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ABSTRACT
TESTING TWO FAILURE RATES WITH

RANDOMLY RIGHT CENSORED DATA AND
UNCENSORED DATA

By

Michael Goerge Blake

We study the problem of testing HO: h](t) = hz(t) almost
everywhere Lebegue measure (u) versus the alternatives
H}: hz(t) > h1(t) almost everywhere (u) and hz(t) # h](t)
almost everywhere (u) with randdmly right censored data and un-
censored data where hi is the failure rate function for the right

sided distribution function Fi’ i =1,2. We show that the functional
ot
a(ps Fqs Fp) = é g {Fy(t)F,(s) = Fi(s)F,(t)1de(s )de(t)

where ¢ 1is a strictly increasing continuous function has the property
that for (F], F2) € H0 U H.l then A(g; F], F2) =0 if and only

if (F], F2) € H0 and A(p; F], Fz) >0 if and only if (F], F2) € H1.
In the uncensored case, we give sufficient conditions so

that the estimator a(g) = a(gp; F» F) 1is asymptotically normal

where Fm’ Fn are the right sided empirical distributions of

F], F2. In the randomly right censored case, we give sufficient
conditions so that the estimator Z(w) = A(ep; Em’ ?n) is asymptotically
normal where Em, ﬁn are the Susarla-Van Ryzin estimators of

F], F2. We also derive a consistent estimator for the asymptotic

variance of A(g) under Ho-



Kochar (1979) studied the above problem only for the un-

censored case where he used the functional

G(F], F

o“— 8
Ot

,) (FL(8)F,(5) = F (S)F,(£)3d(3F (s) + (1-2)F,(s )d(F, ()

+ (1-0)F,(1))

where 0 <A <1 and ?} = 1-F,, i = 1,2. In this paper, we show
that the estimator 5(Em’ ?n) is asymptotically normal under
appropriate conditions. We also derive a consistent estimator for

its asymptotic variance under HO‘
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INTRODUCTION AND SUMMARY

Let X »X b? iid F]; X],...,X be iid G]; Y],...,Y

120 %

be iid Fz; and Y]""’Yn be iid GZ’ where F], F2, G], G2 are

m n

right sided absolutely continuous distribution functions, i.e.,

1. All

F](t) = P(X1 > t), such that F](O) = FZ(O) = GI(O) = GZ(O)
the random variables are independent. Also the life distributions

F], F2 are on [0,») with densities -f], -f2 respectively.

We get to observe U, min (Xi’ X;), 6i'= [X; < X;] for
1<i<m and V‘j = min (Yj’ Yé), Y5 = [Yj < Y;] for 1 <Jj <n,
where [A] is the indicator of the set A.

This model is called the two sample randomly censored model.
In it the random variables X; and Y; are the censoring random variables.
The Gi's may have all their mass at « which corresponds to the
uncensoring model.

On the basis of the above observations, we wish to test

H h

0:
a.e. (u) and hz(t) # h](t) a.e. (u) where hys h, are the failure

1 = h, a.e. Lebesgue measure (u) vs. Hy: hy(t) > h,(t)

rates of F], F2 respectively, i.e., for i =1, 2,

O (1) TF Filt) >0

(1.1) h:(t) =
+ o if Fi(t) =0



2

Our plan of constructing a test statistic is the following.
Let F = {(F], F2): Fio F2 are right sided absolutely continuous
distribution functions and F](O) = FZ(O) = 1}. For (F], Fz) €rF,

let
(1.2) D(s,t) = Fy(t)Fy(s) - Fi(s)F,(t) for t>s >0
and

(1.3) T=sup {t: Fy(t) > O}

If D(s,t) >0 forall t>s >0 then Fy(t) < Fi(t) forall t
since F](O) = F2(0) =1. Thus if D(s, t) >0 forall t>s>0
then h,(t) > h,(t) for all t>T. Now for t <T and D(s, t) >0
for all t > s > 0, we have that

Ft)  Fys)

(1.4) Fz(t) > Fz(s) for all T>t>s>0.

But (1.4) implies that Fl(t) is d ing function for t < T

u . m - d nondecreasin unction Ttor < .
F2(t) ?

F
Since F], F2 are absolutely continuous and Fl is nondecreasing for
2

t < T, we have that
f(E)F (t) = F(£)Fy(t)

0
2 >
2 (t)

(1.5)

for almost all t < T where almost all is with respect to Lebesgue

measure. But (1.5) is equivalent to hz(t) > h1(t) for almost all

t <T. Thus, if (Fy, F)) € F and D(s, t) >0 forall t>s>0
Now Tet (F;, F,) € Hjy U H;, then for t > T we have that



D(s, t) = F{(t)F,(s) > 0 where s < t. Also notice that if

(F], F2) € Hy U Hys then F](t) = 0 implies that F2(t) = 0. Thus

if t < T then F](t) >0 and Fz(t) > 0. Since (F], F2) € Hy U Hy,
hz(t) > h](t) for almost all t < T then implies that (1.5) holds

for almost all t < T. Since Fl’ F2 are absolutely continuous and
F

(1.5) holds for almost all t < T, we have that ?l is a nondecreasing
2

function for almost all t < T. But F], F2 are continuous, therefore,

F

?l is nondecreasing for all t < T. Hence (1.4) holds for all
2

T>t>s>0. Therefore, if (F], F2) € H0 UH, then D(s, t) >0

1
for all t >s > 0. Thus for (F;, F,) € F, we have that

(1.6)  (Fys Fy) € Hy UH, iff D(s, t) >0 forall t>s>0.

Now let ¢: [0, =) » [0,») be a nondecreasing right continuous

function such that ¢(0) = 0 and let
o t
(1.7)  a(e) = alws Fp, Fp) = £ é D(s, t)de(s)de(t).

If (F], F2) € Ho then a(¢) = 0 since D(s, t)= 0. But if a(¢) =0
and (F], F2) € H0 U H] then D(s, t) = 0 a.e. with respect to
My X Mo where Mg is the measure induced by ¢. Suppose D(s, t) =0

a.e.with respect to u and there exist a point (xo, yo) such

¢ My
that Xg < Yo and D(xo, yo) > 0. Then D continuous implies there
exists (a, b) x (c,d) such that (xo, yo) € (a, b) x (c, d), and for
all (x, y) € (a, b) x (c, d), D(x, y) > 0. Thus if ¢ is strictly
increasing and continuous then Hg X Mg ((a, b) x (c, d)] = (¢(b)-¢(a)) x
(¢(d)-¢(c)) > 0. Therefore, D(x, y) = 0 for all y > x>0 if

a(9) = 0 and ¢ 1is a strictly increasing continuous function. Hence



for (F1, FZ) € H, U H] and for those ¢ which are strictly increasing

0
and continuous we have that a(¢) = 0 iff (F1, FZ) € H0 and A(e) > 0

iff (F], Fz) € H1. Therefore, aA(¢) 1is a reasonable measure of departure
of H] from H0 for a given pair (F], FZ)’

Observe that H, implies that F, > F, where F = 1-F. From

Doksum (1969) we recall that ?é is tail ordered with respect to

?} (_é <t ?}) if and only if, ?1'] ?é(x) - x is nondecreasing in

x > 0. Observe that F, <, F, and F}'] F,(0) =0 imply ?}'1 Folx) > x
for all x > 0 which is equivalent to saying ?é(x) > ?i(x) for all

x > 0. On the other hand F, <, F; and h; nondecreasing and f, >0
a.e. imply h2 > h1. To see this observe that ?é <t ?} implies

fp(x) > £,(F;™ Fp(x) for all x > 0 which in turn yields

hy (x) f](?}" ?é(X))/{l-?i(?}'] (Fp(x))} = hy(F;71 Fp(x)) 2 hy(x)

for all x > 0. Thus the alternatives H] are smaller than the slippage

v

v

alternatives H,: ?é > Fj with strict inequality somewhere, and larger

than the alternatives F, < F;, F; I. F. R and f, >0 a.e.
In Chapter 1, we study the uncensored model where we use

KN@p)= A Fm’ Fn) as an estimator of A(¢) where Fm’ Fn are the

right sided empirical distribution function for F], F2 and N =m+ n.

We obtain the asymptotic normality of N (KN(W) - a(¢)) and obtain a

consistent estimator of its asymptotic variance. Also a member of

this class of tests, one based on ¢(x) = x, is found to have asymptotic

Pitman efficency relative to the locally most powerful rank test equal

to .84375 at F (x) = eP* exp (- 3 p%:C}, 6 > 0, equal to .7875 at

Fgo(x)

Fe(X) =1 -exp (-{x + o(x + e

(1 -0)e™+ ge7X(1 - (l-e'x)3), 6 > 0, and equal to 1 at
X

-1)}), & > 0, the Makeham distribution.



Whereas, the asymptotic Pitman efficeny of the Wilcoxon test relative
to the locally most powerful rank test (L.M.P.R.) are .0938, .35 and
.25 at the above alternatives. Also the asymptotic Pitman efficency
of the Savage test relative to the L.M.P.R. test are .5, .7292

and .75 at the above alternatives.

In Chapter 2, we study in the randomly cen;ozed model the asymptotic
"°'”"‘a”tﬁn°f /ﬁ (X,j(w) - A,j(tp)‘),‘ where ay(%) = 6 &D(s, t) d $(s)de(t),
ZN(¢) = g _g {F(t)F (s) - F (s)F (t)} d ®(s)d e(t); F and F_ are
the modified Susarla and Van Ryzen estimators of F] and Fz; and
Mn + T =sup {t: Fz(t) > 0} at an appropriate rate, under the assumption
that T < sup{t: Gz(t) >0} and sup{t: F](t) > 0} < sup{t:

G](t) > 0}. We also obtain a consistent estimator for the asymptotic
null variance of N XN(¢).

Kochar (1979) studied the above problem for the uncensored case

using
o t
§(Fy» Fp) = é 0[ D(s, t)d(x?}(s) + (I-A)Fé(s))d(x?H(t) + (l-x)?é(t))

and S(Fm. F.) instead of (%) and A(¢) where F(t) =1 - F(t).
He found that the asymptotic Pitman efficency of the & test relative

-(e+1)x’ 6 > 0,

to the L.M.P.R. test is equal to .8203 at Fe(x) =e
equal to .9843 at Fe(x) = (1-8)e”™™ + o e'x(l-e'x)z), 6 >0 and equal
to .7813 at Fa(x) = (1-8)e™® + ¢ e'x(l-(l-e'x)3), 6 > 0. Whereas,

the asymptotic Pitman efficency of the Wilcoxon test relative to the
L.M.P.R. test is equal to .75, .625, and .35 at the above alternatives.
In Chapter 3, we will study the asymptotic normality of /N (EN - 8y)

for the randomly censored case where



t — — —

é D(s, t)d(ayFy(s) + (1-a)F,(s)d(ryF; (1)
+ (]-AN)FZ(t))’

(F o F)yry= %-, and MN + T at an appropriate rate.

In what follows "ﬁ" means ‘"converges in probability to"

and "5" means "converges in distribution to".



CHAPTER I
KN(¢) IN THE UNCENSORED CASE

1. Asymptotic Normality of /N(BN(W) - a(9)).

In this section, we will restrict the model of Chapter 1 to
the uncensored case, i.e., G1 and G2 put all their mass at «. Hence

U; = X;, 8. 21, V. =Y, and vy, =1 for 1 <ic<m and ] <J<n.

i 17 J J J m
Let N=m+n,F(t)=-]'ﬁZ][X1.>t],Fn( 7][Y>t],
and  ho(x; y) = (e(x) = (y))(e(y)ly < xJ + ¢(x)ly > xJ) Also assume
that 0 <X < 1, where A = lim § .
N'*“:I m n .
Observe that AN(¢) — Z Z hw(xi; Yj). Thus AN(¢)

is a two sample U-statistic of degree (1,1) with symmetric kernel
h and E(a N(q»)) = A(¢). So by the theoEy of U-statistics (c.f.
Puri and Sen), /_(AN(Q') - A(y)) » N(O, 1 + 773 ) where

D
2

o7 = Var(¢(X) f 4 dF' + ¢ (x) Fo(X) - f 42 sz ¢(X) f ¢ dF. 5) and
o5 = Var(4(Y) J’ ¢ dFy + P(N)F(Y) - j ¢ dF; - o(Y) j ¢ dF;), provided
E hzw(x; Y) < ». The following lemma gives a necessary and sufficent

condition so that E hi (X3 Y) < =,

Lemma 1.1: [ ¢ dF; <= and | ¢ dF, < = if and only if
0 0

E hi(x; Y) < .



Proof: E h(X;Y

€N

8
tR =T 2= 7.4 = 7.4 =
) = é ¢ dF; é ¢ dF, + é ¢ Fy dF, + é ¢ F, dF,

3 =

) X — _ © X _
-2 [ 9(x) [ ¢ dF, dF) - 2 [ 4(x) [ ¢ dF, dF,. Thus if
0 0 0 0

E hczp(X; Y) < »,

Converse

$F(x)F;(x) > 0

A= sup {Wz(x)

0$X<m
0<B<=» and
2 @
s Y
E h¢ (X; Y) < é

Thus if [ ¢ dF
0

then [ q? dF
0

;<= and [ ¥ dF, < =.
0

2

ly, if [ ¢2 d?i <= and [ q? d?é < = then
0 0

and wz(x)Fz(x) +0 as x + =, So letting

F.(x)} and B = sup {wz(x)F (x)}, then 0 < A < =,
] 0 2 -
X<

2 = 7.2 = T2 = T2
¢ dF, é ¢ dF, + A é 9" dF, + B é ¢ dF; < =

1<° and [ q? dfé < o then E hi(x; Y) < =, a
0

So by the theory of U-statistics and lemma 1.1, we arrive at

the following.

Thoerem 1.1: If | ¢2 dF; <= and / ¢ dF, < =, then
0

/N(AN(w) - a(y)

2 X

o7 = Var(e(X) /
0

and

2 Y

o5 = Var(s(Y) |
0

Now let

3|—

VN,Z(Yj; ¥) =

2 2 0

g o
) > N(0, —+ 75 ) where
D

2

X ®
¥ dFy + ¢ (F(X) - | & dF, - ¥X) [ ¥ 7))

Y o
¥ dFy + FONF(Y) - [ & dFy - oY) [ o dF)).
0 Y

=]

1 n
VN"I(X.'S q’) = = .Z h (X; Y)’

J
m 2 1 m



and

n
Sﬁ’z(w) = H}T jgl {VN,Z(Yj; ¥) - AN(¢)}2. By Proposition 4 of Sen
2

(1960), we have that Sﬁ ](w) - o? and SN

2 .
(¢) = o5 provided
P »2 P 2

E hi(x; Y) < ». Thus we have the following theorem.

Theorem 1.2: If [ ¢ dF] <w and [ ¢ dF, < =,
0 0

then
Ay(@) - a(e)

_1 > 1 5 - N(09 ]).
D
VAT E R

Corollary 1.1: Under HO: F] = F2 =F,

By (%) 3
2 T2 —> N(0, 1) provided | q? dF < =.
Sy,{8) + Sy ole) D 0

1
m

2. Pitman A.R.E.

In this section, we will study the Pitman A.R.E. of the
ZN(x) test relative to the w] test of Kochar, the Savage test, the
Wilcoxon test and the L.M.P. rank test for the following alternatives

belonging to H].

HZZ h?g(X) = (e + ]) h?b(x)a i.e., Fe(X) = [F(x)]]+e.

For Fo(x) = e™X, this leads to Fylx) = which is the scale

alternative in the exponential case.

e () = e ()01 + 6 0 F), duea Fox) = Fy(x)ext- S 2PF(x)}.
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When Fo(x) = e PX, then he (x) =p+ p2 8 x, the linearly increasing

9
hazard rate.

Fx) = (1-8) e*+oe™(1-(1- e Ky, k> 1,

Hy: 5

4

H .

g: e (x) =1+0(1 - e X), i.e.,

]
?é(x) =1 -exp(-{x +0 (x+ e'x-l)}), the Makeham distribution.
The alternatives HZ’ H3 and H4 have been considered by
Chikkagoudar and Shuster (1974) where they have obtained the L.M.P.
rank test for these alternatives. The L.M.P. rank test for Hg can

be similarly obtained.
d a(x; F,, F.)

. - 0’ e _
© -] X ™
2 —_

Jix [ Fad, - 2 [ [ Fo(s)ds dt}< d Fu(x)
2_0 09y "0t 0 0
N N A(1 - A) ’
C(BN) = lim A, C(L.M.P.) = the efficacy of the L.M.P. rank test

Mo No

N ~
C(ay)
. . . A _ N 2
for the alternative being considered, and let e(AN, L.M.P.) = (c THP. )

the Pitman A.R.E. of &N to the L.M.P. rank test.

s oy = (A1 2N, C(dy) = 5 YRTTRT,

ro| —

For H2, A=

C(L.M.P.) = Y2x(T-x) and e(&N, L.M.P.) = .375.

For Hy, &= 35, oy = PAA(1-0N)%, C(Ey) = F (A(1-0)%,

it
O W

C(L.M.P.) = vYZx(T-1) , and e(&N, L.M.P.) = .84375.

. _ k - -
For H4. A= TRV (k+2) ° oy = (3x(1-2)N) %,

Y
Clay) = TheT) (kw2

2
a _ 3k(4k™-1
iy, L) = J8E1)

(k+1)°(k+2)2

, C(L.M.P.) = (A(1-2)( ; )1, and
4K8-1




1

w—

For Hg, & = 3, oy = (3A(1-0)N)™? Clay) = 3’\

Using Theorem 2.1 of C-S (1974),we have G(x; 0) = 1-e7%, G'l(x) = gn(1-x),

g(x; 0) = e X, H(x; 8) = exp{-8(x + e X-1)}, o(u) = g%-H(G'](u); e)|e=0

(1-u) 3%

g(6™'(u); 0) X 2
where U 1is uniformly distributed over (0, 1). Therefore,

C(L.M.P.) = and e(&N, L.M.P.) = 1.

The following table gives the Pitman A.R.E.'s of the Wilcoxon

H(G™ (u) 5 8)gg = (1-u) + 2u, and Var(e(U)) =~%,

test, the Savage test, the wl-test of Kochar, and the AN(x) test with

respect to the corresponding L.M.P. rank test for the above alternatives.

Table 1. Pitman Asymptotic Relative Efficiencies with Respect to the
L.M.P. Rank Tests.

Alternative Wilcoxon Savage w] ANTX)

Hypothesis

H2 .75 1.0 .8203 .375

H3 .0938 .5 .2307 .84375
k =1 1.0 .75 .70 .25

H4 k =2 .625 .8333 .9843 .625
k=3 .35 .7292 .7813 .7875

H .25 .75 .5353 1.0




1.

CHAPTER I1

~

THE ESTIMATOR AN(¢)

Notation and Preliminaries.

In the previours Chapter, we defined an estimator &N(¢)
Mt

of a(¢) = [ é {Fy(t)Fy(s) - Fi(s)F,(t)}de(s)de(t), for the uncensored

0

case. In this Chapter, we will define an estimator ZN(w) of a(9)

for the censored model. To define ZN(¢), we first need to introduce

some notation. Let

(1
(1

(1

(1

(1

(1

and

(1.

.1)
.2)

.3)

4)

.5)

.6)

7)

N=m+n
+ m
No(t) = T Cu, > t]
i=1
fe) = ]
N (t) = (v, > tJ
n j=1 3
+
A1 ~om 2+Nm(U1) [, =0, U, <t]
1+ Nm(Uz)
+
. 2+ N (V,) [y, =0,V <t]
- n -
Gle) = 7 (— DAy L
L=1 11+ Nn(vz)
+ A=
. N (t)G "(t)
F(t) = D—M
m m

-n»

NHe)e ()
. t) = n nn

12
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The estimator ZN(¢) is defined by
M

. t .. ..
(1.8) Gy(9) = é" [ Fy(0F(5) - F(9)Fy (00} as)ante)

where M = MN + T = sup{t: Fz(t) > 0}. Also let
Mt

(1.9) ay(®) = [ [ (F(t)F,(S) - Fi(S)F,(t)} de(S) de(t)
00
The following notation is used throughout this Chapter and
Chapter 3:
(1.10) H; =F.G, for =1, 2

s
(1.11) H](S) = P(G] =0, U, <s) = é F] dﬁi, s>0

(1.12) Hy(S) = P(y; =0, V; < 5) = z Fy dGyy 520
N S —
(1.13) F (S) = P(sy =1, Uy < 5) = é 6 dFys s> 0
(1.14) HZ(S) = P(y] =1, V.l < s) = z GZ d?é, s>0
NF(t)
(1.15) H (t) = —
N (t)
(1.16) H (t) = —
. m
(1.17) m A (t) = 121 [6; = 0, Uy < t3
and
. n
(1.18) n Hn(t) = jZ][yJ = 0, vj < t]
Also F}‘, G;] , and H;] stand for 1/F;, 1/G;, and 1/H, respectively.

2. Asymptotic Normality of VN (KN(¢) - 8y (#).

We start this section by quoting some inequalities from Koul,

Susarla and Van Ryzin (1981) and state them as Lemmas for convenience.
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Lemma 2.1:

(2.1) ECOL+ N TV vp)3 s CnT T ()

(2.1)' € (1 + N, 03 < e

(2.2) EC(L+ Ny (V)Y

j » ¥3)s (Voo v5)b < Con

i j* 'y - 2 Y

A
(ep]
3
1]
=
X
]
-
—
(@ng
~

(2.2)" EC(L+ Np(U) (U 8500 (U, 850 <

1 <i, j <n and where C depends only on r.

Lemma 2.2:

(2.3) EC( G (V5 - Gy(vi)Z(vy, vp)d < Cn” j H>* F, d5,

7291 - v 1 (v
U.
: A 2d -d ' ,-4d -
(2.3)" E{( Gm(bi) - G](u.)) |(Ui, 51)} < C{m é Wy Fy dGy

i 1

2d -4d
(.I = Gi) H] (Ui)}
(2.4) £l 6(8) - 6% ccnd [iME, &
: n 2 s 2 Fo 95

whenever Hz(t) >0

(2.4)" EC( G (t) - G1(t>)2d <cm 1 N

t

[ 1 F T
0

whenever H1(t) >0

for d =1, 2,..., and where C depends only on d.

Lemma 2.3: V

(2.5) E{(éal(vi) - G, s vj)t s € n~d EZd v, ){f H, 4 F, G,

G, + 0701 - y)) H§4d(vi)}
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Us
1
2a(u,)¢f 7 dG

. ~-1 -1 2d -d -
(2.5)" EU(G, (U;) - G (Us)) I (U, 60 < Cm o H Y 196,

1
s
OO R RN (HE

21

t
(2.6) E(8'(t) - 6'(£)?! < ¢ a7 “£2d(t){£ Hy 4 FodG

272
t
-8d =\ k%
+ (é H2 F2 dGz) }

t
. -1,.yy2d -d -2d -4d =
(2.6)' E(G, (t) - G, (£))™" < Cm " Hy (t){é Hy Fyp Gy

t
+ (g H;Bd F, d6))%)

whenever H](t) >0, Hz(t) >0 and for d=1, 2,..., where C

depends only on d.

Lemma 2.4:

(2.7) EC(F, (V) = Fpu)?d vy, vp)d < € 0" 8%y

(2.7)" EC(F (Uy) = F U2 (v, 601 < € w9 W78 u,)

-d

(2.8) ECF (t) - Fp(t)3%0 < n"d H09(t) whenever H,(t) > 0

(2.8)" E(F (t) - F(£))%0 < ¢ md Wi%%t) whenever Hi(t) >0,

for d =1, 2,..., and C depends only on d.

We will henceforth assume that T = sup{t: Fz(t) > 0}
< sup{t: Gz(t) > 0} and sup{t: F](t) > 0} < sup{t: G](t) > 0}.
Also without loss of generality, we will assume that T = + =, Now

let F], F2, G], G and M = MN satisfy the following conditions:

2° M
(2.9) [ Fi dg<eo for i=1,2
0
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wM o3 2
(2.10) N *(f Hy” d ¢)°“+>0 as N+
0
a3 2
(2.11) N *(f H2 de) +0 as N+
0
aM e 2
(2.12) N ([ Gi H,' d ) >0 as N>o for i=1, 2,
0
-1 2 -2 .
(2.13) N " ¢ (M) Hi (M) >0 as N+w» for i=1,2

(2.14) AN =

=|3

+> )X as N> with 0 <x <1, and M= MN 4

Observe that
By (%) - ay(®) = T ] (F_(t) = Fy(£))(F (s) - Fpls)) de(s)d w(t)

o

(F_(s) = Fy(s))(F (t) - Fp(t)) d w(s) d %(t)

O'*—ct O

(2.15) 1 (B FL(8) - Fy(t)) d a(t)

+ 1
O =X O X O X
(Te]

9y n(t)(F(t) - Fi(t)) d w(t)

ct

M
where g, (t) = (f Fi(s) d #(s) - { Fi(s) d @(s))Ct < M

t M
and g, \(t) = (é Fo(s) d ¢(s) - { Fo(s) d (s))Ct < MI.

o

We will show that under conditions (2.9) - (2.14), JW(ZN(¢) - AN(¢))
converges in distribution to a N(O, 02) random variable in three steps.
The first step is to show that the first two terms on the right hand
side of (2.15) converges to zero in L. This step is done in Lemma

2.5. The second step is to show that the last two terms on the right
hand side of (2.15) can be approximated in L, bya generalized U-
statistic. This is done in Theorem 2.1. Finally, we show that this
generalized U-statistc converges in distribution to a N(O, 02) random

variable.
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Lemma 2.5: If conditions (2.10), (2.11) and (2.14) hold then

M

M R -
N E{(XN(Q) = AN((P)) = ({; gZ,M(Fm = F) d‘P = JO' g] ,M(Fn = Fz) dq’)}z

+0 as N> =,

Proof: By (2.15), we have

M M
~ - - 2
N EC(ay(9) - ay(9)) - é 9y u(Fp = Fy) do+ (f) 9y y(Fp - Fp) do}

’ Mt . ~
<2 NE([ [ (F_(t) - F(£))(F (s) - Fpls)) de(s) do(t))?
00

(F(5) - Fy()(F (t) - Fp(t)) de(s) de(t))).

+ E( mn

o=
Ot

However,

Mt . -
NE(] [ (Fole) = FeD(Fy(s) - Fals)) dets) do(t))?

M . t . t . X .
= EL (Fy(t) - Fy(6) [(Fy(s) - Fpls)) dets) ([ (Fylx) = Fy(0) [ (Fy9)

- Fo(y)) de(y) de(x)) de(t)}

CN M8 4300 W23(s) dols) de(t))? by Lemma 2.4 + 0 by conditi
Sy (é g ] (t) 2 (s) do(s) de(t)) y Lemma 2.4 - y conditions

(2.10), (2.11) and (2.14).

Similarly,

Mt . -
VE [ (Fy(s) - FG)E(D) - () oots) ¢ 9(t)12

m
Mt
SN T H3s) H53(8) d als) 4 w(e)? >0
00
by conditions (2.10), (2.11) and (2.14). ]

Thus N (XN(¢) - 8,(%)) can be approximated in L, by
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M . M .
/W(é gz,M(Fm - Fy) de - é g],M(Fn - F,) d¢). We will now proceed as
in section 3 of Susarla and Van Ryzin (1980) with some modifications
to show that

M

N e 9 wiFy = Fp) 49 - n7Xs, - E(5 )1 - 0

n

where
M M
. 1 -1 -2 ~ -1
(2.16) S =n {é(z Hy' - Ho Hy )uz’Md Hy + é 9y 6
M
and UZ’M(‘) =[. < M1 j: g]’M F2 de.

Hy deo}

First observe that

M M
- _ O -1
é g],M(Fn - Fy) d¢ = é 9],M{Hn(Gn - Gy') + Gy (H - Hy)} de .
Now | s -] A1, a1 -1
oW | g 9y MGy - Gp') - Hy G '( 67 - Gy )} de |
® R R -1
<2 ([ F, dg) é GG -6 - H 6 6! - 6y )|de
= M 1, a0 1.2
<4 (é F, d9) é 6, ( 6 - 6,)"de

by equation (3.5) and Lemma 3.1 of Susarla and Van Ryzin (1980).

Therefore,

0 M
A _] A_] ~
NEL[ oy mlFn - Fp) 4% - [oy ylHy G ( &7 - Gp) *

-1 2
Gy (H, - Hy)) do}

A

168 (] F, de)? E¢ ? 6;' (6, - G)2 dpy
g 2 0 2 2 n

2

(]

+~ 0 by condition (2.12). But

A

M M
N 2 -1 -4
= ([ Fy d9)” ([ G," H," d)
n ({ 2 g 2 2
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M M
-1 . ) 1 .
é gy mHy G (G- G de= é 9y mHp G ( G - G )de
M ; A
. é 9y 6 (B - H)( Gy - ) de.

M )
Since N EC [ gy y(H - H,) G'( Gy - G,) do)’
0 1]

cn M -4 2
<=5 ([ 9y y G Hy d)° >0 by condition (2.12) we have that
n~ 0

Mo M ] .
NEC L 9 u(Fy - Fp) 0o - ] 91, m(G3 (Hy = ) + Fpl G = ) aw’

+ 0 1if condition (2.12) holds. It is also easily seen that

M A M t ot
NE O gy yFpl 6 - 6)d9 - [ gy (t) Fp(t)([ T ol - [ Hyldf,)de?
0o o 0 'I+Nn 0
converges to zero provided (2.12) holds. Now writing n(1 + NI)'1 -

-1 2 +,-1 ,-2 -1 +,-1 +,-1
(2 H2 - H2 Hn) as (1 + Nn) H2 (Hn - Hz) - H2 (1 + Nn) +n(1 + Nn)

Héz (Hn - H2)2, it can be shown that

NE{? (t)F(t)}(—n-ZH']+H'2H)dﬁ d(t)}2+0
o St RtR A 2 T2 Tp/@ T, 9%
n

provided condition (2.11) holds.

Therefore, if conditions (2.11), (2.12) and (2.14) hold then

N E{? (? - F,)d ¢ - n-%(s - E(S ))}2 +0

0 g],M n 2 n n :

Similarly, we have by conditions (2.10), (2.12) and (2.14) that
Mo -1 2

N E{é 9y w(Fp = Fp)de - m(s - E(5))1° ~ 0,

where

M

(2.17) S_= m*{? (2 KV - H HZ)uy WA+ [ g, 6
. m 5 oM m " MM T T g S2,M

Hmdw} and

M
“I,M(') = f P F, d9[- < M]. Hence we have the following theorem.
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Theorem 2.1: If conditions (2.9) - (2.14) hold, then

N EC(By(9) = ay(®)) - m7(S - E(S ) + n"X(s, - E(S )} » 0

where Sn and Sm are defined by (2.16) and (2.17) respectively.
Now let

20 (Vg5 1705 (Vs D) = 1y (V) Hg‘(v]>cY1 =0, v,

A

M]

V AM V, M
1, -1 2 -1
(2.18) tx (f gl,MGZ de + j g]’MG2 do)

1

+ IV > Vyduy y(Vy) Hy 2(y 1)y = 0, Vy < ML
Lemma 2.6: Var(e ) = O(4F(M) HZ(M)).

Proof: As will be shown below, each term in the right hand side of
(2.18) has a second moment bounded by a constant multiple (C], CZ""
are constants) of qg(M) HEZ(M). In particular, the following inequalities

hold,

E(Cry = 05 ¥y < M2 (V) H32(V,)) < €y Hp2 (M),
ViaM VM M

v
ff 906 @G 6w s 26 [RN) (6w du)

Cy M) Ky (W),

N

and
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-4 . _

A1l three inequalities complete the proof of the lemma.

Theorem 2.2: S - E(S ) + N(0, 2) where
Theorem 2.2: n) 3} 2

(2.19) c Hé (t) (j g, Fp d 9% d Hz(t)

=
0
u
and 91 (u) = f F dy- f F d ¢ , provided og < » and

a0 ng(n) > 0.

Proof: First notice that

V.M
n j
-3 =2 -1 - 1 -1
- n”? g 5 Mo, M(V ) Hy (V vz = 0, V4 < MILV, > V4]
j=1 k=1 J J

n

B I ey (Vg vp)s (s 1)

where ' stands for summation over all (j, k) such that 1 <j <k <n.

Lett‘ing q’n,]((v], Y])) = E(¢n|(v]’ Y])): ‘pn’z = ‘:’n; and

o, = E(n”? S,)» we then have
V]AM
(2.20) 2 43V vp)) = | 9y g Gp' 4+ 2wy y(Vg) Hy (V))yy =

n-1 -1 -
= (_)uz M(V]) Hz (V])[Y] =0, V-l < Ml +
V,AM
2 -1

B 9 ,u G 09

0,V < M
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-+

-1 _
2 E(up_n(Vp) By (Vy)Tvp = 0, V, < MD)
V1AM
(ﬂ:l f 2 d H
0

n g M o
V]/\M
i 6;! de + (9310 (vq) H"(V Yy, = 0, V, < M]
5 91,m 92 n /¥2,m\Yp/ T Uil » V1 2

V AM VZAM

2,y R
o). f samfp” 4y ¥ E([ 9y, Gy d9)

2

-+

2 E(uy (V) Hy' (Vy)Crp = 0, V, < MD).
From Hoeffding (1948),

-3 _ 4(n-2 2
Var(n Sn) = atn-1 Var(wn,]) + ETE:TY Var(wn,z),

and

n
EL(Sy = E(5)) = 207 ) (o g (V50 7)) - o)1

( ) Var(wn ]) + — Var(wn 2) + 4 Var(y n,l) -8 Var(¢n’])

A

——T-Var(wn 2) ——T Var(¢ ) >0 as N+

by lemma (2.6), since N q?(M) HEZ (M) > 0. Therefore, S_ - E(Sn)
can be approximated in L, by 2 n~% 2 {wn,1((vj, yj)) - 8,}. Since
(2.21) 4 Var(wn,]) > og (see appendix A) and og < w,

2 n7* 2 {wn’]((vj, yj)) - 8,1 can be shown to be asymptotically normal.

2
This (S, - E(S,)) > N0, o). 0

Theorem 2.3: S - E(S_) + N(0, 02) where
—_— m m D 1

(2.22) c Z ; (t) (f 9, Fy d9)? d i, (¢)
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u - )
and g,(u) = é Fpde - [ F,d ¢ provided of <= and
u

N 2 (M) H{Z(M) + 0.

Proof: By a similar arguement as in Theorem (2.2).

2 2
Theorem 2.4: /N (5x(9) = au(®)) + N(0, L + 22— ), if o2 < @) o < =
eorem £.4: NCP-N(P 0 Ty T;)‘-,'I c-l ,0‘2

and conditions (2.9) - (2.14) hold.

Proof: By Theorems (2.1), (2.2), (2.3) and independence.

2 2
ag g
. - = ~ ] 2
Corollary 2.1: Under H,: Fy = F,, /ﬁ'AN(w) 3 N(O, -+ T:K')

provided of <=, o5 <= and conditions (2.9) - (2.14) hold.

Remark: Notice that if G] and G2 put all their mass at + =, i.e.,

there is no censoring, then

©y =y
cg = 2{£ 5 g1(s) Fyls)gy(y)de(y)de(s) - (f) (f) 97 (s)F,(s)g; (¥)F,(y)de(y)de(s)}
Y _ °y —
-1 g, (t)de(t))? dF,(y) - (17 9(t)ds(e) ¢ ()2
Y] Y]
= var([ 9)(t) @ ¢(t)) = Var(e(Yy) [ @ oy + & (Y))F (1)
Y

1 ®
[ & dF, - 9(Y)) [ @ dF). Also
0 ¥
1 X
2 XK 2 T, =
o = Var(¢(x]) g ¢ sz + ¢ (x1)F2(X]) - é 9 sz - ¢(x1) { K’ dF2).
1

So the asymptotic variance of N (ZN(w) - AN(¢)), in this case will be
Y Y
(1-2)"" var( (Y)f] dF, + @2 (Y, )F (v)-f] 2 6F. - e(¥,) | @ dFy)
Ahl g #a T eihynthy - e 1 1

1
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X X
+ 277 var(e(X,) dF, 2 2 F T F
¢ 1 é ¢ 2+CP(X])F2(X]) -(f) P sz“P(X])){ cPsz)
1

which is the asymptotic variance in the uncensored case.

3. Consistent Estimators of c% and og under HO.

Under HO: F] = F2 = F, we have that
og =/ {Hél(t) [ F(s)de(s) z F(S)de(s)}? d ﬁz(t). So et
0 t

M M. t.
(3.1 &y,z° | e [ F(s) dols) | F(s)dg(s)3? d (1)

where H _(t) = %
52+ o2 under H. provided conditions (2.9), (2.11), (2.12)
N.2 5 72 0

and (2.13) hold.

Lemma 3.1: If conditions (2.9), (2.11) and (2.13) hold then

- M
B0 (t) - F(t))de(t) [ F dedy Vs < M1 0
J 1+Nn(VJ-) 0 V. Y P

J
1 1+n vj M. 2
(3.3) o) t—5—— [ Fde [ (F(t)-F(t))de(t))" v; (V5 <M1 >0
J OT1+N (V) O V. p
n'J J
and
vj ”
1 T+n A
(3.4) =7 { [ (F - F)dy [ (F - F)de}" v, [V; <M] >0
“§ +N(v.)y o " v. i p
nJ J
Proof: v
Ln fj F (t) - F(t))dp(t) i F dw)ZEV < M3}
= Jd
I vy o " 6 -
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v,
M J .

< ( Fao)® ECy,0V, < n3 EF (=) €2 (17 |F (8) - F(t)|dg)®
0 3 J T+ (V) J

where Ej(') = E(-[(Vj, Yj))’

M M t
<Cn4%rd@2£@%w(é@3dw2%um3u)

where we have used Lemma 2.1, Lemma 2.4, and the equality

t 2 t X
(é b(x)dp(x))" = 2 f b(x) é b(y)de(y)d o(x).

M t

But n” (f Fd )2 f Hy2(t) (f H )2

Gz(t) d ?é(t)

M

< ([ F ag? (07 007 (] 152 0o,
0 0

M o M o3 2
By conditions (2.9) and (2.10), we have that n 2(f F dg)° ([ H, de)” -+ 0.
0 0

Since ¢ 1is strictly increasing, ¢(0) = 0 and My * =, there is an

NO’ such that VN > N0 we have ¢(MN) > ¢(1) > 0. Thus

nTEH (M) = @7 (1) 07 9(1) Kyl (M) < 97T (1) nTE (M) Hy (M) 0

by (2.13). Therefore,

v,
i . M
B (— [0 (F (t) - F(t))de(t) [ Fdo)® [V, < M1 +0
I NI (v,) 0 V. j
n'J J
and so we have that
VJ M
Lo T (F () - F(t))de(t) [ Fdei® v, [V, < MI 0.
J 1+N (v ) 0 Vj J p

By similar arguements, we have that (3.4) - 0 and (3.3) - 0
P P
provided conditions (2.9), (2.11) and (2.13) hold. a
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Lemma 3.2: If condition (2.12) hold then

Vj M

+ -
,],—Z — -Hz](vj))2 ([ Fdp [ Fdg)® Y5 [V <M1= 0.
J 1+N n(V5) 0 v P
Proof:
Eiy: (—2 2t (v.))? (\}decph; Fde)2rV. < M7}
J 1+N+(V.) 2 3 0, BN
+
< (j' Fde) E{Y H (V )(1 + N ( )) ((n TH,(V ) - Nn(VJ-)
2 M
V. J
J
-1 M -4 M —
<n” C [ Hy G, [ Fdo dF
0 t
a Mo
<n”UC [ Hy dp 0 by (2.12)
0
Thus
1 n+] -1 2 5 M 2
w1 (S -y (V)T Fde [ Fde)® v, [V, < M1~ 0.
J OT+N_(V.)) 0 V. J p
n'jJ J
Lemma 3.3: If conditions (2.9) and (2.13) hold then
Y M
] - ( Fd 2 r ) 2
;Zz deqJ) (/ Fdp)® TV, < M2 > o .
J Vj P
Proof: Since 2 < o, we have that 2 > 2 where
AL 92 ’ N,2 7 %2
5 Moo M t )
(3.5) o2 = [ g (8) [ Fs)anls) [ F(s)dels 1% Ry(t)

Thus we need only show that
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v

- J M
(3.6) + T H2(V.)v. (f° Fap)? (f Fde)? [V, < M] = o2 _ = 0.
nés 2Y3'"j J - N,2
J 0 Vj P
But
2 a M 4,, M
E{L.H.S. (3.6)}° < ([ Fdo)" E (Hy (V,)(f Fdo)y. [V, < M)
aqoM M M
=n

(/ Fdo)’ ! Hy (1) (] Fao) 6, dF,

A

M M
V(f Fap) [yt dp -0
0 0 '

by conditions (2.9) and (2.13). Therefore, statement (3.6) holds

which completes the proof. 0

Theroem 3.1: If conditions (2.9), (2.11), (2.12) and (2.13) hold

-2 2
then °N,2 ; oy -

Proof: We have that
V

Loy I r; Fdp - H3'(V,) \j’j F dcpM F, dg}oCV. < M
nJJ1+N(V)On vJ.n 2°3%p 2 63.2 i-
v "
+ A ~
STy (- Pde [ (- Fide
59 v 0 v
i i
v M
+]—‘+-i"—— [ (F - Fdo [ Fdo
+ . .
Np(V;) 0 Vs
Voo
+—0 [ Ry [ (F - Fldp
(V)0 v, V
1+n -1 i M2
*(——— -H (V.)) [ Fdo [ Fde}" [V, < Mj -0
1+N (v5) 30 v, J P

by Lemma 3.1 and Lemma 3.2, and
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v
- J M
Ly W2 Fae)? ([ Fde)? TV, < M1+ o2
n&'j 2] J - 2
J 0 Vj P
by Lemma 3.3. Thus o , > o5 by Lemma 1 of Sen (1960). 0
2 p
Now define 85 y as follows,
M M t
~2 m+1 o o 2 |, =
(3.7) o = [ {———— [ F de [ F dp}° d H (t)
LT oo ) ¢ ™o " m
where ﬁm(t) = %-Z [uj; < t, 6, = 11. Then proceeding as above
i
we have the following result.

Theorem 3.2: If conditions (2.9), (2.10), (2.12) and (2.13) hold

‘52 2
then UN,] ; oy -
Combining the results of Theorem 3.1, Theorem 3.2 and Corollory

2.1, we arrive at the following theorem.

Theorem 3.3: Under HO: F] = F

62 82 D
N,1 + N,2
m n

provided o? < w, g

4. Computational Aspects:

Let V(]) < el S V(n) be the ordered V,,...,V ~ and

denote by d]""’dn the corresponding ACFRRRTL 9 Thus dj =Yy

i.f.f. V(j) = Vi'



(4.2)

where

(4.3)

(4.4)

(4.6)

29
Observe that for V(j_]) <X < V(j) one has

N:(x) = n-j+1

V(O) = (0 and do =1,
Observe that Fn jumps only at V(])""’V(n)’ and

-1 J Cd; = 01
F (V(j)) =n (n-j) 1 {((2 + n-i)/(1 + n-1)}

s J

Y LI
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X (¢(V(j+]) - o V(j)))(¢(MAV(k+])) - ¢(V(k)))[v(k) < M]}2
X EV(i) < M].

Similarly, let U(]) < ...l U(m) be the ordered U1,...,U
and denote by b],...,bm the corresponding 51""’5m' Thus

.= 8. 1.f.f. oy = Uy
b 5. i.f U(J) U Then

il
42 2 2 - m‘]
(4.7) &2, = Lg-L z b, (1 + m-1)” z PRSI
. % (2+m-z)[bz=0] k' 24meg L0
g=g 1M=L =0 T+m-2

K (0(Ugq)) = 0(U5))) (@MU )) = (U DIEY < 17
X [U(i) < M]

where U(O) = 0 and b0 = 1.

Now observe that

M. t.
(3.8) [ Fo(8) [ Fy(s) dals)da(t)
o™ d 0 oum- [b =0] M
= L) no(Eng) (] Fo(E)TU ) < tT0(taU(5,q))de(t)

M.
- o (5)) 5 Fa(t)WU 5y < 1 do(t))

1 m-1 n-1

5 g
mn Z g - 1 (Temey)

[b2=0]

=0]
n (2+m' ) %

T+m-¢ M

x

1
WUy Y (441)

Viiy v Ui D0y v Yy MUGen e > Yy
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+ o (U(j+]))(¢(v(i+])AM) - ¢(v(i) v u(j+])))

* Wggany ¥ Vi) < M > Oy

- @ (U(j))((P(V(.iH)AM) -9 (V(” v U(J)))
* Wiy vV MG > )t
Therefore,
5 M. M. M. t .
(3.9) Byle) = [ Fy do é Fodg - 2 é F(t) é F_(s)de(s) de(t)
g mlond I pameg. [D,=0]
- jZO L (m-3) (n-1) o (Trmt)
i ong.[d,=0]
x 1 (Temes) — (@MAU 500) = @(Urgy))TU 5y < M)

x (@) A M =@ (Vi) v Uiy NGy v Vi) <M

Y > )

>
M
(o

(1) ¥ V() MG 2 B!

2 2
- (@ Wy A Ve AM - @ Wy v U))

x

Vi) v Yy € MG I ey > Y



CHAPTER III

THE ESTIMATOR EN.

1. Notation and Preliminaries. Let

Mt . - - - 2 =
(1) By = [ E(0F,06) - Fo)f (1dlafyle) + (1nF 6)dtnfole) +

(1-3)F (£))
and

Mt
(1:2) oy = [ [ R {0IFy(5) = Fy()Fp(8)140\Fy (5) = (13 0Fp(s))a (3 (2) +
(1-2)F,(t)).

In this Chapter, we obtain the asymptotic distribution of N (EN - GN)

and obtain a consistent estimator for its asymptotic null variance.

2. Asymptotic normality of /N (EN - Let F M, G,, G

N)‘ ’I’ FZQ ]9
satisfy the following conditions as N -+ », and for i =1, 2.

2

M
-2 8
(2.1) W2 [F D oy -0
M _
(2.2) N1 [ H12 632 GF, - 0
0
(2.3) N ? 8 W8 aF. - 0
’ 0 1 72 i
M M
aMoe -1 =M o6 1 o
M M
aMoe a1 =M oe 1 -
IS 6 dfy [ 1 6y dFy - 0
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Observe that

3y - oy f I F(0F () - F (s)F, (£)3F, (5)dF (t)

(2.6) D(s,t)d _F](s) d'F](t))

(8)F(5) - F(5)F (£))dF (5)dF, (t)

-~
Rl

+ g (1=2y )(
D(s,t)d Fi(s) d Fy(t))

(1) [ (F(0F () = Fo(s)F (£)) d ?n(s)d I::m(t)

O —= O X=X O X O X O X
O ¢t Ot Ot O*—ct Ot

D(s »t)d F,(s)d Fy(t))

% (F (s) - F_(S)F (£)) d F (5)d F(t)

-~
o>
3

+ (1-2

=
~—

D(s,t) d Fz(s) d Fz(t)).

O —X O——=X
Ot Ot

But [ | (F (6)F (s) - F(s)F, (£)) d F(S) d Fy(t)

o=
Ot

- /i‘T - . _

(2.7) o+ (1-ej)é;‘(uj)(z + N ) sy 61Uy

+ (1582 + U Ty < U M
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Expanding the right hand side in the usual fashion and using Lemmas

2.2, 2.3, and 2.4, of Chapter 2, we get the following Theorem.

Theorem 2.1: If conditions (2.1) - (2.4) hold then

- By -~

Mt
N E{(I f{F t)F (s) - F (s)F (t)} dF, dF, - é é D(s,t)dF; dF,)

i J -
- [Ui < Uj < MJ)
= JUFRU) - F (R0 = (Fo(Up) = (U (U6, 5
X G{‘(ui)e{](uj)([uj < Up <MD= [0 < Uy s M)

. l§-§ ] D(u;» ;) 8585 6 "(ue]! (U;)0U; < Uy < M)

2

t
/ D(s,t)d?} dF;)3° ~ 0.
0

o“Y—Xx 3

Now proceeding as in section 2 of Chapter 2, we have the

following.

Theorem 2.2: If conditions (2.1) - (2.4) hold then

Mt . - - - = Mt
AN ([ [ (F (t)F (s) - F (s)F_(t)} dF (s)dF - [ [ 0(s,t)dF, dF;)
U AM
N {f 61 R, dF ? Fi R, ydFy}
(m ; U i B S B Uil

BI—'
[N 4

1
; (32) (L (1-6, M7 " (U;) (01,M +Fy Ry wdF U < M

i
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UAM
i -2 M _
- é Ho Fy £ (Q y * Fy Ry y)dFy d6y3

M x

1 -1 _
+ 512 ()16 (U;)8; Qq (U)LY < M1 - 2 é é (y, x)dF; dFy)

X M
converges in L, to zero where R; (x) = [ F, d?} - [ F.dFy for
’ 0 X

X M
i=1, 2, and Q] M(x) = é D(y,x)d?} -f D(y,x)d?}
? X

Proceeding as above with each term in (2.6), we get the

following theorem.

Theorem 2.3: If (2.1) - (2.5) hold then

Mt
N (EN - é é D(s, t)d(F; + (1-AN)?é)d(AN?} + (1-AN)Fé))
- N 02, (-2, a1 - ) - (i) -s(?))

converges in L2 to zero, where Sél) and Séz) are defined in

appendix B.

With the notation as defined in appendix B, we have the

following two theorems.

(1) (2)
Theorem 2.4: If [ <o and | < =, then

(1) 5(2)
A s{l) - s(2)) -1y (0, D i
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: (i) )
Proof: Since E(S§1)) =0 for i=1, 2, IN ) < = for

i = ﬂ., ﬁ _]_ ' ' ] '
i=1, 2, m 1/, n T Tox and the Ui S, Gi S, Vj s, and yj S

are all independent, we have that

(1) (2)
/ﬁa.'(srg]) - sr\(‘Z)) _6 N(O, a' JA: a + a'%'-)‘ a) for all a € R3 )
Thus by the Wold-Carmer device, we may conclude that
(1) (2) I(]) I(Z)
M (Sy -sN)-0>N3(g, — + ) - 0
m (2)
Theorem 2.5: If conditions (2.1) - (2.5) hold and | <oy ] <
then
A Gy - [ [ 0(ss 0)d0yFyls) + (-n)Fp(s))dOyFy () + (13 )Fp(t)))

converges in distribution to a normal random variable with mean

zero and variance
(1) (2)

62, (1-0%, a0-0d— + 02, 0-02, a0-0)

Proof: This is a result of theorems 2.3 and 2.4. O

Coro]]ory 2. 1' Under HO' F] = F2 = F, if conditions (2.1) - (2.5)
y 3

hold, je F dF < =, and [G F* dG; < = for =1, 2, then

N EN -+ N(0, cg) where

D

2 1 . 3 2 4 6\ .= -1 % -1 2

oy = 4 é (7 F " =18 F" + 11 F )dF + (1-1) é 62 (7 F
218 FF + 11 FOyaFy.
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Proof: Under HO’

(]) 1 1 2 ® _ o
D= (10 2| G e (P - st s afyaf - Zfa? (FF-2p +¥
2 2 4/ %0 0
But [ G2 (F° - 2F° + F7)dG, = [ 61 (3F% - 10F" + 7F8)dF, so
0 0

we have that
I(1) 1
= {1
2

2) (11 2 -
I = (1 2) (g) [ 65" (7F% - 18F% + 11F8)dF .
4 0

N ed e

2 ©
2) (gp) [ 67 (7F% - 18F% + 11FG)aF
4 0

N =

Therefore, by Theorem 2.5, W §N -> N(O,og).
D

Remark: Notice that if G] and 62 put all their mass at =,

. . . 2 _ 1 s
i.e., there is no censoring, then 9% = oo which is the

asymptotic null variance of Kochar's statistic vﬁ'EN .

3. A Consistent Estimator of GS . Let

(3.1) o2 o= [ 6 (772 - 1eFt + MFS)AF for 1 =1, 2
10
(3.2) 2 ? &1 (772 < 18f% + 1170)aF
: %0,m o m m m m’ " m
and
(3.3) 2 = ? &1 (772 - 187t + 11E8)aF
’ °0,m o n n n n’7'n
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Theorem 3.1: If og LD cg 5 <@ and conditions (2.1), (2.2)
-2 2 ~2 2
hold then °9,m ; %0, 1 and %9,n ; °0,2 under HO.

<

Proof: Consider

-
-~

M. = mo._
(3.4 O R S ST

m'i 1 m 1 m
1 ¢ A-2 2 + -1 _
DG (UF (U2 + N (U)o = 0, Uy <)
But
1 =2 2 + -1 _
0 < ﬁ'% 67 (U )Fn (U;)(2 + N (U5))77 6y = 0, Uy < M
2 ¢ (a-1 -1 2 =2 + o
fﬁg (Gm (Ui) - G] (U'i)) Fm (Ui)(2 + Nm (U])) [Gi = 0, U-i < M]
- ~2 + -
+ %; G]Z (Ui)Fm (U].)(2 + Nm (U1)) 1 [5.i = 0, U'i < M] .
However,

2-1 -1 2 22 + S P
EC(G, (U;) - G (U3))™ Foo (U (2 + N (Us)) "Cs; = 0, U < MI}

) Mo _
<n° [ H] F dG] +0 by (2.1)
0

and

-2 22 + S
E(G," (uy) Fo () (2 + N (0)) "Ce; =0, U; < M}

< n-]

3 F 4G >0 by (2.1).

Hy 1

O

Therefore, the second term on the R.H.S. of (3.4) converges in

probability to zero.



39

Now observe that

(3.5) %»Z O F(U) = 67 (U)F (U3 6, CUL < M
1

But

2-1 -1 2 22
EC(6  (U; - Gy (U;))™ Fo(ug)sstu; < M1} <

by (2.2) and

E {G;Z(Ui)(?m(ui) - F(u].))2 8.LU,

by (2.2). Therefore,
(3.6) 7 (6 1(U,)F () - 67'(u
: msom iTmt i 1 i
We will now show that

(3.7) ;1"-

Since [ G| F2 dF <=, then [ GI' F2 dF = [ G*! F% dF, . Thus
0! 0 ! 0

to prove (3.7) we need only show that

M

'2 2 _'I 2
{6y (U)F7(uy) 85 TU; < MT - é N

(3.8) 1 1

e 3
—

dF} - 0.
i P

-1 2

But  E{G2(U,)F2(U,) &, U, < M1} = [ G F° dF , and

i i i - 0 1

Var(L.H.S. of 3.8) j 673 F* dF + 0 by (2.2). Hence statement
(3.8) is true which 1mp11es that statement (3.7) is true if condition

(2.2) hold.
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Therefore, by (3.6) and (3.7) we have that the first term

on the R.H.S. of (3.4) converges in probability to [ G{] F2 d?}.
0

By similar arguements, we have that

M -

~a1 24 3
é Gm Fo df
~2

g gie)
0,m P 0,1

M.

4 &F and [ G
0 m

-1
1

6

67l F Fo af 6;' F® dF. Therefore,
0 m

o— 8

m mp

o4

provided conditions (2.1), (2.2) hold and cg 1< = a

Combining this result with Corollory 2.1, we have the following

theorem.

2

= F 00’]

Theorem 3.2: Under HO: F] 5 =

conditions (2.1) - (2.5) hold, then

F, if <« and

8 GN

82 82 Dﬁ N(O’ ]) .
0,m + o,n
m n

-2
%O,n °

4. Computational form of Sg o and

Using the same notation as in Section 4 of Chapter 2, we
have that
63

1
o' [ J——
O,m m iom

~9 ~4 c
(4.1) Ui ) TFLUsy) = 1 FRlUegy) + 18 Frugy))

x {by + (1-by)(2 + N;(U(i)))']}tu(i) <M

-3 2 12 4+ meiyalPy = 03
=m Y (m-i)° 1 (o) (7
i =1 1 F
m-iy2 12+ mei,2tPy = 03
-1 &) 221 Sy
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g Al
+ 18 ()t g (et ")
1=

x (by + (1-b)(2 + m-1) ) 4y < M,

and
. - J 4[d 03]
(4.2) & = 3§ (n-3)2 25 (,—I—;‘,_Jl) (7
. 2[d 0]
- (edy? o (End
+ 18 (D= }‘[ (_+_n_-1) ) 01)
n =1 1T + n-j

x (dy + (1-4,)(2 + n-3) ")y ) < M.



APPENDIX A

In this appendix, we want to obtain (2.21) where 2 Yn 1

is defined by (2.20). Observe that

v, A
4 Var(v, ) = Var(é 9 M eé‘ do + un’M(V])H£1(V])[y] =0, v, < M
n 2 s L] -1
- é up Milp dHy + o Gup y(VydHy (Vy)Dyq = 0, V, < M]
V. AM

1 P
* é ug My~ dHy})

= Var(A+ B - C + D).

Now we see that Var(D) = O(n'2 H, (M)) since up y 1s bounded and
that

vV, \M

j] 2 dfl, < BT nest (M) = w3 (m)

0 2 2 - 2 2 2

where we have used the equality d ﬁz = F2 dﬁé. Consequently,

-2

S2M)) + ot Hy' (M)

4 Var(y, ;) = Var(A + B - C) + 0(n"% H

provided Var(A + B - C) is bounded for large N. Thus cg <
will imply

Mo, M 2 & 1 -2
4 Var(wn,]) = é HZ (t)({ g] M 52 ch) de(t) + O(FI H2 (M))
where ﬁz(t) = P(y] =1, V] < t) if

Mo, M
Var(A + B - C) = é Hy“(t) (

42
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Since
o t/\M -2 - _
£C) = [ [ g y(5) By (514, (5)d (1)
M o P
= [ [ g SIS e (1))
M o
= é “2,M(S)H2 (S)de(s)
= E(B),
we have
Var(A + B - C) = Var(A) + E(8%) + £(C%) + 2E(AB) - 2E(AC)
- 2E(BC).
But
= N 02 = = M S Y
(A1) var(A) = é (6 9] ,MGZ d‘P) de(t) - (éé 91,MGZ do de(t))

w  tAM U 1 _
2 é {é g, y(ulG, é gy (V)G, (v)do(v)de(u)1dH,(t)

M a,00 = 2
(é 9 M(u)G2 (u) J de(t)dw(u))
’ u

M u
=2 g ywFpw) | 9y ()6 (v)dp(v)dw(u)

M u
2 é g]’M(U) é g],M(V)FZ(V)d¢(V)d¢(U)

2 -2 =
2

(A2) E(B%) = [ w2 . K2 F, dG, = ? H32 i
Pam T2 T2 M2 T g Ho.m T2 M2

|
O X=X



(A3)

(A4)

(A5)

E(c?)

N

O —=X O 8

2E(AB)

-2
-2E(BC)= -2 é (é “2,M(V)H2

-2E(AC)

o taM

o

2

[}

=[(
0

2

2

2

AM

O ¢t

H2,n
M
[w
0

M
(/
t

O O X

UZ’M(U)

H2.M

(U)H§1(U)

(u)Hy2 (u)
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tAM

7y ()
0 Ha M\

2

Héz(u)dﬁz(u)) dA,(t)
Héz(v)dﬁz(v)dﬁz(u)dﬁé(t)

u ~
[ 52,V (V)dhy (1) ()

2 (3! () [ oy (u)Gy (u)do(u)d Fiy(t)

91,M(

M u\M

V)F,(v)do(v))

thM

é 9y (W65 (w)dp(uy! (£)dfiy(t)
=] M v -1 ~
gy y(u)G, (u)(£ gy y(VIFy(v) £ Hy ' (t)dH, (t)de(v)de(u)

(V) (v) Dy g(u)H3" (u)dfl ()

M -1 u -2 - -
= -2 j UZ M(U)Hz (U) é UZ’M(V)HZ (V)de(V)de(u)

sAM

sAM

-2 f (f gy y(u)G, T(u)de(u) (f uy w(t)H; (t)dH (t))dHy(s)

-2 é uz’M(t)Héz(t){é g]’M(u)G

8

) [ dH,(s)de(u)

poe

M ® -
“ IMOCHOFEACEOIAD

M

-2 é up, Mty

-1

t ~
v ] 9y ()65 (u)de(u)diy(t)

M M .
-2 [ uy y(tIHSE(1) R QACLOLAY
0 ] 9

M
-2 [ (

= O

2 2

o

M

f 9y w(VIFp(v)de(v))H3 ! (¢

2 m(t

22,
JHy™ (t)dH, (t)

t ~
) ] gy (W6 (u)dp(u)dfiy(t)



= -2 [ g (G, (u) oy R0 (] Hy ! (£)dF, (t) ) de(v)dg(u)

By adding (A1) through (A6), we obtain that

var(A + B - C) =

However,

M -2

Thus

Var(A+ B - C) =

2 ~
- é y My dHy =

M u
2 [ 9 wwFpto) f 9y (V)65 (v)de(v)dg(u)

M u
-2 é Ql’M(U)FZ(U) é g]’M(v)Fz(v)d¢(v)d¢(u)

2 -2 ~

O XX

9y w(u)Fp(udde(u))? K2 (t)dfiy(t)

(

O =X
=

M u u -
= -2 é gl,M(“)Fz(“){é ng(t) { 9y m(VIF,(v)de(v)dH,(t) }de(u)

]
n

u v -
9, mFau) g y(VIFp(0) ] (-Hp2 () )i (£)dep(v ) dp(u)

u
N
O OV« OV X O X

u
gy m(ulFy(u) é 9y m(VIF,(v)de(v)de(u)

]
nN

u
)F,(u) é g],M(v)GE](V)d¢(V)d¢(U)

o]
—
-
=
—
f =4

+
N

u v ~
9, wWF(w) [ gy VIR ((] Hy2 (t)d () dg(v)de(u).

=

v

MOABEENOIAGEESOEACLIBIEEY

-~
o —c
(Ve
—
=

nN
O
«
—
=



o2
ITCOLPICOR A

u ~
[ H () / 97 m(VIF (V)de(v)dH, (t) tp(u)

~

u
(] 9 y(WIFR() | gy y(VIFp(V)dp(v)delu) )by

2(0(] 9y y(WIF,(u)dw(u))® dH,(t)

1]
o=
oo g
N

which complets the proof of Theorem (2.2).



APPENDIX B

In this appendix, we present the notation that is used in

Chapter 3.
- X M X _ M _
Let Ri’M(x) = [ Fid f FidFss R; (x) = [ FydFy - [ F.dFy,
0 0 X
Qi M(x) = f D(X’Y)dFi(y) = f D(xsy)dFi(Y)s and
’ 0 X

ret s{1 = (s{1), s{1)

1
5§3)

X
0y (x) = [ DyxIGFy () - [ Dly.e)dFy(y) for
0

3|—

M

1, 2. Also

5(1)) and S§2) = (5(2) S(Z) S(z))l

NT * °N2 ° NT * °N2 * °N3

M
]G CQ1-8HT () (@ + Fy Ry y)dFy CUp < W

i , 1=
U.AM 1
i -2 M -
- é Hy F(£(°1,M + Fy Ry y)dFy)dGy)
U AM M
-1 dF, }
§ f 6" Ry ydFy f Fy Ry, mdF
M x
) {G (u )65 Qp W(U;)TU; < MI - 2 [ [ D(y,x)dF,dF,},
: 1,M 00 1%

EI-*

El-ﬂ

M

1 -1
ﬁ'§ R{(1-6,)H 7 (U;) [ Fy R 2 udFy [U; < M3

u

M
.1 - R, )dF
= ﬁ'% () ((1-6,)H; " (U) 6 (Quy * Fy Rop)dFy [U; < M

47
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M
) [ Fy RoydF, TU; < M
U

U.AM i
T2

+‘az (u 100 y(U; ey, <M]-2£([)D(yx)dF dF, 3,
1

si2) = %g(%){(w) (V)f (@ + Fp Ryy)dF, OV < MO

AM '3
Vi I
N ){ (@ + Fp Ryy)dF, dBy)
AM
T AL T
ﬁ‘§ é G, R]Mdz‘{)Fszsz}

%g ) vy 65 (V) V500V < M3

and



M
(2) .1 -1
Sy = ] i () [ Gy ¢ P Ryp)dFp Ly 5 10
V.M M J
-2
- é Hy" Fy £ (Quy * Fp Ryy)dF, dG,}
V.aM M
Ly 6 Ry, oF F, Ry dF
ta DU Gy Ry dFy - [Py Ry dFyd
j o 0
V.AM M
] TG dF. Ry, dF
tal U Gy Ry dFy - [Fy Ry dFy)
j o0 0
s Ly )=y (v ? F, Ry ,dF
n ; Y32 Yy T2 TMeh
V.AM J
o oML
- é Hy " Fy { Fp Ryy dF; d6y)

M x
DIV, < M3 -2 [ [ D(x,y)dF; dF,}.
00

1) _ (1)
Now let I( (op '3 :) i =1,2,3 where
N 137 5= 102,3
M M x
1) .1 1,2 2
NI T {é Gy Qyu dFy - 4 (é é D(y,x)dFy dF;)7}
M- X . _ M X
+2 {é F1 Ry.m é 6y Ry y dF) dF; - é F1 Rom é Fi R
M L .
¥ {é QM é Gy Ry w dFy dFy

3/4 é H] F.I (f F.I R2 M dF]) dG]
x L]

M M M _
- é Hy F] (£ F] Ry o dF])(£ Q]’M dF]) dG],

3



+
n
~—

F

—
—
=

M 2 = M x _

+ {6 Qp ydFy - 4 ([ [ D(y,x)dF, dF;
0 00

M

- 3/4 é H;Z Fy () Fy R

2 —
1 Ry udFp)" dG
M

-2 M
- 3/2 é H F] (

Fy Rz,Msz)({ Q, ydFy)dG,

M

-2 M
- 3/2 é H1S Fy

F.l RZ,MdFZ)(£ F] Rz’MdF])dG]

X XX XXX

? ~ } -1 —
+2 ([ F, R 6! R, udF
0o ! 2Myp

el

M X 1~ _
+ 2 {é QZ,M é G, Rz,Md ] dF] -2

M X
-1 R
+ 2 {é QZ,M é Gy RZ’MdFZ dF] -2



M M
- é F ﬁZ’Md?H é Fy Ry ydFy)
1 M X 4 _ M _ Mx
+ 5-{6 Q M é ] RZ,MdFZ dF, - 2 é Fy Ry ydFy é é D(y,x)dF; dF,},
Mo M M
Sz LM R UG R G Ry )Gy
Mo, Mo M L
- 3/4 é H® Fy (f F RZ’MdF])([ Fy Ry wdFy)dE,
X X
Mo, M M L
- 3/4 é Hy Fy ({ Fi RZ,MdF])(I Qy ydFy)dG,
X
1 M2 Mo
'ié% ﬂ(f%m“ﬂqFl%m“ﬂ%1
Mo M o
] é H Ky (£ Ql,MdF1)(£ F1 Ry mdFp)dG,
Mo, M M B
- 3/4 é o F (f Fy Rz’Msz)(I Fy RZ’MdF])dG]
M -1 ~ _ M - X 1 _
+ {é Fi1 Rom f G Rz’Md?i dF, + é F1 Ra.m é G, Ry ydFy dF;
M M
- é 1 Ry, mdF é Fy Ry mdFyl
M -1 M L o
+ {é F1 Ry é G Ry ydF, dFy + é F1 Rom é 6, R, ydF, dF,
M M
- é 1 RomdFy g Fy Ry, mdFa!
M -1 M _ Mx o
+ {é Q 4 /G Rz,MdF] dF, - 2 é F1 Ry vdFy é é D(y,x)dF, dF;}
'IM X 1~ _ M - _ Mx o
t 5 {é Q M é ] Ry ydFy dFy -2 é F1 Ry mdFy é é D(y,x)dFy dFy}



+

+

nN

~~

o
—
=

n
~
O =X O X=X
O
—
=

M -2
3/4 [ H
5 2
M
3/4 | Ky’
0

M o2
3/2 [ H
0

O'—X O—X O
o
N
=
—
=
[ %
n
[« %
|
N
]
nN

DI |

Mo,
F, (£ q; .y dF,)° d,
FZ(

F2 (

D(x,y)d?} d?é}

D(x,y)dF] dF2}



M M
- é Fy R]’M dF, é F, R],M dF,}
M X _
* {é QM é G, Ry, dFy dF,
M _ Mx _
-2 é ’ R]’M sz é é D(x,y)dF] sz},
1 M _ X 1~ _ M X _ M
7-{£ QZ’M é G, R]’M dF, dF, - 2 é é D(x,y)sz dF, (O Fy R1’M
]M~ X _ M x M
+§{é QZ,M£GZ R'I,MdFZ sz-ZééD(x,y) sz dFZ(0 F2 R]’,‘l1
T Mg _ M x __ Mx _
+ 5-{6 Gy Qy y Qy y dF, - 4 (é é D(x,y)dF, sz)(é é D(x,y)dF,
M - X 1~ _ M - X 1~ _
+ {é F) R],M é G, R]’M dF, sz + 6 F R]’M é G, R]’M dF, dF,
Mo Mo 3
- (é F R]’M sz)(é F, R],M dF])}
M - X _ M X 1~ _
+ {é Fy R]’M é G, R]’M dF, dF, + é F R],M é G, R],M dF, dF,
Mo M
- (é Fy R],M sz) / F) R],M dF,}
M X 1 - _ M x _ M -
+ {é Q) u (é Gy Ry y dFp)dF, - 2 é é D(x,y)dF; dF, (é Fy Ry M
M M M L
- E'é Hy F2 (f R]’M dF2)(f Ql,M dFZ)dGZ
X X
M M M
'| - ~
- ?’é Hy™ Fy (£ Fa Rim sz)({ Q, y dF,)dG,
3 M M . M _
- z-é Hy F2 (£ Fy R]’M sz)(£ Q],M sz)dGz



56

(oY)
(&)
©
—
—
N o
o o
©
— =
(V] -
[P —
el e
= N
- [T
N
l{ed %
~
=X =EZ“— X —
~—r ~— N
— _F
— ©
.
© =
-
= —
- lex
—
1{ad o~
[V

.-.MN

Define I(]) and I(Z) similarly except replacing M

with + =,
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