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ABSTRACT

Inference on long memory processes

by
Hongwen Guo

This dissertation discusses regression models with a long memory het-
eroscedastic error process with long memory parameter H. When the
regression function is formulated nonparametrically and uniformly on
the unit interval, the consistency and the finite dimensional weak con-
vergence of the regression function and variance function estimators
are established. For the regression function estimators, the asymptotic
normality is established for the values of the long memory parameter
1/2 < H < 1; while for the heteroscedastic function estimators, the
asymptotic normality is established for 1/2 < H < 3/4, non-normality
for 3/4 < H < 1. We also establishes the uniform convergence rate
of the regression function estimators for a large class of innovations,
including bounded and Gaussian innovations. Additionally, the local
Whittle estimator of H based on the standardized nonparametric resid-
uals is shown to be log(n)-consistent and the finite dimensional distri-
butions of the studentized versions of the regression function estimators
are shown to be asymptotically normal.

While when the regression function is linear, the design is long mem-
ory Gaussian with the long memory parameter h, in some circumstance,
the first order asymptotic distribution of the least square estimator of
the slope parameter is observed to be degenerate. Under some addi-

tional mild conditions, the second order asymptotic distribution of



this estimator is shown to be normal whenever h+H < 3/2; non-normal
otherwise. The asymptotic distribution of the kernel type estimators
of the heteroscedasticity function is found to be normal whenever H <
(1 4+ h)/2, and non-normal otherwise. In addition, an estimator of H
based on pseudo residuals in a more general heteroscedastic regression
model is shown to be log(n)-consistent. We also discuss the consistency
of a cross validation type estimator of the heteroscedasticity function
in a more general regression model under the assumed long memory set
up.

All of these findings are then used to propose a lack-of-fit test of a
parametric regression model. Some simulations and an application to

currency exchange rate data sets are included in this study.
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Chapter 1
Introduction

The aim of inference is to recover a relationship between variables disturbed by ran-
dom noise. When the noise is an independent sequence, a large number of classical
results about large sample theory can be applied for inference of nonparametric or
parametric models. In particular, the Central Limit Theorem can be used to derive
the asymptotic distribution of the concerned statistic. Even with weak dependence
(including m-dependence, mixing ) in the noise, some of the above results still ap-
ply. Whence the degree the dependence exceeds certain point, new phenomena arise.
Long memory processes fall in this category. In such processes the autocorrelations
decay to zero so slowly that their sum diverges.

The work of Hurst (1951, 1956) on the Nile river data aroused the wide interest of
mathematicians, statisticians, econometricians, physicists and others in long memory
study. In 1968, Mandelbrot, Wallis, and van Ness published a series of papers, provid-
ing a solid mathematical model for a long memory process, which is called fractional
Brownian motion. Later, Granger and Joyeux (1980), and Hosking (1981) indepen-
dently proposed another model from the economics point of view, named fractional
autoregressive integrated moving average (FARIMA) model. Meanwhile, more and

more scientists have found the presence of long memory in their data in economics,



finance, hydrology. physics, telecommunication, and other sciences. Taqqu (1986)
cited more than 250 theoretical papers on long memory. Beran (1992, 1994) gives nu-
merous examples from a variety of scientific areas. The survey paper of Baillie (1996)
includes 138 papers on long memory processes and their applications, particularly in
economics and finance. Since long memory sequences have properties rather different
form those of classical independent sequences, even mixing sequences, it has been
under intensive studies, and a large variety of applications make them more exciting,
cf. Dehling, Mikosch, and Serensoen (2002), Doukhan, Oppenheim and Taqqu (2003)
and Robinson (2003) .

1.1 Long memory processes

1.1.1 Mathematical models

There are two typical mathematical models for long memory stochastic processes:
fractional Brown motion (FBM) and fractional autoregressive integrated moving av-
erage (FARIMA).

In 1951-1956, Hurst studied the minimum water level of the Nile river from 622
to 1284 AD. He found there were long period behavior of the river: long time periods
of dryness were followed by long time periods of yearly returning floods. Floods had
the effect of fertilizing the soil so that in flood years the yield of crop was particularly
abundant, as described in the Bible: “Seven years of great abundance are coming
throughout the land of Egypt, but seven years of famine will follow them.” (ref.
Beran 1994). This is the so called “Hurst effect” or long memory effect.

Mandelbrot and Wallis (1968, 1969), and Mandelbrot and van Ness (1968b) for-
mulated fractional Brownian motion (FBM) to model the Hurst effect, which is a

self-similar Gaussian process with mean zero. Let {Yn,n = 1,2,---,} be a FBM,



Xn = Yp41 — Yn be the difference process. Then X, is a stationary Gaussian pro-
cess (called fractional Gaussian noise). Its covariances satisfy the following condition:
Vitk>D0,

2
vk =t cov(Xy, Xpyp) = 92—|(k +1)2H o2l (. _1)2H| o< g <,

2

where 0 = EX % The parameter H is called the Hurst index or long memory index.

The covariance ;. and the spectral density function f(X) of this process satisfy

(1.1.1) TV ~ Ck2H—2, k — oo;

fO) ~ eal72H o

Note that for 1/2 < H < 1, 3 ;. 7 = oo. In this case, the process Xp, is said to have
long memory (or long range dependence),

Another model is proposed by Granger and Joyeux (1980), Hosking (1981) in-
dependently. Let X; be a stationary process generated by the following dynamic

system
(1.1.2) 6(B)(1 - B) Xy = w(B)et,

where —1/2 < d := H — 1/2 < 1/2, ¢ are i.i.d. random variables, B is the back
shift operator, and ¢ and i are p, g—polynomials with roots outside unit circles. The
process X; is called an FARIM A(p,d, q) process. When 0 < d < 1/2, It satisfies
(1.1.1), hence has long memory. By definition, we can see it is generated from the
classical ARIM A by allowing the difference order to be fractions. In the case f(0) is
finite and positive, we say the process has short memory.

The Nile river data posses these characteristics, see Figure 1.1, where ACF is the

sample auto-covariance of the data.



Figure 1.1: Scatter plot and ACF of the Nile river data.
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1.1.2 Importance

In statistics and probability theory, a large number of limit theorems are based on the
assumption that the sequences are independent random variables. When the depen-
dence of observations are weak, where the covariances decay to zero exponentially,
these results may continue hold. Once the rate of decay is slow, hyperbolically, say,
the long memory phenomena arise. In this case, the covariances are not summable,
which leads to different results of large sample behaviors of various statistics. We
give a simple example to illustrate this point.

Let Xn be an i.i.d. sequence with mean p = EX; and 0 < EX% < 00. By the

classical Central Limit Theorem, we have
nl/2(X — ) =4 N(0,0y),

where X is the sample mean, o1 > 0 is some constant. We can see X converges to p
at a rate of /n.

Now, if we assume Xp, is a stationary long memory process, under some addi-
tional conditions, an available result from Avram and Taqqu (1987), Taqqu (1995) or
Davydov (1971) is

nl_H(X —p) =54 N(0,09), for1/2< H <1, and some g9 > 0.

Here, the convergence rate is slower than \/n. In some cases, the limit distribution
is not normal. What makes things more difficult is that because H is unknown
in practice, in order to conduct inference about u, we now have to find an log(n)-

consistent estimator of H.

1.2 Applications of long memory processes

Taqqu (1968), Beran (1994), Baillie (1996), Robinson (2003), and Doukhan et. al.

(2003), among others, have cited many applications of long memory processes. Here



we quote a few examples from the literature.

Geophysics: Besides the above Nile river data, Hurst (1951), Mandelbrot and
Wallis (1968) had two more data of FBM: Temperature data and Tree Ring series.
Figure 1.2 provides 5405 annual tree ring measurements observed at Mount Campito
from 3436 BC to 1969 AD. We can observe the slow decay of autocovariances from the
ACEF plot, thus it also posses the Hurst effect. Hipel and Mcleod (1978) and Noakes
et al. (1988) provide analysis of other tree ring series, mud varvs on river floors, high
tides.

Economics and finance: In economics and finance, data sets, such as GNP, Asset
price, stock return, exchange rates, etc. have been analyzed by many researchers.
Some of these data are found to have long memory phenomena, see Baillie (1996)
and Robinson (2003). The most noted long memory phenomena lie in the absolute
returns and the volatility (square return) process of high frequency finance data.

Physiology: Among the models used in research for complex physiologic signals,
long memory time series models have been used to evaluate the heart beat rate, and
other physiological time series. A typical realization of fractional Brownian motion is
a fractal. Many physiological time series can be thought as fractals or multifractals.
See www.physionet.org/ and reference there for more on this.

Physics: Either for systems which are far from equilibrium (e.g., turbulent flows),
or in equilibrium but very close to a critical point (e.g., the transition from a solid to
liquid phase, or from a non-magnetic phase to a magnetized one), phase transitions
may have fluctuations which decay like power laws, and so do many non-equilibrium
systems. In physics, it is called 1/f noise.

Telecommunication: Long memory also finds its application in computer networks,
see Willinger et. al. (1998). The web site www.cs.bu.edu/pub/barford/ss_Ird.html

provides links and very brief summaries for some of the work done in this area.



camp

ACF

Figure 1.2: Plot and ACF of Mount Campito annual tree ring measurements

100

80

0

20

1.0

04 06 08

0.2

T T T T T T
-3000 -2000 -1000 o 1000 2000

Time

Series camp

I

T T T T
o 10 20 30




1.3 Main results in this research

In addition to the long memory phenomena in economics and finance data there is
another well known fact— “volatility smile”: the conditional variance function of the
time series varies upon time. To capture this phenomenon, Engle (1983) proposed
the parametric ARCH model, later it is generalized to GARCH by others. It is part
of the reason that Engle, together with Ganger, won the Nobel prize for economics
in 2003.

Because of the mixture of long memory processes with ARMA-type or ARCH-
type models, there is a need to develop a variety of consistent estimators and test
procedures to obtain statistical inference from some real data.

Many authors consider the regression models with long memory and homoscedas-
tic errors under fixed or random design, and established various asymptotic results
for the regression function estimators. In order to apply statistical methodology to
economic or financial data, especially to capture the changing conditional variance,
the model with heteroscedasticity shall be considered and developed. In addition,
without enough knowledge of the models, nonparametric regression methods shall be
investigated for estimating regression function or conditional variance function. The
study in this dissertation is aimed at solving the above problems and applying the
theoretical results to real data.

In this dissertation, we consider the heteroscedastic regression model,
(13'1) }/t =T(Xt)+O'(Xt)Ut, t= 172"" )

where uy is the long memory moving average process with the long memory parameter
H, and where X; are either uniform design on [0, 1] or a long memory Gaussian process
and independent of u;. Chapter 2 discusses the first case while Chapter 3 discusses

the later case.



In Chapter 2, the consistency and the finite dimensional weak convergence of the
regression function and variance function estimators are established. For the regres-
sion function estimators, the asymptotic normality is established for the values of the
long memory parameter 1/2 < H < 1; while for the heteroscedastic function esti-
mators, the asymptotic normality is established for 1/2 < H < 3/4, non-normality
for 3/4 < H < 1. This chapter also establishes the uniform convergence rate of
the regression function estimators to be (nb)l_H / log2 n for 1/2 < H < 1 and for
a large class of innovations, including bounded and Gaussian innovations, where n
is series size and b is the bandwidth used in estimating regression function. Addi-
tionally, the local Whittle estimator of H based on the standardized nonparametric
residuals is shown to be log(n)-consistent and the finite dimensional distributions of
the studentized versions of the regression function estimators are shown to be asymp-
totically normal. These results thus generalize some of the results of Robinson (1997)
to heteroscedastic regression models with long memory moving average errors.

In Chapter 3, we discuss the asymptotic inference of the model (1.3.1) when r(z)
is some linear function and X is a long memory (LM) Gaussian design with long
memory index 1/2 < h < 1 and o(z) is still a nonparametric function. The first
order asymptotic distribution of the least square estimator of the slope parameter is
observed to be degenerate in some cases. Under some additional mild conditions, the
second order asymptotic distribution of this estimator is shown to be normal whenever
h + H < 3/2; non-normal otherwise. The asymptotic distribution of the kernel
type estimators of the heteroscedasticity function is found to be normal whenever
H < (1+ h)/2, and non-normal otherwise. In addition, an estimator of H based
on pseudo residuals in a more general heteroscedastic regression model is shown to
be log(n)-consistent. A small simulation study included in this chapter shows that

the above estimators of the regression parameters and the variance function are more



stable for the values of h, H in the range 0.6 — 0.85 compared to the values of h, H
larger than 0.85. We also discuss the consistency of a cross validation type estimator of
the heteroscedasticity function in a more general regression model under the assumed
LM set up. All of these findings are then used to propose a lack-of-fit test of a
parametric regression model, with an application to currency exchange rate data sets

that exhibit LM.

1.4 Main issues and technical problems related in

this research

In this section, we introduce some background material needed in this research, then

discuss some issues and main difficulties tackled in this dissertation.

1.4.1 Non-Gaussian distribution

Let Z; be a stationary Gaussian process with mean zero and variance one. Nonlinear
functionals of Gaussian processes with power asymptotic correlation function were
considered by Dobrushin and Major (1979), Taqqu (1975, 1979), Gorodetskii (1977),

etc. Beautiful theorems are proved based on the Hermite expansion of

9(z) = aH(z)

where g € L2 = {9 : Eg(2) = 0,Eg2(Z) < oo}. The functions Hj(r) are the

Hermite Polynomial defined by :

k
Hyla) = (- e/
I

)

and ay = Eg(Z)Hy(Z), cf. Sansone (1959). Note that {Hj(z),k = 0,1,---} is a
complete orthogonal basis of L2, and satisfies EH)(Z)Hg(Z) = q' for l = q, = 0

10



otherwise. The Hermite rank of the function g(r). is defined to be

m=ming_q9... {k. oy # 0}.

In many cases, for a function g(-) of the Hermite rank m, the partial sum of g(Z;)
is dominated by the Hermite polynomials Hm(Z;),i = 1,---,n. Because of the
Gaussianity, moment bounds and a variety of inequalities can be used for the analysis
of statistical problems related to these processes.

When one generalizes the above results to linear processes, the counterpart of the
Hermite polynomials are the Appell polynomials, cf. Szego (1959), Surgailis (1980,
1982), or Avram and Taqqu (1982). Define

ef = E(%G“”F%)’ k=1,2,---.
Then m = min{k,e; # 0} is called the Appell rank of G w.r.t. X. Since Appell
polynomials are not orthogonal, special care has to be taken when dealing with long

memory linear processes such as FARIMA.

1.4.2 Strong dependence and asymptotic properties

Consider the model

When the errors u; are i.i.d. with Euy = 0 and finite variance, the following theorem
(cf. Theorem 4.2.1, Hardle 1990) states the asymptotic distribution of the Nadaraya-
Watson kernel estimator for one-dimensional predictor variables. Let K be a kernel

function, b be the bandwidth, and f be the density function of X.

Theorem 1.4.1 Suppose
(A1). | |K (w)]2du < 0o for some n > 0;
(A2). b~n~1/5;

11



(A8). T and f are twice differentiable;

A4) the distinct points T7, 19, - ,Z;. are continuity points of 2 x) and E(IY|2+T’|X
1,42 k

=1r) and f(xj) >0,7=1,2,--- k.

Then, the suitably normalized Nadaraya-Watson kernel smoother f(zj) at the k
different locations rq,- - - , T}, converges in distribution to a multivariate normal ran-
dom vector with some mean vector B and identity covariance matriz,

(nt)/2{ mzg) = mlz) } = NB. D).
(02(zj)cgc/ f(z)1/?

Hall and Hart (1990) have shown that, in the model (1.4.1) with X; = t/n,t =

1,---,n, and long memory Gaussian moving average error {u;} with covariance v~
cj7%* 0 < a:=2-2H <1, the optimal convergence rate of m(z) is n—2a/(4+a)
when the mean function has 2 derivatives. Thus the optimal bandwidth is b ~
n_z'(:_d, which is slower than that of the i.i.d. setup, and depends on the long
memory parameter H.

In our model (1.3.1), the error is a non-Gaussian and heteroscedastic long memory
moving average process, we use the technique of decomposition and truncation of a
linear process to achieve this optimal bandwidth, see Sections 2.2.4-5 below for details.

In addition to the estimation of the regression function, we also consider estimation
of conditional variance function. The derivation of the consistency and asymptotic
distribution of this estimator need weak convergence of some functional of long mem-

ory moving average processes. The corresponding results appear in Sections 2.2.3-4,

3.3.3. below.

1.4.3 Estimation of long memory parameter

As we have mentioned above, when one works with models with long memory errors,
there is a crucial hurdle to overcome for inference - the log(n)-consistency estimation

of the long memory index H. We use the local Whittle estimator method to solve

12



the problem.
Consider a stationary process X; with mean p and lag-j-autocovariance Vj and
spectrum f(A) = (27)~ 127] cos(jA) which satisfies the following condition.

“For some H € (2, )
(1.4.2) FO) ~ L(%)A1_2H A — 0+.

where L(x) is a so called slowly varying function satisfying L(tx)/L(z) — 1, as
T — oo, for any ¢t € R”. Condition (1.4.2) forces some restriction on a; in (2.1.2)
below (cf. Surgailis 1982).

The spectral density function of fractional Brownian motion is (cf. Sinai 1976)

o2 sin(H)
™

f) = F(2H+1)(1—cos/\)Z|,\+27r_ﬂ—2H—1’

and that of fractional ARIMA is (cf. Brockwell and Davis 1987 and Hosking 1981)

2 i 2
_ 9% gin1—2H B(eT)1”
f) =o-[1—-e7 1o@N2

Both of them satisfy Condition (1.4.2).

Parametric models for f(A), A € (—, 7] have been considered by many authors.
The asymptotic distributional properties of parameter estimates have been derived
by Fox and Taqqu (1986), Dahlhaus (1989) for the Gaussian process, and by Giraitis
and Surgailis (1990) for the linear process, in the case H € (1/2,1), and under some
regularity conditions. These properties are highly desirable ones: nl/ 2-consist:ency
and asymptotic normality. However, these properties also depend on the correct
specification of f(A), A € (—m,w]. In the event of any mis-specification, estimates
will be inconsistent. To overcome this problem, semi-parametric estimates of H have
been proposed. Robinson (1995b) showed that the two leading semi-parametric esti-
mates of H have desirable asymptotic properties in a broad setting, these are the log-

periodogram estimate which originated in Geweke and Porter-Hudak (1983), and the

13



semiparametric Gaussian or local Whittle estimate which originated in Kiinsch (1987).
Both estimates depend on a smooth parameter m, the number of low-frequency pe-
riodogram ordinates employed in the estimation.

The other methods for estimating the index H include the R/S, Variogram,
wavelet method, cf. Beran (1994) and Abry et. al. (2002). Because the frequency-
domain approach seems much more elegant than the time-domain one in this semi-
parametric setting, and because simulation results of Taqqu and Teverovsky (1997)
show that the local Whittle estimator is more robust, we use the local Whittle esti-
mator to estimate H in the present setup. In order to obtain log(n)-consistency of
the estimator, Robinson (1997) provided some sufficient conditions under the model
(1.4.1) with uniform design and long memory moving average errors.

The new challenge in our study is that the estimator has to be based on residuals,
in which the conditional variance function estimator is involved. Derivation of these
results require uniform consistent estimation of regression and variance functions with
certain rates. Details are in Sections 2.2.6 and 3.3.4. In addition, in chapter 3, we
show that log(n)-consistency of the local Whittle estimator holds true even when the

design of the parametric regression model is a long memory Gaussian process.

14



Chapter 2

Nonparametric regression with

heteroscedastic long memory errors

2.1 Introduction

A stochastic process is said to have long memory, or to be long range dependent, if its
auto-covariances decay at a hyperbolic rate in the lag. Long memory processes have
been found to arise in a variety of physical and social sciences, see, e.g. Beran (1992,
1994), Baillie (1996), Dehling, Mikosch, and Sgrensoen (2002), Doukhan, Oppenheim
and Taqqu (2003), Robinson (2003), and the references therein. On the other hand
nonparametric heteroscedastic regression models are also found to be very useful in
practice.

The focus of this chapter is to analyze the asymptotic behavior of some inference
procedures in these models with uniform non-random design and long memory errors.

More precisely, consider the model
t t
(211) )/t =7‘(,—l)+0'(;)ut, t=1727"' us

where 7 is a real valued function and o a positive function, both defined on [0, 1], and

15



where the errors u; form the moving average process, i.e., for some 1/2 < H < 1,
0 3
. . —(5—H) Narge : .
(2.1.8) := Z Qjsp_j. QG ~C] 2 , for j large and for some |c| < 0.
J=0
The innovations &; are assumed to be i.i.d random variables (not necessary Gaussian)

with mean 0 and unit variance. Then the spectral density of u;’s satisfies
(2.1.3) FO) ~GAI=2H a5 0 04

where G is a positive constant. In this paper an ~ bp means that limp—00 an/bn =
1.

Robinson (1997) considered the homoscedastic version of the above model where
o(x) = o, a positive constant, but with the errors more general in that the innovations
are stationary martingale differences. Among many interesting results of his paper,
he gave a central limit theorem for certain weighted partial sums of a covariance
stationary process, and applied it to prove the asymptotic normality of the kernel
type regression function estimator # and its studentized version. In the presence of
long memory of the errors, an important element of this studentization is to have a
log(n)-consistent estimator of the parameter H. Such estimators are usually based
on the residuals {Y; — 7(t/n), 1 <t < n}. But, Robinson showed that in the case of
long-range dependence the raw data {Y;, 1 <t < n} can also be used to provide such
an estimator of H in homoscedastic models. One possible intuitive reason for this is
that under the homscedastic set up where o(i/n) = o, a constant, the processes Y}
and u; have the same covariance structure.

This chapter analyzes the asymptotic distribution of the kernel type estimators of
both r, o and the local Whittle estimator of H based on the estimated residuals under
the above heteroscedastic setup. To proceed further, let K and W be density kernel

functions and b = bp and ¢ = ¢ be bandwidth sequences. The kernel estimators of
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r and o to be investigated here are

(2.1.4) i) = %5%:1&'(ni1;t)3’t,
62(z) = nictzzlm"fwt)m—f(i)]?

Fan and Yao (1998) proved the finite dimensional asymptotic normality of the estima-
tors ¢ for the stationary and absolutely regular errors. Under the above long memory
setup, we establish their finite dimensional asymptotic normality for 1/2 < H < 3/4.
For 3/4 < H < 1, these distributions are non-normal.

Since the parameters H and G appear in the standardization of these estimators
in such a way that it is necessary to have log(n)-consistent and consistent estimators
of H and G, respectively, in order to use 7, & for the large sample inference about r, o.
Using the method of Robinson (1997), it is proved that the local Whittle estimators
H, G of H, G based on the residuals (Yz—7(t/n))/6(t/n) have these properties, which
in turn make the studentization of # and 62 feasible.

This chapter has seven sections. Section 2.2 verifies the asymptotic properties
of 7, sections 2.3 and 2.4 discuss the asymptotic properties of &, while section 2.5
discusses the uniform convergence rate of 7. Section 2.6 discusses the estimation of
H, G, and the asymptotic distributions of the studentized versions of 7 and &. Section
2.7 is an application, and Section 2.8 is the Appendix containing some preliminary
results from Robinson (1997), some other miscellaneous results and some proofs. In

the sequel, =; means equivalence in distribution.

2.2 Asymptotic normality of r

Consider the Nadaraya-Watson estimate 7(x) based on the model (2.1.1) and (2.1.2).
We give additional needed conditions on the kernel, and the regression and variance

functions.
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Assumption 2.1 Let K be an even positive differentiable density with support
[—1,1], and with a bounded derivative.
Assumption 2.2 Either the function r satisfies a Lipschitz condition of degree T,
0 < 7 <1, or r is differentiable with derivative satisfying a Lipschitz condition of
degree 7 — 1,1 < 7 < 2.
Assumption 2.3 The function ¢ is continuous on [0, 1] and bounded away from 0.
Assumption 2.4 The function o satisfies Assumption 2.3 and is continuously twice
differentiable on [0, 1].

To discuss the bias in 7, introduce the continuity modulus of a function g on [0, 1]:

w(d;g) = sup |g(z+b)-g(z)l, >0
z,|b|<d

Lemma 9.1 in Hardle, Kerkyacharian, Picard, and Tsybakov (1997) shows that
(2.2.1) w(ad; g) < (a+ 1)w(d; g), a>0,6>0.

We also need to recall, say from Beran (Theorem 2.1; 1998) or Zygmund (Chapter
V.2, 1968), that for any long range dependent stationary process u; with the spectral
density f, (2.1.3) holds if and only if, with §(H) := 2I'(2 — 2H) cos{n(1 — H)},

(2:2.2); := Cov(ug, u;) = /_7; FOeMdn ~ co(H);20-H) | L .

Let ky(z) = K(2Zt), t>1, 0<z < 1.

n n

1
2.2. Hz) = — k Vz.
(2.2.3) 7z — g :c)1 2 t(z)o )ut, z
Under (2.1.1) and Assumptions 2.1-3, a routine calculation shows that

(2.2.4) sup |E(F(z) — r(x))] o), 0<7<1

O<z<l1

1
—), 1<7<2,

_ T
= 0@ +nb
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Because for z close toO or 1, fé’o |K (w)buf{r' (x+6bu)}|du = O(b), under Assumptions

2.1-3 with 7 = 2, one obtains that

(2.2.5) sup |E(7(z) —r(z))| =00+ i)
0<z<1 nb

In order that the bias is small enough to permit centering at r(z) in the central
limit theorem, we impose the following additional assumption on the bandwidth.

Assumption 2.5: With 7 as in Assumption 2.2,
(nb)—1 + (nb)I*HbT — 0, asn — oo.

The following lemma gives the asymptotic behavior of the covariance structure of 7.

Let

p(H) := H)//K K(w)lv —w|™ 2(1- H)dwdv D = Gé(H).
Lemma 2.2.1 Under (2.1.1), (2.1.2), the Assumptions 2.1-3 and 2.5, we have

(n6)?~2H Cou(i(z), #(y)) » Go(H)o(@)o W)l fymyy YT,y € (0,1).

Proof. Using (2.2.3), we obtain, for z # y,
(nb)2~2H E(((z) — @) - )]
_ 1 &
= (nb)2 2H{( 2b22kt(17( ) —7r(z >("_2=: t(y)r(= —ry))
23 3 kel@)ks(0)o()o(2) Bugus
s#t

= I+1I

By (2.2.4) and the Assumption 2.5, I = O((nb)2_2Hb2T) — 0.

Next, using (2.2.2), we obtain,

j2-2H
II ("’znb //k, Yes(y)o l) o(2 )| _ 5|7 2(1=H) 444
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~ nb2 2H//K o(x — bz)o(y — bw)

x|n(z — y) — nb(z — w)|—2(1_H)dzdw
p2—2H
~ D |—I—_y|2—:ﬁ /K(Z)K(IU)O’(.’L‘ —bz)a(y — bw)
x|1 — b-z—_—wrz(l_H)dzdw
-y
p2—2H

D WU(I)U(M

+Dm//K(z)K w)U T —bz)o(y — bw)

x|(2 - 2H)b

|dzdw

where the last but one inequality follows from the fact that for any |a| < 1/2 and
1/2< H <1, |(1+a)~2(0=H) _1) < |(2H - 2)a|.
Assuming T =y,
. — t s
Var (#(z)) = (nb) 72 Y ks(2)kt(z)o (=)o (>)r(s = 1)
s,t

7 [ [ s@rs@o ot - o124 Masar
z—1

- z—1
=D 12/_61_ /_b;_ K (2)K (w)|nb(z = w)| 721~ H) (np)2

I__.

-
T

xo(z — bz)o(z — bw)dzdw

~ (b))~ 20=H)Go2(2)p(H).

This proves the lemma. O

The proof of the asymptotic normality of 7 is facilitated by the following result
from Robinson (1997), reproduced here for the sake of completeness and easy refer-
ence. Let N (u,Z) stand for a k variate normal distribution with mean vector x and
covariance matrix I, k a positive integer. Write A" for A7. Consider the

Assumption RI. Let ﬁj,j € Z := {0,£1,£2,---} be a set of square summable
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real numbers and {s4,t € Z} be a sequence of r.v.’s such that E(e4|F;_1) = 0,
E(e?|.7-'t_1) =1, as., t € Z, where F; := o-field{es, s < t}, t € Z.

Let wiy, 1 <t < n,n > 1, be an array of constants, Vjn = Z?=1 win Bt — ;-
up = z;‘i—oo Bjet_j. t € Z, and Sp := 311 Wtnut. Robinson (1997), we obtain

Lemma 2.2.2 Suppose Assumption RI holds. In addition, assume that there ezists

a positive sequence a = ap such that

o0

(2.2.6) 3 v]2-n=1, Vn>1,
j=—o0
LI o\ 1/2
(2.2.7) (Zwm Z ﬂj) + max | Z 181 .
t=1  [j|>a lj|<a

Then, Sp => N(0,1), as n — oo.

The next result gives the limiting finite dimensional distribution of 7y, where
8= (Gp(H)/2.

Theorem 2.2.1 Let (2.1.1) and the Assumptions 2.1-4 hold. Then for any inte-
ger £ > 1 and for any distinct z;, i = 1,--- £, in (0,1), the joint distribution of
(nb)l_H(ﬁa(zi))—l{f(xi) —r(z))}i = 1,--- ¢, converge weakly to Ny(0,I), as

n — o0.

Proof. Fix an integer £ > 1 and real numbers hq,--- , hy, not all zero. Let o; =

o(z;). By the Cramer-Wold device, it suffices to prove

(nb)1 H £ 2
Tn = Z hj———{#(z;) — r(z;)} => N(0,)_ k7).

1=1
Let
Gn = — f‘_,ﬂ{zn:k(x)()u}
n (nb)H zzlﬂai = T\ t
V2. = Var(Sn), Sn _Vinsn
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In view of (2.2.3), (2.2.4), and the Assumption 2.5, T, — Sp, = op(1). It thus suffices

to prove the claimed result for Sy,. If we show that
¢
(2.2.8) Sn=>N(0,1), and VZ Y h

then, by Slutsky’s theorem, the claim will follow. But, by Lemma 2.2.1,

2 20—k <~ h? 1 o t Loy
V2 ~ (nb)2” Zﬂ2—;2Var (%Zkt(xi)a(;)ut)—»Zhi.
i=17°9; t=1 i=1

Now consider the claim about Sy. Rewrite S, = z?:l win U, where

“in =0 an Z ﬁaz kt(rz)

In view of Lemma 2.2.2 applied with these wn, a = 1, and with §; = a;, 7 20,

])
B; =0, j < —1, to prove the first part of (2.2.8), it suffices to verify that
J

(E w E 1/2+ max |wpp| E |aj|—>0.

1<t<n 4
t=1 J>1 - J<1

But, because o 's are square summable and the function o is bounded from below,

the left hand side of this expression is bounded above by a positive and finite constant

times
n
1 1/2 1
+ (z a
(nb)HVn{tZ:l ( t(ri (n)) } (nb)HVpy 1<t<n, 1<z<e t(z:) ;' jl
= o((nb)1/2=Hy 4 o((mb)=H) =0,
because 1/2 < H < 1 and nb — oo, thereby completing the proof of (2.2.8). O

Remark 2.2.1 Hall and Hart (1990) show that under the long memory Gaussian er-
rors setup the optimal bandwidth b for estimating r(z) is of the order n—(1-H)/(3-H)
and it is achieved by kernel smoothing method. If one uses this optimal b then
the bias in Theorem 2.2.1 is not negligible. However, if b is chosen proportional to
n—(1=H)/(3=H) times a sequence that tends slowly to zero, say 1/logn, then the

bias vanishes asymptotically.
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2.3 Estimates of ¢%(z)

This section discusses the asymptotic behavior of bias and variance of the estimator
2. With c and W as in (2.1.4), let I(b) := {t : nb < t < n — nb}, and

1 nr—t
wy(x) = n_cw( —

n
), #2(z) = ,—11; Z: wt(x)UQ(%)u%, z €01

The following decomposition of 62 is often used in the sequel.

231)  6%(z) = { S+ ) } [t‘r(fl)JQ

tel(b) t&I(b)
el 2 ¢ T Juolp -]
teI(b) teI(b)

t -
Z wy(z “t [r( ) — (;)] +02(r).
To proceed further, we need to mtroduce additional assumption:
Assumption 2.6. The kernel W is another even positive differentiable density with
support [—1,1], and with a bounded derivative, and the bandwidth c satisfies ¢ — 0
and nc — oo.

We shall first analyze the bias and variance of 52. Recall that 19 = Eu% =

00 2

_0 it From now on we shall assume that the u;’s are standardized, i.e., yg = 1.

Consider the bias of 2. Similar to (2.2.4), using Assumptions 2.4, 2.6, and the Taylor

expansion of 02, we obtain, uniformly in 0 < z < 1,

E'52(I) = Zwt ;1-
2.2
- [we ex(o2(2)D + (02w~ ez0)) D)
+O($)
(2.3.2) = 02(2) + Cpc? +0($E),

where 02(1)(k) stands for the kth derivative of 02(1) and Cx=02(x)(2)

X fW(z)zzdz/Z
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Next, in order to compute the variance of 52(1), we need the following lemma

about the covariance structure of the stationary process ut2.

Lemma 2.3.1 With {u;} is as in (2.1.2) and under the assumption that ELO
V1/2<H<]1,

(233) E(ud-1)(@?-1)

2722 + Za%atz+s[Esg -3
s

Proof. Using the fact that {e;} are standardized i.i.d. r.v.’s, we obtain

E(u} - 1)(u? -1)

= E( Z Q50O QyE _gE_ 1€t _yEt—y) — 1

s,l,u v
= Z agsgaaet u) T 2E( Z asas+tegalal+tel2)
s,u,s#u s,l,s#1

+E(Z ofad peies ) — 1

= Z asau+2( Z O‘Sas+talal+t +E‘OZC’S gyt — 1
s,u,s#u s,l,s#l

= [(Z ag 2 Z asat+s] + 2[(2 0‘80‘3+t) - Z asat+s]
S 3 s S
s
= 2'722 + Zagatz+s[Esg -3
S

2D22(2H-2)

as t — oo.

The last statement follows because a j~ cyH 3/2 as j — o0, and because
1 2.2  _ ol 1 ,
EIH___ngasOS_'_t—O(Eﬁ't?—_-ﬁ)-*o, ast — oo. O

Remark 2.3.1 The term [Esg — 3] is exactly zero in the case {¢;} are standard

normal random variables.
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Now, using (2.3.2), we obtain

Var(52(x) Zwt us@)o?(2)o 2(%)5{(11%—1)(13-1)}.

nc)2
Let Dn(x) denote the leading term on the right hand side of the above equation. To

analyze it further, it is necessary to consider the two ranges of H, v.i.z., 1/2 < H <

3/4 and 3/4 < H < 1 separately. We define
WIE = [WPods,  CiaH) = B - Datw)?

Co(x, H)

od(z) / / W (W)W W)l — v~ 4dwdy, Co(z, H) := 2D2Cy (=, H).

For 1/2 < H < 3/4, the process “t2 — 1 is short-range dependent. Moreover, for an

0<z<]l,
neDn(e) = — 3 wyRus@oX(1)o?(2)EwE - )(ud 1)
1 o 2, 4.t 4
= o) Z wy (z)o (;)E(ut—l)
s=t,t=1
L) Z wy(r)ws(z 2(%)02(_—2)E(u3—1)(u%—1)

s,t,s#t

= E(u}-1) / W2(w)od (z — aw)dw

+ 1 / W(w)W(u)a2(1: - cw)02(1: — cu)E(u(Q)u2 o(w— ))dwdu + O(%)

~ Cy(a,H) + (102 CH=2=185(2, H) + O(--) + O()

nc

= Cy(z,H) +o(1).

For 3/4 < H < 1, the case of very long-range dependence, the sequence ug -1

is still long-range dependent. Proceeding as above and using the continuity of o and

Lemma 2.3.1, we obtain,

Dn(z) ~ C(nc)~!+2D2 nc)2/ / o)wy(x )2(%)02(%)|t—s|4H_4dsdt

~ (nc)4H 4C’2(;L‘,H), Vo<zr<l.
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The above discussion is summarized in the following

Lemma 2.3.2 Suppose (2.1.1) and (2.1.2) hold. In addition, suppose E<d £ < 00 and
the Assumption 2.4 holds. Then, for each x € (0,1), 52(1) -0 (.r) in probability,
E{5%(2) - 0%(x)} = O(L + ¢2), and

Var(32(z)) = Cylz, H)(ne)™ 1, 1/2 < H < 3/4;

Co(z, H) (ne)41-H) 34 < H <1

Now we are ready to analyze the bias and variance behavior of &2(1). Re-
call the decomposition (2.3.1). By the proof of Lemma 2.2.1, E(7(z) — r(x))2 =
O((nb)_Q(I_H ) + b2) uniformly z € [0,1]. Also, the continuity of W and Assump-
tion 2.6 imply

L3 e

O<x<l

Hence,

EL S w@ird) - = o201 3w
R t¢1(0)
= o((nb)~2(1=H) 1 42),

so that the expected value of the first term in the right hand side of (2.3.1) is asymp-
totically equivalent to
1 t —92(1—
~ 3 wt(x)[ﬁ%?(;)(nb) 20-H)
tel(b)

~ 62(7117)_2(1 H Z wy
tGI(b

= 32(nb)~2(1~ H){fwu 2)dv +O(~ 1)

~ B2nb)20-H)s2(1) vz e(0,1).
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By Lemma 2.3.2, the expected value of the third term in the right hand side of

(2.3.1) is 02(1) +Crc? + O(%). Now consider the second term of (2.3.1). By (2.2.3),

@34 B[ 3 w@e(urb) - #(b)]
t=1
— E[L Y w@eui 3 ko Sus)
B ne = ¢ n’t nbs=1 AT T T
n n
= Y w@e(5) = Y ks(2)o(S) Busuy.
t=1 s=1
Since for any fix N < n,
;zw oD 3 ks(2)o(S)Eusu| = O(),
s:|s—t|<N

hence (2.3.4) is asymptotically
~ 2T Y Jueh Z ks(2)o(2)ls — 1| ~2(1=H)
tel(b) t&I( b)

~ EB, > wilx)o() / K(v)o(;)(nb)_Q(l_H)|v|_2(l_H)dv
T tel(b)

~ —D(nb)_Q(l_H)UQ(x)/K(v)|v|_2(1—H)dv,

since, similar to the first term of (2.3.1), Ztg I(b)—part is negligible compared to

EteI(b)-part, as n — 0o.
Combining the above approximations, we obtain that for each = € (0, 1), the bias

of 62(x) satisfies
(2.3.5) E(a%) - oQ(I)) ~ Chigs(z H)(nb)~21-H) ¢ 2
where Cy is defined in (2.3.2),

Chiaste ) = Do) [ [ K@K =720 M dudy

—2/1((1.!)[1.’|_2(1_H)(1l’}.
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The following additional assumption is needed to obtain the asymptotic distribu-
tion of 62(x).
Assumption 2.7 Assume the bandwidth ¢ = o(b) and (nc)Q(I—H)c2 — 0.

Note that under this assumption, the above asymptotic bias of 62(1) depends only

on the bandwidth b used for estimating r, and not on the bandwidth c.

Lemma 2.3.3 Under (2.1.1), (2.1.2), and the Assumptions 2.1-3 with T = 2, sup-
pose that ¢ = o(b). Then, for every z € (0,1),

(2.3.6) (nc)~ ! Var(&2(x) - 52(1)) = o(1), % <H< %;
(2.3.7) (nc)4(1_H) Var(c‘rQ(:c) - 52(1‘)) = o(1), % <H«<1.

The proof of this lemma is computationally involved and deferred to the Appendix.

Remark 2.3.2 In view of the above results, the mean square error of &2 (z) satisfies

(2.3.8) E(&z(z) - 02(1))2 = O((nc)—l + c4), 1/2 < H < 3/4,
(2.3.9) - o((nc)4(H -1) 4 c4), 3/4 < H < 1.

From this one sees that if ¢ = O(n“(l"H )/(2-H )), then this mean square error tends
to zero and at the same time this c is of the smaller order than the optimal bandwidth
b selected in Remark 2.2.1. This is one reason for introducing the Assumption 2.7.
Another reason is that if ¢ = b, then the result (2.3.7) of Lemma 2.3.3 for % <H<I1
is not true because in this case Var(62(:r:) - ~2(9:)) = O((nb)4(H_1)).

The requirement that (nc)2—2H ¢2 — 0 will lead to centered asymptotic distri-

bution for &2(:v) discussed in the next section.

2.4 Asymptotic distribution of 6?(z)

This sections discusses the finite dimensional asymptotic distribution of the variance
estimator &2(1). This is facilitated by using some results about the Appell polyno-

mials. Let A denote the m-th Appell polynomial associated with the distribution
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of ug, 1/2 < 8:=(3/2) — H < (m + 1)/2m, and assume that Ee(Q)m < 00. Theorem

2 of Avram and Taqqu (1987) shows that, as n — oo,

[n]
(2.4;}?%1(—1{_35 kgl Am(ug) = Zm('), (in D[0,TY)), uniform metric),

for any constant T € (0, co), where, for t > 0,

Zm(t) = m!//
—00<w] <w9<--<wm

x /{/Ot]ijl(u-wj);ﬂ}dz;(wl)---dB(wm)

is the Hermite process, where B is the standard Brownian motion on [0,00). Some
properties of this process are discussed in Hosking (1996) and Taqqu (1975, 1978).
In particular this is well defined for t € [0, T}, for every T < oo.

Recall, say from Surgailis (1982), that 2-nd Appell polynomial associated with u
is Ag(z) = 22 — 1. Since Eug =0, Eug =1, upon applying (2.4.1) with m = 2, and

noting that in this case 1/2 < § < 3/4, or equivalently, 3/4 < H < 1, we obtain

[nt]
n k=1

The next theorem discusses the asymptotic distribution of &2(z). For that purpose

we need

2
Y2=/0 W (1 - 5)Zo(s)ds.

For completeness, we also recall the formula for the summation by parts which is often
used in the sequel. For any two sequences {aj,j =1,2,---} and {bj,j =1,2,---},
and for any integers 1 < m < n,

n m-—

n 1 17
(2.4.3) Z a’jbj = bn Z a]- — b7n Z aj + Z ak(bj - bj+1)'
Jj=m J=1 Jj=1 j=mk=1

n—
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Lemma 2.4.1 Suppose (2.1.1), (2.1.2) and the Assumptions 2.1-4 and 2.6 hold.
Then, for every z € (0,1),

(2.4.4) (nc)2_2H{&2(I) - 02(1:)} = 02(1)}’2, 3/4<H< 1.

Proof. Define Sp(v) = ZLn:é(u% —1)for0<wv <1, Sp=5n(1). Fixanz € (0,1).
Then, wn(z) = W((z — 1)/c) =0, for all c < 1 — z. Hence, (2.4.3) yields that the
left hand side of (2.4.4) equals

oH & —t ot
(ne)! ~2H tz\:,lvwﬁ%)a?(;)(u% -1)

(2e)t=2H {Spun(2)0%(2) - Squy (2)0%(3)

+ 3 5a(0) [r(@)o?(5) - w1 (@02}
t=1
n—1
= 1 2HY 500 [wr(@)o?(5) — w1 @A)} + 0p(1)

t=1
= (nc)1_2H /11 Sn(z — cv) [W(u)o2(z - )

1, 9 1
W - )iz -+ E)] dv + op(1)
1
= (nc)l_QH{/ . Sn(z - cu)W’(u)a2(a:)du} + op(1).
This fact, the stationarity of {u;}, combined with the fact that [ 11 14 (v)dv =0,

yields that the leading term in the right hand side above is equal to

(ne)1=2H 52 (1) / 11 (Sn(r — cv) = Sn(z — c))W’(u)dv

[n(z—cv)]

= (no)l2Hs2(z) / : ww) Y (-1
-1 k=[n(z—c)]

1
=4 (nc)1—2H02(x)/ 1W”(V)S )(l)du

2
2 >

= 02(:r)Y2,
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where r1(v) = [n(z — cv)] — [n(x — ¢)] + 1. The last claim follows from (2.4.2) and the

continuous mapping theorem (Billingsley, 1968, Theorem 5.1), since W/(-) is bounded

and the functional T'(f) = f02 W!(1 - t)f(t)dt for f € D[0.2] is continuous. O
In view of Lemmas 2.3.3 and 2.4.1, the following theorem is immediate.

Theorem 2.4.1 Under (2.1.1), (2.1.2), and the Assumptions 2.1-7, for each z €
(0,1),

(ne)21=H)(62(2) - 02(x)} = 0%(2)Yy, 3/A<H<1.

Now consider the case % < H< % By Lemma 2.2.1, in this case the covariances
of the process ug — 1 are absolutely summable. Hence this process is short range
dependent and suitably standardized &2(2:) will be asymptotically normal. To prove
this, we use a result of Wu (2002), which in turn is based on some results of Maxwell
and Woodroofe (2000). For the sake of completeness, we state Corollary 1 in Wu
(2002) as Lemma 2.4.2 below. Let || - || denote Lo-norm, and let

t—1
up oy = Do ey, up- =) Qe g, up=u gyt o, t21
1=0 12>t
Let ¢ be a function from R to R, pn(z) := Ep(z + up +), Snlp) = Z?:l o(ug).
Lemma 2.4.2 If E[Jon(u1)|P < oo and ||pn(up )| = O(n*~1) for some p > 2
and K < %, then

{\/HS[nt](go),O <t <1} = {opB(t),0<t <1},
in D|0, 1], with respect to the uniform metric.

Our needed result is given in

Lemma 2.4.3 Suppose (2.1.2) holds with E|eg|P < oo, for some p > 4. Then, for
% < H< %,
t
, [l

T 2:(1112 - 1) = oo B(t), (in D|0,2], uniform metric),

i=1
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where B is the Browninan motion on [0, 2] and

oo
of = E(f-1?+23 E[(f - D} - 1)
1=1
o0

oo OO0
(2.4.5) Z + (Eed - 3) Z Z a2af s = 5 gy )?
t=0s=1 i

Proof. The proof follows from lemma 2.4.2 applied to ¢(z) = 22 — 1. Note that for

this ¢,

pt(r) = Ep(z+upy)=E[z+ u )2 -1 =2% - Zaf
i>t

According to Lemma 2.4.2, it suffices to verify that for some k < %,

(2.4.6) llpe(ug, )l = O(¢F ).

But this is satisfied with k = 2H — 1, because

g (g, -)II? = E[(Z aje;)? - E“?]Q

i>t i>t
4 2 2
= E[(Zaiq) _220‘121'7(201'52') +(Zal2) ]
i>t i>t i>t i>t
= E6820?+3 Z aa —Za
1>t i#jit,j >t i>t
= (Be§-3)Y ot +2) o? = ot 4).
1>t 1>t
The claim about 08 follows from (3.5.2). O

Theorem 2.4.2 Suppose (2.1.1), (2.1.2) with E|eg|P < oo, for some p > 4, and the
Assumptions 2.1-7 hold. Then, for every0 < z < 1,

Vic{e2(z) - 02(z))} = o2(z) 0 Z, % <H< ‘Z‘

where Z 1= — fO t)dW (1 — t) has the N'(0,2||W||2) distribution.
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Proof. Arguing as in the proof of Theorem 2.4.1,
(nc) WZW t)(th—l)
_ (nc)_l/Q{Snwn(r)cr?(%) - Sou1(2)2(2)

+§jsn ) @o(5) — w1 @]}

n

n—1
= () VY sa(D) [ur@o?() - wpp@o?()] )
t=1
+op(1)
= (nc)_l/Q{/_IISn(x—cu)[W(u)az(z—cu)

-W(u——-ﬁlz) 20— v+ )]du+0p( )} +op(1)

= (nc)_1/2{ /11 Sn(z — cu)W’(u)a2(z)du)} + op(1),

Since fll W/(v)dv = 0, the leading term in the right hand side above is equal to

[n(z—ev)]

1
(ne)~1/25%(2) | WO Y} -
B k=[n(z—c)]

1 1 nc|(v
— (nc)—l/20,2(x)/;lW’(V)STI(V)(I)dy =d 02($)L1 WI( )[[ ]C]1/2)d

The theorem follows from this fact, Lemma 2.4.3 and the continuous mapping theo-

rem. O

2.5 Uniform convergence rate of 7

In this section, we consider the uniform convergence rate of 7 and uniform consistency
of 6. As is well known, under i.i.d. error setup, the point wise consistency rate of
the kernel type regression estimator 7 is 1/v/nb, and the uniform convergence rate is

nearly the same: logn/vnb. As seen in Theorem 2.2.1, when errors are long range
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dependent, the point wise convergence rate is (n.b)_(l"H ). We shall next show that
if the innovations ¢; satisfy the Cramer’s Condition, then the uniform consistency rate
of 7 is (nb)_(l_H ) logn. Towards this goal we first recall the Bernstein inequality

from Doukan (1994).

Lemma 2.5.1 Let X;,i=1,--- ,n, be mean zero finite variance independent random
variables. Assume, additionally, that they satisfy the Cramer’s Condition: For some

C < o,
(251)  E|X;F <R 2EX? k=23, i=1,2-,n

Let Sn = 37 1 X;, s = >orq Var(X;). Then, for any e >0,
—e2

P(|Sn| > ¢) < 2exp{—5———
(| Tl' ) p{4s,21+2Ce

).

Remark 2.5.1 A large class of random variables including bounded, Gaussian and
Gamma r.v.’s, satisfy this condition.

Rewrite the moving average process as u; = E;";_ 00 Xt —jEj by defining aj = 0
if j < 0. Then for some integer L > 0,

n L
1 t _
=Y ki(@)o(=)ur =S +Sp+SE, Sp= Y vnsej,
t=1 j=—L+1
= s 1 & t
SZ = Z Unj&‘j, SZ = Z UnjEj’ vnj = ;5 Z kt(f)a(;)at—j
Jj=—00 j=L+1 t=1

Let o* := SUP¢(0,1] o(z). Observe that for large L, VarS?: =0,

VarSL_

A
R
<o
—~
[
&=
o
&
N
BY
S|+
~
N
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Consider S7. Let X := v, je;. If € s satisfy the Cramer’s Condition, then
EIXjIF < [ FCR2(k0Ele 12 < oy j1F 2R 2 (k) EX2.

Moreover, using the fact ¢ and K are bounded above and the Cauchy-Schwarz in-

equality, we obtain that for any 3 > 0,

lonsl = ’( Y o+ Y @S|

lt—jI>B |t—jI<B
1 /@ 1/2 1/2
(X R@) (X B e max ISk@] Y ol
t=1 li1>8 lil<B
1 g1 1
l71<8

IA

IA

Choosing 3 = nb in this bound yields that for all sufficiently large n,

o L H-3/2
(2.5.2) 12’}’%“”31 <Ccnb)yH-3/2

Thus these X j 's satisfy the Cramer’s condition for all sufficiently large n with C there
replaced by Cp = C(nb)H_3/2.
To apply the Bernstein’s inequality, we need to analyze the variance of these r.v.’s.

Towards that we have

9 (0'*)2
02 := VarX; < (nb)2Ztkt(r)ks(lﬂat—jas—jl’
S,

n L
= 2032- = b2 Zkt(f ks(z) Z lag—jas—jl
j=1 ) j— L
= nb)2 Z"t ks (x) Z lovg_jers 5l
j=—o0
- (U*)2Zk(r)k (27 = O((nt)2H=2)
(n)2 & "R ] ‘
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Applying Bernstein’s Inequality with en = (nb)H -1 log n, we get for n sufficiently

large,
P(|S7]| > €en) < 2exp{ —6'21 }
n = ’
L 4C(nb)2H=2 4 o0 (nb)H —3/2¢,,
log?
(2.5.3) = 2exp{ log” n

4C + O((nb)~1/2)"

This inequality will be used to prove the following

Lemma 2.5.2 In addition to the Assumptions 2.1-3 with T = 2, suppose that {;}

satisfy the Cramer’s Condition. Then, for any 0 < ag < ajp <1,

sup  |#(z) — r(z)| = Op((nb) "D logn),
z€lag,aq)

where the constant in Op does not depend on a(y and ay.

Proof. Let N = Np be a sequence of positive integers such that N = O(n). Let
ag =z < T] <--- <ITp_1 <) = aj denote a partition of the interval [a, b] such

that Tj—Tj_] <1/N,forall1<j<N. By (2.24),

n

. 1 t
zél[lf,b] |#(z) — r(z)] < rél[lf,b] (In_b t=21 kt(r)a(;)ud

1 & t
= t=z:1 ke(@)r(2) = r(2)])

1 "k ot
sgfla,tzzl (2 )o(= )

n
1
pmax s |3 (k) — k(@) (5)ul +O02)
Pri1<zsI i

sup (IS (@l +15F (@) + 1S ()

IA

n

1

+ max sup —b E (ke (x;) kt(r))o'( Jutl
R I =S

+O(b2)

I+II+O(b2), say.
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Consider the term II. Using Lipschitz condition of the kernel function K, and the

Ergodic Theorem, we have

> En: (ke(@) = ketrj))or (5 e

I = max sup
T

nr+nb

Clrj—zj_1l
: D DI 7
0<j<Nz; i t=nz—nb

N

g
NG

£
]8T

c 1 nr+nb
< max sup FNTY Z
: . . Nbnb
OSJSN];J_I <z< Z; n t=nx—nb
1

) = op((mp) 1.

[

= Op(

Consider the first term I. By choosing large L, say L = n2/(2-2H ), the terms
involving Sz' and SE are of smaller order than (nb)H -1 logn. In view of the assumed
Cramer’s condition for ¢;, the lemma thus follows from (2.5.3) in a routine fashion.

O

2.6 Estimation of H

In practice, the parameters G and H appearing in the spectral density (2.1.3) are
unknown. In order to be able to use the studendized versions of #(z) and é(z) to
make the large sample inference about r(z) and o(z), a In(n) consistent estimator of
H and a consistent estimator of G under the model (2.1.1), (2.1.2) and (2.1.3) are
needed.

In the parametric case, i.e., when the spectral density is specified up to a finite

1/ 2_consistent and

dimensional parameter, the Whittle estimators are known to be n
asymptotically normal, proved by Fox and Taqqu (1986) for the Gaussian processes,
and by Giraitis and Surgailis (1990) for linear processes. For semi-parametric models

where the spectral density is like in (2.1.3), the popular estimates are the local Whittle

estimates as in Robinson (1995a, 1995b, 1997).
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In a finite sample simulation study, Taqqu and Teverovsky (1995, 1997) observed
that the Whittle estimator of H based on a stationary observable process, where
there are no nuisance parameters except the mean, is by far the most accurate when
the correct parametric model is chosen, and robust against certain departures from
the correct model. Otherwise, judging from the simulation data, the local Whittle
estimator with an appropriate m is preferable over other estimators when the form
of the spectral density is not completely known, and in this case, its consistency
rate is m!/2 with m = o(n). Taqqu and Teverovsky (1997) suggest a value of m =
n/32 if the length n of the time series is 10,000. Dalla, Giraitis and Hidalgo (2005)
recently give the convergence rate of the estimator H for some general stationary
processes satisfying (2.1.3) and “ergodicity” conditions, including linear processes
and functional Gaussian processes. It is thus desirable to develop their analogs that
will be useful for making inference in the model (2.1.1) and (2.1.2).

To define these estimates, for an arbitrary stationary process §,t = 1,2,--- ,n,
define the discrete Fourier transform and periodogram

n .
cen(V) = @m) V23" et I () =l (I
t=1

Let é; := y; — 7(t/n). Fix 1/2 < A1 < Ag < 1. With ’\j := 2mj/n and an integer
m € [1,n/2), define A} < ¥ < Ao,
- 1 o= 291 _ - 4L
QW) = =3 N Lon R@)=logQ(¥) - (20~ 1) ) logh;.
j=1 j=1
The local Whittle estimates of G and H are defined to be

G=Q(H), H=arg min R(®).
$E[A,A9]

Under some regularity conditions including the assumption that o(x) is constant in

z, Robinson (1997) proved that
(2.6.1) In(n)(H — H) —p 0, G-G—po.
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Among the conditions required by Robinson (1997) to prove (2.6.1) are the following

two conditions.

(2.6.2)There exist 3 € (0,2] and G # 0 such that the spectral density f satisfies
FO) = A T2H(G 1 6A8 1+ 0(0F)), as A — ot

(2.6.3)a(X) = J 1 @j€ eI is differentiable for all X in a neighborhood of 0, and

(d/d\)a(X) = O(la(N)|/A), as A — 07,

In view of (2.1.2) and (2.3.11) of Zygmund (1968, page 70), (2.6.2) is satisfied in our
case with 8 = 2H — 1, while Li (2004) has shown that (2.6.3) is also satisfied here.

We shall now construct the analogs of G and H under the heteroscedastic re-
gression set up (2.1.1) and (2.1.2), where o(z) may depend on z, that will satisfy
(2.6.1).

Note that in the above estimators, the periodograms are based on the entire
sample. Here we shall construct analogs of these estimators that use periodograms
based on only a subset of the residuals. One of the reasons for doing this is to
eliminate the boundary effects of #(z) and 6(z) on H. More precisely, we first use
all observations Y7, - ,Yn to estimate r(x) and o(z), but with bandwidths dp, and
en possibly different from those in sections 2.2-4. Then we use periodograms based
on a subset of residuals, say, ﬁko +10 ,ﬁko + M to construct H as follows, where
ko and M are some positive integers, with kg + M < n, and where i; := (y; —

7(t/n))/&(t/n), t > 1. Accordingly, for any process &, and 1/2 < ¢ < 1, let

k0+M '
we pm(A) = (2m)~1/2 > ge't?, Ie pr (M) = lw§,M(>\)|2»
t=kg+1
1 & -1
Z= -7; Z If,Af
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With ﬁj :=2mj/M and an integer m € (1, M/2), A} < ¢ < A9, define

m
(2.6.4) R(¥) = logQu(v)— (26 —1) ) log;,
j=1
(2.6.5) G = Qﬂ/(f{), ﬁzargminwe[Al’AﬂﬁW).

We shall show that
(2.6.6) In(M)(H - H) »p0, G -G —po.

As will be seen later one can take M = n® for some a < 1. Then the first claim of
(2.6.6) is equivalent to log(n)(H — H) —p 0.
One of the assumptions needed for proving (2.6.6) is

Assumption 2.8. For H > Ay >1/2 ,asn > M — oo, m = o(M) and

2
4 1 M  (logm) 1
(In M) (—m2d2 —+ B e M+ —nd2) -0,

where d = dp, is the bandwidth used to estimate r(z).

We shall use the following decomposition of #; in the sequel.

o(t/n) 1),

‘ r(L) —#(L) _qa(t/n)
ot _Tfl “= ”t(f‘r(t/n) -1), end
—_#L
'&,t = + v = u

a(£)
Let
m
log Qg (¥) — (2 — 1) Y _ log 3;.
J=1
G = Qﬁ(l:]), ﬁ=argminw€[Al’A21R(w).

3
=
I

The following proposition is helpful in proving (2.6.6).
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Proposition 2.6.1 Suppose the Assumptions 2.1-8 with T = 2 and 2.8 hold. Then,

(2.6.8) log(M)(H — H) —p 0
(2.6.9) G—G —po.

The proof of this proposition is facilitated by the following two lemmas and the

inequalities

1/2
g m — Ty ml <210 prly pl / + 1y p»
(2.6.10) IIﬂ,M - Iu,Ml

IV,M < 5(I£,M+IU,M+IC,M)’ VM >1.

INA

1/2
2|Iu,MIv,M| / +Iy m

In the first lemma,

fi=c82H 1<j<m.

SIQ

m
J:
Lemma 2.6.1 Under conditions (2.1.2), (2.1.3) and m = o(M), we obtain that
uniformly in 0 <t < 1,

[tm]

I .
(2.6.11) [tm]—1 Z Mf-@ —pl, as for1<j<m, m— oo.
=1
Qu¥) - G[W)
2.6.12 | = .
( ) 1/2825)<1 | G(¢) OP(I)

Proof. By assumption, u4, t € Z, is a stationary and ergodic process. Hence the
claim (2.6.11) follows directly from the Proposition 2.4 in Dalla, Giraitis and Hidalgo
(2004). To prove (2.6.12), using the first claim, the facts that for |§| < 1 and for all

large m,

(m — 1)5+1 _ m(5+ (5+1[ (5+1 1] ~ ¢) O(( }7\7;)2(1/1—.[{))

b
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and (2.4.3), we obtain

G m
Qu(¥) = Gw) =3

, I ar(3;
ﬁ?(w—H)[ u.A}{F J) —1]
]:1 .7
mj:l f] M
¢ =l E T () 2k \2(y—H) _ 2k + )T o(y—H)
+= E[—T - 11((17) — () )
k:l i=1
= on((T%)2(Vv—H)
Lemma 2.6.2 For the moving average process us of (2.1.2),

mo L, m(B5)
3 ﬂi‘ﬂfLL = Op(m¥t), b > -1,
j=1 J

= 0p(1), < -1

Proof. Formula (2.4.3) and (2.6.11) give

m I B.; m g B.; m—1 J 1 A
Zj’”—“’“f( 2 (> —"’Af( Dyl 3 (L Z—“’A;_( )0
j=1 J =1 7 j=17i=1 i
m—1
— Op(mw-l-l_*_ Z Jw) O
j=1

Proof of Proposition 2.6.1. The main idea of the proof here is similar to that of
Theorem 3 of Robinson (1997). The proof is given in several steps. We shall first
prove (2.6.8).

For an € € (0, In(M)), & € (¢/In(M),1/2), let Me = {¢: |(In M)(v — H)| < ¢},
Ns={v: v~ H| <8}, © = [A1,Aq] with Ay > 1/2, and S(¥) := R(y) — R(H).

For any subset A C R, let A denote its complement. We have
P(In(M)(A - H)| > ¢) = P(A € 6 M)

=P(_inf Rw)< inf R(w))gP(_inf S(¥) < 0)

MeN© MeN© MeN©
<P(_inf S@)<0)+P(_ inf S <0),
NsN®© McNNsN©
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where the third inequality above holds because H € M¢[)©. As in the proof of

Theorem 3 of Robinson (1997), the right hand side of the above expression tends to

0 if
QuW) -G o Qa(¥)- G,
A RS eI
which in turn, in view of the triangle inequality, is implied by
Qu(v¥) - G¥) 2 Qu(v) - G(¥)
2.6.1 = |4+ (InM S ANk b 44 N
(2.6.13) sgpl ) | + (In M) esnugvél ) | —=p0,
Qy(¥) — Qu(¥) 2 Qi (V) — Qu(¥)
2.6.14 5 In M —p 0.
( ) sgpl ) | + (In M) esr‘}“;vél ) | —p
Let
615) ;= BMO) “l ) . TaM @)~ Tu )
/i fj

2. Sufficient conditions According to the proof of Theorem 3 in Robinson (1997),
to prove (2.6.13) and (2.6.14), it suffices to show that

m-—
(2.6.16) Z # H)+1] ol Z il =p 0,

—~ i .1-95 1
(2.6.17) (log M)? § : (?ﬁ)l 202 2 " Dj| —p0
1 1 =1
for some arbitrarily small § > 0, and

(log M)? -
(2.6.18) —— Z1Dj —p 0.
]:

Towards verifying the above conditions, we first need to obtain a bound on
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I, M(J )/f) Recall that f]

EL, p(A)

(2.6.19)

xEulupe

= A()) + B(\).

Consider the term B()) first. By a change of variable, we obtain

Hence,

where

IA

Jy (W) %4: ZK(t 1)0(711‘) itA—ilw
Aw) = e

imiim1 ™ )

- K(Z)eisw u o(7%) it(A\—w)
|s|<nd t=1 n
M n
T
(27rMn2d2 rtz

erpn2ad?) ! [* fo)y )P

(2rMn2d?) 1B (X) + By()) + B3(M)],

/BA/2 () = FOV 1y (@) 2
A2 |f(w) — 3\ (w ,

™ A/2 9
{ /3A ot /_ MR,

fN) L: |J)\(w)|2dw, A€ [-m, 7).
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To bound Bj’s we first obtain some bounds on Jy. Let Dp(}) = Z?:l eij’\,
s} = Dp(X — w). Recall from Zygmund (1968, page 51) that

(2.6.20) DM < C/A, VA€ [-m7], k>1.

For M < n, if we take a; = = elJ(A=w) anq b, = o((t—s)/n)/o(t/n), (2.4.3) yield
(M 8) M-1 (k S) (k+1-—3)

lZ i AW < sy 4] Y sy n_)
=1 °@ o(3h kl(% a(%))
CM 1
< CIDp(A=w)l+ = > DA -w)l.
k=1
Hence, using the fact |K (s/nd)e’¥| < C, for all s,w, and by (2.6.20), we obtain
M-1
(2.6.21) |I\)| < CndDps(A-w)|+Cd Y |D(A—w)|
k=1
nd
< —_— — .
< CI/\_M, VA\w e [—m, 7

Similarly, (2.4.3) applied with a; = eI, bj = K((t — 5)/(nd))a(s/n)/a(t/n), and

Lipschitz properties of K and o yield

IZ ; g, Ve [-mm].

Since [T et(k=Dwdy = 0 of k # 1, we obtain that for all A\ € [—m, 7] and for all
n>1,

t_
(2.6.22) / |J/\u)|2dw—27r2|ZK 5)9( )W <cly.
- s=1 t=1

Now, we are ready to give bounds on Bj s. Clearly, by (2.6.22),

3

B3(\) < C f(\)min{1, (Mnd2A2)"1}), v

Next, consider By. Note that 3A\/2 < w < 7, implies \/2 < w — A < 7 — X and

—m <w < A/2implies \/2 < A —w < 7+ A. Hence, by (2.6.21),

2d2
By(A) <
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Finally, since S“p)\/QSwSB/\/2{|f( fW/IA —w|} = A)/N), as A — 0T,
from (2.6.20) and (2.6.21), By () is bounded above by

ID(A - w)|dw <

Cf(N) [3M2 i [M2
Mx Jx/2 = M/\/o Pl

This bound and Lemma 5 of Robinson (1994b) imply that uniformly inj =1,--- ,m,
By (Bj) = O(fj(l +logj)/j), as M — oo. This fact in turn together with the above

bounds on B3 and By readily imply that uniformly in j =1,--- ,m,

, M — oo.

M log j
(2623)  B(8;j) = Op(f;{min(1, d21j2)+1+.°g’})

Next, consider the term A()) in (2.6.19). Arguing as in Robinson (1997), we have
A(X) < 24%()) +242()), where

M ! t
_ LY kG = ()
AL = \/27_|t=21 ey e ]
M (Lyn k) -1)d) .
A0 = = lg (_d = 10(%7; ) eltAl.

By the two term Taylor expansion and the Assumption 2.3, we obtain

(26.24) AN < o2 §M: ") Zn gD
o = VMnd =" 'n l=1ln n
C l—to, ,t
) — )k (=)
vV Mnd ( n A l(n)|
The last term in the above bound is O(vV M d2), since

M n M
l-to, ,t
YA ~ Z/(—n—) ()l

t=1l=1

~ an/dQ 2| K (w)|dw = O(Mnd®).
t=1
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Using [ vK (v)dv = 0 and the boundedness of r/, the first term on the right of (2.6.24)

is seen to be bounded above by

[ —t 9 1 _—
\/A_ndZ|Z (= n - —) —nd /_1 LI&(L)dv'

t=1 I=1

M (t+1-1)/nd

TS /t DR kol

for large n. By the Mean Value Theorem this is bounded by

Z{ n2d2 Z nd ) _/_11 lvldv} = O(g).

Thus A?()) = O(Md* + M/n?). Similarly A()) = O(M/(n2d?)).

These bounds together with (2.6.19) and (2.6.23) imply that uniformly in 1 < j <

m,

Iy m(B5) M1 1+logj Md4 M
2625)—— min(1, — + - + + .
( ( ( n d2j2) j f] n2d2fj)

We are now ready to verify the sufficient conditions (2.6.16) - (2.6.18). By changing
the order of summation, the left-hand side of (2.6.16) is seen to be bounded above by
m
Ap = cm2(H-A1)-1 Z j2(A1_H)I'Dj|-
j=1
By (2.6.7) and the Cauchy-Schwarz inequality,

f: (A —H |D I<C ZJ (A-H )IIu,M(ﬁj)Iv,hl(ﬁj)|l/2+Iv’1w(ﬁj)

j=1 fj
U I ) o m (BN 1/2
2(Ay—H) Tup1(3j)1N1/2 MBjIN1/
j e
(]; ; ) (g )
m
+ je\e1T
Jé:l fJ

47



This bound together with Lemmas 2.6.1 and 2.6.2, (2.6.25), Assumption 2.8 and the

following calculations imply that A = op(1).

m
m2(H—-A1)-1 ¥, 200-HH)M 1 M 1
n d2 2 n d2m2’

7=1

L Md4

j=1 J

m 12—-2H, 2H-1
2(H-Aq)- Z 2(A1-H) M ZAI m < 1 .

o 2d2f]. n2d2 nd2

The left-hand side of (2.6.17) is bounded above by
5-1 X~ —26
C(log M)*m*~1 3~ 72|
J=1

< Cllog M)2m2-1 in: j—26{(Iu,M(ﬂj)I})jM(ﬂj))ln .\ Iv,A;Fﬁj)}
J J

j=1
which tends to zero in probability by applying Lemmas 2.6.1, 2.6.2, Assumption 2.8

and the similar calculations for 0 < § < 1/2:

— I ( ‘)
(logM)QmQ(s_l E :J 26 ‘v,M\7j
- 5
]_]_
M log2 2H-1 | p2-2H

2 m m
< Cllog My {— + = + Md* e nd2nm2H—1}'

And the same argument implies that (2.6.18) tends to zero in probability. 0O

We shall next show that (2.6.8) implies (2.6.9). To that effect, we have

IG-G| < |Qu(H) - Qz(H)|+|Qz(H) — Gu(H)| + |Gu(H) — G|

, J J
J=1
AL SN 8~ 1 (B)
m 2 M (B;) = Iy p (5
]:
AL R 3 -G
m 4 ‘ j u,M\7j
]:
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By (2.6.11), the last term in this bound is 0p(1). The middle term is exactly equal to
|Gm‘1 ZT’ZI ’Djl, which is op(1) by (2.6.18). The first term is bounded above by

m
1 2H—1;y _ g2(H-H)\; 5\ _ R2(H-H) .
Imjz_jlﬁj (1-5; Mam@Bl < max 15 Qz(H).
Moreover,
1,«3;?(’1‘}” — 1] = |exp2(H — H)InB; — 1| < 4|(H — H)| In(M).

This bound together with (2.6.11) and the fact that Q;(H) —p Qu(H) implied by
(2.6.14) thus shows that (2.6.8) implies (2.6.9). This also completes the proof of the

Proposition 2.6.1.

Remark 2.6.1 If welet M =n% m =n"andd = n—‘s, Assumption 2.8 holds when
a/4<d<1/2and0<d<n<a<l.

Now, let kg = kg, be a sequence of positive integers such that kg — oo, kg/n —
ko+k it
xg € (0,1) and (kg+ M)/n — 1 € (0,1), as n — oco. Let wk(ﬁj) = Et__qko uge ﬁJ.

By Zygmund (1968, V.2), for any integer M > k — oo, if m = o(k),

a2
220 O o reiem
fj

Let ¥4 = o(t/n)/6(t/n)—1. Using Lemma 2.8.3 and Lemma 2.8.4 in the Appendix

here, we obtain that uniformly for kg < k < kg + M,
(2627) \I’k. —*p 0, Sl’::pl‘l/k—\l’k+1| =Op(Tn), ™m=—V -—h‘,

where h = hp is a bandwidth sequence for estimating o(¢). We need the following
Assumption 2.9 Assume that mi log4 M/M 34 ™M — 0.

Now we are ready to prove the following main theorem.

Theorem 2.6.1 Suppose Assumptions 2.1-4, 2.8 and 2.9 hold with T = 2. Then
(2.6.6) holds.
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Proof. Fort = kg + 1,kg+2,---,kg + M, recall the residuals can be written as
Up = up + & +vp + ¢ as in (2.6.7) and (2.6.8). From the proof of Proposition 2.6.1,
we know the sufficient conditions are analogs of (2.6.16)-(2.6.17) with Dj replaced
by ﬁj. Using inequalities (2.6.10) and (2.6.11), we only need to show the following

claim: uniformly in 1 < j < m,

Ie ar(B; I B3:) I (35)
oo M@ M@, L)
By (2.4.3), we obtain that uniformly for 1 < j < m,
ko+M
If,M(BJ) 1 | OZ s eitﬁjIQ
- t¥t
f 2rM f; —l
ko+M—-1
1 em), w0y
orM| ™ 1/2  kotM 1/2 ©k k+1
J k=kg f]
M-1
2 u,M (5;) 2 lwg(85)1\2
=c¥ sup (Vg — W)
fotM S M po<k<kg+M o kZ::l 772 )
=I+11

But, by (2.6.26) and (2.6.27), I = OP(Iu,M(ﬂj)/fj) = op(1).
Next, consider the term II. For any positive integer N < M — 1, we have the
inequality
(Cpoq kB0 (O k(@)D z(z,i‘ijéﬂ g (8;)1)2
fj B fj fj |
By the Ergodic Theorem, supg<pn |wk(ﬂj)| = Op(N), for any sequence of positive

integers N — oo. Using this fact we obtain that the first term in this upper bound is
Op(N4), for all 1 < 5 < m. For the second term we choose N = O(mlog M). Then
by by (2.6.26) it is Op(M3) for all 1 < j < m. Hence, in view of (2.6.27), II =
Op(N /M) + Op(r 2M2) = Op(T, M2) op(1), by Assumption 2.9. Therefore
the first claim in (2.6.28) holds.
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Let Sk Zf :k+1 ltﬁj. Notice that in the proof of (2.6.25), the only

requirement is m = o(M). Therefore we can similarly obtain that for N < k < M,
uniformly for 1 < j < m,

1S1.(8:)12 I, pr(35)
k\Py =Op( v,M\¥Yj )

(2.6.29) T, 7

Similarly to the proof of the first claim in (2.6.28), using the relation (; = vy ¥y, see
(2.6.8), we have

I¢ M (B5) P fdM e
N7 27er-| > v¥e ]l
J J t=k0
ko+M-1 ¢
27rM 1/2 ko+M 1/ k= Tk+1
f; k=ky
L, MB) ¢ M_1is,(8)1\2
< Cv? —vl——]+——sup(\ll - v )2 £
s ¥+ M k~ Yk+1
o+ 7 M7y (k§1 f];/z )
= III+1V.

The term II] = OP(IU,M(ﬂj)/fj)' By (2.6.27), |Sk(ﬂj)| = Op(N), uniformly for all
k < N. Hence

(ST s I IS S 1582

I - fj fi
I, p(8;5)
= Oop(NY+ op(M3_‘iﬂ__J_),
fj
so that the second claim in (2.6.28) also holds. O

Remark 2.6.2 Let hp < dp;. Then as defined in Remark 2.6.1, Assumption 2.8 and
2.9 hold simultaneously if a < 46 A (1 = §), d < 1/2 and § < n < 3a/4. If we take

d = 1/5, then a = 4/5, we still have a large proportion of residuals to estimate H

from.
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Based on H, we are now ready to state and prove the following corollary about

the studentized versions of 7#(r) and 5’2(17) for 1/2 < A] < H < Aog.

Corollary 2.6.1 Let (2.1.1), (2.1.2) and the Assumptions 2.1-9 hold. Let H and G
be as in (2.6.4). Then, for every fired integer k > 1, and for any distinct x1,--- , T
n (0,1),

nb)l_H

(2-6-30) #
Gp(H)6(r;)

{7(x;) = r(xy)}, i=1,-- ,k,= Ni(0,1),

Proof. Let Z; = (nb)l—H(f'(.ri) —r(x;))/0;,i=1,--- k. Then, the left hand side
of (2.6.30) can be rewritten as

(nb)H— H;‘;—Z;:zz, i=1,---k
By Lemma 5 in Robinson (1997), p(H) is continuous on (0,1). Hence, by (2.6.1),
p(H ) —p p(H). In view of the Slutsky’s theorem, the consistency of G and &2(:1:)
and Theorem 2.2.1, the result (2.6.30) follows from (2.6.1) and that the fact that
In(nb) < In(n), for all sufficiently large n. O

Similarly, from Theorem 2.4.1, we obtain

Corollary 2.6.2 Let (2.1.1), (2.1.2) and the Assumptions 2.1-9, and H and G be
as in (2.6.4). Then,

(ne)21=H)6=2(2)(62(z) - 0%(z)} = Yy, z € (0,1), > < H<l
In the case % < H< %, from Theorem 2.4.2 we obtain that the asymptotic dis-
tribution of (nc)l/ 2(&2(:1:) - 02(1)) is normal with mean zero and standard deviaton
o9(z) = 0’2(1‘)0'0 21/2|IW||, where o is given at (2.4.5). Thus to studentize &2(:5)
in this case, there is no need to estimate H, but one must estimate . Let 6( be
a consistent estimator of o), and set 62(1) = 62(17)&0 91/ 2||W||. Then by Theorem
2.4.2, we readily obtain \/—02 {o 2(1‘)} = N(0,1).
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2.7 Application to the Nile river data

Now we apply the obtained results to analyze the Nile river data. In Figure 2.1, we
plot Robinson’s kernel (solid line) K(x) = .5(1 + cos(zm))I(|z|] < 1) and the normal

kernel (dashed line). Figure 2.2 is the kernel estimation of the regression function.

Figure 2.1: Kernel functions .
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Kemel functions

There is no difference in the estimation of regression function by using Robinson’s
kernel or the normal kernel, which is depicted by the solid line, and as a comparison
we also try spline methods with different numbers of knots, which are dashed lines in
this figure. When the bandwidth b = .050bse, we observed that Robinson’s estimation
and normal kernel smoothing and smooth spline with df=20 are the same.

The evidence of Heteroscedasticity is presented in the Figure 2.3. The solid curve

is the kernel estimation of variance function with kernel K(z), which is similar to
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Figure 2.2: Estimation of regression function.
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Regression function of Nile.river compared to splines
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that of smooth spline with df=20. For this small bandwidth b = ¢ = .05, the local

Figure 2.3: Estimation of conditional variance function.
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Whittle estimators are less than a half for both residuals @ = (Y —m(X))/6(X) and
e =Y —m(X), Hy = 0.3945635 and He = 0.3803844.

When we choose larger bandwidth, b = ¢ = .1, say, we observe that all behaviors
of regression function and variance function estimations are similar, except fIﬁ =
0.6497344 and He = 0.6570367. Note that Hprjeriver > -9- The findings may
suggest that the long memory effect of the Nile river data may be partially caused
by the non stationary trend and variation with time, instead of the error process u.
The long /short memory effect are caused by different choices of bandwidth, which

agrees with the results in Robinson (1997). In either case (with many other choices
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of b and c). it is suggested that Y; = r(t/n) + o(t/n)us with heteroscedasticity may

be a reasonable model for the Nile river data.

2.8 Appendix

This section contains some needed proofs of some of the results stated in the previous
sections. To prepare for the proof of Lemma 2.3.3, we compute the fourth order

moments of uy as follows, where ; := Ez‘;o QLG4 ks with a;’s in (2.1.2).

3
Euout = F Z QjOGapQE €4 €4 kEE_|
i,7,k,l
=3 3 X oo +3) ejef(Beg— 1)
—i=t—j, t—k=t—I )
(2.8.1) ~ 37t + o(t),

as t — oo. Similarly, for 1 < s <'t,

Euousut2 =F E Qe _GE5 jE4 kEL_]

i,j,k,l
2
= > Y. aagiap+2 ) Do weppiager gy
—i=s5—j, t—k=t—1 —i=t—k,s—j=t-I
2 .4
+2_ciagyiogy ey

1

Y5+ DT + D s oty (Eeg —3)
1
(2.82)~ s+ 277t —s ast — s — oo,

since the third term in the last but one equality above is bounded above by
s
SH—3/2t2H—3{/0 H-3/2(1 4 E)H—3/2(1 + §)2H—3dr}

t
+/ zH_3/2(1 + %)H-3/2dx
s

o0
+/t _,CH—3/2(1+_§)H—3/2(1+%)QH—3dr

O(s—2(1-H)2H-3 | (4H-5  dH-5) _ o dH-5)
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Hence we also obtain that
(2.8.3) Euous(u? —1) ~ 2vy_s, ast — s — 00.
For s,t,r such that |t — s|,|r — t| and |s — 7| are all large enough, we have
Eugusugur = E Z QOGO QE _jEg_GEL kEr_|
= Zaias+iat+io"r+iE58

1
+ Z Z Qj0g OOyt 1 k

—i=s—jt—k=r—k

+ E Z Qjap L Ot _gyj

—i=t—k s—j=r—I

P YOS s
—i=r—I,s—j=t—k
(2.8.4) ~ V$Tr—t T W Ir—s T t—s-
Proof of Lemma 2.3.3. We begin with the following decomposition:
Var(é2(:c) -~ 52(1:))

- var{;ll—c Z wy(z) [{rt + opup — ft}2 _ g%u?] }
t

S{& T mtol (- ) 2t -]
t
—E? [&2(1) - 52(36)]

{ 92 zn: w 1)([Tt — #4)? + 204uylrs - ft])2}
s=t=
+E{ l T)ws(z) ({Tt — 74)2 + 20puy[ry - Tt])
At {
X ([7'3 - rs] + 20sus(rs — f‘s])} - E2[62(x) - 52(1‘)]
= I+11-1II,

First note that, by (2.3.5), we obtain
(nb)4=4H 111 = 2. (2, H).
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Next, consider the term /. For this, we consider the cross-product terms needed
in the calculations and use (2.8.1)-(2.8.4), (2.2.4) frequently. Also, recall (2.2.3) and

let

Then ft —Tt = Cnt + Znt and
Eu? [r —r]2—C Eu? — 2C,E + Eu?Z2
ti"t =Tt mEu} — 20t Buf Zny + Euf 25y,
But, by (2.2.4), maxj<t<p [Cptl = O(b + ) Moreover,
2 2 2
EuyZr, = 2b2 E z( O’Z 0;Eu; ujug
- 20t 21502,2 1 2ty 2

2
2b2§k( k( )cr2 0jEujujuf.
J

By Lemma 2.3.1, the first term on the r.h.s. of the above expression is seen to be

of the order o(1/nb), while by expanding 0-2

using Assumption 2.4, one can verify
that the second term is approximately equal to o} f K 2(v)dv/nb both holding for
all 1 <t < n. Using (2.8.2), for all 1 < t < n, the third term is approximately equal

to

2,,2 §k ”1 o5 [vj—i + 29—t
i#]
2 2
atGp(H) 2D at 2(1-H) 2
% < H<I,
2
RCpH) 11
=2l Tk g <H<p
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Note also that EZQt = Var(#4). Thus, by the Cauchy-Schwarz inequality and by
Lemma 2.2.1 |E(uf Znt)] < Cn2H =2 Therefore, for all 1 < t < n,
f K2()dv  o2Gp(H) 1 1
t S T o(—)+ 0(_2—2H)
nb (nb)2—2 nb (nbd)

1
+O(b + ﬁ)

Eu? [re — f't]g =

Next, we need to evaluate EZ 4 . For this purpose, let
Kuvpg = K(w)K(v)K(p)K(q), dwupg:= dwdvdpdg
, and fj denote the product integral j-times, 7 = 2,3,4, and D = GO(H). Then,
EZ;izt = 4b4 Z ki( km( )k ( )01 UmdlEuz jUmu]
i,J,m,l
1 3t t, 3 3
= O 3b3)+ 4b4{4 ks (;)kl(;)aialEui”l
i=j=m#l
+6 > k?(;)km(;)afa%’n[(}sul?ugn— 1) +1]
i=j#k=l
2 2 2
+4 >k (n)km(n)kl( )ofomo Eufumy
i=j#m#l
t t
+. Z ki(_)l‘](n)km( )kl( )o; ]amolEu Umul}
i AmAl

aod(np)—2(1—H)
n;b3)+ % (":21)2 [2 K3(w) K (v)|w — v| 20~ H) gudy

6D20% (np)4H—4
, 6D%f (;tb2) /K2(w)K2(v)|w—-v|_2(1_H)dwdv

60
Q;Q/KQ (v)dwdv

4
+%AK2(W)K(U)K(q) [D(nb)-2(1—H)|v 3 q‘—Q(I—H)

+2D? (nb)4H—4|w - q|—2(1—-H) e vl_Q(I_H)]dwdvdq
(nb)4—4H vapq[(lw -] lg— p|)—2(1—H)

+(p—wl -l = a) 72 4 (g - w] - o - p)) 2D g



Therefore, using the invariance of the product K. pg under permutation, we obtain

4
(2.8.5) E(ry =it
304 D2 2
t —-2(1-H)
(nb)4—4H /K wW)K(v)|w — v dwdv)
1 1

+O(b+ ;) + O(E + (_r-zb)4__4]7)

Similarly, we can obtain that, for all ¢,

Eu (rt - f't)3

_an2
= (Sf—ﬁ,/x W)lw| 721 H)dw/K(v K@) - p|~20~H) gyqp
n

1

Hence, for all z € (0,1), we obtain that

1 9 ) )
I = n2c2 Z wi (I)E{(Tt - Tt)4 + 4Ut2ut2(7”t — Tt)2 + 40tut(at2ut)3}
1 1 b
= O + +—).

(nc)(nb)2"2H (nb)(nc)  nc

Now consider the second term I1.

zzzwt Ws

s;ét

{ 1 Z ks ( ( )kl( )‘71 ]amalE'uz Ujumu
i,5,m,l

—20t——= 3 3 Z k;( )km l( )a omo Ev;umujuy

s
—205——5 3 =3 Z k; ( (;)oiojomEuiujumut
1.7 m
+40105s——5 2 ) Zk Yem(—= )UicrmEujumutus}
i,m

= II} - IIy - II3 + 114
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Consider II7. Decompose the second sum in I into five parts: i = j = k = [,
i=j=k#l,i=7#k=1i=j#k#I andi # j # k # l. Then the

corresponding first four parts of 11 are readily seen to be of the order 0((nb)_3),

O(m)» O(;gl'gg), and O(—b)—31—_—2-H), respectively. To analyze the last part,

(n
e e — _.—2(1-H) , pin .
let £(s,t,p,w) :=|s —t+nb(p—w)| , for any positive integers s,t,p,w. This

part is then approximately equal to
1 _ —9(1—
5 O wy(z)ws(z)ofo? [; Kuopg[D2(n) =4l = o] - |p - g) 21~ H)

+€(s,t,p,w) €(s,t,q,v) + £(s,t,q,w) (s, t,p, v)]dvaq

2 rn
~ Ij_? /1 /1 " ws(@)wy(z)odo?
{ Avapq [("b)4H—4(|w — |- |p—q|)"2(1=H)
+£(s,t, p,w) (s, t, q,v) +€(s,t,q,w) l’(s,t,p,v)]duqu}dsdt

2 /2 W (21)W (22) /ZK(mK(qnncm ~ 2)

+nb(p — g ~2(1~H )dpdq] 2dzydz)
. 3D C9(1-H), 12
Y= i | / K@K (@lp - o =21~ H)dpdg)”.

The last step follows from the Assumption 2.7: ¢/b — 0.
In I1y, the part for whichi = j = k is O(W)- the part for which i = k # |
is O(—_3—7H) the remainder is when i # j # [, this part is approximately equal

(nc)
to

1
> ws(@)wy(x)20207) | K(u)K(v)K (p)D?

x (o) =4 (] - o — pp) 21 H)
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+0(s,t,p,0)[l(s,t,p,w) + £(s,t,v, w)]}dwdvdp

~ ”D2{W/K” Yol =21 =H) gy
/K Olp — o =21~ H)dpdg
+4//W(zl)W (29 [/K (v)Ine(z1 — 29) + nbv| =21~ H) gy
/K(zJ 9)lne(z1 — z9) +nb(p — ¢)| "2 ~H)dpdg]
xdzydzg }

o4(z)
f b)d— 4H/K“)| ~20- H)dU/K K (@)lp — ¢ 720~ H) dpdg.

The last step above again uses the Assumption 2.7. The approximation to the term
113 is the same as that for the term I15.

. TR 1 )

For the term 114, we have the following: the part for which i = k is O( ()32 );

the part for which ¢ # k is approximately equal to

n2 22% wS<x>4at03/K<w)K< )D2 (1t - 51~ 21=H) (s, t,0,0)
t#s
+€(s,t,w,0)¢(s,t,v,0) + (Inbv| - |nbu|)_2(1“H):|dwdv

~ 404(I)D2{AW(zl)W(zQ)[nc(zl _ )| "20-H)
y / K@K @)nc(z - 2) + nb(v - )| 20~ H)ude] dzy a2

/W 21)W(z9)dz1dzy

/K ]nc(zl — z9)nbw||nc(z] — 29) + nbv])—2+2Hdwdv
-2(1-H
+(nb)4—4H /K(v)|v] ( )dv) }
40%(z) D? —2+2H
Se= T W Ew i - )1~

x [/2‘ K(Ww)K(v)|v — w|_2+2Hdde] dz1dzg
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: 2
+(£—f?4ﬁ /K(W)|7?W|_2(1—H)dw)

4
n

Consequently, we obtain t.hat. for each z € (0,1),
Var(2(2) = 32(2)) = o((ne) 41 H) 4 (ne) 71,

which in turn completes the proof of the Lemma 2.3.3. )
The following two lemmas are needed for proving some uniform convergence results

about 6t2 and 7 given in the Lemmas 2.8.3 and 2.8.4 below.

Lemma 2.8.1 Let u; be defined in (2.1.2). Suppose Assumption 2.10 holds, then

max u¢| = Op(log N), as N — .
B lug| = Op(log N),

Proof. The proof uses the Bernstein inequality given in Lemma 2.5.1 and the trun-
cation technique. Rewrite the moving average process as u; = Z;’?___ ot € by

defining a; =0 if j < 0. Then for some integer L > 0,

L

_ - + _ .

u=Typ+Tp+T,  Tr= 2 o5
j=—L+1
-L 00

- _ e + _ e

L= Z ap_jej, Typ = Z at—jEj
j=—00 j=L+1

Note that T+L =0, if L > N. To use Bernstein’s inequality, we calculate the variance

of Tt,L:

L 00
Var(Tt,L) = Z at2_]- < Z a? < 00, for any L, t,
j=—L+1 j=-—o00
Hence by Bernstein’s inequality, we obtain that there exists a co > C3 > 0, such that
~C3l0g? N 1
o+ N ) <Oz
P(lgdx 1Ty | > C3logN) < ) P(|Ty | > C3logN) -0,
1<t<N

P(|Tt,L| >C3log N) < 2exp{
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for any positive integer L. Next. because E( tL)2 =L a2 < cL2H-2 , by

J=—00 J
choosing L = Nl/(2"2H), we obtain that
[2H-2
P( o 1,71 > Clog N) <CN ey 0.
The lemma follows. O

Lemma 2.8.2 Let u; be defined in (2.1.2). Suppose Assumption 2.10 holds, and

nd, nh — oco. Then for any finite positive integer N,

sup uy| —p 0, sup —1)| —p 0.
1<k<Ngnd No"dZ l 1<k<Ngnh Nonh Z i

Proof. By the Ergodic Theorem, we have

k

1

EZUZ —’a_s.o ask—»oo,
=1

that is , V4§ > 0,

0 - p(giuﬂzai.&):p(ﬁ O (L3 uiz9))

=1 1k=N " i1
(U (25 ui=9).
— = lm P LS w26
N—oo \ =N VES

By choosing N = log(Ngynd), we obtain that
1 k
sup |+ uj| —p 0, which implies sup w| —p 0,
k>N kl=zl N<k<Ngnb nd Z

as n — 00. On the other hand, by Lemma 2.8.1,

N log(N)
sup sup |u| = Op(——=—=) = op(1), as n — .
1<k<N "dz ! 1<k<N =P nd P

Hence the first claim in the lemma follows.

The second claim is obtained by a similar argument and the fact that sup; <. <N

Zf:l uf = 1] = Op(N + Nlog? N). 8
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Let d and h be the bandwidth for estimating r(z) and o(z) respectively, and
d,h — 0, nd,nh — oo in the following. Let Ay = {kg + 1,---,kg + M}, where
kg/n — g, (kg + M)/n — 1 > x5, with zg,z7 € (0,1), and Ay := {j € Z; kg +
1-nh<j<kg+M+nh}.

Lemma 2.8.3 Suppose Assumptions 2.1-3 and 2.6, 2.10 hold. Then, under (2.1.1),
(2.1.2),

sup |6,§r2 - at2[ = op(1).
tGAO

Proof. In view of the decomposition (2.3.1) of &2(17) with b and ¢ replaced by d and

h, using Lemma 2.5.2, the first term in (2.3.1) is bounded above by

2C L i
sup [f; — 1] — Z W(
=1

ZEAI

Consider the third term in (2.3.1). Let Sp(t) = SI-"F(u2 — 1) for t € Ag and

1 < k < 2nh. Since

) ko+2nh | t-nh-l
IS0 - ¥ @Dl < = Y -1
I=kg—2nh I=ky—2nh
) kg+2nh
2
=~ D DI O/ |
I=t—nh+k+1

t
by Lemma 2.8.2, we obtain that SUPte A SUP1<k<2nh |§-§ﬂ(_—L—)| —p 0, which implies

that the third term in (2.3.1) is op(1) uniformly in ¢t € A, since

1 & t—1 9 _ Sonp(®)
El:z; W(—=)oy(uf - 1) = 22w (1)
t+nh 1
k
= SOW(ES e - W o)
k t—nh

by (2.4.3). This also shows that the second term in (2.3.1) is 0p(1) uniformly in
te Ap. O
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The following “Lipschitz” properties are needed for estimating H. Let ™ =
(1/(nd) V 1/(nh)).
Lemma 2.8.4 Suppose Assumptions 2.1-4, 2.6, 2.10 hold. Then
logn

) ) .2 .2 2
sup |fiyq — 7| =Op(—5-). sup (65,1 — 5] =Op(mnlog”n).
]EAI J J nd ]eAO J+ J

Proof. By the decomposition of 7 in (2.2.3), we consider

n .
1 ji-=1
sup |— K(=—)|o111u141 — o1y
n .
1 j—=1
< sup |— (—)o141 = oglu4y
jeA; ndlg nd Ut + l
n :
+ sup [— ) K(=—)ojlujLq — v

By the Ergodic Theorem and the Lipschitz property of o, the first term in this bound
is Op(1/(nd)). To deal with the second term, let jo = j — nh,j1 = j+nh. Note that

Z;C:_-jo(ul+1 —w) =ugy]— Ujo- The second term is bounded above by

1 1 I
(2.8.6) sup —|(u. —u; )K(-1)o 1[+ sup —; g1 = wjyl
j—1 j—1-1

<K - K=o

ko+3nd
Clogn C

= 0n("7g Ga? 2 lo8n) ~p 0.

kg—3nd

since max] < j<n |Uj| = Op(logn) by Lemma 2.8.1. Hence the first claim follows.

Now consider the second claim. By definition and the first claim,

) ) 1 n—1 1 R .
IUJ2‘+1 - GJZI - IE 1—21 W(]_an){ [(T1+1 ) = (- rl)z]

+["12+1“12+1 - "12”12]
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+2((rp 1 = Frqp) - (Tl =) x [ors1uper - o] }|

| .
= Op( C:Igdn Cl hZW [“l+1 12]|“IQ+1|

’Lhni )al(uH_l )| =1+114 101

By the Lipschitz property of o and the Ergodic Theroem,

n 1
sup II < C(nnh)™ Z |ul+1| Op((nh)™ 1)
J€Ap =1

Similar to (2.8.6), the term III is bounded above by

%'(u? —u2~ )W(—1)02,1’

i=1 2 j=l-1. 9
hzlum Wt = W= |
i

the above bound is 0p(1) uniformly in j by observing that

max u2<( max Iu |) (log n)

1<j<n J 7 '1<5<

by Lemma 2.8.1, thus proves the second claim.
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Chapter 3

Asymptotic inference for some
regression models under
heteroscedasticity and long

memory design and errors

3.1 Introduction

It has been of great interest for statisticians to analyze the statistical models with long
memory errors, from simple linear to nonparametric regression models, cf., Csorgo
and Mielniczuk (2000), Dahlhaus (1995), Ho and Hsing (1995), Koul (1992), Koul
and Mukherjee (1993), Robinson (1997) and Yajima (1988, 1991) among others. The
asymptotic distributiénal properties of numerous well known estimators of the un-
derlying parameters in these models are different from those when independent or
weakly dependent errors are assumed.

Baillie and Bollerslev (1994, 2000) , Cheung (1993) and Maynard and Phillips

(2001) noted that some times when regressing spot exchange rate returns on the

lagged forward premium, both the error and the covariate processes may have long
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memory. We also notice in section 6 below that some monthly currency exchange
rate data exhibit long memory. It is thus of interest to analyze statistical behavior
of some inference procedures for the underlying parameters in regression models with
long memory errors and long memory designs. To begin with we focus on a simple
linear regression model with nonparametric heteroscedastic errors.

Consider the model where one observes a strictly stationary bivariate process
(Xt,Y3), t € Z:= {0,%1,---}, both having finite and positive variances and obeying

the model

(3.1.1) Y; = By + B1 Xt + o(X¢)ug, for some (Gg, 1) € R2,

00

(3.1.2) uy:= Z bjft—jv bj ~ Cj_(3/2_H),as Jj — o0, for some % <H«<1.
J=0

Here, &; are standardized i.i.d. innovations, independent of the X;-process. The

sequence bj is also assumed to be non-increasing in j and C is a constant such that

00 12 _

that an/bn — 1, as n — oo. Note that under this set up, 02(1) = Var(Y|X = z),

Throughout this chapter, for any two sequences, ap ~ bp means

z € R, where (X,Y’) denotes a copy of (Xq,Yp). We further assume that {X;} is
a Gaussian process with zero mean, standard deviation one, and an auto-covariance

function vy (k) that is non-increasing in k and satisfies
: —2(1-h) . ;
(3.1.3) vx (k) ~ G x0(h)k , ask — oo, for some 1/2 < h < 1,

where (h) = 2I'(2 — 2h) cos(7(1 — h)) and G x > 0 is a constant.
For any stationary second order process ¢, t € Z, let f€ and 03 denote its spectral

density and auto-covariance functions, respectively. Let a()\) = JQ.;O bjeij A From

(3.1.2) and Corollary 4.10.2 of Bingham, Goldie and Teugels (1987), we observe that

fu(X) = |a(/\)|2/(27r) and that for some positive constant Gy,
(31.4) fuM) ~GuAT2H X 04 yu(k) ~ Gub(H)k20-H), o oo,

Fx(W) ~GxAl=2h x o0+,
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Several authors have discussed regression models with long memory (LM) errors
when o(z) = ¢, a constant. The asymptotic distributions of the least squares es-
timator (LSE) and M- and R- estimators in non-random design linear regression
models with LM errors are established in Giraitis, Koul and Surgailis (1996), Koul
and Mukherjee (1993), and Yajima (1988, 1991). The latter two papers observed that
a large class of M- and R- estimators are asymptotically equivalent to the LSE in the
first order. Similar results were obtained for nonlinear regression models with LM sub-
ordinate Gaussian errors in Koul (1996). Dahlhaus (1995) discussed the asymptotic
efficiency of the generalized LSE in linear regression models with certain polynomial
type designs and LM Gaussian errors. Robinson and Hidalgo (1997) discussed the
linear regression model with LM moving average (LMMA) processes in both design
and errors with the error spectral density known up to an unknown Euclidean pa-
rameter vector. They showed that a class of generalized LSE’s are nl/2_consistent
for B under some conditions. In addition, for the same model, Hidalgo and Robinson
(2002) removed the assumption of the error spectral density being parametric and
used semi-parametric methods to obtain similar results. Ho and Hsu (2005) obtained
asymptotic normality of a class of generalized LSE in polynomial trend regression
models with errors being subordinated to a LMMA process. All these papers, how-
ever, are dealing with homoscedastic errors only.

Here we analyze the asymptotic distribution of the LSE (BO, Bl)’ of (B, 61 ) in
the model (3.1.1) and (3.1.2) with heteroscedastic errors. In addition, we analyze the
asymptotic distributional properties of the kernel type nonparametric estimators of
02(:5) and the log(n)-consistency of the local Whittle estimator H based on the least
square residuals, assuming the above model holds. We also provide an asymptotically
distribution free test for testing the lack-of-fit of a linear heteroscedastic regression

model under the assumed long memory set up. This chapter also contains a simulation
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study and an application to some foreign currency exchange rate data.

This chapter is organized as follows. Section 3.2 discusses the asymptotic distribu-
tion of (50,31)’. It turns out that nl_H(30—;30) —q N(0, a2) foralll/2 < H,h < 1,
while if EXo(X) = 0, then the first order asymptotic distribution of Bl — [ is degen-
erate at 0, where a is given in Lemma 3.2.1 below. In this case we then consider the
second order properties of [31. We obtain that in the case H+h < 3/2, nl/Q(Bl —81)
is asymptotically normal with mean zero and some positive variance. On the other
hand even when H A h > 3/4 and both w; and X; are Gaussian, 3 has non-normal
limit distribution with normalization n2~# %

Section 3.3 contains a discussion about the asymptotic distribution of the kernel
type estimators of az(x) with long memory design. It is observed that for an ap-
propriately chosen bandwidth sequence, when H < (1 + h)/2, nl—h(&2(:c) - 02(:r))
is asymptotically normal with mean zero and some positive variance and when H >
(14 h)/2, the asymptotic distribution of n2—2H (&2(z) - 02(1:)) is non-normal.

As is evident from the above discussion, to carry out the inference about Gy, 31
and 02(z), we also need a In(n)-consistent estimators of H. We address this issue in a
more general model Y; = 3'm(X;)+0(X¢)ug, where § is now a g x 1 parameter vector,
m(z) is a vector of some known g functions, and where o(X;) and u; are as before.
Section 3.4 adopts the approach in Robinson (1997) to obtain a log(n)-consistent
estimator of H based on the pseudo residuals Y; — B’m(Xt) in this model, where B
is the LSE. This is unlike the case of nonparametric heteroscedastic regression model
with non-random uniform design on (0, 1] and LMMA errors, where it is necessary to
base estimators of H on the standardized residuals that need a uniformly consistent
estimator of o(z), see Section 2.2.6 in Chapter 2.

Section 3.5 constructs a test of lack-of-fit of a parametric regression model. Let

p(z) := E(Y|X = z) and consider the problem of testing Hy : u(z) = B8'm(z), for
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some 3 € R? and all z € R, against the alternatives that Hy is not true, where
m(z) is a ¢ X 1 vector of known functions such that A := Em(X)m(X)' is positive
definite. In the presence of long memory in design and/or errors and when o(z) = ¢,
Koul, Baillie and Sugailis (2004) (KBS) proposed a test for Hy based on the marked

empirical process
- n -~ -
Vax) =3 (Yt - ﬁ'm(Xt))I(Xt <1), r€R:=[-00,00
t=1

where § is the least squares estimator of 3 under H(. They showed that n—H Vn
converges weakly to a process degenerated in z, thus making the implementation of
the tests based on this process relatively easier, compared to when the errors and/or
the design processes are i.i.d.

Under the current set up and some conditions, Theorem 3.5.1 below proves that
under H, n—Hy, (x) converges weakly to Jo(z)7(H)Z in D(R) and uniform metric,
where Z is a N(0,1) r.v., 72(H) := GO(H)(2H? — H)~1, and

(3.1.5) Jg(z) = Fg(z)-— Kf,A—la(:t), Fy(z) := E(o(X)I(X < z)),

a(z) = Em(X)I(X <1z), €R; kg :=Ed(X)m(X).

To use this process for testing H(), we thus need a uniformly consistent estimator
of Jo(z) and a consistent estimator of 7(H). Section 3.5 constructs uniformly con-
sistent estimator of Jg, under H(), based on the leave-one-observation-out or a cross
validation estimator of o(z). The regular kernel type estimator is not useful here
because the behavior of &2(Xt) is not stable. The estimators of G and H constructed
in section 4 are used to provide a consistent estimator of 7(H) under Hy.

Section 3.6 includes a finite sample simulation and an application to some monthly
currency exchange rate data that exhibits long memory. Section 3.7 is the Appendix

consisting of some needed lemmas and proofs.
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In the sequel, —; stands for the convergence in distribution of a sequence of r.v.’s
while = denotes the weak convergence of a sequence of stochastic processes, and
up(1) denotes a sequence of stochastic processes that tends to zero uniformly over
its time domain, in probability. All limits are taken as n — oo, unless specified

otherwise.

3.2 Asymptotics of the LSE

In this section, we consider the asymptotic distribution of the LSE (BO,BI) in the
model (3.1.1) - (3.1.3). For this, we need the following assumption.
Assumption 3.1. X; and u; are independent.

Let oy = U(Xt) e = opup, X = i1 Xe/n, @ o= TR u/n, Y =
Y Yi/n =5 Zt 1 €t SX = > (X - X)2/n. Then the least squares

estimators are

5 Z?=1(Xt - X)(Yt - }_’) _

(3.2.1) B = Z?=1(Xt — )_()2 = 2X ( tzzl Xiep — Xe)
, o 11 & 00

(322) By = Y-XpB =By+e- g(xg t; Xyet — (X)%).

Note that S%( —a.s. 7x (0) by the Ergodic Theorem.

To proceed further we need the following result. Let v(z) be a function on R with
Eu2(X) < o0o. Let yy = Ev(X). By Assumption 3.1 and (3.7.3) in the Appendix,
there is a C' < oo such that E[(v(Xg) — vp)ug(v(X¢) — vg)ug] < ct—2(1-H)42h-2

for all sufficiently large and positive ¢t. Hence,

n n n
(3.2.3) n~H Z v(Xu; = uon_H Z u; + nH Z(U(Xi) - vg)u;

n
= uon—H Z u; + Op(l)
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Next, let Z1, Z9, be two independent r.v.’s, Z having N(0. vy ) distribution,
Jj = 1,2, where wl = Gul(H)/H(2H - 1), w2 = G x0(h)/h(2h — 1). From Davydov
(1970), we obtain
n n
(3.2.4) nHY wogzy, Y X g 20
1=1 1=1
Now apply (3.2.3) and (3.2.4) to v(z) = o(z) to obtain that & = Op(n!~H). We
also have X = Op(nl_h) from (3.2.4). By (3.2.1)-(3.2.4), and Slutsky’s Theorem,
we thus obtain the following result where Jy = Eo(X) and J = Eo(X)X.

Lemma 3.2.1 Suppose (3.1.1)-(3.1.3) and the Assumption 3.1 hold. Then,
nl_H(Bo - Bg, B - [31) —d ’rx(o)_l(Jo, J)Zl-

Note that by the Cauchy-Schwarz inequality J2 < Ea2(X )EX 2 < . The
result about Bl is useful only if J # 0. But if o is an even function then J = 0. For
example, in financial econometrics, the volatility (the conditional variance function)
is often assumed to have the form a + bz2. In these cases the limit distribution of

H (5’1 — 1) is degenerate. It is thus important to investigate the higher order
approximation to the distribution of a suitably standardized ,@1 under the following
Assumption 3.2. o(r) is an even function of £ € R and vy (0) = 1.

Let H o j 2 1 denote the Hermite polynomials, see, e.g. Taqqu (1975). The

Hermite expansion of the function zo(x) is

(3.2.5) Z

'\;lQ

Cj = E(XO(X)H](X)) ] > 0.

The Hermite rank of zo(z) is defined to be min{; > 1; cj # 0}. Since ¢} =

EX2U(X) # 0, the Hermite rank of zo(z) is 1. Let ﬁl =g Zf:l Xie and

2y = c// )y~ (B=2H)/2(5 _ 10)= (3—2h)/2]
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xI(rq < s,z9 < s)dsdBy(z1)dBy(z9),

& = VGuGx
a(H)a(h)’

als) = /Ooo v=(3-22)/2(1 4 )= B=22)/24 172 < 2 <1,

where By and By are two Wiener random measures. We are now ready to prove

Lemma 3.2.2 Suppose (3.1.1)-(3.1.3) and the Assumptions 3.1-2 hold, with the in-
novations €j being standard Gaussian r.v.’s. Then, for hkAH > 3/4, n2_(H+h)Bl —d
c129, where By and By in Z9 of (3.2.6) are now two independent Wiener random

measures.

Proof. Using the above Hermite expansion, we obtain
13
1—12 tO'tut—-—-ZXtUt-’r Zutz H(Xt
t=1 t=1
(3.2.6) =:Sn+

Under Assumption 3.1, VarSp = O(n_4+2H +2h). Because of the orthogonality of

the Hermite polynomials,

Var (Th)

]—2

< Cn_2 Z Z s — t|2H_2|S _ t|4h—4

s=1t=

n n
2_:1};1 usutE(Z L H,(Xs) Z TH(XD)
n n

An application of Theorem 6.1 in Fox and Taqqu (1987) to the leading term Sp, gives
the desired result.

The following lemma directly follows from (3.2.4) and the Hermite expansion.
Lemma 3.2.3 Suppose (3.1.1)-(3.1.3) and the Assumptions 3.1-2 hold. Then,

(3.2.7) n2—H—hXé —q 2129
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Theorem 3.2.1 Under the conditions of Lemma 3.2.2,
(3.2.8) n2H=h(3 31y 50129 - 2125,
Moreover, the Correl(Z9, Z1Z3) equals

(3.2.9) V2(2H +2h — 3)(2H + 2h — 2)
- (2H + 2h - 1) (2H—1 2h-1)

Proof. In view of (3.2.1), the claim (3.2.8) follows from Lemmas 3.2.2 and 3.2.3. To
prove (3.2.9), proceed as follows. Let k; = G x Gu8(H)0(h). By (3.2.3) and (3.2.6),

2¢2 n2H+2h—4
Ve tZ1 Xeeo) ~ eVer(y Z Xeue) ~ (2H +2h - 3)(2H +2h - 2)’

J3K1n2H+2h_4
@H —1)2h = 1)K

Var(Xe) ~ JaVar(Xa)~
Next, by the Hermite expansion of ro(zr) and o(z), we obtain

1 & o
E(;tglxtetXe)
n

n n
~ clJOn—3ZZ Z (X Xs)E(upuy,)

~ ClJOKIn 3+2H+2h— 422 ZI__ |2H 2| |2h—2
t=1s=1k=1
dryoy Jgn2H+2h—4

CH-1)(2h-1)(2H +2h— 1)’

This proves (3.2.9). O

The above theorem considered the case of u¢’s being Gaussian and 3/4 < H,h < 1.
We shall now discuss the asymptotic distribution of the LSE’s when u;’s form the
moving average (3.1.2) and when H + h < 3/2. This in turn is facilitated by the
following lemma where vy := v(X}) and Up := n—1/2 z?:l viug.

Lemma 3.2.4 Suppose (3.1.1)-(3.1.3) and the Assumptions 3.1-2 hold. In addi-

tion, suppose v is a measurable function such that Ev(X) = 0, EU2(X) < 00,
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MaX ()< r<In n) |u(r)|/n.1/2_77 — 0 for some 0 < n < 1/2, and the Hermite rank of
v(X) is 1. Then, for H+h < 3/2, Un —4 N(0,Kky), where rz% = limEUT% < 00.

Proof. The proof uses the truncation method similar to the one used by Robinson
and Hidalgo (1997). The main idea here is to approximate Upn, by a weighted partial
sum of the independent innovations {e;}. Fix H, h such that H + h < 3/2. Let
M= My > n(2h"1)/(2—2H), and define

n

n
Un,M = n_1/2 Vt Z bt_je]-, Tn,M = Un - Un,M‘
t=1 j=—M

Because the Hermite rank of 14 is 1 and by the Assumption 3.1 and (3.7.3),

-M-1 n
Z E(Z tht—j)2 < Cn2h—1M—2+2H 0.
Jj=—00 t=1

2 1
(3.2.10) ETn,M = -
Hence it suffices to show that the weak limit of Un, M is a normal distribution. We
prove this by showing that the conditional distribution of Un, M: given F = o-
{Xs,t = 1,2,---}, converges weakly to N(0,a), for some nonrandom a > 0. Let
dn,j = ﬁ Z?:l vby _ j- By the Lindeberg-Feller Theorem, this is equivalent to

showing that conditional on F,

n
(3.2.11) Z d%j —p a positive constant,
i=—M
(3.2.12) P( Arlngx< |dp, j| >4) - 0 for all § > 0.
-M<j<n 7

Consider (3.2.11). Let yy(k) = Evgyy, recall vy (k) = Euguy = 2]0';0 bjbj k-
Let

n n n—j
1 1
2 .= E(Urzz,MU:) = z (Z tht-j)2’ L= n Z Saarh

Thus proving (3.2.11) is equivalent to showing that
(3.2.13) 52 —p K3,
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Rewrite s2 = A + 2B, where

n n—1
Z Z"f t—j° Z > Z vivsby_ jbs_ ;-
]——Mt 1 ]——Ms 1t=s+1

But A = A1 + A9, where

1n n
no= Y SRt

j=—Mt=1
1 ¢ 2 = 2
O N i ‘W(O))(Zb > 8)-po,
t=1 k=0  k=t+M+1
1 n n 9
Ay = w0y > D b
j=—Mt=1

o0

- lz(zbz > 8f) = wO)w).

t=1 k=0  k=t+M+1
since 3220\ b2 =0, 2 T 1 (12 — 1w(0)) ~as. 0and 1 7, 12 — 7u(0)]

—a.s5.C < oo by the Ergodic Theorem. Hence

:

(3.2.14) A —p w(0)7u(0).

Also, B = SRt (A 02 vovgys S5E by b)) =2 By — Ba, where

n—1 1= k n-1 . n—-k 00
By =) ( Z Vst+s7u(k)), By= ) ( D VsUkis D bk+jbj)-
k=1 = s=1 k=1  s=1 Jj=s+M+1

By (3.2.10), By —p 0. For the term By, we have

n—1
By = Y (Fk = w( )7u(k Z Ww(k)yu(k) =: B11 + Byo.
k=1
By applying Theorem 6 of Arcones (1994) and the fact that the Hermite rank of the

bivariate function v4vy . — (k) is 2, we obtain supy. E|T'y — (k)| < Cn2h—2 g5,

1/2 < h < 1. Then

(3.2.15) E|By| < Z’)u )E|T}. — yw (k)| — 0.
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Thus (3.2.13) follows from (3.2.14) and (3.2.15) and the fact that limp B9 exists for
H+h<3)/2
Next, in order to prove (3.2.12), we recall that maxj<¢<p |X¢| = Op(Inn) from

Berman (1992). For some integer [ > 0, by the Cauchy-Schwarz inequality, we obtain

that
n
-1/2 ) .
max d, ;| = max n viby_ (It =l >0+ I(lt—j | <l
_pnex_ gl = max t:‘;lu](u il >+ 1t =31 <)
n n
~1/2 2\1/2 2 . 1/2
< by I(|t — 7] >1
< n (tzzlut) _@Sn(t:zl t—;1(1t =l ))
n
-1/2 .
+n max |v max b I(|t— 7| <1
1St§n|t|_M§ant=z:1|t]| (It =34l <1)
= Op(l_1+H+n_1/2( max IV(r)l)lH_l/2).
{0<z<Inn}

In view of the assumption maX{)<z<Inn} [u(x)|/n1/2'77 — 0, the above upper
bound tends to zero in probability for any [ = O(n2’7/ (2H _1)). Hence (3.2.12)
follows, thereby completing the proof of the lemma. O

Now, take v(z) = zo(z) in the above lemma. Assuming that EX202(X) < 00,
under Assumption 3.2, EXo(X) = 0, and the Hermite rank of this function is 1.
Also, since maxj<¢<y |X¢| = Op(Inn), and by Lemma 3.2.3, Xé = Op(n_l/z) for

H + h < 3/2, we readily obtain

Theorem 3.2.2 Suppose (3.1.1) - (3.1.3), and the Assumptions 3.1-2 hold. In ad-
dition, suppose EX20'2(X) < 00, and MaX ()< z<Inn) a(:t)/nl/z“’l — 0, for some
0 <7 < 1/2. Then, for H+h < 3/2, n}/2(3; - 8]) =4 N(0,xg).
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3.3 Asymptotic distribution of the variance func-
tion

In this section we investigate the asymptotic distribution of the kernel type estimator
of the conditional variance function 02(13) for every fixed x € R. To introduce this
estimator, let K be a density function on [-1,1], b = bp be sequence of positive
numbers and ¢ denote the density of the N(0,1) r.v. Let Ky(z) = K(z/b)/b. The

kernel type estimator of 02(15) corresponding to the given K and b is defined to be

n
6‘ :L‘—-Xt &‘t, EAt:=Yt—ﬁ0—[31Xt~
Let 2( ) = (no(z Zt 1 Kp(z — X¢)(opus + 6)2. Note that
n
(3.3.1) &2(1) -3 no(@ Z Kp(r — Xp)[2(opus + €)

t=1
x(X¢ — X)(By - B1) + (X¢ — X)2(6y - B1)?),

In view of (3.2.1), (3.2.2), and the facts sg{ —p 7x(0), and

t=1
n
=3 Kyl - X)(Xe ~ X)% = 0p(1),
t=1
n
% Z Kp(z — X¢)(opup + &) (X¢ — X) = Op(1),
t=1

by Theorems 3.2.1 and 3.2.2, we obtain
(3.3.2) 52(z) — 5%(x) = Op(nHTh=2)  vzeRr

As will be seen in the sequel na(&Q(x)—a2(r)) = Op(1), witha =1-hore =2-2H,
depending on whether H < (1+h)/2 or H > (1+ h)/2. In either case from (3.3.2) it

then follows that na(&Q(I) —&2(1)) = op(1). Thus, it suffices to obtain the asymptotic
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distribution of &2(1'), for a given . Now fix an £ € R and consider the following
additional assumptions.

Assumption 3.3. Kernel function K is a smooth density symmetric around zero
and with a compact support [—1, 1].

Assumption 3.4. The variance function o2 is twice continuously differentiable in a
neighborhood of r, and satisfies infy o(y) > ¢ > 0.

We claim that if b — 0, nb — oo and Assumptions 3.1-4 hold, then
(3.3.3) E32(z) — 02(z) = O(b2 + n2H~2),

To see this, rewrite 62(1) - 02(x) := An + Bn + Cn, where

n
An = —— 3 Ky(z - Xpotu? - o (x)
ne(z) =
1 " 2
Bu = oy > Kyl - X))@,

=1
1 n
Cn = 2 Z Kb(.’E — Xt)at‘u,té.

First, by the Assumptions 3.3-4 and a routine argument, it can be seen that FAp =
O(b?).
Next, let bt sk denote the joint density function of (X, Xs, X}). By the As-

sumptions 3.1 and 3.3,

1
n= n3¢(z) t%;k E{Ky(z — Xt)osop} E(ugus)

1

= n3<,'o(r) t,%,:k///Kb(z —-y)O(Z)U(w)fﬁt’S,k(y,z,w)dydzdw E(upus)
1

= 3o(z) tzs:k///K(v)a(Z)a(w)(bt’s’k(I — vb, z, w)dvdzdw E(uyus)

1 )

~ n36(r) tzs:k//G(Z)a(w)q%’syk(x,z,u,‘)dzdw E(upus)
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since [ K(v)dv = 1. By Lemma 3.7.4, the double integral in the above expression
is uniformly bounded from above for sufficiently large |t — s| and |t — k|. Hence
EBn < Cn™2 PR Yo Bugus = O(n2H~2). A similar calculation implies
Cn= O(n2H—2). These facts readily yield (3.3.3).

Next, to obtain the asymptotic distribution 62(1:) - 02(1), we need to analyze

the order of magnitude of each term in the following decomposition:

(3.3.4) 52(x) - o%(x) = I+II+III+2IV,
where
1 o 2, 2
I = ) t_zl Kp(z — Xt)op (up — 1),
l n
= 3" Kye — Xp)of — o%(z) = 11} + I,
t=1
1 n
IIl = W(I)t—zl(Kb(l'—Xt)Utz-Tb), T = EKb(.’L‘—X)UQ(X),
= b _ g2
Iy = o ° (z),
m_(é)an X)), 1IV=—F nK( X

First consider the term II. Note that 11y < Cb2. To analyze the term I, we need
one more assumption on the bandwidth.
Assumption 3.5. The bandwidth b satisfies n2=2hp 5 oo for 3/4 < h < 1, and
n2h_1(lnn)_1b — oo for 1/2 < h < 3/4.

Note that the Assumption 3.5 implies that n2=2h _ o(nb). Let Z be the stan-
dard normal r.v.. Using the reduction principle of the kernel estimation presented in

Lemma 3.7.1 in Appendix, we obtain

Lemma 3.3.1 Suppose the Assumptions 3.1-5 hold. Then

nhn - 2?2 2.
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To deal with the term I, using Lemma 3.5.1, (3.7.2) and that EI = 0, we ob-
tain that EI2 = O((nb)~! + n47~4) for 3/4 < H < 1, and EI? = O((nb)~ 1),
for 1/2 < H < 3/4. From the proof of Lemma 3.7.1 one also obtains that I =
Op((nb)”l/2 ln1/2(n)), for H = 3/4. From (3.2.4), we can see II] = Op(nQH_Z).
And an argument similar to (3.7.1) yields that IV = Op(n2H —2). We summarize

these results here for a later use: Under the Assumption 3.5,

1 2H -2 In(n) .
N I0H > 3/4)+ ¥ 1(H = 3/4))

1 = 0ph=142), 1I=1V=0pn?H~2)

(335 I = op(

The following theorem gives the asymptotic distributions of &2(1:), where Z;;z =

n2=2H], 7z, = n2-2H(111 1 IV), and &3 := J2 + 2Jp0?(2).

Theorem 3.3.1 Suppose (3.1.1), (8.1.2), (3.1.8), and the Assumptions 3.1-5 hold.
(a). In addition, suppose

(3.3.6) H<(1+h)2  al 7 h? 5o

Then, nl_h(&2(r) - 02(1)) —d 02(1)1‘ Y1 Z.
(b). In addition, suppose

(3.3.7) H>@0+hy/2, al7Hpoo
Then,

338)  n272H(62(2) —o2(z)) = o%(2)Z}y +Rr3uPZ2 + op(L).

Moreover, Z;;Q —d Z; and Zn — g4 Z, where ZE is the Z9 of (3.2.6) with By = By.
Furthermore,

* 2 2H 4H -3
(3.3.9) Correl(Z,9, Z5) — yyi g 1\/ 51

Proof. In view of (3.3.2), it suffices to prove the above claims with 52 replaced by

&2
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PROOF OF (a). In this case, (3.3.5) implies that the term I/ is the dominating term
in the decomposition (3.3.4). Thus this claim follows from Lemma 3.3.1 and (3.3.3).
PRrROOF OF (b). Note that because h > 1/2, H > (1 + h)/2 implies that H > 3/4.
Hence here the terms I, III and IV are the dominating terms in the decomposition
(3.3.4). By (3.7.2), we obtain n2—2H —d 02(x)2’2".

Next, because %Z?=1 Kp(z — Xt) — ¢(z) = op(1), and ¢(x) > 0, we obtain, in
view of Lemma 3.2.1, that n2~ 2H((nd> IZ" 1 Kplz — X¢) — 1)(6)2 = op(1).
By (3.7.1), m(z?___l Kp(z — Xp)er — 21 ut) = op(n_1+H). These fact
and 7 — ¢(:r)a2(z) imply that n2_2H(III +1V) =, n3¢%22, thereby completing
the proof of (3.3.8).

To prove (3.3.9), note that E(nl—Hﬂ)2 - ¢2, and by (3.5.4),

Hence Var(ﬁ2) ~ 2w%n_4+4H . By (3.5.3), similar calculations yield

21 = 2 1) o 4G262(H) —4+4H
E(unz(ut ) (2H —1)2(4H - 1) '

t=1
In addition,
n 242
2G°0°(H)  _4+44H
\% , .
ar( Z:(“t ) 4H —3)2H - 1)"
This completes the proof of the theorem. 0O

84



Remark 3.3.1 Suppose we choose b = O(n_‘s). Then the Assumption 3.5 and
(3.3.6) hold, for all é in the range I—E—h < 6 <2(1 - h) whenever h > %; and for all 8
in the range l—iﬁ < 6 < 2h — 1, whenever h < % in case (a). Similarly, in case (b),
Assumption 3.5 and (3.3.7) hold for 1 — H < § < 2h — 1 whenever h < % and for
1 - H <§ <2-2h whenever h > %

Remark 3.3.2 We remark here that by using the truncation method as in Andrews
(1995), the above Theorem 3.3.1 continues to hold for some symmetric density kernel

function K (normal density function, say) with infinite support and finite variance.

3.4 Estimation of the LM parameter

As is seen from the above results in order to carry out inference about the underlying
parameters in the above regression model or in order to carry out a lack-of-fit test
as is done in the next section, we need a log(n)-consistent estimators of H. In this

section we consider the regression model
(3.4.1) Y; = m(Xy) +o(Xpu,  tez,

where m(z) = (mg(z), mq(x),--- ,mq_l(;z:))’ with mg(x) =1 and mq,---, mg—1
some known functions. The process X}, the function o(z) and the errors u; are as
in (3.1.2) and (3.1.3). In what follows we prove the log(n)-consistency of the local
Whittle estimator of H based on the least square residuals & := Y; — f/m(Xy),
t=1,---,n. To proceed further, we need the

Assumption 3.6. Em;(X) = 0 and Emzz(X) <oofori=1,---,g—1and A :=
Em(X)m(X)' is positive definite.

For a process ,t =1,2,---, let

n .
weN) = @) Y23 gt L) = e WP Ae[-ml,
t=1

denote its discrete Fourier transform and periodogram, respectively.



Fix 1/2 < A < A9 < 1. With ’\j := 27j/n and an integer m € [1,n/2), for
Ay <y < Ag. define

m J

TP | m
Q) i=— Y AV L(N), R®) =logQ(¥) - (2 —1) D logA;.

j=1 j=1

Then the local Whittle estimates of G and H in the model (3.1.1) based on the

residuals é; are defined to be

- A~ A

G =Q(H), H = argminwE[ALAQ]R(w).

Under some regularity conditions including the assumption that the regression model
is nonparametric with non-random uniform design on [0, 1] and homoscedastic (o(z) =
a constant) long memory moving average errors, Robinson (1997) proved the log(n)-
consistency of the analog of H and the consistency of the analog of G. The following
theorem shows that these results continue to hold in the regression model (3.4.1)
under much simpler restrictions on the smoothing parameter m than those required

for non-random design.

Theorem 3.4.1 Suppose (3.1.2), (3.1.3), (3.4.1), and the Assumptions 3.1-2 and
3.6 hold. If, in addition,

2(H—-h)
4( M2H-1 K6 ™M
(3.4.2) (Inn) ((;) + m) 0.
Then
(3.4.3) In(n)(H — H) —»p0, G- Gu—p0.

Proof. The basic proof is the same as in Robinson (1997), with some difference in

technical details. So we shall be brief, indicating only the main differences. With

Jo = Eo(X), let ny := e — Joug, & = By — Bp and ¢ := zg;l(ﬂj — Bj)mj(Xy).

86



[T2(A ]-) - Jg]u()\ j)] / fj. According to the proof of Theorem 3 in Robinson (1997), to

prove (3.4.3) for 1/2 < H < 1, it suffices to verify the following three claims:
o 11
A1—-H)+
(3.4.4) ; (=) IZD | —pO,
] 1
(3.4.5) (logn) 2 Z 1 2 | Z | —p 0, for some small § > 0,

(3.4.6)

UmﬂQm
j=1

To verify these conditions, we use the following elementary inequalities,

(B47) LN = 2L < 201Ny N2 + 1,0,

Iy(\) < 3N +1c(N) + Ip(), YA€ [-m,m],

where V4 := & + (¢ + . In view of (3.4.7), it suffices to obtain upper bounds on
Ig, IC and Iy.

Recall that for the Dirichlet kernel Dy.(}) := Zéc:l eit’\, |Dp(A)| < C/A, for all
X € [-m, 7], k > 1. Also, note that from (3.2.3) applied g-times to v(zr) = mj(r)a(r),

j=0,1,---,q— 1, we obtain that
(3.4.8) 1=H 5| = Op(1).

These bounds imply that

Ie(A;) 1

349 = —
J

), uniformly for 1 < j < m.

Next, by Assumption 3.2, the function ¢(X) — Jy has the Hermite rank r > 1,

and hence by Lemma 3.7.2 , we obtain, uniformly for 1 < j < m,

In(\;
(3.4.10) ) _ Op(A
fj

r(2—2h)
J

), 0<r(2—2h)+(2-2H)<1;

= OP(AgH'l logn), r(2—2h)+(2—2H)>1.
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For the terms (;, Assumption 3.6 implies that the Hermite ranks of mj(X )] =
1,2,---,q— 1, are at least one, therefore, by (3.4.8) and Corollary 4.10.2 of Bingham
et al (1987), using (3.4.7), we obtain that uniformly for 1 < j < m,

I (A5)

- Op(/\z-(H—h)nH—l
j

(3.4.11) ;

)

Now we are ready to verify (3.4.4)-(3.4.6). By changing the order of summation,
the Lh.s. of (3.4.4) is bounded above by

m
Cm2(H_A1)_1 z:].]2(A1_H)|D]|1
j=

for H > A1, and by Ccm™~! longTzl |Dj|, for H = Ay. But, by (3.4.7) and the

Cauchy-Schwarz inequality,

a1 Jol ) Iy ()12 + Iy (4y)

EJ (81— H)|D|<CZ] (A -H

j=1 fj
m (X)) 1/2 ()N 1/2
A H 2A

co($E permmlailyss ($ juo-mlrly
j=1 j=1 j
m Iy )1

Lo S 20 -H) vl
& z

This bound together with Lemma 3.7.3, (3.4.9)-(3.4.11) and the following calculations
imply (3.4.4) for H > Ay:

L H)Te®))
2(H Al Z &fj Op(l).
A=A f: In,(«Aj)=0p(1)
j=1 J
2(H-Ap)- in: IC; j) = op(1).
j=1 J

The proof of (3.4.4) for H = A is similar. One can also verify other conditions using

the same method. O
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Remark 3.4.1 In Theorem 3.4.1, suppose m = Cn® for 0 < a < 1. Then, the
condition (3.4.2) holds for H > h. In the case H < h, it holds for any a > (2h —
H —1)/(2h — 2H). In particular, as discussed in Henry and Robinson (1995), when
the spectral density function fy(A) of a Gaussian error process u; satisfies some mild
conditions, the optimal bandwidth m = Cn®, with a = 4/5. This choice of a always

satisfies (3.4.2).

3.5 Regression model diagnostics

In this section we investigate the weak convergence of Vn under H() and the assump-
tions (3.1.2) and (3.1.3), where now Y; — 8'm(X;) = o(X¢)us. Assume m(zx) =
(mg(z),m1(z), -, mg_1(z)) with mp = 1.

Recall the definition (3.1.5). Also, let Ap := %Z;;l m(Xt)m(Xt)’. By the
Ergodic Theorem, A, —q.5. A. Let B be the LSE of 3 in this model and Z,, =

>t1m(X¢t)otus, and for an z € R,

n
an(@) = =3 mXpI(X; < o),
nt=1 ) n )
Yn(z) = z ol (Xy < 1), Vn(z):= Z (Yt - ﬁ’m(Xt)>I(Xt <z),
t=1 t=1

Next, we state a Glivenko-Cantelli type result that is used repeatedly in the sequel:

for a measurable real valued function g, with F|g(X)| < oo,
L
(351)  sup |- 3" g(XI(Xg < 2) - Eg(XO)I(X < 7)| —a.s. 0.
zeR'™ t=1

For a non-negative g this follows from the Ergodic Theorem and the classical Glivenko-
Cantelli argument where R is partitioned such that the oscillation of the measure
Eg(X)I(X < z) is small. The result for a general g is obtained from this result
applied to g:t and the triangle inequality. We shall be also using the Ergodic Theorem

repeatedly without mentioning.
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We also need to recall that [3 -0 = /1771% Z?:l m(X¢)opus. We are now ready

to state and prove

Theorem 3.5.1 Suppose (3.1.1)-(3.1.3), Assumptions 3.1 and 3.6 hold. Then,

n_HVn(r) = Jg(xr)7(H)N(0,1), in D(R), uniform metric.

Proof. First note V(z) = Vn(z) — Z5, Anan(z). Moreover,

n
V(@) = Fol) Y u+ Y w{od(X; <o) - Fol@)},
t=1  t=1

n n
Zn = Ko Z up + Z ut{m(Xt)at - Kg)}.
t=1 t=1
Since an(z) —a.s. a(z), by (3.2.3), (3.2.4), and (3.5.1), we obtain that

n
nHY(z) =nH Y (Fa(x) - KQA-la(x)) +up(1).
t=1
O

The above result is useful only if Jo(z) # 0. Observe that Jg(z) = [£ 0o (a(y) -
u’UA_lm(y))d)(y)dy. Hence, the condition Jy = 0 implies that the functions {o(z),
1,mj(x), - ,mq(z)} are linearly dependent, for almost all = € R.

In the simple linear regression model, when m(z) = (1, z)/, Jo(x) = 0 if and only

if o(z) = ¢, a constant. In this case,
Jo(z) = Eo(X)I(X <z)—- Eo(X)®(z) + EXI(X < 1)EX0o(X).

Clearly, o(z) = c implies Jg(z) = 0. On the other hand, if Jy(z) = 0 for all
z, then upon differentiating the equation Jg(z) = 0 with respect to z, we have
o(z) = Eo(X) + zEXo(X), which contradicts the assumption that o(z) > 0 for all
z if EXo(X) # 0, and which in turn implies that o(r) must be a constant.

In order to implement the above result, we shall require that Jy(z) # 0 for some

x € R. We also need a uniformly consistent estimator of J5(z) in order to apply tests
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based on the process Vp. The following condition is needed for this purpose:
Assumption 3.7. o(r) > ¢ > 0 and has a continuous first derivative function of
r €R.

Observe that the only unknown entity in Jg is o(X). For technical reasons the
theory is much harder if we use the previous estimator of o2 in this process. We shall
use an alternate estimator based on the ideas of cross validation method that leaves
one observation out each time. Let

) 1 & .2 .
AZ ;(x) 1=;‘;-12Kb($‘xt)5t’ i=1,---,n
t#1
Then, V;(z) := f\__z-(;t)qb_l/z(:c) is an estimator of o(z), and

Ja®) = =S ViXQIX < 2) - = 3 m(X)Ve(Xp) A7 Lan()
t=1 t=1

is an estimator of Jg (). Its uniform consistency is assessed by the following theorem.

n

Theorem 3.5.2 Suppose (3.1.1)-(3.1.3), and Assumptions 3.1, 3.6, and 3.7 hold. In
addition, suppose b — 0, b—1n2h—2 0(1), E02(X)¢1/2(X) < 00, EaQ(X)m?(X) <
00, and E[mj(2X)|2 < oo, for j=1,---,9—1. Then, under H, sup_. |Jn(z) —
Jo ()| = op(1).

The proof of this theorem follows from several lemmas proved below. We begin with
stating some preliminary facts about some moments of the LMMA process u;. Let

dy == E(ug - 1)(u% — 1), t € Z. The following lemma is proved in Chapter 2.2.3.

Lemma 3.5.1 Suppose {us} is as in (3.1.2) with Esg < 0o. Then, for all1/2 <
H <1,

(3.5.2) dp = 2D22(2H=2) | ,22H=2)) " 454 oo,

(3.5.3) E'uous(ut2 —1)~2y%v_g, as|t—s|— oo,
and for s,t,r such that |t — s|,|r — t| and |s — r| all tending to infinity, we have

(3.5.4) Eugusugur ~ Ysvr—t +1t7r—s + ¥7r¥t—s-
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Next, let AQ_t( )=(n-1)" Zz;ét Kp(z - )022 12
Lemma 3.5.2 Suppose the conditions of Theorem 3.5.2 hold. Then

A2 2 2
max E(A2,(X}) —o5o(X — 0
IStdgn ( ~t(Xy) —oiol t))

Proof. It suffices to show

. Cxa022 — )
(3.5.5) lglta%an(n_IZKbXt Xj)o?(u? —1))" =0,
Jsét
2 2 2
(3.5.6) 1?f§nE(n— §Kb(Xt )j—até(Xt)) -0
== j

To prove (3.5.5), the expectation in the Lh.s. of (3.5.5) equals Ay, ¢ + By, ¢, where

Ant = —— > E{K{ (Xt — X))o} E(uf - 1)?,
(n_l) Jaét

, : ( E{Kb Xt Kb(Xt Xk)o‘?d%:}
J#tk#t k#j
xE(u? —1)(uf - 1).

Upon applying (3.7.7) below with g(Xt,Xj,Xk) = EKp(X¢ -Xj)Kb(Xt —Xk)o-?al%

and using the fact that for this g, Hgl]2 < Cb~ 1, we obtain that, uniformly in ¢,

(3.5.7) Bn,t < 2 Z Z {EOKb(Xt - Xj)Kb(Xt - Xk)”?”%
J#tk# k#j
—-1,1/2
+O I kl}E - 1)

< cndH—4 4 cyp=1/2,h-1+4H-4 _ ¢

by Lemma 3.5.1. Similarly, by (3.7.8) we obtain that uniformly in ¢, Apt < C(nb)_l.
Hence (3.5.5) holds.
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To prove (3.5.6), rewrite the Lh.s of (3.5.6) as

Kb(Xt X}QO’?O’%

kAt

. j
J#t
nt—2Dnt+ Ec*(X)6%(X),  say.

n
- L o2 (X)o(Xe) 3 Ky(Xy — X))o + Ead(X)o(X)

Similar to the argument in (3.5.7), by (3.7.7) and (3.7.8), the terms Cy, ¢+ and Dy, 4

tend to Ea4(X )¢2(X ) uniformly in ¢, thereby proving (3.5.6).

By applying the simple inequality
(3.5.8) a1/2 —pl/22 <ja—b], ab>0,

we obtain the following:

Corollary 3.5.1 Suppose the conditions of Theorem 3.5.2 hold. Then,

(3.5.9) wax Bl 1(X¢) — ol 2(Xp)14 = 0.

Lemma 3.5.3 Under the conditions of Theorem 3.5.2,

n
1 ~ = 2 _
=3 A (X - A_pxp)| ¢ 7HA(Xp) —p 0
Proof. Applying (3.5.8) again, it suffices to show that
n
1 A2 72 -1/2
(3.5.10) =3 |AZ (X0 - A2 4xp)|6 72 (Xp) —p 0
t=1
But If\z_t(Xt) — Az_t(Xt)| is bounded above by

X))[1(6 = B)'m(X))2 + 2(8 - B m(X)oju; + oFu

z#t

93

2
uy|.

O



Moreover, (3.7.8) in the Appendix implies that, for k =0,1,2,0< j <q—1,

n
‘ (n—1) ZZ i)ojum §(Xi)¢—1/2(xt)
t=1i#t
n n
ZZ//Kb (z —y)o(y)Im; )k 12z )i ¢(x,)
=1i#t
xdzrdy
< Ky(x — 9)o(@)lm;()|F 61/ 2(x)o(y)dzdy
n—l tzzlgé:t//
C
ol- hb1/2 oQ)
e 303 KyX; - Xplms (Xl 672(0xy)
t=1 7ét
W)Im;(@)F8!/2(2)p(y)dzdy
i3 i#t
: C
+m = 0(1)

In the above we used the fact that Em? (X) < o0, which is implied by the assumption

E02(X)m?(X) < oo and the Assumption 3.7, for j = 1, .- ,g—1. Therefore, (3.5.10)

holds because 3 — Bl —p 0, € —p 0 and X —p 0.

In the sequel, for a y € RY, |y| and ||y|| stand, respectively, for the g-vector of

the absolute values of the coordinates of y and the Euclidean norm of y. For a finite

dimensional square matrix A, ||A|| stands for its Euclidean norm.

Corollary 3.5.2 Under the conditions of Theorem 3.5.2,

%fjl(vt (X) = o )m(Xp)| —>p 0.

Proof. We only prove the claim for mq(z), the proof for the other terms is similar.
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For this, it suffices to show that

@511) =3 JA_e(X) — A_g(Xp|Imi(XploT2(Xy) = op(1),

n
(3512 1Y Aoy (Xpem VX - o(Xp|Imu(Xp) = opl).

By the Holder inequality, the expectation of the Lh.s. of (3.5.12) is bounded above

by

1 Z BY3(R_4(xy) — o(xp)0 Y/ t))3E2/3(m?/2(Xt)¢_3/4(Xt)).

Since E|my(X)|3/2/¢3/4(X) = Elm1(2X)|3/2 < o0, (3.5.12) follows from (3.5.9).

Next, by the Cauchy-Schwarz inequality, the L.h.s. of (3.5.11) is bounded above

by

15~ 1/2 1y 1/2( 5\ 1/2
{;ZIA—t(Xt)— t(X¢)| ¢ _/ (X¢) x ;Z (Xp)¢~ Y/ (Xt)} :
t=1

But because 711_ Z?=1 m%(Xt)(</>(Xt))_1/2 —a.s. Em%(X)((}&(X)_l/2 <C Em%(QX) <

00, (3.5.11) follows from this bound and Lemma 3.5.3. m]

PROOF OF THEOREM 3.5.2. The proof consists of the following two parts. First,
L
sup ;| Z Vi(Xg)I(X¢ < ) — Fa(r)l

< sup l Z Vi(X)I (X < x) — oI ( Xy < z)|
t—ll .
+Sgp—| Y otI(Xp <) - Fa(x)|

i

n n
1 1
< - E |Vt(Xt)—at)+sup—' E atI(Xth)—Fa(x)I.
" i1 R

The first term in this bound tends to zero in probability by Corollary 3.5.2. The



second term tends to zero almost surely by (3.5.1). Secondly,

sup |~ - ) (Vi(Xpm(Xp)' Ay an(z) = Eo(X)m(X)' A7 a(@))]

t= 1 n

||- (Vt<Xt ) — ot )m(Xy)|| 14 1l sup lan ()]

+—Zotnm XAy - A7 lsup lan(=)|
t=1

n
lZ agllm(XpI AT sup llan(z) - a(z)]

3

+) 3 (oum(X;) - k)| 147 sup (=)

which tends to zero in probability by the facts

sup|a(z)] < V Ellm(X)|2 < oo,

supz |an(z) — a(z)| —a.s. 0 by (3.5.1), and Corollary 3.5.2. m
An immediate consequence of the above results is that in the case m(z) = (1,z)/,
the test that rejects H(), whenever
(3.5.13) Dp = — ! sup V()] > 24 /9,
nHr(H)supy |Jn(z)] *

is of the asymptotic size a, where zq is 100(1 — a)th percentile of the standard normal

distribution.

Now we consider the consistency of the proposed test under any fixed alternative
u(z) = £(z), where ¢(z) is not a linear function, E€2(X) < oo and sup, - |E(5Tm(X)—
E(X)) I(X < z)| # 0. Then, under this alternative,

n_HVn(z)

n n

= Y o(Xpul(Xp <) +nH Y (‘)(Xt) - BTm(Xt))I(Xt s 7)
t=1 t=1

I(z) + II(x), say.
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By (3.5.1). nH_III(;r) = E{ﬁTm(X) —((X)H(X < x)+ up(1). Also, by (3.2.3)
and (3.2.4). supy |I(x)| = Op(1). Thus the power of the tests will tend to one against

any fixed alternative £(r) of the above type.

3.6 Empirical results

3.6.1 A small simulation study

In this section we report the findings of a finite sample simulation study. In this
simulation, for simplicity, we take m(z) = (l,z)’, Byp=0,0, =2and 02(1:) = 1+:c2.
The processes {u;} is taken to be ARIMA(0, H — 1/2,0) with standardized Gaussian
innovations and {X;} is taken to be fractional Gaussian noise with long memory
parameter h. The values of H, h range in the interval [.6, .95] with increments of .05.
In order that the generated processes are stationary, we trim off the first 500 generated
observations of both {u;} and {X;} processes. These processes were generated using
the codes given in Beran (1994, Ch. 12).

We first concentrate on the properties of Bl and H. Table 3.1 provides the root
mean square errors (RMSE) of the LSE Bl with sample size 500 and 2000 replications.
As can be seen from this table, when H + h increases, so does the RMSE of 5’1.
Typically, when H + h < 3/2, the RMSE is small.

Table 3.2 provides the RMSE'’s of the local Whittle estimator H of H based on the
samples of size 500 with 1000 replications. The calculation of H is based on pseudo
residuals é; = Y3 — BIXt without estimating the variance function 02(3:). From this
table, we observe that for H < 0.85, the overall RMSE is less than 0.072 and stable
regardless of the values of h.

Next, to asses the finite sample behavior of [72, we simulated the function estimator

&2(1) for the values of r in the grid 1 = —1.50, 79 = —1.49,-- -, r39; = 1.50, and
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Table 3.1: RMSE of the LSE 31 for sample size n = 500.

H\h| .60 .65 .70 .75 .80 .85 .90 95
.60 |.0087 .0086 .0088 .0098 .0104 .0115 .0135 .0192
65 |.0084 .0095 .0107 .0117 .0123 .0134 .0176 .0247
.70 1.0104 .0101 .0114 .0135 .0146 .0176 .0215 .0341
.75 | .0108 .0121 .0135 .0154 .0194 .0227 .0304 .0465
.80 |[.0123 .0139 .0176 .0192 .0244 .0333 .0479 .0735
.85 |.0141 .0177 .0218 .0283 .0362 .0487 .0704 .1254
90 |.0186 .0237 .0310 .0398 .0540 .0834 .1201 .2087
95 |.0257 .0340 .0519 .0647 .1137 .1762 .2738 .4962

Table 3.2: RMSE of H based on Y; — (31 X; for sample size n = 500.

H\h| .60 .65 .70 75 .80 .85 .90 95
.60 |.0396 .0386 .0393 .0387 .0377 .0394 .0398 .0394
.65 |.0428 .0427 .0440 .0426 .0433 .0451 .0416 .0432
.70 ] .0481 .0475 .0477 .0482 .0504 .0486 .0475 .0469
.75 1 .0536 .0548 .0554 .0547 .0538 .0507 .0529 .0494
.80 |.0623 .0630 .0623 .0592 .0582 .0597 .0581 .0551
.85 |.0708 .0720 .0707 .0670 .0658 .0631 .0622 .0577
90 |.0833 .0832 .0808 .0780 .07688 .0724 .0678 .0651
95 | .1129 .1109 .1089 .1030 .0946 .08520 .0782 .0672
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Table 3.3: Ranges for § of the bandwidths for estimation o.

H\h 65 75 85 95
65 | (a) (.175,.3) (a) (.125,.5) (a) (.075,.3) (a) (.025,.1)
75 | (a) (.175,.3) (a) (.125, .5) (a) (.075,.3) (a) (.025,.1)
85 | (b) (.15,.3) (a) (.125,.5) (a) (.075,.3) (a) (.025,.1)
95 | (b) (.05,.3) (b) (.05, .5) (b) (.05 .3) (a)(.025,.1)
Table 3.4: Summary of ASE(62) for H = .65
h \ Summary | bandwidth Q1 Median Mean Q3
65 3n"2 0261 .0360 .0424 .0512
75 3502 0256 .0383 .0432 .0557
85 4n=-2 0273 .0417 0595 .0617
95 15n=-099 0366 .0663 .1138 .1058
Table 3.5: Summary of ASE(&2) for H =75
h \ Summary | bandwidth Q1 Median Mean Q3
65 4n=2 0442 0711 0887 .1127
75 4n—2 0465 0652 .0888 .1076
85 4n=-2 04667 .0774 .1043 .1252
95 on~099 0627 0995 2190 .1902
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Table 3.6: Summary of ASE(&Q) for H = .85

h \ Summary | bandwidth Q1  Median Mean Q3
65 4502 1562 2724 5402 .5584
75 6n=-2 1504 3113 .5449 .6330
85 5n2 1625 .3252 5475 .6103
95 250099 1704 3155 7092 6235

Table 3.7: Summary of ASE(&2) for H = .95

h \ Summary | bandwidth Q1 Median Mean Q3
65 6n~-2 1153 3214 1624 11.83
75 7n=-2 1137 3078 14.75 11.25
85 75072 1018 2611 1277 11.59
95 450099 1136 3374 1257 11.85

for 0.65 < H,h < 0.95. We used the built-in smoothing function of R program with
the normal kernel and sample size 500 repeated 500 times. The ranges for 4 in the
bandwidths b = Cn=9 are given in Table 3.3 according to the Remark 3.3.1. The
symbols (a) and (b) indicate ‘Case a’ and ‘Case b’ in Theorem 3.3.1, respectively.
Based on Table 3.3, for convenience we used § = 0.2, b = Cn~2 in our simulations
for all cases of H and h considered except when h = .95. In the case h = .95, we used
d = 0.099. The constant C is adjusted for different values of H and h according to the
average squared errors: ASE := 22(21(62(zk)/02(zk) - 1)2/301. We record those
C values which possibly make ASE the smallest. Some summary statistics of ASE
are reported in Tables 3.4-3.7. It can be seen that the estimator 62(15) is relatively
stable for the values of H,h < .85. Similar results are observed when we replace the
normal kernel by the kernel function K(z) = .5(1+ cos(z7))I(]z| < 1) or the uniform

kernel.
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3.6.2 Application to a foreign exchange data set

In this section we shall apply the above proposed regression model diagnostic test
to fit a simple linear regression model with heteroscedastic errors to some currency

exchange rate data obtained from
www.federalreserve.gov/releases/H10/hist/.

The data are noon buying rates in New York for cable transfers payable in foreign
currencies.

In this example, we use the currency exchange rates of the United Kingdom
Pounds (UK£) vs. US$ and the Switzerland Franc (SZF) vs. US$ from January
4, 1971 to December 2, 2005. We first delete missing values and obtain about 437
monthly observations. The symbols dIUK and dISZ stand for differenced log exchange
rate of UKL vs. US$ and SZF vs. US$, respectively. From the figure 3.1, we observed

that these two sequences appear to be stationary. Also,

mean(dIUK)= —0.0001775461, Stdev(d1UK)=0.001701488,
mean(dISZ)=—0.00004525129, Stdev(dISZ)=0.001246904.

The local Whittle estimated values of the LM parameters of dIUK and dISZ pro-
cesses, respectively, are 0.6610273 and .7147475. In computing local Whittle estimator
the choice of the smoothing parameter m is crucial. Taqqu and Teverovsky (1997)
recommend m = n/4 and m = n/32 for sample sizes n = 100 and n = 10, 000, respec-
tively. Our sample size being in between these two, we chose m = n/8 in obtaining
the above local Whittle estimates.

Let Y = dISZ and X =dIUK. Comparing the X-process with a simulated fractional
Gaussian noise with H x = 0.6610273 and n = 437, Figure 3.2 suggests that the

marginal distribution of X is Gaussian.
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Figure 3.1: The time series plots of dIUK and dISZ.
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Differenced log rate of SZ

Figure 3.2: QQ-plot of dIUK.
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Figure 3.4: Kernel estimation of o(xr).

0.0020
L

0.0015
L
(o]

0.0010
|
i:
%
o]

-0.004 -0.002 -0.000 0.002 0.004 0.006

Next, we regressed Y on X, using non-parametric kernel regression estimator and
parametric simple linear regression model of Y upon X. Both of these estimates
are depicted in Figure 3.3. They display a negative association between X and Y.
The estimated linear equation is Y = —0.000118775 — 0.4141107 X, with a residual
standard error of 0.00102992. Figure 3.4 provides the nonparametric kernel estimator
of o(x) when regressing Y on X. The kernel function K(z) = .5(1 + cos(zn))I(|z| <
1).

The estimators of the parameter H based on the residuals ¢ = Y — ﬁX and
i = (Y — bX)/6(X) are equal to 0.6046235 and 0.6246576, respectively. This again
suggest the presence of long memory in the error process.

Finally, to check if the regression of Y on X is linear, we obtained Dy, = 0.4137897

with the asymptotic p-value 66%. As expected, this test fails to reject the null
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hypothesis that there exists a linear relationship between these two processes.

3.7 Appendix

We first state a result similar to the reduction principle of Taqqu (1975), but with
the kernel function Kj(-) involved. Let G := {v: EI/Q(X) < 00}. Recall the Hermite

expansion from (3.2.5) above. We have

Lemma 3.7.1 Let X; be a stationary Gaussian process. Then,

1 & o2(z)zd n
- Z (Kb T — Xt)a (Xt) — Tb) (I); (z) E Xt
t=1 t=1
Op( 1 + 1 ) VzeR

Prvnb " pnd—ah" ’

Proof. Fix an z € R. Let vp(X) := \/E[Kb(z —X)O'Q(X) — 7p) with 7, = EKp(z -
X )02(X ). Note that Evp(X) = 0, for each n > 1. Moreover, by the change of

variable formula,
2 _ 2 2/ _ _ :
Evg(X) = /K (w)o“(z — bw)p(z — bw)dw.

From this one sees that sup,>1 EV,%(X) < 00, so that vp(X) € G, for each n > 1.

This in turn implies that sup, > 5% / j! < oo, where

j=1°nj
cnj = VB [ Kyfe - 0) W) H; o)y
\/E/K(w)a2(a: - wb)Hj(x — wb)p(z — wb)dw

= VB{H(2)oX(2)é(z) +o(1)}, Vi1
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Hence,

1 n 1 n 2
E(— D vn(Xy) - 15 > Xt)
t=1 t=1
9 n n oo C.?
DI WEH](XS)HJ(Xt)
s=1t=1;5=2\"
2
00 4 1 n
<Y o +n2 Y k- sh} s o +nthh
This proves the lemma. m]

Under the Assumption 3.5, a similar argument yields the following.

n
(3.7.1) E{% Z (Kb(:z: - Xt)az(Xt) - Tb)Ut}z
1= 1
= O(E) + O(—nz_QH).
n
2
(3.7.2) E{% > (Kplz — Xp)o?(Xp) ) wf - 1)}
t=1
1 1
= (F) +o(n4_4H)

Now let v be an arbitrary function such that Ev(X) = 0, Eu2(X ) = 1. Let
&t := v(Xy). For simplicity of the exposition, let pj. now stand for vy (k) of (3.1.3),
and r > 1 be the Hermite rank of v(X). Then, the auto-covariance function of the

process £ is

N NS 1T
=T

Because pj, is decreasing in k, we readily obtain that *,E(k) is also decreasing in k.
Moreover, the second factor in 'yg(k) is bounded above by ) j>1 c? /3! = 1. Therefore,

there exists a constant C = C(r, G) free of k, such that

(3.7.3) Ye(k) ~ Cpf.
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Lemma 3.7.2 Let & = v(X¢). uy be defined as in (3.1.2), and IEu denote the peri-
odogram of &uy. Then, as A — 0,

Elg,(\) = o(r(2-2m+1-2H) 0<r(2—2h)+(2-2H) < 1;

= O(logn), r(2—2h)+(2—-2H) > 1.

Proof. For the first case we use the Corollary 4.10.2 of Bingham et al (1987) which

says that for any 0 < a < 1,

n
—aith _ ya—1 _ LT LT .
(3.7.4) t_z:lt e A (1 a)(sm 2a+zcos 20), A—0.

Using the fact that vy (k) ~ Cck2H -2, (see (3.1.4)), (3.7.3), (3.74) with 0 < a =

7(2 —2h) + (2 — 2H) < 1, and the independence of & and u¢, we obtain

3

1 n G
Elg,(N) = 53 3 7l — Kyl — kIR
1k=1
k-1

M= G

- C% ) ¢—[r(2—2h)+(2—2H)) i tA
k=1t=k—n

Otherwise, when 7(2 — 2h) + (2 - 2H) > 1, Elgu(’\) <Clognforall A € [-m,7]. O
The following lemma in Dalla, Giraitis and Hidalgo (2006) is needed for the proof
of Theorem 3.4.1:

Lemma 3.7.3 Under (3.1.2) and when m = o(n), then uniformly in 0 < v <1,

[vm] L (s
(3.7.5) [vm]—1 Z M —1, as, m— oo
j=1 I

The next lemma approximates the averages of certain covariances of a square inte-
grable function of a Gaussian vector by the corresponding average where the compo-

nents of the Gaussian r.v. arei.i.d. Accordingly, let EQ denote the expectation when a
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Gaussian random vector is standard normal random vector. Let A g 4 be the covari-
ance matrix of X, X5, X3, 0<s <t ,and By o = AO,s.t—IB = (( bi’j(s, t))), where
I3 is the 3 x 3 identity matrix. Let g5 ¢ denote the largest eigne value of By s ¢- From
Luenberger (1979) ( Ch. 6.2, page 194) we obtain that g¢ ¢ < max; Z?‘:l lb; (s, t)].

This in turn implies that

(3.7.6) 05t <3vx(t—s)Vyx(s)Vrx(b)
We are now ready to state and prove the

Lemma 3.7.4 Let g be a function defined on R3 such that E'gz(XO,Xl, X9) and
Eogz(XO,Xl,XQ) are finite. Then, uniformly ini=1,--- ,n,

ZZ (Eg X’t‘Xsixt) EOg(Xi,Xs,Xt)) -

1)2 t#£is#1

Proof. We use Theorem 2.1 of Soulier (2001). By the definition, the function
g9(z,y,2) — EOg(Xi,Xs,Xt) has the Hermite rank r > 1. For sufficiently large |s —
i|,|t — | and |t — s|, by Theorem 2.1 of Soulier (2001), there is a constant C' < oo free

of i,t, s, such that
2
(1.7)  |Bg(X; Xo, Xe) ~ EO9(X;, X, Xp)| < Cllgllef/2, .

Then the lemma follows from (3.7.6) and (3.1.3). O

By a similar argument, we can obtain that there exists C free of s, ¢, such that

2
(3.78) |Eg(Xs, Xp) — E%(Xs, Xp)| < Cllglly} (¢ - 5).
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