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ABSTRACT

BAYESIAN DECISION MAKING AND LEARNING
FOR CONTINUOUS-TIME MARKOV SYSTEMS

By

Erdal Panayirci

This thesis is concerned with Bayesian decision making and
learning algorithms for a particular problem in parametric pattern
recognition in which each of a finite set of pattern classes is
characterized by a continuous-time, discrete-state Markov process.
The basic problem considered is that of determining rules for making
decisions about the identity of the active pattern class based upon
observation of a sample function in some finite interval. The sta-
tionary transition probability matrices for the processes in question
are the parameters of the pattern classes.

Statistical decision theory is employed throughout to develop
optimal solutions. 1In the first part of the thesis, Bayes-optimum
decision rules are derived under a perfect observation mechanism
(noiseless case). The observed quantities are the sojourn times in
the states and the state numbers themselves. Using classified
samples from each pattern class, an algorithm for supervised learning
is presented and the existence of reproducing prior densities for
the parameters is demonstrated. Particularly useful results are the
formulations of recursive, computationally simple parametric forms
for the posterior densities of the unknown parameters and for the

optimum decision rules. The simulation of a specific example shows
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the empirical probability of error for different amounts of training
data and demonstrates the inherent practicality of the results.

The problem of computing probability of error is investigated
extensively for the noiseless case. The exact probability of error,
as well as lower and upper bounds and asymptotic expressions, are
established for several cases. Conditional error probabilities of
the first and second kinds are introduced by which the usual proba-
bility of error can be computed iteratively.

In the second part, only '"noisy" observations are available.
In this case, a new model is defined in which the states of the con-
tinuous-time Markov chains are described by random processes, but
the transition times can be observed. Iterative, optimal (minimum
Bayes risk) decision rules are derived and conditions are established
under which these rules perform effectively. Optimum-adaptive
decision rules are defined when the underlying modél is not completely
specified. Decision rules are formulated with two types of random
processes.

Finally, the situation when the transition times cannot be
observed is investigated for the special case in which there are two
pattern classes and the states are observed with additive, Gaussian,
white noise. Both discrete and continuous observation times are
considered. Computationally feasible algorithms are derived for the
likelihood ratio which optimally solve the problem, assuming a discrete-
sampling scheme. Also, stochastic differential equations are found
for the continuous logarithm of the likelihood ratio and the continuous
conditional probabilities of errors from discrete results by a

limiting operation. The results are applied to the specific problem
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of detecting a random telegraph signal (two-state, continuous-time

Markov chain) in white noise.
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CHAPTER I

INTRODUCTION

In recent years, pattern recognition and learning theory
have received a great deal of attention from investigators in many
branches of sciences. Some applications are: Recognition of
speech and handwritten characters, checkers and chess playing
machines, classification of electrocardiograms and EEG's, detec-
tion and filtering theory, system identification and operations
research.

In this thesis, 'pattern recognition'" is another name for
"computerized decision making'. Given a set of objects, each
arising in one of a finite number of sources, an algorithm is to
be established which efficiently classifies the objects and all
other similar objects. A pattern recognition problem, in general,
consists of two sub-problems. The first sub-problem determines
which measurements should be taken on the objects. These measure-
ments, called "features', characterize all the possible objects.

A "pattern'" is a vector of feature measurements. At present, there
is very little general theory for the selection of features. In-
vestigators have been concerned with the selection of subsets or
linear combinations of existing features or with ordering features
in a given set of measurements. The criterion for feature selection

or ordering is often based on either the importance of features in
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characterizing the patterns or on the contribution of the features
to the performance of a recognition algorithm. The second sub-
problem in pattern recognition is the problem of classification,
or making decisions about the source of the patterns. Thus, a
pattern recognizer consists of a "feature extractor', and a
"classifier". Statistical decision theory provides a powerful
mathematical tool for solving the classification problem when the
features representing the pattern classes can be described by
probability distributions. The application of decision theory to
the pattern recognition problem is called '"parametric pattern
recognition'". One can proceed to obtain optimal decision rules
satisfying a (subjectively chosen) classification criterion; e.g.,
minimum probability of misclassification (probability of error).

The problem of learning in parametric pattern recognition
mst be solved when the distributions characterizing the pattern
classes are inadequately known. The unknowns of the class dis-
tributions are "learned'" from sample patterns drawn from each of
the sources, or pattern classes. These samples are called '"training
patterns'". Supervised learning (learning with a teacher) refers to
the case when the training patterns are classified. When the origins
of the training patterns are unknown, learning is non-supervised
(learning without a teacher).

A so-called "non-parametric' approach to pattern recogni-
tion refers to the design of classifiers in which no assumption is
made as to the form of the underlying probability distributions char-
acterizing each class. The goal of the recognition system is to

partition the feature space into regions such that each region can
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be identified with a pattern class. This can be achieved by defining
a discriminant function for each pattern class on the feature space.
A pattern is classified by choosing the class corresponding to the
largest discriminant function. Training patterns from each class

are usually available and the problem is to establish a reasonable
set of functions from them.

In this thesis, a general parametric pattern recognition
problem is investigated in which the classification of an unknown
pattern is inferred from a finite set of training patterns. Each
pattern class is characterized by a different N-state, continuous-
time Markov chain. The stationary transition matrices of the
chains are the parameters of the pattern classes. Depending upon
the medium (noisy or noiseless) in which the observations are made,
several feature selection schemes are considered. Optimum Bayes
decision rules are formulated as solutions to problems in statistical
decision theory. When the parameters are not known, a supervised
learning scheme that uses classified training patterns is employed.
The general model considered here finds, specifically, an application
area in the classification of EEG's which has been investigated by
Dubes [D-5], recently. It is also applicable to detection and
filtering problems with Gaussian noise when the underlying signal

is a function of a finite dimensional Markov process.

1.1 LITERATURE REVIEW

A comprehensive survey of early works on pattern recogni-
tion and learning theory has been written by Nagy [N-1]. Nilsson

[N-3] presented some of the theory of "learning machines", or






nachines which can be trained to recognize patterns, and Sebestyen
[S-1] identified the task of finding clustering transformations as
central to the design of pattern recognizers. Fu [F-4] presented
the latest developments in the area of machine learning, emphasizing
sequential methods in statistical decision theory and estimation
theory. Recent books edited by Watanable [W-3], Kanal [K-3] and

Tou [T-2] are collections of papers on pattern recognition. Each
author emphasizes the philosophy of the approach rather than mathe-
matical derivations or experimental data.

The problem of classification has, indeed, received much
attention by statisticians. Of the many sources, the books of
Fisher [F-2], Anderson [A-1], Raiffa and Schlaifer [R-1], Ferguson
(F-2] and Blackwell and Girshick [B-3)] should be mentioned that
deal with the theory of statistical techniques and the application
to classification problems.

For learning theory, Spragins [S-5] and Braverman [B-4]
studied the convergence question in supervised learning. This
question deals with the sufficient conditions under which the para-
meter posterior density approaches the delta function about the
true value of the parameters as the number of samples increases.
Patrick and Hancock [P-1] gave a rather general approach to learning
schemes.

The literature closely related to the thesis is now sum-
marized. Dubes and Donoghue [D-4] considered the problem of
determining which of a finite set of N-state, discrete-parameter
Markov chains is active. The states are observed without noise

and the transition probabilities for the chains in question are
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unknown. A Bayesian strategy is employed throughout the report.
However, they did not investigate probability of error problems.
The results in Chapters II and III presented in this thesis differ
from reference [D-4] in that the pattern classes are described by
continuous-parameter Markov chains. The unknown parameters are the
transition rate matrices (Q-matrices) and noisy observations are
considered. Exact and asymptotic probability of error expressions
are also derived for several cases.

When the state activity of a general system is described by
a first order, homogeneous, discrete-parameter Markov chain and the
states of the chain can be observed only in the presence of noise,
most of the literature deals with the design of optimum and sub-
optimum decision rules for making decisions about the states of the
system and establishing conditions under which the unknown para-
meters can be learned. Billingsley [B-2), Martin [M-2], Good [G-1]
and Bartlett [B-1) estimated the transition probability matrix of
the underlying chain assuming, by some external means, that the
states of the system could be observed. Removing the assumptions
of observability of the states, Raviv [R-2] constructed a class of
adaptive decision rules using an estimate of the transition matrix,
P, and only part of the past observations. Recently, Signori [S-2]
studied the problem of determining the optimum-adaptive decision rule
when the observations were governed by an underlying discrete-para-
meter Markov chain. The conditional densities of the observed random
variables, given the state of the system, were characterized by a
set of unknown parameters. He derived an iterative, optimum adaptive

decision rule with the capability of using future and past observations






as well as present observations. He also constructed a variety of
consistent estimators for the unknown parameters which yield a class
of suboptimal rules.

Patrick and Hancock [P-1] gave a rather general approach to
the problem of learning for classification and recognition of pat-
terns with or without supervision. Their model for the quantization
of the parameter space is given as a reference in Chapter IV, to
the solution of the problem of finite computer storage in implementing
optimal decision rules and learning schemes.

Hilborn and Lainiotis [H-1] investigated the optimal (in the
quadratic sense) nonlinear estimation of discrete-time or sampled
stochastic processes, where the processes can be characterized as
having probability distributions of known functional form but con-
taining a set of unknown parameters. A Bayes optimal estimate for
a state was to be determined and expressed in terms of the parameter-
conditional-optimum estimates and another statistic which could be
computed recursively. The observations obeyed a generalized Markov
property. The results of Chapters IV and V in this thesis differ
from [H-1]) since the optimization criterion used here was minimum
probability of error. The decision problem is alos different in
nature.

Recent studies of the problem of detecting an arbitrary
random signal in the presence of additive Gaussian noise by Kailath
[K-2] have resulted in an exact formula for the optimal likelihood
ratio, which applies to the detection of any continuous second order
Stochastic process. The result must be expressed in terms of con-

tinuous stochastic integrals, so it cannot be implemented directly.






Mclendon [M-1] investigated the general problem of extracting an
arbitrary random process from additive white noise. Under certain
approximations, computationally feasible algorithms were derived
for the logarithm of the likelihood ratio. The assumption essential
to the solution of the problem was that the joint densities of the
observation processes, when the signal is‘present, could be approx-
imated by Gaussian densities (Pseudo Bayes approximation).

The question of detection of Markov processes in a noisy
background has been studied by several authors. Nifontov and
Likharev [N-2] considered the optimal detection of a Binary,
quantized, Markov signal in the presence of noise similar to the
signal. Sosolin [S-4] investigated the optimal detection of Gauss-
Markov noise with discrete-time observations. They both adopted
the Bayes likelihood ratio criterion as an optimum decision rule
and obtained recurrent relationships for the likelihood ratio.
Kulman and Stratonovic [K-6) provided optimal devices for detecting
a random telegraph signal in the presence of white Gaussian noise.
They first obtained a non-linear stochastic differential equation
for the optimum filtering and then tried to solve it for some special
cases and compared the results of the probabilities of errors with
non-linear and linear filtering. The work in Chapter V of this
thesis, related to their results, was done independently and deals

with a particular model which yields more specific results.

1.2 THESIS OUTLINE AND CONTRIBUTIONS

The emphasis of this research is on pattern recognition and

learning theory. The first major contribution of the thesis appears






in Chapter II which contains a formal development of optimal and
adaptive decision making and learning, employing a new model which
has not been heretofore studied. The contribution lies in the fact
that, under some necessary and sufficient conditions, a finite set
of constant parameters can be found which uniquely defines the
underlying model.

Chapter II is devoted to the case of perfect observation
(noiseless case). The basic model and the decision problem are
defined in Sec. 2.1, Appendix A and Appendix B. 1In the early
sections of the chapter, the optimum and the optimum-adaptive
decision rules are found and expressed in terms of sufficient
statistics of finite dimensions for two cases. A supervised
learning scheme is employed to learn the paramters, and the exis-
tence of reproducing prior densities for them is exhibited. It
is also shown that the computer memory needed to implement these
rules is fixed. Finally, a computer simulation is developed and
discussed for a special case.

The second major contribution appears in Chapter III in
which the probability of error is studied. Some specific results
are obtained for the model considered in Chapter II. In the case
considered, all quantities in the model are known and there are
only two pattern classes. In Sec. 3.3, exact probability of error
expressions are derived for a particular case while in the follow-
ing sections, upper and lower bounds and asymptotic expressions are
obtained. When the number of observations increases without bound,
the bound on the probability of error is shown to approach zero.

In the last section of the chapter, conditional error probabilities






of the first kind and the second kind are introduced from which
the total probability of error can be computed. The expressions
derived for the error probabilities are original and self-contained.
Final contributions appear in Chapters IV and V in which
optimal and adaptive decision-making and parameter-learning problems
are investigated under an imperfect observation mechanism. Inserting
this condition into the model of Chapter II requires a new model in
which the states of the chains are described by random processes.
The main assumption of Chapter IV is that the transition times from
one state to another can be observed. After discussing several
sampling schemes for selecting features, the optimum decision rule
is derived and its basic components are generated iteratively,
assuming all the parameters of the model are known. Analytic
results are obtained for two special cases. In the second part
of Chapter IV, adaptive decision-making and learning are studied
when the model is not completely specified. A theorem about the
convergence of the optimum-adaptive decision rule is provided.
The storage problem in implementing the adaptive decision rule and
supervised learning algorithm is discussed.
In Chapter V, the model and decision problem are studied
but the assumption of observability of the transition times is re-
moved. A uniform sampling scheme (discrete-time observations) is
assumed. The Bayes likelihood algorithm is developed for the
optimum decision rule and the recurrent expressions for the likeli-
hood ratio is derived. 1In the case of continuous observations,
non-linear stochastic differential equations are derived for the

logarithm of the likelihcod ratio and the conditional error
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probabilities of the first and second kinds. The results of Chapters
IV and V are original and have not appeared in the literature and

present one of the major contributions of the thesis.
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CHAPTER II
DECISION MAKING AND LEARNING WITH
OBSERVABLE STATES AND TRANSITION TIMES

The basic problem considered here is that of determining
which of a finite set of M continuous-time, discrete-state Markov
process is active, based upon observations of sample functions,
when the stationary transition probability matrices,

[Pgﬁ)(t)]s _15 s € {1,2,...,M}, for the processes in question

ij i,j=1
are unknown. The main results of this chapter rely heavily upon
the definitions and theorems related with continuous-time, discrete-
state Markov processes (continuous-parameter Markov chains) which
are given without proofs in Appendix A.

A Bayesian strategy is employed throughout. The problem
is formulated as a problem in statistical decision theory. Prior
distributions which lead to convenient computer implementations are
chosen for the unknown parameters. The amount of computer storage
required is of prime importance.

The decision problem is defined and a source model is chosen
for generating observations in Sec. 2.1. 1In Sec. 2.2, observation
and parameter spaces are defined, and in Sec. 2.3, the optimal
decision rule is derived when the transition rate matrices (Q-
matrices) are known for every pattern class. 1In Sec. 2.4, adaptive
decision rules are derived when the transition-rate matrices are

not known. A supervised learning scheme is employed to learn the

11
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unknown transition-rate matrices and the existence of reproducing
prior densities is demonstrated in Sec. 2.5. Algorithms for learn-
ing transition rates are introduced in Sec. 2.6, while the final
form for the optimal optimum-adaptive Bayes decision rule is obtained
in Sec. 2.7. Section 2.8 is assigned to the computer implementation
of a specific problem. Finally, the main results of the chapter are

summarized in Sec. 2.9.

2.1 SOURCE MODEL

Before going into decision rules and learning, the model by
which observations are generated must be chosen. The object of all
decision rules is to decide which of M continuous-parameter
Markov chain is active; each continuous-parameter Markov chain
characterizes a pattern class. The observable quantities, or the
"features', are the sojourn times in the states and the state
numbers themselves. The transition-rate, or Q, matrices defining
the processes are the parameters of the distributions governing the
observations and must be learned from the training data. The train-
ing data consist of sample functions from labelled sources and are
used to form posterior densities for the parameters which, in turn,
are employed in Bayes decision rules. The properties of the obser-
vation processes, some important definitions and theorems about
cont inuous-parameter Markov chains, and the necessary and sufficient
conditions under which infinitesimal parameters can uniquely
determine a process are given in Appendix A.

A key assumption is that a single Markov chain is active

during the entire observation interval. A decision about the
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identity of that chain is to be made after observing a sample
function. Each sample function is assumed to be generated in a
manner consistent with the assumptions and conditions explained

in Appendix A. The generation process can be pictured as follows:
Suppose a typical realization starts in any state, say 1i. Then,
a waiting time, having an exponential distribution with parameter
q; > 0, determines the length of time spent in state i. At the
end of this sojourn, the process jumps to state j with proba-

q.
bility —
94

random duration, as determined by an exponential distribution with

» j # i. The process stays in the new state for a

parameter qj’ and then moves to another state, say k, with
S FTH
J—’k#j.
k|
distribution with parameter 9 - All possible realization of the

probability The sojourn time again has an exponential
process can be generated by this procedure. A typical sample

function constructed by the above procedure is illustrated in

Fig. A.1l.

2.2 DECISION RULES

The observation space is defined first. Each random variable
in the sequence xk & (xl,xz,...,xk) of state random variables takes
on values in a finite space A = {1,2,...,N}, N < @, and each sojourn
time random variable in the sequence tk Q {tl,tz,...,tk] takes on
values on the positive real line. All random variables are defined

on the space Sk = {w: w € Ak X [O,m)k]. Thus, the sample space Sk

is the 2k-dimensional Euclidean space of all sequences
k k

w= (1 §i) X (1 ni)’ where gi € A, ﬂi € [0,0), vi. In particular,
i=1 i=1

the random variable X5 i < k, is defined as Xi(w) = §i and the
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random variable tys i < k, is defined as ti(w) = ni.
The necessary and sufficient conditions and Theorem A.1l

given in Appendix A show that {xk; k 2 1} is a discrete-state,

N
J]i,J=1

discrete-time Markov chain with transition matrix [ri

defined as follows:

- (2.2.1)

Chung [C-2] calls such a Markov chain, the jump chain associated
with the continuous-parameter Markov chain, {xt; 0 <t <wl.

The sojourn times (tl’tZ""’) are conditionally inde-
pendent random variables. That is, if P(.) is a probability

measure defined on the sample space Sk’ then

P(t) € A5,t) €A Leuusty €A |x) = i,x, = §,ee0x = 1)

1) (2.2.2)

= P(t; € Ajfx; = 1) ... P(t, €A |x,

where Ai is suitable Borel set on Rl, i=1,2,...,k. Hence, for
each sequence of realizations xk = (xl,xz,...,xk), a conditional
distribution for tk = (tl,tz,...,tk), given xk is defined. 1In
this model, the conditional distribution can be described by the
o . k, k., A

conditional density f(t \x ) = f(tl\xl)f(tz\xz)...f(tk\xk) on

k
[O,co)k with respect to Lebesgue measure y .

The mass function p(xk) g p(xl,xz,...,xk), which is a
discrete density over Nk points in Rk with respect to counting
measure vk is defined in terms of the initial distribution over
]N
ij“i,j=1°
Then, the joint density for (xk,tk), denoted by g(.), is well-

the states and the transition probability matrix, [r
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k, k k
defined in terms of £f(t |x ) and p(x ), with respect to the pro-
k k 2
duct of counting and Lebesgue measures v xup on R k and can be

expressed as

k k, A
gx ,t) = g(xl,...,xk, tl,...,tk)

f(tl,...,tk‘xl,...,xk)p(xl,...,xk) (2.2.3)

The general elements of the decision making problem and
derivation of the non-randomized, optimal decision rules for any
arbitrary loss function, L(.,.) are given in Appendix B. 1In the
following two sections, optimal and adaptive decision rules are
derived for the cases of known and unknown Q-matrices, assuming

a special loss function.

2.3 OPTIMAL DECISION RULES WHEN Q-MATRICES ARE KNOWN

The first case to be considered assumes that the Q-matrix,

()N
L35 04, 5m1

special "0-1" loss function is chosen, defined by L(i,j) =1 - A(i,j)l.

is known for every pattern class, s = 1,2,...,M. The

*
The optimal decision rule, d (.), follows from (B.5), Appendix B,

and is given by the Bayes decision rule:

* k k , . . .

d x ,t ) =s if s 1is the first index such that
k k k

P(G =8 xk’t ) 2 P(g = L‘X >t )’

vie#s, L,s €A (2.3.1)

It follows from Bayes rule that

1
A(i,j) denotes the Kronecker delta.
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& B(e=9)g Gt oms)
’ k k
g(x ,t)

P(p = s| . (2.3.2)

Defining gs(xk,tk) & g(xk,tkle =8), Pg =P(p= s) and employing

(2.3.2), (2.3.1) becomes

d*(xk,tk) =s if s 1is the first index such that

o k k ) k k
Pe 8gxht) 2P g (x st ) VL #s, s, €N (2.3.3)

The density functions required in (2.3.3) are given by

k k
gs(x ,£ ) = fs(tl,tz,...,tk xl,xz,...,xk)ps(xl,...,xk)

Vs e€EN (2.3.4)

The first factor in (2.3.4) is now computed. From the con-

ditional independence of (tl’tZ”"’tk) and (A.l4),

k
fs(cl,...,ck\xl,...,xk) = 1 fs(ti\xi)
i=1
k k
=1 q®| exp (-5 ¢®¢. (2.3.5)
. X, L x, 1
i=1 i i=1 i

The second factor in (2.3.4) is found from (A.13).

o k=1 qif)’ Xi41
ps(xl,xz,...,xk) = Ps(xl) .H i (2.3.6)
i=1 q(s
X

Then, the joint density gs(xk,tk) is given from (2.3.5) and

(2.3.6) as:

k k k-1 q®)
kK k , X,
g (x ,t) = [ 1 qis) exp (- T q(s)ti Papn i+l 3.7
i=1 *i i=1 *i i=1 ()
X



(a3}




17

Equation (2.3.7) can be written in & more convenient way
k
as follows: Let Nij = Nij(x ) denote the number of one-step
transitions from state i to state j in xk = (xl,...,xk). Let

k k
Ki = Ki(x ) be the number of occupancies of state i in x ,

not counting Xy, and let tij = tij(tk) be the waiting (sojourn)

. . . .th
times in state 1i, for the j— occupancy of the process. The total
k
sojourn time in state i, Zi = Zi(t ) is then,
Z.,=¢t,, +t, _ +...+¢t viéAn

i il i2 iK.
i

Then, (2.3.7) can be written as,

(s) \N. .

kK k N s) K; N s N N q; ij
Bt = | T @) exp (-2 a2y Pap 1 1 (=L
i=1 i=1 i=1 j=1 q
j#i
(2.3.8)
Taking natural logorithms of (2.3.8) and noting that

N
L N, = K, if x #1i
j=1 ij i k
j#i

= Ki +1 if xk =i (2.3.9)

the optimal decision rule in (2.3.3) can be expressed in a simpler

form as follows:
*
d (xk,tk) =s if s ={ maximizes

N N N
o o . @) @) @)
An| P (x))P - £ q; 7z, + £ LN .4nq (2.3.10)
[ LT q"l] =1 1 b e g U
j#i

2.4 ADAPTIVE DECISION RULES WHEN Q-MATRICES ARE NOT KNOWN

When the infinitesimal parameters, {qij)}ﬂ i’ s € {1,2,...,M},
H]

are not known, they are treated as parameters in density functions
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describing the observations. To make effective decisions under
such circumstances, information about these unknowns must be
extracted from classified observations. The state numbers and the
sojourn times of sample functions from each pattern class are
observed and the infinitesimal parameters can be eliminated from
the decision rule using supervised learning techniques. The train-

ing data from pattern class s form a random vector
n n

s s, A
(yS )T ) = (ysl’ysz""’y ’Tsl’TSZ""’Ts ) of states numbers

n
s

and of sojourn times. The optimal decision rule in this case is

sn
S

* k k . . . .
d (x ,t ) =s if s is the first index such that
o k k "s s 0 kK k, ™ ™
PS gs(x >t ‘ys ’TS ) 2 PL gL(x >t ‘yL T»{, )
Vi #s, L,s €A (2.4.1)
where
k k, Ng Mg kK k " " s s
gs(x »t |ys®,7 ) = , B (Xt lys® o7y sagsr ) E@gsrg|yg T " )da dr,
RN
(2.4.2)
where
& (s) (s) (s), .
qs - (ql ’q2 !""qN ))
= .(8)N
re = {50 4o (2.4.3)
(s) :
The term r) was defined in (2.2.1); I r(s) =1, vi € A.
ij i=1 1]
J—
J#i

The supervised learning procedure is the same for all
pattern classes so the subscript and superscript s will be dropped
from the following development. The first factor in the integrand

of (2.4.2) can be written in a form similar to (2.3.8) as follows:






19

N K N N N N.
(o}
g(xk’tklyn"rn’q’r) = n qii exP = z qizi P (xl) H ﬂ (rij) lj
i=1 i=1 i=1 j=1
it
(2.4.4)

o ok ok R
where Nij = Nij(x ) Zi = Zi(t ) and Ki = Ki(t ) are defined
as before. The second factor in the integrand of (2.4.2) is computed

in Sec. 2.5. As a result, the required density has the form:

N K, N

k ky.n n _ o i
g(x ,t \y st) =P (xl) j‘qj‘r ir=11qi exp 1.§.1q12i
N N Ni' n n
X m°(,) | f,rly ,r7)dq dr (2.4.5)
P &
i=1 j=1
j#i

Equation (2.4.5) shows explicitly that the required density
function is proportional to a joint moment of the posterior distribu-
tion. As shown in the next section, the computer storage is limited

whenever a natural conjugate family of distribution is used for each

(qg>ry)-
2.5 SUPERVISED LEARNING

The object of this section is to form the posterior density
function for (qs,rs) from the training samples (y:S,T:S). The
learning is supervised because the continuous-parameter Markov
chain that produces each set of training data is labelled. The s
subscript and superscript will be dropped for convenience.

The necessary and sufficient condition for the existence of
4 reproducing prior distribution for (q,r) is that a sufficient
statistic of finite dimension exists for (q,r) (Theorem 2,

Spragins [S-6]). To demonstrate this finite-dimensioned sufficient

statistic, the likelihood function g(yn,Tnlq,r) can be written
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from (2.3.8) as:

n n N ki N o NN nij
8(y »7 |4,7) = [ T q; | exp (- L g2y Py T T (ry) (2.5.1)
i=1 i=1 i=1 j=1
j#i
n n _ n
where nij = nij(y ) zi = zi(T ) ki = ki(y ).

Equation (2.5.1) shows that g(yn,7n|q,r) belongs to an
exponential family of distributions. Thus, (q,r) has a sufficient
statistic of finite dimension. One such statistic is denoted by
T(yn,Tn) and can be easily determined by applying the factoriza-

tion theorem to (2.5.1).

N N N
n n n n n
T(y >t ) = n..(y) »(z. (1) s k. (y)
1] i,j=1 i i=1 ) ' i=
j#i
(2.5.2)

Thus, a reproducing prior density exists for the para-
meter (q,r). Any reproducing prior density can be written in the

following form:

8(}’_ 3o ey 5T __5e0e,T \q,r)\y(q,r)
f(q,r|yo,To) = L ° T 2 (2.5.3)
B(Y_ s e v sYgsT_goeesToldsE)y(q,r)dq dr
gqxr

m

A
where (yo,To) = (y_m,...,yo,T_m,...,To) are fictitious observations
and §(q,r) is an arbitrary positive function of (q,r) except

that the denominator in (2.5.3) must exist. In particular, setting

V(q,r) 1, the following reproducing prior density is obtained for
(9,r). This density is the product of N gamma censities and a

matrix beta density.

v1+1 v, -w.q,

N w, q,'e 1 N N u? -1
f@,r|ly v )= 1 = L Jdno ns @O, H . (2.5.4)
o’ o i=1 I‘(vi + 1) i=1 j=1 N i771ij

j#i
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where
rQ.)
—0 A 1 A N o
B.(uw.) = sy Q.= I W, (2.5.5)
N™Ti N o i =1 ij
n L) ]
=1 M
j#i
The parameters of this distribution are the matrix
hoo= [po ]N where uO = 0, and the vectors Vv = (V,,V_ ,eee, V)
) ijii,j=1 ii ? - 1°°2° *°N

j#i
and w = (wl,wz,...,wN). The posterior density for (q,r), based
on all training samples (yn,Tn) = (yl""’yn’Tl""’Tn) is found
to be:

n n
gy »7 |qa,r)f(q,r|y ,7))
£(q,r|y",r™) = | T,

[ 6™ lan)f@,rly o7 )dq dr

gxr
vV.+l Vv, W .q
N Wi qi1 e -1 .[ N N . mij-l
=11 I 0B (m)r, ]
j=1 T+ D j=1 y=1 ¥ 1]
j#i
(2.5.6)
where
V. e v, +k,, W, 8 w, +z,, m e p? + n
i i i i i ij ij ij
F(Mi) N (2.5.7)
m 8 (m. % _sB@) & M2 5 o
1j71,5=1" "4 N S TP &
m T(m, ) J
i=1 1

The posterior density has the same mathematical form as the prior
density for (yn,Tn). The only difference between (2.5.4) and

(2.5.6) is in the parameters of the two densities, which are re-

lated by (2.5.7).

The convergence question in supervised learning deals with

conditions under which the joint prior densities of the parameters,
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(s).N (s).N .

- d =

qg {qi }i=1 and r_ {rij }i,j=1 approach delta functions
J#i

centered at the true values of the parameters as the number of
training patterns increases. The most general theorem for answering

this question is given by Spragin's [S-6], and is stated below.

THEOREM 2.5.1 Assume that the following conditions are satisfied.

A. The data generation model under supervised learning

is employed; eo is the "true" value of 8.

B. fe(z) > 0 for all z in a sphere containing eo.

C. The posterior density fe(.\yn) is defined as before.

D. A consistent sequence of estimators t; = tl(yl),

t2 = t2(y1’y2)""’tk = tk(yl,...,yk) exists that
converges to eo wpl.
Then, fe(z\yn)—ﬂ::> 6(z - eo) wpl, where §(.) 1is an impulse
function having the same dimension as 8,

For the problem considered above, it is easily seen that
the first three conditions are satisfied for g(q,r\yn,Tn). To
exhibit the existence of a sequence of consistent estimators for
the unknown parameters, (q,r), the following well known result
[C-3] is used: If a sufficient statistic of an unknown parameter
exists, then any maximum likelihood estimator will be a function
of this sufficient statistic. Bartlett [B-1] first showed that the
maximum likelihood estimators, %ij’ obtained by Eij = nij/ni’

N
where n, = ¥n form the consistent sequence of estimation

j=1 1
for the parameters rij in (2.5.1). It can be also shown that
there exists a set of consistent maximum likelihood estimators for

the parameters 9, in (2.5.1), given in terms of the sufficient

statistics k, and z, as ﬁi = (k; + 1)/zi, i=1,2,...,N.
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Thus, the last condition of Theorem 2.5.1 is satisfied for

g(a,r|y",t™) and g(a,r|y",t) F6(r - r_,q - q ) w.p.l.

N
20 1
6 LEARNING {qu}i’j=1
j#i
N N
So far, only the parameters {qi}i=1 and {rij}i,j=1
N I
have been learned. It is also possible to learn {qij}i,j=1’
J#i

or to determine the posterior densities for the 's, given the

n
training samples, (yn,T ), and to prove that these posterior

densities converge to 6(qij - qz ) w.p.l., as n tends to infinity.

]

Here, q?j is the true value of qij’ To find V(qij|yn’¢n)’ the

posterior density for gq,,, let

ij
qij = qirij i,j € A(G # 1) and (2.6.1)
N
define N, & g n.. (9. (2.6.2)
i _ ij
j=1
j#i

The joint posterior density function for (qi,ri), given
(yn,Tn), can be obtained easily by integrating (2.5.6). The

required density has the form:

V.41V, -q.W,
1 1 11

W, q. e
n n. i i
f(qi:rij\y T ) = F(vi + 1)
X ) rr.lijnl(l-r..)Ni-nij-l
I"(Ni - nij)r(nij) ij i]
0<qi<°°; 0<rij<1
= 0 elsewhere (2.6.3)

The posterior density w(.\yn,7n) is given by the following

formula:






1 q
nony e 1 iy 4
¥ty £ ¥ £y rij) Ti
© q
- —l‘f 1 £—=L, u)du
qij q.."
ij
n,. -1 V. +1 v
q, ] TQN,) W' © i
= lj 1 1 j‘ u
a4 I‘(nij)l"(Ni - nij) T (v +1) 1. uij

1 Ni-nij-l -uwi
X —ET——TT:T (u-qij) e du
i ij
L,

Using the Binomial expansion for (u - qij) .
in the above

v +1
- nij-z Tov)) W, b Yy L ® m -uW,
vyl =0 sy D 2 al )

Since m, e Vi - nij - k is a positive integer k = O,l,...,Li,

the following integral formula can be used to evaluate the integral

in (2.6.4).

m r
m, -uW, T'(m, +1) -q.W, i A
i (m, ) - W, QW)
u ‘e du = ———— e T (2.6.5)
q. L. +1 r!
ij w i r=
i

Using (2.6.5) in (2.6.4)
L., m

a2 n i i nij-h'+k-2 -qijwi
Vagglysr = Zo o Skrdis e 4y > 0
(2.6.7)
= 0 elsewhere
where
a g(_l)k N;-n;4-1 Q) TV, -n, -k+1) n, J+r+1<
B k I'(n ij)F(N -n _1) L, +1)I"(r+1)
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The fact that ¢(qij\y“,7“)—% 5Cayy - q‘i’j) w.p.l., is

shown in Appendix C.

2.7 OPTIMUM-ADAPTIVE DECISION RULE

In the previous section, joint posterior density functions
for the parameters of each pattern class were obtained and used to
eliminate the unknown infinitesimal parameters, {qij}, from the
decision rule. The decision rule obtained in this manner is an
adaptive decision rule which is optimal for the prior information
and cost function given. Furthermore, the decision rule adapts
or converges to what the optimal rule would be if the true para-
meter values were known. Thus, in summary, the optimum-adaptive

Bayes decision rule is given by:

*
d*xX,t%) = s if s is the first index such that

0 k k ns s 0 k  k n& n&
Pg (x>t |y, ,7 ") = max {Pg, x|y, “,7, "]
1€{1,2,...,M}
(2.7.1)
where
n n n n n n

1

k Kk 1y - k kb 2 L .2
g G ht |y, Ym ™) = [ 8 Lty T Y @@,y Y,r, V)dg dr v

(2.722)

The first and second factors in the integrand above are given

in (2.4.4) and (2.5.6), respectively. After some algebra,

W v§4)+1
k ok T ™ N (wi ) I‘(Vf“)+xi+1)
g &t ]y, %™y = @ . )
1 =1 [ oy (ViU v+
(wi +Zi)
N
jnl o, +m§*j') - 1)....(mf’j“))
N g (2.7.3)

@)

o
x P (x)1
L o +mi(‘t’) - 1)....(mi )



26

where
W LW L 4) W oWy (x: ). m gi) 5 0y : y + usz)
Z, in(tk), K, 8 Ki(xk), Nyp < Nij(xk),
fwa;«z fj) Niéjgluij Ve
j#i j#i

2.8 COMPUTER IMPLEMENTATION

The optimum-adaptive Bayes decision rule obtained in (2.7.1)
and (2.7.3) would be implemented in an iterative fashion in an actual
application. Such an implementation and a simulation are given in
this section. The storage requirements and execution time required
to simulate the decision rule are discussed.

Equation (2.7.3) can be written iteratively as follows:

vk

i X X
e ) " k {?it)+zxk(tk-li} Kk Xk
g \y = v ok &9
@’ L XK Xy ) vié)+xx x5)+1
w(4,)+Zx | Tk Tk
| *k Tk
@) k-1
mx X +Nx X (x ) n n
k-1’ k-1"k k-1 k-1, "p g
X - g, (x T,t T, 7)) (2.8.1)
n®) N «&1y ) L7
k-1 k-1 v
(wic)
L% M@ !
g(x ,t |yL 2Ty ) (V x; + 1) V(L)+K " P (xl)
@) *17%
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In (2.8.1), K.x (xk) is the number of occupancies of state

k
. k ko L . k
x, in x , Z_ (t) 1is the total sojourn time in state x, in x ,
k Xy k
k-

N (x ") is the number of one-step transitions from state

x X

k-1>"k
xk-l to state xk in xk-l and N (Xk-l) is the number of

k-1

L . k-1 A .
one-step transitions in x whose initial state is An

X1t
algorithm for computing (2.8.1) is shown in Fig. D.1 of Appendix D.

The optimum-adaptive decision rule implemented in this
fashion is a fixed memory rule. No matter how many learning samples
are employed and no matter how large the size of the vector to be
classified, only the parameters for the posterior densities need
be stored. Including the storage requirements for prior informa-
tion, the total number of words of storage needed is equal to
M(N2 + 2N + 2).

A computer simulation was made to illustrate the performance
of the optimum and optimum-adaptive decision rules. All computer
simulations discussed below were performed on the CDC 6500 digital
computer at Michigan State University. The specific case considered
is the following:

1. There are two pattern classes denoted by w, and W, 3

] = F) = 1/2.

2. The continuous-parameter Markov chains which produce
the samples are assumed to have 3 states for both
pattern classes.

3. The Q-matrices used to produce all observations are

listed below.






-

0.60  0.12
Q, = | 0.40  1.00
| 0.36  0.84

4.
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0.48
0.60 Q2 =

1.20

L

0.50  0.15 0.35T
0.60 1.20  0.60
0.70  0.30  1.00_

The initial state probability distributions for the

chains were chosen to be equal to the stationary proba-

bility distributions of the corresponding chains.

They

were computed by (A.1l) and are given as follows:

0 .
Pl(x1 i)
0.387

0.306
0.307

P

o .
x, = i)

2( 1

0.388
0.224
0.388

The following parameter matrices were used for the

matrix-beta prior density, which was used for the para-

meters of the jump chain.

1
2
3
5.
0
(o]
Wy =4
3
6.

8

[o]
6 By =
0

the sojourn times were used.

1
v, fI1
2

1.0
w =[1.0

1.0

0 3 7
5 0 5
7 3 0

The following parameters for the prior densities of

In the first part of the simulation, the average error

curve was obtained using the decision rule in (2.3.10).

In the

8econd part, the average curves were obtained for the case when the

Q-matrices were not known.

Two cases of supervised learning were
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employed, all applying (2.8.1) and differéng in the number of
training samples provided per pattern class. Training samples of
size 50 and 100 were used for each pattern class. Each error curve
provides a Monte-Carlo estimate of the probability of error as a
function of the size of the observations. 1In each situation studied,
10 such error curves were obtained along with an average error

curve. Using the same notation as tD-4], IOOLi(k) is defined as

the number of wrong decisions in 100 classifications of a sequence
(xk,tk) for the iEE run of Fig. D.1l. The k£h point on the average

curve is defined by

10
~ny =L T 4;(k)
1K) =15 o1 1

Thus, IOOZ(k) is the percent of wrong decisions in 1000 independent
classifications of k states. Average error curves for several
situations are shown in Fig. 2.8.1.

As mentioned in [D-4], the quality and amount of prior
information are critical factors in determining the rate at which
the error converges to that for known parameters. Equation (2.7.3)

shows that the posterior density function for (xk,tk), given the

training samples, depends on the parameters VgL), WEL) and mgﬁ)
@ _ @ @ _ _ Q) @ _ o)

where Vi =v. + ki’ Wi =w, +z, mi_1 = pij + nij'

The prior information as presented by va), wa) and pi}b), can

thus be made to either overwhelm the initial training samples or

to be overwhelmed by them so the magnitudes of va), wa) and
u2§L) are a measure of the amount of prior information being

inserted in the decision rule. If these parameters are properly

selected, the training data will reinforce the prior information
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Fig. 2.8.1: Average Error Curves
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and the amount of training data used is not critical.

2.9 CONCLUSIONS

This chapter has dealt mainly with decision making and with
learning the unknown parameters in finite-state, continuous-para-
meter Markov system with observable states and transition times.
The model by which observations are generated was defined in Sec.
2.1 and the properties of the observation process were given in
Sec. 2.2. Assuming the Q-matrices defining the chains were known,
an optimal decision rule was defined in Sec. 2.3 to be that rule
in a given class of rules which minimizes the Bayes Risk. (B.2).

The optimum-adaptive decision rule (2.4.1) was derived in
Sec. 2.4, in case of unknown Q-matrices while the supervised learn-
ing scheme for learning them was employed in Sec. 2.5. The existence
of a repfoducing prior distribution for (q,r) was exhibited.

It was also shown that, under the stated conditions, the parameter
posterior density (2.5.6) converges to a delta function centered

at the true value of the unknown parameter. The posterior densities
for the infinitesimal parameters given the training samples were
obtained in Sec. 2.6.

The final analytical form of the optimum-adaptive decision
rule was given in Sec. 2.7 and it was expressed in an iterative
form in Sec. 2.8. Finally, a computer simulation was performed
for a specific case to obtain the probability of error curves in

both known and unknown parameter cases.



CHAPTER III

PROBABILITY OF ERROR

The quality of a decision rule is characterized by the
total probability of error. Unfortunately, for general decision-
making problems, exact analytic solutions for the probability of
error are impossible. Even if one could find such solutions, they
would be tremendously complex. For this reason, simple lower and
upper bounds, or asymptotic errors or iterative approximations are
more useful than exact error probabilities.

In Sec. 3.1, exact probability of error expressions are
derived for the two-pattern class case where both classes are de-
scribed by 2-state, continuous-parameter Markov chains with known
Q-matrices. Lower and upper bounds are given in Sec. 3.2. The
limit cases are also studied as the number of observations tends
to infinity. Asymptotic probability of error formulas are derived
for the two-pattern class problem with N-state Markov chains having
known Q-matrices in Sec. 3.3. The probability of error is shown to
converge to zero w.p.l as the number of observations tends to
infinity. 1In Sec. 3.4, the conditional probability of error notion
is introduced and iterative expressions are established for them.

Finally, Sec. 3.5 summarizes the main results of the chapter.

3.1 EXACT PROBABILITY OF ERROR FOR N = 2 AND Q-MATRICES

Let Q1 and Q2 be known Q-matrices characterizing pattern
classes, w; and w,, respectively. The following notation will
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be used:

Ql = ; QZ = b ql’qz)plipz > 0
1 " P ™1
The density functions, (2.3.8), are evaluated below for the observa-
k
tion sequence (xk,t ) = (xl,...,xk,tl,...,tk). Since the states
must alternate, and assuming k is an even integer, Ki = k/2 and

r.,. =1 Vi,j€ (1,2}, (3 # i). Then

ij
2 -Z.q.
k k k/2
gl(x »t) = Pi(xl) it qi/ e 7 (3.1.1)
i=1
2 -Z.p
k k k/2
gy(x »t) = Py(x)) I p, t (3.1.2)
i=1
Hence, the likelihood ratio, A(-), is defined as
k k o
g,(x >t)  Py(x;) 2 p k/2 -Z.(p;-q))
A(ZI’ZZ’XI) = ™ e (3.1.3)

k k., 0 o1 d
gl(x ot ) Pl(xl) i=1 i

Using the "0-1" loss function, the optimal decision rule is given as

* K
d (xk,t)=w1 if L<T

= o, if L>1 (3.1.4)
where
o.2/k 0
o, (A} L, 4% a2z, R®D o
T\ = 4n o in P.P 3y L= K {n o + K z (qi = Pi)zi (3‘1‘5)
P2 1"2 Pl(xl) i=1
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