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ABSTRACT

CERTAIN SUBCLASS OF INFINITELY DIVISIBLE
PROBABILITY MEASURES ON BANACH SPACES

By

Arunod Kumar

In this thesis stable probability measures and self-decomposible
probability measures on a real separable Banach space are considered.
Semi-stable probability measures on a real separable Hilbert space
are also considered.

In Chapter 2 stable probability measures on a real separable
Banach space are defined and several characterizations of these
measures are established using a generalization of the convergence
types theorem. These results are used to identify stable probability
measures as limit laws of certain normed sums of independent,
identically distributed Banach space valued random variables. These
limit laws possess a Lévy-Khinchine representation that can be char-
acterized on certain Orlicz spaces in terms of the representing
Lévy-Khinchine measure.

In Chapter 3 self-decomposible probability measures on a
real separable Banach space are characterized as a limit law of
certain uniformly infinitesimal sequence of independent Banach
space valued random variables. These limit laws are infinitely
divisible and possess a Lévy-Khinchine representation that can be
characterized on certain Orlicz spaces in terms of the represcnting

I'd . .
Levy-Khinchine measure.



Arunod Kumar

Finally in Chapter 4, semi-stable laws on a real separable
Hilbert space are considered. These laws are also limit laws.
Lévy-Khinchine representation of a symmetric semi-stable law has

also been obtained.
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0. INTRODUCTION

In [5], Donsker proved a much stronger theorem than the
classical theorem on convergence to normal ({21], p. 280) by study-
ing the problem as the convergence to a limit law on a function space.
This opened up interest in the study of probability laws on abstract
spaces ([19], [25], [26]).

Motivated by the classical technique of Lévy [22], LeCam [19]
introduced the concept of the characteristic functional of a finite
measure on a linear space and pointed out that the limit laws can
be easily handled almost in the classical way if the analogues of
the celebrated Lévy continuity theorem and Bochner theorem can be
made available. Unfortunately, such a situation was hard to come by,
as can be seen in the work of Getoor [8]. In [9], L. Gross intro-
duced the idea of the extension of characteristic functions and gave
complete analytic analogue of the Lévy continuity theorem on a
separable Hilbert space. Extensions of the work of Gross can be
obtained for certain subclasses of Banach spaces as shown
by J. Kuelbs and V. Mandrekar in [17], but the situation here from
the point of view of the use in limit laws is very unsatisfactory.
However in some spaces J. Kuelbs and V. Mandrekar in [16] have becen
able to obtain complete solution to the so-called Central Limit
Problem [16] and gave the form of the limit laws in terms

of their Lévy-Khinchine representation. On general Banach spaces,



however, the general Central Limit Problem is difficult to handle as
can be seen from the work of LeCam [20].

In this thesis, we look at limit laws associated with the
normed sums of Banach-space valued random variables borrowing ideas
in the scalar case from Loeve ([217], §23, p. 319). 1In spite of the
unavailability of the Lévy continuity theorem we have been able to
obtain complete generalization of Theorem 23.3A and its corollary
({217, p. 323) for the probability measures on Banach spaces. These
generalizations can also be regarded as the extensions of the
work of Jajte [14] on stable probability measures on separable Hilbert
space. In fact, on Banach spaces for which complete solution to
the general central limit problem is available [16], we are able to
give even analogues of Theorems 23.3B and Theorem 23.4B ([21],

p. 324 and 327). These extensions also include and considerably
generalize work of Jajte [14] on stable laws on separable Hilbert
spaces.

In order to show the usefulness of the Lévy Continuity
Theorem, we treat in Chapter IV the case of semi-stable laws on a
real separable Hilbert space. Here we use, of course, the
work of Gross [9]. The main technique in other chapters is a com-
bination of methods of functional analysis and characteristic
functionals.

We start in the next chapter with the setting up of the
preliminary ideas and notations. Chapter II is devoted to the
study of stable laws, Chapter III studies the self -decomposible
laws and Chapter IV the semi-stable laws. Chapter V contains re-

marks leading to some unsolved problems, solution of which could



be used to connect earlier work of Chapters II, III and IV to the

convergence of stochastic processes.



CHAPTER 1

BASIC CONCEPTS AND RELATED KNOWN RESULTS

1.0 Introduction

In this chapter we present for the sake of completeness and
easy reference some standard known results, concepts and definitions.
For further details the reader is referred to [1] and [23].

We shall denote by E a real separable Banach space with
norm H-“ and by R the space of all real numbers with the usual
topology. The elements of E will be denoted by x,y,z,...and of R
by a,b,c,..., etc. R+ and R~ will stand for the set of all
positive and all negative real numbers, respectively. R" will
stand for the n-dimensional Euclidean space. E* will denote the
(topological) dual of E. [F(E) will denote the og-field generated
by the open subsets of E and 7 the space of all probability

measures defined on B(E). For u €M and a € R, a #0, Tau is

defined to be an element in 7, by

Tap(B) = u(a—lB) for every B € B(E);

where a B = {a 'x: x € B}, and for a = 0 we define Tap = 50,

where for each B € B(E),

]

5_(B) 1 if x €8B
X

0 otherwise.
We shall call 6x the probability measure degenerate at x.

4



1.1 Basic Definitions and Results

1.1.1 Definition. (a) For p and v in 7, we shall

denote by p * v an element of 7 defined by
w * v(B) = ép(B-x)dv(x) for every B € B(E),

where B-x = {y-x: y € B}. We shall call yu * v the convolution
of p and wv.

(b) A probability measure yu on B(E) will be called
infinitely divisible (i.d.) if for each positive integer n there
exists an element A\, in 7 and an X in E such that

*n
o= (Xn) * 6xn ,
where ()‘n)*n denotes \n convoluted n times with itself.

1.1.2 Definition. (a) A sequence {un} in M 1is said
to converge weakly to p in A, if for every bounded continuous
real-valued function f on E, gfd“n - éfdu. We shall denote this
convergence by by = W

(b) A sequence {un} in M 1is said to be weakly sequen=
tionally compact (for short, compact or tight) if for every ¢ >0
there exists a compact set K¢ in E such that un(Ke) >1-¢ for
all n.

(c) A sequence [un} in M is said to be shift compact,
if there exists a sequence {xn] in E such that f{u *§_ } is
compact.

The following theorem will be used repeatedly.

1.1.3 Theorem ([23], pp. 58, 59, 153). (a) Let {xn],

i = *
{pn}, {vn} be three sequences in 7 such that \ =u, * v, for



each n. Then (i) if the sequences {xn] and {un} are compact,
then so is the sequence {vn};

(ii) 1If the sequence {xn} is compact, then T and v
are shift compact.

(b) Let b be a compact sequence in 7 and ﬁn(y) - o(y)
for each y € E*, where ﬁn is as defined in 1.1.7. Then W= B
for some u in M. Furthermore, u(y) = ¢(y) for each y € E*,

1.1.4 Definition. Let (3,%,P) be a probability space
and let X be a random variable on (3. Then X 1is said to be

distributed as v if v =P o X-l.

We now recall some ideas on measures on linear spaces.
The following definitions are due to I. Segal and are taken here
from [9].

1.1.5 Definition. A weak distribution on a topological
linear space L 1is an equivalence class of linear mappings F
from the (topological) dual space L* to the class of real-valued
random variables on a probability space (depending on F) where
two such mappings Fl and FZ are equivalent if for every finite
set of vectors S SERREEI N in L* the sets [Fi(yl),...,Fi(yk)}
have the same distribution in k-space for i = 1,2.

In a finite dimensional space a weak distribution coincides

with the notion of a measure, that is, if L is finite dimensional

then for any given weak distribution there exists a unique Borel

probability measure on the Borel subsets of L such that the
*
identity map on L is a representative of the given weak dis-

tribution ([11], p. 372).



1.1.6 Definition. A measure u on a locally convex topo-
logical linear space L 1is defined to be Gaussian if for every con-
tinuous linear functional y on L, y(x) has a Gaussian distribu-
tion. The Gaussian measure yu is said to have mean zero if y(x)
has mean zero for each vy.

1.1.7 Definition. The characteristic functional (ch.f. or
Fourier transform) of a proability measure ,u on the Borel subsets
of a linear topological space L 1is a function {i on L* (the

topological dual of L) given by
~ " *
uly) = Iexp{l(y,x)}dp(x) , for each y ¢ L
L

1.1.8 Remark. One special example of a weak distribution
on a real separable Hilbert space H 1is the canonical normal dis-
tribution (with variance parameter one). This weak distribution is
that unique weak distribution which assigns to each vector y in
H* a normally distributed random variable with mean zero and variance
“y“z. It follows from the preceeding property that the canonical
normal distribution carries orthogonal vectors into independent
random variables ([9], p. 4). It is known that some of the theory
of integration with respect to a measure can also be carried out
with respect to a weak distribution on H. For details we refer
the reader to [11] and the bibliography given there. We need the
following definition which is taken from ([30], p. 190). The
following preliminaries are essential for the work in Chapter IV.

1.1.9 Definition. An operator from a real separable
Hilbert space H into H, which is linear, symmetric, non-negative

definite, compact and having finite trace is called an S-operator.



If T is an S-operator on H, then it is well known that

T has the representation
@
(1.1.10) Tx = nzlxn(x,en)en ,

@
where {e_} 1is an orthonormal subset of H, A\ 20, and ¢ A, < @
n n =1

The S-operator T on a real separable Hilbert space H
has a representation as an infinite symmetric, non-negative-definite

matrix T = {tij} where by non-negative-definite it is meant that
n

. n
. E_ tikxixk 2 0 for any integer n and any (xl,...,xn) €ER .
i k=1

Furthermore, if b = (Tei,ek), where {ei] is a complete ortho-

normal system in H, then

t.,, < o,
i
1 i

nM 8

i

From the representation in (1.1.10) it is easy to verify that

%

= \c\(tx,x)% for any real number ¢ and

% % %

+ (Ty,y) °. Thus (Tx,x)!5 is a semi-norm

(Tex, cx)
(T(xty) ,xty) © < (Tx,x)

on H. Let % be the class of all S-operators on H.

1.1.11 Definition of t-topology. The T-topology on H

is the smallest locally convex topology generated by the family of

%

semi-norms pT(x) = (Tx,x) on H as T varies through ¢ ([29],
p. 172).

1.1.12 Definition. Let Hl’ H2 be Hilbert spaces with
orthonormal systems {en}, {fn} respectively. Then a continuous

linear operator A from Hl into H, is called Hilbert-Schmidt

2

operator if there exists an orthonormal system {gn} in H, such

that T [ag |5 <= ([71, p. 34).
n=1 2



1.1.13 Remark. If T is an S-operator on H then T
possesses a unique non-negative, symmetric square root, which we
denote by T% (L287, Theorem, p. 265). Now using the fact (see
[7], Theorem 4, p. 39) that the square roots of S-operators are
Hilbert-Schmidt operators one can easily show that the topology
T on H is the weakest topology on H for which all Hilbert-
Schmidt operators are continuous from T to strong topology on H.
Thus a basic open neighborhood of X is {x: “A(x-xo)“ < €}
whenever A is a Hilbert-Schmidt operator on H. Therefore our
definition of T-topology coincides with that of L. Gross ([9],

p. 5).

1.1.14 Definition. A tame function on a real Hilbert
space H 1is a function of the form f(x) = $(Px) where P is a
finite dimensional orthogonal projection on H and ¢ is a Baire
function on the finite dimensional space PH.

For such a function we have f(x) = Y((x,el),..-,(x,ek))
where el,...,ek is an orthonormal basis of PH and ¥ is a Baire function
of k real variables. If F 1is a representative of a weak dis-
tribution then the random variable f~ = Y(F(el),...,F(ek)) depends
only on the function f and the mapping F while integration
properties of f~ such as the integral of f~, the distribution
of f7, convergence in probability of sequences f;, etc. depend
only on £ and the fn's and on the weak distribution of which
F is a representative. Let us denote by ¥ the directed set of
finite dimensional orthogonal projections on H directed under

inclusion of the ranges. For a given continuous function f on

H and a given weak distribution one may consider whether the net
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(f o P)” of the random variables where P ranges over directed

set ¥, converges in probability as P approaches the identity
through %. 1If so then the limit which we shall denote by £~

is a random variable whose integration properties are completely
determined by the function f and the weak distribution. In [10)
and [11] classes of continuous functions are described for which the
limit defining the random variable f~ exists when the weak dis-
tribution in question is the canonical normal distribution, and some
explicit evaluations are also given.

1.1.15 Remark. Let H be a real separable Hilbert space,
and let {Pj} be any sequence of finite dimensional projections
converging strongly to the identity operator. If a complex-valued
function £ on H is uniformly continuous in the topology T then

lim in prop (f o Pj)~ exists with respect to the canonical normal

joo

distribution. It will be called extension of f and will be denoted

by £~ ([9], Theorem, p. 5).

1.2 Orlicz Spaces and Associated Hilbert Space

We shall now recall definition of Orlicz spaces and some

results from [16] for use in later chapters (cf. §2.3 and §3.3).

Let ' be a function satisfying the following conditions

rka) I is defined on [0,») into [0,x),

() T =0,T(¢) >0 for s >0,
1.2.1) < (c) T 1is convex and strictly increasing on [0,x)

(d) T'(2s) < MTI(s) for all s € [0,0), where M is a

positive constant independent of s.
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Then it follows that

S
T(s) = £ p (x) dx

where p(0) = 0 and p(s) is non-decreasing on [0,x). We assume
without loss of generality that p(s) is left-continuous.
Let ¢(x) be the inverse function of p as defined in ([32],

p. 76). We now define

S
(1.2.2) A(s) = g @ (x) dx

Then [ and A are complementary in the sense of Young ([32],

*
p- 77). By ST we mean all real sequences {xi} such that

(1.2.3) Er(x D) <=
1

*
Similarly, SA is all real sequences {xi} such that

[e ]

= A(x D) <o
1

If x = {xi} is a sequence we define

“xnr = s;p {§ \xiyi\ : .

™8

Ay ) s 1)
1

and

© ©

sup {¢ ‘xiyi‘ X r(\yi‘) <1} .
y 1 i=1

“an

1.2.4 Definition. The Orlicz space Sr (SA) is the

collection of all real sequences such that X (lixil ) 1is finite.
r A
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1.2.5 Remarks. (a) Let o be a function satisfying
(1.2.1) and T (s) = a(sz). Then clearly [ satisfies (a), (),

(c) in (1.2.1) and since
F@s) = ales’) <M a@s?) <M (s?) = ures) ,

[ satisfies (1.2.1), hence we know ([32], Corollary, p. 81) that

*
S (and, therefore E ) contains the same sequences as Sr. Further,
o

r

it is known that S is a real separable Banach space in the norm

r
“x”r and since T[(2s) < MZT(S) for s =20 we also have ([32],

Lemma o, p. 83) that {pn} - SF converges to p € S in norm pro-

r
vided
- 2 2
lim iEIT(\xi,n-xi\) = I;m iElg[(xi’n-xi) 1=0,
where xi,n’x' mean the ith elements of P, p respectively.
(b) By Theorem 6.2 of [16], (Ea,n-“r) is a Banach space
th

with a basis {bn} where b~ is the vector with one as the n

coordinate and other coordinates zero.

let o be a function satisfying (1.2.1) and assume that
ac(-), the complementary function of «o(-) in the sense of Young
({327, p. 77), satisfies (1.2.1). Notice that if Ed = LZ
then a natural choice for the function @ 1is @(s) = s. Hence
ac(s) =0 on ([0,1] but ac(s) =oo for s > 1. Thus ac(-)
does not satisfy (1.2.1) when Ea = Lz and this is a special case
which is easily handled. Following [16], we shall denote by
2

E aither the Hilbert space {, or an E space where o« and
a o

o, satisfy (1.2.1).
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In terms of the notations we have used in this section, Ea

is equivalent (isometrically isomorphic) to the Orlicz space SF
2
where T'(s) = (s’ ). We will let Sa’ Sa denote the Orlicz
c
spaces given by o(.) and ac('), respectively. Then the dual

space of Sa can be identified as Sd and since «(-) also
c
satisfies (1.2.1), except when Ea = LZ’ it follows that the dual

f S i S 32 . 150).
° ac 1s o ([ ]s P )
For each )\ = (xl,xz,...) in the positive cone of s ,

c

we define the space HX as all sequences x = (xl,xz,...) such

@
. 3 2 2 —
that ¢ NXp < e Then Hk is a Hilbert space with “x“k =

[+ o] 1 (o]
T AX and the inner product (x,y) = % \A.X.y.. In the special
1 1 i ] bid
case E = ¢ we have S = f and for simplicity we take
o 2 Qrc ©

A= (1,1,...). Then HX =1, and we shall assume without loss of

generality that o(s) 2 s. The following lemma is proved in ([16].

1.2.6 Lemma. Ea is a Borel subset of HX for each
in the positive cone of Sa . Furthermore, every Borel subset of
(o]
E is a Borel subset of H_.
a A
*
1.2.7 Definition. A linear operator from Ea into Ea
is an a-operator if the matrix of the operator, {tij}, is symmetric,
@
non-negative definite with & a(tii) < o,
i=1

The proof of the following lemma is included in ([12],

p. 42).

1.2.8 Lemma. Let T be an infinite dimensional matrix

{tij} such that T 1is symmetric, non-negative-definite and

*
L a(t,.,) < ©. Then T 1is an g-operator on E into E .
11 o o
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We know (Lemma 1.2.6) that Ea

and the H-Hr-topology

Hence it follows that

*
H, by H_ and state

\ A
([12], p. 43).

1.2.9 Lemma.

operator on HX'

is a Borel subset of H

is stronger than H~“x-topology on Ea.

*

A

*
H is a subset of Ea' We now identify

the following lemma whose proof is in

Every a-operator

T

on

*
E
o

is a trace class



CHAPTER II

STABLE PROBABILITY MEASURES ON BANACH SPACES

2.0 Introduction

In this chapter, we consider stable probability measures
(laws) on a real separable Banach space. Using a generalization
of the convergence types theorem ([3], p. 174) we establish several
characterizations of stable probability measures and deduce as
corollaries extensions to Banach space of known results on stable
laws ([3], p. 199, [14], p. 64, [21], p. 327). These results allow
us to identify stable probability measures on Banach space as the
limit laws of certain normed sums of independent, identically dis-
tributed Banach space valued random variables. Finally, we char-
acterize stable probability measures on certain Orlicz spaces in
terms of their Lévy-Khinchine representation given in [16].

In Section 2.1, following the preliminaries, the convergence
type theorem is established. Section 2.2 presents the characteriza-
tions of stable laws and final section characterizes the Lévy-
Khinchine representation of the stable laws on Orlicz spaces.

The lemmas in Section 2.2 are suggested by some recent work
of Jajte [14]. The proofs in [14] in the Hilbert case treated therc
are incomplete and the main theorem in ({147, p. 64) which is
extended here to certain Orlicz spaces, contains a lacuna ([14],

p. 70).

15
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2.1 Preliminary Results for Stable Laws

In this section we present basic results needed in this
chapter. Throughout this chapter E will denote a real separable
Banach space with norm ||| .

2.1.1 Lemma. Let {pn} and . be probability measures
on B(E) and {an}, a € R. Then y =p and a —a implies
Tanun = Tap..

Proof of the lemma is immediate from ({17, p. 34).

Before we prove the main theorem of this section, we need
the following lemma.

2.1.2 Lemma. Let {i(-) be the ch.f. of a probability
measure on /B(E) such that for some & >0, |i(y)| =1 whenever

“Y“E* < 8. Then =% for some x €E.

Proof:? Let & = {y € E': liyll , = 8}. Consider the random
variable (-,y) defined on E for eacﬁ fixed y in E*. Then by
({21}, p. 202), (-,y) is degenerate say at @(y). Hence dy) =
180

Let Ay = {x: (x,y) = 6(y)}. Then Ay is closed and
u(Ay) =1, for every y in E*. Consequently, the support cu of
p (see [23], p. 27) is contained in N _ A .

Suppose there exist two points Xy and X, in ¢ . Then

*
(xl,y) = (xz,y) for every y € E . Hence x, =x Thus the support

2.
of L contains only one point. This completes the proof of the

lemma.
2.1.3 Theorem (Convergence of types theorem). Let {un}

and pu be probability measures on B(E) such that By = W and

1)1 thank Professor J.F. Hannan for pointing out this proof.
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and for positive constants an's and a sequence {xn} in E

T w *& =u' where . and p' are non-degenerate probability
a’'n x

n

measures on /S (E). Then there exist an a € R and an x € E

such that ' =T *56 ,a —a and Hxn -x)| -0 as n-w

Proof: Suppose 1lim a = = Then there exists a sub-

sequence {m} € {n} such that a - Llet c = a;l. Then
= * * : * [ ]
T {Tc ('.'['8 o 6x )] 6-c x O W Since Ta Moy 6x 2w,
m m m m m m m

therefore by Lemma 2.1.1 T, (Ta T *5 )= 60. Hence by Theorem
m ‘m m
1.1.3(a), {6-¢ x } being compact converges to 5x for some
m m
o
X belonging to E by ([1], p. 37). Hence , is degenerate,

contradicting the hypothesis. Hence, lim a < o
Suppose now {am} and {aL} are two subsequences of {an},
such that a_ - a, aL -~ a', where a # a'. We note that neither

a nor a' can be zero, since ' is non-degenerate. Also, we

have

(T, n, *6 )} *6_
m m m m m

= and
c M

=
]

€ 4 Lt X XL

Now by Lemma 2.1.1 and the hypothesis we get

where x, = lim - x ¢, and x, = lim - x_c .
1 m m 2
M- 4, —o0
Therefore

(2.1.4) |i'ay)| = |i'(a'y)| for every y € E".
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Without loss of generality we can assume b = 27 < 1. Hence, by

[

iteration |3'(y)| = |3'®y)| =...= ‘ﬁ'(bnu)\. Letting n — o

*
we get \ﬁ'(y)\ =1, for every y ¢ E . Hence by Lemma 2.1.2 '
is degenerate, contradicting the hypothesis. This proves that

an —~a and 0 < a < =,

Now it follows that Ta b= Ty by Lemma 2.1.1, and from
a
n
hypothesis T u_ * § = u'. Therefore, by Theorem 1.1.3(a)
a_’n X

{ex } is compact and hence by ([1], p. 37) x ~ converges to some

n

i * * . L *
x in E. Hence, Tan”n GXn = Tau 6x Thus Tau 6x’
which completes the proof.

2.2 Stable Probability Measure on a Banach Space

We define a stable probability measure on a real separable

Banach space following Loeve ({217, p. 326). (See also ([14], p. 64).)

2.2.1 Definition. Let yu be a probability measure on the
Borel subsets [B(E) of a real separable Banach space E. We say
that | is a stable probability measure if for each pair of posi-
tive real numbers a and b there exist a positive real number

c and an x € E, such that
* = * .
(2.2.2) Tau pr Tcp 6x

Our main effort in this section will be to prove various
characterizations of the stable probability measures which will be
useful in studying stable probability measures as limit laws of the
sums of independent random variables. For this we need the follow-

ing lemmas.
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2.2.3 Llemma. If . 1is a stable probability measure on
B(E), then there exists a sequence {an} of positive numbers and

*
a sequence {xn} of elements of E such that Ta e T 6x = .
n n

Proof: We shall prove the lemma by showing that for each

*n
. = *
n, there exist a_  and X such that 6xn Tanu .
For n =1, take X, = 0, and a, = 1. Suppose that we have
and a such that

XpseeesX g 1,a2,...,am._1

b= * Ta'u for i=1,2,...,m-1 .
i i
*me
Then p m-1 _ T 4 w*5 ). Hence,
a Fn-1
m-1
*m
b =T qu*b g Fee
%n-1 Xn-1%n-1

Now we use the fact that yu 1is stable to conclude that

*
" "= T, w* 8 -1 for some o 0 and x €E.
" x“am-].xm-l
Consequently,
*m
p =T -18 * 8 -1 -1
Cm Cn (am_lxm_1 - X)

Define, a_ = c-1 x = c-l(a.1 x -x) . Thus we have shown by induc-

> “m m > “q m *m-1"m-1

tion that y = 6x * T, p*m for every m. This completes the proof
of the lemma. " "

2.2.4 Lemma. If for some sequence of positive real numbers
{an} and a sequence {xn} of elements of the space E, we have

. *n
v = lim (& * T W) ’
X a
n—eo n n

where v is non-degenerate, then a - o, -1 as n - o,

ah+1
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Proof: Suppose an:#~0. Then there exists a subsequence

{am} of {an} such that a;l -+ a < o, Therefore by Lemma 2.1.1

* *
5 *u =T (6, *T p ™ T
y -177x a a
m a_ m m
X
where Ym = ;m . This implies \ﬁ(h)\m —~ |Q(ah)\ for every
m

*
h€E . Since v is continuous at the origin, therefore

|$(ah)\ >0 for those h with |h|| <& for some & > 0.

Hence lﬁ(h)\ =1 on |hll <6 and hence by Lemma 2.1.2, , is
degenerate. Consequently, v is degenerate which contradicts the

assumption and hence a - 0.

a
Suppose a L4 1. Then there exists a subsequence {m}
nt+l
a

of {n} such that - - a where a # 1.
mrtl a
If a = ». Then cn = —gil - 0, and
m

Xl am1 m m m 1 mm

—_— ? -~ 1
(2.2.5) o, * T, w (y) =
w1l art1 CIPLY

i(x ,h)
A I'ﬂ'*‘l ~ m+1 PN
because for every h, u(am+1h) -1 and e (u(am+1h)) - v(h).

* T = ( *T ™Y %
o woo= T 6y a® T oy ’

- Y(h)

*
Since T _ (§ *T m) - § by Lemma 2.1.1, we conclude that
a2 *m a_ 0

*
\%(h)‘ =1 for every h ¢ E . Hence by Lemma 2.1.2, v is de-

generate which contradicts the assumption.
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a
Now suppose a < ». Then d_= —- _ a, and
T 8

*mrt1 1
) *T = {Td (5x * Ta v )} * 6x -d x
m m m mtl rtl m m mtl

i(x ’h)
/*\“ﬂ e m * [ﬁ.(a h)]m
* _ m ~
) T w (y) = - V(h)
*n  %m i(a_h)

by the reasoning similar to one following (2.2.5). But
*"r+ ~ ~
Td (6x * Ta " 1) - Tav, hence |v(h)\ = ‘v(ah)‘ for every
m *m+1 mtl
h € E". Without loss of generality we can assume a < l. Hence

by the same argument as in (2.1.4) we conclude that v is degen-
a

erate which contradicts the hypothesis. Hence - 1.

a
ntl
2.2.6 Lemma. Let for every positive integer n, x_ €E,

+
a € R, and

where p and v are probability measures on [B(E). Then there
exists an r > 0 and a function 2z of two variables defined for
every pair of non-negative numbers a and b with values in E,

such that

ei(z(a,b),h)g 1/rh

*
V(ah)d(bh) = ((ar + br) ) for every h €E .

Hence in particular, v 1is stable.

Proof: I1If v 1is degenerate, then there is nothing to
prove. So assume v is non-degenerate. Now by Lemma 2.2.4, for
any arbitrary pair of positive numbers a and b, there exist

subsequences {an } and {a ]} of {an} such that
k
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a
n
.—_—k_.l_). L‘
a a (Loeve [21], p. 323) .
M

a

n
Suppose 1lim —k s = o, Then the sequence {ck}

a
+
T ™
where kT . will have a subsequence {ck,} such that

Ck' band Oo

*n ' *n, ,
o St G * T . k )} *
k' Fx! n

(2.2.7) ) * T

X a H
nk||"']| nklll"]l
*mk'

{TC 'Y Séx * Ta H )} * 5
k k mk' [n.k| k.

By the hypothesis we conclude that

M*mk '+nk ’

for suitable Zy e

6x * Ta
nk'+mk' nk'+nk'

of (2.2.7) converge weakly to 60. Hence, \%(y)‘ =1 for every

*
y € E . Thus by Lemma 2.1.2, v 1is degenerate, which is a con-

-+ v. The terms in the parenthesis

tradiction. Hence s < «.
. -1 -1
Suppose there exists two subsequences {ck,}, {ck"} of
{cil} converging to b' and b'" respectively where b' # b".

Making use of the following equality

e *my
* *
(2.2.8) [Ta(éx Ta o)) * [Taw (6x T, w )]

e "k komy M

*n *n
=T u K * 5 =[T -1( * T " k+mk)]* 6
aan Zk ack xn +ITI an
k k Tk K M

for suitable =z and z we conclude that

'
k k
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|d(@h)|-|9®h)| = |O(xb'h)| = |O(xb"™h)| for every h ¢ E .

Since b' # b" and both are finite, we can conclude by the same

reasoning as in (2.1.4), that v 1is degenerate. This contradicts
*n
the assumption. Hence, s = lim ;———JL-' .
M My

Now we make use of equation (2.2.8) and Theorem 1.1.3 to

conclude that there exists a function z(a,b) which is the limit

a a
n n
of z'=ax +a—LKx .-a—WB&K 4 and satisfies
k n a a +n
M n, + m M k

the equation

; *
$(@ah)d(bh) = el(z(a’b)’h)G(ash) for every h in E

Define a function g(.,.) on [0,x) x [0,o) as follows
8(x,}’) = X.5, X,y > 0; g(x,0) =x, x 2 0; g(0,y) =y, y = 0;

then the equality

ei(z (X :y) ’h)

(2.2.9) S(xh)%(yh) = v(g(x,y).h) holds for all h in

and for all x,y =2 0. We shall prove in this part that g is
the only function which satisfies (2.2.9).
Suppose not. Then there exist 8, and 8y satisfying
. Let
(2.2.9) and for some X, and Yo gl(xO’yO) < gz(xo,yo) e

_ g]. (xo 9y0)

= q y Then u < 1.
82Xg2Y

u

ei (Z (xo 9}'0) :h/gz (xo ,YO) ) i (Z (xo ,}’O)h/gz (xo ,YO))

V(uh) = e V(h).

Thus |V(uh)| = |9(h)|. Hence the same argument as in (2.1.4)
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yields that v 1is degenerate. This contradicts the assumption.
Hence the uniqueness of g has been proved.

The function g so defined is continuous. Let x - X3
Yo Y- Then we shall prove that t = 1im g(xn’¥9 is finite.
Suppose not, then there exists a subsequence {n'} of {n} such
that g-l(xn.,yn.) - 0. Therefore e r =X ,g-l(xn,,yn,) and

n

kn' = yn,g-l(xn.,yn.) - 0. Hence from (2.2.9) we get

|5Ce_ )|+ |SCk_yo)| = |9(0)| for every h in E’.

By letting n - «, in view of Lemma 2.1.2 we get v is
degenerate. Thus t < .

To conclude that t = lim g(xn,yn), we shall show that no
two distinct subsequences of g(xn,yn) can converge to two dif-
ferent limits. If not, let t' = lim g(xn,,yn,) and
t" = 1lim g(xn",yn"), where t' # t". Consequently, from (2.2.9)
we get \Q(t'h)\ = ‘%(t"h)l for every h in E*. Since t' # t",
therefore from the same reasoning as in (2.1.4) we conclude that
v 1is degenerate. Hence, t = lim g(xn,yn). Now we make use of

(2.2.9) again to conclude that

i *
V(xh) .O(yh) = el(z(x’y)’h)Q(t,h) for every h in E .

Since g is unique, therefore t = g(x,y). Thus g 1is continuous.
It can be verified that the function g satisfies the

hypothesis of Theorem 4.1 of ({27, p. 632). Hence by ([2], p. 632)

glx,y) = (x + yr)l/r for some 0 < r < «, and

3(ah)v(bh) = ei(z(a’b)’h)i‘)((ar + br)llrh) for every h € E*
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where a,b are positive real numbers. This completes the proof.
2.2.10 Theorem (Characterizations of stable probability
measures). Let E be a real separable Banach space and pu be a
probability measure on [B(E). Then the following are equivalent.
(a) p is stable.
(b) There exists a sequence a of positive real numbers

*n
*
and {xn} € E such that 5, Ta b2 .

n n
(c) For each integer n, there exists a Y, € E and

*n
c, > 0 such that p  =§ *T .

C
yn n

Proof: The equivalence of (a) and (b) follows from Lemma

2.2.3 and Lemma 2.2.6. We note that for each n, (c) implies,

*n *n
= * =
p=T ;G 6_y ) =T b *§ _;
c n c -c 'y
n n n ’n

Hence (c) implies (b). Also if | 1is degenerate clearly (b)
implies (c). Assume that (b) holds and yu 1is not degenerate.

Then for every k =1,2,...

*nk *n
* = = * T .
6x Ta " b = u where By 6x a ¥
nk nk n n
Hence,
* *
(6, *T_ p ™) *..x (5, *T_ pu )
X a X a *
n n n n =5 * T nk
k factors k.x a ¥
n n
= *
(T 0 u'nk) 5 an
L kx -—— X
a i n ank nk
= *
(Tdn u'nk) 6c
k "k
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a a
where dn =-0- and ¢ = kx - - x Let n - » above.

Kk ank nk n ank nk

k
Then, Td by * 62 = u . Since p 1is not degenerate, therefore
"k "k
by Theorem 2.1.3 we conclude that 4 -~ d , z -2z €E, as n - o,
0, k n,

*
and ko T " * 62. Thus (b) = (c) which completes the proof

d

k

of the theorem.

k

2.2.11 Corollary (Proposition 9.25 of ([3], p. 199)). Let

xl,xz,... be identically distributed, non-degenerate, independent,

random variables taking values in E. Then , = lim g where
X, +.. 4 X noon
= n L
Sn An Yoo for some sequence An of positive real

numbers and {yn} C E iff for each non-negative integer n, there

*n
= * .
exists a c, > 0 and z € E such that azn TCnp

The proof follows from the equivalence of (b) and (c) in
Theorem 2.2.10. In particular this shows that limit laws of the
normed sums given in (b) of Theorem 2.2.10 are infinitely divisible.

2.2.12 Corollary ({21], p. 327). Class of stable prob-
ability measures on [B(E) coincides with the limit laws of normed
sums of independent and identically distributed random variables
taking values in E.

The proof follows from the equivalence of (a) and (b).

The following corollary is now obvious.

2.2.13 Corollary ({14], p. 64). Every stable law on a
real separable Banach space is infinitely divisible.

Corollaries 2.2.11, 2.2.12, and 2.2.13 relate stable prob-
ability measures to a certain subclass of infinitely divisible
measures. Recently, J. Kuelbs and V. Mandrekar [16] have

obtained Lévy-Khinchine representation for infinitely divisible
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measures on certain Orlicz spaces extending the work of S.R.S. Vardhan
([31], p. 227) on Hilbert space. In the next section we obtain a
characterization of stable probability measures as a subclass of

of these infinitely divisible measures in terms of the Lévy-

Khinchine representation of their ch.f.'s. This result will gen-

eralize the recent work of Jajte ({14], p. 64) to these Orlicz spaces.

2.3 Lévy-Khinchine Representation of Stable Measures on Certain

Orlicz Spaces

The Lévy-Khinchine representation for the characteristic
functional of a stable probability measure on Hilbert spaces has
been studied by Jajte in [14]. In this section we shall obtain
similar representation for stable probability measures on certain
Orlicz spaces. We remark that the proof of the main theorem in
(14] is incomplete and contains a locuna which can be corrected
(Cf. Lemma 2.3.6).

We recall for easy reference some notation and results on
Orlicz spaces [16] from Chapter I. The function o wused in

this section will have the following properties.

r(a) a is defined on [0,») into ([0,=x),

() o) =0, a(s) >0 for s >0,

(c) o is convex and strictly increasing on [0,x)
(2.3.1)
(d) o(2s) < My(s) for all s ¢ [0,o), where M is a
{ finite positive constant independent of s,

(e) I a(uz)dv(u) < co [I uzdv(u)] for all Gaussian

measures v on (-o,») with mean zero, where ¢

is a constant.



28

2.3.2 Definition. The space of real sequence
(-]

2
X = (Xq3X,,X0,...) satisfying T o(x,) <« © is denoted by E .
1 2 3 i=1 1 o
- 2
The Orlicz space Sr given by T(t) = qo(t7), t € [0,»),
is isomorphically isometric to Ea' Throughout this section we use
this identification for Ed’ [16].
Let o, be the function complementary to o 1in the sense
of Young ({32], p. 77) and Sy be the Orlicz space corresponding

C

to o ([32}, p. 79). Then for each )\ in the positive cone of

Sa (except when Ea = LZ), whose norm is less than or equal to
on: half, define; HxHi = iglxixf and if Ed = LZ’ then “x“i =
T xi. The space of sequences with property that “x“k < o, will
be denoted by Hk' Obviously Ea c Hk by Young's inequality
({323, p. 77). 1In fact, Hk is a Hilbert space containing Ea
as its measurable subset [16].

2.3.3 Theorem. Let yu be a probability measure on the

Orlicz space Ea, where o satisfies (2.3.1). Then , 1is stable

on E iff either
¢4

~ . 1 *
(2.3.4) ily) = exp[l(xo,y) -5 (Ty,y)] for all y € Ea s

where Xq € E and T 1is an g-operator (i.e. p 1is a Gaussian
o

measure) OR

(2.3.5)  (0) = exp[ilxy,h) + £(ei(x’” -1 - li—(ﬁ-‘-ﬁ%)dux) +
+|x
A

é\ (ei (X,Y) -1 - i—i}hx%')dl“(x)]
-U

1|2

o
where x, € Ea’ HXHF is the norm of x in SF’ U =

o
2
{x €E : % a(xi) < 1}, F is a g-finite measure on Ea, finite on
o i=

i=1
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on the complement of every neighborhood of zero in Ea and such
(-]

that g a(jxidF(x)) < », and there exists a r (0 <r < 2) such
i=1 U

that TaF =a'F for every positive real a (Stable probability
measure of index r).

Proof: Let (2.3.4) hold. Then
- " . 1 2 2
i (ay) .a(by) = exP[l(xO.y) (a +b) - E(Ty,y)(a + b))
for every a and b positive and therefore

2
BGay)Bby) = GG + b)) %) explitg,y) (@ +b) - @2 +b)H7 .

Hence by ({13], p. 37), T *T %

%

2
b = Tcu * 6x where c¢ = (a2 +b)

and x = ((a + b) - (a2 + b2) )x0 € E . Consequently, u 1is stable.
a

If (2.3.5) holds, then by ({16], p. 71), p 1is infinitely divisible
on Ea' Hence, there exists a sequence of finite measure Fn on

E such that F_t F and a sequence {x } C E , such that
o n n o

* ]
e(Fn) 6x = u on Ea' We can regard Fn s and u as measures

n
on Hk (see Lemma 1.2.6).

Since every bounded and continuous function on Hk is also
bounded and continuous when restricted to Ea by [16], we

conclude that e(Fn) * 5§, =u on Hk. Hence by ([31], p. 224)
n

we get n(y) = exp[i(xl,y) + f (ei(x,y) -1 - i15-"1%')dF(x)] for

H 1+||x
. el
*
every y € H , where x, € H_, “xuzdF(x) < o and F is the
A 1 A x||, <1 A
A
g-finite measure as before. Since TaF = a on Hk’ therefore
by ([14], p. 64) yu is stable on HK' Consequently, for every

a,b >0 there exists a ¢ >0 and z ¢ HX such that

* = * . T i tab E it would be
Tap pr Tcp 62 o prove yu 1is stable on o’ wou
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enough to show that z ¢ Ea' Denote 2z = (21,22,23,...).
. -1
Define B = uPn where Pn(x) = (xl,xz,...,xn,0,0,0,...)
on Ea' Obviously by = B on Ea by argument similar to one

3 i i * =
in ({177, p. 221). Now it is easy to see that Taun Tbun Tcun

where o = (zl,zz,...,zn,0,0,0,...). We note that T € Ea for
every n and By = W implies for any real d, Tdun = Tdu. Hence

by Theorem 1.1.3(a), [Tn} is compact on Ea. Consequently,

Tn = 20 € Ea by ([1], p. 37). Hence WTn -z - 0 by

n |

(161 , therefore z =z Hence, for all a and b > 0 there

0°

exists a ¢ >0 and C E such that T , * Tbu
a

T * .
zg o M 62

0
This completes the proof of sufficiency.

Suppose pu is stable on Eq. Then by Corollary 2.2.13,

w 1is infinitely divisible on Ea. Consequently, by [16],

v * g where B 1is the Gaussian part of p on E and

" o

v = lim e(Fn) * § where Fn's are increasing sequence of finite
X

n-—oo n
measures on E and x € E for all n. We can regard F 's,
a n o n

w, v and B as measures on HX [167. Since an qo-operator
on Ea is also a trace class operator on Hk (see Lemma 1.2.9),

therefore by ([31], p. 226) B is Gaussian on Hk. Thus p = v *

where B 1is Gaussian on Hk’ and v = lim e(Fn) * Bx on H_.

Since p is stable on Hk’ therefore by ({14], p. 64), p = B or
b =v where 3(y) = expli(z,y) +£ (el(x’Y) -1- Li)5“‘%)dF(x)}
, 4]

*
for all y € Hk’ and where 2z ¢ HX’ F = 1lim Fn’
2 N—w r
HXHXdF(X) < » and for some 0 < r < 2, TaF =aF for all

b,

positive a.

* §

B
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Since v = lim e(Fn) * § on E , the result follows from
n-o *n o
([16], p. 66). This completes the proof of the theorem.
To correct the proof of the theorem in ([14], p. 64) we need
the following lemma.

2.3.6 Lemma. Let H be a Hilbert space and F a o-finite

measure on H satisfying for every a and b positive

(2.3.7) TF+TF =T
a b Aph

F .
(a 1/

)

Then F satisfies the equation TaF = alF for every positive a.

Proof: Since F 1is o-finite, therefore it is enough to
prove the above result for finite measure. So assume without loss
of generality that F is a finite measure.

Let B € B(H) such that x(B), the boundary of B, has
F measure zero. Then TaF(B) is a continuous function on (0,x),

by Lemma 2.1.1 and ([23], p. 40). From (2.3.7) we get
Fa 1) + FblB) = F(a + bNy g

for all a and b > 0. Since the above is true for all a and

b > 0, therefore, we get
Fa M) + Fo M) = F(atn) My

Let F(a-llkB) = g(a). Then g 1is continuous on (0,») and

g(a) + g(b) = g(atb), for all a and b > 0. Therefore g(a) = c.a
for a > 0, where c¢ 1is a constant depending on B. Hence

g(ax) = akc. Thus F(a-lB) = axc. Let a =1. Then ¢ = F(B).

Hence F(a-lB) = axF(B). Since the class {B: B € S(H), F(3B) = 0}
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is a field by ({1], p. 16), therefore by Caratheodory extension

theorem

F(a-lB) = akF(B) for every B € B(H).



CHAPTER III

SELF-DECOMPOSIBLE PROBABILITY MEASURES ON BANACH SPACES

3.0 Introduction

In this chapter, we consider self-decomposible probability
measures (laws) on a real separable Banach space. In Section 3.1,
a necessary and sufficient condition for a self-decomposible law
to be stable has been obtained in terms of its component. Section 3.2
presents a characterization of a self-decomposible law similar
to ([21], p. 323). This result allows us to identify self-decom-
posible laws as the limit laws of certain normed sums of inde-
pendent, uniformly infinitesimal Banach space valued random vari-
ables. We also show that the self-decomposible laws are subclass
of infinitely divisible laws. This result is interesting on gen-
eral separable Banach spaces since it is not known whether limit
laws of uniformly infinitesimal triangular arrays of the Banach
space valued random variables are infinitely divisible (see [20]).
So in particular, from this result we can say that limit laws of
certain subclass of triangular arrays are infinitely divisible.
Finally, we characterize self-decomposible laws on certain Orlicz

spaces in terms of their Lévy-Khinchine representation given in

[16].

33
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3.1 Preliminary Results on Self-Decomposible Laws

In this section we establish some preliminary results used
in this chapter. We start with the following proposition.

3.1.1 Proposition. Let u be a probability measure on
BE). If there exists a number ¢ > 0 and a non-degenerate prob-
ability measure e such that pu = Tcu * Moo then ¢ <« 1.

Proof: Since T is non-degenerate on B(E), we have

({133, p. 37), ¢ # 1. Now suppose ¢ > 1. Then

*
aly) =aey)n () for every y €E .

Putting % for y above we get,
A = lam| .

Consequently, 1 2 \ﬁ(y)l > \ﬁ(%)‘ 2 \ﬁ(zi)l 2002 \ﬁ(X;)1 > eee .
Hence 1 2 \a(y)\ > \ﬁ(O)\ = 1. Thus Tﬁ(y)\ =1 fo: every y € E*.
Hence by Lemma 2.1.2 |, 1is degenerate. Consequently e is
degenerate; which contradicts the assumption. Thus ¢ < 1.

Now we are ready to define self-decomposible probability
measures on [F(E) following Loeve ([21], p. 322).

3.1.2 Definition. A probability measure p on B(E) is
said to be self-decomposible if for each 0 < c <« 1, there exists

a probability measure pu_ on B(E) such that

= *
(3.1.3) b=Te %
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3.1.4 Proposition. If . is self-decomposible on B(E),
then fi(y) # 0 for any y € £,

Proof: Suppose there exists a z € E* such that {(z) = 0.
Then the set S0 = {y € E* taly) = 0} is non-empty. Let

a = inf ||y|| - Then by the continuity of {1 it is clear that
yGSO E

a > 0. Also note that if “yH < a, then [(y) # 0.
There exists a sequence {yn} of elements of S0 such
that nyn“ -~ a. Hence the sequence {yn} is norm bounded. There-
2
fore byAlaoglu's Theorem ) ({297, p. 202) {yn :n=1,2,...} is
* *
weak compact. Consequently, there exists a Yo €E such that
*
for some subsequence {ym} of {yn}, Ym ™ Yo in weak sense.
Let 2x0 = Yo° Then by the dominated convergence theorem
ﬁ(ym) - u(yo). Hence ﬁ(ZxO) = 0. Since Hc2x0“ < “2x0“ < a,
therefore ﬁ(c2x0) # 0, for every 0 < c < 1, and hence by (3.1.3)

ﬁc(2x0) =0 for every 0 < ¢ < 1. Therefore by ([13], p. 37),
(3.1.5) b e)|? < 2|1 -4 &)
i He Yo Bl e

g(x)
Since ﬁc(xo) = ﬁzzg—y -1 as ¢ - 1, therefore by (3.1.5),

0 *
1 < 0, which is a contradiction. Thus {i(y) # 0 for any y €E .
Remark A. From the above proof it follows that if yu is

*
any probability measure on S(E) and there exists a z € E  such

that {1(z) = 0, then there exists a Yo such that ﬁ(yo) =0 and

lyoll = ;2§0HYH-

2) I thank Professor P.K. Pathak for suggesting the use of Alaoglu's
theorem in this context.

-p
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3.1.6 Proposition. Let p be a non-degenerate probability
measure on SE). Then u is self-decomposible with its component

e for 0<c< 1, givenby & * T

= , where x € E and

V3
(l_cx)llx

0<\ s 2, iff p is stable.

Proof: Let a and b be two positive real numbers. Then

. _ a
by letting c¢ = (a\ N bl)l/k ,» we get
b= Ta W Tb ¥ 5-x
(ax+bx)1/x (ax+bx)1/x

Consequently,

Tu*T u=T w*8 o
a b (ax + bk)llk (ak + bx)llkx

Hence p 1is stable by (2.2.2).
On the other hand if yu is stable, then for every pair

of positive numbers a and b, there exists an x € E by Lemma

2.2.6 and Theorem 2.2.10, such that

(3.1.7) Tu*Tpu=T w* o for some 0 < )\ s 2.
a b (a* + bx)l/x X
- M1/
Take b= (1 - c™ , where 0 < c < 1. Then from (3.1.7) we get
Tu*T b= *e .
c a - ck)l/x x
Hence,
p, =6 *T .
c X a - cx)l/k

This completes the proof of the proposition.
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3.2 Self-Decomposible Laws and Limit Laws

In this section we show that the class of self-decomposible
measures coincides with certain limit laws of sums of independent
Banach space valued random variables. Let us denote by 7N(E) the
class of probability measures pu on [B(E) with the property that
there exist sequences {xn} C E and {bn} c R+, and a sequence
{pn} of probability measures on B(E) such that

sup sup ‘ﬁk(ybn) - 1\ - 0 as n - o for every compact set

k=1l,...,n y€S

*
* *
SCE, and §_ I % T oy = b
n k=1 n

3.2.1 Proposition. If | 1is a non-degenerate probability
b
measure on B(E), and u € NE), then b - 0, o .1,
n bn+1
Proof: If bn4L 0, then there exists a subsequence {n'}

of {n} such that b;} - b, b finite. By the fact that pu € NE),

*
we get by letting Yo = %—* for y € E |
1
n

ﬁk(y) = ﬁk(yn..bn,) -1 as n' - » for each k.

Thus My is degenerate for each k. Hence, p 1is degenerate which
is a contradiction. Thus bn - 0.
b
Suppose now bn 4 1. Then there exists subsequences {n"}
b nt+l
]
of {n} such that 2 - b where b # 1.
b_,
n'+1 b
_ _n'+l
If b=, then ¢ , = - 0, and
n b ,
n
n' nl
(3.2.2) * T *T p, =T ¢ * T *T,_ p,) *
Xn'+1 =1 Pat+1 k “a' *a' k=1 by K
6x C X ‘
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TR L

[ ] ) ~

%\\\. € nl kEI uk (ybn '+1) AE }

Since, 6)( * 1 *rb U-k(}’) = ~ (b ) Y ’
n'+1 k=1 “n'#1 Pat'+1 0 '+1°

and cv 0, therefore from (3.2.2) we get \ﬁ(y)l =1 for
*
every y € E . Hence, by Lemma 2.1.2  1is degenerate, which con-

tradicts the assumption., Thus b is finite.

Let ¢ , = bn' . Then ¢ , - b and
ntobhy n
n'+1l n'+l
©-2.3 6xn' i ke : To T T '(6xn'+1 ” kzl Tbn'+1uk) ”
' " 0+ .
. n'+1 i(xn,,y) n' R X
Since 6xn' * kEI*Tbn'UR(y)\z \e kzl uk(bna’y)"\unl+1(bn|aY)|
- Jami-1,
because Tbn.un'+1 = TEE:__ (Tbn.+1un'+l) - 60 by Lemma 2.1.1,
bn'+1

and cor b, we conclude by (3.2.3), that

‘ﬁ(by)l = \ﬁ(y)\ for every y € E*

Since b # 1 and is finite, therefore y is degenerate by Lemma
b

n
bn+1

2.1.2, which contradicts the assumption. Hence, - 1. This

completes the proof of the proposition.

3.2.4 Theorem. If , € ME), then [i(y) # 0 for any

*
y €E .

n

. = * *
Proof: Let v, 6x n Tb My Then
n k=1 n



by b
s o { i(xm,gﬂ—) m (b ] i(xn,y)-i(xm,ggy) n }
O (y) = {e m MTp,  yb)}-fe m Mg b))
n k=1 K Pp " L !
3.2.5) ¢

Tbn
= — *
vn bm vm )\m

\

where to every integer n there corresponds an integer m < n

such that ;E -c€ (0,1), my n-m - o as n - ([21], p. 323),
m
and km is the probability measure corresponding to the term in
n

the second bracket on the right hand side of (3.2.5).
*
Suppose there exists a z € E  such that {j(z) = 0, then
*
by Remark A, there exists a Yo € E  such that ﬁ(yo) = 0, and

{y CE" :{i(y) = 0}. Hence from (3.2.5)

lyoll = inf yll, where s,

YESy
we conclude that an(yo) - 0. Since vn(yo) -0, Tbn v, Tcu
b_

y m
(Lemma 2.1.1) and HC'EQ“ < Hyou, therefore from (3.2.5)

y i(ye/2)
liz I (E‘ = 372735577; .

Now by ([13], p. 37)
2
\xmn(yo) - xmn(yO/Z)\ < 2|1 - xmn(y0/2)| .

Let n - » above to conclude that
2 ﬁ(yo/z)

\ﬁ(yo/Z)/ﬁ(c yO/Z)\ < 2\1 - E?z—;;777| for every c¢ ¢ (0,1).
Let ¢ -1 above. Then 1 < 0, which is a contradiction. Hence
ii(z) # 0, which completes the proof of the theorem.

Now we prove the Main Theorems of this section.
3.2.6 Theorem. A probability measure | belongs to class

NnE) iff it is self-decomposible.
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1
Proof: If yu is degenerate, then a = 0, b = ot B T W
for every n, and we are done. So we can assume that yu is non-
degenerate.

Suppose u is self-decomposible and define probability

k-1
X and M

measures v, = Tk”c’ for n = 2,3,... where c¢

is the component of . For k =1, define Vi T e Then

~ n
o =e) g, mo*T

v = .+« « Hence, v, = . So take
k B ((k-1)y)y’ ' 1 LUk
1 n
a =0,b == for n=1,2,... and note that
n n n
~ k ~ k= 1 -4
pED - sl 2 ues 11 - a@/m]
sup sup | — 3 < L — 5
k=1,2,...,n y6§ L Y) inf  inf |GGy

k=1,...,n y€S
by ({_13]: p. 37),
*
for every compact S < E .

Since S 1is compact, therefore for some t = 0,

S<e {y : || st}. Because “ﬁﬂ - 0 uniformly on S as n - =,
and sup sup “kil.yn < sup ||y]| s t, therefore we conclude
k=1,...,n y€S y€Ss

by Proposition 3.1.4, that

lim inf inf \Q(y Eﬁl)\ > inf \ﬁ(y)‘ >0,

n k=1,...,n y€S Hy“gt
and hence,
sup sup |$k(§) -1 -0 .
k=1,2,...,n y€S
Thus p € NE).
Conversely, suppose p € N(E). Then there exist two
sequences {xn} € E and {bn} < R+, and a sequence [uk} of
n

probability measures such that v =6 * [ *T
n k=1

b P W and
n
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{Tb My 2 k =1,2,...,n} is a uniformly infinitesimal sequence.
n

b
Hence, by Proposition 3.2.1 b -0, gn—~ -~ 1. Consequently,
n nt+l
given a ¢ (0 < c < 1), we can correspond to every integer n

b
. n
an integer m < n such that B ~ ¢ and m, n-m ~ ® as n - o

3

({217, p. 323). Note that

’

Tbn
= il %*
vn b vm xm
m

n
where xm is the probability measure given by
n

n

) * n *7T u .
*n bnxm k=mrt1 bn k

Since v, therefore by Lemma 2.1.1,

Th

n
—_— = T
b Vm Mo

m

and hence by Theorem 1.1.3, {\ } is compact. In view of Theorem
m

a n
3.2.4, \_ (y) - %ﬁll— » and hence by Theorem 1.1.3(c),
m w(cy)

(3.2.6a) P N A VI

where M is given by

- *
ﬁc(y) =0 /u(cy), for every y €E .

Thus = Tcp * Hoe This completes the proof of the theorem.
3.2.7 Theorem. Let y be a self-dceomposible probability
measure on a real separable Banach E. Then u and for each
(0 <« ¢ € 1),the associated measure Mo are (see (3.1.3)) infinitely

divisible.
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Proof: Let 0 < c< 1. From (3.1.3) it follows by itera-

tion that for each n,

= * * * * *
" B Tcp.c T zu.c ceo* T n-lu'c T P
C (o C

* T
kn,c cnu ’

n
= * * ... % R i —-
where kn,c Mo Tcuc Tczuc Tcn-luc Since ¢ 0 as

n » o, it follows from Lemma 2.1.1,

T .
nu = 6O
c

Consequently by Theorem 1.1.3(a) and (c¢),

2. - ® .
(3.2.8) kn’c =y as n

Let m be a positive integer. Let

= * * *, .k
“n,e Mc TCmPc TCZmuc T Tc(n-l)mPc )

Then

2. * T * T *, . .%
3 9) v v zvn,c Tcm-lvn,c

= * T *,..*%T
B Me -0 m-1"¢ ?

and the right hand side in (3.2.9) converges weakly to p as

n - o by (3.2.8). Consequently by Theorem 1.1.3(b) Ve is

shift compact. Therefore there exists a sequence X in E
bl
such that Vo e * 6x is compact. Hence there exists a sub-
((’:) n,c
sequence {t '} of {n} such that Vic * 6X¢ . = km’c in 7
H]

as L(c) -+ o», From (3.2.9) it follows that



*
(3.2.10) (VL’C 6

x‘{nc ? xL’C
T (v 6 ) X8
m-1""¢,c x{”c LR o
c-1 4,c
converges weakly to , as L(C)-om. Since Veoe * éx converges
]
1,c
weakly, therefore § m is compact. Consequently for
c -1
c-1 xL,c
m
some 'y in E, - S -1 X converges to y in norm. Hence
m,c ? c-1 "¢,c c,m
from (3.2.10) one gets,
.2, * * T LI * = .
(3.2.11) km,c Tcxm,c 2)‘m,c Tcm-lkm,c 6ym c W
bl

Let N be a sequence in (0,1) converging to 1. Then

from (3.2.11)

(3.2.12) A\ * T A\ *, ,.% T A * § = for each
m, ¢y Cy M5 Cy Cm-l m, Cy Y, c K
k k
Consequently, km c is shift compact. Hence there exists a sub-
’
k
sequence {p} of {k} and a sequence Zn,p in E such that
3
* i - o .
km,c 62 = Am in M as p o>
% m,p

Thus from (3.2.12) we get

(3.2.13) (\m,cp 6, DXT_ (ke ) k% Tcm_l()\m’c * 6

c z
m,p P ’p m, p
%
* 5 = for each .
ym,C -m.zm o W P
p b
Since km c * 62 converges weakly, therefore by Theorem
’p m, P
3.1.3(2) 6y -mz is compact. Hence vy - mz con-
m,cp m,p m,cp m,p

verges in norm to some element Yo in E. Thus from (3.2.13)
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we get by letting p - o,

)\m*)‘m*'.'*)‘m*6y =W .
m

Since m was an arbitrary positive integer, therefore p is
infinitely divisible.

To prove that T is infinitely divisible for each
(0 < c < 1), consider the Hilbert space H containing E such that
every Borel subset of E is a Borel subset of H ([15], p. 355).
We can regard W, as a measure on H. Then T is i.d. by
Theorem 3.2.6, (3.2.6a) and ([23], p. 199). Hence for each m

there exists a probability measure v, on H such that
= on H .
v e

We will be done once we show that Vo is concentrated on E.
Since yu is infinitely divisible on E, therefore there exists a

probability measure A\, o°n E such that

)\m*m=p. on E .

We can regard A\, 2aS a measure on H, hence

*m
Xm =u on H.

Since y is self-decomposible, therefore,

\ = T\ * oy on H .

Hence

PN - *
[Xm(cy)]m %* [vm(y)]m for every y € H ,

RN

[‘i\n(cy) ‘:)m(y) ™ .
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Therefore
2n n(y) i
_ 2 ~ m *
A, = Ap eIV (¥) e for every y € H ,

where n(y) 1is an integer valued function of y. Note that

nal) g ()
m m

e = E—?:rjfrjfj-, since the denominator does not vanish
m y my 211 n!x! i
(see Theorem 3.1.4). Therefore e m is a continuous func-

tion of y taking only countably many values. Hence it must be
2n n(y) i
m

degenerate. Since at y =0, e = 1, therefore n(y)
must take values which are multiples of m. Thus Xm(y) =
im(cy)Qm(y) for each y ¢ H*. Consequently, Ap = Tckm * Vo
on H.

Since Am and Tckm are concentrated on E, therefore
Vo is also concentrated on E. This completes the proof of the
theorem.

Remark. The above theorems generalize the classical re-
sults about the self-decomposible laws (Loeve [21], p. 323,
Theorem 23.3A and corollary). We note that both these theorems
are very easy to handle in the finite-dimensional case because
of the powerful Lévy continuity theorem available. However in the
case of the Banach space, no complete analogue of the Lévy con-
tinuity theorem is available and hence the methods used here are
combinations of the methods of characteristic functionals and
functional analysis. To bring out the simplicity of the method
of characteristic functional in the context of the availability

of the full force of the Lévy continuity theorem we treat in

L
L
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Chapter IV, semi-stable laws whose very definition depends on
characteristic functional ({227, p. 92).

In the next section we obtain results for self-decomposible
laws analogous to results of §2.3 for stable laws. More specifically
we characterize self-decomposible laws in terms of their Lévy-

Khinchine representation.

3.3 Lévy-Khinchine Representation of Self-Decomposible Probability

Measures on Certain Orlicz Spaces

In view of Theorem 3.2.7, we know that | 1is infinitely
divisible. Hence on Orlicz spaces it has a Lévy-Khinchine repre-
sentation given by J. Kuelbs and V. Mandrekar ([16].

In Loeve ([21], p. 324), self-decomposible laws are char-
acterized in terms of the "Lévy-measure'. The purpose of this
section is to obtain analogue of Theorem 23.3B of ([21], p. 324)
for Orlicz spaces Ea discussed in §1.2. To prove this theorem,
we shall first characterize self-decomposible probability measures
on Hilbert spaces. The functions ¢, o ', and spaces Ea, SF’
Hk’ Sa, Sa , carry the same meaning as in §2.3.

3.§.1 Theorem. A functional ¢(-) 1is a ch.f. of a self-
decomposible probability measure on a real separable Hilbert space

H iff

(3.3.2)  ly) = explilxg,y) = 30y,y) + [KGx,y)aMG)]

*
for every y € H ,

where X € H, K(x,y) = el(x’y) -1 - lﬁlal% , D 1is an S-operator,
14|

M is a o-finite measure on /[F(H), finite on the complement of
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2
every neighborhood of zero in H, l|x||"dM(x) < = and for each
|x||s1
0<ccgl, M= TCM + Mc, where Mc is a measure on [S(H). The

representation (3.3.2) of ¢(y) 1is unique.
Proof: Suppose ¢ is a ch.f. of a self-decomposible
probability measure on [F(H). Then for each ¢ ¢ (0,1), there

exists a ch.f. 9. on H, such that
(3.3.3) ply) = p(cy) - cpc(y)

Now by Theorem 3.2.7, ¢ and ¢, are infinitely divisible.
Therefore by ([31], p. 227), ¢(y) = exp[i(xo,y) - %(Dy,y) +
fK(x,y)dM(x)] for every y € H*, where X, € H, D is an S-operator,
and M is a g-finite measure on [B(H), finite on the complement
of every neighborhood of zero in H and such that

“xHZdM(x) < ., Hence,
x||<1

oley) = explileg,ey) = 3 ¢ @y,y) + [Klx,ey)dM(],

K(x,cy) = ei(cx,y) 1 - i(cx,y% + i(cx,y%,_ i§x,c§2 ’
THlex|”  1Hjex||” 14|
. 2 2
= K(cx,y) + 1(cx,y;uxﬂ (é - ; ),
Qx| ™) A+eTx|| )
Gy [ 2
Since, dM(x) < |y \x“ + dM(x) < o,
I ey e ®y i ‘gx\\ﬂ\ i TRX\\>1

therefore,

p(cy) = explilx,y) - % < my,y) + j‘K(x,y)dM(c-IX)} ,

2 2
where ()-t',y) = (c xo,y) +I C(I-C%Qd)gx“ 3 dM(x). Since,
A+ ) el

P is infinitely divisible, therefore by ([31], p. 227),
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. 1 *
¢c(y) = exv[l(xo,y) -2 (Dcy,y) + IK(x,y)nd(x)] for every y € H ,

where X, € H, Dc is an S-operator, Mc is a og-finite measure on
B(H), finite on the complement of every neighborhood of zero in

H, and such that “x“sz %) < .
xl|<1 ¢

If we denote ¢(y) = [xo, D, M], then we have from (3.3.3)
- 2 - 2
[xO,D,M] = [x,c D,TCM]o[xc,DC,MC] =[x + X sC D + Dc’TcM + Mc] .

By the uniqueness of the representation of infinitely divisible

ch.f., we have
M=TM+M .
c c

To prove sufficiency, we make use of Theorem 4.10 of
({237, p. 181) to conclude that ¢ is a ch.f. of an infinitely
divisible probability measure . on B(H), and note that [x,D,M] =
[Q,czD,TcM].[xo-i,(l-cz)D,Mc],where x is same as before and 0 < ¢ < 1.
Now by the one-to-one correspondence between the proba-

bility measures on /[B(H) and their ch.f., we conclude that
= *
=T * e,

where u, W, are the probability measures corresponding to
[xO,D,M], and [xo -.i, (1-c2)D,Mc] respectively. Uniqueness
follows from Theorem 5.10 of ([31], p. 227). This completes the
proof of the theorem.

Remark B. The main result of Jajte in [14] can be obtained

as a corollary of the above theorem in the following manner.
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Let u  be a stable probability measure on S(H). Then by

Proposition 3.1.6 . is self-decomposible and hence for ecach ¢ € (0,1),

M =T M.
c (l-cx)llk

Hence M =TM+ T M.
a-cMH/A

Now by the same argument as in Lemma 2.3.6, we get

TcM = cxM for every c € (0,1) .

To conclude the remark, note that TaM = axM for every a ¢ (0,»)
iff TaM = axM for every a ¢ (0,1).

3.3.4 Theorem. Let , be a probability measure on the
Orlicz space Ea’ where « is as before. Then yu 1is self-

decomposible iff

(3.3.5) &G = explilxy,y) - 2y,y) + [ &) o1 o HEa¥hyany
0 2 2
U 1+“x“k

i *
+ i (ei(x,y) -1 - ll&*!%)dM(x) for every y € E ,
U 1+nx o

o “F

@
2
where x, € E , T is an g-operator, U = {x € E : T o(x,) s 1},
0 o o 1 1
and M is a g-finite mecasure on [B(E,), finite on the complement
oo}

of every neighborhood of zcro in Ea, izla(j xidM(x)) < o and for
each ¢ ¢ (0,1), M = TCM + Mc’ where MC ig a measure on B(Ea)'
For each fixed 9, the representation (3.3.5) of {(y) is unique.
Proof: Suppose y is self-decomposible on Ea° Then by
Theorem 3.2.7, p is infinitely divisible. Consequently, by

[16], w = v * 8 where B is the Gaussian part of .

and e(Fn) * 6x -+ v where Fn's are increasing sequence of
n
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finite measures on Ea and X € E . Using Theorem 7.2 of
o
[16] , we get that ({(y) has the form given in (3.3.5) except

M= TcM + Mc. We can regard Fn's, v and B as measures on Hk

by [16] . Since an g-operator on Ea is also a trace
class operator on HX’ therefore by ([31], p. 226), 8 is Gaussian

on H,. Thus p =v*g on Hk. Since every bounded and con-

A

tinuous function on Hk is also bounded and continuous when

restricted to Ea by [16] we get e(Fn) *8 =V on

H . Since T . and u_  are concentrated on E , therefore
A c c o

Tcu * Mo is concentrated on Ea’ and hence g = Tcu * p, on HX.

Therefore | is self-decomposible on Hk' Consequently by Theorem

3.3.1, M= 1imF and M=TM+ M .,
n c c

n—oo

Conversely, suppose (3.3.5) holds. Then p is infinitely

divisible on Ea by ([16] . Hence there exists a sequence

of finite measures Fn's on Ea such that Fn t M, and a sequence

X c Ea such that e(Fn) * 5xn = v on Ea and p = v * B where
B 1is Gaussian on Ea. By the same reasoning as in the proof of
the necessary part of this theorem, we conclude e(Fn) * 6x Y
on Hk’ and B can be regarded as Gaussian on HX' Since "
p=v*¥pB on Hk and hence by [16], , is infinitely
divisible on Hk' Thus by Theorem 3.3.1, p is self-decomposible
on Hk. Hence for every c¢ € (0,1),

= *
" Tcp. b o on H)\ .

Since p and Tcu give all its mass to Ea’ therefore e
will also. Thus u is self-decomposible on Ea. The uniqueness

follows from Theorem 7.2 of [16] .



CHAPTER IV

SEMI-STABLE LAWS ON SEPARABLE HILBERT SPACES

4.0 Introduction

The main purpose of this chapter is to study semi-stable
laws which arose classically only through the method of characteristic
functions (Lévy (227, p. 95). Thus the results of this section are
valid when complete analytic analogues of Lévy continuity theorem
and Bochner theorem are available. In case of Hilbert space,

L. Gross [9] has established such results. We can therefore use
his results to study semi-stable laws on a separable Hilbert space.

Let | be a probability measure on a real separable Hilbert
space. Then its characteristic functional (I 1is T-continuous
(T9], p. 7) and hence in view of Remark 1.1.15 it has an extension
4~. We note that if i is T-continuous and a 1is any positive
real number, then (ﬁa) is T-continuous. Hence (ﬁ.a)~ is well
defined as an extension. But in view of the definition of extension
explained in Remark 1.1.15, we obtain (ﬁ,")a = (ﬁa)”. This observa-
tion will be used in Theorem 4.2.6. For the sake of completeness
we recall here the Lévy continuity theorem of Gross (€91, p- 8.

Theorem. Let B be a sequence of probability measures
on a real separable Hilbert space H with respective characteristic
functionals P * Let ¢ be a uniformly.T-continuous functional

on H such that ¢(0) = 1. If W, converges weakly to a measure

51
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u whose characteristic functional is ¢, then ¢, converges to
w on H and qi converges to ¢~ in probability. Conversely
if ¢; converges to ¢  in probability then W, converges weakly
to a probability measure u with characteristic functional .

Now we are ready to obtain generalization of Theorems of
({247, p. 780). We also obtain here the Lévy-Khinchine representa-
tion of a symmetric semi-stable law on a real separable Hilbert
space in the same spirit as Jajte in ([14], p. 64) or alternatively

we characterize the symmetric semi-stable laws on a real separable

Hilbert space in terms of its Vardhan representation.

4.1 The Main Theorem

4.1.1 Definition. A probability measure p on a real
separable Banach space E is said to be semi-stable if there exist
real numbers a > 0 and b such that the characteristic functional

g satisfies
*
(4.1.2) aly) = [ﬁ(by)]a for every y € E

Remark. We can assume a > 1, otherwise |, would be de-
generate. By the similar argument as in Proposition 3.1.1, it would
follow that \b‘ < 1, provided , is non-degenerate. From now
on we shall, without loss of generality, assume a > 1, \b‘ < 1.

4.1.3 Theorem. Let p be a probability measure on [B(E)
and for x > 0, [x] denote the greatest integer contained in x.

I1f there exist two numbers a > 0, and b real such that

(_Tbn“']{:an] = W

g 1
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then . is semi-stable.

‘ nl]'

Proof: Let v, = LTbnu] .  Then
+1 n n+1 n
- (2™ _ (a™ (a")-(a"]
G.1.8) v = (T L) pll KPR AR R T :
b b b
ntl . _[a"T1y-(a" ntl . .a"(a-1) (Gt )]e“
%.1.5) [A® "y)] ] LERTAC y)] : . ) ’
~ o ntl +
L "y " 1
where 6, en+1 are fractional parts of an, an+1 respectively.

Now it is clear from (4.1.5), that as n - o,

[an+1]_[an]

o™y S Aoyt

Thus from (4.1.4) we get
SO = 5y -G = (dey)® .

4.1.6 Main Theorem. Let | be a semi-stable probability

n
measure on a real separable Hilbert space H. Then [T nu][a ] = e

n
Proof: Llet v = [T u][a ]. Then to show that v = yu,
n B0 n
it is enough by ([ 9], p. 8) to show that %; = 37 1in probability.
5~

n,~
Since {i(y)” = [(I,(bny)][a J -[ﬁ(bny)] ", therefore

~

n n.. e
1t v 71 - Goyy» "

A

4.1.7) 156~ - 867

n 0
|t - Ge1 ",

iA

. . n
where en is the fractional part of a .

Since T u = 60, therefore ﬁ,(ybn)~ P 1 by ([9], p. 8).
b
Hence
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~

0 [¢)
Sb™T M = [peb™] "t L.

~ P

Therefore from (4.1.7), Gn

i~ which completes the proof of the
theorem.

Remark. In view of the unavailability of Lévy continuity
theorem in the form of Gross for general Banach space ([17], p. 221)
the above proof is invalid for Banach spaces.

4.1.8 Theorem. (1) Semi-stable laws on a real separable
Hilbert space H are infinitely divisible.

(2) 1f |, 1is semi-stable on H, then [ﬁ(y)]k for each
A >0 1is a characteristic functional of a probability measure on H.

Proof: In view of ([23], p. 181), (1) follows from Theorem
4.1.6 ard (2) is obvious from ([23], p. 181).

4.1.9 Theorem. A functional ¢(-) is a characteristic

function of a symmetric-semi-stable probability measure on a real

separable Hilbert space H iff

(4.1.10) () = exp[-5Dy,y) + [(cos(x,y) - 1)dM(x)]

*
for every y € H |

where D 1is an S-operator, M 1is a g-finite measure on [S(H),
finite on the complement of every neighborhood of zero in H,

6 qusz(x) < » and there exist two real numbers a > 0, b
x“Sl

such that ab =1 and aTbM = M.
Proof: Suppose ¢ is a characteristic function of a semi-
stable law. Then if we denote the Lévy-Khinchine representation of

a symmetric infinitely divisible characteristic function by

[0,D,M], we get by Theorem 4.1.8
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¢ = [0, D, M] .

Using (4.1.2) we get
2 a 2
to,n,M] = [0,b D,TbM] = (o,b al),a'l‘bM].
Now by the uniqueness of the representation we get

ab™ =1 and aTbM =M.

2
Conversely, suppose there exist two numbers a >0 and b 3 ab™ =1

and aTM = M. From ({23], p. 181), it follows that ¢ is

infinitely divisible. Thus,
_ = 2 _ 2 a
¢ = (0,D,M] = [0,ab D,aTbM] = [0,b D’TbM] .

*
Hence ¢(y) = [Q(by)]a for every y € H .
Remark. In case the symmetric semi-stable law yu is

actually stable, then in view of Theorem in ({147, p. 64), we get

A

that ab™ =1 for 0 < % < 2. Even non-symmetric Gaussian law

is not semi-stable.



CHAPTER V

CONCLUDING REMARKS

In this part we state some problems which arise out of the
work of previous chapters.

1. The limit theorems proved in §2.2 and §3.2 can be used
to obtain certain invariance principles for stochastic processes
in the same spirit as D'Acosta [4] used his work on convergence to
Gaussian measures. In fact in view of the work of Lamperti [18]
it seems that certain limit processes associated with branching
processes are symmetric stable processes. So the following two
problems raised by Rajput and Cambanis in [27] for Gaussian measure
become of interest for stable measures.

2. Given a stable stochastic process with sample paths in
a Banach function space, is there a stable measure on the Banach
space which is induced by the given stochastic process?

3. Given a stable measure on a Banach function space, is
there a stable stochastic process with sample paths in the Banach
space which induces the given measure?

Some partial progress has becen made on problem 2 and it
is hoped that 3 can be handled by similar methods.

4, One can introduce, following Doob's ideas on infinitely
divisible processes [6], the idea of self-decomposible process

and study its sample path properties. Also problems 2 and 3 can
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again be asked about self-decomposible process.
The above problems are under investigation and progress

on them will be reported elsewhere.
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