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ABSTRACT

NONITERATIVE SOLUTION
OF THE MINIMUM REGULATOR
AND MINIMUM TIME PROBLEMS

By

Gerald E. Bernier

This thesis considers the direct, noniterative computation of the
solutions of a set of optimal control problems. The specific control
problem considered is that of finding how close to the origin a given
initial state can be driven in a fixed run time. This problem is
studied for linear systems and for nonlinear systems which are linear
in the control vector. The set of optimal final states for all pos-
sible run times must also be continuous in the séate space.

This locus of optimal final states is shown to be the state tra-
jectory of another system which is called the trajectory system. The
differential equation of the trajectory system is developed in the
dissertation. Computational solution requires that this differential
equation be solved simultaneously with a constraint condition, which
is also developed.

An algorithm is presented along with two different methods of
solution. One method is shown to be generally superior. It is used
in a special digital program to solve some example problems. The re-
sults of an example problem solved with an analog computer are also

included.
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1. INTRODUCTION

One of the branches of control theory which has received a great
deal of attention in the past twenty years is optimal control. 1In an
optimal control problem, one starts with a system and a cost functional,
J. The object of the optimal control problem is to apply inputs to
the system in such a way as to minimize the cost functional J. In this
dissertation, the optimal control problem of primary interest is to
apply bounded inputs to the system so as to drive its state from a
given initial state to the closest possible point to the origin within
a fixed run time. The solution is considered to be the final state.

An associated problem which is also considered is to apply bounded
inputs to the system in such a manner as to drive the state from a
given initial state to the origin in a minimum amount of time. The
solution is considered to be that minimum run time. These are referred
to as Problem 1 and Problem 2, respectively.

Probably the most significant event in the area of optimal control
theory was the publication of the Maximum Principle by L. S. Pontryagin
and his co-workers [12]. In using the Maximum Principle, a function
called the Hamiltonian which depends upon the cost functional J, the
derivative of the state vector, and a costate vector is defined. If
a control or input vector is optimal, i.e., minimlizes the cost func-
tional, then it minimizes the Hamiltonian over the range of permissible
control vectors, and the costate vector at the end time 1s transversal
to the target set. The Maximum Principle describes a set of necessary
conditions for optimal controls, and usually these necessary conditions
do not provide sufficient information to calculate the optimal controls

analytically. 1In general, there 1s no method for obtaining a closed

1



form solution to/Problem 1 or Problem 2 — or any other realistic
optimal control problem — so the computation of optimal controls is
a very important branch of optimal control theory.

The methods for solving optimal control problems can be separated
into three broad classes. The first refers to those special cases where
it is possible to solve an optimal control problem analytically. Some
examples of this are given in Athans and Falb [1], but these methods
are not generally very useful because of the limited class of problems
to which they apply.

Secondly, consider a system which has discrete states and discrete
input levels which are defined at discrete points of time. 1In such a
system, all possible inputs could be exhaustively considered and the
results compared to find an optimum. This approach fails in most real-
istic problems because it requires too much time. The Dynamic Program—
ming method [4] utilizes the Principle of Optimality to eliminate most
of the permissible controls without first trying them, thus greatly
reducing the time necessary for the search procedure. Even though it
reduces the computation time, Dynamic Programming requires so much
storége space that the procedure is not often feasible.

The last group of computational methods — which are of primary
significance — are generally based on the Maximum Principle or the
Calculus of Variations. These methods can be further subdivided. Con-
sidering the solution of Problem 1, for an example, the primitive method
is to guess at a control function, run the system using that control
function, and in some way improve the control function — i.e., find
one that causes the final state to be closer to the origin. This pro-

cess is referred to as iterating over the control function. Such a



method was introduced by Ho [9]. It should be obvious that iteration
over an entire function would not normally be a very good method be-
cause of the large storage capacity that would be required. Most other
computational methods have improved this primitive approach by finding
single vectors or scalars to iterate over. For instance, one might
iterate over the initial or final value of the optimal costate vector
to solve Problem 1. This would be sufficient because knowledge of the
initial value of the costate would permit running the whole problem in
order to find the optimum final state or the control function which
achieves it. Ho's method was improved by Fancher [6] who iterated
over the final value of the state vector rather than the whole control
function. A representative group of the other methods of this general
class are those due to (alphabetically) Barr [2], Bryson [5], Gilbert
[7], Neustadt [11] and Stratton [13].

The various methods in this third group are all iterative methods.
This means that an initial guess of some quantity representative of the
problem solution is made; then that and successive values of the given
quantity are evaluated and improved until an optimum solution is obtained.

Computational methods are called direct or indirect as well as itera-

tive or noniterative. A direct method is one which is primarily con-
cerned with the variable or variables which are considered to be the
problem solution. This may not always be a meaningful designation.

As an example, Ho's method is primarily concerned with the control
function so it is an indirect method for solving Problem 1. But if
the problem solution were defined to be the optimal control function,
Ho's method would be termed direct. Normally, however, practical con-

siderations force a specific quantity to be designated the "solution"



of the problem. Fancher's method i1s a direct, iterative technique
for solving Problem 1.

This thesis is the result of research that was motivated by a
dual consideration:

1) TIterative methods are often undesirable because of convergence
problems and possible long computation times; and

2) A method that could be used on an analog computer alone could
prove to be advantageous.

These are termed a dual consideration because iterative methods cannot
be used with an analog computer alone — there must be a digital or a
human interface. A computational procedure must also be direct if the
problem solution is to be presented on an analog computer. So the
research was aimed at developing a direct, noniterative computation
procedure for solving Problem 1. Such a procedure introduces a dif-
ferent philosophy to the solution of optimal control problems; it is
hoped that this philosophy will eventually lead to better methods of
solving a wide range of optimal control problems. The solution method
presented in this thesis has practical significance. Given an arbi-
trary initial state, there are an infinite number of meaningful cases
of Problem 1 and there is the additional case of Problem 2. The pro-
cedure presented in the sequel makes it possible to solve all of these
problems with a computation time which is of the same order of magnitude
as that which is required by other methods to solve just one case of
Problem 1.

After definitions, terminology and problem statements, some Lemmas
are presented in Chapter 2. The computation procedure 1is developed
for time invariant linear systems, time varying linear systems, and
nonlinear systems in Chapter 3, Chapter 4, and Chapter 5 respectively.

Then the results are summarized in Chapter 6.



2. PRELIMINARY CONSIDERATIONS

The purpose of this chapter is to define the problem which is
solved in succeeding chapters and to present the background material
which is pertinent to solving that problem. In preparation for this
objective, section 2.1 is a presentation of the notation and termin-
ology to be used throughout. The systems to be studied are defined
in sections 2.2 and 2.3, and the control problem in section 2.4. The
results of the Maximum Principle, as it pertains to the control problem
at hand, are reviewed in section 2.5, and the normality condition is
attached to the control problem in section 2.6. The optimal control
vector and its switch times are discussed in section 2.7. Finally,

two Lemmas which are needed in later chapters are proved in section 2.8.

2.1 NOTATION AND TERMINOLOGY

All vectors are column vectors or n x 1 matrices — where n is
the dimension of the vector — and are denoted by underlined small-case
Roman letters. Capital Roman letters are used to designate matrices,
the dimension of which is specified unless clear from the context.

Superscripts are used to denote the components of a vector or a
matrix: a scalar component of a vector is denoted by a single super-
script (xi is a component of x), a scalar component of a matrix is
designated by a double superscript (bij is a component of B), and a
column of a matrix — being a vector — is denoted by an underlined
small-case Roman letter with a single superscript (E; is the jth column
or vector component of B). This allows the use of subscripts to dis-
tinguish between members of a set, such as a sequence. The transpose

of a vector or a matrix is denoted by a superscript T. A superscript



asterisk, zf, is used to denote an optimum vector — a local optimum
or a global optimum — where optimum is defined according to the par-
ticular control problem at hand.

The scalar, t, is used to denote time. If a particular vector,
say x, 18 a function of time, x(t) 1s its value at time t, and x(*)
is used to designate the whole function. The symbology x(*) is asso-
clated with a specified time interval over which the function is de-
fined. Differentiation of a variable with respect to time is normally

written as that variable with a dot over it:

é(t) = d:i{t(:t)

The notation "E“ is used for the Euclidean 2-norm of the vector
n
1\2 1/2
l=ll = x :
i=1
The inner product of two vectors is
n
ii
(x> = z X'y
i=1

The scalar signum function, sgn (a), is defined by

-1, a

sgn (a) = {O’a
1, a

v I A
oNeNe)]



and the vector signum function, sgn (x), is defined by

sga(xl)

sgn (x) =
P!
sgn(x)
2.2 SYSTEM DEFINITION
Because of the nature of the material to be presented in this
thesis, it is necessary to present that material as it applies to each
of three different systems. Each of these three systems is a special

case of the state equation.

x = £xw (2.2.1)
of of
where 3_; and i exist, and the m-dimensional control vector, u(e),

lies in the set
1
Q = {E)u LR OO L (R m} (2.2.2)

for all time. An admissible control is a measurable function whose
range is the set Q. The system state at t = 0 is designated X5
The most general system to be discussed is described by the non-

linear state equation

% = £(x) +B(u 2524:3)

£
where :_x exists and u is admissible. A special case of this is the

time-varying linear system given by
x = A(t)x + B(t)u (2.2.4)

where u is admissible. Finally, the first system to be discussed is



the time-invariant linear system given by
X = Ax + Bu (2.2.5)

where u is admissible.

The material to be presented on optimal computing procedures is
much more specific for linear systems and thus each system (2.2.5),
(2.2.4), (2.2.3) is treated separately in Chapters 3, 4, 5 in increasing

order of complexity.

2.3 THE REACHABLE SET AND CONTROLLABILITY
Given a system S, its initial state Xy 2 set 2, and a run time

T, the set of all possible final states is called the reachable set

for Xy and T and is designated R(anT) or just R(T). Such a (S, Q)

is called completely controllable if for any initial state b9 and any

final state x., X.€R(x,,T) for some finite T > 0. (S,2) is called com-

pletely null controllable if for any Xg» QFR(EO’T) for some finite T > 0.

Finally, for (S,R), the initial state X, is said to be in the region

of null controllability if geR(ﬁo,T) for some finite T > 0. In the

rest of this dissertation, and unless otherwise specified, it is assumed

that X, is in the region of null controllability.

2.4 THE CONTROL PROBLEM

The general control problem to be considered in this dissertation
is sometimes called the optimal regulator problem. The problem is to
transfer the system state from X, at t=0 to the point closest to the
origin in the fixed run time T > 0 while using an admissible control.
This final state is called{z*(T) and the control vector used to attain

it is called gf(-). Such a point is called an optimal final state




and must be a member of the reachable set. Let T* be the shortest
run time required to reach the origin. Then as long as T < T*, an
optimal final state must lie on the boundary of the reachable set.
This final state is called a local optimum if it has a neighborhood
which contains no points in the reachable set which are closer to the
origin; it is called a global optimum if no point of the reachable set
lies closer to the origin — thus, a global optimum is also a local
optimum.

Determination of x*(T) is considered the primary problem and this
thesis is directed toward that end. The dissertation focuses on deter-
mining x*(T) for a variety of T's. For simplicity this is designated
Problem 1. The related problem of finding u*(+) is shown to be solv-
able immediately in terms of _)S*(T). The time optimal regulator problem,
called Problem 2, is the problem of determining T* — the minimum run
time for which x*(T) = 0.

Now there is an infinite set of control problems in category 1,
each one designated by its particular run time T. The solution of a
particular Problem 1 is then labelled 5;(’1‘) where the subscript denotes
an element from the set of run times. If the set {_:S;(T)} is known
for all T, the solution T* of Problem 2 can readily be found. The
method to be presented for solving Problem 1 generates 1,1.‘('1‘) for all
DheOssed < T*. For T < T*, the solution of the control problem can
be used to find E*(T,')r the optimal control vector for run time T.

This is shown after the presentation of the Maximum Principle.
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2.5 THE MAXIMUM PRINCIPLE

It is assumed that the reader is familiar with the Maximum Prin-
ciple, at least to the extent which it is covered in an introductory
text such as Athans and Falb [1] or Lee and Marcus [10]. This sec-
tion is presented only for the purpose of applying it to the problem
already defined.

For the control problem as stated and the system defined in

(2.2.1), the cost functional is taken to be
Jw = 172 |xm|? . (24571)

This can be rewritten as follows:

T
Jw = 1/2 |x@)]? + 1/zf :—: lxce)] ? ae
0

i
= 1/2 |x@]? +J’ x(e) x(t) dt . (2.5.2)
0
An equally good cost functional and the one which is used in the

sequel is

T
SRV f x(8) x(t) de . (2.5.3)
0

since 1/2 |B0”2 is a constant, the solution obtained using JI(E) is
the same as that obtained using J(u), so the use of Jl is, indeed,
equivalent.

The Hamiltonian is formed as

H o= (p+x x>, (2.5.4)
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where

pt) = —% = -[i+AT(p_+5):| ; (2.5.5)

£
In (2.5.5) A is A(t) = g—;— this becomes A(t) or A in linear systems.

An adjoint vector is defined by
p ANl T g 4 = (2.5.6)

so

i = P_+1 -l ATZ . (2.5.7)
This allows the Hamiltonian to be rewritten as
Hxy,w = (y.x> (2.5.8)

where the dependence of H on the control vector u is through x. Since
the target set is all of R, the end-point transversality condition

states that (Athans and Falb, page 288)
*
P(T) = 0 , (2.5.9)

so

o = xM . (2.5.10)

The adjoint system is defined by (2.5.7) and (2.5.10).
In order for E* to be an optimal control vector, it must minimize

the Hamiltonian according to
Hx*,y* 0% < HG*y*,u) (2.5.11)

for all admissible u. If the system can be described by (2.2.3), this

can be combined with (2.5.8) to yield
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*(T,t)

e

sgn [‘BT(t) y_’T‘(t)] (2.5.12)
for te[0,T].

2.6 NORMALITY AND THE OPTIMAL CONTROL VECTOR

The control problem defined above is said to be normal if each
element of BT(t) 1;(t) 18 zero only at a countable number of times in
the interval [0,T]. This 18 a necessary requirement if (2.5.12) is
to be a unique representation of the optimal control almost everywhere
throughout that time interval. A control problem which does not meet
the normality condition is said to be singular. Hereafter, all con-
trol problems of form (2.2.3) which are encountered are assumed to
be normal. In a normal control problem, each optimal control ui is
either +1 or -1 almost everywhere. This is referred to as "bang-bang"
control.

The symbol E?(T") is used to denote the control vector of a
local optimum. A nonlinear or a singular linear problem may have
more than one Ef(T,°); however, in the case of a normal linear system,
gf(T,-) is unique and no ambiguity exists (see Athans and Falb page
404). For the normal control problems considered here, each component
of 2f(T,-) is a bang-bang function.

The time t when the bang-bang function u;*(T,t) changes from +1
to -1 or from -1 to +1 is called a switch time. One of these switch
times occurs whenever an element of BT(t) z;(t) is zero. So the switch

times are defined by the equation

BT (t) yn(e) = 0 (2.6.1)
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which is the equation of a moving hyperplane in the n-dimensional

costate space. This hyperplane is called the switch hyperplane or

just the switch plane. Some element of u*(T,+) switches when z;(')

intersects the switch plane. For some systems, there is a maximum
number of switches that can occur as stated in the following theorem

(see Athans and Falb, pages 402 and 403).

Theorem 2.6.1. Consider the normal control problem for the linear

time-invariant system
x = Ax + Bu , (2.6.2)

where the eigenvalues of A, Al, Az, oo An’ are all real. Let
uj*(T.') be a component of the optimal control vector (if it exists).
Let t be the switch times t of the bang-bang function uj*(T,t). Then

the maximum value of the number 1 is8 (n-1). In other words, each on-

off control uj*(T,-) can switch at most (n-1) times.

2.7 DEPENDENCE OF U*(T,t) ON T

In the previous sections, Ef(T,t) has been discussed as a function
of t; it is also necessary to investigate Ef(T,t) as a function of T.
The double-integrator plant, X = u, which 1s discussed in Appendix I,
is referred to extensively in the following material to illustrate
the concepts.

Attention 1s first focussed on a second-order normal linear system
with a one-dimensional control and an A matrix having real eigenvalues
— the specific example being X = u. This means that only one switch

can occur.
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To understand why it is necessary to examine the effect of run
time, consider a system such that for T = 1 second the optimal final
state 1s reached by letting u = -1 throughout the one second run. Con-
sider further that for T = 1.01 seconds the optimal final state is
reached 1f u = -1 for 0 < t < 1.009 and u = +1 for the rest of T. An
equally likely alternative is that u = +1 for 0 < t < 0.001 and u = -1

for the rest of T. The interesting aspects of this situation are:

1) it is possible that for a sufficiently short run time T, no
control switching occurs, and

2) when T is large enough so that a switch occurs, that switch
could be either near the beginning or near the end of the
run.

Consider the double-integrator plant with Xy = [i]. If u= -1
is applied for one second, the final state is [165] and this is the
optimal final state for T = 1 second. Also for any run time less than
one second, the optimal final state is reached by applying u = -1 with

no switching. Point 1 above has now been verified by an example. Now

consider that T is greater than one second, say T = 1.2 seconds. In

-1 from zero to

this case the optimal final state is reached 1if u

]

something between 1.0 and 1.2 seconds, then u = +1 for the remainder

of the 1.2 seconds. This example and several other cases of T > 1

are shown in Figure 2.7.1. The points on the dashed line are optimal
final states for this particular X5 This is an example of the switch
occuring near the end of the run time and 18 called Type I switching.

Taking again the double integrator plant, let X = [_i]. Now
for T small enough, the optimal final state 1s reached by letting
u = +1 with no switching. Let TO be the maximum value of T for which
the optimal u does not switch and note that in this case it is some-

what less than 0.5 seconds (see Figure 2.7.2). Also, it should be
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Figure 2.7.1. The Double Integrator Plant with x, -[i]
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Figure 2.7.2. The Double Integrator Plant with X, -[_i]
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observed that a precise value for T0 is not obvious in this case

as it was in the previous one. For T > TO’ the optimal final state
i8 reached by letting u = -1 for a time and then switching to u = +1
for the rest of the run time. By taking T slightly greater than T0

note that this is an example of the switch occuring near the beginning

of the run time. This 1is called Type II switching.

Two special cases are now evident. The first is for X, on the
x1 axis. In this case, the optimal control must be switched for any
T > 0. For completeness, it is arbitrarily stated that a switch exists
for T=0 and T, = 0. The other special case occurs when X, is an

0

element of the switch curve. In that case, no switch is necessary be-

cause X, lies on a trajectory through the origin and this trajectory
can be followed for the whole run time. For completeness, it is arbi-
trarily stated that T0 = T*,

Whether Type I or Type II switching occurs for T > To in the
double integrator plant depends only on the location of X, as shown
in Figure 2.7.3. The marginal or transition cases are also shown and
labeled according to the assumed values of TO.

Consider a more general case such that for an arbitrary fixed
Te[To,T*] one and only one switch occurs in the function u®(T,-).

Let the time t when this switch occurs be denoted by T = t(T). The

notation suggests that the actual switch time T depends on the specific

run time T. When T = T,, the definition of T, implies that the switch

0’ 0
must occur at one end of the interval [O,TO]; thus either T(TO) = TO

or T(To) = 0,
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TYPE I

[0< T, < T*]
>
rvee 1 o TEEILL
[0 < TO < T7] 0

Figure 2.7.3. Switching Types According to the Location of b
in the Double Integrator Plant

The above assertions can be shown by noting that u*(T,+) switches
when z;(o) crosses the switch plane. For T < TO’ z;(-) does not cross
‘the switch plane, hence no switch occurs. The trajectory z;(') is
"attached" at one end to the set of optimal final states E;(T)IOEI
§I* , a8 shown by (2.5.10). So as T increases z;(°) can be pictured
as a curve which is defined over longer time intervals moving through
space — this movement specified by the position of its endpoint z;(T).
A typical example is shown in Figure 2.7.4 where the state and costate
spaces are superimposed so 5;(T) and z;(‘) can be shown simultaneously
and where the switch hyperplane is assumed stationary for simplicity.
Assuming the set of optimal final states is continuous — this assump-

tion is discussed later — and knowing that Xfo(-) does not intersect
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the switch plane, x;o(') must indeed intersect the switch plane at an
endpoint. For the example shown in Figure 2.7.4 T(To) = TO’ but this
is not necessarily the case as shown in Figure 2.7.5 where T(TO) = 0.
xz’yz + //

Switch /
Hyperplane ,

Figure 2.7.4. The Set of Costate Trajectoriles

As already stated, the situation depicted in Figure 2.7.4 where

t(TO) = T 1s referred to as a Type I switch, and the other situation

0
vwhere r(To) = 0 i8 referred to as a Type I1I switch. In either case

7(T) 18 not defined for T < TO’ so a value 18 arbitrarily assigned:

let 7(T) = T(To) for 0 < T < T,; note that for T in this range no

0

switch occurs. This arbitrary assignment makes T(T) continuous at TO’

and in no way affects the later results, because in neither case does
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xz,yz+

X0
* * X
X, T, =
1, (T0) = 33, (To) !
*
)
* XTZ
Yo () _
Ty -
-
* - ~  Switch
¥ ) _ - Hyperplane
3 x
- 0
7, (@) tr
- - -
0 { —>
XLyl

Figure 2.7.5. The Alternate Situation

1(T) fall in the interval (0,T) until T Z_To. Sketches of typical T
versus T plots are shown in Figures 2.7.6 and 2.7.7. In each case

for T, < T < T*, 1(T) must lie in the shaded trapezoidal region.

TA E

[}
-
-
—»
~
]
=]
AN
N\

_l(
i

Figure 2.7.6. T Versus T Figure 2.7.7. 1 Versus T
For a Type I Switch For a Type II Switch
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Theorem 2.7.1. For a normal control problem such that the set of
optimal final states {g(THO &SI < T*} forms a continuous curve in
state space, T(*) is a continuous function in any sub-interval of

[0,T*] for which a switch occurs.

Proof: From (2.5.10) 1;(T) = 1;(1'), thus the set of optimal final
costates also forms a continuous curve in costate space. From (2.5.7),
the adjoint equation is a linear differential equation. The contin-

uity of )Z;(THO o S T*} means that for each Tle(O,T*) and for each

e > 0, there is a 6§ > 0 such that
ﬂz} (1)) - z_’r*(-r>| <e (2.7.1)
gk
whenever |T - T1| < 8. The switch time T(T) is given by the equation
T
byy (t(M) = 0 (2.7.2)

This means that if the costate equation is run in reverse time over
an interval of time whose length is (T - 7(T)) from an initial value
equal to z;(T), the costate at the end of that time interval will be

an element of the switch hyperplane given by
<b,y>= 0 €2.7:8)

Since the costate equation is linear, trajectories with '"nearly equal"
initial conditions will lie "close" to each other. More precisely

since Z”Ir‘ (Tl) lies in an e-neighborhood of 1;('[) when the initial time
Tl lies in a é-neighborhood of T, for each y > 0 there exists an € > 0

and thus a § > 0 such that

||z;1(r<r> +r - Tl|> . z,;(T(T)>” &9 @.7.)
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whenever |T-T1| < 6. Therefore z;(r(T) + |T‘T1|) lies in a v-neigh-

borhood of an element of the switch hyperplane. Furthermore, z; Ct(Tl))
1

is an element of the switch hyperplane by definition. So it

must also be true that for each w > 0 there exists a y > 0 and thus

a § > 0 such that
|(T(T) + |T - T1|> - ()] <w (2.7.5)
whenever |T - Tll < 6. This means that
|t(T) - r('rl)l <w+ |T - Tll = 9 (2.7.6)

To summarize for each p > 0 there must exist an w > O and thus a 6§ > 0
such that |t(T) - T(T1)| < p whenever |T - Tll < 6. This has been

shown for an arbitrary T, such that z; (*) intersects the switch hyper-
1

1

plane, 80 it must be true for all such run times.
Q.E.DO

Since it was assumed in the proof that X;I(-) crossed the switch
hyperplane, this proof shows that t(T) is continuous on those inter-
vals of T for which switching occurs. This means that it is possible
that for short run times no control switching occurs, for longer run
times switching does occur, and for yet longer run times switching does
not occur again. But, over the interval for which switching does occur,
T(T) must be continuous. Also, if control switching occurs for the
run time T1 < T* but not for T1+, then T(Tl) must be either 0 or Tl’

This follows from the fact that costate trajectories which start close

together must remain close together throughout.
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Even with the condition of continuity required in Theorem 2.7.1,
it covers a yide range of problems; namely, all linear systems [3]
as well as many nonlinear systems. In particular, consider a nonlinear
system with the global optima such that {;;(T)|0 <Tx< T*} is discon-
tinuous. Even in this system it is quite possible that there are
(possibly several) local optima each of which presents a continuous
set of "optimal" finai states. This point is discussed further in the
section on nonlinear systems.

The following Lemma, inserted without proof, is a special case of

Theorem 7.1 found on page 22 of Hestenes [8] where a proof is offered.

Lemma 2.7.2 Implicit Function Theorem

Given a function f£(T,t) which is continuous and has a continuous
derivative with respect to T on an open set S in T, T—-space and such

that
f(T,T) = 0’
suppose
£(T.,t.) = 0 o r,r) # 0
0° %o ’ 3t (To*To

holds at a point (TO,TO) in S. Then there are a continuous function

7(T) on a neighborhood T' of T0 and a constant € > 0 such that

T(TO) = Ty f(T,t(T)) = O
and such that the relations

f(T,7) = O, |t - ()| <€ (T in T")



23

hold only in case T = 1(T). If the function f is of class C(m) on

(m)

S, the function 1(T) is of class C on T'.
This Lemma could have been used to prove Theorem 2.7.1, but the
approach used there was intended to be more instructive. In any event,

the Lemma is needed in the following.

Theorem 2.7.3. For any subinterval of [0,T*] over which 3§;(T)|O§p§¢*$

is differentiable and switching occurs, T(T) 1is also differentiable.
Proof: In Lemma 2.7.2 let f be defined as
* _ 1y Nk
£(T,7) = (b, yp(0)> = by (D) + oo + b yo*(r) .

1s differentiable, is also. Therefore, when

z;(T)

Because ;E;(T)

T represents the switch time, f(T,T) = 0 and 3?-15 continuous where S
is all of T,t. Also, as long as T is defined — i.e., as long as a

switch occurs — there is a set (TO,TO) where

of
f(TO,TO) 0, T (TO,TO) # 0 .

Then, from the Lemma, there is a neighborhood T' about TO on which

T(T) 18 differentiable. Since there is such a T pair for each

0’"0
time T in the subinterval of interest, 1(T) is differentiable through-

out that interval.

2.8 PRELIMINARY MATHEMATICS
The purpose of this section 18 to present a few lemmas which are

needed in later proofs.
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Lemma 2.8.1

lim §1
§T*0 | 8T

(X(T + 8T) - X(T)); = A(T) X(T) (2.8.1)
where X(T) 1s a fundamental matrix defined by

X(T) = A(T) X(T) (2.8.2)

with

X(0) = I (2.8.3)

Proof: This result follows trivially from the fact that the left hand

side of (2.8.1) is the definition of X(T).

Q.E.D.
Lemma 2.8.2
™8T
Lm 11 v 4 57 X(-t) B(t) dt | = B(T) (2.8.4)
ST>0 | ST ce
T

where X(T) is defined above and B(t) 1s any continuous matrix.

Proof: Since X(t) and B(t) are continuous in t, the mean value theorem

can be applied to yield:

T+8T
lim |1 .I' X(T + 6T - t) B(t) dt

8T>0 | 6T
T
1im 1
570 [}Ef X(T + 6T - t) B(1) (T + 6T - T)] (2.8.5)

where T < t < T + §T.
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Also,

T+8T

1im 1

ST0 3—,17] X(T + 8T - t) B(t) dt
T

= 2;30 X(T + 6T - 1) B(71)
= X(T - T) B(T) = X(0) B(T) = B(T) (2.8.6)
because, as §T+0, T must approach T.
Q.E.D.

A special case of this is:

Lemma 2.8.3

THT .
lim | 1 A(T+6T) at | _
500 | 37 © f e I (2.8.7)
T

Proof: Since eAt satisfies (2.8.2) and (2.8.3), this follows immedi-

ately from Lemma 2.8.2 with B(T) = I.

Q.E.D.



3. THE TIME-INVARIANT LINEAR SYSTEM

This chapter is concerned entirely with the time-invariant linear
system as defined in Chapter 2. The reason for starting with a special
case 1s two-fold: first, this problem is easier to handle mathematic-
ally and easier to understand physically than more general cases.
Second, the results are more extensive for this case than in the more
general cases. All of the results that appear in the more general
cases do appear in this case. Thus, this chapter aids the understanding
of later material.

The trajectory system is defined in section 3.1, and its differ-
ential equation is derived. A fact necessary for the solution of the
trajectory system differential equation is presented in section 3.2.
Three computational procedures are discussed in section 3.3, and the
results of some example problems are presented in section 3.4. The

results of the chapter are summarized in section 3.5.

3.1 THE TRAJECTORY SYSTEM
The state equation for the time-invariant linear system has already

been introduced in Chapter 2:

= Ax + Bu (2.2.5)

I% .

where u i1s admissible and the initial state X, is in the region of
null controllability.

The objective here is to develop a means of finding the set of
optimal final states {x¥(T)[0 < T < T*}, which is called the solution
trajectory. This is done by developing a set of differential equations

whose solution is the solution trajectory. Thus, this set of equations

26
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is called the trajectory system. The independent variable of the

trajectory system is T, the run time in the original system. It is
necessary to pay particular attention to the differences between T
and t in the following, because they both appear in the development
of the trajectory system equations.

The first step in developing the trajectory system equations is
to describe the location of a single point of the solution trajectory.
Such a point is the final point of an optimal trajectory of the orig-
inal system. An arbitrary point on that optimal trajectory, given

at the time T, satisfies the equation:
T
5;(1) = A x +] At Bu*(T,t) dt (3.1.1)
0

where the first argument of{gf denotes the run time and thus the par-
ticular problem, and the second argument denotes the particular point
of the trajectory. It is necessary that 1 < T. The only point of
(3.1.1) known to lie on the solution trajectory — besides Xy» triv-
ially — is the final point obtained by setting v = T. For convenience,

the primed notation
x'(T) = xx(T) (3.1.2)

is used to designate a point of the solution trajectory. Thus, x'(T)

is the state variable of the trajectory system. Now,

T
x'"(T) = e 'S +J~ e-At Bg*(T,t) dt . (3.1.3)
0



28

Having obtained an equation for a point on the solution trajectory
as a function of T, it 1s necessary to put that equation in the form
most convenient for use in finding the whole solution trajectory.
That form is a differential equation obtained by differentiating
(3.1.3) with respect to T. This cannot be done by Leibnitz' rule be-
cause gf(T,t) i8 not necessarily continuous, so the following approach
is used.

The differential equation which is sought is given in (3.1.15).
As the first step in the derivation of that differential equation x'

is written for a slightly larger run time as

T+ST
x"(T + 6T) = ATHT) ) oy Jﬂ oAt Bu*(T + 8T,t) dt} (3.1.4)

_0
0
Now, let
6x'(T) = x'"(T+ 6T) - x'(T) , (3.1.5)
Su*(T,t) = u*(T + 8T,t) - u¥(T,t) , (3.1.6)

and subtract (3.1.3) from (3.1.4) to get

T
sx'(T) = | eA(TYOT) _ AT 50_+.’. ™At Bk (1,1 de

0

THST
+ B (TH+6T) Jp e ™At Bu*(T + 6T,t) dt
T

T
+ eA(T+6T).’. e ™At Bsu*(T,t) dt
0
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T+ST
- [eAGT - 1] x'(1) + ATHD f e™At Bu*(T + 8T,t) dt
T

T
+ eA(T"'GT)f e At Bou*(T,t) dt . (3.1.7)
0

If 6T is chosen small enough so that no control switching occurs in
the interval (T,T+ST), the control vector in the second term becomes

a constant — call it u (T) — and can be removed from the integral:

T+ST

A(THT) f e AL Bu*(T + 6T,t) dt
T
T+ST
A(THT) f e Atae Bu*(D) . (3.1.8)
T
From (2.5.10) and (2.5.12)
u¥(m = _sg{-n x*(T)} = gc_n{-BTg(T)} : (3.1.9)

Substituting (3.1.8) into (3.1.7), dividing by 6T, and taking

the 1imit as 8T vanishes yields

' AGT
s [axGTgT)] - - lim I] (D)

L *
5T dt Bge(T)

T
+ 5z A(THD J e ™A% Bsu*(T,t)dt } (3.1.10)
0
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Equation (3.1.10) is the differential equation of the trajectory
system, but each of the three terms on the right hand side must be

simplified. The first term can be reduced by a polynominal expansion

of eAGI:
2.2
A“ST
1im | &A8T _ 1 i (I+AST + S5p—+ +=¢) - I .
§T»0 ST ST>0 ST -
(3.1.11)
By Lemma (2.8.3), the second term becomes
T+8T
lim ) 1 A(THST) -At * - *
5150 | 3T e Jh e T dt 3Ee(T) BEe(T) (3.1.12)

T

To evaluate the final term in (3.1.10), first start by considering

a scalar control u* with only one switch. This switch occurs at t(T)
in u*(T,*) and at T(T™+8T) in u*(T+8T,-). OSu*(T,t) is zero except be-
tween these two switch times, where it has a magnitude of two. Thus,

the term can be reduced using the above and the mean value theorem to:

T
Hm sl—TeA(T'*GT)f oAt bSu*(T,t) dt

§T-0
0
[ (T+8T)
2;26 g? eA(T+6T) J~ e—At b(+2) dt
! M
!
pan | o ATHTED p ) (r(reem - )| (3.1.13)

where T(T) < t' < t(THST) or T(THST) < t' < 1(T), and the sign of
Su*(T,t) 1is not yet known. Letting k take on one of the values +1,

(3.1.13) becomes
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1lim A(THST-t") (T + 8T) - t(T)
50 [2ke b ST ]

A(T-t(T)) 1im | ©(T + 8T) - 1(T)
2ke b 6T—>0[ = ] (3.1.14)

7(*) has been shown to be continuous in Theorem 2.7.1. On any interval
for which it is also differentiable, (3.1.14) becomes Zk%(T)eA(T-T(T))E,

If u*(T,°) switches more than once, this becomes

2kt (T) AT p 4 o1t (m) AT-E2(T)) o ...

Also, if Ef(T,-) is of order m > 1 and each element switches once,

it becomes

m

: A(T-t4(T))
E 2kt (T) e 1 b,
1=1

*
where Rd is the ith colum of B and ti(T) i8 the switch time of ui (T,°).
*
In general, each element of u (T,*) can switch any number of
times, and each switch generates a separate term as above. Call the

total number of switches r: r does not depend on m. Now, (3.1.10)

reduces to

r
X'(D = Ax'(T) + Bu*(D) + E 2k, () ATy (31015
=1

This is the differential equation of the trajectory system.

As in Figures 2.7.3 and 2.7.4, each input has some run time such

that for shorter run times it does not switch. For each of the terms

in the summation in (3.1.15), let Tio designate this threshold run



32

th

time. In (3.1.13) the j~ term of the summation is zero until

T>T This fact is incorporated automatically by defining ti(T)

jo’
as in section 2.7 thus making ti(T) =0 for T < TiO'
Equation (3.1.15) plus the initial condition given by x'(0) = X,
defines the trajectory system. For clarity, the results of this sec-

tion are summarized in the following theorem.

Theorem 3.1.1. Given the system (2.2.5)

X = Ax + Bu

where u is admissible and x(0) = X, is in the region of null control-
lability, the set of optimal final states of the various optimal reg-
ulator problems {Eg(T)IO <T :_T*} is coincident with the solution

of the trajectory system differential equation given by

r
x'(T) = A;_'(T)+BH:(T)+E £, (D v, (D (3.1.17)
1=1
where
X' = x (3.1.18)
@ - _s_c;_xgg-BTg(T)s (3.1.9)
and
v, (1) = 21<ie"‘(T‘"i(T))gjL : (3.1.16)

This theorem has been proven above. The main problem at this point
is the difficulty in solving the trajectory system differential equa-

tion due to the terms of the summation.
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3.2 EVALUATION OF t  (T)

Equation (3.1.15) indicates that the trajectory system differen-
tial equation can be expressed in terms of ti(T) and Ei(T). Before
proceeding to methods for solving this system for the locus of optimal
final states, a further fact which is useful for computing éi(T) is

presented in the following Theorem:

Theorem 3.2.1

(x'(T), Xi(T)) = 0,1=1, ..., r (3.2.1)

for all T 2 Tyo

Proof:

T -
e my = A T g (3.2.2)

from (2.5.7). And from (2.5.10)

AT (T-£1 (D))

7t (T)) x'(T) . (3.2.3)
But, by the definition of the switch time ti(T)’

T
¢by, AT Xy = o (3.2.4)

Thus,

T
= <Ei’ eA (T'ti(T)) 5v (T)>

o
[

¢x'(m, ATy (3.2.5)
Now, multiplying both sides of (3.2.5) by 2ki yields (3.2.1).

Q.E.D.
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3.3 COMPUTATIONAL SOLUTION OF THE TRAJECTORY SYSTEM DIFFERENTIAL
EQUATION

Three methods are presented in this section for finding the locus
of optimal final states by solving the differential equation of the
trajectory system. Method 1 is noniterative and well suited to use
on a digital computer. Method 2 is noniterative and can be used on
an analog computer as well as a digital computer. The last method is
called Method 2A because it is an extension of Method 2. Its use is
advantageous in certain limited situations which are discussed.

Method 1. The most straightforward method of solving (3.1.15)
is by discretizing (3.1.15) and finding the points of the solution
trajectory sequentially. Given x'(T) and each ti(T) for some Te[O,T*]

and an increment AT, x'(T + AT) is given approximately by
x'(T + AT) = x'(T) + x'(T) AT (3.3.1)

where éf(T) is given by (3.1.15) 1if the Ei(T)'s are known. But the
ﬁi(T)'s can be found by choosing values such that when each ti(T + AT)

is computed by
ti('r + AT) = ti(T) AT + ti(T) (3.3.2)

(3.2.1) will be satisifed at T + AT. This procedure does involve an
iteration on the set of éi(T)'s, but the method is straightforward
and even lends itself to hand computation with few enough switches.
An example is given later in the chapter.

In order to obtain the solution by Method 1, it is necessary to
have a means of computing a correction factor. That is, assume a

problem with only one switch time t(T). At run time T, x'(T), t(T)
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and v(T) are assumed to be known. Further it should be true that
(x'(T), v(T)> = 0. The first step was taken at T = 0 or from T = 0
to T = AT. To do this an average value of %, say %(AT/Z), would have
been used. At the second step, either %(3AT/2) could be computed and

used, or it could be computed but

tED + 135

T(T) = 5 (3.3.3)

could be used for the next computation. The latter method is used
here, so at run time T, it is also assumed that 1(T - %;5 is known.
Now the value of x'(T + AT) is found by guessing a value of

(T + %;5 = 1, and then using

1
x"(T + AT) = x'(T) + x'(T) AT

= x'(T) + 8T {Ax'(T) + bul(T) + 1,(T) v(T); (3.3.4)

where
LM o= G a5 (3.3.5)

also
v(T + o1y = 2keAlT + AT - (D -ATT(D] (3.3.6)

Now let the inner product of x'(T + AT) and v(T + AT) — which

is a function of %1 only — be represented by the symbol I(%l). If

T, can be found by using %2 =17 + A%, it is true that

I(t = 0 (3.3.7)

2)
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but
. . aI .
I(‘l‘z) = I(‘l'l) + 33 At + oo, (3.3.8)
1
Using only the terms in (3.3.8),
i I(7,)
At = - 5T (3.3.9)
afl
where
' v
i = <M , X(T + AT)> +<£'(T + AT), MTT.__A_T_)_>
811 afl 311
(3.3.10)
From (3.3.4) and (3.3.6)
X' (T + AT) _ A
FELD - Ay (3.3.11)
1
and
B;WT_B;;A_T) - - ’32_T AV(T + AT) . (3.3.12)
1
Thus,
ol AT '
T T {(l(T), v(T + AT)> - x'(T + AT), Av(T + AT)>} (3.3.13)
1

By substituting (3.3.15) into (3.3.9) a correction factor can be obtained
which leads to %Z(T + %;), and the iteration is continued until the
inner product becomes as near zero as is desired.

An exception occurs where the first step is being made. In that
case %(- %;5 does not exist, so %(T) = %(O) is computed, and later it
is called ;(%;). In this case, instead of (3.2.13) the following is

used:



37

%‘ = AT {(v(T), v(T + AT)> =< x'(T + AT) , Av(T + AT)» (3.3.13a)

For the more general case where there is more than one switch,
values of éi(T) are guessed for each i. Then an iteration is carried

out over one éi(T) at a time with the others held constant. This makes

(3.3.4) become

x'(T+ AT) = x'(T) +AT{A§'(T) +1>g:('r)

X
+ £, (D v (D) + E t, (1) zi(tr)’} (3.3.14)

i=1
i#k

Since the terms of the summation are constant while the iteration is

0x'(T + AT)
atk

So the correction factor for each Ek(T) is found from (3.3.9) and

being carried out over ék(T), is still given by (3.3.11).

(3.3.13).

Since the solution trajectory is being computed sequentially from
T=0toT-= T*, it is necessary that there be some method for detecting

a threshold switch time TiO when it occurs. Also the value xi(Tio)

must be determined. Considering the latter first: from section 2.7,

Tio , type I switch

ti(Tio) = (3.3.15)
0 , type II switch

This is used in (3.1.16) to find

2k.b ,» Type I switch

v, (T = 3.3.16
v, (T,0) ATig ( )

Zkie Ei , Type II switch
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If the ith switch is a Type I switch, then it first occurs at

run time T, . where z; (TiO) is an element of a switch hyperplane.
i0

10
Thus,.g'(Tio) is also a member of that switch hyperplane, so TiO can
be detected for a Type I switch by observing when gz(T) switches.
Also, by noting which element of u:(T) switches, gi(TiO) is found to
be 2kiEi where only ki must be determined.
If instead the ith switch is a Type II switch, then when it first
occurs at T the starting point * ) = eATTiO zf (T,.) is an
10° 140 Tio 10
element of a switch hyperplane. This TiO is detected by realizing that
AT
<§f(Tio), e iqgi>== 0. The second element of the inner product can

be found by defining

z2,(m = b, (3.3.17)
Now,
2, (D = Az (D , (3.3.18)
or
Ei(T + AT) = Ei(T) + AT(AEi(T)) (3.3.19)

Thus the solution trajectory is computed from Xy at T = 0, and simul-

taneously (3.3.19) is solved from Zhi at T = 0, then Tio is the shortest

run time for which {x'(T), z,(T)> = 0. Also, when T , is reached,

i0
= ATyo
gi(Tio) 2kie Ei is known except for the signed factor ki'

At the time T = TiO’ Ei(T) !i(T) is added to the already existing

equation for x'(T). At that time ki can be determined. The direction

of the additional vector term is known without ki’ ki merely designates

10° ki is chosen so that the

additional vector — which is a part of éf(T) — has the same general

the sense of that vector. Thus, at T=T
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sense as those already existing terms of‘i'(T). In other words, k1

is chosen so that
o' _ .
(x'(Ty57), £, (Ty0) !i(TiO)> >0 (3.3.20)
The steps of Method 1 are shown in the following algorithm:

Algorithm 3.3.1

1. At run time T, x'(T), Ej(T)’ j=1l, ..., m, !i(T)’ and ty

(T - %;5, i=1, ..., r, are known. Let k=1.

. AT, _ AT. -
2. Let ti(T + ??9 = ti(T > ), i=1, ..., r. Find each vy

(T +AT) using (3.3.6) and then find x'(T + AT) using (3.3.14).

Find each z, (T) using (3.3.19).

|

= '
3. Evaluate Ik ‘(Xk(T + AT), x'(T + AT)).

4, 1If Ik is not sufficiently small, improve Ek(T + %g) using

(3.3.9) and (3.3.13), and return to 2. When Ik is suffi-
ciently small, increase k by 1 for k<r and let k=1 for k=r

then return to 2. Repeat until each I, is sufficiently small.

k

5. Determine whether a threshold switch time has been reached
by checking for switches in 2:(‘) or a sign change in {x'("),
51(-)) from T to (T + AT). If no new switch, return to 1.

In case of a switch set XﬂTO) according to (3.3.16), deter-

mine ki from (3.3.20), and return to 1.

Method 2. Another method for computing Xi(T) has been developed
in order to avoid the iteration necessary in Method 1. This method

is suitable for use on an analog computer. Differentiating both sides
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of (3.1.16) with respect to T yilelds

v (T) 2k, (1 - £,(D) AeA(T‘ti(T))hi

(1 -t (D) Av (D) (3.3.21)

where !i(TiO) is determined according to (3.3.16). If ki and éi(T)
are known and if it is known whether the ith switch is a type I or a
type II switch, Xi(T) can be found using (3.3.21) and (3.3.16).
Theorem 3.2.1 may be used to simultaneously remove the need to find
Ei(T) in (3.3.21) and to determine'éi(T) for use in (3.1.17). This
is accomplished by solving (3.3.21) for zi(T) where éi(T) is chosen
to be whatever value it must take on in order to satisfy (3.2.1). In
this way Ei(T) is computed implicitly and can also be used in (3.1.17).
Using an analog computer, the factor (1 - Ei(T)) would be generated
with a bootstrapping technique. This would become an iterative process
on a digital computer. The constant ki can be found using (3.3.20).

As long as Ei(T) is continuous, (3.1.16) shows that zi(T) is
also continuous — in fact, differentiable. Thus (3.1.17) shows that
x"(T) is also differentiable where ES(T) is continuous. Let the r
switch times be_arranged so that Tlo §_T20 < eee i-TrO' Each element
of E:(T) 18 pilecewise constant, switching only at a threshold switch
time T,.. Thus for 0 < T < TlO’ g:(T) 1s constant and each_zi(T) =0,

10

8o x'(T) is differentiable. For T,, < T < T, ., E:(T) is also constant

10 20
and as long as Ei(T) is continuous, !i(T) and thus x'(T) are differ-
entiable, This fact plus Theorem 2.7.3 show that‘é'(T) is continuous
if and only if éi(T) is continuous. Therefore, except at the times
TiO’ x'(T), Xi(T) and ti(T) are all differentiable. Furthermore,

they are all continuous for 0 < T < T¥,
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As long as sufficient computer capacity is available, x'(T) can
readily be found by solving the equations of Method 2 on an analog
computer. The required analog capacity can be estimated by the number
of integrators and multipliers required. Equation (3.1.17) requires
n integrators and (3.3.21) requires (n x r) integrators. If T is
desired, an analog integrator is needed. And r integrators are needed
to find the ti(T) from Ei(T). Thus, the total number of analog inte-
grators required is at least (n+l) x (r+l1l). Further, n multipliers
are needed for calculating each of the inner products in (3.2.1) and
(3.3.20). Thus, for example, in a second order system with one input
switch, six integrators and four multipliers are needed.

But, it was also noted in the previous section that in order to
locate the Type II switches it is necessary to solve (3.3.18) for each
Xi(T). Thus, in addition to the above number of integrators, (m x n)
more integrators are needed to search for additional Type II switches.
It is only if the number of Type II switches is known in advance that
these are not needed — each can be put to use as soon as the last Type
IT switch is found. An example of the use of an analog computer for
the solution of the problem is given later in the chapter.

Method 2 can be programmed on a digital computer using Algorithm

3.3.1 with the following changes: instead of (3.3.6) use
v(T + AT) = v(T) + AT [(1 - (1)) Ay_(T)] , (3.3.21a)
instead of (3.3.12) use

V(T + AT)

21

- _AZ—TAX(T) , (3.3.21b)
1
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and instead of (3.3.13) use

9L

Y %{(y_(T), v(T + AT)D
1

-<x'(T + AT), Ax(T)>} . (3.3.21¢)

But this has no computational advantage over Method 1 in the case of

a linear time-invariant system.

Method 2A. 1In the case of a second-order system, Method 2 can
be simplified and the number of integrators reduced. This new method
is called Method 2A. 1In such a system, each v, (T) is normal to x'(T)
and thus they are all parallel to one another. Define the vector

n(T) to be a unit vector normal to x'(T). Thus,

(n(T), n(T))> = 1 (3.3.22)
and
(), x'(M> = 0 (3.3.23)
define n(T). One possible vector is
xz'(T)
_ 1
n(T) = 127735T' L R (3.3.24)
-x- (T)

the other is its negative. Now define a set of scalars 3ci(T)£ so

that

!i(T) = ci(T) n(T), i=1, ..., r . (3.3.25)

For convenience, choose the polarity of n(T) so that
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ci(Tlo) >0 . (3.3.26)
Now from (3.2.1)
(x'(T), X1(T)> = 0 (3.3.27)
so it follows — using (3.3.21) — that

0 = f—T<_}£'(T), v, (1)) = <x'(T), v, (D))
HE' M, DD = (21D, vy (D>

+Cx(D, (1 - 6 (D] av (DD

<x"(T) + [1 - El(T)] ATz'(T), v, (D> (3.3.28)
But, using (3.1.17), this becomes

0 = (v, (D, A" (D) + BuX(D) + [1 - £, (D] A'x" (D)

r .
+ 2t (D v (D> . (3.3.29)
i=1
This reduces to
0 = clcr){@m, Ax'(T) + BuX(T)
. T r .
+[1 -t (D] Ax(D>+ 2 £, (T) c;(Dp . (3.3.30)
i=1
Since cl(T) # 0,
r .
2, t(T) ¢ (D) = =(a(D), Ax' (1) + Bu’(T)

i=1

+ -t (D] AX (D> . (3.3.31)



44

But (3.1.17) can be rewritten as

r .
x'(T) = Ax'(T) + Bul(T) + 12-:1 £ (T ¢ (D n(T) (3.3.32)

and this can be combined with (3.3.31) to yield

(M = gD -¢am, ¢ + [1 - £, (D] A% (D) n(1)  (3.3.33)
where
a(m = Ax'(T) + Bur(D) . (3.3.34)

If r is at least two, fewer integrators are needed because (3.3.21)
needs to be solved only for one set —-zl(T) — and that only to deter-
mine [l-él(T)]. But n additional multipliers are required to compute
the inner product in (3.3.33). The additional multipliers would not
be a problem on a digital computer. One potential difficulty is that
if !i(T) ever becomes zero, (3.3.31) does not follow from (3.3.30).
Another problem is that the switch times can not be computed — except
tl(T) — although this does result in a savings of an additional r
integrators. Also, the switch times are not part of the solution of
the problem defined in Chapter 2.

Theorem 2.6.1 gives the maximum number of switches for a system
in which A has real eigenvalues. If A has one or more complex con-
jugate pairs of eigenvalues, a large number of switches could exist.
Method 2A is useful as an efficient means of solving such a problem
for a second-order system. Method 2A can not be extended to higher
order systems because it depends on the fact that in a second-order

system there is a unique normal to x'(T).
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3.4 COMPUTATIONAL RESULTS

Method 1 and Method 2 have been used to solve some problems. The
results are presented in this section. A computer program using
Algorithm 3.1.1‘to solve Problem 1 and Problem 2 for any system with
a scalar control was written and is documented in Appendix II. It
was used to solve Problem 1 and Problem 2 for the double-integrator
plant by Method 1; the computed loci of optimal final states for four
different initial conditions are shown in Figure 3.4.1. The solution

to Problem 2, T*, as a function of is given in Athans and Falb —

X,
Equation (7-26), page 514. These values are compared with the com-
puted results in Table 3.4.1. The computation times on an IBM 1800
were about 20 seconds. It should be noted that only a moderate accur-
acy was required from the program and no attempt was made to minimize
either computation time or error. It might also be noted that the
initial conditions chosen represent Type I switches, Type II switches,
and a point on the switch line (hyperplane).

Method 2 was used to solve Problem 1 and Problem 2 for the double-
integrator plant on an analog computer. The initial condition con-
sidered was X, =[3], which is one of the initial conditions shown in
Figure 3.4.1. The results of this analog solution are shown in Fig-
ure 3.4.2.

The program in Appendix II using Method 1 was also used to solve

Problems 1 and 2 for the system:

i<t) = x(t) + u(t) (3.4.1)
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0.4 4
0.2+
0 + —+- t + +—>
0. 0.4 0.6 0.8 1.0 xl
0.2+
-0.41

Figure 3.4.1. Solutions of Problem 1 for

Table 3.4.10

the Double-Integrator Plant

Error in the Solutions to Problem 2 for
the Double-Integrator Plant

§OT Actual T* Computed T* % Error
(1.00, 0.00) 2.000 2.019 0.95
(0.80, 0.50) 2.425 2.454 1.19
(0.60, -0.25) 1.340 1.329 0.82
(1.00, -0.50) 1.620 1.604 0.99




47

hw”ﬂwn m.£Uﬂ3ucmHmuoumuwmucﬂ
-9Tqnog jo uorinyog i93indwo) SoTJeuy *Z°H'¢ 2and1g
uostaedwod 103
uorjnjos IeIT3FP = X

TC°0-

X 0°'T 8°0 9°0 b0 70

—

&



48

where

lul <1 (3.4.2)

for several initial conditions. The results appear in Figure 3.4.3.
This system is discussed in Athans and Falb pages 526-536, but no
results useful for comparison are given there.

Method 1 was used to solve Problem 1 and Problem 2 for the system

given by
01 o0 -1
x(t) = |0 0 0 |x(t)+]| 1]ucr) (3.4.3)
0 0 -1 1
where
lu] <1 (3.4.4)
and
1.5
x, = [1.3 . (3.4.5)
2.0

This system is discussed in Athans and Falb, pages 536-551, but none
of the results given there are useful for comparison. The solution

trajectory computed for the problem above is shown in Figure 3.4.4,

3.5 SUMMARY

The trajectory system has been defined and a differential equa-
tion (3.1.15) describing it is derived. Three methods which use
(3.1.15) along with (3.2.1) to find the locus of optimal final states
for the problem defined in Theorem 3.1.1 are discussed in section 3.3.

Method 1 and Method 2 are equally suitable for use on a digital com-
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computer via Algorithm 3.1.1, but Method 2 can be used on an analog
computer as well. Method 2A is developed for second-order systems
with several switches. The data resulting from solution of some

example problems is presented in section 3.4.



4. THE GENERAL LINEAR SYSTEM

Chapter 3 is concerned with the time-invariant linear system.
In this chapter, the results of Chapter 3 are extended to the case of
a general or time-varying linear system. The trajectory system dif-
ferential equation is developed in section 4.1, and the normality of
!i(o)_is attached in section 4.2. Section 4.3 discusses the exten-
sions of Method 1 and Method 2 to the time-varying case. The solution
of a simple problem in section 4.4 demonstrates the computational pro-

cedure developed. The results are summarized in section 4.5.

4.1 THE TRAJECTORY SYSTEM
From Chapter 2, the state equation for a general linear system

can be given as
x = A(t)x + B(t)u (2.2.4)

where u is admissible and the initial state X, is in the region of
null controllability. Also, the matrices A(t) and B(t) are assumed
continuous. The object of this section is to develop the trajectory
system equations for this general linear system. The method used will
be similar to that used in Chapter 3. The results are stated in the

following theorem.

Theorem 4.1.1. For the linear system defined by

x = A(t)x + B(t)u (2.2.4)

where u is an admissible control and x(0) = X, is in the region of
null controllability, the set of optimal final states of the various

optimal regulator problems {5;(T)|0_5 T < T*} is coincident with the

52
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solution of the trajectory system given by:

x'(T) = A x'(D) + B(D) ui(D)
r
+ E 2k, £ (T) X(T - t,()) b, (t, (D) (4.1.1)
=1
where
x'(0) = X, (4.1.2)
and
ui(m = _SG_N{-BT(T) 5'(1:)} (4.1.3)

Proof: As in Chapter 3, for the run time T, the point on the optimal

trajectory corresponding to the time 1 is given by:
T
5,’;(1) = X(T) %, +f X(-t) B(t) u*(T,t) dt (4.1.4)
0

where 0 < 7 < Tand 0 < T < T*. X(T) is the fundamental matrix defined
in 2.8. Also, the arguments of Ef are as in Chapter 3. The point of
that optimal trajectory which is also on the solution trajectory is

the final point:

T
x"(T) = X(T) §O+f X(-t) B(t) u*(T,t) dt| . (4.1.5)
0

Also, for a slightly longer run time
T+8T

x"(T+ 8T) = X(T + 87T) X, +f X(-t) B(t) 3*('1' + 8T,t) dt
0 (4l.1.6)
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Subtracting (4.1.5) from (4.1.6) yields

ex'(m = [xm+em - xm ]
I o
x, + X(-t) B(t) u (T,t)dt
o)

T+ T
+ X(T + 8T) f X(-t) B(t) u*(T + 8T,t)dt
T
T
+ X(T + ar)f X(-t) B(t) Su®(T,t)dt (4.1.7)
0

If 6T is chosen small enough so that no control switching occurs in
the interval (T, T+8T), the control vector in the second term becomes

a constant and that term can be rewritten as

T+8T
X(T + 6T) f X(-t) B(t) u*(T + 8T, t)dt
T

T+8T
= X(T = 6T) f X(-t) B(t)dt g:('r)

T (4.1.8)

where gz(T) is as given in (4.1.3) by (2.5.10) and (2.5.12).
After substituting (4.1.8), dividing by 8T, and taking the limit

as 0T vanishes, (4.1.7) becomes
] .

§T-0 5T
_ lim {[xg + 6T) - xg:r)] X(-T) %' (T)

8§T-0 ST

1 T+ST .
+ 57 X(T + 6T) fT X(-t) B(t)de| u (T)

1 T
+HX(T + §T)

X(-t) B(t) 62*(T,t)dt} (4.1.9)
0
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The first term of the right-hand side can be reduced by Lemma 2.8.1,

the second term by Lemma 2.8.2, and the third term as follows — after

section 3.1 — :
1im )1 T
" 37 X(T + GT)j X(-t) B(t) 6\_1_*(T,t)dt}
0

ST0
m § 1 r [ty (T+OT) ]}
= = X(T + 6T) f (2k;) X(-t) b, (t)dt
S$T-0 {5'1' [1};1 ty(T) 1 1

- i iﬁx(T""ST‘T)b(T)t(T+5T)-t('1‘)
- 60 ) & ST 17 21V |51 i

r .
- igi 2k, £(T) X(T = £,(T)) b, (£,(T)) (4.1.10)

where ti(T) <1 :_ti(T + 8T) or ti(T + 6T) <1 f_ti(T), i=1, ..., r

i i
and ki = +l. Now (4.1.9) reduces to (4.1.1). Equation (4.1.2) is
obvious.

Q.E.D.

By the same argument posed in section 3.3, éf(T) and ti(T) are contin-

uous except at the times TiO'

4.2 SOLUTION OF THE TRAJECTORY SYSTEM EQUATION
The trajectory system differential equation (4.1.1) must be solved
in order to find the locus of optimal final states. To simplify con-

sideration of the terms of the summation, a set of vectors are again

defined according to:

v, (D = 2k X(T - £,(D) b, (t,(D) , (4.2.1)
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where xi(TiO) is still given by (3.3.16). As in the case of the
time-invariant linear system, there are two basic ways of computing
zi(T): either it can be computed directly from (4.2.1), or its dif-
ferential equation can be solved concurrently with (4.1.1). The dif-
ferential equation for !i(T) can be found by differentiating both

sides of (4.2.1) with respect to T to get:
v (1) = [1 - Eim] AT - £, (D) v, (T)
+t,(T) X(T - ti(T)) Qi(ti(T)) (4.2.2)

Whichever method 1is used for computing zi(T), an important fact
necessary for the solution of the trajectory system equations is given

by:

Theorem 4.2.1. For the system defined in 4.1,

<x'(T), Xi(T)> = 0, i=1, ..., r (4.2.3)
for all T 2 T
Proof:

YR(E (M) = XN(T - £ (1) yA(D)

X' (T - £, (1) x'(T) (4.2.4)
from (2.5.7) and from (2.5.10). By the definition of the switch time,
<by (£, (D)), yp(t (T)> = 0 (4.2.5)

Thus

0 = Cby(e, (D), X (T - £(D) x' (DD

= <x'(D, X(T - £,(D) by (£, (M) (4.2.6)
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Now (4.2.3) 1is obtained by multipiying both sides of (4.2.6) by 2ki'

Q.E.D.

4.3 COMPUTATIONAL METHODS
As stated above, there are basically two ways to compute !i(T)'
Each leads to a different computational procedure. The two procedures

presented here are very similar to those presented in section 3.3.

Method 1. As in section 3.3, Method 1 involves the direction
computation of v(T) from its defining equation (4.2.1). If A(*) and
B(+) are known functions of time, then X(*) can be computed. Solu-
tion of (4.2.1) is then no more difficult with a digital computer than
was its éounterpart in the time-invariant linear system. But the over-
all method still involves finding %(T) by an iterative technique; so,

a means for improving the estimate of T(T + %gb is needed.
The correction factor is formed in the same way as it was in

section 3.3. But since

v(T + 8T) = 2k, x[tr + AT - T(T) - AT %l(r)] l)_i[t('l‘) + AT %1(1)],
(4.3.1)

there is a more complicated expression for

ayg'g: Y9 . 21‘1{' .42-'-?- A[T + AT - ©(T) - AT%I(T)]
1

x['r + AT - ©(T) - A'r%l('r)] ]g_['r('l‘) + A'r%l(:r)]
+ x[r + AT - 1(T) - AT%I(T)] g[r(r) + aT7, ('r)]}

AT . :
- -5 A[T + AT - ©(T) - ATTl(T)] v(T + AT)

- 2kix['r + AT - (T) - AT%I(T)} ﬁ[r('r) + AT%l(T)]}
(4.3.2)
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If b is constant, (4.3.2) becomes the same as (3.3.13) except that
A(*) must be evaluated at the argument shown. In that case, the cor-
rection factor is changed very little. For the more general time-

varying b

SR P
W = 3 {<}L(T), v(T + AT)>

- <x'(T + A1), A(T + AT - ©(T) - ATT (D) ¥(T + AT)>
+ 2k1<5'(T + AT), X(T + AT - 1(T)

- 8T 7,(T)) b(T(T) + AT %1(T>)>} (4.3.3)

must be used to determine the correction factor. This requires that
b(+) be differentiable. The solution of the trajectory system differ-
ential equation by Method 1 is very similar to the procedure outlined
in Algorithm 3.3.1. The similarities between the two versions of

Method 1 are even more pronounced 1f B is a constant matrix.

Method 2. As in Chapter 3, Method 2 is a solution method in
which (4.1.1), (4.2.1), and (4.2.2) are solved simultaneously — even
on an analog computer. As in the case of Method 1, Method 2 is more
easily adapted to the time-varying linear system if B is a constant
matrix, because that removes the second term from the right-hand side
of (4.2.2). But even if B(*) i8 not constant, it must be differen-
tiable. Differentiability of B(*) is not necessary for the solution
of (4.1.1), only to use (4.2.2) in solving (4.1.1). Evaluation of
the first term of (4.2.2) requires evaluating A(*) at (T - ti(T)).
Doing this on an analog computer would probably be too involved, so
even Method 2 may as well be considered a digital computer method.

Again, this requires an iteration over ﬁi(T).
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If B is a constant matrix, Method 2 can be used with Algorithm

3.1.1. In this case
v(T + AT) = v(T) + AT{[I - %(T)] A(T - T(T)) _\_{(T)}. (4.3.4)

Thus,

RAAAD - A A - ) v (4.3.5)
Tl 2

making

e A71:{<1(T + AT), v(T)> -(x'(T + AT), A(T - ©(T)) z(T))} (4.3.6)

Now Method 2 is seen to be far superior to Method 1 because the fund-
amental matrix does not appear anywhere in the process. Instead, only
the known matrix A(-) must be evaluated in the system equations or in
the correction factor equations. When B is a function of time, the
second term on the right hand side of (4.2.2) shows that the fundamental
matrix must be used in the problem solution, so the superiority of

Method 2 is not extended to this case.

4.4 AN EXAMPLE PROBLEM
To illustrate the use of Method 2 in Algorithm 3.1.1 for a con-

stant B matrix, the double-integrator plant was changed to the system:

. 01 0
x(t) = x(t) + u(t) (4.4.1)
0 t 1
where
lu| <1 (4.4.2)
and
1
50 = . (4.4.3)
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This problem was solved using the program in Appendix II. The results

are shown in Figure 4.4.1.

4.5 SUMMARY

The trajectory system is extended to the time-varying linear case

(4.1.1). The solution of (4.1.1) and (4.2.3) by Method 1 and Method 2

are discussed in section 4.3. 1In particular it is shown that Method 2

is far superior to Method 1 when B is a constant matrix. A simple

extension of the double-integrator plant is used in section 4.4 to

demonstrate the use of Method 2 in Algorithm 3.3.1 when B is constant.

XZA

0 0.2 0.4 0.6 0.8 1.0 x
' + \ + >
T = 2.298
-0.2¢4
X
x
0.4 4

Figure 4.4.1.

X = a point from ¥=u

Solutions of Problems 1 and 2 for the
System of Equation (4.4.1)



5. A CLASS OF NONLINEAR SYSTEMS

In this chapter the results of Chapters 3 and 4 are extended to
a class of nonlinear systems. It should be noted at the outset that
the results of this chapter have not been proven, they are merely a
reasonable extension of the previous results. The problem encountered
is that a proof of these results requires that the set of optimal final
states be continuous. This is definitely not true for all nonlinear
systems. In fact, all systems can be put into one of three classifica-
tions: 1) some systems — including all linear systems — have no local
optima other than the global optimum and it is continuous; 2) some
systems have a discontinuous global optimum which is made up of pieces
of various local optima each of which 1s continuous; and 3) some systems
have discontinuous local optima. For systems in the first group, the
methods presented in this thesis work as they are presented. For systems
in the second group, each local optimum can be found by the methods
presented in this paper, but it is then necessary to construct the
global optimum from these local optima. For systems in the third group,
this thesis provides no method of solution. At this time, no procedure
is available for determining a priori to which group a given nonlinear
system belongs. The only approach with a nonlinear system is to assume
it is in one of the first two groups. If it is in the third group,
it is not known that it would be evident that the solution method had
failed. In fact, this problem would be an interesting and probably a
fruitful area for further research.

In section 5.1, the trajectory system differential equation is
developed for a class of nonlinear systems. The convexity of the reach-

able set is discussed in section 5.2. The normality of Xi(-) is
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attached in section 5.3, and a solution method 1s discussed. A simple

example is presented in section 5.4, and section 5.5 is a summary.

5.1 THE TRAJECTORY SYSTEM DIFFERENTIAL EQUATION
The state equation for the class of systems to be discussed here

has been given in Chapter 2
X = £@® +B(t) u (2.2.3)

f
where %;-exists, u is admissible and the initial state X, is in the

region of null controllability. The matrix B(t) is assumed to be con-
tinuous. The trajectory system equations for this class of nonlinear
systems 1s developed in this section subject to the assumption men-

tioned above.

Theorem 5.1.1. For the class of nonlinear systems defined by

é = f(x) + B(t) u (2.2.3)

where u is an admissible control, x(0) = %, is in the region of null
controllability and the set of optimal final states of the various
optimal regulator problems {5;(T)|0 <T j_T*} is continuous, this same
set of optimal final states 1s coincident with the solution of the

trajectory system given by:
(D = £x"(D) + B(D) ul(T)
r .
+ 2. 2k, t(T) X(T - £,(T)) b, (£ (D) (5.1.1)

i=1

where

45

x'(0) (5.1.2)
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and

uX(m _SQ{-BT(T) x' (T)} . (5.1.3)

Also X(+) is the fundamental matrix of the system linearized along an
optimal trajectory — i.e., X(*) 1is the fundamental matrix associated

f
with A(t) = =

3x 5;(t).

Proof: As in the preceding chapters it is first necessary to obtain
6x'(T) = x"(T + 8T) - x'(T). Finding x'(T + 8T) is done by first
extending‘gf(T,T) over the interval [T, T + 6T] to obtain 5;(T + 48T),

and then applying QE*(T,°) = Hf(T + 8T,+) - u*(T,+) to obtain x'(T + 6T).

The first step is simply given by

* K 2
x3(T + 6T) xF(T) + x5(T) 6T + 0(ST")

= 3{_;(13) + [g(i,;(T)) + B(T) E:(T)] 5T + 0(8T?)  (5.1.4)

where E:(T) is as given in (5.1.3). Now the second step is accomplished
by linearizing the system about the trajectory §$(T) for te[0, T + 8T].
The validity of this linearization depends on the assumed continuity

of the set of optimal final states. From this linearization the fol-

lowing differential equation is obtained:
sx7(t) = A(t) 8xz(t) + B(t) Su™(T,t) (5.1.5)

where

A(t) = 3L (5.1.6)
"X| 2% ()
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Solving (5.1.5)

*(T + = + 6
6§T(T 8T) X(T T)

T™+ST
x2(0) +j X(-t) B(t) Su*(T,t) dt (5.1.7)
0

where X(t) is the fundamental matrix for A(t). Since 6§$(0) = 0, it

is easy to see that

x'(T + 6T) - x"(T) = [;(5' (T)) + B(T) g;(r)]

T+ST
8T + 0(8T%) + X(T + 6T) f X(-t) B(t) Su*(T,t)dt.
0 (5.1.8)

If the interval ST is chosen small enough so that no control switching
occurs in [T, T + 8T], then the integral is zero over that interval.
Taking that into account, and dividing both sides of (5.1.8) by 6T and

taking the limit as 6T vanishes,

(D = £x'(D) + B u*(D)

r

+ E 2k, t, (D) X(T - £ (D) b (T,(D) (5.1.1)
i=1

where ki = +1. The limit in the last term is identical to (4.1.10).

Q.E.D.

5.2 NONCONVEX REACHABLE SETS
Note that the equations developed in the previous section are

valid regardless of the convexity of the reachable set. To see why,
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assume the reachable set can have two lobes as shown in Figure 5.2.1.
Each lobe is a locally convex portion of the reachable set and each
contains an extremum. These extrema are connected by the curves A
and B, The trajectory system would follow one of these curves.

The fact that two curves are available means that at some point of
the solution of the trajectory system —Xx, —a choice of two possible
switches must be made. One choice results in curve A, the other choice
in curve B. Thus, all local optima can be found and the global optimum
can be constructed from them. One important point to be made here is
that the assumption in Theorem 4.1.1 is that each local optimum is
continuous. As long as this is true, the global optimum need not be

continuous.

< 4

Figure 5.2.1. A Nonconvex Reachable Set
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5.3 SOLUTION OF THE TRAJECTORY SYSTEM EQUATION

As in the linear systems, define the vectors

v (D = 2k X(T - £, (D by (T{(D) , 3

3.1)

i=1, ..., r. It is still true that each'zi(T) is normal to the tra-

jectory system state vector:

Theorem 5.3.1.

¢y (D, x'(M> = 0, 1=1, ..., r (5.
for all T > Tio
Proof: From (2.5.7)
¥R = -aT(e) yEo (s.
where the matrix A(t) is the same as that given in (5.1.6). Thus
(2.5.10)
TR (D) = XN(T - £ (D) D . s.
But, by the definition of the switch time ti(T)’
by (£, (M), X' (T - £,(D) yH(D> = 0 . (s.
Thus,
0 = <by(t,(M), X(T - £ (D) x' (D>
= <x'(T), X(T - £,(D) b, (£, (> . (5.

Q.E.D.

3.2)

3.3)

from

3.4)

3.5)

3.6)



67

All of the results to this point are identical in form to those
of the time-varying linear system of Chapter 4; but it should be noted
that, although !i(T) in (5.3.1) looks identical to that in Chapter 4,
its computation is far different. Specifically X(T - ti(T)) must be
evaluated along the original system trajectory instead of the trajec-
tory system trajectory.

This problem can be circumvented as in Chapter 4 by letting B be
a constant matrix and using solution Method 2. Differentiating (5.3.1)

yields

v, (T) 2k (1 - £,(T)) A(T - £,(T)) X(T - t (1)) b,

1 - ti(T)) A(T - ti(T)) Xi(T) (5.3.7)

In Algorithm 3.1.1,

v (T+AT) = v (T) + oT {(1 - £.(T) AT - £ (D) li(T)} (5.3.8)

where

av, (T + AT)

—1 AT

————-a—E—il— = - "'2— A(T - ti(T)) li(T) (5.3.9)
and

e = %{(gi(tr +0T), v, (D>
11

- <x"(T + AT), A(T - t,(T)) 11(1‘))} . (5.3.10)

It must be remembered that in the above equations A(°*) is defined by
(5.1.6) and must be evaluated accordingly. This is the difficult part

of the solution.
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5.4 AN EXAMPLE PROBLEM
In order to provide a simple example problem, the double-inte-

grator plant is extended as follows:

. 0 1 0
x(t) = 5 [ X+ fu(®) (5.4.1)
0 -|x | 1
where
lu] <1 (5.4.2)
and
1
X, = . (5.4.3)
0 0

This system is discussed in Athans and Falb pages 614-621. In this

system
0 1
A(t) = 9 (5.4.4)
0 -2|x*(e)|
and in (5.3.8) and (5.3.10)
0 1
A(T - ti(T)) = . (5.4.5)

2%
0 -2|x*(T - t,(T))]

For a given run time T, this is evaluated by running the original
system backward from 5;(T) = x'(T) by ti(T) seconds. At that point,
A(T - ti(T)) can be evaluated. Using a special subroutine to perform
this calculation, the program in Appendix II was used to compute the

locus of optimal final states which is shown in Figure 5.4.1.

5.5 SUMMARY
The trajectory system differential equation (5.1.1) has been

developed and the normality of Xi(T) attached (5.3.2). This pair of
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equations was solved by Method 2 for a simple extension of the

double-integrator plant.

2 A

X

0 0.2 0.4 0.6 x*
- + —+ + -

" = 2.04

-0.2+

x = a point from X=u

Figure 5.4.1. Solutions of Problems 1 and 2 for the
System of Equation (5.4.1)



6. CONCLUSIONS AND EXTENSIONS

Section 6.1 summarizes the material presented in Chapters 2
through 5. The conclusions to be drawn from that material are included
where they are pertinent. A possible extension of the trajectory
system method to other control problems is treated briefly in section

6.2.

6.1 SUMMARY AND CONCLUSIONS

The particular control problems treated in this thesis are defined
in Chapter 2. Briefly, Problem 1 is to determine how close to the
origin a given initial state can be driven within a fixed run time;
Problem 2 is to find the minimum run time necessary to drive a given
initial state to the origin. The method presented in this disserta-
tion solves all possible regulator problems for one arbitrary initial
state.

In this dissertation, the above problems are treated for a class
of linear and nonlinear systems. All of the systems in this class
have two things in common: each element of the optimal control vector
is a "bang-bang" function, and the locus of optimal final states is
continuous for each local optimum. These properties are crucial to
the computational procedure. Instead of solving the optimal control
problem indirectly by solving the associated two-point boundary value
problem which comes from the application of the Maximum Principle,
this procedure solves the optimal control problem directly using the
general form of the results which the Maximum Principle makes avail-

able.
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Considering the set of control problems which are collectively
labeled Problem 1, the specific optimal control function depends on
the particular run time involved. The form of that dependence is in-
vestigated in section 2.7 and is one of the more important portiomns
of this dissertation. In particular, each switch time is shown to be
a function of the run time and each switch time ti(T) is shown to be
differentiable whenever the locus of optimal final states is differen-
tiable.

The locus of optimal final states can be computed by solving
simultaneously the differential equations of the trajectory system
(3.1.15), 4.1.1), (5.1.1) and the normality condition associated with
the set of auxiliary inputs {gi(T)} (3.2.1), (4.2.3), (5.3.2). This
locus of optimal final states is the complete set of solutions of
Problem 1 and readily results in the solution of Problem 2.

Method 1 and Method 2 presented in section 3.3 are two computa-
tional procedures which can be used in Algorithm 3.3.1 to solve the
trajectory system equations. In Method 1, each gi(T) is computed
directly from its defining equation (3.1.16), (4.2.1), (5.3.1). 1In
Method 2 each zi(T) is generated from its differential equation instead.
These two methods are shown to be computationally equivalent for most
of the systems considered; however in a time-varying linear or a non-
linear system with a constant B matrix, Method 2 is far superior to
Method 1. Both methods describe noniterative computation procedures,
but an iteration is involved when using either procedure on a digital
computer. Only Method 2 can be utilized on an analog computer.

A simple Fortran program which uses Algorithm 3.3.1 is presented

in Appendix II. Either Method 1 or Method 2 can be used in this



72

program, but it only applies to systems with a scalar input that
switches at most twice. This program was used to solve the example
problems in sections 3.4, 4.4, 5.4. The use of an analog computer

to solve an example of Problem 1 in section 3.4 shows the feasibility

of analog solution.

6.2 GENERALIZATION AND FUTURE RESEARCH POSSIBILITIES

In this section the trajectory system approach to the solution
of optimal control problems 1is generalized and then applied to the
minimum fuel regulator problem. Consider an optimal control problem
wherein the objective is to apply permissible inputs to a system so
as to drive its state from a given initial state to the closest pos-
sible point to the origin in a fixed run time and with minimum cost.
Assume the set of optimal final states resulting from all possible
costs 0 < J < J*¥ — where J* is the minimum cost necessary to reach
the origin with an adequate run time — forms a continuous curve in the
state space.

As in Chapter 3, consider the linear system
X = Ax + Bu (6.2.1)

where u is admissible and x(0) = Let the fixed run time satisfy

Xy
T < T*. The equation for the optimal final state is

@) = 2@ = M

T
X, +/ e AtBu*(J,t) dt (6.2.2)
0
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where the notation 1is similar to that in the preceding chapters.

Now (6.2.2) must be differentiated with respect to J.

Consider the minimum fuel regulator problem where

T m
J=F=[E|ui|dt
0

i=1

From the Maximum Principle, it can be shown that

u*(F,t) = - DEZ {B'Xg(t)}
where
-1, ac<-1
dez(a) = 0, -1l<acx<l1l
, a>1
and
de?(al)
DEZ(a) = .
dez(an)

Now the trajectory system differential equation is

dx* (F) . .
— = X' - E £, (F) 1 ATE Py
i=1

But since it is also true that

yp(E) = a(P) x5 (F)

(6.

(6.

(6.

(6.

(6.

(6.

.3

.4)

.5)

.6)

.7)

.8)
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where o(F) is some unknown function, it can be shown that

L = =
l¢x' (F), li(F)>| Tl (6.2.9)
where
= A(T-t, (F))
Xi(F) = kie i Pi . (6.2.10)
With no fuel consumed and a run time T,
x(n = My (6.2.11)
so in the trajectory system
¥ = x . (6.2.12)

Now the locus of optimal final states cannot be found because
a(F) is not known. This type of extension of the trajectory system

method would be a good area for further research.
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APPENDIX I
THE DOUBLE-INTEGRATOR PLANT

The double-integrator plant is so named because it is represented

by the differential equation
X = u (I-1)

This equation may arise, for instance, in describing the reaction of
a unit mass when acted upon by a force or thrust u. Such a system with

bounded input can be described by the state equations
x = x + u (I-2)
where u is admissible.

For optimal time or optimal regulator control of this system

+1 or u = -1 are the only two input values of interest. For

u
u = +1, the state trajectories are parabolas opening along the positive
x-axis; for u = -1, they are parabolas opening along the negative
x-axis. Each of these two sets of trajectories has one member which
intersects the origin. These two trajectories are shown in Figure I.1
with the direction of motion shown by the arrows.

The half of each curve for which the state 1s moving toward the
origin is in solid line, while the other half is in dashed line. The
two solid half trajectories together form the minimum time switch
curve. Any initial state can be forced to the origin in minimum time
by letting u = +1 — whichever is correct for that initial state —
until the switch curve is reached, and then switching u and following

the switch curve in to the origin.
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Figure I.1. Trajectories for the Double-Integrator Plant

The problem of forcing the system state as close as possible to
the origin in a fixed run time is more complicated. To analyze this
problem, it is only necessary to consider initial states above the
switch curve in Figure I.1l, because the trajectories for u = +1 and
u = -1 are symmetrical about the origin. For the rest of this dis-
cussion initial states are assumed to be above the switch curve. For
an initial state in the upper half-plane, the input is originally
u = -1. For short enough run times, the control never switches. When
there is sufficient run time to carry the state into the lower half-
plane, switching does occur. The longer the run time avallable, the
later the switch occurs and thus the farther the state penetrates into
the lower half-plane on the u = -1 trajectory before switching occurs.
The limit occurs at T* the optimal time when switching occurs at the

switch curve and the state reaches the origin. This is an example of
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a Type I switch because switching first occurs at the end of the tra-
jectory. The situation is shown in Figure I.2 where the switch curve
and the set of optimal final states are shown as solid lines and the
trajectories as dashed lines.

For an initial state in the lower half-plane, the input is u = +1
throughout for short run times and it is u = -1 originally and then
u = +1 for longer run times. This is demonstrated in Figure I.3.
Again the switch curve and the set of optimal final states are shown
as solid lines while the trajectories are shown as dashed lines. This
is an example of a Type II switch because switching first occurs at

the beginning of the trajectory.
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x2 4

éx

Switch
Curve

|°;
%Y

u = +1

Figure I.2. Solutions of the Regulator Problem
with a Type I Switch

x2 A

Switch
Curve

Figure I.3. Solutions of the Regulator Problem
with a Type II Switch
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APPENDIX II

The Fortran IV program presented at the end of this appendix
uses Algorithm 3.3.1 and either Method 1 or Method 2 to solve both
Problem 1 and Problem 2. The program given here can only be used for
a system with a scalar input that switches at most twice. It would
not be a very difficult matter to change the program so that it can
handle any size control vector and any number of switches. It is also
necessary that the B matrix be constant.

The name of the program is OPTML; the various subroutines are
names PROB, REV, RENEW, SCALE, SWPLN, CHANG, END, DOT and SGN; The
user supplies data cards and parts of PROB and REV. The first data
card must have an integer number in colummn 1 which is the order of
the system, N. The neit N cards contain the elements of the vector
-2b; after that; each set of N cards is taken to be'én initial state
X- These entries must each be in E format and riéht justified to
column 15.

In PROB the user supplies the system equations. There are six
groups of equations which are, in order: é_= Ax + by, z(T + AT) = z(T)
+ AT Az, v(T + AT), Hyp = -2?5, w, and alt. Alt is an expression to
be used in computing y = u:(T) when x(T) is an element of the switch
hyperplane. The vector w is an element of the switch hyperplane.

The vector w is used in computing the correction factor for 1(T).
Using Method 2, v = w + AT(L - 1)Aw and w = % Av. Using Method 1,
v = 2e_ASE_and w = A vqn.

The subroutine REV is only necessary when the system is nonlinear.

Using the vector A as the final value of the state and the costate,

both sets of equations are run backwards in time an amount TINT. The
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step size AT = DELT is available. At the end, the value of x is put
in the location B. The example of PROB shown is for the double-
integrator plant, and the example of REV is for the nonlinear system

of the example in section 4.4.
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