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L) 0F PARALLEL ELow BETWEEN CONCENTRIC CYLINDERS

By

Yung Kook Choo

The stability of parallel flow between concentric cylinders

at different temperatures is investigated for infinitesimal velocity

and pressure disturbances. Primary interest is in the effect of

heat transfer and the radius ratio of the inner to outer cylinder on

the critical point of the neutral stability curve. The modified

Orr-Sommerfeld equation includes perturbations for the velocity and

viscosity as well as its gradient terms, and results in a fourth

order ordinary differential equation. This equation and boundary

conditions represents an eigenvalue problem that is transformed to

an equivalent initial value problem and solved numerically using

a fourth order Runge-Kutta integration scheme.

The results indicate a strong dependence of the critical

eigenvalues on both the heat transfer and the radius ratio a/b of

inner to outer cylinder. Heating the inner cylinder destabilizes

the flow. The critical Reynolds number of an isothermal flow

monotonically decreases supporting the accepted conclusion that

the critical Reynolds number becomes infinitely large as a/b
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approaches zero. The critical Reynolds number of the non-isothermal

flow seems to approach a finite value by showing an inflection point

on the curve R vs a/b near the radius ratio a/b=0.4. For the
crit

radius ratio a/b=0.4 the upper branch of the neutral stability

curve (a vs. Reynolds number) of the non-isothermal flow appears

to have a vertical, or near vertical, asymptote rather than the

horizontal asymptote of the isothermal flow.
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CHAPTER I

INTRODUCTION

1.1 Review of Literature
 

The phenomenon of transition from laminar to turbulent flow

which is fundamental for the science of fluid mechanics was first

investigated experimentally by Reynolds (1883). He discovered in his

pipe flow experiments that transition from laminar to turbulent flow

always occured at nearly the same Reynolds number (critical Reynolds

number).

Efforts to clarify and to explain theoretically the process

of transition were done notably by Lord Rayleigh (1880, 1887). Based

upon this work, independent studies by Orr (1907) and Sommerfeld

(1908) in which disturbances of the form ¢(y)exp[iq(x-ct)] were

imposed on the main flow led to the now well known Orr-Sommerfeld

stability equation for two-dimensional plane flow, which is given by

(w-c) (¢"-a2 I - H". = - 5},- II‘V - 201%" + 0.4.. I

where N Velocity of the main flow

0

I
I

+. 0Cl" 1C1

Complex wave propagation speed (Cr is the velocity of

propagation of the imposed disturbance and Ci is the

amplification rate of the disturbance)

1



a = Have number of the imposed disturbance

¢ = Eigenfuntion (amplitude funtion)

R = Reynolds number.

Theoretical investigations are based on the assumption that

laminar flows may be unstable to certain small disturbances. The

behavior of such disturbances is followed in time after they are

superimposed on the main flow which remains to be determined in

particular cases. If the disturbances decay with time (°i<0)’ the

main flow is considered stable. 0n the other hand, if the distur-

bances increase with time (°i>0) the flow is considered unstable,

and there exists the possibility of transition to either a secondary

laminar flow or a turbulent flow.

Neglecting the effects of viscosity, Lord Rayleigh (1914)

was able to show that any velocity profile that possesses an inflec-

tion point is unstable. Much later, Tollmein (1935) proved that

this was not only a necessary but sufficient condition for the

occurrence of instability.

Prandtl (1914) postulated the existence of a viscous bound-

ary layer and was able to define transition, separation and drag

coefficients on bodies. Incorporating the viscous boundary layer

into stability theory, Prandtl (1912) considered flow over a flat

plate and included the effects of the largest viscous terms near the

wall. This work along with calculations performed by Tietjens (1925)

gave the startling result that the introduction of viscosity into

the equations did not produce damping as was presumed but amplifica-

tion for sufficiently large Reynolds numbers for particular wavelengths



of the disturbances. This result was obtained not only for unstable

velocity profiles but also the profiles which are stable when vis-

cosity was neglected.

Tollmein (1929) demonstrated that the effect of viscosity must

be taken into account not only near the wall but also in the critical

layer, a narrow region surrounding the critical point at which the

main flow velocity and the wave propagation velocity are equal, that

is, w = Cr' In addition, he also showed that the influence of vis-

cosity leads to instability only if the main flow velocity profile

is other than a straight line.

The method developed by Tollmein, based on asymptotic theory,

provided the mathematical basis for later progress in the stability

area. Lin (1945, 1946, 1955) was able to provide a firm mathematical

basis for the asymptotic expansion theory and was able to explain

the nature of the functions near the critical point. He discussed

what he called the inner viscous layer which includes the critical

point, and the outer viscous layer, a wall layer.

The asymtotic expansion method was used almost exclusively

until the advent of modern high-speed digital computers which permit

the use of more accurate numerical techniques.

The stability of plane Poiseuille flow was investigated by

Thomas (1953) with a numerical scheme. He obtained a value for the

minimum Reynolds number, Rcrit’ for neutral stability of 5780, which

is based on maximum channel velocity and the half-width. This value

has been shown to be more accurate than Lin's (1945) value of 5300 or

Stuart's (1954) value of 5100 based on asymptotic techniques.



Potter (1965) studied the stability of plane Couette-Poiseuille

flow by asymptotic expansions and later (1967) performed numerical

calculations for symmetrical parabolic flows. The values obtained

it were in close agreement with those of Thomas.

The point of instability as determined theoretically and the

for Rcr

point of transition, as observed in experiment, to turbulent flow

often differ considerably. An explanation for these differences was

thought by some to be due to the fact that the derivation of the Orr-

Sommerfeld equation is based on the assumption of two-dimensional

disturbances only. Squire (1933) showed that if three-dimensional

disturbances are considered the flow is more stable, thus attention

is typically limited to two-dimensional disturbances.

The distance between the point of instability and the point

of actual transition depends upon the degree of amplification present

and the intensity of fluctuations present in the main flow. But the

actual mechanism of amplification can be.obtained from the.study of the

magnitudes of the parameters in the interior of the curve of neutral

stability on which c1 = 0. Calculations of this kind were first

performed by Schlichting (1933) for the flat plate. More recently,

Shen (1954) repeated Schichting's calculations, and Stuart (1956)

investigated the amplification of unstable disturbances by accounting

for the first order effect of the non-linear terms in the equations.

Emmons (1951) observed that any disturbance which triggers

transition may be "local in time" and once initiated, the turbulent

spot moves downstream growing steadily in all directions. This

phenomenon was studied by Schubauer' and Klebanoff (1955, 1956). They



indicated that there is no well defined point of transition but that

the process of transition from laminar to fully developed turbulent

flow extends over a finite distance.

Transition from laminar to turbulent flow in a boundary layer

is now believed to take place within 4 stages. At the first stage,

infinitesimal two-dimensional waves called Tollmein-Schlichting waves,

begin to amplify and become unstable. The two-dimensional waves

become three dimensional and result in hairpin eddies at the second

stage. In the third stage low Speed turbulent streaks or bursts

(Emmons' spots) originate near the wall, and finally in the fourth

stage the burst rate becomes constant and the transition to fully

turbulent motion is completed. Morkovin (1958) reviews some of the

recent advances in the study of transition and discussed the mechanisms

involved in the above mentioned stages.

Stability theory yields a critical Reynolds number that cor-

responds to stage one. Since the third stage is the first point at

which large scale variations take place, this is often considered to

be transition by engineers. These differences along with the slower

response times of earlier instrumentation serve to explain some of

the discrepancies between theory and experiment.

Stability predictions in channel flow yield critical Reynolds

numbers that also correspond to infinitesimal disturbances but the

stages of transition are not as apparent as in boundary layer flow.

Free stream disturbances or disturbances which result from wall rough-

ness amplify and lead to the transition described above but the effect



is propagated throughout the flow and the entire channel becomes

turbulent.

Barnes and Coker (1905) confirmed experimentally that the

critical Reynolds number for a pipe flow increases as the disturbances

in the flow before the pipe are decreased. Ekman (1910) succeeded

in maintaining laminar pipe flow up to a critical Reynolds number of

40000 by providing an inlet which was made exceptionally free from

disturbances. The upper limit to which the critical Reynolds number

can be driven with extreme care is not known at present.

Transition process of a pipe flow was investigated in detail

by Rotta (1956). His measurements reveal that in a certain range of

Reynolds numbers around the critical the flow becomes intermittent

which means that it alternates in time between being laminar-and

turbulent. Recently Gill (1965) performed an exhaustive analysis

of the stability problem of a pipe flow and found the flow to be

always stable to axisymmetric disturbances. Davey and Drazin (1969)

solved the equations for the axisymmetric case and concluded that

the flow is stable to all such disturbances.

The stability of a flow over heated and cooled flat plates

were investigated by Mazzan, Okamura, and Smith (1960). They found

that the stability of water flows to Tollmien-Schlichting waves is

extremely sensitive to initial heating or cooling. They also indicated

that in the case of a heated wall, terms involving the first and

second derivatives of viscosity in the modified Orr-Sommerfeld equa-

tion are found to have a considerable destabilizing effect.



Mott and Joseph (1968) investigated the linear stability of

parallel flow in concentric cylinders by solving the stability equa-

tion in which the viscous gradient terms were neglected. The critical

Reynolds number of an isothermal flow was found to be a monotone

function of the radius ratio of the outer to inner cylinder, increas-

ing from the plane Poiseuille flow limit to the Hagen-Poiseuille flow

limit. The neutral curves for skewed profiles caused by heating the

inner cylinder were found to have a second minimum, which for

sufficiently skewed profiles, gave the lowest value of the Reynolds

number. They also found that heating resulted in a more stable

flow. Potter and Graber (1972) investigated the stability of plane

Poiseuille flow with heat transfer. The study indicated that inclusion

of viscosity gradient terms, even though they are small, is very

important. It also indicated that a double critical point does not

appear in the neutral stability curve when the viscosity gradient

terms are included in the equation in contrast with the result of

Mott and Joseph (1968). Finally, their results indicate that heating

one of the plates results in a more unstable flow.

1.2 Purpose of the Present Study

The purpose of the present study is to investigate the sta-

bility of a parallel flow of water between concentric cylinders to

infinitesimal axially symmetric disturbances under the influence of

heat transfer. The main flow is affected by the heat transfer between

cylinders of different temperatures through the variation in viscosity

and conductivity with temperature since the viscosity and conductivity



of water are quite sensitive to temperature. The viscosity gradient

subsequently causes additional terms to appear in the stability

equation whose solution will be sought in the present study. The

effect of radius ratios will also be investigated by changing the

inner radius while the outer radius is fixed.

The main flow (fully developed laminar flow) is examined,

using the energy and momentum equations with the values for water

given by Poots and Rogers (1965) for the viscosity and conductivity.

They are taken from the experimental data in tables compiled by

Mayhew and Rogers (1964).

The differences between this study and previous work done by

Mott and Joseph (1968) are that in this investigation all the viscous

gradient terms which appear due to the heat transfer are included in

the modified Orr-Sommerfeld equation and the complete energy and

momentum equations are solved to determine the main flow.

Non-linear stability theories typically involve methods which

use the eigenvalues from the linear theory as an imput. Such theories

have not been applied to pipe flow since for the isothermal case the

flow is always stable. Heat transfer has been shown to destabilize

the flow. Thus, it is of interest to investigate the flow between

concentric cylinders as the inner cylinder is heated and reduced in

diameter. As the diameter of the inner cylinder is decreased to zero,

the flow may be unstable at a finite Reynolds number if the heating

is sufficient. If it is, then eigenvalues can be found for a pipe

flow.



CHAPTER II

FORMULATION OF THE PROBLEM

2.l Governing Equations

For incompressible axially symmetrical flow (i.e. all variables

are independent of e and v6 = 0) with variable properties the equations

of motion in cylindrical coordinates, using dimensional velocity com-

ponents v and vZ and other dimensional variables indicated by
r

astericks, are

Dv
r _ 89* 8

p613?" ' ar* + 3r* [1‘”an”

8v 3v

2

+ 33.,- Eu* (3,73% + ——,,..I ]

2E? avr Vr (2 1 1)

+ r* 15??“ - FT') ° '

DY — - 92:. _§_. 0*

Dt*

av 8v

1...?— ~k 1: _C _z_

+ r* 3r* [ H r (32* + 3P*) 1 (2-1-2)

D ——° + v ——3 +v ___8.
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The equation of continuity for the same flow is

%;-5%;- (Y, r*) + 5§;-(vz) = 0. (2.1.3)

For incompressible, steady, parallel flow (v2 = vz(r*),

Vr = v6 = 0), and constant boundary temperature the energy equation

can be written as

dv
*

(r*k* §%;l + u* (37%)2 = 0. (2.1.4)l_._£L_
r* dr*

To write the equations in non-dimensional form, choose the

average velocity Hm, the difference between outer and inner radii

(b-a), the difference between the temperatures on the inner and outer

cylinders (To'Ti)’ and viscosity (no) and conductivity (k0) at a

constant temperature, as reference quantities. The dimensionless

variables will then be

 

 

"' r*-a =z_:__

r ' b-a z b-a

T*-T. ,

T = T -T) p = 5—97- (2.1.5)
o 1 Mm

_ u* _ k*
u-—- k-—-

110 ko

v v

- _E. = .2.u - N w N1

t =tflfl
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Introducing these quantities in the governing equation yields

Bu au Bu
——-+ +

a "a? "32’

= - 92. l. 9.. 3” 9.. .99 .9!

3r + R [ (2p——) + 32 {0 (DZ + 3r)}Br Br

+£(9Jl--u__)] (216)

a1+r 3r a1+r ' ‘

8w 3w 3w

7+”§F+”§z‘

32 az az a1+r 3r 1 DZ 3r

(2.1.7)

.1 a. 91!. .
3??- Br I: U {a]+r} ] + 32 0 (2..18)

1 d
-—- dT dw 2 _

a1+r dr [ {a]+r} kHF'] + sgn (To-T1)PrEcku(a;fl - 0 (2.1.9)

 

Reynolds number = p(b-a)Hmwhere R =

11o

“o C

P = Prandtl number = ————E-

r ko

m

I

H 2
= m

ck — Eckert number EETTT:T;1

l
m
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For the variable viscosity 0 and conductivity k in the

equations the theoretical expressions of Poots and Rogers (1965) are

employed:

lO ,-

u = H exp (C10 ) (2.1.20)

i=0

lO 1.

= n exp (oio ) (2.1.11)

1:0

where 0 = (Ti-50) + (To"Ti)T
 

50

and Ci and Di are constants displayed in Table 42. These values agree

with experimental data within 0.2%.

2.2 The GoverninggEquations of the Main Flow

The problem shall be simplified by stipulating that the main

flow velocity N depends only on r, whereas the remaining two components

are assumed to be zero everywhere. The equation of motion for such a

parallel flow is

 

l d an = gg_
31+? '6? [11 {3177'} Eff] RdZ (2.2.1)

where R%§~= A is a constant, P being the pressure in the main flow.

The boundary conditions for equation (2.2.1) are

N = 0 @ r = 0 and r = 1. (2.2.2)



13

The energy equation for the main flow with constant tempera-

ture on the boundary is as given by equation (2.1.9). The boundary

conditions are

T = 1 @ r = 1. (2.2.3)

The mean velocity, by which the velocities are non-dimensiona-

lized, of the main flow is defined as

b

I v22flr*dr*

w E a

m n(b2-a2) (2.2.4)

 

Expressing v2 and r* in terms of the non-dimensional variables

defined in equation (2.1.5) and then substituting them in equation

(2.2.4) yields the following constraining equation:

1

f w[a1+rldr=a1+-)- (2.2.5)
0

These equations with boundary conditions will be numerically solved

by iteration. Iteration is necessary since the viscosity in equation

(2.2.1) is not known until the temperature is known. Conversely,

the temperature cannot be determined from equation (2.1.9) until the

velocity N(r) is known. A brief description of the iterative process

is presented in Section 3.1.
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2.3 The Linearized Equations for Small Disturbances
 

It was assumed that the main flow is a parallel flow. Hence,

the perturbed dependent variables can be written as

u = u'

v = v'

(2.3.1)

w = N + w'

p=P+p'

neglecting temperature, conductivity and viscosity perturbation. N

and P are the velocity and pressure of the undisturbed main flow,

respectively.

Substitution of (2.3.1) in the equations of motion yields the

first order equations for the small disturbances (u', v', w', and p'

are assumed small in the sense that all the quadratic terms in the

fluctuating components may be neglected with respect to the linear

terms):

a). at '9P.'_ 1.2. 39.11.
at + N 32 Dr R { ar( “ 8r )

II. .219. aw 2131.29-11;
32 E (az 3r ) J + r ( r r )}

(2.3.2)

aw dII. _3_1N_'_____3'_1_ a_ w

SE-+a?“+wz 32+ 32(23z)

+-}-3— L ur(—§-§-'—+-§~Iii)]1 (2.3.3)
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9..
3,. (ru') + 3‘1.” 0 (2.3.4)

1.
r 82

-_r:_
where r - b-a .

Hith axisymmetric disturbances the motion may be represented

in terms of a stream function such that

u' = -%-%2(r9)

(2.3.5)

. _ 1 8
W - T‘- 70“?)

with which the equation of continuity is automatically satisfied.

Consider further that the stream function takes the separated

form

9 = -i¢(r) exp [ ia (z-ct)] (2.3.6)

With this expression we assume the disturbance to be a sinusoidal

function of time and position. The quantity a is a dimensionless

wave number and is a real. The complex wave speed c is given by

where c1 is the amplification rate. A positive or negative c1

implies growth or decay respectively of the perturbation. This

study is concerned with neutral stability, that is, c, = 0. The

function ¢(r) may be complex.

Eliminating the terms containing p' in equations (2.3.2)

and (2.3.3) by cross differentiation, then introducing the assumed
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form of the disturbances into equations (2.3.2) - (2.3.4) to separate

the variables, yields the following modified Orr-Sommerfeld equation,

and ordinary differential equation,

and N is

2.2.

(W-C)L¢ - r 3,7- (% g—I'II

3 21. 2 d d 3 d 3 2 d- [u(L¢) +—‘i{2—i+— -(——+20I i01R d dr3 r dr r2 )dr

2 2
3

+ (‘3‘ '- %—)¢} + 7d1‘ (Lch + 201°C) 1 (2.3.8)

F dr

2
d 1 d 1 2
._..—+ -—— - - a

drz r dr ';2

4 3 2
d 2 d 3 2 d

--+ --§-+ ("TZ' - 2a 1 "‘3'

dr4 5 dr r dr*

+ (3 _ gg_( §L_ (_ 3 + 2&2 + 4)

:3' r dr :4' r2 a

the solution of the governing equations presented in Section

The necessary boundary conditions result from the no-slip

velocity conditions on the inner and outer cylinders and from con-

tinuity. They are

a = o' = 0 @ r = a1 and a1+l (2.3.9)
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2.4 Eigenvalue Problem
 

The differential equation and boundary conditions derived in

the previous section represent an eigenvalue problem with the eigen-

values a, c, and R. The wave propagation speed, c as stated earlier

is complex, with the imaginary part being the exponential growth or

decay rate of the assumed disturbances. Since we are interested

in studying, neutral stability, °i is set to zero.

To solve for the eigenvalues it is necessary to specify one

of them, say Cr and solve for the remaining two, namely a and R from

the complex equation (2.3.8). Setting c1 = 0, the eigenvalues are

found and then plotted as shown in Fig. l. The resulting curve is

called a neutral stability curve.

_——-

crit

  

 

Unstable

 

Stable

 
 

Rcrit

Figure l.--A Neutral Stability Curve
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The neutral stability curve will have a minimum R, called the

critical Reynolds number R for which a flow is neutrally stable.
crit’

Reynolds numbers greater than Rcrit result in growth for that particular

flow and Reynolds numbers smaller than Rcrit result in decay. It is

assumed that all wave numbers are present in any real flow. Thus, it

is assumed that a stable flow at point A or point B is not possible,

It is only possible to have a stable (laminar) flow below Rcrit'

, andAssociated with R . there is also a critical wave speed c

°r1t crit
Y‘

o o wa b . .

a cr1t1cal ve num er “crit



CHAPTER III

NUMERICAL METHODS

3.1 Numerical Solution of the Governing

Equations of the Main Flfiw

 

 

The energy equation (2.1.9) and the equation of motion

(2.2.1), which is subject to the constraint (2.2.5), with boundary

conditions (2.2.2) and (2.2.3) are solved by an iterative method.

The numerical integration of the above equations are performed by

using the fourth order Runge-Kutta method.

The iteration procedure which is used to solve the governing

equations of the main flow through the concentric cylinders with

variable u(T) and k(T) is as follow:

(1) Find an initial guess of the temperature distribution

from T(r) = 751%757- 1n [ l + gTI]

which is the solution of the energy equation when the

conductivity is constant and the viscous dissipation

is negligible.

(2) Find an approximation to viscosity u and conductivity

k using the following expression given by Poots and

Rogers (1965):

19
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10 i

u(r) = H exp (Cie )

i=0

k(r) = H exp (01° )

i=0

where T(r) is included in the expression

otr) = (T1430) + (To-Ti) T(r)

so
 

and Ci and Di are given in Table 42.

(3) Find an approximation to the velocity of the main flow

H by solving the equation of motion and the constraining

equation:

(3a) Pick a value for A and find w by solving the equation

(3b)

of motion

1 d dH -

——,]., agony) 3,1- A

with boundary conditions,

N = O @ r = 0 and r = 1

Check whether N satisfies the following constraint:

1
l

f o N [a]+r]dr - (a1 + 2) < e

wheres: is a preselected small number. If H does not

satisfy the constraint, then pick a new value for A

and repeat the steps (3a), and (3b).
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(4) Find a new approximation to the temperature, T(r),

by solving the energy equation,

1

T ]
a1+r dr

 

[ {a]+r} k—d

. 2

+ sgn (TO-Ti) Pr Eck u(°" =

with boundary conditions,

T = 0 @ r = 0

T = l @ r = l

(5) Repeat steps (2) and (3) using the new T(r) of step (4).

(6) Check whether the velocity and temperature satisfy

prescribed convergent criteria (e.g., max ITnew - Toldl

_5 10's). If they do they are the desired solutions.

If they do not, then repeat the steps (2) through (6)

until convergence is obtained.

3.2 Numerical Solution of the Stability Equation

The numerical solution to equations (2.3.8) will generate two

independent solutions because the solutions are started at the inner

cylinder with two boundary conditions. These solutions will not each

satisfy the remaining boundary conditions at the outer cylinder. How-

ever, a proper linear combination of these functions will yield the

eigenfunction which must satisfy the two boundary conditions at the

outer cylinder.
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The integration of the equations is begun at the inner cylinder

and proceeds step by step across the annulus to the outer cylinder. A

fourth order Runge-Kutta technique, detailed in Appendix A, is used to

solve the equation. The two independent solutions are each initialized

at the inner cylinder and integrated simultaneously step by step across

the annulus.

To use the Runge-Kutta integration scheme to solve a differen-

tial equation of order n the problem must be transformed to an equiva-

lent initial value problem where the function and its n-l derivatives

are initially specified. For equation (2.3.8), the boundary conditions

(2.3.9) provide starting values for ¢i and ¢% (i = l and 2 represent

the independent solutions) with values for the remaining derivatives ¢¥

and o? arbitrarily chosen. The highest order derivatives, namely

¢iv, does not require initialization since they are determined in terms

of the lower order derivatives from the describing differential

equation. The arbitrary starting conditions mentioned above must be

chosen so as to insure independent functions, at least at the start of

the integration. Assigning a non-zero value to one of the two unspeci-

fied derivatives for each of the two solutions generally helps keep the

solutions linearly independent.

The coefficient of the highest order derivative of the

stability equation (2.3.8) is very small since it contains (GR)-]

which is of the order of 10'4 in the present problem. Hence, the

equation is highly singular. There will be two linearly independent

solutions satisfying the two boundary conditions on the inner cylinder,

and an appropriate linear combination of these solutions will produce a
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solution satisfying the boundary conditions on both inner and outer

cylinders.

It is well known that during the numerical integration one of

the two independent functions for the fourth order problem grows much

more rapidly than the other solution away from the starting boundary.

Kaplan (1964) referred to the growing function as the "growing solution"

and called the other the "well-behaved solution." The growing solution

stems from the singular portion of the stability equations and the well

behaved function originates from the inviscid portion.

The governing stability equations can be written as

(W-Cll-(t - eta—1:1. = - 37,; [110240

+73% {21" +-3—<I" - 132*?“ 2w + (%-%g-)l>}

dzu 2
+;;§-(L¢ + 2a ¢)] (3.2.1)

where L is a second-order operator and L2 is a fourth-order operator

defined in Section 2.3. The left hand side represents the inviscid

part and the right hand side represents the viscous part which accounts

for the singular behavior.

In this particular problem, the two solutions exhibited two

distinct growth rates, the larger one corresponding to the growing

solution, and the smaller one corresponding to the well-behaved

solution. The fourth order differential equation results in only

one growing solution which exhibited a growth on the order of 1018

across the annulus, which is in agreement with the observations

reported by Reynolds and Potter (1967).
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It is clear that generation of a second solution which is

independent from the rapidly growing solution will be difficult. Any

slight round-off error will in effect throw in some small multiple of

the growing solution, which will likely dominate the second solution

by the time the outer cylinder is reached.

The problem is to generate numerically a second solution which

is not a multiple of the growing solution. Two approaches may be

considered.

First, one might use double precision, extending the accuracy

0f the digital computations (to say, 24 digits). To reduce the truncation

error associated with any numerical scheme, an obvious answer is to

choose a step size that is as small as possible, consistent with the

particular limitations of machine storage and speed. Performing all

arithmetic operations in double precision should greatly reduce the

error. This is in fact, found to be true. However, since all the

functions are complex, adding double precision to the program

significantly increases machine computation time and storage require-

ments. Therefore, this approach was not used for the present study.

A second approach, first used by Kaplan (1964), involves

suppression of the growing solution during the calculation of the

well-behaved solution. His method, that does not require double

precision, consists of subtracting from the well-behaved solution a

portion of the growing solution at every step of the integration.

This procedure called "filtering" prevents the growing solution from

ever dominating the well-behaved solution and thus maintains the

needed functional independence.
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Kaplan‘s scheme was implemented in the computer program for

this problem. The CDC 6500 computer nominally carries 14

significant digits in single precision, which is equivalent to

double precision on IBM equipment and in particular the IBM 7090

used by Kaplan. These computations were in effect then performed

in "double precision."

The filter used consisted of a ratio of the inviscid solutions,

the left hand side of equation (3.2.1), namely,

 

Inviscid part of the well-behaved solution (3 2 2)

Filter = Inviscid part of the growing soluthn ‘ °

. . _ . d l dH
where, Inv1$c1d part — 1aR [(N-c)L¢ - r aF-(F-EF)¢] (3.2.3)

The above ratio determines the fraction of the growing solution to be

"extracted" from the behaved solution, so the amount subtracted off is

the product of this ratio and the value of the growing solution at the

particular integration step.

3.3 Iteration Scheme for the Eigenvalues

Integrating across the annulies with assmumed eigenvalues, two

independent solutions are generated at each step. Upon reaching the

opposite cylinder, the functions are linearly combined to form the

total eigenfunction that must satisfy the boundary conditions. The

two conditions that must be satisfied at the outer cylinder are

¢ = o' = 0. Consider the following set of combined functions at the

outer cylinder:
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°l¢lo + °2°20 = to (3.3.1)

°1°lo + °2¢l20 = 1’6 (3.3.2)

a1¢10 + azo 20 = ¢b (3.3.3)

Equations (3.3.1-3) are used to solve for the coefficients a1.

Note that there is no specific boundary condition for as, hence the

choice here is arbitrary. This system can now be written as

¢h> ¢2J °l 0

a2 1

I. II.

For functions that are linearly independent the determinant of

the matrix containing known values of °io and °io will be non-zero.

When the suppression scheme was not used this determinant was effectively

zero and indicated the functions to be linearly dependent, that is, one

column is a multiple of the other.

For independent functions, the °i can be determined by finding

the inverse of this matrix or as was done for the computer program by

simply writing out the solution.

The iteration scheme for eigenvalues has several options (i.e.,

(1) find R, a for cr fixed, (2) find R, Cr for a fixed, (3) find a, Cr

for R fixed). The first option of finding R, a for cr fixed is

further explained below.

The a., once determined can now be substituted into equation
1

(3.2.4). With the correct eigenvalues ¢0 will be zero; hence o0 will
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serve as the test function (F). If FF, where F is the conjugate of

F, is less than 10"12 the convergence criteria is satisfied and the

eigenvalues used to generate the functions are assumed to be the

correct ones. If convergence is not attained let F1 = F. Increase

a by 1%, recalculate F and let F2 = F. After setting a to its original

value, increase R by 1%, recalculate F and let F3 = F. The finite

difference approximations for the change in F with respect to a and

 

R are

F F

'%E : :0 1 (3.3.5)

F F
F ~ -

%R~'%R—] (33:5)

These are substituted into the complex equation

3F 8F -
fiAa + a—RAR + F1“ 0 (3.3.7)

from which Aa and AR can be calculated. The new values for the

eigenvalues are

a = a + Ad
new old (3.3.8)

Rnew = Rold + AR

It was found that if the initial guesses are relatively

good, convergence is obtained in about three iterations.
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The initial estimates for the eigenvalues of the near parallel

plate case (i.e. when the radius ratio is near unity) were obtained

from the data presented by Potter and Graber, (1972). The initial

estimates of eigenvalues for the isothermal case and radius ratios a/b

with 0.8 or less were obtained from the data presented by Mott and

Joseph (1968).

For nonisothermal case with radius ratios of less than 0.99

guesses had to be made referring to both results of Potter and Graber,

and Joseph and Mott. After a few critical points for different radius

ratios and temperatures on the boundary were obtained and plotted,

the initial point on the next stability curve for smaller radius

ratio could be made by extrapolation. Completing a neutral stability

curve for a fixed radius ratio, a/b, and boundary temperatures (Ti,

16) was also done by extrapolation after a few points were obtained

and plotted.



CHAPTER IV

RESULTS, CONCLUSIONS, AND RECOMMENDATIONS

FOR FURTHER STUDY

4.1 Numerical Results

(a) Governing Equations of the Main Flow

The velocity and temperature profiles of the main flow were

calculated using the iteration technique discussed in Section 3.1. For

the heated inner cylinder several cases were considered. The tempera-

ture of the outer cylinder was taken at 0°C with the inner cylinder

temperature at 20°C, 40°C, 60°C, 80°C, and 100°C. The radius ratio

a/b, inner cylinder to outer cylinder, was varied between 0.99 and

0.1.

The energy equation (2.1.9) can be written as

dT dk dTk d _
[{a]+r}fi]+a;; Fur-0

a1+r ‘HF

 

where p = sgn (To-Ti) Pr Eck u(%¥)2. To determine the significance

of the dk/dr term and viscous dissipation p the governing equations

of the main flow were solved for the following four cases:

(1) Neglect both dk/dr and o.

(2) Keep dk/dr, but neglect p.

(3) Neglect dk/dr, but keep o.

(4) Keep both dk/dr and a.

29
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The velocity and temperature profiles of these cases for the selected

boundary temperatures and radius ratios are presented in Tables 1

through 10.

The significance of the dk/dr term and viscous dissipation are

presented in Tables 11 through 20. For the near parallel plate case

(a/b = 0.99) with Ti = 20°C, T0 = 0°C and R = 3900, the following

indicates the maximum deviation between the temperature T(I,1) of

case (1) and the temperatures T(I,k) of cases (2), (3), and (4):

 

 

 

 

max T 1’2 ' T 1’] x 100 = 3.9%
T I,

103) - T(I,1) =
max T( ’1) x 100 1.0%

max T(I'fi) ' T(I") x 100 = 4.9%

 
Since the temperature T(I,1) of case (1) contains the highest error,

the case with the smallest error will have the largest ratio. That

is, the T(I,4) values of case (4) are the most accurate. The value

3.9% of case (2) is larger than the 1.0% value of case (3). This

indicates that the dk/dr term has a greater effect on temperature

than t has. For a/b = 0.99, Ti = 100°C, and R = 13370 the deviation

 

 

 

was

max T [’ZT E’I I 1 x 100 = 7.03%

max T I’3T f’I 1" x 100 = 1.0%

max T(I’4I(;’I§I") x 100 = 7.84%  
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This indicates that the dk/dr term has a significantly greater effect on

the temperature distribution than the o term, with the effect increasing

with increasing R and temperature difference. Similar results were

found for a/b = 0.1.

The significance of the dk/dr term when Ti = 100°C and To = 0°C

is shown graphically on Figure 6 for a/b = 0.1 and on Figure 7 for

a/b = 0.99. The effect of variable properties on temperature is

relatively small, but may be important in certain situations. The

temperature T with the dk/dr term is always lower than that without the

dk/dr term at any position r except on the boundary. Some representa-

tive velocity profiles are presented in Figures 2, 3, 4, and 5. They

clearly show the significant effect of temperature, acting through the

viscosity, on the velocity profile.

Based on the result of this analysis the dk/dr term has always

been kept in the energy equation for the present study. But, based

on the small error introduced, the viscous dissipation has been neglected,

as is customary.

(b) Stability Equation
 

Numerical calculations of the eigenvalues were performed using

the technique discussed in Sections 3.2 and 3.3 for Ti = 20°C, 60°C,

and 100°C with To = 20°C, a/b = 0.99, 0.8, 0.6, 0.4, 0.3 and 0.25. The

resulting eigenvalues for these cases are presented in Tables 22

through 41. and the associated neutral stability curves are presented

in Figures 8 through 13. Critical eigenvalues are summarized in
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Table 21 and are plotted in Figure 13 to demonstrate the effect of

heat transfer and radius ratio a/b on the critical eigenvalues.

From Figure 13 there are three observations that are of

particular interest:

(1) For any fixed value of a/b between the values of 0.99

and 0.25, with T0 = 20°C, the critical Reynolds number

decreases with increased temperature of the inner

cylinder.

(2) For the isothermal flow with Ti = T0 = 20°C the

critical Reynolds number increases with decreasing

radius ratio. For a/b = 0.99, R = 7687. The
crit

value of R increases to the value of 105370
crit

for a/b = 0.25. The isothermal curve supports the

conclusion that the critical Reynolds number of an

annulus approaches infinity as a/b approaches 0.

(3) The critical Reynolds number Rcrit(°/b) of non-

isothermal flow also increases as a/b decreases

for a/b between 0.99 and 0.25. But, non-

isothermal R -curves in this case show an
crit.

inflection point near a/b = 0.4 giving the

possibility of

11m Rcrit = a finite value.

a/b+ O

The effect of heat transfer on the stability was further inves-

tigated for a/b = 0.4 with To = 20°C, Ti = 20°C, 30°C, 40°C, 60°C and

100°C. The resulting neutral stability curves for these cases are
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shown in Figure 14. When Ti = 20°C (isothermal case) the neutral

stability curve (a vs. R) has the shape of a typical open loop which

is shown in Figure 1. However, the neutral stability curve of the

non-isothermal flow for a/b_§ 0.4 exhibits a different shape as

shown in Figure 14.

4 and a of theIn case of a/b §_0.4, R is of the order of 10

upper branch keeps increasing for non-isothermal flow. This results

in small (01R)'1 which is the coefficient of the highest order deriva-

tive of the stability equation. The differential equation for these

small (aR)" is highly singular and its solution is very difficult to

obtain. Some eigenfunctions are plotted in Figures 15, 16, 17.

4.2.Conclusions
 

Based on the results obtained and discussion of the previous

section it can be concluded that:

(l) Neglecting dk/dr results in up to 6.8% error in the

temperature distribution and up to 2.7% error in the

velocity distribution for high R and T = 100°C. The

effect of neglecting o influences the temperature and

velocity distributions by less than 1%.

(2) Neglecting dk/dr results in an error of up to 13.3%

on the heat transfer and up to 3% on the shear stress.

The effect of neglecting o influences the heat trans-

fer and shear stress by less than 1%.

(3) Heating the inner cylinder destabilizes the parallel

water flow through the concentric cylinders.
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(4) The critical Reynolds number of an isothermal flow

monotonically decreases supporting the accepted

conclusion that R becomes infinitely large as
crit

a/b approaches zero.

(5) The critical Reynolds number of a non-isothermal

flow increases as a/b decreases between the values

of 0.99 and 0.25. The results indicate that Rcrit

may indeed approach a finite value when a/b + 0.

(6) For a/b = 0.4 the upper branch of the neutral stability

curve of the non-isothermal flow appears to have a

vertical, or near vertical, asymptote rather than the

horizontal asymptote of the isothermal flow. But,

convergence of the iteration process toward an

acceptable set of eigenvalues was extremely difficult

at the high.(aR) values. Hence, the existance of

the upper vertical asymptote, especially for small

(To'Ti)’ is not certain.

4.3 Recommendations for Further Study

Finite-amplitude instability of parallel flow of a liquid

between concentric cylinders would be investigated using the

eigenvalues found in this study as an input. This study could be

further extended to find critical eigenvalues of non-isothermal

flow for a/b §_0.2 by using a better method which could solve the

highly singular differential equation. It could also be extended

to include non-Newtonian fluid.



ILLUSTRATIONS

(Tables and Figures)

35



T
a
b
l
e

l
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

=
0
.
9
9
,

T
i

=
2
0
°
C
,

T
o

=
0
°
C
,

R
=

3
9
0
0

 

A

H

V

S.

"
(
1
.
1
)

T
(
I
,
1
)

N
(
I
,
2
)

T
(
I
.
2
)

N
(
I
,
3
)

T
(
I
s
3
)

"
(
1
.
4
)

T
(
I
.
4
)
 

OLDOLOO LDOLOOI-O OLOOLDO LOOLOO LO

OOr—r-N NMmd‘d‘ mmxoxorx moooomm

00000 00000 00000 00000 1
.
0
0

0
.
0
0
0
0

0
.
3
3
6
5

0
.
6
2
6
2

0
.
8
7
1
1

1
.
0
7
3
4

1
.
2
3
4
9

1
.
3
5
7
5

1
.
4
4
3
2

1
.
4
9
3
9

1
.
5
1
1
3

1
.
4
9
7
3

1
.
4
5
3
7

1
.
3
8
2
1

1
.
2
8
4
3

1
.
1
6
2
0

1
.
0
1
6
7

0
.
8
5
0
0

0
.
6
6
3
6

0
.
4
5
8
8

0
.
2
3
7
1

0
.
0
0
0
0

0
.
0
0
0
0
'

0
.
0
5
0
2

0
.
1
0
0
5

0
.
1
5
0
6

0
.
2
0
0
8

0
.
2
5
0
9

0
.
3
0
1
1

0
.
3
5
1
1

0
.
4
0
1
2

0
.
4
5
1
2

0
.
5
0
1
3

0
.
5
5
1
2

0
.
6
0
1
2

0
.
6
5
1
1

0
.
7
0
1
1

0
.
7
5
0
9

0
.
8
0
0
8

0
.
8
5
0
6

0
.
9
0
0
5

0
.
9
5
0
2

1
.
0
0
0
0

0
.
0
0
0
0

0
.
3
3
5
9

0
.
6
2
5
4

0
.
8
7
0
4

1
.
0
7
2
9

1
.
2
3
4
7

1
.
3
5
7
6

1
.
4
4
3
7

1
.
4
9
5
6

1
.
5
1
2
2

1
.
4
9
8
2

1
.
4
5
4
5

1
.
3
8
2
8

1
.
2
8
4
8

1
.
1
6
2
1

1
.
0
1
6
5

0
.
8
4
9
6

0
.
6
6
3
0

0
.
4
5
8
1

0
.
2
3
6
7

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
8
3

0
.
0
9
6
8

0
.
1
4
5
5

0
.
1
9
4
3

0
.
2
4
3
3

0
.
2
9
2
4

0
.
3
4
1
8

0
.
3
9
1
3

0
.
4
4
1
0

0
.
4
9
0
9

0
.
5
4
1
0

0
.
5
9
1
3

0
.
6
4
1
7

0
.
6
9
2
3

0
.
7
4
3
1

0
.
7
9
4
4

0
.
8
4
5
3

0
.
8
9
6
6

0
.
9
4
8
2

1
.
0
0
0
0

0
.
0
0
0
0

0
.
3
3
6
4

0
.
6
2
6
0

0
.
8
7
1
0

1
.
0
7
3
3

1
.
2
3
4
8

1
.
3
5
7
5

1
.
4
4
3
3

1
.
4
9
4
0

1
.
5
1
1
4

1
.
4
9
7
4

1
.
4
5
3
8

1
.
3
8
2
2

1
.
2
8
4
4

1
.
1
6
2
0

1
.
0
1
6
7

0
.
8
5
0
0

0
.
6
6
3
5

0
.
4
5
8
7

0
.
2
3
7
1

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
9
8

0
.
0
9
9
7

0
.
1
4
9
7

0
.
1
9
9
7

0
.
2
4
9
8

0
.
2
9
9
8

0
.
3
4
9
9

0
.
3
9
9
9

0
.
4
4
9
9

0
.
4
9
9
9

0
.
5
4
9
9

0
.
5
9
9
8

0
.
6
4
9
7

0
.
6
9
9
7

0
.
7
4
9
6

0
.
7
9
9
6

0
.
8
4
9
6

0
.
8
9
9
6

0
.
9
4
9
8

1
.
0
0
0
0

0
.
0
0
0
0

0
.
3
3
5
8

0
.
6
2
5
3

0
.
8
7
0
3

1
.
0
7
2
8

1
.
2
3
4
6

1
.
3
5
7
6

1
.
4
4
3
7

1
.
4
9
4
6

1
.
5
1
2
3

1
.
4
9
8
3

1
.
4
5
4
6

1
.
3
8
2
9

1
.
2
8
4
9

1
.
1
6
2
2

1
.
0
1
6
6

0
.
8
4
9
6

0
.
6
6
2
9

0
.
4
5
8
1

0
.
2
3
6
6

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
7
9

0
.
0
9
6
1

0
.
1
4
4
5

0
.
1
9
3
2

0
.
2
4
2
1

0
.
2
9
1
2

0
.
3
4
0
5

0
.
3
9
0
0

0
.
4
3
9
7

0
.
4
8
9
6

0
.
5
3
9
6

0
.
5
8
9
9

0
.
6
4
0
3

0
.
6
9
0
9

0
.
7
4
1
8

0
.
7
9
2
9

0
.
8
4
4
2

0
.
8
9
5
8

0
.
9
4
7
7

1
.
0
0
0
0

 

36



T
a
b
l
e
2
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

=
0
.
9
9
,

T
i

=
4
0
°
C
,

T
o

=
0
°
C
,

R
=

6
3
9
0

 

1
‘
(
1
)

(
1
,
1

T
(
I
.
1
)

”
(
1
,
2
)

T
(
I
.
2
)

H
(
I
,
3
)

T
(
1
.
3
)

"
(
1
.
4
)

T
(
I
s
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
1
5

0
.
2
0

0
.
2
5

0
.
3
0

0
.
3
5

0
.
4
0

0
.
4
5

0
.
5
0

0
.
5
5

0
.
6
0

0
.
6
5

0
.
7
0

0
.
7
5

0
.
8
0

0
.
8
5

0
.
9
0

0
.
9
5

1
.
0
0

.
1

A oommm

OLDF-F-w

ONODLOLD

0001.003

3 GOOD!— v—I—F-r-t—v-

8 3

LOT—£01.00 Loon—m.—

tDO‘O‘ N Nr- N 03 N u—m

r-NO‘OON O‘NMNm ”N000

00¢me Q'Q'MNO O‘NLOQ'N

Nmoomm

CO

OOOOO O

.
0
0
0
0

0
.
0
0
0
0

0
.
0
5
0
2

0
.
1
0
0
5

0
.
1
5
0
6

0
.
2
0
0
8

0
.
2
5
0
9

0
.
3
0
1
1

0
.
3
5
1
1

0
.
4
0
1
2

0
.
4
5
1
2

0
.
5
0
1
3

0
.
5
5
1
2

0
.
6
0
1
2

0
.
6
5
1
1

0
.
7
0
1
1

0
.
7
5
0
9

0
.
8
0
0
8

0
.
8
5
0
6

0
.
9
0
0
5

0
.
9
5
0
2

1
.
0
0
0
0

0
.
0
0
0
0

0
.
3
7
4
2

0
.
6
8
9
4

0
.
9
4
9
1

1
.
1
5
6
6

1
.
3
1
5
5

1
.
4
2
9
1

1
.
5
0
0
7

1
.
5
3
3
4

1
.
5
3
0
6

1
.
4
9
5
3

1
.
4
3
0
6

1
.
3
3
9
5

1
.
2
2
4
9

1
.
0
8
9
9

0
.
9
3
7
1

0
.
7
6
9
3

0
.
5
8
9
2

0
.
3
9
9
4

0
.
2
0
2
2

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
7
4

0
.
0
9
5
0

0
.
1
4
2
7

0
.
1
9
0
7

0
.
2
3
9
0

0
.
2
8
7
4

0
.
3
3
6
1

0
.
3
8
5
0

0
.
4
3
4
2

0
.
4
8
3
7

0
.
5
3
3
6

0
.
5
8
3
8

0
.
6
3
4
3

0
.
6
8
5
3

0
.
7
3
6
7

0
.
7
8
8
5

0
.
8
4
0
7

0
.
8
9
3
4

0
.
9
4
6
5

1
.
0
0
0
0

0
.
0
0
0
0

0
.
3
7
5
8

0
.
6
9
1
7

0
.
9
5
1
3

1
.
1
5
8
3

1
.
3
1
6
4

1
.
4
2
9
0

1
.
4
9
9
7

1
.
5
3
1
7

1
.
5
2
8
3

1
.
4
9
2
7

1
.
4
2
8
1

1
.
3
3
7
4

1
.
2
2
3
5

1
.
0
8
9
2

0
.
9
3
7
3

0
.
7
7
0
3

0
.
5
9
0
7

0
.
4
0
1
0

0
.
2
0
3
4

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
9
8

0
.
0
9
9
7

0
.
1
4
9
7

0
.
1
9
9
7

0
.
2
4
9
8

0
.
2
9
9
8

0
.
3
4
9
8

0
.
3
9
9
8

0
.
4
4
9
8

0
.
4
9
9
8

0
.
5
4
9
7

0
.
5
9
9
7

0
.
6
4
9
6

0
.
6
9
9
5

0
.
7
4
9
5

0
.
7
9
9
4

0
.
8
4
9
5

0
.
8
9
9
6

0
.
9
4
9
7

1
.
0
0
0
0

0
.
0
0
0
0

0
.
3
7
4
0

0
.
6
8
9
1

0
.
9
4
8
8

1
.
1
5
6
5

1
.
3
1
5
4

1
.
4
2
9
1

1
.
5
0
0
7

1
.
5
3
3
5

1
.
5
3
0
8

1
.
4
9
5
5

1
.
4
3
0
8

1
.
3
3
9
7

1
.
2
2
5
1

1
.
0
9
0
0

0
.
9
3
7
2

0
.
7
6
9
3

0
.
5
8
9
1

0
.
3
9
9
3

0
.
2
0
2
1

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
7
0

0
.
0
9
4
2

0
.
1
4
1
8

0
.
1
8
9
7

0
.
2
3
7
8

0
.
2
8
6
2

0
.
3
3
4
8

0
.
3
8
3
7

0
.
4
3
2
9

0
.
4
8
2
3

0
.
5
3
2
1

0
.
5
8
2
2

0
.
6
3
2
8

0
.
6
8
3
8

0
.
7
3
5
2

0
.
7
8
7
1

0
.
8
3
9
6

0
.
8
9
2
5

0
.
9
4
5
9

1
.
0
0
0
0

 

37



T
a
b
l
e
3
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

0
.
9
9
,

T
i

6
0

C
,

T
0

0
°
C
,

R
=

8
7
6
0

 

r
(
I
)

"
(
1
.
1
)

T
(
I
s
l
)

H
(
I
,
2
)

T
(
I
.
2
)

N
(
I
,
3
)

T
(
I
.
3
)

“
(
1
.
4
)

T
(
I
s
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
2
0

0
.
2
5

0
.
3
0

0
.
3
5

0
.
4
0

0
.
4
5

0
.
5
0

0
.
5
5

0
.
6
0

0
.
6
5

0
.
7
0

0
.
7
5

0
.
8
0

0
.
8
5

0
.
9
0

0
.
9
5

1
.
0
0

0
.
0
0
0
0

0
.
4
0
7
6

0
.
7
4
4
3

1
.
2
2
5
7

1
.
3
8
0
6

1
.
4
8
4
8

1
.
5
4
3
0

1
.
5
5
9
9

1
.
5
3
9
9

1
.
4
8
7
3

1
.
4
0
6
3

1
.
3
0
0
8

1
.
1
7
4
8

1
.
0
3
1
8

0
.
8
7
5
4

0
.
7
9
8
8

0
.
5
3
5
2

0
.
3
5
7
4

0
.
1
7
8
3

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
5
0
2

0
.
1
0
0
5

0
.
2
0
0
8

0
.
2
5
0
9

0
.
3
0
1
1

0
.
3
5
1
1

0
.
4
0
1
2

0
.
4
5
1
2

0
.
5
0
1
3

0
.
5
5
1
2

0
.
6
0
1
2

0
.
6
5
1
1

0
.
7
0
1
1

0
.
7
5
0
9

0
.
8
0
0
8

0
.
8
5
0
6

0
.
9
0
0
5

0
.
9
5
0
2

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
0
4
3

0
.
7
3
9
6

1
.
2
2
1
9

1
.
3
7
8
3

1
.
4
8
4
3

1
.
5
4
4
3

1
.
5
6
2
8

1
.
5
4
3
9

1
.
4
9
2
0

1
.
4
1
1
1

1
.
3
0
5
2

1
.
1
7
8
1

1
.
0
3
3
8

0
.
8
7
5
8

0
.
7
0
7
8

0
.
5
3
3
0

0
.
3
5
4
8

0
.
1
7
6
2

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
6
9

0
.
0
9
4
0

0
.
1
8
8
7

0
.
2
3
6
5

0
.
2
8
4
5

0
.
3
3
2
8

0
.
3
8
1
4

0
.
4
3
0
3

0
.
4
7
9
6

0
.
5
2
9
3

0
.
5
7
9
4

0
.
6
2
9
9

0
.
6
8
0
8

0
.
7
3
2
4

0
.
7
8
4
5

0
.
8
3
7
4

0
.
8
9
0
9

0
.
9
4
5
1

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
0
7
3

0
.
4
3
9

1
.

7 2
5
4

1
.
3

0
4

1
.
4

4
7

1
.
5

3
1

L
5

0
1

1
.
5

0
2

L
4

7
6

1
.
4
0
6
7

L
3
0
1
2

L
1

5
1

L
0

2
0

8
5
5

7
8
8

5
5
1

3
7
3

1
8
1

0

0
.

0
.

0
.

0
.

0
.

0
.
0
0

0

0
.
0
0
0
0

0
.
0
4
9
8

0
.
0
9
9
7

0
.
1
9
9
7

0
.
2
4
9
7

0
.
2
9
9
8

0
.
3
4
9
8

0
.
3
9
9
8

0
.
4
4
9
8

0
.
4
9
9
7

0
.
5
4
9
6

0
.
5
9
9
6

0
.
6
4
9
5

0
.
6
9
9
4

0
.
7
4
9
4

0
.
7
9
9
4

0
.
8
4
9
4

0
.
8
9
9
5

0
.
9
4
9
7

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
0
4
0

0
.
7
3
9
2

1
.
2
2
1
6

1
.
3
7
8
0

1
.
4
8
4
2

1
.
5
4
4
4

1
.
5
0
2
9

1
.
5
4
4
2

1
.
4
9
2
3

1
.
4
1
1
4

1
.
3
0
5
5

1
.
1
7
8
5

1
.
0
3
4
1

0
.
8
7
6
0

0
.
7
0
7
8

0
.
5
3
2
9

0
.
3
5
4
6

0
.
1
7
6
1

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
6
5

0
.
0
9
3
2

0
.
1
8
7
7

0
.
2
3
5
3

0
.
2
8
3
3

0
.
3
3
1
5

0
.
3
8
0
0

0
.
4
2
8
9

0
.
4
7
8
2

0
.
5
2
7
8

0
.
5
7
7
8

0
.
6
2
8
2

0
.
6
7
9
2

0
.
7
3
0
8

0
.
7
8
3
1

0
.
8
3
6
1

0
.
8
9
0
0

0
.
9
4
4
6

1
.
0
0
0
0

 

38



T
a
b
l
e
4
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

=
0
.
9
9
,

T
1

=
8
0
°
C
,

T
o

=
0
°
C
,

R
=

1
1
0
5
0

 

r
(
I
)

W
(
I
,
1
)

T
(
I
.
1
)

1
1
1
1
.
2
)

T
(
I
S
Z
)

N
(
I
,
3
)

T
(
I
.
3
)

“
(
1
.
4
)

T
(
I
.
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
1
5

0
.
2
0

0
.
2
5

0
.
3
0

0
.
3
5

0
.
4
0

0
.
4
5

0
.
5
0

0
.
5
5

0
.
6
0

0
.
6
5

0
.
7
0

0
.
7
5

0
.
8
0

0
.
8
5

0
.
9
0

0
.
9
5

1
.
0
0

0
.
0
0
0
0

0
.
4
3
3
5

0
.
7
8
7
1

1
.
0
6
7
2

1
.
2
8
0
3

1
.
4
3
2
4

1
.
5
2
9
7

1
.
5
7
7
7

1
.
5
8
2
3

1
.
5
4
8
7

1
.
4
8
2
3

1
.
3
8
8
1

1
.
2
7
0
9

1
.
1
3
5
1

0
.
9
8
5
4

0
.
8
2
5
6

0
.
6
5
9
6

0
.
4
9
0
9

0
.
3
2
2
9

0
.
1
5
8
4

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
5
0
2

0
.
1
0
0
5

0
.
1
5
0
6

0
.
2
0
0
8

0
.
2
5
0
9

0
.
3
0
1
1

0
.
3
5
1
1

0
.
4
0
1
2

0
.
4
5
1
2

0
.
5
0
1
3

0
.
5
5
1
2

0
.
6
0
1
2

0
.
6
5
1
1

0
.
7
0
1
1

0
.
7
5
0
9

0
.
8
0
0
8

0
.
8
5
0
6

0
.
9
0
0
5

0
.
9
5
0
2

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
2
8
6

0
.
7
8
0
0

1
.
0
5
9
9

1
.
2
7
4
1

1
.
4
2
8
3

1
.
5
2
8
1

1
.
5
7
8
8

1
.
5
8
5
7

1
.
5
5
4
0

1
.
4
8
8
8

1
.
3
9
5
0

1
.
2
7
7
3

1
.
1
4
0
5

0
.
9
8
9
0

0
.
8
2
7
2

0
.
6
5
9
1

0
.
4
8
8
8

0
.
3
1
9
9

0
.
1
5
6
0

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
6
8

0
.
0
9
3
8

0
.
1
4
0
8

0
.
1
8
8
1

0
.
2
3
5
6

0
.
2
8
3
4

0
.
3
3
1
4

0
.
3
7
9
7

0
.
4
2
8
4

0
.
4
7
7
4

0
.
5
2
6
9

0
.
5
7
6
8

0
.
6
2
7
2

0
.
6
7
8
1

0
.
7
2
9
7

0
.
7
8
1
9

0
.
8
3
5
0

0
.
8
8
9
1

0
.
9
4
4
1

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
3
3

0
.

1
.

1
.

1
.

1
.

1
.

1
.

1 1 1 1 1 0 0
.

0
.

0
.

0 0 0

7 O 2 4
3

5
2

5
7

5
8

5
4

.
4
8

3
8

2
7
1

1
3

9
8

8
2

6
5

4
9

3
2

1
5

8 6 4 6

5
7 8 6 8 7 31

8
6
5

7
9
8

2
1

7
7 5

9
1

.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
9
8

0
.
0
9
9
7

0
.
1
4
9
7

0
.
1
9
9
7

0
.
2
4
9
8

0
.
2
9
9
8

0
.
3
4
9
8

0
.
3
9
9
8

0
.
4
4
9
7

0
.
4
9
9
7

0
.
5
4
9
6

0
.
5
9
9
5

0
.
6
4
9
4

0
.
6
9
9
3

0
.
7
4
9
3

0
.
7
9
9
3

0
.
8
4
9
4

0
.
8
9
9
5

0
.
9
4
9
7

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
2
8
3

0
.
7
7
9
4

1
.
0
5
4
3

1
.
2
7
3
6

1
.
4
2
8
0

1
.
5
2
7
9

1
.
5
7
8
8

1
.
5
8
5
8

1
.
5
5
4
3

1
.
4
8
9
2

1
.
3
9
5
4

1
.
2
7
7
8

1
.
1
4
1
0

0
.
9
8
9
4

0
.
8
2
7
4

0
.
6
5
9
2

0
.
4
8
8
7

0
.
3
1
9
7

0
.
1
5
5
8

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
6
4

0
.
0
9
3
1

0
.
1
4
0
0

0
.
1
8
7
1

0
.
2
3
4
5

0
.
2
8
2
2

0
.
3
3
0
1

0
.
3
7
8
4

0
.
4
2
6
9

0
.
4
7
5
9

0
.
5
2
5
3

0
.
5
7
5
1

0
.
6
2
5
5

0
.
6
7
6
5

0
.
7
2
8
1

0
.
7
8
0
5

0
.
8
3
3
8

0
.
8
8
8
1

0
.
9
4
3
5

1
.
0
0
0
0

 

39



T
a
b
l
e

5
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

=
0
.
9
9
,

T
i

=
1
0
0
°
C
,

T
o

=
0
°
C
,

R
=

1
3
3
7
0

 

”
(
1
)

N
(
I
,
1
)

T
(
I
.
1
)

N
(
I
,
2
)

T
(
I
.
2
)

"
(
1
,
3
)

T
(
I
.
3
)

"
(
1
.
4
)

T
(
I
,
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
1
5

0
.
2
0

0
.
2
5

0
.
3
0

0
.
3
5

0
.
4
0

0
.
4
5

0
.
5
0

0
.
5
5

0
.
6
0

0
.
6
5

0
.
7
0

0
.
7
5

0
.
8
0

0
.
8
5

0
.
9
0

0
.
9
5

1
.
0
0

0
.
0
0
0
0

0
.
4
5
5
1

0
.
8
2
2
7

1
.
1
1
0
5

1
.
3
2
5
7

1
.
4
7
5
4

1
.
5
6
6
6

1
.
6
0
6
1

1
.
6
0
0
4

1
.
5
5
5
6

1
.
4
7
7
7

1
.
3
7
2
6

1
.
2
4
5
7

1
.
1
0
2
2

0
.
9
4
6
9

0
.
7
8
4
5

0
.
6
1
9
2

0
.
4
5
4
8

0
.
2
9
4
9

0
.
1
4
2
4

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
5
0
2

0
.
1
0
0
5

0
.
1
5
0
6

0
.
2
0
0
8

0
.
2
5
0
9

0
.
3
0
1
1

0
.
3
5
1
1

0
.
4
0
1
2

0
.
4
5
1
2

0
.
5
0
1
3

0
.
5
5
1
2

0
.
6
0
1
2

0
.
6
5
1
1

0
.
7
0
1
1

0
.
7
5
0
9

0
.
8
0
0
8

0
.
8
5
0
6

0
.
9
0
0
5

0
.
9
5
0
2

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
4
8
7

0
.
8
1
3
3

1
.
1
0
0
6

1
.
3
1
7
0

1
.
4
6
9
3

1
.
5
6
3
7

1
.
6
0
6
5

1
.
6
0
3
9

1
.
5
6
1
6

1
.
4
8
5
6

1
.
3
8
1
3

1
.
2
5
4
2

1
.
1
0
9
6

0
.
9
5
2
4

0
.
7
8
7
6

0
.
6
1
9
8

0
.
4
5
3
2

0
.
2
9
1
9

0
.
1
3
9
8

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
6
7

0
.
0
9
3
6

0
.
1
4
0
8

0
.
1
8
8
2

0
.
2
3
5
7

0
.
2
8
3
3

0
.
3
3
1
2

0
.
3
7
9
3

0
.
4
2
7
8

0
.
4
7
6
6

0
.
5
2
5
8

0
.
5
7
5
5

0
.
6
2
5
8

0
.
6
7
6
6

0
.
7
2
8
1

0
.
7
8
0
3

0
.
8
3
3
5

0
.
8
8
7
8

0
.
9
4
3
3

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
5
4
6

0
.
8
2
2
0

1
.
1
0
9
8

1
.
3
2
5
1

1
.
4
7
5
0

1
.
5
6
6
4

1
.
6
0
6
2

1
.
6
0
0
6

1
.
5
5
6
0

1
.
4
7
8
3

1
.
3
7
3
2

1
.
2
4
6
3

1
.
1
0
2
7

0
.
9
4
7
4

0
.
7
8
4
8

0
.
6
1
9
3

0
.
4
5
4
7

0
.
2
9
4
7

0
.
1
4
2
3

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
9
8

0
.
0
9
9
7

0
.
1
4
9
7

0
.
1
9
9
7

0
.
2
4
9
7

0
.
2
9
9
8

0
.
3
4
9
8

0
.
3
9
9
7

0
.
4
4
9
7

0
.
4
9
9
6

0
.
5
4
9
5

0
.
5
9
9
4

0
.
6
4
9
3

0
.
6
9
9
3

0
.
7
4
9
3

0
.
7
9
9
3

0
.
8
4
9
4

0
.
8
9
9
5

0
.
9
4
9
7

1
.
0
0
0
0

0
.
0
0
0
0

0
.
4
4
8
2

0
.
8
1
2
6

1
.
0
9
9
9

1
.
3
1
6
4

1
.
4
6
8
8

1
.
5
6
3
4

1
.
6
0
6
5

1
.
6
0
4
0

1
.
5
6
2
0

1
.
4
8
6
1

1
.
3
8
1
9

1
.
2
5
4
8

1
.
1
1
0
1

0
.
9
5
2
9

0
.
7
8
7
9

0
.
6
1
9
9

0
.
4
5
3
1

0
.
2
9
1
8

0
.
1
3
9
6

0
.
0
0
0
0

0
.
0
0
0
0

0
.
0
4
6
3

0
.
0
9
2
9

0
.
1
3
9
9

0
.
1
8
7
1

0
.
2
3
4
5

0
.
2
8
2
1

0
.
3
2
9
9

0
.
3
7
8
0

0
.
4
2
6
3

0
.
4
7
5
1

0
.
5
2
4
2

0
.
5
7
3
8

0
.
6
2
4
0

0
.
6
7
4
9

0
.
7
2
6
5

0
.
7
7
8
8

0
.
8
3
2
2

0
.
8
8
6
8

0
.
9
4
2
7

1
.
0
0
0
0

 

40



a
/
b

=
0
.
1
,

T
i

=
2
0
°
C
,

T
o

=
0
°
C
,

R
=

4
0
1
4
6
0

T
a
b
l
e

6
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

 

A

0—0

V

S.

“
(
1
.
1
)

T
(
I
.
1
)

N
(
I
,
2
)

T
(
I
.
2
)

“
(
1
,
3
)

T
(
I
.
3
)

H
(
I
,
4
)

T
(
I
s
4
)
 

OOr—F-N

OLOOLOO LOOLOOLO OLOOLOO LO

NMMfl'd’ LOLOtOKDN N

ooooo ooodo ooooo oo

OLD

coco

O 0
.
9
0

0
.
9
5

1
.
0
0

0
.
0
0
0
0

0
.
6
2
4
5

1
.
0
1
3
1

1
.
2
6
9
2

1
.
4
3
8
9

1
.
5
4
6
7

1
.
6
0
7
2

1
.
6
2
9
8

1
.
6
2
0
7

1
.
5
8
4
6

1
.
5
2
4
9

1
.
4
4
4
0

1
.
3
4
3
9

1
.
2
2
6
4

1
.
0
9
2
7

0
.
9
4
3
8

0
.
7
8
0
8

0
.
6
0
4
2

0
.
4
1
4
9

0
.
2
1
3
3

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
1
4

0
.
2
7
8
8

0
.
3
7
1
1

0
.
4
4
7
2

0
.
5
1
1
9

0
.
5
6
8
2

0
.
6
1
8
0

0
.
6
6
2
8

0
.
7
0
3
3

0
.
7
4
0
4

0
.
7
7
4
5

0
.
8
0
6
2

0
.
8
3
5
7

0
.
8
6
3
3

0
.
8
8
9
3

0
.
9
1
3
8

0
.
9
3
7
0

0
.
9
5
9
0

0
.
9
8
0
0

1
.
0
0
0
0

0
.
0
0
0
0

0
.
6
2
3
6

1
.
0
1
2
6

1
.
2
6
9
2

1
.
4
3
9
4

1
.
5
4
7
6

1
.
6
0
8
3

1
.
6
3
0
9

1
.
6
2
1
8

1
.
5
8
5
5

1
.
5
2
5
5

1
.
4
4
4
4

1
.
3
4
4
1

1
.
2
2
6
3

1
.
0
9
2
3

0
.
9
4
3
3

0
.
7
8
0
1

0
.
6
0
3
6

0
.
4
1
4
3

0
.
2
1
3
0

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
5
8

0
.
2
7
0
4

0
.
3
6
1
3

0
.
4
3
6
8

0
.
5
0
1
4

0
.
5
5
7
9

0
.
6
0
8
1

0
.
6
5
3
3

0
.
6
9
4
5

0
.
7
3
2
2

0
.
7
6
6
1

0
.
7
9
9
5

0
.
8
2
9
8

0
.
8
5
8
3

0
.
8
8
5
1

0
.
9
1
0
4

0
.
9
3
4
4

0
.
9
5
7
3

0
.
9
7
9
1

1
.
0
0
0
0

0
.
0
0
0
0

0
.
6
2
4
2

1
.
0
1
2
8

1
.
2
6
9
0

1
.
4
3
8
9

1
.
5
4
6
8

1
.
6
0
7
4

1
.
6
3
0
0

1
.
6
2
1
0

1
.
5
8
4
9

1
.
5
2
5
1

1
.
4
4
4
1

1
.
3
4
4
1

1
.
2
2
6
5

1
.
0
9
2
7

0
.
9
4
3
8

0
.
7
8
0
6

0
.
6
0
4
1

0
.
4
1
4
7

0
.
2
1
3
2

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
0
0

0
.
2
7
6
9

0
.
3
6
9
0

0
.
4
4
5
0

0
.
5
0
9
7

0
.
5
6
6
0

0
.
6
1
5
8

0
.
6
6
0
5

0
.
7
0
1
0

0
.
7
3
8
1

0
.
7
7
2
3

0
.
8
0
4
0

0
.
8
3
3
5

0
.
8
6
1
3

0
.
8
8
7
4

0
.
9
1
2
1

0
.
9
3
5
6

0
.
9
5
8
0

0
.
9
7
9
4

1
.
0
0
0
0

0
.
0
0
0
0

0
.
6
2
3
3

1
.
0
1
2
4

1
.
2
6
9
2

1
.
4
3
9
5

1
.
5
4
7
7

1
.
6
0
8
5

1
.
6
3
1
1

1
.
6
2
2
0

1
.
5
8
5
7

1
.
5
2
5
7

1
.
4
4
4
5

1
.
3
4
4
2

1
.
2
2
6
3

1
.
0
9
2
3

0
.
9
4
3
2

0
.
7
8
0
0

0
.
6
0
3
4

0
.
4
1
4
1

0
.
2
1
2
8

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
4
5

0
.
2
6
8
6

0
.
3
5
9
3

0
.
4
3
4
6

0
.
4
9
9
2

0
.
5
5
5
7

0
.
6
0
5
9

0
.
6
5
1
1

0
.
6
9
2
2

0
.
7
3
0
0

0
.
7
6
4
9

0
.
7
9
7
3

0
.
8
2
7
7

0
.
8
5
6
2

0
.
8
8
3
2

0
.
9
0
8
7

0
.
9
3
3
0

0
.
9
5
6
3

0
.
9
7
8
6

1
.
0
0
0
0

 

41



a
/
b

=
0
.
1
,

T
i

=
4
0
°
C
,

T
o

=
0
°
C
,

T
a
b
l
e

7
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

R
=

6
2
6
1
2
0

 

1
‘
(
1
1

“
(
1
.
1
)

T
(
I
s
l
)

”
(
1
.
2
)

T
(
I
s
z
)

N
(
I
,
3
)

T
(
I
s
3
)

“
(
1
.
4
)

T
(
I
s
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
1
5

0
.
2
0

0
.
2
5

0
.
3
0

0
.
3
5

0
.
4
0

0
.
4
5

0
.
5
0

0
.
5
5

0
.
6
0

0
.
6
5

0
.
7
0

0
.
7
5

0
.
8
0

0
.
8
5

0
.
9
0

0
.
9
5

1
.
0
0

0
.
0
0
0
0

0
.
7
1
4
7

1
.
1
3
4
8

1
.
3
9
5
8

1
.
5
5
6
9

1
.
6
4
8
9

1
.
6
9
0
1

1
.
6
9
1
8

1
.
6
6
2
1

1
.
6
0
6
4

1
.
5
2
8
8

1
.
4
3
2
3

1
.
3
1
9
5

1
.
1
9
2
2

1
.
0
5
2
0

0
.
9
0
0
3

0
.
7
3
8
0

0
.
5
6
6
1

0
.
3
8
5
4

0
.
1
9
6
5

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
1
4

0
.
2
7
8
8

0
.
3
7
1
1

0
.
4
4
7
2

0
.
5
1
1
9

0
.
5
6
8
2

0
.
6
1
8
0

0
.
6
6
2
8

0
.
7
0
3
3

0
.
7
4
0
4

0
.
7
7
4
5

0
.
8
0
6
2

0
.
8
3
5
7

0
.
8
6
3
3

0
.
8
8
9
3

0
.
9
1
3
8

0
.
9
3
7
0

0
.
9
5
9
0

0
.
9
8
0
0

1
.
0
0
0
0

0
.
0
0
0
0

0
.
7
1
2
0

1
.
1
3
3
3

1
.
3
9
6
1

1
.
5
5
8
7

1
.
6
5
1
8

1
.
6
9
3
5

1
.
6
9
5
5

1
.
6
6
5
5

1
.
6
0
9
3

1
.
5
3
0
9

1
.
4
3
3
6

1
.
3
1
9
9

1
.
1
9
1
8

1
.
0
5
0
9

0
.
8
9
8
5

0
.
7
3
5
9

0
.
5
6
4
0

0
.
3
8
3
6

0
.
1
9
5
4

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
2
9

0
.
2
6
5
6

0
.
3
5
5
3

0
.
4
3
0
0

0
.
4
9
4
1

0
.
5
5
0
3

0
.
6
0
0
6

0
.
6
4
6
0

0
.
6
8
7
4

'
0
.
7
2
5
6

0
.
7
6
1
0

0
.
7
9
4
0

0
.
8
2
4
9

0
.
8
5
4
0

0
.
8
8
1
5

0
.
9
0
7
5

0
.
9
3
2
3

0
.
9
5
5
9

0
.
9
7
8
4

1
.
0
0
0
0

0
.
0
0
0
0

0
.
7
1
4
0

1
.
1
3
4
3

1
.
3
9
5
5

1
.
5
5
6
8

1
.
6
4
9
0

1
.
6
9
0
3

1
.
6
9
2
2

1
.
6
6
2
6

1
.
6
0
6
9

1
.
5
2
9
2

1
.
4
3
2
7

1
.
3
1
9
8

1
.
1
9
2
4

1
.
0
5
2
1

0
.
9
0
0
1

0
.
7
3
7
7

0
.
5
6
5
8

0
.
3
8
5
0

0
.
1
9
6
2

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
0
1

0
.
2
7
6
9

0
.
3
6
9
0

0
.
4
4
4
9

0
.
5
0
9
6

0
.
5
6
5
8

0
.
6
1
5
6

0
.
6
6
0
3

0
.
7
0
0
8

0
.
7
3
7
8

0
.
7
7
2
0

0
.
8
0
3
7

0
.
8
3
3
3

0
.
8
6
1
0

0
.
8
8
7
2

0
.
9
1
1
9

0
.
9
3
5
5

0
.
9
5
7
9

0
.
9
7
9
4

1
.
0
0
0
0

0
.
0
0
0
0

0
.
7
1
1
6

1
.
1
3
2
9

1
.
3
9
5
9

1
.
5
5
8
7

1
.
6
5
2
0

1
.
6
9
3
8

1
.
6
9
5
9

1
.
6
6
6
0

1
.
6
0
9
7

1
.
5
3
1
3

1
.
4
3
4
0

1
.
3
2
0
2

1
.
1
9
1
9

1
.
0
5
0
9

0
.
8
9
8
4

0
.
7
3
5
7

0
.
5
6
3
6

0
.
3
8
3
2

0
.
1
9
5
1

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
1
6

0
.
2
6
3
8

0
.
3
5
3
3

0
.
4
2
7
8

0
.
4
9
1
8

0
.
5
4
8
0

0
.
5
9
8
2

0
.
6
4
3
5

0
.
6
8
4
9

0
.
7
2
3
1

0
.
7
5
8
5

0
.
7
9
1
5

0
.
8
2
2
5

0
.
8
5
1
7

0
.
8
7
9
3

0
.
9
0
5
6

0
.
9
3
0
7

0
.
9
5
4
7

0
.
9
7
7
8

1
.
0
0
0
0

 

42



T

i
=

6
0
°
C
,

T
o

=
0
°
C
,

R
=

8
2
6
8
5
0

T
a
b
l
e
8
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

=
0
.
1
,

 

1
(
1
)

”
(
1
.
1
)

T
(
I
,
1
)

N
(
I
,
2
)

T
(
I
.
2
)

N
(
I
,
3
)

T
(
I
.
3
)

"
(
1
.
4
)

1
1
1
.
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
1
5

0
.
2
0 LDOLOOLO

NOON

OLOOLOO LDOLOO

VG” LOLOKO‘DN Ixooooow

c>c>c>c>c> c>c>c5c>c> c>c>c>c>c>

LO

0‘

1
.
0
0

0
.
0
0
0
0

0
.
7
9
0
5

1
.
2
3
7
2

1
.
5
0
2
3

1
.
6
5
5
9

1
.
7
3
4
4

1
.
7
5
9
1

1
.
7
4
3
4

1
.
6
9
6
2

1
.
6
2
4
0

1
.
5
3
1
5

1
.
4
2
2
1

1
.
2
9
8
7

1
.
1
6
3
4

1
.
0
1
8
0

0
.
8
6
4
0

0
.
7
0
2
5

0
.
5
3
4
6

0
.
3
6
1
0

0
.
1
8
2
6

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
1
4

0
.
2
7
8
8

0
.
3
7
1
1

0
.
4
4
7
2

0
.
5
1
1
9

0
.
5
6
8
2

0
.
6
1
8
0

0
.
6
6
2
8

0
.
7
0
3
3

0
.
7
4
0
4

0
.
7
7
4
5

0
.
8
0
6
2

0
.
8
3
5
7

0
.
8
6
3
3

0
.
8
8
9
3

0
.
9
1
3
8

0
.
9
3
7
0

0
.
9
5
9
0

0
.
9
8
0
0

1
.
0
0
0
0

0
.
0
0
0
0

0
.
7
8
6
1

1
.
2
3
4
6

1
.
5
0
2
7

1
.
6
5
9
0

1
.
7
3
9
5

1
.
7
6
5
2

1
.
7
4
9
8

1
.
7
0
2
3

1
.
6
2
9
2

1
.
5
3
5
4

1
.
4
2
4
5

1
.
2
9
9
5

1
.
1
6
2
7

1
.
0
1
6
0

0
.
8
6
0
9

0
.
6
9
8
8

0
.
5
3
0
8

0
.
3
5
7
8

0
.
1
8
0
6

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
1
2

0
.
2
6
2
9

0
.
3
5
1
9

0
.
4
2
6
1

0
.
4
8
9
9

0
.
5
4
6
0

0
.
5
9
6
1

0
.
6
4
1
4

0
.
6
8
2
9

0
.
7
2
1
2

0
.
7
5
6
8

0
.
7
9
0
0

0
.
8
2
1
3

0
.
8
5
0
8

0
.
8
7
8
7

0
.
9
0
5
3

0
.
9
3
0
6

0
.
9
5
4
7

0
.
9
7
7
8

1
.
0
0
0
0

0
.
0
0
0
0

0
.
7
8
9
5

1
.
2
3
6
3

1
.
5
0
1
7

1
.
6
5
5
7

1
.
7
3
4
6

1
.
7
5
9
5

1
.
7
4
3
9

1
.
6
9
6
9

1
.
6
2
4
7

1
.
5
3
2
2

1
.
4
2
2
7

1
.
2
9
9
1

1
.
1
6
3
7

1
.
0
1
8
1

0
.
8
6
3
8

0
.
7
0
2
1

0
.
5
3
4
1

0
.
3
6
0
5

0
.
1
8
2
3

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
0
1

0
.
2
7
6
9

0
.
3
6
8
9

0
.
4
4
4
9

0
.
5
0
9
5

0
.
5
6
5
7

0
.
6
1
5
5

0
.
6
6
0
1

0
.
7
5
0
6

0
.
7
3
7
6

0
.
7
7
1
8

0
.
8
0
3
5

0
.
8
3
3
1

0
.
8
6
0
8

0
.
8
8
7
0

0
.
9
1
1
8

0
.
9
3
5
3

0
.
9
5
7
8

0
.
9
7
9
3

1
.
0
0
0
0

0
.
0
0
0
0

0
.
7
8
5
4

1
.
2
3
4
0

1
.
5
0
2
3

1
.
6
5
8
9

1
.
7
3
9
6

1
.
7
6
5
6

1
.
7
5
0
3

1
.
7
0
2
9

1
.
6
2
9
8

1
.
5
3
6
0

1
.
4
2
5
1

1
.
2
9
9
9

1
.
1
6
2
9

1
.
0
1
6
0

0
.
8
6
0
7

0
.
6
9
8
4

0
.
5
3
0
3

0
.
3
5
7
3

0
.
1
8
0
3

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
0
0

0
.
2
6
1
1

0
.
3
4
9
8

0
.
4
2
3
9

0
.
4
8
7
6

0
.
5
4
3
6

0
.
5
9
3
6

0
.
6
3
8
9

0
.
6
8
0
3

0
.
7
1
8
5

0
.
7
5
4
1

0
.
7
8
7
3

0
.
8
1
8
7

0
.
8
4
8
3

0
.
8
7
6
4

0
.
9
0
3
3

0
.
9
2
8
9

0
.
9
5
3
5

0
.
9
7
7
1

1
.
0
0
0
0

 

43



a
/
b

=
0
.
1
,

T
i

=
8
0
°
C
,

T
o

=
0
°
C
,

T
a
b
l
e

9
.
—
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

R
=

1
0
1
3
5
1
0

 

1
‘
(
1
)

"
(
1
,
1
)

T
(
I
.
1
)

H
(
I
,
2
)

T
(
I
.
2
)

(
1
.
3
)

T
(
I
.
3
)

"
(
1
.
4
)

T
(
I
.
4
)
 

0
.
0
0

0
.
0
0
0
0

0
.
8
5
6
4

1
.
3
2
6
2

1
.
5
9
4
8

1
.
7
4
1
9

1
.
8
0
8
6

1
.
8
1
8
9

1
.
7
8
7
8

1
.
7
2
5
5

1
.
6
3
8
9

1
.
5
3
3
5

1
.
4
1
3
0

1
.
2
8
0
5

1
.
1
3
8
3

0
.
9
8
8
5

0
.
8
3
2
6

0
.
6
7
1
9

0
.
5
0
7
5

0
.
3
4
0
2

0
.
1
7
0
9

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
1
4

0
.
2
7
8
8

0
.
3
7
1
1

0
.
4
4
7
2

0
.
5
1
1
9

0
.
5
6
8
2

0
.
6
1
8
0

0
.
6
6
2
8

0
.
7
0
3
3

0
.
7
4
0
4

0
.
7
7
4
5

0
.
8
0
6
2

0
.
8
3
5
7

0
.
8
6
3
3

0
.
8
8
9
3

0
.
9
1
3
8

0
.
9
3
7
0

0
.
9
5
9
0

0
.
9
8
0
0

1
.
0
0
0
0

0
.
0
0
0
0

0
.
8
5
0
2

1
.
3
2
2
3

1
.
5
9
4
9

1
.
7
4
5
7

1
.
8
1
5
3

1
.
8
2
7
2

1
.
7
9
6
6

1
.
7
3
3
9

1
.
6
4
6
2

1
.
5
3
9
1

1
.
4
1
6
5

1
.
2
8
1
8

1
.
1
3
7
5

0
.
9
8
5
8

0
.
8
2
8
4

0
.
6
6
6
8

0
.
5
0
2
2

0
.
3
3
5
7

0
.
1
6
8
0

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
5
0
8

0
.
2
6
1
9

0
.
3
5
0
4

0
.
4
2
4
1

0
.
4
8
7
6

0
.
5
4
3
5

0
.
5
9
3
5

0
.
6
3
8
7

0
.
6
8
0
2

0
.
7
1
8
5

0
.
7
5
4
1

0
.
7
8
7
4

0
.
8
1
8
8

0
.
8
4
8
5

0
.
8
7
6
7

0
.
9
0
3
6

0
.
9
2
9
3

0
.
9
5
3
8

0
.
9
7
7
4

1
.
0
0
0
0

H 0
.

0
.

1
.

1
.

1 1
.

1
.

1
.

1 1 1 1 1 1 0 0
.

0
.

0
.

0
.

0 0

5
1

4
1

1 8
8
6

1 8
1
0

0 8 3 5 7 8 8 7 7

.
6
3
9
9

5 4 2 1 9
8
8
6

8 6 5 3 1

.
0
0
0
0

0
.
0
0
0
0

0
.
1
6
0
1

0
.
2
7
6
9

0
.
3
6
8
9

0
.
4
4
4
8

0
.
5
0
9
4

0
.
5
6
5
6

0
.
6
1
5
3

0
.
6
6
0
0

0
.
7
0
0
4

0
.
7
3
7
4

0
.
7
7
1
6

0
.
8
0
3
3

0
.
8
3
2
9

0
.
8
6
0
7

0
.
8
8
6
9

0
.
9
1
1
7

0
.
9
3
5
3

0
.
9
5
7
8

0
.
9
7
9
3

1
.
0
0
0
0

0
.
0
0
0
0

0
.
8
4
9
2

1
.
3
2
1
3

1
.
5
9
4
3

1
.
7
4
5
5

1
.
8
1
5
4

1
.
8
2
7
6

1
.
7
9
7
3

1
.
7
3
4
7

1
.
6
4
7
1

1
.
5
3
9
9

1
.
4
1
7
2

1
.
2
8
2
3

1
.
1
3
7
8

0
.
9
5
5
9

0
.
8
2
8
2

0
.
6
6
6
3

0
.
5
0
1
6

0
.
3
3
5
0

0
.
1
6
7
6

0
.
0
0
0
0

0
.
0
0
0
0

0
.
1
4
9
6

0
.
2
6
0
2

0
.
3
4
8
3

0
.
4
2
1
9

0
.
4
8
5
3

0
.
5
4
1
0

0
.
5
9
0
9

0
.
6
3
6
1

0
.
6
7
7
4

0
.
7
1
5
7

0
.
7
5
1
2

0
.
7
8
4
6

0
.
8
1
6
1

0
.
8
4
5
9

0
.
8
7
4
3

0
.
9
0
1
5

0
.
9
2
7
5

0
.
9
5
2
5

0
.
9
7
6
7

1
.
0
0
0
0

 

44



T
a
b
l
e

1
0
.
-
V
e
l
o
c
i
t
y

a
n
d

T
e
m
p
e
r
a
t
u
r
e

D
i
s
t
r
i
b
u
t
i
o
n

o
f

M
a
i
n

F
l
o
w

a
/
b

=
0
.
1
,

T
i

=
1
0
0
°
C
,

T
o

=
0
°
C
,

R
=

1
1
9
0
2
7
0

 

r
(
I
)

N
(
I
,
1
)

T
(
1
.
1
)

N
(
I
,
2
)

T
(
I
.
2
)

N
(
I
,
3
)

T
1
1
3
3
)

“
(
1
,
4
)

T
(
I
,
4
)
 

0
.
0
0

0
.
0
5

0
.
1
0

0
.
1
5

0
.
2
0

0
.
2
5

0
.
3
0

0
.
3
5

0
.
4
0

0
.
4
5

0
.
5
0

0
.
5
5

0
.
6
0

0
.
6
5

0
.
7
0

0
.
7
5

0
.
8
0

0
.
8
5

0
.
9
0

0
.
9
5

1
.
0
0

0
.
9
1
5
3

1
.
4
0
5
6

1
.
6
7
7
3

1
.
8
1
8
5

1
.
8
7
4
6

1
.
8
7
2
0

1
.
8
2
7
1

1
.
7
5
1
2

1
.
6
5
1
9

1
.
5
3
4
9

1
.
4
0
4
5

1
.
2
6
4
0

1
.
1
1
5
9

0
.
9
6
2
3

0
.
8
0
4
9

0
.
6
4
5
0

0
.
4
8
3
7

0
.
3
2
2
0

0
.
1
6
0
5

0
.
0
0
0
0

0
.
1
6
1
4

0
.
2
7
8
8

0
.
3
7
1
1

0
.
4
4
7
2

0
.
5
1
1
9

0
.
5
6
8
2

0
.
6
1
8
0

0
.
6
6
2
8

0
.
7
0
3
3

0
.
7
4
0
4

0
.
7
7
4
5

0
.
8
0
6
2

0
.
8
3
5
7

0
.
8
6
3
3

0
.
8
8
9
3

0
.
9
1
3
8

0
.
9
3
7
0

0
.
9
5
9
0

0
.
9
8
0
0

1
.
0
0
0
0

0
.
9
0
7
2

1
.
4
0
0
0

1
.
6
7
6
4

1
.
8
2
2
3

1
.
8
8
2
0

1
.
8
8
1
6

1
.
8
3
7
7

1
.
7
6
1
5

1
.
6
6
0
9

1
.
5
4
2
0

1
.
4
0
9
2

1
.
2
6
6
0

1
.
1
1
5
2

0
.
9
5
9
2

0
.
7
9
9
9

0
.
6
3
8
8

0
.
4
7
7
2

0
.
3
1
6
3

0
.
1
5
7
0

0
.
0
0
0
0

0
.
1
5
0
8

0
.
2
6
1
9

0
.
3
5
0
1

0
.
4
2
3
6

0
.
4
8
6
8

0
.
5
4
2
4

0
.
5
9
2
1

0
.
6
3
7
3

0
.
6
7
8
6

0
.
7
1
6
9

0
.
7
5
2
4

0
.
7
8
5
8

0
.
8
1
7
2

0
.
8
4
7
0

0
.
8
7
5
3

0
.
9
0
2
4

0
.
9
2
8
3

0
.
9
5
3
1

0
.
9
7
7
0

1
.
0
0
0
0

0
.
9
1
3
6

1
.
4
0
4
0

1
.
6
7
6
2

1
.
8
1
8
0

1
.
8
7
4
7

1
.
8
7
2
5

1
.
8
2
8
0

1
.
7
5
2
2

1
.
6
5
3
0

1
.
5
3
6
0

1
.
4
0
5
5

1
.
2
6
4
7

1
.
1
1
6
3

0
.
9
6
2
4

0
.
8
0
4
6

0
.
6
4
4
4

0
.
4
8
2
9

0
.
3
2
1
2

0
.
1
6
0
0

0
.
0
0
0
0

0
.
1
6
0
0

0
.
2
7
6
9

0
.
3
6
8
9

0
.
4
4
4
7

0
.
5
0
9
3

0
.
5
6
5
5

0
.
6
1
5
2

0
.
6
5
9
8

0
.
7
0
0
3

0
.
7
3
7
3

0
.
7
7
1
5

0
.
8
0
3
2

0
.
8
3
2
8

0
.
8
6
0
6

0
.
8
8
6
8

0
.
9
1
1
6

0
.
9
3
5
2

0
.
9
5
7
7

0
.
9
7
9
3

1
.
0
0
0
0

0
.
9
0
5
8

1
.
3
9
8
7

1
.
6
7
5
5

1
.
8
2
1
8

1
.
8
8
2
0

1
.
8
8
2
0

1
.
8
3
8
4

1
.
7
6
2
4

1
.
6
6
2
0

1
.
5
4
3
0

1
.
4
1
0
1

1
.
2
6
6
7

1
.
1
1
5
7

0
.
9
5
9
3

0
.
7
9
9
6

0
.
6
3
8
2

0
.
4
7
6
5

0
.
3
1
5
6

0
.
1
5
6
5

0
.
0
0
0
0

0
.
1
4
9
6

0
.
2
6
0
2

0
.
3
4
8
1

0
.
4
2
1
4

0
.
4
8
4
4

0
.
5
3
9
9

0
.
5
8
9
5

0
.
6
3
4
5

0
.
6
7
5
8

0
.
7
1
3
9

0
.
7
4
9
5

0
.
7
8
2
9

0
.
8
1
4
4

0
.
8
4
4
3

0
.
8
7
2
8

0
.
9
0
0
2

0
.
9
2
6
5

0
.
9
5
1
8

0
.
9
7
6
3

1
.
0
0
0
0

 

45



T
a
b
l
e

l
l
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
9
9
,

T
i

=
2
0
°
C
,

T
o

=
0
°
C
,

R
=

3
9
0
0
.

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

1
r
(
I
)

d
N
(
I
,
l
)
/
d
r

d
T
(
I
,
l
)
l
d
r

d
N
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
H
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
N
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
.
0
0

7
.
2
0
9
9

1
.
0
0
5
0

7
.
1
9
4
1

0
.
9
6
5
4

7
.
2
0
6
9

0
.
9
9
4
7

7
.
1
9
1
1

0
.
9
5
5
2

1
0
1

1
.
0
0

-
4
.
8
8
8
6

0
.
9
9
4
9

-
4
.
8
7
5
8

1
.
0
3
8
8

-
4
.
8
8
6
3

1
.
0
0
5
8

-
4
.
8
7
3
5

1
.
0
4
9
8

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

1

M
a
x
.

M
a
x
.

1
T
(
I
.
2
)

-
T
(
I
,
1
)

0
.
0
3
9
]

N
I
I
.
Z
I
.
-

w
(
I
,
1
)

T
(
I
,
1
)

I
N
(
I
,
1
)

0
'
0
0
2
5

M
a
x
.

T
(
I
,
3
)

_
T
(
I
,
1
)

0
0
1
0
0

“
8
*
:

H
(
I
.
3
)

-
H
(
I
.
1
1

T
(
I
,
1
)

'
1
1
1
(
1
l
e

0
.
0
0
0
4

 

M
a
x
.

M
a
x
.

I
T
(
I
,
4
)

-
T
(
I
,
1
)

o
0
4
9
0

I
w
l
I
.
4
)

-
H

(
1
.
1
1

T
(
I
,
1
)

N
(
I
.
l
)

°
°
°
°
2
°

46



T
a
b
l
e

1
2
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
9
9
,

T
i

=
4
0
°
C
,

T
o

=
0
°
C
,

R
=

6
3
9
0

 

d
N
(
I
,
1
)
/
d
r

d
T
(
I
,
1
)
/
d
r

d
W
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
N
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

d
H
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
1

M
a
x
.

M
a
x
.

M
a
x
.

8
.
1
4
5
7

1
.
0
0
5
0

-
4
.
1
1
7
7

0
.
9
9
4
9

T
1
1
3
2
)

'
T
(
I
,
1
)

1
1
1
.
1
)

T
L
I
.
3
)

-
T
Q
M
)

T
(
I
,
1
)
,

T
(
I
,
4
)

'
T
(
I
S
]
)
_

T
(
I
.
1
)

 
 

8
.
0
9
7
0

0
.
9
4
5
7

-
4
.
0
8
1
2

1
.
0
7
6
4

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

2

0
.
0
5
8
6

0
.
0
1
0
1

0
.
0
6
8
4

8
.
1
3
9
8

0
.
9
9
4
6

-
4
.
1
1
3
8

1
.
0
0
6
5

“i
x“

H
I
I
.
2
)

-
W
(
I
.
l
)
J

1
1
0
.
1
)

I

 
“
i
“
-

N
L
I
.
3
1

-
1
:
1
1
.
0
1

N
(
I
,
l
)

|

M
a
x
.

H
(
I
.
4
)

-
N
1
1
.
1
)
J

M
I
A
)

1

8
.
0
9
1
2

-
4
.
0
7
3
3

0
.
0
0
8
4

0
.
0
0
0
9

0
.
0
0
9
3

0
.
9
3
5
5

1
.
0
8
8
1

47



T
a
b
l
e

1
3
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
9
9
,

T
i

=
6
0
°
C
,

T
o

=
0
°
C
,

R
=

8
7
6
0

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

I
r
(
I
)

d
N
(
I
,
l
)
/
d
r

d
T
(
I
,
l
)
l
d
r

d
w
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
N
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
N
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
.
0
0

8
.
8
9
6
2

1
.
0
0
5
0

8
.
8
0
7
9

0
.
9
3
6
0

8
.
8
8
7
5

0
.
9
9
4
6

8
.
7
9
9
4

0
.
9
2
5
9

1
0
1

1
.
0
0

-
3
.
5
4
2
4

0
.
9
9
4
9

-
3
.
4
8
4
7

1
.
1
0
6
4

-
3
.
5
3
7
3

1
.
0
0
6
7

-
3
.
4
7
9
9

1
.
1
1
8
5

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

3

M
a
x
.

M
a
x
.

~

T
(
I
S
Z
)

'
T
(
I
,
1
)

“
(
1
,
2

I
T
(
I
,
1
)

0
.
0
6
8
3

1
 

3
1
6
1
'
}
l
e

0
.
0
1
5
3

 

0
.
0
0
1
3

 
”
i
t

1
0
.
3
)

-
T
(
I
,
1
)

0
m
m

“6
;"

-
11
11
.3
)

-
N
o
.
1
1

T
(
I
,
1
)

'
H
(
I
,
1
T

 

M
a
x
.

M
a
x
.

T
(
I
,
4
)

'
T
(
I
,
1
)

w
(
1
:
4
)

'
“
(
1
:
1
1

I
T
(
I
,
1
)

0
.
0
7
8
0

1
M
(
I
,
1
)

0
.
0
1
6
5

48



f
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

T
a
b
l
e

l
4
.
-
S
i
g
n
i

i

=
0
.
9
9
,

T
i

=
8
0
°
C
,

T
0

=
0
°
C
,

R
=

1
1
0
5
0

a
/
b

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

d
N
(
I
,
1
)
/
d
r

d
T
(
I
,
l
)
l
d
r

d
N
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
W
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
M
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

0
.
9
9
4
6

9
.
3
7
3
9

0
.
9
2
5
8

-
3
.
0
1
7
4

1
.
1
4
2
1

9
.
5
0
0
8

1
.
0
0
6
7

9
.
5
1
2
2

1
.
0
0
5
0

9
.
3
8
4
8

0
.
9
3
5
7

-
3
.
0
2
2
8

1
.
1
3
0
0

-
3
.
0
8
9
0

1
0
1

1
.
0
0

-
3
.
0
9
4
7

0
.
9
9
4
9

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

4

0
.
0
2
1
6

M
i
x
-

H
(
I
,
2
)

-
N
(
I
,
l
)

“
1
1
.
1
)

M
a
X
-

T
(
I
,
2
)

-
T
(
I
,
1
)
.

0
.
0
6
8
8

I
T
(
I
,
1
)

M
?
"

1
1
0
.
3
1

-
N
Q
J
I

H
(
I
,
l
)

0
.
0
0
1
7

0
.
0
1
0
0

M
“

1
0
.
3
)

-
T
(
I
,
1
)

I
T
(
I
,
1
)

0
.
0
2
3
2

”
8
*
:

N
(
I
,
4
)

-
H
(
I
,
1
)

H
(
I
,
I
)

M
a
x
.

T
(
I
,
4
)

-
T
(
I
,
1
)

0
.
0
7
8
4

I
T
(
I

49



T
a
b
l
e

1
5
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
9
9
,

T
i

=
1
0
0
°
C
,

T
o

=
0
°
C
,

R
=

1
3
3
7
0

 

d
W
(
I
,
1
)
/
d
r

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

d
T
(
I
,
l
)
l
d
r

d
W
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
N
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
W
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
1

M
a
x

M
a
x
.

M
a
x
.

1
0
.
0
3
1

-
2
.
7
3
6

2 0 1
1

1
.
0
0
5
0

0
.
9
9
4
9

1
,
1
)

1
1
9
9
2
)

'
T
(
I
s
l
l

I

T
(
I
s
3
)

'
T
(
I
,
1
)

T
(
I
,
4

T
1

) T
(

1
.
1
1

’
T
(
I
,
1
)

1
,
1
)

9
.
8
6
5
5

-
2
.
6
5
6
3

0
.
9
4
0
9

1
.
1
4
8
4

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

5

0
.
0
7
0
3

0
.
0
1
0
0

0
.
0
7
8
4

1
0
.
0
1
7
2

-
2
.
7
3
0
0

M
a
x
.

M
a
x
.

I

M
a
x
.

0
.
9
9
4
6

1
.
0
0
6
7

N
(
I
,
2
)

-
W
(
I
,
1
)

N
(
I
,
1
)

H
1
1
3
3
)

'
w
i
l
a
l
l
_

”
(
1
.
1
)

“
(
1
.
4
1
_
-

”
(
1
.
1
1

H
(
I
,
l
)

9
.
8
5
2
3

-
2
.
6
5
0
7

0
.
0
2
6
9

0
.
0
0
2
0

0
.
0
2
8
8

0
.
9
3
1
0

1
.
1
6
0
6

50



T
a
b
l
e

l
6
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
1
,

T
i

=
2
0
°
C
,

T
0

=
0
°
C
,

R
=

4
0
1
4
6
0

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

d
N
(
I
,
1
)
/
d
r

d
T
(
I
,
l
)
l
d
r

d
N
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
M
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
N
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
l
d
r

 

1
0
1

M
a
x
.

M
a
x
.

M
a
x
.

1
6
.
1
1
9
0

3
.
9
0
8
7

-
4
.
3
8
0
5

0
.
3
9
0
8

T
(
I
s
z
)

-
T
(
I
s
l
l

T
(
I
,
1
)

1
1
1
:
3
)

'
T
(
I
,
1
)

T
(
I
,
1
)

1
1
1
.
4
)

-
T
(
I
,
1
)

T
(
I
,
1
)

1
6
.
0
6
9
1

-
4
.
3
7
2
1

3
.
7
3
5
3

0
.
4
0
8
3

1
6
.
1
0
2
0

3
.
8
5
0
4

-
4
.
3
7
7
2

0
.
4
0
3
6

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

6

0
.
0
3
8
9

0
.
0
1
0
0

0
.
0
4
8
7

M
a
x
.

I

M
a
x
.

M
a
x
.

”
1
1
9
2
)

-
”
(
1
9
1
)
.

N
1
.
1
)

~
(

M
(
I
,
3
)
-
W
(
I
,
1
)

N
(
I
,
1
)

“
(
1
,
4
)

'
”
(
1
3
1
)
.

H
(
I
,
l
)

1
6
.
0
5
7
5

-
4
.
3
6
8
7

0
.
0
0
2
8

0
.
0
0
0
9

0
.
0
0
3
4

3
.
6
9
5
7

0
.
4
2
1
1

51



T
a
b
l
e

l
7
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s

a
/
b

=
0
.
1
,

T
i

=
4
0
°
C
,

T
0

=
0
°
C
,

R
=

6

s
i
p
a
t
i
o
n

T
e
r
m
s

2
6
1
2
0

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p

d
N
(
I
,
l
)
/
d
r

d
T
(
I
,
l
)
/
d
r

d
w
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
N
(
I
,
3
)
/
d

e
r
a
t
u
r
e

r
d
T
(
I
,
3
)
/
d
r

d
H
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
1

M
a
x
.

M
a
x
.

M
a
x
.

1
8
.
9
2
5
1

3
.
9
0
8
7

1
8
.
7
8
7
5

3
.
6
5
8
3

1
8
.
8
9
2
5

-
4
.
0
0
1
9

0
.
3
9
0
8

-
3
.
9
7
5
0

0
.
4
2
3
3

-
3
.
9
9
5
3

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

7

M
a
x
.

T
(
I
,
2
)

-
T
(
I
,
1
)

M
a
x
.

T
(
I
S
3
)

'
T
1
1
3
1
)

T
(
I
,
1
)

0
.
0
1
0
0

I

M
a
x
.

T
(
I
.
4
)

-
T
(
I
,
1
1

T
(
I
,
1
)

0
.
0
6
8
9

I

3
.
8
5
0
3

0
.
4
0
4
7

1
1
0
.
2
)

-
1
1
1
1
.
0

1
1
1
1
.
1
)

"
0
.
3
1

-
“
(
1
.
1
)

N
T
I
,
1
)

w
(
1
:
4
)

'
w
i
l
s
l
l

N
(
I
,
l
)

 1
8
.
7
6
5
0

-
3
.
9
6
8
4

0
.
0
0
6
5

0
.
0
0
1
6

0
.
0
0
8
1

3
.
6
1
9
5

0
.
4
3
3
7
2

52



T
a
b
l
e

1
8
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
1
,

T
i

=
6
0
°
C
,

T
0

=
0
°
C
,

R
=

8
2
6
8
5
0

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y

&
T
e
m
p
e
r
a
t
u
r
e

I
r
(
I
)

d
N
(
I
,
l
)
/
d
r

d
T
(
I
,
l
)
/
d
r

d
N
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
N
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
d
r

d
W
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
.
0
0

2
1
.
2
8
5
9

3
.
9
0
8
7

2
1
.
0
5
6
9

3
.
6
2
0
9

2
1
.
2
3
8
5

3
.
8
5
0
3

2
1
.
0
2
3
4

3
.
5
8
2
5

1
0
1

1
.
0
0

-
3
.
6
9
2
1

0
.
3
9
0
8

-
3
.
6
4
3
7

0
.
4
3
5
3

-
3
.
6
8
2
4

0
.
4
0
5
4

-
3
.
6
3
4
2

0
.
4
5
0
0

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

8

M
a
x

[
’
1

o
T
I
,
2

-
T
I
’
]

.
N

1
,
2

-
w

I
,
]

3
*

4
)
T
(
I
,
)
)

1
—

0
.
0
6
8
2

I
(

4
(
1

1
)

)
0
.
0
1
2
7

0
.
0
0
2
5

M
a
x

.
'

M
a
x

.
T

1
,
3

-
T

1
,
1

M
1
,
3

-
N

1
,
1

I
(

1
(
I
,
l
)

1
—

0
.
0
1
0
0

I
(
—
-

N
(
I
,
l
)

#
1

‘

M
a
x
.

M
a
x
.

.
.

I
T
(
I
,
1
)

0
.
0
7
7
5

I
H
(
I
,
1
)

0
.
0
1
5
1

53



T
a
b
l
e

l
9
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
1
,

T
i

=
8
0
°
C
,

T
o

=
0
°
C
,

R
=

1
0
1
3
5
1
0

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y
_
&

T
e
m
p
e
r
a
t
u
r
e

d
N
(
I
,
l
)
/
d
r

d
T
(
I
,
l
)
l
d
r

d
H
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
H
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
H
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
1

M
a
x
.

M
a
x
.

M
a
x
.

2
3
.
3
3
6
3

3
.
9
0
8
7

-
3
.
4
2
8
5

0
.
3
9
0
8

T
(
I
,
2
)

'
T
(
I
J
J
)
.

T
(
I
.
1
)

T
1
1
3
3
)

'
T
(
I
,
1
)
.

T
(
I
.
1
1

1
1
1
:
4
)

'
T
(
I
s
l
)

T
(
I
,
1
)

2
3
.
0
2
5
0

-
3
.
3
6
0
2

3
.
6
2
0
5

0
.
4
4
4
8

2
3
.
2
7
4
2

-
3
.
4
1
6
3

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

9

0
.
0
6
8
8

0
.
0
1
0
0

0
.
0
7
8
2

M
a
x
.

I

M
a
x
.

M
a
x
.

1

3
.
8
5
0
3

0
.
4
0
5
8

“
1
1
.
2
)

-
W
(
I
.
1
)

H
(
I
,
1
)

N
(
I
,
3
)

-
H
(
I
,
1
)

w
(
I
.
1
1

M
1
3
4
)

"
“
(
I
9
1
7

“
(
1
,
1
)

2
2
.
9
7
9
9

-
3
.
3
4
8
3

0
.
0
1
9
3

0
.
0
0
3
4

0
.
0
2
2
6

3
.
5
8
2
4

0
.
4
5
9
9

54



T
a
b
l
e

2
0
.
-
S
i
g
n
i
f
i
c
a
n
c
e

o
f

d
k
/
d
r

a
n
d

V
i
s
c
o
u
s

D
i
s
s
i
p
a
t
i
o
n

T
e
r
m
s

a
/
b

=
0
.
1
,

T
i

=
1
0
0
°
C
,

T
o

=
0
°
C
,

R
=

1
1
9
0
2
7
0

 

F
i
r
s
t

D
e
r
i
v
a
t
i
v
e
s

o
f

V
e
l
o
c
i
t
y
_
&

T
e
m
p
e
r
a
t
u
r
e

d
N
(
I
,
1
)
/
d
r

d
T
(
I
,
l
)
l
d
r

d
M
(
I
,
2
)
/
d
r

d
T
(
I
,
2
)
/
d
r

d
N
(
I
,
3
)
/
d
r

d
T
(
I
,
3
)
/
d
r

d
N
(
I
,
4
)
/
d
r

d
T
(
I
,
4
)
/
d
r

 

1
0
1

2
5
.
1
7
9
5

3
.
9
0
8
7

-
3
.
1
9
8
8

0
.
3
9
0
8

T
(
I
,
2
)

'
T
(
I
s
l
)

T
(
I
,
1
)

T
(
I
s
3
)

-
T
K
J
’
J
)

T
(
I
.
1
)

T
(
I
,
4
)

'
T
(
I
,
1
)

‘
T
(
I
,
1
)

2
4
.
7
8
5
2

3
.
6
3
3
4

2
5
.
1
0
2
1

-
3
.
1
1
3
6

0
.
4
5
2
2

-
3
.
1
8
4
4

M
a
x
.

R
a
t
i
o
s

f
r
o
m

T
a
b
l
e

1
0 M
a
x
.

0
.
0
6
8
0

I

0
.
0
1
0
0

1

0
.
0
7
7
3

1

3
.
8
5
0
3

0
.
4
0
6
0

”
1
1
.
2
1
.
?

“
(
1
.
1
1

N
(
I
,
l
)

H
1
1
9
3
)

-
W
(
I
,
1
)

“
(
1
,
1
)

H
(
I
,
4
)

-
N
(
I
,
1
)

N
(
I
,
1
)

2
4
.
7
2
7
6

-
3
.
0
9
9
8

0
.
0
2
5
7

0
.
0
0
4
3

0
.
0
2
9
8

3
.
5
9
5
4

0
.
4
6
7
6

55



56

Table 21.--Critical Eigenvalues for Various

Radius Ratios of Inner to Outer

 

 

Cylinders

a a/bl/ T.24 c a R
1 r

9.9 Cm 0.99 20°C 0.395 2.0292 7,687

60°C 0.406 2.0914 4,707

100°C 0.422 2.1618 3,041

8.0 Cm 0.80 20°C 0.384 1.9976 8,540

60°C 0.378 2.0316 6,428

100°C 0.386 2.0913 4,562

6.0 Cm 0.60 20°C 0.348 1.9465 12,978

60°C 0.333 1.9931 11,341

100°C 0.340 2.0805 8,313

4.0 Cm 0.40 20°C 0.273 1.8453 34,509

60°C 0.274- 2.0366 26,625

100°C 0.293 2.2553 17.087

3.0 Cm 0.30 20°C 0.227 1.8613 73,321

60°C 0.251 2.2906 40,564

100°C 0.279 2.6563 22,467

2.5 Cm' 0.25 20°C 0.210 2.0143 105,370

60°C 0.2465 2.75847 45,847

100°C 0.27873 3.5593 23,154

 

l] b = lOCMI

2/ To = 20°C
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Table 22.--Eigenvalues for c = 0, a/b = 0.99,

T. = = 20°C
1 o

a R Cr Remarks

1.7936 9366 0.36

1.9118 8188 0.36

1.9849 7800 0.39

2.0197 7701 0.394

2.0292 7687 0.395 Critical Point

2.0420 7696 0.396

2.1043 7843 0.400

2.1780 9140 0.395

2.1949 11513 0.38

2 1796 15227 0.36

 

 

 

Table 23.--Eigenvalues for = 0, a/b = 0.99,

T. = 60°C, T = 2 °C
1 o

a R Cr Remarks

1.8918 5286 0.380

2.0311 4757 0.400

2.0689 4712 0.404

2.0914 4707 0.406 Critical Point

2.1437 4800 0.409

2.2415 6023 0.900

2.2488 6500 0.395
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Table 24.--Eigenvalues for c. = 0, a/b = 0.99,

T, = 100°C, To = 20°C

 

 

a R Cr Remarks

1.9801 3305 0.400

2.0987 3067 0.416

2.1618 3041 0.422 Critical Point

2.1923 3062 0.424

2.2657 3262 0.425

2.3244 3886 0.416

 

 

 

Table 25.--Eigenvalues for c. = 0, a/b = 0 8,

T. = T = 20°C
1 o

a R Cr Remarks

1.8895 9115 0.37

1.9631 8666 0.38

1.9898 8582 0.383

1.9976 8540 0.384 Critical Point

2.0101 8550 0.385

2.0338 8553 0.387

2.0679 8657 0.389

2.1367 9493 0.388

2.1675 10994 0.383
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Table 26.--Eigenvalues for = 0, a/b = 0.8,

T. = 60°C, T = °C
1 o

a R Cr Remarks

1.9542 6589 0.37

1.9986 6459 0.375

2.0201 6436 0.377

2.0316 6428 0.378 Critical Point

2.0449 6432 0.379

2.0601 6450 0.38

2.0766 6474 0.381

2.1636 7.87 0.38

2.2036 8605 0.37

 

Table 27.--Eigenva1ues for c. = 0, a/b = 0.8,

T1 = 100°C, To = 20°C

 

 

a R Cr Remarks

1.9479 4877 0.37

2.0102 4673 0.378

2.0279 4633 0.38

2.0677 4574 0.384

2.0790 4566 0.385

2.0913 4562 0.386 Critical Point

2.1680 4665 0.39

2.2402 5127 0.388

2.2828 5932 0.38

2.3004 6910 0.37

 



60

 

 

Table 28.--Eigenvalues for c = 0, a/b = 0.6,

Ti = T = 20°C
0

a R Cr Remarks

1.8696 13376 0.34

1.9046 13126 0.344

1.9152 13094 0.345

1.9257 13055 0.346

1.9361 13018 0.347

1.9465 12978 0.348 Critical Point

1.9639 13045 0.349

1.9821 13120 0.350

2.0553 14208 0.35

2.0997 17301 0.34

 

 

 

Table 29.--Eigenvalues for = 0, a/b = 0 6,

Ti = 60°C, T0 = °c

a R Cr Remarks

1.9519 11385 0.33

1.9647 11363 0.331

1.9781 11344 0.332

1.9931 11341 0.333 Critical Point

2.0126 11391 0.334

2.1447 13664 0.33

 



Table 30.--Eigenvalues for c- = 0, a/b = 0.6,

61

 

 

.Ti - 100 c, To - 20 c

a R Cr Remarks

1.9608 8620 0.33

2.0497 8326 0.338

2.0641 8313 0.339

2.0805 8312.8 0.34 Critical Point

2.0996 8332 0.341

2.1244 8389 0.342

2.2425 9479 0.34

2.2737 10205 0.3364

2.2956 10965 0.3324

2.3157 11999 0.327

2.3298 13074 0.3216

2.3421 14423 0.3152

2.3466 15069 0.3123

2.353 16161 0.3076

2.3585 17293 0.303
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Table 31.--Eigenvalues for c. = 0, a/b = 0.4,

_ ___ o 1

 

a R c Remarks

 

1.5597 46188 0.24

1.6268 41294 0.25

1.7039 37452 0.26

1.7484 35934 0.265

1.7788 35171 0.268

1.8020 34785 0.270

1.8303 34590 0.272

1.8453 34509 0.273 Critical Point

1.8664 34646 0.274

1.8931 34953 0.275

2.0365 52082 0.26

2.0508 63245 0.25

2.0563 76399 0.24

2.0593 92111 0.23

 

Table 32.--Eigenvalues for c. = 0, a/b = 0.4,

T. = 40°C, To = 2020

 

 

a R Cr Remarks

1.85 32844 0.26336

1.90 32343 0.26683

1.925 32321 0.26814 Critical Point

1.95 32414 0.26922

1.9782 32689 0.27009

2.05 34700 0.26992

2.20 50298 0.25354

2.30 73576 0.23197

2.40 90442 0.21875

2.50 99862 0.21134
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Table 33.--Eigenva1ues for c. = 0, a/b = 0.4,

T. = 60°C, T = 20°C
1 o

a R cr Remarks

1.9095 27601 0.266

1.9635 26933 0.27

1.9959 26702 0.272

2.0151 26645 0.273

2.0366 26625 0.274 Critical Point

2.0637 26705 0.275

2.1048 27021 0.276

2.15 27708 0.27625

2.2366 30162 0.274

2.3 33220 0.26971

2.4 40249 0.25926

2.5 48107 0.24813

2.6 54347 0.23956

2.7 58605 0.23349

2.8 61333 0.22913
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Table 34.--Eigenvalues for c. = 0, a/b = 0.4,

 

 

Ti - 100 c, 10 - 20 c

a R Cr Remarks

1.7249 25950 0.245

1.8945 20706 0.266

1.9821 19063 0.275

2.0627 18027 0.282

2.1175 17549 0.286

2.1661 17266 0.289

2.1849 17193 0.290

2.2052 17133 0.291

2.2285 17096 0.292

2.2553 17087 0.293 Critical Point

2.2897 17133 0.294

2.3513 17382 0.295

2.4169 17891 0.29487

2.6842 22326 0.2835

2.7741 24151 0.278

2.8825 26068 0 272

3.0451 28101 0.265

3.1039 28607 0.263

3.2081 29264 0.26

3.2915 29613 0.258
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Table 35.--Eigenvalues for c. = 0, a/b = 0.3,

Ti = T = 20°C

a R Cr Remarks

1.8232 73900 0.225

1.8415 73574 0.226

1.8613 73321 0.227 Critical Point

1.8901 73649 0.228

1.9293 74475 0.229

 

 

 

Table 36.--Eigenva1ues for = 0, a/b = 0 3,

T. = 60°C, T = °C
1 0

a R Cr Remarks

1.8884 44727 0.2275

1.9169 48369 0.23

2.0493 43717 0.24

2.1999 41085 0.248

2.2553 40678 0.25

2.2906 40564 0.251 Critical Point

2.3365 40565 0.252

2.4675 41431 0.253
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Table 37.--Eigenva1ues for c. = 0, a/b = 0.3,

Ti = 100°C, To = 20°C

 

 

a R r Remarks

1.8744 36401 0.23

2.0823 28777 0.25

2.1437 27324 0.255

2.2111 25996 0.26

2.2405 25504 0.262

2.2714 25035 0.264

2.2794 24921 0.2645

2.3785 23770 0.270

2.4980 22912 0.275

2.6039 22537 0.278

2.6563 22467 0.279 Critical Point

2.7360 22472 0.280

2.7492 22485 0.2801
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Table 38.--Eigenvalues for c1 = 0, a/b = 0.25,

T. = T = 20°C
1 o

a R Cr Remarks

1.8089 113580 0.2

1.9565 106150 0.208

1.9831 105660 0.209

2.0143 105370 0.21 Critical Point

2.0594 105740 0.211

2.1588 108180 0.212

 

 

 

Table 39.--Eigenva1ues for c- = 0, a/b = 0.25,

T1 = 60°C, To = 20°C

a R Cr Remarks

2.4094 47947 0.24

2.4736 47134 0.242

2.5565 46416 0.244

2.6920 45897 0.246 .

2.75847 45847 0.2465 Critical Po1nt

2.8711 45971 0.24678
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Table 40.--Eigenva1ues for c. = 0, a/b = 0.25,

11 = 100°C, To = 20°C

 

 

a R Cr Remarks

2.853 24548 0.273

2.94492 24122 0.275

3.0105 23916 0.276

3.0887 23710 0.277

3.1505 23584 0.2776

3.2039 23495 0.278

3.2374 23448 0.2782

3.2786 23396 0.2784

3.3363 23334 0.2786

3.3806 23292 0.2787

3.5593 23154 0.27873 Critical Point

3.5501 23161 0.27874

3.5371 23170 0.278752
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Table 41.--Eigenva1ues for c. = 0, a/b = 0 4,

1. = 30°C, 1 = 20°C
1 o

a R cr Remarks

1.86 34348 0.26736

1.885 34288 0.2688- Critical Point

1.9 34385 0.26943

2.0 37315 0.26983

2.1 50543 0 25687

2.15 72537 0.23782

2.17 85069 0.22895

2.185 93088 0.22382

2.195 97876 0.22092

 

Table 42.--Viscosity and Conductivity of Water

 

 

 

10 i 10 .

u* = H exp (C10 ), k* = H exp (0101)

i=0 i=0

1 Ci Di

0 -5.208294 -6.470986

1 -0.836625 0.095773

2 0.228220 -0.069060

3 -0.072689 0.027692

4 0.036071 0.204396

5 -0.025843 -0.l45549

6 -0.041654 -0.793563

7 0.018216 0.309234

8 0.072355 1.126945

9 -0.006439 -0.179732

10 -0.037l78 -0.523533

0 = (T* - 50)/50
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Figure 3.--Dimension1ess Main Velocity Profiles

for a/b = 0.99 and Various Boundary

Temperatures (Ti, To)
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Figure 4.--Dimensionless Main Velocity Profiles

for a/b = 0.1 and Various Boundary

Temperatures (Ti’ To)
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Figure 5.--Dimension1ess Main Velocity Profiles for (T To)

-(100°C 0°C), and a/b= 0.1 and 0. 99
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Figure 6.--Significance of dk/dr term for

a/b = 0.1 and (Ti’ To) = (100°C, 0°C)
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Figure 7.--Significance of dk/dr term for a/b = 0.99

and (Ti’ To) = (100°C, 0°C)
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Ti = 100 C
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Figure 14.--Effect of Heat Transfer on the Neutral

Stability Curve for a/b = 0.4, To = 20°C,

and Various Ti
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APPENDIX A

Runge-Kutta Scheme for the Fourth Order Differential Equation

The Runge-Kutta scheme for differential equations of the fourth

order which is illustrated by Collatz (1960) is used to integrate the

stability equation. It is outlined below:

At r = r0 V00 = ¢(r0)

V10 = Ar ¢'(r0)

1 12

V20 2 1 (”0)

3
= (A?) m

v30 6 1’ ('0)

where Ar = step size. Using the equation (2.3.8)

G __, M4], 6"30 2‘,20 [Lo v r)

1 2 (Ar)3 (Ar)2 Ar 00

4

=%—§-1— ‘°‘R[(w-c1(¢"+ — 81754-6241
r

2
d N 1 dH

- (3:2" ;' HF) ¢]

-‘—d2 [9"+1—9'-(] «1214]
“ dr r 1:7

_1_d_0 m _3__ .._ 3 2.
U dr [ 2¢ + P ¢ (;2'+ 2a )¢



2

+ [ - 29'“ M324 2 92) <1“ - (%-%—)9'
r r

3 2012 4

- ( - '1' + “‘2' + a )9]

r r

_ AY‘

Values at r - ro + —§-

_ 1 1 1 1

%V" I? *0 +fl 1‘6

v11 ‘ V

= 3 3

v V*2*’*'2‘G

 

21 20 30 1

v31 ’ V30 + 2G1

As before

a = (A§)fi_1, (6V31 2v21 v11 v r)

2 24 (Ar)3 (Ar)2 Ar 11

- ._5
Values at r — r0 + 2

v =v +14! +lv +111 +l—G
02 00 2 10 4 20 8 30 16 1

- 3 1

Vm‘vm+vm+4%0+?1

_ 3 3

V32‘ v20"2"30+2‘51

v32 = v30 + 262

Again as before

4 6V 2v v
= (Ar) 32 22 12

G3 24 f ( ’ ’ V02’ 1)(Ar)3 (Ar)2’ Ar



Values a
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t r = r0 + Ar

v03 = v00 + v10 + v30 + G3

v13 = V10 T 2v20 1 3V30 + 463

v23 ' V20 + 3v30 + 663

V33 ' v30 + 463

G4 = (%%1f_f 6v33 2v23 V13, v03, r )
EX;S3’ (Ar)2’ Ar

The eigenfuction 9 and its derivatives at r = r0 + Ar are

¢(’0 T A”) = V00 1 V10 + v20 1 V30 + G

. =.l_ .
0 (r0 + Ar) Ar (V10 + 2V20 + 3V30 + G )

11 = 2 11

9 (r0 + 4r) Z;;;2-(v20 + 3v3O + G )

6 m

9"'(r + Ar) = -—-—-(V + G 1
0 (Ar)3 30

-.l_ _
where G - 15 (801 + 402 + 403 G4)

. - J. -G - 5 (961 + 662 + 603 G4)

G" = 2 (G1 + G2 + G3)

«0 _ 2
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APPENDIX B

COMPUTER PROGRAM

8 - 1 Description of the Computer Program
 

The main program initially reads the required input data such

as control codes, number of integration steps across the annulus,

radii and temperatures of inner and outer cylinders, and initial

conditions to solve the governing equations of the main flow. It

finds an initial guess of the temperature distribution assuming

constant conductivity and negligible viscous dissipation. First

approximation to viscosity and conductivity is found using this

approximate temperature distribution. Pick a value for X, which is

an unknown constant in the equation of motion, and then call sub-

routine RKUTTAl.

Subroutine RKUTTAl integrates the equation of motion for two

linearly independent initial conditions using the fourth order Runge-

Kutta integration scheme. Returning to the main program the two

solutions are combined in order to have a new solution which satisfies

the boundary conditions at both cylinders. The resulting velocity N

is checked whether it satisfies the continuous constraint. If it

does not, then subroutine PLAM is called to find a new value for A.

95



96

Subroutine RKUTTA2 is called from the main program to inte-

grate thelcomplete and/or simplified energy equation as desired.

Again, two independent solutions are produced and combined so as to

satisfy the boundary'conditions on both inner and outer cylinders.

Using this new temperature distribution repeat some of the above

steps to find new main velocity distribution. Check whether the

main velocity and temperature satisfy a prescribed convergent

criteria. If they do not, then repeat the required previous steps

until convergence is obtained.

Subroutine YUNG analyzes the effect of dk/dr and 9 terms

on the velocity and temperature distributions of the main flow.

Once the temperature distribution and the main velocity

distribution across the annulus is found, the subroutine EIGENVP is

called. The filtering scheme and the interation scheme for the

eigenvalues discussed in Section 3.2 and 3.3 are implemented in

this subprogram.

The integration of the stability equation is done by sub-

routine RK4 which uses the scheme illustrated in Appendix A.

B - 2 Listing of the Computer Program

The program developed to compute the velocity and temperature

distributions of the main flow, and the eigenvalues of the stability

equation is listed below.
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YCHOO TRACE

PPOFRAM YCHnC(lMPUT.OUTPUT365)

DIHINSIDV R12011.H1(201). H21701). ”0(201). T112011. T21201).TO(2011

111.F(11).D(11). H3(201).VIS(201). K1201). DKDR(201).T3(201).

1 CODE(10)

cnnrou /A/ 31. ERR. H. LAMBDA. 05L. IPOS

COMFOW/B/L. DR. DT. SUH. RI

COMPON/C/ PP,ECK. T150.T1050. VISZO. K20

chFON/n/ NOALIM.R0

COMFONIE/ SIGN. 11. TO. N. HONl. HONZ

CUHTONIF/ REY. MONITOR. 166 . ICJ

crnrou 9,41.w2.T1.T2.c.n . VIS. <5 DKDR

TYPF REAL LAHBDA .K20. K

TVPF INTEGER CODE

MODIFIED 0N 9-27'19/4.

READ AND PRINT DATA VISBVIS(C.T) KRKID.T) HIIVELOCITY T1ITEHPERATURE

REAP 175. (CCDEII). 1:1.10)

175 FURVAT(IDIS) '

1F conet11z1, THEN ROTH ur/nw AND Viscous DISSI°ATION TERMS HILL HE NEGLECTFD.

Ir 0005421=1, DK/DR TERM Is KEPT awn Viscous bis319. Tennso.

I? 0005131=1. THEM DK/UPSO. ANDVISCOJvDISSIP. TERM HILL BE KEPT.

Ir 0005141=1, THEN ROTH DK/DR AND Viscous 0155!“. TERMS HILL BE KEPT.

1F CUDF(1)=CODF(2)=CODE(3)=CODE(4)IU. THEN ALL THE ABOVE CASES HILL BE CONSIC

Eatn.

1: corecs1=1. rnen sunnouTIvE Yuao HILL on BE CALLED.

300E1?)=0 FOR DETAILED PRINTOUTS. 81 FOR LIHITEn PRINTOUTS. :2 FOR "IN. PRINTC

3RI'IT'UTS.

300F(7)=1FO" 131.2.3....... I10 F04 [81.6.11....... 1N YUNG.

Ir norE(81=n TO CALL SURROUTINE EIGEVVP, :1 TO SKIP SJBROUTINE EIGENVP. AND

:? r08 IEY=°EY1CRIT1CAL1 AND THFN RESALCULATE THE HHOLE c THING.

IC°:0

11(runeqt1 .En.1 .00, cnoE121.Eo.1 .on. CODE131.EO.1 .on. c00614).60.11 cc

150.11 109:1

1C6= CODE(71

REAP 150, REY

130 FCRVAT( 710.0)

C
C
C
O
C
‘
.

RFAP 3. (C11). 1:1.11)

REAP 1. (9(1). 1:1.11)

REAP P, 01(1). SLOPEI. SLOPE?

RtAP 3. 1. PO

F0R1A119F10.7)

FURFAT(1F10.5)

3 FPRIATils. F10.q)

v
t
—
D

DEFIVITICN AND CALCULATION PR-PRANDTL NUMBER CP:SPECIFIC HEAT

H: STEP SIZE GPS 3 MEASURE OF CONVERGENCE

VSP CUU1TS NUMBER OF CALCULATIONS HITH REYNOLDS NUMBERS HHEN THE VISCDUS

DISSIPATION TFR“ IS KFPT.

NCR=1

H=1.0/N

CF:1.0

M 2 N + 1

14H: .0040H

1'P.“=. 0.0004 ' U

R0021.0

wdwa : 1.0

5101 :1,

RATIO = 1.0

TVD = (20.0 - 50.0) / 50.

V1870: “.0100?

K?0= 0.0014307



70

PFOGRAH

JO

99

110

115

110

.
3

11

121

98

PF = V1920 t CP / K20

O
O
I
I
O

READ ADDITIONAL DATA

RFA' ?, R1. TI. TO

IFITI-TDI 9100.9200.°10O

020C FOPEI21=O

Mnl‘1120

IFICODEII).AE.1) HON2=1

I'IVODE(1).”E.1) C0”E(3)=1

11(CODE(1) .50. 1) CODEI3I=O

C ECK : ECKERT NUMBER

9100 I)" = “0 O?”

01 = TO - T1

YCHnO TQACE

L:@186724U.71

VV = ( (V15?0'RFY )/DR 10'?

AMT 3 AQSIDT)

ECK 8 VV/(CDeAUT) / G

C .

C

C REA" TNF FIRST TRIAL VALUE O’TLAHRDA

RIAF 7. LAAHEA. DEL

C

C PRINT DATA AND OTHER CONSTANTS DEFINED ABOVE

1'1 CODF(6)-1) 6210.6220.6230

6210 PLXIT 199". REY

PFIIT 6: CII). [31:11)

PVIVT 7. (0(1). 1:1.11)

PVI'T 8. 41(1). SLUPEI. H1(1). SLOPE?

6920 P”IIT 9. 91. RD. TI. To

P”1'T 19. N. H. CP. RHU

PLI1T 170 V1520. K2": PR: ECK

6 FPRIATI- 0 RF12.6)

7 FURCATI' COWSTAMTS.D. I" KIin) \RE'a/o JXORFlng’

3 r”RIAT(o01~1114L "U”DITIONS. VELJCITY Avu 11s rrnsr DERIVATIVE-.l.

1 10X. 2F1".?. 1CX. ”F10.2 )

9 FLRIAT(.UPI 3 'r602 .SX.0RO . .;60?JSX.TI' .F60205xD.Tn 3 .F6.7)

10 FIKFATtaaM : 916,6x,aH=oF7.3,5X, wC°8oF5.105X.!PHO=oF5.0)

11 FUR'AT(.0 VIS2U=* F12,7 .BX. oKPuzo F12.7 .Rx. 0PR30F12.7.8X.

i ’E1K=' F12.7)

1‘90 F“RVA1(~-DEVA0LDS HUHPED : o F15.0)

C

c

6930 rlsr = <r1-501/50

71090 = (71-111/50

C

C

C HU“LIN COUNTS NUMBER JF ITFRATIONS.

C DVE 1151.7101 IN THIS CASF INVOLVES THE SOLUTION OF BOTH F0. OF MOTION AND

C EOEQGY IQ.

C IT COUNTS “UNdER OF TRIALS OF LAHBDA VALUES TO GET THE SOLUTION

C OF THE E0. OF MOTION.

C

HMNITOR=1 S HON1=0 S MON2=O

loir ulnlIN=0

1105:”

[T s 3H \
3



  



125

13"

145

150

155

PEUGHAM

160

165

170

179

130

0
0
0
°
C

0
C
O
C
O

If

17

70n

70

99

111:0

CFIcTI‘JUE

ICOLNT COU”TS THF NUMBEi OE IVP SOLVEU FOR A CHOSEN LANBDA.

1111131T : O

CEHTIWUE

III. IFUHUT ’ 1 7 15:16:16

N?(3) 3 SLODEI

S“ TU 17

H7(1) 3 SLOPE?

ICOINT = ICOLNT + 1

SULVF FO. OF MOTION WITH THE ASSUHPTION THAT UK/DRzPHIso.

FIHD H1(L¢1) FPO" HliL) BY RUNOE ' KUTTA.

I)" 15 L 3 10V-

IF1M0NITOR .GT. 1) 60 To 20

1+1 vnNLIv - 1 1 19.20.20

IF<Icnu”r.GT.1) on T0 20

R‘LI = u. (L-1)

Ab = t ”1 . tR-91L1 1 / R1

'11!) = 1.0/ ALOuiRO/RI) . ALOG(AG)

AR3an.

D“ 70" 1:1.11

JJ:J-1

4&3: A03 ‘ C(J1-(T150oT1050911t-0)ooJJ

CONTINUE

”<11: Ex°<AE31xK20

CVNTIWUE

YCHOO TDACE

21

2?

19

A05 = ARS . c111 . (1150 4 T1050-11<L11~~11

CPNTINUE

VIS(L) = Exp(Ann1 / v15?0

5“” = D

D“ F2 J

S“M = SUH + J 'CIJZ)’ ( T150 0 T1050! T1(LI )tfiJJ

CONTIVUE

DIVISIIUP=VIS'SUHtD{/50.0T?(L)

CALI DKHTTA1(M)

CONTINUE

1’(1C”UHT ~31 21.?3.24

D" :5 I 3 101’.

wl<11 = 41(1)

CPMTINUE

G‘ 10 14

dltr) = n = H01M) 4 x-H11n1 SUPFRPOSITION



100

24 X = ~HO(W) /H1(”)

DU :6 I 3 1: H

H1(I) : NO(I) 0 X' V111)

25 c11111'2ufi

185

CHFCK THE CONSTRAINT COVDITION

O
C
W
C
D
O

SIMFON = 0.C

1.90 len-f

D“ 27 1 a 1. N1. 2

sluSnu : siwsnn o u1¢11 . (PIoDR-R(I))

1 9 40N1(I+1) t (°I¢D°~P(1¢1))

1 0 HIIIe?) fi (910JR*R(I¢2))

135 27 CFNTIHUE

sinfuh = H/3.0 . SIHSDN

E1 = DIWSON - (PO+RI) l’.n

EVR = ADSIEPI

IFIFOBEI57’1) 6610:66100062n

”19 661T PPIFT 53,FR.LAHPDA

53 FlRPAT<c 5R a cE15.7.10x.-A1 LAMsnA s.r12.61 ,

6420 11(1RP .LT.“H) 00 TD 54 -

IITZIIT¢1

ITZIIT.OT.1?1 STOP 6

935 C

C FI“D A DEN LAHPUA fir CALLINJ SuaROUTiNF PLAH Ir NEcpssxnv.

CtLl PLAN
,

C

210 61 1n 11

C

C

C

54 P’I'T 20. NCALI”. EPR. LAHBDA

’15 C _

C FIN“ P2 AHU DHDR:1.D/KtD</DR FROM H1 AND K.

C THEY HILL 8‘ USFU 1N RKUTTAP.

C

UI ‘n I 3 1p”

229 1*(I.PE.9 ) GO TO 51

w?(l)=1./12~H)-(-3-w1111 o 4-w1(1o11 - 111192) 1

C .UKDRs 1.0/K - DKIDR

D'D’(I)=1.0/(2tP)*(-39K111 9 4*K1101) -K(I+9))/K(1)

61' To 511

225 51 w?(I) = 1.0/12*”)0i3wwlil) - 4'HL(l-1) o HliI-Z) 1

0101(I)=1.D/(2'“) O (3*K(I)-40K(I-1)+K(I-?I) / K(I)

50 CONTINUE

C

C

950 Thxrzn.

vtleF : 0.11

I*<100E(61-11 6750.6250.870

C PRINT THE SOLUTION OF THE E0. OF MOTION AND CHECK ITS CONVERGENCE

0’50 1*(PUILIH.&O.P) GO TO 850

PFOGRAH YSIOO TRACE v3.0-P380 OPT-0 04/12/75 .00.;9,03.

255 P1111 860

c G“ 10 870

850 PRINT 450

B70 CONTINUE

360 anrATit-96¥.R-12Xtv1t13x~HP~12X-T1-1?x-TZti2x-v15912x- K o12XoDK/



101

?40 IDV')

U‘?QI'10M

IF( NOanW - 1 )130.31.31

245 11 uSwa = U3(I)-H1(I)

T3T13T3(I)-T1(I)

DchARS(43H1)

AT=ABS(73T1)

!F( DIF.3T. vELnIF ) VELDIF - Din

950 IF(AT.GT. TPIF) TDIFBAT

lF(I-11 011.910.020

:1r PATIOsn. s TPATInao.

no 10 030

32c RkTIo: nIF/ h1(I)

955 TPAT10=ATIT1(I)

030 CanINHE

13n d3(1) 8 «1(1)

13(1): T1(I)

2° CPNTINUE

26) lr(CODE(6)-1) 6270.6500.8500

027n Do 5510 I:1.H.IC6

PPIWT 3?. Rtl). H111). ”2(1). T11!) . T2(l).VIS(I).K(I).DKDR(I)

8510 r'ONTI‘VIHE

850“ VOFTINUE

’65 C

32 FPRPAT(1X. r9.3. F15.8.F15.6. 5515.5)

28 FPRPAT( .- VCNLIN Io 15.10XoERR 80515.8 .10x.tAT LAHUDA IoF12.6 )

1*(anE¢1>.Ec.1) no 70 43

gin 11(10NLIV.EO.0) 60 T0 120

IF( vELan.LT.EPs .AND. Tan.LT. EPS .AND. N0NITOR.EO.2) so In 41

1f( vELnIF.L1.EPS .AND. TDIF.LT. EPS .AND. NONITOR.EO.3’ GO TO ‘2

1t( vFLntr.L1.EPs .AND. TnIF.LT. 6P9 .AND. «onxron.eu.4) so T0 43

anNT 960. VELDIF. 101m

275 95a FORMAT(*0 VELnxr-oE15.s;1nx. Toxrs.s15.5 :

12a COFTINUE

I'(”ON1.VF.0 .OQ. ”0N2.NE.") GO TO 1080

PVINT 1020. ?)N1. MON?

230 I‘( CnD¢(q).EQol) 65 TO 3000

CAL| YUWG

310" I’(TI'T0)9300.940no°300

axon HDN1=1 $ MOW2=0

H“NlTnR = HfithnR‘1

285 1320 F(RNAT(' WOV1=-IZ.5X.9H0N?=OIZ)

1121 FORVAT(?IS)

1”23 FUR'AT(7F15.10)

60 TO 1180

940“ "0W1T00 = 3

291 H9N1=0 ; 4c42=1

r

C

C SOLVE FNERCY E0. HHIC4 INCLUDES VISCOUS DISS!PATION

c Ann fiK/Dn TERM§.

295 C

1090 "Ural

C

C

I‘(FOUE(33-1) 5510.5520.5520

311 sszn HUMITOR:5t ch1=o s HON2=1 s 60 re 34



335

310

PFOGRAN

315

320

‘25

330

310

350

355

102

551“ I'(FODE(4)-1) 34.5001.5001

5901 "OFITOR = 4 S ”0N1=1 S HON2=1

34 C‘Ll RKUITA?

IF('UH'1) 36.36.37

36 Dr 33 I 8 1'"

T“(l) = T1(I)

3B CUNTINUE

HUN : NU! o 1

T2(1) = Y2(1) ' .5

GO TO 34

C

C FIND NEH T1 BY SUPERPOSlTIOM.

YSHOO TRACE

C CALCULATE K AND DKDR FOi THIS VEH T1.

C

C 71¢!)3 1 I TO(H) 0 X0T1(H) SUPERPOSITION

37 PR1"! 510

510 FORPAT(t-019x0Rt12XtT1-12x0V[SaleXth12X¢DKDRt)

DO ‘0 I 3 10'

T1(l) 2 70(1) 0 ( 1 - T0(H) ) / [1(H) o T111)

‘87:“,

00 $96 J:1,11

JJ=J'1

A92=AR2+D(J)¢(T150 o 110500T1(I))0*JJ

506 COITINUE

K‘!)= EXPtAPZ)/K20

C

C

4C CUNTXVUF
C

C

C

"UNIX" = “U“LIN 0 1

[r(NONLIN.GT.5) STOP 6

C

C CALCULATE NFH T2 HHlCH HILL BE USED IN RKUTTA1.

C

D6 500 181.“

I'(I.GE. N ) GO TO 810

T71l)=1./(2¢h)-(-3tT1(I)o 40T1(161)-T1(I¢2))

6( TO 800

R10 T?(1)=1.0/(?iH)0(3*T1(I)-4'T1(I-L)*T1(1'2!)

‘00 CO'TINHE

6" TO 1?

O
‘
fi
f
i
fl

41 I’((OUE(6)-1) 6310.6310.6320

6310 Df ?010 [215' o 1"

PPXIT 3?. R(I). #111). ”2(1). Tit!) . T2(!).V!S(l).K(I).DKDR(I)

?0)b CFNTIVUF

300: P*IPT 195.VELDIF . TDIF . NONI. «ON?

'25 FLRIAT(~ ITEfiATlOH CONVERGES. VE-DIF : . E15,S.1DX.TDlF-.e15,5,

157,.fi0n13o1?,5x,oM0H2=o12)

632B CPHTIKUF

I'(FODE(5).FC.1) no TO 5002

CALI VU“S

530? x‘(loPE(2) .60. 1) no TC 6000

ton "Unizn t 10"2=1



355

375

380

385

10

15

20

25

30

a:

6330

202C

3006

6340

3002

4?

635?

?030

3'07

6000

6°10

2n4o

8910

8‘20

1(33

NPHIT0R= "0"1TuPo1

1*(F005(o)-1) 6330.0330.6340

"o 2020 1:1,M. 1n

PFIVT 3?. R(I). H1(I). H2(I). T11!) . T2(l).VlS(l).K(!).DKDR(l)

FOfTINHE

PPI'T 1°5.VELDIF . TDIF , HON1. 40M?

CUNTlmufi

I'(000E(5).FC.1) no TO 3002

CALl YUWG

1'(FOHE(3).FG.1) 00 To 6000

H“11:1 Q H00221

MIHITOR= HOPITOR¢1

60 TO 1010

1*(000E(b)-1)6350.6150.hpno

to 2030 1:1." . 10

PFIIT 3?. R(I). 01(1). "2(1). T111) . T2(ll.vIS(I).K(!).DKDR(!)

C‘NTIHJF

P'IFT 1?5.VFLDIF . TDIF . MnNi. 10N2

COPTINUE

2*(!UDE(5).EG.1) G0 To 2040

CALI YU"G

FONTIVHE

I’('ODE(8)-1) 8810.0820.8810

CAlL EIGFNVF

COFTINuE

NcRgNCR+1

1’('CP .LT. 3 .AHU. CO0E(8).Eo.e) GO TO 1010

END

SLBRUUTYNF Q<UTTA1 TRACE

C
O

SMBFUUTIVF RKUTTA1(M)

TYP! REAL K11. K21. K17. K22. K13. K23. K14. K24. LAHBDA . K

cfHIoN /A/ I). ERR. H. LAHBDA. DiL. IPOS

C‘HrUN/H/L. ER. UT. sun. RI

CPHIoH/n/ NnKLIM.Ru

C”H'0“ p.01.).2.T1.T2.c.n . V18. (. 0KDR

nlnrHSInu C(11). 0(11)

DXHfNSICv R(201). 01(201). H2 201). T1<201) . T2(201). VlS(201).

1 K(201). DKth?01)

VI = VIS'L)

lr('U“LIW.E0.0) T2(L)=1./ALOG(R0/RI)tDR/(RIODRiR(L)D

[*(|.FO. H) 60 T0 100

K11 = H t H?(L)

K31 = H t ( LAMRDA - (VI t5UH‘DT/50.*TZ(L) 0 VI 'DR/(RIODROR1L)))tH?(L))/V

1N?(l))/Vl

K12 = H a ( 52(L) * 1./?. 0 K21 J

K?2 = H a ( LANRDA . (VI tsuncoT/50.0T2(L) 4 VI tDR/(Rl 0 DRc(R(L)+1/?.0H)

1.1.IZ'H)))’(h?(L) *1./20K?1)) IV!

K13 = H 0 (HZ(L) ¢ 1.0l? 0K22)

KVS : H t ( LAMQDA - (VI «SUH-DT/50.OT2(L)9V1 tnR/(RIoDRc(R(L)41/2.

1.'H)))t( ”2(L) #1./7'K22)) IVY

K14 = H t (02(L) 4 023)

K74=H * (LA“BUA-(VI 'SUHtDT/50.*f2(L) 0V1 'DR/(RIODRO(R(L)¢H)))0

1 (N5tL)*K2$)) IVI

H1(l+1) = H1(L) 4 1.0/6 4 ( K11 9 20K12 0 20K13 4 K14 )

d7(l¢1) = H?(L) + 1.0/6 ' ( K?1 O 2*K22 0 20K23 9 K24 )



10

15

20

25

an

58

40

4‘1

1

SIBRtNJTIHF

(
)
0
!
)

00

9L0”

10

.
.
A

A
)

104

CUNTINUF

RtTlRH

EDD

TWACE

SL5. ”HT! ‘IF PLI.”

TYP' pEAL LAPCUAo LAHII

CI'H'OH /A/ IT. FRR: No

LAfi3

néLo

LAH7.

LAMBDA, IPO§

I’fi'T'Z) 3.4.5

FR”

LAMBnA

LAH1 o UFL

3 L092

E3 =

L‘H! =

LAN? =

l.”fif!)A

[T:?

6' Tn 19

E? = FR"

LAM? = LA“1 - E1 t (LAH9-LAN1) I (E?-E1)

I'(IA05.LT.0,0) 00 To 6

LAN? = L002 ¢ UFL

LhnlnA = L103

[T = 3

00 To 10

FR”

ABS(LA”3 ‘ LAH‘)

AB§¢LA”3 - LAM?)

1'8”) 7.8.8

LAHI VS CLOSER T0 LAMS.

L5H? ‘ LAWS

E? F;

LOH? 2 LA”1 .

I*( L0H1.GE.U.UF

L’AHFiIA : LA"3

IT = YT * 1

I*( IT.¢T.7) Cd T0

Gr 10 15

LAN? '1.0

1‘09 !“03 4 1

[T r

Lufli LAW3 4 19,93CL o

[_"zl'd’ 2 LA").

6“ Tu 1%

LAN? IS

Lfinl = LAWS

ES = F3

LIN? = LA"1 -

1*( LAN? .5?.

LAHIUA : LA'S

IT = IT . 1

I'( IT.¢T.7> 00 )0 13

{7.1" Ti) 1‘3

LM13 = '1.L‘

IVOF - Inns 4 1

1T : _1,

LIME =

~
1
3
?
“

A

1

?
F

“
I
!
“

(

hlthAH?-LAM1) / (£2'F1)

CO T0 0

13

H
l
"

l
l

O
I

lPfiS

CLUSEP TO LAMS.

E10‘L0H3-LAM1) / (32°E1)

0.0) "0 T” 12

[013 + 19.0DFL 0 IP05



105

LIHIUA = LA”1

35 R1Tlnh

E’d

SLURJHT1NF ?11.TT.-“2 TDACE

SIBIOUqur PKUTTAz

TYP1 PEAL K110 “230 K120 K22: K15: K230 K140 K240 K0 LAMBD‘

CVHPOH /A/ )T. FHP. H. LAHBDA. 0:‘L. 100%

C'HNUH/DIL; DP: ”To 511". R1

5 CHH10V/C/ PP,ECK. T150.TI”500 V1570. K20

C1 011-1111/9/ $1611.11, 10 o N. NONI. ”0‘12

TYPI FEPL K70

C‘HPnN D.W1.k?oTlgT?.C1" . V15. <. ”KnR

DIMfflS1QV R(201)o H1(201). “2(20110 11(7011. 12(2011 o V15(?01)oK(1C51o 0“

1’1 121;). 11V'1R(?01)

D1i‘111131'1‘1C(111HJ(11’

C

c UKFR'L)= 1./K¢I) - JK(L)/09

C

15 0‘ 35 L = 1.0

K11 = HOT?(L)

K71 =(-DR/("I*DD.P(I))4 T?(L) - UKDP(L) 0T2(L) t HONl

1-1xrtL).PncEcK-VIS(L) -02(L)c-a . SIGN . HUNZ ) 4 H

C

20 c

K1 =H'(T2(L)4 1/2.-K21)

K92 =t-UR/(Pl 4 0R0(R(L)+1./20H1)*(TZ(L)¢1./20K21)

1 -IK00IL) - (T2(L)¢1./2'Ka1) - HON1

1-1.thL)tPRtECKoVYStL)tH2(L)402° SIGN o HON? ) o H

25 c

C

K138 Ht(T?(L)‘1./24K22)

K?3 =(-0Q/(”14 DRO(P(L) 4 l.l?oH))t(T?(L)¢1./20Ka2)

1 'DPDP(L) 4 (T?(L) #1./20K?e) t HOVl

30 1-1./K(L)oDRtECKvVIS(L)-HZ(L)-02 0 SIGN o HONZ ) . H

C

C

K‘4 = H-(72(L) o K23)

K94 =(-0R/(”I # UR-(R(L)+ H))'<TZCL)¢ K23)

35 1 - HVUQ(L) . (T2(L)+ Ke3) . H0~1

1-1./K(L)OPR0ECK.VIS(L1 0H2(L)0*? «SIGN - HCVZ ) . H

C

C

T1(l+1) =1./6.trKiloZ-K1242cK134<14) . T1(L)

40 T?(l41) = 1./6.t(K21¢?OK2202tK234K24) . T?(L)

3% CPHTINUF

RFYIKN

Ehn

StanuuTYNF YJNG rNACE

SUUIQUTI1F YUMG

DIHPNSICV 5(201). v1(?01). v2(201). F1(201). F2(201).C(11).D(11).

1 V15<901). K(201). 0KOR(201)

CLHFOHIH/L. CR. 0?. sun. n1

5 ClthN/C/ PP,ECK. 1150.71050. Vlszo. K20

cerou/fix 00KL1~.°o

COHrnN/C/ 516". T1. T0. N. MON1. M002

CUMNOH/r/ HFy. “UNITOR, 1C6 . 1C9

C“HPON 9. v1. v2. F1. F?. c. n. v15. K. DKDR

1n nIHFNSI0v H1(2u1.4). T1(201.4). 42(201.4). 12(201.4)

TY)E RFAL K



20

30

40

45

55

60

70

106

'C YUHG ANALYZCS THE SIGNIFICANCE OF DKJR TERM AND VISCOUS DISSIPAIION TFR“

C 70H VLHIUHS RFYHCLS NUHQERS)

C

C

C

V = QEY' VIS?0 / (PO-RI) / 1.0

J= 'OHITOP

H‘N‘l

C

00 90 1:1."

H1(I.J)=VI(I)

T3(1.J): F1(!)

H?(I.J) =v2(I)

91 rnrtluue

IFlJ.EO.4 .ANU. IC9.E0.1) 60 T0 20?

1*(IUNIT00 .E0. 4) 00 T0 100

00 T0 ?02

[HINT DATA

C
C

100 P‘IVT 6. DEV

6 FURFATttluHFh RFYNULUS VUHBER=*715.0)

P911? 80. V

an IOIHAT(- v = . c12.5 . CH/Sr)

PVIIT 7. RI. R0. TI. To. PR. ECK

7 IUFH‘TI' RI=*F6.2.5X.09020F6.2.5X00II8°an7.5x.'1030F6.2.5X.0PRSO

1F100505x..ECK=.F-1208,

PFI‘T 8

q FOFHAT(t-c15XtMOleflou2snt1oXoMJN131 S H0N730010X0H0N180 S H0N281'10X4NOR

1.10XcMOM1 a HUN? 8 1*)

PFIFT 9

9 ruRIAT(c n.12x-H(1.1).5x oT(I.1)-7X ~H(l.2105x-T(I.2)07X 0H(I.3)0

15¥4T(I.3)oox ~H(I.4)~SXtT(I.4)0)

0“ 10 I: 1:” o 1C5 .

PFIIT 11. 5(1). 01(I.1).T1(I.1). H1().2).T1(1.2). H1(!.3).T1(!.3)-

1 '1(I.4).11(1.4)

1‘1 CCHTIHUZ

11 FUHPAT(~ «F7.3. 4(5K.2F10.6))

PVIFT 301

301 IUIH‘T(O' ”2(10K10 12(InK) FOR 1310101 AND K3104 .,

D" 300 1:1,“ , 1C6

PFIIT 11. 5(1): N?(I011017II.1)od2(1:910I2(I.2).H2(I:3)oT?(I.3)p

1H21114191?(104)

300 VOITINHE

C CALCLLATE DIFFERENCE AND PATIO 0F VELOCITIES.

NH? 1'2

.2 F(RrAT(o. u(1,2)-H(1.1)45K4H(1.3)-H(l.1)05X0H(I.4)-H(1.11.10x-RATIO?1'SX'F

1021.9x.nA71031-OXoRnT1041.)

vv2=VP4=o. s MP?=HP4=0

VVEfiK=O. t ”FEAK=0

D“ 13 1:1.H

er91=wl((.9)-H1(I.1)

th31=u1(1.3)-H1(I.1)

VIL41=H1(I.4)-H1(t.‘)

A; = ABGl%1([.111

17(11(1.1).FC.U. .00. A” .LT. 1.JE-10) GO TO 15

R‘T91=V9L?1Ih1(I.1)



30

9'1

100

1)“

12"

125

130

YJNG

1)

‘0

20

41

41

42

312

360

107

HATF1= "EL31/Hl'1.l)

APAT31:AQG(PAT31)

11(ARAT51.3T,VPFAK) VDEAK=APA731

17(0RAT31.E‘,VP'AK) HPEAKai

RAT41=V¢L41IL1(I.1)

AV2=A3$(?AT?1)

T”ACE

AP4=AQS(RATA1)

(r(bn?.nr.v02)vpzasz

I'(AR2.CT.VPZ)M02:1

11(004.0T.V°4) VP4=AR4

(*(IR4.fir.qu) "P4=I

00 To 30

RAT?1=0. * PAT31=0. S HAT4180.

CUNTXNUF

1*(IC6.1E.1) GU In 13

P’I1T 14. VFL21.VEL31.V¢L41.RA121.RAT31.RAT41

CONTINUE

F”RVAT(O ~3t£11.4.7X).5x.3(E11.4.SX))

PVXPT 310. VPEAK, StHPEAK)

F‘RVAY(~- HAx. PATSl = '615.50 4? p s .r7.3)

CALCLLATE DIFFERENCE AND RATIO OF TWO DIFFERENT TFHPERATUREC.

Pper 350. ”P2. 5(592). V94. 5(M‘4)

FURFAT(¢ “AX. HAT21=0515.‘*AT RI'F7.3.510'HAX RT4180E15.50AT RIO

1F7.3)

PVIIT 50

IOIMAT(0- T(I:?)-T(l.l)iSX'Ttl.51-T(I.1)0520T(I.4)-T¢1.11010X'RT2108X0RT3

11‘17X'R731'12X'9T4l*)

TP2=TP4=0. t IP2=IP4=0

TVEAK=0. t IPEAK:0

D“ 40 1:1."

T?1=T1(I.2)-T1(I.1)

761=Ti(1.1)-11(t.1)

7‘1=71(I.4)-11(I.1)

IF(T1(I.1).Fc.o.) 60 To 20

R721: T?1/T1(I.1)

R731: 111/11(I.1)

AHT31=AHS(RT31)

l'(fiHT31.0T.TPEAK) TPFAKsART31

1*(AHT31.EO.1PEAK) IPEAKaI

RT41: T41/T1(I.1)

AF77=A00(PT?1) s ART4: ABS(°T41)

I’(AHT2.3T.*F2) TP23ART?

11(flRT2.3T.TP?) IP88!

IF(AHT4.GT.TP4) TP4=ART4

11(ART4.GT.TP4) 194:!

C“ To 41

HT?1=0. % 013180. % RT41=0.

cflnTIHUE

1*(106.HE.1) 60 T0 40

PPIIT 4?. T21.T31.T41. RT21.RT31.RT41

CUNTI‘UJF.

‘0'4A7(- 43(F11.4.7X).5x.3(E11.4.SX))

PWIFT 302. TPEAK. S(IPEAK)

FURVAT(t WAX. RT31 = 0515.5. AT R: .r7,3)

PRINT ‘6”. IP2. 3(192). 7P4. 5(194)

FURtAT(o “AX. T02:~c15.€caT RstF/.3,5x.oHAx. TP4=wE15.54 AT R:.



135

“
1

20

3I

SI

SLUQUUTINF

"V

J

(
I
O

0
0
0
C
.
O

O
O
A
U
'
I

(
1
0
‘

20?

108

1F7.? I

CUNTIWUF

HETURH

END

EIGENVP TRACE

SUBPQHTIVF FIGEVV”

cfinrou R. H1. H2. T1. T2. C. D. v15. K. DKDP

CUMFLFX D1. 92. P3. P4. CH. TF. 31 ."T1.DT2

CUMFLEX Jn. «1. Az. A4. A5. RR.R$.CI.C2 . F1 .Ab

COMFLFY 3F . FF1.EF2.FF3.EF4 .BC

CGHFON/F/ "FYI MONITOpo [CO 0 1C)

CHMIQN/Y/ V151: V132. P1. P2. P3. P40 “3

DININSIOV Un(2). RS(2) . 04(101) .G(101.2)

DIMINSIOq RtZOl). ”1(201). H2¢201).Tl(201).T2(201).C(11).D(11).

1 VIF(701).v151(?01). vISZth1).PL(105.2). P9(105.2).P3(105.2).

1P4(105.°). TFIb). TFST(€) . u3(231)

DIHIHSIOV K(201).UKPR(201) . BCId)

RbAl K

:“WION/n/ L.DP.0T.S”H.RI

C“fiI0N/D/ NONLIN.R0

C"HFON /E/ CIGN.TI.T0.N.H0N1.H0”£

{EAD [H PAnAhETEDS AND INITIA.IGUESSES 0H ALPHA AND REY.

FAL:PE°CFKT CHANGE 1H ALPHA

PREV: DERCENT CHANGE IN REY

Pun: «Ax. CHANGE IN CR AND RF!

FELTA: CONVERGENCE CRITERIA

lcnnfiz PPINTOUT CODE

FAXIT=HAX. NUHRE9 0F ITERATIOV

RtAr 1. PAL, PRFY. PCH.nELTA

RfAlz. ICODF,MAXIT.NSET . IBUG

FPRIAT(SI‘)

81=(0.0.t.0)

CALCULATF THF FIDST AND SECUNJ DERIVATIVES 0F VISCOSITY HRT R.

”:Fol

H= 1./N

42:7, 0 4

.‘1I'.=I-‘/?.

J= Ffl‘l

30 4 I=1,M

R‘I)= RI/(Rn-RI) ¢ (1-1:~H

IF(I.GE.J> GO TO 6

VI$1(l):t./(2cH)t(-‘tVIS(I)+4*VI$(I+1)- V!S(I*2))

G“ To 4

v131zl)=1./(2*H)o(39VIS(I)-4~VI<(I-1>o VISCI-2))

CPNTINUF

JIS7:PV131/UR

4380d2/PR

U" 6 I=1.H

1*(1 .69. 4-1) no T" 7

VIS?(I)=1./“a02 «(ch15(l)- 5cv15(l+1)+ 4cv13(1‘2) -v15(1o3))

45(1)=1./H~«2'(°ofll(II-50H1(I01).4cu1(1#2)swl(l¢3))

G" T] 6

v15?(l)=1./u..e ~<2oVIS(I) -5ons(I-1)o 4-v15(I-2)-v15(!-3))

u3(1)=1./H.q20(?-H1(II-59N1(I-1) o4~H1(I-2)-H1(I-3))

CUNTINUE -

pwxrr a, PAL, PREV. PCH. ntLTA

PPIIT 9. IcnnF. HAXIT



61

70

75

30

85

90

as

1""

115

110

109

NIHIAR:0

230 [VPtn

[I':n

NFaPaR:H§4PAR¢1

[r(HEuPA4.G*. M951) 60 To 300

RIAP 3, 34. REY. ALfidA

Ops RFAL(CN)

PRINT 10. ca, REY. ALPHA

SDUHDARY COWJITICMS... P1=P28(0.0.0.J)

351 An INITIAL CCVUITIUWS FQR THE RF.ATEO INITIAL VALUE PRURLEH AND THEN

gflLVE TUE [VP HY 4TH OROEP R-K HETHOJ.

P1(1'1)=31(1p?):(n00.00")

P?(1.1)=P7(1.2)3(0.Oano01

95(’.2)=(1.n;0.01‘P3(101)8(nonlnoo)

R4(1,1) =(n.0.1,F-B) S P‘I102"(0.000ou,

[C81

PFI'T 901.IC.P3(1.1).P3(1.2) .’4(1.1).P4(1.2)

961 FORWAT(0 015.4(7615.5))

100 CvflTINUS

El: Ui'ALpHAOREY

PHAIALPWAtt?

4on n0 500 111:1.HH

CALL 3K4(H2.REY.E1.CR.PHA.111.19UG)

CALCLLATE THE SOLUTION TJ INVISID EOUATION TO BE USED 00- FILTERIA

EIGENVP TRACE

C
i
f
l
fl

C -n AND OETEQHINE GROWING SOLUTION.

JJ=(III*2)¢1

[1811101

”0 71" I311?

Un(113((41(J41-CHI'(P3(IloIIOIIRIIII'PZIIIoI)'(1/(R(II)O'2

1T ‘ PHAIODIIII.I) I -(H3(JJ)-1/<(II10H2(JJI)0P1(11.1)I

1 'BIOAL91AcOEY

AA=IEALIP?III.I)'CUVJG(PZIII.

n“: REAL(°1(Il.l)ocnnJG(P1(Il

A‘BI: AA/QB

710 n(II-IIS‘TOPT(AABBI

03=AMAXII fiIII.1).G(II.?1I

C EXTRACT THE PORTION OF GiOHING SULUTION(U0(1)) FRO" UOIZI.

7‘0 U” = ABS(QEAL(U0(1)I)

750 RRIII) =UO(2)/UO(1)

1)):

.I)))

780 P1(II.2):P1(II.2) - RRIII) 0P1(II.11

P?(II.2)8P2(II.2) - RR(II) ~Pd(II.1)

P3IIIpZIBPJIIIo?) ' HR(II’ 095(11.1)

P‘(II.2)=P4(II.2) - NR<III tP4(II.1)

.snu CbNTIHUE

IF<lcnnF.En.1) so To 900

C RFPAIR THE EXTRACTION.

I=J

NNxJo?

R5(?T=RQ(J)

D“ F0" ”5:1,AN

1:1-1

P1(102)=p1(I;2)'RS(2"P1"01)

p?(I.?):P?(I.2)-RS(?)-P2(I.1)

P3(I.7)= pscx.2)-n3(2)-93¢1.1)

P4(1.?)aP4(I.?I-R§(?)0P4(1.1)

afio R5(?)=RGI?)¢RR(I)

PHIPT 443

443 tornar(.- SCLUIION 1*)

DU 0‘“ IsinJ



120

125

150

135

140

151

159

160

1/I

110

PPILT 165 In PIIIol’o PZII01’0P3IID1IaP‘(Ici)

040 COITINUE

PVIVT 445

443 FORVATIC- SOLUTION 7:)

Dr 444 1:1.J

PFIFT 16. I. P1(I.2). P?(I.2).P3(I.2).P3(I.?)

444 CONTINUE

c 1001FY THF OROHTNO SOLUTION.

930 C“NTINUE

I=J

810 A68P1(J.2>/P1(J.1)

530 DD 940 KJ=1.HH

Pl(I.1)=PI(I.2)-A6-P1(I.1)

P2(I.1)=P?(I.?)-A6-92(1.1)

P$(I.1):PT(I.2I-A6'PS(I.1I

v4(l.1)=P4(1.2T-Ava4¢I.1)

ado I=I-1

I‘(ICOUF.EO.11 no Tn 950

DE 65” I=lnv

pwlrr 16. 1. P1(1.1).P2(1.1).P3(1.1).P4(I.1)

650 cUuTlVUC

son InIHATIt ~15. 4(2612.4))

c SJPFRPOSITIOV 0F THF Tun SOLUTIONS.

950 at: P2(J.110P3(J.2) - P?<J.2)-P3(J.1)

6?: P?(J.1)/ RE

cit-P2(J.2)/ BE

0 cutCK TVE BOOHOARY CONDITIONS

fiC(])8 CL'PQIJDII ’ CZ‘OZ'JOZI

Ur(?)=01o"3(4.1) ¢ CZoPStJ.2) '(L..0.0) .

THC s ARS(RFAL(RC(1I)) + ABSTAIHAcIPC(1))T oABSIREAL(8C(2)))

1 +Al$tA14AGCOC(2)))

IP=IP+1

TIIIP1=C1'PI(JoII‘CQ'pIIJOZI

TtST(1P)=TF(lP)tCOHJG(TF(IP11

PVIVT 2a. TF(IP). TPST<IP). ALPHA. PEY. CR

IF( TESTIIP) - DELTA) 11.11.1?

19 COITINUE

60 70 (13.14.15119

1‘ DAL=PAL0ALPHA T ALPHAzALPHAoDAJ

6“ T0 100

14 ALPFA=ALPHA-CAL s UDEYIPRFYfiRFY s RFYSREY¢DREY 8 Go TO 100

15 HT1:(TF(?)- TFI1))/DAL x REY: Rev-DREV

EIGFHVP TRACE

nT2:(TF(3)-Tr(1))/unev s DE~=A1MAO<(CONJGTOT1TJ-OT2)

DAL s AIfiAG(TF(1IPCONJU(UTZIJIDFV

DVEY= A!1AG( CUNJG<TF(1))-DT1)/OiN

IF(A8%<HAL) .Gt. (PCHPALPHAI) UA.=PCH0ALPHAODAL!ABS(DAL)

II(AB<(OPEYT.OE.(Pcu~PEv)TOREY:P;chev-OREY1ABS(DREY)

PFv: REV. noev

AlPFA = ALPHA «DAL

IV=F

1VP=:VP‘1

!*(IvP.OE.0) STOP 0

OF Tn 1P0

11 ClNTINUE

PRII‘T 7.1. RIgnuo T1: T0

21 F‘HPAT('JQI.R0.TI.TD ANF .4r1o.3)

c ”VINT (OT *1? FINAL FIGEN FUNCTION“ 1F UFSINEO,



18)

199

10

15

50

3%

111

11(ICJOC,CO.1I 00 T" 200

I" II T 313

FVRVAT('-CO”BINFD EIGCH FUNCT10”$.0//.5Xo 'I020X0P02010OP020X007P0

12°x-O3P~)

313

92

16

1

x

R

q

11

90

1

310

SLBRUUTINF ?(4

1

1

1

1

3

D

D“ ?2 I: 1.J

9+1: 01091(1.1) 0 C?OP1(I.2)

E'2=cto"a(l.1) o CZOP?(I.?)

EF3=C1093(I.1) o C20P3(I.2)

E14:61¢P4(l.1) 0 C2-P4(I.?)

£11 a EF1 / (C19P1(51.11#02*P1(51.2)1

PVI'T 16. I. EF1 .EF2.EF3.EF4

CLNTINUF

FURVAT(0 015.2X.4(2F15.‘) I

G” T0 200

F“RVAT(3FIO.5.ER.2)

FnRFAT(4F10.5)

FURVAT(~ t3F10.5.Ei?.9)

FORIAT(' 0215)

FORFAT(O 04F15.‘)

FURFAT(* TFIR=BIDQ) :0 2612.5.5X.0TEST FNso £12.50 ALPHA. 9VYF

HA0 REY: CR 3 '3E1205)

CVNTXNUF QRFTURN % FNO

TRACE

SHBPOUTYIF PK4IH.REY.El.CR.PHA.I.IBUGI

C”HFLFX V00.V10.V?0.V30.61. V01.V11.V21.V31.82.

Vnz.v12.V22.V32.63. TER41.TEPH2.TERHS.TERH4.

G.DG.DZG.DJG. P.0P.DZP.J3P. EI.EVIS

I V05.V13.V23.V33.G4

C“NILEX SU”1.SU82.SUBS. $084

CUHPnH/Y/ VIS1.VISZ.P.DP.D2P.D3P.DZH

COHION R.H.Dh.T1.T2.c.D.VIS.K.DKJR

DIHIHSIOV thnl).u<2o1).nu(201).r1(?o1).T21701).c¢11).nc11).

VI?(?01).V181(201). VISZ(201).P(105.2).DPI105.2).02P(105.2).

D3PI105.2).TF(5). TEST(5). DZH(£01)

DININSIOJ K1201).DKDR(201I

RtAl K

I‘IIHUG .HE. 1) so To 2

P"IVT 3. H.REY.F1.C°.PHA.I.IBUG

F0RFAT(0 «F7.3. F7.0. 261?.3. 2F10.4.21§)

D0 1 J a 1.?

C FUNCTIOIS AT 9(1)

1

1

1

v00 = PII.J)

V10 = N Q DP(IDJ)

v70 = Had . E2P(I.J) 12

V30 - HwoR t DSPIIaJ) ’6

N‘(It2) - 1

EVIS=EIIVISIN1

VISV131. /VIS(N) * VISl¢NI

VISV2= 1. /VIS(N) 'V152(NI

SUB! = ("d”(") -1IR¢N)'DH(N)1 cvoo

SUB? = (1/R(N)-¢2 ~PHA) 0 V00

SUI3 c -(3/a¢~)-oz ¢2*P4AIOV10/H o (3/RCN)OO3~PHAIR(N))

'VCO

guga :

('3/R(M)*04 * 2*P”A/R(N)tt2 O JHAOPHA) 0 V00

TFRFl = EVI9QI (HINT ~CR) PIV?J02/Hfit2 * 1/R(N)iV1OIH

-(1/R(M)..p . PHA) ~ vno: - SJP1 T

TPRFZ = oVISV2*( V2002/H-c2 0 1/P(N)0V10/H - SUEZ )

TERMS a -VIFv1t( 20V3006/H003 o 3/R(V)tV?002/Htt2 + SUB3 )

TtRl4 = -?/P(N)ov30¢6/H0t3 o (S/R(N)002 s ZoPHA)tV2092/H002



112

1 '(3/ncfi1-.3 - 7.9uA/P1M11.v1o/H - @084

61 = Htt4/P4 - 1 TERMl T Teanz . TERMS o Tennq 1

4" I’cIHUO.VP.11 on To 4

PPIWT 5. 01H). "1%). v151n1. T6911.TE°H2.TERH3.TERH4

5 FURPAT(w ~3F10.3.4(2E10.3) )

c ’JNCTlors AT n + HI?

4 v01= Von . n.5-v1n . o.75~v20 . J.1?5¢V30 * 0.0625-61

45 v11= V19 + v20 . n.7stvxo . 0.5 . G1

v?1= V20 0 1.50V30 + 1.50G1

v51= vsa o 9,-61 ‘

4: It? F.

EVIF=F1IVISINI fi

50 VISV131. /v15(u1 . v151¢~1 E

vlsv2= 1. /vxs(M1 ~VISZ(N) M

SUdi = (D?H(N)-1./R(N)OOJ(N)) . v01 6

SUB? = (1.1R1N1o-2-PHA1cv01 F

QUB3 = -13/acu1.«2 . 2~PHA1.v11/u + (3/RIN).03 -PHA/R(N))aV01 1!

55 sued: I-3./R(N)t04 . 2. *PHA/((N)-t2 + PHA902)0V01 1

Tth1 = avxq-c (HIN)-CR)~(V210£/Htt? . 1./R(N1cv11/u

1 -(1./R(N)ta2 . PHA30V01) -sna1 1

TtRH = -vtsvz . (v21.2/H-o2 . 1./R(N)ov11/H - $082 I

TtRP3 = -"ISV1'(20V31-6/H0t3 . 3./R(N)IV21t9/Hoc2 0 sun; 1

69 TFRTA = -’./R(N1'V31t6/Ht.3 o 13./3(N1002 . 2oPHA).V21/Ho.2 .2,

1 -(5./R(N)003 - 2.0PHA/R(V))tV11/H - $034

8?: fl't4/24. *(TERN1 . TERH7+ TF1H3 ¢ TERH41

II(IB”G.VE.1) GO TO 6

PPINT 5. "("). VIN). Vlscn). T6341.TEPn2.TEnn3.TERn4

V02: V00 * 0.5*V1n + 0.750V20 o 3.1250v3o o 0.0625i61

V12= V10 + V20 + 0.75ov3o o 0.5 t 61

v22= V21 * 1.5-v30 * 1.5061

V32=V30 + 2..GZ

ThRHl an” T591? ARF THE MOST RECENT OMPS.

'7 Trals = -VISV1'(20V3296/Hct3 . 3./R(11.v21q2/q..2 o sues 1

Tbat4 = .2./a(u).v32c6/H.o3 o (3./R(V)~'2 o 20PHA)0V21/H002 «2.

1 -¢3./R(N)¢*T - 2.~PHA/Rcv))oV11/H - suaq

G3=1O'4. 1&4. PtTFRW1+TERH2¢TERNS+TFRM4)

c FJNCTIUIS AT 91!) + n

75 v03 s v30 . v10 o v90 + v39 . 63

5‘5

(
1
(
)
0

J
‘

A

C
‘

V13 = V10 + 20V20 0 3tV30 o 4063

J73 = V?a + 3-VTo + 6.53

V63 = V33 ¢ 4.63

SLBRJUTINE (<4 TRACE

~ u= (1-21 .1

53 E"15=F1/VIS(N)

VISV1=1. xvxs<11 . V151(N)

vlsvz= 1. /v15("1 0V1821N)

S“d] = (U9HIH) - 1/(((N) ) I DU(V) 1 O V03

S”B7 = (1/(RIV) 19" -PHA) ' V93

85 Skd3 = - (3/(PIV) 1'02 PZ'DHAIOV13/d 0 (3I(R(NI )003

1 '9HA/(RINI )) 0V03

SHB4 = {-3/(RI11 1094 o 2-PHA/(R(V) 1002 O PHAOPHA) .V03

Tbuli = €"ISo1 (413) -CR) c(V£3-2/H-t2 o 1/(R(N) )0V13/H

1 -(1I(R(V) )..2 o PHA) o v03)

)1 1 - 9001 1

TtRPZ = -U1$v2t( V23-2/Htoz 0 1/(91N) ) oV13/H - $092 I

Trnrs : .v19v1c1 ZOV3306/H001 o 3/(R(NI ) 0V23-2/H002 9 SUBS)

11qv4 = -7/(a(u) )«v33os/Hcc3 « (3/(th) 1..2 o 2.PHA)cv2392 /

1 4"? -(3/(R(N) 1..T - 2OPHO/(RCN) )1 OVIJIH ' SUB4

95 34 = q..4/?4 .( TE°M1 . TERH? o TEPH3 o TEQNQ )

“(THUGAIF-J) 50 TO 8



q

111

115

15

113 11

l

113

P”IFT 5. 91H). H(M). VISIN). TED!1.TERH7.TEqm3.TERn4

5 = 1.0/1s * ( 8.'61 + 4.'62 +4.-03 - e4)

0” = 1.0/5 O ( 9.*G1 A 6.962 + 6.963 - G4)

026 a 2.0 . ( G1 . G2 .n31

D56 3 2.0/3 a ( 61 o 2,.62 02,065 964)

P‘I‘loJI = vun . v1n ¢ v20 . v30 . c

np(1*1011 3 1./H * ( V10 0 9..V23 6 3.gv5n . DG )

0?P(I*1.I) = 2./H~t° * ( v20 o 3,.v3o . 925 )

03P(I*1.J) a 6.1H-cx . ( vsn . 050 )

I‘(Id”3 .15. 1) GO To 1

PPINT 1n. P1I+1.J>.nP(1o1.J1.n2P(1o1.J1.
n3p(1.1,J,

FURVAT<~ ~412P15.5) 1

PPIVT 11. 31.62.03.n4

€021.11. 11.62.63.64. 4(2F11.3) 1

CONTINUE

RETURN

EDD
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