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ABSTRACT

DISCRETE VECTOR AND 2-TENSOR ANALYSES AND APPLICATIONS
By

Beibei Liu

We present novel analysis methods for vector fields and an intrinsic representation of 2-tensor fields
on meshes, and show the benefits they bring to discrete calculus, geometry processing, texture syn-
thesis and fluid simulation. For instance, such vector fields and tensor fields in flat 2D space are
necessary for example-based texture synthesis. However, many existing methods cannot ensure the
continuity automatically or control the singularities accurately. Moreover, extending such analy-
ses to curved surfaces involves several known challenges. First, vectors at different surface points
are defined in different tangent planes, so their comparison necessarily involves a concept called
connection to transport vectors from one tangent plane to another in a parallel way. The few exist-
ing approaches for discrete connections offer neither a globally optimal principled definition nor a
consistent disretization of differential operators. Second, symmetric 2-tensors, which play a cru-
cial role in geometry processing, are often discretized as components stored in the predefined local
frames. There is no convenient way to perform coordinate-independent computations with arbi-
trary 2-tensor fields on triangulated surface meshes. Finally, the persistent pursue for efficiency
in the processing of vector fields in applications such as incompressible fluid simulation often re-
sults in undesired artifacts such as numerical viscosity, which prevents a predictive preview for the
fine-resolution simulation at coarse spatial and temporal resolutions.

We offer solutions to address these issues using our novel representation and analysis tools.

First, we present a framework for example-based texture synthesis with feature alignment to
vector fields with two way rotational symmetry, also known as orientation fields. Our contribution
is twofold: a design tool for orientation fields with a natural boundary condition and singularity

control, and a parallel texture synthesis adapted specifically for such fields in feature alignment.



Second, we define discrete connection on triangle meshes, which involves closed-form expres-
sions within edges and triangles and finite rotations between pairs of incident vertices, edges, or
triangles. The finite set of parameters of this connection can be optimally computed by minimizing
a quadratic measure of the deviation from the connection induced by the embedding of the input
triangle mesh. Local integrals of other first-order derivatives as well as the Lo-based energies can
also be computed.

Third, we offer a coordinate-free representation of arbitrary 2-tensor fields on triangle meshes,
where we leverage a decomposition of continuous 2-tensors in the plane to construct a finite-
dimensional encoding of tensor fields through scalar values on oriented pieces of a manifold trian-
gulation. We also provide closed-form expressions of common operators for tensor fields, including
pairing, inner product, and trace for this discrete representation, and formulate a discrete covari-
ant derivative induced by the 2-tensors instead of the metric of the surface. Other operators, such
as discrete Lie bracket, can be constructed based on these operators. This approach extends com-
putational tools for tensor fields and offers a numerical framework for discrete tensor calculus on
triangulations.

Finally, a spectral vector field calculus on embeded irregular shape is introduced to build a
model-reduced variational Eulerian integrator for incompressible fluid. The resulting simulation
combines the efficiency gains of dimension reduction, the qualitative robustness to coarse spatial
and temporal resolutions of geometric integrators, and the simplicity of sub-grid accurate boundary
conditions on regular grids to deal with arbitrarily-shaped domains. A functional map approach
to fluid simulation is also proposed, where scalar-valued and vector-valued eigenfunctions of the
Laplacian operator can be easily used as reduced bases. Using a variational integrator in time to
preserve liveliness and a simple, yet accurate embedding of the fluid domain onto a Cartesian grid,
our model-reduced fluid simulator can achieve realistic animations in significantly less computation
time than full-scale non-dissipative methods but without the numerical viscosity from which current

reduced methods suffer.
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CHAPTER 1

INTRODUCTION

In the increasingly digitized world, smooth shapes are often approximated by their discrete counter-
parts, as computers can only store and process a finite number of digits. Furthermore, continuous
processes described by differential equations also need to be adapted to analyze values stored on
these discretized domains, described by, e.g., spatial or temporal sample points. However, ad-hoc
discretization often fails to keep the global geometric structures, i.e., the symmetries and invariants
that define the geometry. An emergent research field, called Discrete Differential Geometry (DDG),
seeks to systematically construct the discrete counterpart of geometric models (in particular, smooth
surfaces) from the smooth theory while preserving its fundamental properties. DDG draws upon
both differential geometry—focused on properties of smooth manifolds—and the field of compu-
tational geometry—concerned with discrete combinatorial geometric objects. The applications of
DDG include geometry processing, applied mathematics, computer graphics, and physical simula-
tion. Readers interested in the broad concept of DDG can refer to recent surveys, such as [11, 4]
for more details.

In this dissertation, we mainly focus on vector and tensor field analysis and their applications
such as texture synthesis and fluid simulation. We first provide mathematical background on these
specific topics in Chapter 2, and then go over the various challenges in scientific computing involv-
ing vectors and tensors on tessellated domains, the current issues with existing methods that tackle

these challenges, and our approach to addressing these issues.

1.1 Vector Field Analysis and Application

Vector field, which assigns a direction and a magnitude per point, is essential in a wide range of

applications, including geometry processing, example-based texture synthesis, nonphotorealistic



rendering, and fluid simulation. For instance, in example-based texture synthesis, a vector field is
used as a guidance for the local direction and sizing when tiling exemplars in order to synthesize
a large image (Fig. 1.2). Fig. 1.1 shows another application where vector fields help find a natural

point-to-point mapping between two different shapes.

oo 4

Target segmentation Reference Reference Reference
pP2P P2P

Source segmentation
Figure 1.1 Example application of vector fields: Point-to-point mesh correspondence. The
P2P mapping between dog and cat models with only segmentation information as input.

p2p

Discrete representation of vector fields Vector fields on triangulated surfaces are often dis-
cretized through local coordinates in orthogonal frames defined either on vertices or on faces.
A continuous vector field over a mesh is typically evaluated from this finite set of vectors based
on piecewise constant interpolation [12] or, to increase smoothness, using nonlinear basis func-
tions derived from the geodesic polar map [13, 1]. In an effort to remove the need for coordinate
systems, scalar potentials were proposed as an intrinsic encoding of tangent vector fields: while
Tong et al. [14] used two potential values per node interpolated with linear finite elements, Polth-
ier and Preuss [15] offered a discrete notion of Hodge decomposition with proper cohomology by
using one value per node and one value per unoriented edge interpolated with conforming and non-
conforming linear basis functions respectively. This representation is, however, limiting as it only
leads to per-face constant vector fields. Operator-based representations have also been recently pro-
posed [16, 6], but their use is, to date, too restrictive to be widely adopted. Finally, a coordinate free

approach to vector field representation was introduced through the use of algebraic topology and



exterior calculus [17] where vector fields are identified to discrete differential 1-forms (i.e., rank-
1 tensors of type (0, 1)) and interpolation is performed via Whitney basis functions [18]. These
edge-based discrete tangent vector fields have since then been shown useful in a variety of appli-
cations [19, 20]. The discrete 2-tensor fields proposed in Chapter 5 are fully compatible with this
specific form-based representation, and even provide a discrete notion of covariant derivative of

vector and covector fields.

Figure 1.2 Example-based texture synthesis on surface and plane [2]. The square tiles show
examplars that are used to synthesize a texture on surfaces guided by precomputed vector fields.

N-way Rotational Symmetry Field An /V-way rotational symmetry (RoSy) field is a more gen-
eral case of direction field, where the direction is considered invariant under rotation 27 /N (see
Fig. 1.3), or as the equivalence class of the NV directions along evenly distributed angles. The spe-
cial case of 2-RoSy field has been known as orientation field, and long been used in fingerprint
research, e.g., in [21], since the ridges and valleys on a fingerprint image do not have distinct for-
ward or backward directions along them. The models commonly used for detecting singularities in
fingerprints are often with few parameters, but more accurate orientation fields are proven important
in enhancing latent fingerprints collected at crime scenes [22]. In graphics, Zhang et al. [23] intro-
duced interactive 2-RoSy design on surfaces, and Palacios et al. [24] extended this idea to N-RoSy

fields with N > 3. Building N-RoSy fields can also be achieved through specifying compatible



singularities and modifying parallel transport: Lai et al. [25] focused on designing Riemannian
metrics compatible with the local symmetry of N-RoSy fields, while Crane et al. [26] proposed
to directly design a connection that is flat almost everywhere except at singularities, instead of us-
ing the Levi-Civita connection induced by the Riemannian metric. Ray et al. [27] introduced the
concept of turning numbers and offered another equivalent definition for singularities of N-RoSy

fields.

(a) sphere mesh (b) vector field (c) orientation field (d) cross field

Figure 1.3 n-vector fields on sphere mesh. A sphere mesh (a) and a vector field with one saddle
singularity (b). Its corresponding 2-RoSy field is (c) and its 4-RoSy field is (d). Results computed
by the method in Chapter 4.

1.1.1 Orientation field guided texture synthesis

A direct application of orientation fields in graphics is texture synthesis. Texture, carrying infor-
mation about geometric details or material properties and stored as a 2D image, is indispensable in
decorating 3D surfaces. While manually producing a texture is labor-intensive and requires artistic
skills, texture synthesis technique is automatic when examplars are given and local directions are
specified. It is widely used in applications such as rendering, image editing and video synthesis,
and extensively practiced in industry, e.g., in game engines and feature films [28]. However, a pre-
computed vector field used to guide the tiling of a texture still needs to be designed. For textures
with two way rotational symmetry, the guidance fields do not have to be continuous everywhere,
where the vectors should be allowed to have nearly opposite directions to have more natural control.
To generate large textures satisfying user specification, some key requirements need to be in place

for the method to be practical.



Challenges An intuitive control is often highly beneficial in the design process of guidance fields.
For instance, if nonintuitive Dirichlet or Neumann boundary conditions are used (i.e, the pre-
designed vector field is tangential/perpendicular to the boundary) , an artist may have to spend
extra time figuring out their influence when preparing feature alignment fields, whereas a natu-
ral boundary condition can lead to an expected smooth field without additional user intervention.
Smoothness in the final texture is another basic requirement for seamless appearance of the objects

being decorated. To offer additional flexibility, guidance fields can be N-RoSy fields.
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Figure 1.4 Vector field (left) and its corresponding 4-RoSy field(right).

For instance, the 4-RoSy field generated from the vector field (in Fig. 1.4) allows more ways
to put together checkerboard or cross-like textures. At each point, we have an equivalent set of
four vectors, and we can choose any of them as the representative vector. Such a representative
vector field is not continuous, while the associated crosses can still be continuous everywhere in
the picture. Real-world textures often contain N-way rotational symmetries, that is, the pattern
would nearly coincide with itself after rotating by an angle of QWW These symmetries allow patterns
to be aligned continuously not only with smooth vector fields, but with direction fields that are not
smooth in the traditional sense. Thus, using procedures designed with vector fields as an input
for generating seamless textures can be challenging when orientation fields are used in regions

with discontinuity in the choice of forward or backward directions. Special attention must be paid



in the treatment of neighborhoods containing such discontinuity, which is inevitable for generic
orientation fields. Furthermore, a design algorithm should be efficient enough to make the system
interactive and flexible.

In Chapter 3 we introduce a novel framework for the entire pipeline of orientation field guided

texture synthesis [29]. Our main contributions include

e A tangent vector field design tool with natural boundary conditions based on the minimization

of the Dirichlet energy.

e An orientation field design tool based on an associated vector field, with straightforward

control over singularities and their orientations.

e A parallel texture synthesis adapted to handle any discontinuity in an orientation field.

1.1.2 Vector field analysis

As differential calculus is one of fundamental mathematics tool for curved surfaces, differential
analysis of vector fields is often mandatory for geometry processing, fluid simulation, etc. In Sec 2.2
we introduce the mathematical background for comparing nearby tangent vectors in a geometric
sense, through the concept of connection. Intuitively, a connection prescribes in a given local frame
field how the frame at one point should be modified to produce a parallel frame at a nearby point,
so as to allow the comparison between vectors (and tensors) in nearby frames.

Various discretization methods of connection have been proposed. For instance, [30] used what
conceptually amounts to Christoffel symbols between vertex-based tangent planes to describe the
effects of parallel transport, in an effort to introduce linear rotation-invariant coordinates. However,
these coeflicients end up bearing little resemblance to their continuous equivalents. Kircher and
Garland [31] proposed a triangle-to-triangle connection in the context of free-form deformation,
but no notion of differentiation was discussed. A formal discrete version of connections between

triangles was defined in [26], encoding the alignment angle for parallel transport from one triangle



to an adjacent one, and with which piecewise-constant unit vector and n-direction fields can be
derived for any given set of singularities.

The recent work of [1] defines a notion of parallel transport through the blending of geodesic
polar maps similar to [13], which determines a connection between vertices as opposed to triangles.
This approach results in a continuous notion of vector fields (and n-vector fields) compared to the
piecewise constant discretization per face of [26, 32, 33], and thus allows a formal evaluation of
the Dirichlet energy. Their choice of connection is based on the even distribution of the Gaussian
curvature of the input mesh from vertices to faces, which leads to closed-form expressions of the Lo
integrals they sought. However, the deviation (and thus, the discretization error) of their connection
from the Levi-Civita connection, a canonical connection induced by the embedding of the mesh in
R3, is difficult to quantify since no closed-form expression of the covariant derivative itself was
provided. Finally, first-order derivative operators such as divergence or curl cannot be evaluated
in their framework—neither pointwise, nor as local integrals. The work of [34] provides discrete
covariant derivatives induced by discrete symmetric 2-tensors as a global mapping from a pair of
discrete 1-forms to another discrete 1-form, but offers no pointwise expressions either.

Overall, no current approaches offer a discrete connections that can be argued to be optimally
close to the canonical connection introduced by its embedding, neither do they provide the discrete
operators to capture local or global derivatives consistently. In Chapter 4, we introduce discrete

counterparts of these terms. Our contributions include:
e A discrete connection with closed-form which is as-Levi-Civita-as-possible.

e A closed-form expression for the covariant derivative, offering pointwise or integral evalua-

tions of first-order derivative operators and relevant energies.

Significant numerical improvements over previous methods are obtained for analytical vector fields
when this as-Levi-Civita-as-possible discrete connection is used for discrete operators on vector

fields. We also demonstrate the relevance and practical use of our discrete connections by contribut-



ing new numerical tools for n-vector field and n-direction field editing that control the position and

orientation of both positive and negative singularities.

yllyelyg

(a) cow mesh (b) vector field (c) orientation field (d) cross field

(a) tripletorus mesh (b) vector field (c) orientation field (d) cross field

Figure 1.5 Smoothest n-vector field on different shapes. A surface mesh (a) and its corresponding
smoothest vector field (b), 2-RoSy field (c) and 4-Rosy field (d). Results computed by the method
in Chapter 4.

1.1.3 Spectral vector field processing for fluid simulation

Accurate simulation of incompressible fluids is another application of vector fields, and a well-
studied topic in computational fluid dynamics. Fluid animation research is driven by a different
emphasis: in the context of computer graphics, the focus is on capturing the visual complexity of
typical incompressible fluid motions (such as vortices and volutes) with minimum computational
cost. Early computer animation Eulerian methods for incompressible fluid simulation were based
on explicit finite differences [35] which suffered from the slow convergence of their iterative ap-
proach to divergence-free projection. Stam [36] introduced semi-Lagrangian advection and a sparse
Poisson solver which brought much improved efficiency and stability. However, these improve-
ments came at the cost of significant dissipation—a common issue that one can partially mitigate
via vorticity confinement [37], reinjection of vorticity with particles [38], or curl correction [39].

Significantly less dissipative time integrators were also proposed through semi-Lagrangian advec-



Figure 1.6 Model-reduced fluids on regular grids. Our proposed energy-preserving approach
integrates a fluid flow variationally using a small number of divergence-free velocity field bases over
an arbitrary domain (visualized here are the 5t 10, and 15t eigenvectors of the 2-form Laplacian)
computed with subgrid accuracy on a regular grid (here, a 42 x 42 x 32 grid) through the method
introduced in Chapter 6. This integrator is versatile: it can be used for realtime fluid animation,
magnetohydrodynamics, and turbulence models, with either explicit or implicit integration.

tion of vorticity [19], or even energy-preserving methods [40]. However, these improved numerical
methods often carry higher computational costs. Consequently, coupled Eulerian-Lagrangian (hy-
brid) methods (see, for instance, [41, 42]) have flourished recently, as they offer a good compromise
between efficiency and dissipation.

Handling boundaries well is also crucial for incompressible fluids, as boundary layers can sig-
nificantly impact fluid motion. Avoiding the staircase effects that voxelized domains generate was
achieved using simplicial meshes or hybrid meshes [43], but irregular connectivity often affects
the efficiency of the solvers involved. Inspired by the immersed boundary and interface methods,
the use of regular grids with modified numerical operators to handle arbitrary domains was pro-
posed in [44], then made convergent by [7] while maintaining symmetry of the solves needed by
the integrators. Another approach using virtual nodes was also proposed recently [45].

Fluid simulation over non-flat domains has received significant attention as well. Most notably,
Stam adapted his Stable Fluid method to handle curvilinear coordinates [46], while Azencot et
al. [47] recently proposed to use the Lie derivative operator representation in the spectral domain
to represent a velocity field on an arbitrary surface, and performed advection of vorticity through

a linearized exponential map of the operator representation. Methods that are using only intrinsic



operators can also handle curved domains without alterations [19, 40].

In Chapter 6, we formulate a model-reduced variational fluid integrator that combines the ben-
efits of non-dissipative integrators with the use of dimension reduction and Cartesian grids over
arbitrary domains. Based on a description of the fluid motion through functional maps, a varia-
tional integrator is derived from Hamilton’s principle [48, 49], resulting in a Lie algebra integrator
with non-holonomic constraints [50, 10]. We use spectral approximation of the functional map
through (cell-based) scalar and (face-based) vector Laplacian eigenvectors in order to offer model
reduction without losing the variational properties of the integrator, with controllable energy cas-
cading. This setup allows us to use not only low frequencies to capture the basic behavior of a
flow, but also a few selected higher frequencies to add realism at low cost. Furthermore, we extend
the embedded-boundary approach of [7] to our framework in order to compute spectral (scalar-
and vector-valued) basis functions of arbitrary domains directly on regular grids for fast compu-
tations with sub-grid accuracy. Finally, our approach uses the typical Eulerian setup of flux-based
solvers; consequently, addition of fine details through spectral noise [51], wavelet [52], empirical
mode decomposition [53], subgrid turbulence [54, 55], curl correction [39], or through enforcing
Lagrangian coherent structure [56] can be done straightforwardly. We demonstrate the efficiency
of our resulting integrator through a number of examples in 2D, 3D, and curved 2D domains, as
well as its versatility by pointing out how to extend its use to magnetohydrodynamics, subgrid scale
models, and other fluid equations. Our approach thus extends the variational approach of [40, 10] to
arbitrary reduced bases, adopts the (now Eulerian) vorticity advection of [57], and offers a structure-

preserving version of the Laplacian-based integrator of [9].

1.2 Discrete 2-Tensor Fields on Triangulated Surface Mesh

Tensors of rank two are commonplace in geometry processing, e.g., as a way to encode sizing
and orientation fields for meshing purposes [58, 59, 60]. While discrete representations of tan-

gent vector fields and antisymmetric tensors (i.e., forms) on triangulations have been widely used,

10



few approaches provide convenient ways to perform computations with arbitrary 2-tensor fields on
triangulated surface mesh, unlike their lower rank couterparts. Much like early work on discrete
vector fields, they are often defined by first establishing a local tangent space basis per vertex [59],
edge [61], or face [62, 63, 64], then storing the four components of the tensor in each of these
frames. A notable coordinate-free alternative exists for purely antisymmetric 2-tensors (called 2-
forms): they are scalar multiples of J = ( ? (} ) in any orthogonal coordinate frame since RJR! =.J
for an arbitrary rotation matrix . They can thus be encoded as discrete differential 2-forms via one
scalar per face and Whitney basis functions [65, 4]. (Dual 2-forms, defined per dual cell, can also be
used.) In comparison, symmetric tensors have rarely been discussed in the discrete realm [66, 67],
yet they are implicitly behind all inner products of forms or vectors, generalized Laplacian opera-
tors [68], and the notion of Hodge star [69]. Our discrete encoding of tensors encompasses both
symmetric and antisymmetric tensors in a consistent framework.

In Chapter 5, we introduce a numerical framework to encode and manipulate 2-tensors on tri-
angle meshes. Our work [34] is based on a novel coordinate-free decomposition of continuous
2-tensor fields in the plane. By leveraging this decomposition, we construct a finite-dimensional
representation of 2-tensors on discrete surfaces that is fully compatible with the DEC [4] and
FEEC [65] machinery. Our discrete 2-tensors exactly mimic the continuous notion of divergence-
free, curl-free, and traceless tensors, and recover many well-known discrete operators commonly
used in geometry processing. Finally, our approach offers a discrete counterpart to both covari-
ant derivative and Lie bracket of 1-forms (or vector fields), and provides an extension of the heat

method [3] to compute anisotropic geodesics.

1.3 Organization

The rest of dissertation is organized as follows. We first recap important mathematical concepts
used throughout the dissertation in Chapter 2. Then, we discuss the 2D orientation field design

with natural boundary conditions in Chapter 3. A principled approach to connection discretization
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(a) isotropic geodesic

(a) isotropic geodesic

(b) anisotropic geodesic (b) anisotropic geodesic (b) anisotropic geodesic

Figure 1.7 Influence of the metric tensor on geodesics. (a) visualization of an isotropic geodesic
where the distance is generated by the heat method [3]. The curvature tensor of a surface is ap-
plied to compute anisotropic geodesics (b) with our generalized Laplacian operator proposed in

Chapter 5.

on curved surfaces and its application to /N-RoSy design is presented in Chapter 4. Discretization
of 2-tensor fields and its application in anisotropic geodesic calculation is discussed in Chapter 5
and a spectral vector field processing on irregularly shaped 3D domain is introduced to build a novel
model-reduced variational integrator for fluid simulation in Chapter 6. Finally, we summarize the

contributions from this thesis and discuss future work in Chapter 7.
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CHAPTER 2

MATHEMATICAL BACKGROUND

In this chapter, we present the necessary mathematical background of the continuous theory and
an existing discrete structure-preserving counterpart of a collection of tools in continuous vector
field analysis called exterior calculus. Some basic concepts, including manifolds, tangent vectors,
tensors, differential forms are introduced in Sec 2.1. Connection and covariant derivative operators
are discussed in Sec 2.2, whose discrete counterparts are proposed in Chapter 4. Sec 2.3 presents
the decomposition of tensor fields into simpler building blocks, which enables our intrinsic repre-
sentations in Chapter 5. Finally, Sec 2.4 introduces a tool used throughout this dissertation, namely,
Discrete exterior calculus (DEC), which provides a discrete representation of the differential forms
with their differential and integral calculus. Note that we restrict the exposition in Sec 2.2 and

Sec 2.3 to the surface case only.

2.1 Basic Concepts from Differential Geometry

Classical differential geometry focuses on the study of the geometry (like curves and surfaces)
through the techniques of linear algebra, differential calculus and integral calculus. In this section,
we introduce some basic concepts involved in our work and restrict our discussion to subsets of R3.
Note that the goal here is to provide readers with some prior knowledge in differential geometry
and the intuition behind key concepts, rather than rigorous mathematical definitions of these terms.
Refer to, e.g., Lee’s book[70] if further details are desired.

The basic shapes or domains used in differential geometry are described by manifolds. An n-
manifold M is a space that locally looks like flat Euclidean space R, but may have different global
topology. For instance, the surface of Earth can be treated as a 2-manifold, since no matter where

you stand on Earth, it looks locally like a flat 2 domain. Euclidean spaces, curves, and surfaces
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are all special cases of manifolds.

2.1.1 Tensors

Quantities stored on manifolds can be represented through functions with multiple components. A
particularly important class of multiple component functions are called tensors. We introduce the
vectors and covectors before describing the tensors. We then discuss the differential and integral

calculus of tensors.

Tangent vector. For a point p on a surface M embedded in R3, a tangent vector v at p is just a
tangent vector to a curve on the surface M that passes through p. The set of all tangent vectors to

M at p is called the tangent plane of manifold M at point p, which is often denoted as T), M.

Covector. For a finite-dimensional vector space V. A covector on V is defined as a real-valued
linear functionon V asw : V' — R. The space of all the covectors on V' is also a vector space, which
is the dual space to V and is often denoted as V'*. T;M is thus the dual space of T), M/, sometimes
called the cotangent space, the elements of which are called (tangent) covectors, cotangent vectors,

or 1-forms.

Tensor. Just as a covector can be seen as a linear operator that maps a vector to a real number,
vector can be seen as a linear operator which maps a covector to a real number, since for finite-
dimensional vector spaces, the dual space of the dual space is identical to the original space. A
rank-(m, n) tensor is a generalization of both vector and covector, in the sense that it can be treated
as a multilinear operator mapping m covectors and n vectors to a scalar. Scalar fields, vector fields
and covector fields are just rank-0, rank-(1,0), and rank-(0,1) tensor fields, respectively. A metric
tensor is a symmetric rank-(0, 2) tensor that is positive definite. It takes a pair of tangent vectors as
input and produces a scalar value, which provides a distance measurement on the manifold. Given
a basis frame of the tangent space, a metric tensor can be represented as a symmetric positive-

definite matrix. In a local basis field (X, Xy) of tangent spaces on a surface, a vector field can be
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expressed as w = uXy + vXy. The length of a vector can be calculated as:

FE F
g(w, w) = (u,v) (u,v) T 2.1)
F G

where ' = Xy - Xy, F'= Xy - Xy and G = X, - Xy provides the canonical embedding metric g
of the surface. The length of a path can be evaluated as the integral of the tangent vectors along the

path. For a flat plane with Cartesian coordinate system, the metric tensor is just the identity matrix.

Differential forms. A particularly useful tensor is the antisymmetric rank-(0, p) tensor. A tensor
is antisymmetric if swapping two vectors in the input list of the tensor, the output changes sign.
Such tensors are called p diftferential forms, or just p-forms. They are tensor fields whose integral
on p dimensional submanifolds are independent of the coordinate systems. For instance, differential
forms can be integrated over curves(1-form), surfaces(2-form) and volumes(3-form).

Thus, covectors are 1-forms and antisymmetric rank-(0, 2) tensors are 2-forms. In R3, p-forms

can be expressed in bases spanned by forms such as dx, dzdy or dxdydz:
e (-form: smooth function f
e 1-form: integrand in line integral fdx + gdy + hdz
e 2-form: integrand in surface integral fdxdy + gdzdx + hdydz
e 3-form: integrand in volume integral fdxdydz

On an n-manifold, all k-forms with k£ > n are zero, due to the antisymmetry.

2.1.2 Exterior calculus.

A set of operators can be defined on differential forms to form a differential calculus for integrable
quantities on manifolds. We list these operators first before establishing the correspondence of them

with the classical vector field analysis on surfaces. In the following, we denote the set of p-forms

as QP.
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exterior derivative d: QF — QkJrl;

contraction operator i x: Ok Qk_l, where X is a vector;

Hodge star : QLN Q”_k;

wedge product N\: QP x w9 — wPT4,

On surfaces (2-manifolds), 0-forms and 2-forms have a single component, so they can be rep-
resented by scalar fields; 1-forms have two components, so they can be represented by vector fields
(although they are in fact covector fields). In such representations, d applied to O-forms produces
gradients, d applied to 1-forms produces curl. ix with a 2-form is just a scaling of X, and 7y
with a 1-form is the dot product between the two vectors. The Hodge star x applied to O-form as
multiplication by area density, to 1-form as a rotation by 7/2, and to 2-form as division by area
density. The wedge product between 0-form and a p-form is just a scaling of the other form, the

wedge product between two 1-forms is the cross product, which produces a scalar on surfaces.

2.2 Connections on Smooth Manifolds

In order to take derivatives of vector fields on manifolds, one must account for the fact that the vector
field components are defined on different basis frames over different tangent spaces. Thus, one
must first define a way to compare vectors living on nearby tangent spaces in a geometric manner.
A connection plays such a role, as it maps a tangent vector (seen as an infinitesimal movement
toward a nearby point) to an infinitesimal linear transformation aligning the local tangent plane to

the tangent plane at that nearby point.

2.2.1 Definition

As we will review shortly, a connection is equivalent to a notion of parallel transport, i.e., how to

slide tangent vectors along curves on M. A metric connection has the additional property that the
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Figure 2.1 Smooth connection. On a smooth manifold, a connection indicates how a tangent vector
at point p is parallel transported along a path C' to a nearby point p’ =p + ew, accounting for the
change of frame between the two tangent spaces. From a connection the notion of (covariant)
derivative of vector fields is derived, as nearby vectors can now be compared.

metric on M is preserved by parallel transport. Given a frame field (eq(p), e2(p)), a connection is

determined by the coefficients w;- ;. defined as
_ i e
Veye) = 2 wjiei
1

Each coefficient w;'. ;. thus describes the i-th component of the change of the basis vector e; along
ej.. (It can also be interpreted as the k-th component of a matrix-valued 1-form 2= (wj) as we will
see next.)

The Levi-Civita connection of M is a special metric connection: it is the only one that satisfies
wé. k—w}; = 0 for frames formed by tangent vectors of isocurves of a parameterization. Note here we
restrict the discussion of connection to the metric connection. For definitions of other connections

defined on vector or frame bundles, we refer the readers to [71].

2.2.2 Connection 1-form

A connection can be regarded as a way of determining whether a vector u in the tangent space of

p is parallel to a vector in the infinitesimally nearby tangent space of p’ (see Fig. 2.1). In the local

17



frame (e1(p), e2(p)) at p,

1
1 u

u(p) = u'ey(p) + u’es(p) = (e1(p), e2(p))

w2

The connection provides an expression for the vector at p’ that is parallel to u(p) via an infinitesimal

perturbation of the original coordinates:

ul
u'(p') = (e1(p'), e2(p') (I — Qw)e) P :
u*(p)
which can then be compared against
wo
u(®) = (a0 ea@) | P
u*(p')

Formally, the connection is thus defined as a matrix-valued 1-form {2, which encodes that the frame

(e1(p),e2(p)) is aligned to the frame
(e1(p), e2(P")) (I — Q(w)e)

when moving along w.

For simplicity, we assume that the local frame field is orthonormal, i.e. (e1, e2) = (e, e™), where
e is a unit vector, and e is its 90°-rotation in a given metric g of the surface. Since we assumed
that the connection is metric preserving (i.e., that the basis vectors are parallel to two mutually
orthogonal unit vectors in nearby frames), the connection €2 simplifies to an antisymmetric matrix

representing an infinitesimal rotation of the form:

1 1
wy w 0 —w
=1 = — w,
w% w% w 0
where J is the 90°-rotation matrix
0 -1
J =
1 0



Therefore, given a frame field, the connection is defined by a rate-of-rotation-valued 1-form w
describing how fast the local frame should rotate to align to nearby frames when moving along a

certain direction.

Curvature of connection The exterior derivative of the local representation of the connection w
defines, up to a sign, the curvature of the connection, and is denoted as K = —dw. Any closed path
OR around a region R of the manifold therefore accumulates a rotation of frame, and it is equal
to the integral of the connection curvature over R. For the canonical Levi-Civita connection, this

curvature corresponds to the conventional notion of Gaussian curvature.

2.2.3 Covariant derivative on smooth manifolds

Geometric intuition Covariant derivative of a vector field u at a point p on a surface M is that
Vu encodes the rate of change of u around p (check Fig. 2.1). Projecting the derivative of a vector
field u along a vector w leads to a vector Vyu, which indicates the difference between vectors
u(p) at p and u(p’) at a nearby point p’ = p-+ew(p), where € € R is approaching 0. However, these
vectors live in different tangent spaces, so the component-wise differences depend on the choice of
local basis frames, and taking their differences in a manner that is purely geometric (i.e.,coordinate

frame-independent) requires the additional information of connection.

2.2.4 Metric-preserving covariant derivative

Given a frame field and a connection 1-form, the covariant derivative Vu of vector field u= u1e1—|—

u?es can be expressed in coordinates as

dul ul
Vu = (e, e2) +wJ , (2.2)
du? u?

where d is the exterior derivative [72] applied to the components of the vector field, and the con-

nection is used to locally account for the change of frames. While it is now a stand-alone operator
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on vector fields akin to the gradient operator for functions, it can also be paired with another vector

field w to measure the directional derivative of u along w, i.e.,

dul (w) ut
Vwu = (ey, e2) +ww) J
du?(w) u?

Note that even if w is dependent on the choice of the local frame field, Vu is a proper tensor field

defined on the tangent bundle.

Geometric decomposition In an orthonormal frame field, the covariant derivative of the vector
field u can be expressed in a matrix form. For clarity, we omit the basis (e, e9) appearing in the

expression of Vu in Eq. 2.2 in what follows. Representing the reflection matrix by

and the 2x2 identity matrix by /, this matrix representation can be rearranged into four geometrically

relevant terms:
1
Vu:i[IV-u+JVXu+FV-(Fu)+JFV><(Fu)], (2.3)

where JV x u (measuring the curl of u) is the only antisymmetric term. Moreover, we can rewrite

this decomposition as a function of two other relevant derivatives:
Vu = 0u + Fou,

where the holomorphic derivative 0 = %([ V- +JVx) contains divergence and curl of the vector
field, neither of which depend on the choice of local frame; whereas the Cauchy-Riemann operator
(or complex conjugate derivative) 0 = %(I V-F + JV x F') depends on the choice of frame. Due

to the use of reflection, Ju behaves as a 2-vector (2-RoSy) field (see Appendix A).

Parallel transport Parallel transport of a vector field u along a path C'(s) (where s is a param-

eterization of the path) between two nearby points of a manifold M in a given metric connection
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is defined by VC’( su=0, where C'(s) denotes the unit tangent to the path C'(s). This implies by

integration that a vector, represented in the basis (e, eJ-), evolves infinitesimally along the path via

the connection as
S
u(s) = exp (—J/ w(C’/(a))doz) u(0). (2.4)
0
Consequently, a vector parallel-transported along this path undergoes a series of infinitesimal ro-
tations, adding up to a finite rotation —p = — [~ w, since exp(f.J) = cos#I +sinf.J. This matrix

exponential thus induces a linear mapping (namely, a rotation because we restrict our discussion to

metric connections) between the tangent spaces of the two points.

2.2.5 Relevant energies

Based on the decomposition of the covariant derivative operator in Eq. 2.3, we can also express the

Dirichlet energy E'p of vector field as the sum of two meaningful energies:

Po(u) = 5 [ IVudA = 5 (Ea(w) + Ba(w).

The antiholomorphic energy /4 measures how much the vector field deviates from being harmonic,
and the holomorphic energy Fp measures how much the field deviates from satisfying the Cauchy-
Riemann equations:

Ea(u) = 3 [3[(V-0)? + (Vx w)?]dA,

Ey(u) = [,;(0u)?dA.
While complex numbers are often used to express these energies, we stick to basic vector calculus
in our work for simplicity.

Furthermore, the difference between £y and Fo leads to a boundary term and a term related

to the connection curvature X = —dw,

Ealw) -~ Bu(w) = [

ux(Vu)+/ Klul|?. (2.5)
oM M

In Chapter 4, all the operators and energies presented will be given a discrete formulation for their

evaluation on triangle meshes.
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2.3 Decomposition of Tensor Field on Smooth Manifolds

We begin with a brief review of existing decompositions of arbitrary rank-2 tensors on smooth
surfaces M with boundaries 0 M. Note that we will restrict our exposition to tensors of type (0, 2)
(i.e., acting on tangent vectors), but equivalent expressions for tensors of type (1,1) or (2,0) can
be derived using proper raising or lowering of indices with the flat and sharp operators defined by

the Riemannian metric g.

2.3.1 Antisymmetric vs. symmetric tensors

Just as a matrix A can be decomposed into a symmetric %(A—i—At) and an antisymmetric %(A— Al
part, a rank-2 tensor field 7 € T can be decomposed into an antisymmetric (or skew-symmetric)
tensor ;€ A and a symmetric tensor o € S with 7= pu+o. Therefore,

T=AdS. (2.6)
This decomposition is trivially an orthogonal direct sum for the Frobenius inner product (., .)r due
to the fact that the product of an antisymmetric matrix and a symmetric matrix is traceless, and thus
their inner product vanishes. Note that antisymmetric tensors are also called “forms”, and have been

extensively used as the basis of exterior calculus [72]. Common geometric notions such as metric,

stress, and strain are, instead, symmetric tensors.

2.3.2 Decomposition of antisymmetric 2-tensors

Antisymmetric rank-2 tensors 1 € A, dubbed 2-forms, are particularly simple on surfaces: they are
of the form p = s g where s is an arbitrary scalar function. They can be further decomposed, via
Hodge decomposition [72], as the orthogonal direct sum p = dwéh, where w is an arbitrary 1-form
and h is a harmonic 2-form—which is simply a constant p times 1 if M has a single connected
component. Consequently, by applying the Hodge decomposition on w, we see that 2-forms can be

written in full generality as:

p=spig=(Aq +p) 1g, (2.7)
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where Agq is the Laplacian of a scalar function ¢, and p is a scalar constant (non-zero constant

functions are, indeed, not in the image of the Laplacian operator).

2.3.3 Decomposition of symmetric 2-tensors

Symmetric rank-2 tensors can also be decomposed further. Berger and Ebin [73] were the first to
propose a notion of decomposition of symmetric tensors on arbitrary manifolds that extends the
well-known Hodge decomposition of vector fields and forms. Noticing the role of the kernel and im-
age of divergence and curl in the Hodge decomposition, they proposed to orthogonally decompose
a symmetric tensor via the image of an operator P (with injective principal symbol) and the kernel

of its adjoint operator P* (uniquely defined via (P-,-)p= (-, P*-) up to boundary conditions):
S =Im P @ Ker P*. (2.8)

This is the generalization of the well-known fact that, for any given matrix, its range and the kernel
of its transpose form an orthogonal decomposition of the entire space. We review relevant examples

of this versatile construction next.

Divergence-based expression. One of the most common differential operators on manifolds is the
covariant derivative [74], which extends the notion of directional derivative for arbitrary manifolds.
The covariant derivative Vw of a 1-form w returns a rank-2 tensor whose symmetric part is the
Killing operator of w, i.e., %(Vw—l—th) = IC(u;).i The Killing operator is, itself, remarkably
relevant in differential geometry: its kernel corresponds to vector fields (known as Killing vector
fields) that define isometric flows on the surface [20]. For P = K in Eq. (2.8), the adjoint operator
P* turns out to be the negated divergence operator div on tensors [73], implicitly defined on a
closed surface as:

(o, K(w))p=—(div o,w); VYo€ES. (2.9)

iNote that our definition of the Killing operator differs by a factor 1/2 from most authors, in an
effort to simplify further expressions.
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Note that, for flat domains with the Euclidean metric /, the Killing operator can be expressed in
local coordinates as a symmetric matrix with entry (4, j) of the form %(8]+82) while the divergence
operator reduces to the divergence of each column of the matrix form of a tensor. From the Berger-
Ebin decomposition, we conclude that any symmetric tensor field is composed of a divergence-free

part plus an element of the image of the Killing operator:
S=ImK ® Kerdiv. (2.10)

Curl-based expression. We can also define a similar decomposition using this time the notion
of curl of a tensor. In fact, the relationship between div and curl for 2-tensors in M is simple:
just like the curl of a vector field is minus the divergence of its rotated version, for a 2-tensor o
we have curl o == div (*a*‘t), where xox " is the x-conjugate of 0. We thus get a Berger-Ebin
decomposition

S =ImK @ Ker curl , (2.11)

where the operator K indicates the x-conjugate of the Killing operator, i.e., KC(w) =%k (w)x".

Trace-based expression. Another canonical operator on tensors is the trace tr. Its Berger-Ebin
based decomposition is rather trivial since the adjoint of the trace is simply tr*(z) = zg for any

scalar function z, thus leading to:

S =Imtr*®Kertr. (2.12)

2.3.4 Remarks

We conclude this section with a few observations.

Boundary conditions. In order to uniquely define the adjoint relation in Eq. (2.9), we must pre-
scribe boundary conditions for 2-tensor fields. Similar to the case of 1-forms, this can be achieved
by either prescribing boundary tensors (Dirichlet boundary condition) or specifying their normal

derivatives (Neumann boundary condition).
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Physical Interpretation. Tensor decompositions are often used to characterize deformations in
mechanical systems. The antisymmetric part of asymmetric tensors (Eq. (2.6)), for instance, re-
veals infinitesimal rotations in a fluid motion. Divergence-free tensors and the Killing operator
(Eq. (2.10)) indicate force equilibrium and deviation from isometries in solid mechanics. Simi-
larly, the trace-based decomposition (Eq. (2.12)) identifies local dilations and shearing, commonly

controlled in elasticity via Lamé parameters.

Covariant Derivative. As mentioned in §2.3.3, the covariant derivative maps a 1-form w to a

2-tensor field Vw which is the sum of a symmetric and an antisymmetric part:
Vw = K(w) — +dw, (2.13)

where the antisymmetric part is half the curl of the vector field w? associated to w. Therefore, the
covariant derivative Vw identifies the scalar function ¢ in Eq. (2.7) with the (negated) function g

induced by the coclosed part xdg of w.

Generalized Laplacian. The standard Laplace-Beltrami operator A on a function z is defined as

div (Vz). This operation generalizes for a symmetric 2-tensor field o in M as
A%z :=div (6Vz)=x (div o A *dz)+tr (0 g ! Hess(z)) : (2.14)

where Hess(z) is the Hessian of z. This operator is particularly relevant in the computation of quasi-
harmonic fields [68] and in elasticity [75]. Graphics applications have also used this generalized
Laplacian to compute anisotropic parameterization [63, 76] and filtering [77], and more recently to
design simplicial masonry structures [78, 79]. Note that, when o is a divergence-free tensor field,
the generalized Laplace operator becomes linear accurate, i.e., A? z = 0 for any linear function z

in the plane.

25



2.4 Discrete Exterior Calculus

A computational tool used throughout this dissertation is the discrete implementation of the afore-
mentioned exterior calculus, which preserves crucial differential identities in vector field analysis.
As the p differential forms are integrands on p dimensional shapes in the domain, they admit natural
discretization, through their integral values on p dimensional cells in tessellated domains.

In particular, for surface mesh, a primal 0/1/2-form is stored as one value integrated per ver-
tex/edge/face, while a dual 0/1/2-form is stored as one value integrated per face/edge/vertex. The
usual differential operators in vector field analysis can be implemented through two basic operators
d and x in DEC. The first operator differential, or exterior derivative, d;. maps k-forms to k+l -forms
by evaluating the sum of k-form integrals on the boundary of k+1-cells, and the second operator
Hodge star ;. maps primal k-forms to dual 2—k-forms in 2D by rescaling them using the size
ratio between k-cells and dual 2—k-cells. We may interpret dy as gradient V, dy as curl VX,
as multiplication by the area form, % as rotation by 90° on the tangent plane, and o as division
by the area form. Other differential operators can be assembled from d and x, e.g. co-differential
0, = *];_110[%_1* %> Which are adjoint to differentials. In particular, divergence V- can be imple-
mented by 1. On a triangle mesh, the d’s are implemented transposes of the signed incidence
matrices, and the *’s are implemented as diagonal matrices with the ratios between the sizes of
dual mesh cells and the corresponding primal mesh cells on the diagonal. For more details, refer

to [4].
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CHAPTER 3

ORIENTATION FIELD GUIDED TEXTURE SYNTHESIS

3.1 Introduction

Texture synthesis is a popular method to acquire textures. Textures often contain salient feature
directions, whose alignment is often controlled by a user-specified guidance direction field. Such
a direction field is also mandatory for most methods on surfaces even when there are no features.

For textures with two way rotational symmetry (2-RoSy), the guidance fields do not have be con-
tinuous everywhere. Instead, nearby vectors should be allowed to have nearly opposite directions to
have natural singularities. Such fields are called 2-RoSy fields, or orientation fields. For instance,
fingerprints are oblivious to whether the direction is forward or backward along the ridges. The
principal curvature direction fields on surfaces is another extremely important example of 2-RoSy.
In this chapter, we specifically target at developing a method for handling such fields.

In the following, we first briefly discuss the most relevant related work on orientation field design
and on texture synthesis. We then present our vector field design algorithm for the natural/free
boundary condition in Sec. 3.3. The singularity control in orientation fields is presented in Sec. 3.4.
Next, we elaborate on the nontrivial modifications to make parallel appearance texture synthesis
applicable to orientation fields in Sec. 3.5. Examples demonstrating the capability of our system

are shown in Sec. 3.6. We conclude this chapter in Sec. 3.7.

3.2 Related Work

Vector field design In a flexible and intuitive texturing system, users should be able to control the
orientation and sizing of textures on surface. Such controls are often achieved by designing a vector

field prescribing one of the axes of the local coordinate frames. Some vector field design tools used
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interpolation from scattered user-specified directions [80, 81], and others also allow singularity
control [13, 17]. Zhang et al. [13] proposed to use geodesic polar maps and parallel transport to
create radial basis functions given users’ requirements. Fisher et al. [17] employed the tools from
discrete exterior calculus, by representing the field as discrete 1-forms and solving linear equations
with user-defined constraints. Our vector field design is based on [17], with one main difference
on the treatment of the free boundary condition. The change is necessary as the efficient tools
from discrete exterior calculus cannot express the vector field Dirichlet energy of vector fields as a
direct combination of the basic operators in exterior calculus for surfaces with boundaries. More
precisely, in this case, the Dirichlet energy of a tangent vector field is different from the sum of the

squared sum of the Lo-norms of its divergence field and its curl field, as detailed in Sec 3.3.

Texture synthesis The literature on generating large texture patches automatically from given
exemplars is vast, as such example-based texture synthesis techniques, among the state-of—the-
art texture acquisition methods, are easy to use and capable of producing results without unnatural
artifacts or periodicity. Most of the example-based methods are based on the Markov Random Field
theory, assuming that the combined probability distribution of pixels has stationarity and locality.
The actual implementation can be pixel-based, patch-based, or more generally, optimization-based.
Patch-based algorithms [82, 83, 84] extract consistent patches from the exemplar and glue them
together to create large textures. They can be highly efficient with neighborhoods faithful to those
in the exemplar. However, they do not provide large variation and can be inefficient for runtime
synthesis due to the sequential nature of the process. Some pixel-based algorithms, on the other
hand, are able to generate high quality results interactively through multi-scale Gaussian image
stacks and parallel texture synthesis [85, 2]. Extensions to perform texture synthesis on surfaces
by forming seamless texture across atlas charts can be found in, e.g., [86, 2]. Refer to the surveys

[87, 88] for more information on texture synthesis.
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Relation to our work For our task of orientation field guided texture synthesis, we use a mod-
ified version of the tangent field design method [17]. The vector field design through a weighted
least squares method leads to a straightforward Poisson-equation-like linear system. When the sin-
gularities are moved, there is no need to rebuild spanning trees as in [26], or rerun discrete Ricci
flows [25]. For index-1 singularities (poles), only the right hand side of the linear system is mod-
ified; for index-—1 singularities (saddles), an efficient increment to the Cholesky factorization of
the left hand side can be performed. Furthermore, while texture synthesis depends only on the unit
direction of the field in most cases, the true vector field design in engineering applications could
benefit from a method that allows direct control over divergence and curl as in [17]. Our texture
synthesis stage is based on [85] and [2], which manipulate pixel coordinates to overcome the issue
of lack of efficiency in order-independent neighborhood matching. However, for orientation field
guided synthesis, the upsampling and correction steps in the top-down multiscale approach must

be substantially modified.

3.3 Vector Field Design with Natural Boundary Conditions

Before presenting our modification to the natural boundary condition, we briefly recap the method
described in [17]. We demonstrate the necessity of our modification through examples.

The tangent vector field design problem is formulated as a weighted least squares problem in
[17]. The design constraints are specified through user-controlled curl and divergence of the vector
field, as well as direct constraints on the vectors, all at scattered locations. The curl is only non-zero
at user-specified vortices, and the divergence is only non-zero at user-specified sources or sinks. The
direct constraints can be any prescription of the vector at selected locations, but are often specified
in batches through user sketch strokes.

When the relevant fields are expressed as discrete differential forms, the above weighted least
squares problem has a straightforward implementation through discrete exterior calculus (DEC).

The resulting linear system is essentially a Poisson equation combined with terms from soft con-
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straints.

3.3.1 Setup

The computation is carried out on a 2-manifold with boundary, represented by a triangle mesh M ,
with vertex set V', edge set I/, and triangle set T'. A vector field u can be stored as a 1-form, i.e. one
scalar value per oriented edge ¢; € E, denoting the line integral along the edge ¢; = [ e A scalar
field s can be stored as a 0-form, one value per vertex v; €V, s; = s(v;), or as a 2-form, one value
per triangle t; €T, s; = ftjs ;- In particular, the divergence of a vector field can be represented by
a O0-form, while its curl can be represented by a 2-form.

Assume that U represents the vector field, S the divergence field, C' the curl field, Uy the
constraints on selected edges, where Z is the matrix projecting an array representing a 1-form onto
an array assembled by one value per user-selected edge. The desired vector field can be computed

by the weighted least squares solution of the following equations,
oU=S, dU=C, ZU = Uy,
leading to
(x(d0+6d) + ZTW Z)U = %dS + x6C + ZTWU,,

where d the differential, § the co-differential and x the Hodge star operator in DEC. Here we omit
the subscripts when they can be determined from the context. Also W specifies the weighting of
the direct constraints. Aside from the term induced by Z, the resulting symmetric linear system is
simply the vector field Poisson equation, where the Laplace-Beltrami operator dd + dd is equivalent,

up to a sign, to what can be obtained from the vector calculus identity

VZ=VV. —-VxVx .

3.3.2 Natural boundary conditions

In [17], the free boundary condition, for the case when the vector field is not restricted to be at a cer-

tain angle with the boundary, is implemented by adding a term to properly include the integral of di-
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vergence for the partial Voronoi cells at the boundary. However, this still leaves a high-dimensional
kernel for the resulting linear operator. Numerically the operator is likely to be positive definite
due to the discretization, but it leads to spurious singularities, unless sufficient direct constraints
are included or when the much denser bi-Laplacian is included.

Our remedy to the above problem is based on the observation that the free boundary condi-
tion should be obtained through minimizing the Dirichlet energy | M |Vu|2. Choosing a local
orthonormal frame {e;, e2} at each point, we denote the partial derivatives of the components of
uby uyp = gg—g. Assuming trivial connection, we ignore the curvature-related term (see the

Weitzenbock formula in, e.g., [74]), and focus on the influence of the boundary

2 2 .92 92 2
/ |V :/ uf jHuf otus s o
M M
2 2
= /M(U1,1+U2,2) Hug,1—u1,2)“—2(u1,1ug 2~y 2u2 1)

= /M(V-u)Q—i-(qu)2 — /&)M uq dug—ugduq (3.1)

The boundary term in the last row is a result of Stokes’ theorem. In standard calculus, we may

rewrite the term as

—/aM(uxdu)-n,

where n is the surface normal.

& €it+1

Figure 3.1 Two consecutive edges along the boundary.

In the discrete setting, we express the Dirichlet energy as U Try , where U is the discrete 1-form

representation of u, and L is the Laplacian-like matrix to be constructed. We initialize L to the sum
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of the divergence and curl terms, and then add the boundary term. To discretize the boundary term,
we first turn the boundary integral into a summation over boundary edges
> (i x (g —w)) ng= > (w5 x uyy)-ng,
e;€OM e;€0M
where we assume that e; ;1 is the edge following e; along the boundary, and n; is the surface normal
at their shared vertex.

Assuming the discrete curl for boundary triangles to be close to zero as in [17], we have a
constant vector within each triangle, which allows us to simply choose any point (in particular, the
barycenter) of the triangle for the evaluation of u;. A discrete 1-form is one value per edge, so
U= (c1,¢9,...,¢cn), where n is number of edges. For the pair of boundary triangles shown in

Figure 3.1, we have

w; = ¢i@; + cjpj + Py,

U1 = Cip1Pir1 + P+ cm@Ppy,

where ¢; = %(Vqﬁw — Vipy, ) is the basis function for edge ¢ pointing from vy to vy evaluated at
the barycenter of the corresponding triangle, and ¢, is the linear basis function for vertex v. The

update to L involves 18 terms in 9 pairs, e.g.

Lj+=(¢j x @) -1, Ljj+=(dj X ¢p) - 1.

On a curved patch, we may obtain the surface normal at the vertex from any reasonable weighted
averaging.

As shown in Figure 3.2, any harmonic vector field can be added to a field without changing
the target function in [17], leading to spurious singularities, while in our case, the Dirichlet energy

minimization produces the expected results.

32



Figure 3.2 Comparison of results. User input: a single source (top); a single vortex (bottom).
Fisher et al.’s design method produced multiple spurious singularities (left); our method produced
the minimizer of the Dirichlet energy (right).

3.4 Orientation Field Design

Representation of the direction field We follow the practice in [23], and represent the direction
field by the angle 6 denoting the deviation from the x-axis of a local coordinate frame. We can
construct the frame field by specifying the x-axis through the solution of the above natural boundary
condition vector field design obtained by fixing a single vector, in the case of trivial topology.
Otherwise, it can be computed by first specifying some singularities consistent with the Poincaré-
Hopf index theorem, and use trivial connection [26] or discrete Ricci flow [25] to construct the
frame field.

The orientation field can then be represented by a smooth vector field with the angle 26, since
2(0+m) leads to the same angle. Using a complex number to represent the vector in the local frame,
we can use the square and square root operations for complex numbers to convert the orientation
field and vector field from each other.

The major features in an orientation field are determined by the singularities. Two basic singu-

1

larities, wedge and trisector (Figure 3.3) with index-% and index-—;, respectively, can be used to

produce singularities of arbitrary indices in the orientation field.
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Figure 3.3 Basic singularities for orientation fields: wedge (left) and trisector (right). Our
system also provides control over the orientations. Top: original; Bottom: 45° rotated.

We present a simple method of specifying not only the singularity types and locations, but
also their orientations. Wedges correspond to sources/sinks and vortices, for example, a source
correspond to wedge with a horizontal flow line connected to the singularity. As described in [13],
we can see that the local field in a small neighborhood around a source vertex v have the form of
¢, where 6 is the angle between the displacement from v to the point in the neighborhood and the

local x-axis direction. Thus, the corresponding orientation field is of the form ef/2

O+m/2)

, the expected
wedge. For a vortex, the vector field is of the form el . Combining the two with weights
cos 2« and sin 2«, we have the orientation field of the form i/ 2+0‘), i.e. arotated wedge. The
trisectors correspond to saddle points, which can be constructed by controlling the one-ring of a

i(6+20) jp each incident triangle. See the 45° rotated wedge and

vertex v to have a vector of e
trisector in the bottom row of Figure 3.3.

With a proper combination of singularities of positive and negative indices, there would rarely be
any uncontrolled singularities with our proper boundary condition. This behavior can be understood

by following the same argument as in [26, 25]: additional vector field constraints can be seen as

just smooth deviation from an initial orientation field satisfying the singularity constraints.
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Figure 3.4 One of the three predicted texture locations for the upper-right corner in the four-
corner neighborhood.

3.5 Texture Synthesis for 2-RoSy Field

Traditional controllable texture synthesis often uses a designed smooth vector field as user input.
This is not the same as using an orientation field, since the field of representative vectors chosen
from one of the two direction is inevitably discontinuous in the presence of at least one wedge
or trisector. Thus as we adapt the strategy from [85, 2], and perform the coarse-to-fine texture
synthesis, we must introduce an “upside-down” mapping style to enforce the continuous appearance.
We restrict our discussion to the planar case, as the curved patch case is treated by combining the

Jacobian of the parameterization as in [2]

3.5.1 Anisotropic texture synthesis

We first briefly summarize the appearance space synthesis in [2] before discussing the modifica-
tions. In the preparation stage, a Principal Component Analysis (PCA) is performed on the set of
all 5 x 5-neighborhoods in the exemplar Gaussian stack at each level, to create a 8D appearance
vector space, turning the exemplar into a 2D array of appearance vectors E. The parallel synthesis
then repeats three main steps, namely upsampling, jittering, and correction, until the finest level
texture is generated.

The appearance vector at each output pixel is represented through a mapping to a point in the
exemplar £. Denoting the texture exemplar coordinates for a pixel p in the output pyramid at level

L by Sy [p|, the upsampling pass for the level-L+1 pixels corresponding to level-L pixel p is rather
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straightforward, when there is a guidance field:

. 1
Sry1[2p+ A = Sr(p) + J(p)QA,

—1 1 1 —1 -1 1
A G{ ) ) ) }’ A= §(A + ),
—1 —1 1 1 1
and J(p) is the Jacobian matrix for local S to follow the guidance field, which is essentially a
rotation matrix aligning x-axis to the given guidance direction combined with a possible scaling.
In the correction step, a four-corner neighborhood Ng(p; AA) is sufficient due to the use of ap-
pearance vectors. For better convergence in the parallel synthesis, [2] suggested to average the

appearance vector for each corner A from the corner values predicted from three offset locations

5(A, M) = p(A) + (MA), M € M, where

0 0 10 0 0
M:{ ) Y }7

0 0 0 0 01

and G(A) = [p(A)/||¢(A)]| +1/2] is the normalized version of warped offset o(A) = J~1(p)A.
As the predicted texture location is P(p,d) = S[p + 0] — J(p)J, shown in Figure 3.4, the final

formula is

1 .
Ns(p b)) = 5 Y EP(p,6(A,M)) + Al
MeM
The neighborhood is then compared with the precomputed neighborhoods in the exemplar. For

fast comparison on GPU, the neighborhood can be further compressed through another PCA.

For efficiency, the search of best-matching exemplar pixel is limited to the k-coherent set
Clp) ={Cp, D )li=1...k [[A] <2},

where the candidates are predicted from nearby points p + /A with the precomputed k-coherent
offset C’Z( ,
. !/
Clp, A1) = Slp+ A+ Ci(Slp+ A]) = J(p)A.

We follow their practice of choosing k = 2.
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Figure 3.5 Comparison of the results from the parallel anisometric texture synthesis method
without (left) and with (right) our modifications. The representative vector field has discontinu-
ity within the red circle.

3.5.2 Handling orientation

When the anisotropic parallel synthesis is applied to orientation fields, there are visible artifacts
when the representative vectors are changing to the opposite directions (Figure 3.5). Increasing the
amount of jittering or rearranging the texture exemplar in a more symmetric way would not solve
the problem. Cutting the output into charts according the field and use indirection map would not
be less costly and less effective than our solution.

Our modification is based on the observation that the discontinuity in the texture is mainly due
to the incorrectly predicted texture coordinates P(p, d) as shown in Figure 3.6, which affects both
the neighborhood construction and the candidate sets. This issue can be fixed by modifying the
prediction to

~

P(p,8) =S[p+ 9] — J(p+9)d.

The four-corner neighborhood is also modified to
Ns(pi &) =5 32 BIP(p,6(2, M) + (-1 00
MeM
where the consistency c¢(p+46, p) is defined as u(p+4)-u(p) < 0, a binary indicator of the presence
of a 180° rotation.
If we are using color pixels, this would have sufficed. However the appearance vectors represent
oxd-neighborhoods. So they would be containing the wrong appearance if we use the appearance

vector at the flipped predicted location directly. To handle the issue without losing much efficiency,
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PEA

Figure 3.6 Reason for the disconituity of the synthesized image. Following the dashed direction
would have produced a wrong prediction, while P properly takes into account the mutual orienta-
tion.

we build the 8D appearance space from the set containing both the 5x5-neighborhoods and their
rotated images. Then we store two appearance images for the exemplar, one for the original EO,
the other for the rotated E;. We store one boolean variable (p) for each output point, indicating
whether the rotated appearance is used.
Putting these together, we have the final formula for the neighborhood construction
Npi ) = 3 3 Bagpa [P, 605, M) + (PO 2] (.2

MeM
where

a(p,8) = I(p+0) +c(p+9,p)
combines the effects of the consistency and the current indicator, and

P(p,6) = Sp+6] — (~)2P2) J(p)s

is the modified prediction.

A modification is also in place for the k-coherent candidates
Clp, £2,3) = Slp+A] + Ci(Sp+4]) — (1) PA) J(p)a

When comparing the neighborhood information constructed with the candidates, £, (p,0)(C(p, A1)
should be used to account for the possible relative rotations.
When the best match is found at the candidate predicted by offset A\, the indicator I is updated

as well as S,

I(p) = a(p, D).
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Finally, the upsampling step is also adapted to

Sp1l2p+ Al = Sp(p) + (~1)T P 1(p)

~A,
2

and
In1l2p+ Al =1I5(p) +cpp1(p, 20+ D),

where cr, 1,41(p, q) is defined to be ur,(p) - uz41(g) < 0, abinary valued function for checking the
consistency of the orientation field between different scales, as the coarse and fine levels of the out-
put image may choose different representatives when downsampling from the original orientation

fields.

3.6 Results

The tests of our algorithm on examples were performed on a regular laptop with Intel Core2Dual
with 4GB memory. In all of our tests, the method took no more than a fraction of a second, al-
lowing for interactive manipulation of the singularity and direction constraints, even though our
implementation is not optimized. In theory, we can reach the same efficiency of [17] and [2] in the
respective stages, as only negligible overhead is incurred by the modifications to the 1-form-based
tangent design method and parallel control texture synthesis.

In Figure 3.7, we show that our system can easily create fingerprint-like images imitating the
five main categories of singularity layouts in human fingerprints. We show the method applied to
more exemplars for planar regions with orientation fields in Figure 3.8. We use the same procedure
in [2] for generating the texture in texture domain while taking into account the Jacobian of the

parameterization, and some results are shown in Figure 3.9.

Limitations There is no strict guarantee that additional saddle points would not emerge in our
vector field design, if, e.g., we place two sources close to each other. However the same could

happen for methods such as [26, 25]: if one specifies some vector direction constraints as in our
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Right loop

Left loop

Figure 3.7 Examples for the five major categories of fingerprints generated by our texture
synthesis.

saddle point placement, extra singularities would have to be generated in addition to those used
in constructing the almost everywhere flat metrics or connections. On the other hand, in practice,
with a proper mixture of positive and negative singularities, which does not produce excessively
large indices in local regions, it would take some strong vector direction constraints to produce
additional singularities with any method with proper free boundary condition. Another issue is that
our texture synthesis does not provide direct control over the bifurcation and ending of the features
contained the exemplar (See, e.g. Figures 3.7 and 3.8), but this is common to many anisometric

texture synthesis methods.

3.7 Conclusion

We presented a simple framework based on tangent vector field design. We eliminated the spurious
singularities produced by the free boundary condition through including the missing boundary term.
Given a local frame field with trivial connection, we covert the vector field into an orientation field
by taking the square root of the complex representation of the vector in the local frame, which halves
the angle to the x-axis. We also provide control over the orientations of the wedge and trisector
singularities. The designed orientation field can then be used in a parallel texture synthesis, adapted
for orientation fields. Such texture synthesis allows on-the-fly synthesis and is GPU-friendly, due

to its order-independence.
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Figure 3.8 Results with various textures on planar regions.
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CHAPTER 4

DISCRETE CONNECTION AND COVARIANT DERIVATIVE FOR VECTOR FIELD
ANALYSIS AND DESIGN

4.1 Introduction

Covariant differentiation defines a notion of derivative along tangent vector fields of a curved man-
ifold. Established by Ricci and Levi-Civita, the covariant derivative also relates to the concept
of connection (and thus, parallel transport) of vector fields widely used in physics, particularly in
gauge theory and relativity. It is also the basic tool to formally measure how a vector field changes
over a curved surface, as needed in a wide variety of geometry processing applications ranging
from texture synthesis to shape analysis.

Unfortunately, an appropriate discrete counterpart of such a differential operator acting on sim-
plicial manifolds remains elusive. In this chapter, we offer a full discrete treatment of connection
through Whitney basis functions that leads to analytical expressions of the covariant derivative for
finite-dimensional, vertex-based tangent vector fields on simplicial manifolds. We demonstrate the
relevance and novelty of our contributions to vector and n-direction field editing, as it offers control

in position and orientation of both positive and negative singularities.

4.1.1 Related work

While many graphics applications (spanning texture synthesis and fluid animation) require vector
fields on triangle meshes, we only review the key computational ingredients that have been formu-

lated to deal with the analysis and design of vector and n-direction fields over triangulated surfaces.
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4.1.1.1 Vector fields

Computational tools for vector fields on discrete surfaces are required whether the user is given a
tangent vector field to analyze or (s)he needs to design a vector field from a sparse set of desired con-
straints. For instance, discrete notions of divergence and curl (vorticity) were formulated [15, 14];
topological analysis also attracted interest, in which positions of vector field singularities are iden-
tified, merged, split, or moved [89, 13]; quadratic energies measuring vector field smoothness were
also introduced since their minimizers (possibly with added user constraints) limit the appearance

of singularities [17].

4.1.1.2 From vector fields to n-direction fields

The more general case of n-direction fields (called unit n rotational symmetry (RoSy) fields in [24])
such as direction fields (n=1) or cross fields (n=4) were numerically handled through energy min-
imization as well, but the energies that were initially proposed for this case were highly non-linear
or involved integer variables [90, 24, 27, 91, 92, 93]. A quadratic energy was recently introduced
in [1] through a discretized version of the Dirichlet energy, extending the quadratic energy of [17]
which only accounted for the squared sum of the divergence and of the curl of vector fields over the
surface. The extra curvature and boundary terms involved in this new approach were also shown to

offer additional user control.

4.1.2 Outline and notations

The continuous definitions and relevant properties of connections, covariant derivatives, and asso-
ciated energies are already discussed in Chapter 2. We propose a discrete definition of connection
on a simplicial complex in Sec. 4.2, before discussing in Sec. 4.3 how to compute a globally optimal
discrete connection in the sense that it is closest to the Levi-Civita connection of the surface. We
then provide in Sec. 4.4 closed-form expressions for basis functions of vector fields and covariant

derivatives based on our discrete connections, before explaining in Sec. 4.5 how these numerical
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tools can be leveraged to improve (n-)vector and n-direction field editing on triangle meshes. We
conclude with visual results of vector field editing and numerical comparisons of our various op-
erators in Sec. 4.6.

Throughout our exposition, we denote by 7 a triangulated 2-manifold of arbitrary topology,
with a set of vertices V' ={v;};, edges E={e;;}; ; and triangles T'={t;;.}; ; - Each vertex v;
is assigned a position p; in R3. Each edge further carries an arbitrary but fixed orientation, while
vertices and triangles always have counterclockwise orientation by convention. Index order indi-
cates direction, in the sense that edge e¢;; is directed from vertex v; to v;. We also exploit the
containment relation of a simplicial complex by defining o to be a face of 7, and 7 a coface of o,
iff o C n with o, € T. We denote the angle in a triangle ¢;;;. between jk and ji by 0;;, > 0.
The Gaussian curvature of 7 at a vertex v; is thus expressed as x; =27 — th‘jk Oki;- Finally, we
denote by ¢;, ¢;j, and ;. the Whitney bases of O-forms on vertices v;, 1-forms on edges ¢;;, and
2-forms on triangles ¢; ;. respectively; ; is the piecewise linear function with @i(vj) = d;j (Where
¢ is the Kronecker symbol), while the other form bases are defined as: ¢;; = p;dyp; —¢;dp; and

Pijk = 2dg0i/\d(pj [18].

4.2 Connections on Simplicial Manifolds

We now move to the discrete setting and describe the construction of a discrete connection on

simplicial manifolds.

4.2.1 Rationale

Of the seeming inadequacy of triangle meshes The continuous notion of connection does not
quite apply as is on a non-smooth manifold. In particular, a triangulated 2-manifold 7 has a piece-
wise linear embedding in 3D Euclidean space with piecewise constant normals, concentrating Gaus-
sian curvature solely at vertices and making local tangent spaces only unequivocally well-defined

in the interior of triangles. As a consequence, a vector field’s covariant derivative induced by the
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Levi-Civita connection of a triangle mesh may not be pointwise finite. However, since a pair of
triangles can be isometrically flattened, there is a clear way to parallel transport a vector within
a pair of adjacent triangles using the Levi-Civita connection induced by the Euclidean metric. A
purely discrete notion of arbitrary connections was derived from this idea in [26], using discrete
dual connection 1-forms that store adjustment rotations along dual edges, representing an integral
form of connection. Unfortunately, dual discrete 1-forms have no simple interpolation basis func-
tions other than piecewise constant per triangle to define a proper connection 1-form everywhere on

the mesh—thus preventing the evaluation of the Lo-based energy integrals described in Sec. 2.2.5.

Of the importance of the Levi-Civita connection Yet, the conventional notions of divergence
or curl of vector fields on smooth surfaces derive from the Levi-Civita connection induced by the
embedding in R3 (see Eq. 2.3). We are therefore caught in a dilemma: either we give up on using
piecewise linear surfaces and go for higher order surface descriptions for which smoothness is
no longer an issue, or we modify, as little as possible, the notion of Levi-Civita connection on
the triangle mesh (by “spreading” the Gaussian curvature around vertices) so that one can create
smooth vector fields that have continuous covariant derivatives. We opt for the second option in
this chapter to retain the simplicity of triangle meshes, while offering a finite-dimensional space
of smooth vector fields for which the pointwise derivatives defined in Sec. 2.2.4 and the energies
defined in Section 2.2.5 are well defined—and in our case, known in closed form. Note that the
piecewise linear nature of simplicial complexes implies that the representation of a connection
across simplices (equipped with their own local basis frame) must be discontinuous in order for
parallel transport to produce continuous tangent vector fields: we will therefore formulate a generic
notion of simplicial connection with finite rotations between adjacent simplices, but a continuous

closed-form expression within simplices.

Previous attempts Vertex-based interpolation of vector fields has recently been shown useful

to either define local discrete first-order derivatives [13], or evaluate global Lo norm of deriva-
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Figure 4.1 Simplicial connection. (left) Each vertex v; is given an impulse rotation angle Pvi—rei to
edge e;; and Pvi=tyjp, to triangle ¢; ;.. (right) A continuous connection within simplices is encoded
through edge rotation €;; and half-edge rotation 7;; 1. interpolated via Whitney basis functions.
tives [1]—but so far never both. Additionally, vector field interpolation is usually made with
specifically-designed basis functions, but the connection implicitly defined by these basis functions
is not known analytically. Therefore, no analysis of the resulting connection (in particular, com-
pared to the canonical Levi-Civita connection of the metric induced by the Euclidean embedding
of the mesh) has been proposed for this vertex-based vector field setup. Yet, the choice of connec-
tion significantly impacts the accuracy of differential operators and energies used ubiquitously in

geometry processing since it affects the evaluation of the components of the covariant derivative.

Approach We contribute a definition of discrete connection 1-forms in which we fully exploit
the simplicial structure of meshes. By defining a local frame for each simplex of an input mesh, we
encode the connection through finite rotation angles between incident simplices and via piecewise
linear Whitney 1-forms within simplices. Our construction and its closed-form expressions will
allow us to evaluate both local integrations and Lo norms of derivatives, providing a discrete notion

of covariant derivative for vertex-based vector fields over triangle meshes.
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4.2.2 Discrete connection 1-form

While the continuous interpretation of parallel transport described in Eq. 2.4 applies directly in
regions of the simplicial complex 7 that are locally flat (such as along an edge or within a triangle),
a special treatment is needed for paths crossing an edge or going through a vertex where tangent
space discontinuities happen. We now formulate a generic notion of discrete connection 1-form
on manifold triangle meshes through continuous Whitney 1-forms within simplices and impulse

(integrated) rotation angles between incident simplices.

Simplicial frames We first arbitrarily choose a frame for each vertex, oriented edge, and triangle
of 7. Selecting a unit tangent direction e, per oriented simplex o € T suffices, as a frame can
be assembled by picking this reference direction and its 7 /2-rotated direction e(#. This direction
can be seen as indicating the x-direction of a local parameterization around the simplex. For an
oriented edge, a straightforward choice is along itself; a simple choice of frames for each vertex v;
is the direction of one of the oriented edges emanating from it; and for each triangle it can be one of
its (counterclockwise oriented) edges. The choice of frames can be arbitrary as it will not influence
the results in any way; however, fixing simplicial frames is a necessary step to both represent and
numerically manipulate connections (just like in the continuous case): an assignment of frames
(eq, eé;) on all simplices o formally defines a section of the frame bundle for each one-ring, over
which any tangent vector is expressed by its coordinates (2 scalar values) in this frame field—and
over which the connection 1-form w lives. Note that these frames are purely intrinsic to the surface

as in [13, 1], and do not define tangent planes in the embedding space.

Whitney-based connections within simplices We can still use the continuous notion of parallel
transport within each simplex: smooth paths are well defined in the interior of both edges and tri-
angles. A particularly convenient finite-dimensional representation of a connection 1-form within
a simplex is to use discrete 1-forms stored as oriented edge values interpolated via Whitney (piece-

wise linear) basis functions [18]. We thus represent a continuous connection per (oriented) edge e;;
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by providing the (signed) rotation angles ¢;; experienced while traveling along e; ;. Similarly, a con-
tinuous connection over (oriented) triangles is defined by providing the (signed) rotation angles 7; ; .
accumulated while traveling inside each triangle ;. along its half-edge e;; (see Fig. 4.1(right)).
Note that 7;; ;. =—7;; 1. since it denotes the rotation induced along the same half-edge but going
from v; to v; instead of v; to v;. However, 7;; ; denotes the rotation angles induced along its opposite
half-edge, i.e., expressed in triangle ¢;;;, and, of course, 7;; ;= —7;; ;.

Consequently, given 3|F'| values {7;;;} and | E| values {¢;; }, we can reconstruct the triangle-

restricted continuous connection 1-form 7 within each triangle ¢; ;. expressed as:

T = Tij kWij t TjkiPik t Thi,jPkis
where ¢;; is the Whitney 1-form basis for e;; (see Sec. 4.1.2); and the edge-restricted continuous
connection 1-form € expressed as:
€ = ¢;jdpj,
where (; is the piecewise-linear Whitney basis function for vertex v;, and dyp; is the restriction of
¢;j to the edge e;;. Now parallel transport along any path C'(¢) within a triangle engenders a discrete
rotation angle fC(t) 7, while parallel transport along any path C'(¢) within an edge engenders a

discrete rotation angle fO(t) €.

Impulse connections between incident simplices An infinitesimal parallel transport of a vector
from a simplex fo one of its cofaces results in a sudden change of frame—-creating a finite rotation
of the vector coordinates even if the connection is supposed to be flat. For instance, infinitesimally
moving from a vertex v; to one of its emanating edges e;; requires a finite change of coordinates
from frame e,, to frame €e;j- The same is true for a motion from v; to a coface triangle ¢;;,
and from a point on an edge ¢;; to the same point considered as part of a coface triangle ¢; . (see
Fig. 4.1(left)). We thus propose to encode our discrete connection between each vertex and its
cofaces using rotation angles: they represent the integral of impulse (Dirac) connection 1-forms,
since they integrate to a finite rotation angle over a zero-length path. For this reason, we refer to

them as “impulse rotations”.
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We denote by Pvi—rei the vertex-to-edge impulse rotation angle such that exp(—.J pviﬁeij)
applied to the components of a vector at v; expressed in frame e, gives the expression of the
parallel-transported vector, still at v; but considered as part of e;;, hence written in frame €e;j-
Similarly, the impulse parallel transport from a vertex v; to the corner of an incident triangle Z; ;.
is denoted by the rotation angle Pvi=t; and the impulse rotation from a point p on e;; to the
same point considered as part of ¢;;;, is denoted as Pe;j—t;; k(p) One has py, 5 = —po—uv; by

definition. We also impose that

Pvi—mji: (Pvi—wij - 7T) + 277'7%']',

where n;; is either 0 or 1, denoting a possible full rotation necessary to align the two opposite edge-
based frames. Note that a single non-zero n;; per vertex v; is needed: essentially, this 27 offset is
needed to form a locally consistent frame field in v;’s one-ring; note also that these n;; coefficients
will have no effect on the connection curvatures: they are purely for angle “bookkeeping” purposes.
We will describe a systematic way to set the impulse rotations and 27 offsets for a given connection
in Sec 4.3.

Note that the connection induced by the Euclidean embedding of a mesh is encoded by an edge-
to-triangle rotation Peii—tij (p) equal to a constant angle ﬁei‘j_ﬂgij‘ k (p) = A(eeij et k) Vp € €5,
where / is measured in the Euclidean metric: in this locally flat metric, a vector only undergoes
a change of frame between the edge and its incident triangle in the local hinge map of the edge.
Our discrete notion of connection, involving more impulse rotations, is thus a generalization of
the continuous notion. While the impulse rotations depend on the choice of simplex frames, they
are geometric (intrinsic) entities that define parallel transport from vertices to nearby simplices. A
change of simplex frames would therefore require different impulse rotations to encode the same

notion of parallel transport—just like a change of a frame field (a section of the frame bundle) in

the continuous case would generate a different 1-form connection.

Curvature of discrete connection A discrete connection with arbitrary assignment of impulse

rotations and Whitney-based edge rotations has non-zero curvature almost everywhere. In particu-
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lar, a path around the perimeter of a triangle ¢, ;. creates a rotation angle
— K1 = Tij Tk Thi g

The connection also has curvature around half-edges: a closed path from a point p, along edge ¢;,
to another point q on the edge, crossing to face ¢; 1, following the border edge along q — p, then

back to p (Fig. 4.2(left)) accumulates a rotation angle

—Kijk (P, ) = —pe; 5,5, (P) + €30 (@) — 0 (P)] + pe; ;5. () + 7351105 () — wj(a)]

where the index after the comma indicates the half-edge around which the closed path is considered.
We will denote by K ;. the total curvature engendered by a path around the whole half-edge (i.e.,

starting at v;, going through v;, and coming back), that is:

—Nijk — p”iﬁeij + €ij — ij%eij + pvj_ﬁz]k + Tiik — pvi_}tijk

The curvature of a discrete connection, unlike the curvature of the triangle mesh which was con-
centrated purely at vertices, is now “spread” around, with triangle curvatures K ;. and half-edge

curvatures ;; r.. This will actually render the notion of covariant derivative finite as we discuss in

Sec. 4.4.1.

4.2.3 Reduced parameters for discrete connections

While the full description of a discrete connection 1-form requires a large amount of impulse ro-
tations and edge rotations, we propose to focus on discrete connections with finite curvature only.
That is, we reduce the permissible set of connections by enforcing that their curvatures over loops
with zero areas are identically zero, i.e., K;; ;. =0. This particular choice is made to enforce point-
wise finite values of the covariant derivative, and thus, a finite L9 norm. We can now parameterize
the set of all such discrete connection 1-forms through vertex-based values only, indicating the

3| F'|+3| E| rotation angles from each vertex to incident simplices (see Fig. 4.2(right)):
e 3|F| vertex-to-triangle impulse rotations Pu;—t

ijk’
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Figure 4.2 Curvature and Parameters. Left: Curvature is accumulated along a closed path around
the interior of a triangle (K; j;,) or a closed path around a section of a half-edge (K;; 1.(P, q))- Right:
A discrete connection p with finite curvature (£{;; . = 0) is encoded through only vertex-triangle,
vertex-to-edge, and vertex-to-vertex rotation angles.

e 2|E| vertex-to-edge impulse rotations Pvi—e;i

e and | F/| vertex-to-vertex rotations p; j» representing the connection integral from v;, along ¢;;,
then to v;.
All other impulse rotations and edge rotations are directly deduced from these reduced parameters
by enforcing that K;; ;. =0. In particular, we get
€ij = ~Pvi—ei; t Pij T Puj—es

Tijk = ~Pui—tiip T Pig T Poj—tp 4.1)

ijk

Notice that a discrete connection in this reduced set has a linearly varying impulse rotation angle

Pe; =t at a point p € ¢;; between the edge e;; and an incident triangle ¢; ;. as:

Peij—tiip(P) = —Pvj—e;; 1 €0 (P) + puy—t iy + Tij ki (P)
= @Z(p) (pvi—ﬂiij - pvl—ﬁfljk) + Py (p) (p”j_wij - pvj—ﬂfwk) 4.2)
Also, the connection curvature in a triangle’s interior is solely determined by p; ;:
ijk = Pij + Pjk + Pki-
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We will now denote by p the discrete connection defined by these reduced parameters, i.e.,
p=Wpij}, {/)vi—wij 2 {pvi—nfi j k}) As we are about to see, any such discrete connection can be
used to define a finite-dimensional space of vector fields on the surface and its associated differential
operators. However, most geometry processing tools assume the Levi-Civita connection induced
by the Euclidean embedding. We thus describe next how to define a discrete connection as close
as possible to the original Levi-Civita connection of the mesh, while keeping covariant derivatives

finite.

4.3 Computing Levi-Civita Connections

The reduced parameters of our formulation of connections over triangulated manifolds need to be
determined to create an instance of discrete connection. We first provide local choices of reduced
parameters that were implicit in previous work, before introducing a global optimization procedure
that mimics the work of [26] but within our (primal) connection setup, in the sense that it makes
the discrete connection as close as possible to the canonical Levi-Civita connection ﬁez‘j —tik, of

the input surface.

4.3.1 Connection derived from geodesic polar maps

One choice for evaluating p;; based on local measurements from the input mesh makes use of the
geodesic polar map as in [13] and [1]. The geodesic polar map proportionally rescales tip angles
around each vertex such that they sum to 27, inducing a flattening of the immediate surrounding of

each vertex v; through a scaling factor

i =2/ O = 2m/(2m — k), (4.3)
Lijk
where £; is the Gaussian curvature for v;. Assuming for simplicity that the frame basis vector ey,

at vertex v; was chosen to be aligned to one of the adjacent edge frames e, , it is natural to select

= sié(eeij , eeim), where the positive angle Z is measured by summing triangle tip angles

pvi%eij
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counterclockwise around v; between possibly non-consecutive edges e;; and e;;,, around vertex v;.
Next, we select Pvj—rej; = <pvi—>€z‘j —) +27n;;, where n;,, =1 and n;; =0 Vj # m. With this
choice, the Gaussian curvature of v; is distributed to its one-ring, since the integral of Gaussian

curvature around the tip of triangle ¢;;; is now:

- [pvi—mij + (peij%tijk - peki%tijk) - Pvi%eki}
= TPvj—ey; + (7 — ekij) + <pvi_>eik: — ) + 21y
= (si — 1) Ogij-

The vertex-to-vertex coefficient p;; of the discrete connection is then set to be:

Pij = pvi—wij - ij—>eij>

and the triangle curvature K ;. of the connection becomes:

Kiji = (si=1)0k;j + (55— 1)055 + (55— 1)0,k;-
This is precisely the choice that the authors of [1] made, except that their restriction on the range
of Gaussian curvature is unnecessary here. Given that our continuous edge- and triangle-wise
connections are entirely determined by the coeflicients of p, our approach thus provide a closed-
form expression of the continuous connection they implicitly used.

This choice of vertex-to-vertex rotation angles does not, however, fully determine a discrete
connection—although it is enough to evaluate the Dirichlet energy of a vector field as we will see
in Sec. 4.4. Indeed, impulse rotations from vertex to triangles are crucial for the local evaluation
of the first-order derivatives divergence, curl and 0. An intuitive choice for these vertex-to-triangle
rotations is to use the vertex-to-edge impulse rotations induced by the vertex-to-vertex coefficients
and the well-defined angles (measured in the actual Euclidean metric) from the edge frame to the

triangle frame, i.e.,

pvi—)tijk = Pvi—mij + peij%tijka

where the Levi-Civita connection ﬁez‘j — = Z(eeij ) etij k) of the input mesh is used. However,
this choice is biased since it only considers the impulse rotations of e;; and not of its neighboring
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edges. To be consistent with the geodesic polar map, the rotation from the vertex frame basis ey,
to any direction between ¢;; and e;;. should be directly computed based on the scaling factor s;,
and should result in a rotation angle in between Poj—e;; and Pvj—re;.- One of the many different
ways to enforce this property is thus to pick an arbitrary interior point ¢; ;. (such as the incenter or
the barycenter) of each triangle ¢;;, to define Poj—c; i = <p”i—>€z'j +Puoj—ep, +27n;;.)/2, and to

J
define the vertex-to-triangle impulse rotations as

pvi%tijk = Pvi—>cijk + Z(Cz]k - Pi etijk‘)’ (4.4)

where, again, the angles / are measured in the actual Euclidean metric of the input mesh.

4.3.2 Locally optimal connection 1-form

The choice of geodesic polar map may, however, result in large connection values 7 (as deduced
from p through Eq. 4.1), indicating a significant mismatch between the local original Levi-Civita
connection (0 inside a triangle) and its discrete counterpart. A simple improvement can be achieved
by choosing the vertex-to-triangle rotations that minimize the L9 norm of this deviation within each
triangle while keeping the vertex-to-vertex coefficients p;; unchanged. As the Lo norm of T per
triangle is a quadratic function of its edge values 7;; 1., Tj ;, and 7y; ; using the mass matrix of
Whitney 1-form basis functions, the local optimal values are found in closed form to be simply
Tij.k = —HK;j1/3, which leads to
/ A *T = = (cot(B;5) + cot(B:;) + cot (B ) K2,

bijk 30 ’ ™ R
There are, however, multiple choices of vertex-to-triangle impulse rotations that achieve this locally
minimal connection. For instance, we could pick one arbitrary impulse Pu—t;jj;, PET triangle ¢,

then find Poj—t; i and Pyt 1. SO that, for g € {j, k},

pvq—ﬂfijk = Pvi—nfijk + Pqi + Tiq- (45)
One can, instead, compute the three triplets of vertex-to-triangle impulse rotations induced by fixing

each one of the corner impulse rotations individually using Eq. 4.5, and average their values to avoid
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bias. This averaged choice leads to better accuracy in singularity direction control (see Sec. 4.5),
and has proven to be, in all our tests, the local definition of connection that generates the least

amount of numerical errors (see Table 4.1).

4.3.3 As-Levi-Civita-as-possible connection 1-form

Deriving a discrete connection through a geodesic polar map [1] leads to reasonable connection
1-forms p;; on primal edges, and local optimizations of impulse rotations further minimize the
resulting triangle-based connection 1-form. We can, however, directly compute a globally opti-
mal discrete connection by selecting the one closest (in a proper sense) to the actual Levi-Civita
connection p derived from the piecewise flat mesh.

In order to define a meaningful notion of optimal connection, we propose the following two
measurements of deviation:

Dr(p) =) T AXT,
k

t.
tl]k 1)

DE(p) = Z We t /€<pe—>t(p) - ﬁe—)t)2dla

et |eCt

where pe_,¢(p) is the linear-varying impulse rotation given in Eq. 4.2, and Wejjitiif = tan 0,
is the inverse of the cotan weight for the Hodge star of 1-forms within the triangle (for tip angles
greater than or equal to 7/2, we can use a fixed large value for w, ; instead without substantial
impact on the resulting coefficients, as the effect of the cotan weights on the global result is minor
as noticed in [26] for the dual version). D measures the deviation from the flat connection within
triangles, while D measures the difference between the true Levi-Civita connection measured
by the angles Z on the input mesh and the impulse rotation induced by the reduced parameters of
p. Minimizing the quadratic total deviation D1 + Dp (or any linear combination thereof) is thus

simple: the optimization procedure amounts to solving a linear system in p after we fix its kernel of
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size |V| by setting to zero one of the vertex-to-face impulse rotations Pvi—t; 1, P vertex v; (these
|V'| gauge values do not affect the result, as they amount to a rotation angle of the arbitrary frame
direction e, ). Both energies are expressed as quadratic functions of p, but the integrated deviation

D g does not depend on p;; since the contributions from € and 7 cancel out along each edge.

4.3.4 'Trivial connections

We just described how our definition of a discrete connection can be made as close as possible
to the Levi-Civita connection p through a linear solve. In fact, we can also create a connection
as close as possible to any metric connection with arbitrary cone singularities at vertices, similar
to the trivial connections of [26]: in our context, trivial connections are created by using angles
ﬁeij St = ﬁeij%tij o T ks where «;; . is an adjustment angle, and the cone singularity at v;

J
has a connection curvature

Ki:Z(pvi—ij + ﬁeij%tijk_ﬁeki*)tijk‘ - pw—)em)'
t:
ijk

If the adjustment angles have been picked such that K; = 0 for most vertices, and if we replace
Pe—st in the deviation D g by pe_s¢, our optimization will lead to trivial connections, thus extending
the method of [26] to our primal setup. As we will demonstrate in Sec. 4.6, our optimization of the
discrete connection improves the accuracy of all further numerical evaluations. More importantly,
we can now formulate in closed-form (pointwise or locally integrated) derivatives and their Lo

norms as explained next.

4.4 Connection-based Operators

From a discrete connection p and a vector u; = ul1 €y, —|—u12evll. at each vertex, we can give an exact
expression of the vector field u within each triangle of 7. Consequently, any first-order operator
or energy will be easy to evaluate using the resulting continuous vector field. The key observation

in constructing basis functions of vector fields is that while the basis expressions contain jumps
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along edges, the covariant derivative is finite everywhere as these jumps are compensated for by

the discrete connection.

4.4.1 Basis functions for vector fields

Given a discrete connection p, we define a basis function W, per vertex v;. Its expression W, |; within
each incident triangle 7 is constructed by first using the rotation —p,, ¢ to parallel transport the
vector u; stored in the local frame e, of v; to the corner of triangle ¢; we then parallel transport
the resulting vector expressed in the frame e; along a straight path from v; to an arbitrary point p

in ¢ under the connection 1-form 7, which defines a local frame field

;| (p) = (et,ef) exp [—(pvﬁﬁ/vﬁp T)J] :

With these local frame fields, we make use of the scalar basis functions ¢; at p to blend the parallel
transported vectors from each corner of the triangle. Since our connection 7 is linear within each

triangle, the resulting basis function for a vertex v; is easily expressed in closed form as:

v; " kgp):w(p)@i . (p)

1
:Sﬁi(P>(etijk7etijk)eXP[_(Tij,k¢j<p)+Tik:,j90k:(p)+0vi—>tijk)J-
The interpolated vector field u can then be evaluated anywhere on the mesh via

1

u:-

_ . 1

a=3u(%h)

i 1
Note that this interpolation is visually quite similar to a linear interpolation for a discrete as-
Levi-Civita-as-possible connection, but can be dramatically different for other connections. Fig. 4.3
shows a vector (in green) locally interpolated by a basis W; over a non-flat one-ring for an as-Levi-

Civita-as-possible connection (left) vs. when one of the vertex-to-face connection angles has been

doubled (right).
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Figure 4.3 Locally interpolated vector by different connections.

4.4.2 Discrete covariant derivative

Using the decomposition given in Eq. 2.3 and dropping the basis (e, e#) for clarity, the covariant

derivative of our basis functions within triangle ¢; ;. is formally derived via:

VVU; = V(p®) = ®; ® dp; + ¢; VO,
=&, ®dp; — JV @ (75 xdj + Tig, jdog) + JY T
=&, ®dp; — JV @ (755 k(=9 jk + Pij)
+ Tik i (Pl — ori) IV T

= @dp; — Kijp, JV; @ pjp.

Note that while the basis functions W, depend on the choice of vertex-to-triangle impulse rotations
Pu—st, their mass matrix fT \IIZ--\I/]- (resp., stiffness matrix fT VU, : VU j) does not depend on it,
since, e.g.,

Ui(p) - ¥;(p) = ¢i(p)w;(p) explJ (K;jrpr(P) + pij)l-
Consequently, the energies F'p, Ep, and E 4 do not have this dependence either, and their ex-
pressions are similar to the result of [1] except that we use an optimized connection p instead of
the vertex-to-vertex coefficients derived from the geodesic polar map (Sec. 4.3.1). However, rota-

tions p,—s¢ are necessary for the evaluation of pointwise or integrated first-order derivatives such

as divergence, curl, and Cauchy-Riemann operators.
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N\ S
(a) coarse bunny mesh (b) vector field (c) direction field (d) cross field

Figure 4.4 From vector field to n-vector fields. A discrete vector field, even on a coarse mesh, can
be directly converted into an n-vector or n-direction field by scaling the connection angles. Here,
a bunny mesh (a) and a vector field with a source and a saddle on one side (b) is converted into a
2-RoSy (direction) field (c) and a 4-RoSy (cross) field (d).

4.4.3 Discrete operators based on covariant derivative

To derive the integrals of first-order operators per triangle, it is convenient to choose a barycentric-
coordinate parametrization (z(p), y(p)) = (¢;(p), ¥x(p)) in triangle ¢;;;,, for which the metric
is
€jj " €jj ©€jj €
g =
€ij " €k €jk ek
The components of VW, can now be straightforwardly evaluated given any constant frame field

1

91 %, one gets inside triangle ¢; ;.

(e1, e2) within the triangle. For instance, if one picks e =

Ve V; = ®dpji(e1) — KijrpiJPi(pjdey, — prde;s)(er)

1 0 0
= L) K i) ) @

1

The four operators involved in Eq. 2.3 are then assembled via
div ¥; =eq - Vel\IfZ' +e9- veQ\IJZ’,

curl \I/Z' =e] - Ve2\117; — €9 Vel ‘IIZ‘,
divW;=ey Ve, V; — ez Ve, VU,

curl W; = e1 - Ve, V; +e2- Ve, ;.

60



Note that, as expected, a rotation by 6 in the triangle’s local frame produces no change in div or
curl, but it results in a rotation exp(.J26) of the Cauchy-Riemann operator 0= 1/2(div,curl). If
on the other hand, the connection from a vertex v to an incident triangle ¢ is changed by an angle
0, it results in a redistribution of the four terms (divpew, curlnew)’ = exp(J0)(div, curl)T and

Onew = exp(.J6)0, but their combined Lo-norms (£ 4 and Efy) remain unchanged.

Triangle-based Integrals The discrete versions of these operators are defined as their continuous

integrals over triangles as it provides numerically robust local averages:

di?}t \Ifi:/dz'v\lfi, curlt ‘Ifi:/CUT’l\I/Z', 5t‘1122/5\1ll
t t t

The integration can be done in closed form since it essentially involves terms such as z exp(Jx). For
numerical evaluation, Chebyshev expansion is recommended [1] to handle the expressions when
the connection curvature is either small or large. However, with our optimized connection, it is safe
to assume that the curvature is small enough to use a simpler Taylor expansion, with essentially the
same accuracy. While the integral of our discrete connections on local half-edge cycles (Fig. 4.2)
is zero by design, the total integral of the discrete operators we just formed does not necessarily
vanish as it should: the triangle integral of divergence reduces to the boundary integral formed by
half-edges considered as part of the triangle, which therefore do not account for the edge integrals.
Thus, Stokes’ theorem for divergence and curl will not hold when we sum triangle integrals. In
fact, this discrepancy between integral along the boundary of triangles vs edges is only one of the
two sources of inaccuracy: the other source is the deviation of 7 from the (trivial) Levi-Civita
connection within each triangle. It bears noticing that our optimization target function in Sec. 4.3.3
is precisely a measure of these two discrepancies. Thus, our optimized discrete connections lead to
higher quality first-order derivative operators than those induced by the geodesic polar map. The
final expressions of our discrete operators are analytically found through symbolic integration, see

App. A.3.
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(a) vector field with saddle (b) direction field from (a) (© %-f otation of (a) (d) direction field from (c)

Figure 4.5 Orientation control for negative index singularities. From a vector field (a) on a sphere
with a saddle point with index —1 (resp., its corresponding 2-RoSy field (b) forming a trisector of
index —1/2), the user can directly control the orientation (c) of the saddle (resp., the orientation of
the trisector (d)) without affecting its position on the surface.

Edge-based Integrals If a precise enforcement of Stokes’ theorem is required, the per-triangle
integral evaluation of first-order derivatives can be defined via boundary integrals instead: using our
edge-based connection €, we can define another set of discrete operators, defined on each triangle

as
divy \Ili:/ U, xdl, curly \Ifi:/ v, - dl,
ot ot
where the basis function W is expressed along the edge as:
Yile;;(P) = @i(p) exp[—J(€ijj(P) + pv;—e)].
The Cauchy-Riemann operator is defined in a similar fashion via:
_ 1 T
0= | (F¥;)xdl (F¥;)-dl)",
ot

where the reflection F'is done w.r.t. the frame e; in triangle ¢. The closed-form expressions of these
discrete operators are given in App. A.2. Both triangle-based and edge-based discrete approaches
to evaluating local integrals of first-order derivatives exhibit similar numerical accuracy, as we will

discuss in Sec. 4.6.

4.5 Vector and n-Direction Field Design

The operators and energies we have defined based on our discrete connection are well suited to

the design of visually-smooth vector fields on triangle meshes through basic linear algebra, as one
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has control over the behavior of their singularities (both position and orientation) as well as their
alignment. In this section, we present two different approaches to vector field design that build upon
and extend previous work through the use of our discrete connections and covariant derivatives.
Note that creating a smooth n-vector or n-direction field is also a trivial matter: the exact same
vector field design procedure can be used first in a connection where all angles have been multiplied
by n, and the resulting vector field is converted to an n-vector field by dividing the angle the vector
field makes with each vertex reference direction e, by n (see Fig. 4.4). We can then normalize the
resulting n-vector field to make it an n-direction field as proposed in [1].

It should be noted here, as it will become important in the course of this section, that for an
n-vector field u with n > 2, the notions of divergence and curl become dependent on the choice
of frame: they now represent the components of an (n— 1)-vector field du as we demonstrate in

App. A. Conversely, the reflected divergence and reflected curl represent an (n+1)-vector field Ju.

4.5.1 Variational approach

The overall procedure of our first approach to design a vector field is based on a quadratic minimiza-
tion driven by user-specified constraints, extending the approach of [17]. From a globally-optimized

discrete connection, we define a penalty energy P for a vector field u as:

P(u) = %/T(divu—d)Q—l—(curlu—c)2+((9u—s)2+ w(u—ug)?

where d prescribes sources/sinks, ¢ controls vortices, s describes the desired saddle points, ug is a
guidance vector field, and w is a weight used for local or global alignment constraints. The integra-
tion of this quadratic energy can be done on a per-triangle basis, which reduces to a Poisson-like
linear system AU = b for a matrix A = —2A,, + wl, where A, can be seen as the discrete ver-
sion of the connection Laplacian (which handles boundary conditions naturally, unlike the deRham
Laplacian used in [17]). This matrix A has the exact same structure as the one in [1], except that
we use our optimized p;; instead of vertex-to-vertex rotations induced by the geodesic polar map.

The right hand side term b relies on the discrete divergence, curl and Cauchy-Riemann operators,
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(a) Vector field with asource  (b) The “wedge” from(a) (c) A vortex added to (a) (d) Wedge rotated by %
Figure 4.6 Orientation control of positive index singularities. By setting a divergence/curl pair
(1,0) on a triangle, a source (singularity of index 1) is formed in the vector field (resp., a wedge
singularity of index 1/2 on the associated 2-RoSy field). Changing this pair to (cos(%),sin(3)),
a vortex (c) is added to the source (creating log-spiraling streamlines) while the corresponding
orientation field (d) has its wedge rotated by /3.

which use our optimized vertex-to-triangles coefficients as well—this term is an extension of the
work of [29] for non-flat domains. While we will not explore this possibility here, note that the user

can also start from a chosen trivial connection (see Sec. 4.3.3) instead of the Levi-Civita connection

for an even greater flexibility in editing.

Controlling singularity orientation Using our penalty energy P, we can control the orientation
of positive index singularities, including vortices, sources/sinks, and combinations thereof. This
was already possible in the divergence- and curl-based approach of [17]. With our discrete Cauchy-
Riemann operator, we now can also control negative index singularities (i.e., saddle points, see
Fig. 4.5) and their direction, which was not possible in previous work.

Positively indexed singularities can be constructed by assigning pairs of non-zero values
(d;jk, ciji) on selected triangles (and zero for all others) representing the local divergence and
curl that the user desires. Note that the ratio ¢/d controls the direction of singularities for n-vector
fields: while the shape of an index-1 singularity in a vector field is invariant under rotation, chang-
ing a pair (d; 1, ¢;j1) to exp(J0)(d;;jk, ¢;;1,) when editing an index-1/n singularity in an n-vector
field results in a rotation of 6/(n— 1) of the singularity (see Fig. 4.6).

When controlling a saddle point, the ratio between the two components of s;;;. on selected

triangles indicates instead the angle that the symmetry axis of the saddle point makes with the
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simplicial frame field ©t; ik In this case, Ju is, itself, a 2-vector field, so rotating the saddle point
by 6/2 amounts to using exp(J0)s; ;. For —1/n-singularities in n-direction fields, we will get
0/(n+1) rotations instead. Fig. 4.5 shows an example where a saddle point is rotated by 7/3 by

changing the components of s; ;3. on the triangle ¢;;;. containing the saddle.

Constraining alignment Vector or n-direction fields can also be modified via alignment con-
straints, either via an input direction field or via user-drawn strokes. If we are given a target n-
vector or n-direction field represented by u), we balance the smoothness (and singularity control if
needed) and the alignment term via a user-specified weight w as indicated in the last term of energy
P. For more local editing, the user can draw strokes on the mesh as an intuitive way to provide
control over the design. We essentially follow the approach of [17] to create a locally supported
vector field ug, and enforce it via the same penalty term used above, with its own weight w to let

the user decide how closely the resulting vector field should follow the stroke (Fig. 4.7).

4.5.2 Eigen design

While our variational approach to editing is fast and simple, it suffers from two shortcomings: first,
one needs to start from an existing vector field to begin the editing process; second, spurious sin-

gularities can appear as more constraints are input by the user. Both these issues can be addressed

(a) Original vector field (b) with a user-specified stroke
Figure 4.7 Design by stroke. (a) From an n-vector or n-direction field with arbitrary singularities,
(b) the user can draw a stroke (blue) in order to easily influence the direction of the field. The

result is updated interactively by solving the linear system resulting from the variational approach
of Sec. 4.5.1.
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using a different approach to vector field editing, where a vector field is provided such that it is
the “smoothest” field satisfying the constraints prescribed by the user. Indeed, the authors of [1]
noticed that the vector field with the lowest Dirichlet energy for a fixed Lo norm can be found
through a generalized eigenvalue problem (i.e., a Helmholtz equation), which makes use of both
the connection Laplacian matrix (computing the Dirichlet energy £'p) and the mass matrix (com-
puting the Lo norm). We can adopt the exact same method, but now using our discrete optimized
connection—resulting in improved eigen vector fields with singularities appearing at more salient
locations (see Fig. 4.8).

However, our discrete operators for first-order derivatives offer a much more general extension
of this design approach. Indeed, we can now modify the connection Laplacian matrix to add a
quadratic penalty on the vector field components across user-specified strokes to directly include
direction constraints in the eigenvalue problem. Similarly, the mass matrix can be modified to con-
trol both singularity placement and orientation using the terms we presented in Sec. 4.5.1. Solving
the resulting generalized eigenvalue problem provides the “smoothest” vector field that satisfies user
constraints, where smoothest is defined with respect to the notion of connection used to derive the
covariant derivative. If the user also changes the discrete connection to be trivial with prescribed
singularities as described in Sec. 4.3.3, the vector field will be smoothest for this connection as we
demonstrate in Fig. 4.9. From this eigen design, variational editing (Sec. 4.5.1) can be performed

if the user wishes to further edit the vector field.

4.6 Results

We present numerical tests of the accuracy of our operators derived from our discrete connection

as well as a few vector field design results using our two approaches.
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4.6.1 Accuracy of discrete operators

We evaluate the accuracy of the discrete approximations of div, curl, and 0 per triangle. To allow
for proper error evaluation, we use a set of triangle meshes interpolating a sphere at various levels
of discretization, and use a smooth vector field (namely, a low-order vector spherical harmonic)
with a known expression so that we can evaluate its exact divergence and curl everywhere. We
then compute the Lo error between our discrete divergence (resp., curl) evaluation and the real
integral value per triangle. The results shown in Table 4.1 demonstrate that our optimization of the
connection impacts the accuracy of first-order operators quite significantly compared to a geodesic
polar map based connection. The area-based vs. edge-based evaluations of the local first-order
derivatives presented in Sec. 4.4.3 are, however, minimally different. We found that the Stokes
approach (based on ¢€) often leads to a better accuracy especially on fine meshes; yet, the area-based
operators are slightly more robust to noise as they rely on area vs. edge integrals. We used the
same setup to evaluate the accuracy of our vector field energies based on our triangle-based first-
order derivatives, and once again the optimized connection shows superior numerical accuracy—
except on very coarse meshes. Our Dirichlet energy results are also systematically better than
the Lo evaluation provided by [1], even if our optimal vertex-to-vertex connection angles p;; are
used to improve their results. The difference of the antiholomorphic and holomorphic energies for
direction fields is also a good measure of accuracy, as we know that it should evaluate to the Euler
characteristic of the mesh times 27, and the edge-based evaluations using our optimized connections
exhibit, once again, significantly improved accuracy as shown in Table 4.2. Our operators are thus

well suited to vector field analysis on manifold simplicial complexes.

4.6.2 Vector and n-direction field on meshes

Visualization of fields was done using the code from [24]. We experimented with our variational-
based editing approach based on the quadratic energy P. As expected, this simple numerical method

(requiring only a linear solve for each new constraint added by the user) offers control not only over
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positive singularities, but also over saddle points in the vector field and their principal axes. For
instance, a saddle point happening on the side of a mesh (see Fig. 4.5) can be rotated by any angle
without changing its position. The same control applies to n-direction fields without any code
modification (Fig. 4.4).

Finally, we tried our eigen approach to vector field design. First, we found that our notion of
smoothest vector field for the Levi-Civita connection is quite close to the results of [1], although
visual comparisons show from marginal to moderate improvements depending on the complexity of
the model (see Fig. 4.8). Where our method really differs is in our ability to handle user constraints

in the exact same framework, as well as arbitrary connections as demonstrated in Fig. 4.9.

4.7 Conclusion

We have proposed the construction of a discrete notion of connection and its covariant derivative
by exploiting the simplicial nature of triangulated 2-manifolds and picking the lowest-order finite
element basis functions we could (to simplify the resulting expressions and make vector field design
as efficient as possible) such that derivatives and their Lo norms are well defined and finite. The
resulting discrete covariant derivative is linear and metric preserving by definition, although it fails
to exactly satisfies Leibniz’s rule as most Whitney-based discrete operators. Our notion of discrete
connection was shown to be numerical superior to previous approaches, and applications to vector

and direction field design were demonstrated.
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(a) [1]’s.. . vs. our result (c) [1]’s.. (d) ... vs. our result

(e) [17’s... (f) ... vs. our result

Figure 4.8 Comparisons. While the method of [1] finds similar singularities, our approach leads
to “straighter” vector fields (see neck of bunny (a) & (b); nose of lion (e) & (f)), and the positions
of our singularities are found closer to corners (see insets of fandisk, (c) & (d)). Yellow and blue
markers indicate the presence of singularities in the vector fields.

G

(a) Smoothest vector (b) Smoothest vector (¢) Smoothest vec- (d) Smoothest vector
field for the Levi-Civita  field (Levi-Civita con-  tor field for a trivial field (for the same triv-

connection, with no  nection) that matches a  connection (with  ial connection of (c))

constraints added user-specified stroke prescribed  singular-  that matches a user-
ities) with no added  specified stroke
constraints

Figure 4.9 Eigen design. While an unconstrained generalized eigenvalue problem (a) will result
in the smoothest vector field (i.e., with the lowest Dirichlet energy for a fixed Lo norm) for the
as-Levi-Civita-as-possible connection, we can also find the smoothest vector field that matches
user-specified strokes (b). Moreover, the user can prescribe a trivial connection (c) with given
singularities (both positive and negative ones, placed on the vector field singularities of (a) in this
example), and the treatment of stroke constraints remains the same (d).
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Lo error for div \ polar map \ local optimal \ global optimal ‘

sphere 0.2447 0.2239 0.1809

sphere Loop 1 0.1586 0.1054 0.0361

sphere Loop 2 0.2742 0.1297 0.0084

sphere Loop 3 0.7746 0.2749 0.0020

Lo error for curl \ polar map \ local optimal \ global optimal ‘

sphere 0.2453 0.2251 0.1823

sphere Loop 1 0.1563 0.1039 0.0361

sphere Loop 2 0.2760 0.1300 0.0083

sphere Loop 3 0.7765 0.2752 0.0020
Lo error for E'p \ polar map \ local optimal \ global optimal ‘ ’ [1] ‘ [1] w/ optimal p; ;
sphere 2.1906 2.2470 2.4016 24161 24153
sphere Loop 1 0.2306 0.3613 0.6258 0.6300 0.6298
sphere Loop 2 0.8679 0.3259 0.1581 0.1592 0.1591
sphere Loop 3 3.0080 1.0464 0.0396 0.0399 0.0398

Table 4.1 Approximation errors. Using meshes of increasing resolutions that all interpolate a
sphere, we evaluate the Lo errors for the divergence (top left), curl (top right), and Dirichlet energy
operators (bottom) evaluated per triangle using our edge-based approach (via Stokes). The sphere
mesh has only 162 vertices, and we refine its connectivity via Loop subdivisions, leading to meshes
of 642, 2562, and 10242 vertices. We averaged the errors incurred for 100 random vector fields
that are linear combinations of the first 40 vector spherical harmonics, normalized to have unit Lo
norm. The optimal (as-Levi-Civita-as-possible) connection systematically produces the smallest
error except for extremely coarse resolutions. We also improve on the Lo norm produced by [1],
even if our optimal vertex-to-vertex angles p;; are used in their formulae.

| [7 K (mean/std) | polar map | local optimal | global optimal | [1] | [ global optimal w/ Stokes |
sphere 3.9730/0.923¢ 3 | 3.9756/0.623¢ =3 | 3.9756/0.619¢ 3 | 3.9756/0.620¢ =3 4.0000/0.000¢ 3
sphere Loop 1 3.9878/0.341¢=3 | 3.9897/0.102¢=3 | 3.9898/0.103¢~> | 3.9898/0.103¢~> 4.0000/0.000¢ 3
sphere Loop 2 3.9948/0.455¢ 3 | 3.9970/0.057¢=3 | 3.9970/0.057¢=3 | 3.9970/0.057¢ =3 4.0000/0.000¢ 3
bunny 3.8857/0.850e 2 | 3.9082/0.706¢=2 | 3.9192/0.741¢=2 | 3.9193/0.742¢2 3.9995/0.000¢ 2
bunny Loop 3.9610/1.199¢~2 | 3.9860/0.696¢ 2 | 3.9880/0.725¢~2 | 3.9875/0.725¢ > 4.0003/0.000¢ 2
torus 0.0234/0.913¢=2 | 0.0216 /0.371e=2 | 0.0207/0.381¢=2 | 0.0207/0.381¢—2 -0.0003/0.000¢ 2
torus Loop -0.0025/0.328¢ =2 | -0.0022/0.059¢2 | -0.0013/0.065¢ 2 | -0.0016/0.065¢ 2 0.0000/0.000¢ 2

Table 4.2 Approximations of Euler characteristic. For a pointwise unit vector field u, the differ-
ence of antiholomorphic and holomorphic energies is Fx(u) — Ey(u) = [+ K (Eq. 2.5). Using
random linear combinations of the 30 lowest vector spherical harmonics, we evaluate the difference
of our discrete energies & 4 and £y for 100 vector fields (with normalized coordinates at each ver-
tex), divided by 7; we indicate both the mean and the standard deviation of these 100 integrations.
On various meshes (of genus 0 and 2), our edge-based evaluations exhibit significantly lower errors
than all other area-based estimations, including results from [1].
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CHAPTER 5

DISCRETE 2-TENSOR FIELDS ON TRIANGULATIONS

5.1 Introduction and related work

While scalar (rank-0 tensor) and vector (rank-1 tensor) fields have been staples of geometry process-
ing, the use of rank-2 tensor fields has steadily grown over the last decade in applications ranging
from non-photorealistic rendering to anisotropic meshing. Unlike their lower rank counterparts,
there is currently no convenient way to perform computations with arbitrary 2-tensor fields on tri-
angulations. In this chapter, we present a coordinate-free representation of rank-2 tensors suitable
for tensor calculus on triangle meshes. Derived from an orthogonal decomposition of planar 2-
tensor fields, our resulting discrete tensors extend the notion of discrete differential forms, and are
thus compatible with discrete or finite-element exterior calculus in that they define pairing and inner
products of arbitrary forms. Additionally, pervasive discrete geometry processing tools such as the
weighted Laplace-Beltrami operator are shown to be special cases of our construction, while new

operators such as the covariant derivative of discrete 1-forms emerge.

Analysis and visualization. Visualization of fluid motion is often achieved by analyzing the gra-
dient of the velocity field [94]. This 2-tensor field is often split into an antisymmetric part con-
veying vorticity, and a symmetric part that can be depicted via streamlines tangent to tensor eigen-
vectors [95]. A unified analysis of arbitrary 2-tensors was proposed in [96] based on complex
eigenvalues and eigenvectors. Zhang et al. [97] used, instead, a geometric decomposition of 2-
tensors leveraging the trace operator, which was later illustrated as a combination of streamlines
and glyphs [98]. In contrast, our work introduces a new orthogonal decomposition of planar 2-

tensor fields compatible with discrete exterior calculus.
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Metrics. The metric tensor of a Riemannian surface is, itself, a symmetric tensor that defines
the length of, and angle between, tangent vectors. While most geometry processing methods use
the canonical metric of a mesh induced by its Euclidean embedding, one can use a set of edge
lengths to encode piecewise-Euclidean metrics [99, 100, 101]. However, high degrees of anisotropy
might not be representable with pure edge lengths as they might not fulfill the triangle inequality
everywhere [76, 102]. Recently, a notion of discrete divergence-free metric tensor in the plane was
introduced in [78] (representing stress tensors within masonry structures) through not only edge
lengths but also additive weights per vertex—which affect both the discrete Hodge star and the
Laplacian operator. This augmented metric was further extended to surface meshes in [103]. Our

approach offers a generalization of this divergence-free case to arbitrary rank-2 tensors.

Elasticity. Decompositions of differential 2-tensors such as stress and strain are particularly rel-
evant in elasticity [75]. Arnold et al. [104] proposed tensor subspaces (including divergence-free
tensors) that form an exact chain dubbed the elasticity complex. This sequence further served as the
basis for discretizing planar symmetric 2-tensor (stress) fields through mixed finite elements [105]
or non-conforming elements [106]. Extensions to tetrahedral meshes were proposed in [107, 108].
Also in the elasticity context, Kanso et al. [109] expressed 2-tensor fields as quadratic tensor prod-
ucts of Whitney 1-forms. While previous methods require high order finite-element spaces, we
discretize arbitrary 2-tensor fields through direct differentiation of piecewise-linear Whitney basis

functions, which leads to closed-form expressions for discrete tensor calculus on triangulations.

5.1.1 Notations

We will make use of a few specific notations in this chapter.

Continuous setup. We denote by M a smooth and compact Riemannian 2-manifold, possibly
with boundaries 0.M, and endowed with a metric g that provides an inner product on (tangent)

vector fields. We also use the notion of k-forms (k = 0,1,2), along with their respective inner
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products (., .)., and the operators d and x on these forms [72]. We denote by A the Laplace-Beltrami
operator on functions. From the metric, one can convert a vector field v into an equivalent 1-form

w using the flat (b) operator, i.e., v

=w; similarly, a 1-form is converted into its equivalent vector
field by the sharp () operator, i.e., wh=v. We call T the space of tensor fields of rank (0, 2) on M,
i.e., 2-tensors acting on vector fields. We also define a local basis of tensors in a given coordinate

frame as:
(1 — -1 — 1 (1
I=(51), J=(39). B=(10), ¢=(1)
We write the area form of g as,ug:\/detg(]t, and the Hodge star on 1-forms as *x=+/detg Jg!

indicating a rotation by 7 /2 in the tangent plane when applied to a covector. Finally, the (Frobenius)

inner product on 2-tensor fields is:

Vi, €T, (11,7)F :/M tr(r g1 72) pg, (5.1
where tr(7) =7 ¥ indicates the trace operator on 2-tensors.
k

/

Figure 5.1 Notations for discrete setup.

Discrete setup. When dealing with a discrete surface, we use an orientable, compact, and 2-
manifold simplicial complex M in R3, of arbitrary topology (possibly with boundary 0M). We
call V the set of all its vertices, while the corresponding edge and face sets are denoted by £ and
F. Each edge and triangle carries an arbitrary but fixed orientation (index order matters; e.g., j
has the opposite orientation as j¢), while vertices have positive orientation by convention. Vertices
are given positions P ={p; € R3}, which define the surface through linear interpolation over each

simplex. The resulting Euclidean measures of edges and triangles are denoted by I;; (length) and
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ik (area), where the indices refer to the vertex indices, and we assume these to be all nonzero. We
denote by 6;;, the angle between edges ¢ and jk of a triangle 4% (see Fig. 5.1). Discrete k-forms
are given as scalars on k-cells [4]. Moreover, we indicate as d the transpose of the incidence
matrix of vertices and edges (|€| rows, |V| columns), in which each row contains a single +1 and
—1 for the endpoints of a given edge (the sign being determined from the chosen edge orientation),
and zero otherwise; and by d; the transpose of the incidence matrix of edges and faces (|.F| rows,
|€| columns), with +1 or —1 entries according to the orientation of edges as one moves counter-
clockwise around a face. We also use Whitney basis functions for discrete forms [18], indicated
as ¢; (the usual piecewise linear finite-element function with ¢;(p;) = 1, ¢;(p;) = 0) for 0-forms,
bij = ¢iddj — pjdg; for 1-forms, and ¢4 =2 dp; Adg; for 2-forms. By sharpening 1-form basis
functions with the piecewise Euclidean metric, we get the corresponding basis functions for vector
fields ¢;; = q% =¢;V9;—¢;V ;. Hence, our discrete treatment will represent a vector field u and

its associated 1-form a=u’ through the same edge values «;, i.e., through u = sz ;¢ and

azzij i i

5.2 Tensor Fields over 2D Euclidean Space

We now combine the three Berger-Ebin decompositions described in §2.3.3, and derive a new
coordinate-free decomposition of 2-tensor fields for the case of a compact region M in R? with
boundaries 0 M and Euclidean metric (g = 7). The continuous picture we present here will be at
the core of our discrete approach to deal with 2-tensor fields on arbitrary triangulations. Notice that
differential operators simplify considerably for the Euclidean case—e.g., the Hodge-star and the
area form reduce to x = J and pg = J t respectively. Yet we keep our original notation in order to

discuss extensions and limitations of our results for curved surfaces.

Killing decomposition. Suppose that a 1-form w is expressed, via Hodge decomposition, as
w = df &*dg® h, where [ and g are scalar functions (df and *dg represent, respectively, the 1-

forms associated to V f and JVg), and h is a harmonic 1-form. Its Killing operator K(w) can be
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decomposed by linearity into terms that are mutually orthogonal with respect to the Frobenius inner
product—not only in the plane, but also for surfaces of constant Gaussian curvature as shown in
App. B.1:

K =K@ &K xdg) &K (k) =Hess(f)BTr(g) @ Vh. (5.2)

One can check that (df) reduces to the Hessian Hess( f):= Vdf of the function f, while the term
K (xdg) is always traceless—we thus denote it as Tr%(g). The term K () is simply the covariant

derivative Vh due to the harmonicity of h.

Conjugate Killing decomposition. In a similar fashion, the x-conjugate version of the Killing

operator KC(w) can, itself, be decomposed as:
K(w)=+Hess(f) @« Tr%g) xT® « VA" . (5.3)

We note here that the traceless and harmonic terms in the plane are invariant by x-conjugation; i.e.,

TrYg) =+ TrYg)x" and VA =+Vhx?,

Complete decomposition. Using Egs. (2.7), (5.2) and (5.3), and recalling that divergence-free
tensors can be expressed as x-conjugated Hessians [110], we conclude that an arbitrary 2-tensor field
7 in the plane is orthogonally decomposed into antisymmetric, divergence-free, curl-free, traceless,

and harmonic parts:

eA eS
A 7 S
T =5 1ig® Hess(f)o » Hess(w)x "t @ Trg) @ « VhxT, (5.4)
N e e — N N —
2-form  curl free div free traceless harmonic

where the scalar function s describes the antisymmetric part of the tensor field, and the three scalar
functions (f, g and w) plus a harmonic 1-form A encode the space of symmetric tensors. Thereby,
we obtain a complete characterization of planar 2-tensor fields, which only requires coordinate-free
scalar functions f, g, w, and s.

We further notice that any constant tensor of the form al + bB + ¢ C' can be expressed as the

Hessian of a quadratic function f or w. Similarly, a constant tensor p.J +bB + ¢ C' can be associated
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to the covariant derivative of the rotated gradient of a quadratic function g. We can thus use the three
constant scaling a, b, and c to encode a “mean” symmetric tensor field, and then rewrite Eq. (5.4)
in a more concise form:

T=28J+al +bB +cC+ K(df +xdg) + K(dw + h). (5.5)

Separating these constant terms will be shown useful in our treatment of 2-tensors on discrete non-
flat surfaces in §5.3.2.

Finally, it bears repeating that Eq. (5.4) is only valid for the Euclidean metric (g=I). Moreover,
while the Berger-Ebin decompositions presented in §2.3.3 are valid for any smooth manifold, we
show in App. B.1 that the various parts of the Killing operator in Eq. (5.2) are mutually orthogonal
only on surfaces of constant Gaussian curvature. To our knowledge, there is no known general

coordinate-free decomposition of 2-tensors on arbitrary surfaces.

5.3 Tensor Fields over Triangulations

We now leverage our continuous decomposition of 2-tensor fields in the plane to represent discrete

2-tensor fields on arbitrary triangle meshes via local, discrete 0- and 1-forms.

5.3.1 Discrete antisymmetric 2-tensors

Differential forms are known to be conveniently discretized using the concept of cochains defined in
Algebraic Topology [111], and can be interpolated through Whitney form bases [18]. The resulting
discrete differential forms [4] and their most relevant operators [65] are well documented by now.
In particular, Hodge decomposition of arbitrary forms carries very neatly into the discrete realm
in a coordinate-free fashion. The case of discrete 2-forms is a particularly simple subset of this
discrete theory: a 2-form p as used in Eq. (2.7) is simply encoded as its integration over each face
yk

Hijle = / W (5.6)

gk

76



This is equivalent to storing a scalar s;;; per face as a discretization of the antisymmetric part in
Eq. (5.5), with s, = ;1. /a5, Note that this value can be further decomposed using the Laplacian
of a dual O-form ¢ and a constant 2-form p as indicated in §2.3.1. From this set of scalar-per-face

Wijk- a discrete differential 2-form can be interpolated through face-based Whitney basis functions

as > Wijk Pijk-
ik

5.3.2 Discrete symmetric 2-tensors

Unlike the antisymmetric case, symmetric tensors are not entities that are directly “integrable”, thus
a different discretization approach must be adopted. We introduce a finite-dimensional representa-
tion of symmetric tensors via a discrete version of Eq. (5.5).

n k m

/

Figure 5.2 Encoding unit for discrete tensor representation. We use one patch per edge ij defined
as the “butterfly stencil” containing the two triangles adjacent to 7j and their immediate neighbors
(top), as well as one patch per face i)k defined as the face and its immediate flaps (bottom).

Encoding. We propose to represent discrete symmetric 2-tensor fields on arbitrary triangle
meshes by encoding the forms involved in the decomposition of Eq. (5.5) over small, developable
patches (see Fig. 5.2). For each edge-centered and face-centered patch, we store a local approx-

imation of a continuous tensor field as values per oriented simplex (w; and f; at nodes, values
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gjjk at triangles, and harmonic 1-form values h; at oriented edges) from which we will be able to
derive the symmetric terms of Eq. (5.5). This form-based discretization choice is guided by the
usual algebraic topology tools of DEC/FEEC and the resulting discrete Hodge decomposition [4]:
in particular, it faithfully discretizes the continuous 1-forms df +*dg and dw+h as dg f —i—*"ld’i g
and dgw+ h, where % is a discrete Hodge star. Note that we do not need to explicitly encode the
constants a, b, and c since, as we discussed in §5.2, they can be incorporated in the scalar fields

f,g,w, and s.

Interpolation. As we wish to provide a discrete treatment of 2-tensors that is fully compatible
with DEC, the use of Whitney form basis functions [18] is most appropriate: they provide low
order, intrinsic interpolation of our discrete forms through f = > . fi¢;, g = > ; GijkPijk» and
hzzij hgj ¢y With this piecewise continuous reconstruction of forms over each patch, we can
formally evaluate the local tensor field approximation for all patches as we describe below. However,
our use of piecewise linear basis functions is not amenable to properly capture locally constant 2-
tensors: while a quadratic function f has a constant Hessian, a piecewise-linear approximation of
f fails to fulfill this property. We thus begin our tensor reconstruction by extracting a local mean

tensor per patch, denoted @, to fully remedy this limitation of low-order form interpolation.

Extracting local mean tensor o. From f, g, w, h we first evaluate a local constant tensor o
through local fitting. For each of the 1-forms dg f, *_ldﬁ g, h, and dgw on an edge-based or face-
based patch, we find the least-squares fitting linear 1-form over the patch: using a local coordinate
system where x is along the oriented edge, we compute the optimal coefficients {v; };—1_¢ of the
1-form vy dz+vody+vs(xda+ydy)+vy (ydr+zdy)+vs (edr—ydy )+vg (ydrz—zdy). The mean tensor
o=al+bB+cC is then expressed in local coordinates as a sum of contributions v31 + v4 B + v5C'
obtained from each 1-form dg f, %! dﬁ g, h, and dgw. This procedure requires a linear least-squares

solve of size 6x6 for both edge- and face-based patches, and is performed on the fly when needed.
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Residual edge-based Dirac tensors. The differential terms of Eq. (5.5), representing spatially
varying terms around the mean tensor &, can now be captured within each patch as well. Once we
remove from the values of dg f, *‘1d’i g, dpw, and h the linear 1-forms found in the least-squares
solution, the residual discrete forms can be formally differentiated to find the corresponding tensor
field they encode over each patch. Because of our choice of Whitney basis functions, the resulting
residual 2-tensor field turns out to only include edge discontinuities induced by the derivatives of
the piecewise linear bases ¢; and ¢;;. The Hessian of f, for instance, is trivially zero everywhere
except across edges, since the vertex-based basis functions are piecewise linear inside each trian-
gles, and their gradients are discontinuous across an edge. Similarly, the traceless term TrO( g) leads
to discontinuities in the piecewise linear 1-form *'1d’ig across edges. In contrast, the x-conjugate
Hessian of w is zero everywhere except along edges. We can further compute the tensor term com-
ing from the harmonic 1-form h as a discontinuity along every edge. (Note that the harmonic term
could be locally absorbed in the function w due to Poincaré lemma, thereby reducing memory usage
if needed; we keep it in our exposition for clarity.) Therefore, our discrete symmetric 2-tensor per
patch boils down to a constant tensor & plus a sum of impulse tensors on edges expressed as
5—1—25@’ [tzj (dof—&-*-ldtlg) eé ®eé + 145 (d0w+h)e¢j ®ej |, 5.7

Y

where e;; is the normalized vector for edge 7, d;; is the line Dirac function along 4 (i.e., ;; (z,y) =
d(y) with § being the 1D Dirac function and the x-axis being along #j), and ¢;; is a function linear
in its 1-form argument such that, for edge ¢ between triangles ijk and ¢f, t;; = tg. + téi with
tg-(&) = qyj (¢j cot B, — ¢; cot ekij) /lij 55
+ (ozjk ¢j — o i) (cot Orij + cot Gijk) /lij.-
These impulse tensors are only well defined in a distributional sense, but they will be systematically

integrated against basis functions in §5.4 to obtain weak forms of differential operators.
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5.3.3 Discussion

Our proposed discrete encoding can be seen as a generalization of a number of previous approaches.
First, our constant term & per edge and per face is akin to the conventional piecewise-constant
discretization of tensors, typically done per face or vertex—with the major difference that we do
not need to define local frames in which components are stored: they are derived from our local,
coordinate-free 0- and 1-forms instead. Second, edge-based Dirac tensors were already identified as
relevant for triangulated surfaces (see, e.g., [112, 113]); however, they were directly averaged per
local neighborhood before being used for differential computations—instead, we keep the Dirac
nature of our reconstructed tensors and formally integrate them to derive differential operators on
scalars and vector fields. Lastly, having both constant tensors and Dirac edge tensors captures
continuous tensor fields better than limiting the finite-dimensional representation to only one of
these two parts.

We finally note that our representation is a generalization of the typical encoding of a stress
tensor field in planar elastostatics via the Airy function [78], which is the sum of a paraboloid and
a function w—-corresponding to a constant tensor field plus the rotated Hessian of w to represent
a spatially-varying tensor field. This added non-constant term becomes a sum of Dirac impulses
for linear basis functions; higher order Whitney elements (see, e.g., [65, 114]) would remove Dirac

distributions—at the cost of requiring larger patches.

5.4 Discrete Differential Tensor-based Operators

Our discrete 2-tensor edge-based representation can now be harnessed to define various operators
on vector fields and/or 1-forms. For each tensor-based operator, we present its discrete expression

for each of the terms in Eq. (5.5). We introduce the edge integration T; of the line Dirac function
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tij (Eq. (5.8)) as this term will appear in most expressions:

Ti];(a) = /Uk %tfj(oz)

— (O‘jk cot leJ — Qi cot %k) 5.9

+ % (dla)z‘jk (cot 04 — cot ekij) ,

where o denotes a discrete 1-form. Following the convention for ¢;;, we use Tj; () :== Tg (T, Zé ().
Observe that, in the case of exact 1-forms o = dgf, Eq. (5.9) simplifies to the non-conforming
Laplacian [15] of f restricted to ¢jk. Consequently, the terms 77; return zero for any linear function

J. For a boundary edge 7j, we set T}; to zero in order to implement Neumann boundary condition.

5.4.1 Discrete generalized Laplacian V - (cV)

As mentioned in §2.3.4, the Laplacian operator of functions, commonly used in geometry process-
ing, is a particular case of a general family of differential operators on functions A? (z) =div (oVz)
where o is a symmetric 2-tensor field [68]. We can define its weak (integrated) form on a discrete

scalar function 2=} ; z;¢; as

()= 2= [ (V0 Veyp=3 (=2 G, (5.10)

This generalized Laplacian operator on discrete O-forms can thus be expressed as a || x |)| matrix

of the form

A’ = d{H d, (5.11)
where H is a diagonal |£| x |€] matrix. Its coefficients H7; can be evaluated in closed form for the
various types of o presented in Eq. (5.5) as spelled out in App. B.3.

We point out that H'd matches the diagonal Hodge star *P [115] traditionally used in mesh pro-
cessing (we will discuss discrete Hodge star approximations further in §5.4.4). Also, the resulting
elliptic operator Ald reduces to the usual cotan-Laplacian operator [116]. Moreover, for the case
of o =% Hess(w)x", the matrix H? corresponds to the extra terms used in the weighted Laplacian

operator [117, 118]. Our formulation thus extends this operator to arbitrary 2-tensors, and due to
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our deliberate choice to use the conjugated form of the harmonic part in Eq. (5.4), our generalized

Laplacian for 0 =V h verifies the linear precision of its corresponding continuous operator [78].

Ellipticity. In the continuous setting, the generalized Laplacian is (semi-)elliptic iff the symmetric
2-tensor o is positive (semi-)definite (PSD). A full characterization of ellipticity of our resulting
discrete generalized Laplacian is currently unknown, but many sufficient conditions can be (and
have been) formulated. First, notice that a traceless 2-tensor cannot be PSD since the sum of its
eigenvalues is zero. For the case o = Hess(w), a simple sufficient condition on the weights was
offered in [117], and it remains valid in our setup. For all other cases, one can directly check whether

the discrete operator H is positive definite by testing diagonal dominance and non-negativity.

5.4.2 Pairing through discrete tensors

Discrete symmetric tensors can also be used to pair with vector fields. The integral of this pairing,
called total pairing, becomes an |£| x |E| operator on edge values since:
(@, 08%) =/ (o B =" ayBy / o (¢, br1) =M,
M ” M
1,kl
where o, 3 are discrete 1-forms corresponding to the vector fields a#, 4%. The matrix M? is typi-
cally referred to as the (generalized) mass matrix. App. B.4 lists all the closed-form expressions of

the pairing matrix M for the terms of our decomposition in Eq. (5.5).

Inner products with symmetric tensors. A particularly important case of pairing through a sym-
metric 2-tensor ¢ is the notion of inner product, when o is positive definite. As in the generalized
Laplacian case, necessary and sufficient conditions on the scalar functions f and w to induce a
positive definite matrix IM? are not trivial to formulate. However, a simple check of the diagonal
dominance and non-negativeness of MK and MF provide a straightforward numerical character-
ization of inner products. Note that the mass matrix for ¢ = Id is the inner product of Whitney

1-form basis functions, dubbed the Galerkin Hodge star *C [115].
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Cross products with antisymmetric tensors. We finally point out that when o is purely anti-
symmetric (corresponding to the case o = i in Eq. (B.4)), the total pairing becomes an integrated

cross product between the two vector fields weighted by the face values 1.

54.3 Trace

The discrete trace can also be defined through a weak form based on our discrete tensors, resulting
in a value per vertex:
[tr o]; = (i, tr(0))o.
Discrete antisymmetric tensors thus have zero discrete trace, as in the continuous world. For a
discrete symmetric tensor o equal to the sum in Eq. (5.7), and using fzj | Qi®jlg =k /12 and
Jiik O2 11g = a5y, /6, we find:
tr o = dHYdgw + diMw.

The first term is the (primal) cotan-Laplacian of w at vertex ¢. The remainder is elucidated by noting

that a discrete 1-form w is naturally split based on the discrete Hodge decomposition induced by

the Galerkin Hodge star (Mld = %O defined in Eq. (B.4)) as:
—1
w=dof + <M1d> dig+ h,

where 5 is closed and coclosed, i.e., djh =0 and d’éMIdh =0. Since we know that df)dt1 is null,
the second term simplifies to the cotan-Laplacian of f, while the discrete versions of the traceless
terms of the continuous decomposition (Eq. (5.4)) are zero with this discrete trace operator. Thus,

the discrete trace recovers the exact same two non-zero terms as its continuous counterpart.

5.4.4 Choice of discrete Hodge stars

The continuous Hodge star can be approximated in the discrete setting in various ways. In our
setup where discrete vector fields and 1-forms are expressed using edge values and Whitney basis
functions, the most natural discrete Hodge star is arguably the Galerkin Hodge star %S = MM

(Eq. (B.4)). However, the diagonal Hodge *P = Hld (Eq. (B.2)) is a sparser alternative often
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preferred in graphics as it offers a less computationally intensive approximation—in particular, the
discrete Hodge decomposition for this sparse star now only involves diagonal matrices. In fact,
these two Hodge stars are well-known to be related in the sense that the primal Laplacian is the
same whether Galerkin or diagonal approximation is used [115], i.e., dg*D dg = dB*GdO. Our
extensions of % and %C to arbitrary symmetric 2-tensors (resp., H? and M?) precisely maintain
this property as we prove in App. B.2. We thus note that one can opt for either one, but the use of
the computationally-attractive diagonal approximation loses the traceless property of the terms in

g and h described in §5.4.3 since HM! no longer simplifies.

5.5 Applications

We now employ our discrete differential tensor-based operators to derive computational tools for

covariant derivative, Lie bracket, and anisotropic geodesics on triangle meshes.

5.5.1 Discrete covariant derivative

The covariant derivative provides a generalization of directional derivatives on arbitrary surfaces.

With this concept, one can measure the rate of change of a 1-form « along a vector field Bﬁ (asso-
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Figure 5.3 Discrete covariant derivative for planar meshes. Covariant derivative of a 1-form
a=—2zydz—a2dy (top-left) along 5= dz (bottom-left) for a planar mesh with concave boundary.
Resulting 1-form w has a numerical residual w.r.t. the analytical solution of 0.7% (center, | V| =173)
and 0.1% (right, |V| = 609), respectively. Vector fields are displayed by interpolating 1-forms at
triangle barycenters.
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ciated to a 1-form [3) as the contraction of ﬁﬁ with the 2-tensor Va:
Vﬂﬁa = (VOz),Bﬁ = w,

where w is the resulting 1-form. In the discrete realm, we make use of the piecewise linear basis

function ¢;; to evaluate the directional derivative in a weak form as:

v, <¢ij7w>1 = <¢Zj7 (va)6ﬁ>1

By leveraging Eq. (2.13) and the mass matrices derived in §5.4.2, we convert this weak formulation

into a sparse linear system:
M, — (M’C<a> _ %Mdlo‘> 3, (5.12)

Therefore, we define the discrete covariant derivative of the 1-form « as the matrix:
Va= <M1d>_1 (M) — fvrier)

Note that the mass matrices are computed by combining the mean tensor & extracted from « in each
patch, the edge-based residual tensor defined by «, and the antisymmetric tensor dj . Matrix Mld
is sparse, positive-definite, and depends only on the triangle mesh, it can thus be efficiently pre-
factorized (our implementation uses eigen [119]). One can then compute directional derivatives
for different 1-forms [ through simple sparse matrix-vector multiplication and back substitution.
Fig. 5.3 illustrates a directional derivative on a planar mesh with concave boundaries for the case
o= —2zydr—x2dy and B =dz. The resulting discrete 1-form w provides an approximation of the
analytical solution with a relative error of 0.7% for a coarse mesh and 0.1% for a 4x finer mesh.
Fig. 5.4 exemplifies the robustness of the discrete covariant derivative to meshes with variable res-
olution (even in the presence of obtuse angles), while Fig. 5.5 shows directional derivatives on
surfaces of complex shape and non-trivial topology. Finally, Fig. 5.9 presents convergence tests
of our results with symmetric and asymmetric tensor fields; we restricted our analysis to a disk, a
planar concave mesh and a sphere, since their directional derivatives have known analytical expres-
sions. We also tested the contribution of the impulse tensors in Eq. (5.7) versus using simply the
mean tensor ¢ per patch in our computations, and observed a systematic decrease in the relative

residual from 2% to 27% depending on the tensor fields.
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Figure 5.4 Discrete covariant derivative for sphere meshes. For 1-forms o =sin()d6 (top left)
and 5 =sin(6)d¢ (bottom left) (expressed in spherical coordinates), our discrete covariant deriva-
tive w=V s on an irregular mesh (center) is consistent with the result on a uniform mesh (right)

(meshes shown as insets). Vector fields displayed by interpolating 1-forms at barycenters of a subset
of triangles.

Figure 5.5 Discrete covariant derivative on meshes of arbitrary shape and topology. We chose
a (top) and 3 (bottom) as the smoothest 1-forms from the 1-form Laplacian [4].Central images
show the resulting 1-formV g% visualized with sampled integral curves (bunny) and line integral

convolution [5] (twisted torus).

5.5.2 Discrete Lie bracket

Our discrete treatment of the covariant derivative also leads to a Lie bracket (also known as the

commutator) of vector-fields. By flattening vector fields to 1-forms, the Lie bracket of two 1-forms
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Figure 5.6 Anisotropic geodesics on planar meshes. Our tensor-based discrete differential oper-
ators can be used to compute anisotropic geodesics. We tested our method on a disk with constant
tensors of various anisotropy ratio (from left to right: 1, 0.5, 0.3, 0.2, and 0.1), with the larger
magnitude along the z-axis. Notice that the iso-levels stretch to ellipses with the anisotropy as
expected.

« and [ returns a 1-form y evaluated as:
0, 8] = Vgga = V ;8= 7.

From this definition, we directly reuse Eq. (5.12) and compute the discrete Lie bracket 1-form ~y
through a similar sparse linear system. Fig. 5.7 validates our discrete Lie bracket on the “torus

example” proposed in [6].

5.5.3 Anisotropic heat method

Discrete 2-tensors are also suitable to compute anisotropic geodesic distances based on a simple
extension of the heat method [3]. For geodesics induced by the Euclidean embedding space, the
heat method requires two linear system solves involving the cotan-Laplace operator: the first step
diffuses an impulse heat function z( isotropically for a short time interval € into a function z, while
the second step finds the potential ¢» whose gradient best approximates the normalized gradient of
z under the surface metric. We instead propose to replace the isotropic diffusion in the first step by
an anisotropic diffusion [77] induced by a PSD symmetric 2-tensor field . We thus compute the

function z using the generalized Laplacian operator H? (see §5.4.1):
(%o + e dH"dg) = = *o20,

where Y% is the diagonal Hodge-star for O-forms using vertex areas [4]. We further set the time

step ¢ to the square of the averaged edge length measured with respect to the tensor o. The second
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step remains unchanged, solving for the potential 1) based on the cotan-Laplacian matrix d6HIdd0.
For boundary conditions, we used Robin boundary conditions as advocated in [3].

In Fig. 5.6, we demonstrate the accuracy of our method by illustrating isodistances for various
anisotropy ratios on a unit disk mesh. We also compute anisotropic distances driven by curvature in
Fig. 5.8: we first compute an average shape operator A per edge as in [112], and set the mean tensor

gto ([ +0.1A2)'1, such that distances evolve more slowly in regions of large curvature magnitudes.

5.6 Future Work

Our discrete symmetric 2-tensors and their associated operators on vector fields require further
numerical analysis, just like usual operators in geometry processing [120]. We are also investigating
a discrete notion of Frobenius inner product consistent to our discrete 2-tensors, with which one
can compute Killing vector fields [20] and smoothness energies [1]. Finally, extending our discrete

treatment of 2-tensors to tet meshes is another topic left for future work.

Figure 5.7 Discrete Lie bracket operator. Our discrete notion of Lie bracket reproduces the torus
example presented in [6] both qualitatively and quantitatively. For two 1-forms « (left) and zf3
(middle), where z is a scaling function, the resulting Lie bracket v = [, 3] (right) is parallel to 5,
as expected in the smooth case. Pseudo-colors indicate the norm of 23 and ~, respectively.

88



)

11
mmy

3)
M
D))

O))))

I\ I\

=4
—

\
\

R

Figure 5.8 Anisotropic geodesics on surface meshes. Anisotropic geodesics can be computed
guided by the curvature tensor of a surface. Left: isotropic geodesic distance generated by the heat

method [3]. Right: anisotropic (curvature-aware) geodesic distance computed with our generalized
Laplacian operator (see §5.4.1).
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Figure 5.9 Convergence of the error plot. Error plot in log-log scale of the residual of the discrete
covariant derivative w.r.t. its analytical solution, indicating linear convergence on different meshes.
For a disk mesh (left) and a concave shape (middle), we analyzed four scenarios: [in blue] o =
(x —y)dz+(x +y)dy, f=xdr+ydy, Vﬁﬁa = (z — y)daz—+(z 4+ y)dy; [in pink] o = —2zydz—z>dy,
g =dux, Vﬂﬁa = —2(ydz+xdy); [in yellow] o = sin(2x)dz+ cos(2y)dy, B = cos(2x)das,Vﬂﬁa =
2003(2x)2dx; [in green] a = z2dz—2zydy,5=dx,V gta= 2(zdz—ydy). For the sphere (right), we
evaluated three cases which are, in spherical coordinates, [in blue] o= sin(260)d6, = cos(26)d6,
Vﬁﬁa = 2c052(26)d#; [in pink] a = sin(260)de, 5= cos(20)db, Vﬁﬁa =2c0s?(20)d¢; [in yellow]
a=sin(20)d0+sin(26)do, 5= cos(260)d0, Vﬁﬁa =2c0s%(20)df+2cos%(260)d¢. Errors measured
using only the mean tensor & (with no edge-based residual tensors) can be up to 27% larger.
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CHAPTER 6

SPECTRAL VECTOR CALCULUS FOR VARIATIONAL FLUID SIMULATION

6.1 Introduction

In the previous chapters, we discussed spatial representations of vector fields and tensor fields. Such
representations may lead to costly processing procedures for vector fields that are time-dependent,
e.g., in fluid simulation. Thus, in this chapter, we focus instead on a drastically different spectral
representation of vector fields, the associated operators on such representations, and the resulting
efficient update rules in fluid simulation.

While current research of incompressible fluid simulation mainly focuses on achieving realistic
visual effects with minimum computation cost, this relentless quest for efficiency has often resulted
in time integrators that exhibit large numerical viscosity [36], as they proceed via operator splitting
through advection followed by divergence-free projection. The incurred numerical dissipation has
also, besides its obvious visual artifacts, the unintended consequence that previews on coarse spatial
and temporal resolutions are far from predictive of the final, high-resolution run. Non-dissipative
methods have been proposed more recently [40]; however, they require large, non-linear solves,
hampering efficiency. On the other hand, model-reduced integrators [121] manipulate a smaller
set of degrees of freedom found via Galerkin dimension reduction to capture the main components
of the flow efficiently, at the cost of excessive vorticity smearing. Similarly, regular spatial grids
are often preferred due to their significantly lighter data structures and sparser stencils—yet, their
use conflicts with the proper treatment of boundary conditions over complex, non-grid-aligned do-
mains. While pressure projection with subgrid accuracy have been recently proposed on Cartesian
grids [44, 7], non-dissipative methods still require boundary-conforming meshes.

In this chapter, leveraging a novel spectral analysis of the DEC style vector field representa-

tion, we introduce a variational model-reduced Eulerian fluid solver with sub-grid accuracy which
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Figure 6.1 3D bunny buoyancy test: A hot cube of air initially located at the center of a 3D bunny-
shaped domain is advected through buoyancy. Computations were performed using a modified
Hodge star on a 42 x 42 x 32 grid, with only 100 modes.

bypasses the traditional numerical curses of Galerkin projected dynamics, while keeping the effi-
ciency of Cartesian grid-based simulation. Our contributions are numerical in nature. They do not
target improvements in visual complexity, but in efficiency (through embedding of arbitrary bound-
aries on Cartesian grids, §6.3.4), generality (arbitrary reduced bases can be employed, §6.3.6), and
controllability (energy cascading and viscosity are consistent across temporal and spatial scales,

§6.3.5).

6.1.1 Related work for model-reduction methods

While most Eulerian methods use a finite-dimensional description of the fluid using DOFs on cell
faces or centers, model reduction was introduced in an effort to approximate the fluid motion us-
ing only a small number of basis functions. The early days of computational fluid dynamics for
atmospheric simulation proposed to reduce complexity by discarding high frequencies through the

use of a low number of modes (typically, harmonics or spherical harmonics) to describe the vector
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field [122, 123], while pseudo-spectral methods leveraged fast conversion between modal coeffi-
cients and spatial representation via the Fast Fourier Transform for highly symmetric domains [124].
Dimensionality reduction was first introduced for fluid animation by Treuille et al. [121] through
Galerkin projection onto a reduced set of basis functions computed through principal component
analysis of a training set of fluid motions. Their method was demonstrated on regular grids, but is
generalizable to tetrahedral meshes. A number of works followed, proposing the use of different
bases such as Legendre polynomials [125], trigonometric functions [126], or even non-polynomial
Galerkin projection [127]; eventually, Laplacian eigenvectors were pointed out by [9] to be partic-
ularly appropriate harmonics as they guarantee divergence free flows and facilitate the conversion
between vorticity and velocity, while offering a sparse advection operator for symmetric domains.
These eigenfunctions also allow easy implementation of viscosity, and eliminate the need for train-
ing sets of velocity fields. For simulations involving moving solids, model reduction can also be
conducted on amoving grid [128]. The use of cubature, initially proposed to achieve model-reduced
simulation of elastic models [129, 130, 131], can speed up re-simulation of fluids in a reduced sub-
space as well [132]. However, the gain in efficiency of all such model-reduced simulations is often
counterbalanced by (at times severe) energy or vorticity dissipation and the need for unstructured

meshes to capture complex boundaries.

6.2 Recap of Variational Eulerian Integration

In order to provide fluid simulations with stable long-term behavior across different space or time
resolutions, Pavlov et al. [50] introduced a variational integrator for fluids in Eulerian representation
by discretizing the fluid motion as a Lie group acting on the space of functions, and formulating
the kinetic energy on its Lie algebra. The motion of an incompressible, inviscid fluid is described
in the continuous setting by a volume-preserving flow ¢, i.e., a particle which is at a point p at
time ¢ = 0 will be found at ¢;(p) after being advected by the flow. The set of all such possible

flows is given by the set of volume-preserving maps ¢; from the domain to itself. This set having
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the structure of an infinite-dimensional Lie group, it was discretized into a finite-dimensional Lie
group for computational purposes. Moving from a Lie group to the associated Lie algebra connects
the Lie group viewpoint of flows and “functional maps” [47] to the Lie algebra viewpoint of vector

fields, as we now briefly review.

foo"

Figure 6.2 Functional map representation of the fluid flow. We discretize a continuous function
f(x) on our space by taking an average (integrated) value f; per grid cell i of the mesh, which we
arrange in a vector f. This definition of discrete functions allows us to discretize the set of possible
flows ¢; using a functional map (or Koopman operator) (f o ¢, Nx)=f (& Lx)).

6.2.1 Discretization process

We assume that the fluid domain is discretized as a mesh. Without loss of generality, we restrict
our discussion to regular grids for simplicity, as we will show in Sec 6.3.4 how to embed arbitrary
domains into a Cartesian grid. In Fig. 6.2 the functional map can be encoded as a matrix ¢ of size
the square of the number of cells, representing the action of ¢; on any discrete function; that is, the
integrated values f of f per cell become ¢f once f is advected by the flow ¢. Because the discrete
flow acts as a functional map, it should always take the constant function to itself. That is, for all
q, we require that g1 =1, where 1 is a vector of ones (see [50] for the equivalent condition on an
arbitrary mesh). This is the same as saying that the row sums of ¢ are equal to 1, i.e., q is signed
stochastic. Since we are simulating an incompressible fluid, we also require that the discrete flow

be volume-preserving. This condition is achieved by asking that the discrete flow preserves the
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inner product of vectors, that is, ¢ is orthogonal, i.e., ¢' = q_l. Thus, we find that we need to take
q to be an element of the Lie group G of orthogonal, signed stochastic matrices. This matrix group

represents our discrete fluid configuration, as we describe next.

6.2.2 The Eulerian Lie algebra viewpoint

We can view the finite-dimensional Lie group G as a configuration space: it encodes the space
of possible “positions” for the discrete fluid, in that each element of the Lie group represents a
possible way that the fluid could have evolved from its initial position. This Lie group represents a
Lagrangian perspective as it identifies the fluid particles in a given cell by recording which cells they
originally came from. The associated Eulerian perspective is given by the Lie algebra g of matrices
of the form ¢ o ¢! for g€ G. It was shown in [50] that any matrix A € g of this Lie algebra is both
antisymmetric (A! = —A) and row-null (A1 = 0), and corresponds to a discrete counterpart of the
Lie derivative L, with respect to the continuous velocity field v = ¢ o ¢~ L. Thus, the product Af
of such a matrix with a discrete function f approximates the continuous term v - Vf. Furthermore,
if cells ¢ and j are nearest neighbors, then the matrix element A;; represents the flux of the fluid
through the face shared by cells ¢ and j. Thus, an element of the Lie algebra g of GG is directly linked

to the usual flux-based (Marker And Cell) discretization of vector field in fluid simulators [133].

6.2.3 Non-holonomic constraint

Whilst the elements A;; for A € g have a clear physical interpretation in the case where i and j are
nearest neighbors, this is not the case for elements representing interactions between cells that are
not immediate neighbors. Similarly to a CFL condition, we prohibit fluid particles from skipping
to non-neighboring cells, by restricting the Lie algebra to the constrained set S, the set of matrices
A such that A;; =0 unless cells ¢ and j share a face (or an edge in 2D). We require the elements
of g that we use to represent the fluid velocity fields to fall into this constrained set. This has the

additional advantage of making the matrices sparse, dramatically decreasing the amount of memory
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required and the computational time, as much fewer degrees of freedom need to be updated—and
now, the traditional MAC discretization with fluxes corresponds exactly to a Lie algebra element in
this constrained set.

Constraining the matrices in this way requires a non-holonomic constraint, because the set S is
not closed under the Lie bracket. That is, interactions between nearest neighbors followed by further
interactions between nearest neighbors produce interactions between cells that are two-away from

each other, which are therefore not inside the constrained set S.

6.2.4 Creating a variational numerical method

Using this discretization, one can create a variational numerical method for ideal, incompressible

fluids through the Euler-Poincaré equations [10] for the Lagrangian given by
1 1
Lruer = 5 (A, A) = - /UQ dz, (6.1)

and subject to the non-holonomic constraint A € S. The resulting numerical method exhibits no
numerical dissipation, and produces good qualitative behavior over long timescales. Changing the
time integration scheme to be time reversible leads to exact energy preservation [40]. With control
over dissipation and robustness to time step and grid size, this computational tool greatly facilitates
the design of fluid animation. Note that this variational integrator also guarantees that the relabeling
symmetry implies a discrete version of Kelvin’s circulation theorem, i.e., circulation of velocity field
(represented as a Lie algebra element) along a closed loop (represented as a 1-cycle [50]) transported
along the fluid flow is invariant, which helps keep the vivid details of vorticity in the fluid simulation
without resorting to additional energy-injecting measures such as vorticity confinement, as shown
in [19, 40]. However, the time integration requires a quadratic solve based on all the fluxes in the

domain, making it inappropriate for realtime simulation.
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6.3 Model-reduced Variational Integrator

We present an integrator which extends the approach of [50], using a different functional-map Lie
group, similarly interlinked with an Eulerian velocity-based Lie algebra picture. Our method offers
the additional advantage of fast computations on arbitrary domains: we use reduced coordinates to
encode the most significant components of the spatial scalar and vector fields, and perform subgrid
accurate precomputations on simple regular grids. We will focus on Euler equations first, before

discussing variants such as Navier-Stokes and magnetohydrodynamics (MHD).

6.3.1 Spectral bases

We first define the discrete, reduced scalar and velocity fields on which our functional map Lie
group will act. Extending what was advocated in [9], we use the orthonormal bases for 2-forms and
3-forms given by the eigenfunctions of the deRham-Laplacian operators on an arbitrary discrete
mesh M. These are calculated using the discrete operators of Discrete Exterior Calculus [134, 65],
allowing us to leverage the large literature on their implementation and structure-preserving prop-
erties. From this small set of basis functions, we efficiently encode through reduced coordinates
the full-space fields typically used in the MAC scheme, i.e., fluxes through cell boundaries (dis-
crete 2-forms) to represent velocity fields, and densities integrated in each cell (discrete 3-forms)
to represent scalar fields (such as smoke density or geostrophic momentum in rotating stratified

flow [135]).

Choice of bases. We denote the i-th eigenfunction of the 3-form Laplacian Ag as ®;, with asso-
ciated eigenvalue — u%,

qu)i = —,u2(I>Z-.

]

The eigenfunctions corresponding to the Ms+1 smallest j1; can be assembled into a low-frequency

basis

{20, ... Ppsg -
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Note that depending on the boundary condition, ;. =0 may correspond to more than one harmonic
function; but these remain stationary when advected by divergence-free velocity fields with zero
flux across the boundary, and are thus omitted in our discussion.
Similarly, we denote the i-th eigenfunction of the 2-form Laplacian A9 as ¥, with its associated
2

eigenvalue —k;:

AQ\I/Z' = —HZZ\I’Z'.
We also assemble the first M5 eigenvector fields (corresponding to the M9 smallest x;) into a finite

dimensional low-frequency basis,
{Wy, ...\IIMQ}.

Some of the 2-form eigenfunctions are not divergence-free, and these eigenfunctions can be iden-

tified as gradient fields, V®; /u; (see §C.1). Thus, we can reorder the eigenfunctions of Ay into

V(I)l V(I)MS
{hlv-'-ahﬂ1> i LAY //JMS 7\1115-"\IJM0}7

where h; are harmonic 2-forms (corresponding to frequency x; = 0) with 31 being the first Betti
number determined by the topology of the domain (basically, the number of tunnels plus the number
of connected components of the boundary minus one), and M~ = Mo—M3—f1 denoting the number

of non-harmonic but divergence-free basis functions.

Discretization. Computing our spectral bases requires a proper discretization of the Laplacian
operators and of boundary conditions. Both topics are well studied, and many implementations
can be leveraged [57, 136]. In particular, we note that discrete Laplacians are typically integrated
Laplacians, meaning that the two eigenvalue problems mentioned above are discretized as two gen-

eralized eigenvalue problems
(x3A3)P;=—pF %3 B; and  (x2l9)W;=—k7 %2 U;

respectively, to make the discrete operators symmetric and thus allow for efficient numerical solvers.

We provide a detailed guide to discretization on arbitrary unstructured meshes in §C.1 to explicate
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how to enforce no-transfer and free-slip conditions (corresponding, respectively, to vp|g4=0 and
vt /On [gaq = 0 if the continuous velocity field is decomposed at the boundary into its normal
and tangential components, v = v, +v¢). Note that only two operators are required: the exterior
derivative d and the Hodge star x. The first operator is purely topological, while the second is just
a scaling operation per edge, face, and cell. Moreover, we will see in §6.3.4 that this latter operator
can be trivially modified to handle arbitrary fluid domains without having to use anything else but
aregular grid. From these two operators, both Laplacians are easily assembled, and low-frequency

eigenfields are found via Lanczos iterations.

6.3.2 Spectral Lie group

While earlier methods [50, 10] have defined scalar fields using a spatial representation through
linear combinations of locally-supported piecewise-constant basis functions, we use a spectral rep-
resentation through linear combinations of the aforementioned spectral basis functions ®;, allowing
us to drastically reduce the number of degrees of freedom the integrator will have to update, while

still conforming to the shape of the domain (see Fig. 6.3).

Lie group. We encode the fluid motion through a time-varying Lie group element ¢(t) that rep-
resents a functional map induced by the fluid flow ¢;, mapping a function f(x) = >, f;®;(x)
linearly to another function g(x) =", g;®;(x) such that g(x) = f o ! (x). As the function space
is approximated by a finite dimensional space spanned by low-frequency basis functions, ¢ can be
encoded by a (M3+1) x (M3+1) matrix. The volume-preserving property of the flow still implies
the orthogonality of the matrix, i.e, ¢'q =Id. So we are looking for a subgroup of O(M3+1), or,
more accurately, of SO(Ms—+1), since we wish to describe gradual changes from the identity. The
condition that constant functions are mapped to themselves in this low-frequency Lie group be-
comes ¢o; = dp; and g;o = d;0, where 0;; is the Kronecker symbol, since 0-th frequency represents
the constant function. This effectively removes one dimension, and the Lie group that we are using

is thus isomorphic to SO(Ms). This is much smaller than the full Lie group used for the spatial
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Figure 6.3 Effect of shape on spectral bases: The Laplacian eigenvectors depends heavily on the
domain €2. Here, rectangle (top) vs. ellipse (bottom) domains (both computed on 2D rectangular
grid of size 602) exhibit very different eigenvectors W1y and ®1(.

representation [50] which had a dimension proportional to the square of the number of cells of the

mesh—a potential reduction of several orders of magnitude.

Lie algebra. We identify each velocity eigenfunction ¥,,, with an element of the Lie algebra of
the above Lie group as follows. We take the Lie derivative along the velocity field ¥, of a scalar
eigenfunction @, then we project the resulting scalar field onto another scalar eigenfunction @,

producing a matrix A, for each velocity eigenfunction ¥, with entries

Amij = /M ®;(Vy, - VD). (6.2)

Computing A;;, amounts to turning a 3-form into a dual O-form first with %3, and then carrying
out the integral in the (diamond) volume spanned by each face and its dual edge: this way, the
differential of the dual 0-form from @ is multiplied by the 2-form W;;, on the face and the average
dual O-form from ®; on the face. Notice that we have (A,,, A;,) =,y by construction thanks to

the basis of W being orthonormal. As in the non-spectral case, the divergence-free condition leads
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to the antisymmetry of these matrices since

Am,ij“‘Am,ji :/ Wy - V((I)iq)j) = —/ <I>Z-<I>jv -0, = 0.
M M
This is expected, since the Lie algebra so(Msg) of SO(Ms3) contains only antisymmetric matri-

ces. The Lie algebra has a Lie bracket operator, which is given by the usual matrix commutator

[Ama An] :AmAn - AnAm-

Non-holonomic constraint. Just like in [50], not every element of the Lie algebra so(M3) will
correspond to a fluid velocity spanned by the eigenfunctions W;,. We force the dynamics on the
Lie algebra to remain within the domain of physically-sensible elements using the following non-
holonomic constraint, which keeps the velocity within the space spanned by the lowest frequency

M+ B divergence-free 2-form basis fields:
Mg+5q

A= > v 4 (6.3)
1=1
where v; is a coefficient for A; representing the modal amplitude of frequency x;. This linear

condition can thus be seen as an intuitive extension of the one-away spatial constraint on Lie algebra

elements used in [50] that we mentioned in §6.2.3.

6.3.3 Spectral variational integrator

The Lagrangian of the fluid motion (i.e., its kinetic energy in the case of Euler fluids) can be written
as Lpyer = %(A(t), A(t)) as we reviewed in §6.2.4. Thus, the equation of motion can be derived

from Hamilton’s (least action) principle

/ (A(t), 5 A)dt = 0, (6.4)
where 6A =0 (QQfl) is the variation of A induced by variation of ¢. If we denote B = dgq 1,

1

one has 64 =d4q 1t — g~ 18qq L. Since B=084q 1 —dqq 1gq1, we find that 6 A4 is induced by

variations of ¢ only if it satisfies Lin’s constraints [10]:

6A = B+ [B, Al (6.5)
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where B=) . b; A; is an arbitrary element of the Lie algebra with coordinates {b;}; in the 2-form

basis. Substituting Eq. (6.5) into Eq. (6.4), we then have

:/(A,cSA) dt
:/Zvibk AiaAk —|—Z Uivjbk <AZ',[A]€,AJ']> dt
i,J,k
/Z( 05 AhAk +sz Za[AkvAj]>) bkdt'

]
Since this last equation must be valid for any b;., the update rule for the velocity field has to be:

U = sz (A;, Ay = ZUZUJ i Ak,A ]> = VtCkV, (6.6)
7

where v is the column vector storing the coefficients v; of the discrete velocity A (Eq. (6.3)), and

C}. is the square matrix with
Criij = (Ais [Ar, Aj]) = /M(VX%’) (P x y). (6.7)

Note that this velocity update do not even require the scalar (3-form) bases used in the definition
of the Lie group; however, these bases become important in more general simulations, including

magnetohydrodynamics and rotating stratified flows.

Time integrator. The continuous-time update in Eq. (6.6) is then discretized via either a midpoint
rule (which will lead to an energy-preserving model-reduced variant of [40]) or a trapezoidal rule
(which corresponds to a model-reduced variant of the variational method of [50]). Specifically, the

midpoint rule is implemented as

k:+ Uk_hzcklj 9 9 )
i,J

t+h vt + Ut-i—h
(6.8)

t+h on both sides of the above

The energy preservation can be easily verified by multiplying v’ U
equation, summing over k, and invoking the property of coefficients C, ;; = —C/ ;.. The trape-

zoidal rule can, instead, be implemented as

v?”h Z Ch.ij v ’U + vt+hv§+h), (6.9)
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which is derived from a temporal discretization of the action with variation of (& q)q_1 for g along
the path to be in the restricted Lie algebra set (to enforce Lin constraints), see App. C.4. Both
the energy-preserving and trapezoidal variational rules are time-reversible implicit methods solved
through a simple quadratic set of equations with a small number of variables. An explicit forward
Euler integration can also be used for small time steps in order to further reduce computational

complexity; no guarantee of good behavior over long periods of time is available in this case.

Discussion. Our structural coefficients C;. (which can be precomputed once the spectral bases
are found) are similar to the advection terms mentioned in [9]. However, there are some impor-
tant differences. Although both expressions converge to the same continuous limit, our variational
approach produces coefficients that are exactly antisymmetric in 7 and k as the Lie bracket is anti-
symmetric, making our method energy-preserving without the artifact-prone energy renormaliza-
tion step advocated in their work. We also note that the symmetry mentioned in their discretization
(specifically, K?Ck’ij = —/{?C’h jz') is, in fact, only valid in 2D as we explain in §C.2. Moreover,
our variational integrator also admits a spectral version of Kelvin’s theorem as detailed in §C.3. Fi-
nally, our approach is quite different from Azencot et al. [47] even though they, too, use an operator
representation of vector fields. Because they explicitly leverage the scalar nature of vorticity in 2D,
their work cannot be generalized to 3D. Additionally, their representation of vector (resp., vorticity)
fields relies on spatial, piecewise-linear (resp., piecewise constant) basis functions instead of using

a reduced set of basis functions.

6.3.4 Embedding complex domains on Cartesian grids

Unstructured meshes can be made to conform to arbitrary domains, and the construction of Lapla-
cians on simplicial meshes is well documented (see §C.1). Therefore, one could use our approach
on simplicial meshes directly (see Fig. 6.4 for an example on a non-flat triangle mesh). However,
Cartesian (regular) grids always generate much simpler data structures and sparser stencils for the

structural coeflicients, so sticking to Cartesian grids is key when efficiency is paramount. Yet,
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Figure 6.4 Curved domain: While all other figures were achieved on a regular grid, our approach
applies to arbitrary domains, here on the surface of a triangulated domain; a simple laminar flow
with initial horizontal velocity smoothly varying along the vertical direction quickly develops vor-
tical structures on this complex surface.

model-reduced fluid methods cannot easily deal with complex domains using only a regular grid to
embed it in.

We propose a simple extension of [7] to compute k-form Laplacians of an arbitrary domain, still
using a regular grid. This renders the implementation of Laplacians and their boundary conditions
quite trivial, and removes the arduous task of tetrahedralizing arbitrary domains. This idea was
introduced in [44] for their pressure-based projection, and a simple alteration proposed by [7] made
the approach robust and convergent. We leverage this latter work by noticing that the modification

of the Laplacian A3 that they proposed amounts to a local change to the Hodge star operator *o.

- .

=
S
~.
S
~.

Figure 6.5 Hodge stars adjusted to the boundary. The domain €2 is defined implicitly by a func-
tion x via Q= {x| x(x)>0}.

Recall that the diagonal Hodge stars on a mesh M are all expressed using local ratios of mea-
surements (edge lengths, face areas, cell volumes) on both the primal elements of M and its dual

elements [134]. The changes to the Laplacian operator Ag that Ng et al. [7] introduced can be
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reexpressed by an alteration of the Hodge star xo where each primal area measurement only counts
the part of the primal face that is inside €2, but dual edge lengths are kept unchanged. We extend
this simple observation (which amounts to a local, numerical homogenization to capture sub-grid
resolution) by computing modified Hodge stars %1, x9, and *3 where only the parts of the primal
elements (partial lengths, areas, or volumes) that are within the domain €2 are counted (see Fig. 6.5).
Note that changing directly the Hodge stars does not affect the symmetry and positive-definiteness

of the Laplacians, and thus incurs no additional cost for our method.
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Figure 6.6 Comparision of the generated eigenvector fields on a coarse grid. The left figure is
generated through a voxelized approximation of the boundary(red) while the right figure is by our
Hodge modification(blue).

This straightforward extension allows us to compute our spectral bases on regular grid for ar-
bitrary domains 2 as illustrated in the Fig. 6.6 and in Fig. 6.7 for a basis element of vector fields.
We also show the behavior of this Hodge star modification under refinement of the regular grid for
a given continuous elliptic domain 2, resulting in very good approximations of the eigenvectors.
Note that the Hodge star operators may involve division by small denominators. A simple and typ-
ical thresholding of numbers below the average precision of the floating point representation (i.e.,
le-8) to avoid division by zero is enough, and the eigenfunctions with our specific tangential and
normal boundary conditions are computed without any extra preprocessing. In fact, large values
of the Hodge stars act as penalty: if a small fraction of the face is inside the domain, then only an

accordingly-small flux is allowed.
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6.3.5 Variants and extensions

Our approach has been limited to Euler equations so far. However, the use of spectral basis func-
tions, the ability to deal with arbitrary domains on a regular grid, and the functional-map nature
of the discretization makes for a very versatile framework in which extensions to the Euler fluid
model can be easily incorporated. In all cases, the pseudocode remains identical, as outlined in

Algorithm 1.

Algorithm 1 Model-reduced variational integrator

1: Construct 2-form spectral basis with selected frequencies

2: if scalar fields needed then

3:  Construct 3-form basis with same selected frequencies

4: end if

5: Construct structural coefficients Cy, ;; with Eq. (6.7)

6: Initialize simulation

7: for each time step do

8:  Time integration through explicit update or Eq. (6.8)/Eq. (6.9)
9:  If needed, perform scalar advection in current velocity field

10: end for

Viscosity. While the ability to remove spurious energy dissipation is important for the consistency
of anumerical integrator with respect to time step size, real fluids exhibit viscosity. Adding viscosity
is easily achieved: it corresponds to a dissipation of modal amplitudes by a factor of n? since
the vector-valued Laplacian is a diagonal matrix in the spectral domain as already leveraged in,

e.g., [137]. Thus each modal magnitude v; evolves as

S 2
U = —VK;;
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Figure 6.7 Domain-altered Hodge stars: Our framework can generate vector bases satisfying pre-

scribed boundary condition for arbitrary domains embedded in a Cartesian grid. Hedge-hog vi-

on a 2562 grid for three different 2D domain shapes, obtained through a simple

alteration of the Hodge star = operator.
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Figure 6.8 Convergence of Laplacians: Our discretization of the two Laplacians creates (vector

and scalar) eigenfields

that converge under refinement of the regular grid used to compute them,
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Magnetohydrodynamics (MHD). The equations for ideal, incompressible MHD are easily ex-

pressed as a modification of the Euler equations. The Lagrangian of MHD is

1 1
£MHD = §<V,V> — §<F,F>

in appropriate units [10], where F is the magnetic field which is advected by the velocity field
v. As both v and F are divergence-free, they can be discretized with our divergence-free spectral
bases. With such discrete velocity and magnetic fields, the update rule in time to simulate the MHD

equations closely resembles the Euler fluid case:
. = viCpv — FICLF
Uk k kL

Fy = Zij Fiv;iCj i
where the second equation performs the advection of F' (encoded in our spectral 2-form basis) in the
current velocity v. Itis easy to verify that the cross helicity [ mV-F= >; vi Fj is exactly preserved
in our integrator as it is in the continuous world—a numerical property rarely satisfied in existing
integrators [10]. The cross helicity is related to the topological linking of the magnetic field and
the fluid vorticity. Thus, its preservation prevents spurious changes in the topology of the magnetic
field lines over the course of a simulation. This extension to MHD can also be applied to a series
of other Euler-Poincaré equations with advected parameters, modeling nematic liquid crystal flows
and microstretch continua among others [10]. Note that buoyancy and density fields can be handled
in a similar fashion, whether they are coupled with the dynamics or passively advected; they just
need to be smooth enough to be captured by low frequencies. Our framework can therefore be used

for, e.g., atmospheric simulations as well [135].

Subgrid scale modeling. Direct numerical solvers using Navier Stokes equation require high
resolutions to resolve the correct coupling of large and small scale structures. Instead, subgrid
scale modeling requires much fewer degrees of freedom to capture the correct large-scale struc-

tures by simulating the main effects of the small subgrid scale structures without actually resolving
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them. Among the many models that match empirical data well, the LANS-a model (Lagrangian-
Averaged-Navier-Stokes, see [8]) advects the velocity in a filtered velocity to better capture the
correct energy cascading. Since filtering is achieved through a Laplacian-based Helmholtz oper-
ator, we can also use our spectral approach to simulate this model with ease. The kinetic energy

(i.e., Lagrangian) is now defined as

1 a?
L -Euler = / §V2 + 7|VV’2-
M

In our spectral bases, the c-model amounts to adding kinetic energy terms scaled by FJZZ for the
modal amplitudes v;. Hamilton’s principle for the modified Lagrangian leads to essentially the same
update rule as Navier-Stokes’, except that the structural coefficients are replaced by (1 +a2/i22)0k7,’ -
Note that this modification keeps the antisymmetry in j and k intact, and is therefore a trivial

alteration of the basic scheme.

Kolmogorov's law

LANS-OL

Navier-Stokes

Wave number k 10

Figure 6.9 Spectral energy distribution: With forcing terms keeping the low wave number am-
plitudes fixed [8], our 3D reduced model applied to the LANS-a model of turbulence produces an
average spectral energy distribution (blue) much closer to the expected Kolmogorov distribution
(black) than with the usual Navier-Stokes equations (red).

Moving obstacles and external forces. For moving obstacles, instead of calculating additional
boundary bases as in [121], we instead follow the simpler solution proposed in [9]: the difference

in the normal component of the velocity on the boundary is projected onto the velocity basis and
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Figure 6.10 Smoke rising. Using only 230 modes (about 0.003% of the full spectrum simulation),
both [9]’s (left) and our approach already exhibit the expected volutes for a buoyancy-driven flow
over a sphere.

subtracted from v, resulting in a low-frequency field roughly satisfying the boundary condition.
For any external forces, e.g., buoyancy forces, their effects on the time derivative of the modal

amplitude v; of the i-th frequency are simply calculated by their projection onto ;. The results are

visually correct even on complex shapes, and with minimal computational overhead (see Fig. 6.14).

6.3.6 Generalization to other bases

While we provided detail on the construction of a variational model-reduced integrator for fluid
simulation using Laplace eigenvectors, one can easily adapt our approach to arbitrary basis func-
tions, even those extracted from a training set of fluid motions. Suppose that we are given a set
of scalar basis elements ®; (orthonormalized through the Gram-Schmidt procedure) and a set of
velocity basis elements W;. The Lie derivative matrix A will still be antisymmetric as long as ¥;’s
are divergence-free. This means that one can use existing finite element basis functions instead of
our Laplace eigenvectors—or even wavelet bases of H(div, 2) (see, e.g., [138]) if spatially local-
ized basis functions are sought after to get a sparser advection. The key to the numerical benefits
of our variational approach is to ensure the anti-commutativity of the Lie bracket in the evaluation

of (A;,[A;, Ag]) (Eq. (6.7)) and the advection of other fields by the exponential map (or approxi-
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Figure 6.11 Robustness to resolution: With the homogenized boundary condition on grids of reso-
lution 402 (blue), 802 (green), and 1602 (red), no staircase artifacts are observed, and the simulation
results are consistent across resolutions.

mations thereof, see App. C.4) of the matrix representing the Lie derivative as done in MHD and
complex fluids [10]. In a way, the original non-spectral variational integrators can be seen as a
special case of our framework where Whitney basis functions are used. However, viscosity can no
longer be handled as easily in this case as the Laplacian is not diagonal in general bases. Moreover,
the required number of degrees of freedom to produce smooth flows may end up being high if the

bases are arbitrary.

6.4 Results

Our results were generated on an Intel i7 laptop with 12GB RAM, and visualized using our own

particle-tracing and rendering tools.

Reduced vs. full simulation. In order to check the validity of our reduced approach, we performed
a stress test in a periodic 2D domain to visualize how the increase in the number of bases used in
our spectral integrator impacts the simulation over time. We selected a band-limited initial velocity
field at time ¢ = 0 that only contains non-zero components for the first 120 frequencies. We then
advected the fluid using our integrator, with fluid markers initially set as two colored disks near the

center. Because of the propensity of vorticity to go to higher scales, our reduced approach does
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not lead to the exact same position of the fluid markers after 12s of simulation if one uses only 120
bases. However, as the number of bases increases to 300 or 500, the simulation quickly captures
the same dynamical behavior as a full variational integrator with 2562 degrees of freedom, see
Fig. 6.12. We demonstrate in the accompanying video that our variational integrator also captures
the proper qualitative behavior of two merging vortices in contrast to the result using [9] which,

instead, generates several vortices (see supplementary video).

Figure 6.12 Convergence of simulation: A flow in a periodic domain is initialized with a band-
limited velocity fields with 120 wave number vectors. Fluid markers (forming a blue and red circle)
are added for visualization. After 12s of simulation, the results of our reduced approach (left: 120,
middle: 300 modes) vs. the full 2562 dynamics (right) are qualitatively similar.

Arbitrary domains. We also show in Figs. 6.3, 6.7, and 6.11 (2D) and Figs. 1.6, 6.1, 6.10, 6.17,
and 6.14 (3D) that the use of boundary conditions embedded on regular grids leads to the expected
visual behavior near domain boundaries, eliminating the staircase artifacts of traditional immersed-
grid methods. Our homogenized boundary treatment obtains results similar to those of unstructured
meshes while using only calculations that are directly performed on regular grids—thus requiring
significantly simpler, smaller, and more efficient data structures. As shown in Fig. 6.13, our basis
fields converge with second order accuracy, much faster than the boundary condition in [44] (the
latter may, in fact, not even converge in some cases as discussed in [7]). Moreover, we also extended
this approach not just to scalar field, but vector fields. Our fluid dynamics is also consistent across
a wide range of temporal and spatial discretizations, see Fig. 6.11. In addition, the regular grid

structure also simplifies the interaction with immersed solid objects as demonstrated in Fig. 6.17
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Figure 6.13 Log(error)-log(resolution) plot for eigenvectors tested on a unit disk.

through a flow induced by a scripted car turning around a corner; interactive fluid stirring by a
paddle manipulated by the user is also easily achieved as shown in Fig. 6.14. We also show in
Fig. 6.10 that our method can handle the typical test case of smoke plume past a sphere even at
low resolution, and we can incorporate both free-slip or no-slip boundary conditions. Finally, our
spectral integrator can be carried out in the same fashion on curved domains as well, since the
eigenvectors of the Laplace(-Beltrami) operator are no more difficult to compute on a triangulated

surface; Fig. 6.4 shows a simple laminar flow on the surface of the bunny model.

Advanced fluid models. We also extended our method to the LANS-« turbulence model to better
capture the spectral energy distribution with a small number of modes. On a 3D regular grid, we
performed a simulation as described in [8] by holding the low wave number components v; fixed

for |k;| < 2 to act as a forcing term, and running the simulation until ¢ = 100. We then extracted
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the average spectral energy distribution present between ¢ = 33 to t = 100. We show in Fig. 6.9
that the Kolmogorov “—5/3 law” is much better captured than with the usual Navier-Stokes model,
even for the low number of modes used in our spectral context: the a-model produces a decay
rate at high wave numbers much steeper than a Navier-Stokes simulation, allowing us to cut off the
higher frequencies at a lower threshold without significant deviation from the spectral distribution.
This indicates that our approach consisting in a simple scaling of the structural coefficients helps
improving fluid simulation on coarse grids.

We also implemented our extension to MHD, and found the expected preservation of cross-
helicity and energy. For comparison purposes (see, e.g., [10]), we visualize our results of the typical
rotor test with 100 modes in Fig. 6.18. We finally show in Figs. 6.1 and 6.10 that buoyancy forces are
also easy to incorporate by adding an upwards force proportional to the local smoke temperature;
the curl of this external force is projected onto the 1-form basis functions, and used to update the

vorticity.

Computational efficiency. Our use of model reduction via Laplacian eigenbases provides a sig-
nificantly more efficient alternative to full simulators, obviously. Due to our variational treatment
of time integration, we also prevent many shortcomings of the previous reduced models as we en-
sure consistency of the results over a large spectrum of spatial and temporal discretization rates,
and maintain a qualitatively correct behavior even on coarse grids. The efficiency gain compared to
the full variational simulation is apparent, be it in 2D, curved 2D, or 3D. For instance, a full-blown
1282 grid takes around 50s for the variational integrator to update one step (through a Newton
solver) in a typical simulation using the trapezoidal rule update, while a 50-mode (resp., 100-mode
and 200-mode) simulation with our integrator takes only 0.098s (resp., 0.65s and 2.0s) for complex
boundaries (i.e., with dense structural coeflicients), and 0.026s (resp., 0.070s, 0.28s) for simple box
domains (with sparse coefficients). Our Newton solver normally converges in a couple of iterations
depending on the time step size (which determines the quality of the initial guess); for instance, the

average in our 3D bunny buoyancy test in Fig. 6.1 is below 3 iterations.
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Figure 6.14 Interactivity: We can also use the analytic expressions for U, and C} ;; in a periodic
3D domain to handle a large number of modes directly. The explicit update rule exhibits no artificial
damping of the energy as expected, but offers realtime flows.

Selection of frequencies. Depending on how many modes the user is willing to discard (and re-
place by wavelet noise or dynamical texture for efficiency), the computational gains can be in the
order of several orders of magnitude, and this allows us to simulate flows at interactive or realtime
rates (see Fig. 6.17, or Fig. 6.14 for an example with a periodic 3D domain where we can compute
the eigenbases in closed form). Note however that our model-reduced integrator suffers from the
usual limitation of model reduction: the complexity is actually growing quadratically (resp., cubi-
cally) with the number of modes for sparse (resp., dense) structural coefficients. So our integrator
is numerically efficient only for relatively low mode counts. However, this is exactly the regime for
which one can achieve significant computational savings for very little visual degradation. Similar
to [9], we also found that, when using very few low frequencies leads to unappealing simulations,
adding a few high frequencies (and thus, skipping a large amount of medium frequencies) is enough
to render an animation realistic: our integrator can use such a tailored frequency range seamlessly,
and the non-linear exchange between low and high frequencies is enough to create much more com-
plex patterns that respect the expected motion of the flow, see Fig. 6.15. Fig 6.10 was also done in
this manner: the first 115 modes were used, the next 400 modes were skipped, and we added the
next 115 modes to add small scale effects. The use of subgrid scale modeling explained in §6.3.5
is yet another way to make sure that the higher frequencies are properly dealt with and provide a

good, visually correct approximation to the fluid equations.
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Figure 6.15 Frequency shaping: For the same setup as Fig. 6.1, using only the lowest 10 eigen-
basis functions for vector fields leads to a very limited motion. However, adding another 10 basis
functions of high frequencies creates a much more detailed animation at very little cost, instead of
using all the frequencies from low to high.

Time stepping. Finally, an important feature of our model-reduced approach is its ability to han-
dle both explicit and implicit integration. Implicit integration, using the midpoint rule (Eq. (6.8)) or
the trapezoidal rule (Eq. (6.9)), come with good numerical guarantees due to the time reversibility.
However, explicit integration is also very convenient as it further reduces the time complexity of the

simulation. Nevertheless, an explicit integration has very little theoretical guarantees, and should

only be used with care.

Quantitative experiments. One way to evaluate a reduced model of fluids is to measure the
evolution in time of the error of the velocity field compared to a full-spectrum (spatial) simulation.
Using the exact same Laplacian eigenvectors representing only 0.003% of the modes for the 3D
simulation of the rising smoke in Fig. 6.10, both our structural coefficients and [9]’s provide a
slowly increasing error as shown in Fig. 6.16 (top), with ours showing an improvement of around
20%; the Lo shows a more pronounced improvement as well. The same experiment in 2D for

2 vortices exhibits the same trend (Fig. 6.16, bottom), with a more pronounced difference given
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that our approach leads to the two vortices merging as in the ground truth simulation, while [9]’s

generates multiple vortices (see supplementary video).
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Figure 6.16 Relative errors. Relative Lo (left) and L, errors measured with respect to a full-
spectrum (spatial) simulation are systematically improved with our structural coefficients compared
to [9], even if the same time integration is used to allow for a fair comparison. Top: errors for the
rising smoke example of Fig. 6.10; bottom: errors for two merging vortices (see video).

6.5 Conclusion

We have introduced spectral bases for scalar and vector fields on irregular shapes embedded in regu-
lar grids, together with the operators obtained through a simple and novel alteration to offer sub-grid
accuracy at no extra cost. Based on the spectral analysis, we introduce a variational integrator for
fluid simulation in reduced coordinates. By restricting the variations in Hamilton’s principle to a
low-dimensional space spanned by low-frequency divergence-free velocity fields, our method ex-

hibits the properties of variational integrators in capturing the qualitatively correct behavior of ideal
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Figure 6.17 Immersed moving objects. As the car makes a right turn, the low frequency motion
of the air displaced around it lifts the dead leaves. The velocity field above is visualized through
arrows.

incompressible fluids (such as Kelvin’s circulation and energy preservation) while greatly reducing

the computational cost. Finally, we demonstrated the versatility of our integrator by straightforward

extensions to moving boundary, magnetohydrodynamics, and turbulence models.

Discussion. Algorithmically, our method resembles all other model-reduced fluid methods. How-
ever, it offers a unified formulation of model-reduced fluid flows for arbitrary basis functions, and
provides structural coefficients without the artifacts of [9]. It only requires a regular grid to encode
arbitrary domains with the same convergence rate as [7], but also allows for the computation of
vorticity bases. DEC operators for the computation of Laplacians allow full control over boundary
conditions, for arbitrary topology; but any other discrete operators can easily be used instead. Our
nonlinear update rules enforce a discrete form of Kelvin’s theorem and time reversibility—and thus
energy preservation. They also offer robustness to time and space discretization rates, an impor-
tant feature when previewing results. One can also employ explicit integration to further reduce
computational complexity. Any application seeking low time complexity of fluid simulation will

benefit from our reduced space approach, in particular, real-time interactive simulation or tools for
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Figure 6.18 MHD rotor test: The rotor test for magnetohydrodynamics consists of a dense
rotating disk of fluid in an initially uniform magnetic field (left-right, top-middle: ¢ =
0.042,0.126,0.210, 0.336). Our spectral integrator captures the correct behavior (see full dynamics
in [10]) even with only 100 modes. Discrete energy (blue) and cross-helicity (red) are, as predicted,
preserved over time (bottom).

designing artist-driven coarse simulation. Even production-quality smoke or fluid animation may
be achieved without having recourse to a full resolution simulation through existing post-process
curl noise techniques. Moreover, our modified Hodge star can be used in a variety of geometry

processing applications where subgrid accuracy on coarse grids is desirable.
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CHAPTER 7

SUMMARY AND FUTURE WORK

In this thesis, we present innovative computational tools for vector fields and 2-tensor fields analyses

and their applications. Our main contributions are summarized as follows:

e We contributed a theoretical discrete framework for performing covariant derivative (Chap-
ter 4), which is essential to differential calculus on vector fields on triangle meshes and ex-
tending the theory of discrete exterior calculus to true vector field analysis. Our notion of
discrete connection also leads to a compatible discretization of other first-order derivative
operators of vector fields. The resulting computational framework can be applied to n-vector
field design, as well as providing the discrete operators numerically superior to previous dis-

cretization.

e Our vector field analysis tool is also used in a concrete application, example-based texture
synthesis with feature directions aligned to orientation fields (Chapter 3). Our framework
provides an intuitive and natural control of the singularities without the need for extra con-
straints. Spurious singularities are eliminated by incorporating the missing boundary terms
into the variational formulation, i.e, by minimizing the Dirichlet energy. Furthermore, we
proposed a GPU-friendly seamless synthesis compatible with the orientation field which may
contain discontinuity when treated as a vector field. A novel upside down mapping style is
introduced to enforce the seamless appearance once the discontinuity of the representative

vector field is detected.

e Extending coordinate-free representation to rank-2 tensors is achieved by the use of Berger-
Ebin decomposition (Chapter 5). We show that an arbitrary 2-tensor (symmetric or non-
symmetric) in a plane (or a constant curvature 2-manifold) can be orthogonally decom-

posed into antisymmetric, divergence-free, curl-free, trace-less, and harmonic parts, each of
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which admits coordinate-free representation. This representation facilitates a number of com-
putational tools, including 2-tensor induced covariant derivatives, Lie bracket, anisotropic
geodesic calculation. In addition to the practical computation, we believe our representation
and operators also provide stepping stones towards a full-blown tensor analysis on simplicial

meshes.

e Based on a novel spectral analysis for irregular domains embedded in a Cartesian grid, our
computational tool can also be used for incompressible fluid simulation through an innova-
tive model-reduced variational Eulerian integrator (Chapter 6). Our homogenized boundary
treatment obtains results similar to those of unstructured meshes and the staircase artifacts
of traditional immersed-grid methods are eliminated. Based on such treatment, the scalar
and vector valued eigenfunctions of the Laplacian operator can capture the detailed shape
without compromising efficiency. The eigenfunctions associated with low frequencies lead
to our model-reduced fluid simulator, which achieves realistic animations in significantly less
computational time without the numerical viscosity. Consequently, our integrator is robust
to coarse spatial and temporal resolutions, providing predictive preview for the final, high-

resolution run.

Our research on the vector and 2-tensor analyses and applications offers several directions for

future research:

e We have proposed a seamless method for example-based texture synthesis with feature di-
rections adapted for orientation fields. Due to its order-independence, such texture synthesis
can be parallelized and thus further accelerate the efficiency. It will be also interesting to ex-
plore the effects of combining trivial connection or metric-driven N-RoSy on surfaces with
arbitrary topology, generalize the parallel texture synthesis to N-RoSy fields, and implement

applications of the method to latent fingerprint enhancement.

e Our constructed smooth discrete connection is interpolated by linear Whitney forms. While
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we believe that various applications in geometry processing and even simulation would bene-
fit from a smoother approximation, higher-order connections that still fit our framework could
be derived from subdivision-based Whitney forms defined in [114] or from other higher-order
Whitney forms—as long as their integrals can be either evaluated in closed form or through
quadrature. Similarly, a high order construction for our intrinsic representation of 2-tensor
through the subdivision 1-form basis functions would also be interesting. Moreover, our en-
coding of arbitrary 2-tensors may also find other applications in the context of simulation:
the stress and strain tensors used in elasticity could be encoded with intrinsic values—instead
of using a piecewise-constant representation induced by the embedding of the triangle mesh

as typically done in finite-element methods.

One intriguing extension for our model-reduced fluid integrator is the use of reduced bases
with spatial locality, as our integrator is not restricted to any particular set of bases functions.
For instance, using wavelets for vorticity may offer optimal sparsity in the structural coeffi-
cients if we can address the challenge of adapting the frequency to the local feature size of the
domain. Improving scalability (through sparsity in structural coefficients or pseudo-spectral
methods) and better adaptivity to moving/deforming solid boundaries (through spatial lo-
cality) may then offer a wider applicability for model reduced methods. Another possible
extension is to incorporate free surface boundary conditions through our modified Hodge

star, combined with wavelet representations for the volume of fluid per cell.
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APPENDIX A

EXPLICIT EVALUATION OF OPERATORS BASED ON COVARIANT DERIVATIVE

In this appendix, we describe how one encodes our discrete operators for a vector field u as matrices

acting on the vector coordinates (uzl , u?)T ateach vertex v;. In this appendix, we adopt the following

shorthand notation for clarity: p=py, e,

42 GEEij, and Hzl(eeij’etijk)'

A.1 Divergence/curl for nVector Fields

When all the local frames in the neighborhood rotate by —a, the representation vector field v of
an n-vector field can be expressed in the new frame as v/ = exp(Jna)v. The covariant derivative
with respect to an arbitrary vector field w Vv = (Vv)w also changes expression as an n-vector
field, yielding:

exp(Jna)(Vv)w = (VV)w' = (VV) exp(Ja)w.

Applying Eq. 2.3 and noting F exp(Ja) = exp(—Ja)F,

Vv’ = exp(Jna)(Vv)exp(—Ja)

= % exp(Jna)(dv + FOv) exp(—Ja)

= %exp(J(n — 1Da)ov + %exp(J(n +1)a)Fov.

Thus Ov transforms as an (n— 1)-vector field, while Ov transforms as an (n+1)-vector field.

A.2 Edge-based Operators

Our discrete operators are each represented as a | F'| x 2|V| matrix, assembled based on the con-

tribution of the vector coordinates at each vertex v; to the integral value of the operator on each

123



adjacent triangle ¢; ;.. Through integration by parts, we find

1
/6 Widl = Ie¢j|/0 (1 —x)exp(—J(ex + p))dz

(¥

lejj]
= exp(—Jp)[I — Je — exp(—Je)].

We can now evaluate the four discrete operators through the following function:

[cos(p) — cos(p + €) — sin(p)e].

m
u
If we denote by op, ' the contribution of the m-th component of u; to the integral of op in ¢; .
)

we have (recall that for an n-vector field, divergence and curl operators produce an (n—1)-vector

field, while the reflected ones produce an (n+1)-vector field):

1
curl :'Z'k = I(np+ (n—1)0, ne),
1)

2
us
1 — —
curl ik I(np+ (n—1)0| + 7/2,ne),

1
div sz =I(np+7/24 (n—1)8,ne),

2
us
; 7 —
div tiik Inp+7/2+ (n—1)0,ne),

1
curl sz = I(np+ (n+1)0, ne),

2
curl Zlyk =I(np+ (n+1)0 + /2, ne),

1
div lek = I(np+ (n+1)0 +7/2,ne),

2
div Zlyk = I(np+ (n+ 1)8 + 7, ne).

A.3 Triangle-based Operators

We evaluated the per-triangle integral expressions of our operators through symbolic integration.

Note that it leads to expressions with 7;; 1., 7,1 ;, and 7j; ; appearing in the denominator. As these
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values are typically close to degenerate, Chebyshev [1] or Taylor expansion is necessary to provide

robustness in evaluation.
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APPENDIX B

DETAILS FOR 2-TENSOR RELATED OPERATORS

B.1 Decomposition of Killing Operator

We now detail the decomposition of the Killing operator C for smooth surfaces with Gaussian
curvature k. We first make use of the Bochner technique (see, e.g., [74, 20]), and expand the

divergence of the Killing operator as:
—div (K(w)) = (2d6 + dd — 21 ) w, (B.1)

where ¢ :=—* d* is a shorthand for the co-differential operator. (Note that we assumed a 1-form
w with zero Dirichlet or Neumann boundary condition for simplicity.) By combining Egs. (2.9)
and (B.1), we now compute the inner product of symmetric 2-tensor fields generated by the Killing

operator of exact 1-forms df, co-exact 1-forms xdg, and harmonic 1-forms h:

(

(K(df), K(xdg)) p=2(f, * (dr N dg))o,

(C(df), () P =2(f, % (dr A %h))o,

(K(xdg), K(h)) p=2(g, % (dx A h))o.

\
These expressions return zero for arbitrary f, g and h iff the Gaussian curvature x is constant.
Therefore, we can decompose the Killing operator K into an orthogonal direct sum as stated in

Eq. (5.2) in the case of planar domains.

B.2 Lumping of Pairing

The proof found in [115] that the diagonal Hodge star is a lumping of the Galerkin Hodge star in

the Laplacian operator extends directly to our discrete pairing operators for arbitrary symmetric
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tensors since:

(abm7dy)

= X @) ([ o pun ) ap

Y kl,mn

. ‘
(D)
M\l mn

_ /Ma (Vo V) = (dgHUd())

B.3 Discrete Generalized Laplacian A"

The matrix H” is provided in closed form for the various terms of the decomposition in Eq. (5.5).
Note that the evaluation stencil for each element requires the “butterfly” patch of edge # (or part

thereof), and we use the naming convention described in the inset of §5.3.2.

e Case 7=1. This case corresponds to the well-known cotan formula [116]:

ngd = % (cot iji + cot Hﬂj) (B.2)
e Case 7= (.
HY: = gl — ga— i (B.3)
1 ajil Jt aijk 9

e Case T=/K(dof + *'1dﬁg). Usingw = dof—l—*'ld’ig for conciseness, we have:

K 1
Hj; = 57 (cot Oj cot Oy, + cot 5 cot elji) Tjj(w)

Y

+

1
t 01 (1) 1.
4aijk COL Uk ( zk(w) + kj(w)) + 4ajil

cot Oy (T(w) + T ()
e Case 7=K(dgw + h).
s = & T (dow + h)
1
e Case T=D.

B_ cotbpy; — cotbyy cotby;; — cotb iy,
Y 2(cotlyy; + cotbyy,) - 2(cotly + cotly;)
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e Case 7=C.
C B 1 + COtek‘ijCOtQijk 1 + COtejikCOtelji

g 2(cotbyy; + cotbyy)  2(cotbj; + cotly;)

B.4 Pairing through Discrete Tensors

The matrix M7 is provided in closed form for the various terms of the decomposition in Eq. (5.5).
Note that the evaluation stencil for each element requires either the “butterfly” patch of edge 3 or

the patch of a face ¢jk, and we still use the naming convention described in the inset of §5.3.2.

e Case 7=1.

d _ 1 1 1
M5y = g (cot 8y + cot ) + 13 (cot O + Oyx) + 15 (cot B + cot ;)

Id

1
ik = 12 (cot eijk — cot sz'j — cot Gj/m-) .

This resulting matrix Mmld corresponds to the Galerkin Hodge star %5 [115], as further discussed

in §5.4.4.

e Case 7= (.

M: = M High i

gk = "Miki T oag Mo =" (B.4)

e Case 7=PB. We need to define a local coordinate frame to compute this pairing. For diagonal
B
UR/M
B
UNLY

terms M we use the coordinate frame induced by the edge #j of the butterfly patch; for the other

terms M we pick a random, but fixed frame F7;, per face, and denote by 7 the angle that rotates

the z direction of the local frame £, to the direction of edge k¢. With this convention, one gets:

B _ oty — cotby; cott j; — cotty;
DU A(cotlyy, + cotly) - A(cotly + cotly;)
1 + cotl;cotly; + (cotljp; + Cotgsz

12(cotjp; + cotly;)

cotO;; — cotb
12(cotjp; + cotly;)

MPB . = sin(2n)

ik = + cos(2n)
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e Case T=(C'. Using the same convention as above:

MC 3 + cotlp.cottyy; — cot29ijk — cotQHkij 3+ cotty;cotl ;) — cot29lji — cot20jil
L/ 12(cotljj), + cotly;) 12(cotf j; + cotty;)
1 + cotjp;cotly; + (cotljp; + cotQkij)Q

12 (COtejki + COtek,Zj )

cotbp;; — cotbjp;
12(00t6)jk:i + cot@kij)

— sin(2n)

Mg:jk = cos(2n)

e Case 7 = K(dof + *‘1dtlg). Using w = d0f+*‘1d2ig for conciseness, the closed form

expression is:

M%C',jk: @ [72] (w) (2 cot Oy — cot kaj) + T (w) (2cot 045 — cot iji)

— Tii(w) (cot Ok + cot ekij) + % cot O}, (cot Ok — cot Gj]m-) (dyw)ij

- % cot Oy, (cot 0i1 + cot Qlji) (dyw) i + % cot Oy, (cot Okjm + cot emkj) (dlw)kjm}

M~ .— Ej(w)[cot2 0.:+cot? 01, —cot Or.:; cot B +cot2 07 + cot? 0r:: —cot 07 cot ]
VR 61@2], kij ik kij ik Jil bi Jil bi
+—12;ijk T (w) (cot 01, +cot iji) +T},; (w) (cot 0 i1 +cot szj)}

1
—l—m [ 21(w) (cot 0 i1+ cot eilj) + 1 (w) (cot 0;1;+cot Qlﬂ)}
k

+(dlw)zj 2 cot 01 (cot Oy —cot 1)+ t26;;; —cot? 0.,
“ABaggy, |~ OV VjkilCOV Ok COL Ui ) cOL™ Oy = COt= Ui

(1)t 2 2
+ —48%#[2 cot 05 (cot Oj;; —cot ;1) +cot” O —cot Hz'jk}

+ m _(dlw)kjm(cot Ojm 0t Op15) (cot B3 +cot 0;)

—(d1w)pp (cot 0,51+ cot 0,1, ) (cot O +cot iji)}

(d1w)yia, (cot Oy, +cot B51) (cot B +-cot 05

+718ajz’l i
—(d1w) j1p(cot B, j;+cot ;,) (cot 05 +cot elji)}

e Case 7=K(dgw + h).

< < 1

R/
i

The similarity of this last diagonal term with HE is explained in §5.4.4 where Hodge star approxi-

mations are discussed.
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APPENDIX C

DETAILS FOR FLUID SIMULATION COMPUTATION

C.1 Computing Spectral Bases

In this appendix, we describe how to compute the spectral bases for both vector fields and density

fields on a mesh M.

Discrete Laplacians. Finding our spectral bases first requires discretizing both the scalar Lapla-
cian V'V and the vector Laplacian —\AA%+V V- on the domain M. Discretization of these operators
on arbitrary simplicial complexes is well documented [134, 57], and only involves topological op-
erators dq and do deriving from the mesh connectivity, and diagonal “Hodge star”” operators 1, x9,
and x3 based on local measures of M and its circumcentric dual, resulting in the following sym-

metric second-order operators:
_ —1 4t — gt -1 4
*3A3 = x3do *o d2*3, *9 A9 = d2 *3 do+*9dy *q dl *9 .

Note that d and x are even simpler on regular grids, even with the alteration we introduced in 6.3.4.

Boundary conditions. The canonical boundary conditions of velocity fields in fluid simulation
for graphics purposes are no-transfer (i.e., the normal component v, of the velocity along OM
must be zero) and free-slip (i.e., the derivative of the tangential velocity field along the boundary
normal Jvy /On must be zero as well). To enforce these conditions, we thus add the conditions that
the flux of W, on every boundary face is zero, and that the circulations along the (interior half)
boundary of the Voronoi face associated with each boundary edge is also zero (i.e, we simply set
the values of *1_1 as zeros for all the edges adjacent to the boundary faces to compute As). As for
the eigenfunctions ®; of A3, we use either Dirichlet boundary conditions f|g5;; = 0 or Neumann

boundary conditions %| oM = 0, by considering boundary cell values or boundary gradients as
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null. If other, non-homogeneous boundary conditions (such as influx or outflux conditions) are
required, then one must add an additional harmonic (zeroth frequency) component that satisfies the

given boundary conditions.

Eigen computations. Once the Laplacians with proper boundary conditions are assembled, we
can compute their low-frequency eigenfields using a simple Lanczos algorithm since these operators
are symmetric. The constant eigenbases from the kernel of Ag can be safely omitted by setting zero
values on boundaries, since a constant scalar function is unchanged when advected by a divergence-
free velocity field. Note that, as mentioned in §6.3.1, some of the eigenfields ¥; will be of the form

1/1;6®;: indeed, 0®; for 7 # 0 is an eigenfunction of Ay since
Ngd®; = 0A3D; = 6(—pf®)) = — 130D,

These gradient fields are easily identifiable by checking their divergence. Note finally that in theory,
2 92 . . .o . . . . ..

there could be cases where x5 = i for multiple pairs of indices ¢ and 5. While in practice this is very

unlikely to happen, one can protect against this rare event by replacing one of the corresponding

W; by d®; /115, and replacing the other eigenvectors of this eigenvalue through a Gram-Schmidt

process to form an orthonormal basis again.

Comments. We note that the approach we described above to compute the eigen bases for our
fluid integrator is far from unique. For example, the [; harmonic vector fields are obtained as
the eigenvectors associated with the eigenvalue 0, but we could have also computed the harmonic
function dual to each homology generator via simple sparse linear systems instead [139]. Addition-
ally, the vector field basis W; could be computed through its vector potential 1); instead: indeed,
these vector potential 1-forms are eigenvectors of the 1-form Laplacian A{, and boundary edge
circulations as well as divergence on boundary dual cell divergence are assumed null to guarantee
no-transfer and free-slip conditions. The curl of these 1-form basis functions are then, by con-
struction, the flux-based W, basis functions. Finally, we point out that our approach is purposely

different from what is proposed in [9], as they use an eigendecomposition of d¢ instead (leveraging
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the divergence-freeness of the vector fields). However, this simplified operator has a much larger
null space that includes also curl-free fields, requiring many more eigenvectors to be computed via

Lanczos iterations to generate divergence-free fields.

C.2 Analysis of Structural Coefficients C';

For simplicity, we use the periodic domain [0, 1]3, i.e., the flat 3D torus. The eigenfields can be

expressed using complex numbers as
Wi(x) = wiel i,

where 7 is the unit imaginary number, x is the 3D coordinates, w; is a unit vector, and k; is the

wave number vector (i.e., with |k;| = ;). The divergence of the basis function is thus

div¥,(x) = 7k; 'Wiejki'x,

while the curl is expressed as

curlU; (x) = 7k; x w;e’¥i*,

Since divW; =0 means that k;-w; =0, there are two independent w’s for each k in the basis. We

can thus compute the structural coeflicients Cc,ab from Eq. (6.7) in closed form, by the integral of
(V X \IJG) ’ (‘Ifﬁ X \Ijb) = ](ka X Wa) : (Wc X Wb)e](ka+kb_kc).xa

where superscript * denotes complex conjugation. Note that nonzero coefficients j(kgxwg)- (WX
wy,) only exist when k. =k, +ky, and they advect real fields to real fields (whose coefficients satisfy
Vg w = U*—k,w)‘ It indicates that |kb\200,ab = |ka|QCC,ba is not true in general in 3D, contrary to
the claim in [9]; a simple counterexample is k, = 27(0,2,3), w, = (1,0,0), k; = 27(1,1,0),
and wj, = (0,0, 1). Moreover, while C¢ 4, = 0 indeed for this domain since w, - (2k,) = 0, this
property will no longer hold for an arbitrary domain. Thankfully, our variational integrator does
not depend on the eigenmodes being steady flows, so these symmetries (or rather, lack thereof) are

inconsequential.
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C.3 Kelvin’s Circulation Theorem

Ideal, incompressible fluids have a conserved momentum [140] given by the integrated circulation
of the fluid around a closed curve which is advected by the flow. This fact is known as Kelvin’s
circulation theorem. Methods such as [19] and [50] are constructed so as to conserve a discretized
form of this conserved momentum. Our spectral method also obeys a form of Kelvin’s theorem
as follows. We can define generalized “spectral” curves as spectral dual 1-chains (also called 1-

currents [134]) of the form:

D= 7i* 4. (C.1)
)

The above dual 1-chain expression always represents a closed curve, because each A; corresponds
to a closed (divergence-free) 2-form, which means the dual 1-chain is boundaryless. A pairing

between a 2-form and a generalized loop is defined as expected:
r) = <ZU¢A¢, > yjx Aj> = v (C2)
) J ]
The Lie advection of the generalized curve along the velocity field
I'=—[A,T] (C.3)

indicates that the coefficients {~; }; must evolve such that

ij / b (9% (U x 0))
_Z%v]/ (V x W) - ( \IJ X W) Z%U] Jiki-

Thus, the spectral version of Kelvin’s theorem holds since

d ) .
A= > (@i + vii)
i

= Z VtCiV%-l-Z U; Z Uk7j0k7ij
=3 0;C; kY- Z vjok7iCijk = 0

1,7,k 1,7,k
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In the above derivation, dummy index variables are swapped and the identity Cy, ;; = —C); ;1. is

used.

C.4 Temporal Discretization

A fully discrete (in space and time) treatment of our variational integrator is easily achieved using
the Hamilton-Pontryagin principle [49], where Lagrange multipliers ,uk enforce that A is indeed
the Eulerian velocity of state ¢. If one denotes by / is the time step, AF the velocity field between
time k & state ¢ and time k+1 & state qj+1- the discrete Hamilton-Pontryagin action between

t =0and t = Nh is expressed as

N-1 1

Sa= 3 AR AR+ (a7 L)) - hab,

k=0
The map 7 must convert an element of the Lie algebra to a Lie group element, thus making A;,
the Eulerian velocity between time ¢;, and t; 1; instead of the usual exponential map which is
computationally difficult to handle, we approximate it to be the Cayley transform 7(A) = (I —
A/2)1(I+ A/2), as it efficiently maps antisymmetric matrices to orthogonal matrices. Taking

variations with respect to uk, we recover the expected group element update rule
k+1 ky k
¢ = 1(hAR) ",

Variations with respect to AF show that the multiplier is actually the momentum: ,uk = Ak, Finally
variations with respect to qk restricted to (5qk = quk with B” in the Lie algebra (to enforce Lin

constraints) yield

(W1 (1 = h AR /2)BR (1 4+ hAR2))

= (uF, (I + hA¥ )2) BF(1 — hAY )2)).

Omitting the cubic terms in O(hQ) still preserves a discrete Kelvin’s theorem, so we follow the

suggestion in [10] and simplify the update rule to

h h
VBka <Ak_1>Bk + §[Bk7Ak_l]> = <Aka Bk + §[Bka _Ak]>a
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which reduces to the trapezoidal rule with A* = > vzkAZ- and an arbitrary B¥ = > bé’“ A;.
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