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ABSTRACT

A GENERAL ANALYSIS OF GAS CENTRIFUGATION WITH
EMPHASIS ON THE COUNTERCURRENT
PRODUCTION CENTRIFUGE
By

Steven R. Auvil

Contained in this work is a theoretical analysis of gas
centrifugation with emphasis on the countercurrent production centri-
fuge. The in-depth analysis of gas centrifugation presented in this
work significantly updates the previously available literature.
Results are presented which allow an evaluation to be made regarding
the applicability of the gas centrifuge to perform a given separation.
Operating variables such as pressure, temperature, rotational speed,
centrifuge diameter and length, throughput, molecular weight differ-~
ences and diffusion coefficients, among others, are discussed in
detail for the gas centrifuge separation of a binary gas mixture.
Included as Appendices are user instructions, descriptions and
listings of computer programs that are based on this work which can be
used to model (predict) the performance of either a stripping, rec-
tifying or Zippe type gas centrifuge in a given situation. Results
predicted by the programs agree very well to separations presented in

the literature for Uranium isotope (as UFS) separations.
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Throughout the work many significant points are illustrated
using the gas pairs SOZ-NZ, SOZ-HZ and UF6 (235 and 238 isotopes).
The SOZ-N2 gas pair reflects the desire to determine the aplicability
of gas centrifugation as a viable means for removing SO2 from power
plant stack gas.

Equations were developed describing the equilibrium pressure
and composition profiles and the times required for the development
of these profiles in a simple centrifuge containing a binary gas
mixture. This analysis illustrated that, while an 8-inch diameter
simple centrifuge charged at 70°F and 1 atmosphere with an SOz—N2 gas
mixture (5000 ppm 502) and then rotated at 20000 RPM would give a
39.4% increase in S0, concentration going from the axis to the wall,
it would take approximately 43 seconds for 50% of this separation to
occur. The diffusion coefficient for the gas pair was found to be
the only factor controlling the rate of separation. With such slow
rates of mass transfer, it was concluded that long residence times
would be required to realize the separating potential of the counter-
current production centrifuge.

To meet the demands of high rotational speeds and long resi-
dence times, the mechanical limitations (size versus rotational
speeds) of the centrifuge were investigated. Expressions were
developed for the bursting and whirling speeds of a simply supported
cylinder, illustrating that Aluminum and Magnesium alloys were best
suited for centrifuge design. It was shown for these alloys that a
peripheral speed of 700 ft/sec was well below the bursting speed of

an 8-inch diameter rotating cylinder with a 1/4-inch wall thickness,
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r, at this speed the length to diameter ratio has to be less
for safe operation under the first whirling speed.
Expressions were developed describing the separations in a
rcurrent gas centrifuge. |t was determined that in the opera-
f a countercurrent rectifying (concentrates the heavy species)
ipping (concentrates the light species) centrifuge that an
m feed rate (OFR) existed, yielding a maximum in the separation
(MSF). For the gas pair SOZ—N2 at 70°F and 1 atmosphere axis
re in an 8-inch diameter by 36-inch long rectifying centrifuge
ng at 15000 RPM, the OFR was found to be 0.0169 scfm giving an
2.337 at total reflux. |If a rich product stream equal to 10%
- feed stream is removed the OFR increases to 0.0191 scfm but

s the MSF (rich to lean stream) to 1.696 or a reduction of

It was shown that the OFR and the MSF could be quickly and
tely estimated for any gas pair in any size rectifying centri-

t any operating conditions by using the following equations:
B i 0% & 2
OFR = a + (diffusivity times pressure, cm” * atm/sec)

(diameter, inches),

MSF = Exp [b * (rotational speed, Ff./sec)2
(molecular weight difference) (length/diameter)

/ (temperature, °F)],

a=.0157 and b = 1.013 x 1072 at total reflux, and
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a=.0178 and b = 6.304 x 1078 where the rich stream is 10% of

the feed stream.

As is shown in the above estimating equations, increasing the
er but maintaining a constant peripheral speed increases the

rectly; however, the reduction in the length to diameter ratio

ntially decreases the MSF. Hence, to sustain a given level of

tion when scaling up a centrifuge design, the length and diameter
ncrease by the same percentage. Also, shown in this work is the
hat removal of a product stream rather sharply reduces the MSF
less of the centrifuge length. This is an equilibrium limita-
hich was shown to be characteristic of the gas centrifuge.

The results of this work clearly indicate that for the gas
;02—'N2 in the 8-inch diameter centrifuge operated as described
. the OFR of 0.0191 scfm and corresponding MSF of 1.696 with a
stream removal of 0.0019 scfm (10% of the feed) cannot be sig-
ntly altered by any operating parameters. These very small
nd low MSFs are incompatible with the tremendous volumes of gas
ed by power plants and the high degree (90%%) of S0, removal
ed. Gas centrifugation for this purpose cannot begin to compare
he many conventional 502 removal processes proposed for removal

from coal fired power plant stack gases.

Included as part of the Appendices is a description and analysis

experimental program which paralleled this work. The centrifuge

n the experimental program, which was modeled after a design by

Zippe (University of Virginia, 1960), had 34 inches available
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axial flow, a 7.5-inch diameter, and was rotated at 11000 RPM.
e Zippe's experiments were with UF() (235 and 238) separations with
. pressures less than 0.1 mm Hg, the above experimental program
carried out at atmospheric pressure with SOZ-N2 gas mixtures. The
st feed rate (limited by equipment design and sampling methods for
analysis) which was used was 0.1 scfm. No measurable separation
observed at this feed rate or at any other higher feed rate. The
yses presented in this work, which predict Zippe's observations
e accurately, show the separation factor predicted at the above
| rate to be only 1.045. This very low predicted separation factor
esponds to 302 concentration differences much too small to be seen
1 the infrared spectrophotometer used for gas analysis. Further-
>, the uncontrollable and unpredicatable increase in internal
bulence promoted by the Zippe type centrifuge operated at atmospheric
sure was expected to have reduced if not destroyed this small,
expected, separation factor.

The very small feed rate and predicted separation factor,
bled with the turbulence problems fundamental to the Zippe centri-

= design when operated at pressures near | atmosphere, resulted in

termination of the experimental program.
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CHAPTER |

INTRODUCT I ON

A. Gas Separations in a Gravitational Field

The change in composition of the atmosphere with altitude is
known effect of the Earth's gravitational field. The effect
acceleration of gravity, g, is to set up a force, g/gc, per
1ss. Under the influence of this force, a pressure gradient

bl ished for each species according to

= - 9
oh pi gC ’

~
I

the partial pressure of species i,

the concentration of species i, and

o
]

the height.

g the ideal gas law and assuming constant temperature and
t g/gc, this equation may be integrated giving the ratio
partial pressure of gas species i at any height to that at

level, i.e.

?

Pi(h) -Mwigh

Foy - P R g

Wi = the molecular weight of species i,
R = the gas constant, and
T = the absolute temperature.

1







xample, at an altitude of 10,000 ft, assuming a constant tempera-
of 40°F, the ratio of the partial pressure of oxygen to that at
d level is calculated to be 0.661.

Since the ratio of the partial pressures is dependent on the
ular weight of the species, the ratios of the partial pressures
fferent species will decrease at different rates. This is illus-
d by taking the ratio of the partial pressures of species i and j

height, h,

Pi(h) Pi(O) —(Mwi—MWJ.)gh
Pj(57'= Pj(ﬁj exp [ —__TTFTi:—_—]

e ratio of the partial pressure of oxygen to nitrogen is taken as
at ground level, then at 10,000 ft, assuming a constant tempera-
of 40°F, the ratio reduces to 0.237.
In 1919, Lindeman and Aston (1) suggested that the gas

ations caused by the Earth's gravitational field could be dupli-
by using a centrifugal field. That is, for separations in a
ifugal field the gravitation energy term, gh/gc, could be
ced by the equivalent centrifugal energy term, (wzrz/ch),

w is the rotational speed, and r is the radius of rotation.
ating the two energy terms it can be shown that for a radius
inches a rotational speed of 22980 RPM is required to create

ect identical to that caused by the Earth's gravitational field

altitude of 10,000 ft.







B. Centrifuge Types

One year after the suggestion by Lindeman and Aston, the first
ication appeared marking the beginning of research in the area of
centrifugation. The first experiments involving centrifugation
directed towards realizing the equilibrium separation as predicted
he above equation. However, by 1940, with several researchers
ng demonstrated that the equilibrium separation could be realized,
asis was turned to gas centrifuge designs which could be operated
inuously separating, to some degree, a gas mixture.

The idea of an evaporative centrifuge was introduced by

iken (2) in 1922 as a means of realizing the equilibrium separation.

type of centrifuge is a very short device (length to diameter
0 ~ 0.1) in which a small amount of liquid containing different
tile species is placed. As the centrifuge is brought up to
ting speed, the liquid forms a layer at the periphery. Vapor is
ed from the centrifuge very slowly via a hollow shaft at the axis.
ng as the vapor is drawn off very slowly, an equilibrium condition
tablished throughout the vapor in the centrifuge.
The vapor that is extracted is supplied by the evaporation of

liquid at the periphery which must diffuse along the centrifuge

s against the centrifugal field. The result is that the vapor

off the axis is richer in the lighter species and the remaining
id is richer iﬁ the heavier species than the original liquid.

er work along these lines was done by Beams and Skarstrom (3) in







The idea of the cream separator as applied to gas mixture
-ations resulted in the concept of a flow-through centrifuge. In
type of centrifuge design a gas mixture enters the cylinder at
>nd via a hollow shaft. As the gas traverses the length of the
e (length to diameter ratio ~ 5) the equilibrium composition
ile develops. At the other end, two streams are taken of f, one
the periphery (rich stream) and one near the axis (lean stream).
on such devices has been reported by Beams (4), Groth (5), and
emaker (6) among others.

The third and final centrifuge type to be mentioned here is
countercurrent centrifuge. In this centrifuge design two concentric
streams flow in opposite axial directions. As a result the inner
am becomes richer in the lighter species near its exit and the outer
am becomes richer in the heavier species near its exit. Since
pposing flow continually upsets the establishment of an equilibrium
sition profile, separations greater than equilibrium can be
ved. Work on the development of the countercurrent centrifuge has
reported by Beams (4), Groth (5), Kistemaker (6), and Zippe (7),

others. The centrifuge used by Beams was the largest reported
g a length of 11 2/3 ft, a radius of 3.75 inches and rotating
000 RPM.

While the performance of the evaporative and the flow-through
ifuges have a definite place in the overall understanding of gas
ifugation, only the countercurrent centrifuge has the potential
used as a production device. That is to say, the ''best'
either the evaporative or flow-through centrifuge can ever

ve is an equilibrium separation. On the other hand, the







rcurrent centrifuge has the capability of yielding separations

r than equilibrium. This conclusion is supported in the litera-
where a major portion of the work that has been done in

fuge research has been done using the countercurrent centrifuge

eparations reported exceeding corresponding equilibrium values.

C. Scope of Past Work

The suggestion by Lindeman and Aston that centrifugation was a
le means of separating gas mixtures reflected their desire to
- new technique to separate mixtures of isotopes. The simple
ical nature and higher expected separations of the gas centrifuge
pared to complex diffusion processes made it a definite avenue
estigation for the difficult problem of isotope separation. Con-
tly, almost all of the research which has been published deals
he separation of isotopes of such elements as Fluorine, Chlorine,
e, Krypton, Xenon, Selenium and Uranium. The few gas mixtures
ned, that were not isotopes, were used merely as test gases and
e basis of the experimental work.

Until 1951, all of the investigations of the gas centrifuge
xperimental in nature with the published results consisting of
ntrifuge design, operating conditions and the separations
ed. Usually the results were compared to those predicted by
brium calculations. In 1951, however, the first and only avail-
heoretical analysis of gas centrifugation was presented by
(8). The analysis was contained in a collection of theories

vailable for various processes which could be used in the







ge-scale separation of uranium isotopes. Equations resulting from

en's analysis of the countercurrent centrifuge, although containing

eral approximations, were used to.predict (with reasonable success)

erimental results in future published experimental works. A few

estigators modified Cohen's equations slightly, while others

lained differences between their experimental results and those

dicted by assumptions that were incorporated in Cohen's analysis.
At this point in time, 1951, with the demand for fissionable

nium beginning to grow very quickly, investigations involving the

.centrifuge were being entirely directed toward its applicability

an efficient means of enriching Uranium. In this country, much

such work was, and still is, sponsored and funded by the Atomic

rgy Commission. The results of this change in emphasis and moti-

ion was a steady decline in the number of publications available

general review, varying from a few publications of demonstration

e work at the University of Virginia in the late 1950s to the early

Os, to no publications currently.

D. Scope of This Work

Even though research on the subject began in the 1920s, still
sing from the available literature is a general analysis of the
centrifuge. An analysis in which a thorough study of the counter-
rent gas centrifuge is made, detailing important operating variables,
e restrictions, allowable flow rates, and any other fundamental
itations that may exist, is needed. With such an analysis, a

stion such as, ''May the gas centrifuge be considered as a viable







, to separate sulfur dioxide from flue gas?' could be answered
tly. However, as stated above, information to answer such a
jon is simply not available in the unclassified literature.
, it was with this goal in mind that the analyses presented in
work were made.
Throughout the body of this work important points are illus-

d by using the gas pairs SOZ-NZ, SOZ—H2 and UF6 (235 and 238
pes). The sulfur dioxide-hydrogen combination was chosen reflect-
he current interest in removing 502 from stack gases. The
r dioxide-hydrogen combination was used as a variation to give a
ixture with a very low density at standard conditions (at low
oncentrations), large diffusion coefficient and large molecular
t difference. The gasified Uranium isotopes (as UF6), on the
hand, represent an opposite extreme having a relatively large
ty at standard conditions, low self-diffusion coefficient and
molecular weight difference. The use of any additional gas

for illustration was found unnecessary, since the analysis con-
, and the use of the above three gas pairs concurred, that no

| properties exist for particular gas pairs.

Paralleling this work from its beginning was an experimental

m which was initiated to demonstrate the performance of a

(7) type gas centrifuge, when used to separate the gas pair

at one atmosphere and 70°F. The centrifuge constructed was
hes long and 8 inches in diameter, operating at speeds up to
RPM. The experimental program, however, was terminated after

ed efforts failed to yield any measurable separations. Faced







this situation, an even more exhaustive effort was undertaken
derstand the gas centrifuge in order to determine whether the

design was in fact simply not applicable to the situation and/or
er there existed fundamental reasons for not observing a measurable
ration.

It was found that the information and conclusions contained
ughout the body of this work, coupled with basic problems associ-
with the ''soundness'' of the Zippe gas centrifuge design, indeed
ided more than sufficient reasons to expect that no measurable
rations would be seen. A complete description and analysis of
experimental program may be found in Appendix F.

E. The Organization of the Information
Provided in This Work

The analysis of gas centrifugation put forth in the body of
work is contained in six chapters. The analysis begins in
er |1 with the simple equilibrium centrifuge. Although such a
ifuge is defined to be simply a sealed rotating cylinder containing
mixture, the analysis illustrates the magnitude of pressure
ients and equilibrium separations, setting the ground work neces-
for the analysis of production centrifuges. In Chapter Il the
e equilibrium centrifuge is analyzed with respect to the times
ired for the equilibrium composition profiles to develop. With
id of this section a feel for the expected performance and 1imi-
ns of the gas centrifuge begin to develop. Furthermore, it was
lished that while the degree of separation varies with different

airs, all gas pairs behave similarly in the gas centrifuge.







in Chapter |V attention is turned to actual limitations of

centrifuge itself. That is, how fast may the centrifuge be rotated

hout bursting and/or entering into a critical mode of vibration

h dould destroy it? These analyses gave the necessary perspective
, considering production centrifuges which require not only high
ational speeds, but length to diameter ratios greater than four.

With qll the ground work laid in the previous sections, the
'ysis of the countercurrent production centrifuge is undertaken in
yter V. The necessary equations are developed and a numerical and
oximate analytical solution are developed. Conclusions that may
rawn immediately regarding the solutions are put forth and
ained.

Having developed the necessary equations and drawn several
iminary conclusions, the countercurrent rectifying centrifuge
)duces a product stream richer in the heavy species) is analyzed
jreat detail in Section VI. Changes in performance with various
ges in operating conditions are illustrated and explained.

Chapter VII| concludes this work by illustrating perhaps the
most significant aspects limiting the use of a gas centrifuge.

ral example calculations are used to illustrate the magnitude of

e limitations. Also included in this section is a list of the
lts contained in this work. However, this list is not meant to
omplete, since the entire text contains numerous pertinent points

examples which lose their significance when taken out of context

simplified to enter into a table or list.
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Appendices following the text contain such things as calculated

ised to construct figures in the text and complete descriptions

eral computer programs that may be used to analyze, with great

, the expected performance of the gas centrifuge. Also included

appendix is a description of the experimental program which

eled this work, as referenced above.







CHAPTER 11

STEADY STATE SIMPLE GAS CENTRIFUGE THEORY

A. Pressure Gradients, Pure Gases

A simple gas centrifuge shall be defined as a closed rotating
ler containing an isothermal pure gas or gas mixture. The gas
s uniformly at the same speed as the cylinder, i.e., w rad/sec,
s no radial or axial motions. To prevent radial flow a pressure
nt is established in the radial direction balancing the centrifu-

rce per unit mass (wzr/gc) created by the rotation of the gas.

S,
Lo _ulr
¢} r 2
g : 3
p = mass density (lbm/v’t Vs

P = pressure (Ibf/ftz), and
2
= gravitational constant, 32.174 Wbm/lbf ft/sec”.
Using the ideal gas law and assuming a pure gas with molecular

MW, the pressure gradient equation can be written as

1o8e _ malr
P r  RT 9. g

@,

upon integration gives






> P(0) is the pressure at the axis, r = 0.
e cylinder wall (r = Rw) the quantity wR, represents the inner
peripheral speed of the cylinder, s(ft/sec), i.e.,

M 52)
T
2RT g,

P(wall)/P(axis) = exp (

Figures 1 and 2 illustrate values of the ratio, P(wall)/P(axis),
nable in a simple gas centrifuge operating at different peripheral
s and containing pure gases of different molecular weights at

Data used to construct the Figures are found in Appendix A.
n be seen from the equation for P(wall)/P(axis), the limiting
. of the ratio, as s and/or MW go to zero, is one. Hence, in order
stinguish small changes from one, Figure | contains a plot of
1)/P(axis) - 1, due to the small molecular weights (2-100),
as Figure 2 contains a plot of simply P(wall)/P(axis) with
ular weights between 100 and 400.

To illustrate the use of Figures 1 and 2, consider Sulfur
de (MW = 64) in a simple gas centrifuge operating at 70°F with a
heral speed of 500 ft/sec. From Figure 1, P(wall)/P(axis) - 1 is
as .36 (actual value = .3547).

Since the ratio MW/T appears in the pressure equation, a cor=
on to the true molecular weight can be used to determine pressure
s, P(wall)/P(axis), at temperatures other than those at 70°F

in Figures 1 and 2. That is,
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Figure 1.--Wall to Axis Pressure Ratios Minus 1 Versus Peripheral
for Various Molecular Weights Between 2 and 100.
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Figure 2.--Wall to Axis Pressure Ratios Versus Peripheral Speed
rious Molecular Weights Between 100 and 400.
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MW = MW [530/ (460 + °F)],

e true

re Mwe is the effective molecular weight to be used in place of
true molecular weight. Figure 3 contains a plot of the corrected
ecular weight versus the true molecular weight with temperature
) as a parameter. Data used to construct the Figure are found in
endix A. For example, had the above illustration been worked at
°F, a MW, = 44 6 is read from Figure 3 and from Figure 1, P(wall)/
xis) = 1 = .24 (actual value = .2358). The fact that increasing
temperature can be thought of as decreasing the effective magni-
e of the molecular weight of a gas species will serve as a useful

cept in the analysis of gas centrifugation.

B. Pressure Gradients, Gas Mixtures

If a perfect mixture of gas species is placed in a simple
centrifuge a pressure gradient will be established for each specie
ording to the equation developed in Section A. For example, for

cies i we have

integrating as before gives

P.(r) Mw;mzrz
1

7oy - P (T gc)
I

total pressure at any point r is then defined by






40°F
70°F
100°F
140°F
180°F
220°F

Z 260°F
7 i 300°F

so wnanoo

N

e Il
|
-0 100 200 300

Actual Molecular Weight, Mi_

Figure 3.--Effective Molecular Weights Versus Actual Molecular
ghts at Temperatures Between O and 300°F.






rere n = number of species.

Due to the different molecular weights of each species, the
dividual partial pressures increase at different rates proceeding
om the axis to the wall. Thus, the ratio of species i and j at the
<is will differ from their ratios at any other position. This fact
s illustrated by taking the ratios of the partial pressures of
ecies i and j, i.e.,

L) P(0) (M-t Jwe?

P TRy P —rry,
us, if MWI is greater than ij’ the gas mixture near the wall will
- more concentrated in the heavier (ith) species.

With this observation in mind, all further analyses embodied
this work will be restricted to binary gas mixtures. This is not
indicate that the concepts developed are restricted to only binary
xtures, but was done simply to simplify the equations and simplify

e methods by which they may be analyzed.

C. Mole Fraction Distributions and
Simple Separation Factors

In a binary gas mixture (species 1 and 2) the mole fraction (y)

the heavy species (taken as species 1) in a simple gas centrifuge

n be written in terms of the partial pressures of the species, i.e.,






i u?r?
P](O) exp (_ZRT—gc)
y(r) = X
MW mzrz szmzrz
PI(O) exp (_ZF_{T-Q_) + PZ(O) exp (m)
c [
1
y(r) = 5
PZ(D) (MWZ—MWI)M r

I+ W e [T]
y(0) is the mole fraction at the axis, then
P,(0) = [1-y(0)] P(0), and

P, (0) = y(0) P(0).

stitution of this information into the mole fraction equation and

rranging gives

R I
y(0) [exp (B2 - 11+ 1
re
(MW, =MW, )mz 2
A 1 2 _ AMW W
RT g, RT g

s expression allows one to compute the mole fraction profile in a

ple gas centrifuge given A and y(0).
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A separation factor for the simple gas centrifuge may be
‘ined as the ratio of species | to 2 at the wall to the ratio of

:cies 1 to 2 at the axis, i.e.,

o5 y(R) 1-y(0)
T-y RW; y :

in terms of the mole fraction distribution given above,

AR 2
y(0) exp (=)
S l-¥(0y) 4 2 =
yd0 AR, AR,
y(0) [exp (—)-11 + 1 - y(0) exp (—)
ch simplifies to
ARWZ
o = exp (Z_)
expression for y(RW) can now be written in terms of a, i.e.,

N oy (0)
Y(Rw) y (0 a-1) + 1 °
Since the expression for a is identical to that developed for
ratio P(wall)/P(axis) for a pure gas, except that molecular weight
ference appears in the exponential instead of an actual molecular
ght, Figures 1 and 2 can be used to estimate values of o by just

stituting molecular weight difference. For example, consider a

ture of Hydrogen (MW=2) and Sulfur Dioxide (Mw=64) at 70°F in a

ple centrifuge with a peripheral speed of 500 ft/sec. From Figure 1
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with MW=62, o - 1 is found to be .34 (actual value = .3419). The
value of @ - 1 at a different temperature, say 300°F, can be found by
first using Figure 3 which gives an effective AMW=43.2 and then using
Figure 1 giving o - 1 = .22 (actual value = .2198).

An important aspect to be noted in the expression for a is
that it is a function of molecular weight difference, not the ratio
of the molecular weights or the molecular weight difference divided
by the sum of molecular weights as in diffusion processes. This
gives the gas centrifuge an important advantage for separating heavy
gases, hence the interest in the field of gas centrifugation for the
separation of Uranium isotopes (5, 6, 7, and 8) (AMW=3) when gasified
as Uranium Hexafloride (MW=352).

Although o is a fundamental quantity depicting the separating
potential of a gas pair, a more tangible quantity is the increase of

Y(RW) over the value of y(0) as a function of a, i.e.,

y(R)-y(0) i
y(© " y(0) (1) +1

Figure 4 contains a plot of [y(Rw) - y(0)1/y(0) versus y(0) for various
values of o. Data used to construct Figure 4 are found in Appendix A.
As can be seen in Figure 4, the greatest increase in the value of

Y(RW) over the value of y(0) occurs at low concentrations [y(0o) =0.3]
regardless of the value of o. The curve in Figure 4 for a very

large value of o corresponds to Y(Rw) ~1 for all values of y(0).
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Figure Q.--[Y(Rw) - y(0)1/y(0) Versus y(0) for values of o.
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D. Axis Composition in a Simple Centrifuge

In Section C a relationship was given between y(Rw) and y(0)
as a function of a, a quantity which only depends on the molecular
weight difference of the gas pair, temperature, and the peripheral
speed. This expression, however, lacks usability when applied to a
real situation. For example, if a simple gas centrifuge is charged with
a gas of known composition, Yo and then rotated until the steady
state mole fraction distribution has developed, the mole fraction
profile cannot be computed. Knowing the value of y(0), however, would
allow the calculation of the mole fraction profile [giving y(Rw)].

It should be pointed out that if y(RW) was known instead of y(0) the
profile could also be computed; however, analytically computing y (0)
is an easier task.

If B moles of gas had been used to charge the simple gas
centrifuge, then the following relationship representing conservation

of mass must be satisfied:

R R
B = 27 jow pyrdr + 2l fow pprdr

where D] and Dz are the molar densities of species 1 and 2 respectively,
in the mixture.
Or, using the ideal gas law and the pressure ratio equations developed
previously,
2 2
2mL P, (0) R Qr 2mL P, (0) R Q,r

1 1 2 [V exp (

w rdr
Be—gr— " exp () rdr v —7 0 7 g
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where

L

length of the simple centrifuge.

Also, the conservation of species | must be maintained, thus

2L P (0) R 0.r2

_ w ]
yeB = RT .% exp ( 7 ) rdr .

Integrating and solving for 7 gives

P, (0) [exp(Q, Ri)-l]/Q,

Yf = ) .
P, (0) [exp(Q,R>/2)-11/0, +P,(0) [exp(Q,R2/2)-11/0,

Substituting for P](O) and PZ(O) in terms of P(0) and y(0) gives the

following expression for y(0):

QI
y(0) = 3 ,

]+yf (Q—]-C 1)

2
where

2

exp (QZRW /2) - 1

C =

exp (Q]RW2/2) -]

Using this expression, Figure 5 was constructed showing the

ole fraction profiles developed in a simple centrifuge for the following







24

"4,0L 38 (sedojosy gez ‘sez) Jun pue In-Zog c7y.zge

‘Sdied seqg o
[e424d]45d € 43LIM EBn4L13ue) m_ms_m ® ut padoiansg So1!1jouy co_uuwtcw_mmhﬁ wwm\um 005 jo Paadg
4/4 “sniped ssajuojsusug . 5 94nB 4
Oo—. mco 4 w--o n N--O 4 WMO 4 m“o . J.bo m.-o N.O 3
— —_ ' ’ T ' . L — — L0 g
T Lio
+
1 80
-
T 6170
=
4 o
o
sl
02°0 ¢
S
4 o
3
T tzo
1 S
1
N
mmmz uoiloeuy sow = A .AmmaOuOm_ 194 .mmwv ou: “p T ¢C°0
Nom uorldeudy ajow = A .NZ-Now 9 1
NOm uoiloeuy ajow = A .NI»NOm q
20070 = %4 ‘uoilisodwod abueyy -e T €20







25

three gas pairs: SOZ—HZ, SOz-N2 and UF6 (235, 238 isotopes) at 70°F.
The composition of the charge (yf) in the SOZ-HZ and SOZ-N2 pairs is
0.002 mole fraction SOZ (a typical flue gas composition), whereas 2
is 0.002 for the UF6 (235 isotope). Data used to construct this
figure are found in Appendix A. The centrifuge operating speed is
500 ft/sec. Table 1 contains a list of some observations taken from
Figure 5 for comparison. As expected (due to the large AMW) the SOZ-H2
mixture separates best as indicated by the separation factors. Also,
due to the radial pressure gradient, the point at which the mole
fraction profile crosses the value of Ye does not occur at the equal
area position (s = 353.5 ft/sec). |Instead, the crossing point is 358

ft/sec for SOZ-HZ, 360 ft/sec for SO -NZ, and 398 ft/sec for UF6 (235,

2!
238 isotopes). The large molecular weight of the UF6 (1arger pressure
gradient) pushes the crossing point closest to the periphery. Also

worth noting is that the values of y(0) and y(Rw) are not equal distances

on either side of Yes and the mole fraction profile becomes flat as

TABLE 1.--Simple Centrifuge Separations of the Gas Pairs: SOZ-HZ,
502~N , UF, (235, 238 isotopes) at 70°F. Centrifuge
Perip%eral Speed = 500 ft/sec.

veyv(0)  y(R)-ve

Gas Pair Ve y(0) y(RW T T a

50,-H, 0.002 00172 00231 140 155 1.3419
$0,-N, 0.002 .00183 .00217 .085 .085 1.1862
UFg 0.002 .002018  .001989  -.0090 -.0053 .9859

(235, 238)
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the axis approached. This situation exists since as the axis is
approached the centrifugal force diminishes and the concentration
decreases simply to make up for what has moved to the wall. On

the other hand, near the periphery where the difference in the centrifu-
gal forces acting on the heavy and light species is growing farther
apart, the mole fraction profile increases quite rapidly.

E. A Simple Centrifuge Containing a Stationary
Pipe Centered Along the Axis

Before leaving this chapter it is worth mentioning that the
experimental gas centrifuge enrichment of the Uranium isotopes has
been accomplished by using centrifuges containing no internals and
to a lesser extent by centrifuges containing a stationary pipe cen-
tered along the axis. Such work had been done by Zippe (7) and
Groth (5). The question then at this point is what effect does the
stationary center pipe have on the pressure ratios and separation
factors found for the simple centrifuge containing no center pipe?

To answer this question the following assumptions must be
made :

1. The centrifuge is sufficiently long so that end
effects may be neglected.

2. The radial pressure changes are small enough so that
viscosity changes can be neglected. This is a good
assumption at pressures around 1 atmosphere and lower.

3. The flow between the cylinders is laminar.

Of the assumptions, number 3 requires the closest analysis. Since, if

the tangential flow is not laminar, the mixing associated with turbulent

flow would destroy the desired concentration profiles.
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Intuitively, because of the centrifugal forces involved, one
may conclude that laminar flow is favored. That is, the gas near the
wall will not tend to move inward because the centrifugal forces are
greater near the wall than near the axis. Likewise, gas near the
axis will not tend to move outward because of the higher centrifugal
forces on the particles it would have to replace. Hence, shear rates
higher than those encountered in normal gas flows in a pipe are
expected to be possible.

H. Schlichting (9) determined the transition (changing from
laminar to turbulent flow) Reynold's number, monzp/u, giving the
transition RPM, for tangential flow between a stationary inner cylinder
(pipe) and a rotating outer cylinder. From the results of his work,
it was determined that for a ratio of pipe to centrifuge diameter of
1/16, the transition Reynold's number is ZOxIOL', while for a ratio
of 1/2 the transition Reynold's number is 16><IOL'. Table 2 contains
all the parameters and their values required to compute the transition
RPMs of an 8-inch diameter centrifuge containing either SOZ-N2 or
SOZ~H2 gas mixtures. Since in practice one would expect the center
pipe to be small in diameter as compared to the centrifuge, a center
pipe diameter of 1/2 inch is used in Table 2.

As can be seen from Table 2, the transition RPMs at 70°F and
1 atmosphere are rather small (~2790 and -2080) for the gas pair
SOZ-N2 with 802 mole fractions of 0.002 and 0.2. The reduction in
the transition RPM going from an 502 mole fraction of 0.002 to 0.2
reflects the change in density of the gas (viscosity only changes by

6.3% whereas the density changes 25.5%). This is especially true for
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TABLE 2.--Predicted Transition RPMs for the Gas Pairs S0,-N, and S0,-H
! 3 2 s X 2 Sl
in a Simple Centrifuge Containing a Stationary Center Pipe.

Value
Parameter
SOZ>N2 S(]2>H2

ch (center pipe), inches /4 /4
R , inches [} [}
w

2
w R “p
(%) trans 20x10" 20x10"
T, R 530 530
P (average), psia 14.696 14.696
Mole fraction SO2 0.002 0.2 0.002 0.2
0, Ibm/ft3 0.0725 0.091 0.0055 0.0372
M, cp 0.0175 0.0164 0.0090 0.0096
0y (trans), RPM 2788 2082 18900 2980

the gas pair SO2~H2 where the transition Reynold's numbers are ~18900

and 2980 for S0, mole fractions of 0.002 and 0.2, respectively (density

2
change of 576%). The transition RPMs, however, could be increased

by either increasing the temperature or decreasing the pressure. The
latter is the case for Uranium isotope separation where low pressures
(approximate!y 1/10 atmosphere or less) are necessary to keep the UF6
vaporized for feed stock and at the centrifuge wall. At normal
pressures (near 1 atm) and the high rotational speeds necessary in gas

centrifugation, however, the operation of a centrifuge with a center

pipe does not seem very promising due to the problem of turbulence.
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Nevertheless, with assumptions 1, 2 and 3 the equation of
motion for the tangential flow of the gas in the annular space can
be written as

4

B ol el
dr?F(rw)]._O

where w = 0 at r = ch (center pipe), and w = w, atr = R, This
equation can be integrated, giving
kR

W_

1
w=C ( )
2 kR
w

v

w R
__ow =
where C = Te=T/KT * and k ch/Rw'

Substituting this expression for w in the pressure equation

derived in Chapter |1-A gives (for a pure gas)
252
Ich_MWCZ(ka_2+ by
o T, E b 3
PC dr RT 9. rLb I_Z kZRWZ

where PC = Pc(ch) at r = kR .

Integrating gives the following expression for the ratio of the

pressure at the wall to that at the center pipe, i.e.,

2
Wy /K2 =3+ 4 0 k)

and+ k-2

where A = MWmoz/RT g as before.
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Remembering that without a center pipe

ARWz
In P(R)/P(0) = 5,

allows the following comparative expression to be written:

In P (R)/P (R ) =8 1nP(R)/P(O),

or
PR P(R) :
m :[W] »
where
oo Ul i e b0k

%+ /K% - 2)

The limit of 6 can easily be seen to be 1 and 0 as k approaches its

limits of 0 and 1.

Since the above expression is valid for either species in a

binary gas mixture, a relation can also be written for the separation

factors, i.e.,

Figure 6 contains a plot of 6 versus k. The calculated data

used to construct the figure can be found in Appendix A. For a given

simple centrifuge containing a center pipe (given k), the value of 6






g . Figure 6.--6 Versus k for a Simple Centrifuge Containing a
>tationary Center Pipe.
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can be taken from Figure 6. This value of 8 can then be used to
compute the pressure ratios and/or the simple separation factors
by raising the corresponding value taken from Figure 1 or 2 for a

simple centrifuge without a center pipe to the 6 power.






CHAPTER 11

UNSTEADY STATE SIMPLE GAS CENTRIFUGE THEORY

A. Concentration and Pressure Diffusion Fluxes

In Chapter || the steady state mole fraction profiles for a
binary, perfect gas mixture were derived and analyzed from a pressure
gradient approach. This approach made use of the fact that the
centrifugal force, which is tending to pile all the gas up at the
periphery, acts to a greater degree on the heavier species giving
rise to the mole fraction profile.

From a molecular point of view, however, what the steady state
operation implies is a no net flux condition. That is, at any radial
position r, the flux of say, species 1, by diffusion is equal and
opposite to the flux of species 1 caused by the centrigual field
tending to pile it up at the wall. In terms of transport properties,
the sum of the terms describing ordinary concentration diffusion and
pressure diffusion is zero.

From Bird, Stewart, and Lightfoot, Transport Phenomena (1o0),
for a perfect gas mixture the one dimensional molar flux of species 1

for concentration is given by

2mP y

= - = r =L,

Fly RT “12 " %r

and the one dimensional molar flux of species | for pressure diffusion

is given by

33
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where F]y and F]p are expressed in Ib*mole/ftz-sec,
D]2 = D21 is the diffusion coefficient, ftzlsec, and

\-Il is the partial molar volume of species 1, ft3/lb—mole.

Using the following relations:

B = =RIE2 S 1 for a perfect gas mixture,
1

where pl = the mass density of species 1, and
2
2B U in the simple centrifuge,
or g
c
where p = the mass density of the mixture,

allows F]p to be written as

B s 2TES MD W?r? (=50 )
1p RT RT 12 9 o)
P P: MW]
Since p = ®T Ly MW] + (1-y) sz] and s FIp may be further

reduced to







In the steady state operation of the simple gas centrifuge,
where the two diffusional fluxes are equal and opposite in sign, the

following expression results:
a &
5 = Ar y(1-y).
Integrating and using the fact that at r = 0, y = y(0), gives

y(0) exp (ar?/2)
v(0) Texp (Ar2/2)-11 + 1

y(r)

which is identical to the expression derived in Chapter II-C.

B. The Partial Differential Equation for the Unsteady
State Operation of the Simple Centrifuge

The analysis of the unsteady state operation of the simple
centrifuge will provide insight as to how fast the equilibrium mole
fraction profile develops, hence yielding information about the
ability of the centrifugal forces to perform a separation. This
simpler analysis, which is being carried out before the analysis of
gas centrifuges with axial flows, will give a very good indication
of the magnitude of the flows that may be expected and the centrifuge
lengths required to perform a separation.

Consider a simple centrifuge that has been filled with a
perfect binary gas mixture (total pressure = PO) with composition \Z
(heavy species) and then quickly brought up to rotational speed.
Certainly from a practical point of view, it would be impossible to

bring the machine instantly up to speed nor would it be possible to
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overcome the inertia of the gas (without perhaps the a’d of radial
baffles, etc.) so that angular velocity gradients did not develop.
Nevertheless, the above hypothetical situation is proposed for the
purpose of this analysis. The first thing to occur will be a rapid
bulk radial flow of gas to the wall. When this flow essentially
stops, diffusional flow will establish the equilibrium mole fraction
profile. Starting from this point in time (when the gas is still of
uniform composition, yf) the unsteady state problem will be solved.

By using the diffusional flux equations developed in Chapter
I11-A, the equation of continuity for the heavy species in the rotating

cylinder is given by

Ia)

E L (o, iy - - ) -0

o
Ze

t

At this point it is worthwhile to note that the product PDI2 can be
taken as a constant. That is, in expressions for the diffusivity
(binary mixture), resulting from kinetic theory and corresponding states
arguments, at low pressures, the diffusivity was found to vary inversely
with pressure to the first power. Such expressions are given by, among
others, Hirschfelder, Bird and Spotz (11).

Taking the necessary partial derivatives and simplifying, the
equation of continuity becomes

p Ay, op 2 s datoye gy

Tty ap 0P (2 Av(-y) + [(Ar(1-2y) - 5T ~r7) C%

The boundary conditions are that there is no flux at the axis or the

wall as expressed by the following equations:






at r =

3y
ar

at r =R, =Ar Y(1 - y).

The initial condition is that the mole fraction is uniform at the value
Ve

As the equilibrium mole fraction profile develops, the pressure
profile also changes due to changing centrifugal forces coupled with
the fact that conservation of mass must be maintained. This gives
rise to the partial derivative of pressure with respect to time.

The pressure distribution can be computed from the pressure
gradient equation developed in Chapter I1-A with the mass density of
the gas mixture used in place of a pure gas density. That is,

9P sz

TR N (AMwy+Mw2) L

and at r = 0, P = P(0).
The pressure at the axis, P(0), may be computed by using the fact that
the centrifuge contains a fixed amount of mass. Thus, the expression

for P(0) can be written as

B/L
P(0) = —R/—- ,
2m oW
. jO P rdr
where B/L are the moles per foot in the centrifuge, i.e., B/L =

2
T PO/RT.
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C. The Method of Solution Used to Solve the Partial
Differential Equation for the Unsteady State
Operation of the Simple Centrifuge

Due to the coupling of P and y and hence nonlinearity of the
partial differential equations which had to be solved, a numerical
solution was sought. The numerical approach chosen was to solve the
partial differential equations implicitly. That is, all partial deriva-
tives were approximated with fourth order finite difference formulas
at the next increment in time, resulting in a set of simultaneous
equations.

To obtain the numerical solution a general FORTRAN program,
UNSTEADY, aided by the scientific subroutine ONEDIAG to solve the
simultaneous equations, was written. The program was constructed so
that it could be used to analyze any gas pair in any size centrifuge
operating at any rotational speed.

A complete listing of the finite difference formulas used to
approximate the various partial derivatives and a complete listing of
the FORTRAN program and subprogram can be found in Appendix C. The
following is a brief outline of the calculational steps used in the
program:

1. Input operating conditions.

2. Divide the radius (Rw = 4 inches) into 21 equally spaced

grid points. The time increments were chosen so the
PD]ZAT * 0.5 lbfA Using more radial and/or time increments

gave essentially no improvement in the solutions.
3. Compute the initial pressure profile using the uniform

composition y.. The axis pressure is such that the
known moles per foot are maintained.
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4. Compute the equilibrium mole fraction profile so that
a comparison can be made to the actual mole fraction
profile as a function of time.

5. Based on past information, estimate the values of P and y
at the next position in time. This must be done because
of the nonlinearity of the equations.

6. Compute the partials, 3P/3t, at each grid point.

7. Using finite difference approximations for the partials
of y, an equation is written for each grid point at the
next position in time. This results in 21 simultaneous
equations which are solved for the new values of y.

8. Using the new values of y, the finite difference approxi-
mations are written for the pressure equation at each grid
point resulting in 21 simultaneous equations. The equa-
tions are solved with the axis pressure arbitrarily
taken at 1.0.

9. Using the new values of P, the integration for the total
moles present is performed which gives the axis pressure.
The correct pressure profile can be obtained by multiply-
ing all the values of P by the axis pressure.

10. Due to the nonlinear nature of the equations, which
requires the estimation of P and y at a new position in
time (step 5), statements 6 through 9 are executed twice
during each incremental move ahead in time. More itera-
tions did not significantly affect the results.

11. Output results and increment time. If the time interval
over which the calculations were desired is exceeded,
calculations are complete. Otherwise, return to step 5.

The program was executed on a Control Data Corporation 6500 digital

computer and required approximately 15 seconds of central processor

time to march 100 time increments.
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D. The Mole Fraction Profiles Developed in the
Unsteady State Operation of the Simple Gas
Centrifuge for the Three Gas Pairs: SO, -N,,

S0,-H,, and UF, (235, 238 isotopes)

With the aid of the above equations the separation of the two
gas pairs, SOZ-N2 and SOZ-HZ, was analyzed in the unsteady state simple
centrifuge at temperatures of 70° and 300°F with centrifuge RPMs of
10000 and 20000. Also, a mixture of Uranium isotopes (as UFS) was
analyzed at a temperature of 80°F and a centrifuge RPM of 20000.

Table 3 contains a complete tabulation of the operating conditions and
diffusivities used. Values of the diffusivities were either calcula-
ted or found in the literature. All information regarding the
diffusivities may be found in Appendix B.

TABLE 3. Operating Conditions and Diffusivities Used in the Unsteady

State Analysis of the Gas Pairs SOZ‘NQ, S0,-H, and UFg
(235, 238 isotopes).

Gas Pairs

oy ot e
Charge pressure, psia 14.696 14.696 2]
Charge composition, y 0.002(502) 0.002 (soz) o.ooz(u235)
Temperatures, °F 70, 300 70, 300 80
Centrifuge radius, inches 4.0 4.0 4.0
Centrifuge RPM 10000, 20000 10000, 20000 20000
Molecular weights 64, 28 6L, 2 349, 352

Diffusivities, cmz/sec
@ 70°F and 14.696 psia 0.1346 0.5282 “‘6
@ 80°F and 2.1 psia T e 013
@ 300°F and 14.696 psia 0.2590 0.9869 —
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Figure 7 illustrates the changing mole fraction profiles with
time for the gas pair SOZ-H2 at 70°F and a centrifuge rotation of
20000 RPM. The profiles given are for times of 0, 3.6, 7.2 and 14.4
seconds. Also included is the equilibrium mole fraction profile, i.e.,
the profile established after a long time period. The curves in
Figure 7 illustrate the expected fact that the profile develops much
quicker near the wall than near the axis. This fact is further
illustrated by Tables 4, 5 and 6 which contain values of (y-yf)/(ye-yf)

at the axis and the wall for each of the pairs and all the operating

TABLE 4.--Values of (y-yf)/ye-vf) x 100 Versus Time at the Axis and
the Wall for the Gas Pair SOZ—N2 in the Unsteady State

Simple Centrifuge, Radius = 4 inches.

70°F 70°F 300°F 300°F

Time and 10000 RPM  and 20000 RPM  and 10000 RPM  and 20000 RPM
i axis  wall axis wall axis wall axis wall

9 8.7 39. 9. 39.2 16.6 52.5 17.8  52.0
18 18.4 5k 202 53.7 34.7 68.8 36.6  68.7
27 27.9  63. 30. 63.2 51.2  78.5 53.2  78.5
36 37.2  70. 4o. 70.2 64.4 84.9 66.4 85.0
45 45.9  75. 49. 75.5 74.5  89.2 76.1  89.4
54 53.8  79. 56. 79.9 81.8 92.3 83.2 92.5
63 60.8  83. 63. 83.3 =2 = 5 5%
72 66.9  85. 69. 86.2 2R i =5 e
81 72.2 88. 74.8  88.5 b i B T
90 76.7  90. 79. 90.4 i B . e
99 80.5 9I. 82. 92.0 == 3 Bk Gk
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TABLE 5.--Values of (y—yf)/(ye-yf) x 100 Versus Time at the Axis and
the Wall for the Gas Pair SOZ-H2 in the Unsteady State Simple

Centrifuge, Radius = 4 inches

70°F 70°F 300°F 300°F
Time and 10000 RPM and 20000 RPM and 10000 RPM and 20000 RPM
(sec)

axis wall axis wall axis wall axis wall

-9 B i = . 6.3 349 6.7 34.0

1.8 6.8 35.8 7.4 346 13.3  47.8 14.0 47.0
2.7 == == -- -- 20.3  56.5 2112« 35547
3.6 143 49.0 15.5  47.9 27.2 63.1 28.3  62.4
bhs o -- o -- -- 34.0  68.3 35.2  67.7
5.4 21.8  57.9 23:3° 15629 40.5 72.6 4.8 72.0
6.3 - -- -- -- 46.7 76.1 48.0 75.7
7.2 29.2  6L.5 31.0  63.6 52.5 79.2 53.7 78.8
8.1 -- -- -- -- 57.8  81.8 58.9 81.5
9.0 36.4  69.8 38.3  69.0 62.6 84.0 63.7 83.8
9-9 o e -- -- 67.0 86.0 68.0 85.8
10.8 43.3  7h.0 45.2  73.4 70.8  87.7 71.8 87.5
1.7 == -- -- -- 74.3  89.2 75.2  89.0
12,6 49.8 77.6 51.6  77.1 77.4  90.5 78.2 90.3
13.5 -- -- -- -- 80.1 91.6 80.8 91.5
4.4 55.7 80.6 57.4  80.2 -- -- -- --
16.2 61.0 83.2 62.7 82.8 -- -- -- -
18.0 65.8 85.4 67.4 85.1 -- -- -- --
19.8 70.1  87.3 71.5  87.1 -- -- -= --
21.6 73.9 88.9 75.2  88.7 =5 = == i
234 77.2  90.3 78.4  90.2 -- e == s
25.2 80.2 91.6 81.2 91.5 -- s -- 2=
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E 6.--Values of (y-yf)/(ye-yf) x 100 Versus Time at the Axis and
the Wall for the Gas UFG (235 and 238 isotopes) in the
Unsteady State Simple Centrifuge. Radius = 4 inches and

Charge Pressure = 2.1 psia.

Time 80°F and 20000 RPM
(sec) S
Axis Wall
7:2 36.6 30.9
4.4 52.2 44,2
21.6 64.2 53.7
28.8 73.7 60.7
36.0 81.1 66.1
43.2 86.8 70.2
50.4 91.:3 73.4
57.6 94.8 75.8

itions investigated. For a better comparison of the gas pairs,

re 8 contains plots of (y-yf)/(ye-yf) at the axis versus time at

of the temperatures investigated.

T

he curves for SOZ-N2 and

SOZ-HZ are at a centrifuge rotation of 10000 RPM, whereas the

e for the UF6 is at 20000 RPM.

The results presented here are only for a centrifuge having a

eter of 8 inches. As shown in Chapter ||, varying the radius,

maintaining the same peripheral speed, does not affect the magni-

of the equilibrium separation. However, in the case of the

eady state operation of the simple centrifuge, maintaining the

peripheral speed implies the same flux due to pressure diffusion

given dimensionless radius, r/RW.

Hence, since increasing the
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dius allows more mass to be contained in the centrifuge (all other
erating conditions being equal), the time for the separation to occur
Ist necessarily increase. Nevertheless, it was felt that sticking
) just one size served the present purpose of establishing and putting
to perspective key operating parameters and their effect on the
dial fluxes.

From the above information, three observations may be made
garding operating parameters which control the rate of separation
the simple gas centrifuge:

1. As illustrated with the gas pairs S(JZ>NZ and 'SOZ-H2 in

bles 4 and 5, increasing the rotational speed from 10000 to 20000
M had very little effect on the time required for the mole fraction
ofiles to develop. This is expected since increasing the rotational
eed increases the flux due to pressure diffusion (depends on the
tational speed squared) which correspondingly increases the magni-
de of the separation as established in Chapter |I-~C. The fact that
creasing the rotational speed moves the gas contained in the centri-
e nearer the wall (steeper pressure profile), leaves less gas near
axis. Hence, as can be seen in Tables 4 and 5, at 20000 RPM as
pared to 10000 RPM, the composition approaches equilibrium slightly
ter at the axis.

In lieu of the effect of rotational speed, the effect of using
harge composition (yf) of 0.002 mole fraction on the times for
separations to occur as presented in Tables 4, 5 and 6 may be
luated. |f a function ¢ is defined such that y = <1>yf at every

ial position and every point in time, the partial differential
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tion for the continuity of Species 1 in the unsteady state simple

rifuge may be rewritten as

PD
9 P 1 3 12 2 & a 9.y _
% &0ty oo bR A0ty - e ) -0,
e at time = 0, ¢ = 1 for all r. The only remaining dependence

on the value of y; is in the pressure, P, and the term A(I-(I)yf),
1 are the same terms which were affected by changing the rota-
1l speed.

Changing the values of Y changes the average molecular weight
e gas in the centrifuge which changes the steepness of the pres-
profile (the greater the molecular weight, the steeper the
ile). But, as shown above, for a given charge pressure (fixed
1t of gas) the steepness of the pressure profile had very little
>t on the time required for the equilibrium separation to occur.

At early times (t close to 0) when ¢ is very nearly equal to
all radial positions, the magnitude of A(l-q)yF) <A (l-yf) is
inly determined by the value of Vg But, as pointed out above,
jing the magnitude of A(]—yf) changes the flux due to pressure
sion which correspondingly changes the magnitude of the equilibrium
ation. Hence, no effect on the time for the separation to occur
pected. After some time has passed, however, the quantity A(]*prf)
not only be changing with radial position but also with time. The
um radial change that may take place in the term |—¢yf is at
ibrium. As illustrated in Chapter 11-C, the composition at the

y(R ), based on the axis composition, y(0), at equilibrium is

W

by
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(0
v = Sk T -

ere o is the simple separation factor, exp (ARWZ/Z). Rearranging

e above equation, the following ratio may be obtained:

1-y(R) )
T-y(©0)  yO @1 71"

r small values of y(0), regardless of the value of a, the ratio is
2.ar 1. On the other hand, for values of y(0) near 1, the ratio
proaches 1/a. The values of 1/a for the gas pairs SOZ-N2 and
)Z-HZ at 70°F and 20000 RPM (R2 = L4 inches) are 0.717 and 0.564,
spectively. At 80°F the value of 1/a for UF6 (235 and 238 isotopes)
5 0.973. Hence, even for large mole fractions the radial change in
"P\/( at equilibrium is not very significant and the term A(1-¢yf)
)y be replaced by A(I-yf) for all times.

Thus, it would be expected that using the charge composition
~ 0.002 mole fraction had very little effect on the times for the
juilibrium separation to take place and did not bias the times given
' Tables 4, 5 and 6. To substantiate this conclusion, consider the
s pair SOZ~N2 at 70°F and 20000 RPM (RW = L inches) in the unsteady
ate operation of the simple centrifuge. For charge mole fractions

502 of 0.002, 0.2, 0.5, 0.75 and 0.9, the values of the quantity

“\/f)/ye-yf) x 100 at the axis after 81 seconds are 74.8, 75.1,
.1, 76.8 and 77.1, respectively.

2. As illustrated in Tables 4 and 5, temperature has a sub-

antial effect on the time required for the mole fraction profiles to







49

evelop. The effect of changing the temperature is of an indirect
ature, since increasing the temperature from 70°F to 300°F almost
oubles the diffusivity (~1.9 times), which in turn almost halves
he time for mass transfer to take place. It should be remembered,
owever, as illustrated in Chapter |I-A, that increasing the tempera-
ure reduces the effective value of AMW (decreases flux due to pressure
iffusion), hence decreasing the magnitude of the separation. Along
hese same lines it should be noted that the ratio of the diffusivities
imes pressure for SOZ-N2 at 70°F to the corresponding value for
JF6 at 80°F is 8.3 (Appendix B). This would appear to indicate that
if it required 49 seconds in the case of $0,-N, for the dimensionless
xis composition [(y-y()/ (v -y¢)] to move within 50% of its equilibrium
/alue, it would require 407 seconds for the corresponding situation to
ceur for UF6 due to the much lower radial diffusion flux in the case
of UFG' However, the actual time calculated for UF6 is only 13
seconds. The key to this apparent inconsistency is that not only was
he charge pressure in the case of the UF6 1/7 that of the 502-N2
(less total mass present) but at 20000 RPM the much greater molecular
eight of UF6 further reduces the ratio of the pressures at the axis
0 0.024. Correcting for such a reduction in the mass present at the
xis reduces the expected time from 407 seconds to approximately 10
econds.
3. Perhaps the most important is the fact that the times
equired for mass transfer to take place in the gas centrifuge are
elatively large when compared to times for mass transfer to take

lace in conventional gas separation. For example, consider the gas
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SOZ-N2 at 70°F, 10000 RPM and t = 0 in the unsteady state simple
rifuge, the flux due to concentration diffusion is zero and the

B b moles/sec/ftz with

due to pressure diffusion is 4.11 x 10
0.002 and r = 2.9 inches. At future times the net flux, of

se, becomes smaller as the flux due to the concentration gradient
tes a greater and greater part of the flux due to pressure diffu-

In a gas centrifuge with axial flow, the effect of the small

es is to require long residence times.

With these three points the following conclusions can be drawn
rding the production gas centrifuge with a feed and product stream:
1. To make the best use of the small fluxes the device should
axial countercurrent flow. That is, the device should have an
r axial flow in one direction and an annular outer flow in the
site direction. Their combined effect would be to continually
t the establishment of an equilibrium profile, allowing the fullest
ization of the flux by pressure diffusion. Also, separations
ter than those in the simple centrifuge could be realized.
2. As observed in 2 above, the magnitude of the fluxes due
ressure diffusion are very small. In the production centrifuge
means very large residence times will be required for a separa-
to take place. The significance of this aspect is that the
ughput rates will correspondingly have to be very small. This
t is certainly not in line with the use of the gas centrifuge to
ess flue gas where the tremendous volumes of gas to be processed

ssarily dictate high throughput rates. Although increasing the
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ze of the centrifuge (increasing the length and/or diameter) rather
an decreasing the throughput rate is also a means of increasing the
sidence time, certain mechanical limitations on the size of the
ntrifuge as presented in Chapter IV prohibit this from being a
asonable approach. It was shown above that increasing the tempera-
re and hence, increasing the diffusivity, correspondingly increases
e radial flux rate, and to a certain degree, provides a means of
creasing the required residence time.

3. The magnitude of the centrifuge's rotation and the
arge composition had very little effect on the time required to
tablish the mole fraction profiles as shown above. Thus, these two
rameters can be expected to have very little effect on the residence
me required in the production centrifuge, but, of course, have a

bstantial effect on the magnitude of the separation.

One final point to be mentioned in this chapter is that
garding the magnitude of the pressure changes as the mole fraction
ofile developed in the unsteady state simple centrifuge. This
servation will give insight regarding the importance of including
rivatives of pressure with respect to distance in the axial direction
en analyzing the production centrifuge. Table 7 contains the total
essure profile at t = 0 and at equilibrium for the gas pair SOZ-N2
70°F and 10000 RPM. Table 7 illustrates that the change in the
>ssure profile is very small for charge compositions of 0.002, and
> mole fraction of 502. For two heavy gases like UFg (U235, 0238)
h a small molecular weight difference the change in the pressure

file is essentially, for practical purposes, nonexistent.






52

LE 7.--Total Pressure Profiles in the Unsteady State Simple Centri-
fuge for the Gas Pair SOZ-N2 at 70°F and 10000 RPM. Radius

= L inches.
Total Pressures (psia)

/R, v = 0.002 vg = 0.2

t=0 t = t=20 t=o
0.0 14.224 14,224 14.106 14.108
0.1 14.233 14.233 14.117 14.119
0.2 14.287 14.287 14.152 14,154
0.3 14.307 14.307 14.210 14.212
0.4 14.372 14.372 14.291 14.293
0.5 14.457 14.457 14.396 14.397
0.6 14.560 14.560 14.525 14.525
0.7 14.684 14.684 14.680 14.680
0.8 14.827 14.827 14.860 14.861
0.9 14.992 14.992 15.067 15.068
1.0 15.178 15.178 15.302 15.303







CHAPTER 1V

THE ESTIMATION OF THE BURSTING AND WHIRLING

SPEEDS OF A GAS CENTRIFUGE

As determined in the previous chapter, large rotational speeds
long residence times are necessary for significant separations to
r in a gas centrifuge. It was also pointed out that for a produc-

centrifuge (feed and product streams) the residence time could
ontrolled by the size of the centrifuge and/or the feed rate.
ver, as will be shown in this section, the choice of the rota-
al speeds and the ratios of length to diameter of a centrifuge
not arbitrary, but must lie in a certain range dictated by the
rial of which the centrifuge is constructed.

As the rotational speed of a given centrifuge is increased, a

d will be reached where either the centrifuge will burst or enter
itical vibrational mode which will destroy it if it is left to
er at this speed. It is possible for both the bursting and

ling speeds to be identical.

The bursting speed can be simply thought of as a speed at which
centrifugal forces acting on the wall of the centrifuge exceed the
d (ultimate) strength of the metal (alloy) of which it is composed.
vhirling speed, however, is a slightly more complex phenomena.

is, as the centrifuge is rotating its centerline will not

53
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tly coincide with the geometric centerline due to eccentricities,
ations and other causes. Hence, due to the inertia of the cylinder,
centrifugal forces will produce a bending moment tending to

ect the centerline of rotation even farther from the geometric
rline. These centrifugal forces which are proportional to the
tional speed squared and to the deflection are countered only by
=lastic forces of the cylinder. Thus, as the rotational speed
creased a value will be reached where the elastic forces cannot

ter the centrifugal forces, and if the centrifuge is left to

ate at this speed, it will destroy itself.

A. Bursting Speed Analysis'

To determine the intensities of the stresses in a cylinder
'ing about its axis a few simple assumptions are made:
1. The material of which it is composed is isotropic.

2. The length of the cylinder is greater than the radius
[length to diameter (L/DO) greater than 1].

3. The principal stresses are in the radial, circum-
ferential, and axial directions.

4. The plane sections perpendicular to the axis remain
so after straining due to the rotation of the cylinder.

For a long cylinder this is very nearly correct every-
where except near the ends.

Figure 9 illustrates a disk formed by the cutting of a cylinder
w0 parallel planes Az apart and perpendicular to the axis of the
der. Also shown is a small element of the disk subtended by the

lThis section is composed (in part) of an overview of a

iled analysis dealing with the stresses developed in a rotating
w cylinder by Morley (12).
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Figure 9.--The Cross Section of a Rotating Cylinder Illlustrating
adial and Circumferential Stresses, Sr and SC‘ Acting on a Small
nt. 4
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ngle A6, with width Ar and thickness Az. The volume of the mass

ontained in the element is given by
v=r Ar A6 Az,

nd the centrifugal force acting on this element is given by

Fo=2 w22 o 00 A2
c gC

fter neglecting second order quantities. The quantity p is the density
f the material.

The centrifugal force acting on the element is countered by
he equal and opposite forces due to the radial and circumferential

tresses Sr and Sq- The force due to these stresses is given by

a8
sin & A+ 25 ¢ sin 80 - (s #bs,) + (rebr) sin ]

'S=Az[zs >

6

A8 5
or small angles, sin %6_ is approximately Tand the above expression

educes to
FS = Az AD (SO Az SrAr EI ASr)

quating FC and F_ and taking the limit as Ar, A8, and Az go to zero
S

jives

‘he circumferential stress, or hoop tension as it is sometimes called,

's the quantity of interest, since as Sg approaches the yield point of
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e material, bursting will occur. To determine Se, however, use must
: made of the strains taking place as the stresses, Sr’ 58‘ and Sz,
‘e applied. The strain in the 8 direction is given by the ratio of
le stress in that direction to Young's modulus of elasticity (E) minus

le contraction that takes place due to the r and z direction stresses.

\at is,

eq =[Sy - p(s, + S )IV/E,

lere p is Poisson's ratio which varies from .25 for steel to .33 for

uminum. Likewise the strains in the r and z directions are given by

e = [s - p(sg+ SZ)]/E, and

el milss = p(s, + Sg) 1/E.

If as assumed, the displacement of points in the disk are
irely radial then the points at a position r move to a position r + g

d the circumferential strain can also be written as

s 2m(r+q) - 2mr _ g

6 2mr r

d the radial strain is given by

Substituting these expressions in the strain equations and

lving for Sr and Sy gives
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Ep [(I—p) da , g

S¢ = T=2p) (19 S e, ] and

Ep (-p) g
S, = — L+ =+
8 = T1-2p) (1+p) ! b r el
using assumption 4 (plane sections remain perpendicular after
-aining) e, must be constant with respect to r. Thus, the above
oressions for S, and Sy may be substituted into the force balance
lation giving

2
rd2q+d_q'9'+
dr 4 r 9%

a

pw? (+p)(1-2p) 2 _
E(1-p

One additional equation must be used to determine e,- This
Jation can be written by symmetry considerations, since, midway
tween the ends of the cylinder there can be no net forces in the

ial direction. Thus, the following equation can be written
RO
anR s, rdr =0 .
w

Integrating the second order ordinary differential equation

r q and using the boundary conditions plus the above equation gives

2532
(1+p) (3-2p) R0 Mw__ (+p)1=2p) 4

5p) 2542
(R,+R, ) + B 7 T-p

e circumferential stress is then given by

2452
o Ry (1429) 2

r2 1-p

~

- B P ,

c
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and has its maximum value at Rw’ given by

3
_pw” ((3-2p) , 2 (1-2p) , 2
sG(max) = Egc L ]-pp) S T_)_I-pp B 1

The above expression can be rewritten in a more general form as

2
s
B(max) _ %o {3220, (1-20) |2

o/g 3 T-p) T-p

h = i =
where s | the outer peripheral speed, wRO, and k Rw/Ro'

Using a value of .33 for Poisson's ratio for common materials
of the construction of a centrifuge (Aluminum alloys, and Magnesium
alloys) is on the side of safety and simplifies the above equation,

giving

S s 2
8(max) _ "o 2
—““—p/gc o (3 + 5k%)

Figure 10 contains a plot of Se(max)/(p/gc) versus s for k values of

0.9, 0.95, and 1.0. Data used to construct Figure 10 can be found in

Appendix A. At each outer peripheral speed, s_, the value Se(max)/(p/gc)

must lie below (within a certain safety factor) the value V/(D/gc) cor-

responding to the metal or alloy of which the cylinder in question is

composed. The quantity Y is the yield (ultimate) strength of the metal

or alloy. Table 8 contains some values of the ratio of the yield

(ultimate) strength to density for some common metals and their alloys,

computed from data taken from Perry's Chemical Engineers' Handbook

(13). As can be seen by comparing Figure 10 with alloys in Table 8,
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L |
T

] i 3 1 : 3 2
200 300 4oo 500 600 700 800 300 1000 1100 1200
Peripheral speed, s,, ft/sec

Figure lO.--Se(max)/(p/gc) Versus Peripheral Speed, s, for
/alues of 0.90, 0.95, and 1.00.
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TABLE 8.--Ratios of Yield (Ultimate) Strength to Density for Some
Common Metals and Their Alloys.

v/ (p/g.) x 107,
Alloy Condition 2 2
ft"/sec
Aluminum 3
alloy 1100 99°% cold-rolled-Hlk 4.65
alloy 2017 Heat treated Th 10.62
alloy 7075 Heat treated T6 19.38
Red Brass (wrought) Cold drawn 1.7k
Cartridge Brass Cold rolled 5.48
Magnesium
alloy AZ80A Extruded 14.85
Carbon Steel Hot rolled 3.97
Wrought Iron (pipe) Hot rolled 2.89

the alloys of Aluminum and Magnesium are the only materials that can
safely be used to construct a centrifuge where a typical peripheral

velocity might be 700 ft/sec (Ro = 4 inches, w = 20000 RPM).

e w2
B. Whirling Speed Analysis

To determine the whirling speeds of a centrifuge the following
assumptions are made:

1. The material of which the centrifuge is composed is
isotropic.

2. The centrifuge can be thought of as a uniform shaft simply

supported at both ends; i.e., neither end can be displaced nor support

a bending moment.

20ontained in this section is information taken (in part) from
the analyses of buckling shafts by J. P. DenHartog (14).
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3. The only thrust felt by the centrifuge will be due to the
weight of the top end cap. This is assumed even though the material
at the base of the centrifuge must support the weight of the centrifuge
above it plus the end cap. Whereas, the material at the top of the
centrifuge need only support the end cap. The validity of this

assumption will be evaluated later.

Let y be the deflection of the shaft from the geometric center-
line at a distance z from one end. The centrifugal force acting on the

shaft at this point is given by

2
FC = mw y/gC G

where m = the mass per unit length = TF(RD

Since the shaft will be concave to its unstrained position, the sign
convention is to consider the bending moment due to the end cap weight

as negative, i.e.,

B =Y,

where W = the weight of the end cap. The total bending moment is then

the sum of that due to the centrifugal force and the end cap weight
and must be countered by the stiffness of the shaft. This fact may be

expressed as follows:
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there E = modulus of elasticity, and
| = the moment of inertia of the cross-sectional area about a
diameter, m(R A-R h)/‘i.
o w

'he boundary conditions as stated in assumption 2 can be written as

dZ
y=—\2/=0 at z = 0, and
dz
2
y=é—\2/—=0 at z =1L
dz

he fourth order ordinary differential equation for the deflections

as the complete solution

y = A cos CIZ + B cos €z + C cosh czz + D sinh ¢,z

there

2 wz mmz 1/2 W
S 1% 7*oEn  tzEre
L(EI) Sc
w 2 mmz]l/z L
& e 76T
2 R

ind A, B, C, and D are constants.
. 20,052 _
)sing the boundary conditions that y and d“y/dz” are zero at z = (0%

t may be concluded that A = 0 and C = 0. Applying the boundary

onditions at z = L gives the two equations






6l

B sin c]L + D sinh ch =0 and
2 . 2 .
B ¢, sin c]L + Dc2 sinh c2L =0,
vich may be solved, giving
(c 2, c.,”) Dsinhc,L =0 and
] 2 2
2 2 . _
(c] +c, ) B sin c,L =0.
. . 2 2 . .
ince the quantity (c] + <, ) cannot be zero and sinh is only zero
Yen its argument is zero, D = 0. |f B was also zero, the solution

uld be the trivial solution, y = 0. To avoid this situation the

1 lues of c]L must be multiples of T so that sin c]L =0, i.e.,

L=m, 2m T. etc. Thus, there exists characteristic values of
| ) b b b

such that c]L is exact multiples of m and the deflection, y, is

defined. These values of w are the so-called 'whirling speeds'' of

e shaft.

In the remainder of this analysis only the lowest whirling

eed, corresponding to c]L =.m, will be considered, i.e.,

2
2 W22
——+ 7 Y2
L(EI) 9¢ L

juaring and rearranging the terms in the above equation gives the

1lowing:




defini

force

ihere

criti
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rest
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At this point the validity of assumption 3 can be tested by
ing @ as the whirling speed obtained had only the centrifugal

- been taken into account, i.e

W has been replaced by zero. Taking the ratio of the two

cal speeds gives

[>NE=
[
'

this expression, an upper limit can be found for W, such that
s no smaller than 0.99. The upper bound placed on W by this

iction may be written as

W< 0.0199 mlE1/L2

To evaluate the actual magnitudes of W, consider centrifuges
ches long and constructed from one of the alloys of Aluminum
typically have modulii of elasticities around 10.2 x 10
12 and densities around 0.1 lbm/inS. By assuming radii of 2, 3,
inches and different wall thickness, several corresponding values
e upper bound of W can be computed. These values are presented
b>le 9. The results in Table 9 indicate how very large end cap
‘s must be to affect the critical speeds by 1%. Furthermore, when

large values of W are compared to the various weights of the
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9.--Upper Bounds for W for an Aluminum Alloy Centrifuge 40
Inches Long.

E=10.2x 10° Ibe/in®, o = 0.1 16 /in3

Radius Wall Thickness Centrifuge Weight W
inches) (inches) b.) (1b,)
f f
2 /4 1.8 6511
1/8 6.1 3580
1/16 3l 1876
1/32 1.6 961
3 1/4 18.1 23410
1/8 9.2 12470
1/16 4.7 6433
1/32 2.3 3267
4 /4 24.3 57280
1/8 12.4 30020
1/16 6.2 15370
1/32 | 7775

ifuges the assumption made to neglect the effect of the weight
> centrifuge itself is valid.

Dropping the special symbols used to differentiate between
wo critical speeds and hence dropping the term involving W, the

ving general expression may be written:

2

4 g ER
VIRIRY c o 2
w_—L“T(Hk)’

m(R l‘-R L‘)/l‘ and pm (R 2. Z) have been substituted for | and m
o w o w

ctively. k is the ratio of inner to outer radii as previously

ed. The above expression may be further generalized as follows:
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E/(p/g ) = m (Z) So s

2 Do = the outside diameter, and Lia outer peripheral speed.

‘e 11 contains a plot of E/(D/gc) versus s for L/Do values of

, 5, and 6. To construct Figure 11, a value of 0.95 was chosen

<. Data used to construct Figure 11 can be found in Appendix A.
To operate below the whirling speed a given centrifuge design

>r rotational speed must be adjusted so that the value of

’gc) read from Figure 11 is less than the value of E/(p/gc) for

naterial of construction (within certain safety limits). Table 10

3ins the ratio of the elastic modulus to the density for some

n metals and their alloys. These values are computed from data

1 from Perry's Chemical Engineers' Handbook (13).

As can be seen from Table 10, all the metal and alloys,
t for Brass, have essentially the same value of E/(D/gcj.
. the conclusion derived from the bursting analysis, that only
num and Magnesium alloys (of those investigated) were acceptable,
not have to be modified. However, what the whirling analysis
provide are restrictions on the length to diameter ratio of the
‘ifuge. For example, an Aluminum alloy centrifuge with an
h diameter, 1/b-inch wall, and rotating at 20000 RPM, must be
ches or less in length to maintain a safety factor of 15% below

irst critical value of L/DO.
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0 300 400 500 600 700 800 900 1000 IlOO 1200

Peripheral speed, s, ft/sec
Figure 11.--Critical Elastic Modulus Over Density, E/(p/g )
eripheral Speed, s,, for Length to Diameter Ratios, L/D, §f
6.
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E 10.--Ratios of the Elastic Modulus to Density for Some Common
Metals and Their Alloys.

E/(p/g.) x ]0_6,
Alloy Condition ; s
ft%/sec

1inum s
'loy 1100 99°% cold-rolled-Hl4 273.6
1oy 2017 Heat treated Th 278.7
1oy 7075 Heat treated T6 276.1
Brass (wrought) Cold drawn 144 .2
ridge Brass Cold rolled 139.3
esium
1oy AZ80A Extruded 268.1
on Steel Hot rolled 283.2
ight Iron (pipe) Hot rolled 279.7

To keep the sizes and rotational speeds realistic, the analyses
.rtaken in the remaining chapters of this work will have incorporated
‘hem the restrictions on the rotational speed and on the length to
leter ratio established in the above two sections (A and B). To
litate this, it will further be assumed that the material of
itruction of all centrifuge designs is either an Aluminum or

resium alloy.






CHAPTER V

THE COUNTERCURRENT PRODUCTION CENTRIFUGE

Figure 12 illustrates a countercurrent rectifying (enriches
heavy species) centrifuge. The feed gas stream enters at the top
he centrifuge and proceeds downward in an annular stream, near
periphery. As the outer annular stream passes down the centri-

it is enriched in the heavy species by the radial flux of the

y species from the inner stream. After the outer stream leaves the
rifuge, a portion of it is directed off as the rich product stream
the remainder recycled to the centrifuge. The recycle stream

rs the bottom of the centrifuge flowing upward in the inner stream.
inner stream leaving the top of the centrifuge is the lean product
am.

Not illustrated is a countercurrent stripping centrifuge. In
type of centrifuge the feed would enter the bottom of the centri-
flowing upward in the inner stream. A portion of the inner stream
t leaves the top of the centrifuge is directed off as the lean

uct stream with the remainder recycled to the centrifuge. The
cle stream entering the top of the centrifuge would proceed down-
in the annular outer stream. The outer stream leaving the bottom

he centrifuge would be the rich product stream.
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gure 12.--Countercurrent Rectifying Centrifuge Illustrating
Outer Axial Flows and Feed and Product Streams.
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It is worth mentioning at this point that a rectifying centri-
duces a richer heavy product stream than does a stripping

je. The opposite is true if a lean stream containing the
bunt of the heavy speices is desired. This result has an
vith the distillation of a binary mixture in a rectifying or

j column where in centrifugation the heavy species may be

to the more volatile component in distillation.

A. Partial Differential Equation for
the Countercurrent Centrifuge

Jhen the differential equations for the simple centrifuge were
it was assumed that the gas in the centrifuge was isothermal
ted uniformly at the speed of the centrifuge. These assumptions
necessary for the development of the equations describing the

irrent centrifuge, in addition to the following assumptions:
1. All bulk flows are in the axial direction and are not
turbulent. The axial flows are further assumed to
only be a function of radial position.
2. All derivatives of pressure with respect to axial
position may be ignored.
further assumed in assumption 1 is that the axial flow may
tween ''plug or rod' type flow and laminar flow. The importance
ctual shape of the velocity profile and the radial position of

rsection of the inner and outer flows will be evaluated in a

ction.

Equations representing the concentration and pressure diffusion

n the radial direction in a gas centrifuge were developed in

111-A. They are rewritten here for convenience, where
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F -
ly RT "12
he radial flux due to a concentration gradient, and

_amp 2
Fip = T Dy Ary(v)

2
(M =MW, )
RT g

he radial flux due to a pressure gradient.
n the countercurrent centrifuge an expression is also needed

lux in the axial direction. This flux is made up of the flux

e bulk flow of the gas minus the flux due to diffusion in the

ection. The axial flux may thus be written as

PD
=2“[Pv(r)ry_ 12 3y,

r =]

1z RT RT 3z

F

) is the axial velocity profile assumed to be a function of

sition only.
ith expressions for the fluxes in the radial and axial direc-
e partial differential equation for the continuity of species 1

eady state operation of the countercurrent centrifuge may be

S
13 3 Pu(r) By _ 8%
2 S BVAE) OV e 20
S i LU e S T e e .
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case with the unsteady state simple centrifuge, the radial
onditions for the countercurrent centrifuge are that there
through the axis or the wall. These boundary conditions as

viously are

%X-= 0atr =0, and

r

3y _ ¥ =
cTie Ary(1-y) at r = Rw.

ie axial boundary conditions depend on the type of centrifuge
idered: rectifying or stripping. Letting Rm be the radial
t which the inner and outer flows intersect, the axial

onditions may be stated as follows:

ying Centrifuge
the top of the centrifuge where the feed enters becoming
r outer stream, the boundary condition is that y = Ye for
<

interval Rm SURtS Rw. At the bottom the average composi-

e outer stream leaving the centrifuge is given by

R
21T [0 2 3y
ﬁme Plv(r)y - Dy, 55irdr
y =
r R
%IRO Pv(r) rdr
m
equation is simply the moles of species 1 leaving the centri-

e outer stream divided by the total moles leaving the

in the outer stream. After a portion of the outer stream




conf

bou

th
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cted off as the rich product stream, the remaining gas of
ition Vi is recycled becoming the inner stream. Thus, the

y condition at the bottom is that

y =y, for all r in the interval 0 = riRm &

ipping Centrifuge
At the bottom of the centrifuge where the feed enters becoming

er stream, the boundary condition is that
y = y¢ for all r in the interval 0.5k SR

_

top of the centrifuge the average composition of the inner

leaving the centrifuge is given by

R
2m ¢m . 3y, ¥
C®T fo Plv(r)y Dy az]rdr
Yy = s
2n

T fom P v(r) rdr

portion of the inner stream is directed off as the lean product
the remaining gas of composition \7 is recycled making up the

outer stream. Thus, the boundary condition at the top is that

= i ) L
y y‘ for all r in the interval Rm_ (g _Rw.

With some reflection on the radial fluxes taking place and
agnitudes (Chapter I11), two extremes in the operation of the
current centrifuge can be visualized. In one case, the rate of

put is made very small in hopes of allowing the radial fluxes to
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antly move the heavy species from the inner to the outer
However, with the very small axial bulk flows, axial diffusion
se the large axial gradient hoped for. In the other extreme,
ate of throughput is made quite large, to eliminate the
tal effect of axial diffusion, the very small radial fluxes
be able to move the heavy species from the inner to the
ream before the end of the centrifuge is reached. Thus, in
f these two extremes very little separation would be seen.
suggested by this reasoning is that a rate of throughput
such that the separation achieved in a countercurrent centri-

be maximized.

B. Velocity Profiles

This work does not deal with the analysis and computation of
t shape of the velocity profiles and hence, the exact position
low intersection, Rm, of the inner and outer stream in the
urrent centrifuge. Instead, two different velocity profiles
imed: 'plug or rod' type flow and laminar flow. This approach
idered more in line with the fundamental problem of determining
s of separations that may be expected along with the magnitude
llowable flows in the countercurrent centrifuge. Also, by

quite different velocity profiles and different flow inter-
5 Rm, the importance of knowing the exact shape of the velocity

nd the flow intersection position could be evaluated.

o compute the actual magnitude of an assumed velocity profile,

sure (density) profile is needed. By knowing the pressure







|

and the shape of the velocity profile in a stream, the magnitude

77

elocity profile is determined by equating the integral of
times velocity, over the area of flow, to the known flow rate
tream.

To compute the pressure profile, a molecular weight equal to

the feed gas was used. The pressure profile is then given by

tion derived in Chapter 1)-A. That is,

2
P(r) = P(0) exp (B,

MW w
avg

A= -Fgc—— . Mwavg = Mw]yF + MWZ(I_YF) , and

P(0) is the axis pressure.
The axis pressure, P(0), in the countercurrent centrifuge is
the desired operating conditions. This is unlike the analysis
nsteady state simple centrifuge where a special equation was
to compute it.
With the aid of the above pressure equation the velocity pro-
y be computed by evaluating the integral
Flow = é—;jrrlz P v(r) rdr,
ow = the flow rate of the stream,
r) = the velocity profile, and "

and r

2 is the region in which the flow takes place.
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g (Rod) Type Flow

By definition, the velocity profiles for both the inner and

treams are constant with radial position. This result may be

ed as
v; = constant for all r in the interval 0 £ r < Rm , and
v_ = constant for all r in the interval R< r< R,
o m w
=v =0atr=R andv_ =0atr=R.
o m o w

“egral for the inner flow may be written as

2m P(0) vi Rm 2
Flowi = T—fo exp (A r©/2) rdr,

fter integrating gives the following expression for vyt

Flow. RT A
\/i - —'__ ’
21P (0) (e?-1)
2 = AR 2/,
m
3 similar approach, an expression may be found for Vor ey
Flow RT A
o
v = ,
o

21 P(0) (eb—ea)

b=a RZ/2.
w
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minar Flow
The shape of the inner stream velocity profile will be assumed
that for laminar flow in a circular pipe, given by

v.(r) = v.(max) [1 - (r/Rm)Z]

i i
this expression in the integral for the inner flow gives

27P (0) v;(max) R

2 2
Flow, = —-—?—fom [ (-;;) 1 exp (Ar%/2) rdr,

after integrating gives the following expression for v (max) :

Flow, RT A
v. (max) = P PO S
! 21 P(0) [(e-1)/a-1]

a is defined as above.
The shape of the outer stream velocity profile will be assumed
that for laminar flow through an annulus given by
vo(max) 2

vo(r) ey - (r/RW) +d IH(I‘/RW)] ,

2
d = (1-k%)/1n(1/K),
c=1-d[1-1n(d/2)]1/2 , and
k = Rm/RW.
in the integral for the outer flow gives

this expression

27P (0)

= —=V

TR Yo (max

R
) L D-(r/m )%+ a4 In(e/R )] exp (A +2/2) rar
n
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ther complicated integral may be integrated analytically, after

vipulation, giving the following expression for v (max) :
o

Flow0 CRT A

Vomax) = sy
bn-an
]
1 n n:

= (eb-ea)/b-ea(l—kz) +d 1n(1/k) (e2-1) —% cf
e

nd b are as defined above.

Since the inner and outer flows oppose one another, regardless
shape of the profile, a sign convention was adopted to further
the velocity profiles. The top of the centrifuge was considered
o position in the axial direction (z = 0), thus fixing the sign
downward flowing outer stream as positive and the upward flowing

tream as negative.

C. The Solution of the Partial Differential Equation
for the Countercurrent Centrifuge

The partial differential equation for the conservation of the

pecies in a countercurrent centrifuge was given above in

V-A as
L (ar2y(1ey) - 2y 4 (D) bt
T ey ar TP, =

lation coupled with its associated boundary conditions may be

lirectly by using a numerical approach. However, to find an

al (approximate) solution the equation must be simplified by

ertain assumptions. An analytical (approximate) solution
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-ainly desirable, since finding a numerical solution is itself

:r complex problem.

lerical Solution

A general FORTRAN program, NCENTRI, was written to solve the
>quation numerically for the steady state mole fraction profiles
countercurrent rectifying centrifuge. (It was found that having
lerical solution to just the rectifying centrifuge was sufficient
uate the analytical [approximate] solution.) The program is

in the sense that it can be used to analyze the separations
d in a countercurrent rectifying centrifuge of any size, for
, pair, and any operating conditions. Also, by giving the
option, either the plug type or laminar velocity profile can
| in obtaining a numerical solution.

A complete description and listing of the FORTRAN program

and its ten associated FORTRAN subprograms may be found in

x D. Also included in Appendix D is a sample output from pro-
ENTRI. The numerical approach used by the program to find the
n is best illustrated by the following steps which, in a general
, outline the flow of calculations:

1. Input the gas properties, operating conditions, centrifuge
ons, and the number of increments into which the radius and the
The program is written so that regardless of

is to be divided.

ition of the flow intersection, Rm, the radial distances from

s to R_and from R_ to the wall, Rw, are divided into the same
m m

of increments.
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2. Compute the pressure and velocity profiles.

3. Output all the input information along with the pressure
d velocity profiles.

4. Compute special fourth order finite difference equations to
used to approximate the first and second partials of y with respect
radius at one grid point before, one grid point after and at the
id point corresponding to the flow intersection. These special equa-
ons are needed due to the changing increment size at the flow
tersection.

5. Due to the nonlinear nature of the partial differential
uation, the entire mole fraction grid is initialized with values com-
ted from a simplified version of the analytical (approximate) solution.

6. By using fourth order finite difference approximations for
e partial derivatives appearing in the partial differential equation
d the boundary conditions, an equation is written for each grid
int. Thus, for example, if the grid consisted of 15 radial grid
ints and 21 axial grid points, a set of 315 simultaneous equations
" be written for the 315 unknown mole fractions at each grid point.

7. Solve simultaneously the set of equations.

8. If the proper option is given, the newly computed mole
\ctions are used as a better approximation to the true values and
eps 6 and 7 are repeated a specified number of times. It was found

all cases investigated that repeating steps 6 and 7 once was suffi-

ent to account for the nonlinearity.

9. Compute the average mole fraction of the lean stream leaving

e centrifuge and output it along with the entire mole fraction profile.
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). Approximate Analytical Solution

The analytical (approximate) solution of the partial differen-
‘ial equation for the countercurrent centrifuge was obtained by
following an approach similar to that used by Furry, Jones, and Onsager
(15) for the thermal-diffusion column. This approach was also used
>y Benedict and Pigford (16) and Cohen (8) in their analysis of
Jranium isotope separation by gas centrifugation.

The method used depends on the fact that the term 3y/dr is
f the order of the term Ar y(l-y) (Chapter Il1), which is a small
uantity. Thus, the change in y in the radial direction as compared
o the variation of r, P, or P v(r) is small and may be neglected.
This assumption, for instance, is certainly more reasonable under total
-eflux operating conditions (no products) than when a rich product
Stream is taken from a rectifying centrifuge. In the total reflux
-ase the composition of the leaving inner stream must equal to feed
-omposition. However, when a rich product stream is taken, the leaving
inner stream by necessity of mass balance must be less concentrated
than the feed. Consequently, a significant change in y must take place
in the radial direction.

Nevertheless, by using the above assumption, the partial dif-

ferential equation may be integrated with respect to r, giving

2 3 3y (rPv(r) =
arfy(1-y) - r a_l‘{+ shFo, rdr + Constant = 0,

vhere the second order term Bzy/?'zz has been neglected. Using the

boundary condition that






8L
dy/dr = 0 at r = 0, gives: Constant = 0 .

The second integration with respect to r requires the following

relationship to get a form that may be integrated:

R PD
w Pv(r) _ 12 3y _
[ g RT3z rdr = el

where Q is the flow rate of the product stream given by

R
w Pv(r) rdr
an fy RT '

and y_is the mole fraction of the product stream. The above equation
is simply a statement of the mass balance for the heavy species at any
axial position with respect to the product stream. The first term on

the left-hand side of the above integral may be integrated by parts,

giving

R R
w Pv(r)y rdr _ 2Ty W d
2n fo Rt RT J'0 PYkr))mdr

R
2m w dy r
- R—TIO gr_dr "’0 PYAT)EqEr s

After substituting for dy/dr, the above equation may be rewritten as

R 3
2 S oY
—Ri OW Pv(r)yrdr = yQ - C, y(1-y) €332
where

R
2TA W r
¢ = fo rdr J’O pv(r)rdr , and
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R

_oam wdr or 2
Gorromy b T U Pelrdranl®

The integral for the mass balance may now be written as

dy .
Coap v e - Cy(-9)] =y,

where C. = Cz + 63, and

5

2
C.m PD R,
2 T RT 2

With all the radial dependence having been integrated, the
parameters CI, Cz, and C3 are constants. The resulting differential

equation may then be solved by separating variables,

L Yp Csdy
o= f)f
fooy” + (PCyy - Qyp
Integrating gives
(yp = vlw
tanh (uwL) =

Vo - D0p¥e T e * Up T Yla

where q = Q/C] %
2,1/2

w=[1 - 2q(I>2yP) +q7] , and

u= C]/CS/Z .
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D. Analysis of the Analytical
(Approximate) Solution

For the time being it will be assumed that the following
operating parameters are held constant: the shape of the velocity
profiles for the inner and outer streams, the flow intersection posi-
tion, Rm, the ratio of the inner to outer flow rates, Fi/Fo’ the
pressure, and the temperature. Under these conditions, regardless of
the actual magnitude of the inner and outer streams, q is a constant.
That is, if the flow rates Fi and Fo are doubled, Fi-Fo’ which equals
Q, is doubled as are the maximum velocities of the inner and outer
streams. Thus, since Q is doubled and CI is doubled due to the
doubling of the maximum velocities, q remains unchanged.

The quantity u, however, is very dependent on the magnitude

of the flow rates. From above, u may be written as

C\s

s ZCZ+C3

s
where the additional subscriptson CI and C3 indicate they were computed
for some flow rate, s. Since Cl is directly related to the flow rates

and C. is related to the square of the flow rates, u for any other flow

3

rate can be expressed as

fc
e s
= 2
2(c, + f 035)

where f is the ratio of the new flow rate to the old flow rate. By

taking the derivative of u with respect to f and setting it equal to

zero, the value of f which maximized us can be found, i.e.,
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2 2
du _ 0= (CZ el C35) C]s e ClsCBS
df; 2(c, + £2¢, )?
2 3s
giving

C
s (cz_s)l/z

3s

Since u has a maximum value, so does tanh (uwL) for a fixed L.
Thus, there exists in the analytical (approximate) solution, as
expected intuitively, a flow rate such that the separation is
maximized.

1. The Effect of Feed Mole Fraction
on the Optimum Flow Rate

The effect of the feed mole fraction on the optimum flow rate
will be very slight. This is due to the small variation of Cl and 63
with a change in the shape of the pressure profile. Feed containing
little of the heavy species will give a pressure profile essentially
equal to that of the light species and essentially equal to that of
the heavy species for feed mole fractions near 1. In either case the
magnitude of the velocity profile, having been adjusted to give the

proper flow rates, nearly compensates for any changes in the pressure

profile, hence little effect on Cl and c3, This agrees with the fact
that the charge composition had very little effect on the time required

for the equilibrium separation to take place in the unsteady state

simple centrifuge (Chapter I11-D).
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2. The Effect of Rotation Speed on
the Optimum Flow Rate

The effect of increasing the rotational speed on the optimum
flow rate will also be very slight, although its effect on the actual
separation at this flow rate will be great. The change in separation
is due to the dependence of C], and likewise u, on the rotational speed
squared. Otherwise, changing the rotational speed, as does changing the
feed mole fraction, simply changes the shape of the pressure profile.
This change, as described above, will very nearly be compensated for
by a change in the magnitude of the velocity profile to maintain the
proper flow rates. Hence, the effect on the values of Cl and C3 caused

by the changing pressure profile will be minimal.

. The Effect of Operating Pressure

3. The Effect of Operating Pressure
on the Optimum Flow Rate

Operating at optimum flow rate conditions, a doubling of the
axis pressure would be compensated for by a halving of the magnitude

of the velocity profile. Thus, there would be no effect on the values

of C. and C, and hence, on the optimum flow rate.

1 3

L. The Effect of Diffusivity Times

Pressure on the Optimum Flow Rate

As shown above, the ratio of the optimum flow rate to some

other flow rate, f, is given by

1/2

C

c
£ = (25
3s

Since C, is directly related to DlZP and C3S is inversely related to

D,,P, f is then directly related to D12P.

12
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This result is of fundamental importance since it and it alone
places a definite restriction on the throughput in the operation of the
gas centrifuge. That is, for any gas pair, the optimum flow rate is
directly related to the quantity DIZP‘ Thus, knowing the optimum flow
rate for one gas pair, fl, the optimum flow for any other gas pair,

FZ’ at the same operating conditions is very nearly equal to the known

optimum times the ratio of the diffusivities, i.e.,

et 5P,
2= N TP

IZP 1
The small difference expected between the optimum flow rate given
above and the actual optimum is due to the different molecular weights
of the new gas pair which would affect the pressure profile.

5. The Effect of Temperature on the
Optimum Flow Rate

Assuming for the moment that DIZP is related directly to the
absolute temperature raised to the 3/2 power (see Appendix B), c,

which is given by

2
¢ 2m DIZPRW
2~ RT 2 i
i . 1/2 ich i 2 b
is related directly to T 6 C3, which is given by
RT 1 (R dr 2P 412
f3u=Sor R Iy grvlrrdrd™

12
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is related inversely to T]/z, noting that the effect of temperature
in the integral is compensated for by the magnitude of the velocity
profile. Thus, the ratio of the optimum flow, fn’ at a new tempera-
ture Tn is very nearly given by

¢ - (172 (200172

n TO C30 5
where the subscript ''o'' refers to the old temperature.

However, recalling that CI is given by
2
c, = M fORW rdr [2m for R_s' v(r) rdr)

| RTg_

shows that while increasing the temperature increases the optimum
flow, it has the adverse effect of decreasing CI (effectively decreas-
ing the molecular weight difference, see Chapter 11-A). Since
decreasing C] decreases u, the optimum separation gets worse.

As the analytical (approximate) solutions for the counter-
current centrifuge indicates (as does intuition), the longer the
centrifuge, the greater the separation.

The effect of the shape of the velocity profile and the radial
inner and outer stream on the

position of the intersection of the

optimum flow and on the separation will be dealt with in the next

chapter. Also covered will be the effect of increasing the centrifuge

diameter.
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E. Computing the Analytical (Approximate) Solution

A general FORTRAN program, CENTRI, was written to compute the
constants and solve the equation resulting from the approximate ana-
lytical solution. A detailed description, sample output, and complete
listing can be found in Appendix E.

The program was written to be used as a working model for the
analysis of any gas in a countercurrent centrifuge. Furthermore, the
centrifuge may be operated as a rectifying, stripping or combination
rectifying-stripping centrifuge. The numerous capabilities of the

general program are listed in Table 11.
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TABLE 11.--The Analysis Capabilities of the FORTRAN Program CENTRI.

Aspect

Needed Parameter

Description and/or Comments

Centrifuge types

Centrifuge size

Centrifuge internals

Gas pair

Internal flows

Optimum flows

An option

Radius, length, and
rotational speed

Radius of center
pipe

MWI

P!

, MW, T, P(axis),
and2 viscosity

Option for type of
flow

Flow intersection

An option

Solutions can be found for
countercurrent rectifying,
or combination rectifying-
stripping centrifuges.

If a combination rectifying-
stripping centrifuge is used,
the lengths for each section
are needed.

If the contrifuge contains a
center pipe a laminar angular
velocity distribution will be
used between the stationary
center pipe and the wall.

Any gas pair may be analyzed.

Any flow profile ranging
between plug and laminar may
be specified.

The flow intersection may be
specified or for laminar flow
(with an option given) it
will be adjusted so that the
shear rate of the inner and
outer streams at the intersec-
tion are equal.

Using the ratio of the inner
to outer stream flow rates
given the optimum flow rates
will be computed.







CHAPTER VI

ANALYSIS OF THE RESULTS OF THE

COUNTERCURRENT CENTRIFUGE

A. A Comparison of the Numerical and Analytical
(Approximate) Solutions

The comparison of the numerical and analytical (approximate)
solutions was made using the gas pair 302>N2 ina rectifying counter-
current centrifuge. In addition, the following operating conditions
were fixed:

Temperature, T, 530°R

Pressure (axis), P(0), 14.7 psia

Ye = 0.005

Centrifuge radius, R , 4 inches

Flow intersection, Rm, 2.25 inches (Rm/Rw = .5625)
A1l numerical calculations were done using 15 radial grid

points and 21 axial grid points. In the cases investigated, increasing

the number of grid points in either direction, or both, did not sig-

nificantly affect the results.

Separation factors used are defined as follows:

y (- yg)

r L

where Yo is the composition at the rich end of the centrifuge.
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1. Comparison No. 1: w = 10000 RPM,
Length = 18 and 36 Inches and
Total Reflux

Figure 13 contains plots of the separation factor, o, versus
feed rate in standard cubic feet per minute (scfm) computed using
the numerical and analytical (approximate) solutions for laminar velocity
profiles. Figure 14 contains plots of the separation factor, a, versus
feed rate (scfm) computed using the numerical and analytical (approxi-
mate) solutions for plug type flow. Data used to construct the figures
can be found in Appendix A.

2. Comparison No. 2: w = 20000 RPM,
Length = 18 inches and Total Reflux

Figure 15 contains plots of the separation factor, o, versus
feed rate (scfm) computed using the numerical and analytical (approxi-
mate) solutions for laminar velocity profiles. Figure 16 contains
plots of the separation factor, o, versus feed rate (scfm) computed
using the numerical and analytical (approximate) solutions for plug
type flow. Data used to construct the figures can be found in

Appendix A.

Total reflux (no products) was used in the comparisons since
by mass balance the average composition of the inner stream must
equal the average composition of the outer stream at any axial position.
This, it was hoped, would be a better approximation of the assumptions
made in the process of obtaining an analytical (approximate) solution.
That is, that radial changes in y and 3y/3z were small and could be

neglected at any axial position. Also, total reflux represents the
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situation where the greatest separations will occur, hence amplifying
any differences between the separations computed by the two solutions
at a given feed rate.

As can be seen from the figures for either laminar or plug type
flow, at either 10000 or 20000 RPM, the numerical solution always
gives higher maximum separations. Also, these maximum separations
occur at feed rates lower than those corresponding to the maximum
separations computed analytically. These observations are listed for
convenience in Table 12. It should be noted that even though the
curves in each figure do not coincide, their shapes are essentially
identical. Also, the sides of the curves at feed rates higher than the
optimum agree very well. And, finally, that the numerical and ana-
lytical (approximate) solutions agree best, overall, when a plug type
flow profile is used.

For illustration purposes, the following two tables were con-
structed from the results of two selected numerical solutions. Table 13
contains the radial mole fraction, y, and 3y/3z profiles at the axial
mid-point of the 36-inch long centrifuge, rotating at 10000 RPM used
in Comparison No. 1 with a feed rate of 0.0125 scfm. Also, Table 14
contains the radial mole fraction, y, and 3y/dz profiles at the axial
mid-point of the 18-inch long centrifuge, rotation at 20000 RPM used
in Comparison No. 2 with a feed rate of 0.02 scfm.

The fact that the analytically computed optimum flow rates
are larger and the magnitude of the separations are smaller than those
computed numerically can be explained in terms of the variance in the

mole fraction profile. The analytical (approximate) solution assumes
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TABLE 12.--Maximum Separation Factors and Their Corresponding Feed
Rates Found During the Comparison of the Numerical and

Analytical (Approximate) Solutions: S0,-N,.

Velocity Rotational Speed Solution Feed Rate, Separation
Profile and Length scfm Factor, a
laminar 10000 RPM numerical 0.0138, 0.0130 1.196, 1.472
18 and 36 inches
plug 10000 RPM numerical 0.0167, 0.0164 1.228, 1.487
18 and 36 inches
laminar 20000 RPM numerical 0.0117 2.204
18 inches
plug 20000 RPM numerical 0.0136 2.193
18 inches
laminar 10000 RPM analytical 0.0141, 0.0141 1.180, 1.392
18 and 36 inches (approximate)
plug 10000 RPM analytical 0.0169, 0.0169 1.207, 1.456
18 and 36 inches (approximate)
laminar 20000 RPM analytical 0.0141 1.947
18 inches (approximate)
plug 20000 RPM analytical 0.0168 2.136
18 inches (approximate)
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TABLE 13.--Mole Fraction, y, and 3y/5z Profiles at Various Radial
Positions for Laminar and Plug Type Flow With a Feed Rate

of 0.0125 scfm: SOZ-NZ.

10000 RPM, Length = 36 inches

Radie Laminar Velocity Profile Plug Type Flow
(inches) yx102 dy/92x10° yx102 dy/dzx10°
0.000 .6018 .8022 .5862 .8091
0.321 L6017 .8022 .5863 .8091
0.643 L6015 .8022 .5867 .8089
0.964 6011 .8023 .5872 . 8087
1.286 .6009 .8026 .5880 .8083
1.607 .6010 .8033 .5890 .8079
1.929 L6014 .8046 .5902 .8073
2.250 (Rm) .6026 .8069 .5917 .8068
2.500 6042 .8096 .5935 8074
2,750 6066 .8132 .5961 8094
3.000 .6099 .8178 5994 .8128
3.250 6139 .8235 .6034 8174
3.500 .6188 .8301 L6081 .8232
3.750 6245 .8377 6136 .8302

4.000 .6307 .8460 .6197 .8389
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TABLE 14.--Mole Fraction, y, and 3y/3z Profiles at Various Radial
Positions for Laminar and Plug Type Flow at Feed Rate of

0.02 scfm: 502-N2 .

20000 RPM, Length = 18 inches

Laminar Velocity Profile

Plug Type Flow

Radius
(inches) yx102 dy/0zx103 yx102 ay/3zx103
0.000 714 .3391 .6922 .3768
0.321 7125 .3386 L6921 .3767
0.643 .7091 .3375 .6921 .3764
0.964 .7040 -3359 .6920 .3758
1.286 .6979 .3342 .6917 .3751
1.607 . 6920 .3327 L6914 .3740
1.929 .6875 .3320 .6909 .3727
2.250 (R ) L6864 .3329 .6905 .3713
2.500 .6893 .3353 6938 -3721
2.750 L6964 .3396 .7016 .3755
3.000 .7083 3461 7139 .3815
3.250 7254 .3549 .7307 .3899
3.500 L7476 .3659 .7521 .ko1o
3.750 L7747 .3792 7784 hiby
4.000 .8061 L3944 .8097 4313
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that radial changes in 0y/3z are small and can be neglected. That is,
at any axial position, the rate of change of the composition with
axial position is the same all across the radius. However, as was
seen in the operation of the unsteady state simple centrifuge (Chapter
111), near the wall the mole fraction profile increased the fastest
with time. This is also the case with the countercurrent rectifying
centrifuge as shown in Tables 13 and 14, where the composition changes
fastest with axial position near the wall. Thus, with this extra
capacity of the outer stream, allowed for in the numerical solution,
maximum separations would be expected to be larger.

In the inner stream, however, where the assumptions imposed
by the analytical (approximate) solution are best approximated (almost
constant y and 3y/dz), the radial flux is essentially the same as
computed by both the analytical (approximate) and numerical solutions.
That is, the radial flux is essentially maximized being equal to that
caused by pressure diffusion, since almost no radial gradient exists.
Hence, to allow for the extra capacity of the outer stream, but yet
being restricted to a given rate of flux from the inner stream, the
optimum flows computed by the numerical solution would necessarily be
expected to be lower.

The fact that agreement between the analytical (approximate)
and numerical solutions is best for plug type flow can best be
explained in terms of the velocity profiles. Figure 17 illustrates
the shape of the laminar and plug type velocity profiles for a feed
rate of 0.0125 scfm and centrifuge rotational speed of 10000 RPM. In

the case of laminar flow, the velocity goes to zero in a continuous
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fashion as the wall is approached. This slower moving region near
the wall will allow an even greater concentration buildup when the
solution is computed numerically. But, as mentioned above, this
increase in allowable separation must be accompanied by a decrease

in the flow rates of the inner and outer streams. For plug type flow,
however, the velocity profile is assumed constant over to the wall
where it immediately goes to zero. With all the gas moving uniformly
there is a lesser tendency for a radial mole fraction buildup near
the wall, hence, a closer approximation to the assumptions made to
obtain the analytical (approximate) solution. However, even for

plug flow, as the rotational speed is increased from 10000 to 20000
RPM, the agreement becomes worse. At these speeds the centrifugal
forces are becoming so great that the tendency for the heavy species
to be ''piled' up at the wall is seen regardiess of the shape of the
velocity profile.

Using feed rates higher than the optimum (increases the mag-
nitudes of the velocity profiles) at a given rotational speed,
inhibits the buildup of the heavy species near the wall (tends to
diminish radial changes in y and 3y/9z). Hence, there exists good
agreement between the numerical solutions in this feed range. On the
other hand, the opposite is true when feed rates less than the optimum
are used. The slow moving gas, which not only allows the composition
to build up near the wall, but farther into the outer stream, gives
large deviations between the two solutions.

It may be concluded, then, by this analysis, that the optimum

separation should always be higher than that predicted by the analytical
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(approximate) solution, but occur at a lower flow rate than predicted
analytically. Also that the agreement between the analytical (approxi-
mate) solution and the expected results will be determined by how well
the operating conditions approximate the assumptions made to obtain
the analytical (approximate) solution. That is, velocity profiles
which have slow moving regions, high rotational speeds, and large
molecular weight differences are typical parameters which enhance
radial mole fraction gradients. Large diffusion coefficients, on the
other hand, tend to erase a concentration gradient. By making a
comparison of the gas pair and ‘the operating conditions desired with
the analysis presented above for SOZ—NZ, an estimation of the accuracy
of the results predicted analytically can be made. For example,
consider the sytem SOZ-H2 in a countercurrent rectifying centrifuge
with the operating conditions as fixed in Comparison No. ] (length =
36 inches). Though the molecular weight difference is 1.72 times
greater, the diffusion coefficient (see Appendix B) is 3.93 times
greater; hence fairly good agreement is expected between the analytical
(approximate) and numerical solutions. A comparison of the two solu-
tions may be found in Figure 18 which illustrates the expected good
agreement.

One last comparison to be made between the numerical and ana-
lytical (approximate) solutions is the effect of removing a product
stream. Returning to the gas pair SOZ-N2 with the operating conditions
as given in Comparison No. |, agreement between the solutions was found

to be quite good at total reflux with a feed rate of 0.02 scfm (higher
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than the optimum). Table 15 illustrates the effect on this agreement
when various percentages of the feed stream are taken off as product.
As it has been pointed out, the assumption that changes in vy
in the radial direction could be neglected, which was used to obtain
the analytical (approximate) solution, must necessarily be violated
when a product stream is taken off. Since the product stream is richer
in the heavy species than is the feed, the leaving inner stream must
necessarily be leaner than the feed. Although the error does become
greater as the value of R/F is increased from 0 to 0.2, it is not large
(maximum of -4.7%). This is due to the rather rapid decrease in the
separation factor (-19.5% at R/F = .2) which, of course, decreases the
expected composition difference (only5.2% at R/F= 0.2) between the

leaving lean stream and the entering feed. Hence, without the expected

TABLE 15.--Separation Factors for the Gas Pair S02-Np at Various Ratios
of the Rich Stream to the Feed Stream (R/F) as Computed from
the Numerical and Analytical (Approximate) Solutions. Feed
Rate = 0.02 scfm, R, = 4 Inches, Ry/R, = 0.5625, w = 10000
RPM, L = 36 Inches, and Plug Type Flow.

Separation Factors Average Mole Fraction

R/F Numer ical Analytical % Error of the Leaving Inner
Solution (Approx1mate) Stream, Ye = 0.005
Solution
0.00 1.470 1.448 -1.5 0.00500
0.05 1.361 1.327 -2.5 0.00491
0.10 1.284 1.239 -3.5 0.00484
0.15 1.227 1.175 -4.2 0.00479

0.20 1.184 1.128 -4.7 0.00474
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composition differences the agreement between the numerical and
analytical (approximate) solutions is maintained at approximately
the level seen at total reflux. Discussion regarding the rapid
decrease in separation with product removed will be presented in
Chapter VI-E.

Several areas of disagreement and their causes have been
pointed out between the numerical and analytical (approximate) solu-
tions. These points of disagreement should be taken into account when
investigating the potential of a gas centrifuge design and especially
when comparing calculated results to experimental data. From this
point on in this work, however, with attention being returned to the
overall goal of analyzing the gas centrifuge and determining its key
parameters, the analytical (approximate) solution will be used. The
analytical (approximate) solution exhibits properties similar to the
numerical solution and is certainly more convenient to evaluate.
Although it should be remembered that while certain phenomena and
trends can be predicted by the analytical (approximate) solution,
their actual magnitudes may be in slight error.

With reference to Table 12, it should be noted that the dif-
ference between the maximum separations obtained using a laminar or
plug type velocity profile differ at most by 9%. Also, the optimum
feed rates differ at most by 16%. This is true for both the numerical
and analytical (approximate) solutions. Furthermore, while this
agreement as taken from Table 12 was obtained for SOZ—NZ, even better
agreement is seen for SO,-H Hence, as long as it can be shown that

2 2

the velocity profiles lie between laminar and plug type flow in an
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actual centrifuge, knowing the exact shape of the profiles is not
necessary. However, due to the better agreement between the numerical
and analytical (approximate) solutions when plug type flow is assumed,
it will be used in the remainder of this work. Also, when possible,
feed rates greater than the optimum will be used.

B. The Effect of the Position of the Intersection

of the Inner and Outer Streams on the Maximum
Separation Factor and the Optimum Feed Rate

The separation in the countercurrent centrifuge depends on the
heavy species moving from the inner to the outer stream. This movement
is due to the centrifugal force in the form of pressure diffusion.

With the flow intersection very near the axis, the inner stream is
subjected to very little centrifugal force. Thus, the radial flux
from the inner stream is reduced giving poorer separation factors.
Also, as the flow intersection moves nearer to the axis the decreasing
area available for the inner stream means higher velocities for a
given mass flow rate. This has the effect of reducing the optimum feed
rate.

On the other hand, moving the flow intersection nearer the
wall allows a greater portion of the inner stream to be subjected to
larger centrifugal forces. This increases the maximum separation
factor, and with the increase in area for flow, increases the optimum
flow rate. The fact that the outer stream is now moving faster does
not hinder the separation since it (outer stream) serves merely to

carry away the heavy species coming from the inner stream.
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Figure 19 was constructed illustrating the effect of varying
the flow intersection position. The following operating conditions
were used:

Gas pair = SOZ»NZ,
Temperature = 530°R,
Pressure (axis), P(0) = 14.7 psia,
Yies= 0.005,
Centrifuge radius = 4 inches,
Centrifuge length = 36 inches,
Centrifuge RPM = 10000,
Plug type flow and total reflux.
Data used to construct Figure 19 may be found in Appendix A.

As expected, the maximum separation factor becomes poorer and
the optimum feed rate less as the intersection is moved toward the
axis. Increasing Rm/Rw from 0.125 to 0.875 increases the separation
factor by 32% while increasing the optimum feed rate by 137%.

C. The Effect of the Centrifuge Radius on the Maximum
Separation Factor and the Optimum Feed Rate

Analysis of the simple centrifuge indicated that as long as
the peripheral speed was maintained constant, the simple separation
factor did not change by changing the size of the centrifuge (Chapter
11-B). If this was true for the countercurrent centrifuge it would be
a definite "plus' factor. Since, by increasing the radius, and thereby
increasing the area for flow of each stream, the optimum feed rate
would increase. Also, by maintaining a constant peripheral speed, one

is not operating any nearer the bursting point and by increasing the
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radius (decreasing L/D), the first whirling speed is increased
(Chapter 1V, A and B).

To analyze the effect of different radii on the maximum sepa-
ration factor and the optimum feed rate the following operating
conditions were used:

Gas pair = SOZ-NZ,

Temperature = 530°R,

Pressure (axis), P(0) = 14.7 psia,

e 0.005,

Centrifuge length = 36 inches,

Rm/Rw = 0.5625,

Plug type flow and total reflux.
Peripheral speeds of 350 and 700 feet/sec were used for the different
radii investigated. Table 16 contains the results of varying the
radius from 2 to 7 inches for the two peripheral speeds.

The undesirable reduction in the maximum separation factor
accompanying an increase in the radial size of the centrifuge can be
explained with some reflection on the factors which create a maximum
separation factor. The optimum feed rate is such that the gas is
moving axially fast enough to prevent excessive axial diffusion, but
slow enough so that the heavy species may move from the inner to the
outer stream. Thus, by doubling the radius, but maintaining a constant
value of Rm/Rw, the optimum feed rate must necessarily increase to

avoid excessive axial diffusion. The increase, however, is not by

4 times even though 4 times the area is available for flow. The

reason for a smaller increase in the feed rate is that for the gas
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TABLE 16.--Maximum Separation Factors and Optimum Feed Rates Obtained
for Various Centrifuge Radii for S0p-Np With Plug Type
Flow, L = 36 Inches, R./R, = 0.5625, Peripheral Speeds of
350 and 700 ft/sec, and Total Reflux.

Peripheral Speed = Peripheral Speed =
Centrifuge 350 ft/sec 700 ft/sec
radius

(inches)  Separation Optimum Feed Separation Optimum Feed
Factor Rate (scfm) Factor Rate (scfm)

2 2.120 0.0084 20.815 0.0084

3 1.651 0.0127 7.581 0.0126

4 1.456 0.0169 4.562 0.0169

5 1.351 0.0211 3.368 0.0211

6 1.285 0.0253 2:753 0.0253

7 1.240 0.0295 2.382 0.0295

molecules to move radially to the same dimensionless radial position
(r/Rw), they must travel twice the distance. Thus, a longer residence
time (smaller flow rate) is required.

Using these ideas and given the optimum feed rate for a
particular centrifuge diameter, the optimum feed rate can be computed
for any other diameter for the same operating conditions by the

"simple minded" expression

Area’) (Radius) g

i
Feed! = Feed (7o) (roqinst

where the first multiplier accounts for the increased area for flow
and the second multiplier accounts for the increased radial distance

that must be traveled. Thus, for example doubling the radius of the
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countercurrent centrifuge only doubles the optimum feed rate. This is
illustrated in Table 16 where the values contained therein were computed
using the analytical (approximate) solution.

Remembering that the flux due to pressure diffusion was given by
2
(

= P -
Flp = 27 g Dy AT 1-y)y ,

1P

explains the reduction in the maximum separation factor. Since the
value of Rm/Rw was maintained constant, the radial flux at the flow
intersection, regardless of the centrifuge radius, is essentially a
constant (assuming small mole fraction changes) for a given peripheral
speed. Hence, while the flux from the inner to the outer stream is
essentially constant, the throughput for optimum conditions, as shown
above, must increase. Thus, the degree of separation must necessarily
become worse when increasing the radius but maintaining a constant
peripheral speed. These points are illustrated in Table 16.

D. The Effect of Rotational Speed and Temperature

on the Maximum Separation Factor and the
Optimum Feed Rate

In Chapter V-D-2 it was pointed out by analyzing the analytical
(approximate) solution that changing the rotation speed would have
very little effect on the optimum feed rate. This was expected from
the analysis of the unsteady state simple centrifuge where it was
found that while increasing the rotational speed improved the separa-

tion, the time required for the equilibrium mole fraction profile to

develop essentially did not vary.
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Increasing the temperature, however, did significantly reduce
the time required for the equilibrium mole fraction profile to develop
in the unsteady state simple centrifuge. The reduction in the time
required is due to the strong dependence of the diffusion coefficient
on temperature (~1.5 power, Appendix B). In the countercurrent gas
centrifuge, increasing the diffusivity via increasing the temperature
is expected to increase the optimum feed rate.

To clarify the effect of changing the diffusivity, consider for
a moment a hypothetical situation in which the diffusivity of a gas
pair in a countercurrent gas centrifuge operating at optimum condition
could be doubled without altering the temperature. Doubling the diffu-
sivity would necessarily double the magnitude of the net radial flux.
However, it would also double the effect of axial diffusion. Hence,
under this new condition, the optimum flow rates would have to be twice
as great in order to compensate for twice the radial flux, yet keeping
the ratio of axial flow to axial diffusion the same. The maximum
separation factor would thus also be the same.

Increasing the diffusion coefficient via increasing the
temperature, while giving higher optimum flow rates as discussed
above, does not maintain the same maximum separation factor. This is
due to the fact that the increase in temperature effectively decreases
the molecular weight difference of the species as shown in Chapter Il-A.

These points are illustrated with the following set of operating
conditions:

Gas pair = SOZ—NZ,

W 0.005,
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Axis pressure, P(0) = 14.7 psia,

Centrifuge radius = 4 inches,

Centrifuge length = 36 inches,

Rm/Rw = 0.5625,

Plug type flow and total reflux.

Table 17 contains the optimum feed rates at temperatures of

70 and 300°F for centrifuge speeds ranging between 10000 and 20000 RPM.
Also included is the estimated increase in the optimum feed rates by
raising the ratio of the temperatures to the 1/2 power and multiplying
by the optimum feed rate at 70°F (from Chapter V-D). Figure 20 illus-

trates the effect of increasing the rotational speed and the temperature

TABLE 17.--The Effect of Increasing Rotational Speed and Increasing
Temperature on the Optimum Feed Rate for the Gas Pair SO, -N,.
Ry = 4 Inches, L = 36 Inches, R /R, = 0.5625, Plug Type
Flow and Total Reflux.

Optimum Feed Rates (scfm)

w, RPM Temperature
70°F 300°F 300°F
(estimated)

10000 0.01686 0.02019 0.02264
12000 0.01686 0.02019 0.02264
14000 0.01685 0.02018 0.02263
16000 0.01685 0.02018 0.02263
18000 0.01684 0.02017 0.02263

20000 0.01683 0.02015 0.02261
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on the maximum separation factor. Data used to construct Figure 20
can be found in Appendix A.

As can be seen from Table 17 the reduction in the optimum flow
rate going from 10000 to 20000 RPM is less than 0.2% at either 70 or
300°F. However, increasing the temperature from 70 to 300°F increases
the optimum feed rate by approximately 34%. The fact that the estima-
tion of the increase in the optimum feed rate is only 20% is due to a
further dependence of the diffusion coefficient on temperature through
the collision integral (see Appendix B). Had this factor been taken
into account the estimate of the optimum feed rate at 300°F would
have been 0.02264 scfm (10000 RPM) which is identical to that computed
analytically.

Increasing the temperature from 70 to 300°F has the effect of
decreasing the flux due to pressure diffusion by approximately 30%,
which has a very significant effect on the separation factor. The
reduction in the magnitude of the separation factor going from 70 to
300°F is as great as 37% at a centrifuge rotation speed of 20000 RPM.
This, of course, explains why even though the diffusivity increases by
92.4% in going from 70 to 300°F that the optimum feed rate needed only
to increase by 34%.

E. The Effect of Removing a Rich Product Stream on

the Maximum Separation Factor and
the Optimum Feed Rate

Consider a countercurrent rectifying centrifuge operating at
total reflux with the optimum feed rate. As has been discussed previ-

ously, the optimum feed rate exists since a very slow flow rate allows
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axial diffusion to destroy the separation and a high flow rate does
not allow enough residence time for the heavy species to move from

the inner to the outer stream. Both cases yield poor separations. By
maintaining the optimum feed rate, but now removing a rich product
stream, means the inner stream must necessarily be moving slower than
the optimum. Hence, on this basis alone the degree of separation
must fall.

If the ratio of the rich stream to the feed stream is held
constant, the feed rate can be increased until the inner stream flow
rate is equal to its value at the total reflux condition above. Since
it is the inner stream which is controlling the separation a maximum
separation should be realized at or very near this feed rate.

To illustrate these points the following operating conditions
are used:

Gas pair = SOZ—NZ,

yg = 0.005,

Axis pressure, P(0) = 14.7 psia,

Temperature = 530°R,

Centrifuge radius = 4 inches,

Centrifuge length = 36 inches,

R IR 0.5625,

Centrifuge speed = 15000 RPM,

Plug type flow.
Table 18 contains the maximum separation factors based on the feed and
lean streams and the optimum feed rate for various ratios of the rich

to the feed stream.
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TABLE 18.--Maximum Separation Factors and Optimum Feed Rates for
Various Ratios of the Rich Stream to the Feed Stream (R/F)
for the Gas Pair $S02-Np, w = 15000 RPM, R, = 4 Inches, L =
36 inches, Ry/Ry = 0.5625, and Plug Flow.

Separation Factors

Inner Stream Outer Stream

R/F Flow Rate Feed Rate Baccdion Bacid on

(scfm) (scfm) Feed Stream Lean Stream
0.00 0.0169 0.0169 2.337 2.337
0.05 0.0170 0.0179 1.860 1.947
0.10 0.0172 0.0191 1.586 1.696
0.15 0.0173 0.0204 1.413 1.523
0.20 0.0175 0.0219 1.296 1.400

The separation factor in Table 18 which is based on the composition of
the rich (yr) and lean (yl) streams was computed by using the follow-

ing equations:

Y¢FEED - y RICH y -y

Yy TEAN A (o B

r

where FEED, RICH and LEAN are the flow rates of the feed, rich and
lean streams, respectively.

The fact that the maximum separation factor drops rapidly as
a rich product stream is removed can be explained in terms of the
radial fluxes. At total reflux, mass balance requires the average
compositions of the inner and outer streams to be equal at every axial
position. Furthermore, at total reflux the maximum separation is only

restricted by the length of the centrifuge. This is illustrated in
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in Table 19 which contains the maximum separation factors at total
reflux for different centrifuge lengths using the operating condi-
tions given above. When a rich product stream is removed the average
composition of the inner stream must by mass balance be less than the
average composition of the outer stream. However, the problem that
arises here is just how much less can the average inner stream compo-
sition be.

Consider, for a moment, the top of the centrifuge where the
outer stream is the entering feed. Using the above operating condi-
tions, the composion of the outer stream at this point is Ye= 0.005.
From Chapter 11-B (simple centrifuge) it was determined that knowing
the axis composition, the equilibrium mole fraction profile could be

computed by using the following expression:

TABLE 19.--Maximum Separation Factors for Various Centrifuge Lengths
at Total Reflux for the Gas Pair SO02-Np, Feed Rate =
0.0169 scfm (optimum), w = 15000 RPM, R, = 4 Inches,
L = 36 Inches, Ry/R, = 0.5625, and Plug Flow.

Separation Factor

Centrifuge Length (Based on Feed)

0.0 1.000
7:2 1.185
1h.4 1.404
21.6 1.664
28.8 1.972
36.0 2.337
43.2 2.769
50.4 3.282
57.6 3.889
64.8 4.608
72.0 5.461
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- ay(0)
v = S T
2
where o = exp (Ar</2).
However, since the composition is known at the flow intersection, Rm =

2.25 inches, to be Ye = 0.005, the composition at the axis can be found

by rearranging the expressions giving

’e

ViOlis ety V@D

Using the operating conditions given above, y(0) is found to be 0.00471.
As commented on in Chapter Ill, the equilibrium mole fraction
profile results from a no net flux condition. That is, the concen-
tration and pressure diffusion fluxes are equal in magnitude but
opposite in direction. Herein lies the reason for the rapid decrease
in the separation as a product stream is removed, since the mole frac-
tion profile of the leaving inner stream cannot ever be any less in
composition than the equilibrium mole fraction profile. (This is,
of course, true at any axial position but ismost easily seen at the
top, since the feed composition is known.) Furthermore, the compo-
sition profile of the leaving stream can only approach the equilibrium
profile, since the closer it gets the smaller the net radial flux
and hence, the smaller the separation. The leaving inner stream mole
fraction profile is in essence trapped between the feed composition
and equilibrium composition profile.
This situation is much like the case of a binary distillation

(assume constant molar overflow) in a rectifying column containing a
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fixed number of trays. |If the equilibrium curve lies very close to
the "45° line," then removal of any overhead product causes a signifi-
cant decrease in the separation per tray at the base of the column.
Hence, as compared to total reflux, the overhead composition would be
markedly reduced.

Further discussions regarding the limitations imposed on gas
centrifugation by the results presented above will be contained in
Chapter VI1. However, Figure 21 is included in this section to further
illustrate the reduction in the maximum separation factor with product
removal and also how the maximum separation factor varies with feed
rate at a given ratio of the rich to the feed stream. The operating
conditions used are as given above and the data used to construct
Figure 21 may be found in Appendix A.

F. Simple Power Requirements and Efficiencies of
the Countercurrent Centrifuge

Before leaving this chapter attention will be turned for the
moment to the development of expressions for the power required to
rotate the gas as it is being fed through the centrifuge and the
thermodynamic energy (entropy) required for the separation. This
information will provide further insight when comparing the gas centri-
fuge to conventional gas separating equipment.

The power that must be supplied to rotate the gas can be
computed by integrating the product of the kinetic energy and the

mass flow rate profile over the radius of flow, i.e.,
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22
wr
2g

Poer = 2% My IRW [Pv(r)1 dr
ovier = 2= MW_ o v 5

c

where Mwa is the average molecular weight of the gas. For plug type

flow, the integral is easily evaluated giving

P (0)w? R 2e?
Power = -———:—T— -v. [ mA - ~2—2— (e2-1)1
9. i A
2b 2.a 2 b _ a
+ v [(R %e” - R “e%)/A = (e pel)]

where a = A R /2,
m

b= A RZ2/2, and
w

MW w?
)

RTgC
The minus sign appears in front of Vv, to account for the fact that the
inner flow is taken as negative. For laminar flow the integral becomes

difficult to evaluate analytically and a numerical integration tech-

nique such as the trapazoidal rule may instead be used, i.e.,
nMwauZP(o) n+l A r?_‘ 3 A rzi 3 Ar
Power = RTa. L [e —T——v(ri_l) e R v(ri)ri] Y

where the subscript i refers to incremental radial positions of which
there are n + 1.
The power computed above is by no means the power required to

operate the centrifuge where losses such as driver inefficiency,
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windage losses, and bearing losses would be far greater in magnitude.
However, the above expressions do give an idea as to how much power
is actually required to simply rotate the gas. For example, from
Chapter VI-B above, in which the effects of varying the flow inter-
section was investigated, change in power requirements to rotate the
gas can also be observed. The effect on the power requirements are
presented in Table 20 for operating the conditions as stated in
Chapter VI-B and with a feed rate of 0.02 scfm. As can be seen from
Table 20 the simple power requirements vary from 1.75 watts/scfm

629 watts/lb-mole) at Rm/RW = 0.125 to 4.25 watts/scfm (1527 watts/

Ib-mole) at Rm/RW = 0.875. The increase, of course, being due to

TABLE 20.--The Power Required to Simply Rotate the Gas Being Fed to
a Countercurrent Centrifuge for Different Flow Inter-
sections: Feed Rate = 0.02 scfm, Radius = 4 Inches,

w = 10000 RPM, Plug Type Flow and Total Reflux.

R /R Power (Watts)
m w

0.125 0.035
0.250 0.038
0.375 0.043
0.500 0.051
0.5625 0.055
0.625 0.060
0.750 0.072

0.875 0.085
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more gas being near the periphery (higher angular velocities) as
Rm/Rw approaches 1.
For an ideal binary gas mixture, the entropy lost when the

gases are separated at a given temperature and pressure is given by
As = Rly Iny + (1-y) In (1-y)] ,

where R is the gas constant. In the case of the countercurrent recti-
fying centrifuge where there are feed, rich and lean streams the

entropy lost in the separation is then given by

as_ =R (RlCH[yr Iny + (1=y) In (1-y)]
+ LEAN [y, Tny, + (1=y;) In (1-y))]
- FEED [YF In Ve * (]'yf) In (I‘Yf)]]

where all streams are referenced to the same temperature and pressure.
Pointed out in Chapter VI-A above was the fact that error
between the analytical (approximate) and numerical solutions did not
significantly change when a rich product stream was removed. This
was found to be due to a rather rapid decrease in separation accompany-
ing the removal of a rich product stream keeping the leaving inner
stream composition at approximately the feed composition. With this
good agreement, even though the analytical (approximate) solution
assumes very little change in the mole fraction profile radially, a

lean stream composition (yl) was computed by using the expression

given in Chapter VI-E, i.e.,
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_ VFEED -y RicH
24 LEAN &

This expresson cannot be in great error since /8 computed both

numerically and analytically are in good agreement (Chapter VI-A).

Using the above expression to compute a lean stream composi-
tion from the analytical (approximate) solution allows the calculation
of the entropy lost in a separation and an efficiency based on the
simple power requirements. Entropy losses and the resulting effi-
ciencies for the operating conditions specified in Chapter VI-A are
contained in Table 21.

The gradual decrease in simple power required is due to less

and less gas being recycled. On the other hand, the entropy lost must

TABLE 21.--Simple Power Requirements, Entropy Losses and Resulting
Efficiencies for the Separation of the Gas Pair S05-Np at
Various Ratios of the Rich Stream to the Feed Stream
(R/F). Feed Rate = 0.02 scfm, Ry = b inches, Ry /R, =
0.5625, w = 10000 RPM and Plug Type Flow.

v e Smlem @S 6 erricion
0.00 1.448 0.0550 0.0 0.0

0.05 1.327 0.0544 1.30x107° 2.4ox107"
0.10 1.239 0.0539 1.51x107° 2.81x107"
0.15 1.175 0.053k 1.32x107° 2.lo7x10'!+
0.20 1.128 0.0529 1.02x107° 1.92x107
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be equal to zero for total reflux (R/F = 0) and also for no recycle
(R/F = 1.0), hence there exists a maximum in the entropy lost column.
The fact that there exists a maximum in the efficiency column is by
itself significant, but loses its relevance when the absolute values
of the efficiencies are considered. Furthermore, these already very
small efficiencies would be further reduced (perhaps by magnitudes)
if the entries in the entropy lost column were divided by the power

required by the centrifuge driver instead of the simple power required.







CHAPTER VI I

CONCLUSIONS

The purpose of this work was to analyze the countercurrent
gas centrifuge and determine its applicability for the separation of
common gas mixtures in industrial situations with emphasis on the
viability of gas centrifugation as a means for removing 302 from power
plant stack gas. Analyses of the steady and unsteady state simple
centrifuge (Chapters Il and I11) provided information regarding the
equilibrium separations possible for different gas species, and the
times required for such separations to develop. It was found that while
large molecular weight differences and high rotational speeds controlled
the magnitude of the separation, the diffusivity, as would be expected,
directly controlled the time required for the separation to occur.
The limitations of gas centrifuges began to be seen at this point,
with times required for the axis composition to move to within 50% of

its equilibrium value, being 49.5 seconds for S0, in N, and 12.6

2
seconds for SO2 in H, at 70°F in an 8-inch diameter centrifuge rota-
ting at 10000 RPM. (Both the ratio of the times required and the
diffusivities for the two gas pairs are 3.93.)

The small radial flux in the gas centrifuge indicated long

residence times would be required to realize the separating potential

of the countercurrent production centrifuge. The mechanical limitations

131
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(size and rotational speeds) were investigated by developing expres-
sions which allowed the calculation of both the bursting speed and

the first whirling speed of a rotating cylinder (Chapter IV). It was
shown that only alloys of Aluminum or Magnesium (as compared to other
common metals) were acceptable for the construction of a centrifuge.
Furthermore, while it was shown that a peripheral speed of 700 ft/sec
was well below the bursting speed, the length to diameter ratio had to
be less than 5 for safe operation under the first whirling speed.

The equation of continuity for the heavy species in the counter-
current centrifuge was developed and solved both numerically and, by
making certain assumptions, analytically (Chapter V). It was shown
that many different operating variables could be used to somewhat
alter the maximum separation factor and optimum feed rate for the
separation of a gas pair in a countercurrent centrifuge. Table 22
contains a list of many operating variables and their qualitative
effect on the maximum separation factor and the optimum feed rate.

At the optimum feed rate, the actual magnitude of the separation for a
given gas pair was found to be controlled by their molecular weight
difference, the operating temperature, and the length and the rota-
tional speed of the centrifuge. The optimum feed rate, on the other
hand, which may be more important when deciding on the applicability
of the gas centrifuge, was found to be directly related to the diffu-
sion coefficient for the gas pair and the diameter of the centrifuge.
That is, all things being held constant in the operation of the
countercurrent rectifying centrifuge, switching to a new gas pair

having twice the diffusion coefficient will double the optimum feed
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TABLE 22.--Operating Variables and Their Effect on the Maximum Sepa-
ration Factor and the Optimum Feed Rate for the Separation
of a Binary Gas Mixture in a Countercurrent Rectifying

Centrifuge.

Operating Variable
Changed

Given the maximum separation factor
and optimum feed rate at a given
set of conditions, the qualitative
changes expected by varying indi-
vidual operating conditions are:

Using the analytical solution
instead of the numerical
solution

Increase centrifuge radius
(constant peripheral speed)

Increase centrifuge length

Going from plug to laminar
flow

Moving flow intersection
closer to the wall

Increase rotational speed

Increase molecular weight
difference

Increase temperature

Increase axis pressure

Optimum Maximum Sepa-
Feed Rate ration Factor
Decreases Increases
Increases Decreases
No effect Increases
Decreases Decreases
Increases Increases
No effect Increases
No effect Increases
Increases Decreases

No effect No effect







134

rate. The fact that the new gas pair will have a different molecular
weight and thus a different pressure profile will be compensated for
by the magnitude of the velocity profile. Likewise, doubling the
diameter of the centrifuge but maintaining the same peripheral speed
doubles the optimum feed rate. In this case, however, the positive
effect of increased feed rate is negated by a rapid reduction in the
maximum separation factor (Chapter VI, Table 16). This is due to the
fact that while doubling the diameter at a constant peripheral speed
(constant radial flux) and constant Rm/Rw doubles the throughput,
twice the centrifuge length will be required (twice the moles to be
moved from the inner to the outer stream) to obtain the same separa-
tion factor. Hence, if acceptable separations are shown to be
possible in a 2-inch diameter by 10-inch long centrifuge at a given
peripheral speed, increasing the diameter to 12 inches to obtain
6 times the throughput means the length must be at least 72 inches to
sustain the desired level of separation. That is, when scaling up a
centrifuge, L/D must be constant.

It was also shown that neither the optimum feed rate nor the
maximum separation factor is affected by the operating pressure.

As an illustration, at 70°F and 1 atmosphere the gas pair
SOZ~N2 has a diffusion coefficient of 0.1345 cmz/sec while the gas
pair SOZ-H2 has a diffusion coefficient of 0.5282 cmz/sec. Table 23
contains the maximum separation factors along with the optimum feed

rates for the above two gas pairs for several ratios of the rich to

the feed stream.
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TABLE 23.--Maximum Separation Factors and Optimum Feed Rates for
Various Ratios of the Rich to the Feed Stream (R/F) for the
Gas Pairs S02-Nz and SOp-Hp. w = 15000 RPM, Ry = 4 Inches,
L = 36 Inches, Rp/Ry = 0.5625, Plug Type Flow.

502 N2 SO2 H2
Max imum Opt imum Max imum Optimum
R/F Separation Feed Separation Feed
Factor Rate, Factor Rate, scfm
(Rich to Feed) scfm (Rich to Feed) Estimated Actual
0.00 2.337 0.0169 4.270 0.0663 0.0662
0.05 1.860 0.0179 2.742 0.0703 0.0704
0.10 1.586 0.0191 2.089 0.0750 0.0750
0.15 1.413 0.0204 1.734 0.0801 0.0802
0.20 1.296 0.0219 1.514 0.0859 0.0860

The following operating conditions were used:

S 0.005

Temperature = 530°R

Axis pressure = 14.7 psia

Centrifuge radius = 4 inches

Centrifuge length = 36 inches

Rm/Rw = 0.5625

w = 15000 RPM

and Plug type flow.
The estimated optimum feed rates for the gas pair 502—H2 were computed
by multiplying the respective optimum feed rates for the gas pair
SOZ—NZ by the ratio of the two diffusivities. The excellent agreement
between the estimated and actual optimum feed rates illustrates the
unimportance of the very different molecular weights of the feed gas

(2.3 versus 28.2) on the optimum feed rate.
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Since almost all common gas pairs have diffusion coefficients
ranging between 0.05 and 1.5 cmz/sec at 70°F and | atmosphere (Perry's

Chemical Engineers'Handbook [13]), the possibility of an optimum feed

rate being as great as 1/2 scfm is very remote for an 8-inch diameter
centrifuge. While increasing the centrifuge diameter was shown to
increase (linearly) the optimum feed rate, the separation factor was
found to decrease unless the peripheral speed is increased. However,
the increase in driver power requirements resulting from an increase
in the centrifuge size and rotational speed would certainly make the
only significant means on increasing the optimum feed rate less
appealing. Figure 22 contains, for convenience, a plot of estimated
optimum flows (scfm) versus diffusivities for different centrifuge
sizes at an operating temperature of 70°F with Rm/Rw = 0.5625, plug
type flow and total reflux.

Coupled with the small optimum feed rates to the gas centri-
fuge smaller than hoped for maximum separation factors are predicted.
And to make the situation worse, when a rich product stream amounting
to only 5% of the feed stream is removed, the maximum separation factor
decreases dramatically. As discussed in Chapter VI, this rapid
decrease in the maximum separation factor with product removal is
fundamental and unavoidable and perhaps the most serious limitation of
the gas centrifuge.

Increasing the length of the centrifuge at a constant diameter
(increases L/D) gives very large separation factors at total reflux
as illustrated in Table 19 (Chapter VI) for the gas pairs SO, -N, and

272

SOZ-HZ using the operating conditions stated above. At total reflux
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the difference in lengths (36 and 72 inches) significantly affects
the maximum separation factor with 134% increase for Sl)2~N2 and 327%
increase for SOZ-HZ. However, by removing 10% of the feed streams as
a rich product stream, the maximum separation factor increases by
only 10.6% for SOZ-N2 and only 14.5% for S0,-H, by doubling the
length. This observation is expected since regardless of the length,
the restriction on the composition of the leaving inner stream is
always present. That is, in the case of the countercurrent rectifying
centrifuge, the mole fraction profile of the leaving inner stream is
trapped between the feed composition and the equilibrium mole fraction
profile. Increasing the length merely increases the degree of close-
ness that the leaving inner stream profile may get to the equilibrium
profile. Thus, there is no advantage to having a very long centrifuge,
which necessarily must operate above the first whirling speed, if

anything other than a very minute quantity of product is to be removed.

TABLE 2L.--Maximum Separation Factors for the Gas Pairs S0-N, and
S0,-Hy for Various Ratios of the Rich to the Feed Stream.
w = 15000 RPM, R, = 4 Inches, Rn/R,, = 0.5625, and Plug

Type Flow.
Maximum Separation Factors
R/F SOZ—N2 SOZ-H2
Length, inches 36 72 36 72
0.00 2:337 5.461 4.270 18.234
0.05 1.860 2.430 2.742 3.738
0.10 1.586 1.754 2.360 2.703
0.15 1.413 1.468 1.733 1.804

0.20 1.296 1.315 1.514 1.536
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At this point the effect of all the operating parameters on
the optimum feed rate (OFR) and the corresponding maximum separation
factor (MSF) may be summarized in equation form based on the above
analyses. These equations may be used to obtain a quick estimate of
the OFR and the MSF for any gas pair in any size centrifuge given the
calculated performance of any other gas pair in a similar type centri-

fuge. The estimating equations are

. s s di
(diffusivity times pressurenew) ( mmeternew)

¢ ri == : @ 5 , and
1d  (diffusivity times pressureold) (dlameterold)

OFR ~ OFR
new o

AMW (rotational speed )2
new new

Y& 73
)

MSF = exp In(MSFQ

s Id AMwold (rotational speedo

1d

(L/D)new (temperatureold)]
)

new J

(L/D)old (temperature

For example, using the performance computed for the gas pair
S0,-N, at total reflux and with a rich to feed stream ratio of 0.1

(Table 23), the equations may be simplified to

OFR = a * (diffusivity times pressure, cm2 - atm/sec) + (diameter, inches),
and

MSF = exp[b * (rotational speed, Ft/sec)2 o (AMwW)

« (L/D) / (temperature, °R)] ,
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where a = .0157 and b = 1.013 x IO_S at total reflux, and

a= .0178 and b = 6.304 x 107° where the ratio of the rich to

the feed stream is 0.1.
It should be remembered that throughout the analysis of the counter-
current centrifuge it was assumed that the internal velocities were
only in the axial direction. It was further assumed that these
velocities were only a function of radial position. This represents an
ideal situation giving the greatest separations. Since, if bulk
movements existed, for example, in the radial direction (short cir-
cuiting) the separations would necessarily decrease. Thus, if the gas
centrifuge is decided to have potential in a given situation, more
research is needed to analyze the velocity profiles detailing, if
possible, how to make them closest resemble the ideal velocity profiles.
Embodied in this work is a rather in-depth study of the gas

centrifuge. Although the applicability of the gas centrifuge is not
as general as had been hoped, its limitations as a gas separating
device are now realized. For example, the gas centrifuge cannot be
considered a viable means for separating SOZ from power plant stack
gas. The millions of standard cubic feet of gas produced by power
plants and the high degree of SO2 removal required are incompatible
with the very small optimum feed rates (0.0169 scfm for an 8-inch
diameter centrifuge) and small separations predicted for the gas
centrifuge under ideal conditions. On the other hand, in the case
of the enrichment of Uranium where the small predicted optimum flows

and the separation factors are relatively large as compared to
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those obtained by other enriching techniques, the gas centrifuge is
quite attractive.

In a situation where the gas centrifuge may be applicable,
the computational tools, in the form of the general FORTRAN computer
programs, NCENTRI and CENTRI, plus the analysis of all operating
variables affecting the performance of the gas centrifuge, which are
contained in this work, should prove to be a valuable aid to the

investigator.
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NOMENCLATURE

= i 2
A = (Mw] sz)m /RTgC
DIz = diffusion coefficient for a binary gas mixture
E = modulus of elasticity
e, €, €, = strains in the radial, angular and axial directions in a
rotating cylinder
Fly’ F]p = flux of species 1 due to concentration and pressure diffusion,

respectively

g(gc)= acceleration due to gravity, 32.174 ft/sec2
(32.174 Ibmft/lbf/secz)

h = height

i,j = subscripts denoting species i and j

k =R_/R

cp’ W
L = length
MW = molecular weight
P = pressure
Q. = Miw?/RT/

iS5 9e
] °
R = gas constant, 10.7315 Ibf/m «ft°/1b mole/°R
, R, R = radius of centerpipe, inner radius and outer radius,

£p » respectively
r = radial position
S = entropy

S,S,S = stresses in the radial, angular, and axial directions in
5 = % a rotating cylinder

s, s_= inner and outer peripheral speeds
[
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absolute temperature
time

partial molar volume
Young's modulus

mole fraction of species 1 (heavy species) and also used as the
deflection in the whirling speed analysis

axial position
separation factor

YR)/1-y(R )] = [1-y(0)1/y(0) = exp (AR 7/2) for the simple
centrifuge

density
viscosity

angular speed
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APPENDIX A

EQUATIONS AND CALCULATED DATA USED
TO CONSTRUCT ALL FIGURES

A. Calculated Data Used to Construct Figure 1: Wall to
Axis Pressure Ratios Minus 1 vs. Peripheral Speed for
Various Molecular Weights Between 2 and 100 and
Figure 2: Wall to Axis Pressure Ratios vs.
Peripheral Speed for Various Molecular
Weights Between 100 and 400

The equation used to calculate the data is

2
. MW s
P(wall)/P(axis) = exp (Z-RTI'E:)
where MW = molecular weight
s = peripheral speed, ft/sec
R = gas constant, 10.731469 Ibf ftz/inzlb—mole °R
T = absolute temperature, 530°R

2
9. = gravitational constant, 32.174 lbm/lbF ft/sec

Units check:

b } fe? ( in21b-mole°R ' % ’ 1bsec”
m

2 3 22l
’ b ft ‘ 144 in® °R b ft
Table A-1 contains values of wall to axis pressure ratios minus
1 at various peripheral speeds and for molecular weights between 2 and

100. Table A-2 contains values of wall to axis pressure ratios at vari-

ous peripheral speeds and for molecular weights between 100 and 400.
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TABLE A-2.--Data Used to Construct Figure 2.

Sgejd (s) P(wall)/P(axis)
t/sec wy=100 MW=150 MW=200 MW=300 MW=400
200 1.0789 1.1206 1.1639 1.2557 1.3547
300 1.1862 12920 1.4071 1.6691 1.9800
400 1.3547 1.5768 1.8353 2.4862 3.3681
500 1.6070 2.0371 2.5824 4. 1494 6.6688
600 1.9800 2.7860 3.9203 7.7619 15.368
700 2.5339 4.0334 6.4205 16.269 41.222
800 3.3681 6.1814 11.344 38.209 128.69
900  4.6503 10.028 21.625 100.56 467.64
1000 6.6686 17.221 L. 473 296.58 1977.8
1100 9.9334 31.037 98.672 980.14 9736.1
1200 15.368 60.248 236.19 3629.8 55783.
B. Calculated Data Used to Construct Figure 3:
Effective Molecular Weights vs. Actual
Molecular Weights at Temperatures
Between 0 and 300°F
The equation used to calculate the data is
- 530
M = M, (g )
where TF = °F
Mwe = effective molecular weight
Mwa = actual molecular weight

With the aid of this informaton the curves appearing in Figures

1 and 2 can

effective molecular weight.

(460 + TF)

be used for temperatures other than 70°F by using the

Table A-3 contains the values of 530/

at various values of Tf used to construct Figure 3.
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TABLE A-3.--Data Used to Construct Figure 3.

Temperature Temperature

oF 530/ (k60 + T,) oF 530/ (460 + T.)
0 1.152 160 .8548

20 1.104 180 .8281

4o 1.060 200 .8030

60 1.019 220 7794

80 .9815 2ko L7571

100 . 9L6k 260 .7361

120 .9138 280 L7162

140 .8833 300 6974

C. Calculated Data Used to Construct Figure 4:
[y(RW)—y(D)]/y(O) Versus y(0) for Values of a

The equation used was

ly(R) - y(0)] B " )
y(0) y(0)(a - 1) +1

where o is the simple separation factor. Table A-4 contains the

calculated data used to construct Figure k.

D. Calculated Data Used to Construct Figure 5: Mole Fraction
Profiles Developed in a Simple Centrifuge with a Peripheral

Speed of 500 ft/sec for the Gas Pairs: 502:_@2, S0,-N
and UF, (235, 238 isotopes) at 70°F

The equation used to compute y(0) was

<
\/f'Q;C
ylo)re=——rri2

)i yf(bl c-1)
2
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exp (QZRWZ/Z) -1
where C = e
exp (QR “/2) -1

MW wz MW, wz
Q, = = , and Q, = i
1 RTg_ 2 " Rg_

Calculations were done at 70°F in a simple centrifuge with a peripheral

speed of 500 ft/sec.

1. S0,H, v, (50,) = 0.002
2 9
QR QR
%~ 0.30359, -5 = 0.0094872
y(0) = 0.00183
2. 50,-N, y¢(s0,) = 0.002
2 2
QR QR
LW - 0.30359, —25' = 0.132821
7 )
y(0) = 0.00172
3. UF6 (235, 238) Ye (UZBB) = 0.998
2 2
QR QR
1w _ 333949, —ZM=3.311028
7 7
v(0) (Uy3) = y(0) (Uygg) = 1 = 0.002018

The profiles were then computed by the following equation:

R) = y(0) exp(Ar?/2)
P T (0) [exp (Ar2/2) 1] 1
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2
where A = L o
RTg
c
i y
1. S0, H, L= 17681 x 107 sec?/re
2w
2. 50,1, L= 6.83077 x 107 sec?/se?
2w
3. UFg (235, 238 isotopes) = 5.6323116 x 100 sec?/fi?
2w

The calculated data used to construct Figure 5 are found in

Table A-5.

TABLE A-5.--Data Used to Construct Figure 5.

Dime;:;ci)zless SOZ_NZ SOZ.HZ UFéiiiigéei?s
(r/R,) ¥, S0, v, S0, ¥ Upgs
0.0 .001830 .001720 .0020180
0.1 .001833 .001725 .0020178
02! .001843 .001740 .0020169
0.3 .001858 .001776 .0020155
0.4 .001881 .001802 .0020135
0.5 .001909 .001851 .0020109
0.6 .001946 .001912 .0020078
0.7 .001989 .001986 .0020041
0.8 .002041 .002076 .0019998

#1059 .002101 .002182 .0019950
1.0 .002170 .002307 .0019896
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E. Calculated Data Used to Construct Figure 6:
6 Versus k for a Simple Centrifuge Containing a
Stationery Center Pipe

The equation used to compute 8 was

_ 0 - s k)
/el + 12 - 2)

Calculations were done varying k between its limits 0 and 1. Table A-6

contains the data used to construct Figure 6.

F. Calculated Data Used to Construct Figure 7: Mole
Fraction Profiles for SOp, y, Versus Dimensionless
Radius r/R, (R,=h_inches), at Various Times in the
Unsteady State Operation of a Simple Centrifuge
Containing SOp-Hyp at 70°F, RPM = 20000

The equations used to compute the data were the equations
describing the conservation of 502, the total conservation of moles and
the total pressure equation. These equations are described in detail
in Appendix C and will not be repeated here. The data, however, repre-
senting the solution of these equations, and which was used to
construct Figure 7, can be found in Table A-7.

G. Calculated Data Used to Construct Figure 10:
ia_(max)/(o/gc) Versus Peripheral Speed, s, for

k Values of 0.90, 0.95, and 1.00

The equation that was used to calculate the data is

2

Boman) L% (3450,
/g, 8

where Se(max) = the maximum circumferential stress (hoop tension),

52
Ibf/m 3
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TABLE A-6.--Data Used to Construct Figure 6.

Kk [} k [
0.00 1.0000 0.55 0.3805
0.05 0.9749 0.60 0.3291
0.10 0.9262 0.65 0.2803
0.15 0.8673 0.70 0.2338
0.20 0.8039 0.75 0.1897
0.25 0.7390 0.80 0.1478
0.30 0.6744 0.85 0.1080
0.35 0.6111 0.90 0.0701
0.40 0.5498 0.95 0.0342
0.45 0.4909 1.00 0.0000
0.50 0.434Y

TABLE A-7.--Calculated Data Used to Construct Figure 7.

Time

Mole Fractions of S0,x102

R/R, 3.6 7-2 14.4 very large
0 0.1921 0.1841 0.1704 0.1481
0.05 0.1921 0.1841 0.1705 0.1483
0.10 0.1921 0.1841 0.1707 0.1489
0.15 0.1921 0.1841 0.1709 0.1500
0.20 0.1921 0.1842 0.1714 0.1515
0.25 0.1921 0.1843 0.1719 0.1535
0.30 0.1921 0.1844 0.1727 0.1559
0.35 0.1921 0.1845 0.1738 0.1588
0.40 0.1921 0.1848 0.1751 0.1623
0.45 0.1922 0.1853 0.1768 0.1663
0.50 0.1922 0.1859 0.1789 0.1708
0.55 0.1924 0.1869 0.1816 0.1761
0.60 0.1927 0.1884 0.1849 0.1819
0.65 0.1932 0.1904 0.1889 0.1886
0.70 0.1943 0.1932 0.1939 0.1960
0.75 0.1960 0.1970 0.1998 0.2043
0.80 0.1988 0.2020 0.2069 0.2136
0.85 0.2031 0.2085 0.2152 0.2239
0.90 0.2094 0.2168 0.2251 0.2354
0.95 0.2181 0.2270 0.2366 0.2482
1.00 0.2297 0.2395 0.2499 0.2624
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3

p = metal or alloy density, lbm/m
s = outer peripheral speed, mRO, ft/sec, and
= inner radius/outer radius, R /R .
w o
Calculations were done varying S5 from 200 to 1200 ft/sec for k values
of 0.90, 0.95 and 1.00. Table A-8 contains the data used to construct
Figure 10.
H. Calculated Data Used to Construct Figure 11: Critical
Elastic Modulus over Density, E/(p/g.), Versus Peripheral

Speed, sy, for Length to Diameter Ratios,
L/Dy, of 3, 5, 5 and 6

The equation that was used to calculate the data is

64 2
E/(p/g) = —>— A
< and)n 2
where E = the elastic modulus, lbf/inz,
3

p = metal or alloy density, lbm/in

TABLE A-8.--Data Used to Construct Figure 10.

=5 2 2
s S(max)/(plgc) x 10 7, ft“/sec
ft/sec k = 0.9 k = .95 k=1.0
200 .353 -376 koo
300 -793 .845 900
4oo 1.4 1.50 1.60
500 2.20 2.35 2.50
600 37! 3.38 3.60
700 4.32 k.60 4.90
800 5.64 6.01 6.40
900 7.1k 7.61 8.10
1000 8.81 9.39 10.0
1100 1.07 1.14 12,3
1200 1527 1.35 4.4
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S outer peripheral speed, mRO, ft/sec
L/D0 = length todiameter ratio, and
k = inner radius/outer radius, RW/RO.

To perform the calculations a value of 0.95 was used for k. This

simplified the above expression to

4
E/(0/g,) = 0.34535 (59" s % .
o

Calculations were done varying So from 200 to 1200 ft/sec for L/DO
values of 3, 4, 5, and 6. Table A-9 contains the data used to

construct Figure 11.

TABLE A-9.--Data Used to Construct Figure 11.

L E/(D/gc) X 10‘6, th/sec2

2 L/p, =3 Lo =k Lp =5 L/b =6
200 1.12 3.54 8.63 17.9
300 2.52 7.96 19.4 40.3
4oo 4.48 14.1 34.5 71.6
500 6.99 22 54.0 2.
600 10.1 31.8 77.7 161.
700 13.7 43.3 106. 219.
800 17.9 56.6 138. 286.
900 225 71.6 175. 363.
1000 28.0 88.4 216. 448.
1100 33.8 107. 261. 542.
1200 40.3 127 31, 645,
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|. Calculated Data Used to Construct Figure 13: Separation

Factor, a, Versus Feed Rate (scfm) for S02-Np with Laminar

Velocity Profiles, w = 10000 RPM, R, = 4 Inches, Ry/R, =
0.5625, L = 18 and 36 Inches and Total Reflux

The separation factor used is defined as

y (Visve)
STy ve

where { is the composition at the rich end of the centrifuge.

Table A-10 contains the data used to construct Figure 13.

J. Calculated Data Used to Construct Figure 14: Separation
Factor, o, Versus Feed Rate (scfm) for S0,-Np withPlug Type
Flow, w = 10000 RPM, R, = & Inches, Rp/R, = 0.5625,

L = 18 and 36 Inches and Total Reflux

The separation factor is defined as
Y (=g
a = LSS Rl
=) Vg
where ¥ is the composition at the rich end of the centrifuge. Table
A-11 contains the data used to construct Figure 14.
K. Calculated Data Used to Construct Figure 15: Separation
Factor, o, Versus Feed Rate (scfm) for S0,-N, with Laminar

Velocity Profiles, w = 20000 RPM, R, = 4 Inches, Ry/Ry =
0.5625, L = 18 Inches and Total Reflux

The separation factor used is defined as

y (1)

where ¥ is the composition at the rich end of the centrifuge.

Table A-12 contains data used to construct Figure 15.
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TABLE A-10.--Data Used to Construct Figure 13.

Analytical (Approximate)

Feed Numerical Solution Feed Solition
Rate Separation Factor Rate <
(scfm) i X (scfm) Sgparatlon Fac'for
L=18 inches L=36 inches L=18 inches L=36 inches
0.005 1-.1:33 1.325 0.0046 1.103 1.216
0.0075 1.167 1.40k4 0.0072 1.144 1.308
0.01 1.187 1.456 0.009 1.162 1.350
0.01125 1.192 1.472 0.0113 1.175 1.381
0.0125 1.195 1.472 0.0141 1.180 1.392
0.01375 1.196 1.471 0.0176 1.175 1.381
0.015 1.195 1.467 0.0221 1.162 1.350
0.02 1.183 1.425 0.0276 1.144 1.308
0.03 1.146 1325 0.0345 1.123 1.261
0.04 1.117 1.252 0.0431 1.103 1.216
0.0538 1.084 1.176

TABLE A.11--Data Used to Construct Figure 14.

Analytical (Approximate)

Feed Numerical Solution Feed Solution

Rate Separation Factor Rate s

(scfm) ) ; (scfm) S?paratlon Fac?or

L=18 inches L=36 inches L=18 inches L=36 inches

0.005 1.138 1.317 0.0055 1.118 1.249
0.0075 1.117 1.398 0.0086 1.165 1.356
0.010 1.203 1.449 0.0108 1.186 1.407
0.01125 1.213 1.465 0.0135 1.201 1.443
0.0125 1.219 1.476 0.0169 1.207 1.456
0.01375 1.224 1.482 0.0211 1.201 1.443
0.015 1.226 1.485 0.0263 1.186 1.4o7
0.0175 15227 == 0.0329 1.165 1.356
0.020 1.224 1.470 0.0412 T.141 1.302
0.030 1.194 1.397 0.0515 1.118 1.249
0.040 1.162 1-327 0.0643 1.097 1.202
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TABLE A-12.--Data Used to Construct Figure 15.

Feed . " Feed Analytical (Approxi-
Rate N;merlca! Soll:utuon Rate mate) Solution
(scfm) eparabionihactor (scfm) Separation Factor
0.005 1.874 0.0046 1.483
0.0075 2.084 0.0058 1.596
0.010 2.187 0.0072 1.717
0.01125 2.203 0.0090 1.831
0.0125 2.201 0.0113 1.916
0.015 2.159 0.0141 1.947
0.020 2.008 0.0177 1.916
0.030 1.723 0.0221 1.831
0.040 1.541 0.0276 1.717
0.0345 1.596
0.0431 1.483
0.0539 1.387

L. Calculated Data Used to Construct Figure 16: Separation
Factor, a, Versus Feed Rate (scfm) for S0,-Np with Plug Type
Flow, R, = & Inches, Ry/R, = 0.5625, w = 20000 RPM,

L = 18 Inches and Total Reflux

The separation factor used is defined as

(- ye)
i

where Y, is the composition at the rich end of the centrifuge. Table

A-13 contains data used to construct Figure 16.
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TABLE A-13.--Data Used to Construct Figure 16.

oo Mumerical Solution  Feed Baal e EAl AAPRTORIS
. 1
(scfm) SepafationFactor (scfm) Separation Factor
0.005 1.821 0.0055 1.567
0.0075 2.022 0.0069 1.703
0.010 2.141 0.0086 1.851
0.0125 2.189 0.0108 1.992
0.01375 2.193 0.0135 2.097
0.015 2.187 0.0168 2.136
0.020 2.102 0.0210 2.097
0.030 1.868 0.0263 1.992
0.040 1.683 0.0329 1.851
0.0411 1.703
0.0514 1.567
0.0642 1.451

M. Calculated Data to Construct Figure 17: Assumed

Laminar and Plug Flow Velocity Profiles for a Feed

Rate of 0.0125 scfm inaCountercurrent Rectifying

Centrifuge with Ry = 2.25 Inches, R, =4.0 Inches,
® = 10000 RPM and Total Reflux

The magnitude of the profiles was computed so that the follow-

ing integral was satisfied:

where Flow = the flow rate of the stream in 1b-moles/sec,

the pressure profile,

o
i

v(r) = the velocity profile, and

" and ry are the radial boundaries for the flow.

With the top of the centrifuge chosen as the zero axial position the sign

of the upward moving inner stream is taken as negative. Table A-1h

contains data used to construct Figure 17.
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TABLE A-14.--Data Used to Construct Figure 17.

Velocities (ft/sec)

Radius

1

(inches) Laminar Profile x 102 Plug Type Profile x 102
0.00 -0.404 -0.201
0.321 -0.395 -0.201
0.643 -0.371 -0.201
0.96k -0.329 -0.201
0.286 -0.272 -0.201
1.607 -0.198 -0.201
1.929 -0.107 -0.201
2.25 0.0 0.0
2.50 0.072 0.90
2.75 0.116 0.90
3.00 0.135 0.90
3.25 0.131 0.90
3.50 0.107 0.90
3.75 0.063 0.90
k.00 0.0 0.0

N. Calculated Data Used to Construct Figure 18:

Separation

Factor, o, Versus Feed Rate, scfm, for SOjp-Hy with Plug

The separation factor used is defined as

Type Flow, w = 10000 RPM, R, = 4 Inches,_Rm/RW =
0.5625, L = 36 Inches and Total Reflux

where ¥ is the composition at the rich end of the centrifuge.

Table A-15 contains the data used to construct Figure 18.
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TABLE A-15.--Data Used to Construct Figure 18.

Rt Numerical Solution =8 e
(scfm) Separation Factor (scfm) Separation Factor
0.02 1.605 0.022 1.465
0.04 1.863 0.027 1.572
0.05 1.910 0.034 1.688
0.055 1.918 0.042 1.796
0.06 1.919 0.053 1.876
0.065 1.914 0.066 1.906
0.07 1.904 0.083 1.876
0.08 1.874 0.103 1.796
0.10 1.794 0.129 1.688
0.15 1.602 0.162 1.572

0. Calculated Data Used to Construct Figure 19: Separation
Factors, o, and Optimum Feed Rates Versus the Ratio of the
Radius of the Flow Intersection to the Centrifuge Radius,

Rm/Rw, for S07-Ny with Plug Type Flow, w = 10000 RPM,
Ry = & Inches, L = 36 Inches, and Total Reflux

Zw

The separation factor used is defined as

(- ye)

r L

where Y is the composition at the rich end of the centrifuge. Table

A-16 contains the data used to construct Figure 19.
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TABLE A-16.--Data Used to Construct Figure 19.

Separation Factor Separation Factor f

Rm/l’\W at a Feed Rate of at the Optimum Optimum Feed

0.02 scfm Feed Rate Rate (scfm)
0.125 1.173 1.232 0.0093
0.25 1.254 1.298 0.0116
0.375 1.333 1.361 0.0138
0.500 1.4 1.424 0.0159
0.5625 1.448 1.456 0.0169
0.625 1.485 1.489 0.0179
0.750 1.556 1.556 0.0200
0.875 1.622 1.626 0.0220

P. Calculated Data Used to Construct Figure 20: Maximum
Separation Factors Versus Centrifuge Rotational Speed for
the Gas Pair S0,-N, at 70°F and 300°F. R, = Inches,

L = 36 Inches, Rp/Ry = 0.5625, Plug Type Flow and

The separation factor used is defined as

y -y

where L is the composition at the rich end of the centrifuge. Table

A-17 contains the data used to construct Figure 20.







TABLE A-17.--Data Used to Construct Figure 20.

w, RPM Temperature = 70°F Temperature = 300°F
Maximum Separation Factor Maximum Separation Factor
10000 1.456 1.299
12000 1.719 1.458
14000 2.093 1.672
16000 2.629 1.959
18000 3.409 2.345
20000 4.562 2.870

Q. Calculated Data Used to Construct Figure 21: Separation
Factors Based on the Rich and Lean Streams Versus Feed Rate
for Various Ratios of the Rich Stream to the Feed Stream
for the Gas Pair SO,-N,. w = 15000 RPM, R = & Tnches,

L = 36 Inches, Rp/Ry = 0.5625, and Plug Type Flow

The separation factor used is defined as

y -y
Yy

where is the rich stream composition and y, is the lean stream
Vi 1

composition. Table A-18 contains the data used to construct

Figure 21.







TABLE A-18.--Data Used to Construct Figure 21.
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Feed Rate/
Optimum Feed

Separation Factors

Rate R/F = 0.0 R/F = 0.05 R/F = 0.10 R/F = 0.20
0.1678 1.319 1.300 1.281 1.234
0.2097 1.406 1.374 1.340 1.269
0.2621 1.517 1.461 1.406 1.304
0.3277 1.652 1.560 1.476 1.335
0.4096 1.814 1.667 1.545 1.360
0.5120 1.991 1.772 1.607 1.379
0.6400 2.161 1.863 1.655 1.391
0.8000 2.289 1.925 1.686 1.398
1.0000 2.337 1.947 1.696 1.400
1.2500 2.289 1.925 1.686 1.398
1.5625 2.161 1.863 1.655 1.391
1.9531 1.991 1.772 1.607 1.379
2.4y 1.814 1.667 1.545 1.360
3.0518 1.652 1.560 1.476 1.335
3.8147 1.517 1.461 1.406 1.304
4.7648 1.406 1.374 1.340 1.269
5.9605 1.319 1.300 1.281 1.234
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APPENDIX B

DIFFUSIVITIES FOR THE GAS PAIRS SOZ—NZ,

SOZ-H2 AND UF6 (235, 238 1SOTOPES)

The di R ) e N
e diffusivities for the gas pairs SOZ N2 and 302 H2

were computed by using the Wilke and Lee (17) modification of the

equation by Hirschfelder, Bird and Spotz (11). The equation used was

where D

n

BT"5 '/‘/Mwl + 1/HW,
% Pr2 ]
12 '

gas diffusivity, cmz/sec,

(10.7 - 2.46 JI/WI, ¥ T/A,) 1074,

temperature, °K,
molecular weights,

absolute pressure, atm,

) 0.2 collision diameter, angstroms,

collision integral a function of kT/E]Z’ and

(—:() (—i) = force constant, °K.

Values of the individual force constants and collision diameters were

taken from a table prepared by Wilke and Lee (17). The collision

integral was evaluated by using a table prepared by Hirschfelder, Bird

and Spotz (11).
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Table B-1 contains all the parameters along with intermediate
values used in the calculations. All units are defined above.
The value used for the self diffusion of UFG was taken from

Benedict and Pigford, Nuclear Chemical Engineering (16). At 80°F,

Dp is given as 6.6 x 10_7 g-mole/cm/sec. Using the ideal gas law and

a pressure of 1/7 atm gives D = .1135 cmzlsec.
TABLE B-1.--Calculation of the Diffusivities of the Gas Pairs Soz—N2
and SO, -H, .
2.2
Parameter SOZ—Nz S;OZ-H2
temperature 2944, 422.2 294 .4, 422.2
My, MW 64, 28 64, 2
VI/MWI A I/MW2 0.2266 0.71807
B 10,1426 x 107 8.9335 x 107
2 g .681 4.290, 2.968
(r)ys (r)y 4.290, 3 9
.986 3.629
"2 3.9
E]/k, €,/k 252, 91.5 252, 33.3
kT/E]2 1.9391, 2.7806 3.2143, 4.6091
' 0.5433, 0.4846 0.4659, 0.4282
P 1 1

D 0.1346, 0.2590 0.5282, 0.9869
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APPENDIX C
NUMERICAL METHOD AND FORTRAN PROGRAM USED TO ANALYZE
THE UNSTEADY STATE SIMPLE CENTRIFUGE
As established in Chapter I11-B, the following three equations

define the unsteady state simple centrifuge.

A. The Equation of Continuity for Species 1:

82

3y ap < = a0 A
Par+yap+ 0P (2A y(1-y)+[Ar (1-2y) r] 37 Brz) =0,
where oY = 0at r =20 and oy A(l-y) y r at r = R
ar r W’

In Appendix A, Section A, it was determined that the units on A were
Ft'24 This allows a quick units check to be made on the above equation
as follows:

dy LA !
Pﬁandyat, RS T

28 y(1-y)5 —5

y 1
[ar (1-2y) - V/r]l &=&5 —5,

ar ftz
2 1 5
-?-—2[; s and by using the fact that DIZP has units
ar it

th/sec . IbF/In2 completes the check.
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B. The Total Pressure Equation:

2
9P _ Pw
T W (AMWy + sz) I

where P = P(0) at r = 0.

The units for this equation were checked in Appendix A, Section 1.

C. The Conservation of Moles Equation:

R
_2mP(0) ('w
B/L = S jo Prdr ,

where B/L are the moles/ft charged. The units of the left and right
sides of this equation can easily be seen to be equal.

The initial value of y was given as the composition of the
charge, Y- This allowed the initial pressure profile to be computed

analytically as

P(r)/P(0) = exp (A r2/2) .

where P(0) = oo S B s o ia0g
2m A R ”
R [exp ( 2 ) 1]
mZ
A= e (MMM yg + M)

With the values of y and P initialized at time zero, future values
were computed using an implicit numerical approach. That is, all par-

tial derivatives were approximated at the next increment in time which
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resulted in a set of simultaneous equations which were then solved
using the scientific subroutine ONEDIAG.

Table C-1 contains a collection of the finite difference
approximations used for the various partial derivatives. The sub-
scripts used are all referenced to the point about which the expansions
are made, |. From Table C-1, for example, the approximation used for

the boundary condition 9y/3r = 0 at the axis (subscript 1) is

[—r'V(O) By sy - Yé” + ‘/](lz')]/or =0,

where the use of the fictitious point y(0) assumes the continuity of
the function through the axis (method of images). For the approxima-
tion of the partial derivative 9y/dt, four time grid points were used,

giving the following formula (see Table c-1):

2y -3y e w15y e2) - gy

Due to the nonlinar nature of the partial differential equa-
tions the values of y and P had to be estimated at the next position
in time. This was accomplished by using the first term of Taylor's

series, i.e.,

Atdy (J)
e

y(J+1) = y(J , and

p(as1) = p() + 2P

3y(J)

3t was replaced by

where
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[1/3 y(J+1) + Vé") - y(-1) + Y—%ﬁ]/bt ;

J 2 .
Tt by a similar expression.

The resulting expressions for the estimation of Y(J+1) and P(J+1) are

Y(J+1) = 2.25 Y(J) - 1.5 Y(J=1) + .25 Y(J-2)

P(J+1) = 2.25 P(J) - 1.5 P(J-1) + .25 P(J-2).

With these estimations the values of y and P could be computed from the
approximations of the partial differential equations. Using these
newly computed values of y and P as the estimates the calculations were
repeated giving values of y and P varying only slightly from the
estimates. Thus, only two iterations at each point in time were
required to compensate for the nonlinearity.

To solve the unsteady state problem a general FORTRAN program,
USTEADY, was written and executed on a Control Data Corporation 6500
Digital Computer. The general program USTEADY was aided in the solu-
tion of the above mentioned simultaneous equations by the scientific
subroutine ONEDIAG. No other subprograms were required. The general
program USTEADY along with ONEDIAG can be used to analyze any gas pair
in any size centrifuge rotating at any speed. Table C-2 contains a
list of the data that is required by USTEADY.

At the end of this appendix is a complete list of the program
USTEADY and the subprogram ONEDIAG. The listings contain many comment
cards which reiterate and in some cases further detail the information

given above.
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TABLE C-2.--Data Required by the Fortran Program USTEADY.

Parameter Description Units Formating
TIME Time period over which cal- Hours

culations will be carried

out
NT Total time increments into None

which TIME will be divided
IPRINT Number of time increments None

between output
(This completes the first data card.) F10.0, 215
T Absolute temperature P
PO Charge pressure psia
RPM Centrifuge rev. per minute rev/min
RW Centrifuge radius inches
N Radial increments None
(This completes the first data card.) 4F10.0, 215
WM1 Molecular weight species | lbm/lb—mole
WM2 Molecular weight species 2 1bm/lb-mo]e
YF Molecular weight species 1 None

£

DP Diffusivity times absolute o psia

pressure

) 3F10.0, F20.0

(This completes the third and final data card.
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In the analysis of the gas pairs, SO S0,-H, and UF, (235,

27Np»
238 isotopes) in a simple centrifuge with a radius of 4 inches, it was
found that using twenty radial increments was sufficient. This number
of radial increments was coupled with time increments chosen such that

DIZP AT = 0.5 lbf. Any further increase in the number of radial and/

or time increments gave essentially no change in the solutions.
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APPENDIX D

NUMERICAL METHOD AND FORTRAN PROGRAM USED TO ANALYZE

THE COUNTERCURRENT RECTIFYING CENTRIFUGE

As established in Chapter V-B, the equation of continuity for

Species 1 in the countercurrent rectifying centrifuge is
L A=y < v Y & Pv(r) Q_Y_ﬂ-o
rar alig ar "D, P8z g2

12

where v(r) is the axial velocity profile assumed to be only a function
£ 3 =2,
of r. The units for the above partial differential equation are ft

as computed in Appendix C.

The radial boundary conditions are those given for the unsteady

state simple centrifuge, i.e.,

3—y=Oatr=0and
ar

@

YA - =
Y Ar y(1-y) at r RW.

The axial boundary conditions for the countercurrent rectifying centri-

fuge as given in Chapter V-B are that:

y =y, for all r in the interval R (S s R, at the top

(z = 0), and

A for all r in the interval 0 = r < Rm at the bottom
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where R"1 is the radial position of the intersection of the inner and
outer streams and

2m Rw

2T " 3y
Rk [Pv(r) y = Dy, P 3] rdr

Yies®

2m Rw
'R—T'{Rm Pv(r) rdr

The quantity v is simply the average composition of the outer stream
as it leaves the centrifuge representing the composition of the
recycle stream.

To compute the pressure profile in the countercurrent rectifying
centrifuge an average molecular weight equal to that of the feed was

used. The pressure profile is then given by

2
P(r) = P(axis) exp (AZ )

2
i =
where A = RTgC [M\»I]yf + sz(] YF)]'

The units on this equation were checked in Appendix A.
The velocity profile, v(r), was assumed to be either plug (rod)
type flow or laminar flow. In either case, having assumed the shape

of the profile, the magnitude of the velocity profile was computed so

that the following integral was satisfied:
r
2
Flow = % '(r] Pv(r) rdr,

where Flow = the stream flow rate in 1b-moles/sec, and

r. = the radial boundaries of the stream.
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Using the above expression, the magnitudes of the assumed velocity
profiles are computed as follows:

1. Plug type flow: Plug type flow by definition has a
velocity profile which is constant with radial position. Thus, for
the inner stream

Flowi RT A

v for0<rZ R,
m

L P(0) (e?-1)

where a = AR 2/2.
m

For the outer stream

Flow_ RT A
o

L, il
v forRm_r_R

o " on p(0) (e W

where b = AR Z/ZA At the flow intersection and the centrifuge wall
w

the velocities are taken as zero, i.e.,

2. Laminar flow: The shape of the velocity profile for the

inner stream was assumed to be that for laminar flow through a circular

pipe, i.e.,

Vi(r) = vi(max)(l - rz/Rmz).

The maximum velocity computed by using the above integral is

Flcwi RT A

b ey
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where a is as defined above. The shape of the velocity profile for
the outer stream was assumed to be that for laminar flow through an
annulus, i.e.,

v_(max)
Vo(r) = —(’—-C—— - rz/Rw2 +d In(r/RwW ],

where d = (1-k2)/1n(1/K),
C=1-4d[1-1n(d/2)]/2, and
k=R/R .
m w

The maximum velocity is given by

Flowo CRT A
e T O
d n n
where f = (eb-ea)/b - ea(l~k2) +d 1n(1/k) (e2-1) -—g— b bn::l :
n=1 i

and a and b are as defined above.

The numerical solution to the partial differential equation
for the continuity of Species 1 was found using the FORTRAN program
NCENTRI along with its ten associated FORTRAN subprograms. Table
D-1 contains a list of the subroutines and their duties. The basic
technique used to obtain the numerical solution was to approximate

the partial derivatives in the equation of continuity by finite dif-

ference formulas. By numerically approximating the derivatives in

the partial differential equation and in the boundary conditions an

equation could be written for each grid point in the axial and radial

directions. The resulting set of simultaneous equations upon solution
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TABLE D-1.--Subprograms Associated With Program NCENTRI.

Subprogram Duties

INITIAL Input operating conditions, compute constants, and set
up axial and radial incremental positions

VELS Computes the pressure and velocity profiles

SUMVEL Evaluates the infinite series needed by VELS

RDIFF Computes the coefficients of all terms resulting from
the approximation of r direction partial derivatives
for the numerical approximation of the partial differ-
ential equation and/or boundary conditions at each
grid point

SPECIAL Used by RDIFF to compute the finite difference approxi=
mations (4'th order) for the first and second deriva-
tives with respect to r at the flow intersection
where the radial increment size changes

IZDIFF Computes the coefficients of all terms resulting from
the approximation of z direction partial derivatives
for the numerical approximation of the partial differ-
ential equation and/or boundary conditions at each
grid point

DIAG567 Solves the set of simultaneous equations resulting from
the numerical approximation of the partial differential
equation and the boundary conditions

UPPERT7?7 Used by DIAG567 to upper-triangulate equations

SWITCH? Used by DIAG567 to switch equations

CONCOUT Outputs the mole fraction matrix
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gave the mole fraction profiles of the heavy species. These ideas
are presented in the following sections describing program NCENTRI and

its associated subprograms.

A. Inputting Data and Setting Up the Problem

Except for two computing options (read directly by NCENTRI)
subroutine INITIAL inputs all operating conditions and initializes
constants. The computing options and the data required by subroutine
INITIAL along with the proper units can be found in Table D-2.

After all operating conditions have been read in by INITIAL
and such things as the constant (\«VMl - \rle)wZ/RTgc, among others, and
the radial and axial increments and incremental positions have been
computed, subroutine VELS computes the pressure and velocity profiles.
In the case of laminar flow, the equation for the maximum velocity of
the outer stream contains an infinite series which must be evaluated.
The value of the series is computed by subroutine SUMVEL.

Since the partial differential equation is nonlinear, initial
estimates of the mole fraction profile are needed. Simply initializing
the mole fraction profile with the feed composition was found to be too
" That is, calculation of mole fraction profiles had to be

"'erude.

repeated at least four times using each newly computed mole fraction

profile as the best estimate of the true values. This problem becomes

obvious when it is realized that for a grid with 15 radial and 21

axial positions, approximately 15 seconds of central processor time

(cDC 6500 Digital computer) are required for each iteration. To

alleviate this problem a simplified version of the analytical solution

was used to provide the estimates.
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TABLE D-2.--Data Required by the FORTRAN Program NCENTRI.

Parameter Description Units Formating
ITER Controls iterations performed to None
compensate for the nonlinearity of
the partial differential equation
1ZOPT Option = 1; the first partial de- None
rivative of y with respect to z
(3y/3z) is computed and printed
Option = 0; 3y/dz is not computed
(This completes the first data card.) 215
YF Feed mole fraction (heavy species) None
WM1 Heavy species molecular weight lbm/lb-mole
WM2 Light species molecular weight Ibm/lb-mole
T Temperature °R
PO Axis pressure psia
DP Diffusivity at 1 atmosphere cm?/sec
(This completes the second data card.) 6F10.0
RAD Centrifuge radius inches
RM Flow intersection inches
H Centrifuge length inches
W Radial increments for each stream None
IH Axial increments None
OMEGA Rotational speed of the centrifuge RPM
(This completes the third data card.) 3F10.0, 215, F10.0
FSCFM Feed rate scfm
FRAC Ratio of the rich stream to the None
feed stream
POWER Option = 1 laminar flow None
Option = any other number;
Plug type flow
(This completes the fourth and final data card.) 6F10.0
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The differential equation given in Chapter V-C-2 used to

obtain the analytical (approximate) solution was

dy - -
where C5 = C2 + C3,
_ 2mA
¢, = %7 0 rdr f v(r) rdr,
2
. . 21 PDIZRW
2 RT 2 ’

R
_2m 1 w dr 2
C3 = T EBT; f [f Pv(r) rdr]®, and

2m Rw
Q= =T ‘% Pv(r) rdr.

)
Letting C] = C](l-yf), the differential equation becomes linear,

dy R _
gyt (Q- ¢y = vypQ.

Its solution may be written as

(1 + Q/C;)ea
Vp/Ve = 3

b

]
1+ Q/C, e®

C, Z )
where a = exp [?E~%E—7-(l + Q/C])]-
273

By using the pressure and velocity profiles and the trapazoidal

rule integration algorithm, the constants C] and C3 can be evaluated.
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The mole fraction profile, although constant radially, can then be
initialized with values which at least have an axial variance similar
in form to the numerical solution. Using this approach only two
successive iterations were required to compensate for the nonlinearity.

B. Writing the Numerical Approximation of the
Partial Differential Equation

Finite difference formulas used to approximate partial deriva-
tives can be found in Table C-1 in Appendix C. By using these formulas
the partial differential equations and/or boundary conditions can be
approximated at each grid point by a linear algebraic equation.
Subroutine RDIFF is used to compute the coefficients of the equation
at a grid point resulting from the approximation of any r direction
derivatives, whereas subroutine ZDIFF is used to compute the coeffi-
cients of the equation resulting from the approximation of any z
direction derivatives.

The integral boundary condition at the rich end of the centri-
fuge to determine the recycle stream composition is written as a linear
algebraic equation by using Simpson's integration rule to reduce the
integral to a summation. The radial boundary conditions are approxi-
mated by using the standard ''method of images' technique.

By just dividing the radius into a given number of equally
spaced increments, a problem arises when arbitrarily picking a flow
intersection position. That is, if the flow intersection is chosen to
be very near the wall, perhaps only one or two incremental positions
may be included in the outer stream with the remainder in the inner

stream. To avoid this situation the position of the flow intersection
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is always made to fall on a grid point. The inner and outer streams,
regardless of their areas, are then divided into an equal number of
increments. Thus, it is only coincidence if the increment size in
the inner stream equals the increment size in the outer stream.

A problem then arises when subroutine RDIFF, while computing
the coefficients of the approximating equation at each grid point
resulting from the approximation of any r direction derivatives,
crosses the flow intersection. This is due to the fact that RDIFF is
using the finite difference formulas found in Table C-1 (Appendix C)
which are for equal increments between grid points. To alleviate this
situation subroutine SPECIAL is used by RDIFF to generate the necessary
fourth order finite difference formulas for the grid point at the flow

intersection plus one grid point before and one after it.

C. Solving the Set of Simultaneous Linear Equations

In essentially all the cases investigated using the program
NCENTRI, 15 radial and 21 axial incremental positions were used. This,
of course, results in 315 simultaneous linear equations. By making
use of the fact that the coefficients of these equations create a
matrix with the entries located on the main and off diagonals, the
coefficient matrix expected to be (315 x 316) can be compressed to a
(315 x 33) matrix. In this form subroutine DIAG567 can solve the
equations simultaneously, both quickly and accurately. Subroutine
DIAG567 uses subroutine UPPERT7 to upper-triangulate the equations and

subroutine SWITCH7 to switch equations if necessary.
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Once the mole fractions have been found they are printed by
subroutine CONCOUT and calculations are repeated if requested. After
completing the mole fraction calculations if the proper option is given,
the first derivative of y with respect to z is computed and printed.

Included in the remaining pages of this Appendix are a sample
output and a complete listing (subroutines included) of program
NCENTRI. The listing of the program and subprogram contains many
comment cards which parallel and in some instances present in more

detail the information given above.
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APPENDIX E

FORTRAN PROGRAM USED TO EVALUATE THE
APPROXIMATE ANALYTICAL SOLUTION OF

THE COUNTERCURRENT CENTRIFUGE
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APPENDIX E

FORTRAN PROGRAM USED TO EVALUATE THE
APPROXIMATE ANALYTICAL SOLUTION OF

THE COUNTERCURRENT CENTRIFUGE

As established in Section V-B, the equation of continuity for

Species 1 in the countercurrent centrifuge is

19 2 .0 oy _ 9y Pv(r) 3y _29y _
T oo AryQ=y) - e gt v+ 55 57775 =0

12 9z

where v(r) is the axial velocity profile assumed to be only a function

of r.
In Chapter V-C-2 the solution was found to be
(o) (vp = vg) w
tanh(uwlL) = — — s
Yp - 2VpYe *ve * (v, - vea
where q = Q/C],
2:1/2
w=[1-2q(1 -2y,) +q71"°7,
= = +C.)/2,
u=C./Cs/2 c,/(C, 3)
2TA RW r ( )
= — P r) rdr,
C] RT o rdr fO v
2
5 _om PD]ZRW
2 RT 2
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_ 2m ] w dr ¢r 2
C3 =T P IO — [IO P v(r) rdr]® ,

Q= %% LJW P v(r) rdr,

Ye = the feed composition (z = 0), and

Yp = the product composition at the other end (z = L).

To evaluate the integrals and then solve the nonlinear equation to get
the product composition a general FORTRAN program, CENTRI, was written.
The program is general in the sense that it can be used to analyze
virtually any binary gas separation in any type of countercurrent
centrifuge with any internal flow arrangement. Table E-1 contains a
list of the operating parameters required by program CENTRI. Since
the program can handle such things as the presence of a center pipe
(laminar angular velocity gradient); velocity profiles ranging
between, and including, plug type and laminar velocity profiles; and
the possibility of both the inner and outer streams being annular
and located near the wall, all integrations are carried out numerically
using the trapazoidal rule with 1000 radial increments. Techniques
used to establish the magnitudes of the velocity profiles are as
described in Chapter V-B.

With reference to Table E-1, the following calculations are

undertaken when computing the separations in either a rectifying,

stripping, or stripping-rectifying centrifuge. Table E-2 contains a

description of the subroutines needed by CENTRI.
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TABLE E-1.--Operating Parameters Required by Program CENTRI.

Parameter Units Description

WM lbm/lb~mole Molecular weight of the heavy species

WM2 lbm/lb-mole Molecular weight of the light species

PO lbf/in2 Absolute axis pressure

T °R Absolute operating temperature

DP )bm/ft/sec Diffusivity times the mass density at the operating iemperature
VIS lbm/ft/sec Gas viscosity

(This completes the first data card.) FORMAT (6F10.0)

YF None
SCFMD scfm
SCFMU scfm
OMEGA RPM

VPOWER None

(This completes the second

‘RIS inches
R1 inches
RM inches
RW inches
H inches

Feed gas mole fraction
Inner stream flow rate
Outer stream flow rate
Centrifuge rotational speed

VPOWER can range between 0 (plug type flow) and 1 (laminar type
flow

data card.) FORMAT (6F10.0)

|f RIS = 0, then no center pipe is assumed. I1f RIS is not zero
then RIS is taken as the center pipe radius

The innermost position of the inner stream (does not have to
coincide with the axis or center pipe radius)

Flow intersection between the inner and outer streams
Centrifuge radius

Centrifuge length

(This completes the third data card.) FORMAT (610.0)

NOPT None
IDIV None
ITOPT None
LOPT None

(This completes the fourth

If NOPT = 0, then the flow intersection is left as read in. If
NOPT = 1 and laminar flow is specified the flow intersection is
adjusted so that the inner and outer streams have equal shear
rates at the intersection.

Must be | or greater. It allows the separations at various
axial positions to be computed, i.e., dh = H/IDIV.

If ITOPT = 0, then a negative height, H, causes calculations
for for a stripping centrifuge to be performed, a positive

height defines a rectifying centrifuge. |If ITOPT =1, a
stripping-rectifying centrifuge is assumed with the stripping

section data read first.

May be used only if ITOPT = 0. |IFf LOPT = 0, then the flows given
are used. If LOPT = 1, then the ratio of the inner to the outer
stream is maintained, but their magnitudes are adjusted to give
the maximum separation.

and final data card.) FORMAT (415)
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TABLE E-2.--Subprograms Associated With Program CENTRI.

Subprogram Duties

PRESSU Computes the average pressure of the inner and outer
streams.

MAXVEL Computes the maximum velocity of the inner and the

outer streams.

TWO Used to compute the separations when the centrifuge
contains both stripping and rectifying sections.

CONVERG A scientific subroutine used to find a root of a non-
linear equation after the root has been bracketed.

SWITCH Used by CONVERG to update the closeness of the bracket.

CHECK Used by CONVERG to speed convergence when the guesses
bracketing the root are far apart.

FASTC A short version of CONVERG used by TWO to converge on
the composition at the feed locations.

1. Rectifying centrifuge: This is the most easily handled

case. After computing the constants in the above analytical solution,
for any height, the true value of Yp is bracketed by guessing values of
Y¢ and 1.0. Using these guesses, subroutine CONVERG quicky converges
to the true value of Yp+ Having computed the value of Yps the lean
stream composition is computed using the expression

_ SCEMU*(YF_- YP) + SCFMD*YP
= SCFMD

2. Stripping centrifuge: In this type of centrifuge the feed
Stripping centfi 9=

enters as the inner stream. A portion of the leaving inner stream is

removed as the lean product stream with the remainder recycled as the
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entering outer stream. The leaving outer stream is the rich product
stream.

By guessing a value of the lean stream composition, e the
rich stream composition can be computed by mass balance.

_ SCEMD*(YF - YL) + SCFMU*YL
r SCFMU

This value, however, must also agree with that calculated by the ana-
lytical (approximate) solution based on the guessed lean product stream
composition. Using 0.0 and Vg as guesses to bracket the true lean
stream composition, subroutine CONVERG is used to converge to the true

value of Yy-

3. Stripping-rectifying centrifuge: After computing the

constants in the analytical (approximate) solution for both the strip-
ping and the rectifying sections the following is the flow of

calculations used to arrive at a solution:

A. Bracket the true inner stream composition just past the

feed position by guessing; yf/IO and (yf +9)/10.
B. This represents the composition of the feed stream to

the stripping section. Using the ideas in ''2"' above, the

composition of the lean product stream leaving the stripper

and the composition of the outer stream passing the feed posi-

tion can be computed.

C. The composition of the outer stream passing the feed

position represents the feed to the rectifying section. Using

the ideas in ''1'" above, the rich product stream composition
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leaving the rectifier and the composition of the inner stream

just before the addition of the feed can be computed.

D.

A mass balance is then written about the feed position.

This is done by finding the composition after the mixing of

the inner stream leaving the rectifier and the incoming feed

occurs.

If this composition, which is the stripper feed

composition, matches the assumed value of this composition,

calculations are complete. Otherwise, subroutine FASTC is

used to provide a better approximation of the composition of

the stripper feed and calculations are returned to step ''B"

above.

While program CENTRI was used to provide many of the results

embodied in the preceding work, a further example of its applicability

is included here.

Beams (4) published experimental results which were

obtained when separating UF6 (235 and 238 isotopes) in a countercurrent

rectifying centrifuge.

were included with the experimental results:

MW] = 352
sz = 349
Temperature =

Axis pressure:
be 0.1 psia.

does not affect the separation.

Feed comosition, Ye = 0.9928 (U238)

1

D .0 = 1.744 x 10-5 Ibm/ft/sec (computed from Beam's results)

The following are the operating conditions which

626.4°R

a value was not given, but was assumed to
As shown in Chapter V-D-3, the actual pressure
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Centrifuge radius = 3.673 inches
Inner flow radius = 1.912 inches
Centrifuge length = 136 inches

Due to the length of his centrifuge it was assumed that laminar flow
would best approximate the velocity profiles in his centrifuge.
Furthermore, the flow intersection was adjusted so that the shear
rates of the inner and outer streams were equal at the flow inter-
section. Table E-3 contains the feed and product stream flow rates
for his various experimental runs along with the separations he
observed and computed theoretically. Also included in Table E-3 are
the theoretical separations and the ratio of the feed rate to the
optimum feed rate computed by CENTRI. As can be seen in Table E-3,
the agreement between the experimental results and those computed by
CENTR! are rather good.

While a complete listing and description of all the parameters
computed and printed by CENTRI will not be given here in the text, a
sample output follows. The sample output is for the separation of the
gas pair 802~N2 in a countercurrent rectifying centrifuge which fully
illustrates and defines all parameters computed. Output for a strip-
ping centrifuge is identical and that for a stripper-rectifier
combination consists of two pages detailing the parameters for each
section.

Following the sample output is a complete listing of CENTRI

and its associated subroutines. Included in the program and subprogram







242

9" 1 SHO" | £60° | : g :
669° 1 991°1 6LL 1 MW"." "m.m m._m
909" | 6111 971" | IAN 86" 1 .N
9/€°2 Sol"1 rAS | 061°1 l9°2 m. ;
€h9° 1 960" | 4NN [y AR | 9
cal 1 €01 Lt SeLt 6594 w._@
9Tl 890" | YA RN 6911 G ¢ N.m:
€191 760" 1 YA R 9911 TNY ..:
129" 1 960" | AR 911 e ¢ M.N:
H€9" | £60° 1 €171 7911 9" ¢ o.m:
949571 880" 1 SoL"1 G911 G ¢ _._:
894°¢ 9911 Lt 1gL°1 69 ¢ _.N:
Nmm”" mo_u_ gLl 8Lt 08°¢ o.mm
G60° 1 A [OM| LLL] [8°C - 9¢
pea4 wnuwiidg Jo3oe4
/paay uoijesedss {ejuawyi aadxy] |eo139.409y}
1¥1IN3I Aq J032e4 uoljeaedsg Auom\msv Aumm\msv
paindwo)y si|nsay S3(Nnsay W.Emmm Wes11s ualy °ieY pecd
(¥4

N 40} suoijeaedss

‘wniuedn JO juswydidul oyl 40 [YIN3ID Aq paindwo)
s :
Oyl pue (#) sweag Aq panuasqQ suojjededsag |pjuswliadxi 4O uosiJteduo) v--"¢-3 379vL







243

ards which reiterate details given here and some

are many comment C.

cases describe in more detail certain aspects.
The program was executed on a CDC 6500 digital computer
requiring 2 seconds of central processor time for the solution of a

rectifying or a stripping centrifuge.







( 3A08Y Q3SN (LO33SHILINTIE 3HL HLIM Q3L1NdWOD )
%€£29598° 1 = 4A/A CNV I92LE€L8°T = »OLOVI NOILvevd3S QCH¥d ON °*2
985926€° 1 = JA/A UnNY 0214956€° 1 = 30LIV3 NOILvuvVdIS 3dwIS °1

SOILISTYILIVYVHD 39N4IHINID NOILINQOO¥d ON OGNV 3INIWIS °Jd

°0 257022 IvLLEL8" ] TylLEL8" T 2£2959R° 1 9€29598°1 00°8l

‘0 00060° 0000060°1 €000000°T 0000000°T 0000000°1 c0*0
AJN312i443 S39V1S (M)JV4 d3S (4)Jv4 d3S MA/dA dA/7dA (S3mININZ .
3133dS AAV3H 3HL J0 NOILISODWOD WV3HLS 31SvMm = MA ONV *NOILISODWOD WVY3Y¥LIS LONAOMd 3HL = dA
*NOILISOdWOD (G334 3IHL = JA 3JYIHM === SHION3T SNOIHVA LV SNOILVyvd3S °*3
10431191w1° = MOYd WAKILJO ~/  MmOIZ TVIGL 9
038/13/S370w 87 L6=-38212L1° = YIN0d 3A1L78Yd3S °S .

14753704 87 20-3RSTE€07° = 93 = ghQI0H *%

‘0 = [J3/(0MOT4-Nn0d) ¢147 00+381€602° = 0°2/52/770 °¢

93S/14 S3ITOW 871 90-119826€° = Q) $23S/13 S370W €7 90-31%w1202° = gJ *¢

uum\*u S370W 871 90-302L0€1° = 20 ¢33S/S270W B 90-~39949%91° = 10 °1

SHIL3RVHVY NOILIVTINDIVD °Q

14/S1)vA *0 = ONIMY3IRS WWIAVH Ag LSO 23804 °*3

Sllv» 00-.3%2002° = N¥311vd m0Td4 3108V 3HL HLIM SVO 3L 3lvl0d GL CI¥INGZYH U3r0d *L

J23S/1L4 26100° = 13N XVie AV3YLS ¥3ILN0 GNY  9260C*= = 3A XUn kY34LS &30nD 9

00295° = (MvMIY/(1I3SHIAINDIY RIIM === S3HONI 62°2 = HKNOLLD2SNH3INL %074 °S

-~ 00000°0 = (VIVMIB/(E3INNIDY HLIIM .- S3IHIONI 0006°0 = SNICVM ™04 23l *%

= 03G00°1 = #0174 ¥3410 / MGId d3kNT €
™~ J93S/S370H #1 90-3%5826° Y40~ W42S 10-30002° “ = JLVH MONI WYIALS ¥3ILNC °2 .

93$/S370W 871 90-3%5826° -¥0~ W42S 10-30002° = 31VY 04 WVINLS ¥3nnI 1

( 0000°Toe ((MIHYNINWVI)aXVKA === 3ivVe NOT4 SVO °D

J3S/744/7RET 90=-3€6911° = JUNLIVAEIANIL IA0HV IFH) LV ALISODSIA °9

935/14/W87 %0-3€5501° = 3YNLVY36W3L 3A08V IHL LV ALISN3G S3nlL ALIATISNISIA °G

aogL°ge = IL® 39IN230n SVO (G334 9

20-3000S° = 0334 341 NI NOLLOVY4 370W 3ID34S AAVIH °C

0000°82 = 1M 1I0W 3123dS LHOIT *2

. 0000°%9 = LM TOW 3123dS AAV3H °1

S311¥2408d SVO °8

0°03002 = ey 397¥3Av °CT

J3S/14 2€1°869 = (33dS WIy3HLIu3d 80 0°000C2 = Wdd 3903181N3D °6
. S3HINI 0UC°w = SNIGvy 39N4101N3S °8
S3HONL 600°*0 = sNIgvy ¥3anl L

VISd 0SZ%°LT = #0714 ¥3LN0 30 38NSS3Ha 3OVYSAY °9

viSd »080°61 = 3y01SS3ud TvM °S

VISd #22€°ST = M074 ¥3IN3D 30 3JUNSS3EJ 3IUVH3AV °¢

VISd 2290°St = 30vsa3INT MOT4 Lv 26n55324 °C

VISd 600L*»T1 = 3¥nsS3zd SIxY °2

¥ C0°0€S = 3¥nivy3dadl °1

39 SNOILIONGD ONIAVY3O °V . e T
N4TUANID oz*>kuhuwz === NOI1VY¥3d0 INIHYNDYILINNQD ===~
SISATIYNY  38N4IHLIN3D SV9







245

dols ¢ 0°0 *11° Twm 4l

( 0°0149 ) 1Lvix04 OT
01 GQv3Y 00C6

SIA ¢dQ ¢L ¢Od ¢2wi * T

eseee Gy31INVHYd ONV VLIVO 1NGNI el ek

¢ OINI Q3QIAIQ 38 11iA
HLON3T N3ATIO 3HL SNOISIALG 40 ¥IBANN 3HL =
0 = LgoLl 41 ATING ONIE W SVH ATCT
: S3T71408d ALIDCTEA HUNIWYT vdd
SNO3NILINOD 3V NOILD3ISHILNI 3L LV ERIGE]
¥V3IHS 3HL LVHL 0S Q31sniav St NOT103SH3ILNI
MOT4 IHL ( 0°T 3¢ 1SAW ¥3MO3A ) 1=
NINTO
NOILD3ISHIINT MOT4 3HL S2SN WVHOCHd 1 0 = LdCN
1Syid4 Qv3y SI vivd IddI¥LS IHL =-==
3904141N3D ONIAAILO3H OGNV ONIddI4ls 1 = 1d0iX
[SINale]
SI NOILVYVA3S WNWILJO 3HL LVHL 0S £010V4
¥340dd IHL AS (ILNQILINW 3V MO 3HL 1=

NIAIS €10T4 3HL 338D 0 =
0 SI 1<0LI 41 AINO G350 38 AVW 1407
- ST H

41 9NIJJINLS GNV + ST H 31 ONIA211034 0 = 1d041

——= 37EYIIVAV 3HY SHOTLMO SMI®0TI04 3
+53004TH¥LINID ONTAALLOTY~ONIdaIUlS NOTL

CONTCdINLS  ENIATOANI SWiTEOHd 37
*39N41ULINID LINIZINIHILNNOD 3l NI SNOILVEVA3S 3dl 31
oL (WDILATYNY) NOILNI0S QITAITNGWIS FHL SISN WVHO0ud SInL °°°°*

/ viva
s feol e00CT / viva
/ $L1°2E $6STHI*E ¢522L1°01 / 2% *d  Vivd

(1001)23Sda¥y ¢ (1001)5S3xdd ¢ (0T} 4A0A NOISN3®Id
(1001 ¥Ma *(100TYAVE NCISN3WIA
(  LNJLAO *ANGNI ) THIN3D Wvdoodd

UUUUUUL)UUUQUUUUUUUUUQUUUUUU






246

0°21 /7 my4 = d4mY $ 0°21 /7 WY = WY
021U 7 14 = 41V $ 0°2l 7/ SI¥4 = 4SI¥

©®°°° 1334 0L S3IHONI WOZ4 SLINIWIYNSVYIW LUIANQD ®*eee

( AN )LV0d / ( SI¥ - Rg ) = ¥Q | $ 31d/Cd/ixd = 0d0LY
0°882 7/ L /7 4/ 39 / Wi & SHAVY=SAAvY = Vv

*°®°°® GSINVISNOD JLNDWGCD *°*°°°

0°¢2¢1 / MY & S4GVY
VIZRO&SSLOTLY0T°D

n
no
G Wl

©®®®°® 03S/14 ANV D23S/0VYH 01 WdY 1d3ANQD °®*°°°°
W /8 & L ¢@ = dQ

***°® NI/NI/ZSHET # 03S/14s#14 33NSS38d SIWIL ALIAISNAAIQ
01 33S/14/W8T WO¥4 ALISN3Q S3WIL ALIAISNA4TIQ LHIANQD *°°°°

SHF & (A = 0°T ) + Thin & 44 = M
S2E3C*6EST2 / NW4dS = Nm0T4
S2e82°6€S12 / GWISS = C.074

1M T0W Q334 3HL 3LINdWOD ANV 23S/S3TOW B NI S#OTV4 ILNAWOD *¢°e

WNG = ThA $ WRos ZHM g 2 = wWng

) =

06 0L 0Y (2w *49°  TWr )3l
$o0® 1SI%HVT 3HL SI TWM 3¥NS IMYW *e°°°

U = M)IVE09l

( Siv )ivue0d

1401 ¢1d0LI ¢AIQI ¢LGON  ¢T1  Gv3y
H i €hiy 613 6SId 601 Qvid

3mOdA ¢VOIANO *NWEDS ¢aW40S ¢4A 0T Qv3y 1006

06

|G

(SR GRS COOO (GRS NS (SR ORS/ (SR SRS/

[SHS NS






247

0°T + (34SId=4M¥) 7/ (4SIY=w¥) & (SNILVOTd = X

{ G6°0 ¢« X )INI = NN

0°T + ( 4SI¥-dmd ) / ( 4SI¥-JIY ) = {cN)LVOTd = X
( (1)avy=(IHavy = v )e¢Xx3 = (1)SS3dd

o*Y = (I)03S40vd

igh ¢2 = 1 Gt GG

seees I4T4 YIUINID V LON SI 3¥3HL 41 °°°°°

61 0L GO

61
91

LY

( 8 =% D Y3 = (£)SS3244 81

( 4SI8#4ASTY = (/)AVI=(PIQYY 3 = ZE/308/8°0

v+ ( (M)YAVE/ASTY IS0V & Mdxdd=0°2¢
((HHava/(r)avd/0°t = 4SIH/74S1Y¥/0°T ) & ISTd23SIBeMdsdd 4 S°0 = O
( 44¥70°1 = (£)YAVYE/(£)AVE/INYedNedy ) = Ind = (£1035CVY4d
IdN ¢2 = ¢ g1 0d
IHd & IHS = 0°2 = Vv = 8
I+d ) 4md s 4Sis = Hid

eeves J4I4 Y¥IINID V SI IFA3HL 41 >**°*°

( 0°T = Md&My ) / 3NMd

LY 01 09 ( 0°C °*D3° 4SIyw 4l

<

eeees 335/0vy ONY S3¥NSSIdd SSITINOISNIWIA 3LNGWOD **°°°

i

(WW)avd = Wy % ( G°0 « X )INI W
0°T ¢ (ASIY=4MH) /(4STU~hky) = (NI LVOTZ = X

0°0 = (1}235caVY

0°1 = (1)SS=dd $ dihg = (ldiigvd
¥4Q « (1-DH)avy = (1)avd

dN ¢2 =1 00Y 0Q

4S1y = (1Havy

eeses TIQVY TVINIWIYONI 3HL ILNdWOD °°°*°°
0°21 v H = 4H $- 0°21 7/ 4@ = dQ

001

(SRS RS

(SAS RS

(ONGRS

(SR SRS






248

Ww = SHKW
( D = didadysd°2 ) & 00 / QA @ cd2z = Oy=<
0°2 7/ ( ( 6°2/3 »90W = 0°T ) & O = 0°1t = 230
( %d/70°1 )90TVW / ( Mgwuxd - 0°1 ) = 0]
44y /7 G4 = MY
{ 0 = 0°2 ) = cu /7 QA

0°2 / ( ( 0°2/0 507w = 0°1 1} =

¢ /01 1907 /Lo

056=23"1 = xd { C°y

( H3INOASNACNKOTI TN W TANPSSZdd* G040y
( H3MOdASGASCMOTII¢rineNNe TdNCESIyds Cvze0dlrY

PA

( G°GI3 ¢a= HIANOdAw ¢X02 ¢// .aottom 33 1ON 7du ~
NOILD3SH3LINI 3IHL YVYNIWVT LON SI rOTd HHL IONISH $X02 ¢///7 yivwn0d4 €lIS

doLs s ,Jrh A PEELIG :wc&
2119 Gi 0% ¢ 0°1 ©“C2¢ Y¥Iznlch Y2l

L *%e*e SRV3YLS
¥31N0 OGNV ¥3INNI 3HL H108 NI ( MOTI3 HYNIWVY SNIWASSY )
ALIDOI3A WARIXVW 3HL S3ifidn0O3 TI3AXVA INIEA0oXENS °°*°°°

eesss (Y37 OL KNS 3L 3IOYIANOD GNV NOIL1TISEIINI AL 1V
SMOT4 NMOU ANV 4N 3HL 20 ¥USHS ZHL 210didd -== 3IENAI3T0YS v

|
1]

I = ONI $ (G-1cN)YAVY = 9OWY $ (W) GV Y
S ¢+ NR

Wy
Wi

i

esese Wy 123UE0D 3HL i3MlvEE *°°°°

escee G53IO¥04 ¥VY3IHS 3HL S3ONVIVE LVHL WY 3HL NO J9E3ANCD ***°°

02 01 09 ( T *3N° 140N D3I
( S°0 « ¥ DJINI = W

VCLOWOLLOLOLO

(SHSRSNS RS



—



249

02,740 = 2 £ (UJ/70°1IQ0V 7/ ( dMdede=0°1 ) = Q
66~30°1 = M4 ( 0°0 °03* 4dI¥ )4l

W # WY = 8 $ Wy /7 313 = MY

0°0 = (T1)dmnd $ 0°0 = A9Y3N3

oot NY¥ILIVL MOTI4 NIALIO
3HL HLIIM SVY9 3HL 2IVLI0Y Ol CIHINLZA JTLENIM 3NL

A A

IHL 3LNdKOD 0L 37NY IWEI0Zvdvdl 3HL 2SN OGNV II10Ya SNOIEYA

JHL 1V 3¥NSS3dd S3WIL ALIDON3A NOILONNA =ZHL 3LNdGW0OD ***°°

Od & NAVd = NAYd - A 0d « Tivkd = ThYhd
0d # GAVYd = QAYd k) 0d = INId = ANId
(  NAYd €TINS ¢TGN skl ¢ TulN €SSIMIE €Qvy fiS52xd TWS

( GAVd CINId sWil ONN €{dN $SS3ds ¢CGvd  INSSzad 1w

“tr°° 3WNSSId VINA 3HL OGNV

¢WY3IYLS ¥ILNO 3HL 40 ZENSSIHL TvdIav emgqubm 074 3

40 NOIL23S¥ILNI 3I4i IV FUNSSId “Lv3dls S3INZ ulp 40
3¥NSS3IYd ITVHIAY -== SIs5S3ed ONIASI0L 341 3L0dnGD *°°°e

( Y3KOLASNACNMOTIC TANS W TaN

SS $aVHeOodCLY ) A2AXTW I7VD
( musoa>¢o>.0304u.zz.?2.moz SS:

¢Quede0d0Ly Jm>xqz avd
(ki) QY'Y
C 0°2 / ¢ SWelP YLVOTL ) INI

1
T

<= -

i
BE

1

oot 031S3INC3
10N SYM WY 1S38 3HL 3I S3TLIO0TI3A WAWIXVW 2kl JLNcw0d °°°°°

¢ =Wy L3MOVEE LON QICe $XS2 ) LvuN0d

aOLs & w2 ANIdd

€2 g2 12 ¢ CGhio yd4dX

011S 01 09 ¢ 0°% °L1° (X )Sgv )4l

( Skl = Wi )L¥V01s = X

(WW)AVE = WY $ { §°0 « X )INI = HWNW

0°1 + (4SI¥=-4AY) /7 (4STY=-wd) = (aN)LVOTId = X
( T SCNI *Swg €0¥3Z WY )9Y3ANOD TIVD

22

2

Ciis

%2
| 9=

OCLOLOLOLOO

(GRS NSESRERS)

OO0 O






250

(Hymd = X $ 00 = KNS

evece Quy & SSIUd # 1IN === IWEIIINI 3HL 3LNGWOD **°**
0°C09E & €62°0 &« 0°8LL / 14d\N3 = 14dN3

29 / SAAVY # MN¥edM¥adMY = SAAVY & SIA # 2Id#0°% = L14dN3
( NYadI=0°T ) / dMuedd = M $ AMY/4STy = Y

eescee 14/51lym OL LN3ANOD NIHL === 3dld
¥3IN3D 3HL HLIM ONIXV3HS AG (Q3SN 235/13/A943N3 3LNAWOD °**°°

S 0°009€ @ €62°0 & 0°8LL / ADY3INI .= A9U3N3
WM & SdAVY & SJAVY x 09 / 0dOLy / 80 = AGHIANT = AOYW3N3
eseoe Silym OL L¥IANDD CNV 23S/ 43714 )
3S/A983NI DILINIM 3HL 804 SNOILVINDIVD 3HL 3i37dW0D *°°*°°
() 235dAVYa (£)I3SHAVY & (FIAV¥=(M)IaVY = (rygmd + A9¥3ANT = AOW3N3
(CYAVY = (£)SS3Ud « XX « AN = (hyamd
YIMODA sz XX = XX ¢ 0°0 *3N® XX 4l
3 7/ ( ( 3Rd/Z(C)YCYY 19NTV=Q + 8/uNd - 0°t )Y = %
(CHYavy = (Mavy

TdN ex = ¢

¢ (2)80W=0°T ) » 2 =0

0*2,/0a = 20 3 (14/0°TI00TV 7/  MysNd=0°1
T« Wil = Y% $ e dity = $ 2md/w

(1)23540Vy« (1)23S<AvY + AmvoqmnAmﬂ04m w (DY

- A9Q¥3N
0°0
(1)0VY =« (1)SSA¥D » XX » QA= = (1)dNMd
¥INO0AA an XX = MX ( 0°0 °*3N* Xxx 4l
3 /¢ ( wy/(1yavy 190«d + 8/1ind = ¢t ) = XX
(Iyavy & (IXGVY = WNA
102 04 09 (44 °L0c (Davy 4l

Wh ¢2 = 1 0SsT 0Q
( ()90W=-0°T ) & 2 = 0°1L = 2

ost
e

[SRS RO RS oo

[SRERSRS]






251

X = ydx g X = XX
IdN ¢2 = 1T 164 0Q
0°0 = X 3% 0°0 X ¢ 00 = WNS 1St
02 01 09 $ 0 = 1d01
L40/0M014 = NE07VS $ 140/0M014 = dno14
140/0W42S = NKWdSS $ 140/QW22S = QWddS
16€ 0L 09 ( 0 °*©3° 1401 il
eeses gIUNOM 38 OL SI W3INHOU M0TT4 WNHILLO 3H1 41 XO3HD cesce
0°0 = 90 kS ( €3/20 yidps 7 C°1 = 1dO
0008 041 0% ( ¢ °£2°* 0YECSE 21
12/74 = 2 g g*2 7 3 s 10 = d
€2+20 = S2 $ - KOG & Od & dG 7/ 0oLy / gez = €9
. ( 4SIY¥edSTd = didsdny ) « 40 = L/ % / 31d = 20
0°wb%1l / WNSx1l/8/09 / SdavH#SACYY & ( THNA=ZhH yx0d0t¥/0°2 = 1O
0014 = 004 = d
evees GuILINVHYL NOILYNOS 3HL 110200 *°°*°°
0°8/40#¥0480 # WNG = WNA S 0°4%/¥0eHd # HAS = WNS
¥ ¢+ CGGX + WhA = wNg 0S¢
Sy + SS¥ ¢ wNS = KOS
(1yavyzZax = GX $ ,H,o<mgﬁﬁvx3ashMVoumumqmﬁﬁMvuumaoqm = S¥
(I)dMcs (1) 8mRd = GX $ Qy = GCX g sy = SSX
: A 14N ¢2 = 1 0S¢E 0od
0°0 = (X $ 0*0 = SX
0°0 = WnNa ¢ 3*¢ = WNS
eeees QuN/UAdaYNd ONV QVY & did ==+ SeHO3ILNT 3HL 3LNdW0D eeove
WNS = (1dN) ¥xd
WNS ¢+ @ = WNS 00€
WNS = (I=-1)dMd g X « Xx = d
(I)3nd = X g X = XX
14N ¢2 = 1 o00€ 04

[(SNOR®

(SN SIS

OO






252

09S 0L C9 $ dA = A
(  #NOILOVYZ 3T0W LIX3 3HL 13¥0vy3 10N QIGx ¢%G2 sals ) LVIMNOA
d04sS ) 665 INIdd

265 ¢hSG $€SS  ( ONI. ) 4T
( 0 €ONI $SA ¢0M3IZ A )ON¥IANOD 1IVD

Aued ¢ HA&NLO0TNd - FA0N0T4 = 0¥3Z

€ 0°T ¢ (D+A20°2~0°T)&HNVL ) / ( (D=0°T)eHNVL = 0°1 ) « A = EA
VAR3d /7 ( Q+#95N3 ) /L G=wnT ) = BNYA

WNaQ /7 0°T = @ ) ( 2 &« ¥V173C & 8 1243 = 73
( D20 + ( Au0°2=-0°1 )ada0°2 + 0°1 )1d49S = vi113Q

I = GNI $ 2°0 = SA g 4L = A

*e°®e NOILISQGHEOD
NV3T 3HL ONILINIVYE A9 3AT0S === JONIIUINID ONIddIyLg *eece

1SS 01 09 ¢ 0°0 °*19° HaQ )4I

A ¢2 =1 0SS 00

U ¢+ AIQI = M

°1 = (D)2A0A

HQ = Z % ( ATICQL V0TS / 44 = KA
©eeCt JA/A HO4 IATI0S SHIONIT SNOIYVA Ly °°e°e

TI01T ¢4 09 ¢ T °¢3¢ 1011 41

dA = (AQ¢«0°T)/AQ = AQ < (2/=C°1) / 54 & OV2d43S = AQ
( DY4d3S «« { Zuil=Tin ) YdX3 = SV ¢3S

Wi/ L (TdN)SS3dd )907Y = 2V 443S

**°°® YOLOV4 NOILVUYd3IS JONJIULINID IA4WIS **e°°

0°% / SO /7 13 » 12 = £04d3S

ald % 0d0ts /7 93 = 90

93 / WNS &« VO3WO = vd33dS

d4X + ¥dX + WNS = RWNS

XX « X ¢« 63 = Q)

(I)J3Sdavy « X = ¥X ) (I)GVY » (I1)SS3¢d = X

VASES
9GS
£SS

2ss

10L

QOO COOUO

OO O






253

$0ILvy

eevse SHILIWVHYL 39NOTHLINID ONIAILLIFY === ONTG&dINLS Lndino *

¢d ¢dS ¢Td ¢1dS ¢0334 ¢0334S °H ¢0LSH

2101  INI¥d

Q335 /7 4 = O0ILVY
G2eg2°6€512sd = dS $ Gzeg2*6£5128d = 1dS
G2e82°6E512 » 0334 = (03248

Ud + 4 = G234 $ Q334 = 1d

( HA ¢d *NMONS SCMOTS LA ¢8R ¢ ¢y sg yonl WO

« dA

° NOILD3S ONIAJILOIY °°°°°

1001 0L 09

diie > o= = OQLSZA
QLSH = 01S3

¢d ¢nNnOTd A yomi VD
2 0L 09 ( 1 °p3* omir 4l

evees NOT133S ONIddIWLS °°°°°

1001 0L 09
- =

HG Z Z

A/ A = (1)HA0A

( =NOTLOVH4 370W LIX3 3HL L3MDOVyE 1ON Ql0s X02 ¢ale ) LVHNOZ
d0ls E3 c29 iNIdd

00L ¢09S ¢009 ¢ GNI i1

(0 *ONI $OA ¢0¥3Z *A )ISH2ANGD Tvo < Wwna - A = Ca3l
4A + V1730 /7 € 4A=A ) =D = dA + dAxAx0°2 = A dxHNVL = wna
(g +wWna) 7/ CQ=-wna) = HNVL

wna 7 ot = @ $ ( vL130=8«Z )d¥3 = wNG
(22D + ( As0°2-0°1 )1«ds0°2 + 0°T )i¥dS = V1713Q

T = GNI $ 0°1 = 9A $ A = A

cessce

NOILISOdWOD

HOI¥ 3HL ONIL3NOVHE A8 3AT0S === JONATYINID ONIAATLO3Y °*°*°°°

1ot

¢ss
¢9s
Ss29
089

90L
155

[SRSRS]

[SRS NS}

[SYXSRS RS






254

6/ ¢4VISd & $H°0Td ¢e= 3IHNSSIVd SIXY *2s *XS2 ¢/ 2y # ¢2°014 ‘==l
JUNLVEIIWIL *TxéXSZ ¢// ¢#SNOILIONGD ONILVH3IHO ey ¢X02 ) L1VHd04 00TT
@33dS ¢VOIWO ¢MY ¢SI¥ *NAVd ¢T7TvAd ©AAVd CINId $0d ¢L ¢00TT LNI¥d

o)
evees GNOILIONOD 9ONILVH3dO °°°°° o]
e}

( 7/ ¢sNOIL1J3S 9T

NIA4IL03Y —ee NOILUN3dO LNINANIHILINNOD ==-s ¢X2§ ) LVWY04 8601
8601 INI¥d ¢ T *p3* ombr )3l
( 7/ $+NOILO3S 1
ONIddIdLS - zcwhqmu&o INIHUNOHILINNOD ===& ¢X2S }LVWHOS L601
1601  INTdd 0 °*uy3® OMLI °anve T °D3° LdOLl YAl
( =39N4THIN3D T
ONIddIdLS —me NOILVH3A0 INIYSNOHALNNOD ===n $XZ§ YLVKE04 6601
6601 INI¥d ( 0°0 °*17° H °ONV® 0 °03° 1dCil 41
(  #3SN4T¥IN3D 9T
NIA4ILOIY —ee NOTLVA3HO INIHANIYILNNOD === ¢X2G ) 1VKHHO4 9601

9601 LINI¥d ( 0°0 °19° H °QNv* 0 °Dd3* idoll 4l
( #SISATYNV  3ONJIYLNID SVOs ¢XO9S ¢/ éwlx Y1VHE0d 0021
0COT INIX¥d T180Y

o)

ecess gNIQVIH *°°°° 3

2

eecee 1NJLNO NIO38 o]

2
0iSZA = dA
( G*%I3 ¢x= A 0333 931J1103n aNv & 6G°%12 Sa= A 0038
34 ¥3JdINLS *Lx $XS2 ¢/ ¢S°H13 fe=  (HOTWA GNY « $S°%13 L
ewz (NVITDA °9a ¢XS2 ¢/ ¢G°SI4 ¢w= Q333 / HOIY °G» ¢XSe 8.1 ‘%9,
23S/S30W 971 » ¢G°ST3 ¢a=d0- W43S = ¢G°GY3 ¢w= 2LVY WY3YLIS HOS
Td *ta $XG2 ¢/ ¢%03S5/S3M0OW H & $5°G13 e=d0- W43S & ¢S°S13 ‘av
= 31vy WY3HLS NV °€x ¢XG2 ¢/ ¢%D3S/S3ITOW 87 = $G°GT3 $x=y0- €

W30S = $S°GT3A $s= 2IIVY QIF4 "Zs 6XEZ ¢/ ¢wS3HONL # 62°012 *a= HZ

1ON3T ONIA4TL03Y  $SIHONI & ¢2°014 ¢s=  HION3T ONIddI¥LS °Ts ¢XS2 U
¢// $239NAI¥INID ONIAJILO3Y === ONIddI¥LS °*3= ¢X02 ¢/ ) LVWy04d 2161

HA SN LA ¢8BA 1






255

4 Y3NNL °€x ¢XS2 ¢/ €4235/S370W 81 & ¢S°S13 Cu=¥0-x 464G ¢xWADS =«
¢$*G13 *a=  3LVY MO WYIYLS ¥3ILIN0 "2« XSS ¢/ ¢2335/S3T0W 87 & ¢
G*GT13 ¢u=Yd0=a ¢XS¢#WAIS # ¢HeG13 ¢x= 3LVY WOTL WVIULS Y3INNI ° L
exs2 ¢/ )LViHy04 00€ET
0OI1VY *NMOT4 ¢NWADS ¢QMOTS 6QW42S  ¢00€T  LINIYd
« = 6992 fasH2Z ¢ T
2 (O YYNIHY D ) 56T CaXVRA === 3LvY MO SYO $X02 ¢/ )1LViH03 6621
‘6621  INI¥d
an = = QA % 0°21 = = WY
4My 7/ W4 = KNG ¢ LR EV{CLIRE] 0ILvy

-y

o

e 3Lvy ROTIA SYD L0Lind GV
snigwvy TWA 0L NOILD3ISHILNI 1074 GNV OTiVY 1G4 3LNEW0D haditas

[SHCRORE]

( #03S/L13A/W8T = 9
¢GegTa sx=  3UNLV¥IJWIL 3A08Y 3HL LV ALISODSIA °9s ¢XS2 /¢ S
#035/14/WB71 & ¢G°E€I3 ¢u= YNLVEIGNIL BA0HV 3HL LV ALISN3Q Ss3
LIAISNA4IQ °Se $XG2 ¢/ ¢¥°013 *»= 1 ¥yINd3IoW SYO 4334 e
¢/ e9°CT13 ¢x= (0334 3l NI NOILOVHd 3CK 31034S AAVIH €
o/ 69°0T4 se= LM 10W 3I03dS 1HOIT °2n $XGZ ¢/ *9°0Td fa=
W 3103dS AAY3H *Ts ¢XS2 ¢// ©%S311Y340¥d SVO *8a *X02 ¢/ ) Lvry0d 0021
SIA $dQ WM ¢3A 2uWm ¢ THM €0021 INIY¥d
WA w d /L /<20 = dd

3

eeece GITIUISOUL SYO 2

1NdLIN0 GNV ALISNIQ S3WIL ALIAISN42IQ OL OV LY3ANCD LY 2

o}

( 1°014 ¢u= Wdd 39V¥3AV *0Ts« 6XGZ ) LviE0d TTTR

S ¢TTIT  INIYd
( #03S/14 & ¢€°0Td ‘& i33dS 17I¥ZH4IvS
3d MO & ¢XG ¢1°0T4 ¢e= Wy IONJININID *6x 6€XG2Z ¢/ ¢=SIHONI = L
€014 *a= SNIAVY JONITULINID °Re Y62 6/ ¢%SIHOMI = €014 ¢9

&= SNIAVY H3INNI *Ls ¢XS2 ¢/ ¢aVISd =« ¢ye0Td = 1013 ¥3ILNO 20 3¥S
NSS3Ud 3OVHIAV °*9s $XS2 ¢/ ¢aVISd = $5°074 &= 3¥NSS3Yd 1WA °Sx= v
e¥GZ ¢/ ¢aVISd # ¢%°01d4 ¢ta= MOTJ ¥ILIN3D 40 IUNSSIdd IOVU3AY °vs €
6¥GZ ¢/ ¢xVISd # %014 ¢a= 3FOVAEIINI 1014 1V 3¥NSS3¥d °€s ¢XS2 2






256

eeses SHIONIT SNOIYYA LV SNOILVY¥Vd3S Lndino *°* o}
o]
gA = 0°1 = nA $ aA $ LA = 0°T = 7dA
1A = HdA k3 JA=0°1 L3 4A/LA = (1) 4A0A
d4-0334 = amMoN3 L4 @234 = NHOTH 01S3 + AO¥3N3 = AO¥WIN
H ¢ OLSH = Z % M % 0°c = HG €101
1006 01 0% $ 1 = 0Onll
€107 01 09 ¢ 1. %03 nLY
1002 01 09 ( 0 °bD3° LdOLI

( 9°S13 ¢x= #OT4 WhHILgO /1014 V1oL °9a ¢¥G2 ¢/ 9

6,035/14/S370W 871 = €9°G13 ¢x= d JATLVHVAEIS °Sa ¥G2 ¢/

/S3T0W €T % ¢9°GT13 ¢x= 99 = <NAGI0oH °9s CUG2 ¢/ cgegld se=  10/1(Y

GiA0T4=AN0TS) o4/ #¢9°G130e= 0°2/52/10 eCaoyg2e/sD35/Ld S32
81 & +9°613 ¢a= SO ¢93S/14 S3TOW 871 = ¢9°STZ ‘= €2 °2s X822 2
¢/ ¢223S/14 SI0K 87 & €9°G13 fn= 23 €336/5310KW 87 & ¢9°5(3¢ 1

a= 10 *la ¢XS2 ¢// ¢ xSHILINVEYE NCILVINDTIVI °C= eX02. &Y ) Luuy04 0052
140 $ROdd3S 92 ¢C g ¢80 egy $2o €10 ¢0CsZ  INIEd

3
eeeee g¥ILINVHYL NOILYINDTVD ndino **°°° o)
el

¢G°Gl3 ¢¢

{ #ld/SLLVA «

NI¥VIHS WIOYY Ad LSOT 43404 °8x %
11vd #07T4 3A0GV ZHL HLL SV 3IHL 3L
6/ €xD3S/14 « ©5°6d ==
IA XYW WY3ALS HINNI 9+ eXGZ ¢/ ¢5°013 ‘=
Lim —== SIHONI & ¢2°93 ‘&= NOT123SHILNT #HO
14dN3 CAOUINI ¢NA €0A

( G°C1d *a=

sXGZ ) 1vwWyod 0091
0091 LINIYNG
Y/ (d3NNTIIE HLT

In e SIHONI # ¢€°94 %= SNICVH M0T74 ¥EINNI °was ¢USE >4 1891
1y 1091  iNIYG
ny /1Y Z s002

( / tw=== 5302804 YVIHS 20NV vE oL T
Q3LSNCAV SYM SWY3Y¥LS 3HL 40 NOILO3SHIINI IHL ~==& ¢X0E€ ¢/ )ivwE0d4 S091
G091  ANI¥d

5002 0L €9 ( 1 °3N* _ldon ) 4T
( 5*214 ¢%= MO d3L100 / Moy






257

dd3 ¢SIOVIS SMYHAIV ¢4VHETY CMAOA (1) 4A0K *7Z 40022 INIZd
0°0 = dd3 ¢ 0°1 °03° (I)3dA0A_ 4l

HMA / HdA = MAOA $ AQ/ (HMA=HDA) = S39VIS
HIfAZMMA = TSA/HAA = MYHTY

AA/TV3A & TdA/HAA = AVRATV

esees GUYIHLIS FLSVH ANV 12000Xd
3IH1 01 103dS3d HLIM SHOLIVY NOTLVHVC3S 241 3iNdr0Dd °

[SES RS RS

C ({140 2900TIVRT4A ¢ L 44 D80T
¢ ¢ R 20TV + ¢ YOO,

( ( dA 190TWsTEA + C HdA

0°009€ # €62°0 & 0°8LL /

= dd3

= dd3 %002

eeces gISyg IHL ONIXIWND 1507 ACOHLINI 2ZHL JLNAHOD i

QOO

HMA=0°T = TMA $ Q047 ¢ HdAsd=0
HdA=0°T = TdA -3 4Ax{I)IA0L = HA $

SNOTLOVYA 370W 7% 31NdWOD *°°*

[SRE RS

%002 0L 09 ( U °B3° la0LlI 4l
s1 = 1 ¢o01l2 Ca €802
0°21 #» HQO = HA $ 0°0 = Z 19§
wna - = (anond $ gMold = NMoTd
nrold4 = d % < = RWnd H3=- = Hd
195 0L 09 ( *HO8
€002 0L 0D « T
( / $&ADNIIOIZ43z X9 ¢xS3DVLSs ¢XO
Ca ()Y d3Sa Xb SxmA/dhr *%B ¢wdN/dAz ¢S ¢xlS
¢53103d4S AAVIH 2HL 30 NOILISCAWOD WVIBLS 3ASVA OGNV ¢NOILIZ
SOJWOD WYINLS L1ONA0¥d 3HL = dAs ¢XLZ ¢/85¢NOTLISOC 334 3L =1
4A 3Y3IHM === SHLON3T SNOIY¥YA LV SNOILVEVE3S °3= axge e YLVRE0d 0002
0002 iNIdd NQONU

¢// €






258

ON3
0006 01 GO
( =«( 2A08Y Q3sn (103%

SYIINIIY 3HL HLIM O3LNaRCD Y& ¢XOE 6/8£°214 fn= IA/A GNY % LT
HOLOVY4 NOILVEVA3S Q0dd ON °2x eX&2 ¢/ ¢l°21d cp= dN/N 2

ST Cus cid
any s 64°214 su= WOLOVI NOILVEYE3S 3TdWIS °TscvxuS2 €//7¢2S01LST¥L
4s 6X02 ¢/

310VHVHI 39N4IYLN3D NOTLONCGOYd ON OGNV 37

AAONA ¢WNQ ¢ 3ACSA ¢2V2d3S ¢C
( JAx4AONA = 0°T ) / € dA = st
( dAxhWNQ=0°2 ¢ NG = 0°T 3 7/ ( 0y
( WNG/0°1 +« WNQ ¥ 7/ « i~
WNa 7 01 = WNQ % iy
( g X = WnQ
PR 7 = AA0SA
eeses SIGALIHINID NOILONCOUS
ON GNV 31dWIS 3HL 40 S3ILINIBV NOILVHVd3S 3LNSHOD *°°**
06 0L 09 $ 0 = Ldoll S 0 = OnmLl
zZ = H ¢ 1 *u3° 1doLr 21
0 = 30Vv809I1 $ 0 = 1dON $ Nidds =  GWadS

eees NOILDINAOHd ON SI 3¥IHL 31 HOLOVI NOILVYVASS 3HL 3LNGWOD

oo

HQ ¢ 2 = Z

(5°913 eX12 ) 1VWd0d4

€G*2T4 SL°TT4 6XG ¢L°2T4 $L°ET4 *L°914 ¢2°014

¢308

0012
0cez

[SEERERS)

(SRSNe)






259

C0°2/7¢ (¥ (Nyg=G =G A ) 3 /7 ( 0°2/30=WAS )
(MY & (MHd = X $
(N)d=(N)d = X $ 0°6 = WNS S
(DY -

eeecs WYIHIS ¥ILNO HO YINNI 3HL
¥3HLII 40 3YNSSIYd 2OVHIAY 3IHL SILNWOD INTLNOEENS SIHL Sty

(TdN)d ¢ (TaN)d  NOTSN3WIQ
4 6N $IdN ¢d ¢d )INSS3I¥d INILNCEERS

( vd ¢Id ¢

[SHSRS RS}






260

w
5
©

LED s XX = XX
+

/ C C (yE/{hy 190v=a

eeess nOTNS HUNIWY ZAVH

{1aN}d
mmzou>»>.30.._ui¢.2.quz.a.aaoao»u

.
v

( § €
2/(1¥g4(I}y -« C°L ) =

voeco

iz

[SXSRSNSRERE]






261

(0 ¢ONI ¢98A ¢0¥3Z «gA  Y993ANCD TVO

QA#8d ¢+ A=E0RCTS - D4AREQNOTIL = 0¥3Z

( 0°1 + (80+8A#0°2=-0°T) 0L ) / { (80=0°T1)%0L=0°T ) & 8K = A
vyin3a /7 ( IveY ) 7/ (yvy-v 3y = a1

v /0t = 1V S ( @aHzVLT30xe8 )dX3 = v

( §2#30 + ( 8As0°2-0°1 yug0:0°2 + 0°1 y1g0S = viN2a

1 = GnI $ J4A = 9BA $ ¢°0 = 8A

esece NOILDIS ONIdAINLS 3HL 9NIAYIT SNOTLISOdWOD
341 31NdW0d NOILISOd Q324 3HL LV NOILISOCWOD N3ALIO ¥ HLIm *°°°*°

escoe GG

1338 ¥ HAIM Lv3c3d
IOV NOTLISCd 0334

LON 41  °3nTVA 039S30d 3HL piin S3
JHL LV 0310cH0D NOTLISOJHOD 3uL 4T 335 01 ONINIZ73 NALLTIEN
T oy va TWINILYA v *SHOTLOAS ONIASTLOZY QMY

ONIddIHdLS 3HL w04 QIO AM=d 34aY SNOYLVTINDVD L NGILISOd
SIHL LY NOTLISOdWOD 3HL 20 SS3ZN9 HOV3 111504 G323
JHL LV NOILIS0gWOD 3HL SNIL2UOVHH AE ONNO4 ST NOTLNTOS 3HL °*°°°

N¥NL3
T = aNX $ 6°0¢dA#T°0 = 9234 3 6°0T/2A = 322
g d

= ug
074
€4

nseld = HNROTA
4H = 444 % 3 =

eeese NOILD3S ONIAZTLO3W 3HL ONINI43Q Sd3L
N¥NL3Y GNV NOLLO3S ONIddIuis 3HL ¥0d SyILINYHYL SZITVILINI b

01 04 09 ( 6 °i19* N il

o

e Q3SN 3BV 29NATYLINID SNIASTLOZd
v ONV ONIJdI¥LS ¥ Hi08 N3HM 03Sn SI 2NILNOXENS STHL, 2920

, 6 /N vliva
( ¥A 6d ¢NMON4 ¢dnmOT3 1A SEA ¢4A 62H €D 8 Y01 3NILNOYENS

%4
DA

UU()UUUUQUUUUO

[SNSRS RS [SESREORE]






262

AaN3

NdN13Y
0 = N -3 A= HA 3 244 = dA
(
#NOILISOdWOD NOTLISOd G334 3HL L3XNOVHE 10N QICe $X02 ¢=ls ) 1VAs0d
d01is S SIT  INIYd
0T ¢G0T ¢S0T ¢ GNY 4l
(  GNY 9D cOM2Z }201Svd 1D
D4A%8GN0Td = LAxd = As(i0d + 15 = 0d3Z
¢roTd 2074 = (0234
eeces NAONM SI NOTLISOE 0324 3HL LV NOILISOJHOD
JHL 40 3NTVA LHOTY 3IHL JT ONINOIHD 3INVIVE SSYW IHL IUVW *°c°C
( &NOILISOdWOD HOIY 3HL L3N¥OVx8 1ON CIC« o2 )
d01s 5 S
L €09 €JS Ch
(0 $QNT ¢9LA ¢0¥3Z ¢LA )OUIANO
Wna - LA =
A ¢ VI730/¢ D2l A=1A ) = L % Aslle0°2 -~ 1A )QL
CIvey ) /7 C IV=V )
AL S8 0 TR e ) % ( 4H&VY11Z20«8 )dX3
( 0#D + ( 1Ax0°2-0°T )uls0°2 v 0°1 =
1 = ONI $ o°1 = 91A A

NOILD3S ONIAZTLIZY
3HL ONIAV2T SNOILISOGhOD 11035 9NId4I¥Ls

4L
3HL ONIAV3T SWVIsLS 2HL 30 NOILISCH0D ZHL ONIMONM e,

( #NOILISOJWOD N¥31 3HL L13%OVy8 LON QI0s ©X02 ule ) LVWHO0

d01s < G2 INIdd
0y ¢0€ 02 ( GNI )31

001

1

slt
SOt

s2
2

[SYSRONE]

LLOLOLO






0S 01 09 $ U = 140 $ SS3N9X = X
( LO¥3Z ¢d33INX ¢93INOY3IZ ¢93NY ¢$040u3IZ ¢S03X  IHOLIAS TIVO
9¢vg2l = X3ONI
{ ®ge°szzz 2
OXE 691 SXCH §// ¢n0d3Zx SXYT ©p3EVIdVAx X6 -=NCILvdZils 1
¢XEY $// ¢nlNdLN0 INILNOHENS sz_omu>zou¢ ¢XHhS $//  )1VWZ04 €01
0¥3Z ¢¥ ¢¥3LI €001 IMI¥d ( 1 °03° 1doON )4l
C¥3Z = O0u3Z¥ & T = ¥3L1 S
seese IOGW ONIZITVILIND ®°°°°
09 ¢S ¢09 (U = X3OND M4l €
09 ¢4 ¢¢€  { 9GHE2T - ¥3aNT 14T 1
09 «2 1 ( 12€%S9 = XZONI )21 $%e
o escee LYHOONd 3HE SILYNIWEIL 2873 OkImlANy = XAGNZ
~ INWA 0¥3IZ 3IHL NO ONIDEIANOD === ﬂama(\ =  X3INI
@31340V¥8 SI 0¥3Z 3IHL 41 33S Ol 1S3L ==~ 9Gve2l = X20NI
Q2ZIWILINI ONIZE SI 9¥IANOD === 1 XIONL

eeeoe NT ST IYIANOD 3GOW HITa# I3IS 01 %O3HD eceee

{ Ovzz )4
X = 43344
/  11-30°1 /LIWIND  vivd

“
o

(8
PS
()
ot
<
<O
20
N

9000 mm_w

341 WOYd NOLLUHVAE3S 3IHE  RHLI W7 :

3HL LV SS3INO M3N ZHA NIHL 3UNLINSTL w Si
0¥3Z 3HL 41 === (3SN SI NOILVTIOQHILNT vdmzwq v 7u1w siNod
34 JON NVD SIHLI 41 === INIOd O¥ZZ 3H1 Oi 3LV JOQHU» 3

0L a3sn SI oML 33¥93Q 40 IWIWONATOL ¥ NiHi
Q3IHSITdWO0DIOV SI SIHL 3I3NO === J313IUoved 38 NOILIMNNA 3+l uo

INIOd OM3Z 3HL LvHL S3¥INS3d INIIN0YENS ONISE3IANDD SIHL ceveee

( 1dON ¢X3ANI ¢SS3N9X ¢0d3Z ¢X HIOYIANOD 3NILNOYENS

00O

(GRSNSNSRENORS)

VCOLLLOLLLLO






264

018 ¢01 ¢003 ( o¥3z )4l 208
0 = 1dOX 108
208 0L ©9
5°0 °19° v 4l
Teigi Y9 N VAR

ATOX&¥OSIAIQ = ¥OSIAIG ( 0°2 °L7° ¥
AIGY#HOSIAIQ = @OSIAIG (60T ARy,

= v
108 0L 09 )41 022
o]
© ONISY3¥23Q HLIQIA L3NOV¥E 3HL S<334 0S S o
WIOUVY ¥IEWAN ¥ AG G3ICIAIC S u,~m0tno 10 o0v3Z a4 o
ONV 0¥37 13N 2HL 20 WAS_3idl OL 3 03INZSRHel o}
ONI38 SI NOILONMAS 3HL T3 o-kO/ v 139 0w il 2
el
¢S 01 09 s
( LO¥3Z ¢dI2UX ¢O3INOJ3Z ¢93NY ¢ SOdO¥ZZ ¢S0dX
022 oL 09 ¢ 0 °0Z
( 10Y¥3Z¢d3IIUASOINOUIZEIINKS0a0E2Le50d%® KéLISI
043Z ¢X ¢W3Ll  ¢0U1 INI¥d « U °G3 2
o]
Ll Qe (afo] 2
o]
2
BOSIAIQ / ( 93N0GIZ + mo.OWUN )
( L0¥3Z ¢d33dY $9INOYIZ *93NX ~S0d0&3Z ¢S0dX )HOLIMS TV
0S 0L 09
(10437 433N ¢OIN0UIZ *93NX
( 10¥3Z¢d3IUNOIN0YIZCIINX4S0d0
ATIQX = ¥dO0SIAICQ
S¥ 01 09 (
( 3 X i )4 Tl
0§27 °X ¢¥31I ¢O0TT INId¥a ( 4
o]
« Q313¥0vy8 SI 0437 3HL 41 XO3KD 0l 300W o}






265

( 93NX=-S0dX )S8V / ( (IX=93NX)SgV + ({x=-s0dx)sev ) = Vv

eeee 39NYY 3HL NI 317 S3 X 3HL 40 3NO d3KII3 4T 335 0L MO3HD *°°°°

( LO¥3Z ¢d3UX $93ANOIZ ¢93NX *S0d0H3Z 650dX  YHOLIMS VD
0°2 / ONOD3S / ( (7)L¥eS + 1Sdid= ) ¢« X = 2
0°2 / GNOJ3S 7/ ( (¥)LuaS = 1Seld= ) + v o= X
o%8 0L 09 ( s0-30°1 *37° ( 0° _lc\Hﬁwvm,hmmmu yeay )3l
0%8 01 09 ( 0°0 °u3* QGNOD3S °uo* 0°0 b I A IR ) ¢
( 0¥37Z=X€ )#ONOD3IS=0°H + LSuldslSuld = v
esess gI ¥ MIAIN IHb ccecs
0%8 0L 09 ( (QLSHIASEY=0°0T °19° {1 EYS
130 7/ ( (043Z=S0d0¥FZ) =V = (0W3IZ-OZN0¥IZ) « ?ouum
130 7 ( 885 (043Z-93N0Y3Z) = YaVx(O¥3Z- -S0d0d3 15414
ovg 01 09 ¢t 0°0 LERS
* NOILVIOJM3LINI ¥V3NITT Ol Ly3A3d O¥3Z SI
Bu8aV-VeVe8 = 130 $ X-S0dX = 8 $ = Vv

eceee GIATIVAINIQ ONODIS GNY 1SHI4 3HL HSITAVLSI SPEGY

02€ 01 €9 %
(10437 ¢dIAX *93NOY3Z ¢93NX *S0d0d3Z

0°%/0°€ & 93INX + 0°H/X = WNAGX
058 0L 09
( 93 -%xX)) 7/
d0SIAIQ
02€ 0L 09 %
( 10¥3Z ¢d3I3INX ¢93IN0OY3Z *93NX ¢S0d0¥3Z ¢S0dX YHOLIMS 79D
0°%/0°€ » SOaX + 0°%/X = WNAX % T = 1d0M
058 0L 09 ( 93n0Y3Z °19° 0¥3Z 4l
( SOdX = X ) / ( S0d0Y=Z = oxmu ) = dlsdld
HOSIAIG / { S0G0¥3Z + Gd3Z ) = X8

¢s8

ote

o08

[SRSRS]

[SRERS]

[SRSNE]

Lo






266

( /7 ¢8°813 *&= 31WA QIOY3ANOD= ¢X9€ ) LVWH04
X ¢1T INI¥d ( U °*p3® LldoeN 4l

eeoes IDHNIOHIANCD *°°°°

NMNL3Y $ 0001 = = X3CONI

see o¥37 3IHL 13INOVHE LON QIQ *°°°°

{ %03LYNINN3LE 28V
3Y3LV Sym €¥0 T HLLH
IRie XSG /77 cmie )

d0Ls $ 19

¥INDTIVD === S3IONIOHIANOD 3HL
VILINI LON ¥3HLI3 Svm X3CNI

o A7¥3dO¥d 0ZITWILINI LON ST X3aNI 41 1Adino °

NEOL2Y $ 1 Y311

6S 40U ¢01 ¢ LIWI 141

( X /7 X =~ d33u¥X ) 183l

o% 0L 09 $ ( X = d332%X (1S3Q
00€ ¢01T ¢ 131

esaee y 40 3NTIYA 3HLI 30 39NVHD 20
40 SISVE 3HL NO 3UvW ATLICONIY¥d SI FONILWIANCD 30

¥3az 3 /¢

y37
10432 ¢93NY $5040Y3Z

{
( 10¥3Z ¢d33%X OL

eeeee NOILIVADI NGILVIOMYILNG d¥3ANIT *°°°°

02€ 01 09 < 2x = X

22€ ¢0€6 ¢CEo ( £6-30°1 - n:ﬂlx ysev )4l

( 93INX-S0dX IS8V / ( (2X=93NX:sgv + {(2X= .:an. _ = v
¢2g 0L C9 3 = X

016 ¢026 026 ( L0-30°T - ( 0°1~¥ vmm< )31

11
[ ¢

S

wq
0oE
01€
62e

22¢
]

9€6

016
026

oo

[SRSRS)] (SRS RS

[SESRERS]

[SRERS






267

NENL3Y

ON3
XZ20NI



_



268

(

o

=
N
N
f

SOG0x3Z

¥43Z = 9©3N0y3Z
£

©®© 03 &€

$

¢
62 o1

(

ani

NECLEY

X = S0cX
NYNL3

X =  93NX
0¥3z 4l

INTOd G422

JH1 OL SS3N3SO0TD 3HL S3ILVAdN ANdWIS ENILNOBHNS SIHL °°°°*°

0432

X

¢93INOY3Z

¢OJINX ¢S0d0yu3Z ¢S0dX

YHOLIMS

INILNOYENS

™ N

LOOO






269

a = $S0doy3z <

S 01

103327

n
(an]

$

S0d0d3Z = 0 %

GN3

NYNL3Y $ 0 = 11S!

NYN L3 < 1 = LiSI

5 = ©93N0d3Z ¢ 8 = S0dX 0§ ¥ = O3NX

6°0 = X

, 02 0L 09

X - = X ( ©°0 °17° g )4l

( @&« ¥ Yidds = ¥

09 ( 2°0 °19° X “ONY°® 9°S *i7° X )3

L1 ¢S ¢9% X )i

& /v = X

02 0l G9 $ ( 9 YiuGs = X

ST ¢G G ¢ 0°CGI - 8 41

02 0L 09 $ ( @ - YLE0S = = X

G sG ¢uT  ( 0°0T + @ )il

€1 65 2T (g 4l

o1 *1¥ 61 ¢ v )4

02 01 09 S ( Vv rues = X

g $G ¢G  ( 0°01 - v )i

02 0L 09 3 ( ¢ = YLEds = = X

g $G ¢4 L 0*CT v vV )4l

g ¢S 64 (¥ YAI

[ ¢2 1 (g 4l

o3n043Z = O 0§ d433ux = 8 §  OINX = ¥

65 01 09

10432 = O € S0dg¥ = 8 ¢ d3imwx = ¥

0w 8S  ¢CE (10337 )4l
sesse e NYHL @31V3HO OGNV IALS NYHL
S$S37 0L INIOd 0¥3Z 3HL 13M3v¥8 LVHL S3X 341 30 0ILVY

o0 000

341 3DN03Y 01 NV3IW JI¥3L3W039 v S3ISN INILNOH¥ENS SIHL

( 1083Z¢d3INXCOINOYIZ¢9INX ¢S0dOY3Z¢S0dX¢X*LISI ) MIIHI INILAO¥ENS

wn

N i)
~t (J

L1

9t
<t
€t

LAl

2t

7

el
0%

{€

OO0






270

N3N Lsd
NdNnL3d (

NY ¢+ ( NZ=kNd ) =
HX S

N&gni3d
0¢c 01t
X = dX
X = NX
NENL3d
0% 01 09

7

seeee (331340VH8 SI O¥3IZ OL

1VHL S3¥INo3y 3INTLACYEBNS 3HL —=-o=
LM LVHL X 40 3INVA 3HL GNI3 01 Q3sn SI INTLNOBENS SIHL °°*°°

( QNI ¢5%X ¢Z ¢X

20-340°

cn3
G ¢ = Qii

T °19°  ¥s/und ysey )4l
( w-x sev = Wnd
NZ=dZ ) / C NX=@X ) = X
°0S / ( NZ + gz ) = und
S 9% = X

09 ¢ 2 °9° ONI il
$ z = dz

0L 0L 09

S z = NI

89 00T ¢€3 ¢ oz 4l

€ = il

g - = GNI

( 0°0 °13° xz/2 14l

0E 0L C9

= w2 $ g = ONI
ge +02 <9 { 2=GNI 34l
¢ +001 *s (2 4l

09 Z 34V 0i X 3HL
0437 0L 09 Z 3MVKW

)JLSVd ZNILNOAENS

>
P

1

I O

—~a

LVCLOOLOO






APPENDIX F

DESCRIPTION OF EXPERIMENTAL EQUIPMENT
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APPENDIX F

DESCRIPTION OF EXPERIMENTAL EQUIPMENT

AND ANALYSIS OF 1TS PERFORMANCE

As part of an overall analysis of gas centrifugation it was
deemed necessary that an experimental program to be undertaken
paralleling an extensive theoretical analysis. It was hoped, with
the aid of the experimental device, that assumptions regarding internal
flow profiles could be evaluated as part of an overall comparison

between experimental and calculated results.

Background

German isotope separation efforts in the early 1940s were
concentrated on short bowl centrifuges (L/D ~ 5) operating in a vacuum
to reduce friction and hence power requirements. The short bowls
were able to operate at higher rotational speeds (larger pressure
diffusion) without crossing the first whirling speed (Chapter V).
The German centrifuge developments were demonstrated in both Russia
and the United States (University of Virginia) by Zippe (7). Publi-
cation of current work and, to a large degree, past work, which
detailed the design aspects of the gas centrifuge are classified due to

its potential use in the enrichment of Uranium. However, unclassified

publications of Zippe's demonstration devices at the University of
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Virginia are available. These publications served as a basis for the
construction of an experimental centrifuge.

The centrifuges built and operated by Zippe were small in
size (up to 4 inches in diameter and up to 20 inches in length) with
very small (milligrams/sec) feed rates. It was realized that for the
concept of gas centrifugation to be extended into the realm of such
things as flue gas desulfurization that feed rates would have to be
increased significantly and consequently also the size of the centri-
fuges used by Zippe. Nevertheless, Zippe's work represented the best

available information to be used as an experimental guide.

B. Centrifuge Design

Figure F-1 contains a schematic diagram illustrating the prin-
ciples of Zippe's design. It should be noted immediately that the
design contains a stationary center pipe which is subject to the
results presented in Chapter |I-E.

Feed gas flows into the center of the rotating bowl (A)
through one of the concentric center pipes. The feed gas is accelera-
ted to spin with the bowl by the momentum of the surrounding gas which
obtains its energy by shearing with the centrifuge wall. Drag on
the stationary pitot tube (0) located at the top of the bowl tends to
move the gas inward toward the axis, while the rotating disk (N) at the
bottom of the bowl tends to move the gas near the axis, slowed due to
shear with the stationary center pipe, outward to the wall. The

effect is to create a countercurrent flow with an outer gas stream
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support needle
Housing
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Motor field
winding
Screw-type grooves
for molecular

pump

Figure F-1.--A Schematic of the Zippe Gas Centrifuge.
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moving up along the periphery to the top pitot tube (0) where it is
directed downward in the inner stream.

The top pitot tube (0) also serves to extract a portion of outer
stream (L) which is richer in heavier species. On the other hand,
the stationary pitot tube (0) at the bottom shielded by the rotating
baffle (N) extracts a portion of the inner stream (M) which is leaner
in the heavier species.

The entire bowl spins in a vacuum chamber with the vacuum
being produced (after start up) by a molecular pump (R). Support for
the bowl is concentrated on a needle bearing running in damped bearing
housing (D). Vertical alignment of the rotating cylinder is maintained
by a magnetic bearing (I, J) at the top. Other bearing components
shown are used to further keep the centrifuge centered and reduce
vibrational problems.

To eliminate the need for any mechanical connections the
armature (P, a disk) of the induction drive motor is attached
directly to the centrifuge bottom end cap. The field windings (Q)
for the induction motor are attached to the vacuum housing directly

under the armature.

C. Modifications Made in Zippe's Design

When Zippe's centrifuge design was scaled up to a centrifuge
design having a length of 40 inches and a diameter of 8 inches,
several modifications of his basic design were necessary. Figure F-2
contains a schematic diagram of the modified form of the Zippe gas

centrifuge which was constructed. The device, made of high tensile
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Centrifuge rotor
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Bottom shaft

Bottom bearing assembly
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Bottom center pipe
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Small drive shaft
Drive motor

(series wound)

Frame assembly

Figure F-2.--Schematic of the Experimental Centrifuge.

276

|
F
G
D
ey
|
A
J
— —
—— ¢
C B
~ A
K
L/ L§—,







277

strength aluminum alloy, is 8 inches in diameter (outer) with a
1/b4-inch wall and 40 inches long. The basic modifications that were

made are as follows:

1. Centrifuge Housing

Zippe's centrifuge ran in a sealed housing which was evacuated
to provide less windage losses (lower power requirements) and to pro-
vide pressures low enough so that the UF6 was not only gasified for
feed stock, but remained so at the centrifuge wall. The molecular
pump that he used provided extra vacuum along the lower part of the
centrifuge further reducing windage losses.

Operating the centrifuge under a vacuum, however, is not
compatible with the separation of ordinary gas mixtures. That is, in
the case of the desulfurization of flue gas, a further increase in
the already tremendous volumes of gas that must be processed by pres-
sure reduction plus the energy required to do so, would immediately
prohibit use of the gas centrifuge. The centrifuge itself could be
run under a vacuum, leaving the inside at atmospheric pressure;
however, the problems associated with fabricating seals capable of
withstanding the high rotational speeds, yet not adding a significant
additional power requirement, seemed insurmountable. Thus, it was
decided to operate the centrifuge both internally and externally at
atmospheric pressure.

The support frame (M), constructed in place of the vacuum
housing, allowed complete accessibility to the centrifuge by the

surrounding air. However, even though the centrifuge was operated
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under conditions where windage losses were high, the air movement

around it was sufficient to prevent any detectable temperature rise.

2. Drive Motor

In Zippe's design the centrifuge was driven by a '‘pancake'
type induction motor powered by a variable frequency power supply.
The armature of the motor was a disk attached to the base of the
centrifuge with the field windings mounted directly under it. By
the nature of its design (giving large magnetic flux losses, long
magnet paths, and large air gaps), this type of motor is much more
inefficient than a conventional induction motor. Hence, while such a
motor was designed and built, it could not be made to operate the
centrifuge at the desired speeds without drawing excessive current
and causing heating problems.

To avoid these problems, but have an electric driver which
did not require special gears and/or belts and pulleys, a series
wound motor was decided upon. The motor was rated at 3 horsepower
and was able to run the centrifuge at 10,000 RPM at 190 volts drawing
approximate 7.25 amps (~ 1380 watts). The efficiency under these
conditions as given by the manufacturer is 71% implying nearly 980
watts of power that were required to drive the centrifuge at this

speed.

3. Bottom Bearing and Drive Assembly

Zippe's centrifuge design made use of a needle bearing to
represent an almost frictionless point of contact. However, while

testing the ''‘pancake' type motor, as a driver, it was found that
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such a bearing was unacceptable for the centrifuge design used in this
work. Due to the weight (~ 4O 1bs) of the centrifuge the bearing wore
excessively, becoming a significant source of drag. To alleviate this
situation an assembly (C) was used which housed a pair of ball bear-
ings which could not only support the end thrust due to the weight
of the centrifuge, but could be operated at high rotational speeds.
Like Zippe's design this bottom bearing assembly was not
rigidly attached to the frame. It was mounted on rubber grommets
which allowed small vertical and horizontal motions due to vibrations.
The inside of the bottom shaft of the centrifuge and thé drive
motor shaft was bored and made to receive a 1/8~inch drive shaft (K)
connecting the centrifuge and the drive motor. Universal type joints
were used to connect the drive shaft to the centrifuge shaft and to
the motor shaft. Thfs allowed motions of the centrifuge and the
drive motor due to vibrations to be isolated from each other since

they were not rigidly connected.

L. Top Bearing Assembly

The magnetic bearing used in Zippe's design was sufficient to
retain the centrifuge in a vertical position and served to eliminate
energy losses. Such a bearing, however, simply could not be made
strong enough (magnetically) to safely control the larger centrifuge
used in this work.

To give the necessary control, a ball bearing assembly (D) was
used which gave the necessary support plus allowed for small horizontal
and vertical motions of the centrifuge. The assembly also acted as a

seal to prevent gas from entering or being lost from the centrifuge.
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5. Center Pipe Support

Even though the concentric pipes leaving the top of the centri-
fuge were secured in place, centrifuge vibrations caused the pipe to
vibrate to the point of concern. This situation was easily corrected
by extending a very small shaft (1/8" x 1'"') from the end of pipe. The
bottom of the shaft was then held in the center of the centrifuge by a

small ball bearing set in the bottom end cap.

Other than using SO as the gas pair instead of gasified

27N>
UF6’ the above are the only modifications made to Zippe's design.
Furthermore, these modifications are, except for the stabilizing ball
bearing used at the end of the center pipe, external modifications.
The only internals of the centrifuge, other than the center pipe,
are the pitot tubes and they were constructed similar to those used
by Zippe.

Figure F-3 contains a photograph of the experimental centri-

fuge illustrating the center pipe with pitot tubes, centrifuge bowl,

the support frame with the drive motor attached in its normal position

and the gas metering (control) panel.

D. Experimental Apparatus

Figure F-L4 contains a flow chart of the experimental apparatus.

Feed gas was prepared in quantity by mixing SO2 and N2 in a pressurized

cylinder. The feed gas was then analyzed with an infrared spectro-

photometer which had been calibrated for 502 concentrations ranging

between 500 and 4000 ppm. The feed gas, after passing through a rota-

meter, goes directly to the centrifuge. Lean and rich product streams






Figure F-3.--Experimental Centrifuge and Auxiliaries.
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leaving the centrifuge pass through rotameters and are then analyzed
for SO2 content by the infrared spectophotometer. After being analyzed
the gas exits the system via an exhaust fan.

Needle valves were used throughout the system to direct and

throttle the flow. With the aid of the calibrated rotameters and

the pressure measurements, the mass balance was easily closed to
within a few percent of the feed flow rate. The centrifuge speed was

measured by a calibrated strobe light.

E. Experimental Runs

Due to limitations in the deisn of the centrifuge (top seal)
all experiments were run at atmospheric pressure. Likewise, with no
provisions for temperature control, the experiments were performed at
room temperature, ~ 70°F. The maximum centrifuge rotational speed
that could be obtained was 12000 RPM with most experimental runs per-
formed at 10000 RPM.

Several experimental runs were made varying the feed rate
from 1/10 to 5 scfm all yielding no measurable separation. In all cases
care was made to insure that the mass balance was satisfied. Con-
fronted with the situation of not seeing any measurable separation,
the experimental procedure was gone over many times to insure that
poor experimental technique was not a factor. Having been satisfied
that the experimental procedure was correct, several few slight internal
modifications of the centrifuge were made. This modifications
included: polishing the inner surface of the centrifuge, making the
center pipe as streamlined as possible, and changing the size and

design of the pitot tubes. After each modification the experimental
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runs were repeated, but still no measurable separation could be
realized. At this point in time the theoretical analysis was nearing
completion, giving results which warranted termination of the experi-

mental program.

F. Conclusions

The Zippe type centrifuge is both a rectifying and a stripping
centrifuge. That is, the section above the feed enriches the heavy
species while that below the feed enriches the lighter species. Using
the computer program described in Appendix E, the following comparison
was made between the observed and calculated separations seen by Zippe

and those observed and calculated for this work:

e )
Gas pair UF6 (235, 238) SOZ-N2
Temperature (°C) ~ 80 ~ 25
Axis pressure (mm Hg) ~ ~ 760
Feed concentration (mole fraction) .9928 [UF6(238)] .002 (502)
Centrifuge diameter (inches) 2.92 7.5
Centrifug? length (inches) 12 34

(for axial flow)

Rotational speed (RPM) 30,000 11,000
ln?iz/z:£;pheral velocity 1146 360
Length/diameter 4.1 4.5
Feed rate (scfm) kg?ggumg/sec) .
Feed inlet midpoint midpoint
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Observed Calculated Observed Calculated
Rich/lean 1 ] ] 1
Separation factor,
y 1-y
S S & (no mea-
a = ]_yr v, 1.216 1.243 surable) 1.045
Rich stream
. .9936 , .002044
concentration -- --

(mole fraction) [UF6(238)] (502)
Lean stream 9920 001956
concentration -- [U% (238)] -- iSO )
(mole fraction) 6 2

Power to the
centrifuge driver 6.25 -- -- 1650
(watts)
Power estimated to _ 92 . 1.66
rotate the gas
Efficiency (%) -- 14.7 -- n

Analysis of Zippe's work indicated that the feed rate was 35.6% as
large as the outer stream. This factor was used in the calculation for
the 502—N2 separation present above.

While a feed rate of 0.1 scfm was the lowest used experimentally
(limited by equipment design and flows need for gas analysis), calcu-
lations show that a feed rate of .0075 scfm (feed = 35.6% of the outer
stream) gives a maximum separation factor of 1.283. Or, the lowest
feed rate in the experiments was approximately 13.3 times too large.

It should be pointed out that if the experiments had been carried out
in a centrifuge identical in size to Zippe's rotating at 90000 RPM at
a temperature of 25°C, the optimum feed rate would be .0028 scfm giving

a separation factor of 11.5 for SO, in N, (2000 ppm SO

2 2 2)'
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With the above points in mind, coupled with the overall analysis
presented in this work, the following conclusions regarding the experi-
mental work were drawn:

1. While a separation is predicted at a feed rate of 0.1 scfm,
the concentration difference between the rich and the lean streams is

only 88 ppm SO, (44 ppm when compared to the feed). With a feed

2
composition of 2000 ppm SO2 the rich and lean streams would have had
to have been at least 150 ppm different than the feed for a crude
quantitative analysis by the infrared spectraphotometer used.

2. The centrifuge and its auxiliaries were designed for feed
rates higher than 0.1 scfm. For operation at feed rates 10 or more
times smaller complete redesigning of the equipment would have been
required. |

3. At the very low axis pressures used by Zippe (~ .1 mm Hg)
as was shown in Chapter |l the transition speed (point at which
turbulence would be promoted by the stationary center pipe) is
estimated to be well above the rotational speed of 90000 RPM used by

Zippe. For a mixture of 502—N at atmospheric pressure, however, the

2

transition speed is estimated to be ~ 2800 RPM. Hence, even though a

small separation was predicted in the experimental equipment, uncon-
trollable turbulence would have undoubtedly erased it.

Also, at the low pressues used by Zippe, the axial flow
caused by drag on the top pitot tubes was very small and the internal
circulation rate was near the optimum. Zippe used several pitot tube
designs, finally deciding on the ones which gave him the best separa-

tion at what he described as ''very low feed rates.' Although he did
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not mention it, in lieu of the material in this work, what he actually
was doing was finding the tube arrangement which gave him optimum
internal flow at nearly total reflux (''very low feed rates').

It was originally hoped (before the theoretical analysis) that
the flow rates allowable in the centrifuge design used for this work
wouid be sufficient large (~ 5 scfm) so that the effects of uncer-
tainties in the pitot tube design would be insignificant. That is,
it was hoped that the increase in internal flow created by the
increased drag (higher pressure) on the pitot tubes would be comparable
to the increase in allowable flow rates. However, as was shown above,
the optimum feed rate was only .0075 scfm or an increase of 22 times
over those in Zippe's centrifuge. Hence, the design of the pitot
tubes for the current centrifuge design and operating conditions take
on tremendous importance. However, the development of sufficient
theory to be able to design pitot tubes giving the small flows required
was considered beyond the scope of this work (not meaning to imply that
such a feat is even possible).

4. Even if the experimental centrifuge could have been made

to operate ideally at atmospheric pressure and at a feed rate of 0.0075

scfm, this very small feed rate puts the Zippe type centrifuge com-
pletely out of the range of applicability for the separation of 502

from flue gas.

It was felt that these four conclusions more than constituted
sufficient reason to abandon the current experimental program involving

the Zippe type centrifuge. That is, while it was shown that results
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presented by Zippe were predictable based on the analysis in this work,
attempting to scale-up his centrifuge design and operate it at atmo-
spheric pressure presented unsurmountable problems fundamental to the
basic design. Furthermore, even if these problems could be solved,
the very small optimum feed rates and low separation factors expected
are completely inconsistent with application of the Zippe type centri-

fuge to the removal of SO, from coal fired power plant stack gas.

2
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