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ABSTRACT

A major part of this thesis is devoted to the problem
of solving a system of linear equations or a system of
linear congruences whose elements are integers from an
algebra. By means of regular representations each of
these systems 1s replaced by an equivalent system whose
elements are in a principal ideal ring. A system of
equations is replaced by a system of linear equations of
a classical type whose solution is known. A system of
congruences is replaced by a system of linear congruences
whose elements are actually matrices over a principal
ideal ring. This latter system is solved by a procedure
analogous to that employed in the classical case., Neces=
sary and sufficient conditions are obtained for the exis~
tence of a solution whose elements are integers of the
slgebra. These conditions are in terms of elements of
the principal 1deal ring. This problem is completely
solved - the main tool used being the regular representa-
tions.

Each matrix A whose elements are integers from an
algebra has as a reduced regular representation a matrix
8(A) whose elements are in a principal ideal ring. The
remainder of the thesis is concerned with the possibility
that a necessary and sufficient condition that A and B be



left-assoclates is that s(A) and s(B) have the same Hermite
form. The condition is a necessary one and will be shown
sufficient when A and B are not divisors of O, A problem
for further research 1s whether the.condition is sufficient

when A and B are divisors of Q.
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SYSTEMS OF LINEAR CONGRUENCES, AND LEFT-ASSOCIATIVITY OF
MATRICES, WHOSE ELEMENTS ARE INTEGERS
FROM AN ALGEBRA

l. Introduction. The problem of solving a system of

linear equations or a system of linear congruences whose
elements are 1in a principal ideal ring has been solved very
neatly and completely a long time ago by H. J. S. Smith
[8,9]. A major part of this thesis is devoted to extending
these results to systems whose elements are integers from
an algebra. The modus operandl is to replace by means of
the regular representations the system whose elements are
integers from an algebra by an equivalent system whose
elements are 1h a principal ideal ring. A system of equa-
tions is replaced by a system of linear equations of the
type solved by Smith, A system of congruences 1s replaced
by a system of linear congruences whose elements including
the modull are actually matrices over a principal ideal
ring. This latter system is solved by a procedure analo-
gous to that used by Smith in solving an ordinary system of
congruences. Necessary and sufficient conditions are
obtalned for the existence of a solution whose elements are
integers from the algebra. These conditions are in terms
of the invariant factors of the coefficient matrix and the

sugmented matrix of the corresponding system in the
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principal ideal ring. This problem of solving a system
whose elements are integers from an algebra is completely
resolved - the main tool used being the regular representa-
tions.

B. li. Stewart [12] determined a necessary and sufficient
condition that two matrices A and B whose elements are
integers of an algebraic field be left-associates, i.e.,
that there exists a unimodular matrix P whose elements are
also integers of the algebraic field such that PA=B, The

condition is that AE and BE have the same Hermite form,

where A® and BE

are the matrices in the rational domain
obtained by replacing each element of A and B, respectively,
by 1ts second regular representation. The remainder of this
thesis 1s concerned with an attempt to extend this result to
matrices A* and B* whose elements are integers from an
algebra. A reduced regular representation of A* is the
matrix a(A*) whose elements are in a principal ideal ring;
consequently, the Hermite form of s(A*) is well=defined.

The condition that 8(A¥) ana s(B*) have the same Hermite
form 1s a necessary one for A* and B* to be left-associates,
end it will be shown sufficient when A¥ and B* are not
divisors of O. The method used will suggest how a future
investigation might proceed either to obtaln a complete

proof or to construct a negative example.



2. Canonical Forms. In this section the Hermite and
the Smith canonical forms for matricgs with elements in a
principal ideal ring will be described. The following
brief suwmmary will recall the position that the principal
ideal ring occupies with respect to other related algebraic
varieties,

A ring is a mathematical system composed of more than
one element, an equals relation, and two operations, + and
X, under which the set of elements 1s closed. With respect
to the operation+, the elements form an Abelian group with
O as an identity. The operation X is assoclative, and
distributive with respect to the operation 4+. The opera=-
tion X may or may not have an identity element 1, may or
may not provide inverses, may or may not be commutative,
and may or may not possess divisors of O.

A domain of integrity is a commtative ring without
divisor; of O. A principal ideal ring is a domain of
integrity which has an identity element 1, and in which
every two elements not both O have a greatest common
divisor representable linearly in terms of the elements;

further, there is a chain condition that 1f in the sequence

al’az,as,ooo

every number is a proper divisor of the preceding, there



are but a finite number of a's in the sequence., A field is
a principal ideal ring in which the elements other than O
form an Abelian group with respect to the operation X.

Familiar examples of a field and a principal ideal
ring are the rational field Ru and the rational integral
domain [R.a) respectively.

Let 0 be a principal ideal ring with elements a,b,...;
and denote by Nin,p; B) the set of all n-by-p matrices

A= (ang), B=(bra)"" (r=1,2,00e503 8=1,2,¢00,P)

with elements in P . A matrix P of NiUn,n;P) 1s callea
unimodular if there exists a matrix Q in )% n,n; B ).such
that QP=1, (I, =(8 pg), Wwhere S,g=11f r=s, and §,5=0
if r#s8). In terms of determinants this implies that
det(Q)det(PF) =1, hence det(P) is a unit of B . Therefore
PI (the inverse of P) is in 'm,(n,n;p); since PIP==IPP:[=In
it follows that Q=PI and that Q is also unimodular,

If there exists a unimodular matrix P such that PA=B,
then B is sald to be a left-associate of A. This relation
is an equivalence relation; hence A and B may be sald to
be left-associated without ambigulty of meaning.

The following lemma was first stated by C. Hermmite
for non=-singular matrices with rational integral elements,

a fact suggesting the term "Hermite form®, However,
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MacDuffee provided an additional construction in the case
of singular matrices which gives a unique form in all
cases [4].

Lemma 2.1. A matrix A in J1¥n,p; P) is the left-
assoéiate of a matrix H having O's above the main diagonal,
each diagonal element lying in a prescribed system of non-
assoclates, and each element below the main diagonal lying
in a prescribed residue system modulo the diagonal element
above it (where a=b mod O implies a=b)., If a diagonal
element be O, all the elements of its row can be made O.
This form H is unique.

The Hermite form H of a matrix A is determined by two
sets of transformations,

First one operates on A column by column from right
to left to determine the diagonal elements of H, This is
essentially a process of finding unimodular matrices which
will transform a given column vector with elements
al,...,aj into the column vector 0,...0,h where the ideal
(‘1"“"5) is the principal ideal (h). This step can be
performed theoretically in any principal ideal ring, and
can be accomplished by elementary transformations in a
Buclidean ring [6,Th.22.3) -- for example, in (Ra].

Thus if A is in Jfin,n; P) (this is no restriction

since any rectangular matrix can be squared by adding



either rows or columns of O's) and has the n-th column not
all O, A may be transformed so that column n consists
entirely of O's except for h  #0. In the new matrix
exclude the row n from consideration and transform so that
column n-1 consists entirely of O's except possibly for
hn-l,n-l'

But if column n of A 1s all O, take h ,=0; then in
working with column n=l1l include the row n in the considera-
tion so that the transformed matrix may have hn,n-l==°'

By continued inclusion of the row n in the subsequent
finding of all diagonal elements all the elements of row n
of H may be made O,

The colum=by~column application of these steps gives
the diagonal elements of H, gives O's above the main
diagonal, and rows of O's whenever the corresponding
diagonal element is O.

Secondly, one operates column~by=-column from right to
left to reduce the elements below the main diagonal modulo
the diagonal element above. This may be done by elementary
transformations that do not affect the properties attained
by the first set of operations, Note that in case a
diagonal element is O, the elements below must be left
just as they happen to appear whenever the second set of
operations has been completed on the other columns of the

matrix,






For example, let A have elements in [f}?,a] » Where the
residue system may be prescribed to be O and the set of
positive integers less than the modulus. A succession of
transformations from A to H 1s shown together with the

unimodular matrix P such that PA =H.

6 2 10 6 2 10 16 0 O 16 0 O 30 =2
A= |39 45|+ 39 45|—+|4800|—| OO0 O0|=H, P=[01 =3].
1315/ =51 5 5156 111 5 20 -1

To prove the uniqueness of the Hermite form, assume
that H can be the left-associate of another Hermite form
H', 1.0., that there exists a unimodular G such that GH=H',
The properties of the Hermite form are restrictive enough
to require that H=H', whereas G is revealed as the most
general unimodular matrix leaving H unaltered when used as
a left factor. The exact structure of G is as follows:

Let h,,#0 for 1=8,,855¢00,8,; let hy;=0 for
1=t;,t55¢c0,t ¢ Then the matrix G has as its colums
8,s8g-4,8, the unit vectors (83.1),(81,2)9---:(sjar“
while the columns t;,t5,... ’tn-r are arbitrary, except

that the matrix Gll formed by deleting rows and columna'
815805 000,8,, from G must be unimodular. Here r is the rank
of the matrix H. In particular, if H is non=-singular, then
G=I,.



The other canonical form due to H. J. S, Smith
[6,Th.26.2] 18 described in the following lemma.

Lemma 2.2. For any matrix A in J%n,p; P ) there
exist unimodular matrices U in J(n,n;P) and V in
:m,(p,p;ﬂ) such that UAV=E has zero elements everywhere
except in the main diasgonal where there may appear non-
zero elements ©15005 0050, (which are called invariant
factors and which are uniquely determined up to associates
in 1), having the property that e; divides e, , and
either rSp=<n or r=n<p.

If A 1s of rank r, the rows and columns can be
shifted by elementary transformations so that the minor
determinant of order r in the upper left corner is 7& 0.
Then as in the proof of Lemma 2.1, the element in the
(1,1)-position can be made # 0 and a g.c.d. of the elements
of the first column. The elements of the first column
below the first row can then be made O's by elementary
transformations on the rows, If the element which now
stands in the (1,1)=-position divides every other element
of the first row, these other elements can all be made O's
by elementary transformations on the ecolumns so as not to
disturb the first column of O's. If they are not all
divisible by this element 8,10 then a,, can be replaced by
the g.é.d. of the elements of the first row, and this g.c.d.
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will contain fewer prime factors than 831 The process 1is
now repeated until an element in the (1,1)-position is
obtained which divides every other element of the first row
and every other element of the first column. Since every
number of i} is factorable into a finite number of primes,
this stage is reached in a finite number of steps.

By working with the last n-~l rows and last p-1l columns,
then with the last n-2 rows and last p-2 columns etc., A

can be reduced to the form

dl 0 LN o

(D o),where D= ° dg e 0 » and dy #0.

O M

0 0 ... q,

Now M=0, for if one element of M were not 0, it could be
shifted into the (r+l,r+l)=position, and A would have a
non=vanishing minor determinant of order r+l, '

By adding column 2, column 3,..., cOlumn r to column 1,

D is made to assume the form

dl o 0 [N N ] o
dy dy O ... 0
da o ds o000 o [ ]

Q. 0 0 ... d,
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As in the proof of Lemma 2,1, there is a unimodular matrix
K which, used as a left factor, replaces dl by the g.c.d.
Oof dy,dp,e0¢5dne The new matrix KD has every element a
homogeneous linear combination of dl’d2""’dr' 80 each
element of KD is divisible by the new dl.' Again reduce to

the diagonal form

dl o L LN o

0 4 ... O

0 0 .. 4,

where now d, divides dj,d3,...,4,¢ Continue until dy
divides dy.;, 1=1,2,...,r-1,

We i1llustrate this procedure with a matrix A with
elements in (Ru], and give the unimodular matrices U and V.

(2 4131 (20

(2 -2 0 200‘ rlOIO‘
06 3 o2

0O 21 001 020

0-40 000 000

1
1
A=|00 6|—]000}|—|0 00|—|000|—}|004|=E
2
0

oo 2| |oo
10 4 o} \o 4 \o sol \oa4o \o 00
0 10-1-1
1-10-5 0 01 1
v=f{o 00 o0 1|,v=(00 1].
0 01-3 0 10 -2
0-20 3 3
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3. Linear Equations in }3. Using matric notation a

new exposition of Smith's material is given in this and the
immediately suéceeding section. The results are easier to
state and the proofs are greatly simplified through the use
of Lemma 2.2.

The coefficients, constants, and moduli in the equa-
tions and congruences of sections 3, 4, and 5 are assumed
to be in a specified principal ideal ring F}, such as the
rational domain. For the system of p linear equations in

n unknowns represented by

n
E Zi&ij'-:-kj, j=l’2"‘°0p;
i=

we will use the matric notation
(3.1) XA=K,

where X is l-by-n, A is in JMYn,p;P), and K is in

M1,p; P). We wish to determine when (3.1) has a solution

X in MU1,n; B), to find how many solutions there may be,

and to give a method for actually obtaining the solution.
By Lemm# 2,2 there exist unimodular matrices U in

NMiUn,n; B) and v 1n JUp,p; B) such that UAV=E is the

Smith normal form with invariant factors 81580500050,

where e; divides e,,; and either r=p=n or r=n<p.
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Hence the system (3.1) may be replaced by the equivalent
system (XUY)(UAV)=ZKV, so that by setting Y=XU! and C=KV

we arrive at
(3.2) YE=C.

The system (3.2) is so simple that we can immediately
conclude that necessary and sufficient conditions for its

solvability are as follows:

(3.3) e; must divide oy, 1=1,2,...,r;
c1= o, 1 >ro

If we define A' =(1Ag) as the augmented matrix of (3.1),

then using the conventional block notation we have

2 e

so that a further transformation by unimodular matrices U
in JYn+l,n+1;P) and V' in JUAp,p; B ) will take A' into
its Smith normal form, say U'(E)V'=E', which is

in MTUn+1,p; P) with the invariant factors 0'1,0'2,....

If we use the block notation and write

E, O

E 1
=1|0 0 »
c

¢, GCg



I
112 & e 8 < T s i

forve

i



13

.1 o LN ] O

0 €o e o
where E1== ’

0 0 cee O,

01= (01’02’...’01')’ and 02 =(cr+1,cr+2’coo'cp)’

it is quite obvious that if the conditions (3.3) are
satisfied the Smith normal form of A' is

E, ©
E'=({0 o],
0 o

and let X and Y be the inverses of U' and V' respectively,

in block notation we have -

E, © X1 X2 X935\ (B
o l= 0 T11 Va2
0 = | X21 Xgp Xp3 ° .
c. G Xo: Xoo X 0 o Y21 Yoo
1 G2 31 X32 X33/ \!

Performing the block multiplication on the right we obtain
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E;=X,,E,Yy,, C)=X5;B,¥y, Cp=X5E)¥pp, and

X1 1B Yo =X By Y T X0 B Y0700

From the first of these equations and a well known theorem

concerning determinants we have
det (El) = det(xll) det (El)det (Yll) H

which implies, since El is non=-singular, that
det(xll)det(Yll) = 1. Now X,, and ¥,, are in MHulr,r; RB),
80 det(X,;) and det(¥Y,,) are in P . Hence det(X,;) and
det(Yn) are units of I and X,, and Y,, are unimodular,

‘8o that xnl and YllI are in Nir,r; B). PFrom the first
— I
of the above equations we obtain E,Y,,=X;,7E,, which we

gubstitute into the second to yield

_ 1
C1=Xz1Xy9 Epe

Since xn is unimodular and Bl is non=singular, it follows

from x11E1Y12 =0 that le mast be O; and, consequently that
Co =0.

Hence the conditions (3.3) are satisfied.

If we now agree that all the elements in the maln
diagonal of E and E' are to be denoted by e; and e'y,
respectively, and observe when p<n that E and E' have p

elements in the main diagonal, and when n<p that B has n,
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and E' has n+l elements in the main diagonal, then depending
on the relative size of n and p, the conditions (3.3) may

be replaced by the equivalent conditions:

(304) pén: ei=8'1, i=1,2’ooo,p;
(3.4') n< p: °1=°'1’ 1=1,2,¢0.,n; and
' -—
© h+1 =0

Supposing that these necessary and sufficient condi-
tions‘are satisfied, we return to (3.2) and see that the
first r of the y's are determined uniquely by y;=c,/e,,
while the remaining n-r of the y's are arbitrary. The
complete solution of (3.1) is then given by X=YU and
involves n-r parameters; but it is not necessarily the
unique expression for the general solution, since the

matrices U and V are not unique.
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4, Linear Congruences in E e For the system of linear

congruences represented by

n

E xibingJ mod (mj), J=l’2)""p;
i=1

we will use the matric notation

ml 0 oo 0

o oo o
(4.1) XB=G mod M', where M'= T2 .

o O cee My

A matrix X in ?f(,(l,n;p) will be a solutior of (4.1) if and
only if there exists a matrix T in J(1,p; P ) such that

(4.2) XB+Tu'=aG.

Two solutions X and X' of (4.1) will be called congruent
if and only if X=X' mod ijn' for j=1,2,...,P. Another

system

nl 0 XX o)
O ny5 <o O

0000006000000 00

(4.1") ZA=K mod N', where N'=

0 0 oo np

of p linear congruences in n unknowns will be called
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equivalent to the system (4.1) if and only if there exists

a unimodular matrix Q in ‘J‘f(,(n,n;p) such that: 1if xl is a
solution of (4.1), then Z,=X;Q 1s a solution of (4.1');
if Z, is a solution of (4.1'), then x2=22QI is a solution
of (4.1); 1if X, and X, are congruent solutions of (4.1),
then Z, end Z, are congruent solutions of (4.1'); and if
Z, and Z, are congrue'nt solutions of (4.1'), then X, end X,
are congruent solutions of (4.1).

ir m=[ml,m2,...,mp] is the least common multiple of
the mj, and R i1s a diagonal matrix whose elements rJ are
such that m=1mry, multiplication of the system (4.1) on
the right by R gives a system

(4.3) XASK mod M,

where A=BR, K=GR, and M =mI_. This system is equivalent

P p
to (4.1) since in the above definition we can choose Q=I,;
and if X=X' mod mJIn, i=1,2,...,p, that X=X' mod M _, and
conversely, follows from the properties of the least common
multiple.

We shall now determine necessary and sufficient
conditions for the solvability of (4.3), the number of
incongruent solutions, and a method of obtaining the

solution.

The system (4.3) of congruences has a solution X
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in MY 1,n; B) if and only if there exists a matrix T

in JY1,p; P) such that
(4.4) XA+TMP=K,

which is an equivalent system of P1=PpP equations in
n,=n+p unknowns. Since p; < n,, we apply the test (3.4)
which requires us to compute the invariant factors of

(ﬁp) and (ﬁ').' Fortunately this task 1s easy because of
the form opr o Following an argument which is more direct

P
than that used by Smith we write

U o0 A B
o vi )

¥ P
Because ey divides €i141» We see that no further rearrange-
ment of columns is necessary and that the i-th invariant
factor of (ﬁp) 1s either (ey,m) when 1SpSn, or is m when
n{ 1épo

Similarly, for (hAﬂ
p

(e'i,m) when 1€pSn; but when n<p, the (n+l)-st invariant

' - .
) the 1i-th invariant factor 1is

factor 1s (e' _,,m); and when n#l< 1Sp, the i-th inveriant
factor is m.
Hence the test (3.4) shows that the necessary and

sufficient conditions for the solution of (4.3) (and,

moreover, of (4.1)) are as follows:
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(4.5) p<n: (eiom)=(0'i9m): 1=1,2,...,p;
(4.5') n<p: (ei,m)=(e'1,m), 1i=1,2,.0.,n; and

m=(e'n+l,m).

We note that the final condition in (4.5') may be written
e'n+1§O mod m, in close analogy with (3.4').

As in section 3, we replace the system (4.4) by the

equivalent system (XUI)UAV+TM V=KV, so that by setting

p

y=xul, c=xv, and T'=1TvV, (MV=VM, since M, 1s a scalar

P
matrix), we obtain

(4.6) YE+T'Mp=C,
which can be written as the following system of congruences,

(4.7) YE=C mod Mp.

It Xl is a solution of (4.3), then there exists a
metrix T, such that X,A+T,M =K. Since A=UIEv] we have
xlUIEVI+Tll(p=K; and letting ¥, =X,0%, 7',=1,v, ana
multiplying on the right by V we obtain Y,E +7! l‘Mp=c and
see that Y, 1s a solution of (4.7). I1If we assume that Y,
is a solution of (4.7) we can reverse the above steps to
show that X,=Y,U 1s a solution of (4.3). It X, and X, are
two congruent solutions of (4.3) there must exist a matrix

W in JY1,n; B) such that X;-X,=WM_ . Multiplying on the
right by UI we have xlul-x201=wulun. This last equation
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I and Yz=x2UI are congruent solutions of

shows fhat Yl= X,U
(4.7)s 1If we let Y, and Y, be congruent solutions of (4.7)
and reverse the preceding steps we easily obtain that xl
and X, are congruent solutions of (4.3). This establishes
the equivalence of the systems (4.3) and (4.7).

From (4.7) we see that the first r of the y's are
determined by congruences of the form yje; =c4 mod m.
From properties of 13 we know there are as many solutions
¥4 which are incongruent mod m as there are residue classes
of B, mod (ey,m). The remaining y's are arbitrary, so for
each of these there are as many solutions incongruent mod m
as there are residue classes of 13, mod m. The general
solution of (4.3) and of (4.1) is given explicitly by
X=YU mod M. '

In particular, when £ is the domain of rational

integers, the above considerations show that there are

exactly
N=(e,,m)(e,,m).. .(er,m)mn'r

distinct solutions of (4.1).
For an example we take D to be the rational integers

and consider the system

5x,+x, =5,
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Using the notatlion of the preceding sections, we have
o 1\ [3 8S)/1 3 1 0
UAV = = =E,
l1=-3/\1 3/\0 =1 0O 4
1l 3
Kv=(5 1) = (5 14)=cC,
0 -1

1 0 O 1 O 10
U'(g)= 5 =3 1 0 4|=jl02]|=E'.
10 7 =2 5 14 00

Since 4=e,#e',=2, it follows from (3.4) that the
system has no solution in rational integers.

Considering the same system mod Mz, we see from (4.5)
that we must have (l,m)=(1l,m) and (4,m)=(2,m). If
m=0 mod 4, there are no solutions; if m=1 or 3 mod 4,
there will be N=1 solution; and if m=2 mod 4, there will
be N=2 solutions. |

Thus if m=10, we solve ylas, 4yo=14, for yIES,
Yo=1; and y]_Es, y2§6. Then from X=YU, we compute
X1=1, x,=2; and x1=6, x,=7, respectively.
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5. A Mixed System in p « We are now going to exhibit

a procedure for solving a mixed system of equations and
congruences in 13 e This was not considered by Smith but
we shall have occasion to refer to it in the sequel, and
it 18 included at this point since the system is in a
principal ideal ring.

In the matric notation of the preceding sections

g

(5.1) ‘ XA =Ky and |
[ = i
(5.1') X.Az._Kz mod Mp2’ '

where X is l-by-n, A; is in m(n,pl.;p), Ay 1s in

Mn,pg5 1), Ky 1s 1n MUL,p.5 1), Ky 18 10 JUL,p55R),

angd Mp2=m1p2, represent, respectively, a system of Py
equations in n unknowns of the type (3.1) and a system of

P congruences in n unknowns of the type (4.3). 8ince we
are concerned to find all solutions common to both systems
we regard the former as- a system of congruences each mod O,
and letting p=p;+ Py, A=(A; A;), K=(K; K;), and ¥=(0 Mpz)

we can write
(5.2) XA=K mod M.

This system will have a solution if and only if there exists
a matrix T in Wl,pz;p) satisfying

(5.3) XA+ TH =K,
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which is a system of p equations in n+py, unknowns. We
apply the test (3.4) to the coefficient matrix (ﬁ) and the
augmented matrix (ﬁ') to determine whether or not (5.3) has
a solution. Due to the form of ¥ the invariant féctors are
not as simply expressed as in section 4.

Assuming the conditions of (3.4) are met we proceed to
determine the common solutions of (5.1) and (5.1').
I, and C

Letting U.A,V.=E. with rank rys Y=XU =K.V

17171 1 1 1l 1°1?
and proceeding as in section 3 we find that V19V0seees¥,

are uniquely determined, yrl+l’yr1+2"“’yn are arbitrary,

end X=YU, is the general solution of (5.1). We set

Ul'
Y'=(Y1:Y2"-°:le)) " =(le+l.yrl+2,...,yn), and Ul:(U ul?

1
where Ul' has r, rows; and since X is to be also a solution

of (5.1') we now ccnsider

Y‘UlA2§ K2 mod Mpz.

Since yl,yz,...,yrl are uniquely determined, v‘ve let
n_qp o - V! ]
A2 "'Ul A2 andK2 K2YU1A2and write

(5.4) Y"A_ "=K," mod M_ ,
2
2 p2

which is a system of P, congruences in n=r, unknowns of the
type (4.3). Letting U2A2"V2 =E, with rank r, and invariant

factors e, Z‘—"-Y"sz » and Cy =K2"V2 we proceed as in section

4 and- find that Z1sZosecesl, 8re determined by congruences
2
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of the type zjey=Cy mod m, Zr2+1’zr2+2""”‘n-rl are_
arbitrary and Y”EZU2 mod Mp2 is the general solution of
(5.4). Then the general solution of (5.1) and (5.1') 1is
given by X=(Y'U,'+Y"U,") where Y"=2ZU, mod Mpz.
Since (5.4) is a system of congruences of the type
(4.3), the discussion in section 4 concerning the number
of incongruent solutions of (4.3) can be applied directly
to (5.4). In particular, if P is [’R«&]. we note that the

number of incongruent solutions of (5.4) is
N =(el’m) ( ez’m) X .(erz,m) mn'rl'rZ.

We now agree that two common solutions X and X of (5.1) and

(5.1') are to be considered congruent when
(5.5) X=X mod M .

Let X=Y'U,'+Y"U," and X=Y'U,'+T"U," be two congruent
solutions of (5.1) and (5.1'). Then there must exist a
T 1n MY1,n;P) so that

(5.6) Tmn=x - x=Y"U1" - Y"U,".

I_ -
Let U, =(L, L2) 80 that Ul"Lz—In_rl. Then multiplication
of (5.6) on the right by L, gives

™ - ¥" =T%L2=TL2Mn-rl=wmn-rl’
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where W=TL, is in ml,n-rlgﬂ), which implies that ¥"
and Y" are congruent solutions of (5.4). Conversely, if
we assume that Y" and Y" are congruent solutions of (5.4),
then there exists a matrix W in fm(l,n-rl,ﬂ) 8o that
(5.7) " - y" =wmn_rl.

Multiplication of (5.7) on the right by U" gives

Ny" o YN = " — Wiy =T
Nl Y"U wmn_rlu WU N =Thi

where T=WU" is in JfU1,n;P). Then
™ =Y"U" - Y"U" =(¥'U,"+¥"0") - (Y'U,'+Y"U")=X - X,

and X and X are congruent solutions of (5.1) and (5.1').
Hence the number of incongruent solutions of (5.1) and (5.1')
is the same as the number of incongruent solutions of (5.4).

As an exemple, we consider (5.2) when

2 26 4
Xx=(x; x, xs)‘,A.= o 66| ,
012 0

_ [o40
K=(4 8 8), and K = .
00 4

Since the invariant factors of (ﬁ) are e = 2, e2=2, e5=4
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]
_and of (ﬁ) are e', =2, e',=2, e';=4 we are assured that
solutions exist. Since (5.1) is 2x) =4 we have immediately
(2 Xg xs) is the general solution. For this to be also a

solution of (5.1') requires

26 4 :
4 O
(2 x, x.) 6 6| =(8 8) mod R
2 "3 0 4
12 O

which gives 6x,+12x;=0 mod 4, 6x,=0 mod 4. Hence we
have xQEO mod 2 and X is arbitrary, and the general

common solution is given by

x.=2,

1

x.,=0 mod 2,

e

xs arbitrary.

We remark that there are N=2-4=8 incongruent solutions.
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6. Integral Elements and Regular Representations.

Our immedliate goal is the extension of Smith's results to

a mathematical system more general than a principal ideal

ring. In this section thls system is defined, and,

following the terminology of MacDuffee [5], it is called

a "set of integral elements™. Also, the first end second r

regular representations of an integral element are described; |

and an intertwining relationship between the two which

will be extremely useful is observed. ;
An algebra [ over a field F is a mathematical system

composed of more than one element, an equals relation, and

three operations,+ , X, and ¢, under which the set of

elements is closed. The operation o, called scalar

multiplication, may be performed on any number a of &

end eny element o< of )[ to produce a unique element accc,

called the scalar product, which for simplicity we write

as ac<, It is assumed to satisfy acx=oca, a(bc)=(ab)ec,

(ac)(bB)=(ab)(c<B), (a+b)x= acx+ be<, and

a(c+pB)=ax+aB. The operation + , called addition, is

commutative and associastive, The operation X , called

multiplication, is assumed to satisfy oc(B+7Y)= B+,

(B +¥)K =Bk +Vks If multiplication is associative, [

18 called an associative algebra. If J[ contains en ele-

ment € such that £LE€=€xX=cC for all X in Q,C, then € is
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called a modulus.

We now let 2,[: be an associative algebra, with a
modulus € , defined over a field F; and we assume that 13
is a principal ideal ring contained in ¥ . Then each
element of a set & of elements of 2[ will be called an
integral element if the set has the following three

properties:

C(closure): the set is closed under addition,
subtraction, and multiplication;

U(unity): the set contains the modulus €;
B(finite basis): the set contains elements
€l=€,€2,...,€k such that every element of the set is
expressed uniquely in the form Z‘iei’ where each ay

1s in J. |

As an example we may take k=1 and obtain as (S the
ring B itself. Again when U is the rational field end B
the rational domain, we see that & is a set of integral
elements (but not necessarily a maximal set) in the sense

of L, E. Dickson [1].

k
ir OC=§ 8, € 1s sny element of &, by properties
i=1 .
C and B there must exist elements rtj and sjt of 13

such that




—— e | — — | p——
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K€ =) 8,€1)€5=) Ty €, . J=1,2,40.,k;
€joc=6;(} 8,€)=} 8 5.€, §=1,2,...,k.

Hence with each o€ in & there are essociated matrices
R(x)=(ry;) snd S(k) =(s4¢) 1n HMk,k; P,

if E¥ indicetes the l=-by-k matrix with elements
61’62""’§k’ then in matric notation we have

(6.1) < E¥ =E*R(), E*oc =8 (o) E*T .

Since 61== €, the first column of R(X) and the first
row of 8(cC) consist of precisely the elements 81985500058 0

Then from property B 1t follows that the correspondences

defined by (6.1) are both one-to-one. 8ince

2T (£ + B) = E¥eC +E*B = S()E*T + 8(8)E*T = (8(x)+8( 58 ))EW,

2T (oB) = (¥%08 = (s E*T)B = 5(0) (E*" 8)
=300 (3( B)E*T) = (s(0)5( 8))E"",

and since the second correspondence in (6.1) is one-to-one
1t follows that S(cX+B)=8(x)+S(/B) and 8(cCB)=8(xX)S(B).

In an analogous menner it is easily shown that the first

correspondence in (6.1) 1s also preserved under both addition

and multiplication. Henece the matrices R(X) and the
matrices S(o¢) provide isomorphic representatj.ona for S,
well-known, respectively, as the first and second regular

representations,

e s
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I1f € and B are in &, we may use (6.1) and the fact |

that elements of p commute with elements of & to write

RT ()s( 8)E¥ =RT () B8 = (E*R(0))7B = &) B = (1, )5*78
= («1,)8( 8)E* =38( 8 ) (1, )E* =8( B) (xE¥)”
=38(3)(E*R()) T =8( B)R" )E*;

e s

then from property B, it follows that, (5], :
T - T, :

R (x)S(B)=8(AB)R (x)- :

e

In particular, letting A=(a1,a2,...,a,k) and
B=(b1,b2,...,bk) be the first rows of RT(o() and 8(83),

respectively, we obtain the useful relation

(6.2) AS(3)=BR" ().
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7. Systems of Linear Equations over @i. We are now

going to extend the material in section 3, and we consider

the following system of p linear equations in n unknowns:

n
(7.1) ) oty Xy Byy=A;s 3=1,2,4..,0;
i=1

where the % 4 46“, and KJ are given elements of S.
Since & is not necessarily commutative, note that
coefficients are allowed on both sides of the unknowns.
We eare concerned to establish necessary and sufficient
conditions that (7.1) have solutions 7(=(‘7(.1, 12,..., Xn)
in MY1,n;&).

If we assume that such solutions exist, we may write
7(1=injej, where the x,; are in P, end define
Xy =(xil,x12,...,xik). Supposing /(j=2k1161. we define
Ky =(k31,k12,...,k1k). We define A,; to be the first row
or 8(0(“). Then (6.2) and (7.1) imply that

K ATy By by 80808y

Hence property B implies that

. )
KJ=ZX:LR (dij)s( ﬁij)o J=1,2,.04,P.
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We set K=(K;,Kp, .00 ,K ), X=(X),Xp,++,X ), end
A=(RT(OC“)S( /J‘ij)), where K is in MY1,pk; V), X is in
f]TC(l,_nk;p), and the "enlarged coefficient matrix" A is in
JMUnk,pk; B ) and is made up of k-by-k blocks of which the
one in the (i, j)=position 1s RT(OCij)S( ﬁij). Then the
equations obtained above may be written as the single matric

equation
(7.2) XA=K.

Except for the size of the matrices involved, (7.2) is
Precisely a system of the classical type (3.1) with kp
equations in kn unknowns, with the elementa involved all
in P,
Conversely, 1f (7.2) .has a solution X in P s We can
- retxrace the steps above to obtain in & a solution of (7.1).
Thus t;,he problem of solving (7.l1) in & has been shown
equivalent to solving (7.2) in T¥. Referring to (3.4) end
(3.4') we can assert that if ©15C65pees 8TC the invariant
factors of A and 1f e',,e',,... are the invarient factors
of the sugmented matrix (ﬁ), then necessary and sufficient
Conditions that the system (7.1l) have a solution are that

A

ns ei=e‘i,' 1=1,2,...5kp;
(7.31) n<p: ej=e'y, 1=1,2,..0,kn; and

8'kn+1=00
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Determining the number of solutions and the most
general solution proceeds along the lines given in section 3.
In these matters it is worth a word of ceaution that the rank
of A need not be a multiple of k.,

Letting ¢ be the rational field and 1 the rational |
domain, we consider the algebra w having as a basis
€, =6,6,€; with €,6,=6,, €56, =65, and €,6,=6;6,=0.

If we take as &S the set of allo(=8,€ +a,&+az€; where

&4 5,85, and ag are in ﬁ s We have a set of integral elements

with the basis 6'1, 62,5‘5. Using (6.1) we find

& 8 8 2 %2 %
rT @@= |0 a,+a, 8 R 8(X)= | 0 & t+ay 0 .
0 0 8, 0 0 al+a2 |

As an example, we study

XX B =K,

when < =(3 5 1)E*T, B=(1 5 2)2*T, and K=(6 30 0)E*T;

and find
331 15¢ 3 33 12
A=RY(s(B8)=|061]|loeso|=|03 6] ,
003 006 0O 018

R R s Pr Nuer—

——ria .

-
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1 00 3 33 12 1 -4 =13 30 0
TAV=|(0 10 036 6 0 0 -1|l=(06 0|=nc5,
0 =31 0 018/ \0 1 6 0 0 108
1 =4 =13
KV=(6300) | 0 0 -1 |=(6 -24 =108)=c,
0O 1 6
1000\ 3 0 0 30 O
E 0100 0O 6 0 06 O
U'(c)v'= I, = = E',
: 0010 O O 108 0 0 108
-2411| \6 -24 -108 00 o

Since e;= e'i,i=l,2,5, a solution exists; and, moreover,

Since r=p=3 it is a unique solution. 8Since (3.2) 1is

30 O
(yq vo3s) |06 0 |=(6 -24 -108),
0 0 108

-

¥e obtain (y; ¥g y5)=(2 =4 =1); and hence the desired
solution in ! is

1l 0.0
(x) x, x)=(2-4-1) [0 10 |=(2-1-1).

0 =31

8o the unique solution in & 1s 7(-=251“62"63°
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We note that one type of matric equation, well-known
in the literature, is included in the above discussion.
Let the algebra [ be the total matric algebra Hin,n;F)
and the set of integral elements & be the total matric
algebra Mi(n,n; B). The matrices 2y 4 of Mn,n; V), where

has 1 in the (1, j)-position and O's elsewhere, and

Zz, 3
when y=1, form a natural

A Z is O when i1 and 2
xy“1) v# xJ

basis for M(n,n;P). 1r

—

E* =(le, X .,Zlnizzl,. . .,Zzn; ) ..;an, oo .,Znn),

i1t follows from (6.1) and the relation ZijB =E bszix
that the typical element ﬂ.-_-z bijzij in fYn,n;P),

which we ordinarily represent as B =(b1j)’ has the regular

representations
R(B)=1_<XB, S(B)=BXI_,

Where AXB indicates the direct product matrix in
ﬁt‘c(nz,z@;p) whose (1,j)=block is Abij’ Then a linear
eQuation like o X #=Y 1is replaced, according to the
theory above for passing from (7.1) to (7.2), by an

eQuation X'D'=C', where

D'=RT (x)S(B3)= (In-XA)T(B-XIn) =BxaAT,

X' 18 1-by-n® and is obtained from x=(xij) by taking

row blocks, and C' is in J%(1,n%;P) and is obtained
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from C==(cij) by taking row blocks. The general linear
equation in one unknown E oy Xﬂ1=‘5 may be treated in

the same manner, the enlarged coefficient matrix being

- T
D"-E By XAy~

This is the nivellateur studied by Sylvester [13], however,

only for the case R= F e

8imilarly, the system of equations (7.1) may be
generalized to allow each unknown to appear in a finite
number of summands in each equation; the technique for
passing to (7.2) remains the same, except each component
block of the enlarged coefficient matrix will now be a
sum of matrices of the type RT(O(“)S( [)'“).

If I is a non-commutative field and (7.1) is a one-
sided system, then if a solution of (7.1) existsiin ﬂ
it can be found by an elimination process somewhat
analogous to that employed in the classical case == i.e.,
in solving a linear system over a commutative field. This
result is due to Ore (7], who, by introducing a new
definition of determinants in a non-commutative field,
determined that elimination between linear systems can be
performed in all rings for which a quotient field can
exist., If a ring has a quotient field, however, it must

contain no divisors of O. Since (5 may contain divisors
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of O and (7.1) may be two-sided, the results in this
section can be employed to solve linear systems that could
not be solved by the elimination-process of Ore. Moreover,
our results determine whether the solution is in &

itself, not just in some suitable extension of &.
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8. Minimal Bases for Ideals in 5 e In the usual

manner the left ideal I generated by gl’ 92,..., gt’ a

given set of elements of G, is defined to be the set of

elements

t
ZV:L S

obtained by allowing the left-multipliers )V to vary
independently over ell of ©. A minimel basis for the
ideal ]It is by definition a set of elements M), My, 0., U
such that an element of & 1s in the ideal Ji{ if and only

if it can be represented in the form

Z"i“i

i=1

where the ¢y alre in 13 s and this representation is to be
unique.,

An srgument by MacDuffee (3] shows that if H is the
uniquely determined left-Hermite form, described in
Lemma 2.1, of the matrix

s( QI)\

Ve 4
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then the non-zero rows H; of H determine a minimal basis
for JIl, having s=<k, by the relation My= Hig*T. The
notation which we have been using makes it simple to
reproduce the proof.

Let U be a unimodular matrix in J1Ukt,kt; ) such that
US=H. Let V=UY, so that 8=VH. If the i=th row of U is

divided into 1l-by-k blocks Uij' then

w=5ET=) U s(Spet=) T @t S=) S,

where )/“=U”E*T 1s in §; hence A, 1s in the 1deal JI,
and so are all E cy /,(1.

Conversely, given any element )/=E )/i §1 in the
ideal, we have )/1=E n, € and if we define

137
_ _ T
Ni_(nil'niz"“’nik) we can write yi-N:LB* « Hence

Y=y METS, =) W8S )mT=nep* = wvip*T=) o, 1

where N is in J%(1,kt;P) and is made up of the 1l-by-k
blocks N;, and where ¢4 is the element in the i-th columm
of NV. 8ince ¢y is in 13 » & representation of the desired
type for ) has been found. The uniqueness of the
representation follows from the independence of the none
zero rows in the canonical left-Hermite form H,

In an analogous way we define the right-ideal
generated by Ql, Qz,..., Qt to be the set of elements‘
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> S

obtained by allowing the right-multipliers 7(1 to vary
independently over & . In this case a minimal basis can

be found by computing the left-Hermite form D of the matrix

RT(SI)\

T
R(S

RT( gt) l

in m(kt,k;p); for 1if Dl'Dz""'Dr are the non-gero rows

of D, necessarily with r=k, the elements ) =DJE"T serve

J
as ’a minimal basis.

By combining these operations we can find a minimal
basis for the two-sided ideal generated by Ql, gz,..., gt’
whose typical element is

_Z i Vi Sy h“

j=l jwl

where the q4 are ‘all finite. For we may first compute a

minimal basis ;, Up,e.., i, for the left-ideal generated
by gl’ ga,..., Sy and replace each Yy Sy by

Z ¢4 jmMAme

m=1
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Then

< =S,

m=]

t g
Ny =2_; ﬁ Cfjm My

Hence 1f, secondly, we compute a minimal basis

where

$1, $5,..4, &, for the right ideal generated by
My “2""’ Mg we will have arrived at & suitable minimal
basis 61, 52,..., 51- for the two-sided ideal generated by
€.,Sp.., Sy

However, not every matrix H in left-Hermite form
represents a minimal basis for an ideal of & (3].

For o and B in &, by the notation

X =73 mod Jf%

we mean that K-/3 is in the ideal m, and we say that ol
and /3 are in the same residue class mod J{}. For the next
section, it is important to notice that, in general, it is
only when the ideal m is two-sided that multiplication of
residue classes mod Jf& is well-defined.

As an example we take (& to be the set defined in
section 7 and compute the minimal basis for the two-sided |

ideal generated by ¥ =4€,+6€,.



0 46 00OQ
Since 3(¥) =] 0 4 0 has the Hermite form 040
00 4 002

we note that a basis for the left ideal (¥] is .ul.=462,

/0 4 O\
040
R (M)
00O
A= 263. Next we find = has the
T 002
R™(H4y)
002
\ 00 'oJ
00 O\
00O
000
Hermite form » and conclude that the desired
’ 000
040
\o 02|

basis is 61=4€2, 52=2€3.
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9. Systems of Linear Congruences Modulo Ideals over 6_.

With the necessary preliminary remarks concerning ideals
and minimal bases stated in section 8, we are now ready
to consider over & the following system of p linear con-

gruences, modulo ideals of &, in n unknowns:

n
(9.1) Z &ij Xi ﬂij = KJ mod mj’ j=l’2,ooo’po
i=1

We will assume as explained in section 8 that for the
ideal mj whether 1t be left, right, or two-sided, a
minimal basis of sj elements has been found, say

Uy gs ﬂzj,...,,usjj, given by (,(1;'=Hi;‘z"T where the H,
are non-zero rows of a left-Hermite matrix in JiUk,k;P).
We let Hy be the matrix in m(aj,k;ﬁ) with rows Hyy (this
Hj is what is sometimes called the “echelon row form").

Then 7(1, Xz,..., Xn is a solution of (9.1) in
NU1,n; &) 1f and only 1f there exist elements tyy in B
satiafying

n 8
(9.2) Zdijxiﬂij"'ztij“ij:xj, j=1’2,oco’po
i=1 i=1

Supposing that Xl' Xz...., Xn is a solution of (9.1),
that all the ideals mj are two-sided, end that
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(9.3) x'i-:;xi mOd mj' i=l’2’00.,n; j=l’2’000’p;

then K'ys X'gseces X'n also solves (9.1). But if one
oxr more of the ideals mj is one-sided, (9.3) is no
longer sufficient to guarantee that X';, X'gseees X'y
1s a solution of (9.1). Having given these words of
caution, we now define sets of solutions of (9.1) which
satisfy (9.3) to be congruent sets. Two solutions of
(9.1) which do not satisfy (9.3) are called incongruent.
As in section 7 we let X1=XiE'T, /(J=Kjg*T, Ay g
be +the first row of s(o(”), and T, be the matrix
(tlj,tzj,...,tsjj) 1n M1,8,3R). Then (6.2) end (9.2)

imply that

*T__
:‘nE Xy Byg+eyEE
=z: “133( X, )8( ﬁij)E*T-\— TjHjB*T
2T

_Z:xin (o(ij)s(ﬂ“)n + 10,8

Hem ge property B implies that
(8.4) & =}:‘ x1RT‘°‘13)3( B+ Ty §=1,2,400,D

We set K-—-(Kl.Ke’ooo’Kp). x=(11’X2,-00’xn)’
T=(1,,Tp, 00 0Ty)s A= (R Xy 5)8(By14)), and

H= Hl-i- Hy Fooe ;Hp, where A+ B denotes the. direct sum

A O
Mmatrix

) . Then the equations (9.4) can be
O B



written as the single matric equation
(9.5) XA+TH=K.

We now write

(9.6) XA=K mod H,

and agree that x=(xl,x2,...,xn) is a solution of (9,.6)
1f and only if there exists a matrix T in JY(1,s;R)
satisfying (9.5), where s =Z 84o Following the
development of section 4 we call two solutions X and X'

of (9.6) congruent if and only if
(9.7) X'=X mod (HyXI,), §=1,25¢00,D

Two solutions of (9.6) which do not satisfy (9.7) are
called incongruent.

Now 1if 7(1, Xz,..., Xn is a solution of (9.1), and
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7(1=x13*T, then x=(x1,x2,...,Jg1) is a solution of (9.6).

°°nversely, ir x=()(‘1,x2,...4,&) is a solution of (9.6),

81lnce the steps leading from (9.1) to (9.6) are reversible,

1t follows that X, Xp,eee, Ay 18 & solution of (9.1).
Lgtting xl’ ngooo, Xn and x_.l. X'z’ooo, K'n be two

Congruent solutions of (9.1), (9.3) requires the existence

Of elements Yo in 13 such that
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8
Xy = Hy=) vy g

r=1
which can be wr;.tten as
x @ - xS
Lefting w3=('lj’w2j"“"sjj)’ from property B we have
x'1 - X1=Wjﬂj, 1=1,2,.0.,n; J=1,2,040,pP;

which, by (9.7), means that X and X' are congruent
8O0lutions of (9.6). Since thesé steps are reversible,
We can conclude that the problem of solving the system
Of congruences (9.1) in & is resolved if we solve the
Sy stem of congruences (9.6) in R,

Since the system of congruences (9.6) is equivalent
to the system of equations (9.5), we write (9.5) in the
foxrm (X T) (§)=x, which is a system of pk equations in
Dl 4 3 unknowns. If pk<nk+s, we apply (3.4) to obtain

the necessary and sufficient conditions

' A
(9.8) A _ (x), 1=1,2,¢00.,Dke
°1(H) ey H b

If nk+as<pk, we apply (3.4') to obtain the necessary and

Sufficient conditions
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(9.8') ei(ﬁ)=ei

A.
K), i=1,2,...nk+8; and
H

e1(£)=0 for i=nk+s+1,
H

Thus (9.8) and (9.8') represent necessary and sufficient
conditions for the solution of (9.6), and of (9.1).

The solution of (9.6) may be obtained by solving the
8y stem of equations (9.5) by the method of section 3; and
for each solution (X T) of (9.5) so obtained, X will be a
Solution of (9.6). This procedure, however, involves the
additional parameters ty j3 80 we now describe an alterna=-
tive method which does not involve the 1:1.1 and 1s analogous
to the procedure of section 4.

Let Pj be a unimoduler matrix in Wsj,sj,ﬂ) and Q,.1
be @ unimodular matrix in JMYk,k; V) such that PjHij=Dj
has rank s

is +the Smith normel form of HJ. Since H =k,

3 J

D 3 has the form

dlj o [ N ] o 0 L O 4 o
o dzj oo 0 0 o L o

o000 00 OPOEOEOEOOEIOSPOSNPONOES o000 00000

o o LN ) dsjj 0 [ N 0

Let m be the locom. Of dij’ 1=l’2,ooo,sj’ J=1’2’...’p;
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and let m=dijrij‘ Denote by RJ the non-singular diagonal
matrix in Jik,k; 3) whose i-th diagonal element is Ty 4
for i= sy, and 1 for sj<i§-k. Then D;R; has the form
(Msj 0), where Mg =ml, . Letting P=P +Py¥...+P,
Q=q+q+...4+q, D=Dj+Dy+...4D, end

R'=R1-3- Rz-i-...-i- Rys we note that P and Q are unimodular, and
PHQ =D, We let R=R'G where G is a permutation natrix so

that DR has the form (Ms 0) vwhere Ms-.:::ml Multiplication of

s.
the system of equations (9.5) on the right by QR gives

XAQR + TPLPHQR = KQR;

SO that by setting A=AQR, T=TP', K =KQR, and

M =PHQR=DR=(Mg O) we have
(9.9) XA+TM=X.

We now write

(9-10) ﬁ;f mod M;

&nq, as ususdl, we agree that (9.10) has a solution X if
&Nnq only if there exists a matrix T in J1(1,s; B) satis-
rYIlng (9.9)c. The system (9.10) is a mixed system of
kD*s equations and s congruences of precisely the type

COnsidered in section 5, and may be solved by the method

Aescribed in that section.
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Since the steps leading from (9.6) to (9.10) are
reversible, it follows that any solution of (9.6) is a
solution of (9.10), and conversely. However, as will be
illustrated by examples, two solutions X' and X may be
congruent solutions of one system and incongruent solu-
tions of the other,

In the particular case when sj=];, J=1,2,4¢04,p,
DyRy=M=ml,, ¥=DR=M) =mul,  and (9.10) 1is a system
of kp congruences of the type (4.3). Since Dj and RJ
are dlagonal matrices it follows that D:’RJ =Rij' Also
MkQJI=QJIMk since My i1s a scalar matrix. It now follows
from Mk— JRJ—R:'DJ—RJPJH:,Q,j that QjI"k’RijHj If now
X' and X are congruent solutions of (9.10) it 1is necessary

that a matrix T in JIY1,kn; P ) exists such that
X' - X=TN,

= ° h
where ulm mIkn Then

X' - X=TM_

=T (M, XI,)

=T(Q4°XIy, )(c:z‘1 X1 )(llk-xI )
=T(QXI, )(QJ My XI,)
=T(Qy XIp) (RyPH, XI;)
=T(Q XI,) (RyPy X)) (HyXI,)
=T(QyR 4Py XI,) (HyXIy)e
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Denoting T(QJRJPJ XI ) which is in H1,kn; B) vy w

we have

j)

X! = X=W;(HyXI,), . §=1,2,000,p;

which are precisely the conditions (9.7) that X' and X
be congruent solutions of (9.6). Hence when s =kp all the
desired incongruent solutions of (9.6) are found among
the incongruent solutions of (9.10). However, the two
systems are not equivalent, because two incongruent
solutions of (9.10) may be congruent solutions of (9.6).
We remark that when 1= [Rd], if the rank of X is r end
UAV=E 1s the Smith form of A with invariant factors e,,
then the number N of incongruent solutions of (9.6) is
such that ﬁ'é(el,m)(ez,m)...(ei.,m)m]m'r. When s< kp,
it is even possible that two congruent solutions of (9.10)
are incongruent solutions of (9.6).

We observe that the conditions (9.7) for two solutions
X' and X of (9.6) to be congruent imply that X' = X is a
common left multiple of the Hj oXIn. By repeated applica-~
tion of the method described in [11] there is a construc-
tive way of finding HL’ the l.c.lem. Of H].’Hz""’Hp‘
Then Hy+XI, is the l.c.l.m. of Hl'xIn’Hz'XIn'""Hp‘XIn;
and, 1f H_ 1s in say J&(s ,k;P), the conditions (9.7) sre
equivalent to the existence of a matrix W in m(l,nsL;ﬂ)



such that
(9.1}) X' = X=W(H; XI ).

Then for any two particular solutions X' and X, (9.11) is
a system of equations of the type (3.1). Hence to
determine if X' and X are congruent we may apply (3.4)
and (3.4') to obtain conditions expressed in terms of
the invariant factors of (HL-XIn) and (if'.x:[:) R

We take (& to be the same set of integral elements

described in section 7, and as the first example study

(9.12) XX /B =K moa (]
(9.13) o X. A= Kmoa [¥),

when o(=(3 3 l)E*T, B=(15 2)E‘T, K=(00 2)E*T,
I=(6 2 12)E*T, and where (¥] and [J) indicate, respec-
tively, the left and right ideals generated by J.

We compute:

331\ (162 S 33 12
RT(O()S([)’)= 061]|0O60]=]036 6|=A;
003/\006 O 018
. 1 00\ [3 3312\ |1 -4 -13 30 O
UAV=|{0 10}]]036 6]]0 0 =1}=1]06 O)=E;

0-31/J\0 018J\0 1 6 0 0 108
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1l =4 =13

Kv=(002)[0 O =-1]|=(0 2 12)=C;

0O 1 6
6 2 12 6 2 12
s(¥)=[o8 o] ;R (§) =08 12| ;
00 8 00 6
24 oca\
H=|12 40} , the left-Hermite form of S(¥); and
62 4
24 00
G = 620 s the left-Hermite form of RT(?S).
006

Next, by the method of Lemma 2.2, we find the invariant
factors of (IA-I) are &;=1,65=2,63 =12; the invariant
factors of (g') are e'1=1,o'2=2,e'3=12; and we conclude
by (9.8) th#t solutions of (9.12) exist. Similarly we
fimd the invariant factors of (a) are o) =1,e5=6,63 =12;
the invariant factors of (3') are o', =1,e'g=2,e'y =12;
and we conoclude by (9.8) that there is no solution to
(9.13).

The solution of (9.12) will now be obtained using
the method and notation of this section. The system
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(9.6) for this example is

3 33 12 . 24 0 0
(x, %, x5) [0 36 6 | = (0 0 2) mod 1240 .
0O 018 62 4

Upon computing

00 1\ 2400\ JO0 0 -1 20 0
PHQ=(01 -2||1240|]1 2-3]=]|08 o|=0D,
10 O 624/ \0-1 0 00 24

12 0 0
R=| 030},
001

33312\ {0 O 1\ 12 0 O\ /396 162 =96
AQR=|036 6|1 2 -3 0 3 0|=|432 198 =108 | = &,
0 018/\0 -1 0 001 0-54 O

0O 0 1\ /1200
EQR=(002)|1 2 =3 030]| = (0 -6 0)=K,
-1 0 001

20 0\ fiz00 24 0 O
DR=|08 O 030]|=| 024 0|=0N,
00 24 001 0O 024
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(9.10) for this example is found to be

396 162 =96 24 0 0O
(x, x, x,) | 452 198 =108 | = (0 -6 0) mod | O 24 O | ,
0 =54 O 0 0 24

a system of the type (4.3). Proceeding as in section 4

we find
1 1 7\ /39 162 =96\ [2 =3 8 6 0 O
UVAV=(3 4 25||432 198 =108 ||1 -2 -6 |=|036 O|=E,
0 =3 =11 0 =54 0/ \8 -12 33 0 0 324
31 =10 =3
vl =( 33 -11 -4 | ,
-9 3 1
2 =3 8
Ev=(0-60)|1 -2 =6 | = (=6 12 36)=T;
8 =12 33

and letting Y=}CUI the system (4.7) 1is

6 0 O 24 0 O
(yl Yo ys) 036 O0|=(-61236) mod| 024 0] .
0O O 324 0 0 24



The incongruent solutions of this system are

y,=3+4t,, ~ where t,=0,1,...,5;
Vo= 1+2t2, where t2=0,1,...,11;
Y3= 1+2t3’ where t3=°’l,ooo’11;

and we note that there are N=(6,24)(12,24)(12,24)=
6-12:12 =864 incongruent ones. The general solution

X=YU of (9.10) is given by

X = y1+ 3y2
X,= y1+ 4y2 - 5Y3
Xg= 7y1+ 25y2 - llys,

which when expressed in terms of the parameters t’i yields

= + +
xl 4t1 6t2 6

vhere £,=0,1,+04,5; t,=0,1,...,11; end t5=0,1‘,...,11.
Since s=kp=3 all the desired incongruent solutions of
(9.6) occur among these 864 incongruent solutions of
(9.10). The conditions(9.11l) for two solutions X' and X
of (9.6) to be congruent are X' = X=WH, which implies
that (X' - X)QR=(WPT) (PEQR) or (X' = X)QR=0 mod E.

55
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Since
o QO 1 12 0 0 0O 0 1

GR = l 2 =3 030 )| =112 6 =3 ’
O=-1 0 001 0 =3 O

we have

12(x'2 - x2)§0 mod 24

6(1'2 - x’a)-:ﬁ(x':5 - xS)EO mod 24

1 - - ' - =
(x 1 xl) 3(x o 12)-0 mod 24,
which requires
x'l - x,=6q, qQ; =Qqp mod 4
x'2 - x,=2q5 and Qz=qp mod 2.

X'S - x3=4q5

Expressing these cconditions in terms of the parameters

1
ti and t i gives

t'lztl mod 6

t'2 - tzet's - t, mod 4.
Hence for any choice of t;,tp,t3; there is 1 way of choosing
t'1, 12 ways of choosing t'p, 3 ways of choosing t'z, and
hence 36 ways of choosing t';,t's,t's to obtain solutions
(x'1 x'2 x'a) of (9.10) and (9.6) which are incongruent to
(xl Xg xs) for (9.10) but congruent to (xl Xg xa) for ;2;6).

Hence the number of incongruent solutions of (9.6) 1s =6 _ 24.
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A4S en example we nct Ler = = =t!' =
A o nueveltl t2 t3t106nd

t'2=t'3=l, thset the incongruent soluticns (6 ¢ 28) and
(12 6 63) of (9.10) are congruent sclutions of (9.6).

To illustrete the procedure when s < kp we choose
«=(2 0 1)E¥T, A=(1 2 s)E*T, K=(4 8 4)E¥T, ¥ =45, + 66,

and consider
(9.14) X X/3 =Kmoa (J),

where (J) denotes the two-sided ideal generated by J.

In section 8 a basis for this ideal was found to be

'Ul=4€2, IU2= 265, 8o that H=(g g g). We compute

201\ (125 2 413
REE)s(B)=|o21||lo3o0|=|oe6 3| =na,
oo2/\oo s 00 6

and note that in section 2 the invariant factors of (g)
were found to be €= 1,02= 2,63=4. The invariant fectors

'
of (g) are e'1=l,e'2=2,e'3=4, so solutions of (9.14)

do exist; and to find them we proceed to solve (9.6)
whaich is

2 4 13

040
(x1x2x3 06 3|= (4 8 4) moa 602 .

00 6



We compute

' 001
01\ /o040 200
PHQ = 010]| = =
10/\002 040
100
200 001
R=|010] , QR=(010},
001 200
200 ’
200 400
DR = 010 = =
040 040
001
2413\ /001 26 4 2
AQR =106 3||]l0o10]|=| 660| =T,
00 6/\200 1200
001
KQR=(484) [010]| = (8 8 4)=K,
200
and (9.10) is then
26 4.2
(xlxzxs 6 60 =(884)m0d(

1200

400
040

).

58

T T T Ty




59

This system was solved in section 5, and the 8 incongruent

solutions are

x=2
12=0,2

XS=O,1,2,30

The condition (9.11) for two solutions of (9.6) to be

congruent is X' = X=0 mod H, from which we obtain

(X' = X)QR=O0 mod ¥. Simplifying this last relation yields

-
! =
x 2_x2 mod 4

L
x 3..13 mod 2

as the conditions that two solutions of (9.6) be congruent.
If now x'1= xl,x'2512 mod 4, and x'szxa mod 4, which
are the conditions that X' and X be congruent solutions
of (9.10), then certainly the above conditions are
satisfied and X' and X are also congruent solutions of
(9«6). So in this example also all the desired incon-
gruent solutions are found among those of (9.10). The
desired incongruent solutions are quite obviously (2 O 0),
(201), (2 20) and (2 2 1).

In order to illustrate that two congruent solutions

of (9.10) may actually be incongruent solutions of (9.6)
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we conslaer

(9.15) X/8 =K mod ()

when /3=(0 1 1)E*T, K=(0 2 o)E*T, and ¥=(0 O 3)E¥T, 4
basis for this two-sided idesl is (4, =(0 O 3)E¥'. It is
easily seen that the conditions (9.8) are satisfied so that

solutions do exist. The system (9.6) is

011

(xlxzxs) 010 | =(0 20) mod (0 0 3);
001
001 110

P=(1), Q=(010]|, R=I,, A=|010]} ,

100 100
K=(020), =D =(3 0 0), and the system (9.10) is

110
(xlxzx's) 010|=1(020) mod (3 0 0).
100

The solution is quite obviously given by

xl+ x2= 2

x1+ x3T—20 mod 3,

Let us consider the two particuler solutions (5 =3 4) and

(8 <6 4)., Since
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300
(5 =3 4) = (8 =6 4)=(=320)=(-110) |[030],
003

these are congruent solutions of (9.10). For them to be
congruent solutions of (9.6) would require the existence of

& rational integer w such that
(5 =3 4) = (8 =6 4)=(=3 3 0)=w(0O O 3).

Quite obviously no such w exists, hence these are incon-
gruent solutions of (9.6).
In order to illustrate the necessity of the caution

employed in defining congruent solutions, we consider

(9.16) X,/ =K mod (¥]

where 4=(0 0 1)E*7, K =(0 0 0)E*, and ¥=(6 2 12)E*'.
Let 7(1=(0 1 2)3’*’” and X,=(6 3 6)E*T. Since

2400 24 00
(6 36)=(012)+(001) (1240 |, where H=|12 40
.62 4 62 4

i1t follows that X2 -.-;-Xl mod (J). Since the solution of
(9.16) 1s given by X, 0 mod B and x, and x; arbitrary,
We note that 7(1 is & solution of (9.16) and 7(2 is not a

SOlution of (9.16) even though it is congruent to Xl.
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10. Matrices in J[in,n; ). In the foregoing sections

we were able to solve a system of linear equations or
linear congruences in & by solving an equivalent system
in B . This latter system was obtained directly through
the use of the regular representations., B. . Stewart
in [12) made good use of the second regular representation
of elements of an algebraic domain to solve the problem
of characterizing left-assocliated matrices. A brief
sumnary of this paper follows.

Let <F be an algebraic field of order k over the
rational field Ra, and [2F) the corresponding algebraic
domain. A matrix P of JMn,n; (F) 1s called unimodular
if there exists a matrix Q of m(n,n; [’LF]) such that
QP=I_; and two matrices A and B of J{Yn,n; [tF]) are saia
to be left-associates in Jfi(n,n; ['(F]) if there exists a
unimodular matrix P of M(n,n; (1F]) such that PA=B., This
notion of left-assocliativity is an equivalence relation
dividing the matrices of Jl(n,n;[4F]) into mtually
exclusive classes of ieft-associatcd matrices. The fund-
amental problem of the author was to determine necessary
and sufficient conditions for this class diviision.

If the domain under consideration is a principal
ideal ring, a necessary and sufficient condition that

A and B be left-associates is that A and B have the same
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Hermite canonical form; but for domains whose class number
is greater than one, the presence of non-principal ideals

prevents the direct solution of the problem by an Hermite

form.

However, if each element of a matrix A of J{i(n,n; [\F))
is replaced by its k=by-k second regular representation,
there i1s produced an enlarged matrix AE, of order kn-by-kn,
to be sure, but with elements in the rational domain,
Hence for AE the Hermite form is well-defined and easlly
found. Stewart's main result was that a necessary and
sufficient condition that matrices A and B of NUn,n; [\F))
be left-associates in Ji(n,n; &Fﬂ) is that the correspond-
ing enlarged matrices AE and BE be 1eft-aésoc1atee, i.e.,
that the enlarged matrices have the same Hermite form,

8ince the main factor in obtaining this result was
the use of the second regular representation, an attempt
was made to establish this same theorem for matrices in
Mdn,n; &) and the partial results obtained are discussed
in the remainder of this dissertation.,

We recall from section 7 that the matrices 213, form
a basis for JYn,n; V) such that any matrix A=(aij) in
MYn,n; P) can be written uniquely in the form

E aijzij’ where 8y 1s in P . wWe 1et Sl(A) denote the
1,3
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second regular representation of A, and recall that it has
the simple form Sl(A)=A-XIn, where A*XB stands for the
direct product matrix (Abij) in fm(ne,nzgﬂ) whose (1,j)-
block 1is Ab“. We also let 82(0() denote the second regular
representation, described in section 6, of any element
xof &.

The direct product J{in,n; R )XE& has the basis

(212,€) s e0es(Zyps€)seees(Zn s €)senenlz,€)s
(211362)’ ®e ey (zlnlez)’ se °D(zn1’€2)’ ey (znnifz);

(le’ek)"°"(Zln’ek)""’(an’ei)’°°°'(znn’€k);

where (Zij’ﬁt) denotes the matrix having € in the (1,])-

position and O's elsewhere, and

(ersei)(zuvo Gj)=(zraznv.€1€j).
if a¥= (0(11) is any matrix in Jfin,n; &) with

°<1j =Z ‘1‘jt6t’ we write A% j;taijt(zij’et) and conclude
2J9

that M(n,n; S) 1s Miln,n; R )IXE.

In order to obtain the second regular representation

of A* we note that Z=Zn+ 222+"‘+zn.n is In and write

+  aad ( O)E;B.W W«(dgﬂ‘oﬂ
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(2,00 €IA" =(2, 0, erz\;tai 16421 50€)

=_‘qu' er)z; A,(2,€), where At=; 8y 542y 10 €)
=(zpq.61)Z: £,(2,€ €)
=Z ; 8axt (Zpxr & &)
=222 CaxsCriy Zpxr€y)s
Ty X%

where €r€t =Z °rty6y" Arrenging (qu,ér) and (pr,éy)

each in the order shown above (i.e., hold y and t constant
and sum on x, then hold t constant and sum on y, and then

sum on t) we find that a second regular representation of
A¥ 18

s*) =) 814, X8%(€)
t

=) (AXI ) Xs2(€,),
T -

a matrix in m[knz,knz;n). For our purposes the repeti-

tion in this representation 1s useless and we shall use

(10.1)  s(a*®) =Z: A, X3%(€,),

& matrix inJikn,kn; P) called the reduced regular
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representation. This reduced representation is obviously
isomorphic to Jft(n,n; &). Since the first row of Sz(ét)
has a 1 in the t-th position and zeros elsewhere we see
that the first row block of s(A¥) consists of precisely

Al’Ae""’A‘k’ the coefficients involved when we write A¥

in the form A*=§ :At(z,et). S8ince the coefficients A,

are unique we see that the reduced regular representation
s(A¥) 1s completely determined by its first row block.
From this observation follows immediately an extremely

useful lemma.
Lemma 10.2. If X and Y are matrices in J(kn,kn; )

such that Xs(A¥)=Y, then there exist matrices X¥ end Y¥
in MUn,n; &) such that s(x¥)s(a*)=s(x™); and

x*=Z: X, (2,€,), Y“=z; Y,(2,€,) where X, and Y, are the
matrices in JI%n,n;{3) found by separating the first block
Oof n rows of X and Y, respectively, into k blocks,

We remark that when Y 1s in s-form, say Y=s(B*), since

the reduced regular representation is completely determined

by the first row block, Y*=B" and hence s (x*)s(a¥*)=s(B%).
If we had considered Mli(n,n; ©) from the alternative

Point of view, i.e., as & XJMUn,n; V), we would have

Obtained as a reduced regular representation of A¥ the

matrix A*E=(82(o(1 )) in Mu(kn,kn;PB). when 2[=F,

S = [2Fl eana B= tRa], A*E is the matrix AE used by
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Stewart. However, by using s(A*), the results to follow
can be stated more easily,

In order to compare ’chesé two reduced regular repre-
sentations we consider 01'(.(2,2;6) when 6.13 the same set
of integral elements described in section 7 and determine

#E

s(A¥) and A*™ in this particular case. We use the above

o(11 0(12

notation.
(°‘21 °‘22) and o) y=8y 51€; + 84 40€5 +8y 45C5.

Let A¥=
81531 %132 8133
Then, since Sz(o(ij) =1|0 s‘ijl+‘112 0 , We have
o 0 aijl+a1 j2
e = s:(o(n) sZ(oclz)
876) 87(0G,)
/ 8111 %112 8113 |[%121 %122 8123 \
0 ajjytepye O O  8ypy*8ige O
_ 0 0 8111+81312 |0 0 a121+a122
8211 %212 8213 |%221 %222 8223
O apytepz O 0 agoytagyy O
\ 0 ° 8211+8212|° ° 8221 %222 }

(1 0) (0 1) (0] O) (0 0)
Since 2..= Z. = Zoa= Z256=
11 0 0 |2 “12 0 o » 421 1 0 » B22 0 1 ’

and 2=2Z2..+2

11 22=12, we write
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*_
AT=4,(2,€) +A,(2,6) +A,(2,€,),

a a €. 0
where A, = 11t 12t) and (Z,E‘;) = ( t ).
o1t 822t 0 €

Then we have

s(A%) =, x8%(€))+ A, x8%(€,) + 4, %8B () e
4,0 0 04y 0\  [00ag .
={0 a,0|+|oa, 0]+ o000 :
0 0 A 00 A, 000 ‘ 'V
Ag
= O A +A (0]
AHA,
8111 %1217 %112 8122 813 8123 \
211 8c21! %212 8500 8213 8223
_ 0 lapii*eiye sigrteyee| O ©
0 0 |8y1+8515 8ppgtagasl O 0
\o 0 ° ° 811 %12 %121 %102
0
o 0 ° 85117 %12 %2e1t %222

The relation between these two reduced regular repre-
8 entations is readily apparent when they are written in

the form

s (a%) =Z A XS(E),  aE =Z S2(€,) Xa,.
t

t
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11. Left=Associativity of Matrices in m(n,niﬁ)_. A

matrix P* in Mn,n; &) 1s said to be unimodular if there
exists a Q* in Mi(n,n; S) such that Q*P*-In. Two matrices
A¥ and B* in Mi(n,n; ©) are called left-associates if there
is a unimodular P¥ in MUn,n; &) such that P*A*=B". This
notion 1s obviously an equivalence relation and hence
divides the matrices of NMU(n,n;&) into mutually exclusive
classes of left-assoclated matrices. We wish to cdmpare
the left-associativity of A¥ and B® in Jl(n,n;©) with the
left-associativity of s(A¥) and s(B¥) in MYkn,m;P),
i.e., with the condition that s(A¥%) and s(B¥) nave the same
Hermite form. _

Ir Q*P*=In, then a(Q*)s(P’)=a(In) ='Ilm and s(P%)
1s unimodular with a(Q*) = [s(F*)]T. Then s(F*)s(q*) =1,

I

which implies that P*Q*:I hence Q,*=P and

n’
[B(P*)]I=S(P*I). Conversely, we assume that s(P*) is
unimodular so that a Q exists in JYkn,km; ) such that
Qs(P*):Ikn. Since I, =s(I ), apélying Damma 10.2 yields,
according to the remark immediately succeeding the lemma,
a Q* such that s(Q¥)s(F*)=s(I ). Then Q= [a(F*)] = s(Q")
and we conclude that Q is in s-form, and since Q"P"=In
that P* 1s unimodular. Hence & neceasary and sufficient

condition that P* be unimodular in M(n,n;S) 1s that s(P*)
be unimodular in JYkn,kn; D).

. ceq
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Now if A% and B¥ are left-associates in Nin,n;®) so
that P¥a*=B" for some P* unimodular in Min,n;S), it
follows that s(P*)s(A*)=s(B¥) and s(P") 1s unimodular
in M(kn,kn; B). Hence s(A¥) and s(B*) are left-associates;

and, by Lemma 2.1, must have the same Hermite form. This

establishes that: £
| |

A necessary condition that A* and B* be left- 3
associates in MYn,n;) 1s thet a(a¥) and s(B¥) have ;
the same Hermite form. ‘ij

Let O j denote the j=by=j matrix which consists entirely
of 0's. If A¥ is a proper divisor of 0, i.e., A*#On and
there exists a w*;& 0, in "n,n; &) such that I*A*=On,
then a(W*)s(A*):s(On)=0kn and s(w%) ’/:Okn‘ Hence the
rows of s(A*) are linearly dependent over B and s(a%)
is singular. Conversely, let us assume that s(A¥) 1s
singular, Then the rows of s(A*) are linearly dependent
over 1 and there exists a T, in M(1,ikm; B) such that

7, 8(a%) =(0,0,.. .,0)

and not all the elements of Tl are O, Letting T be the
matrix in JIU(kn,kn; P) whose first row is T, and whose

remaining elements are all O's, we have

‘I‘a(A*)=Okn.



71

We apply Lemma 10.2 to determine T* in Mi(n,n; ) such
that s(T*)s(A*)=s(0n). Then T"’A“"=On and El.""'=;é0n since
Tl contained elements other than O. Hence a neceséary
and sufficient condition that A¥ be a divisor of O is that
s(A¥) be singuler.

Let us now assume that A¥* and B¥ are not divisors
of 0, and are such that s(A*) and s(B¥) have the same
Hermite form H so that there exist matrices X and Y,
unimodular in m(kn,kn;ﬂ), such that Xs(A¥)=H =Ys(B¥).
Then P=YIX 1s unimodular in J%(kn,kn; ) and Ps(a%) =s(B%).
Applying Lemma 10.2 to this relation determines, according
to the remark immediately succeeding the lemma, a P* in
M(n,n; &) such that s(P¥)s(A*) =s(B¥). Since s(a¥) is
non=singular, however, we have P=s(B¥) [s(A%)] I_s(p*)
which means that P is in s-form. B8ince s(P*)=P is
unimodular in Jt(kn,kn; B), it follows, as we have shown
earlier, that P¥ is unimodular in JfUn,n;S). Thue P*a%*=B*
with P¥ unimodular, and we can now state the following

theorem:

1t A¥ and B* of J{Yn,n;®) are not divisors of O,
then a necessary and sufficient condition that they be
left-associates in Jr(,(n,n;G) is that s(A¥) and s(B¥) be
left-associates in JI(kn,kn;P).
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To illustrate we choose the same set J{{(2,2;©&) that

we used in section

2€i+€é+2€$
el- %"363

761-%

2 -1
Since Al = »
1 1

7 -2
12 =3

A¥ =

10, and consider

-GS

-2€, -46,1€;
=3€, 1116, 1€,

11 2 1
A .= A=
2 \-1 1)"7% \z-2|’

and

-1 -4 0 1
B, = B, =
2 \w2211/° % \1 1])°

from the expression for s(A*) derived in section 10 we find

OCOOOKrH

ocoOoLMM

s(ﬂ*)::

OOOOKrHM

(/]
o]
%
L
|
)
(oJoNoNoR N

OCONMOKH

o
(o]
)
(o))
OMOOKrO

ocuxooumN

VWOOONK
-
&
o

OO0
°

P T T s -
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We compute

o

P

—

NOAN~AQ
NOAN
O~ QN
s 1 v e
o400
OCONVNN

OOO0OO0ONM
N —————ee™

Xs(A¥)

[ ]

=

|
\)
00000~
000O0~0
000~0O0
00~H000
OO O

DONNOR
-

/{I‘\

I

We discover that there exists a unimodular Y such that

Ys(B¥)=H and we compute

—

lloOA-ve
01006&.
FSAODOO
'~
NHAOR®O0O0
1 Q ]
)

2111-*00

000011—;

and we note, as the theory predicted, that P is unimodular

o<
027%

¥0O0

1 -4-1 0
-8 2-1 O
-3 0 O

2«-000
~NOOOO

nNMINOOO0O

and in s-form.
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We now obtain

P*=(3 1)(61 0 )+(-1 -4\ (€, o)+ -1 o)\ (& 0

5 2/\0 €/ \-8 2/\o -1 o/ \o &
3€- oG €

T\ s€-eeme,  z€pte€,

which 1s the desired unimodular matrix such that P*A¥=p%, |
1f A¥ and B¥ are divisors of 0, and are such that I

s(A¥*) and 8(B¥) have the same Hermite form H, as before b

there exist matrices X and Y, unimodular in .m,(kn,kn;ﬂ),

such that Xs(A¥)=H=Ys(B¥); and P=YIX 1s unimodular

in JfYxn,kn;P) and such that Ps(a*) =s(B¥). We also can

apply Lemma 10.2 to determine from the first row block

of P a matrix P¥ in TUn,n;®) such that s(P¥)s(a*)=s(B¥).

.However, as we shall show by means of an example, the

matrix s(P¥) so determined 1s not necessarily unimodular.

Since s(A¥) and s(B¥) are singular, H is also; and the

most general unimodular matrix G (described in Lemma 2.1)

such that GH=H is not I, . S8ince YIGx is unimodular

in Hin,kn; P) and such that Y'GXs(A®)=s(B*), there is

some freedom in the choice of the matrix P and hence of P*.

Whether or not G can be chosen so that YIGX is in s~-form

has not been established.
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IY, then Qs(B¥)=s(a¥); and applying

If we let Q=X
lemma 10.2 to this relation determines a Q¥ in Min,n;S)
such that s(Qf)s(B*)==s(A*) and s(Q¥) 1is not necéssarily
unimodular. Hence, 1if A¥ and B¥ are divisors of O and such
that s(A¥) and s(B¥) have the same Hermite form, then there
exist matrices P¥ and Q¥ in MUn,n;©) such that P¥a¥=g* ?
and Q¥B¥=A% -- 1.e., A¥ and B¥ are mutually left-divisible.
At this point, by referring to the result due to Steinitz [10] ;
that mutual left-divisibility is equivalent to left- L}
associativity for matrices in TﬂKn,n;Eﬁ:b, Stewart was able | j
to establish his result where [’Lﬂis an algebralc domain
of classical type. |

Some results about mutual left-divisibility implying
left-assoclativity are given by Kaplansky [2], but they
cannot be applied here for we have not restricted the
algebra éw which contains @;.

As an example we consider once more the same

Mi(2,2;S) and study

A¥ = % O and B* = e I
o o)’ € ©

We note that

ozo) 2 0 1 0 0O O
A= A= A= B,=

1 ? ? » °
0O O 2oo 300 1oo
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so thsat

-
»

——— e ———
000000

N1OO0ONO
000000
NONOOO
000000

000000
(ll\

and s(B¥)

)
000000

—~OO0OO0OMNO
000000
NONOOO
00000

000000
~———————

—

s(A%)

We compute

\.\I‘"I
OO0000O0

~OO0O0ONO
000000
NONOOO
000000

Q00000
~——

OO0O00O0O
00000
000400
2010&0
O~000O0

rMOOOlQ
~—~——————

Xs(A¥)

\\I‘I/

000000

O000~O0

000000

oOO0oNOO0O

000000

000000

/Il\

e nd a unimodular suc a 8 =H and we compute
We find imodular Y h that Ys(B¥)=H and t

B

00000~

NHOOMNO
000HOO
~0H00O0

~OO0OO0O0O0
(\\

]
>






77

Then
1.0 1 0 2 o\ [-2 0 2 0 1 0
010010 0100 0 O
_I._|O 01 0 0 0 0O 010 00O
P=Y"X=|0 0 01 0 O 0 00100
01 00 2 O 1 0-1 0 0 O
O 00 0 01 0O 00 0 01
0 01 010
1 1-1 0 0 O
—|o o 100 0
O 0010 0]°
2 1-2 0 0 O
0O 000 0 1

We note that P is unimodular but not in s-form. When we
apply Lemma 10.2 to obtain the matrix in s-form determined
by the first row block of P we find

Mfﬁ=

o Xe XX 1 e
o Xe X=X K~
COOpFHK
OO OO0
OHOOOK
HOOOOO

which we easily see 1s singular. The matrix G mentioned

above 1s
( €11 812 O 814 O 3¢
821 B2 O 84 0O 856
o — | 831 82 1 834 O &3¢
841 842 O 844 O 84g
851 852 O B854 1 Bgg
| %61 862z O 8q © 366)

fe e
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is unimodular,

80 in this particular example there is a great deal of

freedom that we can exercise in choosing P==YIGX. However,

due to the simplicity of s(A*) and s(B¥), by direct

observation we can find -

s(P*) =

(eRoNoXo) Ko

eJoNoNoNol

OCOOrHKHH

OCOrHHMHO

OrOOOW

s Which is 6bviously

»HROOOO

unimodular; and hence a unimodular matrix of the desired

type 1is

P'I'

(&S &
66 &
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12, Conclusion. The problem of solving a system of

linear equations or a system of linear congruences whose
elements are integers from an algebra has been completely
solved. Concerning the left-associativity of matrices

whose elements are integers from an algebra, it has been

§

esteblished that when A and B¥ are not divisors of o,
a necessary and sufficient condition that they be left-
associates is that s(A*) and s(B*) have the same Hermite

form. Also, when A* and B* are divisors of O, this con-

"\L_‘___ X

S L SVl 8 e 0 i i
. L
)

dition is necessary. The problem remaining for further
research is the determination whether, when A¥ aﬁd B¥ are
divisors of O, the fact that s(A#) and a(B*) have thé same
Hermite form is a sufficient condition that A¥ and B* ve
left-aasocidtea. Perhaps additional conditions concerning
A* and B¥ must be added; but if this is not so the Hermite
form of the reduced regular representations would certainly
be an interesting and practical criterion for determining
left-associated matrices whose elements are 1ntégers from

an algebra,
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