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ABSTRACT

ON MINIMIZATION OF SOME NON-SMOOTH CONVEX FUNCTIONALS
ARISING IN MICROMAGNETICS

By

Hongli Gao

This thesis is motivated by studying the properties of ferromagnetic materials using
the Landau-Lifshitz theory of micromagnetics. In this theory the state of a ferromagnetic
material is described by the magnetization vector m in terms of a total micromagnetic energy
that consists of several competing sub-energies: exchange energy, anisotropy energy, external
interaction energy and magnetostatic energy. For large ferromagnetic materials and under
some limiting regimes of the model, the exchange energy can be negligible and the total
energy becomes a reduced model. Our investigations focus on the study of such a reduced
model of Landau-Lifshitz theory.

The primary focus of the thesis includes two parts: the minimization (static) study and
the evolution (dynamic) study. We investigate a new method for the existence of minimizers
of the reduced micromagnetic energy based on a duality method. In this method, the reduced
micromagnetic energy is closely related to a convex functional (the dual functional) on the
curl-free vector functions. Our minimization and dynamics studies are based on the study
of the minimization and gradient flow of this dual functional. Much of the thesis is focused
on the minimization problem of two special cases: soft case and uniaxial case on the annulus
domain; in particular, in the soft case, for some range of the parameter, the energy minimizers
of the original micromagnetic energy are constructed through the Euler-Lagrange equation
of the dual functional using the characteristics method for a reduced Eikonal type equation.

The second direction of our study of this thesis is an attempt to obtain certain reasonable



dynamic process for the evolution of m, where the asymptotic behavior of the gradient flow

of the reduced energy functional is investigated.
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Chapter 1

Introduction

1.1 Landau-Lifshitz theory of micromagnetics

Our research is based on the well-known Landau-Lifshitz theory of micromagnetics; see
Brailsford [7], Brown [11] and Landau et al [36]. Under this theory, observable magnetic
properties of a ferromagnetic material are described by a magnetization vector m through a

formulation of a total micromagnetic energy including several competing energies:

£(m) :%/Q|Vm(x)|2dx+/ggo(m(a:))dm—/QH(x)~m(x)dac+%/Rn P ()2 dz, (1.1)

where 2 is a bounded domain in R"™ (n = 2,3 in practice) occupied by the ferromagnetic
material, Fyn € L?(R™;R") is a magnetic field induced by m on the whole R” that is

determined by the simplified Maxwell’s equations:
curl Fy = 0,  div(—Fm + myg) =0 in R", (1.2)

©(m) is a given function representing the anisotropy energy density that is minimized along
certain preferred crystallographic directions, and H(x) is a given vector function representing

the external applied field. Here o > 0 is a material constant. Under this theory, when below



certain critical temperature, the magnetization m should have constant magnitude:

jm(z)| = M, (1.3)

where Mg > 0 is a saturation constant.

The first term in the energy £(m) is called the exchange energy, the second term the
anisotropy energy, the third term the external interaction energy, and the last term is a
non-local energy and is usually called the magnetostatic energy. The non-locality and non-
convexity of the total energy £(m) not only present a major and challenging mathematical
problem but also provide a concrete example for some other physical problems of a similar
nature.

The Landau-Lifshitz model has been at the center of much of current active research;
see the survey by Kruzik and Prohl [35]. On one hand, the static Landau-Lifshitz theory
is postulated by minimization of energy £(m) under the saturation condition (1.3). On the
other hand, the dynamic theory for time evolution of magnetization m is governed by the
Landau-Lifshitz equation:

v
Om = ym x Fog + Bmm X (m x Fyg) (1.4)

on Q x [0,00), where v < 0 is the electron gyromagnetic ratio, 8 > 0 is the Landau-Lifshitz
phenomenological damping parameter, and F,g is the total effective magnetic field defined
by the functional derivative of £(m) as



This equation is also equivalent to the so-called Landau-Lifshitz-Gilbert equation. Many
results, such as existence ([2, 3, 16, 17, 19, 30, 32, 50]), stability ([14]) and asymptotic
behavior have been well established for the Landau-Lifshitz equations that include the so-
called exchange energy (when o > 0). Such exchange energy provides the magnetization m
with m € L™ ((0, 00); H'(Q)) which allows us to have some compactness and stability that

are needed for using the standard methods.

1.2 Reduced model of Landau-Lifshitz theory

For large ferromagnetic materials, it has been justified by DeSimone [22] (see also James and
Kinderlehrer [33]) that the total micromagnetic energy can be approximated by the following

reduced form (ignoring the exchange energy):

1
I(m) = / o(m(z)) dz — / Hz) - m(z)de + = / | Fan(2) |2 dz. (1.5)
) 9) 2 Jrn
Throughout this thesis, we assume the magnetization m has unit length:
jm(z)| = 1.

Due to the saturation constraint |m| = 1 and the anisotropy energy, the existence of min-
imizers of this energy I(m) is not guaranteed; so more careful analysis should be carried
out.

A new method for minimization of this functional I(m) has been introduced by Pedregal

and Yan [43, 44] based on the idea of duality; see also [33]. The main idea of this method is



motivated by rewriting the magnetostatic energy as

1 ) , 1/ )
— F = min - myo — G
5 L\l = min 5 [ g -G

by (1.2), where the minimum is taken over all divergence-free fields G in L2(R";R™). In [44]

it has been proved that

inf I(m) = — min J*(F),
meL2(Q;R™) FeL2(R™;R™)
|lm(z)|=1 curl F'=0

where J*(F') is a convex functional defined by

J*(F) —/g@(F(m)—i—H(m)) dm+%/ﬂw |F(z)]? da (1.6)

with a convex function ® defined by

() = he]é%rj}ia:l(f h—¢(h)) (£€R").

It is easily seen that J* is strictly convex on V = L2(R™; R™) N {curl F = 0}. The existence
of the minimizer F' € V is guaranteed by the general theory. Using this unique minimizer
F of J*(F), a necessary and sufficient condition for the existence of minimizers of I(m) has
been given in [44, 52]. In [52], a notion of generalized minimizers of I(m) has been also
defined. A similar dual formulation to the functional J*(F') has also been used by Melcher
[38] to approach some regularity problems for thin films.

We follow this line of investigations to study some concrete problems regarding the min-

imization of functional /(m). Our primary results will be the construction of minimizers of



some special energy I(m) on an annulus domain 2, which may have some physical applica-
tions in studying magnetic nanorings [15].

The evolution model based on the reduced energy I(m) leads to a corresponding reduced
Landau-Lifshitz equation (1.4) with a = 0 and has been recently studied in [26, 27, 53, 54].
In this case, one only has m € L°((0, 00); L°°(2)) which leads to the lack of compactness
and stability. Yan [54] discussed stability and asymptotic behaviors of solutions for a degen-
erate Landau-Lifshitz equation in micromagnetics involving only the nonlocal magnetostatic
energy. He showed that the Cauchy problems for such an equation are not stable under the
weak* convergence of initial data. For the asymptotic behaviors of weak solutions, he estab-
lished an estimate on the weak *w-limit sets that is valid for all initial data satisfying the
saturation condition. Deng and Yan [27] have presented a new method for the existence of
global weak solution to the reduced Landau-Lifshitz equation. In addition, they also estab-
lished higher time regularity when the initial value mg is constant. They studied the weak
w-limit sets for the soft case and the asymptotic behaviors in the case when € is ellipsoid
and initial value mg is constant.

In attempt to obtain other reasonable dynamic processes for the evolution of m, we study
the gradient flow of the convex functional £ : L2(R™;R") — R := (—o00, c0],
/Q(I)<F(x) + H(x))d:v 41 /Rn \F(2)2dz, FeV,

2

L(F) = (1.7)

+00, F e L>(R™;RM)\V.

1.3 Main results

Our results consist mainly of two parts: minimization of the functional £ and the asymptotic

behavior of the gradient flow.



Since every F(x) € V can be written as F(z) = Vu(z), where u € H}!

ioc(R™), we introduce

the following variational functional:

L(u) = Lg(u) = /QCI)(Vu(:L’) + H(z))dr + % /R” Vu(z)? da (1.8)

forallu e H }OC(R”) with Vu € L2(R";R"™). For simplicity and when there is no confusion,
we simply use L(u) to denote Lq(u).

Note that L(u + ¢) = L(u) for all constants ¢ € R. To fix the idea, we define the linear
space X by

X = {u € Hlloc(Rn) Vu e L2(R™;R"), / M'udS = O} : (1.9)
o

where Tu = ulyg is the well-defined trace in HY/2(9Q) (see [1]). It is casily seen that L is
strictly convex on X. Hence L has a unique minimizer on X'; we denote this unique minimizer
by @ = vxq + Wwxqc. Certainly, this function @ depends on the domain (2, the anisotropy
function ¢ (in terms of function ®), and the applied field H(z). Pedregal and Yan [44] have
shown that @ is uniquely determined by its boundary data g = u|gq and, in particular, that
w is harmonic on €. They have also established a necessary and sufficient condition for the
existence of minimizers of energy I(m) in terms of the unique minimizer 4 = vxq + Wy

of functional L(u). For example, they established the following theorem.

Theorem 1.3.1. Let u = vxq +wWxqc € X be the unique minimizer of functional L defined

above. Then, the energy I(m) has a minimizer if and only if there exists a function G €



L2(Q;R™) that satisfies

div(Va+ Gxq) =0 in R™,
(1.10)

G(z) € X(Vo(x) + H(z)) ae. x €.

Here, $(n) = {h € S" 1| ®(n) = n-h—@(h)}. In addition any m € L>®(Q; S" 1) satisfying

m(z) = G(z) a.e. on ) is a minimizer of energy I.

We focus on how to find the minimizer u of L(u). The following result has been proved

in [44]. We provide in Chapter 3 a different proof for it.

Theorem 1.3.2. (Chapter 3, section 3.1.2) A function u = vxq+wxqc € X is a minimizer

of L(u) if and only if there exists a vector function G € L(:R™) such that

div(Va+ Gxq) =0 in R",
(1.11)

G € dd(Vu+ H(x)) a.e Q,

where 0P (&) denotes the sub-differential of ® at £. Any such function G is called a generalized

minimizer of the functional I(m).

Depending on the different anisotropy density functions ¢, the functional L(u) takes a
different form in terms of the convex function ® defined above.

We say that the material is in the soft case if ¢ = 0; in this case ®(£) = || on £ € R™.
We say the material is in the uniazial case if ¢(h) = 5(1 — |h-e]|), where 8 > 0 is a constant
and e € R" is a given unit vector; in this case, the function ® can be explicitly computed and
the sub-differential set 0P () has a special structure (see below), which affects the existence

of the solution to the problem (1.11).



We are also interested in the dependence of % on the domain 2. When a small region F is
removed from the domain £, we want to study how the minimizer of Lg g(u) (or ultimately
the minimizers of I(m)) should change. In particular, can the minimizers of Lq(u) and
Lo\ g(u) be the same on '\ E7

We have the following result.

Theorem 1.3.3. (Chapter 3, Section 3.1.3 ) Let u = vxq + wxqc be the minimizer of the

functional Lg(u) and E CC Q. Define w by

Aw =0 1inFE,
(1.12)
w=u ondE
Suppose that there exists G € L*(Q\ E;R") satisfying
(
div(Vi+ G) =0 in Q\ E,
((NJ+V6)-V:% on 09,
(1.13)

)

(é—i—V@)'l/:%—y on OF,

G e 0d(Vo+ H(z)) ae Q\E.

Then u = uxgn\ g + WX g is the minimizer of Loy p(u).

In Chapter 4, we apply this result to the minimization of /(m) and L(u) in the soft case
(when ®(&) = |£]) with constant applied field H = Aej for an annulus Q2 = {z € R" | a <

|z] < 1}, where 0 < @ < 1. Such condition leads to the study of Lipschitz solutions to the



boundary value problem of the Eikonal equation below:

IVi(s,t)| =t""2 ina®<s®>+t2<1,t>0,
(s, t) =0 on s2 +t2=a2, t>0,

(1.14)
(s, t) = n"—_/\lt”_l ons?+t2=1,1t>0,

(s, t) =0 ont=0,a<]|s <1.

We prove that the boundary value problem (1.14) has a Lipschitz solution if and only if
1 n—1
0<A<—(1-a"}, (1.15)
n

and that, in this case, we can construct infinitely many Lipschitz solutions. This construction

is the primary goal of Chapter 4 of the thesis. We summarize the result as follows:

Theorem 1.3.4. (Chapter 4, Section 4.1) If 0 < A < %(1 — a1, then the problem (1.14)
has infinitely many Lipschitz solutions 1(s,t), constructed in Theorems 4.4.6 and 4.4.9 in
Chapter 4. In this case, the minimizers m of I(m) obtained from the constructed solution v
will be the constant +eq in certain subdomains Qy = {(z1,2") € Q| (|z1|, |2’]) € 2o} away

from the boundary OS).

The second direction of our study is an attempt to obtain certain reasonable dynamic
process for the evolution of m. We study the gradient flow of the convex functional £ on
L*(R™R™):

F(t) € —0L(F(t) (t>0), F(0)=F, (1.16)



where the subdifferential 0L(F) is given by

OL(F) = F + Py(0®(F(z) + H(z))xq) + V* VF eV,

with Py being the orthogonal projection on V.

The existence of the gradient flow is standard; see [10, 28]. For the asymptotic behavior as
t — oo, Bruck [8] has shown that in general the gradient flow of a strictly convex functional
converges weakly to a minimizer, while Baillon [9] has given a counterexample showing that
in general the gradient flow does not strongly converge to a minimizer.

Due to the fact that the minimizer of £ is harmonic outside €2, we obtain the strong

convergence of the gradient flow for the function L outside of €.

Theorem 1.3.5. (Chapter 3, section 3.2) For each Fy € V there exists a unique solution to
the gradient flow (1.16). Furthermore, F(t) = F ast — oo and F(t) — F in L*(Q%R") for

all compact sets Q containing Q.

Note that the gradient flow (1.16) determines a (nonunique) time-dependent vector func-

tion m(¢) = m(x,t) with the property

div(E(t) + F(t) + m(t)xg) =0 (t > 0),

m(z,t) € 0P(F(x,t) + H(x)) aexzef, t>0.

This, along a subsequence t;, — 0o, determines a vector function m(xz) satisfying div(F +
myq) = 0. If, in addition, one has that F(t) — F strongly in L?(R";R") then it would
follow that m(z) € 0®(F(z) + H(z)) for a.e.x € Q and thus m(z) would be a generalized

minimizer for energy I(m).

10



At the end of Chapter 3, we will discuss a particular example for the soft case with
a constant applied field H on the unit ball in R3. In this case, the gradient flow can be
expressed as an ordinary differential equation, where we have the strong convergence for

gradient flow both inside and outside of €.

11



Chapter 2

Preliminaries

In this chapter, we review some preliminary definitions and results in order to present our

results in Chapter 3 and Chapter 4.

2.1 Notations and definitions

Throughout this thesis, we use H to denote the real Hilbert space LQ(R”;R”) with usual
L?-inner product F' - G' and norm || - ||. When using the convergence notation in this thesis,
“ — 7 denotes the strong convergence in L2(U ;R™); “ — 7 denotes the weak convergence in

L2(U;R™) provided

/ukvdx%/uvdx as k — oo.
U U

for each v € L?(U;R™). Here U C R™ is any set in R™.

Let V be the subspace of H defined by
V={Fe€H]| curl F =0 in the sense of distributions on R"}.

Then each element F' € V can be represented as F' = Vu for some function v € H llo (R™).

Moreover the orthogonal complement of V is exactly given by

V+ ={G e H | divG =0 in the sense of distributions on R"};

12



that is, G € V if and only if

/R" G(x)-V¢(z)der =0 V(e CIR").

We refer to the books [47, 49] for the proof of these results.
We next review some notations and definitions in convex analysis (see, e.g., [6, 45]). Let

p: H — R be a given functional on H.

Definition 2.1.1. The (convex) conjugate or the Legendre transform p* of p and the

convexification p# of p are, respectively, defined by

p*(G) = sup {F -G —p(F)}, p"(G)=sup{F-G—p*(F)}
FeH FeH

that is, p# = (p*)*. Both are convex functionals on H and it also follows that p* = (p#)*.

Definition 2.1.2. The sub-differential of p at G € H is defined to be the set
op(G)={FeH|plA) >p(G)+F-(A-G) ¥V A e H}. (2.1)

Note that 9p(G) # 0 only if p(G) < oo, and that if Ip(G) # 0 then it is a convex subset
of H. Moreover, 0 € dp(G) if and only if p(G) is the absolute minimum of p on H.

We also have the following property:

F € 0p(G) if and only if p*(F) = F -G — p(G). (2.2)

13



Moreover, if ¢ is a convex functional on Hl, then

IFll < sup {q(G+ A) —q(G)} V F € dq(G). (2.3)
Al <1

2.2 The duality method for micromagnetics

Assume that ¢: S?7! — R is a given function representing the anisotropy energy density,
is a given bounded domain with piece-wise smooth boundary occupied by the ferromagnetic
material, and H € L?*(Q;R") is a given applied magnetic field. Consider the (reduced)

micromagnetic energy introduced above

1) = | felm(e) — H(@) - mia))do+ 5 [ [Pl do.

where Fiy € V is defined by Maxwell’s equation (1.2) above.

Note that, by (1.2), the magnetostatic energy can be expressed as a variational problem

1/ 2 1 2
= |Fin|* = min —/ lmyo — G|°.
2 Jrn m GevL 2 Jrn

Introduce an auxiliary functional A(m,G) for m € L>®(Q;S" 1), G € H = L*(R™;R") by

Am,6) = [ ) = [ H@)met g [ oGP, (2.4)

which leads to I(m) = min A(m,G). Therefore
Gevl

|m|=1 lm|=1 | gevL

inf I(m)= inf inf A(m,G)
Gevl [|m[=1

= inf [inf A(m, G)

14



Now, for fixed G € H, define

J(@Q) = inf A(m,Q),

lm[=1

where the infimum (in fact a minimum) is taken over all m € L>(2; S”~1). Then one easily

has

inf I(m)= inf J(G).
jm|=1 Geve

An elementary computation shows that

J(G):/Qqﬂ(x,G(x))daﬁL%/Qc\GFdx,
where
9w, ) = 56 + 1) - B(¢ + H(2))

with ® denoting the convex function defined above by

®(n) = max [n-h—ph), (neR").
heSn

Define

S(n) ={h € S" 1 h-n—p(h) = D(n)}.

Then

S(n) =@ NSt (neR™).

(2.6)

Remark 2.2.1. (1) If anisotropy energy density ¢ is given by ¢ = 0, which is the soft case,

then ®(n) = |n|.

15



(2) If anisotropy energy density ¢ is given by

p(h) = B(1 = |h-el), (2.7)

where > 0 and e € "1 are given constants. Then p(h) > 0 and equals 0 if and only
if h € {e, —e}; these are the so-called easy axes. This is the uniaxial case. In this case the

function ® defined above can be easily found as follows:

d(n) = fﬁg(n'hﬂh-ﬂel—ﬁ)

= max max{n-h-+tbe-h} —
WZHZﬂ{n fe-h}—p

= max max (n-+tpe)-h —
t=i1|h|:1(n fe) B

= tbe| —
gi§|n+ﬁ| 8

= (In>+28]n-e|+ 82 - 5.

Therefore,

n+Bsgn(n-e)e -
|77+5 sgn(n-e)e|’ Zf n-e 7’£ O»

nttfe . - _

od(n) =

We study these two special cases for minimization or gradient flow.

16



In general, the Legendre transform of ¢(z,-) can be computed as follows:

H(x,A) = sup {A-€—(x,8)}

EeRN

o RER R CRRRE (O]

= s e ma (e H) h o) )
¢eRN hesn

= sup { max {(/\+h)-£—1|§|2—1+H(x)-h—go(h)}]
RN LheSn 1 2 2

— s | sw {<A+h>~s—§|g|2—§+H<x>-h—w<h>}]
hesn—1 [{eR™

1 1
= sup —|)\—|—h|2——+H(:E)-h—<p(h)]
hesn—1 L2 2

— s -%|)\|2+(/\+H(x))-h—go(h)]
hggnfl L

1
= SAP+ e+ H(z)).
Therefore, the Legendre transform of J can be written as

J*(F) :/Q<P<F(x)—|—H(x)> d:}c—l——/Rn |F(z)]? da (2.8)

for all F'(x) € H. Let £(F') be defined by (1.7) on H.

Theorem 2.2.2. [44, Theorem 1.2] Let ' be a minimizer of L(F). A vector field m is a
minimizer of I(m) if and only if
div(F +myq) =0 in R™,
(2.9)

m(z) € X(F(z)+ H(z)) a.e. S

17



Since there exists u, such that F' = Vu. Accordingly, div(Vu + myq) = 0, which yields
that

Au = —div(myq).

Hence, u(x) can be solved by Newton’s potential:

) VT e — N dy = o [ ROy —2)
) = [ ) VO =g dy = o [ LTy,

where I'(z) is the fundamental solution of Laplace’s equation and ¢, is a constant.

Remark 2.2.3. If Q is the unit ball in R"™ and m = K € R" is a constant, then u(x) can

be expressed explicitly by (see [34] or [44, Lemma 4.2]):

K.
z x € €,
uz)y = "
K-z
€ Q°,
et "

which will be later applied to the calculation of gradient flow in the soft case in Chapter 3.

2.3 Constant constraint problem in V+*

In this section, we review some existing results that are helpful to understand the main
results in this thesis.

In [44] it has been shown that the condition (1.10) is equivalent to the following con-
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strained problem for function G € L%(Q; R™):

div(Gxq) = 0 on R™;
(2.10)

G(z) € S(x) a.e. T €S,

where S(z) is some set-valued function. The constrained problem (2.10) for divergence-free
fields with constant set S(xz) = S has been recently studied by many authors; see, e.g.,

[5, 12, 18, 20, 33, 44]. For example, the following result has been proved in [5, 18].

Theorem 2.3.1. (cf, [5, Theorem 4.15]; [18, Theorem 6.2]) Let n = 3 and let Q be any
bounded open set in R3, and assume S(x) = S is any constant bounded set in R3. Then
problem (2.10) has a solution if and only if either 0 € S or there exists a subset F C S
such that dim (span F) > 2 and 0 € ri(con F). Moreover, in this case, a solution G can be

obtained by G = V X w with some w € W&’OO(Q; R3).

This theorem has its own limitations: (1) S(z) has to be constant; (2) G - v has to be
0 on the boundary but sometimes we do not have such condition. For example, in the case

when the domain is annulus, such condition fails and we cannot use this theorem.
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Chapter 3

General Results

In this chapter, we present our general results in the minimization and the asymptotic

behavior of gradient flow of the functional £. Some special cases will be also discussed.

3.1 Minimization of the dual functional

3.1.1 The minimizer is harmonic outside ()

Theorem 3.1.1. Suppose that the functional L is defined by (1.7). If follows that F is

harmonic on QF.

Proof. Let ¢ € C2°(Q) be a test function with compact support in Q€. Since L(F +eV() >

L(F) and ¢ =0 on Q,

= L[ = P = L =2
Z > Z
/(I)(x,F)dx+2/|F+5VC| dx_/(I)(:p,F)da:+2/|F| dz.
Q¢ Q Q¢

Q

Let [ |F +eV([2dx = h(e), then the above inequality implies that (¢) > h(0). Therefore
(914
h'(0) =0, i.e.

/ F-V(=0 forany (e C(O).
(918
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Combing the definition of F, we have the following results
divF =0 on QF°,
curl F =0 on QF°,

in the sense of distribution. We apply the distributional identity
curl curl(N) + A(N) = V(div(N))
to have that
AF =0 onQ°.

in distribution and thus in classical sense. O

3.1.2 A necessary and sufficient condition for the minimizer

It has been established in [44] a necessary and sufficient condition for the existence of mini-
mizers of energy /(m) in terms of the unique minimizer 4 = vxq + wxqe of functional L(u)
on 2, which is a bounded domain in R" with piecewise smooth boundary. L(u) is defined

previously,

L(u):/Qq><vu+H(x))dx+%/Rn\vuﬁdx

Theorem 3.1.2. A function u = vxq + wxqc € X is a minimizer of L(u) if and only if

21



there exists a function G € L?(Q;R™) such that

div(Va+ Gxq) =0 in R",
(3.1)

G € dd(Vu+ H(x)) a.e. Q.

Any such function G is called a generalized minimizer of the functional I(m).

Remark 3.1.3. Let v be the outward unit normal to the boundary 0X) of domain Q2. Then
both G'-v and % are defined as elements in H=1/2(9Q) (see, e.g., [49, Page 9]). The above

necessary and sufficient condition (3.1) can be also reformulated as:

(

div(Vo+G) =0 in H1(Q),
(G—FV@)'V:% on 02,
. (3.2)
Aw =0 in Q°,
G € 0®(Vo(x) + H(z)) a.e. z €.
\

Here we present a different method to prove Theorem 3.1.2.

Proof. Suppose that there exist G and @ satisfying (3.1) then for any v € X, we have

=

v) — L(a)
_ &(Vi E 2 _\val
O (Vu+ H(z)) — ®(Vu+ H(x))dr + Vol — |Vaul|?) dx
2 Jrn
1
G- (Vv—Vau)+ Vﬂ~(Vv—Vﬂ)+—/ Vv — Val|? dx
RN 2 Jrn

1
[Gxq + Va] - (Vv —Vau) + —/ Vo — Val|? da

2 Jrn

v
S5

n

/ Vv — V| de > 0.
RM

N | —
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Therefore, @ is the minimizer of (1.8).
Next, assume that @ is a minimizer of L(u). Introduce a function ®(n), for € > 0, which

is defined as

o:(1) = iy {5 1n = 6+ #(6) |

EERN
. (n) follows the following properties (refer to Brézis[10]):
(1) ®<(n) is convex;
(2) ®c(n) is differentiable;
(3) ®e(n) — P(n) as € — 0;
(4) |L(n)] < 1
(5) @e(n) < @(n).

Consider the functional below

1
Le(u) = /QCIDE(quLH(x))dx—i-§/Rn|Vu|2dx
1 1
_ /—|Vu+H(x)—B|2+<I>(B) dx—ir—/ Vul? da.
0 2¢ 2 Jrn

Then, functional L. (u) is differentiable, strictly convex on X and thus has a unique minimizer

ue in X. Let Lg(ug) = min L (u). Then we apply the definition of ®; to have

Lo(u) = /Qcpg(vug+ﬂ(x))dx+%/w V|2 da (3.3)

1 1
_ /—|Vu5+H(x) _ B[+ &(B.) dx+—/ VulPde  (3.4)
0 2¢ 2 Jrn
Therefore, by Euler-Lagrange equation,

div (®L(Vue + H(z))xq + Vue) = 0.
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Let Ge(x) = ®L(Vue + H(x)). Then there exist G(x), such that G¢(z) — G(z) weakly
in L°°. Consequently,

div (Gxq + Va) = 0.

Since Le(ug) < Le(0) = /QCI)g(H(x))dx = /QQD(H(.%)) dr < oo. In addition, ®(n) is

Lipschitz so |®(n)| < ¢(|n| + 1). Therefore, |Pz(n)] < |®(n)| < ¢(|n| + 1), which yields that
|Vue| is uniformly bounded from (3.4). Hence Vu. is weakly convergent and there exists

u € X, such that Vus — @ weakly as ¢ — 0 . Note that L is lower semicontinuous,

L(u) < lim L(ug). (3.5)

e—0

Note that Le¢(ug) and Vue are bounded and @ is Lipschitz, there exist My, My > 0 such

that

1
) 2 Jrn
1 1
O <€ 2 R™

1
/92—8|Vu5 + H(z) — B-|*> — | B:| dz — M.

Note that |Vus + H]| is L? bounded and we apply the triangle inequality and Cauchy in-
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equality to have that

/|Vu5—|—H(x)—B€|2dx
Q
< 25/ | Be| dx + 2e My

Q

< 2&?/ \Vu5+H(x)—Bg|dx+2£/ |\Vue + H(z)| dx + 2(My — Ma)e
Q Q

IN

1 1
2¢e {5/ \Vue + H(z) — B:|> da + 5]9@ +eMs
Q

for some constant M3, which yields that / ]Vu5+H(x)—Bg\2 dr < %-M, for some M >
0 —¢
0. Thus

/ \Vue + H(z) — Be|*dz — 0, ase — 0. (3.6)
Q
Note that ® is Lipschitz,

1 1

1
> /(I)(Bg)dx—l——/ Vue|? da
0 2 Jrn

1
> /[@(VUE—FH)—\VuE—i—H—BEH dm+—/ Vue|? da
Q 2 Jrn

which yields that

Le(ug) > L(ug) — /Q |Vue + H — Be| dx. (3.7)

Combining (3.5), (3.7)and (3.6), we have that

L(q)

IN

lim L(ug) < lim [Lg(ug) +/ \Vue + H— Be|dx
e—0 Q

e—0

IN

lim Le(v) + lim [ |Vue + H — Be|dx
e—0 e—=0JQ

= L(v), foranyve X.
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Hence u is the minimizer of L and thus @ = u. In addition,

Le(u) — Le(ug)

O, (Vu+ H(x))dr — /Q

1
O (Vu+ H(x)) — Pe(Vue + H(x)) dx + 5 / Vi — Vue|? d
RN

1 1
<I>5(Vug+H(x))dx+—/ |Vﬂ|2dx——/ Vue|? da
2 Jrn 2 Jrn

Vue(Vu — Vue) do

n

OL(Vue + H(x)) - (Vi — Vug) do + /]Rn

1
[(I)lg(qu + H(z))xq + Vue] - (Vi — Vue) dz + 3 /n IV — Vue|? da
R

_l’_
S~ —S—5

1
Vug(Vu—Vug)dx+—/ |Vﬂ—Vu5|2da:
2 Jrn

I
.

Rn

/ Vi — Vue|? dx
RN

N —

yields
1 _ 9 B
3 Jon Vi — Vue|“de < Lg(u) — Le(ue)
< L(u) — Le(ug) < L(ug) — Le(ug)
< /]Vu5+H—BE|d:E—>0.
Q
Hence

Vue — Vi ace. in L2(R™). (3.8)

By the definition of G¢(z),

O.(n) > Ge(z) - (n— Vue — H) + O(Vue + H)
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Let ¢ be a test function with ¢ € C°°(R"), multiply both sides by ¢ and integrate both sides,

C@g /(GE (n — Vug — H)dm—i—/RnCQDS(VuE—i—H)da:.

Let € — 0 which yields that

/ / CG(x)- (n—Vu—H)dx + (®(Vu+ H)dz.
RTL

1.e.

G € 05(Vv + H(z)).

The last term is obtained by the fact that

|Po(Vue + H) — ®(Vu+ H)|
< |9:(Vue + H) — ®(Vu+ H)| + |P(Vu+ H) — ®(Vu+ H)|
< |Vue = Vu| + +|P:(Vu+ H) — &(Vu+ H)|

= 0 ase—=0.
This completes the sufficient part. O]

3.1.3 A domain dependence result for the minimizer

Suppose that the domain €2 has a small region E removed from inside.
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Figure 3.1: The new domain when a small region F is removed

Let us denote

Lo(u) = /Q@(Vu(x) + H(a:))der%/Rn Vu(z)|? de,

Lo\p(u) = /Q\E O(Vu(x)+ H(x))dx + % /]Rn IVu(z)]? de.

Theorem 3.1.4. Let u = vxqg+wxqc be the minimizer of the functional Lg(u) and E CC Q.

Define w by
Aw =0 1inFE,
(3.9)
w=1u ondkE.
Suppose that there exists G € L*(Q\ E;R") satisfying
div(Vo +G) =0 in Q\ E,
(G+Vo)-v=20 op9Q,
kg (3.10)

(G—FV@)'V:% on OF,

G e 0d(Vi+ H(z)) ae Q\E.
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Then 4 = uxgn\ g +WXE i the minimizer of LQ\E(U).

Proof. This follows directly from Remark 3.1.3. [

3.1.4 The uniaxial anisotropy energy

We consider the easy case where the anisotropy energy density ¢(h) = S(1 — |h - e|), where

>0 and e € S" 1 are given constants. In this case, let us recall from Remark 2.2.1,

®(n) = (In> + 2800 - | + 52)V/% - 5, (3.11)
and
N+ sgn(n-e)e . )
20y — | PTPsERCreNT it n-e#0,
__nitBe . _ e
{(77|2+52)1/2 : 1§t§1}, if n-e=0.

Let Q = {x € R"| a < |z| < 1} be an annulus domain in R"™. Consider

L(u):/CD(VquH)dm—i—l/ Vu|? dx
Q 2 Jrn

where H € R" is a constant and H # 0.

Theorem 3.1.5. Suppose that ® is defined as (3.11). Then the minimizer of L cannot be

linear on €.

Proof. Notice that n = 0 is the only minimizer of ®, defined in (3.11) on R™. Suppose that

the minimizer 4 of L(u) is linear on Q : @(z) = X - z on Q. Then recall from Remark 2.2.3,
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a=M\- TX|z|<1 T E‘T%X|x|>l, and there exists a G € LQ(Q;R”) such that

divG =0 in H~1(Q),
G-v=-n\v on |z|=1,
G-v=0 on |z| =a,
\G(x) € 0PN+ H) ae. Q.

We proceed with 2 cases.

Case 1: (\+ H) -e # 0. Then G(z) = ®'(A+ H). Since G-v = —nA-v on |z| = 1, then
®' (AN + H) = —nA = 0. Hence A = 0 and ®'(H) = 0. Accordingly, H = 0 and A + H = 0
which is a contradiction.

Case 2: (A\+ H) -e = 0. Then G(z) = \77/% for some function t(x) € L°°(Q),
—1 < t(z) < 1, where n = A+ H. Then apply?ng the condition divG = 0 in H~1(Q),
we have that %(m) = 0 in H1(Q), which implies that t(z) = t(z') if z = z1e + 2/e/ =
r1€+ x9€9 + ... + Tpe, with e; L e, e;-e; =0 for i # j, and |e;| = 1. Since for any |z| = a,

G(z) -z =0. We have that

n-z+ta)Be-x=0, V|z|=a.

A
ul
Accordingly, G(z) = t(z)e. Let 11 # 0, then 0 = G(z) - z = t(2/)Bz1 yields that ¢(2") = 0.

If assume that n # 0 and let # = ——a. Then we have = 0. Therefore, n = 0 and A = —H.

Thus G(x) = 0 and therefore —nA = H = 0, which yields a contradiction. O
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3.2 The gradient flow of the dual functional

In this section, for simplicity, we write ®(x, F') = ®(F (x)+ H(x)). Recall that L is previously

defined as:

/Cb(x,F)dx—l—%/ |F(2)]?dz, FeV:
n

+o0, F e H\V.

3.2.1 The subdifferential

To study the asymptotic behavior of gradient flow of L(F'), we first calculate the subdifferen-
tial OL(F). Note that this functional is convex on H with (finite-value) domain D(L) = V.

For each F' € D(L) =V, the subdifferential of £ is defined as:
OL(F)={KeH|L(X)>L(F)+ K -(X—-F)VX €H}
Theorem 3.2.1. For each F € D(L) =V, we have
OL(F) = F + Py(d®(z, F)xq) + V*,

where Py: H — V s the projection operator and VL is the orthogonal complement of V in

H.

Proof. Clearly, F + Py (0®(z, F)xq) + V1t C 9L(F). Now let K € L(F). With an abuse

of notation, we define

L(F) = /QCD(x, F)dz + —/Rn |F(z)|? dz,VF € H,



namely, L(F) = J*(F) on H, defined in (2.8) before. We may assume K € V. Then
L(X)>L(F)+ K- (X —F) for all X € V. This means that F' € V is the minimizer of the

functional

over V. For each € > 0 consider the functional
Le(X) = E(X) + 21X = FI2 + [ Py (X)]2
SR 2 2¢ VL

on X € H, where PV 1 H— V- is the projection operator. The functional L is convex
and thus the standard direct method of the calculus of variations shows that it has a unique
minimizer F, over whole H. For this minimizer F,, since L¢(F.) < Le(F) = L(F) = 0, we
have

~ 1 1
L(Fe)+—||Fe—F||2+—||PVL(F6)II2 <0. (3.12)
2 2e

From this and the linear growth of L(X), we have that {F¢}.~ is bounded; therefore, by a
subsequence, we assume F. — F as ¢ — 07, weakly in H, for some F € H. From (3.12) and

the lower semicontinuity of L, it follows that

N 5 . '
LIF) +5IF = FI" <0, [Py (F)] < lim |[Py ) (Fe)l| = 0.

e—0

Therefore, ¥ € V and hence L(F) > L(F) = 0; this implies that F = F and F, — F as

e — 07, Finally, from 0 € dL¢(F,) the elementary computations yield that

1
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Let, via subsubsequences if necessary, %PV L (F) ~GinHase—0T. Then G € V' and

K e F+0%(x, F)xq + G,

which proves K € F + Py(0®(z, F)xq) + \'A O

3.2.2 The gradient flow

Since L is convex, proper and lower semicontinuous, we have that for any initial datum

Fy € V, there exists a unique function F' : [0,00) — V such that

0e F+0L(F), t>0,
(3.13)

Bruck [8] demonstrated that, for general gradient flow of a strictly convex functional

F(t) = F weakly ast — oo,

where F is the unique minimizer of the functional. Next, we will show that for the functional
L defined above, we also have strong convergence outside of . Let us summarize our

discussion above in the theorem below:

Theorem 3.2.2. For each Fy € V there exists a unique solution to the gradient flow given
by (3.13). Furthermore, F(t) — F ast — oo and F(t) — F in L*(Q¢R"™) for all compact

sets Q) containing €.
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Proof. Since F(t) € V, the gradient flow should be reduced to

0€ F+F+ Py(0®(z, F)xq), t >0,
(3.14)

Let N € Py(0®(z, F)xq). then we have curl(N) = 0 by definition and div(N) = 0 in Q¢ in
the sense of distribution. By the identity curl curl(N) + A(N) = V(div(V)), we have that

AN =0 in Q° in the sense of distribution. Hence
A(F+F)=0 inQ°.

Solving this evolution equation, we obtain that F(x,t) = Fy(z)e~t + U(z,t) for 2 € Q° and
t > 0, where AU(z,t) = 0 in Q° x (0,00). Let V(z,t) = U(z,t) — F(z). Then V(xz,t) is

harmonic in Q¢ and V(x,t) — 0 as t — oo. For any fixed xg € Q°,

1
V(zg,t) = —=—— V(x,t)dr —- 0 ast — oo.
0 o Sy

For any ball R" > Bp(0) = Br DD Q, Q° = B + Br\Q. Let C C Bg\Q be any

compact set with d(C,9Q) = dg > 0.

1
Vi(z,t) = Bay(0)
2

/ V(y,t)dy, VaxeCd.
By, (@)

2

D=
VAN
=

1
V(a,1)| < Zna) IV 0llz2 - (1Bag )])
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Therefore,

U(z,t) — F(z) strongly in C, whent — oo,

by the Bounded Convergence Theorem.

Let’s fix t first. For any x € B},

1

B (Y _ p\—n/2
|BI:€\—R(I)| B|x|_R(m)V(y,t)dy < C(lz| = R) ; (3.15)

V{2, 1) =

Now let z — oo, we have that V(z,t) — 0, for all ¢. Applying the Kelvin Transform,

(assume R = % below) we have that

1
Vw0 = ooV () 0shlst, (3.16)

We proceed with three cases when x € Bf:

(i) f n =3, let z = so || > 1 and there exists ¢ > 0, not depending on ¢, such that

Yy
ly|?’
V(y, Oyl = |V (@, t)] < e(jz] = R)™3/2 < cly)?/?, (3.17)

1
ie. [V(y,t)] <cly|2. So y =0 is a removable singular point. Therefore, we define

Vi(y,t), y#0,

0, y=0.

Thus |[W(y,t)| < c1ly|. and combined with (3.17), it follows that

V(z,1)]> < C1ly|* = Cy|a|~* € LH(B,).
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By the Dominant Convergence Theorem, V (z,t) — 0 strongly in LQ(B%) as t — oo.

Y
ly|?’
constant ¢y such that [V (y,t)] < co. Suppose that there exists a > 0, such that

~ 1
(ii) If n = 4, the Kelvin Transform is V(y,t) = WV( t) and there exists some
Y

Viy,t), y#0,
W(y7t) =
a, y=0.
1
Hence 3§ > 0, s.t. when |y| < 4, W\V(:ﬂ,tﬂ >a>0. Thus [V(z,t)| >a-|y]® =alz| 2 &
Y

LQ(B%). This contradiction implies that a = 0, i.e. W =0 when y = 0. Thus there exists a

constant c3, not depending on ¢, such that |W (y,t)| = \chyj| < c3ly|. Therefore,
V(@ t)] < eslyl® = esla| ™ € L*(BR).

By the Dominant Convergence Theorem, V (z,t) — 0 strongly in LQ(B%) as t — 00.

(iii) If n > 5, we already have |V (z,t)| < C’1|x\_% for any fixed ¢ > 0 by (3.15). Define

C
Y(z) = H% Let Z(x,t) =Y (x) — V(x,t), for a Ry > 0, we can find a constant Cy > 0
x
such that Z(x,t) | > 0 and we claim that

z|=Rq
Z(x,t) >0 in {x e R"; |z] > Rl}.

If not, there exists xg € R", |xg] > Ry and « > 0 such that Z(xg,t) = —a < 0. Therefore,

there exists Rg9 > Ry, s.t. (Z(x,t) + %) > 0. Applying the maximum principle to

|z|=Ra
Z(x,t)+ 5 on {x eR™" Ry <|z| < Rg} yields a contradiction! Therefore,

Z(x,t) >0 in {x e R"; |z| > Rl}.
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ie.V(x,t) <Y(x)in {x e R"; |z| > Rl} and Y (z) € L?>(R™\By). Therefore when n > 5,
V(z,t) — 0 strongly, ast— oo, whenaz > R

by the Dominant Convergence Theorem.

Combining all the results, for any compact Qoo Q,

F(z,t) = F(z) strongly in L?(Q°), ast — .

3.2.3 Possible dynamics for magnetization m

Note that the gradient flow (3.13) on H = L?*(R™;R") determines a (nonunique) time-

dependent vector function m(t) = m(z,t) with the property

div(E(t) + F(t) + m(t)xg) =0 (t > 0),
(3.18)

m(z,t) € 0P(F(x,t) + H(x)) aexz€f, t>0.

The first condition asserts that Fy, ;) = —E(t) — F(t).

From the general theory of gradient flow [10], we have

m .
/|ww%w<w
0

which implies that, along a subsequence ¢, — oo, one has F (t.) — 0 in H. Hence, along a
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further subsequence of {t;.}, we have m(t;,) — m; for this m we have

div(F + myq) = 0.

If, in addition, one has that F(t) — F strongly in L2(R™: R") then it would follow that
m(r) € OP(F(x) + H(z)) for a.e.x € Q and thus m(z) would be a generalized minimizer
for energy I(m).

Therefore, in some sense, the system (3.18) defines a reasonable evolution process for the

functional /(m).

3.2.4 Study of a special case

We investigate a special case of the gradient flow in the soft case in R3. Assume ¢ = 0
and thus ®(¢) = |£]. Let H be a constant and Q be a ball in R3. We study the gradient
flow (3.13) with initial datum Fy € V that equals a constant vector parallel to H; that is,
Fy = aH in Q, where a € R is a constant.

We are trying to find the solution F(t) such that F'(z,t) = n(t) on Q and a corresponding
vector function m(t) = m(z,t) of (3.18) is also constant in €; that is, m(z,t) = k(t) € R3
for € Q. Therefore Py (k(t)xq)(z,t) = —F(x,t) — F(z,t) for x € R3.

Let us recall from Section 2.2 that for unit ball 2 = B1(0) € R" and any constant k € R",

we have
1 .
=k in €2,
Py(kxq) =
( ) 1k -z
V( ) in Q°
n |z|"
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Therefore, in our case, since

§/IEL (E#0),
0P (&) =
B1(0) (£=0),
the gradient flow implies
ﬁuy+mﬂ+%K@unao (t>0), (3.19)

where K(n) is the set-valued function defined by

n+H
n+ H|’

777£_H;
K(n) =

Once we solve 7(t) from (3.19), let k(t) = K(n(t)) and solve f(z,t) for all z € Q° by

ﬁmmﬁm@+v<ﬁﬁ>:ou>m,

3|

f(,0) = Fo(x).

Then the function F(z,t) = n(t)xq(x) + f(z,t)xqc(z) will be the solution to the gradient
flow (3.13). Consequently, the gradient flow (3.13) becomes equivalent to the 3-D gradient

flow (3.19) on R3. Define

1 1
EM)=§MF+§M+HW(n€R%~
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Then the problem (3.19) becomes the gradient flow of E(n) on n € R3.
We now study the solution 7(¢) to (3.19) in difference cases.
Case 1. |H| < 1/3. (In this case, notice that the minimizer of E(n) is 7 = —H.)
I. If a = —1, ie. n(0) = —H, then n(t) = —H. Next, consider that o # —1. The

gradient flow is given by

Let P be a vector such that P L H and we denote 7(t) - P = h(t) and we dot product both

sides by P, then

B (t) + h(t) +%|nhqu| =0,
h(0) = 0.

We can conclude that h(t) = 0, which implies that there exists g(t), such that n(t) = g(¢)- H.

Consequently,
I gt)+1
3|H| |g(t) + 1] 7 (3.20)

gt +g(t)+

g(0) = a.

Let g(t) +1 = r(t), then the equation above reads

/ 1 r() _
r(t) + r(t) m EOI 1,
r(0) = a+ 1.
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IT. If « > —1, then 7(0) > 0. Thus r(¢) > 0in 0 < ¢ < ¢, for some ¢ > 0. Hence the

1 1 1
equation becomes r/(t) + r(t) + 3] =1, then r(t) =1 — 3] + (a + 3’H’>e_t, and let
_ 3alH| +1
r(t) = 0, then we have ¢t = In [%]

ITI. a<—1,ie r(0)<0. Thus r(t) < 0in 0 <t < ¢, for some £ > 0. Thus the

1 1 1
equation becomes r'(t) + r(t) — 3] =1, then r(t) = 1+ 31| + (a - m)e_t, and let
_ 3a|lH| -1
r(t) = 0, then we have t = In [%} , accordingly.

1 _
Combing all the cases when |H| < 3 there exist ¢ < oo such that r(¢) = 0, which is

equivalent to say n(t) = —H = 7], shown in Figure 3.2.

a>—1,|H <1/3 a<—1,|H <1/3
r(t) r(t)

Figure 3.2: The graphs for the case of |H| < %

s

Case 2. |H| > 1/3. (In this case, notice that the minimizer of E(n) is 7 = —3[a

Now we still consider problem (3.20).

1 1
I. a>— ST ie. g(0) > 3|H] Therefore g(0) +1 > 3] + 1 > 0, which implies

that g(t)+1 > 0in 0 < ¢ < ¢, for some ¢ > 0. Now the equation becomes: g/(t)+g(t)+—3|H| =

)e_t. It is easy to see that g(t) is decreasing and

1
0. Hence g(t) = ——— + (a +

1
3|H]| 3|H]|
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|H| > 1/3

Figure 3.3: The graphs for the case of |H| > %

(t) — ! t—
g 34| as Q.

1
II. —-1<a<- e. —1<¢(0) < —=—. Accordingly, g(0)+1 > —-1+1 =0,

T 31
which implies that g(¢) +1 > 01in 0 < ¢ < ¢, for some ¢ > 0. Now the equation becomes:

1 1
gl(t) +g(t) + m = 0 and the solution is ¢(t) = _ﬁ + (a +

that g(t) is increasing and g(t) — — as t — o0.

3\H\>e_t' It is easy to see

3|H]|
III. a < —1,1ie. ¢(0) < —1. In this case, g(0) + 1 < —1 4+ 1 = 0, which implies that

1

R
31H|

g(t)+1 < 0in 0 <t < ty, for some t, > 0. Now the equation becomes ¢'(t)+g(t)

1 1
when 0 <t < t,. The and the solution is ¢(t) = @ + (a - m)et, which is increasing.
) _ 1-3|H|« e
And t4 can be solved by setting g(tx) + 1 =0 and ¢ = In T E ] which indicates that
g(t) should satisfies that
1
g )+ gt) — 3] =0, withg(0)=a, 0<t<ts4
/ 1 :
g (t)+g(t) + 3] =0, with g(tx) = —1, t>ts.
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with

ﬁJr(a_ﬁ)e—t, 0<t<ts
g(t) = 1 1 _(t_l—?)lH\a)
_ﬁ+<_1+3lﬂl e L3IAL) ¢ > ¢,
We can also see that g(t) is increasing and g(t) — —3’;[’ as t — o00.

ast — oo

1
Combining all the cases when |H| > 3 We can also see that g(t) — ~31]

but never equals — shown in Figure 3.3.

1
31H |
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Chapter 4

A Minimization Problem on Annulus

In this chapter, we assume n > 3 is an integer and Q = {x € R" | a < |z| < 1} is a spherical

shell in R™. We study the reduced micromagnetic energy:

I(m) :—/Q)\ml(x)dx+%/Rn|Fm(x)|2d:p

for certain constants A > 0.
Related to the minimization of this functional /(m), we study the boundary value prob-

lem of the Eikonal equation:

4

IVip(s, )| =t"2 ina®<s2+t2 <1, t>0,

(s, t) =0 on s2 +t2=a2, t>0,
(4.1)

d(s,t) = 22"l on s 442 =1, >0,

(s, t) = 0 ont=0,a<|s|<1,

\

where 0 < a < 1, A > 0 and n > 3 are given numbers. The problem (4.1) is also related
to the problem of finding a divergence-free unit-length vector function G € L2(€;S"1)
satisfying

G-v=0on|z]=a, G-v=nlry on |z|=1, (4.2)

where v denotes the outer unit normal on 092. For example, if ¢(s,t) is a solution to (4.1),
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then the vector function G(x) defined by

X

Oa) = o/ (wtm, 2/er — ¥s(a1, |:c’|>—) (4.3)

']

is a divergence-free unit-length vector function satisfying (4.2) in the distributional sense,

where {e1,es, ..., ey} is the standard basis of R" and 2’ = x9eg + - - - + zpey. Let
) = A Az A — v
w (@) = Az X{|g|<1} + o Mlel>1) = —Vu",

Then, all such unit-length vector functions G' can be described by
div(F* + Gxq) =0 (4.4)

in the sense of distributions on R".

Suppose ¢ is a Lipschitz solution to (4.1) and let m = G(z) be defined by (4.3); so
(4.4) holds. Since F» = —)Xep in €, for all F € L2(R";R") with curl F = 0, we have
|F + det| = |F — FA > G- (F — F*) and hence

JH(F) — J*(FA) > /

FA-(F—FA)da:Jr/ G- (F—FNdz
RN

Q

:/ (F* + Gxq) - (F — FN dz =0,
RN
Therefore F is the unique minimizer of J*. For m = G(z), by (4.4), we have that Fy, = —F>

and that [pn FA FAg = — Jo F? . Gdz, and hence

[(m):/QF)‘(x)-G(x)dx—ir%/Rn ]FA(x)Ide:—%/Rn PR de = —J*(F).

45



Consequently, m = G(x) is a minimizer of /.

Some existence results on the Lipschitz solutions to the boundary value problem for gen-
eral first-order differential equations have been given in [20], but to apply such an existence
theorem to our problem, one would need to find a Lipschitz function ¢ satisfying, in addi-
tion to the required boundary conditions, the inequality ]vwo(s, t)| < t"~2; the construction
of such a function ¥ is equally difficult as that of a solution 1 of (4.1). Even such a func-
tion 10 is known to exist, the general existence theorem would only assert the existence
of infinitely many Lipschitz solutions to (4.1) without specifying the structures of any such
solutions.

Our main idea is to use the characteristics method to construct the local solutions near
the boundaries and then glue them together with certain trivial solutions away from the
boundaries. As we shall see in Theorems 4.4.6 and 4.4.9 below, the solutions constructed
this way do not have infinitely many oscillations, which would be otherwise expected by the

general existence theorems of [20].

4.1 The characteristics method

The rest of the chapter is devoted to the construction of the Lipschitz solutions (s, t) of

(4.1) that are even in s. For this purpose, let

w={z=(s,t)|5>0,t>0,0a® < s>+t><1}.

We state our main result as the following theorem.

Theorem 4.1.1. The following problem has a Lipschitz solution 1 (s,t) on @ if and only if
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the following condition holds.

(1—a" 1y, (4.5)

V(s ) =t""2inw,
(s, t) =0 on |z| = a with s > 0,t > 0,
(4.6)
(s, t) =0 ont=0,s € |a,l],
(s, t) = %t”_l on |z| =1 with s > 0,¢t > 0.
Proof of the necessity of (4.5). Suppose v is a Lipschitz solution on @. Then
n 1 1
A= / P(0,t) dt < / |V (0,1)] dt
n—1 a a
1 1
g/ 2t = (1—a" b,
a n—1
This proves that A < %(1 —a" 1), O

The proof of the sufficiency of (4.5) is the main purpose of this thesis; we state this
sufficiency part in the following theorem, including some application to certain minimizers

of the functional I(m).

Theorem 4.1.2. I[f 0 < X\ < %(1 — a" 1), then the problem (4.6) has infinitely many
Lipschitz solutions 1(s,t), constructed in Theorems 4.4.6 and 4.4.9 below. In this case,
when n > 3 is integer and ) is defined as above, the minimizers m = G(x) of I(m) given
by (4.3) with the constructed solution 1 will be the constant +ey in certain subdomains

Qo = {(z1,2") € Q| (|Jz1|,12'|) € 20} away from the boundary OS).

Some existence results on the Lipschitz solutions to the boundary value problem for gen-
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eral first-order differential equations have been given in [20], but to apply such an existence
theorem to our problem, one would need to find a Lipschitz function wo on w satisfying,
in addition to the required boundary conditions, the inequality |V¢)0(s,t)] < t"72 in w.
Construction of such a function ¥V is equally difficult as that of a solution ¢ of (4.6).

Our main idea is to use the characteristics method to construct the local solutions near
the two quarter-circles of the boundary of w and then to glue them together with certain

trivial solutions away from the boundaries. We write the equation |V = t" 2 as

F(Satvwvdj&,’l}t) =0,

where F'(s,t,z,p,q) = %(p2 +q%— t2”*4). The characteristics ODEs for this first-order PDE

are given by (see [28])

d dt d

_S =D, - =4q, _Z - th_47

dr dr dr (4.7)
dp dq 2n—5

We solve the system (4.7) on 7 > 0 with given initial data

(s,t, 2,0, q)|l7=0 = (a(0), 5(60),7(0), f(6), 9(0)), (4.8)

where «(6), 8(0),v(0), f(8) and g() depend on a parameter ¢ in an interval I. Assume the
functions «(0), 8(0),v(0), f(0) and g(f) are smooth in I and satisfy the characteristics strip

conditions:

F(0)2 + g(6)% = p(9)* 4,
Voel. (4.9)

F(0)a’(6) + g(0)5'(6) = ~'(6)
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For each 6 € I, the smooth solutions to (4.7)-(4.8) will be denoted by

s=298(r,0), t=T(r1,0), 2= Z(1,0), p= P(1,0), ¢ = Q(7,0).

We easily solve s = S(7,60) and p = P(7,0) to have

P(r,0) = f(0), S(r,0)=a@)+ f(0)r V 7>0,0¢€l.

(4.10)

Solving (t,q) in (4.7) we have that, for each 6 € I, the unique smooth solution ¢ = T'(7, 0)

exists on a maximal interval [0, 737(0)) and satisfies

2 =21 f(0)2, 0<7<7(0)

and hence the solution Q(7,0) = Tr (7, 0) satisfies
2 2 _ 2n—4
f(e) +Q(T>9) _T(Tve) VQG[, T € [077M<0))
After we solve T'(T,6), we easily obtain z = Z(7,0) by integration:
T
2(r.0) =)+ [ T,y Vo el 7€ 0 (0))
0
Using 7274 = f2 + Q2 and T, = Q, an integration by parts yields that

Z(r.6) = ~(6) + F(6)°7 + /O " T, 0)Q(n,0)
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=ww+fwﬁf+wwummmmm—[fﬂnﬁ@ﬂmmdn

Plugging in Qy(n,0) = (n — 2)T'(n, 6)?"=° and rearranging terms, we have

Z(r,0) = 4(8) + ——[/(0)%7 + T(r,0)Q(r.0) — B(9)g(0)]

nel (4.14)
_ (7 B fa+gﬁ> L 5T0)f(6) +T(x.0)Q(r.6)
n—1 n—1 '

We remark that when n = 3 the equations for (¢, ¢) become linear and the system (4.7)
can be solvable in an explicit form; however, the subsequent calculations are complicated
and too specific. As we see later, the case n > 3 presents some different features from the

case n = 3.

4.1.1 The maximal existence time 7,,(0)

In view of the two subsequent cases to be considered, we make the following assumption:
a(@) >0, BO) >0, f(O)#0 VOecl. (4.15)

For a given 6 € I we find the number 73, = 734(6) according to the sign of ¢(8).

Case (i): Assume ¢(f) > 0. In this case, the equation in (4.11) becomes

% = /t2n=1 — £(0)2 onT € (0,7)).
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The solution ¢t = T'(7, ) is increasing in 7 and satisfies T'(7,0) > 5(6) on (0, 7p7); moreover,

since (0, 7p7) is maximal interval of existence for 7'(7, 6), we must have

lim T(7,0) = oo.
T—>TM

Given any 7 € [0, 7)) and t > ((6), it follows that ¢ = T'(7,6) if and only if

_ ! dy
T = A(t,0) = /6(0) G (4.16)

Therefore, we obtain

if g(6) > 0.

B B +oo dy
= T(0) = /me) N e

Note that 73y = +ooif n = 3 and 7y < +o0 if n > 3 since f(0) # 0. In this case, t = T'(7,0)

is the inverse function of 7 = A(t,0), and Q(7,0) > 0 for all 0 < 7 < 734(0).

Case (ii): Assume g(f) < 0. In this case, we have that Tr-(7,0) = Q(7,6) < 0 and thus
T(t,0) is decreasing in 7 on some interval 7 € [0, 7,), where 7, = 7p,(6) > 0 is a number

such that Q(r,,,0) = T-(1,,,0) = 0. By (4.12), we obtain

1
lim T(r,0) =|f(0)|n=2.

T—Tm

Clearly, the functions t = T'(,0) and ¢ = Q(,0) satisfy

% —g= /2 F(0)2 Y 1 e (0,7m). (4.17)
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1
It follows that |f(0)|n—2 < T'(1,0) < 5(#) for 0 < 7 < 7. Moreover, given any 0 < 7 <

1
Tm(0) and |f(0)|n=2 <t < 3(0), it follows that ¢t = T'(7, ) if and only if

T=—A(t0) = /t Nt (4.18)

Letting 7 — 7,,, we see that

T = T (0) = /6(9)1 dy . (4.19)
1£0)| =2 \/y2—4 — f(0)2

Note that 0 < 7, < 400 since f(6) # 0. We now solve T'(1,0) and Q(7,0) for 7 > 7. As in

1
the first case, using T'(;,0) = |f(6)| =2, solutions t = T'(,0) and ¢ = Q(r,0) satisty

dt
& ==/ = (0 V7 € (7, T)

1
Hence t = T'(7,0) is increasing in 7 and satisfies T'(7,0) > |f(0)|"=2 on (7, 7ar). The

maximal existence time 75, of T'(7, ) must satisfy

lim T(7,0) = cc.
T—>TM

1
Moreover, given 7 € [r,, 7)) and t > | f(0)|7=2 it follows that ¢t = T'(7, ) if and only if

T — T, —/t 1 dy
" o2 Syt )2

that is,

(4.20)

t
7 =21 (0) + A(7,0) = 27, (0) + /5(9) \/y2"_ily— O
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Letting 7 — 7, ,, we obtain

if g(#) < 0.

+00 d
O =20+ [ et

Again, 7py = +o0 if n = 3 and 1)y < oo if n > 3. In this case, it is easily shown that the
solution T(7,6) so constructed is smooth on [0, 7),(6)) by verifying Ty (7,,,0) = Tr(7,},0).
(Some related computation is given below.) Furthermore, Q(7,60) < 0 for 0 < 7 < 7,,(#) and

Q(T,60) > 0 for 7, (0) < 7 < 14(0).

4.1.2 Inverting the characteristics map

Let 737(6) be defined as above, and define
D={(r,0)|0e€l, 0<7<7)(0)}. (4.21)
Define the characteristic map
(S(7,0),T(,0)): D — R?,

and consider the curve I' = {(«(0),3(0)) | 6 € I}. We would like to find a subdomain Z of
w with I' C 0Z and a subdomain ) of D such that for each (s,t) € Z there exists a unique

(1,0) = (n(s,t),£(s,t)) in Y satisfying

(87 t) = (S(T7 0)7 T(Tw 9))7
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that is, the map (S,7): Y — Z is bijective. Let (7,0) = (n(s,1),&(s,t)): Z — Y be its
inverse map. Of course, a standard method would be to study the Jacobian of the map
(s,t) = (S(7,0),T(7,6)). However, we use different (but, eventually, equivalent) methods

depending on the specific parametrization of curve I'.

4.1.3 Construction of the local solutions

Once we obtain the inverse map (7, ) of the map (S, 7), we define a local solution ) by

U(s,t) = Z(n(s,1),£(s,1)) ¥ (s,1) € Z,

where Z(7,0) is defined by (4.13) above. By continuity we may also extend 1) to some of the

boundary points of Z. Note that by (4.14) the solution ¢ on Z can be computed as

f(0)a(®) +9(0)5(0) | sf(O) £t t2n—4 — f(0)?

0(s,t) = |2(p) - LS o (122

9:€(s7t)

with the choice of “£” the same as the sign of Q(n(s,t),&(s,t)).
In the next two sections, we carry out these constructions near the inner circle |z| = a

and near the outer circle |z| = 1 separately.

4.2 Construction near the inner quarter-circle

In this case, we choose the interval I = (0,7/2) and define

a(f) =acosf, [(0)=asinh, ~(@)=0 VOecl.

o4



We fulfill the strip conditions (4.9) by selecting

F(0) = (asin®)"2cosl, ¢(f) = (asinf)" 2 sinéb.

Hence the condition (4.15) holds and g(f) > 0 for all § € [ and the domain D in (4.21)

becomes

400
D= {(T,@) ‘ 0e(0,m/2), 0<7< /ﬁ(&) \/an_ny_ f(9)2}

4.2.1 The characteristics solutions

The function ¢t = T'(7,0) is determined uniquely by

T(7,0)
T:/ dy vV (1,0) € D.

Z(r,0) = / oyl (,0) € D.
s6)  VyPt— f(6)?

Let
R:={(t0)]|0cI, t>p(0)}
and
t 2n—4d
Ult,0) = A Y (t,0) € R. 4.23
0 /8(9) Vyrnt— f(6)? o) 2
Then

Z(r,0) = U(T(7,0),0) Y (r,0) € D.
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As above, let

[ dy
A@m_éﬁx@%4_ﬂm2v@ﬂeR.

Then, for (7,60) € D and (t,60) € R, it follows that ¢t = T'(7,0) if and only if 7 = A(¢,0).

4.2.2 Inverting the characteristics map

Define B(t,0) = S(A(t,0),0), that is,

t dy
B@@=M@+ﬂ@/ V(0)€R
B0) VP — f(0)?
A direct computation yields that
a t yZn—4 dy
By(t,0) = —— ’9/ Voel.
=5 O g e 70

Lemma 4.2.1. Let U(t,0) and B(t,0) be defined as above. Then
Ug(t,0) = By(t,0)f(0) V (t,0) € R.

Proof. By (4.23),

ﬁ 2n—4 dy

an 4
Ug(t,@)z p ‘|‘ff/ 2n n f2)3/2.

Since

af(0)

sinf ’

2n 4d
rf / et = T OB +
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consequently, it follows that

! a2n—4
gt afo) |,

Up(t,0) = — t,0)f(0) = By(t,0)f(0
: N U T ()
resulting from the identity 7 =<7 O]

Note that

71 (0) = a(asin®)"3[(n —2) — (n — 1)sin?4].

So, for 6 = arcsin(y/(n — 2)/(n — 1)), it follows that

F0)>0 Voe(,0), f(O)<0 Voe(dnr/2).

Hence, by (4.24),

By(t,0) <0 Y 60e€[fn/2),t>pb(0).

Lemma 4.2.2. For allt > 0,

a 100 % (n > 3),
lim By(t,0) = VTRl (4.26)
6—0Tt
+o0 (n =3).

Proof. By a change of variables and integration by parts, we have

/f/’f 2l 1
B/k \/772n—4 1 \/t2n—4 _ f2 ’

n — n—2

-1 1
By(t,0) = _aln 5 ) sinf + (
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1 1
where k = fn=2. Since 8/k = 1/(cos)n=2 — 1 and t/k — oo as § — 07, it follows that

d
t/k > L (n > 3)7

d L S on—
lim S E— =41
0—0T JB/k /P4 —1

+00 (n=3)
Note that
. a (n = 3), , 3—n
lim f(0) = and  lim f'(0)f(0)"=2 =a(n—2)
0—0+ 6—0+
0 (n>3)
Combining these limits, we have (4.26). O

For each t > 0, let

arcsing 0<t<a,
Oo(t) =
/2 t > a.

Then By(t,0p(t)) = —a2/t < 0if 0 < t < asind, and By(t,0) < 0 for all 6 € [0, 7/2) if

t > asind. Hence the following quantity is well-defined:

0.(t) = inf{6 € (0,00(t)) | By(t,0') <0 VO <6 <0y(t)}. (4.27)

Clearly 04(t) < 0 for all t > 0 and, by (4.26), 0x(¢) > 0 for all ¢ > 0. Furthermore,

By(t,0.(t) =0, By(t.0) <0 Y 0.(t) <0 < Op(t). (4.28)

Lemma 4.2.3. For each t > 0, the function B(t,0) is one-to-one on the interval 0 €
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Figure 4.1: The function 6 = 0,(t) defined by (4.27) is strictly increasing and left-continuous.

[04(t),00(t)). Moreover, the function 0«(t) is strictly increasing and left-continuous on t > 0

and 04(07) = 0.

Proof. Let a,b € [0«(t),0p(t)) be such that B(t,a) = B(t,b). We show a = b. If a < b
then By(t,0) = 0 for all 6 € (a,b), which is impossible by the formula of By(t,6) given
above. Therefore B(t,0) is one-to-one on [0« (t),0y(t)). To show 6y is strictly increasing,
let 0 < t < ' and suppose, for the contrary, fx(t) > 0x(t'); then 04(') < 04(t) < 6 and

By(t',04(t)) < 0. Note that

f/(g)th—Zl

Bﬁt(tve) = (t2n74 B f(€)2)3/2

>0 Y0<6<40,t>p(0).

We have that By(t',0.(t)) > By(t,0.(t)) = 0, which gives a contradiction. To show the left-
continuity of 0y, given t > 0, let [ = 04(¢7); then 0 < [ < 04(t) and By(t,1) = 0. Given each
0" € (1,00(t)), for all ' < t sufficiently closed to t, we have 0,(t') <1 < 6’ < y(t) and hence
By(t',0') < 0. Taking t/ — t~ yields that By(t,6") < 0. By definition, [ > 0, (t); so | = 0.(t).
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This proves that 6y is left-continuous on ¢ > 0. Furthermore, from £(0«(t)) < 8(6p(t)) < t,

it follows that 0,(07) = 0. O

Figure 4.2: The domain Z; and the smooth increasing function s = s1(¢) determined in
Lemma 4.2.7.

Define (see Figure 4.2)

s+(t) = B(t,04(t)), s—(t) =4/(a2 —t2)t V>0,

and

Zr={(s,t): t>0, s_(t) <s<sq(t)}.

In general, s4(t) is left-continuous but may not be continuous on (0, c0). Note that

s—(t)= lim B(t,0) Vt>0. (4.29)
9—>90(t)_
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Lemma 4.2.4. There exists a unique function 0 = &(s,t) on 21 such that
5= B(t,E(s,1) ¥ (5,1) € Z1.

Moreover, the function 6 = £(s,t) is continuous on Z1 and is differentiable at every point

(so,to) of Z1 where By(to,&(so,to)) # 0 and, at any such point (s,t), we have

§t = —=Bi(t,§)/By(t,€), & =1/By(1,§).

Proof. Let (s,t) € Zq; then t > 0 and s_(t) < s < s4(t). Hence B(t,0p(t)”) < s <
B(t, 0« (t)). Since B(t,0) is one-to-one on 6 € [0«(t),0y(t)), there exists a unique 6 = &(s, t)
such that

0.(t) < £(s,) < Op(t), B(t,E(s,1)) = s.

We now prove the continuity of £(s,t); namely, for all (sq,ty) € Z1, it follows that

lilmﬁ(si, ti) = &(s0,t0)

for all sequences (s;,t;) in Z1 converging to (sg,ty). Let any convergent subsequence of

&(s;,t;) — L. Note that

O0x(t;) < E(sit;) < Op(t;), s; = B(t;,&(s4,17)).

Since 0x(tg) = 0x(t, ) < 0*(ta“) < 8p(tp), it follows that O (tg) <1 < Oy(to) and sg = B(tg, ).
Hence, by definition, [ = &(sq, tg). This proves the continuity of £.

The differentiability of £(s,t) at point (sg,tg) € Z1 where By(tg,&(sg,tg)) # 0 follows from
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the continuity of ¢ by the implicit function theorem. O]

4.2.3 Construction of the solution on Z;

Let £(s,t) be the function defined above and the function U(t, #) be defined by (4.23).

Theorem 4.2.5. Define

Vs, t) = U(t, (s, 1)) Y (s,t) € 2.

Then ! is differentiable in Z1 with wg(s, t) > 0 and satisfies the Eikonal equation |Vl (s, t)| =

t"=2 in Z,. Furthermore, 1 can be extended continuously to the curve s = s—(t) for all

t > 0 such that

W (s_ (1), 1) = ﬁ(t”_l —a T vieso. (4.30)

Proof. The function ! is clearly continuous in Z1. At each point (s,t) € Z1 where By(t,&(s,t)) #

0, ¢! is differentiable, and by (4.25),

Vi(s,t) = Up(t,€)&s(s,t) = Uplt,€) _ f(&(s, 1)) > 0.

On the other hand, with 6 = £(s, t),

@Dtl (37 t) = Ut(ta 9) + Ue(ta 9)&(37 t) = Ut(t> 9) + f(e)BO(t7 9)&(57 t)

= Uy(t,0) — f(0)By(t,0) = Uy(t,0) — f(0)*As(t,0)

t2n74 f(9)2

N O (O

62



and hence

The formulas of ¢§ and @Z)tl also show that 1! is differentiable at every point of Z;, with
vl(s,t) = f(&(s, 1)) > 0, and satisfies the equation ]V¢1| — "2 Finally, we extend ¢! to

the curve s = s_(t) by letting

PHs_(t),t)= lim  ¥l(s,t) Vi> 0.
s—(s—(t))
We show
1 1 n—1 n—1\+
¢(5—(t)7t)—n_1(t a"" )T Vit >0.

Fix t > 0. By (4.29), we have

lm  &(s,t) = Oy(t).
s=(s— (1)

Therefore

lim  ¢Ms, )= lm Ut E(s,t))
s=(s— ()T s=(s—(t) T

" 2n—4 d
=U(t,0p(t)) = - J
U(t,0o(t)) /g(e()(t)) VYt — f(0o(t))?

1
n—1

(tnfl i n71)+_

0
Lemma 4.2.6. For all (s,t) € 21N {s >0, s> +t> =1}, we have
1— gt
1 n—1
t) > ——t" . 4.31



Proof. Let (s,t) € 21 be such that s > 0, s? 4+ t> = 1. Then ¢! (s,t) = U(t, h(t)), where

h(t) = (V1 —t%t). We first show that

h(t) < arcsint.

To this end, let § = arcsint; so a(f) = av/1 — t2 and () = at. We then have

t
B(t,6) = o(f) + £(0) /B e (CRRET

<V 2450 [ Z(ﬁ@)?”—‘l _ ()2 2ay

=a 1—t2+%(t—at): 1—t2 = B(t,h(t)).

Since By(t,0) < 0 for all 8 € (04(t),0(t)), we derive § > h(t). Finally, by the formula of

U(t, ), we have

]

Lemma 4.2.7. There exists a smooth increasing function si(t) € (s—(t),s4(t)) such that,

for allt >0,
tn—l

Vs_(t) < s <s1(t),

Vos1(t) < s < s4(t).
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tn—].
n—1

Proof. Let K(s,t) = (s t) — . Then Kjy(s,t) = pl(s,t) = f(£(s,t)) > 0 and so, for

each t > 0, K(s,t) is strictly increasing in s € [s—(t), s+(t)]. We will show that
K(s—(t),t) <0, K(s4+(t),t)>0 VYt¢>0. (4.32)
This will prove the existence of s1(t) € (s—(t), s+(t)) such that
K(s1(t),t) = 0.

Moreover, since Ks(s1(t),t) > 0, by the implicit function theorem, the function s1(t) is also

differentiable in ¢ > 0, with

t’I’L—Q _ wtl

()= ——L >0 Vi>0,
(U

which completes the proof. To prove (4.32), first of all, note that K_(t) = K(s—(t),t) =
-1
U(t,00(t) — b 1f 0 < ¢ < a, then U(t,0p(t)) = 0; if ¢ > a,

t
U(t, 00(t)) = U(t. 7/2) = / Ry = LY,

a n—1

So K_(t) <0 for all t > 0. We now show that

1>0 Vt>0.
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Given ¢ > 0, we have By(t,04(t)) = 0 and hence 0x(t) € (0,6). We will actually show that

n—1

U(t,0) > whenever By(t,0) = 0. (4.33)

n —

Note that, by (4.14),

(n = 1)U(t,0) = f(0)*A(t,0) +tQ(A(t,0),6) — 5(6)g(6)

= F(0)2A(t,0) + t1/12n=1 = £(0)% — B(0)g(0).

From the definition of A(t, d), integration by parts yields that

¢ 3 t 2n—4 dy
At 6) = \/m_§+("_2)/5 (y2n—4 _ f2)3/2°

Assume, at point (¢,6), By(t,0) = 0; so 0 < 0 < 6. By (4.24), we have

b 24 gy a2
/ﬂ (y2n—4 — f23/2 ~ Bfr

Hence
B t B (n—2)a?
A= T 7 og . Bf
Therefore,

2 2 . 2 £2
(n—1)U(t,0) = _tznti_ﬂ = fgﬁ Lo ;},“ I= o fen—t_ g2y

R Y L (= 2)a? f? _ el g3 L= 2)a’ f?
V=4 _ f2 g Bf g gfr
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Clearly

f! cosf)  sind cos
0<L =(n-2 - —2 .
< f (n=2) sinf)  cosf ( ) sin 6
Hence
(n — 2)a? f? - (n—2)a®f  sinf B p2n—3
B 5 (n—2cosh g
from which it follows that (n — 1)U(t,6) > t" 1. O

4.3 Construction near the outer quarter-circle

In this case, again let I = (0, 7/2) but define

n

a(f) =cosf, B(0) =sinfb, v(0) =

(sin o)1 veel.

4.3.1 Characteristics strip conditions

To select the functions f(#) and g(0) to fulfill the strip condition

F2(0) + ¢%(8) = (sing)2"—4, (4.34)

—f(0)sin @ + g(A) cos O = 4/(A) = nA(sin H)" 2 cos b, (4.35)

we define

F(0) = (sin®)"2cose, g¢(#) = (sinh)" Zsin g,

where ¢ = p(0) is a function of 0 to be selected below. In view of (4.35), we have

sin(e — 0) = nAcos .
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This condition alone does not determine sin ¢ and cos ¢ uniquely. We require the charac-
teristic curve go inside the disc s2 + ¢2 < 1 for small 7 > 0. To this end, let p(1,0) =
S2(7,0) + T?(r,0). We require that

dp

E(o*, 0) = 2a(0) £(0) + 28(0)g(#) = 2(sin6)" 2 cos(p — 0) < 0

and so that

cos(p — 0) = —\/1 — (nXcos6)2.

In this way, f and g are uniquely determined if we set, for all 8 € I,

sin g = nAcos? @ — sin /1 — (n\cos )2,

cosp = —nAcosfsinf — cos /1 — (n\cos )2
Lemma 4.3.1. [t follows that
1<) <2, ¢O)>0 vVoecl.
Proof. Differentiating sin(¢ — ) = n\ cos 6 twice, we have
cos(¢ — 0)(¢' — 1) = —nAsiné,

—sin(p — 0)(¢' — 1) 4 cos(p — 0)¢” = —nAcosh = —sin(p — 6).

Hence

B nAsind N nAsind
cos(p — 0) V1 — (nAcos6)?’

68



cos(p — 0)¢" = sin(p — 0)¢' (¢’ —2).

The first equation implies 1 < ¢’ < 2 since 0 < (n/\)2 < 1; so, from the second equation, it

follows that " > 0, due to the inequalities sin(p — ) > 0 and cos(¢ — 6) < 0. O

Note that f(f) < 0 but g(#) changes signs on I. We solve g(f#) = 0 to obtain §* =

arctan(nA) € [0,7/4) such that
g(0) >0 VOe(0,07, gB)<0 Voe (" n/2).

Let
n 1

t* =sinf* = ——— s =cosh* =

1+ (nA\)2’ V1+ (A2

Lemma 4.3.2. There exists a (unique) number 0 € (0*,7/2) such that
() <0 voe(0,0);, f(O) >0, f/(6) >0 Vo e (0,1/2).
Proof. We easily have f/(6) = (sin6)"~3h(6), where
h(#) = (n — 2) cos @ cos ¢ — (sin fsin )¢’

So f/(0*) = (2 — n)(t*)" 25" < 0 and f'(7/2) = 1 +n) > 0. It is easy to check, by Lemma
4.3.1, that

R(0) = —(n — 2)(sinf cos p + ¢’ cos O sin p) — ¢ cosfsin ¢
—(sinf cos @) (¢')? — (sinfsinp)” >0 V0 e (0%,7/2):

hence h is strictly increasing on (6*,7/2). Therefore, h and f’ have a unique zero 6 €
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(0*,m/2), that is,

i) <0 voecp*,0), (O >0 Ve nr/2).

From this we also obtain that f”(#) > 0 for all § € (6, 7/2). Finally, it is easy to see that

f'(0) < 0 for all § € (0,6*]. This completes the proof. ]

As above, let S(7,0),T(7,0), P(7,0),Q(7,0) and Z(7,0) be the characteristic solutions

defined on the domain

D={(1,0)|0€(0,7/2), 0<7<7p(0)}.

Here 73;(6) = 400 if n =3, and if n > 3, 737(0) is defined by

¢

J56y Trm— ¥ 0 € (0,07,
B y f(0)
v (0) =
2m(0) + [F° — W wge (9% 7/2),
\T()fﬁ(e)m (0%, 7/2)
where
Tm(9>=/ 1 V0 e (0F,7/2).
1£(0)1=2 \/y? =1 — f(0)?

4.3.2 Inverting the characteristic map

Unlike the case of the inner circle, we solve 7 from s = S(7,0) to have

VO<0<m/2
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Consider the function

F(s,0) = T(C(s,0),0) (4.36)

defined for all (s,0) with s > 0 and 0 < C(s,0) < 7p7(0); that is, in the set

S={(s,0)|0<6<n/2, 1(6) <s<ald},

where /() = max{0, 1(0)} with

Let

11(0) = a(0) + f(O)rm(0) V6 € (0% 7/2).

Note that 0 < C(s,0) < l(e}zg;(e) for all (s,0) € S. Let

Dy=A{(1,0) | 0<0<7/2, 0<T<T19(0)},

where

70(0) = 1(6) — a(9) = min {—%, TM<9)} .

Proposition 4.3.3. (a) If n > 3, then ((07) = 1 and there exists a (unique) number

~

0 € (0,7/2) such that

10) >0, '(0)<0 VYO (0,0); 1(6)<0 Vbe (b r/2).
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*

= s* and there exists a (unique) number

(b) For all n > 3, it follows that l1((6%)™)

01 € (0*,7/2) such that

() >0, () <0 YOe(0%01); 1) <0 VOe(b,7/2).

1
Proof. Let k = |f(0)|7»=2. We have

400 dy 00 dn
:k3_”/ —— V0 (0,7/2),
/B N . Ny e (0.7/2)
€ (0", 7/2).

_k3”/ \/7 v 0

1. We first prove part (a). In this case, n > 3 and [ = o + f7); can be written as

)
a—Fk [P v 6 € (0,6%],
5(9) B f% /77277,—4_1
B 8
a—k[F = ok [F U Vg6 x/2)
| E /772n_4_1 772n_4_1
It then follows that [(07) = 1 and I((7/2) ™) = 0. In order to find I'(§), we use the elementary
identities
/ / / / -
M_ (B (8 #sine (4.37)
ko (n—=2)f k k) (n—2)cose
to obtain
Ve (0,0%)
(4.38)
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From this, we see that I exists at 6* and also I'((7/2) ™) = +o0. In either case of the formula

(4.38), the term in the parenthesis equals O‘T_Z and so we simplify (4.38) to obtain that

/ | 90/5 f/oz f/l
=1 o] Ty
, , (4.39)
1 nAp J'l

sing (n —2[nAsinf + \/1 — (nAcos 6)?] - (n—2)f

Since I((7/2)7) = 0, there exists a §/ < 7/2 closed to 7/2 such that [(¢/) < 0. Let 6 be
determined in Lemma 4.3.2. Then, by (4.38) and (4.37), it follows that I'(f) < 0 for all
6 € (0,0], and by (4.39), it follows that I(#) < 0 whenever I(#) > 0 and 6 € [0, 7/2).

2. We proceed in two cases.

Case 1: 1() < 0. In this case, since 1(0T) = 1 > 0, there exists a number 6 € (0, 6]
such that 1(§) = 0. We show that this # satisfies the conclusion of the lemma. Clearly
1(0) > 0,1'(0) < 0 for all 6 € (0,6). To show () < 0 for all # € (6, 7/2), suppose otherwise,
for some d € (A,7/2), I(d) > 0. Then the maximum of [ on [#,d] must attain at some
¢ € (,d)], where I(¢) > 0 and I'(¢) > 0, and so ¢ € (A, 7/2); this is a contradiction to (4.39).

Case 2: 1(6) > 0. In this case, there exists a number 6 € (,60') such that () = 0.
We show that this § satisfies the conclusion of the lemma. We first show () < 0 on
0 € (0,7/2). Suppose otherwise, for some d € (6, 7/2), I(d) > 0. Then the maximum of [ on
[0, d] is positive and attains at some point ¢ € (,d) with I(¢) > 0 and l1(c) = 0; this is a
contradiction to (4.39). We now show that 1(6) > 0,1'() < 0 for all 8 € (0,6). It suffices
to show I/(6) < 0 for all # € (0,6). Suppose otherwise I'(¢) > 0 for some e € (0,6). Then

e € (6, é) The maximum of [ on [e,é] must attain at some [ € (e,é]. At this point [ we

must have [(f) > 0 and I’(f) > 0; this is again a contradiction to (4.39).
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3. To prove the part (b), note that, similar to [(6), we have

€ (0%,m/2).

)=a— / \/7 Vo

It follows that 11 ((6*)") = s* and I1((7/2)~) = 0; moreover,

€ (0%,m/2).

wff e
We simplify (4.40) to obtain that

/ o SO/B f/Oé flll
o) =« Thn_2 m-2)f (m-2f

1 ny’ 'l

sind  (n—2)[nAsing + /1 — (nAcos0)?] (n—2)f

(4.40)

(4.41)

So I{((r/2)7) = +oo. Furthermore, by (4.40) and (4.37), it follows that I{(f) < 0 for all

0 € (6*,6], and by (4.41), it follows that /{(§) < 0 whenever [;(§) > 0 and § € [0, 7/2).

Therefore, in a completely analogous way to the proof of part (b), we can prove part (b). [

Let

71(0) = min{7(#), 7, (0)} = min {—%, Tm(é)}

and consider the following subsets of Dy:
D ={(r,0) | 0< 0 <0, 0<T<79(0)},

Dy ={(7,0) | 0" <0 <7/2, 7(0) <T <T19(0)},
Dy ={(1,0) | 0" <0 <7/2, 0 <7 <T(0)}.
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Define R = {(t,0) | 6 € (0,7/2), t > |f(9)|ﬁ} and

_ [ dy
A(L,0) = //3 o T LR

By (4.16), (4.18) and (4.20), it follows that

7= A(T(r,0),0) VY (7,0) € Dy,
7= A(T(7,0),0) + 21n(0) ¥ (7,0) € Do, (4.42)

T=—-A(T(r,0),0) V (1,0) € Ds.

Let S = {(s,0) € S| (C(s,0),0) € Di.}, k = 1,2,3, be subdomains of S; namely,
S1=1{(5,0)|0<8 <6 1(6) <s<ad},

So={(s,0) | 6" <0 <n/2, 1) <s<I11(0)},

S3={(s5,0)]0* <0 <m/2, [1(0) <s <)},

where [1(6) = max{0,11(0)}. Taking 7 = C(s,0) in (4.42) yields that
C(s,0) = A(F(s,0),0) ¥ (s,0) € S,

C(s,0) = A(F(s,0),0) +21,(0) Y (s,0) € Sa,

C(s,0) = —A(F(s,0),0) V (s,0) € Ss.
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Differentiating with respect to 6 yields that

.

VL — f2(Cy — Ag(F,0)) if (s,0) € S,
Fols.0) =\ VPP = 2(Cy — Ag(F.0) = 2m,) i (5,00 €8y, (443)
—\/F2n=% — §2(Cy + Ay(F,0)) if (s,0) € Ss.

\

In order to find Fy(s,#), we need to derive the formula for Ay(¢,0). Assume (¢,0) € R

1 1
with 6 # 0* and ¢t > |f(0)|"=2. Let k() = | f(0)|7=2. Then from

t/k(9)
A(t,0) = k(03" / il Y (t.0) € R,

BO)/kO) VPt =1

it follows that

t/k
Ag(t,0) =(3 — n)k> "K' / dn

gk P =1
e | W B
VR =1 (B -]

which, by (4.37), simplifies to

~sen(9)¢’B8 (n—3)f tf!
B Ty S T e v/ sy A
Also we have
7 ):—”_3f/ by V0 € (6F,7/2). (4.45)

n—2f " (n-2)f
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Proposition 4.3.4. It follows that

F2n—4 _ 2 [(s,0) + LE if (s,0) € S12,

Fy(s,60) = (n=2)f
/252 [(5,0) + (nf_—;f if (s,0) € Ss,
Fys(s,0) = (n — 2)F2n_5% v (s,0) €S,
where
B ¢’ f
L(S,g) = ? (1 + n— 2) - WC(S,G)

(4.46)

(4.47)

(4.48)

Moreover, L(s,0) < 0 for all s € [0,1] and 6 € (0,7/2); therefore, Fys(s,0) > 0 for all

(s,0) € S.

Proof. 1t 6 # 0%, then two formulas in (4.46) follow from (4.43), (4.44) and (4.45). For

6 = 0*, the formula follows by continuity. Formula (4.47) follows from (4.46). We only need

to prove L(s,f) < 0. Using the identities f = (n — 2)% — g¢' and o2 + 2 = 1, we compute

that

(n—2)f(0)*L(s,0) = (n—2)Bf + Bf¢' — f' fC
=(n—2)Bf+B8f¢ + fla—sf

=n—-2)5(1—as)+ (Bf —ga+sg9)¢’ <0

SS]AaN

for all s € [0,1] and 6 € (0,7/2), thanks to the fact that f < 0, ¢’ > 0 and the elementary

calculation using (4.35),

Bf — ga+ sg = (sin0)"?(ssin g — nAcosh)
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= (sin )" 2[snA cos® § — ssin 9\/1 — (nXcos )2 — n\cosd]

< (sin®)""2(nAcos® 6§ — nAcosh) < 0.

[l
Let Z(s,0) = Z(C(s,0),0). Then, after a change of variables,
7 1 i 2n—4
Z(s,0) =~(0) + — F(y,0) dy V (s,0)€S. (4.49)
f(0) Jeoso

This function serves in the same role as does the function U(¢,0) used above. For example,

we have the following result.

Lemma 4.3.5. Let Q(s,0) = Q(C(s,0),6). Then

Zp(s,0) = Q(s,0)Fy(s,0) V¥ (s,0) € S.

Proof. A direct proof by brutal calculations seems too complicated and getting nowhere;
instead, for fixed 6, we consider function p(s) = Zg(s,0) — Q(s,8)Fy(s,#) on interval s €
(1(9),cos#) and show that p'(s) = 0 and p((cosf)~) = 0. This proves that p(s) = 0 and

finishes the proof. By (4.49), we have

_ / s 2n—4 _:
Zo(ss0) =~y [ R oy iy
f cosf f
L — A F(y, 02" O Fy(y,0)d
+ (2n —4)F(y,0) oy, 0) dy.
f cosf
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From (4.51), in terms of function Q(s, ) = Q(C(s,#),0), we have

I

Fy(s.0) = Q(s,0)L(s,0) +

Y (s,0) € S. (4.50)

Therefore

Using (4.50) and

(n— 2)F2”_5
f )

Qs =QrCs =

we have p/(s) = 0. This completes the proof. O

Let 6y(s) = arccos(s). By Proposition 4.3.3, we see that domains S and S3 can be written

as

S={(5,0):0<s<1, (s) <0 <bp(s)},
S3=1{(5,0):0<s<s* 0i(s) <0 <b(s)},

where 8(s) = 0 if n = 3, and 6(s) (if n > 3) and 6 (s) are the inverse functions of 1(8) (if
n > 3) on (0, é) and [1(0) on (0, él), respectively. Note that S has the property that every

vertical or horizontal line-segment belongs to S whenever the endpoints belong to S.
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In what follows, for each fixed s € (0,1), we study F'(s,#) as a function of 6 defined on

interval (6(s),6o(s)). We first have the following result.

Lemma 4.3.6. It follows that

lim  Fy(s,0) = L= (nhs)” Vs e (0,1), (4.51)
0—(0p(s)) ™ ’ nAsvV1 — 52 + sy/1 — (nhs)?
lim  Fy(s,0) = —o0 Vse(0,1), (4.52)
0—(0(s))
~ ~ ~ 3—n
Fyls.01(9) = 52— P BB Vs € (0,57, (4.53)

Proof. 1. We first prove (4.51). Note that, as 6 — (6y(s))~, it follows that
C(s,0) =0, F(s,0)=T(C(s,0),0) — B(0y(s)) = V1 — s2.

If & < 6p(s) and is sufficiently closed to 0y(s), we have (s,0) € S1 3 and hence, by (4.46),

, [g(0)sinf gy sind sin 0 f
1 Fy(s,0) =
0—)(9151(15))_ ols.6) L f(9) (n=2)f  (n=2)flo=gy(s)
g(0)sin @ | 1 — (n\s)?2
= |——n——+ 0 = .
f() o 16=0,(s) nAsvV1 — 52 + s5y/1 — (n)s)?

2. To prove (4.52), we first assume n > 3. In this case, [(A(s)) = s and so C(s,0(s)) =

TM(é(S)); hence,
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Thus, with L defined by (4.48), we have

lim L(s,0) + I = L(s,0(s)) <0.

F
0—(0(s))+ (n—=2)f \/F2n—4_ 2

From this, (4.52) follows by (4.46).
3. Now assume n = 3. Then 6(s) = 0. First, assume 6* > 0 (so A\ # 0). Then, for all

0 < 6 < 0*, we have that C(s,0) = A(F(s,0),0) and hence

Flk
s—af) =— / d
B

k-1
where k = [f(6)]. Since k() — 0 and B(0)/k(0) — p = 1;%2 > 1 as § — 0T, from the

above equation, we obtain that

as § — 07, where M > 0 is a constant. Hence F(s,0) — +o0o as § — 0. Note that, by

(4.46),
: o VR ' F
91_1>%1+ Fy(s,0) = eglégr N f7L(s,0) + f fF2——f? : (4.54)

By (4.48), we have f2L(s,0) = Bf(1 + ¢') — (s — @) f’. Since f'(0) = —V1 =92 < 0, we
have

lim | f2L(s,0)+ f'f

F
6—0+t VF?2 - f?

Consequently, (4.52) follows from (4.54). Now assume 6* = 0 (so A = 0). In this case,

] =(1-s)f(0) <.
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Figure 4.3: The domain & is between the two smooth curves 6(s) and 6(s), while Sy is the
part with 0 < 6 < 6* (empty if 6* = 0), Sy is the part bounded by 6 and 01 with 6* < 0 < 01,
and Sg is the part between 6; and 0y with él < 0 < m/2. The number § is determined in
Lemma 4.3.8.

C(s,0) = A(F(s,0),0) + 27,(6), which gives

where k = |f()|. As above, we still have that F(s,f) — +oo as # — 01 and, again, that
(4.52) follows from (4.54).

4. Finally (4.53) is immediate from (4.46). This completes the proof. O

For each s € (0, 1), define (see Figure 4.3)

0.(s) = inf{f € (0(s),00(s)) : Fy(s,8') >0 Y ¢ € (0,00(s))}.

The well-definedness of 6, follows from Lemma 4.3.6; moreover, for all s € (0,1), it also
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follows that 6(s) < 6x(s) < fp(s) and

Fy(s,04(s)) =0, Fy(s,0) >0 V0(s) <0 <bp(s).

Furthermore, there exists a sequence 6 — 6(s)™ such that Fy(s,6,) < 0, which shows that

Fyg(s,0x(s)) = 0.

Lemma 4.3.7. For each s € (0,1), function F(s,0) is one-to-one on the closed interval
0 € [0+(s),00(s)). Moreover, the function 0«(s) is strictly decreasing, right-continuous on

(0,1), and satisfies that 0«(17) = 0.

Proof. The proof is similar to that of Lemma 4.2.3. Let a,b € [0«(s),0p(s)) be such that
F(s,a) = F(s,b). We show a = b. If a < b then Fpy(s,0) = 0 for all § € (a,b), which
is impossible by the formula of Fy(s,f) given above. Therefore F(s,) is one-to-one on
[0.(s),00(s)). To show 6, is strictly decreasing in (0,1), let 0 < s < s’ < 1. Suppose, for the
contrary, 0x(s) < 0x(s'); then 0(s) < 0x(s) < 0x(s") < Op(s") < Oy(s) and so Fy(s, fx(s")) > 0.
Because the line-segment connecting points (s, 6« (s") and (s’, 0«(s’)) belongs to S and because
Fys > 0 on S, we have Fy(s,04(s")) < Fy(s',0.(s")) = 0, which gives a contradiction. To
show the right-continuity of 6y, given s € (0,1), let I = 4(sT); then A(s) < I < f.(s) and
Fy(s,1) = 0, which implies [ > 0(s). Given each 6’ € (I,0p(s)), for all s’ > s sufficiently closed
to s, we have 04(s') < 1 < 6 < 6y(s') and hence Fy(s',6') > 0. Taking s’ — sT yields that
Fy(s,0") > 0. By definition, | > 0.(s); so | = 04(s). This proves that 6, is right-continuous

on (0,1). Finally, from 0 < 04(s) < 0y(s), we have that 6,(17) = 0. O

Lemma 4.3.8. There exists a number § € (0,1) such that

2(5,04(5)) > — F(s,0,(5)"" Vi<s<1 (4.55)

n —
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Proof. From the definition of Z(s,#), by (4.13), we have

(n - 1)2(87 Q) = (TL - 1)7 - Bg + C(S’ e)fz + F<S7 0)@(8’ 0)

- /
Since Fy = QL + (nf——g)f and Fy(s,0«(s)) =0, it follows that

L(s,04(s)) = — I'(0x(5) F (5, 0(5)) Vs e (0,1).

(n —2)f(0x(5))Q(s, 0x(s))

Substitution into the definition of L(s, #) yields

F(s,0)  (n—2)¢)
Q(s,0) BT L:e*(s).

Cls.009) = |

Simplifying, we obtain that

n— NBf2
(n —1)Z(s,0x(s)) = {m )y g4 = 2E)8]

! } =04 (s)

(4.56)

First, let ' € (0,1) such that f(s) € (0,0) for all s € [s',1), where € (0* 7/2) is
determined in Lemma 4.3.2. Hence f/(f4(s)) < 0 and thus 0 < Q(s, 0x(s)) < F(s, 0x(s))" 2

for all s € [s,1). Therefore

F(s.0,(5)™ %
Qs,0:(s)

(5,0:(s))" 1 Vs <s<1.
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We now show that there exists a number 6’ € (0, ) such that

(n—2+¢")Bf>

7 >0 V0o<6<?.

(n—1)y—Bg+

This is proved by computing that

(n—2+¢")Bf>
f/

(n—1)y—Bg+

(n — 2+ ¢)sinfcos ¢

/ . .
o ¢'sinfsingp
(n 2 cos 6 cos ¢ ) cos ¢

= (sin®)" 1 [1—sinp+

and noticing that

(n—2+¢)sinfcosp

lim+ 1 —sing + T =1—-nA>0.
60 (n_ 2- cos B cos ¢ )COSQ

Finally, let § € [s,1) be such that 6.(s) € (0,6') for all s € [3,1). Then, for this §, (4.55)

follows from (4.56).

Lemma 4.3.9. Let ty(s) = F(s,0«(s)) for all s € (0,1). Then the function t«(s) is right-

continuous on (0,1) with t«(17) =0 and 0 < t.(07) < 1.

Proof. Since 04(s) is right-continuous and F(s, #) is continuous, it follows that ¢4 (s) is right-

continuous. Also, since 0 < F(s,04(s)) < V1 —s2 for all 0 < s < 1, we easily see that

t+(17) = 0. Let 05 = 0,(0T). We consider the following cases:

Case (a): 0 < 0, < 7/2. Given any 0y < 0 < 7/2, we have F(s,0x(s)) < F(s,0x) <

F(s,0) < V1 — s2 for all sufficiently small s, and hence, letting s — 0T,

t(01) < F(0T,6,) < F(0+,0) <1
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Suppose, for the contrary, that £,(07) = 1. Then F(0T,0) = 1 for all 6. < 6 < 7/2. For

s > 0 sufficiently small and 6 < 7/2 sufficiently close to m/2, we have (s,0) € S3 and hence

s —cosf :/Sine dy
1) Jreo) VPt - F(0)

Let s — 07 and we have

_ﬂ B sin 6 dy
O N 1O

for all 8 < 7/2 sufficiently close to 7/2; this is impossible as seen by taking the limits as
0 — /2. Therefore 0 < t,(07) < 1.
Case (b): 0, = /2. In this case, (s,0x(s)) € Sg for all sufficiently small s > 0. Hence,

from Fy(s,0«(s)) =0, by (4.46), it follows that

t«(8)

V()21 = F(0:(5))2

(n = 2)f(0+(3)) L(s, 0x(s)) = f'(6x(5)) (4.57)

Note that

_ ¢’ f'’c _ B dy
JE=p+ =) = O_/F Nt

So (4.57) implies

_ f/t*(s) 4 /6 A
0=04(s) V()21 — 12 Je(s) y2t — 52 0=04(s)

[B(n =2+ ¢)]

Taking limit as s — 07, since 0,(07) = 7/2 and f'((7/2)7) = ' ((7/2)7) = 1 + nA, we
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t(0T)

Figure 4.4: The function t«(s) = F(s, 0x(s)) and the domain Z5. The number # is determined
in Lemma 4.3.11 and the smooth function ¢{(s) is determined in Lemma 4.3.13.

have that § = t.(0™) satisfies

1
n—2+(1+n)\) = (1+n)) <g3—”+/ y2_”dy).
Y

From this, we solve for § to obtain

e I+3X if n =3,
tx(07) = X (4.58)
<nf2rﬁi‘w\) =3 ifp > 3.
Therefore 0 < £.(07) < 1. O

Lemma 4.3.10. (See Figure 4.4.) Let

Zo={(5,1) | 0< s <1, tu(s) <t < V1-—s2}.

87



Then, for each (s,t) € 29, there exists a unique number 0 = £(s,t) € (0«(s),00(s)) such that
t=F(s,&(s,t)) YV (s,t) € 2Zo.

The function 6 = £(s,t) is continuous in Zo and is differentiable at every point (sg,ty) of

Z9 where Fy(so,&(so,tg)) # 0. Moreover, at any such point, we have

£S:_F8(57€)/F9<876)7 ftzl/Fb(Saf)'

Proof. For each (s,t) € Z9, since F(s,6) is one-to-one on 6 € [04(s),0(s)), there exists a

unique number 6 = £(s,t) € (6«(s),0p(s)) such that
t=F(s,&(s,t)) V (s,t) € Zo.
We first show the continuity of £(s,t); namely, for all (s, %) € 29, it follows that
lim&(s;,t;) = £(s0,0)
for all sequences (s;,t;) — (sg,tp) in Z9. Let a subsequence of £(s;,t;) — [. Note that
Ou(si) < &(siti) < Oo(si), i = F(si,&(s4, 1))

Since 04 (sp) = O«(sg ) < 0«(sy ), it follows that 04 (sg) < I < 0p(sg) and tg = F(sp, ). Hence,
by definition, [ = £(sq, tg). This proves the continuity of .

The differentiability of £(s,t) at every point (sq, tg) of Z9 where Fy(sq,£(sg,tp)) # 0 follows

88



from the continuity of £ and the implicit function theorem. O]

Lemma 4.3.11. There exists a number t € [t,(07), 1) such that

lim  &(s,t) =7/2 Vi<ty<l,
(s,t)—=(0,t)
(s,t)eZ9

lim  Q(s,&(s, 1)) = —t"2 Vi<ty<l1.
(s 30y T = !
(s,t)€Z9

Proof. 1. Assume the first limit is proved. Then we have (s,{(s,t)) € S for all sufficiently

small s > 0 and < t < 1 and hence, for all such (s, 1),

Qs E(s.)) = =204 — F(¢(5, )2,

from which the second limit follows.

2. We now prove that there exists a number ¢ such that the first limit holds. Let
£(si,t;) — 0 along a sequence (s;,t;) — (0,t9) in Z5. Since O4(s) < &(s,t) < Oy(s) for all
(s,t) € Z9, it follows that

0<0,07) <0 <7/2.

If 6, = 0,(07) = /2 (the Case (b) in the proof of Lemma 4.3.9), then 6 = 7/2 and, in this
case, the number # can be chosen to be t = £,(0T).

3. Now assume 0, < 7/2. First, let 1 € (A, 7/2) be such that |f(0)|2> < 1/2 for all
0 € [u1,7/2) and such that (s,6) € S3 for all 0 < s < s' and 1 < 6 < y(s), where s’ > 0

is a small number. We claim that there exists a number 0 < po < 1 such that

VO, <0<m/2, FO©,0)>pu = 0> p.
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If not, then there exist numbers 6; € (fs,7/2) such that
+ 1 :
F(O 791) >1— -, 92-<,u1 \V/Z:LQ,--- .
i

Assume 0; — pug < pq as i — oo. Then F(0T,0) = 1 for all § € (ug, 7/2). This is impossible,
as proved in the Case (a) of the proof of Lemma 4.3.9. Let 0 < py < 1 be a number such

that

p—;
2n-4 - 973 V6(1— ) < inf cosy.
()

(4.59)

Finally, let ¢ = max{t.(07), po, pa}. Then t,(07) <# < 1. We claim that ¢’ = 7/2 for all
t < tg < 1. Suppose, for the contrary, that 6y < ¢/ < 7/2. Then tg = F(0T,0") > po; so

0' > py1. Hence | f(0")|> < 1/2 and (s,0') € S3 for all sufficiently small s > 0. So

s — cos 6’ _ /Singl dy
£(@) F(s8') /y2 =4 — f(0))2

Let s — 0T and, by (4.59), we arrive at a desired contradiction:

ol
—cosf sin 0 dy

O g yP = (02

4.3.3 Construction of the solution on 2,

Let &(s,t) be the function on 25 defined above and Z(s, ) be defined by (4.49).
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Theorem 4.3.12. Define

V2 (s,t) = Z(s,E(s,1)) VY (s,t) € Zo.

Then 1? is differentiable in Zo, withy2(s,t) < 0, and satisfies the Eikonal equation |Vip?(s,t)| =

"2 at every point (s,t) € Z9. Moreover, wz(s, t) can be continuously extended to the curve

S:\/l—tz, 0 <t <1 and to the line segment s = 0, t<t<1to satisfy

n"—_)‘lt”_l ons=vV1—-t2 0<t<l,
VP (s,1) = (4.60)
L1 +nA =" ons=0,i<t<1

Proof. Since £ is continuous on Zo, we easily see that ¢2 is continuous on Zy. As £ is
differentiable at every point (s, t) of Z5 with Fy(s, £(s,t)) # 0, we see that ¢ is differentiable
at every point (s,t) of Z9 with Fp(s,&(s,t)) # 0. Moreover, at all such points, using

Es = —Fs(s,6)/Fy(s,€), & = 1/Fy(s,€) and Zyg = QFy, we arrive at the formula

Y2(s,t) = f(E(s,1) <0, ¢F(s,t) = Q(s,(s,1)). (4.61)

Therefore, by the continuity of &, wz and w% can be extended continuously to every point

(s,t) € Z9. This proves that 2 is differentiable at every point of Zy. By (4.61),

W22+ W)= 2+ Q* = F(s,0)*" =" ¥ (s,t) € 2.
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We now prove the continuity of /2 under the extension (4.60). First, it is easily seen that

lim )f(s,t):arcsinto VO<tyg<l, 30:\/1—15(2).

(s,t)=(s0.t0

Hence, by (4.49),

lim  %(s,t) = lim  Z(s,&(s,t)) = y(arcsinty) = nA tg_l.

(s,t)—>(80,t0) (S,t)—)(so,t()) n—1

Next, by Lemma 4.3.11 and the formula (4.22), we obtain that

. 9 F(0)a(0) + g(0)8(0)  toy/15" " = £(0)?
(s,t)gr(go,to)w (s5,8) = |7(6) n—1 n—1

O0=m/2

1 .
- 1(1+nA—tg*1) Vi<ty<l.
n_

This completes the proof. O

Lemma 4.3.13. Let ty(s) = V1 — s2. Then there exists a smooth decreasing function t1(s)

on s € (8,1) such that, for all § < s <1,

tn—l

— Vti(s) <t <ti(s),

t'fl—l

] Vti(s) <t <tg(s).

Proof. Let
tn—l

K(s,t) =¢%(s,t) —

n—1

Then Ky(s,t) = ¢2(s,t) — t"~2 < 0 and so, for each fixed 0 < s < 1, K(s,t) is continuous
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and strictly decreasing in t € [t«(s),to(s)]. Clearly
t n—1
K(s,ty(s)) = (OHL(/\TL —1) <0.

On the other hand, by Lemma 4.3.8, we have that w(s) = K(s,t«(s)) > 0ons € (§,1). There-
fore, there exists a unique t1(s) € (t«(s),tp(s)) for each s € (8, 1) such that K(s,t;(s)) =0.
This function ¢1(s) satisfies the requirement of the lemma. Moreover, since K(s,t1(s)) > 0,
by the implicit function theorem, the function ¢ (s) is differentiable in s € (8§, 1). Differenti-

ating K (s,t1(s)) = 0 yields that ¢2 + ¢2t] = t?_2t’1 and hence

2
t
th(s) = n_;bs 5 = n_f2(§(8,~ D) <0 Vi<s<l,
77— T - Q(s,t1)
which proves that t1(s) is strictly decreasing on s € (8, 1). O

4.4 Gluing the local solutions: Proof of Theorem 4.1.2

In what follows, we assume

0<nA<1-—qa" L

Our goal is to piece together the solutions ¥! and 12 constructed above with a suitable

trivial solution of the form

S ()"
n(t) = ZX[aiil,ai](t) n—1 (tn_l — 1),
1=1

where k£ is an integer, 0 = ag < a1 < az < --- < ap < 1 and l; € R, to obtain a solution of

(4.6) in Theorem 4.1.2.
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4.4.1 The preparations

Let 11, 12 be the functions determined above by the characteristics method, with domains
Z1, Z9, respectively. Let Z2 = Z1 N 2.

Let s = s1(t) be the increasing function determined in Lemma 4.2.7, and let s = r{(¢) be
the inverse function of the function ¢t = t1(s) determined in Lemma 4.3.13. Note that ()
is well-defined, smooth and strictly decreasing on (0,¢1(87)). (See Figure 4.5.)

t

Figure 4.5: The domains Z1, Z9 and Z4, the curve s = s1(t) determined in Lemma 4.2.7,
and the curve s = ri(t) that is the inverse function of the function ¢ = t1(s) determined in
Lemma 4.3.13.

Let max{a, §,1} < A < 1 be any given number. We consider the arc I'y = {(s,t) | s >

0,t > 0,32 +¢2 = A2}, Then I'4 intersects the curves s = r1(t) and s = s1(t) at unique
A
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points (B1, A1) and (Bs, Ag), respectively. Let

) A2 — 52 (0<s< By),
t1(s) =
tl(s) (Bl <s < 1),
) (4.62)
AZ 12 (Ay <t < A),
51(t) =
s1(t) (0 <t < Ag).

and define the set

Za={(s5,t)|0<s<1, t1(s) <t <V1-—s2}.

Note that A7 — 0 and A9 — A € (0,1) as A — 1. Hence, we can choose the number A

sufficiently close to 1 so that the following conditions hold:

max{a, 8,1} < A<1, 0<A;<Ay<A<l, Z,4C 2. (4.63)

4.4.2 Constructions from the function )

The following result is critical for our construction.

Theorem 4.4.1. Let A be any number satisfying (4.63) and let Ay € (A, 1) be any fixed

number. Then there exists an increasing sequence

O<ap<ag < <apm<---<1
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—1
such that, for functions n;(t) = (_T})_Zl (t”_l —1;), where numbers l; are defined by l1 = 0,

n—1 n—1 n—1 n—1
laj = 2a5; =209, g+ 207, lgjn =20, — by,

there exist functions r;(t) on [a;_1,a;] satisfying

bio1 <ri(t) < VI—t2, @A(ri(t),t) =n;(t) Vaj_y <t<a; i=273,,

where b;_1 = @/A(Q) — @22—1’ and for all j =1,2,--- |

VAV —12,t) = mo(t) at t = agj, Y*(baj,t) = mojr1(t) at t = agji1.

Proof. (See Figure 4.6.) Let (b, a1) be the intersection point of the curve s = r1(¢) with the
2 2 _ A2 ; _ 2 _ 2
arc s° +t< = Aj. This defines a1 € (0, A1) and by = |/ Aj — af.

1. Let r1(t) be the function defined above. Define /1 = 0 and

1 1
)= ——@" =) = ——t" L,
m(t) = ——( )=

Then

(r1(t),t) € 24, V*(r1(t).t) =m(t) YO0<t<a.

Define Iy = 2a7f*1 and

1 1
mit) = ——(ty ") = (2 )
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1
Figure 4.6: A typical construction of sequence {a;} and functions r;(¢) on [a;_1, a;] in The-
orem 4.4.1.

We solve na(t) = nn—_)‘ltn_1 to obtain the number ay given by

(1+ n/\)ag_1 =y = 2a7f—1

So ap > a1 and n”—_/\ltnfl < mp(t) for all a; <t < ag. Now consider the function

h(t) =42 (b,t) —ma(t) Vap <t <y/1-02.

Then h(a;) = 0 and B/(t) = ¢?(b1>t) +t"72 > 0fora; <t < y/1— b%. Hence h(t) > 0
forall a; <t < 4/1— b%; that is, no(t) < w2(bl,t) forall a; <t < 4/1— b%. We have thus
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shown that
PA(V1—12,t) < mo(t) < 2(b1,t) Y ap <t <minfag, (/1 — b3}, (4.64)

Consequently, there exists a continuous function ro(t) on a; < ¢t < min{ag, /1 — b%}, dif-

ferentiable in a1 <t < min{ag, 4/1 — b%}, such that
by <ro(t) < V1—12, ¢2(ra(t),t) =ma(t) Vay <t<minf{ag,/1—-03}.  (4.65)

From this we also have that r5(¢) > 0 and hence ro(t) is strictly increasing in a3 < t <
min{ag, /1 — b%} Ifag > 4/1— b%, then, letting ¢t — /1 — b% in (4.65), we would obtain
by = ro(4/1— b%) > ro(ay) = by, a contradiction. Therefore, ag < /1 — b% Furthermore,

by the definition of ag, we have 79(ag) = /1 — a3.

2. We construct a,,11 inductively for m > 2. Suppose, for some m > 2, we have defined

the numbers as < --- < a;, < 1 such that, for numbers [; defined by

l1 =0, le = 2&75]-__11 — 2&37-__12 + -+ 2&?_1, l2j+1 = QCZgj_l - lgj (4.66)

_1yi—1
with each 2 < 25, 25+ 1 < m and functions n;(t) = ( 71)_1 (t"~1 —1;), there exist functions

r;(t) on [a;_1,a;] satisfying

(i) by <ri(t) < V1—12 $2(ri(t),t) = mi(t) Yaj_1 <t<a,

where b;_1 = w/A% — a?fl, for each i =2,--- ,m, and

(i) ¥2(V1—12,t) = mo;(t) at t = ag;, ¥ (baj,t) =moj41(t) at t = agjyq

(4.67)

for each j with 2 <25, 27+ 1 < m.
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Note that the condition (4.67)(ii) implies
-1 -1 . .
loj = (1+ n)\)agj , iy < (1— n)\)agj_H V2<25, 2j4+1<m. (4.68)

To construct a,,+1 so that (4.66) and (4.67) hold when m is replaced by m + 1, we consider

the cases of m being even or odd separately.

(a) Assume m = 2q is even. Let Iy, = 2agq_1 — Iy and

1

1
1 —1 -1
M2g+1(t) = m(tn —lagt1) = m(tn = 2a5, " + lzg).

Then, by (4.68),

n

n_ltn_1:¢2( 1—12,1) < mogi1(t) Yagy <t <Ll

Consider the function
h(t) = % (bg,t) = g1 (1) ¥ agg <t <y /1—03. (4.69)
Then h'(t) = wg(bgq, t) —t"2 < 0 for agg <t < M Note that
h(azq) = Y% (bag, agg) — mag(asy) = V2 (bag, azg) — (/1 — a3, a2q) > 0

and

h(y/1— bgq) = ¢2(b2q, VI-— b%q) - 772q+1(\/ 1- b%q) <0
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Therefore, there exists a unique number aggqq with agy < aggy1 < /1 — bgq such that

h(a2g+1) = 0; hence h(t) > 0 in ag; <t < agg41. So we have

VAV = 12,t) < mogi1(t) < P(bag,t) Vagg <t < asgyr.

Consequently, there exists a continuous function s = 79,11(f) on agsy <t < agy41, differen-

tiable in ag, <t < agqy1, such that

bag < r2q11(t) < V1 =12, 2 (rog1(t),) = mgr1(t) Vagg <t <aggyr.  (4.70)

Clearly, from h(agq+1) = 0 we have that ¢2(bgq,t) = N2q+1(t) at t = aggq1. Therefore,

(4.67) holds with m = 2¢ + 1.

(b) Assume m = 2¢ — 1 > 3 is odd. Let Iy, = 2(1721(]__11 - 2agq__12 + -+ Qa?_l =

2agqill — lpg—1 and

1 _
772q(t) = nT(ZQQ —t" 1)'

1

Let ag, be the number determined by (1 + n)\)agl; 1— log- Then, by the second condition of

(4.68), we have ag, > ag;—1 and

nA

n—1

-1
"< 772q(t) v agq—1 <1 < agq.

Again consider the function
h(t) = ¢?(bag—1,1) —m2q(t) Vagg1 <t <\/1—03 .
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Then h(agg—1) = 0, B/(t) > 0 and hence h(t) > 0 for agg—1 < t < /1 — b%q—l' We have

thus shown that

1/}2( 1— tQ,t) < 772q(t) < 1/12(b2q_1,t) Y agq—1 < t < min{agq, 1-— b%q—l}‘

So, there exists a continuous function ro,(t) on ag,—1 <t < min{agy, /1 — b%q_l}, differ-

entiable in the interior, such that
bag—1 < r2q(t) < V1 =12, 3 (roq(t),t) = nog(t) (4.71)

for all agy—1 < t < min{agy, /1 — b%q—l}' From this we also have that Téq(t) > 0 and

hence ro,(t) is strictly increasing in the interval. If agy, > /1 — b% -1 then, letting ¢t —

\/1— b%q—l in (4.71), we would obtain that
bag—1 = 120(1/1 =05, 1) > raglazg—1) = bag1,
a contradiction. Therefore, agy < /1 — b%q—l < 1.

3. Finally we completed the induction process and thus finished the proof. O

Lemma 4.4.2. Let {a;} be the sequence constructed in Theorem 4.4.1. Then there ezists an

integer k > 2 such that a,_1 < A and ap, > A.

Proof. Suppose, for the contrary, that a; < A for all i = 2,3,--- . Let

S={(s,t)|ag <t <A\ JAE-12 <s<V1-t2)
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Then there exists a number €; > 0 such that
—2(s,t) > €g VY (s,t) €T (4.72)

Let h(t) be the function by (4.69). Then, for some ¢ € (byg, /1 — a%q) and hence (c, agq) € %,

we have that

h(agq) = ¢2(b2q7 aQq) - ¢2(\/ 1-— a%q? aQq) = @D?(C, a2q)<b2q —/1- a%q)

= (—03(c,a20)) (/1 = a3, — /43 = a3)) > (1~ Aq).

Since h(agq+1) = 0, there exists a number d € (agq, agq+1) such that h(ag,) = h'(d)(ag, —

agq+1)- Therefore

h(azq) h(azq) eo(1 — Ao)
a2q+1 = a2q — W) azq —17(d) 2> azq + 5

since —h'(d) = [W(d)] < W?(b%pd)‘ +d""2 < 2d"2 < 2. Hence aq4+1 — a2q = . O;JLA ) for

all g =1,2,---, which yields

! eo(1 — Ap)
A>agg1 —ag > Z(@jﬂ —agj) > ——F—>

Jj=1
a contradiction. O

Let k be the integer determined in Lemma 4.4.2, with a;_; < A and a; > A. Fix any
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even integer K > k. Then [ = (1+n/\)anK_1 > (14+nN)A" L g (t) = U —t"~1) and

1
n—1

Ni41(t) = (" —2a7 + ).

Let ag 1 be the root of the equation ng,q(t) = n—lI(l + nX\ — t"1), which is uniquely

determined by

~n—1

Cl+ma 20 =l T+nd+ (1 -n)a !
O+1 = 2 B 9 )

Therefore we easily see that ayg < ag,1 <1 and

nx ., _ 1 _ -
mtn 1 <77K+1(t)<m<1+n)\—tn 1) VaK<t<aK+1.

Hence, there exists a continuous function 7x 1 1(t) on |[af, @ 1] such that
0 < Fgp1(t) < VI—12, W (Fr1(t),t) =nga(t) Vag <t<igyr.

We summarize what we have proved in the following theorem.

Corollary 4.4.3. Let K be an even number determined above and define

K
77A(t> = Z X[al_l,al](t)m(t) + X[CLK,fLK_,’_l] (t)nK—Fl(t)a
1=1
K
1=1

where the numbers 0 = ap < a1 < ag < -+ <ag < a1 < 1 and the functions n;(t), r;(t)
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\

A

Figure 4.7: (The case 0 < n\ < 1 —a"1). The curve s = r4(t) determined in Corollary
4.4.3, the curve s = [ 4(t) determined Lemma 4.4.4, and the sub-domains divided by s = [ 4(¢)
and s = r4(t) in the domain w.

and g1 1(t) are determined above. Then

(ra(t),t) € 24, Yra(t),t) =na(t) Yt (0,ap 1]

We now prove Theorem 4.1.2 by constructing the Lipschitz solutions of (4.6) that depend

on the choice of the number A; by choosing different A’s, we obtain the infinitely many

ornh=1—qg" 1

Lipschitz solutions.Let 0 < nX < 1 — a1, We proceed with two cases: 0 < n\ <1 —a"~
, separately.

1
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4.4.3 The proof in the case 0 < n\ <1 —a"!

In this case, let a be the number defined by

pe1 LEnA4anl
a = .
2

Then a < a < 1.
By Lemma 4.2.6, the set S = {(s,t) € Z | ¥!(s,t) = 1?(s,t)} does not intersect the

circle {32 +¢2 = 1}. Consequently, we select a number A sufficiently close to 1 so that

(

(i)  Condition (4.63) holds,
(i) a<A<]1, (4.73)

(i) l(s,t) > %(s,t) V¥ (s,t) € 24N Z1.

\

For such a number A, let n4 and r4 be the functions determined in Corollary 4.4.3 above.
Note that

a<a<A<agii.

The following result is crucial to continue our construction.

Lemma 4.4.4. There exists a (unique) number a < ax < A such that

D) = 91 (0, as) = —

Moreover, there exists a continuous function s = l4(t) on (0, a«] such that

La(a) =0, (L)1) =nalt) Vi€ (0,ad].
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Proof. Note that the function h(t) = 1(0,t) — n4(t) is continuous and nondecreasing on

[a> A]> h(a) = _77A(a) = _w2(TA(CL)> a) < 0 and

h(A) = (0, A) — Y2 (ra(A), A) > (0, A) — (0, A) > 0.

Hence there exists a unique number ay € (a, A) such that h(ax) = 0. For this ax we have
h(t) < 0 for all a < t < ax. Furthermore, if ayx < Ay then ! (51 (t),t) = n—lrtn_l > nal(t)
for all 0 < ¢t < ay, where §1(¢) is defined in (4.62) above; if ax > A9, then by (4.73)(iii),
YL(51(1),1) > ¥2(51(t),1) > 2(ra(t),t) = na(t) for all Ay < t < ax. Therefore we have
proved that

DH(s—(t),t) <nalt) <P EI(E),1) VO <t <as,

where s_(t) = \/(a? —t2)*. Therefore, there exists a continuous function s = l4(¢) on

(0, ax] such that

s—(t) <la(t) <51(1), V' (a(0),t) = nalt) Vi€ (0,a.

Finally [ 4(as) = 0 follows from 11(0, as) = n4(as) by the choice of ax. O
Lemma 4.4.5. For all 0 <t < ax, we have l4(t) < r(%).

Proof. Clearly, 14(t) < 51(t) < r4(t). So, if I4(t1) = ra(t1) for some t; € (0,ax], then

(la(t1),t1) € Z4 and, by (4.73)(iil), na(t1) = ¥ (la(t1),t1) > ¥3(ra(t1).t1) = na(t1), a

contradiction. O
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Define the functions

0 (ax <t <1) 0 (a1 <t<1)
[a(t) (0 <1< ax) ra(t) (0 <t<agq1)

and the sets

Zir={(s,t) ew |0 <t<ax s—(t)<s<lIyt)},
Zo={(s,t) ew|0<t<agy, lat) <s<rat)},
Zr={(s,t) Ew |0 <t <1, Tg(t) <s<V1-—t2}

We easily obtain the following result and thus complete the proof of Theorem 4.1.2 in this

case.

Theorem 4.4.6. The function

p

¢1(S’t) (S’t) EZI,

P(s,t) = 4nat)  (s,t) € 2o,

wQ(s,t) (s,t) € 2,

\

is a Lipschitz solution to the problem (4.6).

4.4.4 The proof in the case n\ =1 —a"!

In this case, let A’ be a number such that

maX{A’,f} <A < 1, ZA/ C Zo,
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where a < A, < 1 is the unique solution of s1(t) = V1 — t2, and t is the number determined
in Lemma 4.3.11.

We first prove the following result.

Lemma 4.4.7. There exist number A" € (A')1) and function s = c(t), differentiable in

(A" 1) and continuous on [A” 1] with ¢(1) = 0, such that

0<c(t)<vV1—t2 d(t) <0,
Pl(s,t) < 2 (s,1) VA <t <1,0<s<c(t), (4.74)

Pl(s,t) > 2(s,t) VA" <t <1, c(t) <s < V1—1t2.
Proof. Let h(s) = ¢l (s,t) — ¥2(s,t); then h/(s) = o} — 2 > 0. Furthermore,

A N ) S L N Ly

= <0 VA <t<1
n—1 n—1 n—1 - ’

h(0) =

and by Lemma 4.2.6, h(v1 — t2) > %{—%“‘1 - n”—f‘ft“_l = 0. Therefore, there exist a
function s = ¢(t) on t € [A’,1) with 0 < ¢(t) < V1 — 2 such that ¥!(c(t),t) = ?(c(t),t)
and hence the last two conditions of (4.74) hold. Moreover, since Yl — 2 is differentiable
and ¥} — 2 > 0, by the implicit function theorem, s = ¢(t) is also differentiable in (A4’,1).

Differentiating ! (c(t), t) = 1(c(t),t) yields that

C/(t) — w?(c(t)> t) _ wtl (C(t),t
@D% (C(t)7 t) - ¢§(c(t)7 t

Note that ! — 2 > 0 and ¢} > 0. Clearly ¢(17) = 0 and so there exists A” € (4’,1) such

that ¢)? < 0 near s = 0 and ¢ = 1. Hence, ¢/(t) < 0 for any ¢ € (A" 1). O
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1
1

0 a A///lA 1 s

Figure 4.8: (The case n\ = 1 —a™1). The curve s = ¢(t) on [A”,1] determined in Lemma
4.4.7, the curve s = [4(t) determined in Lemma 4.4.8, and the curve s = r4(t) intersect at
t=a".

By Lemma 4.2.6, we now select A” € (A”,1) such that
(s, t) > 3 (s,t) Y (s,t) € Zym N 210 {0 <t < A"} (4.75)
We then select a number A sufficiently close to 1 so that

(i) Condition (4.63) holds,
(4.76)

(i) A" <A<

For such a number A, let n4 and r4 be the functions determined in Corollary 4.4.3 above.

The following result is crucial to continue our construction.
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Lemma 4.4.8. There exists a (unique) number ag < a* < a1 such that

Moreover, there exists a continuous function s = 14(t) on (0,a*] such that

la(a®) = e(a®), 1a(t) <ra(t), ©'(La(t),t) = nalt) Vte (0,a%).

Proof. Since c(t) is decreasing on [A”,1] and r4() is increasing on [ag, a1 1], there must
exist a unique a* € (ag,ap41) such that rg(a*) = c(a*). By the selection of ¢(t) and
definition of 74 (t), we have that n4(a*) = ¥?(c(a*),a*) = ¥ (c(a*),a*). If a < t < a* and
we consider h(t) = %(t”fl —a" 1) —n4(t), then K/ (t) > 0 a.e.on (a,a*) and h(a*) =
10, a*) =l (c(a*), a*) < 0; hence h(t) < 0forallt € (a,a*). This proves that ¢! (s_(t),t) =
—lr(t”_l —a" Nt < ny(t) for all 0 < t < a*. Let

n

c(t) (A" <t <a¥)
S10) = § VAZ 2 (Ay <t < A")

s1(t) (0 <t < As).

\
Then 1 (51(t),t) > ¥2(51(t),t) > ¥2(ra(t),t) = na(t). Consequently, for each t € (0,a*),
there exists a number s = [4(t) with s_(t) < I4(t) < 51(t) < 74(t) such that 1 (14(t),t) =
n4(t). Clearly, [4(t) is continuous on (0,a*] and increasing in [af,a*]; it also follows that

lag(a®) = c(a™). O
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Define the functions

and the sets

Zi={(s,t) cw|0<t<1, 0<s<Iyqt)},
Zy={(s,t) ew |0 <t <a" Iy(t)<s<ry(t)},
Zo={(s,t) ew|0<t <1, Tyu(t)<s<V1-12}.

We easily obtain the following result and thus complete the proof of Theorem 4.1.2 in this

case.

Theorem 4.4.9. The function

p

¢1(S’t) (S’t) EZla

(s, t) = S nat)  (s,t) € 2,

wQ(s,t) (s,t) € 2,

\

is a Lipschitz solution to the problem (4.6).
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