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ABSTRACT

ON OFTIMAL FIELDS FOR DIFFERENTIAL GAMES

by John Walter Wirgate

The study of differential games 1s the study of game
theory as applied to processes cf the *ype cconsidered in
optimal control theory. Almcst all differential games
studied have been two-person zero-sum games, This is due
partly to limitations in general game thecry ard partly tc
the type of differential games mcst cften studied--purscir-
evasion games.

The process in a differential game is mcdeled by vecrcr

differential equations

S

=f (t, x, u, v) i1

where the independent variable t is called the time, Xx the
state, and u and v are cailed ccnrtrcl variables. These
variables, u and v, are chosen by two cpposing players, cne
of whom wishes to maximize and the other to minimize a

functional

J =K (ty, x(tl)) + L (t, x{(rt), u't), v(t))dt (2)

which depends on a solution to (1) cn a time interval

t. St = ¢t The initial peint (t,, x(rg)) 1is in a regicn F

0 1°

in tx-space, while the terminal pcint (t x(tl)) belongs tc

l’
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a set T which may be taken to be part cf the boundary of

F. Functions U(t,x) and V(t,x) which give choices c¢f the
control variables u and v to use at each pocint of the
region F are called strategies. Given a pair cf strategies
and an initial point in F, the payoff (2) is determined.

In an optimal field one assumes thaf there exist
strategies U and V optimal in some sense (this sense being
specified for a particular type of optimal field) and a
value function W, also defined on F. The value function
is closely related to the payoff functional {2). The
optimal strategies in an optimal field are taken to be
plecewise continuous and have piecewise continucus first
partial derivatives. The value function is assumed fo be
continuous and have pilecewlse continuous first partisal
derivatives.

Two types of optimal fields are ccnsidered: c¢ne cf
which requires the value function to satisfy a saddle-point
condition, and the other of which requires the value
function to satisfy a maximin (or, alternatively, a
minimax) condition. The saddle-point condition is the more
stringent requirement. It corresponds to a sclufion to the
differential game in pure strategies (that is, thcse chcsen
directly by the player, without the assistance of a randcm
device). The maximin or minimax optimal fields are
applicable to differential games which do nct have soluticns

of this type.
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The results obtained are extensions of optimal field
and Hamilton-Jacobi theory for optimal control problems.
The extension is to fields defined by saddle-point con-
ditions and to flelds defined by maximin conditions.
Several useful discontinuity conditions, distinguished by
the behavior of the optimal trajectories in the neighbor-

hood of the discontinuity, are also obtained.
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I. INTRODUCTION

1.1 Game Theory, Optimal Control Theory,
and Differentlial Games

The theory of differential games brings together two
originally separate branches of applied mathematics--the
theory of games and optimal control theory. It draws on
1deas and concepts from both of these flelds.

Game theory had its origins in the work of von Neumann
who wrote a ploneering article in 1928 [30]. During the
Second World War he wrote, in collaboration with Morgenstern,

the classic book on the subject, Theory of Games and

Economic Behavior [31]. Almost all later workers take as

a basls the theory developed b& von Neumann and Morgenstern.
A game 1s a situation in which several persons make
decisions. The essential feature of a game is that these
decisions must be made on the basls of conflicting
interests. (One could consider a game in which the
decision makers have completely parallel interests as a
degenerate case.) A game must have well-defined outcomes
which depend on the declsions made and perhaps on chance
factors. Each of the players (the decision-makers)
evaluates these outcomes according to some criterion. 1In
general, the players will not agree in theilr evaluations;

this 1s the source of conflict. Normally the evaluation



assigns a real number to each outcome of the game. If a
player prefers outcomes with higher numerical values, the
evaluation 1s called his payoff; 1f he prefers lower
numerical values, the term used is cost. Games are
usually presented in terms of payoffs rather than in
terms of costs. The decisions made by the players, and
perhaps chance occurrences, determine the outcome of the
game, and hence the payoffs. No one player controls the
game completely. In general his payoff is as much deter-
mined by the actions of the other players as by his own.
Game theory addresses itself to the problem of prescribing,
in some fashion, rational behavior under those circum-
stances.

Most games are defined by a set of rules. The rules
prescribe the structure of the game, the manner in which 1t
is played, which player must make a decision at any par-
ticular stage of the game, the informatioﬁ avallable to
this player--in fact everything but the actual choices
made by the players (and by chance). Games which are

described in this manner are said to be in extensive form.

After a long careful development, von Neumann and Morgen-
stern glve a precise, axiomatic definition of a game 1n
extensive form [31, section 10]. In a game in extensive
form, a plan detailing what cholce to make, on . the basis
of the available information, under every situation which

could arise, is called a strategy. If each player chooses



a strategy, the course and outcome of the game are deter-
mined, except for chance effects. These chance effects
can be elimlnated by consldering the expected values of
the payoffs instead of the payoffs themselves. An equiva-
lent game can be generated in which each player makes one
cholce only, from the set of all strategies avalilable to
him, in complete ignorance of the particular cholces of
the other players. He will, however, be aware of the
strategles available to the others (through knowing the
rules of the game, for instance). This equivalent game 1is

in the normalized form. More precisely, a game for N

players in normalized form consists of:

N sets of strategies S 1i=1, ..., N;

i’

N real-valued payoff functions Pi’ i=1, ..., N,

with the domain of each of these functions being

Each player chooses independently a strategy from his

set of strétegies. If s are the strategles

l’ 82’ ‘..’ SN
chosen, s = (sl, S5 eees sN) is the corresponding point in
S, and Pi(s) gives the (expected value of the) payoff to

the 1th

player corresponding to the play of the game in which
these strategies are used.
Each of the two formulations has 1its advantages: the

normalized form is most useful when considering features



common to all games, and the extensive form emphasizes the
peculiarities of individual games.

A satisfactory solution theory does not exist for
general games. One does exist for certain types of two-

person zero-sum games. A zero-sum game 1s one in which

H ™=

Pi(s) = 0 for all seS.
=1

An N-ﬁerson game whilch 1s not a zero-sum game can be made

into one by adding another player who has the payoff

P

N+l(s) Pi(S).

™M=

=1

The set of strategies for this player, S i1s, of course,

N+1
empty. N-person games are generally studled by dividing
the players into two coalitions and considering the
resulting two-person games for various divisions of this
sort. It can be seen then that the theory of two-person
zero-sum games plays a large part in the theory of games
as a whole.

The basic 1dea behind the solution to a two-person
zero-sum game 1is guaranteed payoff. If the first player

chooses a strategy s, his payoff could be as little as

1

zigs Pl (sl,,s2).
2 2



However, by choosing his strategy to be §i, the maximin

strategy, where

min P. (§,,S,) = max min P, (s, s,) =w
s2eS2 1 172 S,€3 S,€S 1 1,72 ’

1771 2-72
he can guarantee that his payoff will be at least w.
Likewlise the second player can guarantee that his payoff

i1s at least

max min P, (s,,s.) ==min max P, (8.,8.)= - W.
2 1272 1 122
s2e82 sleSl 32582 slesl

In Chapter II it is shown that y < w. If w = w, the first
player can gain, and the second player can lose, neither
more nor less than w, provided both players use their
maximin strategles. In this case, the solution consists

of the maximin strategies, El, s

> and the payoff P, (31,52),

called the value of the game.

If EL<W; in certain types of two-person zero-sum
games, such as those in which both players have a finite
number of strategles, the sets of strategles can be
extended in such a way that with respect to the extended
strategies the game has a solution. Usually one considers
the set of probability distributions over the original set
of strategles (called pure strategles) as the extended set
of strategles (called mixed strategles). Every two-person

zero-sum game in which each player has a finlite number



of strategies has a solution 1n mixed strategies. This
resﬁlt was first obtained by von Neumann [30].

Game theory is only one of the two areas which con-
verge in differential games. The other 1s optimal control
theory.

Optimal control theory 1s concerned with finding a
maximum or a minimum (usually a minimum) of a functional
such as

ty

K (ty, x(£,)) + J L (t, x(t), u(t)) dt,

o

where x(t) and u(t) satisfy the differential equation

dx

3t = f (t, x, u).

The points (to, x(to)) and (tl, x(tl)) are constrained
by boundary conditions and the functions u must belong to
a certain class of functions (such as measurable functions,
or plecewise continuous functions) and must satisfy certain
constraints. Optimal control problems can be translated
into problems in the Calculus of Variations, and optimal
control theory developed by interpreting variational
theory. This has been done, for example, by Hestenes [15]
and Berkovitz [1]. Alternatively, the theory can be
developed more or less independently of Calculus of Vari-

ations as 1t is usually formulated. This 1s the approach



taken by Pontryagin and his colleagues in the Soviet Union
[36]. In recent years optimal control theory has expanded
rapidly.

From the point of view of game theory an optimal con-
trol problem is a one player game. If additional players
are added to problems to this type, a differential game
results.

A differential game is a game in extensive form, or
rather a family of such games indexed by points (initial
conditions for the differential equations) in a region F
to tx-space. Instead of having a single value (if the game

has a solution), the game has a value function whose domain

is this region; that 1s, the game associated with the point
(t, x) has the value W(t, x). A play of a differential game
evolves as a process continuous in time modeled by a system
of differential equations in which certain parameters,

called the control variables, are chosen by the players.

The solution to the system of differential equations 1s a
curve lying in the region F, and the transition between
points on this curve provides the link between members of
the family of games. The players receive payoffs which
are functlonals of the solution to the differential
equations and of the control variables. These functionals
are of the same type as those considered for performance

criteria in optimal control theory.



For reasons which have been mentioned previously,
almost all differential games studied have been two-person
zero-sum games. The differentlal games covered in the
succeeding chapters are all two-person zero-sum games.
Accordingly, only one payoff functional is introduced,
and the concepts of maximin points and equilibrium points
are discussed with respect to this single payoff. This
is not an 1mportant restriction since most of the solution
concepts for general games rely on equilibrium points or
maximin points of the type considered [14, 26, 29, 43].
The appropriate modifications for more general games
readlily suggest themselves.

The study of differential games was 1nitiated by
Isaacs in a series of Rand reports [19]. These were
later collected with additional material and published as
a book [20]. Differential games were treated in a series

of articles in the Contributions to the Theory of Games,

volume III by Fleming [7], Scarf [42], and Berkovitz and
Fleming [5]. Berkovitz, in later articles [2, 3] in 1964
and 1967 entended the class of games covered. His approach
is to show that under certain restrictions on the types

of discontinuity allowed in the controls that the differ-
ential game has an assocliated optimal field. 1In this
thesls, such optimal fields are considered per se, and the
necessary conditions obtalned for these fields can be

applied to any differential game which has an associated



optimal field, whether or not it satisfies the discon-
tinulty conditions of Berkovitz. These optimal fields are
an extension of the type of optimal field considered by
Hestenes for optimal control problems [16].

Differential games can be approximated by difference
games. Fleming [8, 9] has investigated conditions under
which the solutions to a sequence of approximating games
converge to the solution of the differential game.
Meschler [27] has used a method based on Fleming's work
to compute the solution to a specific differentlal game.

Many of the differential games studied have been
pursult-evasion games, in which one controlled object
pursues another controlled object taking evasive action.
Most of the work done 1in the Soviet Union has dealt with
pursuilt games. Kelendzheridze, in an article [21], and
also in a section of the well-known book by Pontryagin
et al. [36], considered a class of pursuit-evasion games.
His work was followed by further developments by Pontryagin
(37, 38], Petrosyan [82, 33, 34, 35] and others [23, 24,
25]. A differential pursult game of prescribed duration
was studied by Ho, Bryson and Baron [18] to illustrate
conjugate point conditions and the use of the matrix
Ricattil equation in differential games. Since 1in most
cases in pursuilt games, the capture will occur on the
boundaries of the attainable sets for the pursulng and

evading objects, it is useful, as in optimal control
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theory, to study boundary arcs in differential games. This
has been done by Guinn [13]. More general (i.e., those

not necessarily involving differential equations) pursuit
games have been studied by Zigba [47, 48], Mycielski [28],
Ryll-Nardzewski [40] and Varaiya [46].

Differential games have also been studied in con-
nection with minimax problems in optimal control [10, 11,
12, 22], and with optimal control problems involving
uncertainty [39, 41]. In the latter case it would seem
useful to consider one of the players, "Nature," as being
indifferent to the outcome. In such a two-person nonzero-
sum game the payoff to Nature may be taken to be a con-
stant functlon--say zero. Optimal control problems of
this type are problems of guaranteed performance rather
than problems requiring a saddle-point for a solution.
Thils- also appears to be the approach taken by Pontryagiln
[37, 38], and Krasovskiil, Repin and Tret'yakov [25] to
pursult problems.

Optimal fields can be defined for such problems
also, even when a saddle-point does not exist. This is
done 1in Chapter IV of this thesis. As was mentioned
previously, the optimal field theory presented in Chapter
III is closely related to the work of Berkovitz [3] and
i1s a direct extension of the optimal field theory used by
Hestenes [16]. The optimal fields are studied by them-

selves without direct reference to a differential game.
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However, to apply to a differential game the optimal
strategies for the field must be the optimal strateglies for
a differentlial game--that is they must be functions with
domain F giving the optimal control at each point (t, x)
of F. Also the value function for the field must be the
value function for the game. This game must have the

same integral payoff functional and satisfy the same con-
straints as those used in the optimal field. Berkovitz
[3] obtains conditions equivalent to the existence of an
optimal field when the optimal strategies satisfy certain
conditions on the form of their discontinuities. Other
strategies, however, need not satisfy these conditions.
The discontinuity conditions are not needed, if one starts
with the optimal field rather than with the differential
game.

An excellent overview of differential games 1is the
survey paper by Simakova appearing in Automation and Remote
Control [44]. 1In the article she pays particular attention
to the work of Isaacs [20], the convergence theory of
Fleming [8, 9], and the pursuit games considered by
Pontryagin [37, 38].

The second chapter of this thesis presents a defini-
tion of a differential game with discussions of the con-
cepts introduced in the definition, and considers the
solution of a differential game in terms of maximin points
and equilibrium points (which are saddle-points in two-

person zero-sum games). In the third chapter, after
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a preliminary section introducing optimal fields for
control problems (following Hestenes [16]), optimal fields
for saddle-points are defined and necessary conditions for
such fields are derived. In the fourth chapter, a similar
procedure 1s carried out when one of the optimal strategles
is a maximin strategy and the other 1s a strategy which
minimizes the payoff when this maximin strategy 1s used.
In the chapter following this one, transversality condi-
tions and several conditions applicable to discontinuities
in the strategles are obtained. Hestenes [16] does not
consider optimal fields with discontinuous strategies.
Strategies which are pilecewise continuous and have plece-
wise continuous derivatives are considered in Chapters
III, IV and V. This represents an extension of Hestenes'
work. Berkovitz [3] considers games with saddle-points.
Consequently, many of the theorems in Chapter III are
similar to theorems obtained by him under somewhat dif-
ferent hypotheses. He does not however consider maximin
strateglies apart from saddle points. Nor, in connection
with optimal fields, does anyone else. The results in
Chapter IV, are, to the author's knowledge, new, and
similar results have not appeared elsewhere, Some of the
conditions in Chapter V were obtained by Berkovitz; others
are new.

The next section of this chapter contains several

definitions and theorems on differential equations.
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1.2 Auxiliary Theorems

The definition of a plecewise continuous function of
a scalar variable is well-known. Perhaps not so well-
known 1s a definition applicable to functions defined on
a region X of points x in E"'. The definition follows that
of Berkovitz [3] and is based on a decomposition of the

region X.

Definition: A decomposition of a reglon X is a

finite collection of subregions {gf“)} such that

) Ux™ - x
o

(111) each L(a) is connected and has a plecewise

smooth boundary.

By a plecewlse smooth boundary it is meant that the boundary
consists of the union of the closures of a finite number of
(n-1)-dimensional manifolds each of which can be described
parametrically by equations of the form (where x 1is a

point of one of these manifolds):

x = X(a), a € A, a region in En-l,

where the function X is C(l) on A.
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Definition: A real-valued function g defined on X

1s plecewise continuous on X 1f there exists a decomposition

{L(a)} of X such that for each a there 1is a continuous

function g(a) defined on E[aj for which

g(x) = g (x), xex*).

The function g is piecewilse C(m) if the functlons g(a) are

C(m) on the &}aj

If g 1s a vector function with real-valued components

it is plecewise C(m)

if there is a decomposition of X for
which each component satisfies the above definition. If
81s 85 + - - gp are several vector or scalar functions

with the domain X, the C(m)—decomposition assoclated with

(0-)}

these functions {X 1s the "coarsest" decomposition
for which each component of these functions satisfles the
above definition. By "coarsest" it 1s meant that any other
decomposition contains a decomposition of at least one of
the x®),

The following Lagrange multiplier rule is Theorem 10.1

of Chapter 1 of Calculus of Varlations and Optimal Control

Theory by M. R. Hestenes [16]. The statement has been
slightly modified.
Consider the minimization of a function f on a set

S of polnts u in Eq. The set S 1s defined by the relations
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% (u) =0 o

1, ..., m'
(1.2.1)

%(u) =0 a=m'"+1, ..., m

Let u, afford a local minimum to f on S. It 1s assumed
that f and ¢? oa=1, ..., m, are continuous on a neighbor-
hood of U, and are differentiable at Ug - Further 1if
¢a(u0) < 0 for some particular o, this strict inequality

holds on a neighborhood of u, and thus does not locally

0
constrain the points u. Therefore at Ugs the set S 1s
locally determined by those o for which ¢a(u0) = 0. It is
assumed in the theorem that thils holds for o =1, ..., m.

The theorem 1s stated without proof.

Theorem 1.1

Let U afford a local minimum to f on S, and suppose

that the matrix

a a
Jﬁ(- (ug) (1.2.2)

u

has rank m. Then there exist unique multipliers

Al, cees Am, with Aazo for «a =1, ..., m', such that
Fuk (U.O) = O’ k = l, e o0y q’ (102.3)
where

cQ
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1r ¢° (uo) < 0 for some a , one could include this
constraint in F by defining the corresponding multiplier AE

to be zero. 1In this way one obtains the corollary:

Corollary
Suppose that at ug, 6% (ug) = 0 for r S m indices o,

Then if the matrix (1:.:2.2) has rank r where the index a runs
over those o for which ¢a (uo) = 0, the conclusions of the

theorem hold, and in additilon

Ay 6% (uo) = 0, o not summed. (1.2.4)

Theorem 1.2

Suppose £, ¢1, ceey ¢m are real-valued functions on

a region R of points (x,u) = xl, ...,-xp, ul, cees u). The

functions f, ¢a, fuk and <ﬁ1k are continuous on R. Let_ﬁ0

be the set of points satisfying the relatlons

o
¢ (x,u) *0 a=1, ..., m'

(1.2.5)

¢
¢ (x,u) =0 a=m"+ 1, ..., m.

Let aJ, J =1, ..., r be the indices a for which
o% (x,u) = 0, (These indices need not be the same for each

point (x,u)). It is assumed that the matrix

8¢a (x,u) @ =a,, J =1, .o, r;
ko ' J (1.2.6)
k=1, ..., q
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has rank r at each point (x,u) of R,. Let X be a set con-
tained in the projection of 50 into x-space, and let U be
a plecewise continuous function with domain X for which

(x, U(x))ego whenever xeX, with the property that
f(x, U(x)) £ f(x,u),xeX, (x,u)ego. (1.2.7)

Then there exists a unique set of multipliers

Ay (x), xeX, a =1, ..., m, (1.2.8)
such that 1f one makes the definition

F(xyu,X) = f(x,u) + Aa¢a(x,u)
then

Fu(x, U(x), x(x)) = 0, xeX (1.2.9)
Further, for o =1, ..., m'

A (x) 2 0, xeX

and (1.2.10)

0 whenever ¢a(x, U(x)) < 0,

]

AG(X)

The multipliers Aa are plecewise continuous on X and are
continuous at each point of continuity of U.

Proof.--The exlstence and unlqueness of the multi-
pliers Aa(x) at each point x of X follow from the rank
properties of the matrix (1.2.6) and the Lagrange multi-
plier rule, Theorem 1.1, and its corollary. This theorem

also gives the sign properties (1.2.10).
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The continuity properties of the multipliers remain
to be proved. To do this let X be a point of X and let
u = U(x). If X is a point of discontinuity of U, one of
the limiting values can be chosen. Let Ops cees O be

the values of a for which
% (X,7) = 0

There 1s a subset of X containing X on which U and hence
¢* (X, U(X)) are continuous. This subset can be restricted

to a set N containing X such that
o® (x, U(X)) < 0, xeN, 8 # ay, 3 =1, ceu, T

This gives

XB(x) = 0 xeN, B # aj, J =1, «v., .

Define
o
k 3% - —
Ay = ;ii-(x,u), J=1, s,y k=1, il
u
Then
6%(x) A¥ | # 0 o = a oy =1 r, (1.2.11)
k J 12 o I"; s sy Iy o2

- a
at the point x, where ¢ﬁ (x) = ¢uk (x, U(x)).
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The determinant in (1.2.11]) is continuous in x on N. Con-

sequently, N can be diminished so that (1.2.11) holds on N
Setting

fk(x) = fuk(x, U(x)),

one obtains

Fok(x, Ux), A(x)) = £ (x) + A (x) ¢, (x) = 0, xeN.
Since

Aa(x) = 0 when ¢a(x, U(x)) 0,

Fuk(x, U(x), rx(x)) = fk(x) + xai(x)¢;i(x) =0 on N,

Multiplying by A?

gives

k

fk(x) Aj

+ Agy (X)L (x) A? = 0, xeN.

a
Since the matrix [¢ki(x)A?] is nonsingular on N, these

equations can be solved uniquely for the multipliers A (x).
Furthermore, if f ., ¢3k and U are of class C(n)on N, the
u
(n)

Aai are also of class C . In particular, it follows
that the multipliers Aa have the stated continuity proper-
ties.

Thls theorem 1s an extension of the theorem given by

Hestenes in [16; Theorem 4.1 of chapter 5], which covered

the case of x a scalar.
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Theorem 1.3

Suppose that the hypotheses of Theorem 1.2 are
modified so that the functions f and fuk, k=1, ..., q,
are continuous in u and plecewlse continuous in x on R.
Associated with these plecewlse continuous functions there
1s a decomposition of R and also a decomposition of the
set X introduced in the previous theorem, {X,}, such that
f and fuk are continuous in x on each set of these decom-
positions. To denote. the functions continuous in x on z&

which agree with f and fuk on gi, one may use f(i) and

(1)
£k

Then multipliers A, exist with the properties stated

in theorem 1.2 provided that a point X on the common

boundary of X; and gd one defines F(X,u,)A) to be either

s (@) + A 6% (E u)

(1.2.12)
or

AR RN NI ARRAIC RS

whe re Aéi) and xé‘” are the limiting values of A, at X

from X, and X. respectively. The multipliers Aa are con-

1 =J
tinuous at each point of continuity in x of U, f, and fk-
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Proof
One may apply Theorem 1.2 directly to the case where

X is replaced by Z&, f by f(i) and f k by fék) for each

Ei in the decomposition of X. Since the resulting multi-

pliers Aéi) are plecewlse continuous on zi they can be

comblined to form plecewlse continuous functions on the

set X. This method of combination requires the 1interpre-

tation (1.2.12) at points of discontinuity of f and fuk.
Some of the theorems in Chapters III and IV make

use of exlstence, embedding and differentiability theorems

for differential equations. The following theorems are

taken without proof from the appendix to Hestenes' Calculus

of Variations and Optimal Control Theory [16]. The

hypotheses are weaker than are requlred for the applications
in the later chapters. Similar theorems with stronger
hypotheses can be found in Bliss [6] and any differential
equations text.

The differential equations, in vector form are

x = f(t,x,\), (1.2.13)

where x is a vector in n-dimensional euclidean space QF,
X = dx/dt, and X is an element of a normed linear space.

For example, A may be a control function

IA
o

u: u(t), a st

with the norm ||u|| = sup | u(t)| on a £t S b. However,

the parameter A is not restricted to control functions.
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Although the results are independent of the norm

used, it 1s convenient to consider the norm
’ i=1’ ...’ n.

with this norm, a &- neighborhood of a point (a,B) in

tx-space is

{(t,x) |t-a|<8 and |x-B]|<6}

Hypotheses

It 1s assumed that the real-valued functions fi in

the differential equations (1.2.13) are defined for all
(t,x) in a region F of tx-space and X in a subset of a A
of a normed linear space.

Moreover, to each (a,B)e& F, assume there is a
constant § and two integrable functions M(t), K(t) such
that

1. the é-neighborhood of (a,B) is in F;

2. For each x in the 6-neighborhood 86 of B and

for each AeA, the functions fi(t,x,x) are
measurable in t on the d§-neighborhood as of a

and satisfy
| £(t,x,\) | S M(t) (1.2.14).

on os. Thus f(t,x,\) is integrable on

a=86 < t < a + 8§ for each x 1n BG and A 1in A;
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3. For each x and y in 36 and each A 1n A, the

inequality

| £(t,x,A)=F(t,y,A)] S K(t) | x-y | (1.2.15)

holds on aa;
4, For each x in 86 and AO in A

a+s

ii?o | £(t,x,0)-(t,x,44)] dt = 0. (1.2.16)

o=-6

Lemma
Let S be a compact subset of F which 1s convex in x.
Then there 1s a §-neighborhood Sg of S in F and integrable

functions M(t), K(t) such that
|£(t,x,A) | = M(t) (1.2.17a)

| £(t,x,\)=f(t,y,A)| S K(t) | x=y | (1.2.17b)

hold for all points (t,x), (t,y) in S; and all AeA.

$
In the following theorem S 1s a compact subset of F convex
in x. M, K and § are related to S as described in the

previous lemma.

Theorem 1.4

There exists a constant p>0 with p<§ such that to
each point (a,8) in S and XA in A there exists a unique

solution



24

x(t,0,B,A), a-p st <a+op
of the initial value problem

dx

= £(t,x,0), x(a) = 8.

The function x(t,a,B,A) 1s a continuous function of its

arguments on the set

|t-a| < p, (a,B) € S, Aeh

Let ko be a fixed element of A and let

x: x(t), astsb

be a solution of the differential equatilons

al%

= f(t,x,ko). (1.2.18)

Thls solution must lie in F. The closure S of an e-
nelghborhood of the points (t, x(t)) of the arc x is in F.
The Lemma and Theorem 1.4 can be applied to this set S.
Using the existence theorem, the function x(t) can be

extended uniquely so as to satisfy (1.2.18) on a~p&t£b+p,

where pSe . Define

b+p
G(x,A,1g) = | £CE,x(t),A) = £(t,x(t),Aq) | dt.

a=p



<>
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One can establish the following embedding theorem.

Theorem 1.5

There is a positive number o such that through each

point (a,B) satisfying with A
a-pLo€b+p, |B-x(a)| < o, lx—xol <o (1.2.19)

there passes a unique solution
y(t,a,B,1), a-pstsSb+p,
of the equations

dx

3T = f(t,x,A)

containing the arc x for astsb, Ai=A,, B=x(a).

The function y 1s continuous in its arguments.

There 1s a constant C such that

|y (t,0,8,0) = x(t)| = C [B=x(a)| + CG(x,X,},)

on a-pgt€b+p. Moreover if (a',B',A') 1s on the set
(1.2.19), this inequality holds if x(t) 1s replaced by

y(t,a',B',A'") and A, by A'. In addition

0
o
|B-y(a,a',8',A")| < |[B-B' | + | M(s)ds |

ot
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Linear differential equations

i
% - Aj(t) xJ + vice)

or

X = AX + V

where A§ and vi are integrable on an interval a%tsb have
unique solutions, on this interval through each point

(a,B8) with agagb and BeE". If Al and v! are extended so

J
that they are integrable on the real line -«<t<eo, by
defining them to be zero outside [a,b] for example, these
solutlons exist and are unique on -®<t<e,
Suppose now that Hypotheslis 3 1s replaced by:
3a. At each point (t,x) in the S-neighborhood of (a,B) and
for each XeA, the partial derivatives fixj(t,x,x) exlst

and satisfy

lfixj(t,x,x) | = K(t). (1.2.20)

It 1s easily seen that thlis hypothesis implies the original
hypothesis 3 with K(t) replaced by nK(t).
With this hypotheslis the following differentiability

theorem can be obtained.
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Theorem 1.6

Under the addltional hypothesis 3a, the solution
y(t,o,B,A) a-pst€b+p

of the equations x = f(t,x,A) 1s differentiable with

respect to B1 at each point (t,a,8,)) on the set
a-pSt&b+p, a-psosb+p, |[B-x(a)| < o IA-AO|<0 (1.2.21)

and is differentiable with respect to a at each point
(t,a,B,A) on this set at which y(t,a,B,\) exists.

Moreover, the determinant

oy (t,a,8,0) | 4 g
389

on the interval a-pstsb+p.

One may also note that on the set (1.2.21)

y(a,a,B,A) = B and the matrix

ay(agg,B,X) = I, the identity.

The theorems quoted are Lemma 2.1, Theorem 3.1, Theorem 4.1,

and Theorem 7.1 of [16, appendix].



II. DEFINITIONS AND SOLUTION CONCEPTS FOR

DIFFERENTIAL GAMES

2.1 Definition of a Differentlial Game

Playing Space

Unless otherwise stated, x 1s a vector in n-
dimensional euclldean space, Q?, u is a vector in EP,
and v is a vector 1n g?. Two regions are also consldered.
The first, R, 1s a region in the (l+n+p+q)-dimensional
space of points (t,x,u,v), and the second, F is a region

of points (t,x) in En+l. In later sections other regions

wlll be defined as they are needed. It 1s assumed that
the region F 1s contained in the projection of R into

tx-space. F 1s known as the playing space, for it 1is 1n

this region that the solution curves of the differential
equations introduced below lie, and this region is the
domain of the value function and the strategy functions.
The scalar t is called time. The vector x 1s known
as the state, a quantity which characterizes the process
which 1s under the competing control of the two players.
The time derivative of the state is given explicitly by
the differential equations modeling the process. One of
the players, henceforth called player One has the varilable

u at his disposal. Likewise, player Two controls v. The

28
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vectors u and v are consequently called the control

variables.

Differential Equations

The game proceeds 1in accordance with a system of
differential equations

1 2 1 2
ar= fi(t,x ,X ,...,Xn,ul,u2,...,up,v ’v ...,Vq)

1=l,2,ooo,n (2.1.16.)

where the fi are real-valued continuous functions with
domain R. These differential equations may be expressed

in the vector form

»

Xx = f(t,x,u,v) (2.1.1b)

The history of choices made by the first player over a

time-interval is a vector function u of time t, tostitl.
Player Two likewise chooses a function v. A solution of
(2.1.1) together with the functions u and v is called an

arc. JSpecifically, a differentiably admissible arc is the

entity

x: x(t), u(t), v(t), toﬁtstl

where x 1s a solution of (2.1.1) with the control
functions u and v, which are required to be piecewise

contlinuous functions of t.
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Since the hypotheses to some theorems are more
restrictive than for others, differentiability conditions
for the functions fi are not stated here but are intro-

duced as needed.

Initial Condition

The initial condition is a point (to,xo) in the
playing space F. Separate games start from each point in
F; the differential game is a family of such games indexed
by the initial conditions (to,xo). The differential
equations link members of the family and allow it to be
studied as a whole.

A play of the game continues for t & to according to
the equations (2.1.1) with the initial cohdition x(to)=xO
until termination occurs, that is until the path x inter-

sects the terminal surface for the first time.

Terminal Surface

A play of the game ends when the path first inter-
sects an n-dimensional manifold T which is part of the
boundary of F. The surface T is parametrlzed by a vector

0 in a region K of g? by
i1
(t,x)eT ®=» t=T(0), x =X"(0), i=1,...,n, oeK (2.1.2)

The functions T and xi are assumed to be continuous, and

T, and X%J to be piecewlse continuous.
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The need for a surface to terminate the game is
related to the concepts of strategy and solution of the

game and 1s considered in the section on solutions.

Payoff
A payoff 1s defined for each differentiably admissible

arc

x: x(t), ult), v(t), t,St3¢,

having

(£, x(£)) eF, t,5t5t,

and

(615 x(ty)) €T

i.e. tl=T(o), x(tl)-X(c) for some oek (2.1.3)

Thls payoff, the payoff to player One, 1is the real-valued
functional

3
J(x) 8 K(o) + | L(t,x(t), u(t), v(t)) dt (2.1.4)

o

The payoff to player Two 1s -J(x). Player One, conse-
qQuently wishes to maximize J, player Two to minimize 1t.
In the next subsection piecewise continuous strate-~

gles U and V which are functions with the domain F are
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introduced. With such strategles, the arc x 1s given by
u(t)

U(t, x(t)), v(t) =V (t, x(t)); that is the arc is

given by

x: x(t), U(t,x(t)), v(t,x(t)), to‘tStl (2.1.5)

Such an arc may not be unique. There may be several arcs
(2.1.5), depending on which limiting values of U or V are
assigned to U or V at thelr manifolds of discontinuity.
If there are v such arcs, they can be designated X35 X5
«..5 X,, With corresponding payoffs J(gi), J(ge), cees
J(gv). To indicate the dependence of the payoff on the
initial condition and the strategies, the following
notation is useful:

70 (e x5 UV A T(x)

ERE

t

= K(o) + L(t,x(t), U(t,x(t), V(t,x(t)))dt (2.1.6)

where
x(t) = £(t,x(t), Ult,x(t)), V(t,x(t)), x(t,) = x,.

Strategy and Information

A strategy, in the sense introduced by von Neumann
and Morgenstern [31], is a plan detailing, on the basis
of the information avallable to a particular player, what

action he 1s to take under any concelvable situation in
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the game. If the information given to the player 1s the
same for several different situations, he will not be able
to distinguish one from another, and a strategy, based on
the information, will prescribe the same course of action
in each of the indistinguishable circumstances.

A differential game in which each player is con-
tinuously informed of t and x--the time and state variables--
1s sald to be a game of perfect information. This is
usually understood to mean that any further information 1is
superfluous and does not ald in choosing the control
variables. Isaacs [20, p. 26] states this idea as follows
(Isaacs considers autonomous differential equations;
consequently the state x provides sufficient information):
"The xi are descriptive in the following sense. If a play
of a differential game is halted before completion, the
values of xl,...,xn at the time of 1lnterruption supply all
the data needed to resume the partie. We mean that 1f a
new partie is commenced starting with these xi, it will be
tantamount to the part of the origlinal that would have
occurred after the interruption." It 1s also tantamount
to assuming that Bellman's principle of optimality; or, as
Isaacs calls 1it, the tenet of transition, holds. 1In a
game of perfect information, for payoffs of the type (2.1.4)
and dynamic systems modeled by (2.1.1) this is indeed so.
In such games it 1s also assumed that both players know

the equations (2.1.1), the payoff functional (2.1.4) and
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any constraints which are operating. They are not aware
of their opponent's choice of control.

Under these circumstances, a strategy could be
defined to be a real-valued vector function with the domain
F. The choice of the control varlable u for player One at
the point (t,x) in F would then be given by u = U(t,x),
where U 1s a strategy. Player Two, likewlse, would choose
v = V(t,x) for a strategy V defined on F. This thesis
treats games of perfect information with strategies of
thls type.

If less information is available, strategies could
be defined to correspond to this reduced state of knowledge.
For example, if the players are given only the initial con-
dition and not the subsequent state history, a strategy
could reasonably be only a function of time, say u(t),

t & to. Some of the consequences of games of thls type are
considered in the examples 1n section 2.3.

The players are not normally allowed a completely
free choice in the functions chosen for strategies. They
are usually restricted to belong to some particular class
of functilons--the class of piecewise continuous functions,
for example--and to be constrained so that the points
(t,x,u,v) lie in a specified subset of R. The set of
strategies satisfying these conditlons is the set of

admissible strategies.
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Constrailnts

The constralnt subset of R may be defined in several
ways. One 1s to define 1t as the set 50 of points in R

satlsfying constraints of the form

o

¢ (t,x,u) S0 a =1, 2, vesy P! (2.1.7a)
6% (t,x,u) =0 o =71'+l, ..., T (2.1.7b)
e (t,x,v) S0 B =1,2, ..., st (2.1.7¢)
v (t,x,v) =0 B =s'+41, ..., s (2.1.7d)

The ¢a and wB, which are C(l)

functions of this arguments
on R, must satisfy, at each point (t,x,u,v) in Rys the

conditlions that the matrices

]
Q

15 G55 eees @3] 1, 2, «..p (2.1.8a)

) N
aud |

and

-
=
]

1° 82, ceey Bp° 1, 2, «vey Q@ (2.1.8b)

| poarpe
ﬁJe—
L2 P
h o)
il
W

have ranks m and p respectively, where Qs «ee O are
the indices a for which ¢% (t,x,u) = 0, and Bl, ey Bp
are the indices g for which yP(t,x,v) = 0. It is clear

that this requires w<p and p<q.
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In a true game, the constraints for each player
operate independently, for otherwise the players would
have to cooperate 1n selecting strategles, an evident
absurdity in two-person zero-sum games, where the players

are completely opposed. Constraints of the form

6(t,x,u,v) £ 0 (2.1.8)

which are not independent of either u or v (but not both)
are not allowed. While such constraints are not part of
a game as described here, constraints of this type may be
of interest in other situations, for example, in dis-
criminatory games, in which one player makes his choice
of control variable while cognizant of the other players
choice.

If the players are to make independent choices, the
set Ry, whether or not 1t 1s determined by constraints of

the form (2.2.7), must be of the form
= q p
Ry (B-l x EY) N (E7 R5) (2.1.9)

where 51

Space respectively. Let F

and R, are prescribed sets in txu- and txv-

1 (EZ) be the projection of

51 (52) into tx-space. Then 1t 1s assumed that the play-

ing space, F is a subset of FNF,. Point-to-set functions

T7'=2

and F, by

¢ and ¥ can be defined on F, 5
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o(t,x) A {u] (t,x,u) eR, } (2.1.10a)

Y(t,x) A {v] (t,x,v) &:52} (2.1.10b)

The domain of ¢ is El and that of Y 1is EQ. Constraints

of the form (2.1.7) can obviously be restated in the

present form, since R, 1s the set of (t,x,u) satisfying

1

(2.1.7a) and (2.1.7b), and 52 is the set of (t,x,v)

satisfying (2.1.7c) and (2.1.7d). The statement that

(t,x,u,v) is an element of the prescribed set R, is equiva-

=0

lent to the statements
ue ¢ (t,x) (2.1.11a)
vevY (t,x) (2.1.11b)

Elements (t,x,u,v) in R, are called admissible elements,

and a differentiably admissible arc whose elements
(ty,x(t), u(t), v(t)) are all admissible and for which

(t,x(t)eF 1s called simply an admissible arc.

The set of all p-dimensional vector functions U

(1)

which are piecewise C on F and which satisfy
U(t,x)e®(t,x) on F 1s defined to be the set U of

admissible strategies for player One. The set V of

admissible strategies for player Two 1s similarly defined
(1)

as the set of all gq-dimensional pilecewise C functions V

with domain F satisfying V(t,x)e¥(t,x) on F.
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An assumed property of R, 1s that to each element

0
(T,x,u)eR with (t,x)eF there exlsts a function u(t) with
3

u(t) = u continuous on the set

A={t |t-686%¢t T, §<O0}
or on the set

B={t|t=tst+6, &<0}
such that the arcs

teA Y VeV
x: x(t), ult), v(t,x(t)) or (2,1.12)
teB VVEZ

with x(t) = X, exist and are admissible.
There is a similar condition on R,. If there 1s more than
one arc corresponding to a given VeV, each one must be

admissible.

Attalnable Set

Definition: Let (to,xo) be a point in tx-space.

The attainable set A+(to,xo) is the set of points (tl,xl)

such that there exists a differentiably admissible arc

x: x(t), ult), vi(t) ¢t ststy (2.1.13)

with the properties
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(t, x(t), ult), v(t)) e Ry, t, St s,

x(to) = X x(tl) = X

0° 1°

Likewise, the set A-(to,xo) is the set of points (t,,x,)

such that there exlsts a differentiably admissible arc

x: x(t), u(t), v(t) ty St s ty (2.1.14)

with the properties

(t, x(t), u(t), v(t))eR, for t, St < tys

x(to) = X, x(tl) = X5,

The set A(t ) & AT (ty,x0) U A+(t0,x0) 1s called the

0°%0
extended attalnable set. The attalnable set at time T,

A (13 to,xo) is the intersection of A(to,xo) with the
plane t = T.

It can be seen that A-(to,xo) can be defined as

AT(6g,xy) = {(E,%) | (bg.xy) € INCRNY

Let S0 be a given set in tx-space. Then the
€Xtended attainable set for S0 is defined by
A (S) A U Altysxg).
(to,xo)eSO
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Similarly

A*(sy) & g) A (t,%0)
0

If the arcs x defining the attainable set all have

v(t) = V(t,x(t)) for some particular VeV, this restriction
is indicated by the notations A(to,xo,V), A+(t0,x0,V), etc.
A(to,xo,U) is similarly defined.

If the arcs x are also required to satisfy

u(t)

U(t,x(t)) for some UeU

v(t) = V(t,x(t)) for some VeV

on [to,tl] (or [tl,tOJ), the resulting attalnable sets can
be distingulshed by designating them A*+(t0,x0), A*(to,xo),
etc. It 1s clear that each of the attainable sets so
obtained are subsets of the corresponding attainable

obtalned without thils restriction. For example

A¥ (S)) S A (Sy)

A" () S At (s

A*(T,SO)G A(T,S.).
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Playable Pairs

A pair of strategies (U, V), UeU, VeV, is sald to be

a playable pair i1f for every (to,xo)eg, each solution

curve of the differential equation
x = £(t,x,U (t,x), V(t,x)), x(to) = X, (2.1.15)

Intersects the terminal surface T at some finite time ty
and is interior to F on the interval [t,,t;]. Not every
pair of admissible strategies 1s necessarlly playable.

In order to define a solution to a game, a well-
defined payoff for each pair of admlissible strategles is
needed. If the palr of strategles 1s playable, the payoff
functional (2.1.6) can be used to evaluate the payoff. But
the question of how to treat admissible pairs which are
not playable arises. This can be approached in a number
of ways.

One 1s the obvious method of defining it directly
for nonplayable pairs. An example will illustrate this
procedure. Suppose that player One, the evader, controls
the motion of a point Xp in x-space, and that player Two,
the pursuer, controls the motion of a point Xp in the same

space, according to the differential equations:

X, = fo (t,x U(t,xz)), UedU

E,

XP = fp (t,xP, V(t,xP)), VeV,
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Termination-~capture-«is said to occur when the distance
between Xg and Xp drops to a set value r. Thét is the
terminal surface in XpXp-space is the set of points XpyXp
satisfying | Xp = Xp | = r, assuming that initially the
distance between x_, and x

P E
is the time at which capture occurs. If for a pair of

i1s greater than r. The payoff

strategles (U,V) and a particular starting point
(to, Xp s xPO), capture does not occur for any finite
time, the payoff for this palr and this initial condition
can be given the value + «», This does not necessarily mean
that | xp(t) = xg(t) | »ras t » =,
A second approach, one used by Berkovitz [2,3], is
to further restrict the admissible strategies to subsets
91 of U and Kl

every Ue U,, Ve Kl’ the pair (U,V) is playable., Its

major weakness, as Berkovitz states, is that the restricted

of V which have the property that for

sets U, and V, are not necessarily unique, and that there
may be no clear way of obtaining them from U and V. On the
other hand, there may be obvious candidates. In the pursuit-
evasion example above, 91 could be set equal to U and El
defined to be the set of all V playable against every U

in U. That 1s, player Two restricts hls attentlon to

only those V which guarantee termination in a finite time
against every evader strategy. The set 11 may be vacuous.

In other cases 1t may not be as clear how to choose U, and

v

_1; perhaps one could include them as part of the informa-

tion given to both players.
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A further way around this difficulty 1s to require
the game to be formulated, by sultable modification 1if
necessary, in such a way that (U,V) is a playable pair for
every UeU and every VeV. An equlvalent statement is that
T must divide the attainable set A*+(E) into two disjoint
sets B and C such that between any point beB and any polnt
ceC every contlnuous path joining them lying entirely in
A*+(E) will intersect T. If one uses the attainable set
resulting from pairs in the restricted sets U; and V, of
the previous paragraph, T has this property with respect
to thils attainable set. Since T divides the attainable
set into two disjoint sets, it will 1n general be a surface

1 to

and thus require n parameters 01, ceey o" in §P+
specify it. (Since T 1s part of the boundary of F one may
take these sets to be F and A*+(E)NE.) In the same pursuit-
evasion example a stop rule could be introduced by adjoin-
ing the surface t = T to the original terminal surface and
requiring that play take place for t S T, where T 1s some
sultably large number. This assumption--that every
admissible pair of strategies 1is playable--is used here-
after unless explicitly stated otherwise.

The need for playable pairs arises from the inde-
pendence of the players' decisions. There 1s nothing
corresponding to 1t in optimal-control problems--one
player games-~where one can ignore arcs which do not

satisfy the terminal conditions and confine the optimiza-

tion to those arcs which do. In games which are inherently
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discriminatory, the requirement is that the player bene-
fitting from the discrimination has, for each strategy of
the opponent, a strategy playable against it. In this
case the terminal manifold may have dimension <n. It
must however have a nonempty intersection with each
A*+(t,x,U), (t,x)eF, UeU, where (for definiteness) One is

the player discrimlinated against.

2.2 Solution Concepts

Maximin and Minimax Points

In thls subsection, a discriminatory game starting
from some point (t,x) in F 1s considered. Player One
pilcks a strategy U which 1is communicated to player Two, who,
since he 1s interested 1n minimizing the payoff, will

choose a strategy v depending on U such that
J (t,x; U, V(U)) ST (t,x; U, V) VYV VeV
or

J (t,x; U, V(U))= min J (t,x; U, V) (2.2.1)
VeV

In order to minimize the loss due to the discriminatory
situation, player One can choose a strategy U¥ such that
W(t,x) 4 J(t,x; U¥, V(U*)) = max J(t,x; U, V(U))

UeU

= max min J(t,x, U, V) (2.2.2)
UeU VeV
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W(t,x) is called the lower value. (If the maximizing

U, U* does not exist, or 1f V(U) does not exist for each

UeU, W(t,x) could be defined to be sup inf J(t,x; U, V).
UeU VeV

However 1if one wishes to have a determinate optimal

strategy for player One, one must have at least W(t,x) =

max inf J(t,x; U, V).) The strategy U¥ is called player
UeU VeV

One's maximin strategy. By playing it, player One can
guarantee a payoff of at least W(t,x), regardless of what
player Two does.

Player Two likewise has a minimax strategy V* which

guarantees that his loss will be not more than

W(t,x) = min max J(t,x; U, V) (2.2.3)
VeV UeU

(i.e., his payoff will be at least max min (=J(t,x; U, V)).)
VeV UeU

W(t,x) 1s called the upper value. Now W(t,x) ®W(t,x),
provided (U*, V¥) is playable--which it 1s by assumption.
This 1s so because
max min J(t,x; U, V) = min J(t,x; U¥, V) S J(t,x; U¥, V¥)
UeU VeV VeV
(2.2.4)

and
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min max J(t,x; U, V) = max J(t,x: U, V¥) 2 J(t,x; U¥, V#)
VeV UeU UeU

(2.2.5)
The inequalities (2.2.4) and (2.2.5) combine to give

max min J(t,x; U, V) S min max J(t,x; U, V) (2.2.6)
UeU VeV VeV U
The notation V(U) (U(V)) will be used to denote, as
in (2.2.1), the strategy which minimizes (maximizes) the
payoff when the opponent's strategy U(V) is known. If

inequality holds in (2.2.6), either
W(t,x) < J(t,x; U¥, V¥)
or
J(t,x; U*, V¥) < W(t,x)

or both. In the first case V¥ is not optimal against U¥,
for player Two can use V(U¥) and lose only W(t,x). But
he runs the risk of losing more than W(t,x) for player
One, in anticipation of the use of V(U*), can decide to

use U(V (V*)), and
J(t,x; T(V(U*)), T(U*)) 2 J(t,x; O(V¥), V*¥) = W(t,x).

This argument is symmetrical in the players, and the
process of outguessing the opponent can continue for any
number of stages. Any definition of solution would be

somewhat arbitrary in thils situation. The best that can
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be done, although not wholly satisfactory, is to consider
the solution to consist of the set of maximin strategies
(U*, V*) with the associated payoff. The pair (U¥, V#) is

then called a maximin point.

Equillibrium Point

If player One plays his maximin strategy U¥* he may
obtain more than the lower value W if his opponent does
not play V(U*). That is he may galn if the opponent
deviates from the strategy optimal with respect to U¥,

One may also consider the situation in which a pair
of strategies has the property that deviatlons by one
player cannot produce any galn provided the opponent does
not change hils strategy. That 1s the palr of strategles

(ﬁ, G) has the property, where P. 1s the payoff to player

1

One, P, the payoff to player Two:

2

1
(2.2.7)

P, (U, V) S P, (U, V) V VeV

2

The pair (ﬁ, G) is known as an equilibrium point.

In a two-person zero-sum differential game, (2.2.7)

becomes

J(t,x; U, V) < J(t,x; U, V) & J(t,x; U, V) (2.2.8)

Examination of (2.2.8) shows that (G, V) is also a

maximin point and that
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A A
max min J(t,x; U,V) = min max J(t,x; U,V) = J(t,x; U,V)
UeU VeV VeV UelU

(2.2.9)

On the other hand, suppose that (U¥*, V#) is a
maximin point with W(t,x) = W(t,x). Is (U®, V*) also an

equilibrium point? The answer to this question 1s yes, for
W(t,x) S J(t,x; U*,V)
J(t,x; U, V*¥) < W(t,x)

W(t,x) = W(t,x) =» J(t,x; U¥, V¥) = W(t,x) = W(t,x).

Combining these relationships gives
J(t,x; U,V¥) S J(t,x; U*, V#) S J(t,x; U¥, V) (2.2.10)

showing that (U¥%, V*) is an equilibrium point. Thus in
two-person zero-sum games the existence of an equilibrium
point and the condition that max min J = min max J are
equivalent. The term for a palr (U¥, V*) satisfying

(2.2.10) 1is saddle point. A two-person zero-sum game 1is

sald to have a solution 1f it has a saddle point. At a
saddle polnt a player cannot gain and may lose by deviating
from hls maximin strategy. Thls 1s the reason for
identifying the solution of the game with its saddle point.
It can also be seen that if a saddle polnt exlists 1n the
discriminatory game described at the beginning of this
section the extra Information gives no advantage to player

Two.
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Saddle Polnts in Differential
Games

No mention has yet been made 1in this section of the
dynamic character of a differentlal game, Maximin and
equllibrium strategies have been mentioned with respect
to only one point of the playing space F. If there exlsts
a palr of strategies, U¥ € U and V* ¢ V such that (2.2.10)
holds for all (t,x) in F, all U in U and all V in V, then
(U*, V¥) is a saddle point for the differential game.

The corresponding payoff, J(t,x; U¥*, V¥), the common value

of W(t,x) and W(t,x), is the value function W(t,x). W is

a function with domain F.
It was previously mentioned that there may be several

arcs satisfying

x = £(t,x, U(t,x), V(t,x)) x(ty) = x (2.2.11)

0

for a given palr (U, V). The saddle point condition must
be restated to encompass such cases. Suppose that for a
glven point (t,x)eF there are X\ arcs corresponding to the
pair (U, V¥), u to the pair (U*, V¥) and v to the pair

(U¥, V). Then the saddle point condition 1is that

J(a)(t,x; U, v#) = J(B)(t,x; U%¥, V) = J(Y)(t,x; U*, V)
a =1, voey A3 B =1, ¢ve, W3 Y =1, ..., v. (2.2.12)

Setting U = U¥ and V = V¥ in (2.2.12) shows that
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J(a)(t,x; ur, ve) = 3(B) (¢ x; Uk, V#*) (2.2,13)

a , B =1, 2, «iey U,

that 1s that J(t,x; U¥, V¥) has the same value on each of
the u arcs. This value is W(t,x). It is clear that W
is continﬁous along arcs satisfying (2.2.11) with U = U#%*
and V = V¥, Under sultable restrictions (see Berkovitz
[3]), W can be shown to be continuous and plecewilse C(l)
on F. This however, 1s not the approach taken in the

next chapter, where it 1is assumed that a function W exists

with the required continuity properties.

2.3 Examples

The following examples can all be solved through
simple geometric analysis. Their purpose 1s to exhibit
maximin points, saddle points, and the effect of imperfect
information. They are all pursuilt-evasion games with the

same differential equations, viz.

for the evader:

XE = u; Ccos u,,

$ =u; sinu,, 0 <u <1 (2.3.1)
and for the pursuer:

iP = Vv, cos v, (2.3.2)



51

<

yP =V, sin 2 0 vy 2 a, a > 1.

The equations are similar, with the pursuer having an

advantage 1in speed. When u; = 1 and v, =a= const., this

type of motion is cdlled simple motion by Isaacs, who

originated the first of the four examples [20]. The

symbol z will mean (xE, Vgs Xp> yP).

Example 1
The initial time, to, is fixed. The payoff 1is time

to capture--capture meaning xE(tl) = xP(tl), yE(tl) =

yP(tl), when thils occurs fobr the least time t There

1
1s no loss in generallity in taking to = 0., At each time t,
each player knows t and z ak well as the equations (2.3.1)
and (2.3.2). By considering the rate of change of the
distance between the evadér and the pursuer, this problem

can easlly be solved, Figure (2.3.1) and the Theorem of

Pythagoras show that
r2(t) = (x.(6) = xp(£))2 4 (yo(t) = y,(£))° (2.3.3)
E P Vg Ip . 3.
Differentlation ylelds

2r(t) *(t) = 2(xg(t)=-xp(t)) (R (t)=xp(t)) +

2(yg(£)=yp(£)) (¥ (£)=Fp(t))

Upon rearrangement, this becomes
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P (xEs yE)
r (yE - yP)
0
(Xps¥p)
P°JP
(xE - xP)
Fig. 2.3.1
B
A -

i E
(xP(O), yP(O))

Fig. 2.3.2

- g
(x5(0),y5(0))

Fig. 2.3.3
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P(t) = cos 8(z(EN(xg(t) - xp(t))
+ 5100 (2(£)) (Fgt) = Jp(8)), (2.3.4)
where
8(z(t)) = tan™t [(yg(t) - yp(£))/(xg(t) = xp(£))].

Player One wishes to delay the time t, at which r(tl)
is zero as long as possible. Consequently he should strive
to maximize r(t). Player Two's interest is in minimizing
r(t).

Substituting the differential equations (2.3.1) and
(2.3.2) into (2.3.4) shows that One should maximize

u, (cos 6(z(t)) cos u, + sin 6(z(t)) sin u2) (2.3.5)

1 2
and that Two should minimize

-vy (cos 6(z(t)) cos v, + sin 6(z(t)) sin v2) (2.3.6)

2
The optimum conditions are

u2(t) = Vz(t) = 8(z(t)) (2.3.7)
ul(t) =1, vl(t) = a, (2.3.8)

that 1s, a direct chase at maxlimum speed.
The payoff is r(0)/(a-1). If the capture condition

is r(tl) = & (where r(0) > &), the optimal strategles
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remain the same, but the payoff becomes

(r(0) - 2)/(a=-1)

The optimal strategiles:

ul(t,z) 1
U(t,z) = = (2.3.9)
uz(t,z) 8(z)
and
vl(t,z) a
V(t,z) = - = (2.3.10)
Va(t,é) 8(z)

are independent of t. This is to be expected, since the.

differential equations (2.3.1) and 2.3.2) are autonomous.

Example 2
This example differs from Example 1 in that the

terminal surface in tz-space 1s given by the equation
t =T (T>0). and in that the payoff is r(T).

For T < r(0)/(a-1), the strategies (2.3.9) and (2.3.10)
which provide a saddle point for »(t) on [0,T] are optimal.
For T > r(0)/(a-1), r(t) = 0 for r(0)/(a-1) £ t £ T, and
consequently 6(z) is indeterminate. However, even 1f no
strategies are defined when r(t) = 0, any deviation from

this condition results in its immediate restoration.
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The payoff for T < r(0)/(a-1) is r(0) + (1-a)T. For
T 2 r(0)/(a=1) 1t is zero.

Example

This example differs from Example 1 in that the
information includes only t and z(0). That is, the players
do not know the state after the play has commenced. 1In
thls case the maximin payoff 1s less than the minimax
payoff, and the game has no saddle point.

Suppose the pursuer announces his strategy. Then,
regardless of what it 1s, the evader can choose his:

strategy so that the paths

v
o

xp(t), yplt), ¢

and
>

never intersect. The minimax payoff is + ®,

On the other hand, if the evader announces his
strategy, the pursuer can choose any strategy which brings
him to the point where the evader's path first intersects
his- attainable set at the same time as the evader. This
can be done since the pursuer 1s faster.

To minimlze his loss, the evader must choose his
announced strategy to delay this encounter as long as

possible. Since for t < T = r(0)/(a-1), the evader can
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reach points which the pursuer cannot and since for t 2 T,

the pursuer can reach any point the evader can, the maximin

payoff is T and the evader's maximin strategy is u, = 1,

1
u, = 6(z(0)). The play in this case is the same as in

Example 1.

Example U
This example differs from Example 2 in that the same

restriction of information occurs as in Example 3.

The cross-sections of the attainable sets for fixed
times are circles centered on x1(0), y1(0), i =E, P, with
radii of 1:t for the evader, and a:t for the pursuer. If
T < r(0)/a the situation in Figure (2.3.2) occurs.

The cross-section P(E) of the attalnable set at time
T is the circle of radius aT(1lT) centered on the pursuer's
(evadert's) initial point. The point A is closer to the
point B than any other point in P; the point B is further
from A than any other point in E. Thus the controls which
bring the pursuer to A, the evader to B, constitute a
saddle point. The value 1s r(0) + (1-a)T.

For T 2 r(0)/a, the saddle point condition breaks
down. In this case, Figure (2.3.3), the point (xE(O), yE(O))
is within the circle P of radius aT. Suppose the pursuer's
strategy 1s known to the evader. The evader can choose his
Strategy to take him to the point on the circle E of radius
T furthest from (xP(T), yP(T)). The resulting payoff, r(T)
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is clearly 2 T, the radius of E. The pursuer's minimax
strategy 1s any one which makes (xP(T), yP(T)) = xE(O),
yE(O)), for in this case r(T) S T, regardless of what the
evader does.

If the evader's strategy 1s known to the pursuer,

the latter can use the strategy which brings him to the

point within P closest to (xE(T), yE(T)). In this case,

(a) r(T) € r(0) + (1-a)T if r(0) + (1-a) T > 0, or

(b) r(T) =0 if r(0) + (1-2a) T £ 0.

The distance r(0) + (1-a)T is the distance between

the points A and B in the figure, which 1s drawn for the
case (a). The evader's maximin strategy is the one which
brings him to the point B, for with this strategy

r(T) 2 r(0) + (1-a)T. Case (b) corresponds to the situa-
tion where T 1s sufficiently large for the circle P to
enclose the circle E. For this situation, any of the

evader's strategles may be considered a maximin strategy,

since the payoff 1s zero, independent of the strategy

used by the evader.

The principle of optimality does not hold for the

two examples with incomplete information, although it does

hold partially in Example 4 for T < r(0)/a. The optimal

fields introduced in the next chapter have the principle

of optimality stated as part of their definition. One may
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view the principle of optimality as a consequence of the
existence of an optimal fileld. Since the principle 1s not,
in general, valld for games of imperfect information, as
these examples 1llustrate, all games to which these fields

are applied are assumed to be games of perfect information.



III, OPTIMAL FIELDS FOR SADDLE POINTS

3.1 Optimal Fields in Control Problems

The results in this chapter are extensions of those
stated by Hestenes [16, ch. 6, sec. 10] on optimal fields
for optimal control problems. In this section the defini-
tion of an optimal field for the case of a one-player
game 1s presented, and the basic theorem--a version of the
Welerstrass necessary condition--is proved. The terminology
developed in the previous chapter, with the maximizing
player, One, suppressed, 1s used, Consequently u 1s not
one of the arguments of L and the fi, and R and R, .are sets
in txv-space.

The fundamental assumption about an optimal field is
that at each point (t,x) in a region F, there exists a

choice V(t,x) of the control variable v optimal in some

sense, That 1s solutions of
X = £(t,x, V(t,x)) (3.1.1)

are optimal paths in tx-space. In what follows L and the
fi are assumed to be C(l) on R. Consequently 1f V is

¢ on a neighborhood of a point (t,X)e F,, there is a
unique arc x satisfying (3.1.1) on an interval [E-6§, T+5],

§ > 0, with x(¥) = x. This 1s a consequence of a theorem

59
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on the existence and uniqueness of solutions to differential

equations, Theorem 1.4.

Definition

An optimal field F 1s a region F in tx-space, a
¢

vector control function |, on Foand a function W also

C(l) on F, such that
(1) (t,x, V(t:,x))e:_ljO WV (t,x)eF

(11) The inegquality

B
W(a,x(a)) < L(t,x(t), v(t)) dt + W (B,x(B)) (3.1.2)

holds for every admissible arc

x: x(t), v(t), a St S8, (3.1.3)

© qQuality holding in case
v(t) = V(t,x(t)), o<t <8, (3.1.4)

L £ (3.1.4) holds, x is an extremal or a characteristic arc

O £ the optimal field F. Surfaces in tx-space defined by
© qQuations of the form W(t,x) = constant are called

T xransversals of the field F. If x 1s an extremal of the

Tiel1d F, then



61

I(x) = L(t,x(t)yv(t)) dt = W(a,x(a)) - W(B,x(B)).

(3.1.5)

Two extremals x and g_whose initial points are on the

transversal W C, and whose endpoints are on the

1

02 have the property that

transversal W

I(x) = I(X) = C; - C, (3.1.6)

The following theorem is taken from [16] and the proof

follows that given by Hestenes.

Theorem 3.1

At each point (t,x) e F of an optimal field F one has

L(t,x,v) + wt(t,x) + wx(t,x) f(t,x,v) 20 (3.1.7a)

for all v such that (t,x,v)eﬁo. Moreover, for v = V(t,x)

equality holds:
L(t,x, V(t,x)) + W (t,x) + W (t,x) £(t,x, V(t,x)) = 0,
(3.1.8a)

For convenience, E(t,x,v) can be defined as

E(t,x,v) A L(t,x,v) + wt(t,x) + wx(t,x) f(t,x,v)
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so that (3.1.7) can be re-expressed as
E(t,x,v) & 0, (3.1.7b)
and (3.1.8) as

E(t,x, V(t,x)) =0 (3.1.8b)

Proof

Let (t,x) be a point of F and choose Pe¥(f,X). Let

x: x(t),v(t)
be a continuous admissible arc in F on either
L tTstst+ 6

or (1) T -8 st st

with x(t) = x, v(%) = V.

In case (1) consider the function

t+e
g(e) = L(t, x(t), v(t)) dt + W(t+e, x(t+e))

t
and in case (11)

t
h(e) = - L(t, x(t), v(t)) dt + W(t-e, x(t-€)),

t-€
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where 0 s € < 6§ in both cases. By the inequality (3.1.2),

g(e) has a minimum and h(e) has a maximum at € 0. It

follows that

case (1) g'(0) ¢ 0

case (11) h'(0) = 0.
For case (1), one has

g'(0) = L(E,X,V) + W (F,X) + W _(E,X) x (F) = o0.
Substituting x(t) = f£(%,x,v) yeilds

) + wx(E,i') f(t,x,v) 20 (3.1.11a)

N
t)

-
>

For case (11),

h'(0) = -L(E,X,V) - W, (E,X) - W.(E,%) x (F) < 0.

¢ ¢
Again substituting x(t) = f£(%,x,v) yields
L(t,x,Vv) + wt(E,I) + W (E,X) f(E,x,v)2 0 (3.1.11b)

Thus in both cases

E(t,x,v) 2 0 (3.1.11c).
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If v(t) = V(t,x(t)) on the intervals (i) or (i1),
(1) g(e) = W(t,x)
or (11) h(e) = W(t,x).

That 1s, g(e) and h(e) are constant on 0 s € § §.
Consequently, g'(0) = h'(0) = 0 in this situation and
equality holds in (3.1.11). This proves Theorem 3.1.

The proof is based on the inequality (3.1.2). If
this inequality is reversed, then so are all inequalities
(except those defining intervals) in the proof. This con-

sideration leads to the corollary:

Corollary 1

If the inequality (3.1.2) is replaced by

B
W(a, x(a)) 2 L(t,x(t), v(t)) dt + W(B,x(B)), (3.1.12)

Theorem 3.1 1s unchanged except for (3.1.7), which becomes
L(t,x,v) + wt(t,x) + wx(t,x) f(t,x,v) £ 0, (3.1.13)

The theorem can be extended to cover cases where L and f

(1) (1)

are C(l) in v, piecewise C in (t,x), V is plecewise C

on F and W 1s contlnuous and pilecewise C(l) on F. In this
case if (t,x) is a point of discontinuity of one of these
functions the Lipschiltz condition 1n the existence theorem

(1.e., Hypothesls 3 in the section on differential
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equations in Chapter I) does not hold, and one cannot prove
that there 1s a unique solution to the initial value
problem with the initial condition x(t¥) = x., However, with
the proper interpretation at manifolds of discontinulty,

the theorem still holds.

Corollary 2

Let {g(“)} be a decomposition of F such that L, f,
V and W are all C(l) on each g(a). Then these functlons

(a)

and their first partial derivatives agree on each F with

(@) o) yla) (a)

functions L , etc. which are continuous

on E‘G) (from the definition of plecewise continuity). If
- (ay)
(t,x) is a point on the boundary of v reglons F ‘1, ey

g(“v), Theorem (3.1) holds at (t,x) if (3.1.7) is replaced

by

@5, + WM En +wlED 2 E T 20
(3.1.14)

o = aj, J =1, «v0y vy

and if (3.1.8) 1is replaced by

L(“)(t,x, V(a)(t,x)) + w(a)(t,x)

+ w(“)(t,x)+-w(“)(T,x)f(“)(t,x, v(“)(t,x)) =0

@ =0y, § =1, ...,V (3.1.15)
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Proof
The function E is continuous on the set G of points
(t,x,v) such that (t,x) is 1in one of the regions E(a)

and (t,x,v)ego. By Theorem 3.1,
E(t,x,v) 2 0 on G

Furthermore the function E(a) = L(a) + wé“) + wia) f(a)

is continuous on the set (t,x,v) such that (t,x)eF(a)
and (t,x,v)ego and agrees with E on G. Consider the point

(a)and let V be such that

(£,X) on the boundary of F
(E;I;V)ego. Let {(t;, x4, v,)} be a sequence of points

in G converging to (t,x,v). Since for each 1,

(e, x,, vy) 20,

11m (%) (¢

i+

Y Vi) 20

But the continuity of E(a) shows that

1im E(a)(ti, Xy Vvy) = E(“)(E,I,V).

i+

1)
Thus
g(®) (¢,x,v) 2 0.

This expression expanded gives (3.1.14). Likewise
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() (¢ v(“)(ti, x,)) = 0 for all 1

1’ xi’

In the 1limit this gives

e e x, v (¢ ,x)) = 0,
an expression equivalent to (3.1.15).

The function E is one form of the Weierstrass E-function.

This can be demonstrated by setting
E(t,x,V,v) = E(t,x,v) - E(t,x, V(t,x)) 2 0,
which can be rewritten as

L(t,x,v) - L(t,x,V(t,x)) + wx(t,x)[f(t,x,v)

- f(t,x,V(t,x)] 2 0

which corresponds more closely to the usual form of the

Welerstrass condition.

3.2 Optimal Field for a Saddle Point

In thils section 1t 1is assumed that a differential
game of the type defined in Chapter II has a saddle point,

that there exlst optimal strategies UeU and VeV which are
(1)

plecewise C on F and that there exists a value function

(1)

W which 1s continuous and piecewise C on F. Solutions

of
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x = £(t,x, U(t,x), V(t,x)) (3.2.1)

are then optimal paths in tx-space.

(1)

It is assumed that L and f are C on R.

The previous definition of an optimal field can be

extended to cover saddle points.

Definition

An optimal field F is a region F 1in tx-space, vector

strategies U and V which are plecewise C(l) on F, and a

function W continuous and plecewlse C(l) on F such that

(1) (t,x, U(t,x)) eRy
Y (t,x)e F

(11) (t,x, V(t,x)) e R,

(111) The inequality

B
W(a,x(a)) < L(t,x(t), U(t,x(t)), v(t))dt + W(B,x(B))

Q.

(3.2.2a)
holds for every admissible arc
x: x(t), UCt,x(t)), v(t), o st <8,
equallty holding in case
v(t) = V(t,x(t)), o =t = B; (3.2.2b)

and the inequality
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B
[ L(t,x(t), u(t), V(t,x(t)))dt + W(B,x(B)) K| W(a,x(a))

a
(3.2.3a)
holds for every admissible arc
x: x(t), u(t), V(t,x(t)), o sts B,
equality holding in case
u(t) = U(t,x(t)), a =t € B. (3.2.3b)

If there 1s more than one admissible arc
x: x(t), U(t,x(t)), v(t) asSt=< B

for each v(t), (3.2.2a) holds for each of these arcs.

Likewise (3.2.3a) holds when the arcs
x: x(t), u(t), V(t,x(t)) a€tsB

are not unique for a given u(t), a St < B.

On a manifold of discontinuity of U or V one may or
may not have a definition of these functions differing from
thelr limiting values from neighboring regions of continuity.
If the optimal paths lie on such a manifold, the optimal
strategies need to be defined there, but if the optimal
paths merely cross the manifoid from one region to another
this 1s not necessary (and indeed superfluous). Optimal
arcs lylng on manifolds are considered in the corollary

to Theorem 3.4,
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Surfaces W(t,x) = constant arc transversals of the

field F. If (3.2.3) holds, the arc x is a characteristic

arc or an extremal of the optimal field F. If the arc
x: x(t), u(t), v(t), aost<8

is an extremal of the fleld, then

B
I(x) = L(t,x(t),u(t),v(t))dt = W(a,x(a))-W(B,x(B))

(3.2.5)

Two extremals x and X whose initial points are on the
transversal surface W('c,x)=Cl and whose final polnts are

on W = C2 have the property that

I(x) = I(x) =C, - C

1 2°

In the problem of Mayer, L(t,x,u,v) = 0, and the value
functlion W 1s constant along optimal paths. Such paths,

then lie in transversal surfaces. Along arcs
x: x(t), U(t,x(t)), v(t), o=t <8
W(a,x(a)) s W(B,x(B))
and along arcs
x: x(t), u(t), V(t,x(t))y, o st <8

W(a,x(a)) 2 W(B,x(B)).
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Transversal surfaces in this case have the property

of semipermeability used by Isaacs [20]. That is, if

player One uses the strategy U at a point (t,x) no arc
can penetrate the transversal surface containing (t,x) in
the direction of decreasing W, and if player Two uses V,

no arc can penetrate in the direction of increasing W.

Theorem 3.2

At each point (t,x) of an optimal field F one has

L(t,x,u,V(t,x))+wt(t,x)+wx(t,x)f(t,x,u,V(t,x)) s 0,
0 s L(t,x,U(t,x)y)+wt(t,x)+wx(t,x)f(t,x,U(t,x),v) (3.2.6)

for all ued(t,x), ve¥(t,x). Moreover for u = U(t,x) and

v = V(t,x), equality holds:

L(t,x,U(t,x),V(t,x))+wt(t,x)

+ W (t,x)f(t,x,U(t,x), V(t,x)) =0 (3.2.7)

If (t,x) is a point of discontinuity of U, V, W, or W,
in the expression L + wt + wxf, u, Vv, wt and Wx must all
be evaluated as limits approaching (t,x) from the same
region of continuity of these functions (U, V, W, , Wx).»
(In succeeding theorems this may be referred to as "the

usual interpretation at points of discontinuity.")
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Proof.--The right-hand inequality in (3.2.6) follows
directly from Theorem 3.1 and the second corollary with
L(t,x,v) = L(t,x, U(t,x), v) and f(t,x,v) = f(t,x, U(t,x),v).
The left-hand inequality 1s obtained in a similar manner
from Theorem 3.1 and both corollaries. Equation (3.2.7)
again comes from Theorem 3.1. It 1s also an immediate
consequence of (3.2.6). The remaining part of the theorem
is a restatement of Corollary 2 to Theorem 3.1,

Define

Pi(t,x) = wxi(t’x)
(3.2.8)

H(t,x,u,v,p) = L(t,x,u,v) + pf(t,x,u,v),

Here p is an n-dimensional row vector.

Theorem 3.2 1s equivalent to:

Theorem 3.3
At each point (t,x) in an optimal field F the
inequalities

H(t ,x,u,V(t,x),P(t,x)) S H(t,x,U(t,x),V(t,x),P(t,x))

IA

H(t,x,U(t,x),v,P(t,x) (3.2.9)

hold for all ue®(t,x), and for all ve¥(t,x). Moreover

U, V, and W satisfy

wt(t,x) + H(t,x, U(t,x), V(t,x), wx(t,x)) = 0, (3.2.10)
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The same interpretation at points of discontinuity
as in Theorem 3.2 is used in (3.2.9) and (3.2.10) for Wi,

W P, H, U and V.

x’
Finally the integral

I* = I{P(t,x)dx - H(t,x, U(t,x), V(t,x), P(t,x))dt}

(3.2.11)

is independent of the path in F, provided that any segment
of the path lying on a manifold of discontinuity 1s divided
into segments on which P and H take the limiting values of
only one adjacent region.

Proof.--Expressions (3.2.9) and (3.2.10) are restate-
ments of Theorem 3.2 using the terminology of (3.2.8).
The integral I* is seen to be de when (3.2.10) and (3.2.8)
are used to make substitutions. de is clearly independent
of the path., The restrictions on the evaluation of the
integrand insure its existence. This Theorem corresponds
to Theorem 10.2 in Hestenes [16]. The following theorem

relates limiting values of functions appearing in Theorem

3.3.

Theorem 3.4

Let {F(*)} ve a c(1)

~decomposition of F based on
U, V and W, and let T be a set of indices a such that the

manifold of discontinuity M A (‘\ ag(a) is not empty.
aeT
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The superscript a (e.g. Wéa)) denotes the functions C(l) on

Fta] which agree on F(a) with the corresponding (unsuper-
scripted) functions (e.g. wt). Then 1f (¥ ,X)eM and

(dt, dx) 1s tangent to M, for each ael and BeTl

W (€, a0 + Wl (€, 0ax = wlB (E,Dae + wlP)(E,Dax.

(3.2.12)

Also
(el (g5 - pB)(E,%)7ax
= [H(a)(E,I,U(a)(E,I), V(OL)(E-’;)’ P(G)(E’I))

- 1B &5, @, v (&%) pBN(EF, )t
(3.2.13)
Proof.--(3.2.13) follows from (3.2.8), (3.2.10),
and (3.2.12). To show (3.2.12), a C(l) curve lying in M
given parametrically by t = t(s), x = x(s), with t(0)
x(0) = X, can be defined. Let N be a neighborhood of

(¢,X). Since W is plecewise ¢t ) (1 on

on F and C
F(), 1t 15 ¢ on N F(®) . 2 ¢ function W can be
defined on N which has W(t,x) = w(®) (t,x) on E{aj. On the

curve a further C(l) function can be defined

wis) A W(t(s), x(s)) = w ¥ (t(s), x(s)),

for which one obtains
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W (0) = W (E,5)67(0) + W_(E,5)x'(0) = W (£,D)t1(0)

+ wl) (F. )% (0).

Another equation 1is obtained in the same manner:
wt(0) = wiBE e o) + WP (E,0x0).

The curve 1s arbitrary{ It follows that (t'(0), x'(0))ds
may be any vector tangent to M, This, together with the
two expressions for w'(0), established (3.2.12).

The corollary which follows considers the case where
an optimal path starting or terminating at (t,x) lies in
the manifold M. 1In this situation optimal strategiles
defined on the manifold are not necessarlly the same as

U(ov.) (a).

one of the limiting strategles or V

Corollary
Let optimal strategies U and V defined on the manifold

M prescribe optimal paths lying in M and let (f,x) be a

point of M. Then
L(E,X, UGE,D),v) + W (€0 + wl* (€D
@0 + wED fEEUED,V) 20 (3.2.14a)

whenever (E,Y,V)sgz and (1, f(t,x, U(t,x),v)) is tangent

to Mg
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L(E,X,u,V(E,D) ™ €0+ €D, 5,u,V(E,D) S 0

(3.2.14p)

whenever (F,f,u)eRl and (1,f(t,x,u,V(t,x))) is tangent to

M, and
L(E,%,U(E,0),V(E, D))+ %) (E,%)

+ wt(a)(g,;)f(f,;,u(f,i), V(E,x)) = 0. (3.2.14¢)

Proof.--Let

x: x(t), U(t,x(t)), v(t), tg =t =t

be an admissible arc with (t,x(t)) lying in M where either

(tgsx(ty)) = (t,x) or (ty,x(ty)) = (t,x). This arc can be

described parametrically with parameter s t - f, becoming

x: x(s), U(t(s), x(s)), v(s) S = S

Either 8g OT S, is zero. The function w defined 1in the
proof of Theorem 3.4 is differentiable along the arc X.
With g(e) given by (where sy = 0):

€
gle) = J L(t(s),x(s), U(t(s),x(s)), v(s))ds + w(e),
0

or with h(e) given by (where s, = 0):
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0
h(eg) = - J L(t(s),x(s), U(t(s),x(s)), v(s))ds + w(-€),
-€

the arguments used in the proof of Theorem 3.1 establish
the first and third of the above expressions. The second
is obtained through the use of the first corollary to that

theorem. In carrying out these arguments the substitution
Wt (0) = WS (E, 060 (0) + wl® (€, 0x (0)

obtained in the proof of Theorem 3.4 is used, where in the

present case

t'(0) =1, x'(0) = f£(%,x, U(t,x), v(E)).

The tangency restrictions arise from the correspond-
ing conditions in Theorem 3.4.

The following theorem is true (as can be seen from
the proof) for any pair of admissible strategies U and V

and function W which satisfies

13

W(ty,x(ty)) = J L(t,x(£)),u(t),v(t))dt + W(ty,x(t]))

o

for any admissible arc

x: x(t), u(t), v(t) t, St St

with u(t) = U(t,x(t)), v(t) = V(t,x(t)).



the type of field defined in this section or the type

defined in Chapter IV.

Theorem 3.5

On each region G in F on which U and V are C(l), an
extremal x: x(t), u(t), v(t), o £t = B8 of the field,

together with the functions
py(t) = Py (t,x(t)) (3.2.15)

satisfies the equations

x = H (t,x, u(t), v(t), p)
P P (3.2.16)
p = -(H (t,x,u(t),v(t),p)+H (t,x,u(t),v(t),p) U (t,x)
+Hv(t,x,u(t),v(t),p)Vx(t,x)).
Moreover

ﬁ(t,X(t),u(t),V(t),p(t))=Ht(t,X(t),u(t),V(t),p(t))

+Hu(t,x(t),u(t),v(t),p(t)Ut(t,x(t)
+Hv(t,x(t),u(t),v(t),p(t))Vt(t,X(t)) (3.2.17),

along the extremal Xx.

Proof,-- x(t) satisfies x = H, along x since x is

differentiably admissible.
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Consider the differential equation

o) ='-(Hx + Hqu + vax)
where the right hand side is evaluated along the extremal

X. This equation can be rewritten as

P = - (L,4L U +L V. ) - p(f +f U +f V ), (3.2.18)
which 1s a system of linear differential equations.
Furthermore (Lx +Lqu + Lvi) and (fx + qux + vax) are
continuous on o £ t £ 8. It follows that for any (t,m)
with a £ 1 5 B, there is a unique p(t) satisfying
(3.2.18) on a = t = 8. This p(t) may be denoted
p(t,T,m) to indicate its dependence on the initial con-
dition.

Consider now the arc x. It can be imbedded by

Theorem 1.5 in set of arcs
x(t,t,8) for which x(t,t, x(t)) = x(t).

Let X = x(¥) for some o« £ T £ B. Then

B

W(t,x) = [ L(t,x(t,t,x),U(t,x(t,t,X)),V(t,x(t,T,X)))dt
T
+ W(B,x(B,T,x)) (3.2.19)

and




J= 7 T

t
+ W;(B,X(B,F,f)) X;( B,t,x)

B - -
= I_ {(H +H U +H V. )-p(f +f U +f V. )} xz(t,E,X)dt

+ W (B,x(8,8,%))X(8,E,%). (3.2.20)

Consider now the particular p satisfying (2.3.18) which has
the initial condition p(B) = P(B, x(B)). Also to be noted
is that Z(t,T) A x;(t,F;x(?)) satisfies

2 = £ (t,x(t),u(t),v(t))z with z(E,B) = I,
Thus (3.2.20) becomes

B
P(E,x) = - ] a—‘t’- p(t,B8,P(B,x(B)))x(t,E,X) dt
T

+ P(8,x(B))xz(8,%,X),

or
P(T,X) = p(%,8,P(8,x(8)))xx(E,E,X)

-p(B,B8,P(B,x(B)) x(8,F,X)+P(B,x(B8))xz(B,E,X)

(3.2.21)
But xz(%¥,t,X) = I and p(8,8,P(8,x(B))) = P(B,x(B)), so

that (3.2.21) reduces to




81
P(E,X) = p(¥,8,P(8,x(8))) (3.2.22)

T 1s an arbitrary point on the interval o £ t £ g8 with
X = x(¥). Not only does

P(E,x(¥)) = p(F,8,P(8,x(8)))
hold along the extremal X, but also
P(F,X(E)) = p(E,E,P(E,X(E))),

which 1s an identity. Consequently since p(t,t,P(T,x()))
satisfies p = -(Hx+Hqu+Hvi), the function P(t,x(t))
does also. This establishes (3.2.15) and (3.2.16).

Having demonstrated this, it 1is easy to show that

d,, _
EEH = Ht + HuUt + HVVt'
d, _ d
EEH = 3t (L + pf) -
= L+ LU + LV, + (L + LUy + L,V,) x

tpf+p(fy + £U + £V + (£ +£U + £V )%)

H, + HU + HV, + (L, + LU + LV)f

- (L, + LU + LV +p(f + U +fV))f

f
+p(f, + £,U + £ V)

v, .
H + HU + HV,

R ASTES AT T T 'ﬂ
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All of the above functions are evaluated along the extremal
X, that is that H, L, f and their derivatives have as
arguments t, x(t), U(t,x(t)), V(t,x(t)), and (in H) p(t).
U, V and their derivatives are functions of (t,x(t)). The
proof here is similar to one used by Berkovitz [3].

Under the assumption that W is 0(2) on the region G
this theorem can be proved using necessary conditions from
Calculus of Variations. This 1s the approach used by
Hestenes [16].

Theorem 3,3 states that
H(t,x,u, V(t,x), P(t,x))

considered a function of u has a maximum at u = U(t,x) and

that
H(t,x, U(t,x), v, P(t,x))

considered as a function of v has a minimum at v = V(t,x).
If U(t,x) is interior to ¢(t,x) and v interior to ¥(t,x),

then

H, (t,x, U(t,x) V(t,x), P(t,x)) =0

and

H, (t,x, U(t,x), V(t,x), P(t,x)) =0

This result may be combined with Theorems 3.3 and 3.5 to

give
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Theorem 3.6

Suppose that on the region G of Theorem 3.5 that
¢(t,x) and ¥(t,x) are open, or alternatively that U(t,x)
and V(t,x) are interior points of ¢(t,x) and ¥(t,x)

respectively. Then on G U, V, and W satisfy the Hamilton-

Jacobl equations r
wt(t,x) + H(t,x, U(t,x), V(t,x), Wx(t,x)) =0
Hu(t,x, U(t,x), V(t,x), wx(t,x)) =0 %(3.2.23).
=0

Ho (t,x, U(t,x), V(t,x), W (t,x)) =

An extremal of the field
x: x(t), u(t), v(t), o St S8

satisfies with p(t) = P(t,x(t)) the canonical Euler

equations

X = Hy» p = - H, H, =0, H =0 | (3.2.24)
together with

H==H (3.2.25)

on the region G.

Suppose that R, and R

1 2
conditions (2.2.7) stated in the last chapter. For con-

are given by the constraint

venience one can make the definition
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H(t,x,u,v,p,u v) = H(t,x,u,v,p) + pa¢a(t,x,u) +
vswe(t,x,v). (3.2.26)

Theorem 3.7

Let R, and R, be as stated immediately above. Then i

there exist multipliers ua(t,x) and vs(t,x), plecewise
(1) B

continuous on F (piecewise C if ¢a and Yy~ are of class

¢(2)) such that on F

M, (t,%) 20 a=1, ... r'

vB(t,x) 20 B =1, ... s'

ua(t,x)¢a(t,x, U(t,x)) =0 a=1l, ..., r, and not
summed ,

vg(t,x)¢8(t,x, V(t,x)) =0 B =1, ..., s, and not
summed,

ﬁh(t,x,U(t,x),V(t,x),P(t x), u(t,x),v(t,x)) =0

(3.2.27)
ﬁ;(t,x,U(t,x),V(t,x),P(t,x),u(t,x),v(t,x)) = 0

The usual interpretation is made at polnts of discontinuity.

Let

x: x(t), u(t), v(t), astsbp
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be an extremal, such that there is a decomposition

(t t

i-1° i)

of the interval [a,b] with (t,x(t)) in a region on which U

and V are C(l)

on each of the intervals comprising the
decomposition. (This excludes arcs with subarcs lying on
manifolds of discontinuity of U or V.)

Then X satisfies, with

p(t) = P(t,x(t))
p(t) = u(t,x(t))
and v(t) = v(t,x(t)),

the canonical Euler equations

x(t) = Hp(t,x<t),u(t>,v(t),p(t),u(t),v(t))}

p(t) = —ﬁx(t,x(t),u(t),V(t),p(t),u(t),V(t))

H £),v(t)) =0

H (t,x(t),u(t),v(t),p(t),ult),v (3.2.28)
Hv(t,x(t),u(t),v(t),p(t),u(t),v(t)) =0

% (t,x(t),ult)) £ 0 a =1, ... 1

0% (t,x(t),ult)) =0 @ =r'4l, ..., T

B (e, x(t),ult)) S0 8 =1, ... s

WP (e, x(e),u(e)) = 0 B = s™HL, ey S.



86

together with

3o Bt ,x(t),u(t),v(t),p(t),ult),v(t)) = F (t,x(t),ult),

v(t), p(t),ult),v(t)) (3.2.29)

T

on each of the intervals (ti—l’ ti), i=1, ..., N. g
At the points ti, 1=0, ..., N, these expressions :

hold in the sense of left- and right-hand limits.

Proof.-~The existence of the multipliers vB with

| L pes
‘.

the stated properties follows from Theorem 1.3 with
H(t,x,U(t,x),v,P(t,x)) the function minimized by
v = V(t,x). The second equation in (3.2.27) 1is established

by
ﬁ;(t,x,U(t,x),v(t,x),P(t,x),u(t,x),v(t,x))

= H_(t,%,0(8,%),V(t,x),P(t,x)) + veub(t,x,V(t,x)) = 0.

The same theorem establishes the exlstence of the multi-
pliers My The nonpositive sign of these multipliers 1is
a result of maximizing, rather than minimizing H with

respect to u.

The properties of the extremal X, except for

p = -H,

and

) -
"
e
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are a result of (3.2.27) and the fact that x 1s an extremal
satisfying the constraints. Let t be a point of the

interval (t ty), and set X = x(t). Then U and

1-1°
V are c(l) on a neighborhood N of (%,Xx) by hypothesis.

Let “j’ J=1, ..., M be the 1ndices a for which

0% (E,X, U(E,X)) = 0
Then
|
¢ Y(t,x, U(t,x)) S 0 on N,

(It will be identically zero if r' < ay £ r), and
G a
[, E,X,UE,X)) + ¢, (F,X,U(E,X))U, (E,X)]at
+ [ogd (E,%,U(E,X)) + o4 (£,%,U(F,X))U, (F,X)1ax S 0

, since (t,x) is

This holds for each (dt, dx) in EP'!
interior to the neighborhood N. As a consequence (3.2.20)

cannot hold unless

I
o

o a
6. (E,X,U(E, %)) + o I (£,%,0(,5))U(E,%)

GJ - — - Os — — - - -
o (£,x,U(t,x)) + ¢uJ(t,x,U(t,x))Ux(t,x) = 0.

From these equations and from

ua(E,i) = 0 for those a for which
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$*(T,x, U(E,X)) < 0,
i1t follows that
My (T,%) [¢§(€,3€,U(E,i)) + ¢3(‘t‘,‘i‘,U(%‘,?))Ut(E‘,i)] =0

(3.2.31a) 4

and

uy (B, [05 (B,X,U(E, X)) + ¢ (F,%,U(E, XU (E,X)] = 0

—-r

(3.2.31b)

The first equation in (3.2.27) can be rewritten to give,

at (t,x),

Multiplying by Ut(f,f) and by Ux(F,f) gives

- O a
Hy Ug = Mo Ut Ho®

and (3.2.32)
H, Uy Ha® Uy Halx

where each function is evaluated at (t,x). The second

equation in each line of (3.2.32) comes from (3.2.31).

In the same fashion one obtains
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_ B
Hth = vB wt
5 (3.2.33)
Hvi = vB 12
at (t,x).
Equations (3.2.32) and (3.2.33) may be used to F?

substitute in (3.2.15) and (3.2.16) to yield at (£,%):

S e L _ a _ B = _ T
p He = u, ¢ Vg Yy Hy

8 d
. _ a - —

Since

ua(t,x)¢a(t,x,U(t,x))~+v6wqt,x,V(t,x)) = 0onF

H=HonF, and along the arc x
T = i,

Thus
= H.

Since the point (t,x) is an arbitrary point of any one
of the intervals (ti_l,tl) i=l, ..., N, the expressions
(3.2.28) and (3.2.20) hold on each of those intervals.

Further if {t,} is any sequence of points in (ty ;, t,)

J
with 1limit ty (ti l), they hold at each of these points,

and hence hold in the sense of left- (right-) hand 1limits

at ty, (ty_ ;).




IV. MAXIMIN FIELDS

The previous chapter handled optimal fields for a
pair of strategies (U,V) forming a saddle point. In the
present chapter, it is not assumed that the pair (U,V) is
a saddle point, but that U 1s a maximin strategy and that
Vis the opponent's minimizing strategy against U. The
theorems stated in this chapter correspond closely to the
theorems obtained in section 3.2. The type of optimal

field used here is called a maximin field.

Definition

A Maximin Field F 1s a region F in tx-space,
(1)

vector strategies U and V piecewise C on F and a func-

tion W continuous and piecewise C(l) on F such that
(1) (t,x, U(t,x))eR; V (t,x) e F
(11) (t,x, V(t,x))eR, V (t,x) eF

(11i1) The inequality

B
W(a,x(a)) SJ L(t,x(t),U(t,x(t)),v(t)) dt

o

+ W(B,x(B)) (4,1.1)

holds for every admissible arc

90
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x: x(t), U(t,x(t)), v(t) o St S8 (4.1.2)
equality holding in case
v(t) = V(t,x(t)). (4.1.3)

This is equivalent to F

B =
W(a,x(a)) = min {J L(t,x(t),U(t,x(t)),v(t))dt g
v [0}

+ W(B,x(B)} (4.1.4)

where the minimum is taken over those v for which (4.1.2)
1s admissible.

If U is any admissible strategy, then

W(a,x(a)) 2 min {fL(t,x(t),ﬁ(t,x(t)),v(t))dt

+ W(B,x(8))} (4.1.5)

the minimum (which 1s assumed to be attained for at least

one v) being taken over admissible arcs

x: x(t), UCt,x(t)), v(t) o St SB. (4.1.6)

If v(t), o <t 2 B8, minimized (4.1.5), then it can be .shown

by contraposition that the same v restricted to a' S t = B,
where o £ o' £ B, minimizes (4.1.5) with o' replacing a.

If there is more than one arc (4.1.2) or (4.1.6)

satisfylng
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x = £(t,x,U(t,x),v) or x = £(t,x,U0(t,x),v) (4.1.7)

the inequalities (4.1.1) and (4.1.5) are satisfied for

each such arc. An admissible arc satisfying
X = £(t,x,U(t,x),V(t,x))

is an extremal of the field. This type of optimal field
corresponds to a differential game in which U 1s player
One's maximin strategy, for if (B,x(B))e T and if on T,
w(T(o),X(oc)) is defined to be K(o), (4.1.4) and (4.1.5)
simply state that U is the maximin strategy. Furthermore,
if U 1s player One's maximin strategy and V is the cor-

responding minimizing strategy for player Two, by setting

U(t,x) t <B | (t,x) e FUT,

U(t,x) = (4.1.8)
U(t,x) t 28

one can show that not only (4.1.4) but also (4.1.5) must

hold, with W(a,x(a)) given by

Y

W(a,x(a)) = [ L(t,x(t),U(t,x(t)),V(t,x(t))dt
a

+ Wty ,x(t,)) (4.1.9)

in which the arc

(4.1.10)

x: x(t), U(t,x(t)), V(t,x(t)) a £t =t
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with (tl,x(tl)) = (T(0),X(0))e T and W(tl,x(tl)) = K(o),
is admissible. Equation (4.1.9) defines W(a,x(a)) as

J(a,x(a); U,V). Since V is minimizing
J(a,x(a); U, V) S J(a,x(a), U, V)

for any VeV. Suppose that V does not differ from V on the
set of (t,x) in F which have t 2 8 for some B > a. Let x
be an arc corresponding to the pair (U,V) starting at

t = a, terminating at (tl,x(tl))eg and let
v(t) = V(t,x(t)) a £t <8

Then (if B s tl)

]
W(a,x(a)) S J(a,x(a); U,V) = | L(t,x(t),U(t,x(t)), (v(t)dt
)

t
1
+ J L(t,x(t),U(t,x(t)),V(t,x(t)))dt
B

so that
B
W(a,x(a)) S [ L(t,x(t),U(t,x(t)),v(t))dt + W(B,x(B)).
o

(4.1.11)

This 1is (4.1.4)., To show (4.1.5) one starts with
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W(a,x(a)) = J(a,x(a): U,V) 2 min J(a,x(a); U,V) (4.1.12)
Vev
where U is given by (4.1.8). This holds since U is the
maximin strategy. Then

min J(a,x(a); U,V)
VeV

]

B
= min {l L(t,x(t),U(t,x(t)), V(t,x(t)))dt
VeV

t

1

¥ J L(t,x(£),U(t,x(t)), V(t,x(t)))dt g
8

+ w(tl,X(tl))}

where the arc

x: x(t), U(t,x(t)), V(t,x(t)) o St S £ty

intersects T at t = tl, and B S tl“ Then

min J(o,x(a): U,V)
Vev

B
= min {J L(t,x(t),0(t,x(t)), VL(t,x(t)))dt
V,eV
l_
£ty _
+ min | L(t,x(t),U(t,x(t)), V2(t,X(t)))dt

VZEK

8

+ w(tl,x(tl))}}

R
= min {J L(t,x(t),U(t,x(t)), Vl(t,x(t>>)dt
V. eV

1 o

+ W(B,x(B)1}, (4.1.13)

—
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since the second minimum is given by 72 = V. Now

B
“min { f L(t,x(t),'ﬁ(t,x(t)),Vl(t,x(t)))dt + W(B,x(B))}
Q

VY

(4.1.14)

the minimum being taken over admissible arcs (4.1.6).
Combining (4.1.12), (4.1.13), and (4.1.14) establishes
(4,1.5). The inequality in (4.1.14) arises from consider-
ing v's which do not satisfy v(t) = V(t,x(t)) for any
VhXJ since v 1s only required to be piecewise continuous

and V is piecewise C(l). One may also note that

min, min and min could be replaced by inf , 1inf,

VeV Vlel stz VeV Vley
inf without changing the validity of the argument.
VZEX

In an analogous fashion a minimax field could be defined
in which V is player Two's minimax strategy. While the
theorems in this section are stated for maximin fields,
they hold also for minimax fields 1f the obvious changes
(e.g. in inequalities) are made.

The fact that the inequalities defining an optimal

field can be obtained from the assumption that the players

in a differential game have optimal strategies (as has

B
2 min { I L(t,x(t),0(t,x(t)),v(t))dt + W(B,x(B))}.

e ]

T
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just been demonstrated for a maximin field) motivates the
study of such flelds in connection with differential

games. However, the continuity properties of the function
W have not been obtained. It would be necessary to show
this if one wanted to demonstrate that the field corre-
sponds to the solution of the differential game. Berkovitz
[3] assumes that a differential game has a saddle point

and shows that 1f the decompositlon of F corresponding to
the optimal strateglies U and V is of a certain type, called
a "regular decomposition," the payoff J(t,x; U,V) has the
continuity properties required of W.

As before let E be defined by
E(t,x,u,v) = L(t,x,u,v) + wt(t,x) + wx(t,x)f(t,x,u,v).

Theorem 4,1

The functions U, V, and W satisfy on F

E(t,x(t),U(t,x), v) 2 E(t,x,U(t,x),V(t,x)) =0

(4,1.15)
where ve¥(t,x), and
E(t,x(t),U(t,x(£)),V(t,x(£))) =
T aentt o leviang BN (4.1.16)
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If {g(a)} is a C(l)-decomposition of F corresponding to
U, V and W, (4.1.15) and (4.1.16) hold on each E(a), and

(4.1.15) holds on the manifolds separating regions of the

decomposition if interpreted with U, V, wt and wx as
limits from one of the adjacent regions, If (T,x)e?d E(a)
is a point on one of these manifolds such that for all
Je¢(t,x), (%,X,u) is a point of continuity of

inf £(*) (¢t ,x,u,v), (4.1.16) also holds at (T,X) in the

same limiting sense. The expression

£ (¢,x,00%) (¢,x),v %) (¢,x))

= max {Iim E(a)(t,x,u,v)}
ued(t,x) (t,x,u) > (t,x,u) ve¥(t,x)

(4.1.17)

(a), ued(t,x), holds regardless of the

continuity of inf E(a).

where (t,x)e F

Proof,~«The equations

E(t,x,U(t,x),V(t,x)) = min E(t,x,U(t,x),v) =0
ve¥Y(t,x)
are consequences of Theorem 3.1 and its second corollary,
for with U fixed, F, W and V form an optimal field of

the type considered in section 3.1. This establishes

(4.1.15).
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It remains to show that (4,1.16) holds. Let (t,X)

be a point of continuity of U, V, W, and W , and let U

t
be any admissible strategy. Arcs to be considered are

admissible arcs of the form
x: x(t), ult), v(t) t -6 2t <$t, 60 (4.1.18)

with x(t) = X, u(t) = U(t,x(t)). From the definition of

the field
t
W(t-e,x(t-€)) 2 min { L(t,x(t),u(t),v(t))dt
v t-¢
+ WE,D) (4.1.19)
for each € such that 0 £ ¢ £ 6§, If v(t), T -6 St - T,

is the v which minimizes the expression in (4.1.19), for

€ = § the same v minimizes (4.1.19) for € on [0,8]. Then

t
W(tee,x(T-€)) ZJ L(t,x(t),ult),v(t))dt + W(E,X).
t-€

But

|

t
J L(t,x(t),u(t),v(t))dt = [E(t,x(t),ul(t),v(t))
t-¢ J

ct

-€

- W (t,x(t)) = W (t,x(t))f(t,x(t),ult),v(t))]dt

t
= J_ E(t,x(t),u(t),v(t))dt + W(T-e,X(T-g)) - W(E,x)
t-¢€
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Since
[wt(t,x(t)y+wx(t,x(t))f(t,x(t),u(t),v(t)ﬂdt= daw
&= X
Thus t—
g(e) A E(t,x(t),u(t),v(t))dt s 0.
t-¢

The function & has a maximum on [0, 8] at € = 0, since

g(0) = 0, Since g is differentiable
0 2gt(0) = E(E,x,u,v), (4.1.20)
where

u=1lim u(t), v = lim V(t).
t+t- t>t-

Since U 1s any strategy in U, u may be any point in ¢(%,Xx).

Then, from (4.1.20)

inf _ _ E(%,x,u,v) 20 for any ued(t,Xx).
ve¥(t,x)
Since 1inf _ _ E(%,X,U(E,x),v) =0 by (4.1.15),
ve¥(t,x)

equation (4.1.16) holds. Suppose that (T,X) is a point on
on a manifold of discontinuity which 1s part of the

boundary of the subregion E(a), and that ue®(t,x). Since

inf E¢%) (¢,x,u,v) £ 0 on E_(“)
v

Iim _ _ _ { 1inf (% (t,x,u,v)} S o, (4.1.21)
(t,x,u)+>(t,x,u) ve¥(t,x)
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Also
E(a)(t,x,u(“)(t,x),v(“)(t,x)) =0 on Fl®

implies
()&, 5,0 E,0,v*E,5)) =0 (4.1.22)

This equation combines with (4.1.21) to give (4.1.17). If

(t,x,u) is a point of continuity of inf E(a)(t,x,u,v),
v

lim_ _ _ inf E(a)(t,x,u,v)
(t,x,u)=a(t,x,u) ve¥(t,x)

= inf E(“)(E,E,E,V),
veY(%,X)

and this may be used to substitute in (4.1.17). 1In (%,X,u)

is a point of continuity of inf E(a)(t,x,u,v) for each

v
ued(t,x),
()€, 5,0 €, 0,v &)
=  max { inf E(a)(F,f,u,v)}

ued(t,x) vev¥(%,X)

This cannot be concluded in general, since inf E(a)(t,x,u,v)
v

may not be continuous. It is however, upper semicontinuous,

which yields
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int E)(E,E,T,v) 2
veY(t,x)

Iim { inf E(a)(t,x,u,v)}
(t,x,u)+(T,x,u) ve¥(t,x)

The next theorem is Theorem 3.3 restated for the
present type of fleld. The definitions of H and P are
the same as before--although the U, V and W used 1n them
are different, W now being a maximin value function, U,
player One's maximin strategy, and V the strategy optimal

against U.

Theorem 4,2

At each point (t,x) in a maximin field F, the

statements
H(t,x,U(t,x),V(t,x),P(t,x)) S H(t,x,U(t,x),v,P(t,x)),
ve¥(t,x), (4.1.23)

H(t,x,U(t,x),V(t,x),P(t,x))

= max inf H(t,x,u,v,P(t,x))
ued(t,x) ve¥(t,x) (4.1.24)

hold. Moreover, U, V and W satisfy

W, (t,%) + H(b,x,0(6,%),V(t,x), W (t,x)) = 0.  (4.1.25)

The usual limiting sense is given to (4.1.23) and (4.1.25)
at manifolds of discontinuity. Equation (4.1.24) must be

interpreted with the same caution about limiting values of
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inf H(t,x,u,v,P(t,x)) as with inf E(t,x,u,v) in
v v

(4.1.16).

Finally, the integral
I* = |{P(t,x)dx - H(t,x,U(t,x),V(t,x),P(t,x))dt}

is independent of the path in F.
Proof.--The proof 1is similar to that given for
Theorem 3.3. It amounts to a restatement of Theorem 4.1

in different notation.

Theorem 4.3

Theorem 3.4 holds for maximin fields without restate-
ment.

Proof.--The 1inequalities defining the type of fleld

are not used in the statement of Theorem 3.4 or in its
proof. Theorem 3.4 holds for any continuous, piecewise
C(l) function W on a region F, regardless of 1ts origin.
In the present context the statement about H and P (3.2.13)
is a consequence of (3.2.8) (defiging H and P), (4.1.25)
and (3.2.12).

To hold for a maximin field, the corollary to

Theorem 3.4 must be reformulated.

Theorem 4.4

(1)

Let {E‘a)} be a C -decomposition of F based on

U, V and W, and let T be a set of indices a such that
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the manifold M = f\ 8§(a) is not empty. If there exist a
ael
maximin strategy U and a strategy V optimal against U which
prescribe optimal paths lying 1in M, then at each point

(t,X) of M

(%) (£,%5,0(E,%),v) 2 (Y (E,%,U(E,5),V(E,T)) = 0 (4.4.26)

whenever ve¥(%,x), (1,f(%,x,U(t,x),v)) is tangent to M
and ael's Further,
E(“)(E,Y,U(F,Y),V(E,i'))=max inf E(O‘)(E‘,i‘,u,v).
u ved(t,Xx)

(4.4,27)

The maximum 1s not necessarily taken over all u in
¢(¥,Xx), but is taken over a subset of ¢(¥,X). For each

u in this subset there must exist an admissible arc

R: R(t), Ut,x(t)), V(t) @ St ST
(4.4,28)

2(E)=%, U(E,)=u  (t,x(t))e F*

where UeU, which minimizes

t
[ L(t,x(t), T(t,x(t)), v(t))dt + W(E,X)
a

among admissible arcs
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x: x(t), U(t,x(t)), v(t), a St T

with (4.1.29)

x(t) = x.

The arcs (4.1.29) need not 1lie in E:a]

, although (4.1.28)
is required to do so.

Proof.--Since V 1is the strategy minimizing against U,
the sections of the corollary to Theorem 3.4 which apply to
minimization yield (4.1.26) immediately. The tangency
restriction allows one to state (4.1.26) with U(f¥,X) and
V(T,X) rather than U(a)(F;f) and V(a)(f,f).

If, for ael, one defined W (a)

t
and wx(“), one can obtain (4.1.27) with the same argument

and W, on M to be W

as used in the proof of Theorem 4.1 provided that the
stated restrictions are satisfied. These allow the use

R and wx in the argument.

(o) (o) (a)
of E wt and wx for E, wt

The comments preceding Theorem 3.5 indicate that the

following theorem is true.

Theorem 4,5

Theorem 3.5 holds without alteration for a maximin
field.

Proof.--Theorem 3.5 1s independent of the type of
optimal field; indeed, it depends only on the existence of
(1)

a palr of strategies C on a region G & F, and a function

W satisfying
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t
1
w(to,x(to)) = L(t,x(t),U(t,x(t)),Vv(t,x(t)))dt

+ Wt ,x(t)))

for admissible arcs x defined by the strategies U and V
lying in G.

One would wish to have results analogous to Theorems
3.6 and 3.7. However, in a maximin field, the strategy U
1s not optimal--does not maximize--against the strategy V.

Since U does not maximize, one would not expect conditions

such as Hu 0 or a multiplier rule to hold. Furthermore,
while a global extremum is a local extremum, a global
saddle point 1s a local saddle, a global maxmin is not
necessarlly a local maxmin. Nevertheless some partial
results can be obtained. If U 1is considered fixed, the
maximin field is an optimal (minimizing) field in which V
i1s the optimal strategy. This property may be used to

obtalin the following theorems. The proofs are omitted,

since they are similar to the proofs of Theorems 3.6 and

3.7.

Theorem 4.6

Suppose that on the region G of Theorem 3.5 that

¥(t,x) is open, or alternatively that V(t,x) 1is an interior

point of ¥(t,x). Then on G, U, V and W satisfy
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wt(t,x) + H(t,x, U(t,x), V(t,x), wx(t,x)) =0

(4.1.30)
H,(t,x, U(t,x), V(t,x), W (t,x)) = 0.

An extremal of the field
x: x(t), u(t), v(¢) o St sSBg

satisfies, with p(t) = P(t,x(t)) the canonical Euler

equations

X = Ho s p = -(H, + HU), H =0 (4.1.31)
together with

H=H_ +HU (4.1.32)

on the region G.

Theorem 4.7

Suppose that BQ is given by the constraint conditions

(2.2.7c and d), 1i.e., by

WB(t,x,v) S0 B=1, ..., s

w(t,x,v) =0 8

]

s'+l,..., 8.

Then there exist multipliers vs(t,x), piecewise continuous

(1)

on F (piecewise C if the ws are of class C(2)) such

that on F
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vB(t,x) 2 0
vB(t,x)wB(t,x,V(t,x)) =0 B =1, .}., S, not summed,

H (t,%,U(t,%),V(t,%),P(t,x)) + vB(t,x)ws(t,x,V(t,x)) = 0.

(4.1.33)

The usual interpretation is made at points of discontinuity.

Let

A
o

x: x(t), u(t), v(t) a st
be an extremal, such that there is a decomposition

(t t

i-1° i)

a = to < tl Kool ti<ooo< tN = b

of the interval [a,b] with (t,x(t)) in a region of con-
tinuity of U and V on each of the intervals comprising
the decomposition (thus excluding arcs which have subarcs
lying on manifolds of discontinuity of U or V). Then x

satisfies, with

py(£) = Py (t,x(¢))

vB(t) vB(t,X(t))

the canonical Euler equations
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x(t) = Ho(£,x(8),u(t),v(t),p(t)) (4.1.34a)
p(t) = - (Hy (£,x(t),ult),v(t),p(t))
+ H (t,x(t),ult),v(t),p(t)) U (t,x(t))
+ v(t) v, (t,x(t),v(t))) (4.1.34p)
H,(t,x(t),ult),v(t),p(t)) + v(t) v (t,x(t),v(t))) =0
(4.1.34c)
VBt ,x(6),v(t)) S0 B =1, ..., s
(4.1.344d)
WB(t,x(t),v(t)) =0 B = s'+l, ..., s

together with
E% H(t,x(t),ult),v(t),p(t)) =H (t,x(t),u(t),v(t),p(t))

+ Hu(t,x(t),u(t),v(t),p(t)) Ut(t,X(t))

+ v(t) wt(t,x(t),v(t)) (4.1.35)

on each of the intervals (ti_l, t i=1, ..., N. At

1)

the points t i=0, ..., N, these expressions hold in

i’
the sense of left- and right-hand limits.
In thls last theorem HVVx and HVVt were replaced by

vwx and th, as was done in Theorem 3.7, A similar
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replacement for Hqu and HuUt could not be made since U

does not maximize against V,

One could also conslder the situation in which V
is player Two's minimax strategy, and not the strategy
minimizing against the maximin strategy U. Provided that
on F a functlon W continuous and pilecewise C(l) is
defined which satisfies (on F)

t

W(t_,x(t,)) = Jtl L(t,x(t),U(t,x(),V(t,x(t))dt

0

+ Wt ,x(t)))

for admissible arcs

x: x(t), Ut,x(£)), V(t,x(t)) t, 5t = ¢,

Theorems 3.4 and 3.5 apply in this case also. This is so

because these theorems do not depend on the optimality

of U or V.




V. TRANSVERSALITY AND DISCONTINUITY

CONDITIONS

5.1 Transversality Conditions .

Let .
x: x(t), ult), v(t) tg St 5ty f
(t,x(t))eF, ty St = tl, (5.1.1) i

(t1,x(t1)) = (T(0), X(0)) €T,

be an extremal arc. The transversality conditions are

obtained by requiring that

w(tl,x(tl)) = K(o) (5.1.2)

Theorem 5.1

Let T' be that subset of T which contains the
terminal points of all extremal arcs (3.4.1) which are not
tangent to T at (tl,x(tl)). Let {5(“)} be a c{1)-
decomposition based on K, T, and X, and let 0 be a point

(a)

of one of the K for which

(ty,x7) = (t(o), X(0))el',

Such that there exists a neighborhood N of (tl,xl) such that

U and V are C(l) on NAF = N',

110
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Then the transversality conditions

wt(tl,xl) TO(F) + wx(tl,xl) XO(F) = Ko(67 (5.1.3)

KU(F) + H(tl,xl,U(tl,xl),V(tl,xl)-P(tl,xl)) TO(E)
- P(ty,xy) X (3) =0 (5.1.4)

hold, where W W H, P, U and V are given theilr limiting

t’
values as (t,x)eN'+(tl,xl).

x’

Proof.--Equation (5.1.4) follows from (5.1.3), the
definitions of H and P, (3.2.8), and the Hamilton-

Jacobl Equation
wt(t,x) + H(t,x,U(t,x),V(t,x),wx(t,x)) =0

The functions U and V have C(l)

extensions to the neighbor-
hood N.

Consider the differential equations
x = f(t,x, U(t,x), V(t,x)) (5.1.5)

There 1s a constant p > 0 such that there 1s a unique
solution Xq lying in N, of (5.1.5) through the point
(tl,xl) on the interval [o,B8], o = ty=e, B =t + p.
Furthermore, there exist constants p', m > 0 such that

through each point (t,§) satisfying

o -p' ST <B4+ p', g - xo(r)l < T
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there 1s a unique solution
x(t,T1,8) o - p!' <t < B + p! (5.1.6)

of (5.1.5), containing X4 for a <t < B, £ = xO(T).

On N' each of these solutions 1s an extremal arc.

By hypothesls, each one intersects T' and 1s not tangent

=

to it. Let t(t,&), x(t,&) be the point of intersection of
(3.4.6) with T'.

W(t,E) must satisfy, by (5.1.2)

t(t,€)
W(t,E) = [ L(t,x(t,T,&),U(t,x(t,T,&)),V(t,x(t,T,8)))dt+K(0)

T

where t(t,£) = T(o), x(1,€) = X(0), or equivalently

G(G,T’g) -A_ -X(T(U),T,g) + X(O) = 00 (50107)

G is C(l) in o, T and £, because of the properties of

the solution (5.1.6), T and X. If |¢' J(5,t.,x)| # o,

(1)

(5.1.7) determines o as a C function of (t,§) in a

neighborhood of (t , which may be taken to be N

12%1)
without loss of generality. The nontangency assumption

assures that the determinant is nonzero, since then the

matrix

1 TO(E)

f(tl,xl,U(tl,xl), V(tl,xl)) xG(E)
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has rank n+l. By elementary transformations this becomes

1 0

f(tl,xl,U(tl,xl), V(tl,xl)) M

where

M= Xc(c) - f(tl,xl,U(tl,xl), V(tl,xl)) Tc(o)
has rank m. But since

-5% X(t,7,6) = £(t,x(t,7,E),U(t,x(t,1,E),V(t,x(t,7,£)))

G
30 (c,tl,xl) = Xo(o) -f(tl’xl’U(tl’xl)’V(tl’xl))To(°)=M

and the determinant IG%J' £ 0 Then

T(o(1,£)
W(t,8) = [ L(t,x(t,1,8),U(t,x(t,T1,8),V(t,x(t,T,£))dt
T

+ K(o (1,8)).

(1) (L) (a)

W(t,t)is C on NN F since T and K are C on K™/,

o and x are C(l) on N, L 1s C(l)

(1)

in (t,x,u,v) and U and V

on N.

are C
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Let
w(t,g) = W(T(o(T1,8)) X(o(T1,&))) = K(o(1,£))

and let (T,E) be a point on the extremal Xy Then

o = o(T,E), T(o) -

tl’ X(o) = X, and

aw(7,8)

w (T,B)dt + wg(?,f)dﬁ

(wt(tl,xl)To(5)+wx(tl,xl)xd(5))(UT(?;E)dT

+

cg(?,f)da)

KO(E) (oT(?,E)dr + og(?,g)di).
Since dt and df are arbitrary
wt(tl,xl)To(E) + W (ty,x)) X (o) = KO(E)

as was to be proved.
The proof of this theorem is based on the proof used
by Berkovitz [3] for a related result applied to transition

surfaces (cf. the following section).

5.2 Manifolds of Discontinuity

A careful application of Theorems 3.2 and 3.4 can
yield additional conditions at certain types of manifolds
of discontinuity. Three main types are considered:

transition surfaces, dispersal manifolds, and universal

manifolds. This terminology is due to Isaacs [20].
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Let M be an n-dimenslonal manifold of discontinuity
of U or of V (or of both), (where U and V are optimal
strategies 1n the case that the game has a saddle point,
U is a maximin strategy with V optimal against 1t, or V
is a minimax strategy with U optimal against it). If,

for each point (t,x)eM, there is an extremal
x: x(t), u(t), v(t) a St S8 (5.2.1)

with x(¥) = X, o < ¥ < 8, and x(t)¢M for t # T, M is

called a transition surface.

Theorem 5,2

Let {E(a)} be a c()

-decomposition of F based on U,
V and W for a game with a saddle point, and suppose that
M = Ba)ﬂ .F_.‘_(E)ﬂ F 1s a transition surface which is a
manifold of discontinulty of at most one of the strategiles
U and V. If at (T,X)eM, the arc (5,2.1) intersecting M
at (£,x) is not tangent to M as t + T - 0 and t > T+ 0,
wt(“)(E,i) = wt(s)(E,f) and wx("‘)('t',I) = wx(B)(F,i'). That

1s, W is ¢V

at (T,X).
Proof.--From Theorem 3.4, for any vector (dt, dx)

tangent to M at (%,x)

(wt (0.) (F,I) _wt (B) (ZE";) )dt+(wx ((X) (E"’)‘{‘)_wx(e) ('E’s{-) )dx:O R

which indicates either that

wt(a)(€,§)=wt(5)(€,§) and wx(“)(f,z)=wx(3)('€,f)
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or that

() _ 4 (B)

(a) (8)
(W g2 Wy - W)

(t,x) = £,%)

is a nonzero vector orthogonal to M at (t,x). Let (u,v)
be any vector orthogonal to M at (t,x). Then, since M 1s

a transition surface

u o+ vE(E,X,UE, D),V ) (E,5)

and

u o+ vE(E,TLUE, D),V B (E,5)

have the same sign, where, for definiteness, V is taken to
be the strategy having the discontinuity. Further, by the
nontangency assumptlion, this sign must be elther strictly
positive or strictly negative.

By Theorem 3.2

L(E,%,U(E, %),V % (E,5))

- wt(a) (Tt_,-f)

(E,%,U(E,%),v ) (E,7))

+
=
~
Q
N
~
h
-
>
N—
)

Likewlse,
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i BNED = LEEUED V) (E,T)

(g)

<+

w, B E, D0 (E,T,uE D,V (E,0)

- L(E,E,UED), V) (E,1)

+

w, B (8., 08,5, 0,0, v (F,0).
Consequently, on the one hand
v e - Ben 2w BEn

- w, (N E D), EUED, V) (€,5)

and on the other hand
(o) (7 = (B) jm= =\ < (B) -
W, (T,x) - W, (T, x) = (W, (%T,X)

- w9 () £(E, X, UED v (5,10,

By rearranging
(o) ;= = (B) = = (a) (r =
(wt (t,x) - wt (T,x)) + (wx (¥,x)
-, B EENeE,EUED,VNETD) < o0
w D@0 -u, B @)+ w D

- w, B E,EEUED,VE T 2 0

(5.2.2)
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But, if (wt(“) - wt(B), wx(“) - wx(B)) evaluated at (¥,X)
1s a nonzero vector orthogonal to M at (¥,Xx), both of
these quantities must be elther strictly positive or

strictly negative, which 1s impossible. Therefore

w e ,x) = w8 e,

and

wx(a)(t,x) wx(B)(t,x).

This theorem and the method of proof are due to

Berkovitz [3].

Corollary

Theorem 5.2 holds for a transition surface M

(1) in a maximin field, if the maximin strategy 1is
continuous across M
(1i) in a minimax field, if the minimax strategy is
continuous across M
(111) in an optimal field for a control problem, if
L and f are continuous in (t,x).
Proof.--This 1s true since the proof of the theorem
requires varying only the discontinuous strategy, which is
either a minimizing strategy or a maximizing strategy.

The proof (given for a minimizing strategy) is actually

the proof for an optimal control problem with
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L(t,x,v) = L(t,x,U(t,x),v)

and

f(t,x,v) £(t,x,U(t,x),v),

and holds if L and f are continuous in (t,x) at (t,x).

The next theorem concerns manifolds such that each
point (t,X) on one of these manifolds is the initial point
for several extremal arcs, each of which proceeds, for
t > t into a different subregion of F. Manifolds of this
type are called dispersal manifolds. The theorem also
holds for polints on manifolds to which several extremal
arcs converge. That 1s the extremals are distinct for
t < t, but all have the point (t,Xx) in common.

As before {E(a)} is a C(l)—decomposition of F based
on U, V and W for an optimal field in which U and V provide

a saddle point.

Theorem 5.3

Let M = F'%)() g(ﬂn F be a dispersal manifold.

Then at (¥,Xx)eM
(a) (= = (a) = = (a) = =
(wt (t,x) - W (T,x)) + (wx (t,x)

-w B & eE, @0, v €,0)

v

0 (= 0) (5.2.3)
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and

w @D - B @+ W ED

-w @ )eE, 8 €,0,v 8 €,50)

iA

0 (20), (5.2.4)

that 1s, that these expressions have opposite signs.

Furthermore

(wt(a) (%‘,f) - wt(B)(f,i‘)) + (wx(a)(-ﬁ,;)

v
o

- w B & neE v @0, v )

(5.2.5)

and

w, Y En -w B+ w ED

-w B EoneEx,u® @n, v E) s o

(5.2.6)

If M is a surface (n-dimensional manifold), 1f the players
choose between U'®) ana U(B), v(®) 5ng v(B)  ong 1y

(5.2.3) to (5.2.6) are all strict inequalities, one of the
(a)

players can choose which extremal arc--the one entering F

E(B)

or the one entering --1s taken.
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If the dispersal manifold M_=(R\E;a:(\ F for some set
oeTl
of indices TI', (5.2.3) to (5.2.6) apply to each pair o, B,

ael and BeTl.

Proof.--Let (u,v) be a vector orthogonal to M at
(£,X). Then the statement that there exist distinct arcs
x ¢ x (£), U e,x (6)), v (e,x (8)) TSt St
- Y Y Y 1

Y = a,B,
with

(t,xy(t))eE(Y) for t < t S ty (5.2.7)
is equivalent to

b+ vEETLUMED VO ET) 20 (S0) (5.2.8)
and

w+ueELUBEDVEET) S0 (2 0)  (5.2.9)

that 1s, the two expressions have opposite signs.
By Theorem 3.4 (wt(“)(‘t‘,i‘) - wt(B)(Ts‘,i'), wx(“)(’t',i)

- wx(e)(F,I)) is either zero or a nonzero vector orthogonal

to M at %) 15 1t 1s zero, the relationships (5.2.3),
(5.2.4), (5.2.5) and (5.2.6) are satisfied trivially. If

it is not zero, then (5.2.8) and (5.2.9) hold with

we= o @D - w BET) ana

v = Em - w BlEm,
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yielding (5.2.3) and (5.2.4). As a matter of notational

convenience, set

£(u,V)

"
w
N
Nl
-

»
-

[
~
Nl
-

»J
N
A

<
=
Nl
L J

>
N—r

L(U,V)

[}
=
—~
)
-
»|

-
c
—~
|

-
|
~

-
<
—~
Nl

-
»]
~
~

(W, W) = (wt(E,f),wx(E;?)).

From Theorem 3.2 one obtains

v
o

Lol 8y | wt(a) N wx(a>f(u<a),v<8>) (5.2.10)

(a)

Lu(®) ylady | wt(a) + wx(“)f(U(B),V ) £0  (5.2.11)

and

1A

L, vy 4y B 4y Bl ® y(0)y 20 (5.2.13)

Subtracting (5.2.12) from (5.2.10) yilelds (5.2.5) and
subtracting (5.2.13) from (5.2.11) yields (5.2,6).

Suppose that (5.2.3) to (5.2.6) are all strict
inequalities, so that none of the arce corresponding to
wle) ylady (yla) g8y (y(B) ylady o B) y(B)y yyen
initial condition (%,X) are tangent to M at (%¥,X), and
suppose for definiteness that (3.4.10) > 0. Then both of
the arcs corresponding to (U(a),V(a)) and (U(a),V(B))

(a)

enter F In the same manner, both arcs corresponding to
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(U(B),V(a)) and (U(B),V(B)) enter E(B). Clearly player

() (B) If

One can choose to enter elther F or F*'"7.

(3.4.10) < 0, then player Two has the cholce.

If M= ﬂ F:a]n F, the preceding arguments apply to

aeTl
each pair a, B, ael', Berl,

Corollary

If two or more arcs converge to (T,x)eM instead of
diverging from (t,x), then (5.2.3) to (5.2.6) hold in this
case also. If M = ﬂ Wﬂg, these inequalities hold
pairwise for a, Ber?er

Proof.--The only change required is that the arcs
(3.4.16) must be defined on some interval t, S t S &

rather than t <t S ¢t The statement that one player

1
can choose the arc which 1s taken is 1lnapplicable to
this case.

Manifolds of the type in the preceding corollary are
called universal surfaces (curves, etc.) by Isaacs [20].
The corollary to Theorem 3.4 applies to such manifolds.

~

If M= (\ E:a:f\ F, and U, V are strategies which equal
ael .
U, Von M, the following theorem holds,

Theorem 5.4

Let M be a universal manifold as just described.

Then at (t,x)eM, for each aeTl
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LE,EIED, V@) «w (Y ED
+ wx(“)(f,‘f)f(‘s,i,ﬁ(%‘,i‘),v(“)ct‘,i)) £0 (5.2.1h)

L(E,X, U0 (8,0,7(E,0) + w, N (E,0

s &, DeEx N EDIED 20 (5.2.15)

The inequality (5.2.14) holds if the field is a minimax
field and (5.2.15) holds if it 1s a maximin field.

Proof.--These 1lnequalities are immedlate consequences
of Theorems 3.2 and 4.1. For example (5.2,15) follows from
(O.) (E‘"f)

L(E,X, U (B,0),v) + W,

s N EDEE VY E,v 2 0

in either Theorem 3,2 or 4.1.

The situations covered in the above theorems do not
exhaust the types of behavior exhibited by optimal
trajectories in the neighborhood of discontinuities.
However, most of them can be treated with a careful appli-
cation of these theorems, For example, 1f the optimal
trajJectories on one side of a surface were parallel to the
surface, and on the other side departed from the surface in
a direction not tangent to i1t, Theorem 5.3 could be

applied with (5.2.3) (or (5.2.4)) an equality.



VI. CONCLUSION

6.1 Conclusions

Because of the close relationship between differential
games and optimal fields with independent controls,
optimal fields can profitably be studied in connection
with differential games.

In Chapter III optimal fields with a saddle point were
investigated. The necessary conditions obtained included
Hamilton-Jacobi equations, Euler equations, and a saddle
point in the Hamiltonian function corresponding to the
saddle point 1n the optimal field., Also a multiplier rule
was derived for constraints on the controls given by
systems of equalities and lnequalities, None of these
results 1s particularly surprising; they are an extension
of the corresponding results in optimal control theory.

In the fourth chapter a maximin field was introduced.
Maximin fields are a type of optimal field not previously
treated., In a maximin fleld one of the players has a
strategy which maximizes a functional among a collection
of functionals minimized by his opponent. While the
second player has a minimizing strategy optimal against
the first player's maximin strategy, the maximin strategy
is not necessarily optimal against this minimizing strategy.

It 1s optimal when the collection of minimal problems is
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considered. Because of this, the results obtained for
maximin fields are not as strong as those for saddle point
optimal fields. 1In particular, a multiplier rule which
applies to the constraints on only one player was obtained.
In Chapter V a transversality condition for extremal
arcs terminating on the surface T was derived. The
behavior of extremal arcs in the vicinity of manifolds of
discontinuity was used to derive further conditions at these

manifolds.

6.2 Further Research

Further research in optimal fields for differential
games could profitably concentrate on strengthening the
results obtalned for maximin fields, In particular, if
one can be obtained, a multiplier rule applicable to both
players 1s a result which would be most useful,

The value function for a differential game 1s not
necessarily continuous on the playing space F. It may be
piecewise continuous, in which case one could consider
optimal fields defined on each region of continuity.

One would 1like to obtain conditions relating these optimal
fields on the manifolds of discontinuity of the value
function.

In differential games in general, rather than in the
optimal fields assoclated with them, a direction of research
useful in applications would be into games of imperfect

information. To be successful, this would most likely
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require some sort of mixed strategy. Mixed strategiles
would lead to the consideration of stochastic differential
equations, a difficult subject in itself, Some start in
this direction has been made by Ho [17].

The extension to general N-person differential games
will have to be deferred until the theory of general
games 1s at a more settled state. Perhaps something
could be done in this 1line for optimal rendezvous and
collision avoldance problems, which are two-person non-

zero-sum games.
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