconstruction.
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k 1 2 3 4 ) 6 7
eo 0.6963 0.6479 0.5891 0.4951 0.3376 0.2568 0.2221

Table 1.3. Relative error at different wavenumbers of Example 2.

validates the Born approximation. Figure 1.11-1.13 (a) show the slices of the true
scatterer, and Figure 1.11-1.13 (b) give the reconstruction at the wavenumber k = 7.

The relative errors are shown in Table 1.3 at different wavenumbers.

1.5 Concluding Remarks

The proposed recursive linearization algorithm is stable and efficient for solving the
inverse medium scattering problem with multiple frequency scattering data in three
dimensions. Theoretically, scattering data with even higher-wavenumbers could be
used to recover more complicated scatterers which contain higher frequency features,
i.e. more Fourier modes. However, the difficulty lies in the fact that the forward
model becomes difficult to solve due to the highly oscillatory nature of the solution.
For a larger k, the mesh size has to be smaller, which makes numerical solution more
expensive. Finally, we point out two important future directions of this research. The
first concerns with the convergence analysis of the recursive linearization algorithm,
which is currently in progress and will be reported elsewhere. Another challenging
project is to develop an efficient algorithm for the inverse medium scattering with

fixed frequency scattering data.
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Figure 1.8. Example 2: Integrals at different wavenumbers for the fixed incident
angle 6 = 7/3 and ¢ = 7/3. Solid curve: the exact integral value of the left-hand
side of (1.3.2), +: the computed integral value of the first term of the right-hand side
of (1.3.2), *: the computed integral value of the second term of right-hand side of
(1.3.2), o: the computed integral value of the right-hand side of (1.3.2).
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Figure 1.9. Example 2: Integrals with different 6 for the fixed wave number k = 3.0
and ¢ = 7/3. Solid curve: the exact integral value of the left-hand side of (1.3.2), o:
the computed integral value of the right hand-side of (1.3.2).
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Figure 1.10. Example 2: Integrals with different ¢ for the fixed wave number k = 2.0
and 6 = 7/3. Solid curve: the exact integral value of the left-hand side of (1.3.2), o:
the computed integral value of the right-hand side of (1.3.2).
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Figure 1.11. Example 2: (a) the slice z = 0 of the true scatterer; (b) the slice z = 0
of the reconstruction.
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Figure 1.12. Example 2: (a) the slice y = —0.5 of the true scatterer; (b) the slice
y = —0.5 of the reconstruction.
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Figure 1.13. Example 2: (a) the slice z = 0 of the true scatterer; (b) the slice z = 0
of the reconstruction.
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CHAPTER 2

Inverse Medium Scattering at

Fixed Frequency

2.1 Introduction

Consider the Helmholtz equation in two dimensions
Ap+ k2(1+q(z))p =0, (2.1.1)

where ¢ is the total field; ko is the wavenumber, and ¢(z) > —1, which has a compact
support and a lower bound, is the scatterer.

Assume that the scatterer lies in the upper half plane R% = {(z1,z2) € R? : 5 >
0}. Denote the wave vector k = (7, k(n)), where 7 is the transverse part of the wave

vector and

k2 — n? for ko > |n|,
k(n) =
iv/n?—k3  for ko < |n|.

The number |7| is known as the spatial frequency.
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The scatterer is illuminated by a one-parameter family of plane waves
go =¥ 2, (2.1.2)

which gives explicitly

. f12 _ 2
el(m:1 + kg — 12) for ko > ||,

¢0(1'1a1'2) = ) \/'—2——3
M TV ko for ko < |n|.

The modes for which || < ko correspond to propagating plane waves while the
modes with |n| > ko correspond to evanescent plane waves. Therefore, the illuminat-
ing field could consist of high spatial frequency evanescent plane waves. They may be
generated at the interface of two media by total internal reflection [12, 18], which has
been in practical use for decades and primarily been used in near-field optics [6, 7]. A
recent review on the near-field microscopy and near-field optics may be found in [11].
These waves are oscillatory parallel to the z, axis and decay exponentially along the
T axis in the upper half plane R2. The higher the spatial frequency of the evanes-
cent plane waves used to probe the scatterer is, the more rapidly the field decays as a
function of depth into the scatterer. See Figure 2.1 and 2.2 for examples. Evidently,

such incident waves satisfy the homogeneous equation
Ago + koo = 0. (2.1.3)
The total electric ficld ¢ consists of the incident field ¢y and the scattered field v:

@ = o+ V.
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Figure 2.1. Evanescent plane wave at ko = 4.0 with n = 4.7.
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Figure 2.2. Evanescent plane wave at kg = 4.0 with n = 8.0.
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It follows from the equations (2.1.1) and (2.1.3) that the scattered field satisfies
AY + k(1 + q)y = —kgqdo. (2.1.4)

Remark 2.1.1. In this paper, we adopt the non-global approach, i.e. the scattered
field resulting from the interaction of the incident field with the scatterer is analyzed
in the absence of other medium or tip. The scattering problem may be formulated in
the free space. The global approach which takes into account the entire system is the

subject of our ongoing research.

In the free space, the scattered field is required to satisfy the following Sommerfeld

radiation condition

. -(0Y .\ _ o
. l—linoo\/,— (E‘- - 1k0w> =0, r=|z|,

uniformly along all directions z/|x|. In practice, it is convenient to reduce the problem
to a bounded domain by introducing an artificial surface. Let D = [—L,, L,] x [0, L,)
be a square, which contains the compact support of the scatterer, 2. Let 9D be
the boundary of D. Denote n the unit outward normal to dD. A suitable boundary
condition needs to be imposed on dD. For the sake of simplicity, we employ the first

order absorbing boundary condition [22] as

0 :
(,)—:J: —ikop =0, ondD. (2.1.5)

Given the incident field ¢q, the direct problem is to determine the scattered field
Y for the known scatterer ¢(zr). Using the Lax-Milgram lemma and the Fredholm
alternative, the direct problem is shown in this paper to have a unique solution for all
ko > 0. An energy estimate for the scattered field is given, which provides a criterion

for the weak scattering. Furthermore, properties on the continuity and the Fréchet

46



differentiability of the nonlinear scattering map are examined. For the regularity
analysis of the scattering map in an open domain, the reader is referred to (2, 24, 10].
The inverse medium scattering problem is to determine the scatterer g(z) from the
measurements of near-field currents densities, ¥|sp, given the incident field ¢p. The
inverse medium scattering problems arise naturally in diverse applications such as
radar, sonar, geophysical exploration, medical imaging, and nondestructive testing
[10]. However, there are two major difficulties associated with these inverse problems:
the ill-posedness and the presence of many local minima. In [8, 4], stable and efficient
continuation methods with respect to the wavenumber were proposed to solve the
two-dimensional Helmholtz equation and the three-dimensional Maxwell’s equations,
respectively, in the case of full aperture data. A homotopy continuation method with
limited aperture data may be found in [3]. These approaches require multi-frequency
scattering data and are based on recursive linearization along wavenumbers.

The main purpose of this paper is to study the inverse medium problem for
Helmholtz’s equations at a single-frequency. We present a new continuation method
for the inverse medium scattering problem. In the case of radially symmetric scatter-
ers, Chen in [9] developed a recursive linearization algorithm with single-frequency
data, where spherical incident waves were used. In this paper, we attempt to remove
the radially symmetric assumption on the medium. Our approach is motivated by the
recent studies of near-field optics. As a special feature, the illuminating fields used
in this paper including the high spatial frequency evanescent plane waves are a one-
parameter family of plane waves. When a medium is probed with an evanescent plane
wave at a high spatial frequency, only a thin layer of the medium is penetrated. Cor-
responding to this exponentially decaying incident field, the scattered field measured
on the boundary contains information of the medium in that thin layer. Although
such a measurement is entirely inadequate to determine the whole medium, it does

give rise to an approximation. To accurately determine the medium, information
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at lower spatial frequencies of the evanescent plane waves is needed to illuminate
the medium. While the probing field penetrates a thicker layer of the medium, the
relation between the measurement and the scatterer to be recovered in the thicker
layer becomes more nonlinear. These nonlinear equations can be considered as per-
turbations to the already solved equations in the previous thicker layers. Therefore,
they can be continually and recursively linearized by a standard perturbation tech-
nique. Thus, the recursive linearization is a continuation method along the transverse
direction of the incident wave, which controls the depth of its penetration.

The plan of this paper is as follows. The analysis of the variational problem
for direct scattering is presented is Section 2.2. In particular, the well-posedness of
the direct scattering is proved. The Fréchet differentiability of the scattering map
is also given. In Section 2.3, an initial guess of the reconstruction from the Born
approximation is derived in the case of wéak scattering. Section 2.4 is devoted to
numerical study of a regularized iterative linearization algorithm. Numerical examples
are presented. The paper is concluded with some general remarks and directions for

future research in Section 2.5.

2.2 Analysis of the Scattering Map

In this section, the direct scattering problem is studied to provide some criterion for
the weak scattering, which plays an important role in the inversion method. The
Fréchet differentiability of the scattering map for the problem (2.1.4), (2.1.5) is ex-

amined.

Remark 2.2.1. Some analysis of the scattering map was given previously by Keys
and Weglein [24] based on the integral equation approach and contraction mapping
theorem. The assumption of small perturbation of the potential is necessary for their

approach. Our approach is different. Based on the Fredholm alternative and a unique-
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ness result, we develop a variational approach to prove the existence of the scattered
field for all ko > 0, given q € L™(D), the continuity of the scattering map, the bound-
edness of the formal linearized map, and the Fréchet differentiability of the scattering
map. The assumption of small perturbation is not needed in our analysis. More im-
portantly, we give an explicit energy estimate for the scattered field, which provides
a criterion for weak scattering hence plays a central role in the development of the
inversion algorithm of Section 2.3. An analysis of the Fréchet differentiability on the
scattering map for the equation (2.1.4) along with the Sommerfeld radiation condition

may also be found in [2] using the integral equation approach.

To state our boundary value problem, we introduce the bilinear form a : H!}(D) x
HY(D)—C
a(u,v) = (Vu, Vo) = k2((1 + q)u, v) — iko(u, v),

and the linear functional on H'(D)
b(v) = ki (q¢0,v).
Here, we have used the standard inner products

(u,v)=/u-ﬁdzand(u,v)=/ u - ds,
D oD

where the overline denotes the complex conjugate.
Then, we have the weak form of the boundary value problem (2.1.4) and (2.1.5):
find v € HY(D) such that

a(¥,€) =b(€), Y€€ H'(D). (2.2.1)

Throughout the paper, the constant C stands for a positive generic constant whose
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value may change step by step, but should always be clear from the contexts.

For a given scatterer ¢ and an incident field @9, we define the map S(g, ¢o) by
¥ = S(q, ¢o), where ¥ is the solution of the problem (2.1.4), (2.1.5) or the variational
problem (2.2.1). It is easily seen that the map S(q, @o) is linear with respect to ¢
but is nonlinear with respect to q. Hence, we may denote S(q, ¢o) by S(q)¢o.

Concerning the map S(g), we have the following regularity results. Lemma 2.2.3
gives the boundedness of S(q), while a continuity result for the map S(q) is presented

in Lemma 2.2.4.

Lemma 2.2.1. Given the scatterer ¢ € L*(D), the direct scattering problem (2.1.4),

(2.1.5) has at most one solution.

PRroOOF. It suffices to show that ¥ = 0 in D if ¢9 = 0 (no source term). From the

Green’s formula

0= / VAY — vAy)dr = / Y— — Yp—)ds = =2ik / Y|“ds,
D( Y ) aD( an an) 0 oD | |

we get ¢ = 0 on dD. The absorbing boundary condition on 9D yields further that

oy
0—; = 0 on dD. By the Holmgren uniqueness theorem, ¢» = 0 in R? \ D. A unique
continuation result [21] concludes that ¢ = 0 in D. O

Lemma 2.2.2. If the wavenumber ko is sufficiently small, the variational problem
(2.2.1) admits a unique weak solution in H'(D) and S(q) is a bounded linear map

from L%*(D) to H'(D). Furthermore, there is a constant C dependent of D, such that

| S(q)do ”HI(D)S Cko |l g ”L°°(D)” ®o “L2(D) : (2.2.2)
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PROOF. Decompose the bilinear form a into a = a; + k3as, where

a) (w’g) = (V¢’ V{) - 1k0<¢»§),
a2(¥,8) = —((1 + @), §).

We conclude that a, is coercive from

. . 2

where the last inequality may be obtained by applying standard elliptic estimates
[17]. Next, we prove the compactness of ay. Define an operator A : L2(D) — H!(D)
by

a1(AY,§) = ax(v,€), V&€ H'(D),

which gives
(VAY, VE) — iko( A, &) = —((1 + q)v,€), V&€ HY(D).
Using the Lax-Milgram Lemma, it follows that
A oy < & 2.2
I w”Hl(D)_k—o ||w”L2(D)’ (2.2.3)

where the constant C is independent of kg. Thus A is bounded from L%(D) to H'(D)
and H'(D) is compactly imbedded into L?(D). Hence A : L?(D) — L*(D) is a

compact operator.
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Define a function u € L%(D) by requiring u € H'(D) and satisfying

ai(u,€) = b(€), V¢ e H'(D).

It follows from the Lax-Milgram Lemma again that

” u ”HI(D)S Cko ” q “L°°(D)” ®o ”L2(D) . (2-2-4)

Using the operator A, we can see that the problem (2.2.1) is equivalent to find ¢ €
L?*(D) such that
(Z + kA = u. (2.2.5)

When the wavenumber ko is small enough, the operator Z + k2.4 has a uniformly

bounded inverse. We then have the estimate

K% ”LQ(D)S Cllu ||L2(D)’ (2.2.6)

where the constant C is independent of ky. Rearranging (2.2.5), we have v = u —

ki Ay, so ¢ € H'(D) and, by the estimate (2.2.3) for the operator A, we have

ol g pysliwlligr py +Cko ¥ Nl 2 py -

The proof is complete by combining the estimates (2.2.6) and (2.2.4) and observing
that ¥ = S(q)do. a

For a general wavenumber ko > 0, from the equation (2.2.5), the existence follows
from the Fredholm alternative and the uniqueness result. However, the constant C

in the estimate (2.2.2) depends on the wavenumber.

Lemma 2.2.3. Given the scatterer ¢ € L*=(D), the variational problem (2.2.1) admits
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a unique weak solution in H'(D) for all kg > 0 and S(q) is a bounded linear map

from L%(D) to H (D). Furthermore, it holds the estimate

1 @60 ll71(py< € Il all o=yl 60 l 2y (2:27)

where the constant C depends on ko and D.

Remark 2.2.2. It follows from the explicit form of the incident field (2.1.2) and the

estimate (2.2.7) that

Vg pys Cl'"? | q IL>(D)

where  is the compact support of the scatterer q and the constant C depends on

ko. D. Moreover, we have for |n| > ko that

ol g pys COF = k)™ L li o py. (2:2.8)

where the constant C depends on ko and D.

Remark 2.2.3. The estimate of the scattered field in Remark 2.2.1 provides a cri-
terion for the weak scattering. For a fized wavenumber ko and a scatterer q, the

scattered field is weak if the spatial frequency of the incident wave, |n|, is large.

Lemma 2.2.4. Assume that q1,q2 € L>(D). Then

” S(Ql)¢0 - S(Q2)¢0 ”HI(D)S C ” q1 — Q2 ”LOO(D)” @0 ||L2(D), (2.2.9)

where the constant C depends on ko, D, and || ¢; ”Loo(D).

PROOF. Let ¥; = S(q1)¢0 and ¥9 = S(g2)do. It follows that for j = 1,2

AY; + k(1 + ¢;)¢; = —kiq;o.
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By setting w = ¥; — ¥, we have

Aw + k5 (1 + q)w = —ki (g1 — g2)(do + ).

The function w also satisfies the boundary condition (2.1.5).

We repeat the procedure in the proof of Lemma 2.2.3 to obtain

| w ”H‘(D)S Clai—q ”L°°(D)” @0 + Y ”L"’(D) .

Using Lemma 2.2.3 again for v, yields

lex g1 p)s € e =)l vl 2y

which gives

” S(Ql)éo - S(Q'Z)CI)O ”HI(D)S C ” q1 — q2 ”L'xa(D)” éo ”LZ(D)'

where the constant C depends on D, ko, and || ¢2 || L®(D)" O
Let v be the restriction (trace) operator to the boundary dD. By the trace
theorem, ~ is a bounded linear operator from H'(D) onto HY/?(9D). We can now
define the scattering map M(q) = vS(q).
Next, consider the Fréchet differentiability of the scattering map. Recall the map
S(q) is nonlinear with respect to q. Formally, by using the first order perturbation
theory, we obtain the linearized scattering problem of (2.1.4), (2.1.5) with respect to

a reference scatterer gq,

Av 4 k2(1 4 q)v = —k26q(do + ¥), (2.2.10)
o
5:’—1 — ikov = 0, (2.2.11)
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where ¥ = S(q)¢o.

Define the formal linearzation T'(q) of the map S(q) by v = T(q)(dq, ¢o), where
v is the solution of the problem (2.2.10), (2.2.11). The following is a boundedness
result for the map T'(q). A proof may be given by following step by step the proofs

of Lemma 2.2.2 and Lemma 2.2.3. Hence we omit it here.

Lemma 2.2.5. Assume that q,6q € L*(D) and ¢q is the incident field. Then v =
T(q)(8q, ¢o) € H(D) with the estimate

Il T(q)(4q, ¢o) ”HI(D)S C | doq ”L°°(D)” ®o ||L2(D)’ (2.2.12)

where the constant C depends on ko, D, and || q ”Loo(D).
The next lemma is concerned with the continuity property of the map.

Lemma 2.2.6. For any q,,q2 € L>(D) and an incident field ¢¢, the following esti-

mate holds

| T(q1)(dg, d0)—T (g2)(0q, d0) “HI(D)S Cllg—g¢ ”L°°(D)” dq “L°°(D)” bo ”L2(D)’
(2.2.13)

where the constant C depends on ko, D, and || g, ”LOO(D).

PROOF. Let v; = T'(g;)(dq, ¢o), for i = 1,2. It is easy to see that

Alvy —v) + k(14 ) (v — vg) =

— k3oq(v1 — ¥2) — k3 (@1 — q2)v2,

where 9, = S(g;)¢o.

Similar to the proof of Lemma 2.2.3, we get

| vi—v2 ”HI(D)S c (” oq ”L°°(D)” Y1 — 2 ”H‘(D) +lla—q ”L°°(D)” U2 ”H‘(D)) :
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From Lemma 2.2.2 and Lemma 2.2.3, we obtain

| v1 — vy IlHl(D)S Cllar=a: liopyll 8a | Lo pyll b ”L"’(D)’

which completes the proof. O

The following result concerns the differentiability property of S(q).

Lemma 2.2.7. Assume that q,6q € L*(D). Then there is a constant C dependent

of ko, D, and || q ”Loc(D), for which the following estimate holds

| S(q+ dq)d0 — S(q)o0 — T(q)(dq, ¢o) “H'(D)S C || éq HQLOO(D)“ %o |lL2(D) .
(2.2.14)

Proof. By setting vy = S5(q)¢0, V2 = S(q + dq)do, and v = T'(q)(dq, ¢y), we have

Ay + k?,(l + @) = —k(Q)(IQU,
Ay + k5 (1 + q + 8q)vpa = —ky(q + 6q)do,

Av + k§(1 + q)v = —k{dqun — kidqdo.

In addition, ¢y, ¥, and v satisfy the boundary condition (2.1.5).

Denote U = 1 — ¢y — v. Then
AU + kg(1 + q)U = —kioq(y2 — v1).
Similar arguments as in the proof of Lemma 2.2.3 give

1 U g py< C 160 ll oyl 2 = ¥ gy -
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From Lemma 2.2.3, we obtain further that

Finally, by combining the above lemmas, we arrive at

Theorem 2.2.1. The scattering map M(q) is Fréchet differentiable with respect to q
and its Fréchet derivative is

DM(q) = ~vT(q). (2.2.15)

2.3 Inverse Medium Scattering

In this section, a regularized recursive linearization method for solving the inverse
medium scattering problem of the Helmholtz equation in two dimensions is proposed.
The algorithm, obtained by a continuation method on the spatial frequency of a one-
parameter family of incident plane waves, requires only single-frequency scattering
data. At each transverse part of the incident wave, the algorithm determines a forward
model which produces the prescribed scattering data. Since the incident wave at a
high spatial frequency can only penetrate a thin layer of the scatterer, the scattered
field is weak. Consequently, the nonlinear equation becomes essentially linear, known
as the Born approximation. The algorithm first solves this nearly linear equation at
the largest |7| to obtain an approximation of the scatterer. This approximation is then
used to linearize the nonlinear equation at the next smaller spatial frequency of the
incident wave, which can penetrate a thicker layer of the scatterer, to produce a better
approximation. When the spatial frequency, |7|, is smaller than the fixed wavenumber
ko, the incident wave becomes usual propagating plane wave, and the whole scatterer

is illuminated. This process is continued until the spatial frequency is zero, where the
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approximation of the scatterer is considered as the final reconstruction.

2.3.1 Born Approximation

Rewrite (2.1.4) as
Ay + k2 = —k2q(do + v). (2.3.1)

Consider a test function ¥ = etko - d, d= (cos@,sin @), 8 € [0,27]. Hence v satisfies
(2.1.3).
Multiplying the equation (2.3.1) by o, and integrating over D on both sides, we

have

/ voAudr + A?,/ Yowdr = —k?,/ q(do + ¥)todr.
D D D

Integration by parts yields

o .y
/’(,Z)Al,ff’od17+/ (z/’o~— —w—j—o ds + k2 /d(,q)d:c— —A / q(o + ) ypdx.
D aD

We have by noting (2.1.3) and the boundary condition (2.1.5) that

1 oV
/ q(¢o + V) Yodz = / Y o _ ikoyo | ds.
D ko oD on

Using the special form of the incident wave and the test function, we then get

/ q(x)ei(n + ko cos 0)z1 ,i(k(n) + kosin0)xs 4, _ kL w(n-d— 1)eiko‘I . st
D 0

aD
- / qYiodz.
D

(2.3.2)

From Lemma 2.2.3 and Remark 2.2.2, using an evanescent incident plane wave at

a high spatial frequency, the scattered field is weak and the inverse scattering problem
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becomes essentially linear. Dropping the nonlinear (second) term of (2.3.2), we obtain

the linearized integral equation

. _ "2 2 . . . - . -
/ q(l.)el(f) + ko cos 9)116( \VaUl k3 + iko sin 9)12(11: 1 w(n-d—l)elkox . dds,
D

" ko Jon
(2.3.3)

which is the Born approximation.

Since the scatterer ¢(x) has a compact support, (2.3.3) can be rewritten as

/L2 (j(f,rz)e(—‘ [n? — k2 + iko sin O)Igdx2 _ L o(n-d— l)eikx : st
0 o Jap
where £ = n + kocosf and §(€, z2) is the Fourier transform of g(x) with respect to
x;. When the spatial frequency |7)| is large, the incident wave penetrates a thin layer
of the scatterer. Thus, the Born approximation allows a reconstruction containing
information of the true scatterer in that thin layer. In (8, 4], the inversion involves data
related to the scatterer through the Fourier transform in the case of weak scattering.
Here, due to the presence of the evanescent wave, the inversion involves data related
to the scatterer through a Fourier (with respect to r))-Laplace (with respect to r,)
transform in the case of the weak scattering. Since the inversion of the Laplace
transform is ill-posed, we consider the Landweber iteration to implement the linear
integral equation (2.3.3) in order to reduce the computation cost and instability [29].
Define the data
i

f(n,0) =< ko
0 for |n| < Mmax,

/ Vin-d- l)eikx “dgs  for [7] > Mmax,
oD

where nmax is some large positive number.
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The integral equation (2.3.3) can be written as the operator form

A(n,0;z)q(z) = f(n,0). (2.3.4)

Following the idea of the Kaczmarz method, we use partial measurement data in-
stead of using all them simultaneously for each sweep. Let n;,7 = 1,...,1I, be the

discretization of 7, where I is the number of sweeps. Then we can rewrite (2.3.4) as

A('h»ea 'T)Q(‘T) = f(nzvo)v t=1,..,1,

or in short

Aq=f;, i=1,..1

For each sweep i, the Landweber iteration takes the form
! -1 * 1—-1
g =q; U +adi(f; - AlgT), LeN,

where a is a relaxation parameter. Since we just need an initial guess for the iteration
in the recursive linearization, we only take one step Landweber iteration for each

sweep, which yields
q=q; -1+ aA;(f,i —-Alg; _1)), i=1,..,1, (2.3.5)
where gy is used as the starting point of the following recursive linearization algorithm.

2.3.2 Recursive Linearization

As discussed in the previous section, when the spatial frequency || is large, the Born

approximation allows a reconstruction of the thin layer for the true scatterer. In this
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section, a regularized recursive linearization method for solving the two-dimensional
Helmholtz equation at fixed frequency is proposed.

Choose a large positive number nmax and divide the interval [0, nmax] into N
subdivisions with the endpoints {no,71,...,7n}, where 70 = 0,7y = 7mmax, and
m; — 1 <m; for 1 <i < N. We intend to obtain gy recursively at n = nn, nnv_1, ..., Mo.

Suppose now that the scatterer 9 has been recovered at some 7 = 7; 4 1 and that
n = n; is slightly less than 7. We wish to determine gy, or equivalently, to determine

the perturbation

69 = an — qj-

For the reconstructed scatterer 550 we solve at the spatial frequency 7 the forward

scattering problem

ovd)

where the incident wave (,6(()]‘ D) _ ginyey +ik(n,)e 2 i >i.

For the scatterer ¢,, we have

Ap(3 ) 4 k214 qn)w(i i) = _kgqn(f)(()j’ i), (2.3.8)
oy, 1) Y
l/é)n k3D — . (2.3.9)

Subtracting (2.3.6), (2.3.7) from (2.3.8), (2.3.9) and omitting the second-order small-

ness in dq and in 6:/)(j) = u’;(jvi) - z['(j* i), we obtain

50 + k(1 + g)001) = —kZsg(eF ) + §U10), (2:3.10)
3‘5;’:) — koo = 0. (2.3.11)
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For the scatterer gy and the incident wave qb((,] ' z)’ we define the map S;(qp, ¢S ,z))
by

S(an. 0y = p0:9),

where 1/;(j’ %) is the scattering data corresponding to the incident wave ¢(() ,z)' Let ~

be the trace operator to the boundary dD. Define the scattering map

Ay (a. 6 D) = 78, (a. o0 D).

For simplicity, denote M;(qp, d)[()] 1) ) by Mj(qn). By the definition of the trace oper-

ator, we have

M;(an) = 6 Dop.

Let DA'Ij(q,—]) be the Fréchet derivative of Af;(gy) and denote the residual operator
by

R;(q5) = v D = U D).

It follows from Theorem 2.2.1 that

Similarly, in order to reduce the computation cost and instability, we consider the

Landweber iteration of (2.3.12), which has the form
dq = ﬁDM;(qﬁ)Rj(qﬁ), forall 5| > 1, (2.3.13)

where [ is a relaxation parameter and DAfI]‘-'(q,,-,) is the adjoint operator of DMJ-(q;,).
In order to compute the correction dq, we need some efficient way to compute

DM; (qﬁ)Rj(q;’), which is given by the following theorem.
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Theorem 2.3.1. Given residual Rj(qﬁ), there erits a function ¢(J',i) such that the

adjoint Fréchet derivative DMJ.‘(qﬁ) satisfies

[DM;] (47)R;(g5)] (z) = (69 (@) + 909 ()60 D (), (2.3.14)

where ¢(()],z) is the incident wave and 'z,B(j’ %) is the solution of (2.3.6), (2.3.7) with
(J, 1)

the incident wave ¢y~ .

PROOF. Let '1,1—)(1'*1.) be the solution of (2.3.6), (2.3.7) with the incident wave ¢(()j’i).

Consider the following problem

A60U) 4+ k(1 4 g)50:0) = “i26q(6l0 D) 4 55y, (2.3.15)
05@’;(j)

«

— ik (7) = 0. (2.3.16)
and the adjoint problem
AU 4 121+ )00 D) = 0, (2.3.17)

+ koo™ ¥) = R, (q7). (2.3.18)

Since the existence and uniqueness of the weak solution for the adjoint problem may
be established by following the same proof of Lemma 2.2.2, we omit the proof here.
Multiplying the equation (2.3.15) with the complex conjugate of ¢,(j, %) and inte-

grating over D on both sides, we obtain

/ o) A5y () dr+k2 / (14+47)66 DU Ddz = -3 / 5q(s8 V49022 p( D .
D D D
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Integration by parts yields

/8 D(¢(in)_<"‘5(j§f) PO LA /D sq(6?) 1§00y 60 g,

on

Using the boundary condition (2.3.16), we deduce

/ 5o Gy = 12 [ a6 +56-0) 60z
aD on D

It follows from (2.3.12) and the boundary condition (2.3.18) that

/6[)[D1\Ij(q,,~’)6q] ; ;’ )ds = k3 6q + U (7.1 )) (U, ) dz.

We know from the adjoint operator DM j*(q.,v]) that

/ DN )i = K [ safol? ) +30-0)0 Nz

Since it holds for any dq, we have

DI (a7 Ry (ag) = k3 (0§D 4 9001,

Taking the complex conjugate of the above equation yields the result.

Using this theorem, we can rewrite (2.3.13) as

5q = k2B(y o0 + 30 1))l 1), (2.3.19)

So for each incident wave with a transverse part n;, we have to solve one forward

problem (2.3.6), (2.3.7) along with one adjoint problem (2.3.17), (2.3.18). Since the

adjoint problem has a similar variational form as the forward problem. Essentially, we

need to compute two forward problems at each sweep. Once dq is determined, 5 is
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Initialization

NN = Mmax largest mmax
@mmax  BOrn approximation
Reconstruction loop:

FOR i= N :0(n; = nmax : ) march along spatial frequency
FORj=N: z'(lnjl = fmax : 7;) perform refinement
solve (2.3.6), (2.3.7) for J;(j’ %) one forward problem
solve (2.3.17), (2.3.18) for 659 one adjoint problem
o) = kAT + §0.0)60 )
gm0
END

g; = aq;
END
q:=qo final reconstruction

Table 2.1. Recursive linearization reconstruction algorithm.

updated by g5+ dq. After completing sweeps with |n;| > 1, we get the reconstructed

scatterer gy at the spatial frequency 7.

Remark 2.3.1. For gwven n;, iterations for l’?ﬂ > n; could be repeated to improve
the accuracy of the approzimation for qy,. However, in practice, this refinement is
usually unnecessary because of the slow convergence of the Landweber iteration at the
same stage [14], i.e. without using essentially different data. Numerical results show
that the iterative process described as the reconstruction loop in Table 2.1 is sufficient

to obtain reasonable accuracy.

The recursive linearization for inverse medium scattering at fixed frequency is

summarized in Table 2.1.
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2.4 Numerical Experiments

In this section, we discuss the numerical solution of the forward scattering problem
and the computational issues of the recursive linearization algorithm.

The scattering data are obtained by numerical solution of the forward scattering
problem. As for the forward solver, we adopt the finite element method (FEM), which
leads to a sparse matrix. The sparse large-scale linear system can be most efficiently
solved if the zero elements of coefficient matrix are not stored. We used the commonly
used compressed row storage (CRS) format which makes no assumptions about the
sparsity structure of the matrix and does not store any unnecessary elements. In fact,
from the variational formula of our direct problem (2.2.1), the coefficient matrix is
complex symmetric. Hence, only the lower triangular portion of the matrix needs
be stored. Regarding the linear solver, either biconjugate gradient (BiCG) or quasi-
minimal residual (QMR) algorithms with diagonal preconditioning may be used to
solve the sparse, symmetric, and complex system of the equations. For our examples,
it appears that the QMR is more efficient.

In the following, to illustrate the performance of the algorithm, three numerical
examples are presented for reconstructing the scatterer of the Helmholtz equation in
two dimensions. For stability analysis, some relative random noise is added to the

date, i.e. the electric field takes the form

Y|op := (14 orand)y|sp.

Here, rand gives uniformly distributed random numbers in [—1, 1] and o is a noise level

parameter taken to be 0.02 in our numerical experiments. The relaxation parameter
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0 is taken to be 0.01. Define the relative error by

(i glaij - )"
2 —_—

(i, 5 laij1)"”

where ¢ is the reconstructed scatter and q is the true scatterer.

Example 1. Let

2 2 2 2
q(zy,x2) = 0.3(1 — z1)%e~T1 (T2 +1)° _ (ﬂ - mg)e—(xl + 13)

b)
_ie-(ﬂfl +1)° - fg,
30
reconstruct a scatterer defined by
q1(71, T2) = q(3z1, 3(x2 — 1)) (2.4.1)
inside the domain D = [—1,1] x [0,2]. See Figure 2.3 for the surface plot of the

scatterer function. Figure 2.10 is the final reconstruction using the wavenumber
ko = 10.0 and the step size of the spatial frequency én = 0.6. Figures 2.4-2.9 show
the evolution of reconstructions at different spatial frequencies. Figure 2.11 presents
the effect of the wavenumber ko on the result of reconstruction, which illustrates
clearly that the inversion using a larger wavenumber kg is better than that using a
smaller one. This result may be explained by Heisenberg’s uncertainty principle [8, 9].
Figure 2.12 shows the relative error by using different step size of the spatial frequency,
which suggests that we may use a large step size in order to save computation cost

since the final reconstruction is not really sensitive to the step size.
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Figure 2.3. Example 1: true scatterer q;.
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Figure 2.4. Example 1: Born approximation.
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Figure 2.5. Example 1: reconstruction of ¢, at 7 = 10.2.
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Figure 2.6. Example 1: reconstruction of ¢, at n = 8.4.
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Figure 2.7. Example 1: reconstruction of ¢; at 7 = 6.6.
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Figure 2.8. Example 1: reconstruction of ¢, at n = 4.8.
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Figure 2.9. Example 1: reconstruction of ¢, at n = 3.0.
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Figure 2.10. Example 1: reconstruction of ¢; at 7 = 0.0.
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Figure 2.11. Example 1. Relative error of the reconstruction q; at different wavenum-
ber ky. o: reconstruction at kg = 10.0; *: reconstruction at kg = 8.0; [J: reconstruc-
tion at ko = 6.0; +: reconstruction at ko = 4.0.
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Figure 2.12. Example 1. Relative error of the reconstruction ¢, at different step size
d7. o: reconstruction at én = 0.6; *: reconstruction at én = 1.2; [J: reconstruction

at on = 2.0.
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Example 2. Reconstruct a scatterer defined in D by

q1 (11/08, I2/08) for CE% + (1’2 - 1)2 < 07472,
g2(z1,72) = { —0.3, for 0.747% < z? + (z, — 1)? < 0.8532,

0, for 22 + (z2 — 1)2 > 0.8532.

See Figures 2.13 and (2.15) for the surface and contour plots of the function. It is
easily seen that this scatterer is difficult to reconstruct because of the discontinuity
across two circles. The example could be regarded as a model problem for ultrasound
tomography of a human head, where the skull is represented by the thin layer of
denser material in the narrow annulus region. Figures 2.14 and 2.16 show the surface
and contour plots of the reconstructed scatterer using the wavenumber ky = 15.0
and the step size 41 = 0.85. Figure 2.17 gives the evolution of reconstruction hor-
izontally across the diameter. An examination of the plots shows that the error of
the reconstructions occurs largely around the discontinuities, while the smooth part
is recovered more accurately. As expected, the Gibbs phenomenon appears in the
reconstructed scatterer near the discontinuity.

Example 3. Reconstruct a scatterer defined in D by

cos(2.57r;) for r; 0.2,
q3(T1,T2) = { cos(2.5mry) for r < 0.2,

0 otherwise,

where 1 = /(21 + 0.25)2 + (z2 — 1.0)2 and 7y = y/(z; — 0.25)2 + (2 — 1.0)2. The
compact support of this scatterer is two isolated disks with the same radius of 0.2 and
the centers at (—0.25,1.0) and (0.25,1.0). See Figures 2.18 and 2.20 for the surface
plot and image of the function. Figures 2.19 and 2.21 are the final reconstruction

using the wavenumber ko = 37 and the step size of the spatial frequency én = 0.6.

78



Figure 2.13. Example 2: true scatterer of g,.
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Figure 2.14. Example 2: reconstruction of g,.
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Figure 2.16. Example 2: contour view of the reconstructed scatterer q.
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Figure 2.17. Example 2. Evolution of slice for the reconstruction g;. Solid line:
true scatterer; Circle: reconstruction. Top row from left to right: reconstruction at
n = 14.45; reconstruction at n = 13.60; reconstruction at n = 12.75; middle row from
left to right: reconstruction at 7 = 10.20; reconstruction at 1 = 8.50; reconstruction
at n = 6.80; bottom row from left to right: reconstruction at n = 5.10; reconstruction
at n = 2.55; reconstruction at n = 0.0.
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Figure 2.18. Example 3: true scatterer of gs.

This example is used to examine the resolution of the reconstructed image. In this
numerical experiment, the wavelength of the incident plane waves is 2m/ko = 0.6.
The distance of the centers for the compact support is 0.5, which is less than one
wavelength. From the well separated bumps, the resolution of the image is clearly in
the scale of subwavelength. The subwavelength resolution is expected since evanescent

waves are used for illumination.
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Figure 2.19. Example 3: reconstructed scatterer of gs.
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Figure 2.20. Example 3: image view of the true scatterer gs.
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Figure 2.21. Example 3: image view of the reconstructed scatterer gs.
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2.5 Concluding Remarks

We have presented a new continuation method with respect to the spatial frequency of
a one-parameter family of plane waves. The recursive linearization algorithm is robust
and efficient for solving the inverse medium scattering at fixed frequency. Finally, we
point out some future directions along the line of this work. The first is concerned
with the convergence analysis. Although our numerical experiments demonstrate the
convergence and stability of the inversion algorithm, no rigorous mathematical result
is available at present. Another direction is to investigate inverse medium problems
for Maxwell’s equations at fixed frequency. We are currently attempting to extend the
approach in this paper to the more complicated 3D model problems and will report

the progress elsewhere.
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