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ABSTRACT

INVARIANT MANIFOLD THEORY AND ITS APPLICATIONS TO NONLINEAR
PARTIAL DIFFERENTIAL EQUATIONS

By

Jiayin Jin

The theory of invariant manifolds and foliations provides indispensable tools for the study of
dynamics of nonlinear systems in finite or infinite dimensional space. As is the case here, invariant
manifolds can be used to capture complex dynamics and the long term behavior of solutions and
to reduce high dimensional problems to the analysis of lower dimensional structures. Invariant
manifolds with invariant foliations provide a coordinate system in which systems of differential
equations may be decoupled and normal forms derived. These play an important role in the study
of structural stability of dynamical systems or, when a degeneracy occurs, in understanding the
nature of bifurcations. This thesis is devoted to the study of the construction of invariant manifolds
of solutions with certain spatial structures to some nonlinear parabolic partial differential equations.
I approach these problems in two steps: the first step is to construct a manifold of states that is
approximately invariant, the second step is to show the existence of a truly invariant manifold of
these states near the approximately invariant one, and to determine the dynamics on this manifold.
Since this approach may be applied to many different systems, I also develop it in an abstract or
general way, extending earlier results of [19].

My thesis consists of two projects, in the first project, we consider the two-dimensional mass-

conserving Allen-Cahn Equation,

$i(x, 1) = E2A(x,1) = f((x. D) + £, F(B(.1). x€Q, 1>0,
(0.0.1)

Ond(x,1) =0, xedQ, t>0,



where Q c R? is a fixed bounded domain with smooth boundary 09, d, is the exterior normal
derivative to 0€2, and fQ = ﬁ fQ means the average over Q. Here f is the derivative of a double

well potential W. We assume the following conditions for f:

f(£1) =0, £ (x1) >0, fs f= fsf >0 forall s € (—1,1). (0.0.2)
-1 1

We establish the existence of a global invariant manifold of bubble states for this equation and give
the dynamics for the center of the bubble.
In the second project, we consider the existence, in forward and backward time, of dynamical

interior multi-spike states driven by the nonlinear Cahn-Hilliard equation:

ur = —A(E2Au — f(u)) in Qx (0, ),
(0.0.3)

OnAu = 0,u=0 on 0Q X (0, ),

where Q ¢ R” is a fixed bounded domain with smooth boundary 0Q and f is the derivative of
a double well potential W, that is , xf(x) > O for |x| large enough and f has two zeros a and
b such that f’(a), f’(b) > 0. We construct invariant manifolds of interior multi-spike states for
the nonlinear Cahn-Hilliard equation and then investigate the dynamics on it. An equation for
the motion of the spikes is also derived. It turns out that the dynamics of interior spikes has a
global character and each spike interacts with all the others and with the boundary. Moreover, we
show that the speed of the interior spikes is super slow, which indicates the long time existence of

dynamical multi-spike solutions in both positive and negative time.
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Chapter 1

Introduction

In dynamical systems, an invariant manifold is a manifold that is invariant under a map or a flow
(or semiflow). For instance, a fixed point or periodic orbit of an ordinary differential equation is
an invariant manifold for the flow generated by that ODE. The theory of invariant manifolds for
discrete and continuous dynamical systems has a long and rich history. Numerous applications can
be found where answers to the following questions are needed: 1) Assuming that a dynamical sys-
tem has an invariant manifold, does a perturbation of this system also have an invariant manifold?
2)When a dynamical system has an invariant manifold, how does one construct locally invariant
structures such as the center-stable, center-unstable manifold, and center manifold of the original
invariant manifold and invariant foliations of these, which essentially decouple the dynamics.

For the case of the invariant manifold consisting of a single fixed point, Hadamard [49] con-
structed the unstable manifold of a hyperbolic fixed point of a diffeomorphism of the plane by
iterating the mapping applied to a curve in the plane, therefore obtaining a convergent sequence
of curves. The limit of the sequence of curves gives the unstable manifold. People now call
this geometric approach Hadamard’s graph transform. Lyapunov [65] and Perron [78, 79, 80]
constructed the unstable manifold of an equilibrium point by formulating the problem as an in-
tegral equation. This method is analytic rather than geometric and now is called Lyapunov-
Perron method. There is an extensive literature on the stable, unstable, center, center-stable,
and center-unstable manifolds of equilibrium points for both finite and infinite dimensional dy-

namical systems. The general theory for finite dimensional dynamical systems may be found in



[26, 29, 54, 52, 56, 58, 60, 67, 81, 83, 84, 86, 88]. For infinite dimensional dynamical systems we
refer the reader to [10, 16, 35, 51, 68, 87, 93]. Most of these works use the approach of Lyapunov-
Perron. A good treatment of center manifold theory for ODE’s using the Lyapunov-Perron method
can be found in the monograph by Carr [29], where several applications are also set forth. Cer-
tain infinite dimensional settings are also treated. Vanderbauwhede and Van Gils [88] also use the
Lyapunov-Perron method to obtain smooth center manifolds but with some important differences
in technique. Ball [10] used the Lyapunov-Perron approach to obtain local stable, unstable and
center manifolds for equilibrium points of dynamical systems in Banach space, with application
to the beam equation. Henry [51] developed the theory for semilinear parabolic equations. Later,
Chow and Lu [35] used this approach to prove the existence of smooth center-unstable manifolds
with application to the damped wave equation. For more on center manifold theory in the infinite
dimensional setting, using the Lyapunov-Perron method, see [87]. The theory of invariant mani-
folds for an equilibrium point of finite dimensional dynamical systems using Hadamard’s approach
may be found in [54]. For infinite dimensional dynamical systems, we refer to [16], where applica-
tions are given demonstrating the stability of a pulse solution to the FitzHugh- Nagumo equations
and the instability of stationary solutions to the nonlinear Klein-Gordon equation.

Chow, Liu and Y1 [34] constructed center manifolds for smooth invariant manifolds for smooth
flows in finite dimensional spaces by using the method of Hadamard’s graph transform. Krylov
and Bogoliubov [24] studied time-periodic ordinary differential equations arising from the study
of nonlinear oscillations. Under the assumption that the averaged equation has an asymptotically
stable equilibrium point, they proved the existence of periodic integral manifolds, which gives the
existence of asymptotically stable periodic orbits for a class of equations. An integral manifold is
an invariant manifold in the product space of time and phase space. The above result and many

generalizations and related work in collected in the monograph of Bigoliubov and Mitropolsky



[25].

Levinson [62] studied periodic perturbations of an autonomous ordinary differential equation
possessing an asymptotically stable periodic orbit. He proved that if the perturbation was suffi-
ciently small, then the perturbed equation has a periodic integral manifold, which may be viewed
as a two-dimensional torus. Levinson’s results were extended to periodic surfaces by Diliberto
[40], Hufford [55], and Kyner [61]. Hale [50] established a general theory of integral manifolds
for nonautonomous ordinary differential equations and obtained more general results than those
just mentioned above. An extension of Hale’s integral manifold theory to a larger class of nonau-
tonomous ordinary differential equations was obtained in [100].

The persistence under perturbation of a compact normally hyperbolic invariant manifolds for
a finite dimensional dynamical system was independently obtained by Hirsch, Pugh and Shub
[52, 53] and Fenichel [41, 42, 43]. They proved the persistence of normally hyperbolic invariant
manifolds, and the existence of the center-stable and center-unstable manifolds and their invariant
foliations. Pliss and Sell [82] studied the persistence of hyperbolic attractors for ordinary differen-
tial equations. Bates, Lu and Zeng in [11] proved the persistence of compact normally hyperbolic
invariant manifolds, and the existence of the center-stable and center-unstable manifolds and their
invariant foliations for semiflows in infinite-dimensional spaces and then extended their results
without assuming compactness in [17, 18].

Maié [66] proved that normal hyperbolicity defined in [52] is a necessary condition for the
persistence of an invariant manifold under perturbation of a finite dimensional dynamical system.

Henry [51] extended Hale’s theory of integral manifolds to general nonautonomous abstract
semilinear equations whose linear part generates an analytic semigroup. Henry also studied com-
pact normally hyperbolic invariant manifolds with trivial normal bundle for semilinear parabolic

equations and obtained a coordinate transformation which lead to the setting of integral manifolds



and persistence results.

In many singular perturbation problems for evolutionary partial differential equations, people
are interested in solutions which have certain qualitative features, such as interior or boundary lay-
ers or localized spikes, and motions of these layers and spikes, including the location of stationary
layers. The canonical shape of such solutions, in a neighborhood of the abrupt spatial disturbance
(layer or spike), can usually be determined by a rescaling or blow-up procedure. Thus, a reasonable
approximation to the shape of a solution is found quite easily by considering the equation on the
whole space and approximately invariant manifolds made up of these approximate solutions have
been constructed by many authors. The approach, involving the construction of an approximately
invariant manifold of states having a certain spatial structure, was pioneered more than thirty years
ago in papers of G. Fusco and J. Hale in [45] and by J. Carr and R. Pego in [31]. In those papers
the authors were interested in the slow dynamics of interfaces in solutions to the one-dimensional
Allen-Cahn Equation. The same approach was also taken to obtain similar results for the one-
dimensional Cahn-Hilliard equation in [4], [21] and [22], and to rigorously establish the slow
motion of “bubble”-like solutions [6, 7] and multipeaked stationary solutions to the Cahn-Hilliard
equation [14, 96] in multi-dimensional domains. The approach was also used to produce spike-like
stationary solutions to the shadow Gierer-Meinhardt system of biological pattern formation [59].
In most of these papers, the qualitative shape of stationary solutions was the point of interest and
so a true invariant manifold was not shown to exist, although that was done in a subsequent paper
by Carr and Pego in [32] and also in [22].

It is natural to ask how to deduce the existence of a true invariant manifold in a small neighbor-
hood of the approximately invariant manifold constructed by hand, as described above. In [19], the
authors established a systematic way to find a true invariant manifold assuming the approximate

one is good enough and they found an invariant manifold of boundary spike states for a class of



parabolic equations. In this thesis, we first apply the abstract results in [19] to construct an invari-
ant manifold of boundary droplets for the 2-D mass-conserving Allen-Cahn equation. Then we
extend the abstract results in [19] to manifolds with boundary, consisting of approximately station-
ary states and construct invariant manifolds of dynamic interior-spike states for the Cahn-Hilliard

equation in higher space dimensions.



Chapter 2

Preliminaries: Approximately invariant

manifolds

Here, we state some results from [19], which provide a tool for obtaining an invariant manifold
when a good approximation is available. Roughly speaking, if an immersed manifold ¥/(M) is
approximately inflowing invariant under map 7', and if /(M) is approximately normally hyperbolic,
then one can find a truly locally invariant manifold WS, its center-stable manifold, under map
T. Furthermore if Y(M) is approximately overflowing invariant under map 7 and approximately
normally hyperbolic, then we can find a center-unstable manifold W* under map 7'. If W and
W% intersect transversally, then their intersection is the truly invariant manifold we seek as a graph
over Y(M). Now, we give the precise definitions and statements of the theorems.

Let X be a Banach space and T € c’ (X,X), J > 1 with M a connected C ! Banach manifold

and ¥ : M — X an immersion.

Definition 2.0.1. (M) is said to be approximately inflowing invariant under 7 if the following

conditions hold
(1) There exists 7 > 0 and u € CO(M, M) such that |T (y(m)) — Yy(u(m))| < n, for all m € M,

(2) There exists ry € (0, 1) such that Y(B.(mg, rg)) is closed in X for any my € u(M), where

B(my, rg) is the connected component of 1,//_1 (B(y(myg), rg)) containing myy.



Figure 2.1: Approximately normally hyperbolic invariant manifolds

Condition (1) means that ¥/(M) is approximately invariant under 7 and u on M is an approxi-
mation of 7" on ¢/(M). Condition (2) essentially states that the ‘distance’ between the projection of

T (y(M)) into ¥(M) and the boundary of ¥/(M) is bounded from below.

Definition 2.0.2. We say that an approximately inflowing invariant manifold ¥(M) is approxi-

mately normally hyperbolic, if conditions (H1)-(H3) hold:

(H1) For each m € M, there is a decomposition X = Xj, & X;;, ® X}, of closed subspaces with

projections I1§,, IT),, 1%

(H2) For any m € M, 11, is an isomorphism from Dy(m)T,,M to X§,. Furthermore there exist
constants B, L, and y € (0, 1/2), such that for any mg € M and my,my € B.(mg, rp), with

my # mp, fora =c,u,s,

Tl < B, M5, = T, I < Lir(my) = p(mo),

(2.0.1)

W (my) = d(ma) = Tl (Y(my) = Y(m))|
[(my) — (my)|

<x.

(H3) There exist o, A € (0, 1) such that, for any my € M, if m| = u(mg), and « € {c, s}, B € {c, s, u},

with a # 3, then



@ I, DT W)l || < -
(®) I, DT @moDl, [ < 4.

(©) AL, DTWmoDlgy, )™ HI7 > max{LL T, DT Wmo)lxg, 1)

(H4) There exists By, such that ||DjT|B(zp(M),r0)|| < Bjforl < j<J. WhenJ =1, we will need
the following function A(0) = sup{||DT(x1) — DT (xp)|| : x1,xp € B(y(M),9),|x1 — xo| < 6},

and require it to be small enough.

Hypothesis (H3) specifies the different growth rates of DT, the linearization of 7', in different
directions. Condition (a) represents the approximate invariance of the bundles X and X* under
DT. Different rates in the unstable and center-stable directions are assumed in (b) and (c). Hy-
pothesis (H4) is a technical assumption on 7', which holds automatically if ¥/(M) is precompact.

Fora =c,u, s, let X3 () = {x € X3 : x| < ¢} and X¥(&) = {(m,x) : m € M, x € X (¢)}.

Theorem 2.0.3. Assume that (HI)-(H4) hold. Depending on ry, B, By, A, L, when n, x, o, inf A()
are sufficiently small, there exists a C d positively invariant manifold W, which is given as the
image of a map

h:X5(60) — X,

for some 6y > 0. The mapping h also satisfies
h(m, x*) — y(m) — x* € X(60),

and so can be viewed as a graph over the bundle X*(dy.

Furthermore, it holds that, for any my € M, there exists h: X,%O(éo) @ X;;O((SO) - X,“no(éo), SO



that

0 0
(h(m, %) : m € Be(mo. ro) 0 4~ (BW(mp), 7). x° € X}, (7))

< Y(mo) + graph(hl . 5
( X,%,O(TO)@X,%O@O))

C (h(m, x°) : m € Be(mo, r0) N ™" (BW(mo), 50)), x* € X3,(50)}-
Remark 2.0.4. Theorem 2.0.3 is a brief statement of the result in [19]. In applications, we will use
Theorem 4.2 in [19], which is a precise and rigorous version.

If we want to extend Theorem 2.0.3 to the case of a semiflow T7, then we need further assump-
tions [19]:

(H5)
(1) Conditions (H1)-(H4) hold for y(M) and T'0 for some ¢,

(2) There exists an integer k > 0, such that for any u > 0, there exists > 0, such that for any

x € BOy(M), r) and 1 € [ktg, ktg + £], we have |T?(x) — TX0(x)| < p.

The next concept is that of approximately normally hyperbolic overflowing invariant manifold.

The results are basically parallel to the case of approximately inflowing invariant manifolds.

Definition 2.0.5. An immersed manifold /(M) is said to be approximately overflowing invariant

under 7 if the following conditions hold:

1 There exists a relatively open subset M| C M, a homeomorphism v : M — My, and n > 0 such

that |7 (Y (v(m))) — Y(m)| < n, for all m € M;

2 There exists rop € (0,1) such that y(B.(mg, rg)) is closed in X for any my € v(M), where

B(my, rg) is the connected component of zp"l(B(w(mo), rp)) containing my.



In addition to (HI) and (H2), instead of (H3), we assume the following approximate normal

hyperbolicity conditions.

(C3) There exist a, A € (0, 1) such that, for any m| € M, if mg = v(my), and « € {c,u}, B € {c, s, u},

with @ # §3, then
L. ||H€110T<w(mo>>|x%on < o (I, DT Wmo)lxg, )17 > a
2. ALy, DT (WmoNly )7 > 1.
3. I, DT @moDls, Il < Amin(1, I(IT5,, DT@moDixe, )~}

Theorem 2.0.6. Assume that (HI1), (H2), (C3), and (H4) hold. Depending on ry, B, By, A, L, when
1, x, o, inf A(S) are sufficiently small, there exists a C’ negatively invariant manifold W<, which
is given as the image of a map

h: X"(S0) — X,

for some 6y > 0. The mapping h also satisfies

h(m, x") — y(m) — x* € X;,,(60).

10



Chapter 3

Global invariant manifolds of boundary
droplets for the 2-D mass-conserving

Allen-Cahn equation

3.1 Introduction

We consider the two-dimensional mass conserving Allen-Cahn equation,

g, 1) = B0 (. 0) = (650 0) + £, F(BEC. D), yeQ, 1>0, -

(v, 1) = 0, y €, t>0,

where Q ¢ R? is a fixed bounded domain with smooth boundary 9Q, 9, is the exterior normal
derivative to 0Q, A, represents the Laplacian with respect to y, and fQ = |1§| fg means the average
over Q. Here f is the derivative of a double well potential W. We assume the following conditions

for f € C®(R):

f(£1) =0, £ (x1) >0, fsf:fsf>0forallse(—1,1). (3.1.2)
-1 1

11



Figure 3.1: Graph of the function f

(3.1.1) can be considered as the associated L? gradient flow of the functional

2
Js(u) = f EVul? + Wydx, ueve H(Q): JE vdx = m). (3.1.3)
Q 2 Q

This functional has been investigated by several authors, for example, [5, 9, 27, 28, 30, 33, 38, 69,
70, 71, 85].

In [5], N.D. Alikakos et al. constructed an approximately invariant manifold for (3.1.1) using
a carefully devised asymptotic expansion. Each element of the manifold is a so-called droplet,
or bubble, that is, a state having a roughly semicircular interface attached to the boundary of the
domain, the interface separating regions where the solution takes on two different almost constant
values. These droplets move slowly towards the increasingly curved region, while maintaining

their shape. The motion of the center of the bubble can be determined by the following ODE,

- = KW + 0E ), (3.1.4)
&(0) = &,

where £ is the arc-length parameter of 9Q which represents the center of the bubble. More details

can be found in Section 3.2. Moreover, they proved that the bubble shape is stable, that is, if we

12



start from a small H! -neighborhood of size O(¢) of the bubble solution, then the flow will stay, for
positive time, in a small neighborhood of the manifold of bubble states, in the H I sense. Because
of the difficulty in handling the contact with the boundary of the domain in higher dimensions, in
[5], the authors considered only the two-dimensional case. In higher dimension, there are some
results for the interior bubbles, see[6, 7]. In those papers, N.Alikakos and G.Fusco considered
bubble solutions for Cahn-Hilliard equation (the mass-conserving Allen-Cahn equation will pro-
duce similar dynamics). Roughly speaking, the interface of the bubble has constant curvature and
it moves towards the boundary at a exponentially small speed, retaining its shape until it gets close
to the boundary. Once near the boundary, it is conjectured that the bubble quickly adhere to the

boundary, its energy roughly dropping by half, and then following the dynamics discussed here.

3 4

Figure 3.2: Four stages in the evolution for a two-dimensional domain . The last stage is the
object of study in this paper.

In this project, we use the framework of [19] to construct a true invariant manifold for (3.1.1),
which is close to the approximately invariant manifold given in [5]. The definition of approxi-
mate invariancy in [5] is different from the definition in [19]. In [5], a manifold is approximately
invariant if the equation, evaluated at a point (i.e., function) of the manifold, is satisfied up to a

small error. In [19], approximate invariancy means the manifold is approximately invariant under

13



the solution map for a fixed time (see Section 2.1 for more details). Hence, our main task is to
prove that the approximately invariant manifold constructed in [5] satisfies the conditions in the
definition given in [19]. Note that once we have obtained the global invariant manifold, bubble
solutions on it exist globally in time, forward and backward, being either stationary or connecting
stable and unstable equilibria.

This chapter is organized as follows, in Section 3.2 we give some background on the construc-
tion of the approximate bubble solution. In Section 3.3, we prove the existence of a true global
invariant manifold of bubble states for (3.1.1). Finally, we will discuss the dynamics of the bub-
ble, which includes the motion of the bubble in forward and backward time, and the location of

equilibrium bubble states.

3.2 Approximate bubble solution for the mass-conserving Allen-

Cahn equation

In this section, we will introduce the approximate bubble solutions of (3.1.1), which were con-
structed by N.D. Alikakos et al. in [5]. Roughly speaking, each has a semicircular interface I,
which is the zero level set, with small radius 6. The solution is almost —1 inside the interface,
and almost +1 outside. This state then moves along the boundary of the domain according to a
one-dimensional dynamical system. Now we give a more detailed description. First, we introduce

a change of variables that fixes the size of the bubble while ¢ is varied.

y=0x, =80, u°(x,) = ¢°(y, 1), Q5 =6 1Q := {x; 6x € Q. (3.2.1)

Then we can write (3.1.1) as

14



ug(x,1) = 2 AU (x, 1) — f(ul(x, 1)) + JCQ(g fWe(,1), xeQs t>0,
(3.2.2)

Onuf(x,1) =0, x € 0Qs,t> 0.
We parameterize dQg by z°(¢), where & is the arc-length of Qs measured from some fixed
point of Q. We are seeking an invariant manifold M consisting of bubble-like functions u(-, &, &),
parameterized by &, which is the center of the approximately semicircular interface. Obviously, M

is one-dimensional. The invariance means that the vector field is tangent to the manifold, so for

u € M we can write (3.2.2) analytically in the form:

—&2Au + f(u) + szcug +e0=0, xe€Qs t>0,¢¢€ R!

Onu(x,&,8) =0, x €0Qs,t> 0, (3.2.3)

Joog - €.8) = 1041 = .

Here o = 0(¢, €) and ¢ = c¢(&, ) are constants in x and following [5] we have multiplied by powers
of £ in anticipation of their size. We call ¢ the speed of the droplet, and o = fQé fu(-, ¢, ¢e)dx
adjusts for the mass constraint. The motion of the bubble can be represented by the motion of the

center &, which satisfies

dé(t,e)
e

g2c(&, e). (3.2.4)

curvature &

Figure 3.3: Geometry of the bubble

15



Considering the fact that our equation is the mass-conserving gradient flow of the energy func-
tional (3.1.3), heuristically we can see that asymptotically, solutions should be almost constant
taking on values +1 everywhere except for an efficient transition between those values, dictated
by the predetermined average value. To make the transition efficient, it should take place along a
minimal curve enclosing a given area at 0€)g, that is, a circular arc intersecting the domain bound-
ary orthogonally. Furthermore, the transition should have width O(g) so that the gradient and bulk
parts of (3.1.3) are almost equal. So that the dynamics of the bubble state are determined locally,
we require the bubble to have small radius 6 << 1 in original coordinateds and 1 in our expanded
coordinates, thus we fix our mass to be [QQs| — 7. In order to rigorously perform the asymptotic
analysis in &, one needs 0 < € << 6.

By performing an outer expansion, an inner expansion, and a corner expansion (where the
interface meets the boundary of the domain), and patching these together, in [5] the authors con-
structed an approximate solution to system (3.2.3) having bubble-like structure. This solution is
parameterized by c, o, the length of the interface, |I'], the curvature of the interface, K, and the
arc-length from the center, z5(§), to {p*} the intersection of I" and Qs (see Figure 4.). Invariance
of the family with respect to the nonlocal parabolic equation and the mass constraint up to a spec-
ified order dictated certain solvable equations for these geometric parameters. Thus they found an

approximate solution for (3.2.3) given by the following:

Theorem 3.2.1. [5] Assume that 6 and € are small parameters satisfying & < %C ’1"62, where C ﬂl‘ is

a constant defined by (2.65) in [5]. Then for any positive interger k, if € is sufficiently small, there
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existu = u(x,&,¢€), o =0, &), c =c(&, e) such that

2 Au — f(u) +eo = szcug + 0(8k) in Qgs,

Oohu=0 on 0Qs,
(3.2.5)

Jos 16,8 = 1041 = 7,

&0 = JCQ& fu(-, & e)dx.

Remark 3.2.2. 1. In [5], Theorem 3.2.1 requires that & > ¢ for some m > 2. By carefully

checking the proof, we found that this condition is not necessary.

2. In fact when ¢ is small, there are two quasi-steady states, one being the droplet with an
interface separating regions where it is approximately +1 and —1, the other being a spike
state. The former shape is stable and the later is unstable. As ¢ becomes O(g), the droplet

and spike merge and cause to exist for smaller d.

3. For the inner expansion, near the interface, the authors use the coordinates (r, s), where r
is the signed distance from the interface, which is positive outside the bubble and negative
inside, and s is the arc-length along the interface. The leading order of the interior expansion

is the heteroclinic solution to

U - f(U)=0, U(xo) = £1, f ” RU*(R)R = 0, (3.2.6)

—00
in the stretched variable R = g

4. The leading term of the outer expansion is +1, and the corner expansion is O(g) and is

exponentially decaying away from the interface.
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5. The leading term of |I] is &, and the leading term of the curvature, K, of I' is 1, which implies

that the interface is approximately a semicircle.

Now, we state some results of the spectral analysis for the operator obtained by linearizing at

one of these bubble states. Consider the following eigenvalue problem:

Lp:=&Df = f'wd+ fo f'wd =24 inQs,

Ond =0 on 99, (3.2.7)

fQ(; & O’

where u is the solution to (3.2.5). The largest eigenvalue is of the order &2, which is very close

to zero since both factors are small, and the corresponding eigenfunction is close to ug. More

&2 d*Ko
precisely, the largest eigenvalue is i 7

boundary 0€)s. The rest of the spectrum is negative but is only ) away from zero. The precise

0

&) + 0(8264), where K¢ 5 is the curvature of the

estimate is given by the following theorem from [5].

Theorem 3.2.3. [5] Let u = u(x, &, ) be the solution to (3.2.5). If for large constant C*, 82> C'e

holds, then for any v € H 1(Q5) satisfying

| v=0 [ we=o (3:28)
Qs Qs

we have
2.2

2
(Lv,v) < — 8’; f V2, (3.2.9)
I Jas

Thus, there is a gap between the largest eigenvalue and the others because the largest eigenvalue
4 82 d27(Q dzq(g
-~ e

S in 726(5) + 0(82(54), where 0

(&) 1s of order ¢, and ¢ is very small.
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3.3 Invariant manifolds of boundary droplets

3.3.1 Construction of M,

We choose the space X as H 1 (Qs) with norm given by |u|§( = IsVuli2 + Iuliz. First, we modify the

function f to make sure that the evolution defines a semiflow globally in time. Thus, we consider
ue(x, 1) = 2 Auf(x, 1) — Ful(x, 1) + Jg ) FWl(, 1), (3.3.1)

where f(u) = n(u)f(u). Here, (s) > 0is a C™® bump function satisfying
n(s) =1, |s| <2; n(s) =0,[s| = 4. (3.3.2)

Note that | lcm@®) < 0. This modification does not affect the bubble solution we seek because
that solution has its range in [—1, 1]. For convenience, we keep the notation f, instead of f .
Let W(x, &, €) be the second order approximation of the solution to (3.2.5) given by Theorem

3.2.1, which means that W satisfies

e2AW — f(W) + 60 = e2cWe + O(%)  in Q,

LW =0 on 0Qs,
(3.3.3)

Joy WG€.2) = 1Q4] = 7,

co = JCQ(S W(, ¢, ).

Define Y : 0Qs — X as Yg(€) = W(x, &, e). Let Mg = y¢(0€Qs). We will prove that M, is an

approximately normally hyperbolic invariant manifold, so that we can apply the Theorems 2.0.3
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and 2.0.6.

3.3.2 M., is approximately invariant

One may expect that the flow of (3.2.2) starting from W(x, ¢, €) will stay close to W(x, £(¢), €),

where £(¢) satisfies (3.2.4). In fact, we have

Lemma 3.3.1. There exists C > 0 such that, for any small € and zd(f) € 0QQ, the solution u(t, x, €)

of (3.3.1) with initial data u(0, x, ) = Y<(&) satisfies
lu(t, x, €) — Ye(E@)lx < Ce’e. (3.34)
Proof. Letv = u — g, then v satisfies

by = ngv _ (f(',bs +v) — f(lﬂs)) + fQ(s[f(l//E +v)— f(lﬁa)]dx + 0(83)’ 33 5)

v(0,) =0.

Let g(v) = f(Ye +Vv) — f(Y¥e). Rewrite (3.3.5) as

v = Lev — g(0) + {5, gW)dx + O(&%),
0 (3.3.6)

v(0,)=0

where Lg = £2A, with homogeneous Neumann boundary condition.
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Using the variation of constants formula, we have

t
V= f eLg(t_S)( -gv) + JC g)dx + 0(83))ds. (3.3.7)
0 o

It is well known that L. generates a contraction semigroup, and recall that f has been modified, so

we have |g(v)| < C|v| and |[Vg(v)| = |g’(v)Vy| < C|Vv|, which implies

t
V(- Dlx < fo (Clvlx + O())ds. (3.3.8)
Applying Gronwall’s inequality to [v|y, we have

x < Ce’eC. (3.3.9)

Lemma 3.3.1 implies that Mg is an approximately overflowing invariant manifold for 7" being

the time 7 solution operator, by taking the function v in Definition 2.0.5 as &(—t), -).

3.3.3 Splitting along the manifold M,

From the spectral analysis mentioned in Section 2.2, we can split the space X along Mg naturally.

For any (&) € 8Qs, let

XEy = TyoeyMe = spanlWe(x, £ &),
(33.10)

Xg,_g ={veX: Lévﬁ: 0, forallfzeXg’f}.

Let Hg p@=05 be the projections associated with this splitting.
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Lemma 3.3.2. ||Hg g” is uniformly bounded and smoothly depends on &.

Proof. For any x € X, we can write x = x¢ + x%, where x% € ng. Since xCJ_szS, |x|i2 =

|xC|IZJ2 + |x* Iiz. Since Xg is finite dimensional, we have

&

Clx‘lx < x°l,2 < |xl,2 < Ixlx, and
(3.3.11)

1
Ixlx > [x°|x — IxIx = x°|x — Elxlx

for some constant C independent of &, because of our choice of norm on X.

By carefully checking the construction of the approximate bubble solutions in [5], we find that
every term in the asymptotic expansion comes from solving a certain elliptic equation which gives
the solution high regularity. Likewise, o and ¢ are also smooth functions of £ (see section 2.2 and
2.3 of [5] and the appendix of [8]). This implies that ¥z(0Q2) is at least a C? smooth manifold.
Then the uniform boundedness follows from the usual compactness argument and the smooth

dependence follows from the smoothness of y/.(£).

The third inequality in (H2) is satisfied automatically for compact manifolds (the proof can
be found in [11]). So far (H1) and (H2) in Definition 2.0.2 have been established. We need to
prove that M, is approximately normally hyperbolic as an approximately overflowing invariant

manifold, that is, (C3) holds.

3.3.4 M., is approximately normally hyperbolic

From the splitting of the space, we can see that the whole space X is the center-stable manifold

WS, because there is no unstable subspace. Hence, we only need to find the center-unstable man-

22



ifold, which is actually just the center manifold. Since we need to study the linearized flow, we

consider the linearized system.

Let Loy = 2Av— f/(u)v+ ’(u)vdx, where u is the solution to (3.2.2) with initial data W(x, &, €)
Qs

from (3.3.3) for some fixed &.

Let W(z, -) be the solution to

W, = LW,
(3.3.12)
WO, = W(-,,8).
Let Lgv = 82Av — f/(Yo(£(1))v + f% F' (We(&))vdx, and W(z, ) be the solution to
W; = LW,
(3.3.13)

W(0,) = W(-,&,e).

Lemma 3.3.3. [W(s,) — ﬁ/(t, Nx < C83|W(-, ¢ ) XeCt, for some constant C

Proof. The difference v =W — W satisfies

v = 80 = [ WeEO) + g = YW + fo (f We©) = glu = Ye(ED)W)dx,

V(O, ) = 0’
(3.3.14)

where g = f'(u) — f'(We(4(1)).
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By an argument similar to the proof of Lemma 3.3.1, we get
Wt )lx < W€ )lxe". (3.3.15)
Using the variation of constants formula, we have

A _ J—
V= fo L= [ (Yo ED)V + g(u — Yo ED)W + Jg (f We(©))v — g(u — we(&(t))W)dx]ds.
)

(3.3.16)
Using Lemma 3.3.1 and (3.3.15), we have
t
(-, lx < fo (CIVC, 9)lx + CE W€, )lxe*)ds. (3.3.17)
Applying Gronwall’s inequality gives the desired result. m|

Next we study the behavior of W(t, -) in center and stable directions. Write W(-,&,€) as
W(, € 8) = a(0)We(x, €, &) + W(x, &, &) and similarly, w(t,-) = a(We(x, £(1), &) + Wi(x, £(1), &),
where WS (x, £(1), €) € Xg,g(t)‘

Lemma 3.3.4. Ifa(0) =0, i.e., W(-,&,¢) € Xg , then

&
laDlIWe(x, £, &)lx < Ce' 2|, £ &)y (3.3.18)
Proof. By differentiating with respect to £ in (3.3.3), we have

LeWe(x, £(1), ) = £ cWee(x, £(1), €) + £%cgWe(x, £(1), &) + O(E2). (3.3.19)

One finds that the residual 0(83) in (3.3.3) becomes 0(82), because taking a derivative near the
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interface generates a factor of % It is easy to see that near the interface We is of order é and W,

is of order Lz Also note that the width of the layer is O(g), so |[W¢| 2 < Ce 12 and [Weel 2 <
&

Ce3/2, which implies that

ILeWe(x, (), 8)l,2 < Ce'/2. (3.3.20)

For a detailed proof of these facts, use the expression for ug from p.294 of [5] and the derivative
bounds in [5], Sections 2.2 and 2.3. By an argument similar to the proof of Lemma 3.3.1, we have

W] 2 S ceCl\we., &) 12 for some constant C, which implies that
lalIWel 2. WS (6. £0). )l 2 < CeIWC.£.8)l 2. (3.3.21)

Since Zg is self-adjoint and ZSVV = Wt, we have

(W(t,), Lea(t)We(x, £(1), €)) =(Wi(t, ), a(t) We(x, £(1), €))
=@’ (OWe(x, £(1), £) + a(t) Wege(x, (1), ), a() We)+

(W, a()) W)
(3.3.22)

1, d
=a(t)a ()(Wg, We) + Ea%)awvg, W)~

AW (x, 1), €), Wee - )

d a0
dr 2

Wel5) = at) (W (x, £(1), &), Wee - &)

For the third identity, we use the fact that (Wf(x, &(1), ), Wi(x, (1), €)) = 0. Note that, from p.294

of [5], [Wel,2 = C~'&71/2, which combined with (3.3.21), gives

la(| < Ce'2eCW(-. £, 8)| 5. (3.3.23)
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Combine (3.3.23), (3.3.22), (3.3.21), (3.3.20) and use & = &% ¢ to obtain

d
zt(a(t)2|W§|i2) < 4C%eNW(-, ¢, ,s)|i2, (3.3.24)

which implies that
a* (O We(x, f(l),s)liz — a?(0)|We(x, g(O),s)@2 < 2Ce(e*C" = DIW(-, &, 8)|i2. (3.3.25)

Thus, if a(0) = 0, i.e., W(-,&,¢) € X; , then we have

3

la(OIWex, £2), £)l 2 < Ce' 2 W, &, 2], 2. (3.3.26)

Since X(‘g £ is finite dimensional, we have
la(OIIWe(x, £0), ©)lx < Ce'2eCW (-, €, o). (3.3.27)
O

Note that &(r) is given by an ODE, so we can consider W(—t, ) = a(=)We(x, &(-1), &) +
WS(x, (—1), ). Following an analagous argument to that in Lemma 3.3.4, we have if W¥(x, &, ) =

0, then

a*(=0)|We(x, f(—t),s)liz — > (0)|We(x, &, g)|i2 < 2Cee“ a?(0)|We(x, &, ‘9)'i2’ (3.3.28)
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which implies that

laIWe(x, £, 2)Ix = (5 M21a(0)1We(x, &, &)y

+ CeeCt

‘We also have the estimate:

Lemma 3.3.5. Ifa(0) =0, i.e., W(-,&,6) = Wi(x, &, ¢) € Xg , then

3

W3 (x, £1), )|, 2 < (€7 + CeeHW (x,£,8)| 2,

and
3 1
leVW?| 2 < Cle™P + €t + £2C1 (7P + CeeCH2)WH(x, €, a2,
212 _
where b = ﬁ, coming from (3.2.9).

IfW30,) =0, ie, W(, & &) = a(0)We(x, &, ) € Xg o then

(WA (x,£(0), &)l 2 < Cee " a(0)l|We(x. £, &2,

and

eVW?l, 2 < Cee |0 We(x. £, o)) .

Proof. With the decomposition of w given prior to Lemma 3.3.4, we write (3.3.13) as

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

' (DWe(x, £1), 8) + a(t)Weg(x, £, £)€ + W[ (x, £(1), &) = Le(a(®We(x, £1), 8) + Wi(x, £1), ©)).

27
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Using (3.3.19), we get
a OWe(x, £(1), &) + WE = Le(W() + e2a(t)cg We(x, £(1), &) + a(t)O(&). (3.3.35)
Taking the inner product with W* and using W} = Wéff we have

dif(le(t)liz)szc = 2L WS, WSy + a(t){O(£%), W), (3.3.36)

Note that from the calculations given in [5], the 0(82) term is of order 0(82) near the interface, but
5

of order 0(83) away from the interface, so its L? norm is 0(e2). If a(0) = 0, we may use Theorem

3.2.3, Lemma 3.3.4, and (3.3.21) to obtain that for some positive constants » and C (which may

change from line to line),

d 2 2 Ct
d_§(|WS(x’ g(t)’ 8)|L2) S _leS(x’ f(t)a 8)|L2 + Cse |Ws(-x’ év‘:’ 8)|L2|Ws(x’ g(t)’ 8)|L2, (3337)
which implies that
B Cge(b+C)t
W (€. )l 2 < (€7 + =W (€.l 2.
+ (3.3.38)

< (e + CeeNW (&0 2.

If W¥(0,-) = 0, we may use Theorem 3.2.3, (3.3.25) and (3.3.21) to obtain that for some constant

band C,

d
W £, £)5) < ~bW*(x, &(1), )[7, + CeelaOWe(x.£, )] 2 W' (x.£(). ©)] 2,

(3.3.39)
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which implies that

Ct

(W (x, &), €)l 2 < la(O)|We(x, &, €)l;2,

b+C (3.3.40)
< Coe'la(0)|We(x,£,8)| 2.

If a(0) = 0, note that fQ(s Wsdx = 0, (3.3.36) gives

LW, W*) = —%(IW“Iiz) +al(0(e?), W),

J (3.3.41)

-2 f EIVWP + fWIWPdx = ——(W5[2,) + a(d{O(e®), W*).
Qs dt L

Using (3.3.37) and (3.3.38) in (3.3.41) gives

VW2, < fQ L (WIW*Pdax + b WI2, + Cee WS (x. £, 0] 2] W (x, €0, ©)] 2.
0

< ((C +be*) (e + CeeCh)? + Ce3eCl (e + CeeCh))|Wi(x, &, 8)|22,

(3.3.42)

which implies that
3 1
eVW,2 < Cle™ + 8" + £2e (7P + Cee™) D) Wi (x, £, 8)| 2. (3.3.43)

If Wi(x, &, &) = 0, we may combine (3.3.36), (3.3.39) and (3.3.40) to obtain
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VWP, < fg L WIWSPdx + b IW*[7, + Ce’eaO)lWe(x. &, )] 21 W 2,
)

< (C +be?)(Cee ) aO)PWe(x. £, 67, + Ce?e! CeeTa(O)PWe(x. £ 017,

(3.3.44)

which implies that

VWS 5 < Cee'la(0)|We(x. £, )], 2. (3.3.45)

Now combining Lemma 3.3.2, Lemma 3.3.3, Lemma 3.3.4, (3.3.29), and Lemma 3.3.5, gives
(C3) in the definition of normal hyperbolicity for T::O, the time-#( solution map of (3.3.1) pro-
vided t is large and with & chosen small enough. Precisely, n = Ce3eC, o = Cs%eCIO,
a=(—5—-H2 and 1 = Ce7P0 + geC10 + 8%€Ct0(€_bt0 + CgeCIO)%). For instance, we

1+CseCt0
choose 1 such that C e~ < %, and choose any € < &(f() to satisfy all the conditions (C3).

3.4 Dynamical bubble solution

So far we have constructed the approximately normally hyperbolic invariant manifold M. Using
the splitting

X = H'(Qy) = XS ®X5, (3.4.1)

and their related estimates we have established approximate normal hyperbolicity. Hence, we may
apply Theorem 2.0.6 for sufficiently small &, to the time-fy map Téo of the semiflow defined by

(3.3.1) for some t( large enough. We have the following:
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1. For the map Téo, there exists a unique C? normally hyperbolic invariant manifold /\~/L9 =

Yo(0Qs) C X, where W satisfies W (&) — ye(€) € ng.
2. From Lemma 3.3.1 and Theorem 2.0.6, we have that [WY¢(£) — gbg(f)lco(ag& x) ™ Oase — 0.

To see that /F\/(VE is invariant under the semiflow T’ generated by (3.3.1), we just need to verify
condition (HS) stated in Section 2.1: There exists an integer k > 0, such that for any u > 0, there
exists £ > 0, such that for any x € B(y(M),r) and t € [kto, ktg + £], we have |T*(x) — Tk ()] < w.
Actually, we can easily prove this by letting k = 1 and using the variation of constants formula.

We have

1
Té(x) - Tso(x)
t 10
= ey — eleloy + f e UIH(TE(x)ds — f L0 RT3 (x))ds
0 0

t to
e lel0xds + f e (T3 (x))ds + f (ele(=3) — eLe(=9)r(T5(x))ds
tO 0

Il
)

0

1 1 70

eLS(t_s)LgeLgtoxds+f eLE(t_S)Lgf L0 (TT(x))drd s+
) 0

Il
—

0
t

Lo P (TS (x))ds

S

LeCIL T (x) + H(T(x))]ds,

Il
)

0
(3.4.2)

where

r(u) = —f(u) + JC f(u). (3.4.3)
Qs

Recall that the function f has been cut off, so condition (H5) follows from the smoothing effect
of the semigroup operator. Therefore, the manifold Mg is locally invariant under (3.3.1). Fur-

thermore, since Mvg is in an O(¢) neighborhood of Mg in H L), by a regularity argument and
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Sobolev inequality, we can actually follow the same proof to get the same result for the space
X = W4 for any large ¢. Also the invariant manifold is independent of ¢. Therefore, we have the

following theorem.

Theorem 3.4.1. For every sufficiently small €, there exists a globally invariant manifold for (3.2.2),

Mg, in an O(g) neighborhood of Mg in L N H L and being a graph over Mg.

Qualitatively, Mg consists of functions each of which has a roughly semicircular interface

structure attached to the boundary of ()s. In the next section, we will give the dynamics on Mg.

3.4.1 Motion on M,

Fix &y, let W¢(£(7(2))) be the solution starting from W (&)). Here &(-) is the motion of the approxi-

mate bubble solution, which satisfies (3.2.4), i.e.,

dé(t,e)

" g2c(&, ©). (3.4.4)

Note that c(¢, €) is determined by the geometric problems, so it is a known function. The

function 7(¢) describes the motion on Mg.

Theorem 3.4.2. 7(¢) satisfies the equation

, O +c

T = m, (345)

which implies that the leading order of (t) is t.

Proof. Since Ye(€)—ue(é) € X ; , we write W (€(7(2))) = W(x, &(()), )+ V(t). By the invariance

3
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of Y¢(&(7(1))) under (3.2.2), we have that

We(x, E(x(0), )¢ ()T (1) + V' (1)
(3.4.6)

= 2AW - f(W) + f F(W)dx + &2AV + N(W, V),

where N(W,V) = f(W) - f(W+ V) + ff(W + V) — f(W)dx, which is at least quadratic in V.

Plugging (3.3.3) and (3.2.4) into (3.4.6), we have that
e2c(€((1), &) — DWe(x, £ (D), &) + V(1) = 2AV + N(W, V) + O(&?). (3.4.7)

Taking the inner product with We(x, £(7(1)), ), we get
et - l)|W§|i2 + (V' (1), We) = (N(W, V), Wg) +(O(£>), We). (3.4.8)

By taking the derivative with respect to ¢ in (V(¢), Wg) = 0, we get (V'(1), W) = (V (1), et Wee).

Then we have
7t = DIWel 5 + 7t (VD) Weg) = (NOW, V), We) +(O(e”), W) (3.4.9)

Note that (V(7), Wgg) = O(1) = 0(8)|W§|i2' Furthermore, since N(W, V) is at least quadratic in V,

we have that (N(W, V), We) = O(e*)[Wel 1 = O()IWel2, and (O(e%), We) = O(eMIWel3 . since

Ll =

|W§|L1 = O(1). Using these in (3.4.9), we obtain
g2c(t’ — 1)+ 0()er’ = 0(&3) + O(%), (3.4.10)

which implies
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c(™ = 1)+ O(e)ct’ = O(e), (3.4.11)

giving the desired result. O

3.4.2 Equilibria

Theorem 3.4.3. Let z°(£0) be a point on 0Qs where the curvature of 0Qs experiences a strict
extreme; namely:

Ko, =0, Ko, #0. (3.4.12)

Then there exists £ in a & neighborhood of &y such that Y¢(£¥) is an equilibrium of (3.2.2). If
in addition, 7(66(50) > 0, i.e., the curvature archives a local minimum, then the equilibrium is
unstable. If 7(56(&)) < 0, i.e., the curvature archives a local maximum, then the equilibrium is

stable.

Proof. We let &(f) = &(1(f)), which describes the motion on the invariant manifold Mg. From

Theorem 3.4.2, we have

=&y = &X(1 + O(&))c(é(r(1)), €)
= £2(1 + O(g))c(£(t + O(g)), €) (3.4.13)

= &2(1 + 0(&))(c(£(1), &) + O(E?)).

Let £(t, &y) be the flow of the ODE

E(t) = £2(1 + 0(e))(c(£(t), &) + O(e))
(3.4.14)

£0) = &.
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46%
In [5] the authors show that ¢ = —3—7(6(65) + 0((53). We now assume that 7(5’2’6(50) > 0, then
Vs

there exist &1 < &y < &, with |&; — &gl = O(6) such that
(c(£1,€) + 0(%)) < 0 < (c(&, ) + O(£)). (3.4.15)

The Intermediate Value Theorem gives the existence of a stationary solution and the positivity

of the derivative gives the instability.
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Chapter 4

Invariant manifolds of interior multi-spike
states for the Cahn-Hilliard equation in

higher space dimensions

4.1 Introduction

This chapter is concerned with the existence, in forward and backward time, of dynamic interior
multi-spike states (see Figure 4.1 for an illustration of an interior multi-spike state) driven by the

nonlinear Cahn-Hilliard equation:

uy = —A(E2Au — f(u)) in QX (0, ),

4.1.1)
0Au  Ou
E—a—n—o on 69)((0,00),

where Q c R” is a bounded domain with smooth boundary, (‘3% is the exterior normal derivative
to 0Q, 0 < & << 1 is a small parameter and f : R — R is assumed to be smooth and supports
a nondegenerate ground state w with asymptotic value O for the equation Av — g(v) = 0 in R",
g(v) = f(m+v)— f(m) for fixed m with f’(/m) > 0, that is for /z in the metastable region. A typical

example is f(u) = u” —uwith 1 < p < %, if n > 3. The usual choice for the Cahn-Hilliard

equation is f(u) = u —u.
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Figure 4.1: Interior multi-spike state

We first prove an abstract result on the existence of an invariant manifold with boundary for
a map when one only has a family of approximately invariant manifolds that are approximately
normally hyperbolic, each consisting of almost stationary states. The abstract result is an extension
of results in [19] to tackle the case of manifolds with boundary. Our abstract result is instrumental
in proving the existence of locally invariant manifolds of multi-spike states for the Cahn-Hilliard
equation. Though we do not set up a general framework for semiflows, the proof in the current
paper is quite general and should be widely applicable.

The Cahn- Hilliard equation (where f(u) = w3 —u)is a widely accepted model for the com-
plicated patterning of the local concentrations in a binary alloy contained in a vessel €, as it is
rapidly quenched below the curve of miscibility. Above that curve, the alloy is in a homogeneous
phase corresponding to thermodynamic equilibrium. Below the curve, the thermodynamic equi-
librium corresponds to two separated phases. The separation phenomena that originate after the
rapid quenching include nucleation, spinodal decomposition and the formation and dynamics of
fronts. We refer the readers to [28] and the references therein for the physical background. For a
discussion of the stationary problem for this equation, we refer readers to [14].

The multi-spike equilibria of (4.1.1) has been studied by many authors. In [14], the authors

proved the existence of stationary interior multi-spike solutions to (4.1.1) by using an invariant
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manifold approach. They constructed quasi-invariant manifolds of interior multi-spike states and
estimated the motion of each spike, then proved the existence of stationary interior multi-spike
states. Similar results were reported independently in [96, 97, 99], where the authors used a
Lyapunov-Schmidt reduction technique. In [12] multiple boundary spike solutions were found.

The rich collection of solutions to the stationary problem for the Allen-Cahn equation

u;zszAu—u+f(u), xeQccR"
4.1.2)
=, x € Q.

has also been studied by many authors, especially for the case where f(u) = u” with superlin-
ear but subcritical growth. In [71], the authors investigated the Gierer-Meinhardt system in the
asymptotic limit as the diffusivity of the inhibitor becomes unbounded. In that limit, one is lead to
(4.1.2), referred to as the ‘shadow equation’. They showed that no non-constant positive stationary
solutions exist when ¢ is large. For (4.1.2), it was shown in [64] that positive solutions must have
peaks with exponentially decaying tails as £ | 0. The paper [72] studies (4.1.2) with f(u) = u”.
The authors obtained a positive solution that has a single peak, the so-called least energy solution,
by using a mountain pass argument. They further showed that this peak must actually locate on
0Q and the profile of the solution is a modification of the ground state on R”", translated to 9Q
and rescaled by &. Later, a topological lower bound on the number of such solutions was given
by Z-Q. Wang in [90]. In further work W-M Ni and 1. Takagi, in [73], investigated the location of
the peaks, and they proved that the peak location tended, as € — 0, to the point of JQ where the
mean curvature achieved its maximum. Other papers followed, providing for solutions with spikes
at any collection of non-degenerate (in some cases only topologically nontrivial) critical points of

the mean curvature, and even multiple spikes accumulating at local minimal points of the mean
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curvature, or solutions to other singularly perturbed equations and systems (see, e.g., [44], [89],
[94], [39], [75], [76], [63], [20], [37], [48], [46], [47] and [98]).

Likewise, the Dirichlet problem has also attracted some attention, with results providing de-
tailed information about the existence and location of a stationary peak (see, e.g., [57], [74], and
[36]).

The case of critical growth is quite different, due to a scale invariance and related lack of
compactness. Still there are some results and we refer the readers to [91], [92], [2], [1], and [3],
for example.

For dynamical spike solutions, there are not many results. In [19], the authors found an invari-

ant manifold of boundary spike solutions to equations of the form

Uy = &2 Au—u + g(u), x€eQ,
(4.1.3)

u =0, x €0Q,
n

and showed rigorously that the motion of the boundary spike is driven by the mean curvature of the
boundary of the domain. A related dynamical problem was considered in [15], where the authors
constructed an invariant manifold of boundary droplet solutions to the 2-d mass-conserving Allen-

Cahn equation

ur(x,1) = g2 Au(x, 1) — f(u(x, 1)) + fg f(,1)), xeQ,t>0,
(4.1.4)

u — ), x€0Q, >0,
n

and also showed that the motion of the center of the droplet is driven by the curvature of the
boundary of the domain.

In this chapter, we show the existence of dynamical interior multi-spike solutions to (4.1.1) by
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constructing invariant manifolds of interior multi-spike states. Roughly speaking, we use k ground
states, translated to k points of Q being d-away from each other and % away from the boundary
and scaled with € to comprise a manifold Mg parametrized by the location of the centers of the
spikes. Thus M, has dimension nk and has boundary due to the non-proximity constraint. In
[19], the authors established a general theorem which states that in a small neighborhood of an
approximately invariant and approximately normally hyperbolic manifold, there exists a true in-
variant manifold being a smooth graph over the former manifold. In their setting, they require that
the approximately invariant manifold is inflowing or overflowing at an O(1) rate. However, due to
the super slow motion of the interior spikes, the results in [19] can not be applied to our problem
directly, so the first thing we do is to extend the results in [19] to make them applicable to our
case. This involves a “blow up” technique. Another technical difficulty in our problem is that the
linearized operator obtained by linearizing the Cahn-Hilliard equation at a multi-spike state is not
self-adjoint, so we cannot split the space according to the spectrum of that linearized operator to
prove the normal hyperbolicity. To overcome this difficulty, we turn to deal with the corresponding
“integrated” equation. That is, we transform the Cahn-Hilliard equation using (—A)_%, and by
so doing, the corresponding linearized operator becomes self-adjoint. More details about how to
make this transformation well-defined can be found in Section 4.3.5. Then we construct a locally
invariant manifold of transformed (by (—A)_%) interior multi-spike states for the transformed semi-
flow, and after transforming everything back, we obtain a locally invariant manifold Mg of interior
multi-spike states for the original equation. Note that, once we obtain such an invariant manifold,
the solution of (4.1.1) starting from any point in that manifold exists for both positive and negative
time. By reducing (4.1.1) on M, we derive an equation which determines the velocity of each
spike analytically. It turns out that the dynamics of interior spikes for the Cahn-Hilliard equation

has a global character where not only the closest spikes interact but each spike interacts with all
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the others and with the boundary. Furthermore, the speed of the interior spikes is estimated to be
exponentially small, which indicates that the multi-spike states exist for a very long time, forwards
and backwards.

This chapter is organized as follows: in Section 4.2, we extend the results in [19] to slow man-
ifolds with boundary. In Section 4.3, we construct approximately invariant manifolds of interior
multi-spike states for (4.1.1) and then prove the existence of truly invariant manifolds of interior
multi-spike states nearby. In Section 4.4, we investigate the dynamics of multi-spike states and

give an estimate of the speed of the centers of the spikes.

4.2 Approximately stationary invariant manifolds with bound-
ary

In Definition 2.0.1, a technical assumption that the distance from u(M) to the boundary of the man-
ifold M is bounded below is made. This guarantees that the image under 7 of a graph over /(M)
is still a graph over /(M). A similar assumption is also made in Definition 2.0.5 for approximately
overflowing invariant manifolds. However, sometimes the approximately invariant manifold is ap-
proximately stationary, so that the map 7 is approximated by the identity map, and therefore that
assumption can not be satisfied. This happens when we are seeking an invariant manifold of states
with super slow motion . In this section, we establish a framework to obtain invariant manifolds
near approximately stationary and approximately normally hyperbolic manifolds. The idea is to
modify the map T only near the boundary of ¥/(M) to get a new map T such that W(M) 1s approx-
imately inflowing (overflowing) invariant under T and T = T when applied to the points away
from the boundary. More specifically, if the “projection” of 7T'(x) to ¥/(M) is near the boundary of

Y (M), then we move the ”projection” inside (outside) ¥/(M) and away from the boundary of ¥/(M).
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Moreover, the movement should be very slight for the purpose of keeping the normal hyperbolicity.

More precise statement may be found below.

Let X,Y be two Banach spaces and 7" € CJ(X, X)ywithJ > 1land M Cc Ybea C’ finite-
dimensional closed manifold with smooth boundary dM. Let ¢ € C’/(M, X) be an embedding 1
satisfying ||Diw|| < Bpforl <i<Jand ||sz‘1|| < B3 for all m € M. We denote the metric on M

by d(-,-). Furthermore, we make the following assumption on the boundary of M.

With B(OM,rg) = {m € M : dim,0M) < rp}, we assume that there exists r > 0,y1,y2 > 0
and ¢ : B(OM,r) — R’ such that ¢(0M) c OR’, where R"} is the upper half space of R", and
y1 < ID¢7Y < vo, IIDGIl < 3, ID?*¢~ 1| < y4. Here ¢! means taking the inverse for a local
chart. Since M is assumed to be compact, it is possible to construct such a map ¢ by using a

partition of unity.

Definition 4.2.1. /(M) is said to be approximately stationary invariant under 7 if there exists small

n > 0 such that |T'(y/(m)) — ¥(m)| < n, for all m € M.

Definition 4.2.2. We say that an approximately stationary invariant manifold (M) is approxi-

mately normally hyperbolic, if the following conditions hold:

1. For each m € M, there is a decomposition X = X, ® X;, ® X, of closed subspaces with

projections I1¢,, IT$,, IT, varying in C/ way with respect to n.

2. For any m € M, I, is an isomorphism from Dy(m)T,, M to X5, and T), M = X5, + Am(X5,),

where A, € L(X},, X;, ® X}r,). Furthermore there exist B, L, and y € (0, 1/2), such that for

I This theory could be developed for immersed Banach manifolds, but in our opinion the increase in generality is
not worth the loss of clarity and increase of pages.
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any mqg € M and my,my € B:(my, ro), with my # my, fora = c, u, s,

NI I < B, TG, =TI, 1| < LigeGmy) = m)l,

4.2.1)

W (my) = (ma) — T, (Y(my) = (m))|
lr(my) — y(my)|

<x.

3. There exist 0, A € (0, 1) and a such that, for any mg € M, and « € {c, s, u}, B € {c, s, u}, with
a # 3, then
B —1-1
(a) IIHmODT(w(mo))Ix%OII <o, II(H%ODT(w(mo))IX,%O) I~ > a,
—-1p-1
(b) IIH%ODT(w(mo))Ix%II <A, ﬂII(H%ODT(W(mo))IXglO) I~ > 1,

(©) AL DT WmoDlxy, )7 > max{L. 1T, DT Wmo)lyg, 1),

ITLy DT @mo)lgg, I < Amin(L, [T DT W(moixg, )™HI7).
4. There exists Bj, such that ||DjT|B(¢,(M),,0)|| <Bjforl <j<J.
Remark 4.2.3. (4.2.1) implies that |A;|| < By, forany m e M
Define

X (0) :={x¥ € Xpy, 1 | Xy <6}, @ = s,u,

and

N(M, &) := {g(m) + x* + X" : x* € X, (e), X" € Xy (e)).

Lemma 4.24. If e < min{%, %}, then N(M, g) is a tubular neighborhood of M satisfying

1. For any two points y(m;) + xf + x;.‘ eNM,e),i=1,2,if

Y(my) + x] + x{ = ¥(my) + x5 + x7,
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then

my = my, xi = xi, xLI’ = xg.

2. There exists small  such that if |x— (W(m)+ x5+ x")| < 6, where (W(m)+x° + x*) € N(M, g),
then

x = yY(my) + x5 + x4,
where |xi| < € and |x%| < &.
Proof. We refer to the proof of Lemma 3.6 in [19]. |

Remark 4.2.5. As a consequence of the proof, we have that m(x), x*(x), x*(x) are all smooth in x

for x e N(M, ¢).

Now we start to construct a center-stable manifold for 7. We first define several functions that

will be used later in this section. Write x € R” as (x’, x;;), and define S, : R” — R" as

Sa(x,, xl’l) = (x,9 xl’l + a/)a (4.2.2)

and define e : R — R as

e(x', xp) = x,. 4.2.3)

Let b(z) be a smooth monotone function satisfying

=1, 7<0,
b 1€ (0,1), z€(0,1), (4.2.4)
=0, z>1,
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then for any m € M, we define

= ¢~ (S agm © $m), (4.2.5)

where

e(¢ptm) —d )L (4.2.6)

=b
a(m) = b(———
where d > 0 is a constant satisfying d < % and / > 0 1s a small constant to be determined.

Remark 4.2.6. Note that ||D¢_1|| < v, s0 ||Dg|| > % It follows immediately that for any m
satisfying 2y»d < d(m, M) < r, we have e(¢(m)) > 2d, which implies that a(m) = 0. So m = m if

2yod < d(m,0M) < r.

For x € N(m, €), by Lemma 4.2.4, we can write x as x = ¥(m(x)) + x*(x) + x*(x). We construct

anew map 7' as

_ T (x), m(x) € M\B(OM, r),
T(x) = 4.2.7)

T(x) + Y(m(x)) — Y(m(x)), m(x) € B@OM,r)).
By Remark 4.2.6, we have T e CJ(X, X).

Let

m, for m € M\B(OM, r),
u(m) = (4.2.8)

m, for m € B(OM,r).

By Remark 4.2.6, one can see that u is continuous.
Lemma 4.2.7. For any m € M, d(u(m),oM) > vyl

Proof. We write ¢(m) = (x,0) and for any m € dM, we write m = (¥’,0). Then one can check
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that

lu(m) — i = ¢~ (', 0) = ¢7HF, 00 = Y|, 1) = (7, 0)] > yyt.
Thus d(u(m), OM) = inf 5,9 d(u(m), m) > y1t. O
Lemma 4.2.8. |T(y(m)) — y(u(m))| < n, for any m € M.

Proof. By direct computation, we have

T(y(m)) — y(u(m)) = T(p(m)) — (m),

which implies the desired result. m|

Combining Lemma 4.2.7 and Lemma 4.2.8, it is clear that /(M) is an approximately inflowing
invariant manifold for 7. The map T is almost the same as T, except that it shifts the “base
points” of x on ¥(M) that are near the boundary of ¥/(M) a little. Intuitively, one may expect that
if [ is small enough, (M) is also approximately normally hyperbolic for T, so that we can apply
Theorem 2.0.3 to conclude the existence of a center-stable manifold. However, one may notice that
the distance from u(M) to the boundary of M depends on / and [ is also involved in the trichotomy
property of DT. As we apply Theorem 2.0.3, the distance from u(M) to the boundary of M needs
to be fixed first, then we make the other parameters small. Therefore, Theorem 2.0.3 can not be

applied directly. To overcome this problem, we perform the following blow-up analysis.
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Let

M
—Tz{ml:?:meM},

¢%h:%MM&
Tl(x) = %T(lx), Tl (x) = %T(lx), (4.2.9)
Mmbz%MM&

vQa __ a » (2 (04 —
Xml = lel’Hml = Hlml,oz =c, S, U.

First, it is easy to check that

Ww%m—WMWW<§ (4.2.10)

for any m! € M', and

du(Mb), om’) > ;. 4.2.11)

Thus, /(M) is an approximately inflowing invariant manifold for fé

Clearly, for each m e M, X = X¢ 1 ® X5 1 ® e ; of closed subspaces with projections
m m m

TS T (]

K Hml’ IT ) T

[ [ l l
and for any my € M" and my, my € Bc(mO

Ml’ ), with mll # mlz, fora =c,u,s,
m

1%, || < B, [I1%, - 1%, || < [LIy'(m)) — wl(mb)),
o "™

(4.2.12)
wlon) = ) = T | @lmy) = ylamy)|
0

<yx.

yhomh) — ylm))

47



Note that
_ ~ o —
Hul(ml)DT (my)| _mgl = Hu(m)DT(m)l mg ,

thus in order to show the trichotomy property for T!, we just need to consider Hg(m)DT(mN B
m
Furthermore, for m € M\B(OM, r), we have T =T and u(m) = m, so we just need to deal with

m € B(OM, r).

Since DS o(my = I + Da(m) - en, where e, = (0,---, 1), and D¢_1(¢(x))D¢(x) = I, we have

Dy(m(x)) — Dys(m(x))

= Dy (m(x))Din(x) — Dy(m(x))Dm(x)

= DY(m(x))D(@~)(S gmy$(m)UI + Da(m(x)) - e3) Dp(m(x))Dm(x) — Di(m(x)) Dm(x) @13

= (DY(m(x)) = DY(mx))ID(@~ (S a(my@(M)U + Da(m(x)) - €n) Dg(m(x))Dm(x)+
Dy(m(x)D($™")(S a(my@(m) — D(¢™ N @)U + Da(m(x)) - ex) Dp(m(x))Dm(x)+

Dy(m(x))D(¢™~")(@(m))(Da(m(x)) - en) Dp(m(x)) Dn(x).

Using the fact that D'yl < Ba, D¢~ < ¥, IDGll < 3, IDa(m(x)Il = OW), [IDm(x)] is

uniformly bounded, |m — m| < y,t and ||D<;§‘1 (S a(m)P(m)) — D¢‘1(¢(m))|| = O(l), we have
1Dy (m(x)) — Dy(m(x)|| < CI, (4.2.14)

for some constant C being independent of x.
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Thus we have

u(m) u(m)

Ty DTl g I < T, = TLIIDT (m) g | + TG, DT (m)]
< I, = TIIADT (m)l g 1| + DY (m(x)) = Dm0+

IIH%DT(m)IX,B 1+ T Dy (m(x)) = Dy(m(x))|

< IIH%DT(m)lxﬁ || + ClL.
m

Similarly, one can prove

I3, DT(m)l g Il I3, DT ()] g 1| = CLL

u(m)

(4.2.15)

(4.2.16)

Therefore, when [ is small enough, the trichotomy properties are satisfied, so that Theorem

2.0.3 can be applied to T! and M! to obtain a center-stable manifold W¢5(l) for T'. Note that if

WeS(l) is invariant under T/, then WS(I) = IW®S is invariant under 7. Since 7(x) = T(x) when

e(p(m(x))) > 2d or d(m(x),0M) > r, it is clear that WS(l) is locally invariant under 7. So we have

the following theorem:

Theorem 4.2.9. Depending on ry, B, B, A, L, when n, x and o are sufficiently small, for every |

sufficiently small, there exists a C’ positively locally invariant manifold We(l) for T, which is

given as the image of a map

h:{(m,x’):me M,x* € X;,(60)} — X,

for some 6y > 0. Also for any x € W(I) with e(¢p(m(x))) > 2d or d(m(x),0M) > r, we have

T(x) € WE(D).
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Remark 4.2.10. Theorem 4.2.9 essentially says that W¢(/) is invariant under 7 if the “base point”

on (M) is away from the boundary of M.

Similarly, we can construct center-unstable manifolds for 7. Let

= ¢~ (S —am) © $m), (4.2.17)

then we construct T and v respectively as

. T(x), m(x) € M\B(OM,r),
T(x) = (4.2.18)

T(x) + y(m(x)) — Y(m(x)), m(x) € B@OM, r)),

and

m, for M € M\B(OM, r),
v(m) = (4.2.19)

67! (Sam) © #(m)), for M € B@OM, ).
By the construction of v, one can easily see that v is a homeomorphism. Following the same

argument as above, we obtain the follow theorem:

Theorem 4.2.11. Depending on ry, B, By, A, L, when n, x and o are sufficiently small, for every
t sufficiently small, there exists a C’ negatively locally invariant manifold W(I) for T, which is

given as the image of a map

h:{(m,x"):me M, x" € X (50} — X,

for some 6y > 0. Also for any x € W) with e(¢p(m(x))) > 2d or d(m(x),0M) > r, we have

T(x) € WeU()),
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4.3 Invariant manifolds of interior multi-spike states

4.3.1 Construction of the manifold M,

We start from the following equation,

—&?Au+ f(u) = o, (4.3.1)

whose solutions are stationary solutions to (4.1.1).
Let oo = f(m), where i is in a metastable region, which means that f’(m) > 0. We make the
following transformation,

u=v+m, gv) =0 - f(v+m). 4.3.2)

Obviously g(0) = 0. Let g’(0) = —pu, then we can write g(v) = —uv + h(v) with A satisfying

h(0) = h’(0) = 0. Then (4.1.1) becomes

v = —A(E2Av + g(v)) in QX (0, ),
(4.3.3)
%:%:O on 0Q x (0, ),
or
vi = =A(E2Av — v + h(v)) in Qx (0, c0),
(4.3.4)
%:2—2:0 on 0Q x (0, o).
And (4.3.1) becomes
2Av + g(v) = 0, (4.3.5)
or
&2Av — pv + h(v) = 0. (4.3.6)
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By the main theorem of [23], there exists a ground state w satisfying

Aw+gw) =0 in R",
w(0) = max w(x), w > 0,
4.3.7)

w(x) = w(|x]),

w(x) - 0, |x| — oo.

Also, w(x) satisfies that Ialr‘w(x)l < Ce "M for any x € R" and k > 0, where 9, is the derivative in
the radial direction. Note that g is assumed to be smooth, so w is smooth. Furthermore, we assume
the ground state w is non-degenerate, that is, the operator obtained by linearizing at w has 0 as an
eigenvalue of multiplicity n (when f = u3 — u, the ground state is non-degenerate).

We will construct an approximately invariant manifold of interior multi-spike states parametrized
by the locations of the spikes for (4.1.1). Roughly speaking, we patch k translated and e-rescaled
ground states together, requiring that k center points of the spikes are at least 6 > 0 away from each
other and g away from the boundary. Here the constant ¢ is not necessarily O(1), but must satisfy

0

s — o0 as e — 0,506 could be O(lelnel) or O( V), for example.

Let
~ 0
Q = (P=(pr.p2 Pt Pi€Q Ipi-pjlz6 dpidQ)z 3} (438)
obviously, OF is a closed submanifold of Q X - - - X Q with boundary.
k—copies
Then we let
k
Wep(X) = Y We p;, 4.3.9)
i=1
— Ak — (X Pi
where P = (p1, p2,- -+, pr) € Q" and We,p; = w( = ).

From this point on, to simplify the notation, we have replaced % by v in the exponentially small
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terms.

Lemma 4.3.1. W p satisfies

e AW, p = uWe.p + h(W p) = Re p(x), (4.3.10)

where |Rg p(x)|Cm(Q) O(e” % )for any m.

Proof. First, note that W, p and h are smooth, so R, p is smooth. For any x € {x € Q : d(x, p;) <

()
g} we have |w( pl)l O(e_v?) for [ # i. Using the fact that 4(0) = 0, we have

R, (0] = I(Wp,p) = hO(—0) = 3" htw(—L0))

I#i

)

. 0
Forany x € {x € Q: d(x,p;) > §,i=1,-++ ,k}, we have [w(=LL)| = O &) fori=1,-- k.

Thus

vo
IRs,p(x)] = (Wi p) = me )= 0%,
i=1

0
Therefore, |R; p(x)| O = O(e_v?). One can follow the same argument to show that for any m,
_Y
IRe,p(X)lcm () = Oe™ ).

0
Note that taking a derivative of R, p generates é which is absorbed by T by changing v slightly.

O

Now, we see that W p(x) approximately satisfies (4.3.6). However it does not satisfy the
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Neumann boundary conditions in (4.1.1), so we need to modify it slightly.

Let H(p) be the solution to

eAv—puv =0 in Q,
(4.3.11)
g—"; = Z—Z on 09,
and let ﬁ(p) be the solution to
DA D ) -
g Av — uv = g xAp — e AH(p) in Q,
(4.3.12)
g—"; =0 on 0Q,
where y(x) is a smooth cut-off function satisfying
x(x) =0, x€{x:d(x,0Q) > Z—{},
(4.3.13)
x() =1, x€f{x:d(x,0Q) < §}.

One can easily check that H(Wz p) = Y1<i<k H (Wg,p;) and ﬁ(Ws,p) = Dl1<i<k ﬁ(wg,pi). To
estimate 7_-{(W8’ p) and H(W, p), we first prove the following lemma. It may have been proved

elsewhere, but for the completeness, we give a proof here.

Lemma 4.3.2. If G € L1(Q) and H € L1(0Q) for some q > 2, and if v is the solution to

Av—uw =G in Q,
(4.3.14)
% =H on 0Q,
n
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then

M ng < C(Glrgq) + Hlra0))
Ln=2(Q)

fAv-v—,uvzdxszvdx.
Q Q

Proof.

By Green’s formula, we have

—fle|2dx+f des—f,uvzdx:vadx.
Q 0Q Q Q

Then, we have

flelzdx+f,uv2dx
Q Q
Sf |vH|ds+f|Gv|dx
oQ Q
1 1
<A f V|?ds + — f |H|?ds + A f V|Pdx + — f IG|2dx
p) 41 Jao Q 41 Jo

Q
1 1
< AC( f I2ds + f IVv2dx) + — f \H|?ds + A f VI2dx + — f IG2dx,
o) o) 41 Joo Q 41 Jo

which implies that

1 1
(1-AC) f IVv[2dx + (u — AC = ) f v[dx < — f IGlPdx + — f \H|%ds.
Q Q 41 Jo 41 Joo

Choosing A small enough, we have

|v|W1,2 SC(f |G|2dx+f |H|2ds)_
Q o0
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For g > 2, and with vy = max{v, 0},

fAv-vz_ldx—ufvzdx:fsz_ldx.
Q Q Q

By Green’s formula, we get

—(q—l)fvf]r_2|Vv+|2dx+f Vi]r_lHdS_ﬂfvzdx:vaz_ldx.

Then

(q—l)fvZ_2|Vv+|2dx+pfvzdxsf vf]r_llHIds+f|G|v?r_1dx,
Q Q 0Q Q

4q-1 1
(q2 ) f IV 2)dx + f vidx <2 f vids + k() f \H|9ds + A f vidx + f IGl%dx,
q Q Q 0Q 0Q Q Q

which indicates that

q
|V%|W1,2(Q) < C(Glraq) + 1Hlrapq))-

So
Vil ng < C(|G|L6](Q) + |H|L61(ag))-
Ln=2(Q)
One can prove the same inequality for v_, which completes the proof. O

Using Lemma 4.3.2 and routine bootstrap argument, we have that for any m, |H(Wg p)lcmq)

— ()
and [H(We,p)lcm g are both O(e™ 2 ). Let

H(Wep) = HWe p) + H(We p) + Ke.p, (4.3.15)
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then let

Wep = Wep— HW,p), (4.3.16)

where K p is a constant for fixed P with K p = 0 for some P = P*, such that the mass fQ Wg, pdx

remains constant as we vary P € QK. One can easily check that

Wep OAWp
on  on

0.

By the exponentially decaying property of ground states and the fact that H(W,, p),ﬁ(W& p) =
O(e_v?é), one can easily see that K. p = O(e_%s). By using the symmetry of the ground states, one
also can check that DpK, p = O(e_v?é). More precisely, by direct computation, one has DpK, p =
ﬁ fQ DpWep — (DpH(W, p) + Dpﬁ(W&p))dx. First, it is easy to verify that DpH (W, p) =
-V, Z H(We, pi) = O(e_v?é), similarly we have Dp?T((Wg,P) = O(e_v?é). It remains to esti-
i
mate fQ DpWg pdx. Since DpWe p = — 3 Vixwg p,, it is sufficient to show that fQ Vi We,pdx =
i

O(e‘v?(s). Note that Vle is odd in x; and B(p;,6/2) C Q, so we have fB(pi,(S/Z) Vxlwg,pidx = 0. By
the exponentially decaying property of the ground state, it is also clear that fQ\ B(p;6/2) Vi We,p;dx =
O(e_%). It follows immediately that DpK, p = O(e_v?é). Moreover, since K, p is a constant in x,
one finds that for any m,

~ 0
HWeplemy = O ®). (43.17)

Define

Ye(P) = We p. (4.3.18)

Then the approximately invariant we construct is

Me = pe(QF). (4.3.19)
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Remark 4.3.3. Every point on the manifold Mg has the same mass. Since we are only building an
approximately invariant manifold, this may seem unnecessary. However, as we will see in Section

4.3.5, this is important for the transformed equation.

4.3.2 Spectral analysis of the linearized Allen- Cahn operator

Let
Lov := Av— v + I (w)v, HX(R") — LX(R™),
(4.3.20)
Lév = &*Av — v + h' (Wpp)v, H2(Q) - [2(Q),
and
Bu(v,v) = f 2V + wv? = B (uv?)dx (4.3.21)
Q

Recall that the ground state w is assumed to be non-degenerate, which means that there exists b >
0,41 > 0, such that o-(Ly) N (=b, o) = {0, A1} with 0 having multiplicity n. In fact A; is simple, and

the corresponding eigenfunction V is radially symmetric and exponentially decaying with the same

rate as that of w. Also, the corresponding eigenspace with respect to O is span{%, i=1,---,n}
1

We will use the spectrum of L to estimate the spectrum of Zg. Now we consider the eigenvalue

problem

Lép=-1%¢,  inQ,

(4.3.22)
g—¢ =0 on 0Q.
n
First we let
.. X—D:
Wéli‘] :Xiwxj( pl)’
(4.3.23)
Vi= V(==L

58



where y; is a smooth cut-off function satisfying

Lx € Q; = {x:d(x, p;) < 36,d(x,00) > 16},
xi(x) = (4.3.24)

0,xeQ;:={x:dx, p;)> %5, d(x,0Q) < %6}'

Lemma 4.3.4.

14 0
& = 0(%),
(We, W) (4.3.25)
— i yi
By (Vi.V) i
—eP )+ 0 ),
VL, vt

Proof. Here, we just prove the first statement, the proof of the other one is similar.

By, (W W)
= Bug p; (W, W) + fQ (W (We,p)) = I (We p))(W ) dx
= [ EEWDR + u WP = b e W P s fQ W (e p) — 1 (W p YW el
I

b [ POWIR W = e )W P
Q\(QiUQi)

=1+11+1I1.
(4.3.26)
()
Obviouly, I = O(e_v?). By direct computation, we have
1] < fg ClWe,p — We,p, (W) 2dx
(4.3.27)

6 . 5 ..
< f (1Y wepl + O NWY)dx < CeTF f (W Y2dx.
0 i Q
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We are finish the proof by estimating //]. First it is easy to check that Wy , sVWé] = O(e%)
in Q\(Q; U Q,) and |gV)(,-|L2 = o(1). Combining with the fact that 2’'(0) = 0, we have |I1I| <

6 .. ..
O™ & XW, W),

So far we see that Z‘S has k positive eigenvalues and nk eigenvalues near 0. In [20], the authors
used a scaling and limiting process to show that there is an O(1) spectral gap between the negative
spectrum and the spectrum near zero for the linearized Allen-Cahn operator obtained by linearizing
at a boundary multi-spike state. In [95], the authors used a similar technique to show such spectral
gap for the operator obtained by linearizing at a single interior-spike state. The same argument

—Pj
&

adapts here. Performing a change of variable y = 2P0 where pi 1s the center of one of the spikes,
extending the eigenfunction for (4.3.22) to R", then letting & tend to zero (see [20, 72, 73] for

more details about this process), one finds that the eigenvalue problem (4.3.22) converges along a

sequence weakly in H L®rR™) to the limiting eigenvalue problem

Adoo — pidoo + h' (WPoo = dsodoo  in R (4.3.28)

Ifwelety = 2% forze Qand z ¢ { p,-}f.‘:1 and then perform the same limiting process, we find the
limiting eigenvalue problem

In both (4.3.28) and (4.3.29), the negative spectrum is bounded away from 0. Therefore, for &

sufficiently small the rest of the spectrum of Z‘S lies in (—co, —C] for some constant C > 0.
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4.3.3 Spectral analysis of the linearized Cahn-Hilliard operator

Consider the eigenvalue problem:

—A(E*AG - up + I (We p)p) = 156 in Q,
(4.3.30)

6¢_6A¢_
- an =0 on 0Q.

First, we recall the variational characterization of the eigenvalues of Cahn-Hilliard equation

([13] Theorem 5):

BW P(v, V)

&

e 4331
(=), v) ( :

E _ .
—A;, = minymaxy

where max,, is over all v € T}, and min, is over all n-dimensional subspaces T}, of H 1(Q) ={v:
v e H(Q), [, vdx = 0}. Also, (~A)~! is defined on A'(Q) by (-A)~!v = 5 for v € A(Q) if and

onlyifn € H l(Q) is the solution to

-An=v in Q,

=+ =0 on 0Q).

Now, we construct a test function for (4.3.31) using the unstable eigenfunction V. Let 6 be a

function satisfying

supp(0) C {x: E(S <|xl < l5}, and f 0(x) = f V(x),
8 2 RM RN

then let

Op(x) = B"0(Bx). (4.3.32)
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It is easy to verify that

) _on 2 2 _ pht2 2
|9:8(x)|L2(Rn) = |9(x)|L2(Rn), |V0'B(x)|L2(R”) =p |V9(x)|L2(Rn)'

We let

— Di
€

V' = a;(v(E=2iy - (). (4.3.33)

Here, @;(x) is an smooth cut-off function satisfying

Lxe{xeQ:dx p) < 16},
() = (4.3.34)

0,x€{xeQ:d(x p)> 36},

and

X~ Di

(1) = Tiflp(—

), (4.3.35)

where 7; is a constant such that fQ ‘_/idx = 0. Note that 7; = O(1) and

; 3e6
supp(%) cix: % <d(x,p;) £ -}

So if we choose 8 such that 1 < E < 1+¢, then sup p(@é) and supp(«;) are disjoint, and furthermore

su pp(@lg) is contained in Q for &€ small enough. Then, one has

X = Ppi X = Ppi i i
), @i(x)V( )+ By, (05(x), 05(x))
€ € Wep B0 (4.3.36)

—), aiv(—Eh) + o™,

& &

=i =i
By, (V- V) = BWS’P(%(X)V(

_vo X
= (=41 + O(e & )Xa;(x)V(

It remains to estimate ((—A)_li_/l, Vl>, which is the point of the following lemma.
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Lemma 4.3.5. 0 < ((—A)_lv, v) < C{v,v), foranyv € I:II(Q), v # 0 for some constant C > (.

Proof. (—=A) as a operator acting on functions with mean-value zero and homogenous Neumann
boundary condition is a positive operator, so (=A)~v,v) > 0. Let 5 be the mean value zero
solution of the equation

(=A)n(x) = v(x) in Q,

(4.3.37)
? =0 on 0Q.
n
By direct calculation, we have
(=N, vy = f vndx = f IVn|*dx. (4.3.38)
Q Q
For any A4 > 0,
1
f vndx < 1 Vidx + /lf nzdx
@ 1 Q Q (4.3.39)
< — f v2dx + AC f \Vnl2dx.
1 Ja Q
By choosing 4 small enough, it follows immediately that
f vndx < Cf vZdx.
Q Q
O

Since \_/i is constructed by scaling V' and 6 by &, and since V' decays exponentially, one has
< (—A)_l‘_/l,\_/l >= O(£%). One may find a rigorous proof of this fact in the proof of Lemma
4.4.3 in the current paper. Combining (4.3.31), (4.3.36) and Lemma 4.3.5, we have that there are k

.. . i . ca . . . .
positive eigenvalues AL(1 < i < k) greater than 8—21 with corresponding eigenfunctions denoted by
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Vé for some constant C. Similarly, one can prove that there are nk eigenvalues which are O(e_vfé ).
If there are other positive eigenvalues away from zero, then by (4.3.31) one can see that there will
be extra positive eigenvalues away from 0 for the corresponding linearized Allen-Cahn operator,
which is a contradiction. Therefore, there are exactly k positive eigenvalues bounded away from 0
for (4.3.30). Moreover, if there is a negative eigenvalue for (4.3.30) of order 0((.%2)’ then by (4.3.31)
and Lemma 4.3.5, one sees that there will be a negative eigenvalue approaching zero as £ — 0 for
the corresponding linearized Allen-Cahn operator, which is again a contradiction. Thus, the rest of

the spectrum is in (—oo, —%) for some b > 0. For convenience, we denote the size of this spectral
&

gap by b = 8%

Note that
—AEEAWY — W+ 1 (W py W) = 07 %), (4.3.40)
where
W = Dj(we p, — HWe,p)), (4.3.41)
and Wéj almost satisfies the boundary conditions. Thus, we may use span{VT/éj ,i=1,--,k,j=
1,---,n} to approximate the center space for L p, where L pv := —A(g2Av— uv+h (VV& p)v) with
the domain
dv _ OAv

4,9
: Q),—=—— =0
{vive W% )’ﬁn e 0}
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4.3.4 M, is approximately stationary

First of all, we define a rescaled Sobolev space W];’q as the family of k — th differentiable functions

(in distribution sense) endowed with the rescaled norm

kg = D D Ola ey

€ 0<ler|<2
0A 0
Then we choose our phase space X := {u € Wg’q : a_u = 8_14 = 0} with large ¢g. Recall that we
n n

define L p as

Lgpv = —A(szAv —uv + h'(ﬁ/g’p)v) (4.3.42)
with the domain

4, ov  OAv
{v:vEqu(Q),a—n == =0).

It is clear that L. p generates an analytic semigroup elep . LI — L1 where L] = WS"’. By using

the spectral property of L p and the embedding theorem of fractional power spaces (see [51]), we

have
e, P <
e |(Lg’L(c€1) < Cee”,
e (4.3.43)
tLe,p < C(1 + (=) 2)es?
e |(LZ,W§’q) < C( (82) ee”.

We first modify 4 to make sure (4.3.4) generates a semiflow globally in time. Let h(u) =

n(u)h(u), where 1(s) is a smooth cut-off function satisfying

1, |s| <maxw+1,
n(s) =

0, |s| > maxw + 2.
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We now consider the equation

ur = —A(*Au — pu + hu)) (4.3.44)

with the same Neumann boundary conditions. For convenience, we still keep the notation 4 instead

of h.

For any fixed P € QF, we consider the initial value problem

U = —A(szAu — uu + h(u)) in QX (0, 00),

Ohu _ou _ on 9Q x (0, ), (4.3.45)
on on

u(-,0) = W p in Q.

Lemma 4.3.6. Let u be the solution to (4.3.45). Then u satisfies

Ct

— 1 v 5
| — Wg,plx <C(t+et2)e €ee”. (4.3.46)

Proof. Let v be the difference u — W, p, then v satisfies

Vi = —NE2AV — v + B (W p)v) + AEEAH — uH + h(Wyp + H) — k(W p +v)

+h' (W p)v — Rg.p)

= L pv + r(v), (4.3.47)
obv _ 0w _
on  on
v(-,0) = 0.
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Using Lemma 4.3.1, (4.3.17) and the fact that /# has been modified, we get
)
[r(W)l,q < C(vlx + e 2).
&

Using the variation of constants formula, we write the solution v as

t
V= f elep (t_s)r(v)ds.
0

Applying (4.3.43) to (4.3.49), we have

| Cl=s)

d r—s 2~ 0 )
Vix < C(+ (—2) 2)e & (|lx +e” € )ds.
0 £

Then it follows directly by Gronwall’s inequality that

Ct

1 v S
Vix < C(t+ et2)e € ee”.

4.3.5 Transformation of the phase space

(4.3.48)

(4.3.49)

(4.3.50)

Observe that the linearized Cahn-Hilliard operator L, p is not self-adjoint in L2, so it is hard to

show the normal hyperbolicity which leads to the existence of an truly invariant manifold directly.

To handle this, we introduce the following transformation. For any ¢ € X satisfying fQ ¢dx = 0,
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let ¢ be the solution to the equation

—A;ﬁ =¢ in Q,
g_"f -0 on Q, 4.3.51)
Jowdx =o0.

Define A : Wg‘"’ N{u € Wg’q : % =0on Q} — Wﬁ"f by Ay = ¢, where W/;’q = Wﬁ"f NA{u :
~2.q 4 ~3.q . 1 1 . 4 -1
fQ udx = 0}. For any ¢ € W7, let ¢ € W7 satisfy A2¢" = ¢, 1.e. ¢" = A 2¢. One can check
_1
that the spectrum of A lies in (0, o) (A is a positive operator), so A 2 is well-defined ([51]). Let
u(t,-) be the solution to (4.3.44). Since the Cahn-Hilliard equation conserves the mass, one can
1
define uf = A 2(u - g(u)), where g(u) = |—512| fQ udx is a constant in ¢ and x. It is clear that uf

satisfies

1 1 1 1
(M) 2y, = —AEA(=D)2uf) — u((=D)2uf) + h((—A) 2P + g(u))) in Q,
(4.3.52)

1 g 3 4
8(—%’)1%1 _ 6(—%;%! -0 on 0Q.

Note that all points on the approximately invariant manifold M have the same mean value,

which we denote by ¢g.. Let
h_ 4% -5 ok
Me=A2(Mg—qe) :={A 2(Ye(P) —ge) : P € Q). (4.3.53)

Since Dp fQ Ye(P)dx = fQ Dpyo(P)dx = 0, the tangent space of Mﬁ is also well-defined as
A 2T Mg. In order to obtain a truly invariant manifold near M, for the semiflow u(t, -) generated

by (4.3.44), we first find a truly invariant manifold near Mg with zero mass for uﬂ(t, -), then by the
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-1
injectivity of A 2, one obtains a truly invariant manifold for u(z, -) near M. Naturally, we choose
the phase space X# for uf to be Wﬁ’q. First of all, one can easily check that ME is approximately

stationary for uﬁ(t, -). In fact, by Lemma 4.3.6, one has

I 1 1 _ _
W, ATZ(Wep — 42) — A 2(Wep — go)l_ 3.4 = IA72(u(t, We.p) = Wep)l 34
We We
< Clu(t, We.p) — We ply (4.3.54)

1w Y
<C(t+et2)e €ee

1 —
Linearizing equation (4.3.52) at A_Q(Wg, P — gs), We obtain
b LAV ERAAYI Sl — a(—AI sl + 1 (T - suly = IF st
ou; = (—A)2(e"A(=A)20u* — u(=A)26u™ + h"(Wg p)( A)25u)—LSP6u, (4.3.55)

where

1 —_ 1
Lf;,p = (-MN)2 o (e?A -+ W (Wep)) 0 (-A)2, (4.3.56)

with the domain

1 3
4q O=D)2v  A(=A)2v
vive W, q, o = o =

0}.

By the main theorems of [13], we know that Lg p 1s self-adjoint in Lg (after taking the self-
adjoint extension) and the eigenvalue problem for Lg p 18 equivalent to the eigenvalue problem for
Lg p. Let

ik _ -t i
W' =A ZDpist’

4.3.57)
L4 -1
VeR = AT2VE
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These are well-defined since both D pij Wéj and V. have mean-value zero. Also, one can check
Lf Wi = o), (4.3.58)

and

Li vid = iyt (4.3.59)

l]ﬁl

Without loss of generality, we assume that |W;

i

. . LTt . . . .
Li p generates an analytic semigroup e &P’ with similar properties to eLep!,

L2 = |Vfg’ﬁ| 2= 1. Furthermore, it is clear that
&

4.3.6 Splitting space X* along the manifold Mi

Spectral analysis of Lji e.P yields that the approximate unstable space of Lﬁ is span{V; ﬂ} and the

approximate center space of Lti is span{W” L 1<i<k1<j<n}~ Tz//ﬁ( Mg We will use
&

this to construct center-stable and center-unstable manifolds for Mg

Remark 4.3.7. Wy & does not satisfy the boundary conditions, but we can modify it slightly with
0
the same way that we modified W, p in Section 4.3.1. Note that the modification will be O(e_v?).

For convenience, we will keep the notation ﬁ'/;f # for the modified function.

Since Lg, D is self-adjoint, we have
AL VEy = (i L8 Vi = (1 WV = o ®),

which implies that
.. S
W yhy = 0%, (4.3.60)
where (, ) denotes the Lg inner product, i.e., (f, g) = fQ fge"dx. Since (Wéj’ﬁ, Wém’ﬁ) =((-A)~] Wéj, Wém>,
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we have the following lemma

Lemma 4.3.8.

W WM = o(e) if (1m) # (u,v). 4.3.61)

Proof. We just state this lemma here, the proof is similar to the proof of Lemma 4.4.3 in the last

section of the current paper. O

#

Let V(.l_;’ﬁ be the component of Vé’ which is orthogonal (in the sense of Lg) to span{ﬁ/éj’ﬁ}.

_ ; 0
Clearly IV‘;’ﬁ - Vfg’ﬁl O(e_v?). Then we decompose X# as x# = Xg’ p® Xg, p® XZ, p» Where

xt =

XE = spaniWi i= 1,k j=1,-- ,n),

XY, = span{ Vil i=1,-- k), (4.3.62)

X p= {v : fQ vidx = 0,for any ¥ € X p @ XZ,P}'

Denote the associated projection maps by Hg, pr @ =C U, . By the smoothness of Wy & and Vé’ﬁ, we
have that Hg’ p» @ = ¢, 5, u, are smooth in P. Using the Lg—orthogonality and finite dimensionality
of center and unstable spaces, we have the boundedness of these projections. Following from
the compactness of Mg, we immediately have that Hg, p are uniformly bounded and uniformly
Lipschitz in P. Clearly all the bounds are independent of € for £ small enough. Furthermore, we
have that for small enough &, there exists B > 0, independent of &, such that

T,

8,P|Cm(g~2k, L(x) < B, for any positive integer m. (4.3.63)
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4.3.7 Trichotomy

_1_
To investigate the linearized flow at a solution ut to (4.3.52) with initial condition A 2 W, p, we
consider

4 o, oLy Ly
St = (~A)2 o (82A — p + h' (-D)2uh)) o (-A) 26U, (4.3.64)

#

To get estimates for 6u", we also consider

— 2 o - u+ %% o (— 2 . 4.3.
5”[ L P(slxl ( A) (6 A /.l h ( g, P)) ( A) (51/! ( 3 65)

- B - 4 1 31w Yoy
Lemma 4.3.9. If 6*u(0) = 6u*(0), then |5u” — 6uf| 4 < C(t + &12)(t + 214)e™ = 2 |5 (0)] 4.

Proof. First it is easy to prove that

T Y A
|ou lXﬁ’ |ou |Xﬁ < Cee&” |du (0)|Xﬁ' (4.3.66)

Let v = 6uf — suf. Then v satisfies

1 ~ 1 _
v = LE v — (A) I (W p) = W ()(~0) 26,

v(0) = 0.

Using the variation of constants formula, we get

to 1 — 1 _
V:f ¢ &P )L [-( (W p) - I (u)A2 6\
0
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Ct

2

— 1 v
Note that W, p — ulwz,q < C(t + et2)e” € e€”, so for g large enough, we have
&

Ct

—_ l _V_6 5
|W5,P—M|C1 <C(t+et2)e €ee”,

which implies that

1o, = 1y 1w Gy
(ALK (Wep) = W )(=0)28 1| g < Clt+ e12)e” & e 6] 2 g (4.3.67)

Clearly,
Ct

# 3 Ct
. < C(1+(5) Dee?.
E

1t
e, P
le |L(Lg,xﬁ)

Then it follows immediately that

1
2 31w Gy
|V|Xﬁ <C(t+ ;)(r+ g2t4)e” € es” |bu (O)lxﬁ'

Decompose sul as

sut = eDWF - a() + Y bin V¥ + W), (4.3.68)

Ct
where D means the gradient with respect to P. It is easy to check that |(5uﬁ| t < Ceé? |6uﬁ(0)| b
Ct
and |6uﬁ| 14 < Cee? I(Suﬁ(O)l 19 Then by the boundedness of the projection maps, we have
& to

ct cr ct
(0] < Ces? 16Ut (0)] g, 1bi(0)] < Cee?5uF(0)], . [W (0], q < Ces?|5ub(0) (4.3.69)

q, q, q,
LS LS LS
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and
Ct
WSOl g < Ce? loub(0)] 4. (4.3.70)

Taking the inner product of (4.3.68) with Lg PSDWE P a(t), we have

<5uﬁ, LE:,PSDW,E,P -a(t)) = (Li’P(Suﬂ, 8DW§,P -a(r))
= (ol eDWF - a(r))

= (eDW? - d(1.eDW! - a()) + O WiOVEF eDW? - a(0)).
4.3.71)

Ct Ct

=L — ) 0 —~
Note that [6u”| 4 < Ce#?|5u*(0)| 4 and |L8,psDW§ pa(®)lpeo < Ce™ % |a(t)| < Ce™ % e22 [5ul(0)] -
&£ & ’ &

Combining with (4.3.69) and Lemma 4.3.8, we obtain

’ _¥ % f 2 # ’
la(?) - a’(t)| < Ce™ € ee” (|ou (0)|Lq + |ou (0)|Lg|bi(t)|). (4.3.72)

Since %|d(l)|2 = 2a(t) - (), by integrating both sides of (4.3.72) we get

Ct
_Y0 =5
lla()* = la(0)?| < Ce™ e? |5uﬁ(0)|iq. (4.3.73)
&

Similarly, taking the inner product of (4.3.68) with Li PVé’ﬂ, we have

. Ct
== 0
Ibi(t) — e6'bi(0)] < Ces? e~ & 5ul(0)] L4 (4.3.74)
&£
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Now we consider the stable direction. Since LB: p 1s self-adjoint, one has

W = _vs
|<Li PWS,SDWS,P ) T>| = |<WS,Lg PSDWS’P . T>| < Ce & |T||WS|L2a
| | ¢ (4.3.75)

. . )
and (LE oW, VR = (W, LE Wi < Ceme 1wl 2,

which implies that
1 1t W)+ L W, < Ce B W 4376
I p e, P |L§+| &P g,P |L§ <Ce ¢| |L§' (4.3.76)
Using the fact that center and unstable bundles are finite dimensional, we have

I L WOl + I L Wy < Ce 2 [W) 4.3.77)
ePep" Ixt &P e P’ Ixf = xt .

Write (4.3.65) as
— . d — i
eDWeprd (04 Y {OVE+ W0 = LE poDWe pa+ ) biOLE pViF+LE ;W (0. (4.3.78)

Applying Hg pto both sides, we obtain

d _ »
SWS@) = T pLE W + 03 p(LE eDWep-a()+ ) biOLE p Vi), (4.3.79)
By (4.3.77), we see that Hf9 PLE p: X;P - X;P is a small perturbation of Lg p» SO HZ PLiP

generates a semigroup. Then by the spectral gap for Lf: p and perturbation theory, we have

Ct
6 ~t
WDl < e P WS (0)lx + Ce™ & e [5u(0)] 14 (4.3.80)
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Denote the semiflow generated by (4.3.52) by Tﬁt. Combining (4.3.73), (4.3.74), (4.3.80) and

Lemma 4.3.9, we obtain the following trichotomy properties:

Lemma 4.3.10. Ift = O(e?) and ¢ is small enough, for @, = c,u, s and a + 5, we have

Ct

_Yd =

I DT ye || < Ce™ % ee?,
’ &P

Ct

vo
I DT |gs | < e+ Ce % es2,
’ &P

Ct cr (4.3.81)

_¥ =5 t —1n—1 t )
1= Ce™ % ec? < | DT xe )77 < WS DT xe 1< 1+ Ce™ % es?,

vég

0T DT | I > 6! — CemE e,
’ &P

where A is defined in section 4.3.2.
Proof. 1f Hg P(Suﬁ(O) =0, 1.e., a(0) = 0, by (4.3.73), we have

Ct

6 =~
la()] < Ce™ & e |5uf(0)] 4.
L8

which implies
vo 0/} vo <
INIE pouf| g < Ce™ & e |5ub(0)] ¢ < Ce™ & es? |5u(0)]x.
’ £ &g

Since Xg p is finite dimensional, we have

ys Cl
NS poubl y < Ce™ & ec? [ub(0)] g,

Ct
%G
which implies [T1¢ ,DT¥|ya || < Ce™ ee?, fora # c.
’ &P

If 6uﬁ(0) € Xg P ie., 5uﬁ(0) = 8DW§ P a(0), by (4.3.73), we have

vo 6/}
la(d)] < (1 + Ce™ & es?)|a(0)], (4.3.82)
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s &L
which implies [T ,6uf| ¢ < (1 + Ce™ % ee2)\6ub(0) L4 Again we use the finite dimensionality of
’ & &

the center space to obtain
Ct

e PDT§’|XCP|| <1+CeEee. (4.3.83)
, <

Observe that when ¢ = 0(82) and & is small enough, (4.3.72) combined with Lemma 4.3.8 im-
plies that Hg’ PDTgtl XC, is a small perturbation of the identity map, so Hg ’ PDTQ XC, is also an

isomorphism. One can follow a similar argument to obtain

w 4 f#t 11
1-Ce ¢es” <||(II ,DT, |XCP)‘ II=. (4.3.84)
’ 8,

The other inequalities can be proved similarly, this being left to the readers. The only thing we
want to point out is that by (4.3.74), HZ PDTgtl Xt is a small perturbation of an isomorphism if
> g,

t = O(¢?) and & is small enough, which indicates that T4 DTﬁtl u 1s an isomorphism. O
ap—n e Xs P

Recall that by, Az = O(ELZ). For fixed 6, we first choose ¢, = &K with K large enough to make
¢~P10 small enough and eel0 large enough, then we let & be sufficiently small, so that M, is
an approximately stationary invariant and approximately normally hyperbolic manifold for Tgto.
Then by the general theorem we established in Section 4.2, we have a locally truly invariant mani-
fold near M, for Tgto by intersecting the center-stable manifold and the center-unstable manifold
of M. However, due to the non-uniqueness of center manifolds (different modifications give dif-
ferent center manifolds), we cannot conclude that the center manifold for TBIO is invariant under

the semiflow Tg[. The correct way should be to modify the vector field to generate a modified

semiflow, then prove the existence of a truly invariant manifold for the modified semiflow.
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4.3.8 Modification of vector field

In this section, we take ¢ = &?K such that M, is an approximately stationary invariant and approx-

imately normally hyperbolic manifold for T‘gto. We also assume that the boundary of Q satisfies
the conditions listed in Section 4.2. Following the set up in Section 4.2, we define P € OF the same
way as m. For any x € N (ME;, r), where N (Mﬁ, r) is a tubular neighborhood of Mg, let m(x) be the
projection of x into Mg and let P(x) € QF be that point such that ng(P(x)) = m(x), then we write

xas x = YE(P(x) + x5(x) + x(x).
Rewrite (4.3.52) as
uf = L+ rpih), (4.3.85)
where rp(u) = (—A)2 (h(—A)2ub) — W (ws(PY(~2) Zub)

Using the variation of constants formula, we write (4.3.85) as

# -
uf = eL&Ptu(O) + f eL&P(t S)rp(uﬁ)ds. (4.3.86)
0
By Lemma 4.3.6, we have that for & small enough,
# t _ S Ct
WEP) = Py (P + fO FeP Y L (Pyds + 0 e, (4.3.87)

vo
where O(e™ € ) is in the X sense.

Now we modify the vector field to obtain a new equation:

# #
il = 1F 0+ rp() + ke P YRP) + rpEPY) - [ P yEP) + rphP)) i
’ (4.3.88)

i) = x.
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Using the variation of constants formula, we write (4.3.88) as

; Cb b ) -
it =Pyt f lep! )[rp<aﬁ>+}eLe»P w§<P>+rp<w£<P))—<}eL&P VAP + rpwl(PY)1ds
0 0 0

f t ol : fob o i
= ferlas [ar npiids o Letar'yipy [ e s - (e e ukep)
0 0 0 0

t s
+ f e ok (P))ds).
0

(4.3.89)

Denote the semiflow generated by (4.3.88) by Tﬁt Recall that Tgt(x) is the semflow defined by

: i
(43.85). Then T (x) = ¢ &P x & [ e e.P"™ rp(TE (x))ds. It follows from (4.3.89) that

tob Lo i 3
T = TH 0 + f e p! )(rp<T§S<x>)—rp(Tﬁs(x)»dHtieL&thi(PH
0 0

# #

o t (4.3.90)
fo L P - (e i) + fo N D)

Recall that in Section 4.2, we use / to denote how much we shift the base point. Note that

|P — P| < Cl for any P, one can easily prove by using Gronwall’s inequality that

_ 1 &
T 0 - TH ()| < C(t + e12)es2 1,

and (4.3.91)

=t bt 14
IDTH (x) - DTH ()| < C(¢ + &2)es2 1.

1 1 —
For x € WS 4 et x = (~A)2x and (-A)2 Tﬁt(x) = T’ (x). Then by direct computation, we have

1 — —
rp(TE () = rp(TE () = ~(=M)2 (I We(PYTLD) - THE) - (WTLED) - WTLE))  (43.92)
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‘We have
W(TLR) = h(TLR) = W (THENTLE) - TLE) + O(TLF) - TLEIP). (4.3.93)

Recall that /2 has been modified, by using Lemma 4.3.6, one can check that for x = l/’E;(P), we

have

i 4t 19 v e
Irp(TE () = rp(T )] 1 < C((t+er2)es e e I+ ((t + et2)es> )?). (4.3.94)
E

Therefore, combining with (4.3.87), (4.3.90), (4.3.91) and (4.3.94), we have that for any x =
ﬁ P
17[/8( )’

79000y = TH0 () + yh (PO - b (P() + O™ B 1+ P,
(4.3.95)

— (o)
DTEO(x) = DTEO () + Dyf(P() ~ DUk(P(x) + 0% 1+ ).
Following the estimates in Section 4.2.1, now one can apply Theorem 2.0.3 to obtain a C"* (m
depends only on the smoothness of the nonlinearity and the boundary 0Q2) center-stable manifold
W(gsﬁ near ME: for Tﬁto. To obtain the invariance for the semiflow Tﬁ’, we need to verify the weak

uniform continuity in (HS). In fact, we will prove

e For any u > 0, there exists £ > 0, such that for any x € B(Mi, r)and ¢t € [tg, tg + 62{ ], we

have |77 (x) = TH0 ()| < .

An important point here is that we want £ and u to be independent of €. First we write (4.3.88)
as

af = L L+ p(ih, (4.3.96)
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- LR boa o LE ‘
where for x € X*, 7p(x,1) = rp(x) + ¢ &P YL (P) + rp(Ya(P)) — [%e &P YL (P) + rp(Wa(P))].
Then by direct calculation, we have

TH () - THO(x)
# # t 8 o 8 —0)  —
B Sy P f e PV HTE ()ds — f 0 e PO~ T ()
0 0

! Lﬁ _ Lﬁ ! Lﬁ _
= f e &P S)LB; pe S’Ptoxds+f e &P S)?(Tss(x))ds
1 ’ 1

0 0
tO ﬁ _ ﬁ _ —
N f (e e P _ Lo PUOTI\a s () 4.3.97)
0
t # t 4 0 1 (n—) —
= f eL&P g S)Li PeL&P 0 ds + f eLg’P ¢ S)Li P f eLg’P "0 T)7’(T§T(X))d‘rds+
tO ’ tO ’ 0
t ot
f e PR TH (0)ds
10
t oot
_ f eIt THO () 4 HTE (x))lds.
to ’

f

i L . . .
First note that ¢ &P is an analytic semigroup, so

I-LE p2eeP O < (020 = ck 2K,
? &

Observe that |7p(-, t)|W1,q is uniformly bounded on any bounded set in x# for any time period,
&

1
therefore (—Li P)ngto(l“) is bounded for any bounded set I' C xt, Again we use the fact that

l Lﬁ . _l C([_S)
I-Lf )2 P ™ < et 2e 2 1o obtain
b 8

—_ 1
T8 () - TR0 < c225, 43.98)

which implies the weak uniform continuity required in (HS).
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Therefore Wgsﬂ is locally invariant under Tﬁf. Note that Tﬁt(x) = Tgt(x) if the base point
#

P(x) is [-away from the boundary of QF, which implies that Wgs is locally invariant under Tgt.
Similarly, we can construct a center-unstable manifold Wg”ji for T'ﬁf. The manifolds Wgsji and
Wguﬂ are graphs over the stable bundle and unstable bundle, respectively, of Mg, both having
M

small Lipschitz constant. The intersection of these gives M, a locally invariant manifold for Tﬁt
in forward and backward time. Also, since /T/(-z is a graph over Mg it may be written as ‘I’g(ﬁk)
and ‘PE(P) - wﬂ(P) € X;’ p® XZ, p- Furthermore, since the original measure of non-invariance, 7,
is of order O(e_v_b“&), /Wi is in an O(e_v?é) neighborhood of ME in the Xﬁ(Wg’q) topology. Then,
by the injectivity of A%, there exists a locally invariant manifold Mg = ‘I’g(ﬁk) for TL, and /T/I}
is in an O(e_v?d) neighborhood of Mg in the Wﬁ"f sense. Also, from the fact that A% acting on
any function in its domain gives a function with mean-value zero, the mass of each state in W¢(P)
is g¢ forany P € QK. However, T is the semiflow generated by (4.3.44), where we modified the
nonlinearity 4. Notice that when ¢ is large, Wg’q is embedded into C%®, which indicates that /Wg

) —
is in an O(e_y?) neighborhood of Mg in the L™ sense. Therefore, M is locally invariant under

the semiflow generated by the original equation (4.3.4). In summary, we have the main result:

Theorem 4.3.11. For fixed 9, if € is sufficiently small, then there exists a Cm(ﬁk, X)(m only depends

on the smoothness of the nonlinearity and the boundary 0Q)) manifold /F\/(Vg = ‘Pg(ﬁk) which is
— S

locally invariant under the semiflow generated by (4.3.4). Furthermore, Mg lies in a O(e_v?)

neighborhood of Mg in the L™ N Wg’q sense.

Remark 4.3.12. 1. The proof of Theorem 4.2 and the parallel version of the center-unstable

manifolds in [19] indicates that Wz — ¢ € Cm(ﬁk, X) with bounded C™ norm, furthermore

_v .
Ve — wslc()(ﬁk’x) <Ce &, ;l_l’:’%) Ve — walcl(ﬁk’x) — 0. (4.3.99)
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2. Roughly speaking, Theorem 4.3.11 yields that multi-spike states exist until the spikes attach
to the boundary of the domain or they collide with each other . We will show in the next
section that the motion of each spike is exponentially slow, so multi-spike states exist for

very long positive and negative time.

4.4 Long time dynamics on Mg

So far, we constructed a locally invariant manifold Ms of interior multi-spike states for (4.3.4),
such that an interior multi-spike state maintains until a spike attaches to the boundary of the domain
or a collision between spikes occurs. Now we investigate the dynamics on Mg. By the invariance

of Mg, we have that for any P € §~2k there exists 75(P) such that
DY4(P) - (e75(P)) = ~A(E*A¥(P) — 1¥s(P) + h(¥(P))), (4.4.1)

where D means the derivative with respect to P and £7.(P) is the velocity vector of all spikes. Here

we include a factor of & with 7¢ to eliminate the é in our calculations generated by differentiating

¥,
Let
he(P) = We(P) — ye(P). (4.4.2)
Note that
\he(P)l -0 @kx) < Ce_v?(s, and ;2% \he(P)| -1 @kx — 0 (4.4.3)
Recall that y¢(P) = Wg p — H (Wg p), and rewrite (4.4.1) as
DY(P) - (87(P)) = (DYe(P) + Dhe(P)) - (£76(P)) = Lg phe + ¥e,p(x), (4.4.4)
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where

Ye.p = A(Re,p+&* AH(W p)—pH (W p)=(h(We, p—H (Wi p)+he(P)~h(We p) =1 (We, p)he(P))).
4.4.5)

It is clear that

e E . (4.4.6)

So far, we only know lirr%) IDES(P)IX — 0. In order to get a refined estimate for Iszg(P)IX, an
E—

1
expression for A 2hg(P) should be obtained from (4.3.52) by using the normal hyperbolicity.

Reducing the equation (4.3.52) to the invariant manifold /\7(1, we get

DYE(P) - (e7e(P)) = LE Jhe(P) +F (). 44.7)

Clearly,
Vo

g ¢
|y8’P(x)|Lg(Q) S [—,‘e &

Our purpose is to get an expression for Eg(P) without involving D‘I’E(P) - (et¢(P)), so we

consider the following decomposition

q _ vl v
Lg = XS,P @ leﬁ (P)Mg,
&£

M

&

where Ty MG = (D¥EP) -7 7 e R™ and X2, = (v € LAQ) : [vD¥EP) - rdx =

0 forany 7 € R}, The corresponding projection map H; p for X gi pis

Mt = 1 - D¥E(P)(Dykp) +TIC PDizﬁ(P))_lﬂg,p
(4.4.8)

= (1= 112 p)(1 - DRAPDykcP) + T pDHEP) T ).
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By (4.4.3), one can verify that H‘Jg- p 1s well-defined and uniformly bounded for any P and small

enough . Since Lg’p almost leaves each subspace Xg p @ =C8,U invariant, and leﬁ AA/(E 18
’ £
very close to Xg P> it is clear that there exists C > 0, independent of P and &, such that
(L) s 7Ny ;  <Ce (4.4.9)
’ Xg P@XZ’ pND(LE ) L(Xs’ pWe (Q)mD(L& p)
Applying H(JS' p t0(4.4.7) and using the fact that ﬁﬁ(P) € X p ® X} p, we have
Py =ik it 0 ). (4.4.10)
X3 p@XYt pND(L ) ;
By direct computation, one can check that for some C independent of P and &,
1 # ¢ v
|DH8,P|L(LZ) <C, |D78,P|Lg < Ee € .
Therefore, it follows immediately from (4.4.10) that
-4 _vo
IDhg(P)le’q <Cege ¢, 4.4.11)
which implies that
|Dhg(P)| < Cee % 4.4.12)
€ . 4.
&( wha = e (

We now derive an equation for 7 p. Since Mg is constructed with all points having equal

mass, one has fg DY (P)dx = 0. Then (4.4.1) can be rewritten as

((_ AN (DYe(P) + Dhe(P))) - (676(P)) = £2AWe(P) — tWe(P) + h(Po(P)) + pe a3

= As,Pila(P) + Ve, P>
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where p. = —|1§| fQ [szA‘I’g(P) —u¥o(P)+h(Ps(P))]dx is added to make the right hand side of mean

value zero as required by our definition of (—A)_1 and Ag pv := g2 Ay — uv+h (Ys(P))v and y, p =

~(Re,p+ EXAH(Wis p) — iH (W, p) = (W, p = H(Wg p) + hs(P)) = h(We p) = I (W, p)ie(P)) + e

As in Section 4.3.5, (—A)_1 acting on a mean-value zero function v is defined to be the mean-

value zero solution of —An = v with the homogeneous Neumann boundary condition. Note that
2 _Yé _yo

e“AYe(P) — p¥e(P) + h(Y(P)) = O(e”€), s0 ps = O(e™ &).

Recall that Y(P) = Xl1<i<k We,p; — H, so direct computation yields
Dys(P) = (~Vwep .+, ~Vwep,) = DH,

where V means the derivatives with respect to x. Write P = (py,---, px) and p; = (pi1,- -, Pin)>

then let

Offf = (=0 oDy Ve P =e Ve
_ <(_A)_1(8ijwg’pi _ 6153]), eVxmWe,p;) + ((—A)_l(qlg] + stiﬂT{ - stijilg), EVxmWe,pp)s

(4.4.14)

ij_ 1 _ 1 77 7
where g; = 9] fQ vang’pidx =0 fQ erl.]ﬂ-( - stl.jhgdx.
learly, ¢/ = O(e™ %) si H Pdx = (=2 : m
Clearly, g = O(e” €) since fQ eDjjH — &D;jhedx = O(e” & ). Before we estimate ®ij , We
prove the following lemma. Here we want to remind the readers that (:,-) is still the L% inner

product defined as (f, g) = fQ feedx.

Lemma 4.4.1. If f(x) : R" — R satisfies |f(x)| + |D;f(x)] < Kekix for any x € R", then

_ (DiHG) C
SN = len fon i 2 a=d < Tm

n _ 1 :
for any x € R", where ¢;, = n=2oon with wy,

the volume of the unit ball in R
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Proof. Let B, be the ball with radius r > 0 centered at origin. We write

f (Dif)(y) dy = f (Dif)(y) f (Dif)y) )0’)
——dy= | ———=dy+ dy
R7 |x — "2 Bg lx—yI"=2 RM\Bp X — )12

=Ip + Jp.

(4.4.15)

For fixed x and any y € R"\Bg with R large enough, we have

vl > |x =yl = |x],

lx —y| > R — |x]|.
It follows that

—lx=yl 00 K 1
gl < Kek f e—_zdy < Ket f e M rdr = —2MMem 2R L R~ |x)), (4.4.16)
R™M\Bg |x = yI" R—|x] k k

which indicates that

lim Jg = 0. (4.4.17)

R—o0

Write y = n+y;e; where 7 = 3 j4; yjej and e is the canonical basis of R". Then, with an integration

by parts, we have

f fVRz-"?'Z (DN +yie) |
I =
nl<R

JR2-2 I + yie; = x"~ 3

_ f f(n+ VR? —In%e)) A .
<R | + \R2 — [n2e; — xn=2 R? — |nl%e; — xI"~2 (4.4.18)
[2
+(n_2)f f R |77 f(n+yie))n + ye; — x) - eld
nl<R \/RZ 2 In + yie; — x|"

_ gja b
_IR+IR.
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Since |f(17 + yje;) < Ke *R and | + y;e; — x| > |R| — |x|, one has

—kR

n—1

and so

lim Iy = 0. (4.4.20)

R—

By direct computation, we have

|Ill$|:(n_2)|f Ma’ﬂ
BR

[y — "
(4.4.21)
<w-2 [ MO o [ O,
B ly — A1 R7 [y — x=1
Combining (4.4.17), (4.4.20) and (4.4.21), we have
| f Mdy| <n-2 [ T, (4.4.22)
R |x — y"~2 R |y — x]"~1

We now estimate fRﬂ L/ (|y)|

dy. We first consider the case |x| < 1. Since |y| > |x —y|—|x|, we have

—klyl
AL e
R |x — y[*=1 R |x =yl
—k|x—yl|
< Kok f £ __ay
R" |x =) (4.4.23)

—k|x—yl|

e

< Kek f = dy
R Jx — yr~]

klyl

where Cy = Ke kfRn T

dy. Assume now |x| > 1, let B,(x) be the ball centered at x with radius
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r, then write

f O f IO, f WO — v @404
R R

n|x -y By /a0 X = -l "\B)yy /2 () X = -l

We estimate

_ilx 1
I <Ke k2 f —_1dy
B|x|/2(x) |X—)’|n

X 1 kX
= wpKe k5 |i2| = Ewnquwe k> |x|—(n—1) (4.4.25)
< Clx~ D,
and
Xl (n—
1<y f FOldy
RI\Blyy/2(0)
x| (-
< (5™ f FO)ldy (4.4.26)
Rn
< Clx~=D),
Then, the desired result follows directly. O

Lemma 4.4.2. Assume Q C R" is a smooth bounded connected open set. Let ﬁz(Q) be the subset
of L2(Q) of the functions with mean-value zero. Then, for each f € L2, there is a unique solution

u with mean-value zero of the problem

Moreover, there exits a Neumann function (sometimes called second type of Green’s function)
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N QxQ\{(x,x): x € Q} — R such that
a(x) = (-0 Hx) = fQ N(x, y)f(y)dy. (4.4.27)
For n > 3, the Neumann function is of the form

N(x,y) = G(x,y) + ¢(x,y), (4.4.28)

=y 2"
n(n—2)wp

where G(x,y) = and ¢(x,y) : Q X Q — R is smooth.

Proof. One can find the proof of this Lemma in [85], where they construct an Neumann function

for n = 3. The same argument is valid in general.

Lemma 4.4.3.

Im _ ~* 2 +1 . .

@i'f—Cs +0("), ifi=1j=m,

Im _ +1 o .

@i’}l =0E"Y), ifi=1j#m, (4.4.29)

n+1

Im _ € o
®ij = 0(—5”_1 ), ifi#l
where C* is a positive constant defined below.

Proof. Since N(x,y) ~ |x — y|2_”, we have fQ fQ IN(x,y)ldydx < C. Combining this with the
T ~ . S
fact that quj, eriJ.?'( ,eD pl.jhg) = O(e_v?), it follows that we can ignore the contribution of these

terms. Therefore it is sufficient to estimate

L N(x,y)eV xjWe,p; WyeV y,, We,p,(X)dx. (4.4.30)
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—Dbi

Let V,w(x) = then one has SVx We,p; (ydy =V ]w( ). By Lemma 4.4.2, we have

y pl)

f N(x, y)eVx We,p;(y)dy = f N(x, »)V jw(

1 i
:cnf—_zv w(Z= p)dy+f¢(x MV
Qlx—y/"

= Iij + Jij-

(4.4.31)

Changing variables by setting y = £z + p;, we have

V w(z)
Iij = Cnng. x_pj—de
Ql | = l _Zln—

&

Vw(z \vJ W(Z)
= cnszf #dz—cnszf _.J—dz (4.4.32)

where Qé = {z: p; + ez € Q}. We estimate

IV jw()l IV jw()l
|Ilb| < Cn82f [7 x_]—dZ + Cn{;‘zf P x—pj—dz
/ RIMQLN| <1} |22 — =2 RMQEN T —gf> 1) |22 — =2
< Caze_y?a ! 2a’§ + Cnszf IV iw(z)ldz
el<1 1€ o>
)
= 0@ %).
(4.4.33)
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To estimate J;;, we write

Jij = f ¢(x,y)ij(y - pi)dy +f <f>(x,y)ij(y - pi)dy
Botrp) € Q\Bj (p;) £

p) 2 (4.4.34)

_ qa b
—Jl.j+Jl.j.

Since V jw(x) is odd in x;, we have fBé () \Y jw(y_Tm)dy = 0. It follows that
2

e = f (@06, 2+ pi) = $(x, p)V ()]
Bs(0) €
2

_Cle
<C |zle” & dz
Bs© (4.4.35)
0
= Cnw,e"*! 2 sheCSds
0
< C58n+1.
Also, one can estimate
_Yo ¥
|Jl?7j| <Ce & fg |p(x, y)ldy = O(e” €). (4.4.36)

Let Nj(x) = [, N(x, VeV We,p,(dy = Joy NG, )V jw(EEE)dy. For i # I, recall that |p; — p| > 6
and d(p;, 0QQ) > g, therefore, for any x € Bs(p;), we have |x—p;| > % From this and using Lemma
2

4.4.1, we have
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| f Ni,-(xwmw(x_p’)dﬂ
Q

x —
< N3V mw(—L i + | f N () V(L]
Bs(pp Q\Bs(pp) €
2 2

o Bs(pp)
2

_Yé
f IN; j(x)ldx
Q\B§(p))
2

(4.4.37)
C 6
< —_182”“ L Ce 5 ( f IN;j(x)ldx + f IN; j(x)ldx
o" Bs(pj) Q\(B5(pPUB s (p))
2 2 2
< LI S B S L SR S|
511—1 on— 1
2n+1
E
= O on—1 )-
Fori =1, j # m, we start with
| f Ny Vmw(—ydx < | f 1 Vmw(—dx + | fg b+ 7
a
+ | fg Jl.j
Since Il?’j(x + pi) is odd in x; and Vj,,w is odd in x,,, we have
|f1a x| = I w(e—2! f I
Bs(pp) € Q\Bs (pj)
2 2
=| 199 (=L )y (4.4.38)
o\Bs(py ! &
2
< C8n+1 o vo
5n—1
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One can also easily check that

- 0
|f(15’-+15’~)v 2= Phiy < CeF ",
o i e
(4.4.39)
Therefore, we have for i = [, j # m,
f Ni () Vmw(—Lhdx = 02", (4.4.40)
Q E

Finally, we consider the case i = [, j = m. We write

. (X" Piy g ayg ... X" Di b, by . X Pi
LN,](x)V]w( . )a’x—fglijV]w( . )dx"'fg(lij"'Jij)VJW( )dx

& (4.4.41)

xX—pi
+ ‘fQJ?jij(T)dx.

We compute

f I8V jw w(—Llygx = f I8V jw w( =Py 4 f I8V jw w—Phax.  (4.4.42)
Bs(pp) € Q\Bs(p)) €
2 2

One can check by direct computation that

iw(zZ
f 14V jw f f ’ @ szw
Bs(p)) B(S(pl Rnl -

2
_ n+2f f szjw(y)dy (4.4.43)
35(0) R |y—z|n 2

— C*8n+2’

X
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W@

where C* = ¢, fB 6 ) fRn - ———5dzV jw(y)dy. Also we have

|f(1” +J”)V

a
IfQJ,]V, (

Then the desired result follows directly.

Taking the inner product of (4.4.13) with —ijwg, i fori=1,---

linear system consisting of nk equations which can be written as

where

11

1n
O11

k1
O11

kn
| ()11

Oc,p - Te,p =lep,

1n

@171

1n

1n

()kn

1n

2n+1

kl

1n
Okl

k1
Okl

kn
Okl

,kand j=1,---

kn

1n
()kn

kn

kn
()kn ]

(4.4.44)

,n, we get a

(4.4.45)



and

(Ng,phe(P) + Y5, p, —&Vx We py )

<A8’Pilg(P) + 78,P’ _8Vong,pl>

<Ag,Pl~18(P) + Ve, P> _val Ws,pk>

i <A8,Pil8(P) + Ve, P> _vanws,pk> ]

0
Since A p is self-adjoint and y. p = O(e_v?), one immediately has
_vo
I'gp=0( &)

By Lemma (4.4.3), one finds that ®, p is a diagonally dominant matrix, which implies that

O, p is invertible. Thus 7. p can be expressed as
Tep = (@cp) 'Tep, (4.4.46)
and so
()
[re(P)| = O(e72¢™ % ). (4.4.47)

Remark 4.4.4. Once the matrix ®, p has been computed, equation (4.4.46) determines the com-
plete dynamics of the spikes on the invariant manifold. Although entries of I'; p may have different
exponential rates, each entry of the matrix @ p is of order £ to some power, therefore ©, p mixes

all the entries of I'; p together, which yields that the interior multi-spike dynamics of the Cahn-
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Hilliard equation has a global character where not only the closest spikes interact but each spike

interacts with all the others and with the boundary.
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