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ABSTRACT

2z p - ACTIONS ON THE 2-DIMENSIONAL
AND THE SOLID KLEIN BOTTLES
By

Fawaz Mohammad Abudiak

In this thesis PL homeomorphisms of periods p
and 2p are classified on both the 2-dimensional Klein
bottle K2 and the solid Klein bottle K, where p
is an odd prime number.

It is shown that up to weak equivalence there is
only one class of homeomorphisms of period p on K2
and only three equivalence classes of homeomorphisms
of period 2p on K2, distinguished by the fixed point

sets of their pth powers.

Also, free cyclic actions of odd period are class-
ified on K as well as cyclic actions of period 2p.
In the first case it is shown that, up to weak equival-
ence, only one such action exists, while in the second
case there are three such homeomorphisms, distinguished

by the fixed point sets of their pth power.



Finally, semi-free action on X are classified
for any finite period n. It is shown that these
exist only for n equals two and for all odd values

of n such that F(hn) = g.
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INTRODUCTION

Let X and X' be topological spaces. Two
homeomorphisms h and g on X and X' respectively
are said to be weakly equivalent (written h %w g) if
there exists a homeomorphism ¢t : X + X' such that

-1 i - . .
t gt = h for some positive integer i # 1.

All maps and spaces considered in this thesis are

in the piecewise linear category.

In this thesis we classify piecewise linear homeo-
morphisms of periods p and 2p, p an odd prime, on
both the 2-dim and the solid Klein bottles.

Chapter 1 deals with the homeomorphisms of periods
p and 2p on the 2-dim Klein bottle KZ, p odd prime.
Proposition 1 of section 1.1 asserts that up to weak
equivalence there is a unique homeomorphism of period
p on Kz. Theorem 1 of section 1.2 gives all the
homeomorphisms of period 2p on K2 up to weak equival-
ence, p odd prime. In fact there are three such

homeomorphisms hi distinguished by the fixed point sets

of hip, i=1, 2, 3.



Chapter 2 is divided into three sections. Section
2.1 deals with the free homeomorphisms of odd period on
the solid Klein bottle K. Proposition 3 of this section
states that there is only one such homeomorphism up to
weak egquivalence. Section 2.2 provides a complete
classification of homeomorphisms of period 2p on K,
p odd prime. The main theorem of this section is the
classification Theorem 1 which asserts that up to weak
equivalence there are only three such homeomorphisms
h,, distinguished by F(h ®), i = 1, 2, 3. Finally
section 2.3 deals with the semi-free periodic actions
on K. These actions are given in Theorem 1 of that

section.



CHAPTER O

PRELIMINARIES AND DEFINITIONS

Throughout this thesis, we work in the PL (piece-
wise linear) category and all spaces and maps will be
piecewise linear.

A homeomorphism h : X > X 1is periodic if hn =

identity for n >1 in Z. If n = 2, h 1is said to

be an involution.

Let h be a periodic map of a space X. The cyclic
group generated by h will be denoted by < h>. If h

is periodic on X, then the orbit space of h 1is the

quotient space obtained by identifying x with hl(x)
for all i and all x in X. The orbit space of h
will be denoted by X/<h>. The identification map

p, : X > X/ <h?> is called the orbit map. When there

is no confusion ph will be simply written as p.

Two actions of < h> and < f> on X are said to

be weakly equivalent if there is a homeomorphism t of

X such that <tht—l> = < f> and tht-l = f1 for some

i. Equivalently h and £f are weakly equivalent if

there are homeomorphisms t and t that make the diagram

commutative



g

X > X
Py Pe
t
X/<h> > X/<f>
i‘e pfz = tph. With a special consideration of the

fixed point sets of h and f this implies that

t f t is a linear transformation (automorphism)
of X with respect to h i.e it belongs to the group
of deck transformations A (X, h) with the connection
with the proposition on page 5, this implies weak

equivalence. If tht'—1

£, then h and f are said
to be equivalent.

The set {xeX|h(x) x} of the fixed points of

h will be denoted by F(h) or Fix(h).

Concerning the action we assume that (1) for
every hi € <h>, F(hi) is a subcomplex of X; (2) the
natural cell structure of the orbit space X/<h> and the
orbit map p : X *» X/ <h> are simplicial and (3) p maps
each simplex homeomorphically.

According to [16! these conditions are not restrictive,

from the PL point of view.

The following proposition concerning the free action

of periodic homeomorphisms proves to be very useful in



proving weak equivalence, where h : X * X acts freely
or is free if F(h) =g = F(hl) for all i for which

h1# identity.

Proposition.

Let (X, < h>) be a free periodic action in which
h is of finite period, and X is a connected manifold.

Let X = X/<h> be the orbit space and p : X*+X be
the orbit map. Let x ¢ X, x = p(x). Then X is a

connected manifold, (X, p) a regular cover, and

<h> 1 nl(f, ;),/p*(nl(x, x)).

For a proof see proposition 8.2, Chapter 5 of l11].

Also see [11] for terminology of covering spaces.

A periodic homeomorphism h : X+X acts semi-
freely on X, if F(h) = F(hi) for all 1<i<n, where
n 1is the period of h. In other words any point xe€ X
is either fixed by all hi or is moved by all hi,

1<ic<n.

A compact not necessarily connected 2-manifold F
is said to be 2-sided in X if there exists a neighborhood
of F of the form F x [-1, 1] with F = Fx0 and

(F x [-1, 1]) n 3 X =03 F x [-1, 11].

A simple closed curve J embedded in a closed surface
S 1is 2-sided if there is a neighborhood of J in S of
the form J x [-1, 1] with J = J x {0}. A simple closed

curve J embedded in a closed surface S is one-sided



if it doesn't separate any connected neighborhood of

J in S.

A 3-manifold X in which every embedded sphere

bounds a 3-cell is called irreducible. If in addition

. . . . 2
X doesn't contain a 2-sided projective plane P , X

is called Pz-irreducible.

A surface F is properly embedded in X 1if

FnadX =293 F.

A properly embedded disk E in X with 9 E does

not bound a disk in 93X 1is called a meridional disk.

Let F be two-sided surface in X. The manifold

X' obtained by splitting (cutting) X at (along) F

. . . . +
is the manifold whose boundary contains two copies, F

and F , of F such that the identification of F+
and F  defines a natural projection £ : (X', F+lJF-)
+ (X, F) with fI(X' - (F+ U F )) a homeomorphism
onto X - F. Note that X' is homeomorphic to

X - (Fx(-1, 1)).

The 2-dimentional Klein bottle may be regarded as

the identification space obtained as follows:

ezl : ¥ <rs<s2, |z | =1, Yz~-%z, 2z~-2z}.

Also it can be considered as the space obtained by gluing
together two Mobius bands along their boundaries, where a

Mobius band is the space that is formed by identifying




(s, t) with (-s, t+1) in [-1, 1] X R.

The 3-dim Klein bottle is the space that is obtained

from sz IR by identifying (z, t) with (;, t+1).

An element of this space sith representative (z, t) will
2

be denoted by [z, tl. D° = {ze c| lz] <1}, R the

field of real numbers. C = field of complex numbers.

st o {zec| Iz

1}.



CHAPTER ONE

/A -
p

In this chapter we classify all the

pPhisms of periods p and

prime on the two-dimensional Klein

Notations:

In this chapter we denote the

K while in Chapter 2 we will use K2

Klein bottle and K

Section 1.1.

22 -
p

BOTTLE K.

We consider only the case

number. For p = 2

result is the following:

Proposition 1.

If h : K * K 1is a

on the 2-dim Klein bottle

then F(h) = g and h is

where h is defined by

1

2p,

for the solid

ACTIONS ON

see [12]

pl

K,

weakly equivalent to h, : K

hl([rz]) =

ACTIONS ON THE 2-DIMENSIONAL KLEIN BOTTLE

PL homeomor-

where p 1is an odd

bottle.

2-dim Klein bottle by
for the 2-dim

Klein bottle.

THE TWO-DIMENSIONAL KLEIN

where p 1is an odd prime

(also see [81). Our main

homeomorphism of period p

where p 1is an odd prime,

4
>

1

[wrzl, ws= eznl/p'

First we prove the following.

K,



Lemma 2.
If h is as in proposition 1, then F(h) = @ and

the orbit space K/<h> R K.

Proof

Let B = K/<h>. By [4] we have (k) + (p-1)X(F(h))
= px(B), where Y indicates the Euler characteristic.
Since x(K) = 0, (p-1)X(F(h)) = px(B). Since ©p 1is odd,
dim (F(h)) # 1. So F(h) is either 0-dim or @. Assume
that dim (F(h)) = 0 and that F(h) consists of k
points. Assume k >0. Then (p-1)k = pX(B) and this
implies that k = E%I X (B) - k>0 yields that (p-1)I|x(B)
and since B 1is a surface, ¥X(B) <2, so p < 3. But p
is an odd prime so p = 3. Hence X(B) = 2 and then
B = 52, the 2-sphere. But this is impossible since K
is nonorientable. So k must be O contradicting our
assumption k > 0. So F(h) = @g. Moreover, X(B) = 0,

Since F(h) = g, 9B = § and since B 1is nonorientable

B =~ K.

Proof of Proposition 1.

It is clear that F(hl) = @ and K/< hl> = K (lemma 2).

Let h2 = h. By lemma 2 above K/< h2> ~ K. <h1> and <h>

act freely on K. Let qi : K> K/ <hi>, i=1, 2, be the
orbit maps. Let t be any homeomorphism: K/<hl>'>K/<h2>.

Since F(hi) = g, ql and q2 are p-covering projections

of K by K. But ﬂl(K) has a wunique normal subgroup
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of index p, so t <can be lifted to a homeomorphism

t : K> K such that the diagram below is commutative

adl

o
9

\”

< > < >
K/ h1 3> K/ h2

i.e q_ t = tql. By the commutativity of the diagram

-_— h —~—
K t 5 K 2 5 K 4 t K
7 L4 ~
94 EP) 9, 94
K t > K & t K
. —-1 — . - -1 - .
We obtain ql = qlt hzt. That is t hzt is a non-

trivial covering transformation on K with respect to

ql. But the group of covering transformations

A(K,ql) jd <hl> (see Chapter 0). So 'E-th'E = hll for

some 1 £ i < p. This shows that h~whl and completes

the proof of proposition 1.
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Section 1.2. Z!2P~ACTIONS ON THE 2-DIMENSIONAL KLEIN

BOTTLE.

Theorem 1.
If h : K> K 1is a PL homeomorphism of period
2p, where p 1is an odd prime, then h 1is weakly

equivalent to one of the following 2p- periodic

homeomorphisms depending on whether F(hp) is @, = S1

or =~ s1 0 Sl respectively

hl (Lrzl) =02 2z
r
= _¥
hz([rz]) —[rz]
h, ([rzl]) = [wr z]

3

where w = e“l/p.

The proof of theorem 1 occupies the rest of this section.

Since h is of period 2p, h2 is of period p on
K, so by lemma 2 of Section 1.1, F(hz) = g. The map
h induces an involution h  on K/<h2>, uniquely
determined by h, such that h q = gh where
q : K ~» K/<h2> is the orbit map.

Now hP is an involution on K. By [12] (also see
[8]) F(hp) is one of the following sets: @, two points,

one 2-sided nonseparating simple closed curve and two points,

one 2-sided separating simple closed curve and finally two
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one-sided simple closed curves. In other words F(hp)

is homeomorphic to one of the following sets: {, so,

Sltiso, Sl, S1 Osl. So we consider the following two
cases

. P -
Case 1l: F(h") = ¢

. p
Case 2: F(h™) # @
Case 1.

F(hp) = g. In this case h acts freely on K.

We prove the following:

Proposition 2.

If h : KK 1is a homeomorphism of period 2p on
K, p odd prime, and if h acts freely, then h is

where h is as in theorem 1.

weakly equivalent to h1, 1

Proof

2
= . L M, = . . > M,
Let h h2 et i K/<h1 > and ql K i’

q'. : Mi-+Mi/<h_i>, i =1, 2, be the orbit maps, where

h 1 and h , are the induced involutions by h1 and

h2 on M1 and M2 respectively. Note that F(h-i) =

qi(F(hip)), hence F(h-i) =@, i=1, 2. As in lemma 2

Section 1.1, K/<h-i> ~ K. By lemma 2, Mi < K, so

M./<h >~ K/<h ,> % K. Note also K/<h ,> & K/<h,> .
1 1 1 1 1

= ' H > < -_>_ . i
Let 9, q';9; K Mi/ h i Note that q, 1is a
L}

p- covering projection for i =1, 2 and g i is a

2- covering projection for i 1, 2. Since F(hip) =

g = F(hz) = F (h), <hi> acts freely on K, so gi is
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a 2p- covering projection for i =1, 2. Let
t K/<hl> > K/<h2> be any homeomorphism. By [14] up
equivalence there is only one subgroup of indes 2 of

ﬂl(K) corresponding to the double cover of K by K.

So Ml and M2 are equivalent, hence I t : M1 o M2

' = '
such that tg 1 q 2t

bl
ot
v
-

t
5~ M
Ml 4 2
[ ] L
1 a7,
t ‘L
K/<h_> —> K/<h2>

Now since ql and q2 are p- covering projections

and ﬂl(K) has a unique normal subgroup of index p,

t can be lifted to ? : K 3 K such that qu = qZ?.

] - ] . = = .
Hence tqg lql q 2q2t i.e tgl gzt. As in the

proof of proposition 1, section 1.1, t:hz:t?-l is a

covering transformation on K. Note that 9, and
g, are 2p- covering transformations and the group of
covering transformations of K with respect to gl,
A (K, gl);;<hl> (see Chapter 0). So we obtain that
-1 i

—;hzi = hl for some 1 £ i < 2p.

to
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Hence h2 = h ~w hl. This finishes the proof of

proposition 2 and case 1.

Case 2.

F(hp) # #. By [12] (or [81]) F(hp) is homeomor-

phic to one of the following sets: SO, SOO Sl, Sl,

stosl. 1£ FmP)y~s® = {x, y}, then since h(F(h?)) =

F(hp) and F(h) = g, h(x) =y and h(y) = x. But

this implies that h2x = x and hzy = y contradicting

~ 0

the fact that F(h2) g. so F(hP) cannot be =s".

1f F(hP) ~ s'5s®, then since F(nP) is
. . 0 0 1 1
invariant under h, we get h(S ) = S and h(S") =~ s™.
As above this contradicts F(hz) = . Hence F(hp)
cannot be ~s’ust.

Now we are left with the two possibilities:
FnP) » st or st o st.
Lemma 3.

1 .

1f rhP)~s' or s'us®, then x/<nP> s
homeomorphic to Mobius band or an annulus respectively.
Proof

Let B = K/<hp>. Since hp is an involution on K,

we have by [4] that x(K) + x(F(hP)) = 2y(B). But
F(hp) is one-dim, so x(F(hp)) = 0. And since ¥ (K) =0,
X(B) = 0. So B 1is homeomorphic to one of the spaces:

K, T2= the 2-dim torus, Mobius band M, an annulus A.
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Now we claim that 9(B) = q(F), where gq:K »+ B

is the orbit map and F = F(hp). If xeK - F, then

x has a neighborhood U = m? and qg(U )R U _ . gq(U.)
x x X x

is a neighborhood of gq(x) ¢e B and since q(Ux) ~Ux~]R2,

q(x) € Int(B). If x e€F, then x has a neighborhood

. 2
Ux s IR 2. Fn Ux separates Ux into two components & IR +

and q(Ux) ~ ]Ri_ and is a neighborhood of g(x) ¢ B,

i.,e q(x) e 9B. This proves the claim. So 3B # @,
hence B cannot be s K or T2, for these have no

boundary.

If F®S , then B has one boundary component

If F‘Nsl USl, then 3B has two boundary com-
ponents and B = A. O
Now, let h2 and h3 be as in theorem 1. We

prove the following lemma.

Lemma 4.

Let h : K+K be a periodic homeomorphism of period
2p, p odd prime, and assume that F(hp)nssl. Then
h ~w h2.

Proof

h induces h_ :K/<hp>-*K/<hp> of period p and

h acts freely on K/<hp>. Similarly h2 induces h 5 ¢

K/<h2p>->K/<th> of period p and h-2 acts freely
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on K/<th>. By lemma 3 above K/<hp>==M, a Mobius

band and k/<h,P>w~m. et F = rF(hP) ana r, = r(nP).
Let K' = Kk/<hP>, K, = x/<th> and q : K> K', q :
K -+ K2 be the orbit spaces and orbit maps respectively.
Also let q'l: K2 -+ K2/<h;> zzK/<h2> , q': K-*K'/<h->

8 K/<h> be the orbit maps of l<2 and K'. ql(FZ) =
leasl and gq(F) = kasl are the boundaries of K2 and

K' respectively. q'l(JZ) and q'(J) are the boundaries

of K/<h2> and K/<h> respectively. Since h  and h;
are free of period p on M, an arguement like the one

used in section 1.1 using the Euler characteristic yields

Ky/<h,

>mM ™~ K'/<h >. Let ¢t : q'(3) >q', (3,) be a

homeomorphism. Extend t to a homeomorphism on all of

K/<h> still call it ¢t.

ot

|

Kl

v
N

K/<h> N K/<h2>
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Since q' and q'l are p- covering projections and

ﬂl(M) ~ Z has an unique normal subgroup of index p,

we can lift t to a homeomorphism t : K' + K2 such
that q'1€ = tq' and ¢t(J) = J,- Now gq :K - F, >

K2 - J2 and q : K - F +K' - J are double covering
projections and ‘n'l(l(z -J2) o~ Z ;‘nl(K' -J) we can lift
t to a homeomorphism t : K-F » K-E‘2 such that

ql? = Eq. Since ?(F) = F2 and t is continuous this

is true on all of K.

Now, q' is a covering projection and the diagram

below commutes

— h -—
K' £ > K, 2 > K& t K'
ql ) , ql
\ /Il
t t
K/<h> - 1(/<h2> &« K/<h>
hence for some i, E-llf; t =n*t. Also, since
gh = h'g and qh, = h,q,, it follows that: qh* =nh"'q.
i -i -1 - = ==-1_ - = _ —1 = _
Hence gh” = h "q = t hth—t hqut -tql h2t =
- _ " .
qt lhzt. Thus, if xe F, then h " P(x) = h “(x),
note that here g|F is a homeomorphism. If x4¢F, then
'+ = = 1 . ==
P x) = % lhzt(x) or h'(x) =tlh2t(x).

Therefore h ~ h_.
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Finally in order for the proof of theorem 1 to be complete

we prove the following.

Lemma 5.

Let h : K * K be a periodic homeomorphism of
. . . jo) 1 1
period 2p, p odd prime, with F(h )~ S uS . Then
h ~w113.
Proof
Let K, = K/<h3p> . By lemma 3, K, ~A. As in
lemma 4 we obtain that h ~w113. O

This finishes case 2 and completes the proof of

theorem 1.



CHAPTER TWO

Zzp-ACTIONS ON THE SOLID KLEIN BOTTLE K

Section 2.1. FREE ACTIONS ON K.

Z ok+1

Lemma 1.
If h : K *>K 1is a (PL) homeomorphism of period

2k +1, k=21, on K, then Fixh is either @ or

Let n =2k + 1 . n can be written as n = pfl.p;z
...p;ﬁl where pl, ey pm are distinct odd primes and

t ey tm are positive integers. If m=1, then h

1’
is of period pfl. on K which is a homology 1- sphere.

Hence by [4] Fixh is either @ or a homology l-sphere.

F (h) cannot be 2-dimensional because pfi # 2. So
F (h) is either @ or zsl. If m= 2, then
t
n = p;ﬁ.p;z and hpl 1 is of period p;2 . As above
t t
F(hP1 1) is either ¥ or w~s'. 1¢ FrA 1) = g,
t
F(h) = d@. Since F(hpl 1) is invariant under h, then
€ 1 t
if F(hBL ) xs* and F(h) # §, h is of period p 1
t
on F(hpl l) zsl a homology 1- sphere and again by

(4] F(h) = Sl. Hence if m = 2, F(h) = g or = Sl.

19
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Now assume that the result is proven for m = i.
t t. .

Let ¢ = p1 1...pi i. Let the period of h Dbe

. pti+1

i+ i+
cE’iill' Then h * 1 is of period ¢ on K so by
tia1

. . . i+l . . 1

the induction hypothesis F (h ) is either @ or =S
pti+1 pti+1
i+ .
1f F(h 2*Y )y =g, Fm) =p. 1f F(h ') = s, then
by T4] F(h) = S1 or @.
1

Hence F(h) = g or =S . 0
Remark. The proof above shows that if F(h) = Sl, then

F(h') = F(h) ~ s' for all 1<i<2k + 1.

In the rest of this section we consider the free
. . i
z 2K+1 actions on K, i.e F(h") =g for all

l<i<2k + 1.

Lemma 2.
Let h : K+ K be a homeomorphism of period 2k + 1,

k=21. If <h> acts freely on K, then K/<h> = K.

Proof

Let B = K/<h> and let p : K > B be the orbit map.
Since <h> acts freely on K, K 1is a regular 2k + 1
covering of B (11, theorem 8.2, Chapter 5]. Hence
p#(nl(x))eez is a normal subgroup of index 2k + 1 of

nl(B). So we have a short exact sequence
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0 » Z g'*‘TT(B)

1 ZZ2k+l

Since B 1is covered by a contractible space and
no nontrivial finite group can act freely on a finite

dimensional, contractible space [6; page 287], Trl(B)

has no torsion subgroup. Let a = a(generator of Z)

and b be such that PB8(b) 1is a generator of sz + 1

Since p#(ﬂl(l()) is normal in TTl(B), bab—le <a>.

So bab-l=a or a-l. If bab-l=a_l, then

2

Hl(B) is finite (for the coset

b =b>b + [Trl(B), Trl(B)] is of order 2k + 1). Hence

nl(B)/[nl(B), Trl(B)]

3 .
X(B) = z (-1)10. =1+ p because p, = 0 = p
i=0 i 2 1

3'
because B is nonorientable. But this implies that
X(B) 21 contradicting the fact that ¥ (B) = 0. Hence

-1 -1 -1
bab # a . So we must have bab = a and so
Trl(B) is abelian. From the principal theorem for abelian
groups Trl(B) = Z + Tor(ﬂl(B)) =2Z + 0= 2.

Hence ﬂl(B) = ZZ .

Note that B is compact, nonorientable, irreducible
2
with K (2-dim Klein bottle) as its boundary. Moreover,
. . . . 2
B contains no 2-sided projective planes P , because
. . 2 -1 2 .
if B <contains such P , then p (P ) will be a 2-

sphere S, and since K is irreducible S bounds a
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a 3-cell C. Then p(C) is a 3-manifold bounded by

P2. Now by [5] theorem 11.7 B =K. ad

Proposition 3.

Up to weak eguivalence there is exactly one free

Zz 2k + 1 (k 21) action on K.
Proof.
Let h, : K*K be defined by hl([z, tl]) =
[z, t 2;&1 ]. hl is a homeomorphism of period 2k +1
and F(hi) = g for all l1<ic<?2k. So by lemma 2 above

k/<h1> ~ K. Now let h : K > K be any homeomorphism of

period 2K + 1 such that F(h') = @, 1<i<2k + 1.

Lemma 2 implies that k/<h> s~ K. Let p1 : K > K/<hl>

and p : K + K/<h> be the orbit maps. pl and p are
(2k + 1) - coverings of K/<h1> and K/<h> respectively.
Let t : K/<hl> + K/<h> be a homeomorphism. Since tpl
and p are (2k + 1) - covering projections of K and
since ﬂl(K/<h>) ~Z has a unique normal subgroup of -

index 2k + 1, ¥ a homeomorphism t : K > K making the

K
Py l p

K/<h_ > —> K/<h>

diagram

|
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commutative, i.e such that tp1 = pt. Now as 1in
proposition 1, section 1.1, h"hll for some 1 <1i <2k.
Hence any two free Z:2k-+l actions on K are weakly
equivalent. ad
Section 2.2. ZZ2P - ACTIONS ON K

In this section we classify all Z ~ actions on

2p

the solid Klein bottle K, up to weak equivalence,
where p 1is a prime number. The case p = 2 1is studied
in [13], so we study here the case where p is an odd

prime.

Our main result is the following

Theorem 1.

If h : K+K 1is a homeomorphism of period 2p on
K, p an odd prime, then F(h) = @ and F(hz) = g
and h 1is weakly equivalent to one of the following
period 2p homeomorphisms on K depending on whether

F(hp)fSM, A or sl respectively:

hl([z, t]) = [-z, t + E;E ], F(hf)) ~ Mobius band M
h_([z, t]) = [ ;, t + p-l 1, F(hE)) ~ Annulus A
2 P 2
p-1 P 1
, = [-z, EE- 7, F X .
h3([z t]) -z, t + 5 ] (h3 ) S

The rest of this section is devoted to the proof of

theorem 1.
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Let h : K * K be of period 2p. Since (h2)p = 14,

2 . . . .
h is of period p on K. Since K 1is a homology

l-sphere, then [4] gives that F(hz) is a homology

r-sphere, where r <1 and 1 - r 1is even. Hence

r 1is either -1 or 1. p # 2, so F(hz) is either
1 2 2

g or ~S . Note that F(h) < F(h). If F(h') =g,

then F(h) = ¢g. If F(hz) ~ Sl, then since h is

an involution on F(hz) ] Sl, it follows from Smith

[15] that F(h) is a homology r-sphere, r < 1.
Hence r = -1, 0, 1 i.e F(h) is one of the sets:

0 . .
a4, S, Sl. So we consider the following cases:

]

Case 1: F(hz) ¢, hence F(h) = ¢g.

Sl and F (h) is @, S0 or 1

14

u
0

Case 2: F(hz)

Case 1l: F(hz) a.
In this case h is determined up to weak equivalence

by the F(hp). We prove the following

Proposition 2.

Let h : K> K be of period 2p on K, p odd
2
prime, with F(h ) = @g. Then h 1is weakly equivalent to

one of the homeomorphisms hl' 5t h3 depending on

whether F(hp) ~ M, A or = Sl respectively. (The

maps h h3 are the ones in theorem 1).

1’ 2!
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Proof of Proposition 2.

P

h is an involution on K, hence by [13] F(hp)

. . . 2.
is homeomorphic to one of the sets: I upt, D"uUI,

M, A, Sl. Since F(h) = @ and F(hp) is invariant

under h, F(hp) cannot be I0pt or 020 I, otherwise
in the first case h(pt) = pt and h(I) = I so h

would have at least 2 fixed points. In the other case

h(Dz) = D2 and h(I) = I and Brouwer fixed point theorem

implies that h has at least 2 fixed points. Hence

F(hp) is homeomorphic to one of the sets M, A or Sl.

The map h induces a homeomorphism h~ of period
o) on K/<hp> defined by h-q = gqgh where g : K-*K/<hp>

is the orbit map. Note that <h”> acts freely on

k/<hP®>. From [13] if F(nh®) ~s' or M, then K/<hP>=x K

and if F(hP) ~ A, then k/<hP> m D% x S', the solid

torus.

Now, we show that any homeomorphism h of period
2p with F(h2) = @ is weakly equivalent to one of the

h h_.

homeomorphism h 9t 3

ll
(1) Assume F(hp)::M. We show that h 1is weakly

equivalent to hl. Note that F(hl) = F(hf) = @ and

K/<hlp> ~ K, also since F(hp) ~ M, K/<hp>::x. The

induced maps h]_ and h are free on K/<hlp> and

K/<hp> respectively. Since K/<h1p> ~ K = K/<hp> and

hl and h are free of odd period p it follows from
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lemma 2, Section 2.1 that (K/<hp>)/<h- > = K and that

1 1
(K/<nP>)/<n™> =~ K. Let K = K/<h P> ana k=
K/<hP>. Let q, : K> K, q, : K > K /<h > & K/<h >,
q : K » K2 and q' : K2 - K2/<h-> ~ K/<h> Dbe the orbit
maps. Since hlp and hp are involutions, ql(F(hlp)) =

Ml is a Mobius band in a(Kl) and q(F(hp)) = M2 is a

Mobius band in 3(K2)' F(hlp) is invariant under h

1
and F(hp) is invariant under h, hence Ml and M2
are invariant under h}_ and h_ respectively. Since

B(K/<hl>) and 3 (K/<h>) are 2-dim Klein bottles,
. . .
qz(Ml) and q2 (Mz) are Mobius bands in 8(K/<hl>)

and J3(K/<h>) respectively.

h p

: is an involution on K so by [9] and [10]

d a meridional disk D in K which is invariant under

n P. cut « along D we obtain K' = D2 x I and by

(9] hlp/K' ~ £, f(z, t) = (z, 1 - t). Let D be an
hlp invariant disk in K', then ql(B) = El is a
meridional disk in Kl. h~  acts freely on Kl so

= p-1 . ..
El, h l(El), oo hl (El) are mutually disjoint.
Hence q2(E1) is a disk in K/<hl>. Similarly for nP

we obtain E and q'(E) a meridional disk in K/<h>.

Let ¢, = B(qz(El)). c = 9(gq'(E)) and e, = 3(q2(Ml)),

e = B(q'(MZ)). e, and e separate 3(K/<h1>) and

d (K/<h>) respectively each into two Mobius bands.

Also c1 and e, meet in 2 points so do c and e.
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Note that 3(K/<hl>) -c, -e;, and 3(K/<h>) -c -e each

1
consists of two open rectangles. Now let tl :cluel 5
cue and extend tl to t, : 8(K/<h1>) + 3 (K/<h>)

1
such that tzqz(Ml)_=q (Mz). Then extend to t3 on

qZ(El), finally accross the open 3-cell K/<hl> -

3(K/<hl>) - q2(El). The final map is a homeomorphism

: < > <h> i = ' .
t K/ h1 -+ K/<h with t(qz(Ml)) q (Mz)
K t S K
q, q
v T N7
A
A )
1
q, q
4 N (2
K/<h_> > K/<h>
<h1> and <h > are free so q2 and q' are p-

covering projections and since nl(x);:z has a unique

normal subgroup of index p, t <can be lifted to a

homeomorphism t : K, - K such that tq2 = q'g and

1 2
E(Ml) = Mz. Now ql is a double cover : K - F(hlp)+
Kl - M1 and g a double covering projection:
p - —
K F(h™) -» K2 M2. But nl(Kl Ml)=* z , t can be

lifted to t : K - F(hlp) > k - F(n?).
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By continuity t <can be extended to all of K. So
qt = tql. Now as in the proof of lemma 4,

section 1.2 we see that h ~ h._.

w 1
(ii) Assume F(hp) ~ A, an annulus. We show that
- _ 2 _ P 2 1
h w h2. Note that F(hz) = F(h2 ) = ¢4, K/<h2 > D xS,

a solid torus. Similarly K/<hp> 4 Dzzcsl. Since h2

and h  act freely on K/<h2p> and K/<hp> respectively

and p is odd, then by [7] Kl/<h; >::D2>csl and

K2/<h-> ~ D2 xSl, notations as in (i) above. th and
hp are involutions imply that ql(F(th)) = Al and
q(F(hp)) = A2 are annuli in 8Kl and 8K2 respectively.
As in (i) qZ(Al) and q'(Az) are annuli in 3(K/<h2>)
and 9 (K/<h>) the latters are homeomorphic to Sl>(sl.
h; and h  free imply that q2 and q' are p-covering

projections. Note that K1/<h; >==K/<h2> and K2/<h-> I~

K/<h>. Hence K/<h2> I~ D2 X Sl ~ K/<h>. As in (1)

there are meridional disks ~El and E in Kl and Kz

respectively such that qz(El) and q'(E) are meridional

disks in K/<h_ > and K/<h> respectively.

1
]

Let ¢, = B(qul)r1q2A1, ¢, the complement of

s = (] ' [} 3
¢, in a(qul), c, 3(q'E) ng A2, c'y its complement
in 9(g'E). Let t : ¢, > c, be a homeomorphism.
Extend t to a homeomorphism : qz(Al) > q'(Az) then

(] ] ]
on cC 1 on to ¢ 5t then on qu1 on to q'E, next

on the open rectangle 3(K/<h1>) - qul on to 9d(K/<h>) -
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q'(AZ). finally across the remaining 3-cell in K/<hl>.

Still call the new homeomorphism t. Note that t(qul)

q'A_. As in (i) 1lift t to t : K, = K_ such that

2 1 2
e = . 1 m - ~ - ~ 3
q't tq2 Since l(I(l Al) _____Trl(K2 A2) Sz lift
E to t K - F(th) + K - F(hp), by continuity extend

t on all of K. So gt = tq1 on K. Hence as in (i)

(iii) Assume F(hp) x Sl. We show that h ~ h_.

We use the same notations of (i). By [13] K, K=K

P 13 1%
= < > = < > =
where Kl K/ hﬁ , K2 K/<h . ql(F(h3 )) c and

q(F(hp)) = c are simple closed curves in the interiors

2

of Kl and K2 respectively. By lemma 2 (section 2.1)

<h _ > = <h > ' .C. i
Kl/ h 3 K = Kz/ h . q2cl and q c2 are s.c.c in

the interiors ofK/<h3> and K/<h> respectively. Let

t : K/<h3> > K/<h> be a homeomorphism mapping gq._(c,)

21

on to q'(c2). As in (1) 1lift t to ¢t : Kl > K2

mapping «c on to ¢ and q't = tq,. By (131 F(h3p)

1 2
and F(hp) are the "cores" of K, so cl and c2 are
the cores of Kl and K2 respectively. Hence
'"l(K1 - cl) - “1(K2), K2 the 2-dim Klein bottle.

“1(K ) has a unique normal subgroup of index 2

. 2 .
corresponding to K° [14]. So we can lift t to

ot

K - F(h3p) + K - F(hp). As in (1) we conclude that

h is weakly equivalent to h3.

This completes the proof of proposition 2. 0

This takes care of case 1.
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Case 2. F(hz) I~ Sl and F(h) 7] or S0 or zsl.

We consider the following 3 subcases:

Subcase 2.1. F(hz) I~ S1 and F (h) zso.

We show that this case cannot happen.

Proposition 3.

There is no homeomorphism h of period 2p, p

odd prime, on K with F(hz) i~ Sl and F(h) = SO.

Proof

h? is an involution on K. Hence by [13] F(hp)
is homeomorphic to one of the sents: I Upt, D2 01,
M, A, sl. Note that F(h) < F(nP). 1f F(nP) = w,

A or Sl, then F(hp) is a homology 1l-sphere.

Since F(hp) is invariant under h, h is a period
p homeomorphism on F(hP). Hence by [4]1 F(h) is

a homoloyg r-sphere with r<1 and 1 - r 1is even.

So r = -1 or 1, i.e F(h) is either @ or = S1

contradicting our assumption that F(h) = SO. So

2 .
Fr(h?) cannot be M, A or s'. If F(hP) x~ D? 0 I,

then since h(F(hP)) = F(h®), n(p?) = p? and h(I) =

So h has one fixed point in D2 and one fixed point

x in I. So h must interchange the sides of I - x

and since p 1is odd hp interchanges the sides of I

contradicting the fact that I ¢ F(hp). Hence F(hp) Z

p? 1. Finally if F(hP) ~ I 0pt, then since F(nP) i

S

invariant under h, we have h(I) = I so h must have

X
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a fixed point in I. We get a contradiction as above. [

Subcase 2.2. F(hz) N sl and F(h) =z Sl.

Note that F(h) = F(h%) n F(hP) and hP is an

involution on K. Since F(hp) is invariant under h

and F(h) z~ Sl, F(hp) cannot be 2-dimensional, other-

wise h must interchange the two components of U - F(h),

where UCF(hp) is a small neighborhood of x in F(h)

and since p is odd this implies that hp interchanges

the two components of wu- F (h) contradicting the fact

that ucF(hP). so F(hP) cannot be D>UI, M or A.

Since F(h) cF(h®) and F(h) ~ s’, F(nP) cannot be

~I Upt. Hence the only possibility is the F(hp) x Sl.
So now we have F(h) = F(hl) X Sl for all 1 <1i«<2p.

We shall show that this cannot happen.
First we show the following:

Lemma 4.

If there exists a homeomorphism h : K > K of period

2p, p o0dd prime, with F(h) x Sl, then K/<h> s~ K.

Proof

h induces an orientation preserving homeomorphism

h~ on the orientable double cover 02 X S1 of K with

1 .
period 2p and ah™ = hqgq where g : D x S =+ K 1is the

covering projection. By definition of h™, F(h™) # ¢
and F(h™) = q_l(F(h)). By [7] F(nh™) = st and F(h™) =

~l . ~ 3 . .
F (h ), l<i<2p. Hence h P is an involution on
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2 . . . .
D x S1 with fixed point set a simple closed curve.

Tollefson [17] shows that if an orientation preserving

. 2 .
homeomorphism f on D x Sl has a simple closed curve

as its fixed point set, then f 1is equivalent to a

rotation about the core 0 x Sl of 02 X Sl. In

particular F(f) = 0 x Sl i.e it is unknotted. So

Fix(hP) = 0 x s' and since F(h~P) = F(h~), F(h™) »

0 x Sl. Hence by [7] D2 x Sl/<h~> ~ 02 X Sl.

Now consider the diagram

K & P p? x st
q q

v . 2¢L L 5 1

B ¢ P D" x ST /<h™>~D" x S
where B = K/<h>, q : K+ B the orbit map, q :
D2 X S1 - D2 X Sl the orbit map of 02 x S1 and
p : D2 X Sl +- K the coverning projection of the orientable
double cover D2 x s1 of K. p' : D2 X S1 - B 1is
defined by p'q = gqp. Since ql(kK - F(h)) 1is a 2p-
sheeted cover of B - q(F(h)) and EI(D2 x st - F(h™))
is a 2p - cover of 02 X Sl - §(F(h™)) and since p is

a covering map, then given be B-q(F(h)) we can find an

open neighborhood Vb such that p'~1(Vb) = UlO U2 with
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U, open and p'(Ui) ~ VvV i=1i, 2. Note also that

i b’
F (h™) is a double cover of F(h) and q(F(h)) =~ F(h)

~ ~ ~ 2
and q(F(h™)) =~ F(h ). Hence D x S1 double covers B.
Since B 1is non orientable and 0B = K2 and is double

covered by D2 X Sl, B ~ K. 0

The proof of lemma 4 can be used to prove the following:

Corollary 5.

If h : K+ K 1is a homeomorphism of period n,
where n 1is an odd integer, with F(h) a simple closed

curve = core of K, then K/<h> =z K.

Proof

Since n 1is odd and F(h) =z Sl, then by the
remark following lemma 1, section 2.1, F(h) = F(hi)
for all 1<i<n. h induces h~ on D2 x s’ with

F(h™) = S1 ~ 0 x Sl, the core of D2 X Sl. Now proceed

as in the proof of lemma 4. a

Since F(h) = F(hl) ~ Sl, F(hp) x S1 and since

hP is an involution on K, F(hp) ~ core of K. So

we can assume that F (h) core of K, q(F(h)) = core of

K/<h> = K.

Now h2 is of period p and F(hz) i~ S1 and by
the above remark F(hz) = core of K. Hence to be done

with this subcase we prove the following
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Proposition 6.

There is no homeomorphism h : K > K of period p,

p an odd prime, with F(h) = core of K = Sl.

Proof
Let g : K ~» Kl = K/<h> be the orbit map. By
corollary 4, Kl % K, g(F(h)) = Core of Kl.

Let D be a meridional disk in K/<h> such that

Bqu(F) is a point (Note that aqa(F) is the core of Kl

q-l(S) is either one disk or n disks meeting at a
common interior point. Note that 9K = 3K1 = K2 the
2-dim Klein bottle. qIK2 is a p- sheeted cover of
3K1 = K2. 3D is a simple loop a: I + K2. Let ey =
a(0) = a(l) and let soeq'l(eo). Let a = [al], and

let B be an orientation reversing loop which meets a

transversaly once at eo and let b = [B]. So

ﬂl(axl, eo) = <a, blbab“l = a—l>. m (K2) has a unique

1
normal subgroup of index p ~ Wl(KZ), hence (qIBK)#

T (3K, &) = <aP, blpab ! = a™!>. Let n: I >k be a

loop which wraps once around the component of q'l(aB) =

]

q—l(a) containing Eo, with n(0) = n(1) go' Then

(q]BK)#( (nl) = a? and so aln(r) covers a(I) = 3D

in a p to 1 fashion. Hence q—l(a) is a meridional

-1 —

disk D in K. Since hgqg (D) = q-l(B), h(D) = D

i.e D 1is invariant under h.

Now cut K along D and Kl along D to obtain

D x I and Dl x I respectively, where D~ D, ~ D,
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the standard disk. 3(D x I) contains two copies D'
and D" of D and 9J(D, x I) contains two copies
D' and D" of D. Let e be an arc =~I in D

joining the center of D(= Bqu(F(h))) and 09D. So

D' contains a copy e' of e and D" contains
another copy e" of e. Let FcD x I be F(h) after

cutting K and Fc D1 x I be q(h(F)) after cutting

Kl. Let E be a disk in Dl x I bounded by e', e,

F and an arc in (BDl) x I joining the point e' nD!

and the point e'' n D' . See the figure below

q-l(E) consists of p disks E(l), i=1, ..., P
having F as a common edge. Let 2’(1) = E(l)th' and
| R =g apr in px 1. 2 and &' .. are

(i) (1) (1)

pairwise disjoint arcs for all i Jjoining F to D'

and oD’ respectively. Let B'(i) be the part of D’
. ’ ’ ’
that lies between l(i) and R(i+1) and oD'.

Define B'%i) similarly. See the figure below (p=3).
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/

D
—_—— e - - "B
K . “ ‘ . . ' 4 - /

E y

DXxTI

The case p = 3

Let Uy be the identification map of D x I and ¢’

the identification map of D, x I. Y’ identifies e

1

with e’ and D’ with D’ so that D1 x I/Y’ = Kl.

S identifi L, i L. i = ... .

o Y es (i) with (i)r 1, + P

So it must identify B’ . with B’ , for i =1,

(1) (i)
..., P. Hence Yy identifies D’ with D" in an
. . . 2 1

orientation preserving manner. Hence D x I/ =D x S .
So K <cannot be restored from D x I. But D x I/VY
must yield K. a

Remark 7.
In the above proposition p may be replaced by any

odd positive integer.
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This follows from corollary 5, section 2.2 and lemma 1
section 2.1 and the proof of proposition 6. This

completes subcase 2.2.
Now we handle the last subcase

Subcase 2.3. F(hz) X S1 and F(h) = #.

since hP is an involution on K by [13] F(hp)

. 2. .
is ~ Iupt, D uvI, M, A, Sl. As before, since
F(h) = ¢, F(hp) cannot be IUpt or D 0UI. So we
are left with the 3 cases F(hp) X M, A, Sl. We shall

show that none of these cases is possible.
First we prove the following:

Lemma 8.
Let F = F(hz) and let xoe F. Let i : F > K Dbe
X . . iw _
the inclusion map. Then 1mage(ﬂ1(F, xo)____QHI(K, xo))—

m i. u .
l(K, xo) i.e F generates l(K, xo)

Proof

We follow here a method of proof used by Conner and
Raymond [2]. ©Let f = h°. Let (K*, q) be the universal
cover of K and let §0€ q—l(xo). Note that h2 = f is
of period p on K. Lift the Z:p action of f on K
to a Z:p action on K¥*,. From covering space theory f
induces f on K* with period p and q? = fq. Let

E = F(f). From Smith theory E 1is connected and acyclic

and since E 1is connected, q(E) = F. Let aewl(K, xo)
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and let A(t) be a loop in K based at X,

representing a. Lift A(t) into a covering path

A

A(t) with X (0) = §o and A(1l) = a(§o)e E (for

qa = q implies q(a(X))) = a(X)) = x fo = aof

o'

implies fa(xo) = af(xo) = a(xo), hence a(xo) € E).
3 a path A’(t) in E with A’ (0) = §0 and
(1) = A(1) = a(§0).
Then
A(2t) 0<sts<k
Y(t) =
AT(2 - 2t) b<ts<1
is a loop based at ;O representing [Y] € ﬂl(K*, ;O) =

0. But q(A(t)) represents Be m_(F, x,) (for

1

q(A'(0)) = q(x.) = x QX' (1)) = a(A(1)) = q(a(x]))
A" cE implies q(A'(t))cF) and [yl =0

implies B = a in ﬂl(K, xo), for A ~ A" implies

q(l) = gq(A') i.e a=R.
Now we are ready to handle the remaining cases for

F(hP).

(i) P(hp) < Sl. From Chapter 1, section 1.2, we

wee that F(hp) and F(hz) are in the interior of K

. 3 . .
which has IR as a universal cover. hp induces an

involution o on m? with ga = hpq, where

q ::m3 > Int (K) is the covering projection. Since
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1 (le

ﬂl(F(hp), x (K, x)

) =
= 2

F=q Y(F(n

). By lemma 8

F~ R. Since F(h%) nF(hP)

otherwise X eF(a) nF

a (F)
3

It is easy to see that

3

involution on R’ - F @ R

3—

theorem [3] we have

H (S3
r

H. (R
1
-Sl) 0 for

R3-

F(a) ¢ RS -

r>1

R = IR3-

a

other words

Now F

1

s°,

r -1, o, by (15]. That

l-sphere, a. But F (a)

a point. This contradiction

~

be

~
~

(ii) F(hp) A, an ann

an hp-invariant meridional

and D in general position

so F(hP) nD is a properly

Cut K along D to obtain

and U contains two copies

each contains a copy of I,

Let F Dbe F(hp) after cut

FnD"” ' .

By Brown [1]

in U. Let be the image

F(h2) n F(hP) FnF

2, 2.

by identifying (x,0) in D

would

is a homology
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~
~

mma 8), F(a) IR . Let

we obtain the fact that

F(a)n F

F (h) g, 2.

imply p(X) ¢ F(hP) n F(n%).

= F. Hence o is an

R .

1.

R ) =Hi(S3-S But

nd 2Z for r = 0, 1. In

F 1is a homology 1l-sphere.

r-sphere with

is F(a) is a homology

~
~

IR has the homology of

shows that F(hp) cannot

ulus. By [91 and [10] &

disk D embedded in K

with respect to F(hp).

embedded arc I

a component

of D,

say

ting K. and

F 1is an unknotted disk

of F(hz) in U. Since

K is obtained from U

’

with (@d(x), 1) in D"

By Alexander's duality
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where @ is an orientation reversing homeomorphism

D' > D . But FNnF =@ so in order to obtain F(hz)

we have to let F travel twice around K, otherwise
F(hz)th(hp) # @. But F under the identification

must be F(h%), but it is not, it is 2F(h%). Since
F(hz) generates Wl(K, X), lemma 8, this cannot happen.

Hence F(hp) cannot be A.
(iii) F(nP) ~ M, Mobius band. As in (ii) this
cannot occur.

This completes case 2 and finishes the proof of

Theorem 1.

Section 2.3. SEMI-FREE ACTIONS ON K

In this section we study the semi-free actions on
the so0lid Klein bottle K. We state our results in the

following.

Theorem 1.

Let h : K * K be a periodic homeomorphism of

period n acting semi-freely on K.

Then
(1) There is no such h if n 1is even and n > 2.

(2) There are 5 such h up to equivalence

(3) There is no such h if n 1is odd and F(h) =
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(4) There is a unique such h, up to weak

equivalence if n is odd and F(h) = g.
Proof

Case 1. n 1is odd, of course n > 1.

By lemma 1, section 2.1, F(h) is either @ or
a simple closed curve ﬁisl. If F(h) = @, then by
definition of h, F(hi) = @ for all 1<i<n. Hence
<h> acts freely on K. By proposition 3, section 2.1,
1’ where h1 : K> K 1is
defined by hl([z, t]) = [z, t + —i—] . This proves (4).

h is weakly equivalent to h

If F(h) » s’, then F(h') ~s!, 1<i<n. 1f

F(h) = core of K, i.e F(hl) is unknotted then by
remark 7, section 2.2, such an h doesn't exist.

This proves (3).

Case 2. n 1is even.

If n =2, then h 1is an involution on K. All
involutions on K are classified up to equivalence in
[13]. 1In fact, there are 5 such involutions, up to
equivalence, distinguished by their fixed point sets.

If n is even > 2, then n has one of the two

a

a .
forms : n = 2, a > 1 or n =2 m, m 1is an odd

positive integer.

If n = 2", o positive integer > 1, then by [13]

such an h doesn't exist.
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. Q c s .
Finally, n =2m, m positive integer > 1.
If F(h) = g, then this cannot happen, otherwise since

n n

h acts semi-freely, F(hz) = g. But h2 is an
involution on K and by [(13] there is no involution
on K with empty fixed point set.

a
Now, assume F(h) # @. Since h2 has an odd

period m, lemma 1, section 2.1 gives F(h™ ) = S and
since h acts semi-freely on K, F(h) ~ S~ . Hence

F(h') = F(h) ~ S* for all 1<i<n. Since n is even

a
F(h) = core of K. Now we have h2 is a homeomorphism of

. . . . 1
odd period with fixed point set =< S = core of K. But
this cannot occur by remark 7, section 2.2. This yields

(1) and finishes the proof. g
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