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Chapter 1

Introduction

Positronium, which consists of one electron and one positron,
is a pure quantum electrodynamic (QED) bound system. It is
experimentally accessible and therefore its study is another
sensitive test of QED. It also can be used to test any two-body
relativistic equation for the case in which the interaction is
purely electromagnetic. Since positronium consists of a particle
and an antiparticle, which can annihilate and create photons, the
lifetime of positronium is very short, 10_10 sec. If we want to get
a gross structure of positronium, we may compare it with hydrogen
atom. In this case, since electron and positron have equal masses,
the reduced mass will be %-me. Using this reduced mass, we find out

that the Bohr radius of positronium atom is twice that of hydrogen

atom, or the ionization energy is half of the hydrogen atom and etc.

The spin of positronium is sum of the spin of electron and spin
of positron. Therefore it can have spin 0 (singlet state) or spin 1
(triplet state). Positronium with spin O is called parapositronium

(p-Ps), and with spin 1 is called orthopositronium (0-Ps). We use
2S+1

the notation LJ, where J, L and S are total angular momentum,

orbital angular momentum and spin of the system respectively; and

beside they are related by the relation 3 = ﬁ + §. By using this

notation, the states of positronium can be grouped as

3. 1p 3p  3p 3

0’ 13 1° 0’ 1° P2 and so on.



We can show [1] the charge parity (charge conjugate) of
positronium has the eigenvalues (_)2+s’ and for photon it has the
eigenvalue (-). Therefore, for positronium decay into photons, we
must have the following selection rule (since C, the charge

conjugation, is a good quantum number)
L+
()" - ()" (1.1)

where, n is the number of photons into which the positronium can
decay. Therefore in ground-state (& = 0), parapositronium (s = 0)
can decay into an even number of photons, and orthopositronium
(s = 1) can decay into an odd number of photons. Since from
conservation of energy-momentum, the decay of orthopositronium into
a single photon is forbidden, the minimum number of photons that
orthopositronium, in ground-state (& = 0), can decay into is three
photons. For parapositronium, in ground-state (2 = 0), the minimum

number of photons that it can decay into is two photons.

The calculated decay rate, in lowest-order approximation, for
p-Ps (parapositronium) is [2]
a5 9 -1

r., (p-Ps — 2v) = &~ (%_) = 8.0325 x 10’ sec ,  (1.2)

while the measured value is [3]

oy 9 -1
rexp(p Ps) = (7.994 + .011) x 107 sec . (1.3)



The calculated decay rate, in lowest-order approximation, for o-Ps

(orthopositronium) is [4]

Py (0Ps = 3Y) = 52 (% - 9) a® (Eg-)
- 7.2112 x 10% sec” (1.4)
while the measured value is [3]
r__ (o-Ps) = (7.051 + .005) x 108 sec”! ) (1.5)
exp

(for a review of experimental advances in positronium see the review
by Rich [5] and for new measurement of decay rates see [3], and for

new development in QED see [6].)

The accuracy of the measurement of p-Ps, relation (1.3), is not
high enough to test the radiative corrections to the decay rate
(1.2). While for the o-Ps decay rate measurement, relation (1.5),
its accuracy is high enough to test the radiative corrections to the
decay rate (1.4). 1In fact the decay rates, including the radiative
corrections, are

20 2

a ™o 2 -
Ty, (P-Ps) = T_(p Ps)[1 -7 G- r3aIna

T4 0e®)], (1.6a)

a _1 2 -1
Iyp (0-Ps) = I‘O(O-Ps)[1 -5 (10.266 £ .011) - s a” Ina

+ 0{(2)2}] ) (1.72)



where ro(p-Ps), the lowest-order decay rate of p-Ps is given by
(1.2), and ro(o-Ps). the lowest-order decay rate of o-Ps is given by
(1.4); the o(a) correction to p-Ps was done by Harris and Brown [7],
and the o(a) correction to o-Ps (the value that we quoted in (1.7a))

and the order a2 l1n a ! corrections, to both para-and

orthopositronium, are given by Caswell and Lepage [8].

In relations (1.6a) and (1.7a), if we assume that the

coefficients of a2 and (%02 terms are unity, then we find

Ty (P=Ps) = (7.984 & .001) x 107 sec” , (1.6b)

6 -1

Pth(o-Ps) = (7.0386 + .0002) x 10" sec (1.7b)

For the decay rate of p-Ps, comparison of (1.3) with (1.6b)
shows that the theory and experiment are in agreement, but the
accuracy of measurement is not high enough to check the coefficients

of a and a2 ln o ! terms. In fact if we write equation (1.6a), up

to the order a, in the following form
rth(p-Ps) = ro(p-Ps)(j-ka) , (1.8)

experimental result (1.6b) gives the following possible range of

values for k

k ~ .66 + .2 . (1.9)



We note that the calculated value of k

2
1 -T2
k =~ (5 u) 4 f806 (1.10)
is one of the possible values in (1.9). But since the range of the
values of k in (1.9) is not narrow enough, we do not consider the
agreement between the measured and calculated values of the decay

rate of p-Ps as a sufficient criterion for the test of the radiative

corrections.

For the decay rate of o-Ps, comparison of (1.5) with (1.7b)
shows that the agreement between theory and experiment is not

satisfactory, and in fact there is a discrepancy.

To resolve the unsatisfactory agreement between the rth(o—Ps)
and Pexp(o—Ps), Gidley et al. [3] initiated more measurements of the

o-Ps decay rate.

Up to now all measured values of TI'(o-Ps) have been above the
calculated one, therefore one may think that, maybe, there are other
channels available for the o-Ps to decay to. It is suggested [9]
that the following process could be responsible (at least partially)

for the discrepancy between theory and experiment
o]
o-Ps » a” +Y, (1.11)

where, a® is a neutral particle of mass m, < 2me



Amaldi et al. [10] measured the decay rate of the above
process. For the mass m, varying from 100 to 900 kev, they found
the following range of upper limits for the ratio of decay rates of
the above mode to the 3Y mode

6 6

(o]
I (o-Ps » a ¥) -1 x 10°°. (1.12)

I (o-Ps + 3Y)

R = ~5x 10
Therefore, their result shows that the process (1.11) can not

resolve the discrepancy between Pexp (o-Ps) and rth (o-Ps).

There is another quantity of interest, the ground-state
hyperfine splitting of positronium, AE = E (s = 1) - E (s = 0), the
energy difference between the s = 0 and s = 1 levels with n = 1.

The measured value of this quantity is [11]
AEexp (hfs) = 203.3885 + .0010 GHZ ’ (1.13)
while the theoretical value is

mcza 5 1

2 2. - 2
AE,, (hfs) = S5 [% -2 635 +21n2)+Z2a“1na +0 (@]

= 203.400 GHZ. (1.14)

The first two terms were calculated by Karplus and Klein [12], and
calculation of the a2 1n a-1 term started by Fulton, Owen and Repko
[13], and completed by Caswell and Lepage [14], and Bodwin and

Yennie [15].



Contribution of a2 term to the hyperfine splitting, if we
assume its coefficient is unity, is of order .005 GHZ. Therefore in
order to have a meaningful comparison of theoretical result,
relation (1.14), with experimental result, relation (1.13), we need

to calculate the o (az) correction to the hyperfine splitting.

As expressed by Buchmuller and Remiddi [16], most methods which
proposed and used in the past - for calculating the radiative shifts
of energy levels of positronium - work only up to the order

a2 In a ! correction and in practice they can not find a2 correction

to the AE, relation (1.14).

In Chapter 2, we discuss the method that Barbieri and Remiddi
[17] introduced for solving the positronium problem, which in
principle can be used for finding decay rate or energy splitting of

positronium up to the any desired order in a.

Throughout our work, in subsequent Chapters, we use the Coulomb
gauge. The reason, beside the others, is that in covariant gauge,
for positronium, there are some spurious terms, such as o (a3) and

3

o (a” 1n a—1) corrections to the energy levels, which appear in some
Feynman diagrams (for a discussion of these problems and the
cancellation of these contributions see [18]), while in Coulomb
gauge we do not have such spurious terms.

In Chapter 3, after introducing a perturbative expansion for

energy levels [16], we calculate the energy shift, S§E, of the

orthopositronium (6E = E - 2¢, where E is the ground-state energy of



2
o-Ps and ¥ = (1 - EE)1/2)‘ We consider those contributions which
come from the one-photon-annihilation channel and contribute up to

the first-order of perturbation theory (up to the o (a) correction).
The energy shift S8E that we find is

2 4
me“a ba  8a
i R

), (1.15)

which agrees with the result of Karplus and Klein [12]. The
interesting point is that we find the finite value for §E, without
performing the wave-function and vertex renormalization subtractions

(for the regularization and renormalization of QED in Coulomb gauge

see [19] and [20]).

In Chapter 4, after writing down the perturbed wave-function
for parapositronium, in terms of the zeroth-order wave-function, we
calculate the decay rate of p-Ps. We consider those decays which
contribute up to the first-order of perturbation theory (up to the

o(a) correction). They are the decays of p-Ps into two photons.

The decay rate that we obtain is

I (p-Ps » 2 Y) = mgha [1 - %-(5 - %—)] , (1.16)



which agrees with the result of Harris and Brown [7]. Here also we
find the result (1.16), without performing the wave-function and

vertex renormatization subtractions.

Throughout our work, we use the notation and conventions of
BJorken and Drell [21]. We also use the natural units b = ¢ = 1,
and take the electron mass m, = 1. For regularization, we employ

the method of dimensional regularization [22].
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Chapter 2
Solving the Bethe-Salpeter Equation

for Positronium [17], [23]

The formulation of the bound-state problem in QED, which is
given by the relativistic Bethe-Salpeter (BS) equation [24],
although from theoretical point of view is complete, it lacks a
tractable and systematic computation procedure. In practice, in
order to solve BS equation, which is an integral equation, one
specifies a lowest-order equation, then by using this equation as a

starting point, one does a perturbative calculation on it.

In general this lowest-order equation has a kinetic and an
interaction term. The interaction term is responsible for the
bound-states and supposedly is the largest part of the full BS
kernel. In the limit of low-momenta these two terms should reduce
to the kinetic energy and the Coulomb potential of the Schr;dinger
equation, and also it is advisable that in the 1limit of high-momenta
the kinetic term describes the free propagation of the electron and

positron.

In the following, we discuss a lowest-order equation which has

the above properties and can be solved exactly.

The BS equation for the Green function G is [24]

G (P, p, Q) = Go (P, p, q) + S %;5;5 GO (P, p, k)
i



1

'u K (P, k, k') G (P, k', q), 2.1)
(2m)

and the lowest-order equation which is proposed by Barbieri and

Remiddi [17] is

6, (® p, @) = G, (7, p) [(20* 6" (p-q)
+ APk (P, p, p") G (P, ', @], (2.2)

First we specify GO and Kc. In the C.M. frame where P = (2w, 3) (2w
is the total energy of positronium and 2w-2 is the binding energy),

Go and Kc are chosen as

(1) (3)
i
%h WY -1 e ie] » (2.3)

i
G (wr P) = [p WY -1+ e

and
K, (W, B, @) = =12 (B, O R (w, ) V_ (F -~ @) R (w, Q), (2.)
where
> > 1 »> > »> > (1)
A T L R L U S R C ST I )
P qa P q

>

x [N+ a =) (=) (N +p o)

(2)
)T

’ (2.5)
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and
/2 ,E=/52+1,Np=sp+1 , (2.6)

YE +w P
p

R (wv B) =

and Vc is the scalar Coulomb potential

Vo(R) = Sme 28y 2.7)

In the above relations, (1) stands for electron line and (2) stands

for positron line.

By specifying Kc and Go' as we did, one finds the exact
solution to the equation (2.2) for the Green function Gc' In C.M.
frame this solution has the following form

y oy
G, (w, p, @) =G (w, p) [(21)" 6" (p - q)
+ 1R (4, P) H, (w, b, Q) R (W, @ A (B, @) G, (w, @)], (2.8)

where, the scalar function Hc is

i a 1 -
5+ b a v S dpop

Ip - q| 0

> > AV}
HC (wi P, Q) =

-1
AP - 3% - D - 0] @2 - @2 - WD o - 0?29
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where

\,g__—’Yg_o (2.10)

We note that Hc has pole at w = xk (from nowWw on we assume W < k)

2
H, (4, By Q) > 32wy LI (2.11)

c B (@ e VO

where

K =/1 —Y ’ (2-12)
and it corresponds to the ground-state energy.

In equation (2.9), if we replace the real integral with contour

integral [25]

i

1
fode v )55y

el™ fodp (v, (23)

where the path ¢ begins at p = 1 + 0oi and terminates at p = 1 - oi,
after encircling the origin within the unite circle, then we find

that Hc has poles at
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<

n=1,2, 3,... , (2.14)

ol

which correspond to all excited states of energy (including the
ground-state). But since we are interested in ground-state, the H
which is given by equation (2.9) is the one that we will use in our
calculations.

Now, since Hc has pole at w = k, therefore by equation (2.8) Gc

has pole at w = k too. At the pole Gc is

DRI CRIN(S

Gc (w, p, q) +> o r— , (2.15)

where summation is over all degenerate states (for ground-state
(¢ = o) degeneracy is only due to spin). Using (2.15), one can find

wo's, the zeroth-order Barbieri-Remiddi wave-functions. For

orthopositronium ground-state (s = 1, £ = 0)

(k - E)VYE_ +«
p’ ""p

¢
2 2 E
(32 + ¥5)2 ° p Np

_ .32 "(m).-) 2L
(Np PeY)(1+Y)E Y (Np peY)

(po + K - Ep + ig) (po -k + Ep - ie)

x

, (2.16)

and its "conjugate" transpose
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=T -i71a

v_ (p) = ¢
o (52 + Y2)2 0 Ep Np

*
2 _ “(m) .3 2.2
(Np pe-Y)(1 Yo) 12 Y (Np p Y)

(pO + K - Ep + ig) (po -k + Ep - ie)

x

, (2.17)

(m)

where ¢o and spin 1 polarization vectors g are
a3.172 (o) () 1
¢o = (m‘ ’ E = (0’ O, 1) ’ g = - (1, + j., O) . (2.18)

V2

For parapositronium ground-state (s = o, £ = 0)

v (p) = +§ inta

o (p

(k - E ) VE_ +«x
p p

¢
+ Y2)2 o Ep

(E +Y -p+Y¥YY)Y
p o) 0 5

x - = = ’ (2.19)
(po + K Ep + ig) (po K + Ep ie)
and its "conjugate" transpose
. 2ima (« ~ E) JE * &
o) (52 + Y2)2 o Ep
> >

(E.-Y +p-YY))Y

P_ 09 °__> (2.20)

X
(po + K - Ep + ig) (po K + Ep ie)

In the above relations we defined @o by the following relation



vo=Y_ Y . (2.21)

One may use (2.15) for finding an integral equation for wo.

This equation can be found by taking the residuum of (2.2) at w =k

y

vy (p) = Gy (x, p) J ‘:21:)’; K, (k, p, P") Yo (p') . (2.22)

We can show that the following normalization condition for

these wave-functions is satisfied

4 !

J (:ﬂ)ﬁ (—Z:?H‘I’o (p) égﬁ—o [Go-1 (P, py Q)
=K, Py py Oy (@ =1 (2.23)
where
Pe(a, o, x=(-v)2 vyo2 | (2.2)

In order to use the perturbation theory around w = k, one needs
the following quantity (in Chapters 3 and 4 we will use this

quantity)

R AR TIR
GO(K)'a'[Gc(w)-—i °© o

K W -k ]w + e (2.25)

which is finite (pole contribution is subtracted), and can be found

by using (2.8) and (2.9)
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-~

G, (6, Py @) = (21 6" (p - Q) G (c, P) + 1R (x, B) R (x, Q)

x Gy (kD) A (B, &) G (e, @) H_ (e, By @) . (2.26)

where Hc is finite (pole contribution is subtracted), and is given

-~

in [23]. Up to the first order of perturbation theory, Hc can be

written as

\ Y2 -Y2 ¥2

p. +k - Ep + ie p -k +E - ie q +x - E +ie

2 1
- 2B - A -B

g -« : E -1 T % 1t (2.27)

o q o Ap + B (1 - p)

where
2 1 2 +2 2
A= p-3) B B% YD) @ D) . (2.28)

by

In the course of calculations of positronium decay rate or
energy splitting, in some Feynman diagrams we divide the
contribution of each diagram into two parts. One which comes from
the first term in EC, equation (2.26), and the other which comes

from the second term in Gc' Let's write (2.26) in the following

form
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~

G, (k, Py Q) = (2n)" 6u (p - q) G, (k, p) + ﬁ (ky Py @) , (2.29)

A

where R is
R (k, P, @) = L R (¢, B) R (, &) G (c, P) A (B, Q)

x GO (K’ Q) HC (K, P, q) o (2-30)
Beside R, there is another quantity that we always refer to, it

is K_ (<, B, @), which is K_ (w, P, @) at w =k, or from (2.4)
K, (<, By @ = =1 A (B, @ R (<, P) V, (P - Q) R (x, @) . (2.31)

There are some remarks that we should mention. 1In 1952,
Salpeter [26] derived an equation which is the approximate version
of the BS equation and has the properties which we mentioned at the
beginning of the present Chapter; but the exact analytic solution of
this equation is not known. This equation and its improved version
which was given by Cung et al. [27], before 1978 had been the
starting point of nearly all perturbative calculations for the
positronium and muonium. In 1978, the year that Barbieri and
Remiddi [17] proposed their lowest-order equation, Caswell and
Lepage [14] also proposed an equation which is essentially

equivalent to the Barbieri-Remiddi equation.

It is also necessary to note that the Dirac equation, for a

system which consists of an electron in an external Coulomb
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potential, can be solved exactly and it gives the correct energy
levels up to the order au (fine structure) [28]. One may think that
the Dirac equation is a good lowest-order equation to start with;
but this is not correct. The Dirac equation for an electron in an
external Coulomb potential can be obtained from the BS equation, by
considering the interaction kernel as a sum of the all irreducible
crossed ladder graphs in the limit of infinite mass of positron
[17]. 1In fact it is an equation for one fermion, not for two

fermions.

In any case, we do not need to demand that the lowest-order
equation, by itself, should give the correct order au for energy
levels of positronium. As long as a lowest-order equation, by using
a perturbation expansion, gives the correct energy levels in terms
of the successive powers of a, it will be a good lowest-order
equation to start with (explicit calculation shows that beside

powers of a, we have also 1ln a).
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Chapter 3
Contribution of One-Photon-Annihilation Channel
to the Energy-Shift of the Ground-State of

Orthopositronium in the First-Order Perturbation Theory

The energy-shift of the orthopositronium ground-state, in terms
of the perturbation kernel 6K which is given by Barbieri and Remiddi
[17], can be written [16], up to the first order in perturbation

theory as
i 6E = (6K) + (6K éc §K) + (6K) (6K') + 0(SK3),  (3.1)

where 8K = K - KC, and is given graphically in Figure 1.

—_——

=
-+
(a) 6K = —1-7*‘”<+ g + § B
E .+-
(b) i{ = :}j -

Figure 1. Kernel §K, where the Coulomb-like kernel Kc is given

K.

}...-.-_

by (2.31). VLines with a dash indicate inverse

propagators.

-~

Gc and Kc are given by equations (2.29) and (2.31),

respectively.
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In (3.1), 8E is defined as 8E = E - 2« where E is the ground-

state energy, and prime stands for %: %; , and (...) means the

expectation value with respect to wo. For example,

dup du = i 9
(6k')  f ——Pp —=dpy (@) [5o57 6k (x, q, D] v (), (3.2)
(em) " (2m)

where wo is the zeroth-order Barbieri-Remiddi wave-function [17],

which for the orthopositronium ground-state is given by the equation

(2.16).

Now using (3.1) and the graphical representation of 6K, Figure
1, one gets the energy-shift of the ground-state of

orthopositronium, up to the first-order of perturbation theory.

The contribution of one-photon-annihilation channel, up to the

o(a) correction, can be written as

7
8E = ) SE, (3.3)
i=1

where, S8E's are represented graphically in Figure 2.

(a) 16E, = <>ww<)
(b) 16E, = (T;>-<:I:]}”*<:)

(e) 16E3 = 2 )



22

(d) 16E, = -2 ( K )

(e) 16E; = A (tjji1§33:=,~n~<(:)
(f) 16E; = 4y jjiil:]::>y~w«<:>

772 (i::>"~"“<:> ::fji:/,>

(g) 1i6E

-~

Figure 2. Energy shifts 6E's, where Gc and Kc are given by

(2.29) and (2.31), respectively.

In the following sections we calculate the contributions §E's.

A. Contribution GE:1

Using Figure 2(a), contribution 6E1 can be written as

d -ig"”
16E, = J pu < -ieY ¢ (p) >-—J%§—
(2w) Y
a* - T
x f -—35 <y o(q) (-iey ) > (3A.1)
(o] \Y)
(2m)

where < > stands for trace. The double integral factorized, and it

is the case for all other diagrams.
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Using (2.16) for wave-function wo and performing Py integration
(by virtue of Cauchy's theorem), and then performing the angular

integrations, one gets

y
dp
J <-iey ¢_ (p) >
(2“)’4 H 'O
- tep EM 27 p° dp VE_+x (2E_+ 1) (3A.2)
0 3r ‘o (52 2.2 p ‘ '

+ Y E
) P

The integral in the right-hand side of (3A.2), up to the o(a)
correction, is performed in Appendix B; using that result, equation

(B.11), we find

y
g P < - ieY ¥y (p) > = ted vz D (3A.3)
(2m)
and since
a* -T a” *
=5 <y, (@) (miev ) > = [J —=Pp < -tey w_ (p) 2], (3A.4)
o v y v '0
(2%) (2m)

equation (3A.1) gives (up to the o(a) correction)

4

SE =%—(1+

1 ) . (34.5)

e
3
B. Contribution 6E2

For GEZ, Figure 2(b), let's first consider the quantity Auv

which is represented graphically in Figure 3(a).



pryk
(a) A = " p
uv k p ]
] 3-7K
P-xk 2
p+Lk
(b) Ly = AR
P- gk

() ~ (&) > = f:>"*'*<::::::>"“~“<:

Figure 3. (a) Definition of quantity Apv' (b) Graphical

representation of Huv' (c) Equality which is

-

correct up to the o(a) correction. Gc is given in

(2.29) and k = (2, o).

Using the Feynman rules and equation (2.29) for Gc' the

quantity Auv (u, v=1,2, 3) can be written as

dp d" 1 1 2 1
R} —Er =3 [« - leY, 1S'(p + 3K)(~1eY )18%(p - )>
(2m) " (2m)

« 2n) 6 (p - Q) + 1Rk, PRk, a)ﬁc(x, b, Q)< - ieYuiS1(p +3)
« A (P, Dis'(q + %k)(-ieYv)isz(q - %k)xz(ﬁ, 9
x 15°(p --;—k)>] , (3B.1)

where 1 stands for electron and 2 for positron. Let's write (3B.1)

in the following form

Auv = Huv + H;v ’ (3B.2)
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where
d"p 1 1
nw = - m <-ieYu18(p + Ek)(—leYv)iS(p - —2-k)> , (3B.3)
(2r)
and
iam dup duq > >\ -1
n = J R(x, p)R(k, qQ)H (x, p, Q)(E E NN )
W T ent en® ¢ Para

AL+ 0% 110 - 0% 11[a + 20°%- 1][(a - J0%- 1]}

x<Y (B + W+ DO+ B DA+ Y)W+ 3= D+ 5 DY

T+
.
=<y
A

x(d =+ DO+ 3= DA =¥+
x (p —%u S, (3B.14)

which means that II‘N is the contribution of the first term of Gc and
H;v is the contribution of the second term of Gc (see (2.29) for

~

Gc).

The quantity Huv is represented graphically in Figure 3 (b),
and obviously it is of order a. For n;v we want to show that its
contribution is of order higher than a, therefore we can ignore it.

In equation (3B.4), we note that the most contribution comes

from B, a ~ Y and po, qo ~ Y2. In fact after performing po and qo
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integrations (poles at po = K - Ep and qo =K - Eq give the most

contribution) and keeping the lowest powers of B and a, we get

H (k B 3)
3 3 c 9 1]
N' =~ a fd pd7q , (3B.5)
L B2+ v2) (@ + v

where H is
c

- > 1 .1¢5
H (x, p, q) = Nnaf— + = L— - -
c A B t2 »2 + Y2 »>2 + Y2

NP VS 5m.6)

Ap+B(1—p)2

and quantities A and B are given by (2.28).

By scaling B +> YB and a »> YE, we note that ﬁc is of order-& and
therefore “ﬁv is of order a2; so we can ignore H&v and up to the

o(a) correction (3B.2) gets the following form

Au\, = TIIJ\) ’ (3B.7)

which is represented graphically in Figure 3(c).

Now, by virtue of Figures 2(b) and 3(c), contribution 6E2 is

Y
16E, = f -—d—% < - 1eY v (p) s[ZL V) L3

2 (2m) k2 k2
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integrations (poles at po =k - E_ and qo =K - Eq give the most

p
contribution) and keeping the lowest powers of B and a, we get

- > >
Hc (¢, Py Q)

3 .3
I' =~ a fd”pd7q , (3B.5)
by B2+ Y@ + %)
where H is
c
2 2
= > > 1 115 L4y Ly
H (x, p, qQ) = dmaf5 + = [3 - -
Cc A B t2 52 . Y2 52 + Y2
s f:)dp B-A-B )}, (3B.6)

Ap + B (1 - p)2

and quantities A and B are given by (2.28).

By scaling E > YS and a > YS, we note that ﬁc is of order &-and
therefore “ﬁv is of order a2; SO we can ignore HLv and up to the

o(a) correction (3B.2) gets the following form

Au\) = “uv ’ (38.7)

which is represented graphically in Figure 3(c).

Now, by virtue of Figures 2(b) and 3(c), contribution 6E2 is

y
16E. = [ -d—p—u < - 1eYu¢o(p) >[1i— ™V (k) -—i—}-

2 (2m) k2 k2
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y
« f 49 3T (@)-tey ) >, (3B.8)
(Zw)u o} v

where “uv’ the vacuum polarization, can be found from (3B.3), which

up to the o(a) is

ia a 8 2
m, (k) =35 [(1+ 3) I(-a) + 5] (k, k= k8D

k=(2,0), a=2-2 (n>14), T (-a) » ég, a> o, (3B.9)

(for finding “uv' by using the cut-off method, see [29]).

Equation (3A.3) implies

dp - @ =
f(zﬂ)u <-leY wo(p) >« g (£ =o0) (3B.10)

therefore (3B.8) gets the following form

n
. e ayp(- 8y, dp . _
16E, = 3 [(1+ 5)T(-a) + 3] S oy < -teY ¥ (p) >
. UV y
« 28 p 99 0T ()(-tey ) > (3B.11)
k2 (2n)4 o v

which by comparing it with (3A.1), we find

8

- a
16E, = 5 [(1 + S)r(-a) + 3

lcise) . (3B.12)
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Charge renormalization takes care of the first term, therefore by

virtue of (3A.5)

a
which is correct up to the o(a) correction.

C. Contribution 6E3

For 8E_,, Figure 2(c), we decompose it as

58, - 6E3a + 6E3b , (3¢.1)

31

where, the first term comes from the first term of Gc’ equation

(2.29), and the second term comes from the second term of Gc; they

are represented in Figure 4,

(a) 1sE,% = (:{>"'<>

\V]

n|—

n

(b) 16E36 - ’Qb )

a%e¢ogu/§(:‘+%’ '@'

~

Figure 4. Contributions 6E3a and 6E3b, where R is given by

(2.30), and k = (2¢, 0).
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We first calculate 6E3a. From Figure 4(a)

a _-i * a
6E3 — e, & V2 (1 +6)
d"p 1 1
x [ (2“)1‘ < -ie Au(p - oK, Pt ;_,k)tlao(p) >, (3C.2)

where Au is due to the vertex correction and can be found by the

following relation

A +B

-] Ly = do pgngx

where
D=’ [a+p-g0%-1lla+rp+g?-11 , @cw

- [22p0 _ poO o, p,0 o,.p _
A= [-a%" - aPd ¢ (P v a%P )]y ey - B, (3C.5)

- 22 p0 _ poO 0, p,0 o.p
B, = [-a%"° - ad” + &°(d6° |+ q"P )]y av 4y, (3c.6)

Com(d+B-g+ DY (d+B+rK+D . (3¢.7)

Note that in the numerator of (3C.3), we added and subtracted the

term Bu’ the term which gives ultraviolet divergence. So we find Au

A

(and [ dnq Tfi) in 4 dimension (since it gives finite contribution)

and Bu in n dimension. Therefore



2.0
A =-qY
u q

B = -2(2
"

From

necessary

By virtue

30
c,¥, - dcd + o®dc v, + v cd - 4% d
+ q° EZYH - q° qonu -2 qoqzuno ’ (3C.8)
- n) Ezquq + q2[(3 - n)azYu + qZOYu + 2qouno] . (3€.9)
(3C.2) and equation (2.16) for Vs We note that it is
to evaluate the quantity <AuF>’ where

> > - > > >
F = (Np -p Y)(j + YO)E . Y(Np -p-Y) . (3C.10)

of (3C.3), we obtain

" y AP L <BF>
<A F> = =25 dg ——%—- + =5/ q-——%—— , (3C.11)
H Yq Ly
where
<AF> = -32(E + 1) L (3C.12)

<8 F> = [32 (2 - n) azqzu +16 (3 - n) 3°a_% + 16 (n - 3) 3!

+ 16 q2q02] . (3C.13)

In finding (3C.12) and (3C.13) we used these arguments: from the

structure of integrals in (3C.11) we notice that for the first

integral the small values of q(q ~ Y) gives the o(1) and o(a)
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contributions to 6E3a, while the non-small values of q gives only
the o(a) contribution. For the second integral only non-small
values of q contribute and give the o(a) contribution. Therefore in
(3C.12) we dropped terms such as Y2q2, 5 . a q2, (5 . a)z and etc.
In (3C.13) we put p = 0, Y = 0. Beside these approximations we also
used the relation po = K —Ep and p ~ Y, which follow from the fact
that the main contribution, up to the o(a), comes from the pole in

wave-function.

Using (3C.12) and (3C.13) in (3C.11), we notice that we need
the following integrals, which can be found by the table of

integrals which is provided in [19]

2
4y q .2 A1 dx 1 1
Jdq=—=1in J — [ dy " , (3C.14)
D ° x © k2y2 _ k2y . EE _ p2x
»2 2
n q qu -in2
Jd'q—5~=—7- (1 -3ar(-a) (w=1,2,3 , (3€15)
q2q 2
;g —2 = -21n® - 1nlr(-a) (3C.16)
I dn 34 -in2 _ _
Q-5 =3 (3 - 7a)r(-a) , (3C.17)
+2 2
qq .2
;g —2 = (14 3ar(-a) (3c.18)



32

In relations (3C.15) - (3C.18), we dropped B and Py and Y, since we
are interested in finding the values of these integrals up to the
0o(1), which corresponds to the o(a) correction to GEa3.
The integral in (3C.14) is performed in Appendix A and is given

by equation (A.7), the result is

¥y ¢ ind . -1 2
s dq%—=—p—-sinA (—P ) - 2i0° . (3C.19)
/52 + Y2

Using these results in equation (3C.11), we find

u -
A F> =28 (20 5 4y sin™t (—B—) -8+ r(-a)] , (3€.20)
u ﬂ P P FC I
/pT o+ Y

where the first term will give the o(1) and the rest the o(a)

corrections to GEg.

From equations (3C.2), (3C.10), (3C.20) and equation (2.16) for

wo, we find
a a6 /3 a 3 Ep T K
§ES = 2 (1+3%) 1 a’p
3 q6n3 6 32+ YDk (B + 1)
P P
an(E_+ 1),
x [—E——sin” (—E—) -8+ r(-a)] . (3c.21)

p
/52 + Y2

Since in the square brackets the first term gives the o(1) and the
second and third terms give the o(a) corrections to GES, for the

second and third terms we use the approximation Ep =1, k = 1.
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Therefore, using these approximate relations and then performing p

integration on these two terms we find

> /Z
caga%.@u + 2 [V2+ G ri-a)

° pvYE_ +« -1
+a f dp P sin C———Jl———)] . (3C.22)
o »>2 2,2 —_—
(" + Y)E 22,42

The integral in (3C.22) is performed in the Appendix A and is
given by equation (A.20). Using that result we find, up to the o(a)

correction

cEa-au [2 -
Ty

da
3

R = V) B (3€.23)

w|R

To find éEg, we note that in the diagram of the Figure 5, up to

the o(a) correction, only the instantaneous Coulomb interaction Doo

of the photon propagator D

Ay contributes, where

o o
“p, P p(p,6 "~ +ps, )
ATy O AV v A
Dyy(P) =5 L8y, * >2 I (3¢.24)
\ p
p+ gk
P-gk X
Figure 5. Diagram which is related to GEb. R is defined in

3
(2.30).
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Dominant contribution comes from small p and q, (but it is not
the case for q), more specifically, p and qQ, are of the order a, so

we keep the lowest powers of p and q, and we set Ep = Eq =1,
1

where ever it is legitimate (for more details see Section D of

Chapter U4 for calculation of Mﬁ which is similar to the GEb.)

3

After performing Po and qO integrations we find (poles are

» Y49

at Py =K - E =g - E and qQ, =K - Eq)

6
SED = —2— /3 (1+3) s d3pd3qd3q (2E_ + 1) VE_+«k
3 3gur’ 6 T 1

«Hy0c, 3, AL+ 2B - 3p2ET - vH@ e 1T, se.2s)

or after performing p integration

5 (2E_ + 1WE_+x H (x, 4, q,)
csg- a /201 + %-)fd3qd3q1 9—»2 g 553 c > 1 (3c.26)
192n (q1 +Y)(q" +Y) Eq

-~

where ﬁc comes from Hc, equation (2.27), after performing Py 4, and

q10 integrations, or
i, 380 - dma (L 130 0
c ’qu1 [s ] A B 2 55 >
v q + Y
(2 4k B 1 2B - A - B
¥ v s ode =11 (3C.27)

F e yf °" ap + B(1 - p)?
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The integral in (3C.27) does not contribute. It is so because

by direct integration we can show (see Appendix C)

f B3 @) 5 adg BB AB )L, G
Ap + B (1 - p)

where F(az) is any function of 32 which satisfies the condition

(C.13) of the Appendix C

fag 5 F@) <o, (3¢.29)

which in our calculations it is the case.

Therefore, using (3C.27) in (3C.26) and performing q,

integration

5 5 a3 (EC+NWE ¥k
SE3 = —— V2 (1 + %) fd’q 2
247 (0 + YY) Eq
2
Y (2 +x +E))
3 _ q
« [5 5 - (3€.30)

q +Y

The second term in square brackets only for q ~ Y contributes. For

this term we use the approximations Eq = 1 and x = 1. Therefore

5
b _a a 3 1
SE, = — V2 (1 + =) [ d°q —5——=—
3 gl ¢ (& + ¥5)?
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2
o [ @B+ 1) /B TR - A2y (3¢.31)
a 2y

The integration on the first term in square brackets is
performed in Appendix B and is given by the equation (B.11). Using
that result and performing the integration on the second term in the

square brackets we obtain

Y
b o 2o
SE =3 (1 +-§—) . (3Cf32)

3
So, by virtue of equations (3C.1), (3C.23), and (3C.32), the
contribution 6E3 is

)
6B, = 25 [3 40 - 24 2 r(-a)]. (3C.33)

D. Contribution GEM

For GEH’ Figure 2(d), we use the same decomposition that we had

for 6E3, equation (3C.1), or

a b
§E), = 8E,” + SE, , (3D.1)
where GEua and GE“b are represented in Figure 6.
a :
(a) iGEu = -2 R;: >



Figure 6. Contributions $E 2 and §E b.

y 4

Using the following identity, which we gave it by the equation

(2.22) (momentum integrations are implicit)

y_oo= Gchwo ’ (3D.2)

o

we obtain the identity which is respresented in Figure 7,

Figure 7. The identity which is the direct result of the

equation (3D.2).

and from it we find the contribution SE,°2

4
§E,% = -2 6E (3D.3)
y 1 ! '
Oor by virtue of (3A.5)
a au 20

GELI =5 (-2 - 3—) . (3D.4)
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ub is similar to 6E3b. In fact, by applying
the same approximation that we used for 6E3b, at the very beginning

we note the following relation which is correct up to the o(a)

Calculation of 6E

correction
y = “SE , (3D.5)

(for the details of calculation see Section E of Chapter 4 for the

calculation of M5b which is similar to GEub).

Equations (3D.5) and (3C.32) give

(_1 - —) ’ (3D.6)

and equations (3D.1), (3D.4) and (3D.6) give

au 4
§E, = = (-3 - §9) . (3D.7)

E. Contribution 6E5

To find 685, Figure 2(e), we decompose its contribution into
two parts, as we did in (3C.1) for 6E3
a b
= +
SE; = SEg SE; ) (3E.1)

Where GEBa and 6E5b are represented in Figure 8.
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(a) 151-:5‘El =} )

e¢oa*“/§ 1+ )

b J
(b) 18E5 =4 (R]>
- e £ W2 (1+ 2
o 6
Figure 8. Contributions 6E5a and 6E5b. Lines with a dash

through them indicate inverse propagators.

For the electron self-energy we use the following form [19]

a a (19 » 2 1
X(P) = 'u_"‘ I‘(—a)(lﬁ - 1) "’W{—gp e Y —E-poYo

—

! %[(1 -+ ¥+l x + 2] ax[(1 - 0p - 1]in ¥
+2B-?f;dx/§fldu1nz} , (3E.2)

where, the mass-renormalization is already performed and
X =1+ 52(1 -x) , Y =1- p2(1 - x)-ie ,
Z=1- p02(1 - u) + 82(1 - xu) -ie . (3E.3)

For the contribution &E a' Figure 8(a), we write
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6E 2 = -um%g*“/? (1 + %)

y
dp 1 1
x [ ———(2“)“ <YNS(p + Ek)Z(p + 'Ek)'l)o(p) > . (3E.4)

Using (3E.2) for I(p + %k), by replacing p by p + %k in (3E.2)

and (3E.3), we find

a 2 *y dup
S8E." =a"¢ £ V2 TI(-a)S u<Y\p(p)>

2 *u d).l 1
a6 € /Ef—%mr S(p + k)
(2m) e

+ >
x [C1 P oY+ Cylp *+ )Y+ C3]wo(p) > , (3E.5)
where

C, =— - ——(1-x)lnX-2fldx(1-x)lnY+2fldxflduan ,

1 1
C =—§+2fodx(1—x)lnY ’

C_ = -fo— 1n X -2 fl dx 1In Y . (3E.6)

The first integral in (3E.5) up to the order that we are

interested is (see equation (3A.3))
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y
S ?9—§H <Y ¥o(p) > - -2 V2 . (3E.T)
2n

For the second integreal in (3E.5), we can show that it is of
higher orders so we can ignore it. In fact, after performing the pO
integration (dominant contribution comes from the pole in the wave-
function, or for p0 =K - Ep; we close the contour in the upper half
plane of po), then by scaling E > YE we note that in order this

integral contributes, the following trace should be, at most, of the

order a2

> >
<Yu(¢ kY 1)[c1 P oY +C,(p,*+ k)Y + c3]

> > ~ > > >
x (Np -p e Y)(1 + Yo)g . Y(Np -pY)> |, (3E.8)

where p =k - E .
o p

It is not difficult to see that we need to find C1 up to the

o (1), but for C2 and C3 up to the order a2. From the relations in

(3E.3) and (3E.6), with the replacement p by p + lk, we find the

2
following approximate relations

10
C1 =—3- ’

C, = -2 - 432 + Y2 1n[2(3% + ¥2)]-2(3% + v?)

cy = 2+ 4% + YP)n[2(3° + 72>]--§ 22 (3E.9)
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where we have used the following approximations
E.=1+3p ,k=1-21" . (3E.10)

After finding the trace in (3E.8) and using (3E.9), we note
that it is of the order higher than a2. Therefore the second

integral in (3E.5) does not contribute.

Using (3E.7) in (3E.5) we obtain

y

GESa = “—u [- % rc-a)] . (3E.11)

For the contribution 6E5b, Figure 8(b), we write

4 4
SE b ima s g*“ﬁﬂ + Qg dp dgq R, B)R(x, a)
I % § I EENN
(2m) " (2m) PqQpPaQq

x

Ho(e, @, pISN + B = V(- YOO +§ - )

x

1 1 -> >
S(q gk)YuS(q + Ek)(Nq +q e Y)(1 + Yo)

« (N + B+ ISt + FOT + 5u (P> (3E.12)

where we have used (2.30) for R.

Using relations (4D.9) for simplifying the trace in (3E.12),

AnNnd using (3E.2) for I, we note that (by scaling B > Yp and a > YQ)
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the most contribution comes from 5, a ~ Y and the poles at

Py =K ~ Ep and qQ, =% - Eq (there is only one pole for qo).

After performing the po and qO integrations, we obtain

b o0 (22 1 oa] e H,(x, P
SE = —— |7— TI'(-a d”“pdTq "
5 161r5 Y (p2 + Y2)2(52 . Y2)

+ [contribution from the second term of £], (3E.13)
where ﬁc is given by (3B.6).

We can show that contribution of the second term of I is of
higher orders, so we may neglect it. In fact, for the contribution
of the second term of I we have a similar situation that we had for

6E5a; here we need to find the following trace, at most, up to the

order a2

<(Np +p YY) - Yo)(Nq -q - Y)Yu(N -q cY)(1 + Yo)(Np -p -+ Y)

q

x[C

> > > > ~ >
g P oY+ Cyak - EY o+ 03](Np =P V)1 + Y )E - Y

« (N - P +¥)> . (3E.14)

It is not difficult to show that we need to know C1 up to the

o(1) , but C2 and C, up to the order a2. Therefore we may use (3E.9)

3

for vyalues of C,» C,and C;. After finding the trace in (3E.14) and
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using (3E.9), we note that it is of order higher than a2. Therefore

in (3E.13) only the first term contributes.

Using (3B.6) for ﬁc and then (3C.28), relation (3E.13) gets the

following form

7

b -a 3. .3 1
8E_" = ——=T(-a)fd pd’q
T B2+ %@+ D)
2 2
1,15, -k -k
x [1+ 55+ + ) . (3E.15)
B2, 27, 2

where A and B are given by (2.28).

Performing p and q integrations, we obtain

=

b -
6E, = “—u [53 r(-a)] (3E.16)

and by virtue of (3E.1), (3E.11) and (3E.16) we find

Y
6B = % [F2r-a)] . (3E.17)

F. Contribution 6E6

For 6E6, Figure 2(f), we decompose its contribution in the same

Way that we did in (3C.1) for 6E3

. (3F.1)
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where 6E6a and 6E6b are represented in Figure 9.

a
(a) 1556 = 4

(b) i6E6

Figure 9. Contributions 6E6a and 6E6 .

First we consider the vertex correction in these diagrams (see

Figure 10.)

1 1 1 1
Ptk TN QK A(a+ 5k p N 2K)

=
7

If

Figure 10. Vertex correction for 6E6a and 6E6b.

Contributions 6E6a and 6E6b can be written as

n
d pu <va(p - q)
(2m)

y
SEc® = 1611202y £ W21 + -4 9
o 6 (2“)4

1 1 1 1
* Y S(a - k)Y S(q + FIA(q + 2, p+ Sy (p)> (3F.2)
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b 22 * a duq1 "
SE “mTa ¢o€ u/?(] + g)f qu u pu
(2m)  (2m) " (2m)

> >
R(k, q)R(k, q1) - -
X RN HC(K, q, q.)<D""(p - q,)
979, qq .

x

1 > > > >
YvS(q1 Ek)(Nq +q . Y)(1 YO)(Nq +q-Y)

1

1 1 > > + >
x S(q - §k)YuS(q + Ek)(Nq Yqe Y Yo)(Nq1 + q1 ©Y)
x S(a, + JOA(a, + 2k, P+ 2V (B> (3F.3)

where DAv is given by (3C.24).

Using relations (4D.9) for simplifying the trace in (3F.3) we

v

ES

. > > > >
note that (by scaling p * Yp, q * Yq and q1 »> Yq1) the most

and 51 ~ Y and the poles at

O+

contribution comes from B,

Py = K ~ Ep, q, =k - Eq and Qg = K ~ Eq1 (for (3F.2) we have the

same situation with the exception that there are only p and q

variables.)

Performing the Pys 9, and 499 integrations (for (3F.2) only P,
and q, integrations) we see tﬁat up to the o(a) correction only
v = 0o contributes. This means that A = o (since Doi = o, for

i =1, 2, 3). Therefore only Doo’ the instantaneous Coulomb

interaction contributes. We summarize these results in Figure 11.



\

(a)

(b) ‘i.lﬁ"" - -EE;iIIIII..VVW,

Figure 11. Equalities which hold up to the o(a)

corrections, where Doo is the instantaneous

Coulomb interaction (see (3C.24).)

Therefore, contributions 6E6a and 6E6b get the following form

6
6EY = 24 £ ¥ ra3pa3q[ (32 + ¥2@% + v - 3T
32w

x

1 1 S
AL+ YR (@ 5, p v O+ Y)E = >, (3F.0)

6

SE pd>qd>q, H (k, q,, Q)
6 2561r7 1 ¢ 1

(3% + ¥3%@ + v @ + Y3 - 3%

x

x

1 1 ~ s
<Yu(1 + YO)Ao(q1 * 5K, p# Ek)(1 + YO)E «Y> , (3F.5)

where ﬁc is given by (3C.27).
Relations (3F.4) and (3F.5) show that we need to find the

leading order of AO. In the following we find Ao’ but we keep in

mind that Ao is sandwiched between two (1 + YO)'s.
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Using Feynman rules the quantity A (p', p) (where p stands for
p + %k and p' stands for q + %k or q1 + %k) can be written as

ia

n
R(P"s B) = 23 IGFPYY s g s DY e B e Y], GR6)
m
where

D = q° 3°[(q + p)° -1]{(q + pt)? -1

2
FV= g" 3% - g ¥+ q%(d"sY + a%sh) . (3F.T)
Since Py and po' are of the o(1), and ; and E' are of the o(a),
(3F.6) gets the following form
iy

' - Ao dq rpuv
A, (P's P) 3 S5 [ s v ey v (g e Y)Y ], (3F.8)

or if we use the fact that in (3F.4) and (3F.5), Ao is sandwiched

between two (1 + Yo)'s

>2

n
 ia .d 22 2 292
APy P) = 3 f~59 [aga” + 2(n - 2)ag q° + (3 - n)q" q

+ Y qoq2 + 4 q2] . (3F.9)

Using the table of integrals, which are provided in [19], we

obtain the following relations
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Q. q
n "o~ . 21dx .11, 2
Jad'q =5 1 = s dy {5 [p,' + vip, - p "]
Vx 1
L %% 2r(-a)}
2 1 ’
q q2
n_ "o _o_..2.1 dx 1 1 . o
Jd'q —5— = -in°S xfod A1[po +yp - p 0]
n q2 2,1 dx 1 1
Jdlq g = inTS 2 Ay
X 1
n 2P 2 1 a
Jd" L% - ix° r(-a)f'dx A , (3F.10)
D o 2
and also the following relation
q2 32 2
n_ "o o 2] 1 X . _ 112
Jd g ) iw fo dx fo dy{z;{po + Y(po Po )]
1 a+l a
3 X A5 I a)l (3F.11)

where

2 2 2 2
'+ y(p, - po')]z-X[B' +y(B - P+ 1 =+ y(p't - %)

A1= [Po

2
by~ [p' +x(p - pN]%+ 1 -pP s x(p?-p%)

Ay= x[p' + y(p - pN]% + 1 -p 2+ yp¥ - p%) . (3F.12)
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It is not difficult to note that for the integrals in (3F.10),
it is legitimate to use the approximate values of p and p', before

performing these integrals.
The approximate relations that we use in these integrals are

= A, =1 . (3F.13)

:P'=1 "z-}'= A
p o ’ p=p o ’

o

Using (3F.13) in (3F.10) and then performing integrals we

obtain

q 2q2
n o . 2
Jd q 75— = -in r(-a) ,
q Q2
n o 2
Jdq D) = -2inw ,
2

fdnq-%— - 2in ,

fd% L9 - 142 r(-a) . (3F.14)

For the integral in (3F.11) it is not clear that we can use the

approximate relations in (3F.13); so first we perform the x

integration
q 23 2
n o 2.1 C 1 B A+ B
qu = -inw fo dy;z—[—z—A B+7\—ln ( B )
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2 2 2
A gylrcay s 1 -2 B e E - nma e ] L Gras
(o} A A2 A2
where

A=[p +yp-pn]% , B=1-p2ayp?-p% ,
c=[p'+yp -p ')]2 . (3F.16)
(o] (o] (o]

Since the approximate values of A, B and C are (for all values

of y, o<y <1)
A=1 , B=0o , C=1 ’ (3F.17)

we can use these values in (3F.15) before performing the

integration.

Using (3F.17) in (3F.15) and then performing the y integration

we obtain

fd“q—°5—=iz [r(-a)-1] . (3F.18)

Now, by virtue of (3F.9), (3F.14) and (3F.18) we find

' - _
Ao(p , P) = e r(-a) . (3F.19)
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Relation (3F.19) is derived under the assumption that Ao is
going to be sandwiched between two (1 + Yo)'s. Therefore the proper

way of writing (3F.19) is
(T + YA (' PY(1 + Y ) = (1 + Yo)[?‘—w r(-a)](1 + Y)) . (3F.20)

We note that, we have proved the legitimacy of using the

following approximation in the integral in (3F.9)
>
p'=p=(1, 0) . (3F.21)

However, if we use (3F.21) at the very beginning, i.e., using
(3F.21) in (3F.6) where Ao is not yet sandwiched between two
(1 + Yo)'s, we find a term which is proportional to (1 - Yo) but
undefined. Still there is a fast and simple way of finding the

result (3f.20).

By considering the following approximation (instead of (3F.21))

p' =p=(x-E,p) =(1-Y%-

1222 22
p 2

5 y P) , (3F.22)

we can write (at this point we only use the equality p' = p)

= A (p + =k, p+ =k) . (3F.23)
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Therefore, we need to find Ao(p +‘%k, p +‘%k). which can be

found by the Ward identity

s D) = -1 (D) . (3F.2H)
p
0
Using equation (3E.2) for I, and approximate relations (3F.22),
and keeping only the leading orders we obtain

:
Ao(p * 5K, p ¢

Q#‘

) = Fj[i {YOI‘(-a) + 40 =)
x [1 + 1n(2i§2 + 2Y2)]} ’ (3F.25)

where if we sandwich this Ao between two (1 + Yo)'s we find the same

form that we had in (3F.20).

Since the second term in (3F.25) does not contribute, we can

represent the result in (3F.25) effectively by the Figure 12.

(a) b . = [%(77 F(-a)} 2.

(b) =[%l_'(—21)] D..:

Figure 12. Equalities which are correct up to the o(a);

they are the result of equation (3F.25).

Now, using the result (3F.20) or (3F.25) in the relations

(3F.4) and (3F.5), we find
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7 N -
sBg> = 2 r(-a)a’pa’a[ (3 + v + Y3 - DTN, Gr.26)
16m
b ol 3.3 3 = >
6B = g F'(-a)/d”pd qd’q, H (x, q,, Q)

1287

[F e vR@ @G-80 L Gren

or by virtue of the equation (3C.27) for ﬁc and equation (3C.28) and

then performing the integrals

=

a

6E, =3ﬁ[$“-r(-a)] , (3F.28)

=

6E6b = “—u [2—: r(-a)] . (3F.29)

Finally, relations (3F.1), (3F.28) and (3F.29) give

y
6E, = 25 [%} rc-a)] . (3F.30)

We note that, there is a close connection between 6E6, Figure

2(f), and 6E,, Figure 2(c). In fact, since we are interested in the

3)
leading order, we can derive the results (3F.28) and (3F.29) by
observing that in the diagrams in the right-hand sides of the

equalities in Figure 12, Doo can be replaced by Duv' We represent

this approximation in Figure 13.

(a) D = <
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(b) ]2.° =

Figure 13. Equalities which are correct up to leading

order, i.e. o(1).

Comparing the results in the Figures 9, 11, 12 and 13 we obtain

equalities which are represented in Figure 14.

a *y [
(a) 18E "= ep £ V2 3~ T(-a) ;:::
b_ *y a L,
(b) 18E "= et £ V2 3= r(-a) >

Figure 14, Equalities which are correct up to the o(a)

correction.

Now, the comparison of the Figure 4 with Figure 14 gives the

following relation which is correct up to the o(a) correction

a
SE, = S r(-a) sE (3F.31)

6 3 7

and by virtue of the equation (3C.33) for §E we recover the

3'
equation (3F.30) for 6E6.

There is also a relationship between 6E6 and 6E5, which can be

found, simply, by comparing (3F.30) with (3f.17)

8E, = -8E . (3F.32)
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G. Contribution 6E7

For calculating 6E7, Figure 2(g), by virtue of the Figure 15

-t

16E7 = 216E1
__—r-———

Figure 15. Equality which is the result of comparing

Figure 2(a) with Figure 2(g).

we write

y

dp i 3 -1 1, =T
8E. = 28E.[ =~ — < -8 (p - =y (p)
7 1 (Zﬂ)u K ako 2 o
x E(p + 2)¥_(p) > : (36.1)
ko = 2

Using relations (2.16) and (2.17) for wave-functions and

relation (3E.2) for I, we obtain

6
-ia
$E; = —

4 3
8E.r(-a)fd p(k + E )(xk - E_)
8km ! p p

R N R O L R U

+ -1a6
I

ez1fd”p<x +E )k - Ep)2
8k P

*>2 2.4 2 21-1
x [Ep(p +Y7) (po + K - Ep + ie) (po - K+ Ep - 1e)°]



3 [ 1 1 22
x = [(p_ -3k _+E)F(p_ + 2k, p°)] , (3G.2)
ako o) 2°0 P o) 20 ko - 2
where
+2 19 »2 1 1 1 dx
F(po + —ko, p) = 3 EEp(po + Eko) -/ —X1lnX

1 1 »2
+2f ax{ (1 - x)[Ep(po +5k) - P ] -1} 1n Y

+ 2B2fl ax VX f; dulnz (3G.3)

and X, Y and Z are given by (3E.3) (with the obvious replacement of

1
p by p +-§k).

After performing pO integration (dominant contribution

corresponds to the pole at po =K - Ep) we find

-a6 3 K+ E
SE. = §E, I'(-a)fd’p —5—5
7 16n3 ! (p2 + Yz)u
2
6 (k + E)
a 3 p
- SE. fd”p S
321r3 ! E (p2 + 72)5
P
[Fe e -ED@I--2] L Ge
P (o] pO

The second term in square brackets of (3G.4), because of the

following identity, is zero
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aF 1 oF
-~ = = ~ . (3G05)
ako 2 Bpo

Using relation (3G.3), we note that F is of order higher than
u2, i.e., the first term in square brackets also does not
contribute. Therefore, only the first integral in (3G.4) survives.

Using the approximation Ep =k = 1 in this integral, we find

= =% pr(-
S§E, = 5 r(-a) se, , (3G.6)

or by virtue of relation (3A.5) for 6E1

=

§E, = gﬁ_[%% r(-a)] . (3G.7)

H. Summary of the Calculation of the Total Energy-Shift
of the Orthopositronium Ground-State due to the One-

Photon-Annihilation Channel

Using relations (3.3), (3C.1), (3D.1), (3D.3), (3D.5) and
(3F.32), we obtain the total energy-shift of the orthopositronium

ground-state

§E = -6E1 + 6E2 + 6E3 + 6E7 ’ (3H.1)

which we represent it graphically in Figure 16.
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i6E = 2 -

(o) )<

Figure 16. Graphical representation of the total energy-

shift, correct up to the order a correction.

Relation (3H.1), or its graphical representation Figure 16,

shows that, up to the o(a) correction the second term of Gc' R, does

not give any contribution to the energy-shift 6E.

Using relation (3H.1), (3A.5), (3B.13), (3C.23) and (3G.7), we

obtain

=

ta _

m

L&

6E = “—u (1 - ) (34.2)

whcih agrees with the result of Karplus and Klein [12].

We present all results of calculations of the present Chapter

in the Table 1.
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Table 1

Summary of the Calculation of the Energy-Shift

n
a o
651 -3 (1 + '5)
y
a ,—8a
°E; 1 o
SE 2—14'[3'*(1‘&*9—1‘(‘&)]
3 4 T 2n
y
a Uy
6Ell 5 (-3 - '3—)
y
a =3¢ .,_
GES 5 [—2‘"- r( a)]
y
a 3 ...
686 -3 [—2? I ( a)]
SE o' [Z2 r(-a)]
7 §loy 172
y
a ba  8a
SE '121 8E, T 0Ty
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Chapter 4
Decay Rate of the Ground-State of Parapositronium

in the First-Order Perturbation Theory

For the decay rate we use the perturbed wave-function ¢y which

can be written [30] as

1 ' ~ 2
o w-wo+(<5K )q»0~~0c «SK\po+o(6K ) R (4.1)
where Gc is given by (2.29) and C is the normalization constant and

8K = K - Kc is represented graphically in Figure 17.

_L)—— __/——
E + —+ + —+
—_—r—
~

—_
[]
(b) :{ VK

Figure 17. Kernel 6K, where the Coulomb-like kernel Kc is

given by (2.31). Lines with a dash indicate

inverse propagators.

In relation (4.1), wo is the zeroth-order Barbieri-Remiddi
wave-function [17], which for the ground-state of parapositronium is
given by (2.19), and Prime stands for %E g;, and (...) means the

expectation value with respect to wo (see (3.2)).

The normalization constant C, up to the order a, is [31]
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C =1+ (6K") . (4.2)

The only (8K') which contributes (up to o(a)) is the one that we

represent it in Figure 18. We can show that its
N

(6K') = 2
—_—

Figure 18. The only (8K') which contributes, up to the

o(a) correction.

value is the same as the (§K') for orthopositronium. So by

comparing relation (3G.6) with Figure 15, we obtain

(6K') = =X r(-a) . (4.3)

Therefore, from relations (4.1)-(4.3), the perturbed wave-

function, up to the o(a) correction, is
= ]
¥ c[wo + (8K")y_ + G oK wo] , (4.4)
where C, the normalization constant, is
a
C=1+ T r(-a) . (4.5)

To find the decay rate up to the o(a) correction, we need to

consider only the decays to two photons. It is so because for
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parapositronium, decays to odd number of photons are forbidden and

decays to four photons are of the higher orders.

Let's express the decay amplitude as [31]

1
(2w 2w'k)

T(p-Ps + 2Y) = M (p-Ps + 2Y) , (4.6)

1/2

where, w = |;|, w' = I;(I and a and i’ are wave vectors of the two

photons; M the invariant decay amplitude is

y

M(p-Ps + 2v) = S -3 L. an® ow(p)> . (4.7)
(2m)

The quantity n is represented graphically by irreducible graphs in
the Figure 19, and we assume the mass and charge renormalizations

are already performed.
P+1LK E) R

_—*——-‘ [~~~
+
n-= f 4 ’ + -+
E, R e

Figure 19. Quantity n, up to the o(a) correction.

In C. M. frame, M can be expressed as

M=fRkR e« (¢ x €") , (4.8)

A -~
where f is a constant and R is the direction of the decay line and ¢

-~

and €' are polarization vectors of the two back to back photons.
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The decay rate is

R L3_3 ¢’ ; em)* 6% (K - k- k") €Z€,|T|2 , (4.9)
(2m)~ (2m) ’
where, k = (X, 2).
By virtue of (4.6), (4.8) and (4.9) we obtain
L1 L (4.10)
or, up to the order a correction
r=g )7 . (4.11)

The invariant amplitude M, according to the Figures 17-19 and
relations (4.5) and (4.7), can be expressed up to the o(a)

correction as

8
M=131 M , (4.12)

where M, 's are represented graphically in Figure 20.

i
R, &
AAAANTOP—
P+ 3K
(a) M, =2C T ,
. F-%" k-l g
(b) M, = iC
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(¢) M, = 2C

(e) M, = -2C ;;? (&;
™

(f) Mg = icC ('J
Py

(8) M, = kC G

o e =)L

Figure 20. Contributions to the invariant decay
amplitude, where Gc’ Kc and C are given by
(2.29), (2.31) and (4.5) respectively. Lines

with a dash indicate inverse propagators.

In the following Sections we calculate the contributions Mi's.

A. Contribution M1

For M], Figure 20(a), we write
du 1
M, = 2Cf pu < -ie ¢' 1 S(p + zk - R)(-ie )y (p) > (4A.1)
. (2m) °

and using (2.19) for wo’ after performing po integration, we obtain
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2 - - - E +«x
2a 3 P
M, ==—C¢_ R e x e'fdp =
1w o Ep<52 + Y2)2(Ep -3 . R)

(4a.2)

2 2 > > 1/2] i
p

In the square brackets of (4A.2), the first term is due to the pole
of wave-function and it gives the o(1) and also gives contribution
to the o(a) correction; the second term is due to the pole in
propagator and it gives contribution to the o(a) correction.
Therefore, for the second term we may use the approximation x = 1

(since for this term only non-small values of B contributes).

After performing angular Integrations, (4A.2) gets the

following form

E +«

2 ~ - - o p
M1 8C a 90 R e x €' {fodp >3 55 ln (E_ + p)
. (p~ + Y)'E
P
. VE_+1 (E_ +p)(E -1+/ p2+ 2~ 2p)
o p3E Y
p Ep-1+/p + 2+ 2p

The first integral is performed in Appendix D. For the second

integral, we found it by numerical integration. The results are

2
first integral = v/2 (§£-+ G-21ln 2 --é%g) , (4a.b)
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second integral = /2 A , (4A.5)

where, G = .91596559... is the Catalan Constant and A

.49172096... .

Therefore using (4.5) for C, contribution M

; up to the o(a)

correction is

2
M= M {1+ [r(-a) + 80 -8 - 161n2-35]] , (4a.6)

where
My = 42 1 a 9 ; . ; x ;' , (4A.7)
is the lowest order invariant amplitude.
B. Contribution M

2

For M2, Figure 20(b), we write

4
My = 4cLPr < ~ie ¢ 1 S(p + 3k - R)(-Le)
(2m)

x A (p+ 3k -k, p+ ety (0> (1=1,2,3 , (4B.1)

where momenta p, k and k, and polarization vectors e and €' are

shown in Figure 21.
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D+-12-k k, e
- AP
H\;\\
1 A 4 '
P - Ek k -k, €
< e A

Figure 21. Diagram related to M where k = (2, 3),

2’
k= (¢, k) and 13 = 0.

After performing P, integration (dominant contribution comes
from the pole in the wave-function, or for p0 =K - Ep) and scaling
E > YE we note that the dominant contribution comes from B of order

Y; therefore we neglect p wherever it is possible. We find up to

the o(a) correction

3
i 2 d
M =;a¢ov2f*2

5 <¢'(1 Y -R)

(p~ + Y2)2

1 1
x Aj(p+ ok -k, p+ e (1 +Y)Y> ,  (4B.2)
where we have used (4.5) for C.

Since we need only the leading order of Ai’ we neglect p in Ai

and perform the rest of the integration in (4B.2). We find

M, = imag Y2 € <@'[(1 + Y ) + R -3 - v,

1 1
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where we introduced another factor of (1 + Yo) in order to simplify

the calculation of the trace.

Ai can be found by the following relation
A =2 ey R Ty ey s DY, (i)
i UWB D v i o M
where
D = & o®[(a + B0%-1][(a + 3 -w)Z-1] (4B.5)
A A I MR R C MR IO N (48.6)

Let's separate the term which gives the ultraviolet divergence

from those which give finite contribution

ia dng HV
A = ;{—3f ) F quYim{u

y
ia d UV
+ W3 IJD [F Y 4y, (1 Yo)Yu

HV > . >
+FYYY (1 ke Y (4 1 Yo)Yu] , (4B.7)
where only the first integral gives ultraviolet divergence.

Using (4B.7) in (4B.3) we obtain
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Jy2 2 a" a
M2 = - ;:5 a ¢O€i[f—b&~<>n + f—DS'—(>u] , (4B.8)

where, effectively

> 222 >2 2
= . -
&> m<@re v %%, + (3 - n)a%q7Y,

+ 2(2 - n)q, 23, ?]YOY5¢'> , (4B.9)

- *»2 > T +.->->.->
<>u_<1wi(qoqk Y -a,4 kR q-Y

2 > >
- q,q k- Y)YOYSé'> . (4B.10)

To find M relation (4B.8), we need to perform the q

2!
integration. This can be done by using the table which is provided

in [19]. We find

>

q;9,9

D

\V]

2 1
sd% = in gij[ﬁ- r(-a) + % - 11'—3]

+ term proportional to k1 kj;
so gives zero contribution to

the trace of (4B.9) , (4B.11)

-}
sd"q 359— = in® r(-a) , (4B.12)

= ir2(1 - 1n 2) . (4B.13)
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The evaluation of these three integrals was easy, SO we gave
only the final results. However, the evaluation of the rest of the
integrals that we need is not straight forward. In Appendix F, we
have shown how to perform these integrals. The results are (see

relations (F.11), (F.14) and (F.39))

fdnq q§ q2 = inz[-r(-a) -8 + 1; + W2 1n (1 +/2)

-4 10 (1+ /D], (4B.14)
fduq quq2 - 1] "—i— + 2 101 + VD)), (4B.15)
fduqiqgﬁ - inl hjkz[l% - 3’1'2 +21n2 -gln (1 +/2)

w

+ i ln2(1 + /E)]

2 —
2 3,1 3/2
+im éjl[ S+3g - ln2+ 3 In (1 + /2)

—%ln2(1 +Y2)] . (4B.16)

Now, by virtue of (4B.8) - (4B.16) we find

M2=Mo-ﬁ[2r(-a)+n2-u-81n2+WEln(1+/§)
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—21n%(1 + /2)]  ,  (4B.1T)

where Mo is given by (4A.7).

C. Contribution M3

For M3, Figure 20(c), we write
du 1 1
M, = 2C/—P_ ¢-ie ¢' 1 S(p + =k - R)(-1)Z(p + =k - k)
3 4 2 2
(2n)
x 1S(p+ gk -k)(-ie )y _(p)> (4c. 1)

where the momenta p, k and R, and polarization vectors € and €' are

shown in Figure 22.

p + %3 k, €
—- AP
€ M SV e ]
1
p - 5K k -k, €'

Figure 22. Diagram related to M_, where k = (2, 3) and

3
kR = (k, -k’).

After performing po integration (the dominant contribution
comes from the pole in the wave-function, or for pO =K = Ep) and

scaling B + YB, we notice that the leading contribution to M_, comes

3
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from B of the order Y. Therefore we neglect B and replace k by 1

everywhere except for the term ———-L———. We find
32 2
P~ +Y
M=o V26 a<d' (1+ R+ NEk -k + ko)
3 47 o) 2
d3
x £(1 + Y)Y >—=P2 | (4C.2)
, o"'5 (52 + Y2)2

By performing p integration and using relation (3E.2) for I and

finding the trace, we obtain

M, =M —=[-r(-a) + f

1
3 =M Ty In X + 2/ dx In Y] , (4c.3)

1%

1
(o}

where Mo is given in (4A.7), X and Y are given in (3E.3), which in

present case they are
X=Y=2-x . (4c. b)

Using (4C.4) in (4C.3), we obtain (up to the order o

correction)

M3-Moﬁ[—r(-a)-6+u1n2+u/§1n (1+/§)] . (4C.5)

D. Contribution Mu

For Mu, Figure 20(d), we use the same decomposition that we

used for 6E3, relation (3C.1), or



Mu = Mu My, , (4D.1)

Figure 23. Contributions Mua and Mub.

Contribution Mua can be written as

y y
Mua - 32n%’cs/-d pu L‘-‘T MV(q - p)
(2m) " (2m)

1\, 1, 1
x <Y S(q - )¢ S(q + =k R)¢S(q + —2-k)Yuwo(p)> , (4D.2)

where momenta p, q, k and k, and polarization vectors € and €' are

shown in Figure 24, and wo, "V and C are given by the relations

(2.19), (3C.24) and (4.5) respectively.

P+ 5k q + 5 ko €
Y
p - 2k q - k -k, e
< < AP

Figure 24. Diagram related to Mua.

After performing Py integration (up to the o(a) correction,

only the pole in wave-function contributes, or for po =K - Ep) and
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scaling B + YB, we note that the o(1) and o(a) corrections both come

from the small values of B, or S of order Y.

By neglecting BZ, Y2 and higher orders in B and Y, wherever it

is possible, we obtain (see Appendix E)

a ia d”p dq
M =M C S J [ + 1
“ WS G D G-
2 yq% q q2q
ey (4D.3)
q q i q hi

where Mo is given in (4A.7) and i = 1, 2, 3 (no summation on i), and
p=[(a-20%-1][(a+20%-1][(a+ 2k -w2-1] . .

We should mention that in deriving (4D.3) we also neglected
terms of the form B . a. We note that in square brackets of (4D.3)
the first term gives o(1) and o(a) corrections and the other terms
give only o(a) correction which comes from non-small values of q;
the o(1) comes from small q (of order Y). Therefore B . a in
numerators of all terms, gives the o(a2) correction which we are not
interested, so we can neglect it.

ua from (4D.3), we do not use any more

For finding M
approximation with respect to p and q. The only approximation that

we use, wherever possible, is related to Y and «.
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Performing the p integration in (4D.3), we obtain

y 2 y 2
M a ol CMIM[_)"__+1-.QL._ %
y 2"3 o D 32 . Y2 aZ q2
q q 2 q
- ;1 - *g Lo, (4D.5)
i q hi

These integrals are performed in Appendix G. Using the results

(G.2), (G.10), (G.26) and (G.38) of the Appendix G, we obtain

2
a 2
M,S =M {1 = [r-a) + 41n2 -5+ 21° (1 +/2)
-8vY2 1 (1 +v/2)]} . (4D.6)
For Mub, Figure 23(b), we write
y d'q.
Mub - -2icrla’s-g P 1u d 4 R(c, DR, q,)
(2n) " (2w)  (2m)
ﬁ (x, q, q,)
c 1 pv,
* I NN D" "(p q1) o, (4D.7)
99, qq,

where

1 > > > >
<= < s(q, Ek)(Nq +q, - VA Yo)(Nq +q-Y)

1
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1 1 1
x S(q = 5k)é' S(q + 2k - )€ S(q + I+ -7

x (1 + Yo)(N + a1 . -Y’)S(q, + -;—k)Yuwo(p)> . (4D.8)

9
In relation (4D.7), the momenta and polarization vectors are shown

* ~
in Figure 24; Duv, R(k, q), wo and Hc are given by the relations

(3c.24), (2.6), (2.19) and (2.27) respectively.

p+ =k q * %k q+ %k k, €
L > > N AP
R
Y
- X - - | K-k, e
P™3 4h 72 173 Ry €
b

Figure 25. Diagram related to Ml& .

Calculation of M b is similar to the 6E b (Section C of Chapter

] 3
3). The only difference (apart from the wave-function and presence
of polarization vectors) is the presence of the propagator
S(q + %k - R) which its pole at q, = -(Eq2 + :<2 - 23 . Ii’)1/2 gives

contribution of the o(a).
In fact in (4D.7) by using the following relations

+ >
-(1 - YO)(Nq -q )

4D.
Qg ~ K * Eg - ie » (D.9a)

> 1
(a - YN+ 3+ Y)s(q - o) =



7

> >

1 1 1
x S(q ’Ek)" S(q + oKk - k)¢ S(q +—24<)(Nq +q-Y

> > 1
x (1 + Yo)(N *aq, - \()S(q1 + Ek)Yuwo(p» . (4D.8)

9
In relation (4D.7), the momenta and polarization vectors are shown

in Figure 24; D"V, R(k, a). vy and Hc are given by the relations

(3c.24), (2.6), (2.19) and (2.27) respectively.

1 1 1
Prgk Gtk argk ke
> rd > P
R
4
_ 1 B Y O I

Figure 25. Diagram related to Mub.

Calculation of Mub is similar to the 6E3b (Section C of Chapter

3). The only difference (apart from the wave-function and presence

of polarization vectors) is the presence of the propagator

S(q + %k - R) which its pole at q, = —(Eq2 + xz - 23 . f)1/2 gives

contribution of the o(a).
In fact in (4D.7) by using the following relations

> >
SRR RS
qo -k + Eq - ie

(=) + 3 - Dslq - 30 = . (4D.9a)
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-+ >
(N - q«Y)(1 + Yo)

L .5 . |
S(q + Ek)(Nq +.q - Y)(1 + Yo) R Eq Tic (4D.9b)
(1 +Y)INN_ -q-+7Y)
->.+ 1 - o) q
(1 + Yo)(Nq *q -+ Y)S(q + =) a v w- Eq raEy. ) (4D.9c)
(N -q -+ -Y)
S(q - —;k)(Nq +3 -0 - Y,) = q o (4D.9d)

- - 1]
qO K + Eq ie

and after performing p and q integrations, we

o’ q10
> > ‘
obtain (p, Pl Y)

3 A A A
b « . vra3..3 3
Mu 8—8116 C¢ok € x ¢'fd pd q1dq/Eq+i<

(B2 vH2G - 3%E @ e -3 e ]

k - E
q ] .
‘Ei L

- > > - >
x [Hc(Kp a, ) *+ H'(«, @, Q) (4D.10)

In deriving (4D.10), we used these observations: for P, and

q10 only poles at po =K - Ep and q10 = K = Eq contribute, which

1

means that only Doo, the instantaneous Couloﬁlb interaction of the

photon propagator Duv contributes; for qo, both poles at q0 =x - E

2 2
and q, = (Eq + K

q
-24q- ‘)1/2 contribute.

In relation (4D.10), ﬁc' is
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(4D.11)

where ﬁc is given by (3C.27). ﬁc is related to the pole at

q =k - Eq, and ﬁc' is related to the pole at q.= -(E 2, K2

o] q
25 - w)V2,

In (4D.10), the first term in the second square brackets gives
the o(j) and o(a) corrections. The o(1) comes from a ~ Y and o(a)
comes from all values of Ef»rThe second term gives only
contributions to the o(a) correction which comes from non-small

values of a. Therefore in (4D.10) we may use the following

approximate relation

- - >

H,'(x, 3, 9,) = H (k, a, a;) (4D.12)
which is correct up to the o(a) correction.

Relation (4D.10), after performing p integration and using

(4D.12), gets the following form

2 -~ ~ ~
b -°‘—Ec¢k-exe'fd3qd3q¢5 +x H («, q, q,)
Yx ° 1 9 ¢ 1

(@ 2@ vhE -3 o]

[ o B
x 1 +
(E§+.<2-2E k)2

(4D.13)
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By virtue of (3C.27) for Hc' and using (3C.28) and then

performing q1 integration, we obtain

2 A A A VE +«k
b 2a 3 1 3 q
M, = Co R+ e x g¢'fd"q {2 =
voomoe @32 P -3 W
k - E 2
q a v2
x [1 + ] - | . (4D.14)
(qu RN SN VR SR

Performing the q integration on the last term and comparing the
integral of other terms with equation (4A.2) (therefore using the

result (4A.6)), we find

2
b 1 1
M, = Mo{§-+ g% [§ r(-a) + 8G - 8\ - 16 1n 2 - §1‘5—]} . (4D.15)

Finally, (4D.1), (4D.6) and (4D.15) give

11w

r(-a) + 126 - 122 - 20 1n 2 - M

njw

3, a
My = Mls g

-8 /2 1n(1 + V2) + 2 1n°(1 + v2)]} . (4D.16)

E. Contribution M5

For MS' Figure 20(e), we use the same decomposition that we

used for 6E3, relation (3C.1), or



M. =M +M ’ (4E.1)

where M5a and Msb are represented in Figure 26.

—_—Tr
a ‘
(a) M = -2C E/L
P+ ok g +tok g+ K ks €
2 1020 2 '
[ r g 7 T GO
(b) M5b=-2c Kc R) Y
P P P
. . a b
Figure 26. Contributions M5 and M5 .

As for the case of éEua, by virtue of the relation (3D.2) we

find the identity which is given in Figure 27.

Figure 27. The identity which is the direct result of the

relation (3D.2).

Therefore, we can write

M. = -M , (4E.2)

or from (4A.6) for M., we obtain

1
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2
M%< - M {1+ 2 [r(-a) + 86 - 8L - 16 1n 2 - T . e

5

For M b Figure 26(b), calculation is very similar to the Mub.

5 ?
b
In fact, in Mu

KC(K, 61, B), we obtain an expression for (-)Msb; where Kc is given

by replacing 1Duv(p - q1)(-ieYu)(1)(-ieYv)(2) by

by (2.31), and (1) stands for electron line and (2) for positron

b and M b (compare

line. The (-) comes from the definations of MM 5

Figure 23(b) with Figure 26(b).)

In the following, by using this replacement, we find Msb from

As we noticed in the course of calculation of Mub, 5 and 51

were small (B, 31 ~ YY) and only v = u = o contributed. Therefore,
in deriving (4D.10) from (4D.8) we used the following approximate
relation

v, _ (n,_ (2) _
iD” "(p q1)( ieYu) S ieYv)

ip®°(p - q1)(-ieYo)(1)(-ieYo)(2) . (UE.H)

which by virtue of (3C.24) for D”v, is

ip"V(p - q1)(-ieYu)(1)(-ieYv)(2) =-—§513}——§ Yo(1)70(2) . (4E.5)
‘ (p - aqy)

Relation (2.31) for K_, for small p and 31 gives



Yria (

> =+ o ) . (YE.6)
(p - q1)

> >
Kc(K’ q1' p) =

Relation (4D.8), for small B and a is (see relation (4D.T7) for

b
MN )
<>, b = <KY (2)

Mu Y

(1)
(...)Yu (1 4+ YO)YS > , (4E.7)

where (1 + YO)Y5 comes from wo, and we use subscript Mub for < to
indicate that this trace is related to the Mub (note that only

v = u = 0o contribute).

Let's write (4E.7) in the following form

_ (1) (2)
<>M b = <(...)Yu (1 + YO)YSYv > . (4E.8)

y

To find <>M b, according to the results (4E.5) and (4E.6), in
5

1 + Yo (11 - Yo (2)

(1), (2)
>—) () .

(LE.8) we replace Yo Yo by (-)(

Now, using this replacement and following relations

y (M

(2)
o (1 + YO)YS(YO) = Yo(l + YO)YSYO = -(1 + YO)Y5 , (4E.9)

1T+vy_ (1) 1 -v_(2) 1+ 1 -Y

(o] (o] (o]
—_—) (1 + YO)YS( > ) = —( 5 Y(1 + YO)YS( >

2y

= -(1+ YO)Y5 ’ (4E.10)
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we infer the value of <>M b
5

<O b=<>. b . (4E.11)
M5 M),

Therefore, up to the o(a) correction

5 u , (4E.12)

or by virtue of the relation (4D.15) for Mub

b

1 a 11
Mg = MO{E + 3 [z T(-a) + 126 - 12

9 2
- 24 1n 2 -%]} . (4E.13)
Finally, (4E.1), (4E.3) and (4E.13) give

3 i -3¢y -
Mg = Mo{ >+ 1 [~ 5 r(-a) -20G + 201

+40 1n 2 + 227} . (HE.14)

F. Contribution M6

For M6, Figure 20(f), we use the following decomposition

M6 = M6 + M6 ’ (4F.1)
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where M6a and M6b are represented in Figure 28.

> e S S
a
(a) M6 = UC
1 \ 4
P -5k k -k, e
< B e T & P
p+lk q+lk k, €
> 2 ™ 2, L
() M° = kC .
1 R 1 Y e .
o 7 3 AP
Figure 28. Contributions M6a and M6b, where R and C are

given by (2.30) and (4.5) respectively. Line

with a dash indicates inverse propagator.

Calculations of these diagrams are similar to éE

E of Chapter 3).
For M6a, Figure 28(a), we write

a

6 (2m)

1
x I(p + Ek)‘”o(p) >

and using (3E.2) for I, we find

M
6 (2m)

5 (see Section

y
M.% =-16 1mcfdpu<¢' s(p+15k-k)es(p+%k)

’ (4F.2)

y
3 .y 44 I‘(-a)f—d-&u- < ¢'S(p + %k - k)ey_(p) >
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y
- 4ia%c P ¢ ¢v S(p + 4k - W)ES(p + )
comy? 2 2

x[c15 « Y+ Co(p, *+ k)Y, + C3]wo(p) >, (4F.3)

C, and C. are given in (3E.6).

where C1, > 3

The first integral in (4F.3) can be found, simply, by comparing
(4A.1) with (4A.6). the integral, up to the order that we are

interested, is

y
an V

For the second integral of (4F.3), after performing the Py
integration (dominant contribution comes from the pole in wave-
function, or for po =K - Ep, and B ~ Y; we close the countor in the
upper half-plane of po) and then by scaling B > YE, we note that in
order this integral contributes the following trace should be, at

most, of the order a2
> > > >
AR R R RS 1>[c1p * Y+ Cy(p + KDY+ c3]
> >
x(Ep *Y " P Y YO)Y5 >, (LIF.S)

where P, =Kk - Ep.
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It is not difficult to show that in order to find this trace,

5 and C3 up to the o(az).

These coefficients, up to these desired orders, are given by (3E.9).

we need to find C1 up to the o(1) and C

After finding the trace in (4F.5) and using (3E.9), we note
that this trace is of the order higher than a2. Therefore the
second integral in (4F.3) does not contribute and only the first

integral gives contribution.

Using (4F.4), (4.5) and (4F.3), we obtain

a -
Mo = MO[EF r(-a)] . (4F.6)

For M6b, Figure 28(b), we write

] y > >
b _ _ dp dgq R(, q)R(k, p) o
maCrf T E NN HC(K, qQ, p)<> , (UF.T)

M
cen)? ent BN

6

where
om v DHO Y)W+ d - Ds(a - B¢

«S(p + 2k - R)ES(q + %k)(nq £330 T

> > 1 1
x(Np +p e Y)S(p + Ek)z(p + Ek)wo(p) >, (4F.8)

and we have used (2.30) for R.
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After using (3E.2) for T and (2.19) for Yo and also the
relations (4D.9) for simplifying the trace in (4F.8), and then
performing the po and qo integrations (by scaling E + YB and a > Ya
we note that the dominant contribution comes from E, a ~ Y and the

poles at po =k - E_and qo =K - Eq; for qo there is only one

p
pole), and then using the following approximate relations

E =1 +-% 2, B =1 +-% P, k=1-% ., F.9)

we find
- > >
- H (¢, q, P)
Mg = L5 u g rCa)]s dpade o
8n (p" +Y) (q + 1Y)
+ contribution from the second term in I, (4F.10)

where ﬁc is given by (3B.6).

We can show that contribution of the second term in I is of
higher orders, so we can neglect it. In fact, for contribution of
the second term in I we have a similar situation that we had for
M6a; here we need to find the following trace, at most, up to the

order a2
U PO - YO - Qe V(B +ik Y+ 1)€

> > > > > >
x(Ny =« DA+ YN - p - Y)[c1 P+ Y + Cy(2 = E )Y  + c3]
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> >
(B + Y =P s YY)V > . (4F.11)

It is not difficult to show that we need to know C1 up to the

o(1) and C2 and C, up to the o(az). Therefore we may use relations

3
(3E.9) for these coefficients.

After finding the trace in (4F.11) and using (3E.9), we note
that this trace is of the order higher than a2; SO we neglect

contribution of the second term in L.

Therefore from (U4F.10) we have

H (k, 4, P)
b oC -a 3.3 <
Mo =22 M [t2 r(-a)]fd’pd’q

6 Y +>2 . Y2)2(52 + Y

(4F.12)
8n5 ° (p

2) :

This integral is the one that we had in (3E.13). By comparing

(3E.13) with (3E.16) we infer the value of this integral

H (k, a: S) 5
sa3paq 35 2 55 20 5 = 82 ) (4F.13)
(p” + Y) (g +7Y7)

and by using (4.5) for C, we find, up to the o(a) correction

b

Me

-Q
= Mo[ﬂ; r(-a)] . (4F.14)

Now, relations (4F.1), (4F.6) and (U4F.16) give us the final

result for contribution M6
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Me = Mo[i31 r(-a)] . (4F . 15)

G. Contribution M7
For M7, Figure 20(g), we use the following decomposition

a b (4G.1)

where, M a and M7b are represented in Figure 29.

7
p + lk q+ lk k, €
P 2 ’
7 > AAA AN A
(a) M7a = IC Y
-4 e Ktk e
P-3 Q-3 , €
P+lk q + q+lk kR, €
W2 2 ’
[ > A~ A
(b) M7b=llC J R v
1 L T ke
P-3 4G -3 Q-3 , €
b

Figure 29. Contributions M7a and M7 .

Calculation of these diagrams are very similar to 6E6 (see

Section F of Chapter 3), so we try to give only the summary of the

calculation.
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For M7a we write

y y
M2 = 6l Crta 4 L. ST (4G. 2a)
(2r) " (2w)

where
= 13Y _ a 1 1 _
<>a._ <D" "(p q)YvS(q 5k>t's(q + 5K R) ¢
1 1 1
x S(q +-§k)AA(q + =k, p + Ek)wo(p) > . (NGf2b)

2

For M7b, using (2.30) for R, we write

4 > >
e L T 5 T EE NN
(2m)  (2m) " (2m) 949, qq,
x H (c, g5 Q)OO0 (4G.3a)

where

— HV - —1 -5.-) -
O = <D (p q1)YvS(q1 §k)(Nq1 *q, Y)(1 Yo)

O+

<Ny + 3+ )S(a - 3IE'S(a + 5k - RIES(q + 5)

> > > > 1
<+ - DA I+ Gy - Dstay + 50

xh (a, + 2k, p o+ HOY (B > . (4G.3b)
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In the above formula, A, is the vertex correction and Duv

A is given

by (3C.24).

We note that relations (4G.2) and (4G.3), apart from a
multiplicative factor and the wave-function, are the same as
relations (3F.2) and (3F.3) respectively, if in the latter relations
we use the following replacement

Y+ e's(q + %k -wWe . (4G. 4)

Since for M7a and M7b we are interested in the leading order

(which corresponds to the o(a) correction), (4G.4) can be written as
Y »-=¢'(1+ kY, (4G.5)

where, we used the same approximation that we applied for 6E6,
namely a ~ Y and q -~ Y2. In fact, (4G.5) shows that we can use all
approximations that we employed for 6E6, namely, E, 31. a ~ Y, and

A = v =0, and that for po, and q, integrations the dominant

90
poles correspond to po =k - E K - Eq and qO =K - Eq.

» 4 =
p 10 1

Therefore (4G.2a), after peforming Py and q, integrations, gets

the following form which is very similar to (3F.4)

T ~1a> 2]'1
7 Y 3

/2 o Jpadq[ (3% + vH2@ + Y3 - D
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> 1 1
x<€'(1 + ke ¥)E(1 + YA+ 5k, P+ 51+ Y)Y >, (4C.6)

and (4G.3a) after performing p , q and q_ integrations, gets the
. (o) 10 o)

following from which is very similar to (3F.5)

3
b -ia 3 .3 .3 - > >
M, = ;;;g Y2 ¢ fd”pd qd’q, H (<, q,, Q)

-1
3%+ Y@+ Y@+ D6 - 37

> > 1 1
x<£'(1 + o Y)E(T1 + Yo)Ao(q1 * 5K, P+ §k)(1 + YO)Y5> , (qu7)

where ﬁc is given by (3C.27), and we have used (4.5) for C.

Now by virtue of the relation (3F.20) (that we found in the

Section F of Chapter 3), which in the present case can be written as
(1+ YA (q+ok, p+o)(1+7Y) =
. o’"o 2 2 : o]
() ra]a +v) (4G.8a)
(14 1oy + T D+ PO+ Y ) =

(1 + Yo)[ﬁ%-r(—a)](1 ), (4G.8b)

relations (4G.6) and (4G.7) get the following forms
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6lUn

3 -1
M2 = 22 M r(-a) adpada[ 37+ ¥R+ YOG - D%, (6.9)
8w
b o3 3 3 3 - T
M7 = 3 Mor(-a)fd pd~qd-q, HC(K. s q)

-1
B2 @ @YV E -3 L e

where Mo is given by (4A.6).

The integrals in (4G.9) and (4G.10) are those that we had in

(3F.26) and (3F.27), respectively. Therefore

a _ & (-
Mo = MO[2Tr r(-a)] (4G.11)
ML =M [-2 r(-a)] (4G.12)
7 ot Un ' *
and by virtue of (4G.1)
3 ./
M7 = MO[H r( a)] . (uG.13)

By comparing (4G.11) with (4F.6), and (4G.12) with (UF.14) we

obtain the following relations

7 6 , (4G.14)

7 6 , (4G.15)
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and consequently
(4G.16)
H. Contribution M8

For M8' Figure 20(h), by comparing Figure 20(h) with Figures

20(a) and 18, we find
= '
M8 (6K") M1 ’ (4H.1)
and by virtue of the relations (4.3) and (4A.6), we obtain

= @ r(-
Mg Mo[21T rc-a)] . (4H.2)
I. Summary of the Calculations of the Total Invariant

Amplitude and the Decay Rate of the Parapositronium

Ground-State

By virtue of the relations (4.12), (4E.2), (4E.12) and (4G.16)

we find the total invariant decay amplitude

M=M_+M,+M2+M , (41.1)

~

which means that, up to the o(a) correction, the second term in Gc,

R (see relation (2.29)), does not contribute.
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We represent M, relation (4I.1), graphically in Figure 30.

A

M =14 + 2 ( + 2C

PN, S

L
—_—

Figure 30. Total invariant decay amplitude, correct up to
the o(a) correction. Line with a dash through
it indicates inverse propagator, and the

normalization constant C is given by (4.5).

In (4I.1), by virtue of (4B.17), (4C.5), (4D.6) and (U4H.2) we

obtain

M=M]1 +W(_'1°)] , (41.2)
where Mo, the lowest order invariant amplitude, is given by (4A.7).

Now that we know the total invariant decay amplitude M, by
virtue of the relations (2.18), (4.8), (4.11), (4A.7) and (U4I.2) we

can find the decay rate (up to the order a correction)

5 2
M(p=Ps » 2v) =% [1 -2 (5 - Tp] (41.3)

which agrees with the result of Harris and Brown [7].
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We present all results of calculations of the present Chapter

in the Table 2.



98

Table 2
Summary of the Calculations of the

Amplitudes and the Decay Rate

2
M, M1+ g{r(-a) + 86 - 81 - 16 1n 2 ——312—]}
M, Mo [er(-a) +a° -4 -8 2+ 4/Z1n (1+/2)
- 212 (1 + /2]
My My [T(-a) -6+ 41n2+ 4v21n (1 +/2)]
3, a3 110°
M, Mo{g*m;[gr(-a)+126—12x-201n2; T
-8/2 1n (1 +v2) + 2 1n° (1 + ¥Y2)]}
2
3. 2 7-3 () - 151
Mg Ml-35+ 5 [-51(-a) - 206 + 200 + 40 1n 2 + 3]}
Mg Mo['—ﬁ%r(-a)]
EL .
M, M (5 r(-a)]
o
8 a 7
M=zM|MI[ 3?(‘2“10)]
1=1
5 5 2
a” M2 « _a _T
r=2 G =% 01 -3 6 -]




Chapter 5

Summary and Conclusion

Using the Barbieri-Remiddi lowest-order equation, equation
(2.2) which we discussed it in Chapter 2, and working in Coulomb
gauge we calculated the energy shift of orthopositronium and the

decay rate of parapositronium.

For the contribution of one-photon-annihilation channel to the
energy shift of the ground state of orthopositronium, using relation

(3.1), up to the order a correction we found (see Chapter 3)

y
a Uy 8a
6E=-—u‘(1 e ’ (3H.2)

which is in agreement with the result of Karplus and Klein [12].

The interesting point is that we derived relation (3H.2)
without performing the wavefunction and the vertex renormalization
subtractions. It means that relation (3.1) which gives the energy
shift, is free of divergences and gives the finite result without
needing to perform the wavefunction and the vertex renormalization

subtractions (at least in the first-order perturbation theory.)

For the decay rate of the ground state of parapositronium,
using relation (4.9), up to the order a correction we found (see

Chapter 4)
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5 2
r(p-ps » 2v) = & [1 - %(5 - "—u>] , (41.3)

which is in agreement with the result of Harris and Brown [7].

Here also we derived the result (4I.3) without performing the
wavefunction and the vertex renormalization subtractions. It
implies that the relation (4.9) which gives the decay rate, is free
of divergences and gives the finite result without needing to
perform the wavefunction and the vertex renormalization subtractions

(at least in the first-order perturbation theory).

In Chapters 3 and 4 we noticed that in derivations of the
results (3H.2) and (4I.3) we encountered some diagrams which "rule
of thumb" for finding their leading-order contributions would give
higher orders in a than their actual orders. For instance, rule of
thumb for the leading-order contributions of the diagrams of Figures
2(c) and 20(d) gives order a, and for the diagrams of Figures 2(f)
and 20(g) gives order az. However, the explicit calculation showed
that the leading-order contributions of the diagrams in Figures 2(c)
and 20(d) were of the order 1 and for the diagrams in Figures 2(f)

and 20(g) were of the order a.

The reason that the rule of thumb for these diagrams does not
work is due to the kernel 6K, which was introduced in Chapter 2; it

can generate inverse powers of a.
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We should also mention that in covariant gauge there are an
infinite number of diagrams which contribute to a given order in a;
whereas in Coulomb gauge we deal with a finite number of diagrams.
This is due to the photon propagator Duv' In the diagrams which one
or more virtual photons are exchanged between electron and positron
lines, the DOO part of photon propagator, in covariant gauge,
creates pole; whereas in Coulomb gauge Doo does not give a pole (see

relation (3C.24)).

In fact it was one of the reasons that we chose to work in

Coulomb gauge; namely, dealing with a finite number of diagrams.

Our calculations showed that the method of Barbieri-Remiddi,
for solving the positronium problem, is straight-forward and
practical. Also in order to make our results useful for derivation
of higher order corrections to the quantities that we calculated up
to the order a correction, we presented all calculations of the

related diagrams separately.



APPENDICES
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Appendix A
Evaluation of an Integral
related to the Contribution 6E3

Consider the following integral

where

K2 = 41 -Y5) , E2=p%+1 . (A.2)

After performing the y integration, we find

I1=17

1 dx 2 {1
°/x k[p2(1 - x) + ¥7]1/E 2

—tan_1[§ (52(1 - x) + Y2)1/2]}

. (A.3)
We should mention that we are not interested in the quantity I
by itself; it is the following quantity which we need to find up to

1
the order-v

Jadp —YErx ¢ (A.4)

(52 + Y2)2E

where x = (1 - Y2)1/2.
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-1

By scaling B »> YB, we note that in (A.4) the term involving
tan .

is of the order %

, therefore, for this term we may say 3 is of
the order Y and use the following approximation

tan” [2 (21 - x) + ¥D)!72

] =232 -0 +¥AY2 L @)
Using (A.5) in (A.3) we obtain
T 1 dx 1
I==/ — : -2 ., (A.6)
k "o /X [52(1 - x) + Y2]1/2 )

which by change of variable x -+ x2 and performing the integral and
using the approximate relation k = 2, we find

(A.T)
y

As we mentioned before, we are interested in the quantity which
is given in (A.4).

First we find the contribution of the first term of I in (A.T),
which we define it as J
J = fap PE*K  gin7! (—P ) (A.8)
(o] (52 + Y2)2E :E—_Z- .
vy pm o+ Y

Relation (A.8) can be written as

Jd = J1 +J

(A.9)
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where

S f:dp _PE__“ '1“2"2 sin | (—B 1y (A.10)
(p + Y%) y 52 R Y2

2 = -f dp-——g——g—g—— T +x - 22— Xysin~ G——-——E——-) . (A.11)
(< + Y°) / 52 . y2

(A.12)

For J2, we show that it is of the order higher than l, so it

can be ignored.

First we note

Sve -ErEs>0 (A.13)
therefore
19,] = fodp — S T+ e -2 2% T—2—) |, (a.W)
(p~ + ) Y 32 . y2

and since
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sin” (—L2—) <%, VErx2/Trr, /T+e</2 , (A15)

from (A.14) we have

19,1 S% I3 dp 2 +pY2)2 =L (A.16)
Using the following relations
S S (w1
from (A.16) we obtain
Ul P°_ p
lle _<."2/—§ S ap W)—z‘f ’ (A.18)

or

L o p 1
|J,)]| <—= S dp 55— =
2 2/3 o) BZ+Y2E

1. __p 1 @
(Jodp 55 . 2E J,dp

1 p
< (fodp 57,

2
1 +
<—[-§ln (1——2—Y—

— ) + J3dp 1]
2 Y
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2
- [% 1n (’—lg—) + 1], (A.19)
&2 Y

which means that J2 is not of order %, SO we neglect it.

Therefore, using (A.8), (A.9) and (A.12), we obtain the

following relation which is correct up to the or‘der‘%

Pap 2 E 5 sinT (=R - 2T (A.20)
° " (P + YO)E 52 .2 8Y - -
Yy pT o+ Y
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Appendix B
Evaluation of an Integral

related to the Contribution 6E1

The following integral is the one that we need for finding <SE1

(its evaluation also serves as a sample for finding similar

integrals)
(9 -’2d
= lo b e /B K (RE D)
(p” + Y)E
where
E=/p+1 ,x=0-v)"2 |
Scaling the momentum E by Y
> >
p=+*Yp ,
we find that the leading order of I is
1
I 0(7) .

(B.1)

(B.2)

(B.3)

(B.4)

We need to find the integral I up to the o(1). Consider the

following relation

- k\1/2
1o )

+

YE +x =VE + 1 (1 -

—_|—
22 ] oY

(B.5)
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which by (B.2) it is

VE +x =/E + 1 [1+ o(Y2)]1/2 ~YE+1 , (B.6)

where we ignored the second term in square brackets, since it gives

contribution of order higher than o(1).

Therefore, (B.1) gives

.o 22 dp  V/E 1
o (52 + Y2)2 E

H

(2E + 1) , (B.T)

or, using (B.2) for changing the variable p to E

o dE
I, 5
T (E2 - 32

(E+ 1)(2E + 1) VE -1 . (B.8)

By changing the integration variable

E=1+=x . (B.9)

we obtain

x2(x° + 4)(x° + 3)
V2 . 152

I=-8 " & , (B.10)
V2

®
o

N

(x

which by using table of integrals, up to the o(1) is
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(B.11)



110

Appendix C

Proof of an Identity

We want to show that the following integral is identically zero

-A + 2B - Bp
+ Y7) Ap + B(1 - p)

1 - fadq F(3°) radp s . (€D
§

where

> > .2

A=(p-4q) 2

, B --—15 (52 + Y2)(?12 + Y

) , o<p<1 , (C.2)
Ly

and F(ae) is any function of 32 which satisfies the condition

(c.13).
We write (C.1) as
I =1I, +1 , (C.3)

where

1

-1 3 »2 3 1
I, =— fd°q F(q") Jdp —4—m————= = ’ (c.4)
1 p (52 . Y2)2 B
1 3 +»2 3 1 1
I2 -‘E Jd”q F(q~) fd°p 35 > 5 (Cc.5)

(p~ + Y7 )" Ap + B(1 - 9)2

After performing the p integration in (C.4), we obtain
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3w >
i 9 p23?) . (C.6)

For 12, we write (x = cos 0, where © is the angle between E

and a)
- I SRR e
2 p (52 + Y2)2 o
x f+1 dx [(52 + 32 - 2pgx)p + B(1 - p)2]-1 ’ (c.7)

-1

or after performing the x integration

=L 5 dq qF (&%) 17 dp —P—
2 p2 - o) 32 + Y2
«1n [(p - )% + BO1 - »2] . (C.8)

By scaling p + Yp, q *+ Yq and integration by parts, we obtain

2

~Ux © 2 32, @ dp
12 > f_°° dq qF(Y" q )fo PR
p p +1

p - q+ 83+ p
(-2 +8@2%+ P2+ 1)

x

, (c.9)

where

_QG -9
8 i . (c.10)
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In (C.9), the integration on variable p is not difficult to
perform. After performing this integral and retaining only those

terms which are an odd function of q, we obtain

I b3 e 32 2 »2
= e 5 —F(¥ 3. (C.11)
P (- + 1)

Therefore, from (C.3), (C.6) and (C.11) we conclude
I =o0 . (c.12)

We note that this result is based on the following assumption

32 2 2 ..
J dqgq —=— F(Y" q") = finite . (C.13)
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Appendix D
Evaluation of an Integral

related to the Contribution M1

Consider the following integral

1=/ dp 7——2”3"2,"2, In(E + p) (D.1)
(p” + Y)'E
where
=P+ D2, w2 -v¥H2 0 vS L 02
Scaling the momentum p by Y
p+*Yp , (D.3)

We notice the leading order of the integral in (D.1) is
I =o0(2) . (D.4)

We need to find the integral I up to the o(1). Using (B.6) in

(D.1), we obtain

@ EE+‘|
I = fo dp 5 55 In(E + p) . (D.5)

(p”+ Y)E

Let's write (D.5) in the following form
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I =1 +1 , (D.6)

where

I, =2 f: dp ——P—— 1n(E + p) , (D.7)

= f: dp —?—F‘Tz—- WVE + 1 - E\/E) In(E + p) . (D.8)

I
2 (p™ + Y)'E

The integral I1, using the integration by parts, up to the o(1)

is

I, - /E(ﬁ- - % . (D.9)

For 12, let's write it in the following form

I, = f: dp ——;— WE + 1 - E/2)In(E + p)

p’E
2,.2 2
—f°o° dp Y3(22 A ; ; WE + 1 - E/2)In(E + p) . (D.10)
p(p” + Y)

Scaling p by Y shows that the leading order of the second integral

is o(Y), therefore we may ignore it and write (D.10) as

I2 = dp'—l— /E + 1 - E/2)1n(E + p) . (D.11)
0 p3E
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Changing the variable p to E (see (D.2)), (D.11) gives

I, = /7 dE —— WE+ T - B/2)In(E + / EZ - 1), (D.12)
2 1 2 2
(E° = 1)
1 + x2
or by changing the variable E = —ox

I. = -W2 /7 dx ——7;31———§ W% - D3x + VX + NDin x , (D.13)
(x= -1)

and if we change x =+ x2, we obtain
© X 2,.2
I, =-16/2 [ dx —————— (x - 1) (x“ + x + Nlnx . (D.14)

The method of partial fraction gives I, in a form of integrals

2

which can be found in the standard tables of integrals. The result

is

1 3ﬂ2
I, =2 (z3+G-21n2-=9 , (D.15)

2

where G = .915965594... is the Catalan's Constant.

Using (D.6), (D.9) and (D.15), we find up to the o(1)

2
m - _ 3
1=v2 (EE'* G-21n 2 T (D.16)
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Appendix E

Calculation of a Trace related to Mu

In this appendix we calculate a trace which is related to the
decay amplitude Mua, equation (4D.2). This calculation serves as a
sample for the method of approximation that we implemented for
finding nearly all other traces that we had in our work. Traces

were found, mostly, by the SCHOONSCHIP program.
The quantity that we want to evaluate is
T= D"V(p - Q)<Y (4 - kY, + e+ R T+ 1)¢
(g + 1+ kY)Y (B ¢ Y - P oY Y (E.1)

p*V

where i , the photon propagator in Coulomb gauge is given by

(3C.24), and <> stands for trace.

As it can be seen from (4D.2), we are interested in the

following quantity (up to the order a)

3 y
= ol d’p dgq

which is related to the Mua, relation (4D.2) after performing the P,
integration (we note that, up to the order a correction, only the
pole at Po = % ~ Ep contributes (5 ~ Y)). The quantity D in (E.2)

is given by (4D.4).
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Relation (E.2) with scaling p + Yp shows that I is of the order

I~a/f37 | (E.3)

The most contribution to I is of the o(1), and it comes from the

2 > .
pole at Qg =% - Eq ~ Y~ (if g~ Y and if we assume <> ~ 1 in (E.1))

4 3
I = Rk T R - T SN O
a a )
which means
I ~1 (only for a ~Y) . (E.5)

If we assume a is not small (not of the order Y), and <> ~ 1,

then
" "
s —Dg -~ f —1‘1 ~1 and T ~ 1 (for non-small q) (E.6)

which means
I~ o(a) , (for non-small q) . ((E.T)
In short, the o(1) contribution to I comes from small values

of q, while the o(a) contribution to I comes from all values of q

(we always keep in mind that E is of the order Y).



118

The trace <> in (E.1) has the following orders

<>~ 1+ ofa) for small q (a ~Y) , (E.8)

<O~ for non-small q , (E.9)
and-using the above considerations for I-all higher orders of <>
give rise to the o(a2) and higher order contributions to I (relation
(E.2)).

Therefore, for finding T, relation (E.1), we will use relations

(E.8) and (E.9) in order to simplify the calculation. One of the

implications of (E.8) and (E.9) is that we may use the following

approximations
1 22 1 .2
E~-1+ E-p 1, K ~ 1 §-Y j ’ (E.10)
»> »> 2 +» »> > > > >
pP*q~o , Q@ qQqe*p~0 , QqQ°-*RpP+*qQ~0 ,... (E.11)

(for any term which contains p).

Using (E.10) and (E.11) in relation (E.1), we obtain

2 2 2 2
T - [q 2q -~ * b . 2q UQO J< ¢'¢ R-TY vo
> > 2 2 o 5
(@ - p) (q - p)
-q° -29° >3
+ [ + sle'e q - ¥ Yo Y (E.12)

q - 5)2 (g - p)
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or since in numerators we can add any term of the forms 32, B . a,
p2, etc. (any term which contains p gives higher orders so its
introduction does not change the result), we may write relation

(E.12) in the following form

q 2 4q 2
4 o) ) > 3
T=[———+1 - - J<é'é¢wm Y Y YD
@ - »° @-9)2 (q-p)° ° >
q 2
fo) > >
+ [- 1 ‘—_}—_;—2]<i'( q-°*Y YO Y5> . (E..13)
(q - p)
The first term in (E.13), —:—5—1—5, gives the o(1) and o(a)
(a - p)

contributions to I. They come from all values of E; small a gives
both o(1) and o(a), non-small a gives only o(a). We leave this

term in its present form.

For all other terms in (E.13), their contributions are of the
o(a) and they come from non-small values of a and q, (for small a,
with either the pole at q, ~ 1 or q, - Y2, we get contributions of

orders higher then a for I).

Therefore we may use the following approximate relations

o o 2 o 2¢ g , (E.14)
(q - p) q (q - p) q

and write relation (E.13) in the form
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q 2 iq 2
4 0 o >
T = [—— s+l -5 -3 J<er¢ R Y Y Ye>
(q - p) q q
2
+ (-1 - ;g—)<¢'¢ q-v Y (E.15)
q

or since integration on q, relation (E.2), for the a . ? term gives

a quantity proportional to : . ?, (E.15) may be written as

2 iq 2 q q 2 q
el g
(q - p) qQ q ;3 ki
> >
' .
x<{¢'¢ R+ Y Y Y5> , (Ef16)

where 1 = 1, 2, 3 (no summation on i).

For performing the integrations in (E.2), the easiest way is

first to perform the p integration, which transforms the first term

4
of (E.16), ————, to the form ——;
@ - p)° RS

the q integration, by the Feynman parameterization method. For

then we proceed to perform

doing this, for the first term, 5 we use the exact form of D,

ey
relation (4D.4); but for all other terms we use the approximation x

= 1.

This method of approximation, in practice, facilitates

calculations; it allows us, before performing the integrations, to
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get rid of unnecessary terms (terms which give those higher order

corrections that we are not interested).
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Appendix F
Evaluation of some Integrals
related to the Contribution M2
In this Appendix we evaluate three integrals that we need in
evaluation of M2. In these integrals D is defined by (4B.5) and q

integrations are performed by using the Tables provided in [19].

One of the integrals that we need is

q 2q2
S g 22— = 1172[11 + 1, -r(-a)] (F.1)
where
1 dax 1 (1 -2
I1 = fo'f: fo dy > ’ (F.2)
v 1+ (1 -x)y
I, =-% f1 9£-f1 dy In[x + x(1 - x)y2] . (F.3)
0/— (¢]
X
For I after changing x to x2 and performing the x

4"

integration, we obtain

1 (1 -y)° >
I1=2fody———¥——1n(y+/1+y) , (F.4)

w1yl

and by changing the variable y + v 1 + y2 =t
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- - 2 = w2y

I1 = -2+ 2yY2 1n(1 +/2) -2 1In"(1 +vV2) + 4 [ dt > » (F.5)
1 t -1
or
ﬂ2 2
I1=—2+—u+2/§ln(1+/§)—3ln(1+/§) . (F.6)
For 12, after performing y integration and changing x to x2, we

find

I, = sV ax[2 1n x + 1n(2 - x%) -2 + 2 tan W 1 - x%], (F.7)
° 2
Yy 1 -x
or
- — 1 1 -1 2
I, = -6 + &2 1n (1 + /2) + 2fo dx tan v 1 - x , (F.8)
/ 2
1 - x
2
and by changing v 1 - x~ =t
I, = -6+ 2 1n(1 +/2) + 2/2’ at ——tan" 't (F.9)
vy 1 - t2
or [31]
2 _ » B
12-—6+-“—u+2/2 In(1 +v/2) - 1n° (1 +v/2) . (F.10)
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Therefore from (F.1) by virtue of (F.6) and (F.10) we obtain

2
o - 1n°[-T(-a) - 8 + L5 + W2 In(1 + /2)

- 4 1201 + /2] (F.11)

The next integral is

1 -y
dy . (F.12)
° s (1-pf (1 -p?

Changing x =+ x2, y » 1

- y and performing the x integration we find

2
y 95 49 21 2(y - 1)
5 im fo dy —

In(y + v 1 +y9) (F.13)
y/1+y2

and by change of variable y + v 1 + y

= t and then performing the t
integration we obtain

2
q_ q 2
fd"q °D - 102 [- ET + 2 1001 + /2))

(F.14)

The last integral is

q, qj q

D

2
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where

1 dx (y - )2
£=J X Xay Y B2 (F.16)
0/"‘ (o] (o] 2
X XA
- 1 1 dx x y A
g 2fo—XIOGYIodZ_xA ’ (F.17)
22 2
A = -(y - z) + 2(y - z) . (F.18)

From (F.15) we infer the following relation (since we are

. »2 2
interested in the leading order: R™ =k = 1)

y 9 a
fd'q 5

- in2(f + 3g) . (F.19)
Comparing (4B.13) with (F.19) we find
f +32g=1-1n2 , (F.20)

therefore we need to calculate f or g, but not both of them. We

choose to calculate g.

From (F.17) and (F.18) we have

1 .1 dx

_1 1 dx x y z
g=%/, /—-fo dy J_ dz
X

(F.21)
L
22 -x(y -z - 1)2 + X

or by using the following change of variables



z=a , y-z-1=8 , X =Xx , (F.22)
x-1  x-1-8
- % flﬂx: /48 S da 25 . (F.23)
Yx -1 0 a” - xBT + x

Performing the a integration, we find

x-1
g = %-f; 9§ {fzdu in[(1 - x)u2 + xz]—f dg 1In (x - x82)} , (F.2Wh)

Y'x -1

where in the first integral we changed B to u-1. By performing the

B and u integrations we obtain

g = %-f1 Qé [1n(2 - x) -1n 2 + —X— tan”| /T = x] (F.25)
°/x Y1 - x

or by changing x to x2

2

g=-2-1n2+ /2 1n(1 + /2) + fldx-——i——— tan WV 1-x2 . (F.26)
/ 1-x°
Let's represent the remaining integral by J
1 x2 -1 2
J = fodx tan v 1 - x , (F.27)
vy 1 - %2

where by changing 1 - x2 = y2 gets the following form
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1

J = fédy v 1 - y2 tan 'y .

We write J in the following form

where

4

and it is the same integral that we had in (F.9), so

V]

T 1
12872

1

and J, is

95
Yy 1 -y

Let's try to find J2

_ 1 _ .2 -1 _y
Jy = fody Y 1 -y° (tan 'y + 5

which by (F.28) we can write it as

1

1n2(1 + /2)

gy — Y
fody

2

(y tan_1y)

1 +y

by integration by parts

)

(F.28)

(F.29)

(F.30)

(F.31)

(F.32)

(F.33)
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.__1 _ .2 y
Jy = -d-Sldyv/ 1 -y 5 (F.34)
1 +y

and by changing 1 - y2 = x2 and then performing x integration we get
Jy=-J+1-Y/21n(1+v/2) . (F.35)
Using (F.29), (F.31) and (F.35) we find

2

m
A T3

SN

13 1n(1 + /2) - Jlf 1n2(1 + /2) . (F.36)

Therefore (F.25), (F.28) and (F.36) give

2
g=-%+“—-1n2+3'fln(1+/§)--}Iln2(1+/§) , (F.37)

and by virtue of (F.20), f is

2
f=1—1-3L+21n2-£1n(1+/§)-éln2(1+/-2—) . (F.38)
2 16 2 y
Finally, the integral in (F.15) by virtue of (F.37) and (F.38)
is

2
5 99 9 2 11 _ 3n w2
Jd'q S = im “J"L[—E g *t2n2 Tln(1+/2)

+ % 1n2(1 +/2)]
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2 —
2 2
+im sjl[—%+—‘1'6-1n 2+——3‘; In(1 + /2)
-G s /@) (5 =1, 2, 3) . (F.39)

+=|
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Appendix G
Evaluation of some Integrals
related to the Contribution MN
In this Appendix we evaluate four integrals that we need in
evaluation of MH' In these integrals D is defined by (4D.4), and q
integrations (except for the integral in (G.3)) are performed by

using the Tables given in [19].

The first integral is (in all integrals, except (G.11), we put

Y = 0)
4 q
s d—Dﬂ (1 - u—i) - -inzf; axf* dy ——=
i Ly™ - Uxy + 1
- —1n2fl ax —X— tan (—X—) ,  (G.1D)
/1 - x° /1 -x°
and by integration by parts we obtain
4 q,
ra9 -y oo (G.2)
D ki

The next integral is

2
qu
2 9

q

o
I, = f—ﬁﬂ (G.3)

1

which using the Feynman parametrization method, we find
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I, = -21n2fl dxfg dy fi dz[% + —2-(1%1—&] , (G.4)
where
A= (2y -2z - x)2 + ? - x2 . (G.5)
By changing the variables
2y —z - x=v , zZ=u , X = X , (G.6)
the integral gets the following form
I, = —2in2fé dxfg dufz_gv[ 5 ! 5+ 202 = 1) ] . (c.7)

vo+ 1 - x (v2 + 1 - x2)2
or after v integration

X - u

(G.8)

1

. 2.1 X
I 2iw fo dxfo du >

(x - u)2 + 1 -x

Changing the variables x - u = t, x = x and performing the t

integration, we find

I, - -iﬂzfl dx 1n(1 - x3) (G.9)

which after x integration and using (G.3), we obtain
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4y -uq @

s 933 © _ _ix%(2 1n 2-2) (G.10)

2
q

Now we consider the following integral (wherever possible we

put Y = 0)

alq
12=f D 33 3 ’ (G.11)
qQ +Y

which by using Tables of [19] it gives

1, = -4inlfl & Xy Y L (G.12)
2 o ~ "0 o 2
Vx A

where approximately (we ignore higher orders, since they give o(az)

corrections)
1 2 2
A = ;-(22 —y) +(x-y)@+y -x)+Y . (G.13)
By following transformations
2z -y =u, X -y=v, X =X , (G.14)
12 gets the following form
X-v
I, = -uinzfl = S5av /) du 1—2 (G.15)
Vx A

where
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2

A =-§— fv(2 -v) ¢ Y2 . (G.16)

After performing u integration, we find

I, - 211 fl dxv/'x fz dv X 'ZV
al(x - v)° + ax]

- 2in? fl av —— ! ax tanT' Y

v , (G.17)
a’a

Vax

where

a=v(2 -v) + Y2

. (G.18)

In (G.17), after using integration by parts on the x variable

of the second integral, we obtain

I, - —Zinzfl dv —— tan"| (=Y,
a’/a

o)

-1n2fl dx/'x fg dv + X -3V

2 ) (G.19)

ax + (x - v)2

and by changing the variable 1—_
vYa

performing v integration in the second integral, we find (up to the

= t in the first integral, and
o(a) correction)

:
2.y -1
I, = -2in"/ dt tan ¢
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2
-1«21;-3§ f% Inx -1lny - X =2X% +22 ln(2 ; 5]
v'x 2(2 - x)
-11:2;; dx (x - 6) 12' X tan”! /T - x (G.20)
Yx  (x - 2)

the variable ¥Y1 - x

After performing the first and second integrals, and changing

t in the third integral, we obtain

I, = —in2[% -1 --% Y2 1n(1 + /2)]

+ Zinzfl dt !

tan 't
/1 -2
2.1 1 1 - 3t2 -1
- 2in"f_ dt tan 't (G.21)
° 3 (1 + t5)°2 ‘
V1 -t
Relation (F.31) gives the value of the first integral, and for
the second integral we use the following relation
2
tan 1t = l-cos 11-t , (G.22)
2 2 .
1+t
1 - t2
and the change of variable = s, or
1+t
1 1 1 - 3t2 -1 V2 1 23 - 1 -1
J dt tan t =—f%f ds ———— cos s (G.23)
o) _— 2,2 8 "o
J 1 -2 (1 +t%)

v s - 82
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- _/_fﬂ ds — 3 (G.24)
[e] —_2 .
Y s +s
,_%+%f2-1n (1+v2 ,  (G.25)

where, using integration by parts in (G.23) we found (G.24).

Therefore, using (G.11), (G.21), (F.31) and (G.25) we obtain

(up to the o(a) correction)

dug y 2[1r - /3
J —_——— = -irT|= -2 - ¥2 1In(1 + V2)
D 32 . Y2 Y

2

- 15 + 1n2(1 + 2)] . (G.26)

Next, we consider the following integral

4 q q

dq ,_ o _ o _

I - I 5 53 ) ) 4=1,2,3 , (cf27)
q q k

which using Tables of [19], gives

2.1
I in fo

2
] [(2z y)© _ _l]

5 A , (G.28)

& X ayfazx -y
x/'x XA

where

b=tz -2 x-p@ey -0 . (G.29)
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Using following transformation
2z -y=u, X-y=v, X = X , (G.30)

I3 gets the following form

7« ) fx_v { u”
v + 1)dv du
/x ° ° [u2 + v(2 - v)x]2

2.1 dx
13-11: fo—

1 1 }
Y ’ (G.31)
2 u2 + v(2 - v)x ‘

and after performing u integration

1dx X gy v r D = x) (G.32)

I =].'"’ f 3 5
vi(1 - x) + x

3 2 O/; o

Performing v integration in (G.32) gives

iﬂ2 1 dx 1 X 1 . -1
13 -5 fo 75’[§1n(2-x) t— - o x)3/2 tan V1 - x] , (G.33)

and after performing the x integration on the first term, and

changing the variable x = 1 - t2 in other terms, we obtain

I, - 172[-1 + /2 1n(1 + ¥2)]

2 2
+ in° f;dt[/ ! - t . 1 tan 't - ﬁ—'——z—t— tan 't] . (G.34)
/1 -2 t
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Using the following relation (it can be found by integration by

parts)

2
.f1 dt—l(/ 1 -t2 tan-1t) =1 +.f1 dt(——1—-tan1t+'/—1——t—
o £ 2 o — t
/1 -t
2
-i—‘———zt—) : (G.35)
1+t '
(G.34) gets the following form
2 2.1 /1 - t2
I, =in[-2 + /2 1n(1 + /2)] + in°f dt 2=—FF , (G.36)
3 o 1+ t2
or
I, - -1n2[3 - &2 (1 + /D], (G.37)
and finally by (G.27)
4 q 2 a°q
18- 2 - L e®3 - 220 v /D] L (6.38)
q q k
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