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ABSTRACT

TRIMMED AND WINSORIZED ESTIMATORS

By

Mingxin Wu

The dissertation consists of three parts. The first part studies trimmed and winsorized
means based on a scaled deviation. The influence functions of the trimmed (and winsorized)
means are derived and their limiting distributions are established via asymptotic representa-
tions. The performance of these estimators with respect to various robustness and efficiency
criteria is evaluated and compared with leading competitors including the ordinary Tukey
trimmed (and winsorized) means. The resulting trimmed (and winsorized) means are much
more robust than their predecessors. Indeed they can share the best breakdown point ro-
bustness of the sample median for any common trimming thresholds. Furthermore, for
appropriate trimming thresholds they are highly efficient for light-tailed symmetric mod-
els and more efficient than their predecessors for heavy-tailed or contaminated symmetric
models.

The second part of the dissertation pertains to applying the same trimming scheme to the
scale setting. In this part, trimmed (and winsorized) standard deviations based on a scaled
deviation are introduced and studied. The influence functions and the limiting distributions
are obtained. The performance of the estimators is evaluated and compared with respect to
high breakdown scale estimators. Unlike other high breakdown competitors which perform
poorly for light-tailed distributions and for contaminated symmetric distributions with con-
tamination near the center, the resulting trimmed (and winsorized) standard deviations are
much more efficient than their predecessors for light-tailed distributions for suitably chosen

trimming parameters and highly efficient for heavy-tailed and skewed distributions. At the



same time, they are sharing the best breakdown point robustness of the sample median
absolute deviation for any common trimming thresholds.

The third part is about the multiple least square estimator. In this part we introduce the
least trimmed squares estimator for multiple regression. A fast algorithm for its computation
is proposed. We prove Fisher consistency for the multiple regression model with symmetric
error distributions and derive the influence function. Simulation studies investigate the

finite-sample efficiency of the estimator.
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CHAPTER 1

Introduction and Motivation

1.1 Location

The sample mean is the most efficient location estimator for normal models. It is, how-
ever, not robust. The sample median is the most robust location estimator with the best
breakdown point. It is, however, not efficient for normal models. The trimmed mean is a
compromise between the two extremes. It is more robust than the mean and more efficient
than the median for normal models. It also performs quite well for heavy-tailed non-normal
symmetric distributions. That’s one reason why we use it in Olympic rating system. We
know that for some sports in the Olympics, such as diving, gymnastics (Summer Olympics)
and several years ago, figure skating (Winter Olympics), the rating system is based on the
trimmed means. In Olympic rating, nine different judges &6m nine different countries give
nine scores for each athlete. They drop the highest and lowest scores, taking the average
of the rest seven scores as the final score of each athlete. The Gold Medal in these games
is awarded to contestants with the highest trimmed scores. And many rating systems for
competitions in our life are also based on trimmed means. The high and low scores are
dropped and the rest are averaged. In every Olympics year, there are a lot of controversies
over the ordinary trimmed mean based scoring system used in competitions. In fact there
are a lot of problems with it. The argument I make in this dissertation is that the problems
can be avoided by trimmed mean/winsorized mean based on a scaled-deviation—indeed,

from a statistical point of view it is statistically superior to the alternatives that have been



proposed and used.
The ordinary trimmed mean associated with the Olympic rating system has the following

shortcomings which can be avoided by the trimmed mean based on a scaled-deviation

1 Ordinary trimmed mean (OTM) cannot to exclude all the outliers when outliers come
from one side instead of both sides. This time outliers are from lower side, it will
underestimate the athlete (center); next time when the outliers are from upper side,

it will overestimate the athlete (center).

2 Another problem involved in the Olympic rating system is: Arbitrarily throwing out
the high and low marks in Olympic rating is also a remarkably poor solution to the
problems of national bias or human error that arise from time to time on judging
panels, because if you throw away a fixed fraction of data you automatically make the
assumption that two out of nine judges are necessarily mistaken and the other seven
are “correct”. This is an unreasonable assumption. so OTM is mechanical because
it always trims a fixed fraction of data points at both ends of a data set no matter

whether these data points are “good” or “bad”.

These disadvantages of the Olympic rating system motivate us to consider trimmed means
based on a scaled deviation. It turns out that trimmed means based on a scaled deviation
is flexible and random. They may trim some or no sample points and have the power
to distinguish outliers no matter which side they are coming from. Detailed comparisons
with leading competitors on various robustness and efficiency aspects reveal that the scaled
deviation trimmed means behave very well overall and consequently represent very favorable
alternatives to the ordinary trimmed means.

Besides trimming, winsorizing is another robust method to mitigate inordinate influence
of extreme values. Unlike the trimmed mean, the winsorized mean replaces the outliers with
cutting-point values, rather than discarding them. The winsorized mean based on scaled-
deviation has the highest breakdown point and is more efficient than the corresponding
trimmed mean when the cutting parameter 3(see section 2.2) is small. But when f is large,
scaled-deviation trimmed mean almost has the same efficiency as winsorized mean. That is

because when £ is large, there is not too much information contained in both tails. When



there are “bad” points presented from either end, the winsorized mean is less efficient than

trimmed mean.

1.2 Scale

A fundamental task in many statistical analyses is to characterize the spread, or variability,
of a data set. Measures of scale are simply attempting to estimate this variability.

When assessing the variability of a data set, there are two key components:
1 . How spread out are the data values near center?
2 . How spread out are the tails?

Different numerical summaries will give different weight to these two elements. The choice
of scale estimator is often driven by which of these components you want to emphasize.

The histogram is an effective graphical technique for showing both of these components of
the spread, however it is just descriptive. There are several common numerical measures of
the spread: the variance, standard deviation, average absolute deviation, median absolute
deviation, interquartile range and range. The variance, standard deviation, average absolute
deviation, and median absolute deviation measure both aspects of the variability, that is,
the variability near the center and the variability in the tails. They differ in that the
average absolute deviation and median absolute deviation do not give undue weight to the
tail behavior. On the other hand, the range only uses the two most extreme points and the
interquartile range only uses the middle portion of the data.

The standard deviation is an example of an estimator that is the best in terms of efficiency
if the underlying distribution is normal. However, it lacks robustness validity. That is,
confidence intervals based on the standard deviation tend to lack precision if the underlying
distribution is in fact not normal. It has the lowest possible explosion breakdown point.

The median absolute deviation and the interquartile range are estimates of scale that have
robustness of validity. However, the median absolute deviation is not particularly strong for
efficiency. The median absolute deviation estimator (MAD) has a low efficiency for normal

distributions (36.75%), thereby leading to rather unsatisfactory results for normal models.



The interquartile range is not particularly strong for robustness, it can not reach the highest

possible breakdown point.
Rousseeuw and Croux (1993) introduced two alternative statistics more efficient than the

MAD, which are defined as

Sfc = c;med;{med;|z; — zj|}, Qn=d{|z: —z;|; i <j}w

where cs, d are consistent coefficients, K = (g) ~ (g) / 4 with h = [n/2] + 1 and (k)

is the k-th ordered statistics.

The S,{ZC has efficiency for normal distributions 58.23%, while Qy, has 82.27%. They are
still not good. Especially at the situation that there are contaminating points presented
close to the center, MAD, S,{w and Qy are quite inefficient. Motivated by these facts, we
introduced scaled deviation trimmed and winsorized standard deviations.

The resulting trimmed (and winsorized) standard deviatons are much more efficient than
their predecessors for light-tailed distributions by suitably choosing the cutting parameter
and highly efficient for heavy-tailed and skewed distributions. At the same time, they are

| sharing the best breakdown point robustness of the sample median absolute deviation for
any common trimming thresholds. Compared with their predecessors, they can achieve the
best efficiency when points around the center are contaminated. Indeed, the scaled devi-
ation trimmed (winsorized) standard deviatons behave very well overall and consequently

represent very favorable alternatives to other types of scales.



CHAPTER 2

Trimmed and winsorized means based

on a scaled deviation

2.1 Introduction

Tukey trimmed (and winsorized) means are among the most popular estimators of location
parameter; see, e.g., Stigler (1977). They overcome the extreme sensitivity of the mean
while improving the efficiency of the median for light tailed distributions. The robustness
and efficiency are two fundamentally desirable properties of any statistical procedure. They,
however, do not work in tandem in general. The trimmed (and winsorized) means somehow
can keep a quite good balance between the two. The Tukey trimming scheme is a symmetric
one in the sense that it trims the same number of sample points at both ends of data and
hence is quite efficient for symmetric distributions. It, however, becomes less efficient when
there is even just a slight departure from symmetry, e.g., with one end containing outlying
points. Metrical trimming, introduced in Bickel (1965), trims points based on their distance
to the center — median and hence is more efficient for contaminated symmetric models. Like
the ordinary trimming, it always trims a fixed fraction of sample points, no matter those
points are “good” or “bad”. This raises a concern as to whether there is a trimming scheme
that only trims points that are “bad”, which motivates us to consider in this chapter the

so-called scaled deviation trimmed and winsorized means.

The main idea behind the new trimming scheme is that sample points are trimmed based



on the magnitude of their scaled (standardized) deviations to a center (say median). Only
points with the scaled deviation beyond some fixed threshold are trimmed. This new trim-
ming scheme can lead to the best possible breakdown point (see Section 5.1 for definition)
robustness. The resulting estimators are also highly efficient at light-tailed symmetric mod-
els and much more efficient than the Tukey trimmed and winsorized means at models with
a slight departure from symmetry or with heavy tails. Hence they represent favorable al-

ternatives to their predecessors.

The rest of the chapter is organized as follows. Section 2 defines the scaled deviation
trimmed and winsorized means and discusses some primary properties. Section 3 inves-
tigates the local robustness, the influence functions, of the estimators. The asymptotic
normality of the estimators is established via their asymptotic representations in Section
4. The performance comparison of the estimators with other leading trimmed means with
respect to various robustness and efficiency criteria is carried out in Section 5. Concluding
remarks in Section 6 end the main body of the chapter. Proofs of main results and auxiliary

lemmas are reserved for the Appendix.

2.2 Scaled deviation trimmed and winsorized means

Let u(F) and o(F) be some robust location and scale measures of a distribution F. For
simplicity, we consider u and o being the median (Med) and the median absolute deviations
(MAD) throughout the chapter. Assume o(F) > 0, namely, F is not degenerate. For a
given point z, we define the scaled deviation (generalized standardized deviation) of z to
the center F' by

D(z,F) = (z — p(F))/o(F). (2.2.1)

Now we trim points based on the absolute value of this scaled deviation and define the 3

scaled deviations trimmed mean at F as (c.f. Zuo (2003) for a multi-dimensional version)

_ [X(D(=z, F)| < B) w(D(=, F))zdF(z)

B
TP(F) = fI(|D(:C, F)| < B)w(D(z,F))dF(z)’

(2.2.2)

where 0 < 3 < oo and w is an even bounded weight function on [—00, 0] so that the

denominator is positive. The heuristic idea behind this definition is that one trims points



that are far (o) away from the center and then one weights (not just simply average)
remaining points based on the robust scaled deviation with larger weights for points closer
to the center. When w is a non-zero constant, T? becomes the plain average of points after
the trimming. To cover a broader class of the trimmed means, we consider general w in
our treatment. Note that in the extreme case § = oo (w = ¢ # 0) T becomes the usual
mean. A concern might be that T throws away useful information in the tails. A remedial
measure is the Winsorization. For the completeness of our discussion, we consider here the

B scaled deviations winsorized mean at F, defined as

[@X(|D(z, F)| < B) + L(F)l(z < L(F)) + U(F)I(z > U(F))) w(D(z, F))dF (z)
Jw(D(z, F))dF(z)

To(F) =

(2.2.3)
where L(F) = u(F) — Bo(F) and U(F) = u(F) + Bo(F). In the extreme case 8 = 0, TS
degenerates into the median. For a fixed 3, we sometimes suppress (§ in T8 and Tg for

convenience.

Since both p and o are affine equivariant, ie., u(Fyx4p) = apu(Fx) + b, o(Fgx4p) =
|a|lo(Fx) for any scalars a and b, where Fy is the distribution of X, it is readily seen that
|D(z, F)| is affine invaraint and T thus is affine equivariant as well. For X ~ F symmetric
about 4 (i.e. +(X — 6) have the same distribution), it is seen that T(F) = 0, i.e., T is
Fisher consistent. Without loss of generality, we can assume § = 0. Let F;, be the usual
empirical version of F based on a random sample. It is readily seen that T(Fy,) is also affine
equivariant. It is unbiased for 6 if F is symmetric about # and has an expectation. For
Tw(F) and Tyy(Fy), all these properties hold.

Two popular trimmed means in the literature are: the ordinary trimmed mean (Tukey
(1948)) and the metrically trimmed mean (Bickel (1965), Kim (1992)), defined respectively
as

1 F~l(1-a/2) 1 u(F)+v(F)
/ zdF(z), (2.2.4)

THF) = — zdF(z), TS(F)=——
R ey e A ey e
where F~1(r) is the rth quantile of F and F(u(F) +v(F)) — F(u(F) —v(F)) = 1-a. It is
readily seen that these trimmed means are also affine equivariant and consequently Fisher

consistent for symmetric F. The two trimming schemes are probability content based. The



former, however, trims equally (50a%) of points at each tail. This is not always the case for
the latter (though total points trimmed are also 100a%). At the sample level, T$*(Fy,) trims
a fixed (equal) number of sample points at each tail while T/ (Fy) trims sample points at
both tails or just one tail with the same total number of points trimmed as in the former

case. For performance evaluation and comparison of TP and Tg in later sections, Tg* and

T3 will be used as benchmarks.

Note that the proportion of the trimmed points for a fixed 8, P(|D(X, F)| > f), in
TB(F) is not fixed but F-dependent. In the sample case, the proportion of sample points
trimmed is random. TP(Fy,) may trim some or no sample points. So T(Fy,) is also called a
randomly trimmed mean. The random trimming scheme here based on the scaled deviation is
interconnected to the usual trimming scheme based on the probability content, nevertheless.
Indeed, in the population case set § to be the (1—a)th quantile of the scaled centered variable
|X = u(F)|/o(F), then T? is just a regular trimmed mean that trims 100a% of points at
tails for symmetric F. For example, if one wants to trim a = 10% points at tails, then
simply set 8 = $~1(0.95)/9~1(0.75) = 2.4387 for normal F and 3 = 6.3138 for Cauchy F.
A large [ corresponds to a small a and consequently is in favor of the efficiency of T8 (and

T2) at light-tailed F (see Sections 5.3 and 5.4).

2.3 Influence function

We first investigate the local robustness of the functional TA(F) and T.g (F). Here F is the
assumed distribution. The actual distribution, however, may be (slightly) different from
F. A simple departure from F' may be due to the point mass contamination of F that
results in the distribution F(e,8z) = (1 — €)F + €6z, where §; is the point mass probability
distribution at a fixed point £ € R. It is hoped that the effect of the slight deviation from F
on the underlying functional is small relative to €. The influence function (IF) of a statistical
functional M at a given point z € R for a given F, defined as (see Hampel et al. (1996))

IF(z; M(F)) = 62%1+(M(F(5, 0z)) — M(F))/e, (2.3.1)



exactly measures the relative effect (influence) of an infinitesimal point mass contamination
on M. 1t is desirable that this relative influence IF(z; M(F)) be bounded. This indeed is
the case for T (F) (see, e,g, Serfling (1980)), T (F) (Kim (1992)), T# (Theorem 2.3.1) and
Tg (Theorem 2.3.3) but not for the mean functional with £ — E(X) as its influence function
forrv. X~ F.

The integrands in TA(F) (TE(F)) are complicated functions of F' and the derivation of
the influence functions thus is a bit involved. We first work out the influence functions of L
and U. Assume F’ = f exists at pu and p + o with f(u) and f(u + o) + f(u — o) positive,
where 4 and o stand for u(F) and o(F). Invoking the chain rule we have the following

preliminary results:
IF(z; L(F)) = IF(z; p(F)) — B IF(z; 0(F)), (2.3.2)
IF(z; U(F)) = IF(z; u(F) + B IF(z; 0(F)), (23.3)
IF(z; D(y,F)) = —(D(y, F)IF(z;0(F)) + IF(z; u(F))) /o = h(z,y), (2.3.4)
IF(z; u(F)) = sign(z — u)/(2f (1)), (2.3.5)

) = 80002 = = 0) = 2 IR MF) (U +0) = f(1 = 0)
flaio(F)) = PR RS () |

Now assume that w is differentiable and f exists at L(F') and U(F). Write L and U for
L(F) and U(F) respectively and § for [I(|D(z, F)| < B) w(D(z, F))dF(z) and define

(2.3.6)

6(2) = 3 [V - T)W(O)S(U) IR UR)) — (L - DWEID) IF@ LF)]  (237)
Y )

() = 5[ [ (v =) wO (D, F)1FE: Dy, )W) (239)

t3(z) = % 1z € [L, U]z - T) w(D(z, F))] (2.3.9)

We then have the influence function of the scaled deviation trimmed mean T8 (F) as follows.

Theorem 2.3.1. Assume that F' = f exzists at u, p + o, L(F), and U(F) with f(u) and
f(u+ o) + f(u — o) positive and is continuous in small neighborhoods of L(F) and U(F),

and that w(-) is continuously differentiable. Then for a given 0 < 8 < oo,

IF(z; TB(F)) = £1(z) + ba(z) + £3(x). (2.3.10)



The proof is given in section 5.1, chapter 5.
Under the conditions of Theorem 2.3.1, IF(z; T?(F)) clearly is bounded and consequently
T5 is locally robust. For symmetric F and w = ¢ # 0, the influence function simplifies

substantially.

Corollary 2.3.2. Let X ~ F be symmetric about the origin and w a non-zero constant.

Under the conditions of Theorem 2.3.1, we have

zl(z € [~fo, o)) | Pof(Bo))sign(z)
2F(Bo) -1 f(0)(2F(Bo) — 1)

IF(z; TB(F)) = (2.3.11)

A graph of this influence function is given in Figure 2.1. The boundedness is clearly
revealed.

To work out the influence function for Tg (F), we write 81 for [w(D(z,F))dF(z) and
define

t1(2) =§1- [ WI(L <y < U)+ LI(y < L) + Uy > U) — Tu] w)(D(y, F))h(z,)dF (3)

(2.3.12)
tula) = [P DI < D)+ IF@U)Ly > V)| w(D(w F))dF @) (23.13)
£y3(z) =6l1 WI(L < z < U) + LI( < L) + Ul(z > U) — Tw] w(D(z, F)). (2.3.14)

We then have the influence function of the scaled deviation winsorized mean Tg as follows.

Theorem 2.3.3. Assume that F' = f ezists at u, p + o, L(F), and U(F) with f(u) and
f(p+ o) + f(p — o) positive and is continuous in small neighborhoods of L(F) and U(F),
and that w is continuously differentiable with rw(l)(r) being bounded for r € R. Then for a
given 0 < 8 < oo,

IF(z; Tw(F)) = £y1(z) + Ly2(z) + £y3(z). (2.3.15)

Under the conditions of Theorem 2.3.3, IF(x; Ty, (F)) is readily seen to be bounded and

Tg thus is locally robust. For symmetric F and constant w, the influence function simplifies

greatly.
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Figure 2.1. Influence function of T2 for N(0,1) with 8 = 2 and a constant weight.
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Figure 2.2. Influence functions of T2 for N(0,1) with 3 = 2 and a constant weight.
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Corollary 2.3.4. Let X ~ F be symmetric about the origin and w @ non-zero constant.

Under the conditions of Theorem 2.3.8, we have

IF(z; T (F)) = s’fﬁff’F(—ﬂa) +21(~fo < z < o) — fol(z < —Po) + fol(z > fo)

(2.3.16)
The boundedness of this influence function is very clear and also shown in Figure 2.2.

In addition to being local robustness measures, the influence functions in this section are

useful for establishing the limiting distribution of TA(Fy) and Tg (Fn) in the next section.

2.4 Asymptotic representation and limiting distribu-
tion

Establishing the limiting distribution of the scaled deviation trimmed and winsorized means
turns out to be a quite challenging task. One possible approach is to establish first the
Hadamard differentiability of the functional involved under the supremum norm and then
to employ the influence function results. This is exactly what is done for the metrically
trimmed mean in Kim (1992). The treatment (proof) there, however, is not quite rigorous.
Here we combine an empirical process theory argument with the influence function results
obtained in the last section to fulfil the task. Asymptotic representations of the estimators
are established first.

Theorem 2.4.1. Let F' = f erist at u and be continuous in small neighborhoods of u + o,
L and U with f(u) and f(u — o) + f(u + o) positive. Let w1 be continuous on R. Then

for0< B < o0

n

TA(Fa) = TOF) = = 3~ IFX TOF)) + opl—), (24.1)
i1 f
where IF(z; T(F)) is given in Theorem 2.8.1. Consequently
V(TP (Fy) = TP(F)) — N(0,6%), (242)

with 52 = E(IF(X; TB(F)))2.

13



The distribution F is usually assumed to be symmetric about a point 6 in the location
setting. By affine equivariance, we can let § = 0. In this case with a (non-zero) constant
weight, 52 takes a much simpler form and will be evaluated at a number of distributions in

the next section.

Corollary 2.4.2. Let X ~ F be symmetric about the origin and w a non-zero constant.
Under the conditions of Theorem 2.4.1, we have

Bo 200 f(Bo) Bo Bo f(Bo
2 _ V2 @) + o (%, eldF @) + (frgh 249

(2F(Bo) —1)2

For T£ , we can establish results similar to Theorem 2.4.1 and Corollary 2.4.2.

Theorem 2.4.3. Assume that F' = f erists at u, u + o, L(F), and U(F) with f(u) and
f(u+0) + f(u — o) positive and is continuous in small neighborhoods of L(F) and U(F),
and that w is continuously differentiable with rw(l)(r) being bounded for r € R. Then for a

given 0 < 3 < oo,

1
To(Fn) - TO(F) = = ZIF (Xi T(F) + 0p( =), (24.4)
:=l
where IF(z; Tg (F)) is given in Theorem 2.3.3. Consequently
VA(TS (Fa) = TS(F)) — N(0,52), (2.4.5)

with 52, = E(IF(X; TS(F)))2.
The proof is given in section 5.1, chapter 5.

For. F symmetric (about 0) and w non-zero constant, we have a simple specific form for

2, which will also be evaluated at a variety of distributions in the next section.

Corollary 2.4.4. Let X ~ F be symmetric about the origin and w a non-zero constant.

Under the conditions of Theorem 2.4.8, we have

) 1 4ﬁa 2F(-f0o) N
7% = (257 + 705 ) (o) +2080)F (~60) + / L (FgRee)are). e

With the results obtained in this and last sections, we are in the position to evaluate the

performance of the scaled deviation trimmed and winsorized means T# and Tg .
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2.5 Performance comparison

We now compare the performance of the scaled deviation trimmed and winsorized means
with the trimmed means in (2.2.4), the mean, and the median with respect to robustness
(breakdown point and influence function) as well as efficiency (asymptotic and finite sample

one) criteria.

2.5.1 Breakdown point

The finite sample breakdown point, a notion introduced by Donoho and Huber (1983), is
the most popular measure of the global robustness of an estimator. Roughly speaking, the
breakdown point of a location estimator is the minimum fraction of ‘bad’ (or contaminated)
data points in a data set that can render the estimator beyond any bound. More precisely,
the finite sample breakdown point of a location estimator T at a random sample X" =

{X1,...,Xn} is defined as
BP(T,X™) = min{%’ s sup [T(X") — T(X™)|}, (2.5.1)
X

where X]}, are contaminated data resulting from replacing m points of X™ with arbitrary

m points. The asymptotic breakdown point (ABP) of T is defined as limp—,0o BP(T, X™).

Since one bad point can ruin the sample mean (Xy;), the breakdown point of X, thus
is 1/n, the lowest possible value. On the other hand, to break down the sample median,
50% of original points must be contaminated (moved to 0o). Thus the sample median has a
breakdown point |(n+1)/2]/n, the best among all affine equivariant location estimators. It
is readily seen that the regular a trimmed mean in (2.2.4) has a breakdown point (|on/2] +
1) /n whereas the o metrically trimmed mean in (2.2.4) has a breakdown point (|an|+1)/n
if0 <a<1/2-3/(2n) or |(n+1)/2]/n otherwise. The breakdown point of the scaled
deviation trimmed mean is shown (see Zuo (2003)) to be the same as the median, as long
as w(r) is defined on [0,] and 1 < B < oo. Likewise, one can show the scaled deviation

winsorized mean has the same breakdown point.

15

- —— — T



Table 2.1. Breakdown points of mean, trimmed (winsorized) means, and median

Xn TS TC T8 TS Med
gp L lon+2)/2| lon+2] |(n+1)/2] [(n+1)/2) |[(n+1)/2] [|(n+1)/2]

n n n n n n n
ABP 0 a/2 anl/2 1/2 1/2 1/2

The regular trimmed mean T§' thus has the lowest breakdown point among the three
trimmed means. The metrically trimmed mean T} has a higher breakdown point (twice as
high as that of the regular one) when a < 1/2 — 3/(2n) and can attain the best breakdown
value if a is higher. The scaled deviation trimmed mean TP always has the best breakdown
value as long as 1 < 8 < oo. The difference in the breakdown points of the trimmed
means is due to the difference in trimming schemes. The regular and metrically trimmed
means trim always a fixed 100a% points with the former trimming based on the rank of
X; and the latter based on the rank of |X; — pu(X™)|. The scaled deviation trimming is
based on the value of | X; — u(X™)| and it trims only points with “large” deviations. The
breakdown points of the trimmed means are listed in Table 2.1 (0 < a < 1,1 < < o0).
The asymptotic ones are shown in Figure 2.3.

It is noteworthy that the scaled deviation trimming (or Winsorizing) can lead to the
best breakdown robustness, while metrically trimming gains breakdown robustness over the
ordinary trimming. All trimming schemes improve the breakdown robustness of the sample

mean.

'2.5.2 Influence function and gross error sensitivity

The breakdown point measures only the global robustness while the influence function
can capture the local robustness of an estimator. The two together can provide a more
complete picture of robustness. We now look at the influence functions of the trimmed (and

winsorized) means.

The boundedness of its influence function is the fundamental concern for a functional being
locally robust. The mean functional has an unbounded influence function. The ordinarily

and the metrically trimmed means are known to have bounded influence functions; see, e.g.,
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Figure 2.3. Asymptotic breakdown points of trimmed means.
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Figure 2.4. Gross error sensitivity of trimmed means.
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Serfling (1980) and Kim (1992). In the light of Theorems 2.3.1 and 2.3.3, T and T have
bounded influence functions for suitable w and 8. Figure 2.8, which plots their influence
functions at normal and ¢ (with 3 degrees of freedom) models with a = 0.1, confirms this.
Here we set 8 = B(F, a) so that 100a% of points are trimmed in each of the trimming cases
(see Section 2). For convenience, we also set w = ¢ # 0 in T8 and Tg . Note that T and T8
and their influence functions are the same under this setting. Indeed, the influence function

in Theorem 2.3.1 becomes

Uf(U) IF(z;U*(F)) = Lf(L) IF(z; L*(F)) + =X(z € [L,U]) - T#

IF(z; TA(F)) = T

(2.5.2)
where we have for A = B(F)o(F)

IF(z; U*(F)) = IF(z; u(F)) + IF(z; MF)); IF(z; L*(F)) = IF(z; p(F)) — IF(z; \(F))

(1-a)=I(p=-A<z<p+A) = IF(z;u(F))(f(p+A) = f(u—A))
fr+X)+ f(p=-2) '

Thus IF(z;T?(F)) is the same as that of T2 in Kim (1992). Since a pure normal model

IF(z; X(F)) =

is rare in practice, we thus consider contaminated normal models. With the same a and
B = B(F,a) as above, the influence functions of 7}% and TP in the contaminated normal
models, plotted also in Figure 2.8, become different (but all are still bounded). In terms of
the bounded influence function criterion, we conclude that all the trimmed and winsorized

means are equally robust (locally).

Besides boundedness, one can also look at the magnitude of the supremum of
|IF(z; T(F))|, the so-called the gross error sensitivity (GES) of T at F (Hampel et al.
(1986))

GES(T(F)) = 8161%|IF(:1:; T(F))|, (2.5.3)
T

which measures the worst case effect on T of an infinitesimal point mass contamination.
Generally speaking, a smaller GES is more desirable. For T# and Tg , it is readily seen that
their GES depends on the values of 8 (or a if 3 = G(F, a)) and the weight function w. As a

19



IF

Figure 2.5. Influence functions of the trimmed and winsorized means at normal.
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Figure 2.6. Influence functions of the trimmed and winsorized means for ¢(3) with @ = 0.1.
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Figure 2.7. Influence functions of the trimmed and winsorized means for 0.9N(0,1) + 0.1N(4,9)
with a = 0.1.
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Figure 2.8. Influence functions of the trimmed and winsorized means for 0.9N(0,1)+0.1N(4,0.5)
with a = 0.1.
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Table 2.2. GESs of mean, trimmed (winsorized) means, and median at symmetric F

Mean TS G TS TS Med

F~1(1-a/2)C(F, F~1l(1-a/2)C(F, F~l(1-a/2 _
400 ( (ﬂa))( @)) ( (ﬂa))( a)) (l(_at)r/) F~Y(1-a/2) + 785 ﬁm

Table 2.3. GESs of mean, trimmed (winsorized) means, and median at asymmetric F

Mean TC TS T8 TS Med

F = 9N(0,1) +.1N(4,9)
GES  +oo 42419 28563 27781 24422  1.3787

F = 9N(0,1) + .IN(4,.5)
GES  +oo 39989  4.6025 35290 3.0995  1.4062

possible way to make a comparison, we again set # = 3(F,a) (w = ¢ # 0) in the following
discussion.

Now first consider the case that F' is symmetric about the origin and meets the conditions
in Corollary 2.3.2. Define C(F,a) = 1+ f(F~1(1—a/2))/f(0). The GES’s of the trimmed
(and winsorized) means are listed in Table 2.2 for general F and illustrated in Figure 2.4
as functions of a at F' = &, the most interesting and common normal distribution used in
practice.

It can be shown that for any 0 < a < 1, the GES’s in Table 2.2 are increasingly small
with the median having the smallest one if F/ = f exists and is unimodal. This is also
confirmed in Figure 2.3 for F' = ®. On the other hand, it is noted from Figure 2.8 that the
influence function of T at symmetric F has larger absolute values than those of T2, T4
and Tg at most values of £ € R, a result much favorable to the efficiency of the latter three
(see Section 5.3). Again in practice data follow more often than not an asymmetric model.
It is therefore sensible to consider the GESs of T# and Tg at F that slightly deviates from
a symmetric model. Table 2.3 lists the GES results of trimmed and winsorized means at
such models with a = 0.1 and 8 = §(®,0.1).

The relationship between the GES’s of the the trimmed (and winsorized) means for sym-
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metric F is altered under just slight contamination. Table 2.3 indicates that TB can have
the smallest GES among three trimmed means at both contaminated models, whereas both
T§ and T can have the largest GES. On the other hand, Tg has smaller GES than three
trimmed means while the median enjoys the smallest GES under slight deviation from sym-
metry. The GES advantage of TP and Tg over the two competitors is due to the unique
trimming mechanism. With g8 = 5(®,0.1), T8 (Tg ) trims only the “bad” points that have _
large scaled deviations while T and T3 always trim a fixed 10% percent of points even if

they are “good” points.

2.5.3 Large sample relative efficiency

Now we evaluate the performance of the trimmed (and winsorized) means in terms of their
efficiency behavior (relative to the sample mean). First we examine the asymptotic relative
efficiency (ARE). Table 2.4 lists the ARE results of TP and Tg at a number of light- and
heavy-tailed symmetric distributions with different 3 values. Here we again set w =c > 0.
The table reveals that (i) at normal model with large § both TP and Tg can be highly
efficient relative to the mean; (ii) their efficiency increases as the tail of the distribution
becomes heavier and exceeds 100% at heavy tailed distributions; and (iii) Tg is more efficient
than T# for small 8 or normal distribution but when j get larger and the tail gets heavier
T5 becomes more efficient.

To compare the efficiency behavior of T8 (Tg) with that of T3 and T3, we again face
the issue of the choices of the values of @ and 8. One possible choice again is § = §(F, a)
as above. Such a choice is somewhat in favor of TS and T since for very small a values
they become quite efficient at normal and other light tailed distributions whereas their
breakdown points become very low at those values but those of TP and Tg are always the
best. With the choice 8 = B(F, a) and a = 0.01 (and w = ¢ > 0), the AREs of the trimmed
and winsorized means and the median are listed Table 2.5. Note again that T3 = T# under
this setting for symmetric F'.

Examining Table 2.5 reveals that in terms of efficiency: (i) T# performs better than T
and Tg at DE, t3 and t4 (with T3 worst among the five) and best at ¢ with degrees of
freedom (df) 4 (to 7) and (ii) TS performs best at normal or very light-tailed F’s such as
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Table 2.4. AREs of T® and Tg relative to the mean

B 1 2 3 4 5 6 7
N (0,1) Tg 0.7589 0.9262 0.9882 0.9987 0.9999 1.0000 1.0000
T8 0.4678 0.5630 0.7762 0.9377 0.9901 0.9991 0.9999
LG(0,1) Tg 0.9644 1.0852 1.0754 1.0410 1.0190 1.0081 1.0033
T8 06346 0.7640 0.9231 1.0004 1.0167 1.0133 1.0077
DE(0, 1) TE 1.8924 1.6073 1.3656 1.2125 1.1221 1.0696 1.0394
T 17060 1.5493 1.4218 1.3090 1.2159 1.1452 1.0948
t3 Tg 1.8649 19334 1.7709 1.6059 1.4844 1.3982 1.3358
T8 13202 15952 1.7613 1.7500 1.6700 1.5826 1.5061
Table 2.5. AREs of trimmed and winsorized means and median with
a=0.01 8=0<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>