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JOHN LUCIAN BAGG ABSTRACT

This thesis is concerned with a probability model for group
organigation theory permitting mmlti-valued relations between persons.
The most difficult problem in connection with this model was the
development of a m?tnod of enumerating the elements in the universe
ot discourse.

The introduction driefly discusses the development of the matrix
model presently being used in connection with sociometric tests. In
addition the evolution of the extension to multi-valued relations is
examined and a comparison is made between the difficulties surmounted
in this study and those in the previous original study for the binary
case.

The beginning portion of the next section sets up the machinery
to be used in the three stage development leading to the main theorem.
Due to the complexity of the problem it was considered important to
indicate the evolution of the process which led to the general result.

The results of the first two stages are special cases of the
main theorsm. The main theorem provides a method for enumerating
the total number of ways in which = persons can classify each of
the other (n-1) persons into one and only one of (k< 1) categories,
with no restrictions on the number in any givean category. This number
is given in two ways, first as an expression involving untabulated

hollow bdipartitional functions, and second in terms of regular
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bipartitional functions tebulated by David amd Keadalll.

This theorem makes possidle the formulation of exact prodability
distridutions for a large class of random variables. The last pars
of the thesis indicates a procedurs for defining such random variables
oR a subspace of the sample space of all outcomes. Given a soclo-
metric test, tne nature of the $test determines the universe of dis-
eourse for these random variables. Once this is decided, the definitim
of the random variable is a matter of expediengy. For a large class
of sociometric tests, e.g., those satisfying restrictions given

previously, the exact distributien of $Shese random variables cam be

found by methods developed in this paper.

1 See reference [i],
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INTRODUCTION

0:1 fThe development of the matrix medel in sociometric theery.

Many investigations, especially in the secial sciences, involve
the process of having individuale indicate one or more choices from
a group of alternatives. The best known of this type of investigation
1s that referred to in present day literature as seciometry. Soci-
ometry, introduced by Merene [6/, is a technique of measuring rela-
tionships in social groups by the simple expedient of asking indi-
viduals to indicate preferences fer other individuals in the group.

As dsveloped by Morene /6 /. the sociometric test placed no
restrictions on the persons within the group who may be chosen or
rejected. Turther, the subjects were permitted an unlimited number
of choices or rejections. Medificatiens have since been intreduced
by seme investigaters whicn limit the mumber ef choices or rejections
mads by each individual.

Until 1946 the only acceptable method of summarizing the results
of a sociometric test was the sociogram, first described by Moreno
[67]. The sociogram consisted ef a configuration of directed lines
emanating from and terminating on a finite set of peints. Oa the
basis of a single activity the members of a greup (represented by the
n peints Py, Py, ..., P,) would be asiced to respond to the other
members, the responses being represented by directed lines between
ordered pairs of peints. Jor example, with regard to the question
"with whom would you like (or definitely not like) to werk on a given



detall?®, 1f individual 1 liked to work with individual J then a
directed s0lid 1line from P; to PJ represented this response; if
individual 1 definitely did not like te work with individual J

then a directed det-dash line from Py te PJ represented this
respense; if no response was mads then ne line was dramn. This methed
of studying a group with regard to a single activity produced results;
however, even though seclograms are widely used today there is yet ne
single convention fer the constructien of the diagrem. As a result
there are as many different diagrams fer a given study as there are
investigators,even though all are using the sgme data.

In 1946, Forsyth and Kats [37/ presented sociologists with the
matrix representation of responses between ordered pairs of individuals
in a group on the basis of a single setivity. Their representation
of the responses was isemorphic to the sociogram in that there was
a one-to-one cerrespendence between types of directed lines and types
of elements in an nxn matrix C = (c“). That is, with regard to
the questien given previeusly, if individual 1 liked to work with
individual J, then ¢4 = 4 (correspending to a solid line); if
individual i definitely did not 1like to work with individual J,
then €43 = — (corresponding to a det-dash line); etherwise €13
was left blank (cerrespending to no line). 1In this first matrix
representation cy4 = X, for all 1, and no meaning is attached te

the symbol.
The matyix representation nas obvious advantages ever the socie-

gram, both from the peint of view of analysis and of the syatematization
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of the responges. This becomes very evident when the size of the
group is increased and/er the nunber of types of responses is
increased.
About a year later Eats [4] reformulated the matrix appreach
to the representation of respenses between ordered pairs of individ-
uals in a group. It was realized that reactions or responses may
be expressed in various ways on different scales, but in any scale
there is the possidility ef no response at all. No response (usually
termed "indifference") was now given recognition in the nxn matrix
c = (c,_J) by €43 = ©. Furthermore, the symbols -+ and — used
formerly were new replaced by the scalars 1 and -1 respectively.
In this paper by Kats the main diagenal elements were used as identi-
fiers of the individuals in a group. At a later date the convention
€34 = O was adepted and correspending row and column indexes identi-
fied group members, assuning the memdbers have been arbitrarily
numbered. Thus, with regard te a single activity of a group, the
ternary responses between ordered pairs of individuals were represented
by an nxn matrix C = (cu). where c4y =1, O, or -1. fThe main
purpose of this article was to demonstrate that certain matrix opera-
tions could be interpreted in a sociological sense. A special case
of ternary responses is taken up in the appendix and s more general
case in section 1.5 of this paper.
At this time no attempt was made to find probadbility distributions
associated with certain classes of these matrices. In order to

specify completely such distributions it was necessary te develop
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exact counting precedures, based on the assumptlon that all matrices
in a given class were equally likely, and such procedures were yet
to be found. The first success along this line is given in a paper
by Eatz and Powell [57. Frequent reference will be made to this
particular paper, since the main results which follew are extensions
of their work.

This paper gives the number of lecally restricted directed graphs.
These grgphs consist of t directed lines en = points or nodes;
the lines are Joins from one peint to another. The graph of ¢
lines on n points er nodes corresponds uniquely to an nxn matrix
c= (cu). That 1is, c’.J =1, if and only if a directed 1line connects
node P; to node PJ. otherwise °1.1 = 0. Qbviocusly cy4 = O fer all 1.
Thus the matrix exhibits the binary relations betwsen ordered pairs
of distinct individuals in a group of n 1individuals.

Associated with each node P; 1s a nen-negative mumber pair
(ri.li). where r; 1s the number of lines emanating from P, and
8§ 1is the number of lines Atominating en Pi.‘ In the matrix C we

n
then have the ith row tetal r = j-z:lcu' and the Jjth column total

n
853 2 ¢y - Tarthermore, if the total number of directed lines is

n n
t, then El ry = in 8y = t. Welet r=(r, rg -c0p 1) and

8 = ('1' 830 cces 'n) be two n-part, non-negative, ordered partitions

of ¢, thus r and s are respectively the marginal row and column
totals of the matrix C.

With this notation Kate and Powell [57 noted that the number of
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locally restricted dirqctod graphs, r((g. 8), is identical with the
number of distinct matrices C of szeroes and ones, subject to the
lecal restrictions r and s plus the restriction that ¢4y = 0
for all i. Their main theorem expresses yl(;_‘ 8) as a linear com-
bination of Sukhatme's [B7 functions A(r, . 84). the latter being
the number of ways in which the cells of a PxO‘ lattice (teks
P = 0" = n) can be filled with zeroes and ones so that (1) the row
totals from top to bottem form the partition r 1in some fixed order
and (2) the column tetals from left te right form the parts of the
partition s 4in some fixed order. With this theerem it was possible
to find exact prodability distributions of random variables defined

on the sample space given by the local restrictions.

0.2 Evelution of Predlem

It is the purpose of this paper to extend the result of Katg
and Pewell /57 beyond the binary case. Their counting theorem can
be applied only when the responses or reactions betwsen the ordered
pairs of distinot individuals in a group, with regard to a single
critoﬂon. fall into two categories or can be put en a two peint scale.
In a large number of seciometric investigations this is sufficient
but it is obvieusly restrictive.

The first success in extending the results ef Katz and Powell [ 57
will be found in the appendix. There a Counting theorem is proved
for a restricted ternary case of responses. That is, with reference

to the question used at the beginning, each person in a group of n



individuale mustchoose exactly one person with whom he would like te
work and exactly ome other with whom he would definitely not like te
work, and the remaining (n-3) individuals are gutomatically put into
the no respense category. In the matrix representation of these
responses, this implies that each row has exactly one -1 (repre-
senting the "like" categery), exactly ene —1 (representing the

*not like" category), and (n-3) serces (representing the "no response”
category). The cerresponding seciegram, in this special case, has
two lines emanating from each node P,, one s0lid line (representing
the "like" category), and one dot-dash line (representing the “net
like" category). Since the method of preof for this special case

is unique it was included in this paper. Also, without doubt, it
provided an impetus and an insight teward the solution of the more
general cases. .

The next step was proving a counting theorem when the previous
restrictiens in the ternaxry case were relaxed. That is, each indi-
vidual was permitted to classify any number of individuals in each
of the three categories, subject only te the restrictien that each
pPerson must classify each of the others into one and enly one of the
three categories. Theorem 1.5.4 of section 1.5 gives a method of
counting the number of such matrices under certain other ardbitrary
but realistic restrictions.

Thus, subject te certain practical and realistic restrictiens,
this theorem will enable socielogists to find exact probadility

distributions of randem variables defined over such sample spaces as



(1, t3), where t; and t; are the total number of individuals
classified into categories one and two respectively. Obviously, in
this restricted ternary case, the total numdber classified in the
third category is n—l-tl-ta. Similarly, let Tia be the number
of individuals classified by individual i in the uth category
(u=1,2; 11, 2, «o.y, n) and form the n-dimensional vectors

3-_1 = (rn. Tays oo rnl) and 53 = (rlz. Tops s rna). Yor any

arbitrary but fixed vectors rl and 1?, subject enly te the re-
strictions ru+ rtz < (n-1) for each i, we can now find the exact
probability distridution of (s, s2), which are the n-dimensional
vectors representing the mumber of times each individual was clas-

sified inte categories one and two respectively. Note that ru

+ ry5 < (n-1), for all i, are necessary but not sufficient condi-
tions to insure the realistic restriction that each person classify
each of the others into one and only ome categery. It is admitted
that the number of caleulations, even for small groups, would bde
formidable dut, st the ssme time, they are not impessible.
Achieving success in the ternary case the next case considered
was not the case of four categories, as might be expected, but the
general case of (k+1), k > 1, categories. From a sociemetric view-
peint this would cover any test satisfying the restriction that each
person classify each of the others in one and only one categery. Jer
example, tests based on complete ranking or partial ranking of the

members of a group could be employed, and using the counting theorem,



exact probability distributiens for certain random variables could
be computed. There is a reason feor referring to this case as (k+ 1)
categories. If the necessary restrictien that each memder of the
group classify each of the others into one and enly one category

is a premise, then any individuals not classified by individual 1
in one of the first k categories would automatically be classified
in the (k4 1)st category. In some instances, depending on the
criterion or test, the (k +1)st category will be the no response
category, while in other cases this category will be of the same
nature as the other k categories and there will not be a no re-
sponse category, e.g. the case of complete ranking. The ceunting
theorem for this general case of (k4 1) categories of response with

regard to a single activity of a group will be found in section 1.6

0.3 A comparison with a previous study.

It is of interest to compare the preblems and methods of attack
in this paper with those of EKats and Powell /[5/. Their main problem,
with regard to the counting theerem, was to either find a direct com-
binatorial method of counting the matrices (subject to the local
restrictions) or to find a method involving known functions. They
accomplished the latter by proving that I\(g_. 8) 1s a linear combina-
tion of Sukhatme's [ 8] Bipartitional Punctions A(Zy, S ). As
was pointed out earlier, the A(Zo .+ 8o ) function was concerned with
matrices ;n.ving geroes or ones in any pesitien, including the main
diagonal. They accomplished this by first proving that A(r, s) 1s






Iy 8)» using Feller's [2] principle

of inclusion and exclusion. Then, by taking the inverses of fuanctiens

a linear combinatioen of 'L(

of certain operators, which they discovered, they were adle to express
’((I. 8 ) as a linear combination of A(r. . 8) functions.

In the first phases of the research in this paper to extend the
results of Xats and Powell [5/ an attempt was made to find a related
tabulated function, similar to Sukhatme's Bipartitional Functions /87,
to cope with the ternary responses. This search proved futile, however,
and a different line of attack had to be taken. The method finally
adopted in the ternary case was the forming of a product space which
contained as a proper subspace the desired elements. The details of
this will de found in section 1.2. Briefly described, the method is
as follows. Using the methods of Kats and Powell /57 it is pessidble
to form k independent sets of nxn matrices, one for easch of the
k categories (excluding the (k4 1l)st ). The product space of these
kK 4independent sets is then a space of three dimensienal, nxnxk,
matrices. Since the k sets are indepeadent, the resulting product
space contains, in general, many nxnxk matrices which violate the
necessary restriction that each of the n memdbers of a group classify
¢ach of the others in ene and only one of the (k + 1) categeries.
The preblem at this stage is then similar to that enceuntered dy
Kats and Powell [57. Neamely, a method of couating only those matrices
in the product space which do not vioclate the necessary restriction
had to be found. The general counting theorem will be found in

section 1.5.
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PART I

THRORY

1:1. Preliminaries.

This study is concerned with relations between ordered pairs of
distinct individuals in a finite group of n 4individuals. It is
assuned that there are (k+ 1) distinct types of relations. We in-
sist that one and only one of the (k-1) relations exist between
each ordered pair (1,J) of distinct individuals (1 48 J; 1,) = 1, 2,
eesy n). In most instances the (k4 1)st relation will be known as
the null relation. However, in some sociometric tests the (k- 1)st
relation will be of the same nature as the other k relations; in
this event it would be treated in the same manner as the null relation.
This would occur in sociometric tests in which it is mandatory that
every individual be classified into non-null categories.

The totality of relations between all ordered pairs of distinct
individuals can be repregented in two ways which are isomorphic. Onme
way is femiliar to the soclal scientist and consists of graphs. The
graphs have n points or nodes Py (=1, 2, ..., n). Between sach
pair of points Py and PJ thers is either ons and only one of k
different colored directed lines or there is no directed line, the
absence of a 1ine correspending to the null relation. The second
representation, the ons with which we will be concerned, is isomorphic
to the graphs brisfly described above. It consists of nxnxk

matrices C with elements C1ju (,J=1,2, ..., n;u=1, 2, ..., k),



1

where Ciju = O or 1. Ve impose the restriction that gctju =0 or
1 for each ordered pair (1,J)) of distinct individuals and by conven-

tion we set Ciiu = 0 for all { and u. If, for any ordered pair
(1,J) of distinct individuals, one of the k distinct types of
relations does not exist, then the null relation is mandatory and

is represented by ciJ‘l =0 forevery u=1, 3, ..., k, If one of
the k relations, say the uth, exists between the ordered pair (i,)).

then cg4y = 1y €4y = 0 for v¥ u.
To establish notation, for each u=1, 2, ..., k, we lot
riu = Jt;lcijn for .‘ch 1= 1. 2. eeey Ny Ind
1.1.1

$4u ° écun for each j =1, 2, +.e, 1,

and wo form the n-dimensional marginal row and column total vectors

and

~
]

- s (rln' rzn. LI ) rn“)
1.1.3

Dl (%ur %200 *-» )

respectively, where the superscript u is an index!. Also, we let

tu = % rlu < %1 'J\l

where the equality is an obvious consequence of the definitions.

1'rn1- should not lead to confusion for this notation will only bde
used in connection with the n-dimensional vectors r and s .
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In many sociometric tests each individual is asked to classify
each of the others into one and only one of (k1) categories, k>1,
with no restrictions on the number of individuals to be classified
in a given category. Using the notation above, we point out that

Tia is the total nunber of individuals classified by individual 1§

into the uth category and that Sju is the number of times that
individual J was classified by other individuals into the uth
category. In such sociometric tests it is of interest to know the
exact probability distribution of the n-dimensional marginal total
colum vectors s® (u=1, 2, ..., k) given the n-dimensional mar-
ginal row total vectors 1™ (u=1, 2, ..., k). In order to deter-
mine the exact probability distribution (under the assumption that
all outcomes in the sample space are equally likely) a method of
counting the possidle outcomes must be developed.

In the matrix representation this amounts to the problem of
determining the total number of distinct nxnxk matrices C with

eclements °1Ju = 0 orl1 such that

k
1.1.3 Ef““ﬁl for each ordered pair (1,J), 1 J,

1OJ = 1' 2. seey B ,

101.5& ciin -

for1=1,2, ..., nandu=1,2, ..., k,

"
o

1' 2' eeo ey k’

n
Tiq » Elc“u = %5 for each u



13

where r,. and S5u are respectively the ith and Jjth components

of the given fixed n-dimensional marginal row and column total vectors
r® and s%.

In order to determine this number it was necessary to form a
product space which contalned as a subspace all the ninxk matrices

satisfying the restrictions given by 1.1.3 and 1.1.4 .

1:2 The product space.

Consider first a fixed but arbitrary relation, say the uth.
Por each fixed u (u=1, 2, ..., k) thers exists an nxn matrix
which we denote by C,. This matrix has elements °1,1u S0orl
(1¥J: 4,J=1,2, ..., n) and ¢4y, 50 fori =1, 3, ..., n.
Associated with each C, are two fixed n-dimensional marginal row
and column total vectors r’ and s respectively, defined as in
1.1.4 . Thus, for fixed u, these matrices C, exhibit binary rela-
tions between ordered pairs of individuals. Sech a mathematical
model was considered by Kats and Powsll [5/. Using their methods
we can find, for fixed but arbitrary r* and s%, r((_r_“. %), the

total number of distinct nxn matrices Cu with elements

Ciju =0 or 1, subject $o the restrictions

1.2.1 Gyy= 0 foralli=1,2, ..., n

and

Z p PO
1.2.2 ngcuu = Tiy » {53%5u = 84y -
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where ry, and s ju B8re respectively the ith and Jjth components
of ™ and s%.

Thus, for each u = 1, 2, ..., k, there exists a space of
'l( 3, s%) matrices C, each subject to the restrictions 1.2.1 and
1.2.2. We now form the product space of the k spaces and obtain
a space consisting of 'k(_z_-l, _s_l) rt(;_a. 32)---)\(51‘. gk) distinct
elements each of which is an nxnxk matrix C. We denote this
product space by C = {c}

Many of the matrices in the product space will, in general,

violate the restriction ‘%ciju &1 for every ordered pair (i,j).

Wo stated previously that the purpose of forming this preduct space
was to have a space which contained as a subspace all those nxnxk

matrices C satisfying the restrictions given by 1.1.3 and 1.1.4.

We now show how to 1solate this subspace.

The product space C can bde decomposed into mutually exclusive
and exhaustive subspaces Co. Cl. cz. «e.y Where en is that sudb-
space of e containing all those nxnxk matrices for which

ngcuu >1 for exactly m distinct ordered pairs (i,J), 13 jJ.
It is easily seen that these subspaces em are mutually exclusive
and they are obviously exhaustive for any a. . Thus C- Co“’ q'i'

ea"" *** . When m =0 this implies 1.1.3 and since 1.2.2 is
identical with 1.1.4 it follows that C) 1s the required subspace.
We denote the number of nxnxk matrices in eo by B(rl, _3_1. ceey gk. _'_k).
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Definition 1:32.1 Let H(xl, s!, ..., rX, sK), k> 1, be the number
of distinct nxnxk matrices C 1in the subspace eb of the product

space e .

In relation to the results of Kats and Powell /57, we point
out that, for k=1, B(r, s) = rl(g . 8).

There is another number defined on the subspace eo for which
we shall have frequent use. This number, which is defined below,
also involves a fixed but arbitrary set of M specified distinct

off diagonal positions (imidp)s m =1, 2, ..., M. Ve denote this

set by {1‘.;"}'.

Definition 1.3.2 n{im.dm}u(zl' sty ..., 25, 5K), k21, 1s the

number of distinct nxnxk matrices C which, in addition to belong-

ing to the subspace Go of the product space C. have uél Ciju = 0

for each pair (1,J) € {10'3111}“’

Every theorem, lemma, and corollary in this paper is dependent

upon operators ‘fq . In the next section we will define these

operators and will prove a most important lemma with regard to them.

1.3 The operators uo‘f

We require operators fq (u=1,2, ¢« k3 1,J=1, 2, ..., n).
These operators act independently on the n-dimensional vectors r°

and s and are defined by
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J 1 u-1  gu-l
'nut(El. L] ""I .2 .rln' ceey riu. co ooy rnu. .111'

mtl, gudl gk K
1.3.1

- - - -

= 1 u~-1 U=l -
s (rl. 8, eaey IV 0, 8 v Trar ceer Fyy 1, ecey S

'lu’ cee ey .Ju- 1| cesoy .nug Eu*lg =u+1. o0 oy .l.k. gk)o

That is, letting é:lriu = t,, as before, the effect of the

operator f‘f on (rl, 81, ..., %, 8%, ..., rX, s5) is to replace ;

the double partition r®, s® of t, by the double partition of

3

t, -1 with the ith part of % and the Jjtn part of s® each

reduced by unity.
Por any fixed u (u=1, 2, ..., k) these operators are pre-

cisely the operators §] defined and imtroduced by Kats and Powell

[5]. BHence, for fized u, they nave the same properties as the d J .
namely, they are associative and commutative under addition and multi-
plication. Since they act independently on their respective n-dimen-
sional marginal total vectors r°> and s%, they can be applied as
operators on (rl, sl, ..., =X, sK) 1in any order. Jurthermore, the
above properties serve to specify the effect of every sum of monomials

of the fom

“iix"‘t‘l f{:ll*l...zpc’ﬂl*“z...kqimﬁ'°'+l:.1+1...

*1 Tlarmy laern
1.3.2

+oc.+%
> v = .
qu 11.'_."_’_% , where m,>0,Vv=1,2, ..., k,
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as an operator on (rl. -1, cacs rk. s ) We further note that the

number of non-trivial terms is finite for finite partitions of ¢,

(u=1, 2, ..., k) since, for a function @, we have for every u

Jn-l-h
(“ o, 8, ..., KL K

ui

: o{( o) 2 .t}

if >0 and m = min(ry,. 'Ju)‘

1.3.3

Equation 1.3.3 is written dually in order to exhibit the manner

in which the g‘l filter through a function G. PFinally, it is to

be noted tnat any identity among Sukhatme's [87 A(rl, si), Xats

and Fowell's /5] yl(g‘. st), 5z, s, ..., oK, &), and

B fn 33 (z1, s}, ..., £, 55) 1s unaffected by the application of
[ l .

these operators, since the operation on any of these functions is

an operation on the partitions involved.

We next establish inverses for certain operators.

Lemma 1.3.1 The operator (1+ ﬁ f‘i). 1< h=< k, has an inverse,
usl

(e @e-

Proof: Using the associative and commutative properties of the

left and right, given by

3\
1.3.4 (1+ n% &

operators, it is easily seen that

b g h O(J)n _ (& J)ll-l'n
Ea (e - B
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To show that it is a left iaverse, we have

(ZlrE e s 2D

1.3.6

. h J -
- (“"51 gcJ {(51. & 5+

(é 9‘:)(21- PPN o 31‘)}-

u=1

Applying the successive terms of the inverse, as given in the right
member of 1.3.4, first to the first term within braces and them

to the second, we obtain, using 1.3.5



-1
<
It follows that €+ u%i 3({) ,1<nh=<k, is a left inverse. A

similar proof shows that it is also a right inverse and lLemms 1.3.1

is proved.

1.4 The three stages of develepment.

Up to the present time we have been developing a notation to
be used for a general case of (k+-1) categories. The reader will
no doudbt be surprised to find that in the next section we conslder
the particular case k = 2. This is partly dwe to the method of
development. The main purpose of this paper is to extend the count-
ing theorem of Katz and Powell /5] wnich corresponds to the case
k=1.

A first natural step in extending such a result would be to
consider the case k = 2 (three categories). As a matter of fact
we commenced by considering a q?ocial case of k = 2, namely where
each individual is asked to classify exactly one individual in
category one, exactly one other individual in category two, and the
remaining (n-2) individuals in category three, the null category.
This case is given in the appendix and the reader may benefit by
first examining this case.

In most mathematical theories there is an underlying evolution
process which 1is very evident here. In the appendix a counting
theorem for the case described above is proved. This proof is
constructed around an inherent feature of the special case. That
is, since ryy 2 ryp = 1 forall 11,2, ..., n, this implies

19
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that, for fixed 1, there is at most one ordered pair (1,J) such that
€131 © 132 = 1. In the appendix, €151 = 152 =1 1is referred to as
a coincidence at (1,J).

In the next step, where the restrictions ry; = rjp = 1 are
removed and 51. _l.l. _1_2 , 22 are more general n-dimensional marginal
total vectors, there is also an inherent feature. JFor any fixed
ordered pair (i,J) of distinct individuals the only way in which

<. =
the restriction, °1.11+ cuz_.l, can be violated is for cijl

€142 = 1. However, this can happen more than once in each row and
therefore this case is different from the one considered in the
appendix. This is the case talen up in the next section. The proofs
are quite complicated, however, and for this reason we progress to
the final result through a long series of Lemmas gnd Corollaries,
hoping to preserve the continuity.

Finally we come to the general case, k>1, in section 1.6. The
proofs here are quite similar to those in section 1.5. However,
again there is an inherent feature which distinguishes this case
from the preceding cases. For a fixed ordered pair (1,J) and k> 2,
the restriction u% Sygu %=1 can be violated in k-1 ways,

i.e., the number of ways of choosing two or more things from among
k different things. Thus, for fixed (i,J]), instead of having
only one way of violating the restriction, we have many ways and
consequently the method of attack must be changed.

We now consider the case k = 2 .




21

115 E(x2, si, 3, 53) as & bilinear fom of r((;_l“. L) mu((f,. 2

Consider now the case whers thers are three types of relations
between ordered palrs of distinct individuals, k = 2. Let there be
given two sets of arbitrary but fized n-dimensional marginal row and
column total vectors rl, s} and r2, s3. These vectors are subject
only to the restrictions imposed by the conditions that °1Jl+ c, st 1
for every ordered pair (1,J), 14‘-’3. 1,§ =1, 2, «¢e, D. Jor this case,
if o type 1 relation exists between the ordered pair (1,J) of distimct
individuals, them cqj; =1} similarly for a type 2 relation, cjj3 = 1.
If neither a type 1 nor a typse 3 relation exists between the ordered
pair (1,3) of distinct individuals then 5 = ©4 52 = o0.

Yo wish to find E(zl, s}, 1%, 5°), which by Definition 1:2.1
is the number of nxnx2 matrices C 1in eb In general the product
epace C will contaln nmmx2 matrices for which Cyy+ €y = 3
for one or more ordered pairs (1,J). Such matrices violate the restric-

tion that cidf" cuz < 1 for every ordered pair (1,J).

In order to find H(zl, sl, 12, s2) we first consider a fixed
but arbitrery pair (1,J). 1#J, 1,3 =1, 2, ..., B, in the nnx2
matrices C of the subspace CO Associated with this specified
‘ordered pair (1,J) are two mumbers ¢ 4 and ¢,,5 . 1.0., k=2, and
since we are concerned with the subspace G, the ordered mumber pair
(€351 ©132) can take on one and only ome of the three values (O, O),
(0,1) and (1, 0). Thus, with respect to the ordered pair (i,J) of

distinct individuals, the subspace G of the product space C can be



divided into three mutually exclusive and exhaustive classes. This

decomposition is given by the following lemma.

Lemma 1:5.1 With respect to the arbitrary but fixed ordered pair (1,J)
of distinct individuals, the subspace &, of the product space C can

be decomposed into three mutually exclusive and exhaustive classes

represented by

1.5.1 B(rt, o1, 2, @) = (1 +10(;’_+ z«f)nﬁnﬁl(f’.'.l-f-!z)-

Proof: Expanding the right member of 1.5.1, the first temm 1is, by
Definition 1:2.2, the number of nxnx2 matrices C in & for which

i1 = €342 = 0. The second term is the number of nxnx2 matrices
C in & for which €0 =1 and c 4y =0, since if a type ome

relation is fixed between the ordered pair (i1,J) of distinct individ-

vals then ry; and lJl must each be reduced by unity. This is

precisely the effect of the operator Pq on (ri, si, 52. gz).
S8imilarly, the third term is the number of nxnx2 matrices C in
the subspace C, for which ¢g4j1 SO0 andegyp = 1.  VWith respect

to the ordered pair (1,J) this exhausts the possible pairs of values
for the number pair (ey4. €14p) in the subspace C, and hence the

Lemng follows.
Applying the inverse, (l‘l- B\ J+ g‘i)-l. given by Lemma 1.3.1
with h = 2, to both members of 1.5.1, we have



Corollary 1:5.1.1 For an arbitrary but fixed ordered pair (i,J) of
distinct individuals, the number of nxnx2 matrices C in the sud-
space Q of the product space ( for which i = Cij2 20 1is

glven by

=1
(1+ o+ .gq’) Kzl st .2 s?).

1.5.2 311.331(51' 2, 2, )

The following corollary could be omitted completely. It is
included to illustrate for single ordered pairs (i,J) the procedure
to be followed later on for sets of ordered pairs (1,Jj). To be more

explicit, Theoreml.5.3 (near the end of this section) enumerates the

nunber of nxnx2 matrices C 4in each of the subspaces C,. q.
eg. ‘** . The following corollary gives explicitly the number in

cl‘ it is a special case of Corollary 1.5.2.2 which gives the
number in & for m=1, 2, *°7 .
The procedure is to fix a type 1 and a type 2 relation between
the arbitrary but fixed ordered pair (1,J) of distinct individuals.
If this is done for every possible ordered pair (1,J), 13 J, and the

sun is taken over all possible pairs, the result is

Corollary 1:5.1.2 The number of nxnx2 matrices C 1in the subspace

Cl of the product space C 14 given Wy

J
1%3 oA 3{1.3‘;1(£1' & 2P

 E, Al e e 22

1.5.3



Proof: By Definition 1:2.2 3{1.3}1(31, sl, 3, #2) 1s the number

of nxnx2 matrices C in the subspace eo for which ¢, =

c132 S 0. Ve can assume withoqt loss of generality that Tyy» 031.
Tyo0 and 8;2 are greater than or equal to one. We now fix a type
1 relation between the ordered pair (i,J)), thus making €151 < 1.
Since ry; and 8;, are respectively the number of type one rela-
tions in row i and colum J, this one must come from these com-
ponents of r! and sl. Similary, if we fix cgyp = 1, then 1,
and sj2 must each be reduced by unity. This removal is effected by
applying the operator 1“11 éX‘Z to (rl, 81, r2, 52). It follows

that 1°‘£ -2‘1 3{1.311(51' sl, r2, $°) is the number of ninx2 matrices

C 1in the product space C for which cyj = G342 = 1, and by defi-
nition each of these matrices belongs to Cl . Applying Corollary
1.5.1.1 to the left member of 1.5.3 we obtain the right member for
each ordered pair (1,j) and if the sum is taken over all possible
locations we exhaust the cases for which ¢34 = €443 = 1. %he

corollary is an immediate consequence.
We now extend Lemma 1.5.1 to M specific distinct off-diagonal

positions (ig.dm), m = 1, 2, ..., My inTF Jy + again using the

notation {1m.jm}“ for this set.

Lemma 1:5.2 With respect to the fixed but arbitrary set {_1,..1.,}“

the subspace (5, of the product space C can be decomposed into
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3“ mutually exclusive and exhaustive classes enumerated by

1.5.4 Kzl o, 2, P :{ﬁ(1+f(‘1*:+ Z“i:)}x

1 2 2
3{1‘.%}“(£1° £.15,8).

Preof: In the discussien whiech follows it should be understeed

that some of the classes may be vasuous. ‘
It is obvious that there are 3% distinct terms in the right

member of 1.5.4. There is an isomorphism between these terms and

the totality of mmber pairs (43, ¢432) for (1,J)€ {h»in}“- The

subspace under consideration is €, and therefore for each (1,J) €

{imdm}u we have (cidl' cidz) = (0,0), (1,0) or (0,1). Thus, for

each of the M specified positions (1,J)E {im.Jm}“. the number pair

(cidl’ cuz) can assume any one of the three distinct values and it

follows that there are 3% number pairs on the specified set.

Consider the following general set of M number pairs on the

specified set of positions {1,,.4,3“. nsmely, %1 301 =1 °1p.1pz =0

1 -0, ¢y 42-1, for p=m1+1.

for p=1,2, «.., By 3 cin ol

P

| = <0, +n,+1,
1114—2. coey "1"'“? ; and cipjpl c"p"pz 0, for p = m; lz

n+o,+2, ..., Moy, where "1+'2+m3 = M. Since
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1 2
n{h.h}l(sl. sl, r3, 52) enumerates a set which, by Definition 1.2.2,

has ¢4 4 s °1,12 =0 for (1,))e€ 5—"“"'}::’ we can proceed as follows.

Fix a type one relation at the m (0 =m =< M) positions indicated

above, then T, and sJ 1 must each be reduced by unity for p -
P P

1, 3, ..., my ; these reductions are effected by applying the opera-
tors 10(21 P(f:;l to 51. !1. Similarly, fix type two relations

at the my (0 < my ﬁu-ml) positions indicated ahove, then rlpz and
.Jpz mist each be reduced by unity for p = m+1, m+2, ..., m,+my;

these reductions are effected by applying the operators 2“::1.-:..:
1

20(1011—!!3 to rz . Carrying out these reductions simul taneously,
m+mg

we would have

1.5.5 (1 1) P“‘l f{"’: {im- }“ 1, 2, 2.

This is readily seen to be a unigque term in the expansion of 1.5.4
for it is obtained from the M distinct factors by taking the speci-

fied (XJP from » of the M Tfactors, taking the specified éxJP
1 "p 1p

from m; of the M factors (distinct from the preceding m;), and
taking 1 from the remaining M - m; - m, factors. Since this was
done in complete generality and since the converse is easily demonstrated,

it follows that there is a one-to-one correspondence and the lemma

is proved.
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Repeated application of Lemma 1.3.1 to both members of 1.5.4 gives

us, without further proof

Corollary 1:5.2.1 The number of distinct nxnx2 matrices C 1in the
subspace &, of the product space C for mien ¢, j1 ° ©142 = 0, where

(1,5)€ ZLE.J..}“ is given by

1.5.6 n{"m'dn}u(sl' s, 2, 82) = nﬁ;(l*gi:“' ?q:)'lx

We now proceed to Corollary 1.5.2.2 which is a generalization
of Corollary 1.5.1.2. That is, between each ordered pair (i,J),
(1.9)€ {i,,.:,,}“. we fix both a type one and a type two relation.

Corollary 1:5.2.2 The number of distinct nxnx2 matrices- C in the
product space C whien have ¢4 = ¢1j2 = 1, for every ordered pair

(1,3)€e [in.d-}u. and no eoincidences elsewhere, is givea Dy

1.5.7 {li' P(‘:: 9(;1:}3&.4‘}“(51. st 2, @)

= Jm m n)"
T e, 9‘1:)(1+ P‘l_*-g{m) Bz o 2 8D,

Proof: JIm the diseussien whieh follews it should be umderstood that
some of the classes may be vasuous.
By Definition 1.2.2 H rl, 1, 3, &%) 1s the
{%-Jm}“(— ' = - - )

number of nxnx2 matrices C in the subspace eo for which
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€41 S 132 =0 for every (1,))€ {im'Jmiu' therefore we can proceed

as follows. PFix a type one and a type two relation between eacn ordered
pair (1,))€ {1,..1“5“ and it follows that 6y4) = €345 = 1 for each of
the ordered pairs. If this is done, then the ecorresponding components
of the n-dimensiomal marginal row aad column total vecters (rl, s!, r%,
_!2) must each be reduced by unity, but this is precisely the effect of

;H;l lui: ?: oa (51. !1. _1;2. _ga). This proves the corollary with
regard to the left member of 1.5.7 and the rignt member follows directly
from Corollary 1.5.23.1.

The preceding eorellary applies omly to the specified fi. 'Jn-;u' N21.
€, 1s tnat subspace of C whicn coatains all tne matrieces having ¢y
+ ¢y 42 > 1 for exactly N positiens (1,3), 1FJ, and no coincidences
elsevwhere. Thus matrices emumerated by 1.5.7 belong only to ell It
?ollows that 4f 1.5.7 18 summed over all possible locations of the sets

&m"’ngl' the result 1s the total number of matrices in the subspase Cn.
For fixed M the mawmaber of distinct sets {tﬂ.J.}u 1|.tno aunber

of ways in whieh M distinct off-diagonal pesitions can bde chosen from

n(n-1) positions, namely (n(l;.l)). We demote the sum over these (‘(‘.'1))

sets Dy Using this motation and the previeus remarks

> .
fims Sufu
we may write

Corellary 1.5.2.3 The number of distinct axmx2 matriees C ia the
subspase e. (M =1) of the product space & 1s givea dy



1.5.8 | {imz-dn}“[(‘"t{ P(‘:,: é’ﬁ) B{,‘,J.}“(zl- s 2, 33)}
E iz;n}. ﬁ,’(P‘f: é"ﬂ\‘ pein + X:)-l}ac.r}- s 2P

Proof: Rach of the (n(:']'))torml in 1.5.8 is, for fixed M, of the
form given in Corollary 1.5.2.2 and hence gives the number of nxnx2
matrices C in the product space (© for which C1g1 S 142 T 1 for
each ordered pair (i,J))€ {1...1,,&“ Since each such matrix violates

the restriction that °1.11+ 132 41 for exactly M ordered pairs
(1,3), each belongs to €, and since we are suming over all possible

locations of the sets {1..3.}' we exhaust the possibilities for the
subspace e, The corollary is an immediate consequence with regard

to the left member and gpplying Cerellary 1.5.2.1 to the left member,
the right member follows and this completes the proof.

It was shown in section 1.2 that the total number of distinct
nxnx2 matrices ¢ 4in the product space C is 1(51. 31)7((_1;2. 82),
1.0., k = 2, where thne Vl function is the function introduced by Kats
and Powell /5 /. At the same time we showed that the product space
could be decomposed into mutually exclusive and exhaustive subspaces,
that 1s C = e°+q+ ez + °°° . The following theorem gives a

complete enumeration of the decomposition of the product space (@ into

subspaces .




Theorem 1:5.3 If rl, sl are any two n-part, non-negative, ordered
partitions of t; and _1;2. 22 are any two n-part, non-negative, ordered
partitions of t,, then an exhaustive enumeration of the nxnx2 matrices

C in each of the subspaces (G (M > 0) of the product space C is

given by
J od
i

Proof: BExpanding the product in the right member of 1.5.9, we have

The first term is by Definition 1.2.1 the number of distinct
nxnx2 matrices C 1in the subspace G, of the product space C .
It can be seen from 1.3.4 of Lemna 1.3.1 that the inverse
(}+ Io‘i"' #i)-l is the algebraic inverse and hence that the second
term of 1.5.10 is the number of distinct ninx2 matrices C in the

subspace 81 by Corollary 1.5.1.2. The third and succeeding terms



are precisely tnose of the right member of 1.5.8 of Corollary 1.5.2.3
for M=2, 3, ... , respectively. It follows that the third and
succeeding terms enumerate the number of distinct nxnx2 matrices C
in the respective subspaces (O, 63, etc. The theorem is an
immediate consequence.

The main problem under consideration is to find the number of
distinct nxnx2 matrices C in the subspace eo. which by Defini-

tion 1.2.1 1s H(xl, 31, 5_2. 32). For each factor in the rignt member
of 1.5.9, it is easily seen that
J
& 24
1 pi+ 4

If this substitution is made in 1.5.9 and Lemma 1.3.1 is applied to

14

both sides of 1.5.9 for each factor in the numerator and demominator

after substitution, we obtain

Theorem 1:5.4 If rl, 31 are any two n-part, non-negative, ordered
partitions of t; and _z:a. 32 are any two n-part, non-negative,
ordered partitions of t3, then the number of distinct nxnx2 matrices
C 4in the subspace (S, of the product space ©C 1is given by

1511 .8l 202 © ]
i =

2
whers the operators 1°‘I1. and Q(i operate on 'l(l'l . s}) and '\(Ez v 55

respectively.
Since there are no tables published which give the value of the

r{(;;i. o) functions, the preceding theorem would hardly lend itself
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32

to computation. However, Katsz and Powell [5] proved that fl(;. 8)
n
1\-1
: ;g;(l'*"i) A(r, 8), where Sukhatme's [8] A(X, s) fusction is tabu-

lated in referenee [87 for partitions of t up to t = 8 and alse

in David and Kendall [1_7 for partitiens of t up to ¢t =12. In

sectien 1.3 we stated that the eperators uo‘i were precisely the
saze as the (§ i introduced by Kats and Pewell [5/. Therefore, for

u=1, 2, we have

n -1
i
1.5.12 Dl(sn- & = T+ nd\) Az 8 .
i=1
Making this substitution in Theorem 1:5.4, we obtain the foellewing
corollary without further proof. It should be noted that in 1.5.13,

below, the product in the denominator is now over all 1 and J.

Corellary 1.5.4.1 If r}, s} are any tw n-part, non-negative, ordered
partitions of t, and 53. 22 are any two n-part,‘non-nogative. ordered
partitions of t,, then the pumber of distinct nxnx2 matrices C in

the subspace eo of the product space C 1s given by

J 3

14+ 05+ X

1.5.13 g2, o}, B, A = ;g—rz( Pt
1

A, sha2, &),
1+ 1«‘)(1—\- I
Y 1

where the operators lui and Q(i eperate en A(rl, st) and A(22, 2),

respectively.

We now consider a special case of Theerem 1.5.4. This case is

identical with the one considered in the appendix, as can be seen by

cemparing the fellewing cerollary with Theorem A.3.4 in the appendix.

The following corellary is applicable te sociometric tests invelving




three categories (k = 2) whers it is mandatory that each individual
classify exactly one individual in category one, exactly one other
individual in categery twe, and the remaining (n-3) individuals in
the third categery. Jor such tests, we have, in the matrix model,
l=r3=(1,1, ..., 1). Ve shall denote this n-dimensienal vecter
of n ones by 1°.

Every @‘i involves both a row and column index, therefore it
follows that any term which involves (,{!ﬂ.. where m=2, is trivial,

since 1y, =1 for all i. Therefore, it follows that

1+ pdepd 3
redbesy) T RET

where all the terms in R are trivial since they involve powers of

1.5.14

9(2 greater than one.

Equation 1.5.15 of Corollary 1.4.5.2 below is written dually.
rirst EQ1%, 31- 17, 32) is expressed in terms of 'l(;_-i. _-_1). i1,
2, by substituting from 1.5.14 in 1.5.11. In the second form, obtained
by the additienal substitution from 1.5.12, H(1%, s}, 1%, &°) 1e ex-
pressed as a functiom of A(;_i. _l_t). 1=1, 2. Ve now give the

corollary without further proof.

Corollary 1.5.4.3 If Iy =T = 1(4=1,3, ...y n), and gl

and s° are any two n-part, non-negative, ordered partitions of n,

then the number of distinct ninx2 matrices C 1in the subspace S

of the product space  is given by
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1.5.15 B(12, 31. 18, _'_2) = {E(l - P‘i’. f(f)}\(l“.gl)\r(ﬂ._._a),
&r( Rty TG~ st piv o fé)}

A1%,g1)a(1%,63) .
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1.6 E(xl, sl, ..., &5, s5) as a function of ,(;1“, b)) ... ,»(g v 55

In this section Theorem 1.5.4 is generalized. The generaliszation
is from three types of relations between ordered pairs of individuals,
in a group of n individuals, to (k<4-1), k>1, types of relatiens
between ordered pairs of individuals.

It will be of interest to compare the method used in this section
te find H(rl, s, ..., =x, f), k>1, with the method used in the case
k = 3 of section 1.5.

In both sections 1.5 and 1.6 there is the necessary restriction

that uél Ci4u = 0 or 1 for every ordered pair (1,j), 1 ¥ J. In

section 1.5 there was associated with every ordered pair (i,j) of

distinct individuals a number palr (cy4), ©4j3). It is easily seen

that, for any (1,J), the only number pair which violates the restriction

u%o““ =0orl, k=2, is the number pair (1,1). However, when k > 2,

there is associated with every ordered pair (1,J) of distinct individ-
uals a k-dimensional vector (cyj):Cy4as +--s C1jk)¢ It 1s obvious
that the necessary restriction & i -0 or1l is violated whenever
two or more ¢4y =1, u=1, 2, ..., k. It follows that,whereas

when k = 2 there was only one possibdle violation, namely (1,1), there
is now a tetal ef 2 -k -1 aifferent ways in which the necessary
restriction could be violated for every pair (1,j), 1 J. This implies
that a method different from that used in section 1.5 will have to de
used in tais section to eliminate from the product space C© all those

matrices violating the necessary restriction.



Using the definitions and notations previously established we

now proceed to Lemna 1.6.1 which is a generalisation of Lemma 1.5.2.

Lemma 1.6.1 With respect to the arbitrary but fixed subset i‘m'%u
of M off diagonal positions, M 21, the subspace eo of the product
space C can be decoapgsed into M-+ 1 mutually exclusive and ex-

haustive classes enumerated by

1.6.1  B(z!, 8, ..., &5, &) ={T})@+ él y‘}:}:

B B 8 oo B85,

Proof: Since there are (k4 1) distinct terms in each of the M dis-
tinct factors in tne rignt mt_unber of 1.6.1, 4t is obvious that thnere
are (1+ k)" distinct terms in tne expansion. The method of proof
will be to divide the (1+ k) terms into N-~1 subsets snd prove
that each of these M 41 subsets corresponds uniquely to a class of
nxnxk matrices in the subspace eO The M-+1 classes will be
shown to be mutually exclusive and exhaustive with regard to the
arbitrary but fixed set {h.).lu of M distinct off diagonal posi-
tions.

By definitions 1.2.1 and 1.2.2, B(z}, s, ..., =5, s5) and

"{1--3.’314(51' 31, coe _x_-k, !k) are defined on the subspace eo of

the product space e . Therefore, for every ordered pair (i,J) of

distinct individuals, u% Ciju = O or 1. With this established it

is obvious that there are k ways in which u% Siju = 1 and only
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one way in wnich % Cigu © O for each ordered pair (1,J), 1 FJ.
We shall carry out the decomposition of eo inte M+ 1 mutually
exclusive and exhaustive classes and simultaneously show the uaique
serrespondsnce of these elasses te terms in 1.6.1.

The sere class, which we denote by COO' 1s that class containing

all those nxnxk matrices for which n% Cyjq - O for each of the

ordsred pairs (1,3)€ fin.Jufu- It 1s Dot Aifficult te see that this
class is represented in the expansien by taking 1 from each of the

U facters in 1.6.1, taus ebtaining g 43 (21, st, ..., 25, 5.
The first class, eOI’ contains all those nxnxk matrices for which

ug ¢4 ju = 1 fer exactly one of the ordered pairs (1,J)€é {1,..3,}‘. It

is quite evident that this can be done in (i‘)k ways since the single
ordered pair can be chosen from M pairs in (‘1‘) ways and the type
of relation for this pair in any of k ways. This amounts to taking
one from all but one of the M Zfactors in 1.6.1 and from that facter
choosing any ene of tne k different ‘?‘i Preceeding in this manner,

we now consider the Rth class, eo » O S R<M. This class, ebn’

R
contains all those nxnxk matrices for waich &= Ciju = 1 for
exactly R eof the ordered pairs (1,J)€ {1,.33“. This can be dene
in (%)kn ways, since we can cnoose R ordered pairs fron M ordered
pairs in (:) ways and once chosen we can choese the type of relation
for each in k ways for a total ef (i‘)zﬂ ways. This amounts to taking

aone from M - R of the M factors in1.6.1 and exactly one e‘g



(which can be chesen in any of k distinct ways) from each of the
remaining R factors. These steps are reversible, hence the corres-
pondence between classes eoa. O<R<M, and terms in 1.6.1 is a
one-to-one cerrespondence. There are obvieusly M+ 1 terms of the

form (:)kn ia (1 -&-k)l and from the manner in which ebl is defined,

the classes are mutually exclusive and exhaustive. The lemma is an

immediate consequence.
Repeated application of Lemma 1.3.1 to betn members of 1.6.1

gives us, without further preef

Corellary 1.6.1.1 The number of distinct ninxk matrices ¢ 4n the
subspace €, of the product space @ for which g ¢iju =0 for
each erdered pair (1,))€ fim Juju» ¥ Z1. is given by

1.6.2 n@m-h}u(é’ o, ..., & 85

: I:Tl(wg’.f:le"x:)-l Bz, B e )

Frem this peint en the proof given in this section ditfers frem

that given in section 1.5. We now wish te exsmine the ways in which

2, of section 1.5, this ceuld happen

‘g\ ¢14u>1~ In the case k
in enly one way, namely ¢ 4} = €143 © 1.
aumber of ways is z“ -k =1, for each ordered pair (1,J). In this

Wita k >2 the

cennectien we new state the follewing definitien.

Definition 1.6.1 We shall say we have a w-tuple coincidence at

(£,J), 2<w<k, if gcu“: .



It was shewn in sectien 1.2 that the product space @ ceuld de

decomposed inte mutually exclusive and exhaustive subspaces en.
M 20, se that e= eo+ cl“" Cz+... . At the same time 8“

was defined to be that subspace of the preduct space e which contained
all those nxnxk matrices C fer whica $ °1Ju> 1 for exactly
M eordered pairs (1,J) of distinct individuals.

By Definitien 1.2.2 B&m-h}u(é' sl, ..., £, ¢£) enumerates

a subspace fer which Ciju = O fer each ordered pair (1,J) €

u-
{1,-.1..}‘. We now preceed te fix a w-tuple ceincidence (2 < w < k)
at one of the M pesitiens given by tne ordered pairs (1.3) €§im+ Iudu
Let the w-tuple ceincidence at (1,J) consist of the relations u,
v=1,2, ..., W, 2 <w=k, thea ¢Ci4,, 21 forv=1,23, ...y W

If this w-tuple is fixed at (1,J). then Tiu, and *jay v=1,2, c.0

w, must each be reduced by unity. This can enly be done by the

operater ,,10({ uadi uS‘i applied to (X, s, ..., 25, 5. It

follews that

w
1.6.3 ;D; uS‘%H{x,.:.L..(.r}- o, ..., 25 85

is the number of nxnzk matrices in the preduct space © which contain

= S eee = - 1
the particular w-tuple coincidence ¢4 Jo © 4 Jup °1Ju.

at positien (1,j). We peint eut tnat, for any fixed w,(2 <v <Kk),

there would actually be (,k,) distinct ways of choesing a w-tuple coin-

to include all pessibilities for the position
. <u,, for each W.

cidence. Therefore,

(1,3). it 1s necessary to sum 1.6.3 over W <up<::



Proceeding in this manner we have the.following corellary.

Corollary 1.6.1.3 Jer each w, 2<w=sk

o S S g £ 5D

ie the number of nmzk matrices in tne preduct space C whicn contain
a w-tuple coincidence at tne position (1.5)€ {h‘n’m&l and which have

no coimncidences slsewhere.

1.6.4 nolds fer each w (2<w=k) and therefore if the sum is taken
over all w from 2 to k this will exhaust the possible types ef

w-tuple coincidences at (1,3). This sumnatiea can be simplified by

substitien from the following identity,

x
) : z « J 4 ..
1.6.5 u‘j;(1+ &) =1+ od + v U 24 +

. | S
e L

Prom 1.6.5, we have immediately

1.6.6 é u12<—u;'__<::<w{vﬁ u?‘% = ﬁ;(ﬂ'\?‘i) ] (1+ g’l ‘g(i).

we have upen

[ A ¥Y

Therefore, if 1.6.4 1s sumed en w from 2 to Kk,

substitution from 1.6.6

Cerellary 1.6.1.3 The total mumber of nxnxk matrices which have a

w-tuple (2<w=k) celncidence at tne pesitien (1.9)€ $in dudur M Z1

and no coincidences elgewhere, is given by
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A .1) L~ 1
1.6.7 u= (“" 1) -0t 5 SR g e =, k).

It 1s quite evident from 1.6.7 that tnere are 25 -k - 1 pos-
sibilities fer whicn é €jju > 1. We peint eut that in 161‘&)

there are (1+1)F = 2 aistinct terms and in 1 ¢ u% E‘i there

are (k +1) distinct terms. We are merely choosing those resulting

in w-tuple (vz.‘.':w-‘-k) coincidences at (1,)). Cerellary 1.6.1.3 applies
to each pesition (1,J)€ {1...1.3". M2 1. We new wish to enumerate

the nxnxk matrices having a eoincidemce of multiplicity S 2 at every
ordered pair (1,J)€ flm.udy: This can be ascemplisned by taking the
product of factors of the form given in 1.6.7 over all ordered pairs
(L,9)€ ii..j‘&“ Since it is desirable te express this as & functien
of E(zt, s, ..., 2, &5), we empley 1.6.2 of Corollary 1.6.1.1 for
the right member o'f 1.6.8 below. We peint eut that the tetal number
of possibilities of having some type of a w-tuple (2<w<k) ceincidence

at every (1,3)€ fimedufu 18 (3°-X- k.

Cerellary 1.6.1.4 The total number of nxnxk matrices which have & eoin-

cidence of mmltiplicty = 2 at every (.)€ {1...1‘}“. M =1, and
no ceincidences elsewnere, is given by

k
1.6.8 ﬁ ﬁ'(l-i- g(’l) - (1 + Z_ gt%ﬂam.h'sl(zl-gl,....zk-f)

==l

(e 2 o9

K(!'_l. '1. EREN] _l:ki _‘,k)'
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The above corollary applies to the arbitrary but specified set of
M off dlagonal positions i,.3ly. M 21. For any fized K tats

set can be chosen in (n(x;—l)) ways and we now wish to sum over all

these possible sets {1,,..1,,}. for any fixed M21. Ve shall demote
this sam, for fixed M, by E} . Therefore, sumning the right
’ M

member of 1.6.8 in the manner just indicated, the following lemma is
an immediate consequence of Corollary 1.6.1.4 and the definitlon of

Qn. Note that we are now dispensing with the guxiliary function
ANTHE AT S 2]

Lemna 1.6.2 Jor any M 2 1, the total number of nxnxk matrices

in the subspace el of the product space C 1 given by
-1

M k k k
vos 2 TG o) - o Z ifoe B orf |

H(l‘l- _3_1. ee., IX, sk) .

We previously showed that the product space could be decomposed
into mutually exclusive and exnaustive subspaces, 1.e. G s e°+
el+ eb+ <e+ ., fTne preceding lemma gives the number in any of the

subspaces eu.uz.l. herefore, 1f 1.6.9 1is swmed en M,

we would obtain a complete enumeration of the product space by subspaces

e“. M 21, witn the exception of eo. The number in eo is, by

Definition 1.2.1, H(xl, sy -..s 5, 85). Hence, 1f the identity



operator is added to the sum on M of 1.6.9, thea the result

would be a complete enumeration of the totality of the yl(_x;l. sl)...

VL(I'k s£) nxxk matrices C 1in the product space € vy subspaces
u* M Z 0. Censider the following expansiea

o 'n{ o Sl dad) o e

1"'513‘1

Ry
x
+ > 3 Tl' 1+“°‘1 (H' u£:1 a(ed.sd.....25s5)
{%’40‘3 m= 1+ Z .
+
x x
+ 2 1T (i *P‘i);(“'uz::l ‘ﬁgg(g. 1,... )
fim: dudy == 1+ = i

The first term in rignt member of 1.6.10 is the pumber of matrices

in eo . ‘Phe second and gucceeding terms are, by 1.6.9 of Lemma 1.6.2,

that
the number of masrices in el' Cz. cees el' o It follows



i
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the left member of 1.6.10 completely enumerates, by subspaces 6’ , MZ 0,

the totality of thne 1\(51. sl)e-- V((;k. s5) nanxk matrices in the product
space C The left member of 1.6.10 can be simplified since, for eaen

factor 1 J, we have

1.6.11 {1+ ﬁ*gg)'(”éi\?‘g) - ﬁ;ﬁ*’ f‘Q .
1+ és‘{ 14 ‘ggﬁ

If 1.6.11 is substituted in 1.6.10 we nave, witheut further proof

Theorem 1.6.3 Given k pairs (r*, s%,u=1, 2, ..., k, where "
and s are any n-part, non-megative, ordered partitions of ty, t, 21,
then the totality of )v_x_'_l. _l_l)"' 0‘(;‘. !k) nxnxk matrices C ia
the product space c defined by tnese partitiens is completely

enumerated by

) <

v +‘FJ
«Oe '1 L Y ’ .k - -1 1 ..1.000' [
1.6.12 r\(;l._) r\(;" s) L_‘l{ﬁi—k———)- B(xl.s =*,5%),

We are primarily concerned with the nwmber ef distinct nxnxk
matrices C 4ia the subspace eo of the preduct space e + Ranmely
B(z!, 8!, ..., 25, s5). It was shown in Lemma 1.3.1 that, for 1%h<k,

the inverse of (14 ‘% f‘f) is the algebraic inverse. Each facter
ia rignt member of 1.6.12 is of the ferm givea ia Lemma 1.3.1, therefere

repeated application of the lemma te beth sides of 1.6.12 gives us,

witheut further proof, the fellewing theorem.

Theorem 1.6.4 Given k pairs (z*, s%),u=1, 2, ..., k, where






£ and 3% are any n-part, non-negative, ordered partitions of t_,

t, 21, then the mumber of distinct nxnxk matrices C in the sub-

space C, of tne product space © 1s given by

1.6.13  H(z}, o, ..., IX, K) :]T
*J

CRCRi Eatat
where M operates on (r%, s*), u=1, 2, ..., k.

In the form given by 1.6.13 we mote that H(x!, sl, ..., r¥, sK)
1s expressed as a fuaction of tne 1(2“' !q) introduced by Katgs and
Powell [57. A% the present time no published tadles are available
for their function Ti'c(' 83«): Therefore, as in Section 1.5, we employ

their counting theorem, nsmely
n
=TT 1y-1
'1(5“, M) = i=1<1+ 31) A(Z%, 89),

foreachu=1, 2, ..., k. If this substitution is made for each
'l(_I:“. s%) given in 1.6.13, then Theorem 1.6.4 can be written in the

form given in the following corellary.

Corollary 1.6.4.1 Given k pairs (%, s¥),u=1, 2, ..., k, whers
™ and _-_u are aay n-part, mon-negative, ordered partitiens of tu'
tu 21, then the number of distiact mxnxk matrices C 1in the subspace

e, of the product space e is given by

)
1.6.4 g, o, ..., X, &)= -—*ELH i P Azl gh)... (K25

ITe+ )



where “&i operates oa (r*, s%)u=-1,2, ..., k.

We ‘call the readers attentioan to the product in the denominator
of 1.6.14 which is over all pairs (1,J), including (1,1). Tables
of A(r , 8 ) are available for partitions of ¢ wp to ¢t =8 in
Sukhatme [8]. Purthermore, Sukhatme [87 gives an algorism for
finding any A(r , s ). David and Kendall /1] give tables of
A(x , 8 ) for partitions of ¢t wp to t =12,

It cam now De seen that Cerellary 1.5.4.1 in section 1.5 is a
special case of Cerollary 1.6.4.1, namely the case k = 3. Aleo,
Theorem A.3.4 in the appendix is a special case of Corollary 1.6.4.1,
asmely k = 2 and;_l = ga = (1,1, ¢..5 1). In this connection we
peint out that umpublished tables have been completed fer rl(l‘. s)
for values of an througnh 16 wunder the direetioa of Katz. These
tables give tne value of 7‘(1‘. 8) fer any 8, s being n-part, nom-
negative, ordered partitions of =a. It is for this reason tnat we
next congider a speeial form of Theorem 1.6.4. The follewing cerel-
lary can be used in sociometric tests ia which it is mandatery that
sach person classify exaetly one other persen in each of the k cate-
gories, the remaining n-k-1 being autematically elassified ia the
(k+1)st category. Fer such tests x*=(1,1, ..., 1), feru=1,
2, ..., k. It follows that im the expansiem of 1.6.13, any terms
which coatain a facter of the ferm (\9!1)".' where m > 1, are trivial.

We now econsider the expansion of 1.6.13 for this special cass.

1+ 2 o
Por fizxed 1 and J L= can Do expressed as

Ee+ &)
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elementary symmetric fumctions of the ﬂ by letting

3 J
&y = Z\Ilui uzui ...‘gi “1*‘3*""*% .
Using this notatieon we have

1.6.15 1+$1 ‘?‘i = 1ta .
E(+el) ITrarerrin

Carrying out the divisien in a formal manner, we have

1 -
1.6.16 l14a+-- -+ a rir:ll"_‘z.‘_.s_‘_,..*.%’....yak'

82 - ag - tc T ... oy
Next we mwust subtrast from the first remainder -ap(l+a + --:

+ s‘_z) « In this expansien we wish to retainm only elementary sym-
metrie functiens. FProm Sukhatme [87 we fimd that im the expamsion
of a,ay, in terms of mowemial symmetric functions, that the only
term involving an elememtary symmetric function is 6(1%%Y) = -
and its ceefficient 1s (‘: Y). 1t follews that the eoeffieient of
&, 1a the secend remainder is -l1¥ (5). furthermore the next term
in the quotient 1is 253. 1.e. -1*(2)2 2. If we accumlate the
coefficient of [ for the third remainder, this ceefficient will
be -1+ (5) - 2(5),1‘0: the fourth remaiander -1+(§) - 2(;)1-3(1).
etc. Preceeding in this mamner we fiad that the seefficieat of

a. 1n the quetient is (-)™}(r-1), and therefors we nave frem 1.6.15
J

1+ f;‘l &
Th+)

where the remainder R invelves enly trivial terms. We shall write

1.6.17 1 - a3 4283~ 304" (-)k"l(k-l)lk +B,

the rignt memder of 1.6.17 1ia the feorm 1+af 4+ R in the interest
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of drevity of notatien. Using this netation for eaeh of the facters

in 1.6.13, the special ease of Theorem 1.6.4 can be writtea as

c.“llm 1-6.4.3 If riu = 1. fﬁr 1 = 1. 2. ceey ) nd“ = 1. 2. ceey
k, and if s*, u=1, 2, ..., k, are any n-part, non-negative, ordered
partitiens ef =a, thea the number ef nxaxk matriees C in the sud-

spase @0 of the preduct spase e is given by

1.6.18  HQ®, o, ..., 00 5 = T['(l +ai)r((1“.;1)-~- Vl(l‘-.t.").

where 1-{-0,‘11 1s the mom-trivial part of 1.6.17.

We peint out that this cerellary could be used without reference
to tables if Theorem 1.2, page 29, ia the dissertatien of Pewell [77,
is empleyed. His theerem expresses )((1‘. 8) as a functien of
symetrie functions of the non-sere s, in s .

Ia .tbe next section we shall eonsider appliecations ef the results

of this section.



PAR? II
APFLICATIONS

2.1 Preliminaries

The main result of section 1.6 gives a method of finding the
numder, E(x}, s, ..., 25, &%), of nmzk matrices C defined by
1.1.3 and 1.1.4. Thus, for any k pairs of fixed n-dimensional
marginal row and column total vectors (r2, s%) u=1, 2, ..., k,
wo have a space ) consisting of H(rl, sl, ..., 15X, s5) matrices
c.

The definition of these matrices was formulated by considering
the possible outcomes of a class of sociometric tests. This Class
consists of tests in which each member of the group must classify
¢ach of the otners into one and only one of (k-=1) distinct cate-
gories, k 2.1, the categories being dependent on tne criterion of the
test and the numder classified in each category possibly restricted
by the experimenter. A large number of sociometric tests are so
Charasterized.

We now wish to consider some of the statistical aspects of the
preceding results. We will define random variables within the realm

of these tests and examine a particular hypothetical random variable.

2.2 Random variables defined on tne matrises C.
Usually, the number of individuals (n) and the number of eate-
gories (k+1) are taken to be finite. It them follows that the

spase of all possidle outeomes of any given soeiometrie test can bde
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represented by a finite number of amik matrices C. For any givea
test, let us call tais space of all possible outeomes the sample spase.
We denote the total number of outcomes by X.

For this sample spase we shall adopt the usual eonvention and
sonsider all possidle outeomes as equally likely. Using this eonvem-
tion we assiga prebability of 1/N to eash of the X outeomes,
resulting in a uniform probadbility measurs oa the ssmple spase. In
some relatively rare cirecunstances we may wish to assign uniform
probabdbility measure on subsets of such a sample space; we here avoid
this complieation.

Given tnis sample spase of N axaxk matriees C we cam now
define various random variables over these N matrices. A random
variable is a single valusd, measure preserviag mapping from its
domain to its ramge spase. The domain im this ease is the ssmple
space. The range spase for the random variables we are oonsidering
will be appropriate subsets of the real line.

Thus, for a given random varisdle X, eash of the N matrieces
ia the sample spase has an image on the real line, this image being
the value of the random variable X for the partisular matrix. 1Ia
general this mapping is many to ome, that is, there are many matriees
C resulting in tae ssme value of the raandom variable X. This map-
Ping induses a probadility measurs om the randem variable singe, fer
a given X = x, tne probadbility measure of x 1is the probability

measure of the imverse image of x in the domaim spase. It follows
that if tne domain has uniform probability measure on it, then, using
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the sounting preeedures developed in sectiom 1.6, we ean find the
probability distribution of the random varisble X.

For any given soeiometric test, the instrustions with regard to
making responses to the other members of the group will determine thne
sample space on whieh random variables will be defined; in other words,
will delimit the universe of diseourse. We will consider a few of

these sample spases.

2.3 Ssome sample spases defined by test instrustions.

In the diseussion whieh follows, we assume thiat the restrictioas
on the axnxk matrices C given by 1.1.3 and 1.1.4 are satisfied.

Suppose the instruetions to a soeiometric test state that easn
person must elassify d of the others in a first group, d mere ia
a sesond growp, ete., for a total of k eategories, kd S<n-1, and
the remaining n-kd-1 members are elassified in tne (k + 1)st sate-
g0Ty. TFor fixed d amd k the corresponding matural sample spasce
comsists of all nxnxk matriees C naving r® = (4, d, ..., d) for
wu=1,2, ..., k. PFor eash of the sets of k n-dimemsional vestors
2%, u=1,2, ...,k we can find H(d®, s}, a*, &2, ..., &®, &5) and
thus the wember in a subspase Go of the sample spase. There are as
Rany sueh subspases Bo in the sample space as there are distinet
sets of k n-dimensional vestors gn. u=1,2, ..., k. This sample
spage then eonsists of a eollectien of subspases eo. eash of the type
exumerated by some H(d", s, ..., a%, _'.k)-

If the previous instrustioms are altered slightly we obtain a
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different sample spase, Asswme we would like to divide the growp into
sategories eomtaining wmequal aumbers of members. JFor instance, the
group may have k projests to eomplete simultaneously and the wuth
projeet requires v, members. The instrustions request each member
to enoose vy otners for the utb projeect. The marginal row total
vectors are then of tne form 1% = (vg, vy, ..., %), w=1, 2, ...,

k, where é Ya < n-1 1is the enly restrietioan om the v"n.

The semple spase determined by these instructioms is the ome
¢onsisting of all those niaxk matriees C navimg 1% = (v, ¥, ...,
Yo, v=1,2, ..., k, where the v, are a fized set of positive
integers sucn that ‘%1 Ya < 10-1. We peint out that if W= 4a
for all u, then this sample spase is equivalent to the preeeding
sample space. The same remarks now apply to sets of k n-dimeasional
vectors s*, w=1, 2, ..., k, as in the preceding sample spase, except,
of eourse, that we ao longer have Ma” d, for all 1 and u. ywe
next eonsider a case in which the ehoices made by the members are

urrestricted.

In many sitwations members of a group may be asked to classify
other members on a qualitative basis. That is, the eriteriom of the
test may deql with some individual tralt sweh as leyalty or imtegrity;
in sueh cases tne eategories would be eharasterized by susk words as
superior, execelleat, good, ete. C(Classifieatioms are thaem a matter of
personal Jjudgment and the instruetioms wouwld have to permit umrestristed

8h0iees for the various categories. The marginal row tetal vestors



are them randem variables. The sample space is now the spase of
all mxaxk matrices C. JFor easn set of marginal row and eoluma
total veetors (xl, sl, ..., r¥, oK) we nave a subspace €, of tne
sample spase whien is enumerated by H(rl, gl, ..., X, &). mne
total number of nainxk matrises C 4in tnis sample space ig, by
elenentary eombinatorial consideratiens, (k+1)n("1) . DBetore
preseeding to the hypothetical example we eonsider ene more case,
Assume a soeiemetric test nas been admimistered and the results
resorded. This would result im a fixed matrix C witn rixed ) ju’

Tjg* and 'Ju‘ We may wish to eonfine attention to only those matrices

baviag the same fixed r" amd s®. In tnis ease, the apprepriate
sample spase would eontain E(rl, !, ..., X, &) nzaxk matrices
C. where tne 1% and s%, u=1, 2, ..., k, are those resordsd ia tne
test.

It can De seem that the sample spases to be wsed depend neavily
upon the instructiomns given for the sesiometric test. Furthermore,
the investigater may wish to alter nis frame of referenee Wy choosing
Oneé or otner subset of all matrieces C as his sample spase. VWe next
sonsider a partieular example im which we show the eomplete proeess,
including definition of the random variable to eontorm with the nature

of the soesiometrie investigation.

2.4 4 nypetnetieal example.

Suppose we are interested in wnethner all, or most, or few of

the members are “accepted" by tne rest of the growp.
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Let the sociometric test de one in which eash individual is asked
to make a first, a seeond and a third choiee from among the other
(n-1) individuals on the basis of some criterion. The (n~4) not
selected by an individual are thus automatically classified in the
fourth category by that individual. Let 11. !2. !3 be the n-dimen-
sional marginal column total vectors representing the numbers of
first, second and third choices received, respectively. PFrom the
nature of the sociometric test employed, we have Tju -1 fori =1,
2, ..., nandu=1, 2, 3. It follows tnat the sample space consists
of all those nxnx3 hollow matrices C with marginal row total
vectors rl =8 = 3= (1,1, ..., 1). Tne total nunber of matrices
in the semple space can be found in two ways. First, from elementary
combinatorial considerations, we see that the {itn individual can
make his first choice in (n-1) ways, mxf. nis gecond in (n-2) ways,
and, finally, nis third in (n-3) ways; the remaining (n-4) choices
are thea determined. It follows that the total nunber of ways is
E»l)(n-z)(n-s)]“. since the » individuale make tneir cnoices
independently. Second, the total mumber could be fouad dy accumulating
BE(1®, gl. 1*, %, 18, 89) for all possible distinet sets of columa
total vectors s!, s? and 3. (sSimce r*=(1,1, ..., 1) ftor
=1, 2, 3, this task could de simplified considerably by comsidering
permatations of tne 'Ju‘) Thus, the sample space comtains
E‘n-l)(11-2)(11-3)-_[n nxnx3 matrices C and for emumeration purposes
these cun be classified into disjoint subspaces eo eaumerated by

H(1®, 31, 1*, _u_z. 1?, 33) for distimct sets of sl, ;2. _0_3. To each
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of these matrices we assign a probability measure of one divided by
[(n-l) (n-a)(n-s)]‘. This sample space is the domain for the random
variable X which must mow be specified.

We may choose to define aceeptamce of an {ndividual by consider-
ation of a weighted sum of enoiees. 4 weight of three is glvo_n to
a first choice, a weight of two to a second ehoiee, and a weight of
one to & third choice. Thus, for the Jjth individual we have a

welghted sum of choices received, namely sln-!- 2'.12'*"33' From
. .
the mature of the responses we have El *ja “a, foremshus=1, 2, 3;

therefore the expected value of s fu’ for every j and u, is ome. It

follows that the expected value ot the weighted sum for individual J
1s 6. We shall say that imdividual j 1is mot fully aecepted if
ni# weighted sum is less than the expectation.

Let X Vbe the number of such individuals ia a group of a indi-
viduals, where individual j 4is not fully accepted if the weignted
sum of his choices received is less than six. The domain of this
random variable is the set of (n-l)(l-Z)(n-z).)n axax3 matrices
C 1in the sample space. The‘rngc is the set of mom-negative integers
between O and (a-1), inclusive. Ome obvious way in whieh all members
can be accepted (X = 0) is L™ =1, for all u and j. The value
(n=1) 1s assumed by X inm the following manner. Let amy individual
receive (m-1) first choices, ne is obviously accepted, the remaining
first choice and the = secomd amd a third ehoices are easily

distributed smong the other individuals so that weighted swn is five



or less; this is true omly if na )4.

The single valued, measure preserving mapping is evident »y
inspeetion. Given any axaxk matrix C ia the domain (sample space)
we ean determime the value of X for this matrix by examining, fer eash

3, 3+ 3ldz+ %3 aad take X to be the mumber of J for which this

welghted sum is less than six. This is a many to one mapping. For each
X 1in the range space, 0 <X < a-1, (n34), there is a class of
Rxax3 matriees in the ssmple space. The probability that X = x,

is the probability of the inverse image of x in the domain. Thus,
the probability distridution in the range space is induced by the
single valued measure preserviag mapping. In astual practiee it
would be necessary to find E(1™, 8!, 1%, 42, 1, &%) for all distinet
sets of three n-dimemsional marginal column total vectors gl. 33 and
83. The random variable X assumes a value for eaen set. This
pProcedure leads to the probabdility distribusion of the random variable
X.

Thus, omee tne uriverse of diseourse has beem deeided upon, many
random varisbles ean be defined by prosedures similar to that given
above. In closing we remark that meaningful raamdom variadbles can
best be selected threugh the eooperation of soelologists and mathematiea)
statisticians. The immediate future appliecations of the results of
this thesis will probably be in this field.



SUMMARY

The preblem eonsidered ia this paper was the extensien of a
resuls eriginally ebtained by Kat:z and Pewell [5]. They were con-
cerned with the eme dimensienal theory ef greup orgaaizatien as a
complex of irreflexive binary relatieasnips, takiag values ef O and
1, between the pairs of individuals. In this paper the binary re-
strictien is removed and replaced by (k 4 1)-nary relatienmships,

k >1.

The preblem was solved im three suceessive stages. The successive
stages will be fewnd in the appendix, section 1.5, and section 1.6,
respectively. A nypethetiecal example which dsmomstrates the appli-
cation of the main theerem is givem in Chapter 2.

The tirst two stages are special cases of the third stage,
although tne metheds of preof in each of the three stages are unique.
It was considered i.mportn.t to indicate the evolution ef the process
whieh led to the general result. It is deuwdtful that the geaeral
result would have been attained so soon by a direct attask. The
sucecess at each stage not enly served as & natural impeller to the
next stage, but also previded ¢lwes for the methed of attatk in the
fellowing stage. The tnree stages are deseribed delew.

1) Termary relationships between ordersd pairs ef distinet imdi-

viduals; eacsh individual cheeses exaectly ome for category onme,
exaetly ome other for category twe, and the remaining n-3

are autematiecally classified ia the third ecategory.
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2) Termary relatioaships between ordered pairs of distinct indi-
vidwuals; each individual classifies eash of the ethers inte
one and only ome of the three sategories.

3) (k< 1)aary relatieaships (k > 1) between ordered pairs of
distinet individuals; eash individual classifies sach of the
others iato one and oaly one of the (k< 1) eategories.

These relatienships betweea erdered pairs of individuals have
matrix representatioens, this method ef represemtatien bdeing imtreduced
by Persyth end Kats [3] in 1946. In all three stages the matriees
are three dimensional, namely axaxk fer groups of n-individuals aad
(k£ 1) relationsnips. The third dimenmsiom of the matrix, k, is
always one less tham the number of relatioms decamse of the (k + 1)st
relationship (null relationship) which is mandatery for every ordered
pair aet m.aung ome of the ether k relatieaships. The mumber of
distinet matrices satisfying the restrictions is givem by H(;l. 31.
2, 82, ..., K, s5), where 1® and s® are a-dimemsienal vecters.
In relatien te the result of Katz aad Pewell /57, H(x,s) = ).

The first stage results in a theerem whieh gives E(1%,s!,1%,s%)
as a bilinear functien ef "(1‘. gl)r\(l‘. s%). This preof, fewad
in the gppendix, centers om the faet that _1:1 = ;3 2 (1, 1y 0.0 1),
henee there can be at mest ene vielatien of the restrictien that ene
and enly ene relatiensnip exists between sash ordered pair. A permu-
tation functien of rew and eolwmn indiees is the distinetive feature
of the preof.

The secend stage, section 1.5, results in a theerem which expresses
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H(r!, 8!, 12, 32) as a bilinear function of 'l(gl. sl) rk(f. e?). This
proof has the same feature as tne proof in the appendix, nemely tnere
is only one way to violate the restriction that one and only one rela-
tion exists between each ordered pair. However, in this case there
can be one or more violations in a row. Introduction of a new function,
Efi, Jm'gu(g‘. a1, 12, 52) circumvents this difficulty.

The third and last stage, section 1.6, expresses H(x, s!, r2,
2o oes 25 &) as 8 function of (e, N )N D).
The essential difference between this and the preceding cases is the
restriction that one and only one relationship exists between each
ordered pair can be violated in X _x-1 ways for each ordered
pair ot distinct individuals. The machinery used in section 1.5 is
adapted to handle this case.

In each of tne above stages, H(x!, s!, r2, &2, ..., X, oK) i
also expressed as a function of Suknatme's [ 8 / bipartitional functionms
A, sl)a(x®, s2)---a(X, &£). This 1s made possible by Kats and
Powell's [5] theorem which expresses iz(;; , 8) as a function of A(r,s).

This is very fortunate indeed since A(r,s) is tabulated and
pudblished tor partitions up through eignt in Sukhatme [8_7 and for
partitions up through twelve in David and Kendall [17/. It is extremely
doudtful that tables of r(g_.g) will ever be published except for
very special cases, in particular, cases where r 1is of the form
(d,d,...,da), wnere d is a small positive integer. Ome reason for
this is that tne ordering in the n-dimensional vectors r and s 1is

important, amd this tact alome would temd to make excessively loag
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tables. Tables are being comstructed at the present time for vl(ln. 8)
for values of n up througn 16. These tables are being comstructed
under the direction of EKatz and, if publisnhed, will be useful for

any cases involving H(1®, _gl. 12, ga. A L !k). i.e. 71 = _1:2 =
B2 =20,1, ..,0).

In relation to sociometric testing tne extension cam be beneficial.
Prior to this extensioa the application to sociometric testing was
contined to criteria whica nad only twe categories of respomse. The
extensior is applicable to aay mumber of respomses betweem individuals
on tne basis of a single criterion. There could be, for example, a
criterion in wnich each member was to rank, partly er completely, the
remaining members. The method is also adaptadble to criteria in which
the responses have ome Or more scalar values.

Yor fixed m and k the tota.l sample space of all nxnxk matrices,

satisfying the given restrictions, coatains (k +1)n(n-1)

distinct
matrices. Although random variadles can be detined on this space the
more interesting sample spaces are subspaces of this space. These
subspaces become the umniverses of discourse for defimimg randem variables
which are single valued, measure preserving mappings from tne domainm
to range space of tne variable, tne range space being a subset of the
real line.

Given any sample space there is a large class of random variables
which could be defined. It is mot tne purpese of tnis paper te define

these random variables. However, exast distributions can be obtained

in many interesting cases by employing the results of tais paper. We
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sgy this in a rather lignt vein; the actual task of computation, even
for small n and k, would be a loag exactinmg process, though mot an
imposeible task.

The mechaaics of coastructing a random variadble, given a universe
of discourse, are discussed in Chapter 2. A hypothetical example is
given as an illustratien.

Prior to eoncludiag remarks, we poiat out that the results of
this study may be adapted $0 preblems in commumications networks. A
simple example oecurs in the emumeration of (or testing whether there
exist any) pessible metworks which may be formed among stations con-
taining specified mumdbers of several kinds of outgoing and incoming
truni lines.

In eonclusion, this study has develeped a prodbability model fer
group organisation theory with multi-valued relations bdetween persons.
It is now possible to obtain exact prodbability distridutions for
meaningful random variables. Tae immediate future application ef tne
results would appear to be in the field of sociemetry. This will
require clese eooperation between socielogists and mathematisal

statisticians.



AFPENDIX

A.l1 Preliminaries

The first successful attempt to extend the counting theorem of
Katz and Pewell /5] from binary to ternary respones is given below.
In the terminology of section 1.1 the case under consideration is
H(1®, s!, 1%, s2) where the row totals for categories one and two
are all one.

It 1s only natural that the first case examined would be an
especially simple case of three categories of response. This special
case is applicable to sociometric tests of the follewing type. Bech
individual in a group of n individuals must classify oxactly one
individual in category one, cxactly one individual in category two,
and the remaining (n-3) individuals into category thres.

In the corresponding matrix representation (using netation of
Section 1.1) it follows that for fixed 1, €441 =1 for exactly one
J (cerresponding te category one), cy 2 = 1 for exactly one other J
(corresponding to category two), and the remaining (n-3) positiens

in the ith row nave c, 0 ey 33 = 0. By convention Cyq1 5 €445 = 0

for all 4. This implies T =r.,,~1 for all 1, since Tia =

12 £=1%Ju

for each u = 1, 2. From the mandatory restrictien given by rl = (C
RN L 2= (P Tage oo Tpo) T (1, 1, ..0y 1) it follews

th‘t 21 = (‘11. '21. e e oy .nl) “d !2 = (.13. .u. ee ey .ﬂ) are
n-part, non-negative, ordered partitions of n (t1 = tz = n in the
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notation of section 1.1). Thus, in tne nxnx2 matrices C = (c44y).
we nave ¢y, = Oorl (i¥FJ; 1,J=1,2, ..., n;u=1,2), and

Ci4n = 0 for all 1 and u. Associated with each matrix C are n-dimen-
sional marginal total vectors (13, _g_l. 18, 32); we have denoted

rl 22 :2(1,1, ..., 1) by 1% since each individual classifies

each of the others into one and only one of the three categories, it
follows that, in the matrix representation, we nhave the restriction
ci1+ ©132 =0 or 1l for every ordered pair (1,J) of distinct
individuals.

An attempt was made to find a related function, similar to one
of Sukhatme's /8] bipartitional function§, to cope with the matrices
defined above. This effort was fruitless. However, it was realised
that if the n-dimensional marginal total vectors (1%, !_1) and (1%, 32)
were considered independently, then, using the methods of Katg and
Powell /6], there existed two spaces of nin matrices C consisting
of Vcln. sl) and Dl(ln. s2) matrices, respectively. Purthermore, the
product space C of these two spaces contained a proper subspace
consisting of all the matrices satisfying the given sociometric test.
However, in general there were many instances in which ¢4 .11+ °1.13 =2

for one or more ordered pairs (i,Jj) and such matrices violate the

restriction ¢4 n + °1,12 = 0 or 1. These matrices were referred to

as coincidence matrices since, at one or more positions (1,J), there
were two ones coinciding. The problem then was %o algebraically decom-

pose the product space & in such a manner that the required matrices

TR TY



could be counted. In order to do this we had to enploy operators

J
J 4 which we now define.

J
A.l.1 d"i(ru. ees Typs seen Tppo 8170 «ees Sj10 +oer By

rla' s o0y rizp o o0y rnzg .13. LI ) .Jz, s e oy .nz)

2 (Tyqs -een 7000 TERTTTIR I PP 85371+ --es 80
Figs =o» ria-l. cevs Tpos 8120 -oes 332-1. oo 'nz)-
The effect of the operator 63’_ is to replace the feur n-part,
non-negative, ordered partitions of n by four n-part, non-negative,
ordered partitions of (n-1). That is, the operator (] simultaneously
reduces the 4ith component of 51 and 53 and simultaneously re-

duces the Jth component of sl and s2 each by unity. Thus, (S'f

operates simultaneously on two pairs of n-dimensional marginal row

and column total vectors (_1_'1. _0_1) and (5_2. !2) in precisely the
same manner as the @ i introduced by Kats and Powell [ 57/ operates
on one pair of n-dimensional mnrgina.l. row and column total vectors
(r, s). It is easily shown that if (r, s) (in section 4 of refer-
ence [6]) is replaced by (=}, s, r2, s2) and if d'i is defined as
in A.1.1 above, tnen the latter 6"11 has all the properties of the

6';_1 introduced by Katz and Powell [5/. In particular, we desire
to use the inverse of (1-+ 6 f) which they proved was the algebraic
inverse. We state this in the form of a lemma.

Lemma A.1 The operator (1+ Jf) has an inverse, left and right,

given by
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a1z A+ 8D - 1- g+ (61’)2 - Qﬁ)s-i- e
where §{ 1s the operator defined by A.1.1.

There is a very special feature of the product space € around

which the proofs are formulated. This feature is that rj; =15 =1
forall 11, 2, ..., n. Hence, in the product space e , there is

at most one coincidence (°1.11 = Cy42 = 1) in each rew. Jurtahermore,
6{(1”. 31. 17, ;3) reduces both Trj; and ry, to sere and the resulting

matrix can have no emes in the 1itan rew. With regard to coincidences,
1t 18 also quite obvieus that the maximum number of coincidences in

Jth celumn is equal to the minimum of $5 and 342 . We shall have

occasion to refer to this and therefore we make the following definition.

Lot 'J. i, m’-‘('Jl"Jz) and let _._' = ('1‘- .2-. .n‘). It

fellows that s°® gives the maximum number of coimcidences in each of

the colunns.

Since there i- at most one coincidence in each row of the matrices

in the product space e we can decompose this space on this dasis.

Definitien A.1 Let e. be the subspace of the produst space C which

has coincidences («131.11 = ‘1.12 = 1) in exactly m rews.

Using this definitien it follews that C- C’°+ ¢+
ea+ <« , and that this decomposition is into mutually exclusive

and exhaustive subspaces.
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A.2 Method of attack.

Each matrix in the product space C can be expressed as the
sum of two matrices A and B. Phe matrices A will contain only
coincidences and the matrices B will contain no coincidences. ¥or
example, if C is a matrix in the product space (© having coincidences

only in the rows 1, < 1.2 & oo <il. then A is a matrix with these

respective coincidences and B 1s the matrix defined by C - A.

An expression will be given which enumerates tnhe number of matrices

in each of the subspaces en. m > 0. This will invelve a functien

n(xt, sl , =, s2) which we now define.

pefinition 4.2.1 Let H(zl, 8!, 3, 82 ) be tne total number of
distinct matrices in the product space © which have ¢4+ €432

0 or 1 for every ordered pair (1,J). 1335

Since any matrix which has m coincidences must have these m
coincidences in m distinct rews we shall have frequent reference
to subsets involving an arbitrary but specified number of rows. We
now define such subsets and 1t should be noted that the definition has

to de with row snd column indices and not erdered pairs (1,J)-

Definition A.2.2 Let (Lm.Jm)l denote an arbitrary but specified set

of M distinct row indices 11 < 12<-~~<1“ , and M column indices

3p + Igs e e pot necessarily distinct.

since we imply that the M column indices J, &re pot necessarily
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distinct, we ought to specifiy the number of times each is used. There-
fore we let 'J be the multiplicity ef the column index J in the
arbitrary but specified set of M column indices J;, Jps ... . TFor
any given set (in.Jy), them, it fellows that %’- wy M. Stnce

¥4 1s used in connection with the coincidence matrices, and since
there are at most lJ. coincidences in the Jjth column, we have

'J 5'.1‘ for j=1, 2, ..., 0.

For any given (im’Jm)l the number of matrices A is a function
of the permutations of the J, with respect to an arbitrary ordering
of the 4i,. We assume, without loss of generality, that the ordering
of the iy 1s 1, < 1< e <1“. We are conceraed only with per-

mutations for which i, FJ, and we denote the total number of such

permutations by P [‘1}. cee f:]-

Definition A.2.3 Let P[ﬁ---- i:] be the total mumber of distinct
perzutatiens of the J, witn respest to a fixed erdered of the 4

with no §, = in.
Thus, using Definition A.2.3, every set (1‘.3‘)" can be associated
with a unique Pgl....dﬂ. Since these permutations are distinct and
1

1.=F Ja+ ®sch permatatien gives M pairs (ig.Jp) of off diagonal posi-
tions. It follows that there are exactly P [i’i . iﬂ distinct sets

of M pairs of eff diagonal positions assoclated with every (s dmdy-

Using the notation and definitions given above, we now proceed

to find H(1®, s}, 17, &2).
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A.3 BQ1, gl. 17, 32) as a bilinear combination of 1‘1“. 31) and
'((1‘. 22)_
We have shown that every matrix C in the preduct space  can
be written as the sum of two matrices A and B. These matrices
A snd B will now be defined algebraically.

yor every (1i,., J;)y there exists a set of exactly P ii i;l
M

matrices A having coincidences (c1 n b N 32 = 1) in the M specified

rows 11< 13<-" <il. Eech matrix A is formed by putting °131 s

¢1j2 = 1 for each of the M pairs (ij,Jy) glven by one of the

P [‘& Jﬂ permutat ions, etherwise °1j1 = °1J2 = 0. Since the
permutations are distinct it follows that the matrices are distinct
and there are obviously P [i% e ilﬂ such matrices. The two sets of

marginal row aad column total vecters associated with esch A (fer the
given set (ig.dp)y ) are [(1“. 21, 18, 22) - 6‘21 "'6"‘1:(1".;1.1‘.;3)}

where the row and column indices ig and Jm respectively are those of
the set (%.Jm)l . Since tne & f are associative,the ordering of

the row and column indices is immaterial.
The matrices B will new be defined for every set (1g.Jp)y-

Given a set (1I'JII)I' the matrices B associated with the set bave
1,0
marginal row and colwan total vectors given by Siié’i: (18,5 ,1%.5%).

Since the matrices B are to have no coincidences we insist that

= 2.1, th total aumber of
°‘l.jl+ 0“2 0 or 1. By Definities A.2.1 e to
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such matrices i ... oM (gR g1, g0 = & J
es is Hi611 5’11 (1",8*, 17, _s_z)g- 6‘1{&12 E(ln. 21.
1%, s2). It 1s obvious, from the manner in which A and B were

defined, that every A + B has marginal row and column total vectors
n n
1, 3_1. 1, ga) and thus belongs to the preduct space €. vwe sumarise

the above results in the following lemma.

Leamna A.3.1 Jor every seti (i..d.)l. as given by Definition A.2.2,

there exists a total of P[i: iﬂ(& ii" (Si::)ﬂ(ln. .l_l. 1°, .'.z)

distinct nxnx2 matriees C. Each of these matrices has marginal
row and column tetal vectors (1®, _9_1. 1%, _ga) and thus belongs to the
product space C Bach has M coincidences in the N specified rows
of (Lm.Jm)u, and thesqe M coincidences are distributed columnwise

in accordance with the indices J  of (iy.Jy)y - There are X0

other coincidences.

The above lemma applies to the specified column indices in (ims3n)y-

It was noted previously that the J§, are not distinct and that 'Jm
represents the multiplicity of the celumn index J,- We now propose

to sun over all possible sets of M colwmn indices while keeping the

row indices 1) <1< ++-<1iy fixed. In every case Twgy = M
since wg, is the multiplicity of J, in (ip.dp)u - This is a practical
restriction. Theoretically this restriction on the multiplicity is

unnecessary since, it the multiplicity of ju 1s greater than sJ;.

it follows that 62{-« 6{: E(ln.gl. 1, _l_z) Z 0. We represent this



sun over all possible sets of M column indices by

p.a
(3,

In ¥ &

where the rew indices 11 < 12 L & 11( remain fixed and ordered.

Lemma A.3.2 The total nmmber of nxnx2 matrices C in the product

space C with M coincidences in the K specified rows i,< 1,< -

<i, 1is given by

A.3.1 Z ’ ’ 2
“m)ll 6 B(l.: 12 8°).

¥ i

Proof: Given any one of the sets of M column indices (Jn)ll , the

Jp Dot necessarily distinct, tne sum over i, ¥ j; has exactly
[J1 ] terms in 1t Hence for fixed sets (J,),. tnis could be

written (J-)up[iji ]J} GJN a1, l , 1%, s2), since the 6'1
are associative. Each term is tnen of the form given im lLemma A.3.1
and since we exhsust the possible locations of M coincidences
colunnwise, the lemma follows.

This gives us the numdber of nxnx2 matrices C in the product
space e having exactly M coincidences in the M specified rows.
If we now sum over all lecations ef M specified rows, since there
is at most one ceincidence in each row, we will obtain the total

number of matrices in the subspace e“ of the product space C.

Without further proof, we have



Corollary A.3.2.1 The total mumber of nxnx2 matrices C in the
subspace e“ of the product space e is given by

= ... &M g2 2
A.3.2 11<12<"'<1u 611 61un(1 0219 1‘-3) .

¥ g
It was shown previously that the product space € could be de-
compoged into mutually exclusive and exhaustive subspaces e“. and

also that the total number of nxnx2 matrices C ia the product

space e is given by r\fln. sl) I\(l‘. 32). This gives us

Theorem A.3.3 If Ty =TFjp =1 for all 1=1,2, ..., n and
‘ 31 and 32 are any two n-part, non-negative, ordered partitions of

n, then an exhaustive emumeratioa of the total number of nxnx2 matrices

C 1in the product space £, by subspaces eu. is glven by

A.3.3 'k(ln' SHna™ 82 = ;':;rj {u- 6{}3(1‘. e, 1", 2.

Proof: Expanding the product on the right, we obtain

A.3.4 .H(ln' .'.1- 1%, )+ 1% Jiﬂ(ln. _0_1. 1%, £2)
h -12 o .2
+ 2, Sdi ga®, &b, 1% 82 +
in¥Fn
+ Z:- 6{%6‘426‘;‘1: g(1%, 21' 12, _'-3) 4+

e

The first temm in A.s.

patrices C in the subspace C, of the p

4 is by definition the number of nxnx2
roduct space C . By the



preceding Corollary A.3.2.1, the successive summations there-
after give the total number in the subspaces e . ez. «esy IOSPEC-
tively. The theorem is an immediate consequence.

The primary objective was to find the number of matrices C in
the subspace co. namely H(1%, _-_1. 1B, 32). ¥We now employ Lemma A.l
regarding inverse of (1+ Gi) In this special case rj; = ris = 1,

for all 1, therefore (1+6f)'1 reduces to 1 - 6?_ 4 R, where
m
all the terms in R are trivial since they involve (Gf) » m>1.

Applying 11:?.1 &Pt : i‘[_,;_l".1 (1 -&1) to botn members of

4.3.3, we have immediately

Theorem ‘-3.4 If 1'11 = riz =1 for all i = 1. 2, ey and
_3_1 and 32 are any two n-part, non-negative, ordered partitions of

n, then the total number of nxnx2 matrices C in the subspace (‘30

of the preoduct space c , is given by

A.3.5. (1%, 8!, 17, &) = 1(23{1 - 6‘2} y\(l“. H r\(I". 2.

where 6‘,1_ operates simultaneously on (1n. _s}) and (ln, 32).

¥e note, in closing, that this is a special case of Theorem 1.5.4,

namely Try3 = Fi2 =1 for all i, but remark that it was included

because of the distinctness of the proof.
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