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ABSTRACT

AGE DISTRIBUTIONS FOR MULTIPHASE BRANCHING
PROCESSES AND THEIR APPLICATIONS

By

Wen-Hou Kuo

A supercritical age-dependent branching process is considered
in which the lifespan of each individual is composed of four phases

whose durations have joint probability density f(tl,tz,t3,t4).

Starting with a single individual of age zero at time zero we con-

sider the asymptotic behavior as t - o of the random variable

Z(a)(ao,...,an,t) defined as the number of individuals in phase 4

~

at time t for which the elapsed phase durations YOl""’Yo4’

ceey Yﬂ....,Y'M,...,Yn4 of the individual itself and its first n

ancestors satisfy the inequalities Yij < aij’

j=1,...,4. We also state an analogous result which defines (con=

i=0,..00n,

ditional on eventual non-extinction of the population) the asymptotic
joint distribution of the phase and elapsed phase durations of an
individual drawn at random from the population and the phase durations
of its ancestors.

The correlations between the lifespans of parent and daughters
are considered in a more general model in which we treat the popula-
tion as a multiphase, multitype branching process. Moreover, the

possibility of random cell removal is also taken into account.



Wen-Hou Kuo

The application of the results to the analysis of cell
labelling experiments is described. Finally we include some

numer ical results.
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CHAPTER I

INTRODUCTION

The life-cycle of many biological cells can be divided into four
phases numbered 1,2,3,4. During the second phase the cell is synthesizing
DNA and during the fourth phase the cell is in the process of dividing
(cells in phase 4 are said to be mitotic and can be distinguished from
cells in phases 1,2 and 3). The phases 1,2,3,4 are often referred to as
Gl’ S, G3 and M respectively. In this paper we shall consider a
population of cells each having a 4-phase life-cycle as described above.
It will be assumed that the joint distribution of the four phase durations

TI’T2’T3 and T4 for any new-born cell is specified by a probability

density
f(tl,tz,t3,t4) = f(f) .

The distribution of total lifetime for any cell thus has the probability

density

g(u) = i; it I f(tl,tz,t3,u-tl-tz-t3)dt1dt2dt3 .
S R S

We shall suppose moreover that the process of cell multiplication is a
supercritical age-dependent branching process (see Harris [7], Chapter 6)

in which the lifetime distribution of any individual is specified by the



probability density g and the distribution of the number of offspring
per parent has probability generating function,

h = £ pt

k=0

where the factorial moments h'(l) and h'"(l) are assumed to satisfy
1<h'(l) <o and h"(l) < » respectively. We shall assume also that
the density g satisfies the condition jtg(y)]pdy < o for some p
such that p > 1. (The latter condition is not used until the proof
of Theorem 4.2 of Chapter II.

The analysis of the model we have just described can easily be
modified to allow for the removal of cells from the population if the
removal process is as follows: for any cell, independently of its age
or phase and independently of other cells, the probability of removal
in any small time interval (t, t+§t) is )6t + o(6t). The generaliza-
tion to this case of the results derived in Chapter II are indicated in

Section 6.

A powerful tool in the experimental study of the cell cycle is the
class of so-called "labelling" experiments, in which a radioactive substance,
e.g. tritiated thymidine, is injected into the population. If the in-
jection is a pulse administered at epoch to then the effect is to label
all cells which at epoch to are in phase 2 and no others. Subsequently
when the labelled cells divide they pass the label on to their offspring.
After injection of the pulse at to we observe the cells in phase 4
and count the fraction at epoch to + t which are labelled. The resulting
function Pto(t), t = 0, is known as the FIM- (fraction-labelled-mitoses-)

function. If instead of using a pulse at epoch ty we inject continuously

from epoch to onwards and again count the fraction of labelled cells in



phase 4 at time to + t which are labelled, we obtain a function Ct t),

0
t 2 0, known as the continuous-labelling-function. For large t the

0
function Pt has been studied in the case of independent phase durations
0
by Barrett [1], Trucco and Brockwell [17], and Takahashi [16] and for a

more general model by Macdonald [ 9], who also considered the function

Ct . These analyses all assume that the population is large, that a
0

limiting age distribution has been attained by epoch to and that the
random variables involved may be replaced by their expected values. Note
that in practice we do not observe the fraction of all cells in mitosis
at time to + t which are labelled but only a sample of N mitotic

cells. The number of labelled cells observed in such a sample will be

(under our model) binomially distributed with parameters N and Pt (t)

. 0
or Ct (v).
0
In Chapter II we show how the asymptotic forms P and C of the
functions P and C as t. — o can be derived for the model
to to 0

defined in the first paragraph. The functions P and C are obtained
from the asymptotic joint distributions of the phase duratioms of a cell
selected at random in phase 4 and its first n ancestors. (The cell
itself is said to be its own zeroth ancestor, its parent is its 1St
ancestor, etc.) For a population which starts at epoch zero with ore
member of age zero we establish the (almost sure) existence of these
asymptotic joint distributions given that the population does not die out
and determine them explicitly. They generalize the so-called "carrier-
distributions" of E.0. Powell 4] (see also Brockwell and Trucco [47,

p. 172 for a heuristic derivation of the corresponding results for the

model with independent phase durations).



The purpose of deriving such theoretical expressions for P and
C 1is to use them to estimate parameters of the model from experimental
data. We do not consider this question here but refer the reader to
Barrett [ 2], Brockwell, Trucco and Fry [ 5], Macdonald [9], Steel and
Hanes [ 15] and Mendelsohn and Takahashi [10] who deal with the estimation
problem for a variety of particular models.

There is experimental evidence to suggest that in many populations
correlations exist between the lifespans of parent and daughter cells.
In order to take this into account we consider in Chapter III a more
general model in which we treat the population as a multiphase, multi-
type branching process. We assume that there are m types of in-
dividual, the joint phase distribution for the ith type being specified
by a joint density fi(tl’tz’t3’ta)' The'expected number of type j
offspring from a type i parent is m and the second moment of the

i)

total number of offspring per parent is assumed to be finite.



CHAPTER 11

AGE DISTRIBUTIONS AND LABELLING FUNCTIONS FOR
A SINGLE-TYPE MULTIPHASE BRANCHING PROCESS

§1. Notation

The model to be considered here (a single-type multiphase
supercritical branching process with correlated phase durations) was
defined in Chapter I. The following notation will be required in

addition to that already introduced.

Consider the population at time t descended from a single ancestor

(4)
k

in phase 4 at time t which are kth generation descendants of the initial

of age zero at epoch zero. Define 2 (ao,t) to be the number of cells

cell and for which the times YOl’YOZ’Y03’Y04 spent (prior to epoch t)

in phases 1,2,3,4 satisfy

(1.1) Yo, Sag; » 1 =1,...,4 .

(We shall consistently use the vector notation Y, £ a, as an abbreviation

for the set of inequalities YOi < aOi between corresponding components

of Y., and a Note also that the 0th generation descendant of a cell

0 ~0°
means the cell itself, a first generation descendant is a daughter cell,
etc.) More generally we define ZéA)(ao,al,...,an,t), k 2 n, to be the
number of cells in phase 4 at time t which are kth generation descendants

of the initial cell and whose 1th ancestor, i = 0,1,...,n has spent

times Y,

11,...,Yi4 in phases 1,...,4 satisfying Y, Sa,. The quantities



(4)

Zk (ao,...,an,t) are random variables defined on a probability space
of family trees (whose construction is essentially the same as that in
Harris [ 6], Chapter 6). We shall also make use of the random variables

(%)

Z(t), the total population size at time t, Z (t), the number of cells

in phase 4 at time t, and

2(4)(30,...,fn,t) = kEn Zﬁh)(g ,...,gn,t) .

Our primary interest is in the ratio Z<4)(f0""’fn’t)/z(4)(t)’
particularly in its asymptotic behaviour as t = o (given that Z(t) & 0)
which leads to the asymptotic joint distributions of the phase durations
of a cell selected at random from those in mitosis and its first n

ancestors. (Clearly the analysis which follows could easily be modified

to treat the case of a cell selected at random from those in any particular
phase but bearing in mind the application to labelling experiments we
shall consider only cells selected from phase 4. A corresponding result
for sampling from an arbitrary phase is given in Section 5.)

We shall use M and S with appropriate subscripts and superscripts

to denote first and second moments of the corresponding random variables, e.g.

(&)

)
Mk (fo”"’fn’t) =E Zk (

30’...’311":),

) - 4) (C))
SkL (5 ""’fn’t’T) E[Zk (5 ""’fn’t)ZL

(8ys---58 ,t+m) ],
M(t) =E Z(t), S(t,7) = E[Z(t)Z(t+m)],

M@ @) = 2®©), s@e,n =ez® ©2® (4], ete.

These moments are known to be finite for all finite t, T because of

the finiteness of M(t) and S(t,t) (see Harris [7]).
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§2. Asymptotic Behaviour of M( )(50"°"3n’t)

The following decomposition,

(2.1) M‘“’(go,..

leads at once to a renewal equation for M

2.2y u® ¢

where A=h'(l) >1, g

of a newborn cell,

(2.3) Mia)(go,...

[...

Ji

yojsaoj’ j=

ay5.--

a , 141,

_ @) o (&)
"gn’t) = Mn (so"'°’gn>t) + Z Mk (go"°‘sgn’t)9
k=n+1

(4)

= (a
n

@
’fn’t) ,..0’.."51‘1":) + A£ M (50:°‘°’Sn’t'“)g(u)du’

is the probability density of the total lifetime
(4)

n

and M is easily shown (by induction) to be

’gn’t) =

n
A f(zo)--.f(zn)l[o’yOaAaoa)(t-y03-y02-...-y“1)

U

1,...,3

dzo e dZn .

Applying the standard asymptotic theory of the renewal equation to equa-

tion 2.2) (see Feller [6], p. 468 or Harris [7], p. 161) we find that as

t - o
2.4) M(A)(ao,...,a ,t) ~ K(4)ecc ; Y.(ai)
~ ~n i=0 1 o
where
(2.5) Yia) = [ y,;ay/fy,(ndy ,
B y=a, B

-C(y +...+y ) )

2.6) W@ =e LY [ E5y,yywd,
A

'C(y1+ "+YQ)

2.7) *i(Z) =e f(Z)’ i=1,2..,



8
—c(y t.. .ty )
j‘e ! b [ r f(y1,y2 ’)'3 ,u)du]dy
) ya
(2.8) K = .
Afy e “g(y)dy

and c¢ is the unique positive root of the equation
(2.9) A e Mgau =1 .

It is easy to show, using precisely the same argument (applied to

(4)(a ,t) with all a = »), that the expected number of cells in
~0

0j

phase 4 at time t 1is given asymptotically, as t - «, by

(2.10) M@ 0y ~ k®eCt

with K(a) and c¢ defined as above. Equations (2.9) and (2.10)
immediately suggest the following. If a cell is selected at random from
those in phase 4 at time t then the joint distribution of the times
Yij’ j=1,...,4, 1 =0,...,n spent by the ith ancestor of the cell in
phase j prior to time t has the following asymptotic form as t — w:

n

(2.11) Fn(ZO""’Zn) = P[zo < Zo,...,zn < y ] = n Yl(Zi)

where the distribution functions Yi(yi) are defined by equations (2.5)~-

(2.7). (Note that the functions V¥ i=1,2,..., are identical.)

1’
We shall refer to the function Fn defined by (2.11) as the asymptotic

n-fold age distribution of cells in phase 4. It is reasonable to suppose

that conditional upon non-extinction of the population; the actual fraction

of cells in phase 4 satisfying Y <a Y < a converges to Fn

8y0ee oY
for each n. The purpose of the following sections is to show that this
is indeed true in the following sense: First we recall (Harris [ 7],

Chapter 6) that under the conditions specified in Chapter I the total



9

population size Z(t) has the property that
(2.12) Z(t)e-Ct - KW both in mean square (m.s.) and almost surely (a.s.),
where

A-1
2 -
c ATy e Vg(n)dy

K =

and W is a random variable with expectation

EWw =1,
and variance
2
oy > 0 ;

moreover the events {Z(t) - 0} and {W = 0} are a.s. equal. We shall

show that analogous results hold for the random variables Z(a)(t) and

2(4)(30,...,am,t); more precisely we shall show that

z(4)(t)e-ct m.s. %)

W,

a.s.
-ct m.s.
)

K

2(4)(30,-..,gn,t)e K(A)Fn(fo,...,fn)w

for all a; = 0, i =0,1,...,n and for all n =0,1,2,..., and in fact

O

~

(2 )

-ct
0""’fn’t)e - K Fn(EO""’fn)w

for all a, 2 0, i =0,1,...,n and for all n =0,1,2,...}a.s.

The methods used are similar to those in Harris [77], Chapter 6, but the
arguments are somewhat complicated by (a) the multiphase structure of the
process and (b) the simultaneous consideration of the elapsed phase dura-

tions of cells and their ancestors.
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§3. Mean Square Convergence of Z(A)(fo,...,an,t)e-Ct

@) (4

0,...,
~

E[Z(a)(ao,...,fn,t)Z(a)(ao,...,an,t+T)] in the following manner:

It is convenient to decompose the second moment S an,t,T) =

[+ <) o]
4
31 sW @y nantn e+ 5 5 8P eem,
~ ~ i=mhl j=n+ ~ ~
where S£§) was defined in Section 2 and

(3.2) 0 £Q(t,7) < E[Zn(fo,...,fn,t)z(t+7) + Z(t)Zn(fo,...,:n,t+T)] .

(Here Zn(ao,...,an,t) is the total number of nth generation descendants
of the initial ancestor in the population at time t.)

From equation (3.1) we obtain the renewal equation

(%) _
(3.3) s (go,---,fm,t,w) =Q(t,T)

(4)

t
+ h"(l)&M(Q)(ﬁo,...,gm,t-u)M (so,...,fm,t+¢-u)g(u)du

t
+ A ES(A)(E ,...,fm,t-u,T)g(u)du .

Writing R(t,t) for the sum of the first two terms on the right side of
(3.3) it is not difficult to show that R(t’T)e-th-cT -
P (4) 2% -2cy

(H[K Fm(fO""’fm)] ge g(y)dy uniformly for 120 as t — e.
(This follows from equation (2.4) and Schwarz's inequality applied to the

right-hand side of (2.2), noting that Zn(a ,...,an,t) <

n 4 % o
Z (a,,...,a , £ £ a,) and that E[Z(t) Je -~ M < © (Harris
n .0 ~n’ 120 y=1 ij

(7], p. 144).)

Writing §(4) for S(a)e-ZCt-CT

we obtain from (3.3)

E(A)(a -2ct-cT

852 ’8m:ta'r) = R(t,T)e

t
+ g S(A)(ao,...,am,t-u,T)A e-zcug(u)du
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whence, by Lemma 4 of Harris [ 7], p. 163, we obtain

. O R b (TR L
(3.4) 1lim §( )(ao,...,am,t,T) =

t—

I ~2cy
1- gA e " gly)dy
uniformly in Tt = O.
Starting from a renewal equation similar to (3.3) for
EEZ(A)(E veersa L E)Z(tH)] = C(EO"'°’fm’t’T) we can proceed in the

same way as above to obtain

h"(1)[x(“)pm(ao,...,am)]x ge-zcyg(y)dy

(3.5) 1im c(ao,...,am,c,-r)e'?'“'CT -

t—o

*° -2c
1 - gA e “Vg(y)dy

uniformly for T 2 O.

Equations (3.4) and (3.5) imply that as t - o,

(4) ) 2 -2ct
(3.6) E[ (k2 (3 ""’fm’t) - K Fm(fo""’fm)z(t)) e -0,
from which it follows that
3.7 Z(A)(f ,...,fm,t)e-Ct m.8. K(Q)Fm(go,...,fm)w ,

where W 1is the random variable appearing in (2.12).
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(4)(a -ct

a5
We shall need the following decomposition of the random variables

2® (s

§4. The Almost Sure Convergence of Z .,an,t)e

8hscees8) ,t):

(4.1) Z(A)(E ""’fn’t) = ZE(f"fl”"’fn’t) - Zg(gé,fl,...,a ,t-a )

]
T X(8g,310 e a3nataigy)
]
where a, denotes a three-component vector (003,802,801) and

ZE(f&""’fn’t)’ Ze(aa,...,an,t) are respectively the numbers of cells
entering phase 4 in [0,t], [0,t) with ancestral phase durations

Yo3:¥gp0-++s¥ 35Y 5,Y ; satisfying Y) < ao, Y S8, Sa.

Similarly X(ao,...,an,t,a) is the number of cells entering and leaving

phase 4 in [t-a,t] with Y @ < a&,

Derivation of the asymptotic behaviour of the first and second moments

ceeyY S a .
~Nn " _.n

E
Mg(a seees8 ,t) = E(Z (ao,...,gn,t)] and S (f"""fn’t’T) =
E[Z (ao,...,an,t)Z (ao,...,an,t+7)] follows the pattern of Sections 2
and 3 so we shall simply write down the relevant renewal equations and

state the final results without proofs.

t
(4.2) Mg(gé,.. 8 ,t) = ME(aO, ca ,t) +-jNF(fa,...,fn,t-u)g(u)du ,

where
' n - - -

(4.3) Mi(go,...,fp,t) - j ... { RE(yg) £ Trg o (Ey -y

yi i’i seeeyn

Y0530

ce= eeod ,
ynl)dZo Zn

and

.8 S(al,..ra b, = QF(E,m)
t
+ h"(1)£ME(a6,...,an,c-u)ME(aé,...,an,t+¢-u)g(u)du

E
+ A js (a'y,...,a ,t-u,7)g(u)du
o ~0 ~n
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where

E
(a gn’t'*”r) J

E E B B
(4.5) 0SQ(t,m) SE[Z (a5,...,8 ,)Z (c+r) +Z ()2 (a5,---,

and ZB(t) is the total number of births in [0,t], and Zi(g&,...,sn,t)
is the contribution to ZE(a',...,an,t) of nth generation descendants of
the initial cell.

Lemma 4.1. Under the conditions specified in Section 1, as t — o,

ct

(4.6) M (agse-an0e ™t = (P al, .., + o(D)]

h“(l)pE(gé,--..gn)zje'zcug(u)du

-2ct-cT -
1 -A Ie-zcug(u)du

4.7) SE(a',...,an,t,T)e (1 +0o(1)],

and
E - .8.

(4.8) 2" (@), ... .8 ,0)e " WS Far e v,

“c(¥nat¥ o nq)
yv‘j‘ao 207770 n
E ~

where p (a3,...,8) = =0 =0 pre noyY.(a) .

cAJy e g(y)dy i=1

Remark 4.1. If we apply Lemmas 3, 4 and 5 of Harris [7], p. 162, to
equations (4.2) and (4.4) we obtain the stronger result that the terms
o(l) 1in (4.6) and (4.7) can be replaced by o(e-‘t) where ¢ 1is in-
dependent of t and 1t and ¢ > 0. (It is here that we use the con-
dition I(g(t))pdt < o for some p > 1l.) This fact is crucial in the
proof of almost sure convergence which follows. The argument follows

that of Harris [ 7], Theorem 6.21.1.

E -ct a.s. E
Theorem 4.1. A8 t — o, Z (36,...,5n,t)e ct a.s P (56,...,5n)w for all
26 20,8, 20, 1= 1,...,n and for all n = 0,1,2,... .

t

E -c
Proof. For fixed 36""’fn let Yt =27 (36""’fn’t)e and

Y- pE(aé,...,an)w. Then from Lemma 4.1 and Remark 4.1 it follows that
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I 2
gE(Yt - Y) dt <« » and hence

4.9) [[(Yt - Y)Zdt <o a.s.

Since ZE(aé,...,an,t) is non-decreasing in t it follows that,

(4.10) Yt+w 2 e Yt .

Denote by (Q,%,P) the probability space of family trees on which the
random variables are defined and let @ denote a point of (J. Then if

Evt(w) > Y(w) it follows from (4.10) that

t—co

%.11) [ - Y@))2dt = o .

Similarly (4.11) holds if lig_Yt(w) < Y(w). Hence by (4.9) the set
t—x

{w€a: 1imY¥ (o) = lim Y, (w) = Y(w)} has probability 1.
Remark 4.2. Ze(g(;,...,fn,t)e'ct a.s. PE(E&*""fn)" for all 36 20,
a, = 0,1=1,...,n and for all n =0,1,2,..., the proof of this
assertion being identical to that of Theorem 4.1.
We now turn to the somewhat more complicated problem of establishing

the a.s. convergence of X(aé,...,an,t,x)e-Ct (see equation (4.1)). Let

¢ be the function defined on [0,») as follows:

1 , UsSB
(4.12) p(u) =

e-a(u'B)’ u> B

where q,8 > 0. Consider now the random variable X¢(£6,...,an,t)

~

defined (a.s.) as the Lebesgue-Stieltjes integral,
(4.13)  xP(aj,...,a ,t) = Jo(wX(a),...,a_,t,du)

= aje.dux(g',...,an,t,u+e)du,
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(the second equality can be established by integrating by parts). Notice

also that if 0 <8 < x,

-a(x-8)

P ] [} ]
(4.14) X (fo""’fn’t) < X(go,---,gn,t,x) + e X(go,.--,gn,t,w) .

Defining Mw(aé,...,a ,t) = E[Xw(fé,...,fn,t)] and S¢(gé,...,fn,t,7)

= E[Xw(aé,...,a ,0)x%a!

0,...,an,t+7)] we can write down the renewal

equations

t
(4.15) M‘P(g(;,...,gn,:) = M:f(gé,...,an,c) + J)N(P(g(;,...,gn,t-u)g(u)du ,

~

where
¢ 0 - - -
(4.16) M (ao,...,an,t) .y.‘aj -1 nA f(zn)...f(zo)w(t Y03 Y02
YO 0’ 9 c e yily
y04+y03 +yn2+yn1‘t
. .-ynl)dzo. . 'd,}.’.n ’
and

(4.17) s%(ag,...,a ,t,m) =%(t,m)

+ h"(1)AN‘P(aO,...,gn,c-u)M‘P(s(;,. .8, t+r-u)g(u)du

+ A gsw(sé,...,gn,t-u,f)g(u)du ,

where

0 £ Q®t,1) = E[Z](al,. .2 0025 (e4m) + 22(0)2E (a0 0m e ]

o) "’

The upper bound here is the same as in equation (4.5). Although it could
easily be improved it is all we needto establish the following analogue
of Lemma 4.1.

Lemma 4.2. Under the conditions specified in Section 1, the quantities

M¢, s? and Xx¥ satisfy the relations (4.6), (4.7) and (4.8) respectively
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provided pE(a',...,an) is replaced by

' ]
AN

-C(y +.. .+y ) ®
04 o1 -

e [ ge Votuty ) dulfy ) dy, ]
ny.(a).
Afy e Ygydy =1 -

(46.18) p%(aj,...,a) =

As in Lemma 4.1 the terms o(l) may also be replaced by o(e-et) where
e >0 and ¢ does not depend on t or T.

Proof. Exactly the same as that of Lemma 4.1 and Remark 4.1.

-ct a.s.
-

Theorem 4.2. xw(a',...,an,t)e p¢(&6,...,an)w for all a'! 20,

20, 1i=1,...,n and for all n =0,1,2,... .

ot t

Proof. The proof of Theorem 4.1 carries over without change once we have

established an inequality to play the role of (4.10). If we write

-ct
V. = x¢(36,...,3n,:)e ¢

¢ .,an)w then the required

inequality is
(4.19) v, ze Ty

which follows from (4.13) and the fact that

xP(a',...,a ,t+1) 2 e ©

a T Xw(f',...,fn,t) for all =20 .

With (4.19) replacing (4.10) the proof is now identical to that of Theorem

4.1,

I
-ct 8._..8. 0 [O,m) (8'

Corollary. X(aé,...,an,t,m)e ,...,an)w where

1 ~
) [O’G)(a',...,an) is obtained from (4.18) on replacing ¢ by the
indicator function I[O,ab'
Proof. Take B = 4w 1in the definition (4.12) of ¢, in which case
Xw(gé,...,gn,t) becomes X(g',...,gn,t,m) and the arguments leading to
Theorem 4.2 all remain valid.

1
a.s. 0
Theorem 4.3. x(gé,...,sn,t,x) < p C ’x](gé,...,sn)w where

I
p [o’x](aé,...,an) is obtained from (4.18) on replacing ¢ by the
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indicator function I

[0,x]°
Proof. Observe that for 0 < B < x, equation (4.13) implies that

4 .20) e-Ctxw(aa,...,an,t) - e-a(x-s)e-Ctx(a',...,an,t,ao

-ct -ct o
<Se X(g',...,fn,t,x) <e Xq’(g(;,...,gn,t)

e-or(u -X)

where g(u) =1 if u < x, if u > x.

Letting t t o» in equation (4.20) we find that a.s.

1
pw( .,gn)w - e-a(x-B)p [o,m)(fa""’fn)w < lig_e_Ctx(a'

~0,...,an,t,x)

aé,..
-~ t—o

-cty, 9,
< 2i: e x(g ,...,fn,t,x) <) (fo""’fn)w .

Now letting o t » then § t x we obtain the assertion of the Theorem.

Theorem 4.4. P[1lim Z(A)(a ,...,an,t)e-ct = K(A)Fn(ao,...,an)w for all

a, 2 0, i=0,1,...,n and for all n =0,1,2,...] = 1, where K

F_ were defined by equations (4.4) and (4.11).

and

Proof. The fact that for each fixed ao,...,a ,

~

Z(A)(a

-ct a.s. 4
~0,...,gn,t)e ct a.s K()

Fn(go,...,an)w

as t - o follows at once from Theorems 4.1 and 4.3 and Remark 4.2.
The stronger assertion made by Theorem 4.4 is a consequence of the a.s.

(4)(f .

monotonicity properties of Z ..,an,t) for each t, the continuity
of Fn and the denseness of the rationals in the real line.
Corollary. Given that Z(t) A 0 as t — o, the ratio

2 (gyse--08,,0)

converges to the joint distribution function

z®) (1)

Fn(fo""’fn) for all a, 2 9,...,an 20 and for all n =0,1,2,...,

0
with probability 1.
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Proof. We note first that Z(a) (t)e-Ct a.s. K(l‘)w. (The proof of this

fact is similar to but much easier than the proofs leading to Theorem 4.4
above.) Moreover it is shown by Harris [ 7], p. 147 that the events
{Z(t) - 0} and {W = 0} are a.s. equal. The assertion of the corollary

is an immediate consequence of these facts.
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§5. Random Selection of a Cell From the Population as a Whole.

The corollary of Theorem 4.4 gives the asymptotic joint distribu-
tion of YO,...,Yn for a cell selected randomly from those in phase
4 at time t. Analogous results could clearly be derived for sampling

from any particular phase. We now indicate the corresponding result

for sampling from the entire cell population.

Let Z(i)(a(i),al,...,an,t) be the number of cells in phase i at
time t for which the elapsed phase durations YOi""’YOI"" ,Y 4""’Yn1
i
of the cell itself and its first n ancestors satisfy YO éi),...,

(i)
Yol < a 01 TEEEY S93 < an4"°"Yn1 < anl'

Then by the same arguments as we have used for the case i =4 it

Y

can be shown that, conditional on Z(t) /& O,

(1) , (1)
Z (a ’8,5+..,8 »t) (1) .
G.1) =0 z(t; o . X Fii)(s(l),...,fn) for all
éi) 2 0,...,an 20 for all n =0,1,2,... almost surely,
where
-C(yl ...+y ) ©
Je [f Ef(y)] = duldy
6.2y @ -
Afye™ g(y)dy
and
-c(yl ooty ) @
(5.3) J W s y [EGYy du1dy
i
SATERER LN n
(1) (i) | )
( ""’in) ~e(y,* ...+y ) ® kgl Yk(ak)

[e [f [f(y)] —,duldy

1
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(The function Yk was defined in Section 2.)
Equation (5.1) defines in considerable detail the asymptotic
age-phase structure of the population as t - o, conditional upon non-

extinction. We note that Fsl)(aél),...,an) defined in (5.3) gives

the asymptotic joint distribution of YOi""’YOI’Zl"°"Yn for a

~

cell selected randomly from those in phase i at time ¢t.
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§6. Generalization to Include Random Cell Removal.

We now consider the following modification of the process con-
sidered in Sections 1-5. Suppose that in addition to elimination of
cells by death at the end of the cycle there is '"removal" of cells in
the following manner: for any cell, independently of its age or phase
and independently of other cells, the probability of removal in any
small time interval (t, t+§t) 1is st + o(st); the probability that
more than one cell is removed in (t, t+6t) is o(st). This model
describes the growth of the population of proliferating cells in a
population where cells may differentiate and become non-proliferative
during the cycle. As before, ¢ stands for the unique positive root
of equation (2.9). We consider the following three cases.

Case 1. ) < c. It is not difficult to check that if we again start
with a single cell with age zero at epoch zero but now define 2(t)
to be

At

Z(t) =e™ . Z(b)

where Z(t) 1is the number of cells in the population at time t, and

t
A times their

likewise 24(30,...,2n,t), 2(4)(t), etc. each to be e
definitions given in Section 1, then the whole of Sections 2-5 carries
over verbatim to the new process. We end this case by remarking that

the condition ) < ¢ is used at the place where we establish the m.s.

convergence .

Case 2. )\ = c. This is the case corresponding to the so called

critical branching process. The procedures used in Section 3 do not
hold in this case. In order to discuss the asymptotic behavior of

the random variable Z(t) we define Ik to be the number of cells
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in the kth generation. Observe that the probability that a cell is removed
from the cycle before multiplication is 1 - f*(x). If we regard a

cell removed from the cycle as a death (giving no birth), then the

number of daughter cells per parent is a random variable with proba-
bility generating function H(s) =1 - f*(x) + f*(x)h(s). Proceeding

the same arguments used in Theorem 5.1 and Theorem 5.2 of Harris [7],

pp. 127-128 with minor changes we conclude that the random variable

Ik are a Galton-Watson branching process with generating function

H(s) and two events {Z(t) -0 as t - »} and {Ik is equal to

zero for some k} are a.s. equal. The above results, together with

the fact H'(l) = 1, imply that

P(Z(t) - 0 as t ~o =1 .

Case 3. A > c. Since the loss rate )\ is greater than the growth

rate c, an immediate question to ask is "Will the population die out
eventually?" 1In order to answer this question we make use of the

following decomposition,
E D
(6.1) Z(t) =2 (t) -Z (v),

where ZE(t) is defined to be the total number of cells entering the
cycle during the time interval [O,t] and ZD(t) is defined to be
the total number of cells leaving the cycle during the time interval
[0,t]. Again, using the method suggested in case 1, we obtain
immediately the following results.

Theorem 6.1. If we denote M (t) = EZ'(t) and M (t) = Ez’(t), then

(i) M(t) -0 as t — o
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(ii) M'(t) ~B and M(t) =B as t - =,
where B = [I-A:[: e"‘tg(t)dc]'l,
(1i1) 2zB(t) = W' and z°(t) = W' as t - =,
where WE and WD are random variables,
(iv) EWE = EWD =B and P(WE < @) = P(wD <o =1
and
(v) P(2Z(t) -0 as t - =1 .
Proof. (i) and (ii) are the immediate consequence of applying the
standard asymptotic theory of the renewal equation to the equations
obtained by using the method suggested in case 1. (iii) follows from
the monoticity of the random variables ZE(t) and ZD(t). (iv)
follows from (iii) and the fact that B is a finite constant. It
remains to show (v). Equation (6.1) and (iii) together imply that

Z(t) converges to a random variable W, W = NF - WD, as t approaches

infinity. Since Z(t) 1is a nonnegative function of t we have

w 2 0. This, together with the fact that EW = 0, establishes (v).



24

§7. The Case of an Arbitrary Initial Population.

We have assumed from Sections 2-6 that the process starts with
a single cell of age zero at epoch zero. In the following we indicate
that the corollary to Theorem 4.4 remains valid regardless of the
phase and elapsed phase durations of the initial cell and indeed of
the number of initial cells.

Case 1. One initial cell. Suppose at epoch zero the population con-

gsists of a single cell with age a in phase i (age in phase i

0

being measured from entry into phase 1i). Assuming random cell

removal as defined in Section 6 and letting 2(t) denote the product

ekt «2(t) (where ) =0 if there is no cell removed) we have

~ _ )\t _ g
(7.1) Z(t) = eI (t U)I(-oo,O)(t L)

(~,0)
N

(L-U) ¢ Z (t -U),
i=1

N
+ e (0 )(t U)I(0 )

where U, L and N are independent random variables (U is the epoch
at which the initial cell completes itscycle, L is the epoch at which
the initial cell leaves the system before completing its cycle and N
is the number of daughter cells which it produces) while
{21,22,23,...} is a sequence of independent copies of the process

starting with a single ancestor of age zero. U,L,N,Z are all

1’ yAS
independent and can be defined on a single product space endowed with
the appropriate product measures. From equation (7.1) it follows

that, for )\ < c,

7.2) e 222" x e~ (VU W,



25

where K was defined in equation (2.12) and wi is the a.s. (and

m.s.) limit of e-ct 2i(t) as t - o, and, for )\ > c,

N
o) LU L 2,(t-0)

(7.3) Z(t) = I(qn’o)(t-U)I(dn’o)(tJL) + I(O,ub(t-U)I E

(o,

which implies that
(7.4) z2()?*" 0 as toaw.

We observe that the two events {Z(t) - 0} and {WI = w2 =...= W = 0}
are a.s. equal.
The same reasoning shows that Theorem 4.4 and the results of

Section 5 remain valid provided the random variable Z(a)(go,...,an,t)

is interpreted as e)‘t times the definition given in Section 1 and
N

the random variable W 1is replaced by e-(c-)‘)U T wi. The corollary
i=1

of Theorem 4.4 remains valid as it stands.

Case 2. K _ initial cells. If )\ < c and at epoch zero there are K

cells with given phases and ages (measured from entry into the given
phase) then Theorem 2.4.4 and its corollary and the results of Section

5 remain valid provided the random variable W 1is replaced by

N
K --(c-k)Uj 3
e z wi
j=1 i=1
where Uj is the epoch at which the jth initial cell divides (j=1,...,K)
and N is the number of daughter cells it produces. (The proba-

3

bility space on which the W,'s are defined is now a K-fold product of

i

spaces like that considered in case 1 of this section.) Similarly,

for the case ) > ¢, Theorem 6.1 remains valid.
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§8. Application of the Asymptotic n-fold Age Distribution to the

Analysis of Labelling Experiments.

To make the results derived in this section more readable, we

use the following notation: We denote by f byt the

1,2,3,4(t1 3°%,)

joint probability density of the four phase durations TI’TZ’T3’T4

for a new born cell. Marginal probability densities will be denoted

in the usual way, e.g. for the density of T2 and T3, and the

£2,3

joint densities of sums of phase durations will be indicated by dele-
tion of appropriate commas in the subscripts. Thus for example, the

trivariate joint density of Tl’ T2+T3, T4 will be denoted f1’23’4

and the bivariate density of T1+T2, T3+T4 will be denoted f12’34.

We will still use g to denote the probability density of T1+T2+T3+T4.
Laplace transforms will be denoted by a superscript *. Thus for
example

@ ™ ©

*
(8.1) £ p3 ,(:8,y) = g & &e-au-ﬁv-wfl 23 4 (U W) dudvdy .

The Laplace transform of a function of several variables will some-
times be taken with respect to a subset of the variables. The
particular subset involved will be indicated by underlining the

appropriate subscripts, e.g.

=cu-(cts)v

* ® ®
(8.2) fl,g’a(c,c-i-s,w) = ‘[ ge f1,23’4(u,v,w)dudv .

Suppose first that the label is administered continuously to a cell
population (growing according to the model we have described) from time
t onwards. All unlabelled cells entering phase 2 after time to will

0
then become labelled and all offspring of labelled cells will be labelled
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from birth. Let Ct (t) be the fraction of cells in phase 4 at time

0

to + t which are labelled. Assuming that to is large and that the

observed population is a realization of the process which does not die

out, then for each fixed t as ty = ®» Ct (t) 1is just the asymptotic
0

probability that a cell selected at random from those in phase 4 entered

phase 3 at time t or less prior to selection, i.e.

(8.3) lim c_ (t) i Fo(dg )
a_ .St

t
to=> 0 204203
t Y % *
_ Cc -cy -
== * {e £[f12,3<c,u> £15,34(cov)]dudy,
f123(c) -g (c) - -

where FO is the distribution function defined by equation (2.11).

Similarly for pulse labelling (administered at time t_) the fraction

0

of labelled cells in phase 4 at time t, + t satisfies (under the assump-

0

tions of the previous paragraph)

(-]

(8.4) lim Pt (t) = £ P (t),

t.~ 0 v=0 Y

0
where

. = ees,d
8-2) Pv(t) d£t-a -a_., - -a ,-a §£ Fv(dfo’dfl, ' gv)
04 03 "7 Tw4 TV3TTV2

The probabilities Pv(t)’ v =0,1,2,... can be calculated by carrying
out the straightforward integration. If we take Laplace transforms in

(8.5) we find that

elf) 5()-£ (17,

* *
(8.6) Po(s) = (570 [f12’3(c,s+c)-f1’23(c,s+c)

*

-f 1,234

(c,stc) + £ (c,stc)])

*
12,34

and



28

(8.7) P (s) = CA[AS (S+C)]
c(s+e) (£ 3 (c) 8 ()]

[f:23 (s+c) _g*(s‘l'c) ][f:z ’34(c ,8+c)

*
f1,234(c,s+c)], v=1l,2,... .

Summing over v = 0,1,2,... we obtain

* * -1
c[f, ,.(c)-g (c)
(8.8) g st llm P (t) = 123 — ! {[l-Ag*(s+c)][f:2 3(c,s-l-c)
o s(s+c)[1-Ag (s+c)] ’

*
- fl’23(c,s+c)]-[1-Af:23(c+s)][f:2,34(c,c+s)-f:’234(c,c+s)]} .

It is easy to check that the result (8.8) reduces to the result of Trucco
and Brockwell M17] when the phase durations are independent and that both
(8.3) and (8.8) reduce to the results of Macdonald [ 9] when the duration

of phase 4 is independent of the durations of phases 1, 2 and 3. (Macdonald
considers pulse-labelling with a pulse of non-zero duration §. The
labelling function for such a pulse administered over the interval

[to,to+5] is obtained from (8.5) on replacing a, in the inequalities

defining the range of integration by a5, +5.)



CHAPTER 1II

AGE DISTRIBUTIONS AND LABELLING FUNCTIONS
FOR MULTI-TYPE MULTIPHASE BRANCHING PROCESS

§1. Introduction

The model considered in the previous chapter assumes that every
cell has the same phase-duration distribution. In this chapter we shall
remove this assumption to make the model more general. Consider a
population consisting of m (m > 1) types. We assume that the life-
cycle of a cell of the ith type, i =1,...,m, is composed of four
phases whose durations are random variables with joint probability

density function
(1.1) fi(tl’tZ’t:i’tlb) = fi(E) .

The distribution of total lifetime for any cell of type i thus has

the probability density function
(1.2) g;(u) = i i J’fi(tl,tz,t3,u-t1-t2-t3)dt1dt2dt3 .
t:1 tz t3$u

At the end of its life a cell of ith type gives rise to a random
vector E = (Nl,...,Nn) of numbers Nj of cells of type j,
j=1,...,m. Each new-born cell then goes through the cycle appropriate

to its type. We denote the probability distribution of the offspring

vector N of a cell of type i by

29
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~

(1.3) Pi(E) = Pi(§ = n), where n = (nl,...,nm), nj =0,1,2,...,

and j =1,..,,m,

and the generating function by

n
(1.4) h.(s) =¢ Pi(n)(s)" ,
1 o n -~ ~
n “m n,
where s = (S,,...,8 ), ()" = Ns.  and s, are complex numbers
- 1 m ~ i=1 i

such that \si‘ <1, i=1,...,m.

The daughter cells of any parent are assumed to behave independently
of each other. Starting with a new-born cell of ith type, it has
been shown that

. -ct
P{1lim Ei(t)e = H} =1

t-

where Ei(t) = (Zi(l,t),...,Zi(m,t)), Zi(j,t) is defined to be the
number of cells of type j at time t and E is a random vector.
We will obtain the analogous results which will determine the
asymptotic type-phase-age distribution of the population for large
values of time t. This distribution will play a very important role

in determining the FLM function which will be discussed in Section 8.
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§2. Notation

Consider the population at time ¢t descended from a single
ancestor of type i having age zero at epoch zero. Define

ii)(a ,10,t) to be the number of cells of type 10 in phase 4 at

time t which are kth generation descendants of the initial cell and
i i i i
0 0 40 0

for which the time 101, 02° Y03’ Y04

spent (prior to epoch t) in

phase 1,2,3,4 satisfy

(2.1) Yy%¢a 2 , i=1,2,3,4 .
i
We shall again use the vector notation YOO < a; as an abbreviation
i ~ ~
for the set of inequalities Y between corresponding components

i 0i < %1

0 (%) .

of ZO and a,. More generally we define zki (20,10,...,gn,in,t),
k 2 n, to be the number of cells of type 10 in phase 4 at time t
which are kth generation descendants of the initial cell and whose
jth ancestor was of type ij’ j=0,1,...,n and spent times

i i
le,...,sz in phases 1,...,4 satisfying Y ] < aj The quantities
é?)(GO'lo""’a ,1 ,t) are random variables defined on a probability

space of family trees (whose construction is essentially the same as
that in Mode [13]). We shall also make use of the random variables
Zi(j,t), the number of cells of type j at time ¢t, Zga)(j,t), the

number of cells of type j in phase 4 at time t, and

(4)

(2.2) 2. (8gsigseeeiyylst) = 2 z( )

(ao, 0,...,a ,i »t) .

We shall also use the following vector random variables.

(4) (&)
2.3) 2V (a1,

) (g

~0’m’:l’11’°"’3n’in’t))’

anal t) = (Z (ao’l’fl’il""’fn’in’t)’
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(2.4) 2 = ePa,n,...2Pa@0 ,
and
(2.5) Ei(t) = (Zi(l,t),...,Zi(m,t)) ’

where m is the total number of different types considered in this
model. Our main interest is to find the asymptotic joint distribution
of the types and the phase durations of a cell selected at random from
those in mitosis and its first n ancestors. A corresponding result
for sampling from an arbitrary phase is given in Section 7.

We shall use M and S with appropriate subscripts and super-
scripts to denote first and second moments of the corresponding random

variables, e.g.

4 4
Mﬁi)(ao,il,...,gn,in,t) =E Z ii)(ao 0,...,a ,in,t),

M Ggrigre sty t®) =2 2,0 Gt
Sier@gsigseeesa st stum) = B2 @apLt Lol 8,1 ,0)
7 (®)

et (BrlgreeeoBy gt s

4) cgz® -
M3, =E 27 (3,8, M (§,0) =EZ (§,0),

( ) (4)

(3.k,t,m) = E[2] (j,t)2§4)(k,t+'r)],
si(j sk,t,T) = E[zi(j ’t)zi(k,t+T)]’ etc.

Si(j st,T) = Si(j yist,T),

Those moments are known to be finite for all finite t, T because of

the finiteness of Mi(j,t) and Si(j,t,T), provided |M|| and
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Max bk
ij,k *
We shall also denote M = (mij) and H()) = (gi(x)mij), two

(to be defined later) are finite (see Mode [117).

*
m X m matrices with ijth element mij and gi()\)mij respectively,

where the superscript * stands for Laplace transform and

m5 = Db ()]

ij s=(1,...,1)

with D, h (s) standing for the first derivative of the function

1S
hi(s) with respect to the jth element in the vector s. We set
bij(k) = ('1)t+jhij(k): where Aij(x) is the complementary minor of

the ijth element in I - H()) and I is an identity matrix, A()\) =
|T - H(x)\, the determinant of I - H()), and [B()\)]ij = bji(k), the
adjoint of the matrix [I - H(\D)].

We shall use the matrix norm |M| defined by

(2.6) M|\ = mi:x zj: \mij|

2 2
Djkhi(g)‘§=(1,...,l)’ where Djk stands for the

second-order partial derivative of the function hi(s) with respect

and denote ik =

to the elements sj and 8y in the vector s = (sl,...,sm).
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§3. Summary of the Known Results in Multitype Single-Phase Branching

Process

We summarize some of the known facts in the following.
Lemma 3.1. (a) If M is a matrix of positive elements (every element
is positive) and the Perron-Frobenius root (unique positive largest
eigenvalue) of M 1is greater than 1, then there exists a positive
number c¢ such that A(c) = 0. The number ¢ has the following
properties.
(b) The Perron-Frobenius root of the matrix H(c) 1is 1 and correspond-

ing to this root there are positive left and right eigenvectors T and

b such that D = IP(C)’ H(c)& =u and ﬂ b= 1.
(c) c 1is the root of the determinantal equation A()) = 0 with largest
real part and has multiplicity 1.
(d) H(c)B(c) = B(c) and B(c)H(c) = B(c).
(e) B(c) = KiB = quiﬂﬂ) for some positive constant K and the
positive numbers My and nj are the ith and jth elements in the
vectors W and B.
Proof: See Theorem (3.1) of Mode [11].
Remark 3.1. The condition that every element in M is positive can
be relaxed to some extent. All we need is to assume that M 1is a
matrix of nonnegative elements with at least one positive element and
that there exists a positive integer n such that M" is a matrix of
positive elements (see Karlin [8], pp. 469-484).

The above lemma leads to the following result.

Lemma 3.2. If M 1is a matrix of positive elements such that the

Perron-Frobenius root of M is greater than 1 and if g1 € P for
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some p >1 for all i=1,...,m, then

Ct[1 + O(e-et)], t o for some ¢ >0,

(3.1) M, (J,E) = Cy e
where
b=
(3.2) Ci.j = A'(C) £ e a - Gj(Y))dy ’

Gj(y) = igj(t)dt, bij(c) and A(c) were defined in Section 2, ¢ was
defined in Lemma 3.1 and A'(c) is the derivative of A()\) evaluated
at c.

Proof: See Theorem 3.2 of Mode [11].

It follows from (e) of Lemma 3.1 that

1

(3.3) . i“j£ Ya - G, (y)dy

k
a'(c)

where d =

Now we let dij be the 1jth element in the matrix (I-H(Zc))-1

and also use the following notation;

2 % m
(3.4) =dg, (ZC)L E_I“'Lf,k”&“k ,
m
(3.5) c.,= ¢d, d
i =y we’
= =Cy
(3.6) vy o=, £ e (1 - G (y)dy,
(3.7) W,(3,0) =2, (3,00e

and

(3.8) Wi () = (W (1,8),...,W (m,t))
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Lemma 3.3. If M is a matrix of positive elements such that the

Perron-Frobenius root of M 1is greater than 1, g € LP for some

p>1 for all i=1,...,m and Max < o, then
ijk
2ert 1,3,k
. t
(1) sl(j sKyt,T) ~ Civj\’ke € CT’ t - =,

(ii) As €t -, E(W (j,t+1) - wi(j,t)]2 - 0 uniformly in T, T 2 0.
(iii) Wi(j,t) converges in mean square to a random variable Wi(j)
as t - o,

22 2

) Var wi(j) = (Ci -d ui)vj

(vi) Var W_(3) > 0.

BProof: The proof of (i)-(v) can be found in Theorem 3.2, Mode [12].
It remains to show (vi). It has been shown that Mi(j,t) and

Si(j,k,t,T) satisfy the following integral equations

t m
(3.9 Mi(j,t) = 61j(1 - Gi(t)) + £ vE miva(j,t-u)gi(u)du

1
and
t m
(3.10)  5,(3,k,t,T) = fijk(t,w) + T mivsv(j,k,t-u,T)gi(u)du
v=1
where
=(2ct+cT) n *
(3.11) lim £ (t,m)e T = By tCyiCy 1By (29

Applying (1ii) to equation (3.9) and (3.10) and using the fact that
* *%* 2
g, (2¢) > (gi(c)) we obtain

2 m
(3.12) E[Wi(j)] > 8'
v,v'=
viy'

(g](e)1” +
ui\)\)'c\’jcv'j gi(C)]

m

2, * 2
EACWRLINLLNCIRERC)
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and
2 m * 2 o * 2
(3.13) [BEw ()] =[ Lm C .8 ()] = T mivmiv'cvjcv'j[gi(c)]
v=1 VsV =]
vy
+ g o EW (DPAe (12
=1 iv N) ] gi < ] °

By the assumption that the daughter cells of any parent behave in-

.. L] 2

dependently we have PR =m om e for v# v Inequality (3.12)
2

and (3.13), together with the fact that Biow T Miv T Wiy 20,

establish (vi). This completes the proof of the lemma.

The result (vi) in Lemma 3.3 is used to show that {Zi(t) - 0}
and {wi = 0} are a.s. equal, where W, is a vector random variable
with components wi(j).

(n) th

Now let Ij be the number of cells of j type belonging to

the nth generation. It can be shown that [I(n) = (I{n),...,lsr));

n=1,2,...} forms a multi-dimensional Galton-Watson process with

generating function
(3.14) E = (hl,..”hm)

and that the following result.

Lemma 3.4. Let A be the event En =0 for some n 21, given that
at time zero there is a new born cell of type i and let B be the
event that Ei(t) is equal to zero for some t >0. If |M| <,
then P(A) =P(B) for i=1,...,m.

Proof: See Theorem 4.1 of Mode [137].

Corollary. P{Ei(t) -0 as ¢t~ o} 1is the smallest root q of the

~

equation



(3.15) r=h(r) .

Proof: See Theorem 7.1, p. 41, of Harris [7].
Consider the moment generating function of Twi(t) and W,
-sz(t) -swi~ ~1
given by Qi(s,t) =E e ™" and Qi(s) =E e ", Re(s) 2 0.
Let Q(s) = «Ql(s),...JQm(s)). The first jump equation for
Qi(s,t) is obtained by considering the time at which the initial cell

first leaves the cycle. Thus

ct
s . e

-8 . © t -
(3.16) Q (s,t) =e {gi(u)du + [h, @(se
0

°“,c-u))gi(u)du .

The m.s. convergence of wi(t) to Wi implies that Qi(s,t) —oQi(s)

as t - o. So we obtain from (3.16) that
(3.17) Q(s) = lg hy@(s e™%))g, (wdu .

Note that equation (3.17) can be found in Theorem 3.2 of Mode [12].
It is obvious that Zi(t) - 0 implies that wi = 0, We want to show

that these two events are a.s. equal. This can be done by showing that
(3.18) P(!i = 9) =q,
where q; is the probability of extinction of Ei(t), i.e.
q; = P(Ei(t) - 9 as t - o).
If we let P(Hi = 9) = 31’ then, by letting 8 + in (3.17), we obtain

(3.19) q, =h,@ ,

where § = (ﬁl,...,ﬁm).
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It follows from (vi) of Lemma 3.3 that !1 is non-degenerate,
so we cannot have ai = 1 for all i, and hence from Corollary of
Lemma 3.4 we must have ai =4q; for all 1i. This completes the proof
of the following lemma.

Lemma 3.5. If the conditions of Lemma 3.3 are satisfied, then the
two events {Ei(t) - 9 as t - «} and {Hi = 9} are a.s. equal.

This lemma will be used to obtain the asymptotic joint type-
phase durations distribution. Furthermore it can be shown from
equation (3.17) (see Theorem 3,2, Mode [12]) that
Lemma 3.6. If the conditions of Lemma 3.3 are satisfied, then there
exists a scalar random variable Qi and a positive constant K, such

that
(3.20) W.(3) = xlwivj for all j =1,...,m .

Now we state the last lemma of this section which has been
shown in Theorem 4.1 of Mode [12].
Lemma 3.7. If the conditions of Lemma 3.3 are satisfied, then

wi(t) - wi, with probability one, as t — =.
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§4. Asymptotic Behavior of M( )(30, ,...,an,in,t)

The equation (2.2) leads at once to an integral equation for

W,
1

(4.1) MEA)(a ,10, ..,a ,1 ,t) = M( )(a

0"”’5[1’ n’t) +
t m
(%) -
z ming (ao,io,...,a ,1 ,t u)g (u)du,
v=l
u®
where ni is easily shown (by induction) to be
u®
(4.2) ni (5 0,...,5n n,t)
§., m ceom cessecene £, (y_)...f, (yq) X
iin 1nin_1 ilio I I in ~n 10 ~0
Zj ng,j"l,...,n
yojsaoj ’j-1»2’3
1 (t:-yo:"-»yo2 ~eae= ynl)dZO "‘dZn .
[0,¥047204]

If we use exactly the same arguments as Mode [11], pp. 11-14, we

obtain that as t -

(4.3) ia)(ao,io,...,an,l &) ~cé )(a vigseeesd,i)et
where
(4.4) (4)(a veeesd yi) = x(“)r (8 utoseees8 ),
1 21
T eee M
i 1 i i i n
= .0 nn-l 10

(4.5)  F (@ ,i,....8 1) 2 S @

z TV 0Oy

k=1
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(4.6) Yo k2 = f *L D9y
'C(Yl +Y4
%.7) Ve, o) = e j' £ (yl-yz,yle)du )
Y4
-c(y1+. . .+yl‘)
(4.8) ‘l'{,,k(z) =e fL(Z), k=1,2,...,
(4)

m
(4.9) K, =Ku, k§1“k J ¥ oay/at@,

and c¢ is the unique number determined in Lemma 3.1.
It is easy to show, using precisely the same argument, that

a8 t - o

Ku 1)
(4) i ct
(4.10) M (30 ~ gy J¥y 0y e

Hence we obtain the asymptotic behavior of the expected number of cells

in phase 4 as t -+ =

(4)

(4.11) Mi

(t) ~ kY ot

Equations (4.3) and (4.11) immediately suggest the following.

If a cell is selected at random from those in phase 4 at time t, then
1

the joint distribution of the type Ik and the times Yk j? j=1,...,4,
’
th

k =0,...on, I is an integer between 1 and m, spent by the k

k

ancestor of the cell of type 1 in phase j prior to time t has

k
the following asymptotic form as t — ow:

i i

0" 10,Y0°‘y0,...,1 =i,Y"<y).

(4.12) Fn(ZO’iO’°"’Zn’in) = P(1 N 2 In Yn

We shall again refer to the function Fn defined by equation (4.4) as

the asymptotic n-fold age distribution of cells in phase 4. This dis-

tribution is essential in deriving the FIM function which will be dis-

cussed in Section 8.
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()(a -ct

§5. Mean Square Convergence of Z 0,...,8 ,ln,t)e

It is convenient to decompose the second moment

© (a1

(4) (&) . )
a,s 0,...,8 ,1 ,t)Zi (30,10,...,3n,1n,t+7)]

(80 0,...,& ,1 ’t,'r) = E[Z

in the following manner:

4 . .
5.1) 5 agaigseeera ity = Q(E,m)
@ [+

4) .
+ T £ S (a ., 0’ a ,i ,t,T1),
k=n+1 f=n+l kgi -0’ *.n’'n

(4)

where SkLi was defined in Section 2 and

(5.2) 05Q(t,1) SE[Z (8 i ,.ee)8 ,i ,6)Z (ij,t+r)

zi(lo’t)zni(fo’io" .o ,gn,in,t+¢)]

From equation (5.1) we obtain the following integral equation

(5.3) S§4) (fo’io”"’fn’in’t"r) = Qi(t,'r)

t m

4
+£ z:' “‘wv \())( 0,...,an,1 ,t= u)M( )(a 0,...,a ,1 yt+r-u)
vyv =1
g;(u)du
t m (4)
+ vglmi Sv (ao,lo,...,fn,in,t-u,T)gi(u)du .

Writing Ri(t’T) for the sum of the first two terms on the right side
. = -2ct-cT
of equation (5.3) and letting Ri(t,T) = Ri(t,f)e it is not

difficult to show that

m
.= _ c@ %) .
(5.4) 1lim Ri(t,T) = 2' ulvv N (fO 0,...,8 ,i )C (ao 0""’En’1n)
t— v,v =1

*
gi(ZC) hd

The convergence being uniformly for T 2 O.
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. =(4 . .
Now letting Sg )(30,10,...,5n,1n,t,7) =
S(a)(a ,io,...,an,in,t,w)e-ZCt-CT and applying Theorem 2.2 of Mode

[12] to equation (5.3) we obtain under the conditions of Lemma 3.3 that

. o
(5.5) lim S( )(80,1 seees@ ,1 ,t,T) = (I - H(2c)) R(t,T),
tao
where 5(4) and R are column vectors with ith component S( )

and Ei respectively. If we let

KO :
(5.6) (a,,i ,...,a ,1 ) =M, m, . eee M ny (a,),
~0°°0 in lnln-l 110 K ik,k ~k

where Y was defined in equations (4.6)-(4.8), then it follows

ik,k

from equation (4.4) that

(G.7) f )(30,10,...,8 ,i ) = du iV )(ao,io,..., ,1 )

and from (5.4) that

(4)

.= - . . \~2
(5.8) 1im Ri(t,T) di[v (30’10""’3n’1n)]

t—

where d, was defined in equation (3.4).

So we see from (5.8) that the ith element in the columm

, 4 2
vector in (5.5) is ci[v( )(20’10""’fn’in)] ,» Where c, was de-

fined in equation (3.5). Thus we have

(5.9 lim §§4)(f a i ,E,T) = ¢ [v( )(a 10,...,8 ,1n)]2

Lo 0,...,
The convergence is uniform in T, T 2 0.

It follows from (5.9) that
Theorem 5.1. If M is a matrix of positive elements such that the

Perron-Frobenius root of M 1is greater than 1, gi(t) € LP for some



A

p>1 for all i=1,...,m and Max u. K <@ and if we define
£,3,k

0@ (a )

1 (a »i

A -ct
0,10,...,a ,1 ,t) = Z an,ln,t)e , then

0’ "’

. (4) . .
(1) AS t - @, E[wi (30’10)"°!3n!1n’t+1‘)

4 . . 2 . .
wg )(g ,10,...,3n,1n,t)] - 0 uniformly in T =2 O,
(ii) w§4)(a ,io,...,an,in,t) converges in mean square to a random
. 4
variable wg )(3 0,...,an,in) as t - », and
(@
‘o (4) i
W ’ 30 ’ = ’ s3eee58 , )
(iii) i (5 10 a 1n) Ci : F (50 10 a i )w (1 ) a.s
0

where Wi(io) was defined in Lemma 3.3.
Proof: (i) and (ii) follow from (5.9) and completeness of Lp space.

(iii) can be established by writing down the integral equation for

E[Z(a) an’l t)zi(io,t)] and using the same arguments as

o,o-o,

in this section to deduce from these that

E[C wi(io,c)-KEA)
0

F_(a ,in)wi(a ,1 ,t)} -0 as t - o,

,...,a

0,10,..., 0 a

Since the procedures are quite similar and lengthy, the proof is omitted.
Remark 5.1. By using (3.20) we can rewrite (iii) of Theorem 5.1 as

follows.

k k&

1i

(4) ) .
(5.10) W " (a,, Fn(fo,lo,...,fn,ln)wi a.s.
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n

§6. The Almost Sure Convergence of Z 0,..., n

4
As in Section 4, Chapter 2 we decompose Zg )(ao,lo,...,an,in,t)

as follows:

wy, N S
(6:1) 2,7 (3 lgreeesd o) = Zy(3gaTguapips 2oy )

1
- T . .
z¢ (a0,10 1,11,...,a ,1 ,t 04) xi(fo’lo’fl’ll"'"in’ln’t’804)’

' -
where 30 denotes a three-component vector (801,802,803) and
Z (ao,lo,...,a »1,t), Zi(a', igseeesd i ,t) are respectively the

number of cells entering phase 4 in [0,t], [0,t) with ancestral phase
i i i i i i i

. 0 n n n . . lo 'Yl
durat1oni Y03,Y02,...,Yn3,Yn2,Y 1 satisfying 30 < ays 1, <
al,...,Yn“ <a_. Similarly X(a se--ra Ll ,t,a) is the number of
cells entering and leaving phase 4 in [t-a,t] with Y60 < 80’ .

i
Yy®<a.
~n ~n

Derivation of the asymptotic behavior of the first and second
moments of these three random variables follows the pattern of Sections
4 and 5 (also see Section 4, Chapter 2) so we shall omit the pro-
cedures and simply state the following result.

Theorem 6.1. If the conditions of Theorem 5.1 are satisfied, then

x x4
(%) -c 1i N g
P[tim Z1 (30,10, ..,an in,t)e dui F (a 0""’3n’1n)wi or
—+C0

all a, 2 0, i=0,1,...,n and for all n =0,1,2,...} = 1, where
K1 and Fn were defined in (3.20) and Fn was defined in (4.5).

Similarly, under the conditions of Theorem 5.1,

e _ KRy
(6.2) 1lim Zga)(j,t)e ct zlizszz—'n I* o(y)dy w a.s. (see

t—

equation (4.10)).

(4) o, &)
If we let Zi (t) = ¢ Zi (j,t), then it follows from (6.2) that
=1
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 x®
(6.3) limz® (et = Li_§ a5,
i d, . i
t—o i

Hence we obtain the following result.

orollary. Given that Z (t) 40 as t - », the ratio
4 . .
20" (agsigseeenag,inst)
= ) = converges to the joint distribution
YA
i

(t)

Fn(fo’io""’fn’in) for all a, 2 0""’fn =20, in =1,...,m and

for all n =0,1,2,... with probability one.

Proof: It follows from (6.3), Theorem 6.1, Lemma 3.5 and Lemma 3.6.
Remark 6.1. We have assumed throughout that the process starts with a
single cell of type 1i with age zero at epoch zero. It is not dif-
ficult to see that the preceeding Corollary remains valid regardless
of the type, the phase and elapsed phase durations of the initial cell

and indeed of the number of initial cells (see Section 7, Chapter 2).
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§7. Random Selection of a Cell from the Population as a Whole

The Corollary of Theorem 6.1 gives the asymptotic joint dis-
i i
= i 0 n
0 igs ZO ,...,In = in’ Zn for a cell selected

randomly from those in phase 4 at time t. Analogous results could

tribution of I

clearly be derived for sampling from any particular phase. We now
indicate the corresponding result for sampling from the entire cell

population.

Let Z(j)(a(j) 0,81.11,---,8n, st) be the number of cells

of type 10 in phase j at time t for which the elapsed phase
i i i i
0 1 n

0 .
Oj""’YOI’Zl ""’zn of the cell itself and its first

i i

durations Y

n ancestors of type in satisfy Y 0 0
i i

0j = %;°° Y01 = %1’
1 n

Y1 < al,...,Yn <a.. Then by the same arguments as we have used

for the case j = 4 it can be shown that (using (3.20)), conditional

on Z.(t) b0,

(1, 6 )
7.1) 2y (g sigrerafpatyat) K ) D

Zi(t) m n -0

0""’5n’in)

(1)

for all a, 2 0,...,8n 20, in =1,...,m and for all n = 0,1,2,...

with probability 1, where

() m -c(y1+...+yj) ® .
(7.2) K =K T fe [ (£, o, duldy/a’ (o),
k=1 yj ~ j ~
(7.3) Féj)(g(j) Bseresa si) =
N, m ...m y uldy
th inin-l 1 O{yl,...,yj)sa(j) j ~
m ' -c(y1 ...+yj) ©
I Mk Je [j [f(y)) =yduldy

j n
X HY]'_ (8),
op ok K
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m

and Zi(t) = Zi(j,t). (The function Yi was defined in

z
k=1 K
Section 4.}

Equation (7.1) defines in considerable detail the asymptotic

age-type-phase structure of the population as t - «, conditional

upon non-extinction. We note that Fn .

in (7.3) gives the asymptotic joint distribution of I0 = io,
i i i i

1
0 0 o i 1 - i n
YOj""’YOI’ 11 11, !1 ,...,In ln’ zn for a cell selected

randomly from those in phase i at time t.

,...,gn,in) defined
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§8. Application of the Asymptotic n-fold Age Distribution to the

Analysis of Labelling Experiments

For a better representation we shall use the following notation
in this section. The joint probability density of the four phase
durations for a new born cell of type i will be denoted
fi’1’2,3’4(t1,t2,t3,t4). Marginal probability densities will be de-
noted in the usual way and the joint densities of sums of phase dura-
tions (type 1 is fixed) will be indicated by deletion of appropriate
commas in the subscripts (see Section 8, Chapter 2). Laplace trans-
forms will be denoted by a superscript *, e.g.

* - ) o By~
= =BV =yw .
fi’l ,23,4(GSE’Y) g £ e f. 1’23’4(u ,\),u.))dp.d\)d,n .

1,

The Laplace transform of a function of several variables will some-
times be taken with respect to a subset of the variables. The particular
subset involved will be indicated by underlining the appropriate .
subscripts (see Section 8, Chapter 2).

Suppose first that the label is administered cootinuously to
a cell population (growing according to the model we have described)
from time ty onwards. Let Ct (t) be the fraction of cells in phase

0

4 at time to + t which are labelled. Assuming that to is large

and that the observed population is a realization of the process which

does not die out, then for each fixed t as to - ®, Ct (t) 1is just
0

the asymptotic probability that a cell selected at random from those

in phase 4 entered phase 3 at time t or less prior to selection, i.e.
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m
. i - F_ (i,d
0 04 03
m cT t y
= i =-CyT * *
R e TILE 1p 3(ew)=Ey 1) g,(c,u)]dudy,
i=1 (£ () g () = =
E Mlf,123(0) g ()]
k=1
where Fo is the distribution function defined by equation (4.5).
Similarly for pulse labelling (administered at time to) the
fraction of labelled cells in phase 4 at time to + t satisfies (under

the assumptions of the previous paragraph)

Q
(8.2) lim P (t) = £ P (v) ,
n
t -o 0 n=0
0
where
m m
P (t) = z e e 0 z : ..0‘...............‘1‘ F (da ,i ’.O.’da ’i) .
n = = 2 <8 - -a = v ~0°0 ~n’'n
10 1 in 1 0st 404 303 -eeca_, an3san2

The probabilities Pn(t), n=0,1,2,... can be calculated by carrying
out the straightforward integration. If we take Laplace transforms

in (8.2) we find that

(8.3) P;(s) -

m * *
cgnlf (c,c+s)--fj’12,3

* *
j=1 3~ 3,123 a(ere¥s)=Ey ) aa(ect)Hy ) aulescte)]

m * *
s(8+°)k21“k[fk,123(°) - 8,(0)]

*
(8.4) Pl(s) =

m m * . . .
cizlgiﬁlnimij[fi.IZ.34(c’°+s)'fi,l,234(°'°+9)][fj,123(c+8)-sj(c+s)]

m * %
s(s+c)kzlﬂk[fk’123(c) - gk(c)]
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and, for n 2 2,

*
(8.5) Pn(s) =

m m m m

* *
cZ L ... & T Mm, _ ...m, g, (cts)---g (cts)
i=1 i=1 i =1 j=1 i, iy iy tha1
n-1 x
m * *
s(s+c)k? ﬂk[fk 123(6) - gk(c)]
=] ’
* + * f* *
LEy12,34(0007) = £ 1 pa(cretodILEy gg(cts) - gy(cte)].

According to a remark of Bellman and Cooke [3], p. 259, the Perron-
Frobenius root of the matrix H(cts), s > 0, is strictly less than
the corresponding root of the matrix H(c). But the Perron-Frobenius
root of the matrix H(c) is 1, which means that the largest positive
root of the matrix H(cts), s > 0, is less than 1, which implies that

Hn(c+s) -+ 0, the m X m zero matrix, as n — o, which implies that

(8.6) [1I - H(c-i-s)]"1 = I + H(cts) + Hz(c-l-s) +..., 8 >0.

(n)
hij

then (8.4) and (8.5) can be rewritten in the form

If we denote (cts8) the ijth element of the matrix Hn(c+s),

(8.7) P:(s) -

m m (n)
cZ ¢ “1“1

: ey 0 £ (ot
i=1 i=1 j (c+s)[gi(c"'8)] Lfi’12’34(cgd's)'fi’1’234(C,C+8)][ j’123(c+s)-gj( S)]

m * *
8 (s+c) El'nk[fk 123(€) - 8, ()]
k= ’

Summing over n = 0,1,2,..., and using the fact that [I - H(c+s)].1 =

%(Lg’—;g- we obtain
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m * * -
cCE ML 153() = 8 (DD

k=1 ’

A(stc)s(stc)

1

(=]
(8.8) e *%1im P, (t)de =
0 toﬁm 0

m m

+ LU P * * + L.
151 jEl'nibji(s c)[gi(s c)] [fi’12’34(c,s+c)-fi’1’234(c,s+c)]ij’123(3 c)-gj(s c))

~

m m

* -1, % * * *
.A(s+c)i§1 jElﬂi[gi(s+c)] [fi,123(c,s+c)-fi’1’234(c,s+c)][fj’123(s+c)'8j(s+c)]

m * * *
’A(S+C) z 'nj[fj ’123(C ,C’*'S) -fj ,12 ,34(CQC+S) -f

*
E 3 123(c,c+s)+fj 1 234(c,c+s)] ]} .
J= ’ 9 ]

Example. Consider the case where M = (mij) is a m X m matrix such

A l 3 = =
that mlj =m > o for every 1,_'] = 1,-.-,“: and fi,1,2,3,4 f1,2’3’4

for each i =1,...,m. Let A=@m m > 1. Then for every m-dimensional

non-negative vector x = (xl,...,xm),

~

m m
Y m, . X my x
ij ] ]
def = =
px(M) = Min 1 lx = - ;ax = S mm=A .
- i=l,...,m i . i
i=l,...,m
m
But, for x > X) S...=x  we have ¢ x,/ Max x, =m. Thus the

j=1 3 i=1,...,m
Perron-Frobenius root of M, p(M), is

m
L ™i5"3
p(M) = Max Min =1 __ _. mMm=A>1.
x i=l,...,m X

It is easy to check that a(\) = |I - H(M)| =1 - Ag*(x). Thus the
unique positive root ¢ of pA()\) =0 is the unique positive root

c > Ag*(c) = 1. Now we see that P;(s) in (8.3) is the same as

P;(s) in (8.6), Chapter 2 and P:(s), n=1,2,..., in (8.4) and (8.5)
are the same as P:(s), n=1,2,..., in (8.7), Chapter 2. This is not

a surprising result but provides a useful check on the computations.
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§9. Generalization to Include Random Cell Removal

We now consider the following modification of the process con-
sidered in Sections 1-7. Suppose that in addition to elimination of
cells by death at the end of the cycle there is "removal" of cells in
the following manner: for any cell of type i, independently of its
age or phase and independently of other cells, the probability of removal
is any small time interval (t, t+5t) is A bt + o(6t); the probability
that more than one cell is removed in (t, t+§t) 1is o(st). Suppose
at epoch zero the population consists of a new born cell of type 1.

We consider the following two cases.

Case 1. ki are all equal. Let )\ = ki’ i=1,...,m. It is not dif-

ficult to check that if we assume that the conditions of Theorem 5.1

are satisfied and ) < c and if we define ﬁi(j,t) to be

Zl(j t) = e zl(j )t):

where ¢ is the number determined in Lemma 3.1, Zi(j,t) is the number
of cells of type j in the population at time t, and likewise
ZEA)(EO’10’°°"3n’in’t)’ etc. each to be ext t imes their definitions
given in Section 2, then the whole of Sections 3-8 carries over
verbatim to the new process. We remark that the condition ) < ¢ is
used at the place where we establish the m.s. convergence. Similarly,
if )\ > c, then the population will eventually die out (see Section 6,
Chapter 2). For the critical case ) = ¢ the proof given in Section

3 and Sections 5-7 do not hold.

Case 2. \; A&re not all equal. The equation (2.2) again leads at

once to an integral equation for Mia),
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4) = w4 )
(9.1) Mi (a ,10,...,a ,1 ,t) M (a ’10""’fn’in’t) +
t m =AU
4
VEIvaMS )(ao,io,...,a ,1 ,t -u)e 1 gi(u)du ,

where

(9.2) M( )(a 1

seeesl@ 41 ,E) =8,  m, . ...m. e ld. ( ). (x Y. )
07 en'in Mn Tatae1 0 A s 'n “15 70 %0
1 (t-y03-y02-...-yn1)dxndzn ...dxodzo ,
L0.7g40804)

A=[Y' Sa" j ""’n’ ij San’ j =1’2,3’

~] ~J
4 n &4
X, > 2 y »bi=1l,...n, x>t - £ Ty, 7,
i i,k 0 j=1 k=1 J
-\.X

and  1.(x,y) = \je N £.(y), i=1,...,m.

At * *
a = 1 a = ~ ~
Let 2,(t) =e " g (0)/g,(\)), ;. =g, (A)my,, M= (&)
d ﬁ - A* o
an (S) = (gi(s)mij)‘
Remark 9.1. It is easy to check that, for some positive integer n,

M" is a positive matrix if and only if M is a positive matrix.

Again we set b..(s) = (-1)i+JDij(s)’ where D, .(s) is the complementary

ij
element in I - H(s), D(s) = |T - ﬁ(s)|, the

ij
minor of the ijth

determinant of I - fi(s), and 8(s) = (b,,(s)), the adjoint of the matrix

ji
I - ﬁ(s). As before the asymptotic behavior of Mia)

will be associated
with the roots of the determinantal equation D(s) = 0.

Assumption 9.1. M 1is a positive matrix such that the Perron-Frobenius

root of M is greater than 1, gi(t) € LP for some p>1 and for all i,and
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Max p

. < ®
i,j,k ¥

I1f Assumption 9.1 is satisfied, then there exists a positive
number o such that D(a¢) = 0 (see Lemma 3.1). By using exactly

the same arguments as Mode [117, pp. 11-14, we obtain that as t - »

%) . R COE .y ot
(9.3) M (a ,10,...,a ,ln,t) Ci F (50,10 ...,fn,ln)e ,
where
- ninminin-l...mi’io n
(9.4) Fn(a sigaeeesd i) = — — kII:o@ik’k(gk),
L o, 0()dy
k=1
(9.5) QL (8 = J Sy, KNay
=8y
(9.6) c® oy ; [ )dy/D" ()
. i “i0 kj¢k,o(Z yibtad,

y k(y) defined in equations (4.7) and

(4.8) with c replaced by o&m% where o 1is the unique number determined

and ¢1,k(z) is the same as

under Assumption 9.1 and 31 and ﬁj are determined by the relation
B(a) = k(;iﬁj) (see Lemma 3.1).

We note that Assumption 9.1 can be achieved in many ways. One
of those is
Lemma 9.1. The conditions stated in Theorem 5.1 and ¢ > Max )\

1 1 .I.m
imply that Assumption 9.1 is satisfied, where ¢ is the un1qﬁe number

i

determined in Lemma 3.1.

~

Proof: We only need to show that the Perron-Frobenius root of M

is greater than 1. The condition c¢ > Max Xi implies that
i=l,...,m

(ﬁ)1j > (H(c))ij for every (i,j). Using the fact that the Perron-
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Frobenius root of H(c) 1is 1 and applying the theory of positive
matrices (Bellman and Cooke [3], pP- 259) we complete the proof of
the lemma.

Using the above method to repeat the whole of Sections 5 and 6
we obtain the following result.
Theorem 9.1. If Assumption 9.1 is satisfied, then, given that
Z (t) F'O as t - o, the ratio

ia)(a ,1 ,...,a s1 4t)

o converges to the joint distribution
(4)
)
Fn(go,io,...,fn,in) for all a 2 0,...,gn 20, in =1,...,m and for

all n =0,1,2,... with probability one.

Using this ﬁn to repeat the whole of Section 8 we find that

(9.7) 1lim Ct (t) =
t —o 0
0
?\- t =(art, )yy *

1

m
51 m N N 1 e &[fi 12, 3(0’*’)\ yu) -
k=1 &

i

*
£ 12 34(d+ki,u)]dudy
and
(9.8 lim P (t) = z P (t),
t_ —o 0 n=0
0
where
9.9) P~
(9.9 PO(S)
1 - —ir
Z s+mj £ 12 foHh ot 49) - f 12,34 @A s ¥8)

k=1

1 234
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*
(9.10) Pl(s) =

m

p) 21\
i=1 §=1 i,

1

a(oﬂ'x +s)[f 12,34 arth )

m
s T Ar , (ath)
oy Kk M

*
- Fin, 23 et ],

for n = 2,

*
(9.11) Pn(s) =

m m n-1 %
L ee. >: M, L Tm, ;g (ot +8)]
=1 i=170v0 v "ot tvh vil

. 3 nk:,k 4t o
k=1

* -1, *
[gin(ori-xin-i-s)] Ly 4(a+x +s)[f oo125 34 (ot 0’””‘i0+s)

and
* * * -1
(9012) Lk,a(s) = [fk’123(s) = gk(s)]s .

We end this section by making the following remark. If Xi
are all equal to ) and ) < c, then it is not difficult to see that

c = o) and f‘n defined in (9.4) is the same as F_  defined in (4.5).



CHAPTER IV

A MODEL FOR CELLS OF THE CORNEAL EPITHELIUM

§1. Introduction

In the corneal epithelium of mice the cell population can be
divided into two subpopulations, a proliferative population occupying
the inner or basal layer, and a non-proliferative population occupying
the outer or super layer. When a cell in the basal layer multiplies
(giving birth to two new cells) one of the daughter cells remains in
the basal layer while the other moves up into the super layer with
probability (l1-p) and remains in the basal layer with probability p.
Cells in the super layer do not reproduce, but cells in the basal
layer do reproduce and we shall suppose that the reproductive cycle is
as described in Chapter II with independent phase durations, i.e. the
four phase durations Tl,T ,T3 and T for any new-born cell are

2 4

independently distributed with probability density function fl’fZ’f3

and f4 respectively, and mean number of proliferative daughter cells
per parent, A =1 + p. The distribution of total lifetime for any cell

thus has the probability density
Bu) = £ % £y % £5 % £ (u),

where * stands for the convolution.
The departure of cells from the basal layer into the super layer

appears to be a mixture of departures of daughter cells at birth and

58
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departures occurring randomly throughout the proliferative cycle (sce
Scction 6, Chapter II). The departure mechanism is such that the popula-
tion of cells in the basal layer is approximately constant. Thus the
rate ) of random loss from the basal layer must be related to p
in such a way as to maintain the expected number of cells in the basal
layer approximately constant. In fact we shall assume that the basal
layer population is a very slightly supercritical branching process
and use the results derived in Chapter II to analyze an experiment used
by R.J.M. Fry [5] to estimate the value of p.

A radioactive substance such as tritiated thymidine will be in-
jected into the population at epoch ¢t to label all cells which are

0

in phase 2 and in the basal layer at epoch to and no others. Sub-
sequently when the labelled cells divide they pass the label on to their
two offspring. The cells which have migrated from the basal layer do
not pick up the label, but they retain any label they had before leaving
the basal layer. We are interested in the FLU function defined to be
the ratio of the number of labelled cells in the super layer to the
total number of labelled cells (in the basal and super layer).

The purpose of studying FLU functions is to try to estimate
the parameter p. The means and variances of the phase durations for
the proliferative cells in the corneal epithelium of the CF1 Ang, mouse
have been estimated previously using FIM data by Brockwell, Trucco and
Fry LS]. However, the FIM function is extremely insensitive to change

in the value of p so that additional information, such as provided by

the FLU function, is necessary for the estimation of p.
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§2. FLU Function and Some Numerical Results

Again at time zero a pulse of tritiated thymidine is administered
into a cell population to label the cells which are in phase 2. The
exper imental FLU(t) is the fraction of labelled cells in the super layer
at time t. In this section we shall first derive a theoretical FLU
function which is defined to be the ratio of the expected labelled
cells in the super layer to the total expected number of labelled cells
at time t. Then we use this function to fit the experimental data
for the corneal epithelium of the CF1 Anf, mice which was prepared by
R.J.M. Fry. If we let LB(t) and LU(t) be the expected number of
labelled cells in the basal and super layer at time t respectively

and let LT(t) = LB(t) + LU(t), then

_Lu(e) _ . _ LB(t)
(2.1) FLUY) = ey = 1 - irce)

We shall also define M(t|i,a ) and U(t|i,a ) to be the expected
number of cells in the basal layer and in the super layer at time t,
respectively, given that at time zero there is a single cell (i,a )
in phase 1 with age a in the basal layer. If the initial joint
phase-age distribution €(i,a), i =1,2,3,4 and a > 0, is known,
then it is clear that

-}

(2.2) LB(t) = g M(t|2,a)g(2,da)
and
(2.3) LU(t) = £ u(t|2,a)§(2,da) .

The mean functions M(t\i,a) and U(t\i,a) are determined in Appendix

A.
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Since the initial phase-age distribution cannot be measured
it is reasonable to take as initial distribution the limiting distribu-
tion as t - » 1if such a limiting distribution exists. When ) > cand p >0V
the limiting phase-age distribution £(i,a) exists (see Chapter II)

and takes the form

(i)
. K (i) , (1)
(2.4) E(i,a. .) = lim =—TF (a yeeesd )
> ol aktm,k=1,...,n K n -0 "~
aojtm,j=1,...,i-1
c iOi -cy N
= 4 { e yJ‘fi(u)dudy R
* y
(A-1) T £ (¢)
m=1i m
(i) (i) . . ,
where K and Fn were defined in equations (5.2)-(5.3), Chapter
II.

We recall here that c¢ is the unique positive root of the
equation Ag*(c) = 1 and superscript * stands for Laplace transform.

What we are going to do is to obtain FLU(t) under the assumption
that ) 1is less than c¢ by a very small positive number and that the
initial population of cells in the basal layer has joint phase-age
distribution E(i,a) given by (2.4). Then we take 1lim FLU(t) as the
theoretical FLU function to analyze the experimental glza. We proceed
as follows.

1f we denote Efﬁ(t) = lim FLU(t), fﬁ(t) = 1im LB(t), fﬁ(t) =

—_ —_ Alc A\tc
lim LU(t) and LT(t) = LB(t) + LU(t), then it follows from (2.1) and

A\
the monotonicity of M(t|2,a) and U(t|2,a) in ) that

(2.5) FLo(t) =1 - B8
LT(t)

where
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(2.6) LB(t) = [ lim M(t|2,a)£(2,da)
0 atc
and
(2.7) LU(t) = & lim U(t|2,a)§(2,da) .
Atc

We note that the functions M(t|2,a) and U(t|2,a) actually depend
on ) although not shown explicitly. It follows from equations (A.6),

(A.11) and (A.12) of Appendix A and a straightforward calculation that

*
* 1 - £,(c) %
(2.8) N O A O L ORI
) —k _ * L - f;(c) stc-ps . *
( -9 LU (s) = lel(c)[ s(s+c) S(S+C) H (S)] ’
1 - £5(c)
- c
(2.10) ff*(s) = le:(c) [——;E—g———‘+ %’H*(S)] s
* *
fz(c) - f2(3+c) 1

(2.11) H'(s) = [f;(s+c)f2(s+c) , 8 >0,

8 *
1 - Af (s+c)

and N1 is a fixed constant depending on the size of the population

in the basal layer at time zero.

If we let Tkj’ j=1,2,3,4; k= 0,1,2,3,... be a sequence
of independent random variables with probability densities 9 j
’
defined by
t

et £ £, (u)du

P— y , if k=0, j =4,

ge N gfa(u)dudt
(2.12) g, (6) =

-ct
e f (t
i ) , otherwise,

ge-thj(t)dt
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and let Ev(t)’ v =20,1,2,,.. be a sequence of mutually exclusive

events decfined by

{(T., +T ,st and T  +T . +T_ >t},

(2.13) Ey(®) ot t To3 06 ¥ Tos ¥ Tp2

while for v 2 1,

v-1 4
(2.14) E (¢) = {(jEO I Ty * Ty, * T3 st and
v-1l 4
(jEO k§1Tjk) FTat Tt T >t

—_ —k — —ik
then the inverse functions LB(t) of LB (s) and LT(t) of LT (s)
can be written as follows;

— - x* * p
(2.15) LB(t) Nl[fl(c)fz(c)e o(14p) z P (t)] ’

t o

L PASCIOR

(2.16) LT(t) = N, [f:(c)f;(c) (1+p) z P (O + 1

where
(2.17) Pv(t) is the probability of occurrence of the event Ev(t)°

Now we include some numerical results for this FLU function.
Example 1. fj(t), j=1,...,4 are gamma type which are characterized

by their means m, and coefficients of variation ¢,, j =1,2,3,4.

b 3

Assume that m, = 87.3 hr., m, = 10.9 hr., my = 3.5 hr., m,

= 0.37, c, = 0.14, cqy = 0.3, and = 0.00. These figures are

= 0,5 hr.,

1
taken from [5]. A fairly complicated Fortran program produces the

following numerical results for varied values of »p.
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TABLE 1
p p=0.05 p=0.2 p=0.4 p=0.5 p=0.60337

Tm@r ) FLU FLU FLU FLU FLU
1.0 0.00048 0.00180 0.00334 0.00404 0.00472
2.0 0.00108 0.00370 0.00676 0.00814 0.00947
3.0 0.00641 0.00956 0.01339 0.01489 0.01630
4.0 0.03498 0.03484 0.03441 0.03347 0.03235
5.0 0.09025 0.08200 0.07066 0.06443 0.05790
6.0 0.15272 0.13471 0.11053 0.09824 0.08551
7.0 0.20987 0.18296 0.14721 0.12936 0.11095
8.0 0.25964 0.22513 0.17950 0.15683 0.13348
9.0 0.30320 0.26214 0.20797 0.18111 0.15347
10.0 0.34159 0.29482 0.23321 0.20269 0.17131
11.0 0.37563 0.32383 0.25569 0.22197 0.18731
12.0 0.40563 0.34943 0.27559 0.23908 0.20159
13.0 0.43092 0.37109 0.29253 0.25374 0.21394
14.0 0.45032 0.38786 0.30592 0.26552 0.22409
15.0 0.46344 0.39950 0.31567 0.27438 0.23206
16.0 0.47237 0.40679 0.32235 0.28080 0.23822
17.0 0.47544 0.41105 0.32689 0.28550 0.24312
18.0 0.47745 0.41353 0.33016 0.28919 0.24727
19.0 0.47837 0.41513 0.33279 0.29237 0.25104
20.0 0.47882 0.4634 0.33514 0.29532 0.25464
24,0 0.47979 0.42052 0.34399 0.30665 0.26860
48.0 0.48619 0.44549 0.39493 0.37104 0.34713
72.0 0.50854 0.48187 0.44879 0.43312 0.41735
73.0 0.51042 0.48411 0.45131 0.43572 0.41999
101.0 0.57598 0.55024 0.51678 0.50042 0.48367
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We remark that Ffﬁ(t) is approximately linear between
t =20 and t = 101. We plot this table for some values of p in
Figure 1. The circles represent the experimental data.

Example 2. Four phase durations are deterministic with d1 = 87.3 hr.,
d2 =10.9 hr., d3 = 3,5 hr. and da = 0.5 hr. A quite simple program
produces the following numerical results for varied values of p

(Table 2).

We plot this table for some values of p in Figure 2.

Both Table 1 and Table 2 indicate that the FLU functions
obtained from gamma phase durations and detemministic phase durations
are about the same for each fixed p, p > 0. This is a very interesting
and surprising result. Due to this fact we can, in fitting the case
with gamma distributions, assume that the four phase durations are

determinisitic with d1 = 87.3 hr,, d2 = 10.9 hr., d, = 3.5 hr. and

3
d4 = 0.5 hr. and vary the value of p to obtain the best agreement be-

tween the theoretical and experimental FLU curves in the sense that the sum
of aquares of the residuals is minimized. A non-linear minimization
procedure program produces the following results.

=3.5,d, =0.5

Assumed parameters: d1 = 87.3, d2 =10.9, d 4

3
Fitted parameter: p = 0.60337

TABLE 3
Experimental Fitting

TIME (hr.) FLU FLU Res idual
5.0 0.025 0.05790 0.0229
17.5 0.185 0.2453 0.0603
24.0 0.262 0.2686 0.0066
48.0 0.418 0.3471 -0.0709

72.8 0.499 0.419 -0.08

For details see Table 1 and Table 2.
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TABLE 2

p=0.05 p=0.2 p=0.4 p=0.5 p=0.60337 p=0.7

e i w2y Fs A F®
1.0 0.00048 0.00178 0.00329 0.00396 0.00461 0.00518
2.0 0.00095 0.00356 0.00656 0.00790 0.00920 0.01033
3.0 0.00143 0.00534 0.00983 0.01183 0.01376 0.01546
4.0 0.00191 0.00711 0.01308 0.01574 0.01831 0.02055
5.0 0.08169 0.07436 0.06405 0.05872 0.05312 0.04781
6.0 0.14915 0.13135 0.10740 0.09538 0.08292 0.07126
7.0 0.20694 0.18027 0.14476 0.12704 0.10875 0.09169
8.0 0.25700 0.22273 0.17729 0.15468 0.13139 0.10969
9.0 0.30078 0.25992 0.20589 0.17905 0.15142 0.12570
10.0 0.33940 0.29279 0.23124 0.20070 0.16929 0.14006
11.0 0.37372 0.32203 0.25388 0.22009 0.18535 0.15304
12.0 0.40441 0.34823 0.27422 0.23756 0.19988 0.16485
13.0 0.43203 0.37184 0.29261 0.25339 0.21311 0.17566
14.0 0.45701 0.39322 0.30933 0.26783 0.22521 0.18561
15.0 0.47757 0.41091 0.32335 0.28006 0.23562 0.19435
16.0 0.47782 0.41196 0.32557 0.28291 0.23914 0.19852
17.0 0.47807 0.41301 0.32779 0.28575 0.24265 0.20267
18.0 0.47832 0.41406 0.33000 0.28858 0.24614 0.20680
19.0 0.47857 0.41510 0.33220 0.29139 0.24961 0.21091
20.0 0.47882 0.41615 0.33439 0.29420 0.25307 0.21499
24.0 0.47981 0.42030 0.34310 0.30531 0.26675 0.23113
48.0 0.48574 0.44460 0.39301 0.36841 0.34370 0.32121
72.0 0.49159 0.46787 0.43913 0.42577 0.41257 0.40073
73.0 0.49184 0.46882 0.44097 0.42804 0.41528 0.40384
101.0 0.49858 0.49470 0.49020 0.48818 0.48622 0.48450
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We summarize the results obtained in this section as follows:
1. The FLU functions obtained by using deterministic phase
durations and by using gamma phase durations are almost
identical over the range of parameters relevant to our prob-
lem. The deterministic FLU function (which is much easier
to compute) was therefore used to simplify the fitting problem.
2. The FLU function is very sensitive with respect to the value
of p.
3. The fit is not as good as could be hoped but it seems to be
compatible with experimental errors and indicates that p
is not either O or 1 as has been assumed by various authors.
For the experiment in which the label is administered con-
tinuously to a cell population, we are also able to calculate the
CLU(t) defined to be the ratio of the expected number of labelled
cells in the super layer to the total expected number of labelled cells
at time ¢t. This CLU function is presented in Appendix B. We devote
Appendix C to the discussion of the asymptotic behavior of M(tli,ao)

and the random variable Zs(t\i,ao).
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APPENDIX A

INTEGRAL EQUATIONS FOR THE MEAN FUNCTIONS M(t\i,a) AND U(t\i,a)

Define Z(t|i,a) to be the number of cells in the basal layer
at time t, given that at time zero there is a single cell (i,a) in
phase i with age a in the basal layer. Let Zv(t\i,a) be the
number of vth generation of the initial cell (i,a) in the basal
layer at time t. We shall denote M(t|i,a) =E Z(t|i,a) and
Mv(t\i,a) =E Zv(t\i,a).

Consideration of the time at which the initial cell first
leaves the cycle leads to the following integral equations for the

function Mv(t\i,a).

(A.1) Mo(t\i,a) = P(the initial cell (i,a) is itself in the basal

layer at time t)

= e-kt { y(i,a ,u)du

and, for v =21,

t
(A.2) M (t|i,8) = Agmv_lu-u\l,O)e"‘“yu,a,u)du ,
where
(A.3) y(i,a,u) =r(i,a,’) * £, *...* £ (v,
(A.4) r(i,a,t) = fi(a+t)/f £,(w)du, t 20,
a

and A and fi’ i=1,2,3,4 are defined in Section 1, Chapter 1IV.
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Taking Laplace transform on both sides of equations (A.1l) and

(A.2) and using the equality

(A.5) M(t|i,a) = T M (t]|i,a)
v=0 Vv
we obtain
" 1 -y (a,54)) . 1 =g (st)) y (i.a,8+)) &, *
. = 28, - 28,
(A.6) M (s|i,a) = T uasmhl 4 S=RAEEAL TASASEAL £ (s (v,
g (st)) v=1
* b 4
where superscript * stands for Laplace transform and g (8) = I fi(s).
i=1

Now define Zs(t\i,a) to be the number of cells in the super
layer at time t, given that at time zero there is a single cell (i,a)
in phase i with age & in the basal layer. Let Zi(t\i,a) be
the number of vth generation of the initial cell (i,a) in the super
layer at time t. We shall also denote U(t\i,a) =E Zs(t\i,a) and
Uv(t\i,a) =E Zi(t\i,a). Consideration of the time at which the initial
cell first leaves the basal layer leads to the following integral equa-

tions.

(A.7) Uo(t\i,a ) = P(the initial cell (i,a ) is itself in the super
layer at time t)

t )
&)\e-)‘udu j‘ Y(iaa' »0)dg ,
u

t t
(A.8) U (t|i,a) (1-p)£e'*“y(1,a ,u)du + Ag uo(c-u\1,0)e'*“y(i,a ,u)du,

and, for v =z 2,
t o
(A.9) Uv(tli,a ) = A& Uv_l(t-u\l,O)e y(i,a ,u)du .
Again taking Laplace transform on both sides of equations

(A.7) - (A.9) and using the relation
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(A.10) U(t|i,a) = T U (t|i,a)
v=0 V

we obtain

*
(A11) U (s|i,a) =

A l-p * A * .
s(sth) + [ 5 + AU (s{1,0) - y (i,a

and

A.12) U'(s|1,00 = AR g (o) + sory U - g (s+1)]) z Lag s+ 7 .



APPENDIX B

CLU FUNCTION

Suppose that the label is administered continuously to a cell
population. Let CLU(t) be the ratio of the expected number of labelled
cells in the super layer to the total expected number of labelled cells
at time t. As in Section 2, Chapter IV we shall assume that ) is
less than c¢ by a very small number and that the initial population
of cells in the basal layer has joint phase-age distribution E(i,a)
given by equation (2.4), Chapter IV. If we define LB(t|i,a) and
LU(t|i,a) to be the expected number of labelled cells in the basal
layer and in the super layer at time t respectively, given that at
time zero there is a single cell (i,a) in phase 1 with age a in

the basal layer, then it is clear that

(B.1) CLU(t) =%§8— =1- %’;—%— ,
where
b o
(B.2) LB(t) = T t[LB(t\i,a)g(i,a)
i=1
and
b o
(8.3) LU(t) = ¢ A’LU(t\i,a)g(i,a) .
i=1

Again we are interested in the function CLU(t) = lim CLU(t).

Atc
It is clear that
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- _ LB(t)
(B.4) CLU(t) =1 - LT(t) °*
where
- 4 o
(B.5) LB(t) = ¢ g lim LB(t|i,a)E(i,da)
i=1 Atc
and
—_ 4 o
(B.6) Lu(t) = ¢ g lim LU(t|i,a)g(i,da)
i=1 Ac

It remains to determine LU(t\i,a) and LB(t|i,a). It is obvious

that

(B.7) LB(t|2,a) = M(t|2,a)
and

(B.8) LU(t\Z,a) = U(t|2,a),

where M and U were defined in Chapter IV (also in Appendix A).
Consideration of the time at which the initial cell first

leaves the phase i 1leads to the following integral equatioms.

t

(B.9) LB(t|1,a) = g M(t-u|2,0)e ™r(1,a,u)du,
t -

(B.10) LB(t|3,1) = £ LB(t-u|4,0)e Mr(3,a,u)du,
t -

(B.11) LB(t|4,8) = A& LB(t-u|1,0)e Mr(4,a,u)du,
t

(B.12) LU(t|L,8) =

£ U(t-u\Z,O)e-kur(l,a,u)du,

t
(B.13) Lu(t|3,a) = g LU(t-u|4,0)e Mr(3,a,u)du
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and

t -
(8.14) LUCc|4,8) = A [ LUCE[1,0e Mr(s,a,0)du,

where r(i,a,u) was defined in (A.4), Appendix A.
Taking Laplace transform on both sides of equations (B.7),

(B.9), (B.10) and (B.11) we obtain

(B.15) LB*(s\ 1,a) = M*(S\Z.O) t*(l »8,51)) ,

(B.16) 1B (s|2,3) =M (s|2,a),

(8.17) 1B"(s]3,8) = A M (s|2,0) £} (YN £, (+HN T (3,8,5+1)
and

(B.18) 1B (s|4,a) = A M*(s\Z,O)f:(s+k)t*(4,a,s+k) )

It follows from equation (A.6), Appendix A and a straight-

forward calculation that

* * *
fl(c)(l - fz(c)) fl(c)
+
c(s+c) s (s+c)

(B.19) N,IB"(s) = [I-Af:(s+c)f:(c)f;(s+c)f2(s+c)

+p f;(c)f;(s+c)f2(s+6)],

where N2 is a fixed constant depending on the initial population
size.
Similarly, equations (B.8), (B.12), (B.13), (B.14) and equations
(A.11) and (A.12) of Appendix A lead to the explicit form of LU(t)
in terms of Laplace transform.

£(0) “i;“’)) £(0)
s(s+c)

(B.20) N,LU"(s) = (C-ACE (s+c) £ (s+¢) £ (s+c)

sz(s+c)

+ [(s+c)-ps]f;(c)f;(s+c) fZ(s+c)}
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Thus we have

f* * f*
(9 A-£,(2))  £(e)

* *
(®.21) N,TL*(s) = — + [I-Af:(s-l-c)f;(c)f3(s+c)f4(s+c)

* * *
+ fz(c)f3(s+c)f4(s+c)] .

—k —k
We note that it is very easy to invert LB (s) and LT (s) into

LB(t) and LT(t) respectively.



APPENDIX C

ASYMPTOTIC BEHAVIOR OF THE FUNCTIONS M(t\i,a) AND U(t‘i,a)

The notation to be used in this Appendix is the same as those
in Chapter IV and in Appendix A. Observe that the number of cells
in the basal layer in the time interval [0,t] is non-decreasing in
t and finite for every finite t. Thus Sup M(r|1,8) <= for

OsT<t

every finite t. This leads to the following obvious lemma.
Lemma C.1. If M(t\i,a) - C1 asd t - » and C1 is a positive
constant then

@

(i) é M(t|i,a)dt = @

(ii) 3 C2 independent of t M(t\i,a) < C2 .

Now we are ready to state the following result.
Theorem C.l. A necessary and sufficient condition for the function

M(t|i,a) converge to a constant K(i,a) as t - = is that )\ =c.

Then K(i,a) >0 and

4
clanrt,e,0 1 £
m=i+] "
©1)  R(i,8) = — = :

=C
A l[;ye Ve (y) dy

Proof: (i) It follows fromequations (A.1), (A.2) and (A.5), Appendix
A that

-at G S -\u
(C.2) M(t|i,a) =e {y(i,a,u)du + A &M(t-u‘l,O)e y(i,a,u)du .
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Setting i =1 and a =0 in equation (C.2), multiplying
both sides of equation (C.2) by ekt and letting ﬁ(t\l,O) = M(t\l,O)ekt
(this is the method suggested in Section 6, Chapter II) we obtain a
renewal equation for the function ﬁ(t\l,O). By applying the
asymptotic theory of the renewal equation we establish the result
that ) = ¢ is a sufficient condition for M(tli,a) converging to
K(i,a) as t -+ ». (ii) Suppose that 1lim M(t|i,a) = K(i,a). If

t-o

A > c, then it follows from (A.6), Appendix A that

*
M*(s\i,ao) 530 % [1-y"(i,a,0] + 115{111 y*(i,ao,k) —A ..
1-Ag (8)
This contradicts (i) of Lemma C.l (see Feller [6], pp. 418-420). Thus
A must be less than or equal to ¢, If p=0, i.e. A=1 and c =0,
then we have completed the proof of the theorem. If p >0, i.e.
c >0, it remains to rule out the possibility )\ > c. Suppose )\ > c.

We can find a positive s, such that x+so < ¢, For such a s8_. we

0 0

bt * *
have that ¥ [Ag (s +k)]v = o, i.e. M (8 \i,a ) = o. But for any
0 0 0
v=0
s >0,

T ®
M*(s\i,ao) = ge-StM(t\i,ao)dt + £e‘StM(c\i,ao)dc

T ®
< ge-StM(t\i,ao)dt + (K(i,ao) + ¢) {e-Stdt < o,

where ¢, T are chosen properly from the assumption that
lim M(t\i,ao) = K(i,ao). So we cannot have ) < c. This completes
=0

the proof of the theorem.

Theorem C.2. If \ = c, then

* * *
U(e]1,8) ~ KAy (1,8,0)[(1-p)g () + (1-g (e)]t, t = = .
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Proof: It follows from equations (A.7) - (A.10), Appendix A that

t © t
(c.3) u(t|i,a) = g)\e-)‘udu fy(i,a,0)de + (l-p)ge')‘uy(i,a,u)du
u

t
+ AgU(t-u\l,O)e xuy(i,a,u)du .

Taking Laplace transform on both sides of equation (C.3) we

obtain

* ) - BN I-P * _ *
(C.4) U (s|i,a) s (atn) + [ -+ AU (s|1,0) ;‘ﬁ—-—]y (i,a,s+)).

Setting i =1 and a =0 in equation (C.4) and solving for

*
U (3‘1,0) we obtain

©.5) U'(s]1,00 = (B g¥(stn) + (1-g" (st P—2—, s > 0.

_a
s (s+M) 1-ag"(s+0)

By letting s - 0 in (C.5) we find that
2 % * *
s'U (s|1,0) - K[(1-p)g (c) + (1-g ()]

which implies

2 % * * *
(C.6) s'U (s|i,a) » KAy (i,a,c)[(1-p)g (c) + (1-g (c))] as s =0

and

*

U (Ts|i,a )
(c.7) - -+ < a 10,

U (r|i,a)

T -ct -1
where Kl = [Agte g(t)de] = .
It follows from standard Tauberian theorem (e.g. Feller [61,

pp. 418-420) that

t
-8 [uir|i)dy - 7 Ky (L, A-pe @+Ag @) £ - a
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Since U(t\i,a) is non-decreasing in t, the Lemma on p. 422, Feller
(6] can be applied to complete the proof of the theorem.
We also state the following two obvious theorems.

Theorem C.3. If ) > c, then

* *
i,a,)) -

1-4ag (O

(i) U(tli,a) —01 a t - o

(ii) Zs(t\i,a) - ws(i,a) as t - o, where w® is a random variable.

(iii) E W°(i,a) = lim U(t|i,a)
t—o

(iv) PW%(i,a) < ») = 1.

Proof: Proceed exactly the same arguments used in Section 6, Chapter II.

Theorem C.4. If p >0, c > and f € 19 for some q > 1, then

(i) U(t\i,a) ~ C(i,a)e(c-k)t, t - o where

*
- A l-g (¢) A 1-p * *
C(i,a) K(c-k o * ooy 8 (c))Ay (i,a,c)

(ii) Zs(t:\i,m)/c(i,a)e(c-")t converges to a random variable
ws(i,a) with probability one as t - o
(iii) E W3(i,a) =1

(iv) Vvar W’(i,a) >0 .






