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" ABSTRACT

A THE INFLUENCE OF HEAT TRANSFER ON THE STABILITY
(~i> * OF PARALLEL FLOW BETWEEN CONCENTRIC CYLINDERS

By
Yung Kook Choo

The stability of parallel flow between concentric cylinders
at different temperatures is investigated for infinitesimal velocity
and pressure disturbances. Primary interest is in the effect of
heat transfer and the radius ratio of the inner to outer cylinder on
the critical point of the neutral stability curve. The modified
Orr-Sommerfeld equation includes perturbations for the velocity and
viscosity as well as its gradient terms, and results in a fourth
order ordinary differential equation. This equation and boundary
conditions represents an eigenvalue problem that is transformed to
an equivalent initial value problem and solved numerically using
a fourth order Runge-Kutta integration scheme.

The results indicate a strong dependence of the critical
eigenvalues on both the heat transfer and the radius ratio a/b of
inner to outer cylinder. Heating the inner cylinder destabilizes
the flow. The critical Reynolds number of an isothermal flow
monotonically decreases supporting the accepted conclusion that

the critical Reynolds number becomes infinitely large as a/b



Yung Kook Choo

approaches zero. The critical Reynolds number of the non-isothermal
flow seems to approach a finite value by showing an inflection point

on the curve R vs a/b near the radius ratio a/b=0.4. For the

crit
radius ratio a/b=0.4 the upper branch of the neutral stability

curve (@ vs. Reynolds number) of the non-isothermal flow appears
to have a vertical, or near vertical, asymptote rather than the

horizontal asymptote of the isothermal flow.
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CHAPTER I

INTRODUCTION

1.1 Review of Literature

The phenomenon of transition from laminar to turbulent flow
which is fundamental for the science of fluid mechanics was first
investigated experimentally by Reynolds (1883). He discovered in his
pipe flow experiments that transition from laminar to turbulent flow
always occured at nearly the same Reynolds number (critical Reynolds
number).

Efforts to clarify and to explain theoretically the process
of transition were done notably by Lord Rayleigh (1830, 1887). Based
upon this work, independent studies by Orr (1907) and Sommerfeld
(1908) in which disturbances of the form ¢(y)exp[ia(x-ct)] were
imposed on the main flow led to the now well known Orr-Sommerfeld

stability equation for two-dimensional plane flow, which is given by

(N-c) (o"-o% ) - W = - 1o (6" - 20" +a )

where W = Velocity of the main flow

(2]
1}

+ic.,
CY‘ 'IC,I

Complex wave propagation speed (Cr is the velocity of
propagation of the imposed disturbance and C; is the
amplification rate of the disturbance)

1



o = Wave number of the imposed disturbance
¢ = Eigenfuntion (amplitude funtion)
R = Reynolds number.

Theoretical investigations are based on the assumption that
laminar flows may be unstable to certain small disturbances. The
behavior of such disturbances is followed in time after they are
superimposed on the main flow which remains to be determined in
particular cases. If the disturbances decay with time (ci<0)’ the
main flow is considered stable. On the other hand, if the distur-
bances increase with time (Ci>0) the flow is considered unstable,
and there exists the possibility of transition to either a secondary
laminar flow or a turbulent flow.

Neglecting the effects of viscosity, Lord Rayleigh (1914)
was able to show that any velocity profile that possesses an inflec-
tion point is unstable. Much later, Tollmein (1935) proved that
this was not only a necessary but sufficient condition for the
occurrence of instability.

Prandtl (1914) postulated the existence of a viscous bound-
ary layer and was able to define transition, separation and drag
coefficients on bodies. Incorporating the viscous boundary layer
into stability theory, Prandtl (1912) considered flow over a flat
plate and included the effects of the largest viscous terms near the
wall. This work along with calculations performed by Tietjens (1925)
gave the startling result that the introduction of viscosity into
the equations did not produce damping as was presumed but amplifica-

tion for sufficiently large Reynolds numbers for particular wavelengths



of the disturbances. This result was obtained not only for unstable
velocity profiles but also the profiles which are stable when vis-
cosity was neglected.

Tollmein (1929) demonstrated that the effect of viscosity must
be taken into account not only near the wall but also in the critical
layer, a narrow region surrounding the critical point at which the
main flow velocity and the wave propagation velocity are equal, that

is, W=rc In addition, he also showed that the influence of vis-

e
cosity leads to instability only if the main flow velocity profile
is other than a straight line.

The method developed by Tollmein, based on asymptotic theory,
provided the mathematical basis for later progress in the stability
area. Lin (1945, 1946, 1955) was able to provide a firm mathematical
basis for the asymptotic expansion theory and was able to explain
the nature of the functions near the critical point. He discussed
what he called the inner viscous layer which includes the critical
point, and the outer viscous layer, a wall layer.

The asymtotic expansion method was used almost exclusively
until the advent of modern high-speed digital computers which permit
the use of more accurate numerical techniques.

The stability of plane Poiseuille flow was investigated by
Thomas (1953) with a numerical scheme. He obtained a value for the
minimum Reynolds number, Rcrit’ for neutral stability of 5780, which
is based on maximum channel velocity and the half-width. This value

has been shown to be more accurate than Lin's (1945) value of 5300 or

Stuart's (1954) value of 5100 based on asymptotic techniques.



Potter (1965) studied the stability of plane Couette-Poiseuille
flow by asymptotic expansions and later (1967) performed numerical
calculations for symmetrical parabolic flows. The values obtained
for Rcrit were in close agreement with those of Thomas.

The point of instability as determined theoretically and the
point of transition, as observed in experiment, to turbulent flow
often differ considerably. An explanation for these differences was
thought by some to be due to the fact that the derivation of the Orr-
Sommerfeld equation is based on the assumption of two-dimensional
disturbances only. Squire (1933) showed that if three-dimensional
disturbances are considered the flow is more stable, thus attention
is typically limited to two-dimensional disturbances.

The distance between the point of instability and the point
of actual transition depends upon the degree of amplification present
and the intensity of fluctuations present in the main flow. But the
actual mechanism of amplification can be obtained from the study of the
magnitudes of the parameters in the interior of the curve of neutral

0. Calculations of this kind were first

stability on which C;
performed by Schlichting (1933) for the flat plate. More recently,
Shen (1954) repeated Schichting's calculations, and Stuart (1956)
investigated the amplification of unstable disturbances by accounting
for the first order effect of the non-linear terms in the equations.

Emmons (1951) observed that any disturbance which triggers
transition may be "local in time" and once initiated, the turbulent
spot moves downstream growing steadily in all directions. This

phenomenon was studied by Schubauer and Klebanoff (1955, 1956). They



indicated that there is no well defined point of transition but that
the process of transition from laminar to fully developed turbulent
flow extends over a finite distance.

Transition from laminar to turbulent flow in a boundary layer
is now believed to take place within 4 stages. At the first stage,
infinitesimal two-dimensional waves called Tollmein-Schlichting waves,
begin to amplify and become unstable. The two-dimensional waves
become three dimensional and result in hairpin eddies at the second
stage. In the third stage low speed turbulent streaks or bursts
(Emmons' spots) originate near the wall, and finally in the fourth
stage the burst rate becomes constant and the transition to fully
turbulent motion is completed. Morkovin (1958) reviews some of the
recent advances in the study of transition and discussed the mechanisms
involved in the above mentioned stages.

Stability theory yields a critical Reynolds number that cor-
responds to stage one. Since the third stage is the first point at
which large scale variations take place, this is often considered to
be transition by engineers. These differences along with the slower
response times of earlier instrumentation serve to explain some of
the discrepancies between theory and experiment.

Stability predictions in channel flow yield critical Reynolds
numbers that also correspond to infinitesimal disturbances but the
stages of transition are not as apparent as in boundary layer flow.
Free stream disturbances or disturbances which result from wall rough-

ness amplify and lead to the transition described above but the effect



is propagated throughout the flow and the entire channel becomes
turbulent.

Barnes and Coker (1905) confirmed experimentally that the
critical Reynolds number for a pipe flow increases as the disturbances
in the flow before the pipe are decreased. Ekman (1910) succeeded
in maintaining laminar pipe flow up to a critical Reynolds number of
40000 by providing an inlet which was made exceptionally free from
disturbances. The upper 1imit to which the critical Reynolds number
can be driven with extreme care is not known at present.

Transition process of a pipe flow was investigated in detail
by Rotta (1956). His measurements reveal that in a certain range of
Reynolds numbers around the critical the flow becomes intermittent
which means that it alternates in time between being laminar and
turbulent. Recently Gill (1965) performed an exhaustive analysis
of the stability problem of a pipe flow and found the flow to be
always stable to axisymmetric disturbances. Davey and Drazin (1969)
solved the equations for the axisymmetric case and concluded that
the flow is stable to all such disturbances.

The stability of a flow over heated and cooled flat plates
were investigated by Wazzan, Okamura, and Smith (1960). They found
that the stability of water flows to Tollmien-Schlichting Qaves is
extremely sensitive to initial heating or cooling. They also indicated
that in the case of a heated wall, terms involving the first and
second derivatives of viscosity in the modified Orr-Sommerfeld equa-

tion are found to have a considerable destabilizing effect.



Mott and Joseph (1968) investigated the linear stability of
parallel flow in concentric cylinders by solving the stability equa-
tion in which the viscous gradient terms were neglected. The critical
Reynolds number of an isothermal flow was found to be a monotone
function of the radius ratio of the outer to inner cylinder, increas-
ing from the plane Poiseuille flow 1imit to the Hagen-Poiseuille flow
limit. The neutral curves for skewed profiles caused by heating the
inner cylinder were found to have a second minimum, which for
sufficiently skewed profiles, gave the lowest value of the Reynolds
number. They alsc found that heating resulted in a more stable
flow. Potter and Graber (1972) investigated the stability of plane
Poiseuille flow with heat transfer. The study indicated that inclusion
of viscosity gradient terms, even though they are small, is very
important. It also indicated that a double critical point does not
appear in the neutral stability curve when the viscosity gradient
terms are included in the equation in contrast with the result of
Mott and Joseph (1968). Finally, their results indicate that heating

one of the plates results in a more unstable flow.

1.2 Purpose of the Present Study

The purpose of the present study is to investigate the sta-
bility of a parallel flow of water between concentric cylinders to
infinitesimal axially symmetric disturbances under the influence of
heat transfer. The main flow is affected by the heat transfer between
cylfnders of different temperatures through the variation in viscosity

and conductivity with temperature since the viscosity and conductivity



of water are quite sensitive to temperature. The viscosity gradient
subsequently causes additional terms to appear in the stability
equation whose solution will be sought in the present study. The
effect of radius ratios will also be investigated by changing the
inner radius while the outer radius is fixed.

The main flow (fully developed laminar flow) is examined,
using the energy and momentum equations with the values for water
given by Poots and Rogers (1965) for the viscosity and conductivity.
They are taken from the experimental data in tables compiled by
Mayhew and Rogers (1964).

The differences between this study and previous work done by
Mott and Joseph (1968) are that in this investigation all the viscous
gradient terms which appear due to the heat transfer are included in
the modified Orr-Sommerfeld equation and the complete energy and
momentum equations are solved to determine the main flow.

Non-linear stability theories typically involve methods which
use the eigenvalues from the linear theory as an imput. Such theories
have not been applied to pipe flow since for the isothermal case the
flow is always stable. Heat transfer has been shown to destabilize
the flow. Thus, it is of interest to investigate the flow between
concentric cylinders as the inner cylinder is heated and reduced in
diameter. As the diameter of the inner cylinder is decreased to zero,
the flow may be unstable at a finite Reynolds number if the heating
is sufficient. If it is, then eigenvalues can be found for a pipe

flow.



CHAPTER II

FORMULATION OF THE PROBLEM

2.1 Gaverning Equations

For incompressible axially symmetrical flow (i.e. all variables
are independent of 6 and Vg = 0) with variable properties the equations
of motion in cylindrical coordinates, using dimensional velocity com-

ponents v, and v, and other dimensional variables indicated by

r
astericks, are

Dvr 3
PoEF T Tk taew LW (Zar*) ]
3 v v
+ 3Z% [u* (32* + 3]"*) ]
2 avr Ve (2.1.1)
tow G - =) 1.
Dv - - BE* 9 *
v V.
1 3 depk (L _Z
+ r.* ar* [ H r (az* ar*) ] (2']’2)
D _ 3 3 3
where  pgr = e T Vo T Yz 5
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The equation of continuity for the same flow is

Lesde (o) + Lo(v) =0 (2.1.3)

For incompressible, steady, parallel flow (vz = vz(r*),
Ve = Vg = 0), and constant boundary temperature the energy equation

can be written as

L

. dv
= 3%; (rrk* %;T) + p* (‘”592 = 0. (2.1.4)

dr*

To write the equations in non-dimensional form, choose the
average velocity wm, the difference between outer and inner radii
(b-a), the difference between the temperatures on the inner and outer
cylinders (To'Ti)’ and viscosity (uo) and conductivity (ko) at a
constant temperature, as reference quantities. The dimensionless

variables will then be

- r*-a =2
r=p-a z -a
T*-Tc *
T = T -T.! p = p—-LZ (2.1.5)
o i wm
_ u* _ k*
U= = k =1—
Ho Ko
v v
= _r =_2Z
U = l“l W %
¢ = t*Wp,




where R

11

Introducing these quantities in the governing equation yields

u ou U
T TN T

L1 Uy 3 U,
ar * R Ly (Ga5) + 57 e G+ 50
2u au u
a]+r (ar a1+r)]
W . oW . W
3t FUr Y Wy,
=_ P13 (0w 1 3
3z TR L3z (gp) + a T ar {u(aytr) (
1 ) oW _
1 d
aFr dr [ {a *r} k ] + sgn (T,-T,)P, Eck“(d )2

Reynolds number = p(b-a)W,
u

o

uo c
Prandtl number = _E__E

0

wmz
Eckert number = ——T—————
_a
b-a

(2.1.6)

) ]
(2.1.7)

(2.1.8)

(2.1.9)
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For the variahle viscosity p and conductivity k in the

equations the theoretical expressions of Poots and Rogers (1965) are

employed:
10 i
W = 1 exp (Cie ) (2.1.20)
i=0
10 j
= 11 exp (Die ) (2.1.11)
i=0
where 0 = (Ti'so) * (To'Ti)T

8@

and Ci and Di are constants displayed in Table 42. These values agree

with experimental data within Q.2%.

2.2 The Governing Equations of the Main Flow

The problem shall be simplified by stipulating that the main
flow velocity W depends only on r, whereas the remaining two components
are assumed to be zero everywhere. The equation of motion for such a

parallel flow is

1 d dW 1 _ pdP
apHr dr [u {a#rt = 1 = Rgz (2.2.1)

where R%; = X\ is a constant, P being the pressure in the main flow.

The boundary conditions for equation (2.2.1) are

W=0@r=0and r = 1. (2.2.2)
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The energy equation for the main flow with constant tempera-
ture on the boundary is as given by equation (2.1.9). The boundary

conditions are

T=1 @ r=1. (2.2.3)

The mean velocity, by which the velocities are non-dimensiona-

lized, of the main flow is defined as

b
J v22nr*dr*

W= 2
m m(b2-a%) (2.2.4)
Expressing v, and r* in terms of the non-dimensional variables

defined in equation (2.1.5) and then substituting them in equation

(2.2.4) yields the following constraining equation:

1

/ ”[31”]""”1*]? (2.2.5)
0

These equations with boundary conditions will be numerically solved
by iteration. Iteration is necessary since the viscosity in equation
(2.2.1) is not known until the temperature is known. Conversely,

the temperature cannot be determined from equation (2.1.9) until the
velocity W(r) is known. A brief description of the iterative process

is presented in Section 3.1.
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2.3 The Linearized Equations for Small Disturbances

It was assumed that the main flow is a parallel flow. Hence,

the perturbed dependent variables can be written as

u=u'
v=y'
(2.3.1)
w=W+w
p=P+p'

neglecting temperature, conductivity and viscosity perturbation. W
and P are the velocity and pressure of the undisturbed main flow,
respectively.

Substitution of (2.3.1) in the equations of motion yields the
first order equations for the small disturbances (u', v', w', and p'

are assumed small in the sense that all the quadratic terms in the

fluctuating components may be neglected with respect to the linear

terms):
u' ou' _ -3p' , 1.3, du'
T W 3z ar TR { §7i2u r )
9 u' . ow 2u (9u' _u
9z [ (az ar ) 1+ r (ar r )}
(2.3.2)
W', dW ow' p' .1 (3, oW
5t T oard tW; 3z R {az (2 3z )

];3—— [ w(@- ",f')]} (2.3.3)



15

3_

sy (ru') + M -0 (2.3.4)

1

r 0z
= r*

where r = p— .

With axisymmetric disturbances the motion may be represented

in terms of a stream function such that

z (2.3.5)

=

"
-~ |—
A
<

with which the equation of continuity is automatically satisfied.
Consider further that the stream function takes the separated

form
¥ = -ip(r) exp [ ia (z-ct)] (2.3.6)

With this expression we assume the disturbance to be a sinusoidal
function of time and position. The quantity o is a dimensionless

wave number and is a real. The complex wave speed ¢ is given by

c=c.t i ¢; (2.3.7)

where C; is the amplification rate. A positive or negative C;

implies growth or decay respectively of the perturbation. This
study is concerned with neutral stability, that is, ¢y = 0. The
function ¢(r) may be complex.

Eliminating the terms containing p' in equations (2.3.2)

and (2.3.3) by cross differentiation, then introducing the assumed
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form of the disturbances into equations (2.3.2) - (2.3.4) to separate
the variables, yields the following modified Orr-Sommerfeld equation,

and ordinary differential equation,

i _o.d 1du
(W-c)lo - r g= (Fqr)d

3 2
- 1 2 d d7¢ 3d
____[uL + au 2 + = - = 2 _di
or [ uL%) + 4 {drs "o (r2+2°‘)dr
2 2
3 o d 2
(- et + S5 (Lo + 20%) ] (2.3.8)
r dr
where
2
d 1d 1 2
L=S5+--%-0
er r dr ;Z
4 3 2
2 _ d 2d 3 2, d
L =—+—-—3-+(-—z—-2(x)——5'
dr4 " dr r dr~
2 2
3 20"y d 3 20 4
M A e e S

and W is the solution of the governing equations presented in Section
2.2.

The necessary boundary conditions result from the no-slip
velocity conditions on the inner and outer cylinders and from con-

tinuity. They are

¢=¢'=08r=a;and a;+ (2.3.9)
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2.4 Eigenvalue Problem

The differential equation and boundary conditions derived in
the previous section represent an eigenvalue problem with the eigen-
values o, ¢, and R. The wave propagation speed, c as stated earlier
is complex, with the imaginary part being the exponential growth or
decay rate of the assumed disturbances. Since we are interested
in studying, neutral stability, C; is set to zero.

To solve for the eigenvalues it is necessary to specify one
of them, say cp and solve for the remaining two, namely a and R from
the complex equation (2.3.8). Setting ¢; =0, the eigenvalues are
found and then plotted as shown in Fig. 1. The resulting curve is

called a neutral stability curve.

a L3 s c— —— —
crit

Unstable

Stable

|
I
I
|
|
I
|
|

Rcrit

Figure 1.--A Neutral Stability Curve
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The neutral stability curve will have a minimum R, called the

critical Reynolds number R for which a flow is neutrally stable.

crit?
Reynolds numbers greater than Rcrit result in growth for that particular

flow and Reynolds numbers smaller than R result in decay. It is

crit
assumed that all wave numbers are present in any real flow. Thus, it

is assumed that a stable flow at point A or point B is not possible,

It is only possible to have a stable (laminar) flow below Rcrit'

, and

Associated with R__.. there is also a critical wave speed ¢
crit crit

r

a critical wave number Copit



CHAPTER III

NUMERICAL METHODS

3.1 Numerical Solution of the Governing
Equations of the Main Flow

The energy equation (2.1.9) and the equation of motion
(2.2.1), which is subject to the constraint (2.2.5), with boundary
conditions (2.2.2) and (2.2.3) are solved by an iterative method.
The numerical integration of the above equations are performed by
using the fourth order Runge-Kutta method.

The iteration procedure which is used to solve the governing
equations of the main flow through the concentric cylinders with
variable u(T) and k(T) is as follow:

(1) Find an initial guess of the temperature distribution

from T(r) = Tﬁ(%737' In[1+ g; 1
which is the solution of the energy equation when the
conductivity is constant and the viscous dissipation
is negligible.

(2) Find an approximation to viscosity p and conductivity
k using the following expression given by Poots and

Rogers (1965):

19
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10 i
u(r) = 1 exp (Cie )

i=0

10 j
k(r) = I exp (DiO )

i=0

where T(r) is included in the expression

o(r) = (120 + (a7 Th) 7(r)
50

and Ci and Di are given in Table 42.
(3) Find an approximation to the velocity of the main flow
W by solving the equation of motion and the constraining
equation:
(3a) Pick a value for A and find W by solving the equation

of motion

1 d dW 4 _
a]+r a? [1-1 (a]+r) 'd_F ] = A

with boundary conditions,
W=0@r=0and r =1

(3b) Check whether W satisfies the following constraint:

1
1
i) . W [a]+r]dr - (a] + z) <eg
where € is a preselected small number. If W does not

satisfy the constraint, then pick a new value for A

and repeat the steps (3a), and (3b).
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(4) Find a new approximation to the temperature, T(r),

by solving the energy equation,

1 d

dT
aptr dr L {a]+r} k dr ]

+san (T-T) - P B w2 =0
with boundary conditions,

T=0 0@ r=0

T=1 0 r=1

(5) Repeat steps (2) and (3) using the new T(r) of step (4).

(6) Check whether the velocity and temperature satisfy
prescribed convergent criteria (e.g., max |Tnew - To]dl

< 10'5). If they do they are the desired solutions.

If they do not, then repeat the steps (2) through (6)

until convergence is obtained.

3.2 Numerical Solution of the Stability Equation

The numerical solution to equations (2.3.8) will generate two
independent solutions because the solutions are started at the inner
cylinder with two boundary conditions. These solutions will not each
satisfy the remaining boundary conditions at the outer cylinder. How-
ever, a proper linear combination of these functions will yield the
eigenfunction which must satisfy the two boundary conditions at the

outer cylinder.
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The integration of the equations is begun at the inner cylinder
and proceeds step by step across the annulus to the outer cylinder. A
fourth order Runge-Kutta technique, detailed in Appendix A, is used to
solve the equation. The two independent solutions are each initialized
at the inner cylinder and integrated simultaneously step by step across
the annulus.

To use the Runge-Kutta integration scheme to solve a differen-
tial equation of order n the problem must be transformed to an equiva-
lent initial value problem where the function and its n-1 derivatives
are initially specified. For equation (2.3.8), the boundary conditions
(2.3.9) provide starting values for ¢i and ¢% (i =1 and 2 represent
the independent solutions) with values for the remaining derivatives ¢¥
and ¢? arbitrarily chosen. The highest order derivatives, namely
¢:V, does not require initialization since they are determined in terms
of the lower order derivatives from the describing differential
equation. The arbitrary starting conditions mentioned above must be
chosen so as to insure independent functions, at least at the start of
the integration. Assigning a non-zero value to one of the two unspeci-
fied derivatives for each of the two solutions generally helps keep the
solutions linearly independent.

The coefficient of the highest order derivative of the
stability equation (2.3.8) is very small since it contains (aR)']

4 in the present problem. Hence, the

which is of the order of 10°
equation is highly singular. There will be two linearly independent
solutions satisfying the two boundary conditions on the inner cylinder,

and an appropriate linear combination of these solutions will produce a
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solution satisfying the boundary conditions on both inner and outer
cylinders.

It is well known that during the numerical integration one of
the two independent functions for the fourth order problem grows much
more rapidly than the other solution away from the starting boundary.
Kaplan (1964) referred to the growing function as the "growing solution"
and called the other the "well-behaved solution." The growing solution
stems from the singular portion of the stability equations and the well
behaved function originates from the inviscid portion.

The governing stability equations can be written as

(W-c)Lo - 4= G o = - 1o [u(%)

R IR AR UG BTN

-
%y 2
+E:Z (Lo + 2a9)] (3.2.1)

where L is a second-order operator and L2 is a fourth-order operator
defined in Section 2.3. The left hand side represents the inviscid
part and the right hand side represents the viscous part which accounts
for the singular behavior.

In this particular problem, the two solutions exhibited two
distinct growth rates, the larger one corresponding to the growing
solution, and the smaller one corresponding to the well-behaved
solution. The fourth order differential equation results in only
one growing solution which exhibited a growth on the order of 1018

across the annulus, which is in agreement with the observations

reported by Reynolds and Potter (1967).
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It is clear that generation of a second solution which is
independent from the rapidly growing solution will be difficult. Any
slight round-off error will in effect throw in some small multiple of
the growing solution, which will 1ikely dominate the second solution
by the time the outer cylinder is reached.

The problem is to generate numerically a second solution which
is not a multiple of the growing solution. Two approaches may be
considered.

First, one might use double precision, extending the accuracy
of the digital computations (to say, 24 digits). To reduce the truncation
error associated with any numerical scheme, an obvious answer is to
choose a step size that is as small as possible, consistent with the
particular limitations of machine storage and speed. Performing all
arithmetic operations in double precision should greatly reduce the
error. This is in fact, found to be true. However, since all the
functions are complex, adding double precision to the program
significantly increases machine computation time and storage require-
ments. Therefore, this approach was not used for the present study.

A second approach, first used by Kaplan (1964), involves
suppression of the growing solution during the calculation of the
well-behaved solution. His method, that does not require double
precision, consists of subtracting from the well-behaved solution a
portion of the growing solution at every step of the integration.
This procedure called "filtering" prevents the growing solution from
ever dominating the well-behaved solution and thus maintains the

needed functional independence.
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Kaplan's scheme was implemented in the computer program for
this problem. The CDC 650Q computer nominally carries 14
significant digits in single precision, which is equivalent to
double precision on IBM equipment and in particular the IBM 7090
used by Kaplan. These computations were in effect then performed
in "double precision."
The filter used consisted of a ratio of the inviscid solutions,

the left hand side of equation (3.2.1), namely,

Inviscid part of the well-behaved solution (3.2.2)
Filter = Inviscid part of the growing solution tee
. . s d ,1 dW
where, Inviscid part = iaR [(W-c)L$ - r EF'(F'EF)¢] (3.2.3)

The above ratio determines the fraction of the growing solution to be
"extracted" from the behaved solution, so the amount subtracted off is
the product of this ratio and the value of the growing solution at the

particular integration step.

3.3 Iteration Scheme for the Eigenvalues

Integrating across the annulies with assmumed eigenvalues, two
independent solutions are generated at each step. Upon reaching the
opposite cylinder, the functions are linearly combined to form the
total eigenfunction that must satisfy the boundary conditions. The
two conditions that must be satisfied at the outer cylinder are
¢ =¢' = 0. Consider the following set of combined functions at the

outer cylinder:
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a]¢]0 + azcbzo = % (3.3.1)
a6y, * ', =9 (3.3.2)
16y, * a0 5 = ¢ (3.3.3)

Equations (3.3.1-3) are used to solve for the coefficients aj.
Note that there is no specific boundary condition for q;, hence the
choice here is arbitrary. This system can now be written as
] ]
¢lo ¢a> a4 0

" " a ]
¢lo ¢a> 2

For functions that are linearly independent the determinant of
the matrix containing known values of ¢io and ¢$° will be non-zero.
When the suppression scheme was not used this determinant was effectively
zero and indicated the functions to be linearly dependent, that is, one
column is a multiple of the other.

For independent functions, the a; can be determined by finding
the inverse of this matrix or as was done for the computer program by
simply writing out the solution.

The iteration scheme for eigenvalues has several options (i.e.,
(1) find R, o for Cp fixed, (2) find R, Cp for a fixed, (3) find o, Cp
for R fixed). The first option of finding R, a for c, fixed is
further explained below.

The a;, once determined can now be substituted into equation

i
(3.2.4). With the correct eigenvalues ¢0 will be zero; hence ¢0 will
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serve as the test function (F). If FE, where E is the conjugate of

F, is less than 10']2 the convergence criteria is satisfied and the
eigenvalues used to generate the functions are assumed to be the
correct ones. If convergence is not attained let F] = F. Increase

o by 1%, recalculate F and let F2 = F. After setting a to its original
value, increase R by 1%, recalculate F and let F3 = F. The finite

difference approximations for the change in F with respect to o and

R are
¥ Fi;F‘ (3.3.5)
Lo %‘QF—‘ (3.3.6)
These are substituted into the complex equation
Fra+ L R+F =0 (3.3.7)

from which Ao and AR can be calculated. The new values for the

eigenvalues are

o =a + Ao
new old (3.3.8)
Rnew = Ro1d * AR

It was found that if the initial guesses are relatively

good, convergence is obtained in about three iterations.
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The initial estimates for the eigenvalues of the near paraliel
plate case (i.e. when the radius ratio is near unity) were obtained
from the data presented by Potter and Graber, (1972). The initial
estimates of eigenvalues for the isothermal case and radius ratios a/b
with 0.8 or less were obtained from the data presented by Mott and
Joseph (1968).

For nonisothermal case with radius ratios of less than 0.99
guesses had to be made referring to both results of Potter and Graber,
and Joseph and Mott. After a few critical points for different radius
ratios and temperatures on the boundary were obtained and plotted,
the initial point on the next stability curve for smaller radius
ratio could be made by extrapolation. Completing a neutral stability
curve for a fixed radius ratio, a/b, and boundary temperatures (Ti,
Tb) was also done by extrapolation after a few points were obtained

and plotted.



CHAPTER IV

RESULTS, CONCLUSIONS, AND RECOMMENDATIONS
FOR FURTHER STUDY

4.1 Numerical Results

(a) Governing Equations of the Main Flow

The velocity and temperature profiles of the main flow were
calculated using the iteration technique discussed in Section 3.1. For
the heated inner cylinder several cases were considered. The tempera-
ture of the outer cylinder was taken at 0°C with the inner cylinder
temperature at 20°C, 40°C, 60°C, 80°C, and 100°C. The radius ratio
a/b, inner cylinder to outer cylinder, was varied between 0.99 and
0.1.

The energy equation (2.1.9) can be written as

k d dT dk dT -
artr EF'[ {a]+r} HF'] tar ar v 0 ° 0

where ¢ = sgn (To'Ti) Pr Eck u(gg)z. To determine the significance
of the dk/dr term and viscous dissipation ¢ the governing equations
of the main flow were solved for the following four cases:

(1) Neglect both dk/dr and ¢.

(2) Keep dk/dr, but neglect ¢.

(3) Neglect dk/dr, but keep o.

(4) Keep both dk/dr and ¢.

29
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The velocity and temperature profiles of these cases for the selected
boundary temperatures and radius ratios are presented in Tables 1
through 10.

The significance of the dk/dr term and viscous dissipation are
presented in Tables 11 through 20. For the near parallel plate case
(a/b = 0.99) with Ti = 20°C, To = 0°C and R = 3900, the following
indicates the maximum deviation between the temperature T(I,1) of

case (1) and the temperatures T(I,k) of cases (2), (3), and (4):

max DAL= LLU |y 100 = 3.9%
T(1,3) - T(I,1) _

max T 2 x 100 = 1.0%
T(1,4) - T(I,1 )

max (T x 100 = 4.9%

Since the temperature T(I,1) of case (1) contains the highest error,
the case with the smallest error will have the largest ratio. That
is, the T(I,4) values of case (4) are the most accurate. The value
3.9% of case (2) is larger than the 1.0% value of case (3). This
indicates that the dk/dr term has a greater effect on temperature

than ¢ has. For a/b = 0.99, Ti = 100°C, and R = 13370 the deviation

was
max | T2l e falall 1 100 = 7.03%
T(1,3) - T(I,1 i
max T I,] 2 X ]00 - ]-O%
max |1 I’4T ',T LU | 4 100 = 7.84%
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This indicates that the dk/dr term has a significantly greater effect on
the temperature distribution than the ¢ term, with the effect increasing
with increasing R and temperature difference. Similar results were
found for a/b = 0.1.

The significance of the dk/dr term when T,i = 100°C and T0 = 0°C
is shown graphically on Figure 6 for a/b = 0.1 and on Figure 7 for
a/b = 0.99. The effect of variable properties on temperature is
relatively small, but may be important in certain situations. The
temperature T with the dk/dr term is always lower than that without the
dk/dr term at any position r except on the boundary. Some representa-
tive velocity profiles are presented in Figures 2, 3, 4, and 5. They
clearly show the significant effect of temperature, acting through the
viscosity, on the velocity profile.

Based on the result of this analysis the dk/dr term has always
been kept in the energy equation for the present study. But, based
on the small error introduced, the viscous dissipation has been neglected,

as is customary.

(b) Stability Equation

Numerical calculations of the eigenvalues were performed using
the technique discussed in Sections 3.2 and 3.3 for Ti = 20°C, 60°C,
and 100°C with T = 20°C, a/b = 0.99, 0.8, 0.6, 0.4, 0.3 and 0.25. The
resulting eigenvalues for these cases are presented in Tables 22
through 41, and the associated neutral stability curves are presented

in Figures 8 through 13. Critical eigenvalues are summarized in
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Table 21 and are plotted in Figure 13 to demonstrate the effect of
heat transfer and radius ratio a/b on the critical eigenvalues.

From Figure 13 there are three observations that are of

particular interest:

(1) For any fixed value of a/b between the values of 0.99
and 0.25, with To = 20°C, the critical Reynolds number
decreases with increased temperature of the inner
cylinder.

(2) For the isothermal flow with T = To = 20°C the
critical Reynolds number increases with decreasing

radius ratio. For a/b = 0.99, R = 7687. The

crit

value of R increases to the value of 105370

crit
for a/b = 0.25. The isothermal curve supports the
conclusion that the critical Reynolds number of an
annulus approaches infinity as a/b approaches 0.

(3) The critical Reynolds number Rcrféa/b) of non-
isothermal flow also increases as a/b decreases
for a/b between Q.99 and 0.25. But, non-

isothermal R -curves in this case show an

crit.
inflection point near a/b = 0.4 giving the
possibility of
1im Rcrit = a finite value.
a/b> 0
The effect of heat transfer on the stability was further inves-
tigated for a/b = 0.4 with To = 20°C, Ti = 20°C, 30°C, 40°C, 60°C and

100°C. The resulting neutral stability curves for these cases are
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shown in Figure 14. When Ti = 20°C (isothermal case) the neutral
stability curve (o vs. R) has the shape of a typical open loop which
is shown in Figure 1. However, the neutral stability curve of the
non-isothermal flow for a/b < 0.4 exhibits a different shape as
shown in Figure 14.

In case of a/b < 0.4, R is of the order of 10* and o of the
upper branch keeps increasing for non-isothermal flow. This results
in small (aR)'] which is the coefficient of the highest order deriva-
tive of the stability equation. The differential equation for these
small @xR)-] is highly singular and its solution is very difficult to

obtain. Some eigenfunctions are plotted in Figures 15, 16, 17.

4.2 Conclusions

Based on the results obtained and discussion of the previous

section it can be concluded that:

(1) Neglecting dk/dr results in up to 6.8% error in the
temperature distribution and up to 2.7% error in the
velocity distribution for high R and T = 100°C. The
effect of neglecting ¢ influences the temperature and
velocity distributions by less than 1%.

(2) Neglecting dk/dr results in an error of up to 13.3%
on the heat transfer and up to 3% on the shear stress.
The effect of neglecting ¢ influences the heat trans-
fer and shear stress by less than 1%.

(3) Heating the inner cylinder destabilizes the parallel

water flow through the concentric cylinders.
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(4) The critical Reynolds number of an isothermal flow
monotonically decreases supporting the accepted

conclusion that R becomes infinitely large as

crit
a/b approaches zero.

(5) The critical Reynolds number of a non-isothermal
flow increases as a/b decreases between the values
of 0.99 and 0.25. The results indicate that Rcrit
may indeed approach a finite value when a/b + 0.

(6) For a/b = 0.4 the upper branch of the neutral stability
curve of the non-isothermal flow appears to have a
vertical, or near vertical, asymptote rather than the
horizontal asymptote of the isothermal flow. But,
convergence of the iteration process toward an
acceptable set of eigenvalues was extremely difficult
at the high (aR) values. Hence, the existance of

the upper vertical asymptote, especially for small

(To'Ti)’ is not certain.

4.3 Recommendations for Further Study

Finite-amplitude instability of parallel flow of a liquid
between concentric cylinders would be investigated using the
eigenvalues found in this study as an input. This study could be
further extended to find critical eigenvalues of non-isothermal
flow for a/b < 0.2 by using a better method which could solve the
highly singular differential equation. It could also be extended

to include non-Newtonian fluid.
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Table 21.--Critical Eigenvalues for Various
Radius Ratios of Inner to Outer

Cylinders
a a/bl/ T.g/ c o R
i r
9.9 Cm 0.99 20°C 0.395 2.0292 7,687
60°C 0.406 2.0914 4,707
100°C 0.422 2.1618 3,041
8.0 Cm 0.80 20°C 0.334 1.9976 8,540
60°C 0.378 2.0316 6,428
100°C 0.386 2.0913 4,562
6.0 Cm 0.60 20°C 0.348 1.9465 12,978
60°C 0.333 1.9931 11,341
100°C 0.340 2.0305 8,313
4.0 Cm 0.40 20°C 0.273 1.8453 34,509
60°C 0.274 2.0366 26,625
100°C 0.293 2.2553 17,087
3.0 Cm 0.30 20°C 0.227 1.8613 73,321
60°C 0.251 2.2906 40,564
100°C 0.279 2.6563 22,467
2.5 Cm 0.25 20°C 0.210 2.0143 105,370
60°C 0.2465 2.75847 45,847
100°C 0.27873 3.5593 23,154

1/ b =10Cm
2/ T, = 20°C
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Table 22.--Eigenvalues for ¢ = 0, a/b = 0.99,

Ti = To 20°C
a R C. Remarks
1.7936 9366 0.36
1.9118 8188 0.36
1.9849 7800 0.39
2.0197 7701 0.394
2.0292 7687 0.395 Critical Point
2.0420 7696 0.396
2.1043 7843 0.400
2.1780 9140 0.395
2.1949 11513 0.38
2.1796 15227 0.36

Table 23.--Eigenvalues for ¢, = 0, a/b = 0.99,
T, = 60°C, T, = 20°C

o R C, Remarks
1.8918 5286 0.380
2.0311 4757 0.400
2.0689 4712 0.404
2.0914 4707 0.406 Critical Point
2.1437 4800 0.409
2.2415 6023 0.900

2.2488 6500 0.395
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Table 24.--Eigenvalues for c} =0, a/b = 0.99,
Q

Ti = 100°C, To = 20°C
o. R Cr Remarks
1.9801 3305 0.400
2.0987 3067 0.416
2.1618 3041 0.422 Critical Point
2.1923 3062 0.424
2.2657 3262 0.425
2.3244 3886 0.416

Table 25.--Eigenvalues for c; = 0, a/b = 0.8,

Ti = To = 20°C
o R cr Remarks
1.8895 9115 0.37
1.9631 8666 0.38
1.9898 8582 0.383
1.9976 8540 0.384 Critical Point
2.0101 8550 0.385
2.0338 8553 0.387
2.0679 8657 0.389
2.1367 9493 0.388
2.1675 10994 0.383
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Table 26.--Eigenvalues for ¢, = 0, a/b = 0.8,
T, = 60°C, T. = 28°C
i 0
o R C, Remarks

1.9542 6589 0.37

1.9986 6459 0.375

2.0201 6436 0.377

2.0316 6428 0.378 Critical Point
2.0449 6432 0.379

2.0601 6450 0.38

2.0766 6474 0.381

2.1636 7.87 0.38

2.2036 8605 0.37

Table 27.--Eigenvalues for ¢; = 0, a/b = 0.8,
T, = 100°C, T, = 30°C

o R C, Remarks

1.9479 4877 0.37

2.0102 4673 0.378

2.0279 4633 0.38

2.0677 4574 0.384

2.0790 4566 0.385

2.0913 4562 0.386 Critical Point
2.1680 4665 0.39

2.2402 5127 0.388

2.2828 5932 0.38

2.3004 6910 0.37
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Table 28.--Eigenvalues for c;. = 0, a/b = 0.6,

= = 20° 1
Ti-To-ZOC

o R cp Remarks
1.8696 13376 0.34
1.9046 13126 0.344
1.9152 13094 0.345
1.9257 13055 0.346
1.9361 13018 0.347
1.9465 12978 0.348 Critical Point
1.9639 13045 0.349
1.9821 13120 0.350
2.0553 14208 0.35
2.0997 17301 0.34

Table 29.--Eigenvalues for c; =
T, = 60°C, T, = 20°C

o R c Remarks

1.9519 11385 0.33

1.9647 11363 0.331

1.9781 11344 0.332

1.9931 11341 0.333 Critical Point
2.0126 11391 0.334

2.1447 13664 0.33
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Table 30.--Eigenvalues for c; = 0, a/b = 0.6,

Ty = 100°C, T, = 20°C
o. R cr Remarks

1.9608 8620 0.33

2.0497 8326 0.338

2.0641 8313 0.339

2.0805 8312.8 0.34 Critical Point
2.0996 8332 0.341

2.1244 8389 0.342

2.2425 9479 0.34

2.2737 10205 0.3364

2.2956 10965 0.3324

2.3157 11999 0.327

2.3298 13074 0.3216

2.3421 14423 0.3152

2.3466 15069 0.3123

2.353 16161 0.3076

2.3585 17293 0.303
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Table 31.--Eigenvalues for ¢ = 0, a/b = 0.4,

Ti = T0 = 20°C
o R Cp Remarks
1.5597 46188 0.24
1.6268 41294 0.25
1.7039 37452 0.26
1.7484 35934 0.265
1.7788 35171 0.268
1.8020 34785 0.270
1.8303 34590 0.272
1.8453 34509 0.273 Critical Point
1.8664 34646 0.274
1.8931 34953 0.275
2.0365 52082 0.26
2.0508 63245 0.25
2.0563 76399 0.24

2.0593 921 0.23

Table 32.--Eigenvalues for c; = Q, a/b = 0.4,
T, = 40°C, T = 203

a R C, Remarks
1.35 32844 0.26336
1.90 32343 0.26683
1.925 32321 0.26814 Critical Point
1.95 32414 0.26922
1.9782 32689 0.27009
2.05 34700 0.26992
2.20 50298 0.25354
2.30 73576 0.23197
2.40 90442 0.21875
2.50 99862 0.21134
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Table 33.--Eigenvalues for c; = 0, a/b = 0.4,
T, = 60°C, T. = 28°C
i 0
o R Cp Remarks

1.9095 27601 0.266

1.9635 26933 0.27

1.9959 26702 0.272

2.0151 26645 0.273

2.0366 26625 0.274 Critical Point
2.0637 26705 0.275

2.1048 27021 0.276

2.15 27708 0.27625

2.2364 30162 0.274

2.3 33220 0.26971

2.4 40249 0.25926

2.5 48107 0.24813

2.6 54347 0.23956

2.7 58605 0.23349

2.8 61333 0.22913
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Table 34.--Eig=anvalues for c; = 0, a/b = 0.4,
T, = 100°C, T, = 20°C

o R c, Remarks
1.7249 25950 0.245
1.8945 20706 0.266
1.9821 19063 0.275
2.0627 18027 0.282
2.1175 17549 0.286
2.1661 17265 0.289
2.1849 17193 0.290
2.2052 17133 0.291
2.2285 17096 0.292
2.2553 17087 0.293 Critical Point
2.2897 17133 0.294
2.3513 17382 0.295
2.4169 17891 0.29487
2.6842 22326 0.2835
2.7741 24151 0.273
2.8825 26068 0.272
3.0451 28101 0.265
3.1039 28607 0.263
3.2081 29264 0.26

3.2915 29613  0.258
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Table 35.--Eigenvalues for c; = 0, a/b = 0.3,

-1 = onor i
Ti = TO 20°C

o R C, Remarks

1.8232 73900 0.225
1.8415 73574 0.226
1.8613 73321 0.227 Critical Point
1.8901 73649 0.228
1.9293 74475 0.229

Table 36.--Eigenvalues for c; = 0, a/b = 0.3,
T, = 60°C, T, = 20°C

o R C, Remarks

1.8884 44727 0.2275

1.9169 48369 0.23

2.0493 43717 0.24

2.1999 41085 0.248

2.2553 40678 0.25

2.2906 40564 0.251 Critical Point
2.3365 40565 0.252

2.4675 41431 0.253
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Table 37.--Eigenvalues for c; = 0, a/b = 0.3,
T, = 100°C, T = 20°C

o R P Remarks

1.8744 36401 0.23

2.0823 28777 0.25

2.1437 27324 0.255

2.2111 25996 0.26

2.2405 25504 0.262

2.2714 25035 0.264

2.2794 24921 0.2645

2.3785 23770 0.270

2.4980 22912 0.275

2.6039 22537 0.278

2.6563 22467 0.279 Critical Point
2.7360 22472 0.280

2.7492 22485 0.2801
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Table 33.--Eigenvalues for c; = 0, a/b = 0.25,
Ty = T = 20°C
0
o R Cn Remarks
1.8089 113580 0.2
1.9565 106150 0.208
1.9831 105660 0.209
2.0143 105370 0.21 Critical Point
2.0594 105740 0.211
2.1588 108180 0.212
Table 39.--Eigenvalues for c; = 0, a/b = 0.25,
T, = 60°C, T = 20°C
0
a R C Remarks

r

2.4094 47947 0.24

2.4736 47134 0.242

2.5565 46416 0.244

2.6920 45897 0.246 .
2.75847 45347 0.2465 Critical Point
2.8711 45971 0.24678
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Table 40.--Eigenvalues for c; = 0, a/b = 0.25,
T, = 100°C, T, = 20°C

o R Cn Remarks
2.353 24548 0.273
2.94492 24122 0.275
3.0105 23916 0.276
3.0887 23710 0.277
3.15048 23584 0.2776
3.2039 23495 0.278
3.2374 23448 0.2782
3.2786 23396 0.2784
3.3363 23334 0.2786
3.3806 23292 0.2787
3.5593 23154 0.27873 Critical Point
3.5501 23161 0.27874
3.5371 23170 0.278752
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Table 41. --E1genva]ues for c; = 0, a/b = 0.4,
30°C, T, = 28
o R C, Remarks

1.86 34348 0.26736

1.885 34288 0.2688 Critical Point
1.9 34385 0.26943

2.0 37315 0.26983

2.1 50543 0.25687

2.15 72537 0.23782

2.17 85069 0.22895

2.185 93088 0.22382

2.195 97876 0.22092

Table 42.--Viscosity and Conductivity of Water

10 ; 10 .
u* =1 exp (Cie ), k* =1 exp (DiO’)
i=0 i=0
i Ci Di
0 -5.208294 -6.470986
1 -0.836625 0.095773
2 0.228220 -0.069060
3 -0.072689 0.027692
4 0.036071 0.204396
5 -0.025843 -0.145549
6 -0.041654 -0.793563
7 0.018216 0.309234
8 0.072355 1.126945
9 -0.006439 -0.179732
10 -0.037178 -0.523533

= (T* - 50)/50
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Figure 3.--Dimensionless Main Velocity Profiles
for a/b = 0.99 and Various Boundary
Temperatures (T;, T )
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(20°C, 0°C)

(60°C, 0°C)

(100°c, 0°C)

Figure 4.--Dimensionless Main Velocity Profiles
for a/b = Q.1 and Various Boundary

Temperatures (Ti’ To)
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dk/dr and ¢

Keep dk/dr
Neglect ¢

1.0

0.8

40.4

Figure 6.--Significance of dk/dr term for
a/b = 0.1 and (Ti’ To) = (100°C, 0°C)
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APPENDIX A

Runge-Kutta Scheme for the Fourth Order Differential Equation

The Runge-Kutta scheme for differential equations of the fourth
order which is illustrated by Collatz (1960Q) is used to integrate the

stability equation. It is outlined below:

At r = Yo VOO = ¢(r0)
V]0 = Ar ¢ (ro)
( )2
Vg = 13- ¢" (rp)
3
Vgo = gL 0" (rp)
where Ar = step size. Using the equation (2.3.8)
. - Ar‘4f (5"30 , Yo Yoo, 0
1 2 (Ar)3 (Ar)z Ar 00

4
=%§L{%§[(w-%)w"+}w-17¢ﬂ%)
r

1 dW
a;z'- ¥ a;? 6]

2

1d 1 1 2
- = [ " +=09¢" - (= -0a") ¢]

U gy r ;Z

ldu m _3_ ||- 3 2 ]
- u'a;'[ 2¢7 + - ¢ (;Z + 207)¢

2
+35-) 0

r
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(-3 By ot
r r
. o dr
Values at r = ro + 5
Voy = Voo + 20+ o+ o+ Lg
o1 =~ Voo * 2Y10 * 7V20 * 8¥30 * ™
Vig = Voo + Voo + 3V, + 16
1m0t V20t 730t
_ 3 3
Vo1 = Vo * 2V30 * 26
Vay = V30 * 26,
As before
o = an)?t o (6V31 ) e L R
2 =28 ) e oo
- r
Values at r = ro + 5
Vo, = Vo + v+ dy wly 4 lg
02~ Voo *2V10 Y 720 * 8¥30 * T6™
Vi, = Voo + V0 + 3y, + 1g
12 V0¥ V20 * 330 Y 2%
) 3 3
Vap = Voo * 2V30 + 28
Vgp = Vg + 26,

32

Again as before

et M P Vip o

63 = “57 ((Ar)s' a2 B Yoz r)
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Values at r ro + Ar

Vo3 = Voo * V0 * V30 * &3
V13 = Vjo * 2Vpo * 3V3q *+ 463
Va3 = Vpq * 3V3q * 663

Va3 = V3o * 4G5

Again

o - far)t o BV33 Zp3 V5
4=°28 3 T 2% Ar °
(ar)”  (Ar)

03 ')

The eigenfuction ¢ and its derivatives at r = ro * Ar are
¢lrg +ar) = Voo * Vyg * Vpg * V3o * G

6" (rg +8r) = 1= (Voo + 2y + Vg0 + ')

®" (ro + Ar) = EZEJZ (v20 + 3v30 + G")

1]} - 6 ]
b (ro + Ar) = zz;;g-(v30 + G")

_ 1
where G = TE'(8G] + 462 + 4G3 - G4)

G' (961 + 6G, + 6G, - G4)

1
5 27 773

G" = 2 (G] + G2 + G3)

lu_z
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APPENDIX B

COMPUTER PROGRAM

B - 1 Description of the Computer Program

The main program initially reads the required input data such
as control codes, number of integration steps across the annulus,
radii and temperatures of inner and outer cylinders, and initial
conditions to solve the governing equations of the main flow. It
finds an initial guess of the temperature distribution assuming
constant conductivity and negligible viscous dissipation. First
approximation to viscosity and conductivity is found using this
approximate temperature distribution. Pick a value for A, which is
an unknown constant in the equation of motion, and then call sub-
routine RKUTTAT.

Subroutine RKUTTAl integrates the equation of motion for two
linearly independent initial conditions using the fourth order Runge-
Kutta integration scheme. Returning to the main program the two
solutions are combined in order to have a new solution which satisfies
the boundary conditions at both cylinders. The resulting velocity W
is checked whether it satisfies the continuous constraint. If it

does not, then subroutine PLAM is called to find a new value for A.
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Subroutine RKUTTA2 is called from the main program to inte-
grate the complete and/or simplified energy equation as desired.
Again, two independent solutions are produced and combined so as to
satisfy the boundary conditions on both inner and outer cylinders.
Using this new temperature distribution repeat some of the above
steps to find new main velocity distribution. Check whether the
main velocity and temperature satisfy a prescribed convergent
criteria. If they do not, then repeat the required previous steps
until convergence is obtained.

Subroutine YUNG analyzes the effect of dk/dr and ¢ terms
on the velocity and temperature distributions of the main flow.

Once the temperature distribution and the main velocity
distribution across the annulus is found, the subroutine EIGENVP is
called. The filtering scheme and the interation scheme for the
eigenvalues discussed in Section 3.2 and 3.3 are implemented in
this subprogram.

The integration of the stability equation is done by sub-

routine RK4 which uses the scheme illustrated in Appendix A.

B - 2 Listing of the Computer Program

The program developed to compute the velocity and temperature
distributions of the main flow, and the eigenvalues of the stability

equation is listed below.
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15

27

25

30

35

4n

45

51

55

61

PFOGRAM
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YZHOO TRACE

PPOCRAM YEHNG(INPUT,0UTPUTEAS)

1AL NSINY R(201),H1(261), W2(201), Y0(201), T1(201), T2(201),T(201)
11),0¢11),N¢11), W3(201),VIS(20L1), K(2n1), DKDR(201),T3(201),
1 CODE(10)

conrol sas 1, FRR, W, LAMBDA, D:L, IPOS

cOMMO'I/B/L, LR, DT, SUM, RI

cOMroM/cs PP,ECK, TI50,TINS0, VIs20, k20

cOUMION/Ny, NONLIM,RO

crMMON/E/ SIGN, T1, TO, N, MON1, MON2

CcOdl ON/F /7 REY, “0ONITOR, 1€6 , ICY

CUMMON R,41,w2,T1,T2,C,D , VIS, < DKDR

TYPI REAL LAMBDA ,K20, X%

TYPL INTERER CODE

MONIFIED ON 9-27-19/4,
IEAN ANE PRTMT DATA VISavIS(C,T) KeK(D,T) W1sVELOCITY T1=TEMPERATURE

REAT 17%, (CCDECI)Y, 1=2,10)

175 FORFAT(1015) )

IF CONE(1)=1, THEN ROTH YK/NDR ANY Y13C0US DISSIPATION TERMS WILL RE NEGLECTFD,
1 tNI'E(2)=1, DX/NDR TERM 1S KEPT AND VISCOUS DISSIP, TERMs0,
I COlE(3)=1, THEM NK/UPz0, ANDV|SUCOJ DISSIP, TERM WILL BE KEPT,
IFf COUE(4)=1, THEM ROTH DK/NR AND VI3SCOUS DISS|P, TERMS WILL RE KEPT,
'F GODE(1)=CNDE(2)=CNDE(3)=CNDF(4)sy, THFEN ALL THE ABOVE CASFS wWILL BE CONSIT
S3kn,
IF COPME(S)I=1, rHEM SUARNUTINE YUNG WILL NNT BE CALLED,
:ODF(?)=0 FNI UFTAILED PRINTOUTS, st FOR LIMITEN PRINTOUTS, =2 FOR MIN, PRINTC
nTCyTS,
:'.')DF(7)=1F'0" 1231,2030000000 =10 FOR l'llblzlloc.lit IN YUNG,
IF rOLE(B)=n TO CALL SUPROUTINE EIGENVP, =1 TO SXIP SUBROUTINE EIGENVP, AND
£? FOR I EY=PEY(CRITICAL) AND THFN RFCALCULATE THE WHOLE C THING,
Icozn
1t (CONEC1) .EN.1 ,UP, CODF(2),ER,1 ,OR, CODE(3).EQ.1 ,0R, CODE(4).EN,1) CC
1EL,1) Irn9=1
1C6= CONE(7)
READ 150, REY

150 FCRVAT( F10,0)

S8

ac

READ 3, (€(1), I=1,11)

READ 1, (N(]), I=1,11)

REAT 2, wa(1), SLOPE1, SLOPE?
REAI‘ 3' 'l pC

FORMAT(RF10.,7)

FORFAT(3F10,5)

3 FURIAT(15, F10,5)

v -

DEFIMNITICN AND CALCULATION PR=PRANDTL NUMBER CP3SPECIFIC HEAT
H= STFP SIZE EPS s MEASURE NF CONVERGENCE

COUl TS *IUMBFR OF CALCULATIONS WITH REYNOLDS NUMBERS WHEN THE VISCnuS
SIPATINN TER' 1S KFPT,

NCR=1

H=1,0/0H

cF=1,1

M= N+ 1

FHE ,0N4eH

bPS=z 0,0004 ¢ H

RHO=®1,0

W3NWI =
slgr =1,

RATIO = 1,0

T?20 = (20,0 - 5N,") 7/ 50,
vis?os r, 01002
Ké0= 0,0014307

Zk
s

N
D

1.1
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Pk = VIS2L &« CP / K20

REAN ADDITINNAL DATA
RtAl 2, RI, TI, 7O
IF(T!=TY) 9100,9200,9110
COPE(2) =N
MONL=P
IF(CODF(1),NEs1) MON2=1
IV (CODE(1Y,"E,1) COME(3)=1
IH(CONE(LY ,EN. 1) CODE(3)=0
ECK z ECKERT MUMBER
Ny = RO « Q1
nT = Tn - T1
IV(PT,LT, 0,) SIGN = =1,
TRACE

(241867240 .71
vV = (VI32Q0*RFY
Al'T = ARS(DT)
ECK = VVY/(CP«ADT) / G

Y/DR Yew2

RFAPN THF FINST TRIAL VALUE N7 LAMRDA
RtAl 2, _LAAPCA, DFL

PRI'IT DATA ANN NTHER COUNSTANIS DNEFINED AJOVE
IH¢C CODF(A)=1) 6219,6720,62390
PHIIT 199", RFY
PYIIT 6, (C(1),
PHIFT 7, (D(1)y
PRITT 8, Y1(1),
PEILT 9, &1, RO,
V”l’T 17, M, H, CPD RHUO
PLIFT 13, V'S2U, 2", PR,
FORFAT(w » RF12,6)
FURMAT (e oNISTANTS, D,
FURNAT(enINITIAL rOMDITIONS,
2F1n,2, 10X, ”F10.,2 )
FURNAT (el =2 #F6,2 ,5X,eRN 2 #76,2,5X¢T12 «F6,2,5X,¢T0 = ¢Fh,?)
FURIFAT(@dM = @]5,5%X,#H=eF7,3,5X, *CP=ef5,1,5X,2PH0=zeF5,N)
FORYAT (e VIS2u=w F12,7 ,B8X, *X2u=e F12,7 ,8X, *PR=eF12,7,8X,
*E(K=* F12,7)
FORI'AT («=REVAOLNS HUMPEP =2 o F15,0)

I=1,11)
1=1,11)
SLUPEL,
T, TO

W1(1), SLNPE2

ECK

IN K(D,T) aREe,/, 3X,8F12,6)
VELJCITY ANU JTS FIRST UFRIVATIVFe,/,

TS50 =
TIOto =

(T1=50)/50
(TI=71)/50

HOML T COUNTS NUMBER JF TTFRATIONS,

JTEFATIOY [M THIS CASF IWVOLVES HE SoLUTIOM OF BOTH FQ, OF MOTIOM AND
1T COUNTS NUMBER OF TRTALS UF LAMBNA VALUES TO GET THE SNOLUTION

NF THE EN. OF MOTION,

MUNITOR={ § MOWI=N  §
e IN=n

1hns=n

[T =1

MONZ2=D
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145

150

155

PRUGKAM

167

165

179

175

131

aooaooaa

o

(9]

aooco

1¢
17

99

IlT=0
CUNT LNYE
16ALMT COUMTS THF NUMBER OF TVP SOLVED FOR A CHOSEN LAMBDA,
IrotyT = 0
cinTIHuR
1Y€ 10ouNT = 1) 15,16,16
A?(1) = SLOPE1L
50 Ty 17
W?(1) = S5LOPE?
1COLNT = ICNLMT « 1

SULVF FQ, NF MOTION WITH THE ASSUMPTION THAT UK/DR=zPHIs0,
FI*D W1(L+1) FROM W1(L) BY RUNARE = KUTTA,

nl18 L o= 1,M
IF(MONTITAR ,GT, 1) GO TO 20
THC MONLIY = 1 ) 19,20,20
1t (1COUr,GT,1) GN TO 20
RLY = e (L-1)
AL = ( 21 « CRe*2(L) ) / RI
Ti¢l) = 1,07 ALNG(RD/R]I) o ALNG(aG)

AR3=0,
Nt 700 J=1,11
Jd=la1l
b= AD3 & P(J)e(TIS50+TI0S50TI( ))0e)y
conTIhyF
M(l)y= EXPCARTIZK20

CUNTIHIUE

YZTHhNO TPACE

21

2?

1~

23

AFG = ARG & C(I) o (TI5N & TI0SNaTi(L))eel]
CUNTINUF
vIS(L) = FXP(ARG) / VIS20

Jé = Jel
SUM = S1Y « g #C(J2)* ( TIS50 « T(050« T1(L) )eed)
CONY Uk
D(VIS)/ZDP=VISeSUMeDNT/50,eT2(L)
CALL PKITTALI(M)

CUNT e

HIChuIT =9) 2%,23,24
Dt U5 1 = 1,r
A0y = AU
COMT IHUE
G0 14
J1(K) = N o= WO(M) & XeWLP(M) SUPERPOSITION



145

175

")"

235

215

230

PROGRAM

aoaon

27

641r
53
6520

an

O

Q00

54

aana

(o
6250

-

100

X = =H0(M) ZW1(M)

DL 76 1 =1, M

WICI) = WA(l) & Xe v1(D)
cluTnys

CAECK THE COMSTRAINT CONDITION

SIMSON = n,¢

N1 =2 4 - «

Dt e 1= 1, ML, 2

STILI = SI4SNN « W1(l) e (Pl+DReR(1))
e 4e4i(Je1) » (PleDPeF(1e1))
¢ W1(1e?) * (PleJReR(1+2))

CONT (hy®

SIMf0 = H/X,0 ¢ SIVSON

E} = SIMSNN = (PO+RI) /2,0

EFR = ARS(EP)

IF(CONE(S)=1) 6610,6610,062N

PPYILT ST,FR,LANFDA

FURMAT(e ER = «F15,7,10X%,«AT LAMIDA 2eF12,0)

IFCERM LT, 1H) GO TN 54

117117

1M (IT,AT,12) LTIP S

FIND A lfEW LAMPUA RyY CALLING S'IBROUTINF
CiLI PLAM

Gt 10 1R

PHITT 2R, NONLIY, EPR, LAMGNA

FIND V2 AMD DKEDR=z1,0/KeD</DR FRIM W1 AND K,
THEY WILL B: USFD IN RKI(TA?,

I = 1,¥

CE.Y ) GN TO 51

21, /7(2eR)0(=30ul([) + 4eWi()el) = W1([e2) )
UXDR= 1,0/K ¢ UK/DR

NTDF(1)=1,0/7(20M)o(=3aK(]) » 4eK(le1) =K(1+2))/K(])

G T Sn

WECD) = 1,0/7(204)e(3eHi(]) = 4eNL(]lel) + W1(][-2) )

DYl (1)=1,0/(294) o (JeK(1)=4eK(1=1)eK(1=2)) 7 K(I)

COuTIIUE

]
. e

Ti]F =0,
VELIIF = n,n
IV (LODF(K)=1) 675N,6250,870

PLAY IF NFCFSSARY,

PRIMT THE SOLUTION NF THE E0, OF MOT]ON AND CHECK ITS CONVERGENCE

THerOr LI EN, M) GN TO 850

Yo NO TRACE v3,0-p3R0 OPT=0 04,/12/75% .00.39,03,

850
870
aen

PHIIT 8AN

GO 10 R70
FRINT RN

CPNTINUE

FURMAT(e=e6YaR®12Xab 10134 eH2#12X0T1012XeT2212XeV][Se12Xe K «12XeDK/



270

275

31

s

930
130

0270

4510
850n

32
28

I5n
12n

1080

Do onaan

wn
v
~nN
2

101

1D¥#)

Pt F9 1 = 3, M
IFC NONLIY = 1 )130,31,31
WINY = u3(l)eWi(])
T3TIaTI()=TI(D)
DIFeEARS(43W1)
AT=ABS(T3T1)
1F( DIF,3T, VELDIF ) VELDIF = CI=I
1F(AT.GT, TPIF) TDIF=AT
IF(l=1) 911,910,020
PATIO=N, § TRPATIN=20,
f0 10 93N
RATIO= NIF/ witD)
TEATIO=AT/TI(])
Cot TINVE
W3(T) = A1(1)
T3C1)= T1(1)
CONTINUE
IF(CODE(A)=1) 6270,8500,850C
vo 8510 1=s1,M,ICh
PRPINT 32, R(1)s W1CI), W2¢I), T1(¢l) , T2(1),VISCI),K(1),DKDR(])
CONTINUE
COI'TINUE

FCRMAT(1X, F9,3, F15,8,F15.6, 5F15,5)
FORMAT( e« NCMLIN =e [5,10X*ERR 3eE15,8 ,10X,*AT LAMBDA seF12,6 )

I (COPECL).EG,1) GO TN 43
14 (FONLIY,EN,0) GO TO 120
IF( VELDIF,LT.EPS ,AND., TDIF,LT, EPS ,AND, MONITOR,EQ,2) GO TN 43
1t ¢ VFLNIF,LT.EPS .AND, TDIF,LT., EPS ,AND, “ON]TOR,EQ,3) GO TN 42
It ¢ VFLDIF,LT,EPS . AND, TDIF,LT, EPS ,AND, “ONITOR,EQ,4) GO TO 43
PRINT 950, VELDIF, TDI®
FORMAT(#0 VELDIFe#E15,5,10Xe TDIFseE15,5 )
COMTINNE

It (MOM1.VF,N ,0R, MON2,NE,N) GN TO 1080
PPINT 1020, ¥InNi, MON?

1' ¢ €ND%(S),EN.1) G TO 3000
CALI YU'Il§
IH(TI=TN)9300,940N0,9300

MUN1=1 § MOY2=0

MONITOR = MONITNR+1

FOCRMAT (% M0N1=w12,5X,#MNN2z2]2)
FORFAT(2]5)

FORIAT(2F15,10)

GY To 1180

MOMITOR = 3

MN1=0 § 1C12=1

SoLve ENFRGY EN, WHIC4 INCLUMDES VISCNUS DISSIPATION
ANN IK/DR TERMS,
Hyr =1

IF(CONEC3)=1) 5510,5520,5520
MUOMITOR=3T vCN1=0 $ MON2=1 § GO (N 34
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5510 1H(CONE(4)-1) 34,5001,5901
5901 PQFITOR = 4 § MONi=1 § MON2=1
34 CALl RKiJTTA2
lf(l U"'l) 36'36537
335 36 Dr 38 1 = 1,Fr
0l = TI(D)
38 CUNTINUE
HUM = NUY o 1
T2(1) = T2(1) = .5

310 GC Ty 34
C
c FIND NEW T1 BY SUPERPOSITIOM,
PROGRAH YCHNO TRACE
Cc CALCULATE X AND DKDR FOR THIS NEW Ti,
c
315 C Ti(rI= 1 & TO(M) & XeT1(M) SUPERPOSITION
37 PRIMT 510
510 FORPAT(s=e10XeRe12XeT1012XeV][Se12XeKe12X+*DKDR)
DO 40 [ = 1,V
TICI) = TNCT) & (1 = TO(M) ) / FL(M) « T1(D)
329 AR?=N,
DO €96 Jz1,11
Jysg-2
A¥22AR2+40(J)I(TI50 « TINS50¢T1(1))ev]y
506 Cot TINYE
125 K(I)= EXP(AR2)/K20
C
c
4n  cUNTIWUF
<
339 C
C
MUMLIM = “0"LIN ¢ 1
IF(NONLIN,GT,35) STOP 6
C
335 [ CALCULATE NFW T2 WHICH WiLL BE YSED IN RKUTTA1.
C

DC Fob T=1,™
It¢(1,56. ¥ Y GO TO 810
T2(1)=1,/7(2¢h)w(=3eT1(1)e 40T1(1e1)-T1(1+2))
340 Gt TQ 800
AN T2(1)=1,0/7(2aH)«(3oT1(1)=4wT1(I-1)+T2(1-2))
RO Cot TINUE

G 1) 1?2
C
345 C
Cc
Cc
41 1t (CODE(6Y-1) 6310,6310,6320
63%10 DO 7nly I=1,r » 1N
350 PFITT 32, RCI)s W2(1), V2¢DI), T1(1) , T2(1),VISC1),K(1),DKDR(I)
201 CONT IR
300 PHIPT 17S5,VELDIF , TDIF , MON1, 940N2
125 FLRIAT(e ITERATION COYVERGES. VE.DIF = « E15,5,10X«TDIFs«E15,5,
157, 41100 2¢]2,5%, ¢MOti22e]2)
355 6320 cruTihur
It (CODE(5),FC.1Y GO TN 5002
CALL Yu“G

5102 IfF((OPE(Z2) .EG. 1) D T" 6000
W0r1 iz « -ou2=1



3¢9

345

370

375

389

385

10

15

29

25

30

4>
633¢

202(C
3706
6340

1ore

47
635r

2020
307
6ron
6910

2n4c

8910
gsar
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ACHITNR= “0']TUR+1

I' (CONEC6)=1) #330,0330,634C
no 202nr tag,M, 1N
PEIFT 32, R(1), W1CT), W2(I), T1¢1) , T2C1),VISCI),K(1),DKDR(1)

Cor TINVE
PRILT 12S,VELDIF , TDIF , MON1, 9NN?
CUNT IMUE
It (CONE(S) ,FC.1) RO TO 30N2
CALL Yu'ig

IF(COVE(3),FG.2) O TO 6000

MO )31=1 € MOrZel

M MITORs MOM]TORe1

GL TO 1010

1t (CONE(6)=1)6350,6350,6PN0

g 2030 =1, , 10

PHIIT 32, R(1)s M1I(T), W2(1), TICI) , T2C¢1),VISCIY,K(1),DKDR(I)
CINTI'NJF

PHINT 125,VFLDIF , TDIF , MNN1, MON2

COMTINYE

IF(CUDE(5).FC.1) GNP TO 2040

CALl Yu“G
CONTINUE

It ((ODE(B)Y=1) B8B1N,F B20,881N

CALL EIGFNVF

COrTINUE

NCRENCPRe1

1tk LLT. 3 LAMD, CODE(8).EQ.2) GO TO 1010

E"D

9LBRUUTINF  R<UTTAL TRACE

co

SUBHFOUTIVF RKUTTAL(M)

TYPI REAL %11, K21, Ki?, K22, K13, K23, K14, K24, LAMBDA , K
cCMI Ol /A7 11, ERR, H, LAMBDA, D:ZL, IPOS

CfMhON/W/L, LR, LT, SUM, RI

cUMION/N/ NONLIM,RU

chMt oM R,Y1,w2,T1,T2,C,D , VIS, < DPKDR

DIMFNSINY C(11), D(11)

DIMENSICY R(2M1), W1(201), W2(2PL), T1(201) , T2(261), VIS(201),
1 K(261), D“LR(201)

VI = vISIL)
1F ¢t oMLTIYL,EN,0) T2(L)=1./ALOG(RO/RI)«NR/(RI+DR*R(L))
IH(l ,FQ, M) GO TO 100
K11 = H « WO(L)
K21 = H « ( LAMRDA = (VI eSUM*DT/S0,*T2(L) « VI *DR/(RIeDR*R(L)))I*W2(L))I/V
14?21 )Y /V1]
K12 H « ( W2(L) « 1,72, * K21 )
K?2 = H &« ( LAMBRDA = (VI #SUN*DT/50,#T2(L) « VI *DR/(R]l ¢ DRe(R(L)+1/2,¢H)
1+41,/72*H)))»(W2(L.) +1,/72#K21)) /V1
K13 = H & (HZ(L) + 1,0/2 *K22)
K’S 2 H o ( LAMRDA = (VI ¢SUMeDT/50,#T2(L)#V] *NR/(RI«DRe(R(L)+1/2,
1,%H))de( U2(L) +1,/7%K22)) /V!]
K14 = H # (:12(L) + #23)
K?4azp o (LAMBDA=(V] #SUMeDT/S0,«r2(L) «V] ¢NR/(RIsDRe(RILIeH)))e
1 (W7 (L)eX23)) /VI

MI(lel) = WA(L) + 1,0/6 & ( K11 ¢ 2¢K12 ¢ 2eK13 « Ki4 )
WPl +1) = H2(L) & 1,076 = ( K?1 ¢ 2¢K22 ¢ 2eK23 + K24 )
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100 CUNTIMUR
RETLRY
EI'D
SUBRUUTINF  PLan TRACE

SUBIEOLUTINFE PLAM
TYPI RPEAL LAMEDA, LAM1, LAM?, LAM3
ctul 0% sA7 11, FRR, M, LAMBNA, DZL, IPOS

2 IterT=-2y 3,4,5

3 E3 = FRP
LAMI = LAMBNA
LAME = LAM1 « UFL
LAMEDA 3 LAM2
17T = 2
Gf 10 1%

4 E? = FEpp
LAMT = LAML = E1 » (LAN?=LaM1) / (E?-F1)
It (LANS,LT,",0) 3N YO 6
LAMY = LAY2 « UFL
[ LANEDA = LAY
1T=3
4C¢ 7o 15

aoon

L

[
ABS(LAMY = LAMY)
ABS(LA"3 = LAr7)
i-82) 7,8,8
LAMYL TS CLUSER TO LAM3,
7 LAMZ = LAM3
Ee = Fy
LAm7 = LA1 - E1e(LAMP-LAM1) / (22-F1)
IH( LAMZ SE. g, U0Y 70 TP 9
LAHEDA = LA™3
1T =217 « 1
IHC IT,AT.7) fU TN 1)
GO 10 16
§OLAMT = -1,0
VoS = 100y o« 1
b O T B 3
Lamt = Latts o 10,9060 ¢ IPNS
LAl od = Lal
G" Tu 15
c LA4M? IS CLUSEP TO LAN3.
Q LEMT = 1LR13
I = F3
L/MY = LA'L = E1¢(LAMD=LAML) / (:2<F1)
It LAHS 65, 0,0) "0 7N 12
LAME DA = LA 12
[T = 1T « ¢
e [T,%7,7) G0 17 13
G T 18
LA = -3,
1Pn¢ 100 o 1
13 17 =
LM

a

.
~N

[t H

LA1S + 17,eDFL o« IPOS



15

21

4

in

SLBRANTINF

SUBRUUTINF

oo

L/l DA = LAY
5 RETURY

El'y
RALTTAR TAANE

SUBHOQUTINE FXUTTA2

105

TYPI PEAL K11, %23, K12, K22, WK1

CUMl'0l /A/ 1T, ERP, H, LAMBDA, P

Ct MbONy/P/L, LR, OT, SUM, RI
c''ntoN/cs PPLECK, TIS0,TINSC, VI
ctmrotycys S16M,T71, TO , N, MUND,

TYPH FEAL K20

cimrnl ©,u3,02,71,7T2,6," , VIS,

DIMEYSTON R(2NL), Wi(
1212), DKIR(201)
DIMfnSTIy c(11),0(21)

201), wW2(en

S, K23, K14, K24, K, LAMBDA

L, 1°0S

320, K20
M0*2

<, DKNR

1), T1¢201), T2(201) , VIS(201),K(1r5),

DKPRILY= 1,/7K(1) & QK(L)/DR

I = 1,N
HeT2(L)
(=DR/(O]«DPeR(| )
L)ePReECKeVIS(L)

~un u\

4

e

Y T2(L) -

Ki2=H®(T2(L)e 1/2,%K21)
K22 =(=NR/(P] & DRe*(R(LI*+1.,/20H))w(T2(L)+1,/2+K21)

UKDR(L) *T2(L) « MON1
*W2(L)ew2 « SIGN e MUN2 ) « H

1 -lLKPRCL) e (T2(L)el,/2¢K21) =« MIN
121, /K(L)*PR#ECKeVIS(L)*W2(L)we2e SIGN « MOND? ) » H

K132 He(T2(L)+1,/2#K22)
K?3 =z(=NQ/(V]+ DRe(P(L) ¢ 1./2+H))*(T2(L)e1,/2¢K22)
1 =DFDP(L)Y * (T2(L) +1,/72¢K?2) « MOV1
1=1,/K(L) «PRECKeVIS(L)#W2(L)w#2

V'4 = He(T2(L) + K23)
K24 =(=N}/(P] + DRe(R(L)+ H))e(T2(L)+
1 - OKUR(L) e (T2(L)+ Ke3) » MONt

e SIGN o MON2 ) ¢ H

K23)

1=1,/K(L)*PReECKeVIS(L) #W2(L)#e? «SIGM e MCN2 ) ¢ H

Ti(lel) =21,/6,*(K11+20K12+2¢K13+<14)

« T1(L)

To(lel) = 1,/76,9(K2142#K22024K23eK24) « T2(L)

35 CcUMTINUF
RETL M
END

Y JNG TPACE

SUl QUTI4F YUMG
DIMENSINY S(201), Vi(

201), va(2ry),

1 VIS(201), K(201), DKDR(201)
cUMtolizu/L, CR, UT, SUH, RI
ctMtoN/Cy PPLECK, TI15%,TI050, VI

CUMMON/D/ NONLIN,RO

comMroM/Fys SIGM, TI, TO, N, MOND,
cOMMNN/F/ REY, MUNITOR, [C6 , ICy
V1S, K, DKDR

ct'mton S, V1, V2, F1,
DIMFNSINN W1(2U1,4),
TYLE REAL K

F2, C, N,
T1(201,4),

320, 20

MON2

A2(201,4),

F1¢201), F2(201),C(11),D(11),

T2(201,4)

p¥
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C YUlG ANALYZTRS THE SIGMIFICANCE OF DKJR TERM AND VISCOUS DISSIPATION TFR™
C FOK VARIQUYS RFEYNCLS N'UMRERS)
C

c
c
Js=

V = REYe VvISP0 / (PO-R1) / 1.0
'
HENe+

oNITHP
N+l
21 c
PO 9g I=1,M
Wicl,Jy=victl)
TI(1,d)= F1(1)
AC(1,J) =v2(1)
25 T2(1,Jd) = Fa(¢1)
91 ('nr'ﬂnug
IFCJ.EN, 4 ,AMD, 1C9,E0.1) GO TN 202
[F(LONITHI® ,EN, 4) GO TN 100
LY TN P02
31
FRINT DATA

10r PHIFT 6, PEY
FURPAT(«fWHFN RFYNULDS NUMBER=«F15,0)
35 PRIMNT 8P, V
an FOIMAT(» vV = &« £12,5 « CM/Sw)
pt1+tT 7, RI1, RO, TI, TO, PR, ECK
7 FOFMAT(e R1=2eFA,2,5X,#R0zeF6,2,5XsoT12eF6,2,5X,2T0seF6,2,5X, *PRae
1F10,5,5X,*ECK=wF12,R)
41 PHIIT 8
L} FOFMAT(e=e15X®MONL=MON2EN*10X*MINL121 § MON220¢10X*MONLIs0 § MON2s1o30X*#MON
110XeMOML = MON? = 1)
PEIIT 9
9 FURI AT(® Da12XeW(1,1)¢5%X «T([,1)07X #W([,2)e5XeT(1,2)e7X eN(],3)e
45 15XeT(1,3)00X «W(],4)e5XeT(],4)0)
PP 10 I= 1,V 1¢% )
PHIMT 11, SCI)s W1(1,1),T2(1,3), WLC1,2),T1C],2), W1(1,3),T1(I1,3),
1 v1(1,4),T1(1,49)

o aco

11 cruTpE
51 11 FORMAT (e «F7,3, 4(3X,2F20,6))
PHIFT 301

301 FOIMAT(we #2(1,K)s T2(1,K) FOR i=1,101 AND K=1,4 «)
pe 00 1=21,v , 1CA
PHIMNT 11, SCI)s WP(1,10,T2(1,1),d2C1,2),T2(1,2),W2(1,3),T2(1,3),

5% 1W2¢01,4),7T2(1,4)
310 ol TIN'IE
c
¢ CALCLLATE DIFFEREMCE AND PATION NF VELOCITIES.,
c
60 prErT 1”2

12 FORMAT (0= WCTs2)=M(T,1)o5XaW(1,3)=N(1,1)e5Ken(],4)=N(1,1)¢10XeRATIJ?21e5XeF
102109X#ATIN3I1wO0XeRATI0A410)

vH2=VvP4=0, ¢ MP2=MPAazN
65 VPEAK=0, * “'FRAK=1
Nt I3 1=,
YEL?1=Wi(T, ) =d1(1, )
VELI1sWI(T,3)=d1tl,1)
VELA1 =W1(T,4)=W1(T1,")
7 AV = ABS(41(1,1))
(L 1C1,1),7G,0, ,09, A¥ LT, 1,JE=10) GO Tn 15
RET?212VEL?21/R1(T, 1)



SLEBRYUTINF

31

n

95

101

1)8%

116

12n

125

130

107

RATT1= VELSI/MLIOL, )
APAT31=A35(PAT3Y)

It (ARATSL,5T,VPFAK) VPEAR=APAT31
IF(ARATI1,EN,VPTAK) MPEAK=]
RAT41=VELAL/LI(T, )
AF2=ADS(ATPL)

YIWNG ToACE

15
30

2n
41

4"
42

312
360

APAZARS(RATAL)

1F(AR?,5T,VP2)VP22AR2

1 (AR2,AT,VP2)IMP2=]

IV (AR4,AT,VP4) VPA=ARA

[t (4R4,°T,VPq) “P4=]

G" To 30

RATT1=20., © PAT31=Nn, § RAT41=y,

CONTINUF

1HeIch, g, 1) GU TN 13

prIMT 14, VFL21,VEL31,VEL41,RAT21,RAT31,RATA]
CONTIHUE

FOR"AT (e «3(E11,4,7%X),5X,3(E11.4,5X))

PYINT 310, VYPEAK, S(MPEAK)

FCREAT(e= MAX, RAT31 = eE15,5¢« AT P 3 ¢F7,3)

CALCLLATE DIFFERENCE AND RATIO AF TwWQ DIFFERENT TFMPERATURES,

PRIMT 350, VP2, S(MP2), VP4, S(M4)
FORFAT(e MAX, RAT21=2#F15,5¢AT R=eF7,3,5%X,#MAX RT413¢E15,5+AT Rae
1F7,3)
PRINT 50
FOIMAT (o= T(1,2)=T(1,1)e5XTC1,8)=T(1,1)e5XeT(1,4)=T(1,1)e10XeRT21e8XeRTJ
11*17X*RT31#12XeRT420e)

TP2=TP4=0, ® 1P2=IP4=0

TYEAK=0, © IPFAK=N

ne 40 1=1,M

T21=T1(1,2)=T1(1,1)

TSLETL(L, ) =T1(1,1)

T41=T1(1,4)-T1(1,2)

IF(T1(1,1),FC.0.) GN TO 20

RT21= T21/T1(1,1)

RT31= T31/T1(1,1)

AHT3I1=ARS(RT31)

IF (#RT31,5T,TPEAK) TPFAK=SART31

1 (ART31,FO,TPEAK) TPFAK3]

RT41z T41/T1(1,1)

AFT?zABS(PT21) § ART4= ABS(RTr41)

[} (ART2,3T,TF2) TP2zART?

1F(rRT2,3T,TP2) IP2=21

IF(ART4,3T,TP4) TP4=ART4

1t (ART4,37,TP4) [P4=]

Gt TH 41

HT71=0. € RT31s0, % RT41=0.

CcONTINUE

1t (IC6,ME.1) GO TN 4y

PHItT 42, T21,T31,T41, RT21,RT31,RT4L

CUNT I IYFE

FOI 4AT (e «X(F11,4,7X),5X,3(E11,4,5X))

PHII'T 302, TPEAK, S(IPEAK)

FORFAT(» MAX, RT31 = #E15,5¢ AT Rz «F7,3)
FRINT 6", TP2, S(IP?), TP4, 3(1P4)

FORI AT(e “AY, TP2=<F15,5¢AT RzefF/,3,5%X,eMAX, TP4=eEt15,5¢ AT R=e
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1F7,7 )

s

202 CUNTI'IUE
135 RETRY
END
SULBRUUTINF  ZIGENVP TRACE

SUBPNITINE FIGENVYP
cintoN R, Wi, W2, T1, T2, C, D, VIS, K, DKDR
CUMMLFX P1, P2, P3, P4, CW, TF, 31 ,NT1,DT2
COMFLEX Jn, AL, A2, A4, AS, RR,R3,C1,C2 » F1 ,A0
COMFLFYX 3F , FF1,EF2,FF3,FF4 ,B8C
crArON/F /s RFY, MONITOR, JC6 ,» IC2
chut nyyYs VIS1, VIs2, PL, P2, P3, P4, W3
DIMINSINN unc?), RS(2) , (101 2G(101,2)
DIMENSINY R(201), H1(201), W2(201),T1(201),T2(201),C(12),D(11),
1 1 VIS(?201),VIS1(201), VIS2(201),P1(105,2), P2(105,2),P3(105,2),
1P4(105,7), TF(H), TEST(S) , W3(2J1)
NINENSINY K(201),"KPR(201) , BC(2)
QtAl K
StMrnidy/ry L,L0P,NT,S!M,RI
15 CUMMON/D/ NOKLIM,RO
C'MFOMN /E/ SIGNL,TI,TO,N,MON1,MOM2
FEAD [') PARAMETERS AMD INITIA_t GUESSES 0% ALPHA AND REY,
FAL=PERCFENT CHANGE [Y ALPHA
PREY= PERCENT CHANGE [N REY
FoHs MAX, CHANGE IN CR AND REY
FTELTA= CNNVERGENCE CRITERIA
160DE=z PPINTOUT CODE
MAYXIT=MAX, NUIRE® OF ITERATION
REAl 1, PAL, PRFY, PCH,NELTA
2Y REAL 2, I0NDF,MAXIT,"SET , IBUG
2 FORMAT(S[S)
B1=(0.0,1,0)
Cc CALCULATFE TAF FIPST AND SECONJ DERIVATIVES OF VISCNSITY WRT R,
Hal'ol
3 HE 1 ,/N
42z=2?2, » 4
ar=t 2
Js FMel
D0 4 [=s1,M
35 REI)= RIZ(RN=RI) « (1=1)eH
{(F(I1,GE, ) An TO S
VISI(I)=1,/7(2«t)e(=3aVIS(I)+4eVIS(I+1)= VIS([+2))
G0 Ty 4
YIS1e1)=q,/7(2¢«H)*(3eVIS(])=4eV][S(I=1)e VIS(1-2))
CONT [NUE
VI1S2=vI31/NR
43sN42/0'R
ne & I=1,M
[F¢1 .G, 4=1) RO T~ 7
45 VISP (1)21,/Hee2 #(2eVIS(1)= S5eVIs(lel)s 4eVIS(1e2) =VIS(1+3))
A3(1)=1, /Hee20 (%041 (])eSel(]el) edell([+2)=N1(]1+3))
G0 Ty 6
7 VISP(1)=1,/0e02 «(2oVIS(]) =5evis(l-1)e 40V1S(1=2)=VIS(1=3))
W3(1)=21, /Hee2e(2aWl([)=SaW1(1-1) e4enWi(1=2)eWi(]=-3))
CONTIHUE .

a

10

21

aaooaca

-
-
aQunawuv

3

Qo

PRIMT 3, PAL, PREY, PCH, DuLTA
PPITT 9, ICNLF, MAXITT
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39 Nt Wl AR=zN
219 [VPe)

(i=r

NFAFARSNEIPARSL

It (MEYPAR,GT, MNSET) 6N TQ 300
§) Al 3, 34, RCY, ALPUA

CPa RFAL(TW)

PEIHT 19, Cd, RFY, ALPHA

i, 3J3UNDARY CN'IITICNS, ., P1=P22(0,0,0.J)
C SFT AM INITIAL CCNDITIUIS FOR THE RF_ATED INITIAL VALUE PRUALEM AND THEN
8" C SOLVYE TUE IVP HY 4TH NRNEP ReK METHN),
P1(1,1)=21(1,2)=(Nn,N,0.")
P?2(1,1)=P2(1,2)=(0,0,0,0)
PI(1,2)=(1.0,0,M)SP3(1,1)=(N,0,N,0)
P4c1,1) =(n,0,1,F=R) H P4(1,2'2(0,0,0,0)
71 [C=1

PHFILT 90,,1C,P3(1,1),P3(1,2) 224(1,1),P4(1,2)
i FORVAT(e ¢]5,4(2E15,5))
1M GONTINU®
Fls BleA_LPHASREY
7% PHAZALP 1A®e?
400 DU S0 [{1=1,MM
CALLLL ?KA(H2,REY,E1,CR,PHA,1T(,IRUG)
c CALCULATE THF SOLUTION T) INVISID EYUATION TO 8E USED eNe FILTERIAN
SUARJUTINFE  EIGENVP TRACE

c =G AND NETERMINE GROWING SOLUTION,
3n JIz(111e2)et
[lelilet
ne 740 1=1,2
YOI (LA =CRIM(PIC(IT,1)e1/R(II)eP2CIT1,1)=(1/(R(IT)ew2
10 « PHA)®PL(I1,1) ) «(W3(JJ)=2/2CI1)elN2(IJ))ePI(IT, 1))
8y 1 *BIeALP JAePEY
AAzl CAL(P2(T],IYeCcONUG(P2(IT,1)))
Az REAL(P1(11,1)«CNNJG(PI(I], 1))
ALBl = AA/7B

)

712 G(11,1)=2SQPT(AABB)
91 GI=AMAXL( G(ll,1),6(11,2))
c EXTRACT THE PORTINN OF GROWING SOLUTJON(UN(1)) FROM UO(2),

730 Ut = ABS(REAL(U0(1)))
750 RRCIT) =u"(2)/700(1)

780 PI(I1,2)sP1(11,2) « RR(I]) <P1(Il,1)
95 PP¢11,2)8P2(11,2) = RR(II) «P2(IT1,1)
PX(11,2)2P3(11,2) = RR(11) «PsS(ll,1)
PA(I],2)3P4(11,2) = RR(II) «Pd4(Il,1)
510 CUNTINUE
1F(ICONF ,EN,1) GO TN 900
100 % RFPAIR THE EXTRACTION,
1=J
NNzJ=2

RS(2Y2RA(J)
DO ENN M5=1,AN
115 (=1=2
P1(1,2)=P1(1,2)=RS(2)*P1(1,1)
P2(1,2)=p2(1,2)=RS(2)eP2(1,1)
P3(1,2)= PI(1,2)=R5(2)*P3(],1)
P4(1,2)2Pa(1,?)=RS(7)*P4(1,1)
110 A0 RE(E)=RS(2)+RR(])
PRINT 443
q43 POPMAT(#= SCLUTIN 1)
D' n40 1=1,.



11Q

PPILT 16, 1, PLCI,2), P2(1,1),P3¢1,1),P4(1,1)
115% Q40 Cor TINYE
pPrirT 44s
445 FORMAT(#a SOLUTION 2e)
NC 444 121,
PFIFT 14, [, Pi(],2), P?2(1,2),P3¢(1,2),P3(1,2)

121 444 COMTINVE
C 4NDIFY THF GROWING SOLUTION,
930 CONT [NUF
13
810 A6211(J,2)/P1(J,1)
125 830 Pl P40 KJ=1,MM

P1(1,1)2P1(1,2)=-A6«P1(],1)
P2¢1,1)=P2(1,2)=-A69P2(1,1)
PS(T1,1)2P3(1,2)-A6+P3(1,1)
PA(1,1)=P4(1,2)=A6*P4(],1)
139 340 151-1
1t (ICOUF,FQ,1) 60 TN 950
De €SN =1,
PHIIT 16, I, Pi(1,1),P2(1,1),P3(1,1),P4(],1)
530  CUNTINUE
135 530 FNEHAT (e @15, 4(2E12.4))
C SJPERPOSITINY OF THF TWN SOLUTINKS.
930 gtz P2(J,1)#P3(J,2) = P2(J,2)eP3(J,1)
C?s P?(J,1)7 BE
Cclz=p2(),?)/ BE
147 C THECK TVFE BOJ''DARY CONDITIUNMS
HC(1)2 1eP2(J,1) « C2eP20J,2)
BC(e)=CLaPI(y,1) + N2eP3(J,2) =(L,,0,0)
THC s ARS(RCAL(RC(1))) « ABS(AIMAG(RC(1))) ¢ABS(REAL(BC(2)))
1 *ALSCAIMAG(GC(2)))
115 1F=1pel
TH(IP)=N1eP1(J,1)¢C2eP1(J,2)
TEST(IP)=TF(IP)*CONJG(TF(IP))
prirY 29, TF(IPY, TEST(IP), ALPHa, PEY, CR
1F( TEST(IP) = DELTA) 11,11,1?

1) C
12 Cot TINUE
50 To (135,14,15)1P
13 DAL=PAL«ALLPHA € ALPHAZALPHA«DAI
G0 TOo 1n¢
1458 14 ALPHAZALPYMA-CAL 3 DREY=ZPRFYeRFY § RFYZREY«DREY § GO TN 100
15 DT1=(TF(2)= TF(1))/DAL <€ REY= REY=DREY
SLdRUNTIIF  SIGFHVP TRACE

DY2=(TF(3)=TH(2))/UREY 3 DEN=AIMAG((CNNJIG(DT1))*DT2)
DAL = AIMAG(TF(1)«CNNJG(DT2))/DFN
DFEY= ATAG( CUMJG(TF(1))=«DT1)/N:N

16 1F (ABS(NAL) ,0Bk, (PCHeALPHA)) UA_EPCHeALPHA®DALZABS(DAL)
1H (ABS(NREY),GE, (PCH*REY))DREYZP _HeREY*IREY/ABS (DREY)
RFY= REYe PEY
ALPHA = AL PHA DAL
[v=C

16% IVP= VPe1
TH(IVP,5E,6) STOP o
G To 1ro

11 CUNTINUE
179 prItT 21, RIL,PU, TI, TO
21 FURFMAT(egR[,KN,TI, TN ARF #4F10.%)
C 2HINT (yT TyF FINAL FIREM FUNCTIONS IF DESIRED,



18)

199

in

15

EL)

35

1

W (IcanNF,EQ,1) "D T 200
pPHITT 333
333 FURVAT (@0 g 1IED EIGFI FUMCTIONS®,//,5%X, «1220XeP*20XeNPe20XeD7Pe
120y e)3Pe)
ne 2?22 1= 1,J
FHie Cle21(7,1) « C?«P1(1,2)
EF2=CleP2(1,1) « C2#P2(1,?)
EF3=2CleP3(],1) + N2¢P3(1,2)
EF 42C1ePA(1,1) + C2ePA(I,?)
Ft1 = EF1 /7 (C1eP1(51,1)+C24P1(51,2))
PHItT 16, I, EF1 +EF2,EF3,EF4
22 ClNTINUF
15 FURMAT (e «15,2X,4(25F15.5) )
G Tn 219
1 FURMAT(3F10.5,ER,2)
) FOR"AT(AF10.9)
9 FORNAT(« «3F10,5,F12,5)

9 FORMAT(e «215)
11 FORMAT (e «4F15,5)
20 FURMAT(« TF(R=B/DR) =ze 2E12.5,5X,¢TEST FN=ze E12,5¢ ALPHA, 9vVve

1HA, RFY, CR =z *3E12,5)
370 CUWNTINUE @RFTURN § FHNO
<4 TPACE

SUBHFOUTY JF RK4(H,REY,E1,CR,PHA, 1, 1BUS)
cOMFLFX vnn,v10,v22,V30,G51, voi,v11,v21,v31,G2,

1 vN2,v12,V?22,V32,G3, TER41,TERM2,TERM3,TERMNY,
1 #,DG,D26,N86, P,NP,D2P, 3P, EL1,EVIS
vo3S,v15,v23,V33,G4

»
CUMFLEX SUP1,SUB2,3UB3, SUB4
cU'MFAMN/Y/ VIS1.VIS2,P,DP,N2P,D3P,N2W
COMFON R,W,Nw,T1,72,C,D,VIS,K,DKIR
DIMEASINY R(201),4(€201),DW(201),71(201),T2(201),C(11),D¢11),
1 VIS(201),V1IS1(201), VIS2(201),P(105,2),0P(105,2),D02P(105,2),
193P(105,2),TF(5), TEST(S), D2W(201)
DIMENSING K(201),DKDR(201)
REAL K
1F(IRUG ,ME, 1) G0N TO 2
PRILT 3, H,REY,F1,CP,PHA,1,I1BUG
3 FORMAT (e «F?7,3, F7.0, 2E12,3, 2F10,4,2]5)
2 ph1J=1,?
C FUNCTIOIS AT R(I)

vio = P(1,J)

vio = M « DP(l,J)

V20 = He- « [2P(1,J) 72
V30 = Hwel « D3IP(1,J) /6

NE(]#2) - 3

EVISsE1/VIS(IN)

vVISVi=1, /YIS(N) « VISL1(M)
vIisy2= 1, /VIS(N) «VIS2(N)

sl = (NEH(M) <=1/R(N)*DAN(N)) *VOO
SUB? = (1/R(N)ee2 <PHA) ¢ VOO
SUE3 = «(3/R(NI*e2 +2¢P{A)eVI0/H ¢ (3/R(N)ee¢3=-PHA/R(N))
1 *v00
Sligea =

1 (=3/R(N)*eq ¢ 2+¢PHiA/R(NI*22 + HAsPHA) ¢ V0O

TERMY = EV]Se( (W) =CR) #(V2)e2/Hee2 + 1/R(N)*V10/H
1 =(1/R(M)*«2 « PHA) +» VN0 - SJR1 )

TERMN2 = <V [Sy2e( V20#2/Hee2 « 1/P(M)eV10/H - SUB2 )

TERM3 2 «V]Syiw( 20V3006/Hee3 + 3/R(N)eV20e2/Hee2 « SUBI )
TEK!I 4 2 «2/R(M)*V30e6/Hee3 o (S/R(N)2*2 o 2¢PHA)V2Ne2/Hee2



1 “(3I/N()ew3 = P«PHA/P(N))eV10/H - SyB4
G1 = Heed4/24 * ( TERML ¢ TERM2 + TERM3 ¢ TERM4 )
A0 IFCIRUG.YF,1) 6D TU 4

PHINF 5, P(*), U(N), VIS(M), TERY1,TEPM2,TERMI, TERN4
H FORIAT(w «3F10,3,4(2E10,.3) )
C TIUNCTIONS AT P+ H/2

4 VI1zE Y00 & Sevin & 0,25eV20 + J,125eV30 * 0,0625+G1
45 viis V19 + V20 « 0,75«V30 + 0,5 & G1
v21s V20 + 1,5¢V30 + 1,5eR1
vS1=z V3D « 2,#G1 f
NE w2 F‘
EVIS=F1/VIS(N) 3
51 visvi=1, /vISCi) « VISI(N)Y o
visv2= 1, /VIS(M) «VIS2(N) 4
Sugl = (DPWIN)=1,/R(NI*NA(N)) » VO1 K
sug? = (1. /R(N)ee2-PHA)eyN1 r
SUBX = a(3/R(H)*e2 o 2¢PHA)#V11/H + (3/R(N)ee3 =PHA/R(N))eV01 ¥
35 Stig4= (=3, /R(N)*ed o« 2, #»PHA/I(N)*e2 + PYAS#2)aV01l |

TERM1 = V]S« (W(N)=CR)Ye(y21®2/Hew? o 1,/R(N)eVI1/H
1 «(1./R(M)e*2 + PHA)eVN1) -511B1 )
TERM2= ~VISY2 * (V21#2/Hee2 + L1.,/R(M)eVii/H - SUB2 )
TERP'3 = ~V[Syi1w(2ey31e6/Hen3 + 3, /R(NI#V21e2/Hee2 ¢« SUR3 )
AN TEREG = =2, /7R(N)*V31#6/Heed o (I, /R(N)2e2 @ 2¢PHA)eV21/Hee2 o2,
1 «(35,/R(M)eeX = 2 «PHA/R(N))*VIL/H = SU34
G?= Ywed4/24, «(TERIL « TERM?+ TFIM3I « TERM4)
I (IBUG,NE,2) GO TO &
PFIMT 5, (), W(N), VIS(N), TER41,TEPM2,TERM3, TERN4
vii2z vgp « 0 ,5«v1in + 0,25eV20 ¢ J,125e¢v30 ¢ 0,0625+G1
V12= V10 + Y20 + 0,75eV30 ¢ 0.5 » Gi
V22= V21 ¢ 1,5#V3N + 1,5eR1
V32=v3) « 2,eG2
TERML AND TERV? ARF THF MOST RECENT NNES,
71 TERIZ = «VISV1e(2eV3206/Hee3 ¢ 3,/R(V)eV2192/Hee2 + SUB3 )
TERI 4 = «2,/R(H)*V32¢6/Heed o (3, /R(N)e22 ¢ 2¢PHA)2V21/Hee2 o2,
1 “(3,/R(N)ee = 2 «PHA/R(N))I®VIL/H = SUd4
G3=teed, 724, #(TERM1+TERM2+TERYS+TFRM4)
S OCUNOTIONS AT R(T) +
75 VN3 2 vI0 & y10 « V2] + V3D « G3

95

[SNSNP)

>

<

V13 = V13 + 2eY20 + 3«V30 ¢ 4¢G3
V?3 = V25 + 3eVI] + 5#G3
VI3 = V3] + 4#G3

SLERIUTINE <4 TRACE

AT (1#2) o1

1) sV1i=F1/7YIS(N)
vISvi=1, /VIS(N) e VIS1(N)
vISv2= 1, /VIS() «Vv]S2(N)

St31 = (U2H ) - 1/04NY ) &« DYU(N) ) « VO3
sugz = (1/7(R(N) )ee? <PHA) « VO3

34 Stgd = = (S/(P(N) Yee2 +2ePHA)®VL13/d ¢+ (3/(R(N) )eel
1 =PHA/Z(R(N) )) ov03
51'Ra = (=X/(R(1Y Yeed o 2ePHA/(R(N) )ee2 o PHACPHA) *v03

Tl = ZV[Se( (A(N) =CR) #(V2342/Hee2 « 1/(R(N) )eVI3I/H

1 “(1/7(R(N) )Yee2 ¢ PHA) ¢ V03)
3 v - Sy7L
TERI'D = «V]AV2e( V23e2/Hew2 ¢ L/(P(N) ) «VI3/H = SJ82 )
TERI'S 2 «V[fy1ef 2eV33e6/Hee o I/(R(N) ) eV23e2/Hee2 + SUB3)
TERI'G = <2/7(R(i1) )eV3I3es/Hee3 ¢ (3/(R(4) )ee2 & 2ePHA)eV2302 /
1 qwe? =(3/7(R(N) )en3 = 2ePHA/(R(N) )) *V13/H - SUB4
25 54 = 4ea8/04 «( TEOM1 + TERM2 ¢ TERHY3 + TEQN4 )

THEIROG.NF .2y 50 TJ 8



1)
115
11
119 11
1

113

PRILT 5, R(M), W(M), VIS(N), TENY1,TERM?,TEAM3, TERH4
G 0T 1.0/715 « ( B, %G1 + 4,932 +4,¢G3 - G4)

NG = 1,375 « ( 9,261 + 6,¢G2 + 6,¢G3 - G4)

DG = 2,0 &« ( G1 ¢ G2 +R3)

DSG = 2.0/3 « ( U1 & 2,#52 ¢2,+GS +G4)

PUI*1,J) = VU « V1N « V20 + V30 + 4

NP(Iel,)) 2 1,/H & ( ViD « 2,eV2) & 3, V3N « DG )
N2P(I+1,)) = 2,/Hee? & ( V20 + 3,#V30 + D2G )
DIP(1+1,J) 3 A /Hwe3 « ( VIN + NSG )

Helghs 1S, 1) G0 To 1

PRINT 10, P(1+1,J0),NP(1e1,J),N2P(1+1,J), DN3P(1+1,J)
FORI'AT(« #4(2F15,5) )

2PIET 11, 31,6G2,G3,04

FORMAT (e 51,62,53,34 4(2F11,3) )

CONT TNUE

RETURN

EYD
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