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ABSTRACT

THE DISTRIBUTION OF POINTS BY DEGREE
AND ORBIT SIZE IN VARIOUS SPECIES OF TREES

By

Craig Kinder Bailey

Using generating functions and asymptotic techniques,
the probability that in a large random tree a point is of

degree r and in an orbit of size s 1is calculated.

Functional relations are derived for the enumeration
of d-trees, whose points have maximum degree d. An
asymptotic analysis of these equations enables us to
determine the distribution of points by degree and orbit
size in a large random d-tree. Results for d-trees are
readily converted to corresponding results for (1,d)-trees,

whose points only have degree 1 or d.
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INTRODUCTION

The enumeration of trees began with the work of
Cayley, who found exact formulas for the number of labeled
trees [C89], the number of rooted trees [C57], and the
number of unrooted trees [C75,C81]. Also motivated by
chemical applications, Polya [P37] extended these results
and studied the asymptotic behavior of these numbers.

In this thesis, the results of Cayley, Polya, and others
are refined to determine the proportion of points of

degree r and orbit size s in various species of trees.

The definitions used in this thesis are based on

Harary [H69)], with the essential terms defined below.

A graph G of order p consists of a finite nonempty
set V of p points together with a specified set X
of g unordered pairs of distinct points. A pair
x = {u,v} of points in X is called a line of G
and x is said to join u and v. The points u and
v are adjacent; u and x are incident as are v and
x. The degree of a point is the number of lines incident
to it. It is standard practice to represent a graph as a

diagram and to refer to it as the graph.



A walk in a graph is an alternating sequence of
points and lines beginning and ending with points, in
which each line is incident with the two points
immediately preceding and following it. A walk is a
path if all the points, hence the lines, are distinct.
A walk is a cycle if the first and last points are the
same, all other points are distinct from these two and
each other, and all lines are distinct. A graph is
connected if every pair of points are connected by a

path.

A tree is a connected graph with no cycles.
Alternatively, a tree is a connected graph in which
the number of lines is one less than the number of

points. A rooted tree has one point, called the root,

distinguished from the others. Similarly, a line-rooted

tree has one line, called the root line, distinguished

from the others.

Two graphs, Gl and G, with point sets vy

and V2 and edge sets X1 and X2 are isomorphic

if there exists a 1-1 ontomap ¢:V; # V, such that

2
(u,v} € X; o {pu,pv] € X,. Such a map ¢ is said to

preserve adjacency. In the counting of graphs, two

graphs which are isomorphic are considered the same

and therefore counted only once.



An automorphism of a graph G is a 1-1 map

a from the point set of G onto itself that preserves
adjacency. The collection of all automorphisms of G
form a group, called the group of the graph and denoted

by T(G). The orbit size of a point u of G 1is the

cardinality of the set ({au|a € T'(G)].

All of the counting that follows uses the idea of
generating functions. Given a sequence ajsag.ag. ey,

the formal power series

Alx) =

5
™8
.
*
o

is said to be the generating function for the sequence

{an]. The generating functions for trees satisfy functional
equations, which permit the computation of the coefficients
using recurrence relations. The asymptotic analysis of
these coefficients is accomplished using Polya's lemma
[P37], and the twenty step algorithm in the paper by

Harary, Robinson, and Schwenk [HRS75].



CHAPTER I

ENUMERATION OF POINTS BY DEGREE
AND ORBIT SIZE IN TREES

1.1. Generating functions

Let Tp be the number of rooted trees on p
points and tp be the number of trees on p points.
Then the generating functions for rooted trees and for

trees are

(1.1.1) T(x) = 5 T._xP
p=1 P

(1.1.2) t(x) = ¥ txP .
p=1 P

Cayley was the first to count rooted trees, he gave

the formula

© T
(1.1.3) T(x) =x O (1+xP+x?Py.-0) P,
p=1
Each factor on the right corresponds to the selection of
any number of copies of a given rooted tree. The variable

X outside the product incorporates the new root point

to which all the roots of the trees selected are attached.

The cycle index of the symmetric group S, is a

polynomial in the variables S)eSyeccc4Sy defined by
n jk
z(s,) = 2r T h(j) 0 s,
*(3) k=1



where (j) = (j1'°"'jn) and h(j) is the number of
permutations in Sn whose cycle decomposition determines
the partition (j). By Z(Sn,f(x)), I will mean the
result of substituting f(xi) for each variable s;
in Z(Sn). Now Z(Sn,f(x)) is the generating function
which counts combinations with repetition from the
objects counted by f(x). For example, Z(Sz,T(x))
counts unordered pairs of rooted trees and fosz,T(x))
counts trees rooted a point of degree 2. 1In general,

(x)

define Tp to be the number of rooted trees whose

root point has degree r, then
(r) - )
(1.1.4) (T (x) = ¢ olF)P
p=1 P
and we get

(1.1.5) T(r)(x) = xZ(Sr.T(X)) .

Then as observed by Polya [P37],

™8

£1.1.6) T(x) = T(r)(X) =x X Z(Sr.T(X)) .

O r=0

r

In 1948, Otter discovered the short formula for

trees

(1.1.7) £(x) = T(x) - 2(S,,T(x)) + T(x°) .



Now Z(SZ,T(x)) counts unordered pairs of rooted

trees and hence line-rooted trees (simply join the

two roots by a line, making it the root line). The
series T(x2) counts pairs of rooted trees in which the
two parts are identical. These correspond to trees

with a symmetry line. Thus Otter's formula says that
the number of trees is equal to the number of rooted
trees minus the number of line-rooted trees plus the

number with a symmetry line.

Define Tp,j to be the number of rooted trees
of order p containing exactly Jj fixed points of
degree r, and tp,j to be the corresponding number for
unrooted trees. The generating functions for trees with
fixed points of degree r as an extra enumeration

parameter are

[- -]

1 p.J
(1.1.8) T(x,y) = 2 T LxTy© o,
p=1 j=o0 P’J
> & P.J
(1.1.9) tx,y) = L 2 t XY
p=1 j=o P
Note that T(x,l) = T(x) and t(x,l) = t(x). The

number of such rooted trees whose root point has degree

. (r)
denoted by T ' .
r 1S enote y p J

’

and the corresponding generating

function is
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-

P .
(1.1.10) T (x,y) = 5§ 5 1lT)PyI
p=1 j=0 PJ

Once again we have T(r)(x,l) = T(r)(x).

Define Fp to be the total number of fixed points
of degree r 1in all rooted trees of order p and fp

to be the total for unrooted trees of order p.

P P
= T d f = it . and
Note that Fp j§0 j .3 an P jzgo j D3 n

therefore taking the partial derivative of T(x,y) with
respect to y and then setting y = 1 will yield

F(X) ’ that is
(1.1.11) F(x) = Ty(x,l) ’
and similarly

(1.1.12) f(x) = t_(x,1) .

1.2. Functional relations

We seek formulas for T(x,y) and t(x,y) in order

to obtain F(x) and f(x) by differentiation.

Lemma 1.2.1 The series for rooted trees with fixed

points of degree r as an extra enumeration parameter

satisfies



(1.2.1) T(x,y) —T(r)(X.y) +T(r)(x.y)/y
_ T(r-’l)"
® P : P.J]
=x I n (1+xPyItLix?Py )
p:l L3:0 _:
- (r)
P . T .
I (1+xPy3~Lix?P, ) P.3
j=1 -
r . v -p(r-1)lp(x)
(l+xpy3+x2p+...) P.J P.J P.J
j=0

Proof. Equation (1.2.1) is an extension of Cayley's
formula for rooted trees (see [HP73],p.54). Inside the
first pair of square brackets, each factor represents the
selection of a set of isomorphic rooted trees with p
points and j fixed points of degree r whose root point
has degree r -1. When a single copy is chosen and the
old root is attached to the new root point, its degree is
increased by one to become r. Thus this unique branch
contributes j+ 1 fixed points of degree r. If more
than one copy is selected, none of its fixed points remain

fixed.

Inside the second pair of square brackets, each
factor represents the selection of a set of isomorphic
rooted trees with p points and j fixed points of
degree r whose root point has degree r. When a single
copy is chosen and the old root is attached to the new
root point, its degree is increased by one to become

r+ 1. Thus this unique branch contributes only j-1



fixed points of degree r. If more than one copy
is selected, none of its fixed points remain

fixed.

Inside the third pair of square brackets, each
factor represents the selection of a set of isomorphic
rooted trees having p points and j fixed points
of degree r whose root degree is neither r nor
r-1. When the old root is attached to the new root

point, the number of fixed points of degree r is not

changed.

The new root point is accounted for by multiplying

the outside product by x.

The left hand side of (1.2.1) is not just T(x,y)
because while the new root point is fixed, its degree
is not known, and therefore not counted even in the
case when it has degree r. The proper adjustment is
(x) SICROY AN

made by subtracting T (x,y) and adding T

The series t(x,y) for unrooted trees is conveniently

expressed if we define

(r-1) (r-1) (r) (r)

Q(x,y) =T(x,y)-T (x,y)+yT (x,y)-T (X,y)+T (x,¥v)/y .

The series Q/x,y) counts the root of degree 1r-1 of
a rooted tree as a fixed point of degree r because when

such a rooted tree is attached to a new root point or root
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line, the root degree is increased by one to r.
For a similar reason, it does not count a root point of

degree r as a fixed point of degree r.

Lemma 1.2.2 The series for unrooted trees satisfies

(1.2.2)  t(x,y) = T(x,y) - 2(5,.Q(x.y)) + T(x°) .

Proof. Followingthe idea of Otter [048], unrooted
trees can be counted by subtracting trees rooted at a
line from trees rooted at a point and then adding back
trees with a symmetry line. A tree rooted at a line can
be thought of as an unordered pair of rooted trees with
their root points joined to form the root line. Now
Z(SZ,Q(x,y)) counts unordered pairs of rooted trees
keeping track of fixed points of degree r. 1In trees with
symmetry lines there are no fixed points, thus T(xz) is

sufficient to count these.

For reasons that will become clear later, define
(1.2.3)  0,(x) = Q(x,1) = F(x)+ 7 T () o) (x) .

Note again that the r 1is suppressed.

Using the results of Lemmas 1.2.1 and 1.2.2 and
equations (1.1.11) and (1.1.12), the following two

theorems are obtained.
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Theorem 1.2.1. The generating function for fixed

points of degree r in rooted trees is given by

(1.2.4) F(x) = T(r)(x)4-T(x)[Ol(x)-Ol(xz)] .

Proof. Formula (1.2.4) can be verified directly by
differentiation of (1.2.1) along with much algebraic
manipulation. On the other hand, an interpretive
argument such as we used in [BaKP-A] serves the same purpose.
On the right hand side of (1.2.4), T(r)(x) counts the
roots of degree r, which are fixed. Now Ol(x) counts
fixed points of degree r in rooted trees, adjusting
for the cases when the root has degree r-1 or r, as
has been explained before. Thus the product of T(x)
with Ol(x) counts fixed points in individual branches
of rooted trees regardless of whether or not the branch
occurs elsewhere at the root. If the branch does occur
more than once, none of its fixed points remain fixed
and this contribution must be eliminated. Since Ol(xz)
counts fixed points in one of two duplicate branches,
the product T(x) times Ol(xz) is precisely that which

must be excluded. \\

Theorem 1.2.2. The generating function for fixed

points of degree r in unrooted trees is given by

(1.2.5)  £(x) = T (x) - (14 T(x)) (0, (x°)) .
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Proof. Differentiation of (1.2.2) with respect

to y and setting y =1 yields
(1.2.6)  £(x) = F(x) = (T(x)0 (x) + 0, (x%)) .

Use of the formula for F(x) in (1.2.4) gives (1.2.5). ||

The form of f£f(x) in (l1.2.6) lends itself to inter-
pretation in the following way. The number of fixed
points in rooted trees is counted by F(x). Now
T(x)Ol(x) counts fixed points on one side of the root
line in a line-rooted tree. The addition of Ol(xz)
counts fixed points on the other side of the root line
when the two sides are identical. In this case, since
both endpoints of the root line are fixed, the fixed points
on both sides remain fixed. Note that there are no fixed
points in trees with a symmetry line. This alternative
proof is a refinement of Otter's method for counting

trees.

1.3. Numerical values

We can use formulas (1.2.4) and (1.2.5) to derive

recurrence relations for F and fp. Define Ak to be

P
the coefficient of xk in Ol(x)-Ol(Xz), that is

((0;) k odd
K

(1.3.1) A = ¢

(0,) =(0,) k even .
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Then Fp can be expressed in terms of the By k < p,
and the coefficients of T(r)(x) and T(x), both known

series, in the following equation

(r) Pzl
(1.3.2) F_ =T + 2, T.A .
P p n=1 n p-n

The recurrence relation for fp is expressed by first

defining Bk as follows

0] k odd
(1.3.3) By =

(Ol) k even .
k/2

Then fp takes the following form

(r) Pz
(1.304) f = T - Z T B .
P P o np-n

Results of the computations are contained in Tables 1 and 2.
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1.4, Arbitrary orbit sizes

For s > 2, let Os(x) be the generating function
for points of degree r in orbits of size s in rooted
trees. Note that Ol(x) does not count points of orbit
size 1 in rooted trees (see (1.2.3)).

Theorem 1.4.1. The generating function for points

in orbits of size s > 2 1in rooted trees is

— k k+1
(1.4.1) Os(x) = T(x)][ Z)(kos/k(x )-kOs/k(x

kis

))]

Proof. The essence of the proof is evident in the

case s = 4, The formula for s = 4 |is

0,(x) = T(x)[401(x4)-401(x5)4—202(x2)

n

-202(x3) +0, (x) —04(x2)] i

Consider each term separately. The product T(x)(401(x4))
counts fixed points in one of a collection of four duplicate
branches at the root and multiplies this number by four
because these points will move in orbits of size four.

If five or more of these branches are present,
-T(x)(401(x5)) subtracts the contribution. Similarly,
T(x)(202(x2)) counts points in orbits of size 2 in a set

of two duplicate branches and -T(x)(202(x3)) subtracts

them if the branch occurs three or more times. Finally,
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T(x)(04(x)) counts points in orbits of size 4 in
individual branches and -T(x)(04(x2)) subtracts them

if the branch occurs more than once. ||

For s > 1, the generating function for points
of degree r 1in orbits of size s 1in unrooted trees
is denoted by os(x). Note that ol(x) = f(x) 1is

already described in equation (1.2.5).

Theorem 1.4.2. The generating function for points

in orbits of size s > 2 in unrooted trees is

(1.4.2) o (x) = O_(x) - [T(x)0, (x) +Os(x2)]

0] s odd ,
+

2
205/2(x ) s even .

Proof. The idea of the proof is similar to that of
Theorem 1.2.2. By definition, Os(x) counts points of
orbit size s in rooted trees. Furthermore, it can be
seen that T(x)Os(x)i-Os(xz) counts points of orbit
size s 1in trees rooted at a line. Finally the last
term counts points in orbit size s in trees with a
symmetry line. Y

i

1.5. Asymptotic formulas

In this section asymptotic formulas for the expected
percentage of points of degree r in orbits of size s

are determined. For example, in orbit size 1, a formula
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is needed for fp/’ptp for large p, where fp is the
number of fixed points of degree r. The method used

here is based on the work of Otter [048] and Polya [P37].

Theorem 1.5.1. The limiting probability for fixed

points of degree r in trees is

2 2
(1.5.1) fp/'ptp ~ nb12 [(72(S,._1,T(n)) =0 (n7)]

Proof. Robinson and Schwenk [RoS75] observed that

the pth coefficient of T(r)(x) is given by

(1.5.2) ) (x) ~ T(x)nz(s__;.T(n) .

Therefore it follows from the formula (1.2.5) for

f(x) 1in Theorem 1.2.2 that
(1.5.3)  £(x) = T(x)[n2(S__;.T(n)) -0, (n2)] .

Note that we are using the fact that Ol(xz) is analytic

at x = n.

It follows from Otter's asymptotic formulas for

T and t that
P p

2
(1.5.4) T /pt_ ~ .
P’TP T,_1012

On combining (1.5.3) and (1.5.4) we have (1.5.1) e
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P

The coefficient of x in the generating function

os(x) is denoted by (os)p.

Theorem 1.5.2. The limiting probability for points

of orbit size s > 2 and degree r in trees is

2 k
(1.5.5) (Os)p/Ptp ~ ﬂblz (Z k[Os/k(ﬂ_ )
k+1 2
= Og p(r" )1 =0y (m )}

where the sum is over all divisors k of s with %k # 1.

Proof. We begin by replacing the first appearance
of Os(x) on the right side of (1.4.2) by the alternate
expression (1.4.1) of Theorem 1.4.1. On simplifying

the results we find
(1.5.6) os(x) = T(x)g(x) + h(x)

where g(x) and h(x) are both analytic at n and

(1.5.7)  g(x) = T kIO, , (x) =0,  (x*" 1)) =0_(x?)

where the sum is over all divisors k of s with k # 1.

It follows that
(1.5.8) os(X) ~ T(x)g(n) .

Once again, using (1.5.4), we have (1.5.5). 1]
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To get the asymptotic values from the formula
in Theorem 1.5.2, the coefficients of the Os(x) series
were calculated using recursive relations derived from
equation (1.4.1). The constant 2/'-qbl2 was calculated
using the known value of mn from [RoS75]. These values
are contained in Table 3. It is not hard to show that
these asymptotic values are exactly the same for rooted

trees, see, for example, [HP79, RoS75].

Remember that the series os(x) has r, the degree
of the points being counted, implicit in its definition.

So define

(1.5.9) BS(x) =§°s"‘) s =1,2,...
Then
(1.5.10) 2 (£ _/pt ) = -2 [L-0 (nz)]
e - P P b 2 1
™Ry
and

(1.5.11) 2 (o) /Pt

r P p

= =25 (D XID, (1) =0, (1) =T (n?)
nb,;
where the sum is over all divisors k of s with k # 1.
Then the sum of the right hand sides (1.5.10) and (1.5.11)
above for s = 2,3,... should equal 1. It can be verified

that this sum is
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(1.5.12)

> [1+5(n2)+5(n3)+ o],

where

Now 6(x) counts the number of points of all degrees and
all orbit sizes in all rooted trees of order p, but this

is just pT_. Thus O(x) = xT’'(x). Thus (1.5.12) is equal

p
to
2 > k, k
(1.5.13) 5 1+ = T'(n)n] .
nby k=2
This expression equals 1 because the quantityzinside the
nb
bracket is the formula used to calculate 5 , (see

(9.5.27),p.213, [HP73]).
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CHAPTER 2

ENUMERATION OF POINTS BY DEGREE
AND ORBIT SIZE IN d-TREES

2.1. Introduction

The enumeration of trees constitutes an especially
important problem in the combinatorial aspects of
chemistry. The earliest molecular graph enumeration
occurs in the work of Cayley [C75] and concerns the
number of isomers of chemical compounds known as alkanes.
These are compounds of hydrogen and carbon which, for
chemical reasons have valencies 1 and 4 respectively.

The alkanes have the general formula CnH2n+2 and can

be represented by trees in which every point has degree

one or four, i.e. (l,4)-trees. The alkanes are significant
in chemistry because they are the best documented family of
compounds and provide a paradigm for much of chemical
theory [GoK73]. The (1,4)-trees are generalized to
(1,d)-trees, whose points have degree 1 or d, and these
find meaningful examples in polymer chemistry since, for
many problems, the detailed structure of a chemical unit

can be eliminated and the unit depicted simply as a point.

Closely related to (l,d)-trees are d-trees, whose
points have maximum degree d. For example, 4-trees

correspond to the carbon skeletons of alkanes [GoK73], and

d-trees, in general, to skeleton polymers, that is,

24
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polymer molecules which have been stripped of their
reactive end-groups [GoT76]. In this chapter d-trees
will be analyzed since the correspondence between these
two types of trees observed in [GoK75] will, with some
refinements, yield results for (1,d)-trees from the

corresponding results for d-trees.

First, asymptotic formulas for the number of d-trees
of order p will be derived. Then the procedure of
chapter 1 for determining the number of points with both
specified degree and orbit size is applied. Finally, our

conclusions for d-trees are converted to (1,d)-trees.

In the averaging procedures used here, each tree
of order p receives equal weight. A more realistic
model for chemical reaction processes requires unequal
distribution of weights to reflect the not necessarily
equal proportions in which various trees are formed during

the process.

2.2 Trees of maximum degree d

Functional relations for the enumeration of trees
whose points have maximum degree d > 3 are now determined.
The key steps are indicated in the twenty step algorithm
[HRS75] which produces an asymptotic estimate for the

number of these trees.
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For fixed d > 3, define three ordinary generating
functions to enumerate d-trees. Let R(x) count those
which are rooted at a point of degree ¢ d-1, and let
T(x) and t(x) count those which are rooted and unrooted

respectively.

Theorem 2.2.1. The generating functions for planted

(xR(x)), rooted (T(x)) and unrooted (t(x)) d-trees
satisfy
(2.2.1) R(x) =

XZ(Sy_1-1+R(x))

(2.2.2) T(x)

R(x)%—xZ(Sd,R(x))

2

(2.2.3) t(x) -R(x%)) .

1l

T(x) -3 (R(x)

Proof. Formulas (2.2.1) and (2.2.2) follow quickly
from Polya's Theorem [HP73,p.42] and (2.2.3) from Otter's

Theorem [HP73,p.56]. il

The series for ordinary rooted trees has radius
of convergence n = .3383219... and its coefficients
bound those of R(x). Hence the radius of convergence
p of R(x) 1is at least as big as mn. Furthermore it
follows from (2.2.1) that R(p) < = (Steps 3 and 4 of

[HRS75] .
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On carrying out Steps 5 - 7 of the twenty step
algorithm [HRS75] two important equations are obtained

which can be used to calculate p and R(p):

(2.2.4) R(p) PZ (S 1+R(p))

d-1’

(2.2.5) 1 = pZ(S43_5,1+R(p)) .

It follows from (2.2.4) and (2.2.5) that

R(p) < (d-1)/(d-2) L 2.

After completing Step 13, p 1is a branch point
of order 2 for R(x) and R(x) can be expressed in the

form

2

(2.2.6) R(x) = bo—bl(p-X)l/ +b2(p—X)l+---

Of course bo = R(p).

The next objective is the determination of bl by
means of Step 15. The process is simplified substantially

by the following identity.

Lemma 2.2.1.

4 k {i-
- Z(Sk,l+R(x)) = 2, R'(x7)x

ax J14R(x)) .

253

Proof. The result follows from the fact that for

i=1 to k
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Since R(x) can be written in the form of (2.2.6),
so can Z(Sm,ld-R(x)). The next lemma to smooth the path
gives the coefficient of (p-—x)l/2 in Z(Sm,li-R(x)).

The idea was used on trees in [RoS75, formula 30 p.368].

Lemma 2.2.2. If R(x) = R(p)-bl(p-x)l/2+

then the coefficient of (p-—x)l/2 in Z(Sm,l4-R(x))

ls —blZ(sm_lll+R(p)).
. . Ik
Proof. Consider a typical term Hsk in Z(Sm). If
J
jl = 0, on sqbstitution of 1+R(x) in II Sy we have

k. IJx k=2
I (1L+R(x7)) which is analytic at x = p and hence
k=2
there is no contribution to the coefficient. But if jl # 0,
31-1 '
the contribution is -bljl(l4-R(p)) 1

J
1 (1+R(p%))K,
k=2
Therefore the total contribution from Z(Sm) is

o)
le

—bl( Z(Sm))[sk - l+-R(pk)] which equals the expression

in the lemma. ||

Now we obtain two expressions for the derivative

of R(x). The first comes from (2.2.6):

l/z-b +a.o

(2.2.7)  R'(x) = Db (p-x)" )

where the terms omitted involve non-negative powers of

(p-x).
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The second form of R’(x) is derived from (2.2.1)
and the process is facilitated by using Lemma 2.2.1.

After some simplification we find

(2.2.9) R'(Xx)E(x) = ={R(x)/x

% =

da-1 k. k
+ kzg R (x)x Z(Sd_l_k,l+R(X))]

where

E(x) = 1/x-2(S 1+R(x)) .

d-2"

It follows directly from (2.2.5) that E(p) = O. Therefore

when E(x) is expressed in powers of (p-x), we have

(2.2.9) E(x) = el(p-x)l/zi-ez(p-x)+ oo 4

and from Lemma 2.2.2 we find
(2.2.10) e = bIZ(Sd_3,14-R(p)) .

On multiplying (2.2.9) and (2.2.7), R’'(X)E(x) =

1
2 P&yt -

,» where the terms omitted involve (p-—x)k, k > 0.
Therefore % ble1 must also be obtained by taking the

limit as x =+ p- on the right side of (2.2.8). Replace

e by the right side of (2.2.10) to get

1
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(2.2.11) % blz(s,_5.1+R(p))

1 -l ¥ %
= B{R(p)/p+k2=12 R'(PT)P 2(Sy_q 41+ R(P))]

Once p has been calculated from (2.2.4) and (2.2.5),

bl can be obtained from (2.2.11).

Now we are ready to estimate the coefficients of
T(x) asymptotically (step 17). No particular difficulties

are encountered here. Lemma 2.2.2 is again employed to find
(2.2.12) T(x) = (1—x/p)1/zgl(x)+hl(x)

where gl(x) and hl(x) are analytic at x = p and
gl(p) = -blR(p)pl/2 and hl(p) = T(p). The next theorem
follows from applying Polya's lemma [HRS75,p.489] to
(2.2.12).

Theorem 2.2.2. The asymptotic behavior of the

number Tn of rooted d-trees is given by

p.pl/2

Tn L R(p)p_n n‘3/2 .
2T

Note that the form of this result is almost identical
to that for ordinary rooted trees (recall that T(n) = 1

for these [HP73,p.213]).
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By similar means, it is found that
1/2
P

o
©

-n n—3/2

Finally, consider unrooted trees (step 18). The
process of preparing t(x) for an application of Polya's
lemma is similar to that for ordinary trees but the
details are substantially more complicated. Here both the
first and second derivatives of t(xX) are required. Lemmas
(2.2.1) and (2.2.2) play an important role and several
key substitutions are made using formulas (2.2.4),

(2.2.5), (2.2.10) and (2.2.11). When the analytic

verifications are completed we find
(2.2.13)  t(x) = (1-x/p)>%q,(x) + hy(x)

where gz(x) and hz(x) are analytic at x = p, hz(p) = t(p)

and

3
b
(2.2.18)  g,(p) = = p°/?2(54_3. 1+ R(p))

Now Polya's lemma can be applied to (2.2.13).

Theorem 2.2.3. The asymptotic behavior of the

number tn of d-trees is given by

3
b
(2.2.15) t_ ~ LJ_ 0°/22(s4_5 1+ R(p)PT 0722

n
T
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The form of this result compares favorably with the
asymptotic formula for ordinary trees [HP73,p.214] because

for large d, xZ(S +1+R(x)) is much like T(x) and

d-3
T(p) will be nearly equal to 1.

2.3. Enumeration of points by degree and orbit size

The techniques developed for trees, with some
modifications, can be applied to calculate the number

of points of degree r and orbit size s in d-trees.

Define F(x) to be the generating function for
the number of fixed points of degree r = O to d in
d-trees rooted at a point of degree ¢ d-1. Note that
the parameter r 1is suppressed. Also define for

r=0 to 4d4-1,

(2.3.1) o (x) = F(x) -7 )+ 7F V5,
and for r = d,
(2.3.2) 0, (x) = F(x) +1{4 ) (x),

(r)

In the definition of Ol(x), T (x) 1is subtracted
and T(r_l)(x) is added because the degree of the root

goes up by one when it is attached to a new root point.
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Lemma 2.3.1. The generating function for fixed

points of degree r = O to d-1 in d-trees rooted

at a point of degree { d-1 satisfies

(2.3.3)  F(x) = T () + 0 () [R(x) - 1{97H) (3]
-ol(xz)[R(X) - pldm1) ) (92D ()

and for r = d,

(2.3.4) F(x) = 0 (x)[R(x) -T(d'l)(X)]

-0, ) R(x) -7 )~ 2P )

Proof. The term T(r)

(x) counts the roots of

degree r which are fixed. The product Ol(x)[R(x)-T(d—l)(x)]
counts fixed points in individual branches. The factor
R(x)-—T(d~l)(x) counts d-trees rooted at a point of

degree {( d~-2 and is needed to keep the degree of the

root < d-1 when a line is attached to the root. If the
branch occurs elsewhere at the root, no points are fixed.

The term Ol(xz)[R(x)-T(d-l)(x)-—T(d—Z)(x)] counts

fixed points in one of two duplicate branches and this

is exactly what must be eliminated. |

*
Define F (x) to be the generating function for
the number of fixed points of degree r = O to d in d-trees

*
rooted at a point of degree {( d. Then F (x) satisfies
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(2.3.5) F (x) = ) (x) + 0 (%) [R(x))

T(d-l)

-Ol(xz)[R(X)- (x)] .

Lemma 2.3.1. The series ol(x) which enumerates

fixed points of degree r in d-trees satisfies

(2.3.6) o (x) = F"(x) = [0] (x)R(x) + 0, (x*)]

Proof. Using the method of Otter [048], observe
that F*(x) counts fixed points in rooted d-trees.
The term Ol(x)R(x) counts fixed points on one side
of the root line in line-rooted trees. When both sides
of the root line are the same, Ol(xz) counts the fixed
points on the other side. Points on both sides of the root
line can be fixed in this case because the endpoints of the
root line are always fixed. There are no fixed points in

trees with a symmetry line. T

Theorem 2.3.1. The series Os(x) which counts points

of degree r and orbit size s > 2 in d-trees rooted at

a point of degree ( d-1 satisfies

(2.3.7) 0_(x) = kzijs{[xZ(sd_l_k,lm(x))]kos/k(xk)

k+1

- [x2(sS l+R(x))kOs/k(x ) ).

d-2-k’
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Proof. The proof is analagous to the proof of
Theorem 1.4.1 for rooted trees. The change here is that
the degree of the root to which the branches are attached
must be limited so that the root degree reamins { d-1

after counting the contributions made by the branches. I

*
Define Os(x) to be the series for points of degree
r and orbit size s > 2 in d-trees rooted at a point of
degree ¢ d. This series satisfies
* —
(2.3.8) 0O (x) = k@ ([x2(S4_y -

i S

k
14-R(x)]sos/k(x )

k+l)}

- [xZ(Sd_l_k,li-R(x)]kos/k(x

Theorem 2.3.2. The series os(x) for points of

degree r and orbit size s > 2 in d-trees satisfies
2.3.9) ) = 0% (x) = [0_(x)R(x) + O (x*
(2.3. o4 (x) = Og(x) = | s(x (x) + g (X )]

(0] s odd

2
ZOS/Z(X ) s even .,

Proof. The proof is the same as for Lemma 2.3.2
except for the last term. 1In trees with a symmetry line,
there are no points of odd orbit size. Points of orbit
size s for s even arise from points of orbit size
s/2 in each of the identical rooted trees on both sides

of the symmetry line.
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2.4. Asymptotic formulas

In order to determine the asymptotic formulas for
points of degree r and orbit size s in d-trees, the

following observations are useful, they follow from Lemma

2.2.2.
(2.4.1)  x2(S_,1+R(x)) ~ R(x)pZ(S__;,1+R(p))

2 1 1
2.4.2 R_/pt_ -~ . . =
( ) o/ Pty Pb12 z(S4_5.1#R(p)) P

Theorem 2.4.1. The limiting probability for fixed

points of degree 1r is

2 1

(2.4.3) (o,) /pPt_ =

[2(S,._1.1+R(p) - Z(S4_5,1+R(p)) -Ol(pz)]

Proof. Using (2.4.1), an asymptotic formula for

ol(x) can be derived from (2.3.6). Then divide both

sides by Rp and multiply by the constant Rp/ptp (2.4.2)

to obtain (2.4.3). 11

The next theorem extends this result to all higher

orbit sizes.

Theorem 2.4.2. The limiting probability for

points of degree r and orbit s > 2 is
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(2.4.4) (o) /pt, ~ —=5

‘ k
Z TrR(p) & (12(Sg gy 1¥R(p))TKO, 1 (p7)

S4-3
k+1
- [Z(Sd_z_k,1+R(p)]kOs/k(p )}

2
= Z(S4_5,1#R(P))O_(P7)] .

where the sum is over all divisors k of s with k ¥ 1.

Proof. The term O;(x) in (2.3.9) is first replaced
by (2.3.8), then (2.4.1) is applied to find the asymptotic
formula for (os) . The final form is found by dividing
both sides by Rpp and multiplying by the constant

R t (2.4.2). b
p/pp . ) |

It can also be shown that the sum of the asymptotic
expressions (2.4.3) and (2.4.4) over all r and s is 1.

The proof is similar to the one given for trees.

2.5. The correspondence between d-trees and (1l,d)-trees

The correspondence between d-trees and (1,d)-trees
observed in [GoK75] is given and then a refinement of this
matching is used to transform the results of Sections 2.2,

2.3, and 2.4 to (1,d) trees.

Let T* be a (1,d)-tree of order m. Then
(2.5.1) m=m,+m

*
where m, is the number of points in T of degree i = 1,d.

Since mli-dmd = 2(m-1), we also have
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(2.5.2) m, = (m(d-2)+2)/(d-1)

on eliminating my in (5.1), and similarly

(2.5.3) md=(m-D/M—l).

Thus the asymptotic probability that a random

point in a (1,d)~tree has degree 1 is (d-2)/(d-1).

*
Each (1,d)-tree T of order m corresponds to
the d-tree T obtained by deleting all m end-points
*
of T . Hence, if we denote the order of T by n, then

n=my. On substitution in (2.5.3) we have
(2.5.4) m= (d=1)n+ 2

Thus the number tn of d-trees of order n equals
*
the number tm of (1l,d)-trees of order m = (d-1)n+ 2,

3 * - . .
i.e. tm = t(m—2)/(d-1)' If we abbreviate equation (2.2.15)
-n _-5/2

of Theorem (2.2.3) as t, o~ ocp n , then an asymptotic

*
expression for tm can be written as

* L ep(m=2)/(d-1) (%)-5/2

(2.5.5) tm

Polya derived (2.5.5) for d = 4 in his pioneering

paper on chemical compounds [P37].



39

Now we let n; be the number of points of degree i
d

in the d-tree T for i =1 to d. Then n = 2, n,
i=1

and therefore

(2.5.6) my = ‘Z} n, .
i=1

Furthermore, it is easy to see that
(2.5.7) m, = (d-4i)n,

because each point of degree i in T must have had

d-1i end lines deleted from T*.

Equations (2.5.6) and (2.5.7) can be refined to
convert the numbers by orbit size as well as degree. Let

n, 5 be the number of points in T of degree i and

orbit size Jj. Similarly m and mq 3 are the numbers

*
of points in T of orbit size 3j, and degree 1 and
d respectively.

*
The points of degree d and orbit size 3j in T

are precisely those of orbit size j in T. Therefore
for j=1 to m
(2.5.8) m, . =

d,j i

ni..
1 *ed

d
As for my 5 consider any point v of T with

deg v=d-k in T so that k end points are adjacent

*
to v in T . If these end points are in an orbit of size



40

*
j in T , then ki = j where i 1is the size of the

orbit of v in T. Therefore each point v of T

in an orbit of size i = j/k contributes k to m Ly
On summing over the divisors of j we have j =1 to
™

(2.5.9) m, . = 2, kn

lIJ k'}J d-klj/k

Now let Ni 3 be the total number of points of degree
i and orbit size j in all d-trees of order n and
similarly Mi,j stands for the same number in the (1l,d)-trees
of order m= (d-1)n+ 2. Then equations (2.5.8) and
(2.5.9) hold when m and n are replaced by M and N.
By definition the asymptotic probability ;i,j that

a random point in a d-tree has degree i and orbit

size Jj is

(2.5.10) ni,j = ii: Ni,j/ntn .
Similarly
-— *
(2.5.11) my,5 = iig Mi,j/mtm .
The relations between the Ei,j and Hi,j are

summarized in the following theorem.
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Theorem 2.5.1. The asymptotic probabilities

m for points of degree i and orbit size j in

i,J
(1,d)-trees are expressed in terms of the corresponding

probabilities Hi 3 for d-trees by the equations

(2.5.12) m = —— 3, n. .
le d"l l=1 l,J

and

(2.5.13) m .= % ¥n

1, a-1 .=, “a-k,i/k
j X 3 i/k

Proof. The proof is just a matter of substitution.
*
Begin with (2.5.11), recall that tm = tn where m= (d-1)n+ 2
and apply (2.5.8) with M,N to get (2.5.12), or (2.5.9)

to get (2.5.13). ||

2.6 Asymptotic results for d =3 and d = 4

The coefficients of R(x) were calculated using a
recurrence relation deraved from (2.2.1). Then the values
of p and R(p) were determined from (2.2.4) and (2.2.5),

with R(pz) and R(p3) being evaluated directly because

p2 and p3, being less than p, are inside the radius
£ Th . 2 1
of convergence. e expression 3 Z(S R (p))
pbl d-3p

was evaluated as the reciprocal of the right hand side
of the expression (2.2.11). The coefficients of the
series Ol(x), Oz(x),... , were calculated from recurrence

relations derived from (2.3.1), (2.3.2), and (2.3.7).
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Note that for d = 3, Os(x) = 0 unless s = 2m,
m=20,1,... ; for d4d=4, Os(x) = 0 unless s = 2m3n,
m,n = 0,1,2,... . These facts are reflected in Tables

4, 5, 6, and 7 giving the asymptotic results for d-trees

and (1-d) trees.
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CONCLUSION

It is hoped that the methods and results developed
in this thesis can be applied to a much wider range of
problems than those treated here. Of course, the
degree and orbit size distribution of points can be
found for many other species of trees (see [HPr59]),
but the asymptotics for centered and bicentered trees

may also yield to a similar analysis.
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