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ABSTRACT
CARRIER WAVE INTERACTION IN SOLIDS
By

Bin-Luh Cheng

The carrier wave characteristics of velocity-modulated
electrons and holes in solids are studied. The analysis is based
on the Maxwell's equations and the Boltzmann transport equations.
By considering the carriers in solids as charged particles with
effective mass m*, a hydrodynamic model is adopted to describe
the carrier behavior. Macroscopic equations of this model are
derived. From the solution of the carrier wave equations, equi-
valent transmission lines for electron and hole motion in solids
are developed.

A general expression of the propagation constant of the
carrier waves in solids is obtained from the fundamental equationms.
The dispersion characteristics for the carrier waves in an
extrinsic semiconductors are discussed in detail. The result
shows that the thermal-to-drift velocity ratio plays an important
role to the nature of the carrier wave while the collision be-
tween the carriers and the solid lattice determined the degree

of wave attenuation.

The possibility of wave amplification is investigated by

examining the kinetic power flow in solids surrounded by an



Bin-Luh Cheng

electromagnetic slow-wave circuit. It is found that the essential
condition for wave amplification is that the carrier wave which
carries negative electrokinetic power is excited.

The normal modes of the collisionless carrier waves in an
extrinsic semiconductor and an electromagnetic slow-wave circuit
are defined. Using these results, a solid-state traveling-wave
amplifier is studied by the coupled-mode analysis of wave inter-
actions. Theoretically, for high gain operation, a high mean

carrier drift velocity and low device operating temperature should

be used.
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CHAPTER I

INTRODUCTION

1.1 Space Charge Waves in Vacuum and the Carrier Waves in Solids

It is well known that there are fast and slow space-charge
waves associated with an electron beam drifting in vacuum with an
infinite homogeneous axial d-c magnetic field.1 The existence of
these waves depends on the space charge bunching produced by
external longitudinal modulation. When the modulation of the beam
is small and the signal frequency is much higher than the plasma
frequency of the beam, the phase velocities of these waves are
slightly faster and slower than the d-c drift velocity of the
electron beam for the fast and slow space-charge waves, respectively.
However, the group velocities of these waves are identically equal
the beam's average drift velocity. When the beam has finite
dimensions in the transverse direction and the applied axial d-c
magnetic field is finite, more than one set of space-charge waves
can exist in the system.2

Most electron beam devices operate according to the prin-
ciple of circuit-beam wave interaction in which the electromagnetic
wave propagating around the beam exchanges energy with one of its
space-charge waves. If energy is removed from the beam and trans-
ferred to the circuit wave, the device will serve as an amplifier

or oscillator. On the other hand, if signal energy is absorbed



by the beam, the device will act as a passive element and is
generally used as signal couplers.

As a result of rapid progress in solid state physics in
the past decade, groups of new solid state electron devices such
as transferred electron and avalanche transit time devices are
receiving widespread attention. At present, these devices can
only offer low power operation and have no competition, besides
space and weight, for the vacuum beam devices such as the
traveling-wave amplifier. However, their potential usefulness
in the future is so great that intensive research in various
aspects has been conducted almost everywhere.

It is natural to expect that there are similarities be-
tween electron streams in vacuum and the carrier streams in solids
in charged carrier behavior. Furthermore, it is hoped that the
principles of interaction used in the case of the electron beam
in vacuum can be extended to the solid state devices. It has
been shown by Wessel-Berg3 that there are space-charge waves
associated with drifting charged stream in a semiconductor. The
nature of these waves in solids is identical to those in the
electron beam except that they are heavily affected by the presence
of collision and thermal effects. It has been shown by Ho4 that
when the d-c drift velocity of the carrier is small compared with
its thermal velocity, a set of acoustic waves, similar to the
electroacoustic waves in gaseous plasma, may exist in the semi-
conductor. These waves are electromechanical in nature, i.e.
the wave propagation results from the interchange of kinetic

energy of the stream charged carriers with stored energy in a-c



electric field. For high operating frequency, these waves will
propagate at the thermal velocity of the carriers. There is also
a possibility of the existence of hybrid modes as a combination

of the space-charge waves and surface waves propagating along the
surface of the solid state plasma if the transverse dimension

is finite.5 All these waves are commonly known as 'carrier waves'

in a semiconductor.

1.2 Previous Studies of the Carrier Waves in Solids

The studies of carrier waves in solid state plasmas was
stimulated by Konstantinov and Perel6 and also by Aigtain7 in
1960. They showed that in the presence of magnetostatic fields,
it is possible for electromagnetic waves to propagate in solids
with a small attenuation. In 1961, Bowers, Legendy and Rose8
performed a set of experiments to verify such possibilities.

The investigation of wave interactions in solid state plasmas
received greater attention and increased interest when the
technological utilization in solid state microwave devicesg-lé,
such as the solid state traveling wave amplifier, was developed
recently,

The power conservation theorem of electron beams has
been investigated by several authorsls’16’17, for some time.

An analogous study in solid state plasmas was given by Vural and
Bloom18 in 1967. From the Poynting theorem for a conducting
medium, Vural and Bloom were able to obtain the effects of

diffusion and collision to stored energy density and power flow

of the carrier in solids. The electrokinetic power and energy



density of the electron stream are examined in detail for several
special cases and the conditions which lead to a condition where
the stream's kinetic power become negative were discussed.
Recently, Kino19 described the charged carrier motion in
a semiconductor due to longitudinal modulation at low temperature
through the expediency of a space-charge wave concept.
With the idea of replacing the electron beam in a
traveling wave tube with drifting carriers in a semiconductor,
as shown in Fig. 1-1 the interaction of drifting carriers in semi-
conductors with the traveling wave in an external slow-wave circuit
was studied by Solymer and Ash9 in a one-dimensional treatment.
The conditions for amplification were derived by considering
carrier momentum, thermal diffusion and collision effects. Sumilo
made a three-dimensional investigation by ignoring the surface
charge and current at the semiconductor surface. He derived a
dispersion relation for the system and found that the characteristics
of propagating waves are similar to those of ultrasonic wave
amplification. For an n-type GA-As at room temperature, he pre-
dicted the attainable gain to be about 200db/mm. A further study
including the surface effects was made by Vural and Steele20 to
consider the interaction with a generalized admittance wall. Al-
though various slow-wave structures intended for use in solid-
state traveling wave amplifiers were proposed by several author321’22,

no successful experiment has yet been reported.
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1.3 Objective and Outline of the Present Study

A review of the state-of-the art shows that most of the
physical phenomena in solids, such as the Gunn oscillation and
gvalanche transit time oscillation, reported in the past few years
have been studied rather extensively in two general aspects: the
theoretical studies of the scattering mechanism in solids which
produces instability under high field by quantum theory23, and
analytical studies, mostly using computer technique, of the
charged particle dynamics based on the experimental velocity-
field characteristicsza. These approaches are either too theo-
retical or complicated in device application. None of these
approaches has attempted to describe the various instabilities in
solid state plasmas by the concept of wave interaction which was
so successfully used in the electron beam deviceszs. The objective
of this study is to develop an analytical technique, to study the
basic properties of the carrier waves in solids. Furthermore,
coupled mode theory will be used to examine all possible coupling
between carrier waves and external electromagnetic waves.

In Chapter II, the general characteristics of the carrier
waves in solids are described. Starting with Maxwell's equations
and the Boltzmann transport equations, several fundamental equa-
tions are obtained to describe the behavior of the charged carriers
in solids. After simplifying the fundamental equations by appro-
priate assumptions, the general wave equations for both electrons
and holes with longitudinal modulation are derived. The attenua-
tion and phase constants which describe the propagating char-

acteristics of the carrier waves are obtained by solving those



wave equations. Finally, considering a quasi-one-dimensional
model and defining the kinetic voltages due to velocity modula-
tion and thermal diffusion, two types of the transmission-line
equivalent circuits in terms of a-c current density and the de-
fined kinetic voltages for carrier waves in solids with the
external slow wave circuit under consideration are deduced.

From the propagation constants obtained in Chapter II,
the dispersion relations and wave characteristics for an
extrinsic semiconductor are studied in detail in Chapter III.
Several special cases are discussed. It is shown that the
carrier waves are reduced to the space-charge waves of the
electron beam in vacuum in the absence of collision and thermal
diffusion. For a general case, the effects of longitudinal modula-
tion, thermal diffusion, and collision upon the wave characteristics
are examined. When the thermal-to-drift velocity ratio is changed
from one extreme to another, it clearly shows that the fast and
slow space-charge waves will gradually emerge into the electro-
acoustic waves. It is also shown that collision between the
carriers and solid lattice will cause attenuation in most cases.
Several dispersion diagrams for simple cases are checked with
those reported by Vural and Bloom26 to confirm the validity of
the theory developed.

In Chapter IV, the small signal kinetic power theorem for
longitudinal carrier waves is presented. Using the fundamental
equations and assumptions stated in Chapter 11, a new form of
Poynting theorem which includes the effects of diffusion and

collisions is derived. The properties of the real power flow are



investigated and the possibility of wave amplification and
oscillation is examined in detail through the derived power and
energy equation.

Chapter V presents the coupled mode analysis of carrier
wave interactions. In order to apply the coupled mode technique,
the normal modes of each carrier wave must first be obtained. In
this chapter the normal modes of the collisionless carrier waves
in solids are obtained in terms of the equivalent kinetic voltage
and a-c current of the carriers. A coupled system which involves
a slow electromagnetic wave circuit and a modulated carrier wave
in the semiconductor is studied in detail. Using the derived
normal modes and neglecting some of the weakly-coupled effects
between the modes, an expression for gain is obtained.

Chapter VI contains a discussion of results and con-

clusions.



CHAPTER II

GENERAL CHARACTERISTICS OF THE CARRIER WAVES

2.1 Introduction

Since the individual carriers in solids have different
velocities and energies distributed over a wide range, the char-
acteristics of the carrier waves in solids are determined by the
average behavior of the ensemble. Therefore, instead of trying
to calculate the contribution of each electron individually, a
statistical analysis is needed to derive the macroscopic equa-
tions describing the streaming carriers in solids. Generally,
quantum-statistical analysis_is used to describe the carrier
motion inside solids, however, in the long-wavelength 1limit the
quantum-mechanical description goes over to the classical des-
criptionzo. Here the general characteristics of carriers
(electron and holes) in solids interacting with their self-created
or externally imposed electric or electromagnetic field or both
is investigated. The analysis is restricted to the long-wave-
length exictations so that a classical statistical description
can be applied.

In order to treat the carrier stream hydrodynamically,
we further assume that the wavelength of any disturbance is much
longer than the Debye length Ao’ the interactions of carriers

with lattice vibrations are taken into account by introducing

9
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constant collision frequencies; the effect of band-to-band transi-
tions is neglected due to the assumption that the energy and
momentum changes per particle are small and the effect of the
environment is taken into account by introducing effective masses
for electrons and holes.

In this Chapter, a set of fundamental equations is intro-
duced to describe the hydrodynamic model of the carrier stream
in the solid. A general wave equation of the carriers is derived
from those fundamental equations and the propagation constants
for the longitudinal carrier waves in an extrinsic semiconductor
are obtained from the wave equation. Using this result, the char-
acteristics as well as the dispersion relations of the carrier
waves in an extrinsic semiconductor can be studied and will be
examined in detail in Chapter III. Equivalent transmission-lines
for carrier waves in the solid including an external slow wave
circuit surrounding the solid are also developed from the funda-
mental equations by defining proper kinetic voltages and equi-
valent current density. In our quasi-one-dimensional model, the
longitudinal electrokinetic waves are coupled to the external
electromagnetic waves through an ideal transformer which indicates
a possibility of energy exchange between the carrier wave and the
external slow wave circuit. The real power of the carrier wave
dissipated by the collision effect between the carriers and the
solid lattice is examined from the real power loss or the equi-
valent transmission-line, the result is checked with that obtained
from the kinetic power theorem in Chapter IV. The suppose of

this equivalent transmission-line is to introduce a circuit
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equivalence for the propagating carrier waves; when the trans-
mission-line equivalence of the specific designed slow wave circuit
is also developed, it would be possible to investigate the energy

exchange and conditions of wave amplification by the circuit theory.

2.2 Fundamental Equations

The fundamental equations describing the average behavior
of such carriers are Maxwell's equations and the macroscopic equa-
tions of the hydrodynamic model which are derived from the micro-
scopic Boltzmann equation by taking moments of the velocity dis-

tribution. These equations can be written as follows:

v-E -=f_; (p-n) (2.1)
VXxE= ail (2.2)
“th at *
= AE
v X H 3’h+:1’e+eat (2.3)
v.ﬁ =0 (2.4)
o—. - a!l =
v-J, -e y: 0 (2.5)
.T aP _
V-3, +e y: 0 (2.6)
d;e e . . v;_
b A A A e 2.7
e
ﬂk e - v:+
E—a—;(ﬁ'+vhxﬂ)-vhvh-—p—v1) (2.8)
J, = -en ¥, (2.9)
3h =ep Vv, (2.10)
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where E = the electric field intensity
H = the magnetic field intensity
u = the permeability of the solid
¢ = the permittivity of the solid
n = the electron density

P = the hole density

<l
]

the electron current density

!

[
]

the hole current density

<l
n

the electron velocity

<l
n

=

the hole velocity
= the electron charge = value

= the effective mass of electrons in the solids

:IF* OB* o

= the effective mass of holes in the solids

<
L}

the collision frequency between the electrons and

o

the solid lattice

v, = the collision frequency between the holes and the
solid lattice

k = the Boltzmann constant = value

T = absolute temperature of the carriers

Vp_ = (§B§9% = mean thermal velocity of electrons in the
m
€ solids
- 3Kk ;s
Vo (%) ° = mean thermal velocity of holes in the solids

"h

Equations (2.1) thru (2.4) are the Maxwell's equations
in the presence of charge and current inside the solid. Equations
(2.5) and (2.6) are the zeroth moment of the Boltzmann transport

equation which are commonly known as the equations of continuity
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for electrons and holes, respectively. Equations (2.7) and (2.8)
are the first moments of the Boltzmann transport equation of the
so-called equations of motion for electrons and holes. Equations
(2.9) and (2.10) are the basic definitions of current density due
to the drifting charged particles.

Solving the above fundamental equations with a given set
of boundary conditions, the average behavior of the charged

carriers in the solids can be described for a given excitation.

2.3 Basic Assumptions and the Simplified Fundamental Equations

Since the main purpose of this work is to try to obtain
a general wave description of the carrier motion in solids, any
second order effects will be ignored for simplicity, while the
important phenomenological results will be retained in order to
explore physical insights into the problem. With this intention
in mind, the following assumptions and approximations are made:

(1) The carrier temperature is considered to be constant
through the specimen,

(2) Each variable can be expressed as the sum of a time-
independent (d-c) term and a time-dependent (a-c) term. The
magnitude of the time-dependent term is small compared with that
of the time-dependent term, so that a small signal analysis is
used,

(3) All of the a-c components of the velocities of the

carriers, densities of the carriers, electric field and magnetic
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field have a periodic time-dependence with constant frequency w,

(4) There is a strong homogeneous d-c magnetic focusing
field in the longitudinal direction, namely the positive z direc-
tion; so that the carriers are confined to move in the longitudinal
direction and thus a one-dimensional model is utilized. All the
vectors are in the z-direction and all the variables are functions
of z only.

By the above assumptions, the electric field intensity,

the magnetic field intensity, the velocities of the carriers, the

carrier densities and the current densities can be written in the

following forms

E=E +E =2E) +E, (z,0)] (2.11)
H = ﬁo =3 Hy (2.12)
Vo= UtV = 2u v (z,0)] (2.13)
Vi = U * Vi = By t v (2.0) (2.14)
n = n, + nl(z,t) (2.15)
P =Pyt p(z,t) (2.16)
T =T+ T = 28I, +J,,(z:0)] (2.17)
3, = ’J‘ho +3, =8I, + 3,0 (2.18)
where
[Egl >> |E41 5 Ingl >> |ng] , ete. (2.19)
E, = Eloejwt, n, = nloejwt , etc. (2.20)
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Here the subscript '"0'" and "1" denote the time-independent and
time-dependent terms, respectively.

Substituting Equations (2.11) through (2.20) into Equa-
tions (2.1) through (2.10), neglecting all second order terms,
separating the time-independent and time-dependent parts and con-
sidering the time-dependent parts only, the following system of

scalar equations is obtained:

AE
1l _e _
Ay . (py nl) (2.21)
Je1 + Jhl + jwe El =0 (2.22)
aJ
el .
3z jwen, (2.23)
J
—hl _ _
3z jwepl (2.24)
Qv v2 3n
e_ —el  T-~-"1_
(Gw + v )Ve1 + m* El + Yo 3z + Y 0 (2.25)
e
Vv, Voo, oP
. e —hl  T"1_
(Jw + \)h)vhl m: E1 + Yo 3z + % 27 0 (2.26)
Je1 = -e(nove1 + nlueO) (2.27)
Jhl = e(povh1 + pluhO) (2.28)

In summary, following the basic assumptions stated at the
beginning of this section, the fundamental Equations (2.1) through
(2.10) are reduced to a set of first order linear differential
Equations (2.21) through (2.28) which can easily be handled in the

subsequent deve lopments.
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2.4 Wave Equations and the Propagation Constants

In order to describe the carrier motion in solids under
external modulation by the wave concept, it is desirable to obtain
wave equations which express the voltage and current waves travel-
ing along the sample. With this purpose in mind, differentiating

Equation (2.25) with respect to 2z, we have:

2 2 2
v 3k 3V Vo_3dn
Go+v) —Slee 1y, el 4 T L_o (2.29)
e’ 3z 3z e0 2 n 2
m, 3z 0

Differentiating Equation (2.27) with respect to 2z and rearrang-

ing, yields:

av 3J an
Zel__ 1 (l Zel,, 1 (2.30)
2z n, e 3z e0 3z
J
Replacing with the right hand side of (2.23), Equation
(2.30) becomes:
v 3n
el _ _ 1 1
v oo (Gun, + Y20 3z ) (2.31)

Substituting Equations (2.21) and (2.31) into Equation (2.29),

one obtains:

2
2 n
2 2 3™ o . "M 2 .
(ueo - vT_) 22 + ueo(ve + j2y) iy + (m* " w + vae)nl
3 e
2 n
-2 P, =0 (2.32)
m €
e

This is the wave equation in terms of the a-c electron density.
Similarly, the wave equation in terms of the a-c hole density

can be obtained as:
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2
2 2 9 pl aP1 e p&_ 2
(uho = Ve T2 ¥ YOy T I R G TF e Juvey
z ™
P
ol (2.33)
€ 1
"
Introduce the following parameters:
Mo
w _ = e[—%] = radian electron plasma frequency
P em
e
Po %
0oy = e[—%] " = radian hole plasma frequency
€M
B = m/ue0 = phase constant for cold electron waves
By = w/uh0 = phase constant for cold hole waves
kT- = vT_/u 0 = thermal-to-drift velocity ratio of electrons

kg = vT+/uh0 = thermal-to-drift velocity ratio of holes

Equations (2.32) and (2.33) become

2
2 ANy Vo zn_l w_ 2 v
- + (—=— + 2= _ 3 £
a -k 2 (ueo j2ge) iy + (u2 B, * I8, ueo)n1
3 e0
- u2 pl =0 (2.34)
el
BZP Y JP w2 v
-2 L, (-h_, . il S - Y e
3 “ho
ogt
- uﬁ nl =0 (2.35)
0

This is the wave equation for the carrier densities in
solids with a longitudinal excitation. A general solution for
Tz

the above simultaneous differential equations are of e form;

there T is defined as the propagation constant for the carrier
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waves. From Equations (2.34) and (2.35), an equation for [ is

obtained as

v (02 v
2 2 e p- _ 2 e
ta - kT_)F + Gt jZBe)l" + = Be + JBe T
el Ug0 e
[(1-@”2”&”2%)“&- + 3g, ) = [22EH?
Yho "}.20 *h B“ Yho Ye0"ho
(2.36)

Now let us consider the carrier waves propagating along
extrinsic semiconductors which have a considerably large donor
(n-type) or acceptor (p-type) concentration, in other words, the
following conditions are assumed to be satisfied:

for n-type semiconductor N, > n

d i
+
for p-type semiconductor Na >> pi or n<< p

or n>>p

where Nd’ Na’ n, and p; are the concentration of donors,
acceptors, intrinsic electron, and intrinsic holes, respectively.
In such cases, the effects of minority carriers are neglected
because of their relatively small concentration, and the wave

equations reduce to

2
2,3% . Y My cpm L 2 Yoy -
A -k ) —+ G+ 328) = T - B, * 1B, g, =0 (2.37)
3z e0 Yo e0

or

P U)
St - ah+jah-h->p1 0 (2.38)

2’ “ho

3P 1 d
-k —F+ (uh—+ 128,)
9

The propagation constants for longitudinal electrokinetic carrier
waves in an extrinsic semiconductor in which the majority carriers

greatly out-number the minority carriers can be written as:



r,=-9 1 2 4550 (2.39)
+ ug 1‘k; 2w 1]
where
22w, 5y
F1=[4w2-k.r-w2 (1-kp) + 3k, -] (2.40)

Note the subscript "e" or '"h'" in Equations (2.39) and (2.40) was
abbreviated for simplicity.

In general, the propagation constants F+ are complex

and can be expressed as
r,= ai - jat

(2.41)

where o, and B+ are the real and imaginary parts of the
propagation constant, and are known as the attenuation and phase

constants of the longitudinal carrier waves, respectively.

2.5 The Equivalent Transmission-line for Carrier Waves in Solids

Including an External Slow Wave Circuit

In general, if the electromagnetic wave from the external
slow wave circuit is taken into account, we have to use the three
dimensional analysis and the knowledge of the boundary conditions
as well as the structure of the slow wave circuit are needed in
detail. However when the magnitude of the electromagnetic wave
is small compared with that of the electromechanical wave due to
longitudinal modulation, a quasi-one-dimensional model is used.
In this case, we express the electric and magnetic field in the

rectangular coordinates as

E=FE.+EF (2.42)



H=H +H =%2H +%H, +3JH_+2H (2.43)

Since the magnitude of the electromagnetic wave coupled to the
system is small, the velocities and densities of the carriers are
still strongly affected by the longitudinal modulation; therefore
the transverse components of those variables are small compared
with those of the longitudinal ones and can be neglected. Under
this condition, the variables ;e’ ;h’ n, p, 3; and 3h are
considered to be one dimensional as expressed in Equations (2.13)
through (2.18). Substituting Equations (2.13)-(2.20), (2.42)

and (2.43) into the fundamental equations (2.3), (2.5)-(2.10)

and consider the a-c terms in the z-components of the vector

equations, we have the following scalar equations as

oH aH
1y _ ~ 1x _ .
- v Joy+ Jpy *Jue B, (2.44)
aJ
a:I - Jwen, =0 (2.45)
J 1
ye + jwepl =0 (2.46)
v v2 an
e_ —el  T--"1_
(Jw + "e)"el + m* Elz +u o ye + ng o7 0 (2.47)
e
.\, V.. dP
- —hl  _T+-°1_
(Jw + "h)"hl = Elz + Yo ye + b 37 0 (2.48)
Je1 = -e(novel + nlueO) (2.49)

Jh1 = e(povh1 + pluhO) (2.50)
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In order to develop an equivalent transmission-line circuit
for the system, the following kinetic voltages and current density

are defined

*
m
= - 2.
vel e ‘e0'el (2.51)
*
)
Vb1 e “ho'n1 (2.52)
m*
n
=_.-<_1,2
VT- e Voo (2.53)
0
*
P
S
VT+ . Vs (2.54)
0
= 2,55
I =9 xH (2.55)
Ve1 and Vh1 are the kinetic voltages corresponding to the
velocity modulation of electrons and holes, respectively. VT_
and VT+ are the kinetic voltages corresponding to the thermal
diffusion of electrons and holes, respectively. 3m1 are the
total equivalent a-c current density due to the electromagnetic
field of the slow wave circuit which can also be expressed as
Jq= 361 + jwe E’l (2.56)

where J . =3 _ +7 is the conduction current density in the

cl el hl
solid and jwe E1 is the displacement current density in the solid.
Here, both the space-charge wave and the electromagnetic wave are
taken into consideration, the conduction current density and the

electric field intensity can be expressed as

T = Gopdse + Goppy (2.57)
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E) = Epge + E)yy (2.58)

where the subscript "SC" and "EM" refer to the effect due to the
space-charge wave and the electromagnetic wave respectively.

From Equation (2.22) we have
@, Pgc + Jwe®), =0 (2.59

Using Equations (2.57) through (2.59), Equation (2.56) becomes
T = Topdpy * €y, (2.60)

The above expression gives a clearer physical picture for 3m1
which is composed of both the conduction and displacement current
densities due to the electromagnetic field of the slow wave circuit.
Using these four kinetic voltages and the equivalent current
density defined above, Equations (2.44) through (2.50) can be re-

written in the following form

~Jwe E1z = Jel + Jh1 - Jmlz (2.61)
aJe1 ewz-
—az— = -jw —%‘ VT- (2.62)
A
aJhl ewz
32 = -jw _2'.".2 VT_'_ (2.63)
Vo
v v v
- - —el I-_
(38 *+ ueo)vel E1z 2z + 2z 0 (2.64)
v av av
~h - —hl I+ _
(38, + uho)vhl S vk vl (2.65)
W Vv,
ser = S v,y + 5 .0
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2
o ot Vo
Jhl > [Vh1 + k;+] (2.67)

where J are the z-component of J _.
mlz ml

In order to develop an equivalent transmission-line equa-

tion in terms of the kinetic voltages of velocity modulation and

the current density, VT- can be put in terms of Vel and Jel
from Equation (2.66)
v =il . +-205 (2.68)
T- k'l'- el 2 el
ew
P
Substituting the VT_ obtained above into Equations (2.62) and
(2.64) yields
aJel 8:: 2
" i8Iy * dwe FEV (2.69)
u
e0
v v
—el _ _ D S 2
2 1BeVer 1-k2 [ueO + j2kT-Be]vel
K E
+oqo —= L5 4 Az (2.70)
1- 2 2 el 1- 2
ke oW, kT-

For the sake of simplifying these equations, the following simple

changes of variables are made:

jBez
Jél = Jele 2.711)
, 2 18,2
V= AV e (2.72)
182
Eiz = Elze (2.73)

Equations (2.69) and (2.70) are then reduced to:
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-]

]
Per_ Y v
32 el el
av!
R ] - ] + L}
a2z ze1Je1 Ael.vel E
where
2
- 1
Yel = 'ju)e 2 1 2
Ye0 -kT-
2
Z .= -jw “r-
el 2
€W
P 2
v 2
Ae1 -— [f_ * o :T
l-kT_ e0 e0

12

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

Starting from Equations (2.63), (2.65) and (2.67), and following

a similar procedure, one obtains

]
aJhl - _Y vl
AZ h hl
vy
hl _ _ v ' '
3z - Zh'nl T AV tEy
o2
y | = clwe _pt
hl -2 2
krt+ Yeo
ki
S
ewp_
2
v 2k
AL = ;2 [+ jo —
Do, o 0

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

The relationship between the electron and hole waves can be found

from Equation (2.61) as
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J ., +J . -7 (2.84)

el v In1 " Imyp T Twe E

1z

From Equations (2.74) through (2.84), an equivalent transmission-
line for carrier waves in solids is obtained and shown in Fig.
2.1. The elements of this equivalent line include capacitors,
inductors, ideal transformers and two common base transistors
with zero internal resistance and complex amplification factors.
When v >> 2k§w which is always truelo for the case of semi-

conductors, the amplification factors per unit length reduce to

A, = 12 Te_ (2.85)
ST 1-ky_ Ye0

1 “h
A, (2.86)

=7
1-ky, “ho
Since the two transistors are the only non-reactive elements in

the equivalent transmission-line, the real power dissipated or

created in the line per unit volume is given by

=1 v 0¥ v 0¥
Pop = 2 RelAYV 1T ¥ AVh1 )

1

v V,
1 ore * h
5 Re[=5=vV_J (2.87)

*
o et’e1 T 5 - nr'ni)
The above expression may also be considered as the total real
a-c kinetic power loss or gain in solids per unit volume. This
result will be proved in Chapter IV from the equation of real
power flow directly.

There is an alternative way of interpreting the equi-
valent transmission-line for the carrier waves in solids; that

is, instead of presenting the equivalent-line in terms of the

kinetic voltages due to velocity modulation and the a-c current
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densities, one can also develop an equivalent line in terms of
the kinetic voltages due to thermal diffusion and the a-c current

densities. For this purpose, expressing Ve1 by V and Je

T- 1
from Equation (2.66) and substituting the result in Equation (2.64)

one obtains

3V,
- . . '
3z Zere1 AeTvT- + E1 (2.88)
where
- - -l
VT_ Qa k: )VT- (2.89)
= 1 =
Z.r 3 (ve + jw) R+ jxeT (2.90)
ew__
1 Ve
AeT = 1——2- [U + jZBe] (2.91)
-kT e0
Rewrit ing Equation (2.62) we have
aJel ]
3z = -YeTvT- 2-92)
where
2
ew__
YeT = jw _E____BE- (2.93)
v, =-u
T- el

Using Equations (2.63), (2.65) and (2.67) and following a similar
procedure, the equivalent transmission-line equations for holes

are obtained as

av.,
It . _ - '
dz Zhr'n1 Ah'rv'r-i- + E1 (2.94)
aJ
_Sl;_l. -y v (2.95)
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where
1
v!. = (1 - =)V (2.96)
b 2 "1+
kpt
1 =
Zyp =~z O T =R+ K, (2.97)
ew
p.'.
2
i . S
YhT = jw 2 _ 2 (2‘98)
Y+~ Yho
A= [._+ 328, ] (2.99)

"‘N "ho
Now, from Equations (2.88) through (2.99) together with Equation

(2.84), we have another form of the equivalent line analog in

terms of VT_, v and J as shown in Fig. 2.2. In this

™ Jel hl

case, R and RhT can be considered as the internal resistances

eT
of the two common base transistors, respectively. For the case of
semiconductors in room temperature, the collision frequencies
which usually have the order of 1012 cps are much higher than the

operation frequency or v >> w, therefore the amplification factors

per unit length reduce to

\Y

= 1 e
AeT R (2.100)
el

1-k_

1 h

1-lg§+ “ho

Similar to the previous case, the total real a-c power loss

(2.101)

Ar =

or gain in this equivalent line per unit volume can be evaluated by

R‘“ eV - el *Roer? el + AV hl * RrTh h1] (2.102)
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Using the Equations (2.89), (2.96), (2.100), (2.101), (2.66) and

(2.67), the above equation can be simplified as

\Y

=1 Ve * b *
Pop = g Re[Z5=V 3. + Vi 19p1] (2.103)
e0 “ho

which is checked with both Equation (2.87) and the result obtained

from the kinetic energy theorem developed in Chapter IV,
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Voltages Ve1 and vhl'
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CHAPTER III

DISPERSION RELATIONS OF THE
CARRIER WAVES IN AN EXTRINSIC SEMICONDUCTOR

3.1 Introduction

For any wave there is a functional relationship between the
propagation constant and the operating frequency which is known
as the dispersion relation. The instability as well as the nature
and the propagation characteristics of waves can be examined from
its dispersion relation. For carrier waves in solids, the dis-
persion relations strongly depend on the longitudinal modulation,
thermal diffusion and the collision between the carriers and the
solid lattice.

In general, the propagation constant of the longitudinal
carrier waves in solids can be solved from Equation (2.36). How-
ever, instead of solving this fourth order equation for T, the
specific propagation constant for an extrinsic semiconductor (in
which n >>p or p >> n) indicated in Chapter II will be in-
vestigated. From Equations (2.37) and (2.38), the real and
imaginary parts of the propagation constant for longitudinal

carrier waves in an extrinsic semiconductor can be expressed as

m 1 Vi-
o, = - =+ a! (3.1)
i gy 1“‘%1 o)
Bi:t = 12 [1 ; Bi] (3.2)

Yo1 -k,
31
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where
v 0)2
2 02 4 _phgg o2y -2
@y - By 7" "2 k) -k 3.3
2 v
o) B 7 Ky 7 (3.4)

where the subscript "i" can be replaced by '"e'" or "h" to denote
the electron of hole waves. However, this subscript will be
dropped in later discussion for simplicity.

Taking the thermal-to-drift velocity ratio k'l‘ and the
collision-to-plasma frequency ratio v/u)p as parameters, various
dispersion diagrams under different conditions are plotted in
this Chapter. The effects of longitudinal modulation, thermal
diffusion and collision to the wave characteristics are studied

and discussed in view of these dispersion diagrams.

3.2 Equivalence of an Electron Beam in Vacuum

When the devices are operating at low power level with
relatively high drift potential and extremely low temperature,
both the thermal diffusion and collision effects can be neglected.
This situation is similar to the electron stream in vacuum and
the expression for attenuation and phase constants of Equations

(3.1) and (3.2) reduce to

a, =0 (3.5)
1 -—
B:r_ = ;; (w + “’p) (3.6)

The group and phase velocities of these waves are
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Fig. 3.1 Dispersion Diagram for the Longitudinal Carrier Waves
in an Extrinsic Semiconductor with Thermal Diffusion

and Collisfon Effects Neglected.
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=S
Ver il (3.7)
SQ_ u
v =9 (3.8)
pt Bi 1¥ wo/w

It can readily be seen that the propagating properties
of these carrier waves are identical to the space-charge waves
in vacuum. Hence, similar to a modulated electron beam in vacuum,
the electron or hole bunching process in an extrinsic semiconductor
can be analyzed by the concept of fast and slow space-charge waves
whose phase velocities are faster and slower than the average drift
velocity of the carriers respectively. Since the attenuation con-
stant is zero, the fast and slow carrier waves will propagate along
the extrinsic semiconductor with a constant amplitude provided

there is no interaction with external circuit waves.

3.3 Cold Carrier Stream with Collision Effect

When the collision effect is taken into account while
thermal diffusion is neglected, Equations (3.1) through (3.4)

become

@ = -ﬁz[iztla'] (3.9)
By = +p" (3.10)
L
w2 2
a.z -8'2 - __5.,.\»_._2_ (3.11)
w b4y

a'g' =0 (3.12)
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Since both ' and B' are real quantities, two sets
of solutions of ' and p' from Equations (3.11) and (3.12)
can therefore be obtained depending upon the relative magnitude
between the plasma frequency and the collision frequency. The
propagation characteristics of the carrier waves will differ

accordingly. Two general cases will be discussed as follows:

3.3.1 Slight Collision Case

If v < 2wp, the solution of o' and ' becomes
a' =0 (3.13)
w2 2
p' = [F -5 (3.14)
w L
Substituting these values into Equations (3.1) and (3.2), we have

AV
= -3 (3.15)

w
W_ 4 -2 32
= - .
B, = *=2 N1-GD (3.16)

and the phase velocities become

"0
v, = 3.17
= o — (3.17)
1+-2 /1 -G
w 2y
P
The w-o and w-p diagrams for this case are shown in Fig.
3.2.A and Fig. 3.2.B respectively.
If one compares the propagation constants and phase
velocities shown in Equations (3.15) through (3.17) with those

of the cold, collisionless electron stream obtained in Section

3.2, one observes that the fast and slow space-charge wave
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Waves with v > 2wp.
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characteristics is still unchanged when the collision of the
carriers is less frequent. However, the phase velocities of the
fast and slow carrier waves approach each other due to collision.
This phenomenon can be explained as follows: The collision be-
tween the drift carriers and solid lattice will disturb the drift
velocities of the carriers. The result of the collision makes

the carrier return to a random state such that the velocity
modulation will be decreased. When the collision frequency is
increased to v = pr, both the phase velocities of the fast and
slow carrier waves will approach the d-c drift velocity. Further-
more, the carrier waves will no longer be lossless in the presence
of a slight collision. An attenuation constant is used to repre-
sent the collision effect. It is shown in Equation (3.15) that
both the fast and slow waves will attenuate at the same rate which

is directly proportional to the collision frequency.

3.3.2 Collision Dominated Cases

If v > pr’ the solution of o' and g' become

2
2 w

o' = y—-f - —12! (3.18)
4w w

g' =0 (3.19)

Using Equations (3.18) and (3.19) the attenuation and phase con-

stants can be found as

= o _[1 +f - (—-2) (3.20)

B, = - (3.21)
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The phase velocities of the carrier waves can be deter-
mined by Equation (3.21) and are found to be a constant which is
equal to the d-c drift velocity. Physically, we can explain it
in the following way: The fact that the velocities of the
carriers after colliding with the heavy particles in solids are
completely random, will deteriorate the bunching effect. Con-
sequently, the phase velocities of the fast and slow waves will
emerge to the d-c drift velocity as the collision frequency in-
creases. When the collision frequency is high enough, the
velocities of the carriers will become quite random in a short
drifting range and thus no bunching effect will occur within the
extrinsic semiconductor. 1In such a case, the carrier waves will
propagate with the same velocity which is equal to the average
drift velocity of the carriers. Since the electrons will give
up some of their a-c energy by collision, the attenuation con-
stant is directly proportional to the collision frequency in a
slight collision case. It seems that there will be two distinct
attenuation constants in the collision dominated case as indicated
in Equation (3.20). For a fixed collision frequency, the attenua-
tion for the fast wave increases with the ratio of collision-to-
plasma frequency while that of the slow wave decreases with v/wp
according to Equation (3.20). It was pointed out by Vural and
Bloom26 that in the completely collision dominated limit, where
%'<< 1, the "slow wave'" seems to become lossless. We will look
at this situation from another point of view. We have shown that
the fast and slow waves emerge with the same phase and group

velocities when v > 2mp, a single attenuation constant for the
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carrier waves can be found by taking the arithmetic mean of the
two waves. The result is identical to that given by Equation
(3.15). Therefore, we may conclude that the attenuation constant
is only a function of collision frequency for the cold carrier

waves.

3.4 The Collisionless Carrier Waves

When the collision effect between the carriers and the
solid lattice is neglected, the expression for attenuation and

phase constants become

qi =0 (3.22)

\// wz .

1 - 2 2
g, = 1+ [k + (1-K)) (3.23)
s Yo l-ki_ w2

It can be figured out from the above equations when the average
velocity of the carriers is smaller than its thermal velocity,

i.e. Uy < Vp» DO lossless longitudinal carrier waves are excited

T
if the operation frequency is sufficiently low. The cut off
frequency w, can be evaluated by letting the square root term

of Equation (3.23) equal zero. The result is

—
= - (92
wy = 0 h (VT) (3.24)

When the d-c drift velocity of the carriers is considerably lower
than the thermal velocity, the cut-off frequency approaches the
plasma frequency of the carriers by Equation (3.24).

According to Equation (3.23), there are lossless carrier

waves excited even at a low operating frequency when the average
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drift velocity of the carrier is higher than its thermal velocity.
The phase constant at the low frequency near zero can be obtained

from Equation (3.23) as

"82 1
BO+ =+ T 2 (3.25)
- 0 l-kr
When the system is operated at high frequency such that
w >> wp Equation (3.23) reduces to
By = _g;u + v (3.26)
- 0-—'T

In this case, two kind of the lossless carrier wave exist
in the extrinsic semiconductor; one is the fast wave with both
group and phase velocities larger than the d-c drift velocity of
the carriers and the other is slow wave with both group and phase
velocities smaller than the d-c drift velocity of the carriers.
Note when Ug < Voo the slow wave will propagate in the backward
direction.

The general sketch of the dispersion diagrams of the
collisionless case is shown in Fig. 3.3 and a computer plot for
the collisionless longitudinal carrier waves in an extrinsic semi-
conductor with various thermal-to-drift velocity ratio is showm

in Fig. 3.4, 1In case of u, > v, it can be seen that the slow

0 T
wave in an extrinsic semiconductor will become a backward wave
when the operating frequency is lower than the plasma frequency
of the carriers. It can also be seen when Yy >> Vs the dis-

persion diagram of the collisionless carrier waves approaches

that of the electron beam equivalence case which has been shown
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Fig. 3.3 Dispersion Diagrams for the Collisionless Longitudinal

Carrier Waves in an Extrinsic Semiconductor with Thermal
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in Fig. 3.1; on the other hand, when uy << Vg, the dispersion
diagram of the collisionless carrier waves approaches that of the

electroacoustic waves which will be discussed in the next section.

3.5 The Electroacoustic Waves

When there is no axial d-c electric field applied across
the solids, the average drift velocity of the carrier is zero.
In such a case the carrier waves are affected by the a-c modula-
tion only and are called electroacoustic waves. In this case, it
is easier to obtain the propagation constant from the wave equa-
tion directly.

At uy = 0, the a-c carrier wave equation in an extrinsic
semiconductor of (2.37) becomes

anl

v2 + (w2 - wz - jwv) =0 (3.27)
T ?’22 P

Using the assumption that the solution of n, has a form of er

(where T = ¢-jB), the above equation can be degenerated as

2 2
2 w -w
of - g’ =B (3.28)
T
op = 5 (3.29)
ZVT

and the attenuation and phase constants for electroacoustic waves
in an extrinsic semiconductor are obtained from Equations (3.28)

and (3.29) as
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_ 2_ 2 f 72
F2 + +1
2
/2 L ! @ - u)2)2
P
a =
+ .
_ f»z - w2 i 2 2
A 1+— 53 -1
T w -w)
N P
J2 - W[ )T T
+—E— 14+ 0N¥ -
I 2 2.2
4 Vr w -w)
— P
By = -
2 - o2 2 2
s | ey 4y

- V2 " - w‘z))

When the operating frequency is sufficiently high, i.e.

and @ >> v, the above equations reduce to

-

P
(3.30)
> w
P
<w
P
(3.31)
>w
P
w > w
P
(3.32)
(3.33)

On the other hand, when the operating frequency is sufficiently

low, i.e. @ << wp

ay = +

o €

v

B, =+ 7
v,

Twp

and ® << v, Equations (3.30) and (3.31) become

(3.34)

(3.35)

According to Equation (3.31), two sets of the electroacoustic waves

exist in a longitudinal modulated extrinsic semiconductor:

one

propagates forward and the other propagates backward as shown in

Fig. 3.5.

symmetrical since no d-c drift potential is applied.

The dispersion diagrams of these two waves are

Equation

(3.33) indicates that the group and phase velocities of these
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waves approach a constant equal to the thermal velocity of the
carriers in the +z or -z direction respectively. Note there
exists a cut-off frequency which equals the plasma frequency of
the carriers if the collision effect between the carriers and the
solid lattice is neglected.

The attenuation constant given by Equation (3.30) is a
function of the operating frequency, the plasma frequency, the
collision frequency and the thermal velocity. However, it is
noted by Equation (3.32) when the system is operated at high
frequency, the wave attenuation is dominated by the collision
effect between the carriers and the solid lattice. On the other
hand, when the system is operated at low frequency, the plasma
frequency play an important role to the wave attenuation according
to Equation (3.34). The w-o diagrams of the longitudinal
carrier waves in an extrinsic semiconductor with only a-c driving

source are shown in Fig. 3.6.

3.6 General Case for the Carrier Waves in an Extrinsic Semiconductor

The general dispersion characteristics for the longitudinal
carrier waves in an extrinsic semiconductor is given by Equations
(3.1) through (3.4). In this section, the dispersion diagrams
are plotted from those equations with the aid of a digital computer
and the dispersion relations in terms of various parameters are
discussed.

Fig. 3.7 shows the w-p diagram for the carrier waves
in an extrinsic semiconductor with the thermal-to-drift velocity

ratio as parameter. It has been indicated in the previous sections
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that the longitudinal carrier waves in an extrinsic semiconductor
will approach the space-charge waves when the thermal diffusion
is neglected (i.e. kT = 0); and will approach the electroacoustic
waves when the average drift velocity of the carriers is zero
(i.e. kT -+ ®). Starting with a small thermal-to-drift velocity
ratio (kT = 0.1), the carrier waves approach the fast and slow
space-charge waves propagated with nearly the same group velocity;
when the thermal-to-drift velocity ratio increases, the phase and
group velocities of the fast wave will speed up whereas that of
the slow wave will slow down from its average drift velocity.
The slow wave will propagate in the backward direction in case
the average drift velocity of the carrier is smaller than its
thermal velocity. When the thermal-to-drift velocity ratio in-
creases further, both the phase and group velocities of the fast
and slow waves will increase in the forward and the backward
directions respectively; they will approach the thermal velocity
of the carriers when kr is sufficiently large. A general transi-
tion from space-charge waves to the electroacoustic waves in an
extrinsic semiconductor by varying the thermal-to-drift velocity
ratio is clearly shown by the shift of the dispersion diagrams
in Fig. 3.7.

The same condition for a w-o diagram is shown in Fig.
3.8. At first glance, we may find that all the attenuation con-
stants are independent of the operating frequency when w >> wp;
therefore, a high frequency operation is suggested for propagating
carrier waves in solids in order to minimize the distortion.

Secondly, it can be seen that there is less energy loss when the
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carrier waves approach pure electroacoustic waves or pure space-
charge waves. In other words, the over all attenuation will

decrease with an increasing thermal-to-drift velocity ratio when

Uy < Vo and will increase with an increasing thermal-to-drift
velocity ratio when u, > v,. It is noted that the attenuation

4] T

constants corresponding to the forward progressing carrier waves
with positive group velocities are negative and those corresponding
to the backward progressing carrier waves with negative group
velocities are positive; therefore, no instability of the carrier
waves will occur without coupling to an external circuit or
applying high frequency pump source in a manner of parametric
amplification.

Fig. 3.9 through 3.13 shows the dispersion diagrams of
carrier waves in an extrinsic semiconductor with collision fre-
quency as parameter while the thermal-to-drift velocity ratio is
fixed. It can be seen that when the collision frequency increases,
the attenuation constants increase rapidly whereas the phase con-
stants stay almost constant. Physically, this means that the
collision between carriers and the solid lattice will cause an
energy loss; however, it will not affect the nature of the carrier

wave to a significant degree.
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CHAPTER 1V

KINETIC POWER OF THE LONGITUDINAL CARRIER WAVES

4.1 Introduction

The function of most of the microwave electron device is
to convert the d-c carrier stream energy into high frequency
electromagnetic wave energy or vice versa. Consequently, the
energy conversion principle for electromagnetic waves in the
presence of carrier stream plays an important role in device physics.
Once the power flow nature of the carrier waves is known, one can
get a general idea about the characteristics of the interactions
involving external circuit and stream carrier or carrier waves
of the stream. The carrier stream can act as either a positive
or negative resistive load to the external electromagnetic circuit
wave depending upon which of the carrier waves is excited in the
interaction. If the carrier stream acts as a positive resistive
load, it will absorb energy from the electromagnetic fields around
it. Signal couplers are examples of this kind. On the other
hand, the carrier stream can supply energy to the electromagnetic
fields when a negative energy-carrying wave is excited. Most of
the amplifiers and oscillators work under this principle.

In this chapter the power and energy relations between
the carrier stream and the external circuit are investigated.

Starting with the macroscopic classical model described in

57
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Chapter 11, we derive a new form of the linearized Poynting
theorem interpreting the power and energy flow of electromagnetic
and longitudinal carrier waves in solids. Using the derived
equation of real power flow, the conditions for wave amplifica-

tion are discussed.

4.2 Derivation of Small Signal Kinetic Power Theorem for

Longitudinal Carriers with External Surrounding Circuit

It was stated in Chapter II that the basic equations of
solid state plasma considered as a conducting fluid are Maxwell's
equations and the Boltzmann transport equations. From the

Maxwell's equation we have

2. ., af

v X E -u,at (4.1)
s £

Vv XH e(pvn nve) + ¢ 3t (6.2)

From the first moment of the Boltzmann transport equation we have

bnd

ov

v
- ‘I'- = e — . - e_ — — - -
o vn -g;-+ (ve v)ve + m* E + v, X B) + veve 4.3)
e
v V.
_ ﬁ - _h — . - - e _ - s -
il R CAR LA & + v, X B) + vV, (4.4)

In order to take the electromagnetic wave due to the external
surrounding circuit into account, a quasi-one-dimensional model as
stated in Section 2.6 is used. Substituting the expressions for
the variables of this model of Equations (2.13) through (2.19),
(2.91) and (2.92) into Equations (4.1) through (4.4) and considering

the time-dependent terms only, we have
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oH
1
‘ — 4.5
v X El -+ 3t ( )
UxH =3 .47 .+¢—t (4.6)
1 el hl at
V2 a-. a;;
T- - el el e _ — — —
B n, oy ot e0 3z m* (ﬁl + Vel X Byt ug X Bl)
e
.+ vevel 4.7)
v v, v
™ h hl e — — = -
- — = - — +
p. P17 3t T Yho a2 ¥ Byt vy X Byt oy X By
0 ,
+ “oVh1 (4.8)
where
Je1 = -e(novel + nlueo) =2 Jel (4.9)
= -— Ead = -~ .1
I = € (PoVpy * PY) T 2 I (4.10)

Dot multiplying Equation (4.5) by H , Equation (4.6) by £,
* *

1 1
m m
Equation (4.7) by ~] » Equation (4.8) by - =3 and
1 e el e hil

adding together, one obtains

oH oF
= - 1 _ —1
Ve @) xHy) = - e Bpop
o v WV v2
e el el - i~
£ + + —
e Jel C ot e0 3z n vn1 + VeVe1l
m oV SR
"> . 2Vh1 ¥y, Y+ -
e l3e T %o 3z Y Py Py * YWyl G-1D

where the terms je . 0) etc. are vanished by vector

identity. Rewriting Equation (4.11), we have
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V’(El XH].) = -% A€ (e E1+p.l'l1)
* * 5
m v m v
-£ —el _-h —hl _
e Je1Ge T V%Y T TS T W
*

m J
-£ a - —el
+ e {ueotaz (Jelvel) Vel PY )
2
v 2 el
* -7;[32 ” el 1) "™ a2 13
* 3]
Tho, ra oh1
"o (9ol%7 Un1n)) " Vh1 3z )
v2 J
I+ ra - hl

The a-c continuity equations for electrons and holes are

dJ dn

a:I -e a% (4.13)
J AP
—a—‘z‘l = -e —a—: (4.14)

Substituting Equations (4.13) and (4.14) into Equation (4.12) yields

- 2 2
v-(E, X H)) ’sat(eE1+p,H1)
* 2 3
m a an v n
e el 3t el el 3t n, 1 At
* 2
apP v Jp
h %"h1 s | ﬁ °P
e Uh1 3¢ T %o%h et e p1 St)
%* 2
m
£ a_ La_ +
t e [“eo 22z G el el) + n, 3z (J 1” ) Ve J lvel]
u{ o2
- a ta
e (o 3z “ni¥n? * o 0y 32 &GPy * VpderVer)

(4.15)
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Using the kinetic voltages due to velocity modulation and thermal
diffusion defined in Equations (2.51) through (2.54) together with
the expression for the current densities of (4.9) and (4.10), the
above equation becomes

L] 7 L
V@) X HD O30 VTt Veder ¥ Vg

- .12 2 2
%at (eEl+p.H1)

* v v 3n vT_ an,

- —el, —el 4 —~1 4 L=, -1
Te (“o"el dt Yeo™ dt Ye0'el At + ™ at

v, v, P V2 JP

™*PoVh1 3t hoP1 3t "ho'hl gt P 1 3t
v v
e -h

-—=V J . - v .J (4.16)
Yo el el %o hl hl

which can be further simplified as

(E +
Vo€ xH) + (vel el ¥ Vnitna Y Voder Y Vdny)
J2
2 2, % 2 _ 2
+ 5[ ES + + + L=
Er (e By tuH +m gy, + 2u v,y ng ny
2

2 _'11 2
+ “‘h("e h1 ¥ 24PV t Py "1

ve vh
= -« =V _J - V. .J 4.17)
U0 el el uhO hl hl

For the purpose of making a clearer physical picture, the follow=

ing instantaneous kinetic powers and energy densities are defined

P,=E X ﬁl (4.18)
P.=2P _ =%V _J (4.19)

el el el el
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P12 % T2 Vnm

Fp=2 P, =20, +V 30
~ 2 2

Wa1 = ¥(e By +u H))

% v o 2 +o +
Wy = 3(mngvey F mpgvyg) Yoo (u gV,

v2 v2
* T~ 2 * "o
W, = m ———n_ + P ]
T e nj 1 Py 1

Using the above expressions, Equation (4.17) can be written as

v-(P

ml el hl

Integration of Equation (4.25) over the whole space gives the

instantaneous power and energy equation.

Je®n + B+ By

v \Y
- e b
fo G P * o - Puld®

“ho

7 a_
+P .+ P +?T)+at CIE

+r)ds+3—j' oy

1

\Y

+ - . =
WT) 5 P

el

A%

b p
Upo P1

It is

+ W + W )dv

The physical meaning of each term of Equation (4.26) are

“h

Iv(_ Pe + uhO

effect

'__,,'ﬂl m"ﬁl 5’01
-
[ ] [ ] [}

ol
n

-3

carriers

energy flow of the electromagnetic wave

*
% UhoP1Vh1

el

Phl)dv = the a-c power loss due to collision

kinetic energy flow due to velocity modulation of holes

kinetic energy flow due to the thermal diffusion of the

(4.20)
(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

kinetic energy flow due to velocity modulation of electrons
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wml = sum of the electric and magnetic energy densities of the
electromagnetic wave
wl = kinetic energy density of the carriers

WT = thermal energy density of the carriers

The equation of real power flow of the system can be
obtained by taking the time average of Equation (4.26). If all
the time-dependent variables of the system have a periodic varia-
tion of constant frequency, we may map all the variables into a
complex plane and the equation of real power flow of the system

reduces to

\Y
- - — — -t = - L
jsae (oml +6,,%8, + oT) ds = Seg j‘vke[oel]dv

v
h
- — | _Re[@, _,]dv 4.27)
Yo Iv hl
where
- !;(E’l X ﬁl) (4.28)
- . *
021 =%k velJel
- " *
€1 =% % VT
- - * *
fp =2 50T F V)

where Z%ﬂ_ is the rf complex electromagnetic power density, aél
is the kinetic power density due to the velocity modulation of

electrons, a%l is the kinetic power density due to the velocity
modulation of holes and a% is the kinetic power density due to

the thermal diffusion of the carriers.

(4.29)

(4.30)

(4.31)
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Equation (4.27) can also be obtained from the complex rf

fundamental equations directly; for this purpose, we map all the

variables onto a complex plane and consider Equations (4.1) through

(4.10) as complex equations.

(4.6) yields

Taking complex conjugate of Equation

* * %
vxH =7 a1t J'hl jwe E| (4.32)
Dot multiplying Equation (4.5) by Hl’ Equation (4.32) by 4?1,
*
Equation (4.6) b m—:f Equation (4.7) by - B7*  and add
quation (4. Y @ Jer quation (4.7) by - . Jhl and adding
together, we have
Ve @, x #) = -jos HH) + jwe EE.
1 1 11 11
* - 2
mo . v Vi
+ & . —el , T-
e 3;1 (Ju Vel + Ye0 3z 32z n0 vn1 + Ve v )
“’h 3V _'u_
+ .
e 3 h1 (o Yoy * Uy o Py 'L vy 439
which can be rewritten as
* *
— —% me * n\\ *
Vo@; X H) = JuGBE] - cBE] - By T+ R a0
* T*
n * Va1 *
+ =€ o - —e1
e {ueo[at (velJel) Vel Y 1+ vevelJel
v2 J*
d
T gy -, Zel
+ = [az (n 1) " T3z 13
* J*
"h m
e {“eo[ z n1 hl) Yh1 3z 1 T Vn'n'm
2 J*
3
_ﬁ * - hl
+ P [az (lehl) Py 32 1 (4.34)
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From the rf complex continuity equations, we have

aJel

32 = jwen, (4.35)
J
—hl _ _

52 jwep1 (4.36)

Using Equations (4.9), (4.10), (4.35) and (4.36) together with
the kinetic voltages of (2.45) through (2.48) defined in Chapter

11, Equation (4.34) becomes

B xH) 4+ (V 0 +V. I +v. 3 +v_ 1)
Vo) xHD + T Verder * ViTh Y Ve e T VI
2
+ EE +m R SR
Jolw HyH) = ¢ EE) + m(agv v, - ng "1°1
.2
T-'- *
+ my (oY o - L
A/ V,
e * __h_ *
- uo velJel 0 vhthl (4.37)

With the defined complex power density (4.28) through (4.31),

Equation (4.37) reduces to

V@, +8,, 48, +8) + 3l |® - eg))? +mnglv, ;|
o2 2
* T-
v V,
=--25 _h (4.38)

Y0 el Yo hl

Integrating Equation (4.38) over the whole space gives the rf

complex power equation of the system as
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J‘slm(aml + 5e1 + ahl + a’l‘) s

2
2 2 * 2 Vpo 2
+ %.Iv[“‘ﬂl‘ - e‘El‘ + me(“o‘vel‘ = —;; |“1‘ )
o2
* 2 T+ 2
+ my (polvy, | - o Iy 19w
\)e \)h
+ == [ 1@ _ ]dv + == [ To[g ,]dv = 0 (4.39)
e0 “ho °V

The real part of the above equation which is identical to Equa-
tion (4.27) gives the expression of real power flow of the system
and the imaginary part of Equation (4.39) gives the balance equa-

tion of the rective power. It is

— . — Q 2 2
[(m@ +8,,+8,+8) a5+ [ lu|n|” - «lE|
V2 V2
* 2 - 2 * 2 2
+ my(mplv,, " - —ﬁo- Ing 1%+ m gl 1™ - _Es lpy 1" 3av

v v,
-£_ h =
+ " Im Ivggldv + Im Idahldv 0 (4.40)
e0 Yho

It can be seen from Equation (4.27) that the sum of the
electromagnetic power from external slow wave circuit and the
kinetic powers due to velocity modulation and thermal diffusion
of the carriers are conserved only when there is no collision in

the process. Generally they are not conserved and will decrease

v v
or increase in an amount of -Re IV[GQ—-P + ;ﬁ—-?hl]dv depending
e0 0

upon the nature of the carrier wave whether it carries a positive

el

or negative kinetic power respectively. Such amount of energy

gain or loss of the system is checked with that obtained from the
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equivalent transmission-line analog in Chapter II.
In a particular case when the effects of both collision
and thermal diffusion are neglected and the carriers are electrons

only, Equation (4.27) is then reduced to

[Re[@ +8 ,1.d5 =0 (4.41)

which is the same as the kinetic power theorem deduced by Chu32

for the electron stream in vacuum coupling with a slow wave

circuit.

4.3 Discussions for Possible Wave Amplification from Kinetic

Power Theorem

The equation of real power flow of (4.27) in the last
section shows the possibility of exchange energy between the
longitudinal carrier waves in solids and the electromagnetic waves
from a slow wave circuit. When the collision effects are neglected,
the sum of the rf electromagnetic power from the surrounding slow
wave circuit and the total kinetic power of the carriers is con-
served. Similar to the case of an electron beam in vacuum, wave
amplification arises when the carrier waves which carry a negative
electrokinetic power are excited. When the collision effect is
taken into consideration, it seems that an additional power of

v Y
ﬁIVRe[;:;-Pel + ;ﬁ; PhI]dv is generated along the stream when

both Pe and Phl are negative and thus further amplification

1
arises due to collision effect. Actually, the collision effect

will reduce the amount of amplification; the reason is that the

kinetic powers Pel and Ph1 themselves are functions of the
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collision frequency and will decrease when the collision frequency
is raised.

Here we investigate the electrokinetic power densities of
the one-dimensional model where the carrier waves propagating
through an n-type semiconductor with negligible hole concentration.
In such a case, the simplified fundamental equations (2.21), (2.23)

and (2.25) reduce to

-_e
e, =-%n (4.42)
I J,, = jwen (4 .43)
W2
e_ I= =
m”%Wa+;%+rwﬂf'%r% 0 (4 .44)
e

where T = o - jB 1is the propagation constant of the carrier
waves defined in Chapter II.

Using the three equations stated above, the a-c velocity
and density of the electrons can be expressed in terms of the

electron current density as

2 2 2 2
w _+ Vp_ (@ - B - J208)

v'~°‘-1"ju>en0[jm v, tu_ (- 39)] Je1 (4.45)

=a =18
n, Joe Jel (4.46)

The real kinetic power densities due to velocity modulation and
thermal diffusion in the system are obtained from Equations (4.29),

(4.31), (2.45), (2.47), (4.45) and (4.46) as
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2 2 )V
(Be-e)\'_wi_ - V.f._(az-s )] - 2aavT_(uL +a) ; ¥
Re(P_ ] = - £g —<bel 4
@, -+ =+ o)’ 2oew
el
2
Re[P,] = —5- i— Jelle (4.48)
ee(”p_

where v¢ = w/p is the phase velocity of the carrier wave. When
the thermal diffusion effect is neglected, i.e. PT = 0; the total

real kinetic power density is given by Equation (4.47) as

*
1 -=u /v J J
Re[P .] = ed 4 .-elel (4.49)
el 2 Ve 2 Zeueo
(Be‘B) + (;“'+ a)
e0

For slight collision case, Vg < 2wp_, the phase velocities of
the fast and slow waves are given by Equation (3.17) and the real

electrokinetic powers due to velocity modulation are

*
v u J J
= _ (-8 2 0 el el
Re[P 1yl =2 1 -G =) § Zew_ (4.50)

The above equation shows that the real electrokinetic power
is positive for the fast wave and negative for the slow wave. It
is also shown that the real electrokinetic power will decrease
with an increasing collision frequency; when the collision frequency
is sufficiently high, such that Ve > 2wp_, there is no real
electrokinetic power flow and thus mo amplification arises since
both the fast and slow waves are synchronous with the d-c drift
mot ion.

When the thermal diffusion effect is taken into account,

there exist a certain amount of real kinetic power due to thermal
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diffusion given by Equation (4.48). For the forward space-charge
waves under consideration, the phase velocities of these waves are
always positive and so are the Re[PT]. Hence the real kinetic
power flow due to thermal diffusion acts as a load in the energy
conversion process. For a backward slow space-charge wave,

Re[PT] becomes negative beeause of its negative phase velocity;
therefore a possible application of solid state backward wave
amplifier or oscillator is anticipated.

Consequently, the concept of wave amplification can be
investigated by examining the energy exchange from the moving
carriers to a surrounding circuit. From the equation of real power
flow, the possibility of wave amplification arises when the slow
carrier wave, which carries a negative kinetic energy, is excited.
Although the sum of the rf electromagnetic power from the surround-

ing slow wave circuit and the total kinetic power of the carriers

v v,
equal a positive amount of -IvRe[;g—-Pel + ;h—-Phl]dv when a
e0 hO

negative kinetic energy carrying wave is applied; it seems that
the collision effect will reduce the amoutn of amplification because

the real kinetic power flow, Re[Pel] and Re[P decrease rapidly

n1l’
in terms of an increasing collision frequency. A backward wave
amplifier or oscillator is observed from the fact that the real

kinetic power flow may become negative when the backward slow

space-charge wave is excited.



CHAPTER V

COUPLED MODE ANALYSIS OF CARRIER WAVE INTERACTIONS

5.1 Introduction

Besides the three well-known forms of the equations of
motion in classical mechanics, i.e. the Newtonian, the Hamiltonian
and the Largrangian; there is another form called the normal mode
form which is a set of first-order differential equations and is
sometimes proven to be very useful in the theory of coupled
systems .

When two or more systems are weakly coupled, that is,
when the energy associated with the coupling is small compared
with the energy contained in each system, we may analyze the
equations of motion by finding the normal modes of the isolated
systems and then express the coupled system by a slight perturba-
tion on the motion of the isolated systems. In most of the
physical systems, some of the modes of the isolated systems will
play a minor role in the coupling mechanism. Thus the problem
can be further simplified with good approximation by neglecting
the coupling effect between those modes.

It is a necessary condition that the system be weakly
coupled in order to take advantage of the couple mode method in
which linearized equations are used. Should this not be the case,

all the possible coupling effects between the modes have to be
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considered. Furthermore, the solutions of the coupled system
will be significantly different from the uncoupled solutions such
that a knowledge of the solution for the isolated system will not
be useful.

In this Chapter we will work on a case that an extrinsic
semiconductor with a relatively small minority carrier concentra-
tion is used as the propagation medium and the effect of collision
between the majority carriers and the solid lattice in the semi-
conductor is neglected. Starting with the equivalent transmission-
line equation of the collisionless longitudinal carrier waves in
an extrinsic semiconductor, the normal modes of these waves are
derived and then the coupled-mode approach is used to analyze the
collisionless carrier waves in an extrinsic semiconductor with
an external slow electromagnetic wave. A weak coupling condition

is assumed for simplicity.

5.2 Derivation of an Equivalent Transmission-line Equation of

the Collisionless Longitudinal Carrier Waves in Solids

In Chapter II, we have derived the propagation constant
for the longitudinal carrier waves in extrinsic semiconductors.
When the effect of the collision between the carriers and the
solid lattice is neglected, the propagation constants from

Equation (2.39) become:

- 2
1 - f2 ¢ 2
r, = -j & 1+ + -2 1-x) 5.1)
+ Uy 1-K§ L Ky wz kl'

With the kinetic voltages V. and VT defined in Chapter 1I,

1
Equations (2.23) and (2.27) can be rewritten as:
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2
aJl w
d2 v T
T
2 2
©p % 5.3
J1 = ™ v1 + eu0 v2 vT (5.3)

Here, the subscripts denoting electrons or holes are dropped for
simplicity.

As mentioned in Chapter 11, the a-c current density and
the two kinetic voltages have a solution of erz type and can

be expressed in the following way:

A A (5.4)

v, = Vl®er+z + nger_z (5.5)

3 - Jl@gr+z + Jleer'z (5.6)
where the coefficients vh@’ Vle, Vms, VTe, JhD and Jie are

independent of =z.

Substituting Equations (5.5) and (5.6) into Equation (5.2)

we have
=z T z
r+ Jl(43€+ +F_Jloe -
2
fg T. 2z Iz
= —jwe 3 (Vpoe'+™ + Vooe-7) (5.7)
v,
T
Iz 'z
Equating the coefficients of ¢+ and ¢ - separately on both

sides of Equation (5.7) we obtain

vV,

-1
VTO Joe R+ Jh% (5.8)

vENJH N
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v2
Voo =1 5T J (5.9)
w
P

Similarly, substituting Equations (5.4) through (5.6) into Equa-
tion (5.3), equating the coefficients of er+z and eF-z

separately and using Equations (5.8) and (5.9) yields

-0 0
Vg =3 A+ 32T (5.10)
ew
P
u u
= 0 0
Vi 7 L+ 52T I (5.11)
“p

The effects of longitudinal modulation and thermal diffusion can

be expressed by a combined equivalent voltage as

V= V1 + VT

2
u Tyu
cr—0., %o 2 T4z
2+ 5 Q- kP e*
ewp jwewp

2
u T.u
0 =0 2 -
+[—3+ 7 (1 - kT)]JIOeF 2 (5.12)
0, juoemp

where V can be considered as the total electrokinetic voltage
of the collisionless longitudinal carrier wave in an extrinsic
semiconductor since we have derived the total electrokinetic power
for the collisionless longitudinal carrier waves in an extrinsic
semiconductor from Equation (4.26) as IS(V1 + VT)EI-d; or

k-
ISVJl-ds - Replacing [ with the right hand side of Equation
(5.1) yields

2
u w
2 2 - -
vy fK+2a -k - [J@e“z - I 7 (5.13)
w

g
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Differentiating the above equation with respect to z gives

2
v 2 ¥ 2
el B L R (TR o B¢ R LR R B
W
P (5.14)
Substituting Equation (5.1) into (5.14) and using Equations (5.6)

and (5.13) one obtains

av _ -
v 3BV - 2.3, (5.15)
where
w _1
BT " 3 (5.16)
0 l-kr
wz
w 1 2 2
2 = =) T =5 (kg + 5 A - k) (5.17)
1- ew w
P
Similarly, differentiating Equation (5.6) with respect to z
and using Equations (5.1) and (5.13) we have
s 5.18
5z 8ty - YV (5.18)
where
ew2
y =—=le_»p (5.19)
s 1- 2 2
kr Yo
Equations (5.15) and (5.18) can be rearranged as
. = -
(az + jaT)V Zle (5.20)
a-— <+ = - -
(az ja,r)J1 YV (5.21)

Making the following simple changes of variables
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-j z
=V'€ BT

' (5.22)
-jBTz
— L
J1 = Jle (5.23)
Equations (5.20) and (5.21) are reduced to:

av'! _ o o

Nz Zle (5.24)
¥,

32 st (5.25)

Equations (5.24) and (5.25) have the same form of the standard
transmission-line equations with voltage V' along the line and

current density J1 through the line. However, the transmission-

line analog is not perfect because of a phase shift introduced

in Equations (5.22) and (5.23).

5.3 Normal Modes of the Collisionless Longitudinal Carrier Waves

in Solids

5.3.1 Derivation of the Normal Mode Equation

The equivalent transmission-line Equations (5.20) and
(5.21) derived in the last section can be considered as the
Hamiltonian form of the equations of motion for the collisionless
carrier waves in an extrinsic semiconductor due to longitudinal
modulation and thermal diffusion. The equations show that the
total voltage and current density are coupled, which allows for
an interchange of electric and kinetic energy as the waves pro-
pagate down the line. However, the transmission-line analog can

also be described by a particular form of first-order differential
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equations called the normal mode form of the equation of motion.
The advantage of using such a form is that the decoupled dif-
ferential equations can sometimes be easily handled. Furthermore,
the kinetic power carried by the carriers can readily be obtained
by using normal modes formulation. For the purpose of obtaining
these forms, linear combinations of the Hamiltonian equations
which will decouple the variables are to be sought. With this

in mind, multiplying Equation (5.21) by an arbitrary constant Z
and adding to Equation (5.20) we have:

Z

I Z J ) (5.26)

a_ = o
(az+ja,r)(v+z Jl) YZ(V+

letting zs/Ys = Z2 and YsZ = I"S Equation (5.26) becomes:

a_ =
(az + jBT + Fs)(V + Z Jl) 0 (5.27)
where
Z u (1;2 N
- S .42 242 aad
Z =+ 3 =5 k’l‘ 2 kT (5.28)
S ew
P
2
r =Yz=-?j‘2———1 2+“_’n(1-2)=l (5.29)
s s up 1 2 kT 2 kT 18, :

Since there are two solutions for Z and Fs’ Equation (5.27)

can be expressed as two separate equations. They are

[2-+ 308y - BI(V +2,)) =0 (5.30)
(20 + 3G + BICV - 2,0)) =0 (5.31)

Evaluating Br ;'Bs by replacing the right hand side of Equations

(5.16) and (5.29) and comparing with Equation (5.1), one obtains
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that j(aT ;'Bs) = -F+ . Consequently, Equations (5.30) and (5.31)

can be expressed as

(g'z- -rpa, =0 (5.32)

(§; -T)a_ =0 (5.33)
where

dap =K (V*z.d) (5.34)

Equations (5.32) and (5.33) are called the normal mode
form of equation of motion for the collisionless carrier stream
in an extrinsic semiconductor. They describe the collisionless
carrier waves in an extrimsic semiconductor in a different form
from Equations (5.20) and (5.21). The quantities d; which are

made up of a linear combination of the total kinetic voltage V

and the a-c current density J, are called the normal modes of

1

the carrier waves in an extrinsic semiconductor and K+ are the
proportionality constants which will be evaluated in the next
section. Since the propagation constant of a, and ¢_ modes
are R+ and ['_ respectively, we may call the cq_ mode the fast
wave and the ¢ mode the slow wave according to the statements

discussed in Chapter III.

5.3.2 Evaluation of Normal Mode Amplitude Constants and Kinetic

Energy Relation

It is well-known that the average power transmitted down
a transmission-line is given by the time average of the product

of the voltage across the line and the current flow through the
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line. Applying this to the transmission-line analog of the carrier
waves in solids, we have the a-c power per unti cross section area

as
—%
P = % Re[V - 7] (5.35)

For the purpose of evaluating the proportionality constant
K+ let us consider that only the aq mode is being excited along

the sample; that is a_. =0 or
2 = (5.36)
In such a case, the normal mode of the fast wave becomes

a

. = 2K+V (.37

and the a-c power carried by the charged carriers when only the

d; mode is excited can be written as

2
vi”
P, = % 7 (5.38)
a
Using Equation (5.37), the kinetic power carried by a; mode is
* 2 2
P, =% qaq, = K. |V| (5.39)

Since ¢_ = 0, the kinetic power carried by the a; mode equals
total a-c power of the collisionless carrier waves in solids;
equating Equations (5.38) and (5.39), we have the expression for

K+ as

K, = (5.40)
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Similarly, the proportionality constant K_ for the (¢ mode

can be evaluated by setting a; = 0. The result is

1
R =37 (5.41)

Therefore, the complete expression of the normal modes describing

carrier waves in solids are obtained as

1
d.t(z »t) = 2/2

jwt

V(=) i.ZaJl(z)]e (5.42)

a
Using Equations (5.39) and (5.46), we may express the a-c
power density in terms of normal modes when both fast and slow

waves are present. It is
P =% Rev-a}] = ¥(|gl” - |21D) (5.43)

The above equation implies that the a, mode carries
positive kinetic power while the (¢_ mode carries negative kinetic
power. The physical interpretation of positive and negative kinetic
powers is as follows: On the average, the carrier stream carries
a larger amount of kinetic energy than it carries in the d-c state
when a fast mode is excited. In the other case, the carrier stream
carries a smaller average kinetic energy than it carries in the

d-c state when a slow mode is excited.

5.4 Normal Mode Application -- Traveling Wave Amplification of

Carrier Wave in Solids

Solid state traveling-wave amplifier (STWA) has been studied

by several workers recentlyg-la. Its most attractive feature is

the extreme high gain, which makes it a potentially active device
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in a microwave integrated system. The practical difficulties are
the device heating problem and the saturation of carrier drift
velocity. However, with the rapid advances in solid state technology,
it is feasible that the STWA might be able to operate at higher
power and frequency range. The methods of analysis on the theo-
retical work published use either an extended classical Pierce's
approach27 or match the wave impedances on the slow wave semi-
conductor boundaryzs. Both approaches are rather lengthy. Quite
often, some of the important aspects such as the coupling scheme,
or the energy exchange between circuit and carrier wave may not be
revealed explicitly. In this section,'the coupled-mode approach
is used to study the interaction between the carrier wave and the
slow electromagnetic wave. This method appears to be simpler and
clearer in describing the various possible interactions.

Here, a simple model of traveling wave amplifier is in-
vestigated., As shown in Fig. 5.1, the majority carriers in an
extrinsic semiconductor drifting along a tightly coupled electro-
magnetic slow wave circuit are considered. The system is assumed
to be lossless, that is, the real power loss due to collision
between the carriers and the solid lattice, and the series and
shunt resistances of the slow wave circuit are neglected. The
equivalent transmission-line equations for a lossless carrier
wave in an extrinsic semiconductor are given by Equations (5.24)
and (5.25), and the normal modes of these carrier waves are derived
in Equation (5.42) in the last section. For a lossless slow wave

circuit, the transmission-line equations are
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Fig. 5.1 (A) Carrier Stream Coupled to a Slow Wave Circuit
(B) Equivalent Circuit.
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N\

a—z‘i = -JoL J_ (5.44)
aJc

gz—- = -juC Vc (5.45)

where the series inductance L and the shunt capacitance C are
given per unit length.

The normal modes for a lossless transmission-line are29

dc_*_ = 2% (Vc + Zch) (5.46)

-
zc fJ/é- (5.47)

It is noted that aé+ is the wave propagating forwards, whereas

where

d;_ is the wave propagating backwards and Zc is the circuit
characteristic impedance.

When the circuit and carrier stream are closely coupled
as shown in Fig. 5.1, a displacement current will be induced in
the circuit by the carrier stream; in the meantime, a force due
to the circuit field will act upon the carrier stream. The

modified transmission-line equations are called the coupled-mode

equations which can be expressed as follows:29
For carrier wave:
A =
(az + jBT)J1 st (5.48)
a ¥
G+ 1BV = 2 gy + 2E 49
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For slow wave circuit:

v,

g;— = -jwL Jc (5.50)
dJ 3J

gz_c = -juC V_ - a_zl (5.51)

Putting the voltage and current density in terms of normal modes,

we have

Ve=v2Z_ (@, ta.) (5.52)
Jo=1W2, @, -a.) (5.53)
vV =/, (@, ta) (5.54)
Jy =12, @ -a) (5.55)

Using the above expressions together with Equations (5.1), (5.16),
(5.17), (5.19) and (5.27), the coupled-mode Equations (5.48)

through (5.51) become

7- VN - (&= - =

7 - TPa, - ¢ -THa =0 (5.56)
Z

Q. a_ . = La

G -toa+ G -Toa = 2@, va (5.57)

a A . -

G+ 38a + G - 18Ya,_ =0 (5.58)

——a

a - Y -y N
G+ 18)ay - & - 38)a, L@ -2 659

where

B = wik (5.60)

Cc
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Bc is the propagation constant for normal modes of the slow wave
circuit.
Using the relation of Equations (5.56) and (5.58), the

coupled-mode equations can be simplified as

B
a_ . = (4 c -
Gz "TP4 =33 ﬁa @, -a. (5.61)
A e
t Qe T8y = % Zq Ty - T a) (5.62)

Note that the forward and backward coupled circuit modes d;+
and a%_ are not directly coupled. Similarly, the fast and the
slow carrier modes d; and ¢_ are not directly coupled. Each
of the fast and the slow carrier modes is directly coupled to the
forward and backward circuit modes, and the circuit modes are
directly coupled only to the carrier modes.

The basic concept of a solid state traveling-wave amplifier
is to utilize drifting carriers in a solid surface adjacent to
and interacting with a slow electromagnetic propagating circuit.
There are many possible kinds of slow wave structures for STWA,
typical ones are those such as helix, meander-line and interdigital
circuit. A mosaic pattern was suggested by Solymar and Ash9 and
also by HineSZI. One of the schematic representations of a STWA
is shown in Fig. 5.2.

If the group and drift velocities of the circuit wave and
the lossless longitudinal carrier waves are approximately synchronous,
which is similar to the condition in the traveling wave amplifica-
tion in beam devices, the slow circuit wave will interact strongly

with moving carriers. Should this be the case, the electric field
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of the slow wave circuit slows the carrier down, and the loss
of carrier kinetic energy is being transferred to the circuit
wave. If the energy is continuously transferred from the
drifting carriers to the slow wave, it will result in wave
growth with distance along the circuit. It has been shown29
that for a traveling-wave amplification, the forward circuit

wave d;+ should be strongly coupled to the slow carrier wave

d_. The coupled-mode Equation (5.61) and (5.62) are then reduced

to
da_
32 - -t Gy .63
xa
—ct _
sz a1t Codyy .60
where
011 =T_ (5.65)
.
Cip =13 % 7 B, (5.66)
a
zc
Cyy = x 7 r_ (5.67)
a
c22 = -jec (5.68)

Assuming that the z-dependent part of both d_ and d%+ have
Tz
the form e € , Equations (5.63) and (5.64) become

(T, - C,)d. =Cpd (5-69)

(T, - Cpp)dy =Cypy . (5.70)
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Solving the above two equations for Fc and using the right hand
side of Equation (5.65) through (5.68), the propagation factor is

obtained as

Z
= - -1a )2 <.
r=x | inJGJ@ +ipr A+ | 6

a
The propagation factor is generally a complex quantity. The two
modes are said to be actively coupled if the Pc has a positive
real part.

The transfer factor which is defined as the fraction of
the total power transfer between modes29 is found to be

Z
F

Sl 4.8
a.a, T T

c-

.+ )"t (5.72)

Close coupling occurs when two modes are synchronized and the

transfer factor approaches unity; that is
r_=-i8, (5.73)

Substituting Equations (5.1) and (5.60) into Equation (5.73),

the condition for synchronization is obtained as
2 2
VT w
=v @+ [5+2 (5.74)
N vc w

where v, = 7%5‘ is the group velocity of the lossless slow circuit
wave.

Equation (5.74) shows that in order to have the system
synchronized, a higher drift velocity is needed at higher opera-
tion temperature and/or larger carrier concentration. Note that

the effect of carrier concentration becomes less important if the
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system is operated at a higher frequency.
Maximum gain occurs when the synchronized condition given
by Equation (5.73) is reached. Under such a condition, the

positive real part of Fc is

(o), = % 8, /z—“ (5.75)
a

Using Equations (5.28), (5.47), (5.60) and (5.75) the maximum gain

per unit wavelength can be expressed as

(¢] w = %
c = —cim _Tp_ e“o/% s (5.76)
Cc w

g+ s
w

When the system is operated at a high frequency, that is
w >> wp, Equation (5.76) can be reduced to

o =0 ek Lk

n =2 9@ (5.77)

A plot of the relative gain as a function of operation

frequency with the thermal-to-drift velocity ratio as parameter
is shown in Fig. 5.3. For a fixed kT’ the gain reaches its peak
attainable value and then levels off as the operation frequency
is considerably higher than the carrier plasma frequency. Fig.
5.3 also shows that a higher attainable gain can be achieved for
a smaller kT value. Therefore, it can be concluded that for a
good solid state traveling wave amplifier, it is desirable to have
high d-c carrier drift velocity, high frequency and low temperature
operation. In reality, the highest possible drift velocity is

limited by the hot-carrier effect and the lower temperature
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operation is restricted by the complexity of experimental setup.
Taking Indium Antimonide as an example, the highest drift velocity
attainable before the Gunn-type instability occurs is about

1 x 107 cm/sec30 and the lowest attainable value of kT is about

0.7.31




CHAPTER VI

SUMMARY AND CONCLUSIONS

6.1 Summary and Conclusions

This investigation has attempted to provide a better under-
standing of the carrier waves propagating in solids due to longi-
tudinal modulation. Restricting ourselves to the long-wavelength
excitations, a classical statistical analysis is used to describe
the electron and hole motion inside the solids. By several
appropriate assumptions stated in Chapter II, the macroscopic equa-
tions of the carriers in solids are obtained from Maxwell's equa-
tions and the Boltzmann transport equations as the fundamental
equations of the carrier stream considered as a conducting fluid.
General wave equation is derived by the simplified fundamental equa-
tions to describe the wave characteristics of a stream of electrons
and holes in solids. Special attention is paid to the extrinsic
semiconductors since most of the commercial semiconductors belong
to this type. The dispersion characteristics of the electron or
hole waves propagating in these kind of semiconductors are obtained
from the simplified wave equation.

A transmission-line analog of the carrier waves including
the effect of an external slow wave circuit is developed by de-
fining the kinetic voltages due to velocity and density modulation.

Equivalent transmission-line circuits are constructed in terms of

92
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the kinetic voltages and the a-c electron and hole currents; besides
the capacitors and inductors, the elements of these equivalent
circuits include ground base transistors and ideal transformers
which indicate the possible amplification and energy exchange
between the carriers and the external circuit waves. The real power
dissipated per unit length obtained from these equivalent trans-
mission-line circuits checks closely with those obtained from the
kinetic power theorem in Chapter IV. This analysis gives a
possibility to investigate the coupling between the carriers and
the surrounding slow wave circuit and to figure out the conditions
of wave amplification by circuit theory provided that the equi-
valent transmission-line of a proper designed slow wave circuit is
also developed.

The propagation characteristics of the electron or hole
waves propagating in an extrinsic semiconductor have been examined
in detail. It has been shown that in general two basic types of
electromechanical waves exist in an extrinsic semiconductor with
longitudinal modulation. When the average drift velocity of the
carriers is higher than its thermal velocity, the space-charge
waves are strongly excited. As the carrier thermal velocity
exceeds its average drift velocity, the electroacoustic wave will
become dominate. The fast and slow space-charge waves carry
positive and negative kinetic power respectively. For a growing
wave instability, the slow space-charge wave must be excited
such that the kinetic energy of the carriers can be taken out and
transferred to the circuit surrounding it. It has been shown that

the collisions between the carriers and the solid lattice play the
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role of consuming carrier kinetic energy, since such collisions make
the carriers return to a random state and cause them to lose velocity
modulation. Under the condition when the space-charge waves are

0 >> VT,

is high enough, the fast space-charge wave and slow space-charge

strongly excited, that is, u and the collision frequency
wave will emerge as one kind of carrier wave which is synchronous
with the drift motion.

Starting with the fundamental equations which describe
the carrier behavior in solids, an expression for real power flow-
ing through the solids with longitudinal modulation is obtained.
The result indicated that the electromagnetic power will grow along
the longitudinal direction if a negative kinetic power carrying
wave is excited in the interaction. This agrees with the argument
that the amplification can occur when the slow space-charge wave
is excited because the slow space-charge wave carries a negative
kinetic power due to velocity modulation. In a special case when
collisions and thermal diffusion are neglected, the result shows
that the sum of the electromagnetic power and the kinetic power of
velocity modulation propagated along the solid is consérved. In
a degenerate case, the same result has been given by Chu32 as the
kinetic power theorem of an electron beam in vacuum.

Normal modes of the collisionless carrier waves in solids
are evaluated from the equivalent transmission-line equationms.
Each mode is normalized by letting the a-c power carried by the
carriers be equal to the product of the normal mode and its con-
jugated. Once the normal modes of the separated systems are de-

fined, modes of a coupled system can easily be found by using
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coupled-mode theory.

The solid state traveling wave amplifier in which the slow
space-charge carrier wave interacts with the surrounding lossless
slow electromagnetic wave is used to demonstrate the application
of the coupled-mode theory. The conditions for synchronization as
well as a maximum gain expression were derived. 1In reality, the
inevitable slow wave circuit loss, the collision effect between the
charged carriers and the solid lattice and the surface effect of
the solids (for example, the reduction of carrier mobility in a
surface layer, which arises from random scattering of carriers at
the surface) will definitely reduce the theoretical gain by a
significant margin. However, since no such device has been built,
its future potential is yet to be determined.

The electroacoustic wave in solids due to longitudinal
modulation has never been observed or reported elsewhere. It is
our belief that its general characteristics will be very much the
same as those in gaseous plasma. They will certainly affect the
propagation of electromagnetic waves in solids. It would be
interesting to perform experiments to observe their dispersion
characteristics and other phenomena such as the dipole resonance
and Tonks -Dattner resonances.

The general study of longitudinal carrier waves cannot only
lead to a clearer description of the existing interactions in solids,
but also predict new interactions such as the possible solid state
backward wave oscillator, the instability due to space-charge waves
of carrier stream, the electroacoustic waves interact with back-

ground stationary plasma, and two carrier stream instability, etc.
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Numerous microwave radiations from solid state materials,
such as in the Gunn oscillator, the avalanche diode, and the
TRAPPAT mode oscillator have been reported in the past few years.
The analysis given for these devices were either too theoretical,
using statistical quantum theory, or too experimental, using the
experimental carrier velocity versus electric field intensity curve
of the material to obtain the negative conductance characteristics.
Quite often, some of the important aspects of the interaction such
as the coupling scheme and energy exchange between circuit and
carrier waves may not be revealed explicitly. By using the normal
mode formulation developed here, most of those devices can be
explained more clearly.

For the coupled mode analysis of carrier wave interactions,
we have restricted our analysis to the weakly coupled systems in
order to neglect some of the weakly couplings between the modes.
However, for strongly coupled systems, we have to solve a more
complex system. The effects of collisions and thermal diffusion
upon the dispersion relation and carrier wave content can be studied
in more detail with the aid of a digital computer using appropriate

numerical analysis.
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