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ABSTRACT

TANGENTIAL BOUNDARY BEHAVIOR IN THE UNIT
DISK AND THE EXCEPTIONAL SETS OF FUNCTIONS AND
THEIR FRACTIONAL INTEGRALS

By

Joseph Thomas Matti

Let @¢(x) be a non-negative, non-decreasing function in

(0,1) which is integrable there. Define &(n) = fl ¢ (x)dx.
1-—
n
This definition is due to P. B. Kennedy [9] who uses it to gen-

eralize some results concerning the function g(x) = (l-x)a-l,

0 < o <1, and the corresponding discrete function &(n) = n %,

A similar generalization is made for the case ¢(x) = (l-x)a-l,
o > 1. We note that the factor n & is present in the defini-

tion of the integral of fractional order fa as given by Weyl:

hd : .
f(x) =% anelnx’ fa(x) = kd ¥ n 0Ianemx

-

where kd is a constant depending on « alone. We observe further
@

that ¢(x) = T Ynxn where
n=0
Y, = 0’(0"*‘1);1;'(0"‘“-1) 2 ¢ so that

(*) o(x) € £ F@)x".
n=0

We consider the class of all general ¢ satisfying the

property (*), and we define the §-fractional integral of f as

@
fQ(x) = 3 Q(n)aneinx. We proceed .to show that certain results

n=1



for fractional integrals hold true for the generalized case. 1In

. i
addition, several results concerning function f(x) =% cne nx

whose coefficients satisfy the condition g nalcnlz < © are
c |2
n

()

are given in terms of exceptional sets whose h-measure is zero,

shown to extend to those £ for which g < ®, Most results

the general ¢ being sometimes defined in terms of h by the
equation g¢(x) = h(i%;)' Certain other classes of functions are
discussed which are defined in terms of h alone. Finally we
discuss the behavior of elements of several function classes which
are defined in the unit disk D as the functions take on func-

tions near the boundary, the values being restricted to the set
i
R[7,0] = {z € D: 1 - |z| 2 7(|e . 12|}

where t is an increasing function for which +(0) = 0.
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INTRODUCTION

This paper deals basically with three principal ideas:
measure functions, fractional integrals, and tangential limits.
Each of these topics will be discussed in a general sense, i.e.
the discussion will not be in terms of specific functions, but
rather in terms of classes of functions possessing certain pro-
perties. Each of these topics deals then with a generalization
of a concept which is itself a generalization of a more basic pro-
perty. The measure functions h(r) defined below extend the con-
cepts of Hausdorff dimension and capacities which include Lebesgue
measure as a special case. Similarly our generalized fractional
integrals extend the ordinary fractional integrals which are de-
fined by Riemann and Weyl and which reduce to ordinary integration
and differentiation in the integer cases. Likewise our T-tangential
limits have as examples the usual tangential limits which in turn
are generalized Stolz angles or radial limits. We now discuss each
of these ideas in greater detail.

1. Throughout, let h(r) be a real-valued, non-decreasing,
continuous function defined for r 2 0 and satisfying the conditions:
h(@) =0, h(r) >0 if r >0, h(») > 1. For any plane set E and
any 0< p <o let hp*(E) = inf glh(rv), the infimum taken over
all countable systems of open circu:ar disks, with radii 0 < r, < e

* *
covering E. Then h (E) = lim hp (E) 1is the h-measure of E.
p—0



Similarly let E be an arbitrary bounded set, let {Cv}:’ be a
family of circles with radii {rv}:, covering E. Let

Mh(E) = inf % h(rv), the infimum taken over all such coverings.

If in addition h(r)/r2 is non-increasing we call h a measure
function, though in fact the resulting M are not generally
additive and hence are not measures in the sense of Carathéodory.
However they do determine the same exceptional sets as a class of
completely additive set functions introduced by Hausdorff; however
this latter class is not well-suited‘for application to the theory
of functions. These general h have been previously discussed
by Rung [11] in the first form, by Carleson [4] in the latter.
Similar set functions are defined by Aronszahn-Smith [1].

Next let u(x) be a distribution concentrated on

Ec [0,2n] in the sense that Iiﬂ dy = JE dy (=1 say). Then

1
| x-¢]

2m
vV, = sup h(
h XG[O,ZN]IO

is finite, then E is said to be of positive h-capacity, otherwise

)du (t) 1is the h-potential of E. 1If Vh

E 1is said to be of zero h-capacity. Equivalently, let . be a

distribution spread on the unit circle € = {|z| = 1}, concentrated

2m 1
on ECC, and let V Jo h(\eit-reix )du(t). If there exists

a pu such that V is bounded uniformly in x as r - 1, then

E 1is of positive h-capacity, it is of zero h-capacity otherwise.
In the case h(r) = ra, 0 <o <1, these potentials have

been discussed by duPlessis [5] and Salem-Zygmund [12]. Frostman

(6] and carleson [4, p. 15] give an account of the relation between

these capacities and the earlier definitioms.



2. Let f£(x) be integrable in an interval (a,b). Let
Fl(x) denote the integral of £(t) over (a,x), Fa(x) the integral
of Fa-l(t) over (a,x), o = 2,3,... . By induction it can be

shown that

1 -
*) Fa(x = mf’;(x-t)“ lf(t)dt:, x € [a,b]

and T'(o) = (@-1)!

Extend T['(x¢) to all values o > 0 by letting it be the Euler Gamma
function. Then define the integral of fractional order o of f

to be the function Fa defined by (*) with the noted change. We
thus have a definition of a fractional integral, this one defined

by Riemann and Liouville, which coincides in the case where o« 1is

a positive integer with the oth integral of f. The fact that Fa
is not hecessarily periodic even if f 1is makes this definition
unsatisfactory in the theory of periodic functions. This gives
reason to consider a second definition of fractional integral as
proposed by Weyl, a definition better suited to trigonometrical

series: Let f be periodic and integrable,

o .
f.~. Zc eannx’ = 0.
n o
-
® eZninx 1
Define fd(x) =2 3 o —m = jo f(t) Ya(x-t)dt where Ya(x)

- O (Znin)a

has the complex Fourier coefficients yéa) = (Znin)-a, Yo = 0. A
more detailed discussion of these concepts is given by Zygmund [14,
p. 222]. Also duPlessis [5] notes that for f € L9 that the
Riemann-Liouville version and the Weyl version of the fractional

integral differ by only a bounded function.



Derivatives of fractional order may be defined in a like
fashion; we use the Cauchy Integral Formula in the first case, while
in the second the method is quite the same as with fractional integra-

tion. In particular, we note that £X(x) = Ka X ndcneZﬁinx

denotes
the fractional derivative of order o, o > 0, where Ka is a con-
stant depending on ¢ alone.

Heywood [8] obtains certain results concerning the function
P(x) = (1-x)-Y, Y < 1. P.B. Kennedy [9] has abstracted basic pro-
perties of this function to obtain generalizations of Heywood's
results. Letting ®(x) be a non-negative and non-decreasing func-
tion in (0,1), with ¢(x) € L(0,1), we have the case 0 <y< 1
of the Heywood function. If there exists an integer p 2 1 such
that ¢'(x),¢"(x),...,¢(p-1)(x) are all absolutely continuous for
0<x <1 and vanish at x = 1, and are such that ¢® (x) has
constant sign, and \¢(P)(x)| is non-decreasing in (0,1) wherever
¢(p)(x) exists, then we have properties satisfied by the Heywood
function in the case where y < 0. If ¢ satisfies the first

stated conditions we then define

$(n) = jll B (x)dx .

1=
n

In the second case we define
-p -1 1
¢(m) =n pldb(p )(1 - ;)\-

Here we note (see Salem-Zygmund [12]) that

(1 - rei(x-t)]-a =1 + arei(x-t) +...+ g(a+1)-;;(a+n-1) rneni(x-t)+'..



in which we note that the coefficients

alotl)...(gin-1) ¢ 1 a-1 A
1 T@) n by Stirling's formula.

It is the observation that in the case ¢@(x) = (l-x)-a we have

®(n) = nm.1 (ignoring constants which depend on o« alone) which
leads us to consider the class of functions @ for which the follow-
ing holds: let ¢(x) =% aixk and ak = A[§ (k) + 0(j(k))] where
j(k) = 0 and A is a constant depending on ¢ alone. Consequently
o(x) EA T &(n) x". This leads us to make the following definition:

kx
Let f(elx) =3 ¢ ei , let @(x) possess the properties described

above; then

£, (x) = - §(k)cke1kx =C j"fﬂ det®t)

YE(t)dt

is called the ¢-fractional integral of f. Here C is a constant
depending only on @, $(-n) 1is taken to be -%(n) and ¢(ei(x-t))
is the natural extension of ¢ to complex values. The case
Pp(x) = (1-x)a-1, 0 < a.< 1, gives the ordinary fractional integral,
while positive powers of (l-x) give the ordinary fractional
derivative. Fractional integrals and derivatives have been dis-
cussed by duPlessis [5], Kinney [10] and Rung [11].

In some cases, it is more convenient to speak of a Y/%-
fractional integral defined as fY/Q(eix) =7 %{%% cneinx where
y fits the description of the ¢ discussed above. Also, in the
event that the function § does not enter into the discussion,
we may choose to define fy(eix) =3 Y(k)ckeikx without mention

of ¢, allowing even the possibility that for a given Y(n) no

suitable § exists. This would permit for example the definition



of f'(x) by T ncnemx even though the natural choice

yx) = (1-x)'2 fails to be L(0,1).

3. The idea of examining the behaviour of a function de-
fined in the unit disk D as it approaches the boundary is at least
as old as Abel. His concept of summability and the theorem of
Fatou are probably the best-known examples of radial limits. A

condition which is slightly more general than the radial limit at

a point ele on the unit circle is the concept of a Stolz angle,

ie ig

S(e “,x), at e and of opening «o. In this case the function

is permitted to assume non-radial values as it nears the boundary,

but only values interior to S(eie,u).

0

S (e 18 ’d)

Now let r(r) be a real-valued function, increasing with r; and

with r(0) = 0. Define the set R[T,v] as follows:

R[T,v] = {z €D: 1 - |z| 2 v(|z - eV]}. 1f 2 = eV,

€ R(T,v], j =1,2,... implies that 1lim f(z,) exists, then we
-0

) or that the T-tangential limit

z

3
say that +r-lim f(z) = lim f(z
iv Jooo ]
exists at elY ., More briefly we say that the r-limit exists at

eiv if lim f£(z) exists whenever 2z is confined to R[r,v].

iv
zZ—e

In the case where 71(r) =kr, R[T,v] is just the usual

Stolz angle. If #~(r) = rY, v > 1, then R[r,v] is the ordinary



tangential limit, a parabolic approach whose order of tangency is
Y - 1. Tangential limits of this latter type have been previously

discussed by Kinney [10], Cargo [3] and in a sense by Rung [11].

‘r'
R{"V]

In Chapter I we discuss some properties concerning h-measure
and the associated exceptional sets. Our first result corresponds
to the following theorem of Salem-Zygmund [12] concerning the points
of divergence of a Fourier series whose coefficients satisfy a
certain order of convergence:
Theorem. If O < o <1 and if the series % nQ(ai + bi) converges,

then the set of points of divergence of the Fourier series

ao
7 +

~M8

(ancos nx +~bn sin nx) is a set of (l-o)-capacity zero if
a ¥ 1 and of logarithmic capacity zero if « = 1. In the course of
this proof, necessary and sufficient conditions are established for
a set B to have positive (l-a)-capacity. We extend these results
from capacities to the general h-measures. By choosing

P(x) = h(i%;) and §(n) = fl ¢(x)dx we have the result stated

le—
n



above, with the requirement that z(ai + bi)-l/@(n) < =, by taking
h(r) = rl-a, o(xr) = (1-r)a-1, $(n) = n ¥, This idea of requiring

a level of convergence beyond mere square summability in order to
obtain broader results is also discussed by Kinney [10] and Carleson
[47.

At this point we offer some examples which show the sig-
nifigance of the presence of the factor 1/§(n). Consider the
following example:

Let ¢(t) =L a sin bnt, P'(t) =32 anbn cos b t. Say, for example,
a = 2'n, bn = 3“, then g a < » so that ¢(t) converges for
every t, while ¢'(t) converges almost nowhere. Geometrically

we are considering the behavior near the boundary of D .of the
expression g(t) =g anrneint. Then unless the coefficients con-
verge rather rapidly, the function g(t) may behave badly as r - 1
on a rather large set of t, giving rise to such undesirable pro-
perties as the image of the function taken along a radius failing
to have a tangent line. Basically then the rate at which a series
converges determines its smoothness near the boundary; our require-
ment that the series converge with the factor 1/§(n) present is
then equivalent to the function not behaving too badly near the
boundary. For the example ¢(t) cited above we observe that the
order of convergence determines a path defined in terms of a suit-
able Lipschitz condition, within which the oscillation of ¢ is

-n’ bn = 3n, the func-

contained. For example, in the case a = 2
tion @ oscillates within a path p determined by a function
which satisfies a Lip %sg—% condition, while it will pass outside

any path p' interior to p.



We note here that the boundary results obtained may be quite good
metrically yet quite bad topologically, i.e. the points of dis=-
continuity may form a too large set. To illustrate we consider
the following example of a lacunary series which is due to M. Weiss
[13]:

Suppose zlan| =, T ai <o (or even I ai 0’ < ®),

b

bn >q bn_1 where q =2 2. Let ¢(z) =% a z ", Then ¢(z) con-
verges a.e. on the unit circle C. However, if vy denotes an
arbitrary complex number, and «o,B are any two real numbers, then
for eie €EC, d <0 <8, #(2) =y for non-denumerably many 0
in [o,B), i.e. within any [o,B], every number vy is attained by
® on a dense subset of [a,p]. Beyer [2] obtains a similar re-
sult for Hausdorff dimension and Rademacher functions.

Following the results which corresponds to the stated
Salem-Zygmund results, we move to a discussion of equi-summability
and equi-convergence of series and integrals of certain functions

satisfying Lipschitz conditions. Also we discuss the class Ta

defined by Carleson [4]: 1let |w(z)| < 1, then



10

2 i 2
w € T, ® k fi z;%s;; fz rdr fo"\w'(re e)\ dp < » ®

2a _ n
& 2\an\ n“ <o for w=gaz.

In each case, we obtain an h analogue of the capacity results.

As an example of a function in his class Ta’ Carleson
offers the class Ba which is that subclass of the class of
Blaschke products which satisfies the convergence condition:

@ - \an‘)l-d < . He proceeds to generalize a result of Frost-
man [7] concerning radial limits, giving a necessary and sufficient
condition, in terms of Borel series, under which the (1-o)-capacity
of the set where the radial limits fail to exist is zero. We
modify this result slightly (Carleson's theorem is already expressed
in terms of general h-measure) to make it adaptable to a general
tangential limit argument which we use later.

We conclude the section with a result on our generalized
fractional integral. @uPlessis has shown that if £ € LI, then
the fractional integral fa/q’ 0<a<l, is finite except on a
set of zero B-capacity, where B > 1l-g if q >2 and B = l-o
if 1<q<2., Letting &(r) = h(T%;) whefe h is a measure
function, we show this result holds true for a generalized frac-
tional integral having an exceptional set given in terms of h-
measure.

In Chapter II we are mainly concerned with tangential limits
of certain classes of functions defined in the unit circle. We
first discuss the class By, of all Blaschke product; which satisfy
the condition that ¢ h(l - lav|) < @, For the previously mentioned

example B =~ of Frostman (he uses h(r) = <, =@ - lan\)a < ®),



11

there is shown to hold a local property, namely that for a given
1l -
|a |

ie

6, the convergence of the series g
|e™®-a

implies the existence

n
of a radial limit there. The theorem is extended to ordinary tan-

gential limits by Cargo [3] who shows that for vy 2 1, the convergence

1 - |an‘

of ¢ T
|eToa |Y

implies that at ¢ there is a tangential approach

whose order of tangency is vy - 1. We make the natural extension of
l-|\a
la_|

this local result to the series I and rt-tangential

i
T(|e e-anl)
limits. Frostman shows that his local condition holds (and hence

radial limits exist) except possibly on a set of a-capacity zero

0 < o < 1; Cargo's result is expressed in terms of ay-capacity
where it is assumed oy < 1. Similarly our result is seen to hold
off a set whose hoT-measure is zero (where hot is assumed to be
a measure function). Finally this same result is also shown to be
true in a different way using the previously stated result of
Carleson concerning Borel series.

The class Sa = {f(z) =% cnzn: T na\cn\z < @} has been
discussed by Kinney [10] and is noted to be similar in nature to
the Fourier series discussed by Salem-Zygmund [12] and to the class
Td discussed by Carleson [4]. Kinney establishes the existence of
tangential limits for all functions in this class, as well as for
their fractional integrals and fractional derivatives of certain
orders. Since, as noted by Carleson, Ba C:Ta, this includes the
result of Cargo stated above. We here show that these results can

2
c
be extended to the class SQ = (f(z) =% cnzn: z liﬂl_.< o} where

¢ (n)
$(n) 1is defined in terms of ¢ satisfying the earlier properties
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(p. 4 ). Then for certain T, T-tangential limits exist except

possibly on a set of h-measure zero for each f € S, along with its

¢
generalized integral fY/Q'

Our final results are related to the function class A°
which is discussed by Rung [11]. A function f belongs to the
class As, 8 > -1, if the following integral is finite:
j‘Df\f'(z)\z(l - |2|)%dxdy < =. This condition is shown to be

equivalent, where f(z) =% anzn, to the convergence of the series
fa |”

>
n

-1 We define the class A(Y,$) according to the convergence

of the integral fDI\fY(z)‘z ¢(|z|)dxdy < =, where ¥, ¢ have the
properties given earlier. The convergence of the integral is shown
.to be equivalent to the convergence of the series g Yz(n)é(n)\anlz.
These equivalences and some related properties are then used to

prove some results on tangential limits.



CHAPTER 1
Some Properties Concerning h-Measure and

the Associated Exceptional Sets

1. On the convergence of certain Fourier Series

Salem and Zygmund [12] established the following concern-
ing the points of divergence of the Fourier series of a particular
class:

Theorem: If O < o <1 and if the series % na(ai + bi) con-
verges, then the set of points of divergence of the Fourier series

a
2
2

+ 35 os + b si
21 an co8 nx o Sin nx
is of (l-a)-capacity zero if o # 1 and of logarithmic capacity

zero if o =1,
Similar classes have been discussed by Kinney [10] and Carleson
{47.
a. Necessary and sufficient conditions for convergence.
Letting h(x) denote a measure function having the pro-
perty that h(I%;) is non-negative, increasing and integrable in

1
(0,1), we define &(x) = h(it; and

¢(n) = j‘l b (x)dx.
1-1
n
We assume also that h(ab) ® h(a)h(b) and @¢(x) £ L &(n)x . Then

we can show that the following extension holds:

13
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Theorem 1

If % s%;; (ai + bi) converges, then the Fourier series

ao/2 + ﬁi a cos nx +b sin nx converges except possibly on a
set whose h-measure is zero.

Choosing h(r) = thd we have the Salem-Zygmund result
noted above in the non-lograithmic case. We first must determine
an equivalent condition in terms of Fourier series to a set having
positive h-measure.
lemma 1. In order that a set E have positive h-measure it is
necessary and sufficient that there exist a positive distribution
4 concentrated on E such that if the Fourier-Stieltjes series

of du(x) I1is
dy ~ 1 +3Ya cos nx +b_ sin nx
21 n n

then the series z(an cos nx + bn sin nx)$(n) is the Fourier series
of a bounded function.
Proof.

Suppose E has positive h-measure. Then there exists a
positive distribution p with dy ~ ;; +Z a cos nx + bn sin nx

2

concentrated on E such that

re

2 1 2 1
vs= I;ﬂ h(‘eit_ ix‘)du(t) = f;" h(‘l_rei(x-t)\)du(t)

is bounded uniformly in x as r - 1. By our assumption

¢(reie) Ey @(n)rneine. Then let

- f2m 1 Y i(x-t)
v = [ (i) © = [ ot o

where we are using the natural extensions of our functions to



15

complex values.

n -
ein(x t)

U= I T é¢(m)r du(t) =

I(E Q(n)rn[cos n(x-t) + i sin n(x-t)])(%; +3 a cos nt + bnsin nt)dt
which has real part
z @(n)rn(an cos nx + bn sin nx)

and this is uniformly bounded in x as r - 1 due to the finite-
ness of V.

Conversely the sufficiency is established by noting that
the above argument can be used to show the real part of U is
bounded as r - 1 for some positive distribution @ concentrated

on E. For every r < 1 and every choice of argument B8,

1-relf a |1 - rela‘-ele with -n/2 < ¢ < ©/2.

Then taking real parts
Re[o(1 - teis)] = Re[¢(l1 - reisloeie]

where the right hand expression is bounded by the integrability of

@®. It follows that the boundedness of the real part of U implies
the boundedness of V. This completes the proof of Lemma 1.

At this point we establish the following relation between the func-
tions ¢ and §: %‘Q(%) = ¢g(l-x) a8 x —» 0. For extending &

from the discrete case we find

28 =10 6(dx = 9@ wvhere 1-x<g<1,
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and as x - 0, § - 1l-x and @() - #(1-x).
Before proving the main theorem we need the following lemma:
Lemma 2. Let H(x) = E d(k)cos kx, H_(x) = £] &(k)cos kx. Then
|Hn(x)| < A‘H(x) + B where A, B are positive constants depending
on & alone.
Proof.
Without loss of generality we assume that 0 < x < .
Let x be arbitrary but fixed.
If n < ’-t', choose Cx so that Cxé(llx) 23).

n n
Then T §(k)cos kx < £ &(k) < n &(1) si‘ " C, d(1/x) = 0(;(1‘ 8 (1/x))
=1 1 =1 [1/x)] n
If n> ;, let S1 + S2 = ¥ + T &$(k)cos kx and let
1 [1/x1+1

m=[1/x] +1

S, 1is covered by the previous case. Apply Abel's formula to

1

s, with vy = d(kk), Vv, = cos kx and note that ¥ cos kx = 0(1l/x)

(See Salem-Zygmund [12, p. 27] or Zygmund [14, p. 2])

n-1
5, = kz lek) - ek+)]T, + 2(m)T
-=m

where T = )‘.‘l; cos kx = 0(1/x)
S, = [#(m) - §()]0(1/x) + #(n).0(1/x) = 0(1/x &(1/x))
since m,n > 1/x and hence §(m) € §(1/x) and &(n) < §(1/x).

We observe that as x - 0, and for proper choice of (C,, that

1
c, +H(Xx) %A, 3(lx).

1
2o - s =nam

1
2 =™ =5 ame'™
l-e

H(x) = Re T Q(n)ei

h) = no

nx

h(i/x) & h(i)h(;l') ~ ®(1-x)
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Then since %Q(l/x) g ¢(-x)
|Hn(x)| <gc, ,%Q(I/x) s c, P(lx) & cz[c1 + H(x)]

so that lHn(x)l < A‘H(x) + B.

This proves the lemma and we now proceed to prove the main theorem.

a (-]
let S denote a Fourier series 59- +Z (a cos nx +b_ sin nx)
2 2 1 n n
wa +b
such that g _“m.ﬂ. < », Then we wish to show that the set E of
1

points of divergence of S has h-measure zero. For suppose E
has positive h-measure. Then there exists a positive distribution

. «®
W, concentrated on E, such that if du ~ %1-1' +z (ozncos nx -+ anin nx),
1

then the series z(ancos nx + anin nx)¥d(n) 1is the Fourier series
of a bounded function. Choose w(n), a positive monotonic function

increasing infinitely with n and such that g %%:% (atzl + bi)
converges. Let An = an(w(n))%, Bn = bn(w(n))%. If x € E then
n

the series Sn(x) = z(Akcos kx + B, sin kx) is unbounded, otherwise
1

k

S would converge for an element of E. Let n(x) <n denote a

positive integer valued measurable function of x. By a well-lknown

argument (see Zygmund [14, p. 253]) the integral fi" S (x)du

n(x)

can be made to increase in absolute value with n for a suitable

2
choice of n(x) for each n. We now show that j'o" S (x)dx is

n(x)

bounded, this contradiction proving the theorem.

Since g (Atzl + Bi) < «, then

i
$(n)
zz(Ancos nx + anin nx) - —;51— is the Fourier series of a function

$"(n)
F € LZ.

sin kx = % J-Zn Q%(k)F(t)cos kt cos kx dt +

Akcoskx-l-B o

k

1 o2 % . .
+n Io $ “(k)F(t)sin kt sin kx dt
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- }-1; fiﬂ aPlé(lr()l"(t)cos k(t-x)dt

Let Gn(x) =3 Q%(k) cos kx

n(x) | 1 o2
Sney ® = ;_,; (A cos I« +Bsin kx) = ;J’o F(E)G , (E-X)dE

p= s e =2 P ey

o Sn(x) (t-x)du (x)dt

n (x)
By Schwarz's inequality:

22<‘I.2n 2

nl 2nj.2n

Fo(t)def Gp x) (E7%)6, ) (t-y)du (x)du (y)

Then j‘iﬂ (t-x)G (t-y)dt = H (x-y)

Cnx) n(y) n(x,y)

where n(x,y) = min(n(x),n(y)], Hn(x) = ZI; ® (k)cos kx
27 2
Let A = jo F (t)dt. This gives

2 2 211
odo |

nl <A (x-y) | dp (x)du (y)

n(x sY)

217 02
< Aj‘onj-o"{‘ﬁn(x) x-y)| + ‘Hn(y) (x-y) | Jdu x)du (y)

- 2Aj§"j§"\ﬂ

n(y) (x-y)‘du.(x)dp.(y). Then since H(x) = ; ¢ (k)cos kx,

1

(o]

2
{ "|u B ) & ) |du x) = lj'(z)“ H(x-y)du(x) + B

2 ®
The Fourier series of rlr'yo" H(x-y)du(x) 1is I Q(n)[ancos ny + anin ny]
1
which is by assumption the Fourier series of a bounded function.

This demonstrates the boundedness of I, proving the theorem.

b. Analogue of the class Ta

A further equivalence concerning the convergence of the
series z\anlzna is given by Carleson ([4])who shows that
T (W) ; |a |2na where |w(z)| <1 and w(z) =% a 2" lz| <1
o 1 n n_ ?

and we say that w € Tor if the integral



19
T ) = k&n)f a I r drf ie)‘zde is finite,

where k(w) denotes a certain constant % < k(w) <s1. @By £ g
is meant that there exist constants m and M such that

mf < g £ Mf, so that f,g are bounded together). We show here

2 2n
that under the assumption that the limit of Q(n): (n) I; {-r h(l-r)dr

exists as n - =, we have the following:

w = ot k@ PO rar[ My o) %20 < o)

where w(z) is defined as above. Then T () z‘an|2-1/§(n).
b4

Theorem 2. Let w € Th

Proof.
1 gl rz ie
T,y @ = K[ ar [7 rd‘f "y )|de
= 21K ﬁ % ar [ E‘Gn‘z‘fz(n)rzn 1
2
1 h@-r 2Y (n 2n
=k [ MR e | f R T
= K z‘an|2 Q(n) snn!’i’ sn! Jul 2n hS]. !'! dr

which with our assumption establishes the result. The case
¥Y¥(n) =n, §¢(n) = n ¥ s the class discussed by Carleson.
A somewhat different argument is used later (see II, § 3 )

on a class which is similar to the class
TY,$) = {w: I; @ (t)dt J‘E r dr Iiﬂ ‘m‘,(reie)‘zde < =},

Here we choose @(x) = h(i%;) to be increasing, non-negative and
L(0,1). Using a theorem due to Kennedy [9] we can show that

w € T(Y,P) 1is equivalent to the convergence of the series

2
z‘an\z !—ﬁgl $(n).

The later result is true for a more general

¢, and the details being the same, we defer the proof until that point.
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Carleson [4] shows that the convergence of the series
2 2
z(an + bn)ng is equivalent to a certain continuity property of the
function represented by the trigonometric series. We obtain a

tn) under the assumptions that

2 2
similar result for 2(8n + bn)Q

fz h‘§l sinzr dr exists finitely and h(yr) 2 h(g)h(r). Carleson
r

treats the case h(t) = c1‘°’(1og %)-B, 0O<a<l, g>0, of the
following theorem.
Theorem 3. Let g(x) be a real or complex-valued function defined

a
by g(x) ~ 52 +-§ (@ cos nx +b_ sin nx). Then
1" n

S, (8) IE J‘i" |gx+t) - g(x-c)\2 B( gx ac

t

2 2
z(‘an\ + \bn\ A

where A is of the order 1/&(n).
Proof.

According to Parseval's relation
= 4 2 2_o% sin’nt
Sh(g) v Z(lan‘ + ‘bn‘ )Io —= — h(t)dt and

t
2 2
IE 312225 h(t)dt & E%;S'lez Elﬂ_iihiil dx. The theorem follows by
t X

taking limits and noting

n_g 1 |
h(n) &(n)
c. Some conditions for equiconvergence and equisummability
of certain integrals and related series.
A theorem similar to this last result and concerning the
equi-summability of the series conjugate to the Fourier series and

the corresponding integral may be obtained in the case where f£(x)

has period 27 and is of a certain Lipschitz class (see Salem-
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Zygmund [12] for the case h(r) = rl-a)
a

@
Theorem 4. Let 52 +z (an cos nx + bn 8in nx) be the Fourier
1
series of a continuous function f£f(x) of period 2w and belong-
ing to 1lip T, where T|(t) = ;%E;. Then the difference
£(xtt) - £(x-t) > "
Kn - > h(t)dt - }i (a, sin nx - b cos mx) Fes

tends uniformly to 0 in x, as r = 1 . Similarly the difference
is bounded uniformly in x if f € Lip 1| .

We shall assume the following properties concerning h:

1 1 sin t h(t)
dt 8 — th : :
that I 0 ho at ‘o 2 dt exists finitely

and that f hi%l ae = 2O
¢ t
Lemma 1. Suppose g(x) € Lip 1| has period 2,

o [- -]
-Q
gx) ~ 2 + ? @ cos nx + Bn sin nx.
o )

Let g(r,x) = 39 +3 an cos nx + Bn sin nx)rn be the corresponding

harmonic function.

Then g(r,x) - g(x) =0(M(-r)) as r -= 1, uniformly in x.

Proof.
Let Pr(t) - {L-0) > denote the Poisson kernel.
2(1-2r cos t + ")
1 l-r
Then Pr(t) < Iz and also Pr(t) < — > so that
4r sin t/2

nlg(r,x) - g@)| = |[Tlglx+t) + glx-t) - 2g(x)]Pr(t)dt|
1- ()
< 1—}r'fo T o@(t))dt + (1-r) J"l'_r 0( ; )dt
t
= oma-n) +o(a-nBYT

= 0(M(l-r))
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lemma 2., Let g(x)

g (r,x) _ o(ﬁgl-rz)
X lor /¢

Proof.

1 _
th(t)

1

(t)

~
=

We note first that f dt

1

and g(r,x) be as in Lemma 1.

Then

implies

1 1 1 dt
- dt = for ———dt ==+ K | T — .
j ch(t) t h(t) J tzh(t) t h(t) I t“h(t)
Then 35é§4£l = -%’Ig[g(x+t) - g(x-t)]P;(t)dt where
~ N2
-(ler)“r sin t ' t
P'(t) = so that |P'(t)| < and also
r (1-2r cos t + r2)2 | r (l-r)3
2(1-r)t

P'(t)| < . Hence

7@l r sin’t/2)

|55§‘5)- < (11 3 j‘cl)'r oen(e))de + (1-r) [T 0(3%)-)dc

= o - NA-0) + - - oMy
t

which is, as in Lemma 1, on the order of 1t

Now to prove the theorem,
o«

nl-r).

let g(t) = f£(x+t) - f(x-t) ~ - £ 2 sin nt[ansin nx - bncos nx]

1

and g(r,t) = - ¥ 2 sin nt[ansin nx - bncos nx]rn.

1

For given x and

r (r < 1) the series

sin nt

t2

(- -]
315551 h(t) = -2 %
t

is uniformly convergent in t for

t>¢>0.

grate teruwise over

(e,T). We note that

h(t)[an sin nx - bn cos nx]rn

Hence we can inte-

\Ig sin nt bf%l dt\ <n fg hf£l dt = O(ne- Eéil) = 0(n h(e))
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and

h(t h(T
\I: sin nt - -fil dt| < -é—l .

Thus we may conclude that

h(t) - @ n sin nt h(t)
f: g(r,t) tz dt -2 § (ansin nx - bn cos nx)r I: 5 dt

t
8in nt | sin x - Kkn o 1
where J‘:——tz h(t)dt h(n)j': 2 h(x)dx = o & K 7
(- -]
so that K(h) I: 312551 h(t)dt =L (a sin nx - b_cos nx)r". ;%;7
t 1

Therefore to complete the proof of the theorem it suffices to show

that

D= [7 5%59- h(e)de - [T 5-(51%(9- dt  is  o(l)

if g€ lip M, and 0(l) if g€ Lip T, a8 r = 17, uniformly in

x. The proofs being identical we let g € Lip T.

- - g!rzt!-EStz l-r ggr,t!hgtz
D=D, +D, ﬁ_r 2 h(t)dt + J‘o 2 dt.
The first integral is bounded since

1-
|D1\ < 0(ﬂ(1-r)-5{:;51) = 0(1l) wusing our above assumptions
on h. To establish the boundedness of D2 we note that since

r,t
g(r,0) = 0, we have g(r,t) = t-aggzi-l‘t_e

lemma 2 is on the order of t'nf%isl so that

» 0 < 8< t which by

Ip,| =06« na-n [1T A a0 L qan B Lay) -0

This concludes the proof of the theorem. A nearly identical argument

establishes the following:
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Theorem. Let f be as in the previous theorem; then the difference

$(n)

£ (x+t)+f (x-t) -2f (x) @ n 1
Kz(ﬂ)IT_r tz (t)dt - E (ancos nx + bnsin nx)r

is o(l) if £ € lip T and is O(l) if f € Lip T.

2. Some results on Blaschke products: the class Bh

As is well known, any bounded holomorphic function in the
unit disk D can be represented as a product of a non-vanishing
function and a function containing all its zeros, this second
function being a Blaschke product B(z,av) where

n (] 8v-z av ‘ l 1
s = — . ’ <
B(z av) z g l-zav ‘;;T z

and {av}:, 0< |avl < 1, is a sequence of complex numbers such
that % a - ‘av\) < o, By this series condition we know that
‘avl =1 as v+, i.e. that the zeros a cluster near the
boundary as v becomes large. By considering the subclass of

the Blaschke products consisting of those whose associated sequence
has the property that F(1 - |an‘)1-a <o, 0 < o< 1l. Frostman
[7] in effect speeds up the rate of convergence, forcing the zeros
to cluster sooner at the boundary. In doing so he obtains some
results which were not possible in the general case. This sub-
class, Ba’ is also discussed by Carleson [4] and he shows it to
be a subset of the previously mentioned Ta' We are interested
here in a local condition on the boundary in which Frostman shows

that B(z) € Ba tends to a radial 1limit at ¢ of modulus 1

© 1-‘& |
provided X ——E3¥-—'< o, He then proceeds to show that this is
v=1 |e -avl
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true except possibly on a set whose (l-g)-capacity is zero. Our
discussion will be concerned with the class Bh which consists of
all Blaschke products having the property that % h@l - \avl) < @,
where h 1is a measure function. Now let T(x) be a function
having the properties that t 1is increasing, T(0) = 0, T(x) < x
if x < 1. The following generalization of Frostman's result,
in the case ~(x) = x, is due to Carleson:
Theorem 5. Let {zv}:-l be a sequence of complex numbers in the
unit circle and {Av} a sequence of real numbers, 0 < Av < 1.
If hor 1is a measure function and
; T-I(Av).[‘s-l llﬂéi)-dr<cn then ; %(Lm<” except
v=1 T (Av) r v=1 v
possibly on a set E with hOT-measﬁre 0.
Proof.
We note first that g h(Av) < » and consequently, since
T(AV) < Av’ T hoT(Av) < o as well. This follows since
o -1, .03 hot (r) > -1 1,3
©>F 1 (Av)j 1 > —drzzr (Av)h(Av)(-;)\ -1
N T (Av) r N T

- vla) = h@)
=3 h(Av)[l -—Y 7 —5—2- for N sufficiently large.
N

N 2

(Av)

- 3 ®
Also since T T 1(A )I hot(r) dr 2% ¢ 1(A )IB hot (r) dr

(Av)
for N sufficiently large, we have that g T-I(Av) converges.

For any integer p, denote by 0p the open set where
® A

Z T(‘z-zv‘) >1

P

Llet u € rhT where Fh is defined as the class of all non-negative

completely additive functions of a set such that
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w(r,a) < h(r) for all a,

where p(r,a) is the value taken by u for the circle
C ={z: |z - a| <r}. For a discussion of these measures and
their existence see Carleson [4, p. 11-12] and references cited
there. Also we may choose y so that it vanishes outside O .

About each point z, v = p, we put a circle of radius
(T-I)Z(Av), so that within these circles we have
T(\z - zv|) < T-I(AV). Let Gp denote the exterior of these
circles, i.e. where 7(|z - zvl) pS T-l(Av). On the circles, p
distributes a mass which does not exceed ; hT(Av) = e;. Then
for p sufficiently large, P

A

8@ = [o @ = [o T IEmy 8

du(r,z)

ST A IB
-1
Vs (Av) r

ht(r),3 3 hr(r)
sTA T, +A 7, > dr.

T (Av) T () T
The first term above is less than K'Y A , the lower limit being
h(A)
the negative of the positive expression I Av _IV . Both of
T (@A)
v

these converge by virtue of the fact AV < T-I(Av) and ¢ h(Av) < ®,
Likewise, since A < T-I(Av) and by our hypothesis, the second
integral also converges.

Hence p(Gp) < e;, and so by a result of Carleson [4, pp.
10-12] the hotr measure of OP is less than 32-36-ep where
c. = c; + eg. Finally we note that except for the points =z

P
v=1l,...,p~1, 0p contains E so that

\)’
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1i 0 ) = 0.
Mh(E) < p-:Mh( p)

The converse to this theorem is true under the hypothesis that

I E‘%l = O(Eésl) as we now show. We shall make use of these
t

results in Chapter II.

Theorem 6. Given a bounded set E, a necessary and sufficient

o A
condition for the existence of a Borel series >
=1 T(z-2 )
divergent on E, with ¢ 'r-l(Av) J‘a-]_ hQ'Lz(El dr < », is that
T (Av) r
Mho'r(E) = 0.
Proof.

That the condition is necessary is precisely the result
of the previous theorem. It remains to show sufficiency: Let
HhT(E) = 0., Cover E by a family of circles with radii

-1 -1 -n
T (r such that he (T =3 h(r < 2 ", Denote b
(nu-) T hr( (rnu)) z (nu) y

z the centers of these circles: lz -2 l < 7-1(r ). The
0 np g

™ ® T o A
Borel series ¥ ¢ -DT—‘—= T -l‘—‘-— diverges on E
n-l u-1 T( z-znu ) V'l T( z-zm )

while ¢ T-I(A ) I3_1 EI%EI dr converges if T h(A ) does
v T (A\)) v

as we shall show below.

(--] (- -] @ -n
S Th@A)=T ITh, )sz2"=1,
v=l ¥ n=lp=1 ™

It remains to show I T-I(A ) fa_l hr(r dr converges if
v
T (Av) r

T h(A ) converges.
v

hL%)- dr = o(z hr(r),3 ) “la)

-1 3
TT (A) |T_ - :
v J"l' 1 r T I(Av) v

@)

=0« ta) +ofsna).
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3. Finiteness of the generalized fractional integral.

N. duPlessis [5] has shown the following concerning the
finiteness of the fractional integral fa/q of order a/q:
Theorem. If f € IF[O,Zn] then:

(a) For 0<a<l, 2<q<o, fa/q is finite everywhere except
in a set which is of zero B-capacity for every B > l-a.
(b) For 0<a<l,1<qcx2, fa/q is finite everywhere except

possibly in a set of zero (l-o)-capacity.

We wish here to extend this result to a generalized frac-
tional integral with an exceptional set of the general h-measure;
as with duPlessis, our two functions,p and h, will not be
independent of each other.

Let h(x) be a measure function having the property that
P(x) = h(i%;) is a non-negative, non-decreasing function, integrable
on (0,1). Further assume that h(ab) < h(a)h(b). Let

d(n) = Ii 1 $(x)dx and note that &(n) % h(n) (see §1). Extend

$ from a function of a discrete variable to a continuous variable

by letting &(x) = %-h(x). Finally we assume that

2 1 e/q
( Ydu (t) and @( ye ( )du
Jo' et " ey IR vl = e e
both exist finitely.
(-]
inx
Let f = = 0.
(x) z-:wcne > co
Define the generalized fractional integral as the function

£,(a:x) =2 ibllq(n)c“einx

-
Next choose a < 1 such that a = r/q where for q > 2, ¢ > 0,

_ -1
= 14+e(q-1

y * so that 2 <r<q and r' - ¢ = q'. (Here p'
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denotes the conjugate of p in the sense that 1/p + 1/p' = 1)
Finally let ha(x) = x Qa(x). We now prove the following:
Theorem 7. let f € L [O 2m].

f@ (q,x) 1is finite except in a set of h-measure zero if
l1<q<2, in a set of ha-measure zero if q > 2.

Lletting h(x) = xl-a, 0<a< 1, so that ®&(x) = (l-x)a-l

and §(n) = n-a, we have (l-g)-capacity and the ordinary fract ional
integral. The proof depends on the following lemma which is of

independent interest. First we define

2n 1
V, = sup h('r"—")dp.(t).
h XELO,Z‘"} J‘O x-t
LEMMA :
(1) For every ¢ >0, 1 <q< 2,
1
2n 1 L1l/q', 1 (q-¢)"
d
Mq_e[j'o T==e ¢ (Tx-_t\') w(t)| < A(R,e)Vp
where A 1is a constant depending on ¢,e only.
(2) For 2 <q < o
2n 1 1/q
1
Mq[-ro lx—_tT (-l—‘-)dp.(t)] sA(Q)V /q'
where A 1is a constant depending on $ only.
Proof.

-1
—

2m 1 1 2n 1
D [y Teel dTeep®® = [, e % ©

where Vx(t) = Iz h(‘lx_}sr)du(s)

(ﬁn g’ (L )du(t)) _ ( 2 -1/ Lyt e/ 0 e))
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-(3-& -

= 0
s( i“ g 9 dvx(t)) . (‘['2“ dvx(t)) (@-€)" 1y H5lder's inequality,

2
@ = [ e * e © - v

The latter inequality holds since
-

1 -1+ 1 1
: y = g ltela L -¢=-—-'§e/q(x_t

P T Tx-e] [x-t]

).

The inequality (*) and our assumption above gives (l).
Proof (2): The special case q = 2 1is proved first and used to

prove the remaining cases.

2l 20 1 ¥ 1
MZ[ |x-t] ¢ (lx-t|)d“(t)]

- ﬁﬂ ﬁn [LZ’n |x-t] %(‘x t[ |x}5[ §lj(‘xfs{)d’{]du-(t)du.($)

Using the substitution x-t = (s-t) - u we find, on the

innermost integral, that

I Tl e e -
=I§" T;._l:‘. . ]—irQ%(Tu }‘B_t‘) . ]s}ﬂ . \1}u[ . Q%‘mﬁfﬁf"s't‘du

2111

= |33tl Q(]s tT).f Jul ‘u}q Q%(\h) . é%(‘u—}l-‘-)du

2m,21,2 1 1
Iﬂ.f nf ¥ |x-t| %(lx-tl) ) lx}s‘[ QJ"‘(lx.sl)dxdpl(t)du(s)

21,2
oﬂ |s- t[ (ls tl)du'(t)d“"(s)

< B(Q)j

< B(®) - Vh(p.(Zn) - p(0)) giving (2) for q = 2.

Next for q > 2:



q o2 1 1/q' 1
“q[fo TeeeT 8 W:{P“Mtﬂ

enfpm 1 T . __1 1/q d
Io ‘I‘o L’l $ ‘x~t|2/q $ du(t)} dx
|x-¢| 9

2nf [\2n _1 g_._z_. 2n 1 .% 2/9\q
< [t | Te" T o ® o TRoeT # () dx

using Holder's inequality and the fact that 933 +==1

q-2 2|n2 %
*Vp - “z[fo" I c["‘**‘t]

q-z . . = q-l
h constant Vh const. Vh

<V

This completes the proof of the lemma.

Proof of the theorem:

(- -
{
Let feLq,f...zckeh‘,f(q.x)'ZQ

=00 =

il“ "~

/q ikx

(k)cke

n l/q
let S =g @ (k)c e
n k
-n
To show: Sn is bounded outside a set of h-measure 0 if
1< q < 2, outside a set of ha-measure 0 if q > 2.
Suppose Sn is unbounded in a set E of positive H-measure where
H 1is either h or ha accordingly. Then there exists a dis-
2n 1
d
tribution u(x) concentrated on E such that Io H(T;:ET) u(t)
is bounded for all x. As noted earlier (§1), it can be shown
(14, p. 2537 that there exists a function n(x) < n taking integer

values such that Ii" (x)du(x) exists and is unbounded as

Sn(x)
n - o, We show this to be impossible.
2 n(x)

= 31/a
[PEIPRNCOL G j _nz(x) (k)ce au (x)
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n(x) -
= P27 £ (e E 879 (e D gra ()
-nxX

We note here that, as has been shown, (§1)

n .
5 §llq(k)eik(x-t)

_ 1 1/q, 1
& = R

Therefore U‘i" JPNCINOIETE j‘i"\f(t)‘-@‘i“ ]—;}—tr sl/a

(Tx—-]_'gl—)dp,(x)}dt
) . 2n _ 1 .l/q, 1
S C M) Mqv[fo T ® W,:ﬁ“**""]

For 1 <q < 2: Use (2) of the lemma, interchanging the roles
of q, q'. The resulting contradiction proves the theorem for
this case.

For q > 2: define a,r, as given earlier so that =

0 |
LT

2<r<q,and q'=7r' - ¢.

2n _ 1 1/q,_1 2 1 ,a, 1 1/r
Mq'[;o T;:ET ] CF;:Er)dp(ti] becomes Mr'-e[;o ‘x-t\‘é (lx-t‘)) dp(tﬂ

which is finite by (1) of the lemma with r' for q, r for q'.

This completes the proof of the theorem. We note that the limiting
case of ha-m238ure, i.e. as ¢ =+ 0 in the definition of r, gives
precisely h-measure. This corresponds to the capacity case where
(l-orte) -capacity, i.e. every B > l-o, has (l-a)-capacity as the

limiting case.



CHAPTER 11

On Generalized Tangential limits for Certain Function Classes

l., ~-tangential limits of functions in Bh

® |an| a -z
let B(z,{a }) = M-8y ,0<la|<1,n=1,2,...
n=l n n

(-]
and £ (1-\an|) < o, 80 that B(z,{an}) is a Blaschke product.
n=1

It is known that B(z,{an}) has radial limits at almost every
point of the unit circle C and further that this implies an
angular limit at each such point (See Cargo [3] for a brief dis-
cussion and references).

let R[7,8] = {z: 1 - |z| 2 v(|larg z - 8]|)} where
|arg z - 8] 1is the length of the shorter segment of C which
joins el® and z/|z|, and where satisfies the following pro-
perties:

T(0) =0,

v 1is increasing

v'(x) exists finitely at 0

T(ox) < Ca'r(x) where o 1is constant and C is a
o

constant depending on o and T alone

ﬂ’f%)ﬁb,(o as x - 0

1 > 1

T(
leie-akl T(\eie-ak|)

33
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Next let h denote a measure function such that
h(ab) < h(a)h(b). Let Bh denote the class of all Blaschke pro-
ducts having the property that £ h(l - \ah|) < .

In the case 7(r) = ey

» ¥ 21, R[7,0] is the path which
meets the circle with order of tangency +vy-1. It has been shown
(see Cargo [3] for references cited there) that corresponding to
each such path, there exists a Blaschke product having no tangential
limit whatever on C. Cargo however has shown that for 1 < vy < 1l/a,
tangential limits of order +y-1 exists for Blaschke products in
the class By with h(r) = ra, except for sets on the unit circle
whose ory-capacity is zero. This includes, in the case y =1,
the results of Frostman [7] noted in Chapter I concerning radial
limits and «-capacity.

Following the lead of Cargo of composing the measure func-
tion with the tangential function to form a measure function, we
show here that this result :can be extended to show that every

Blaschke product belonging to Bh has a rT-tangential limit at

every point of C except possibly for a set of hor-measure zero.

a. Local condition

Theorem 1. Let {an} be a Blaschke sequence such that

© ]_..la‘
n
(1) 2—_19 < ® ,
n=1 ?(‘e -ah‘)

Then B(z,[an}) has a t-tangential limit of modulus 1 at eie.

Proof.

Without loss of generality we may assume 6 = 0. For if

1 - ‘ahl

X (12 ] <o = lim B(z,{an}) exists then the same proof

z—-1
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shows that
1-|a eie\ 1
z 2 e < ° lim B(z,{a e e}) exists i.e.
r(|1-a,e7) =
1-a | .
z 10 < o = lim B(ze ,{an}) exists
'r(\e -an\) z—-1

but z - 1= zeie - eie and by change of notation (z for zeie)

we have 1lim B(z,{an}) exists.

z—e
By virtue of (1) and our definition of r, we note since |an| -1
that at most finitely many of the a lie on the radius to 1;

hence we may assume without loss of generality that no a lie on

this radius.

© l-la\

We show first that z n
n=l T(]arg a

1 - |a|
then we will show that g b =,
1‘(‘1-an|)
Let K = D(1,1//2), let A be the right angle to 1 bisected by

< o, For suppose not,

the radius to 1.
Since ¢(l - ‘anl) < o and
t(|arg anl) has a positive

minimum value outside K we have

1 - |a
b2 = =w .
1 a €K 'r(iarg an‘)
n
l If infinitely many a € K lie in

A then 1 - ‘an\ > C-T(\l - an|)

where C > 0 and hence
1 - ‘anl

PN ~ diverges.
-r(‘l an|)
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If only finitely many an € K 1lie in A, consider only those
a € K-A. Let P, be the perpendicular distance from 1 to the

radius thru an.

P
Then P, < \3r8 ah" TI:%—T > cos /4
n

|1-a | < Pnz% < |arg anl-Z%
T(\l-anl) < € 7(|arg an‘), cC>0

1 1 1

~ 2= so that the corresponding series
t({1-a_ ) * ¢ 7([are anl)

must diverge.

This establishes ¥

Next, using a well-known device, choose a sequence {wn}, 0 < w < 1,
w = 0 such that
l - |a
= 1-|a|

(2) z
n=1

o T(farg a ) <%
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Let S = {z: |z - anl < wnw(larg an|)}.

We show that for any fixed positive integer k that

B(z,{an}) converges uniformly on D - U Sj'
a|a-z i=k
Let b(z,{an}) = an l?a . and C(z,{an}) = b(z,{an}) -1
n n

(1+‘z‘)(1-‘an\)
Then \C(z,{an})\ < 1 'T’nﬂ

,. 1-|an| . \ag:?‘
< Thn-z] [1-5nzT
1-\agl 2(1-la_|) ‘
[an-zf = o T(|arg a_|) if z €D -US,

<2

This inequality, the convergence (2) and the fact that

‘C(z,{an})\ < 2 implies that n[l + c(z,{an})] converges uni-

formly on D - U 8S,.
j.k J
It remains to show that R[7,0] meets at most finitely many of

the disks Sn; it suffices to show that for j sufficiently large,

z € Sj A D implies 1 - |zo| < r(|arg zo‘).
Since z_ € Sj’ \zo - ajl < wj v(|arg zol) so that
3) 1l - ‘zo‘ <1l - ‘aj‘ + wj T(\arg zol)

Also for j sufficiently large

- a a |l < i f17(|arg ajl)
|arg z rg j‘ arcsin ( o] ) < nij(\arg aj‘)

mij(\arg ajl)
o

as we see from the following diagram, where @ = arcsin
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""‘72.-40”

\_‘_\ l/ The latter inequality holds

l because nwj'r(larg aj‘) is

half the circumference of Sj.

Hence we can say that
) r(arg zol) z v(|arg aj\ - |arg z - arg ajl)
> v (|arg aj\ - ﬂwj'r(‘arg aj‘))'
If we can show that
7 (|arg aj| - nwjf(‘arg ajl)) =21 - |aj| + ij(larg ajl)

for j sufficiently large, then it follows from (3) and (4) that
-r(‘arg zol) >1 - ‘zol as was to be shown.
It suffices to show that

T(|arg ajl - nuii'r(larg aJ|)) . 1 - ‘ai\ ‘s
v(|arg ajl) T(|arg ajl) j

for j sufficiently

large.

That the right hand side goes to O is immediate since u)j -0
1-|a|

and zm<m.

That the left hand side does not go to 0 is a consequence of the

facts that |arg ajl is bounded, w, = 0, |arg ajl -0 as j - o and

3
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lim T(x - Kr(o) . lim T (x - Kr(o) 1 - kr'x))

x-0 T(X) x=-0 T' (x)
where we cite our assumptions on T and the fact that K = nwj - 0.
(-]
Thus T-tangential limits exist on R[T,0]c U S s for j suf-
n=j

ficiently large.

Since R[T,0] meets at most finitely many disks S

®
B(z,{an}) = ] b(z,an) convergesuniformly on R[7,0]. For any

n=1 N
fixed positive integer N, Il b(z,an) is a rational function with
n=1
only finitely many poles, all of which lie outside of D U C.
N N
Therefore Il b(z,a ) ~ N b(l,a) as z -1, z within R[r,0].
n=1 n n=1 n

Since the convergence is uniform

N N
B(z,{a }) = ;_1: InElb(z,an) - ;_1: nglb(l,an) =B(L,{a_})

as z -1 on R[r,0]. Since |b(1,an)| = 1 for all n, we con-

clude that the limit is of modulus 1.
b. Global condition

Theorem 2. Let {an} be a Blaschke sequence with § h(l - lan|) < o.

Let T be defined so that h o Tt 1is a measure function.
1 - |an|

Let E' = {ele: ——19— =
n=1 1 (|e -an‘)

o).

Then E"r has zero h o T-measure.
Proof.
For each positive integer n, let On be an open arc on

a
n -1
C with center and length 1 (1 - |a |).
. |an‘ n

Let G .Uo ,F =C‘(;o

R pmn k n n

-] (-]
Then U Fn and N Gn are disjoint sets whose union is C.

n=1 n=1
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Let £ =F NE,G=EN (NG)).
n n n

o]
We observe that for each N, U 0k is a cover for nGn.

k=N
> -1
Then lim £ hort(r (1 - |an|) =1limg h(Q1 - \an|) =0
N lo=N N—+o
Hence h o 7v(G) = 0.
Next let n be fixed, let e19 £€F .

n

For k 2 n,

o' - & > 2 77ha - 5D
or
1 - |a]

T(‘eie-ak‘)

< T (m)

Suppose that h o T(fn) > 0, then there exists a positive dis-

tribution . concentrated on fn such that for all =

j'f ho1'( |)dp.(6)<M<oo

n -

For k = n, using our assumptions on T and h,

1-a| l- \*‘k‘ 1
—-————-—-—- du(8) = h(1 ). :
1 1 hot du
hor ( 1o )
e -ak|
= If h(1-| ag|) -hor( . ) - ‘ak| . 1 du (8)
n le™-a, | 7cle®-a,]) h o]

T(|eie-ak\)

<K .ff h(l-la]) hOT(‘le_va—:kT)du(e) < MR-h(L - [a]).

Then
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j‘ o 1 - ‘3 \ d (8) ; j’ 1l - \ak| 4 (o)
o = W
fn k=n T(|e e—ak.\) k=n * fn T(|e e-akl)

<MKzh@d - |a])<e

which contradicts the assumption that

1-lal
z =o on f CE_. Hence hor(f ) = 0.
i
t(|e*®-a |) noT n
That ET has zero hot-measure follows from the above and the sub-

additivity of the measure function.

c. An alternate proof using an analogue of a theorem of

Carleson.

We assume here that f ELE%EE & O(E{El). Then, as noted
t
in the proof of theorem 6, §2, chapter I, we have that

z T-I(Av) I3_1 EI%EL dr converges if h(Av) converges.
T (Av) r
In theorem 5, §2 of chapter I, we now let Av =1 - ‘av\' There-
1 -Y|a_|
v

fore we have that the local condition I < » holds

r(|e*®-a |
except possibly on a set E with hor-measure 0. This result,
together with theorem 1 of the present chapter, shows that the
T-tangential limits exist on the unit circle on the complement of
E. These results may then be used to replace theorem 2 of this
chapter.

In particular we note that the measure function h(r) = rd,

0 < o<1, satisfies all the above properties. Thus the Carleson

result serves as a proof of the Cargo result mentioned above.
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2. rt-Tangential Limits of Functions in SQ and of Their

Generalized Fractional Integrals.

Kinney [10] has established the following concerning func-
tions f in the class

w
2
Sa = {f(z) = 3 cnzn : X na‘cn| < m} :
n=0

(1) Given O0< y<a, f € Sa has tangential limit with order of
tangency T-1 for every 7T < %Ez except possibly for a set

with (1l-y)-capacity O.

(2) 1f 0 < y < a-2r, then the fractional derivative of order r

l-y

of f has tangential limit for every r < 1oat?r

except
possibly for a set with (l-y)-capacity O.

(3) If 0<vy<a+2q< 1, then the fractional integral of order

except
-d-Zq P

q of £ has tangential limit for every ~ < 1
possibly for a set of (l-y)-capacity O.
Let h(x) be a measure function, let ¢ and § be functions
such that ¢(x) and i;é%:il are non-negative, non-decreasing
and integrable in (0,1). Also assume that ¥ (ax) < Ca ¥ (x) where

Ca is a constant depending on o and ¢ alone. Define

%
§(n) = Il p(x)dx and Y(n) = Il i—{%iil dx and let

lvl 1.1
n 2 n
= o legl
S, ={f(z) = £ cZ :% < »}. Define S(p) to be the
¢ n 2 )
n=0 & (n) c eine
function whose Fourier Series is defined by S(8) ~ I —EE?ET

Extend ¢ and § to complex values by writing

5
¢@@) 2z e@z" and L2 =5 y@m)p”
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Let =z 1) cneine be the Y/¢-fractional integral of f.

Finally let R{t,v] = {z: 1 - |z| 2 7(|z - ei"l)} where 1 is

an increasing function such that T(0) = 0. We now show:
1+¢
y = L0 - by d
Theorem 3. If g(l-x) PTG and T(x) B o(h)(x) and

f € SQ, then there exists a T - lim fY/Q(z) except possibly
v

z--ei
i

for e v € E where E has h-measure 0.

Before proving the theorem we note that by taking

al/2-1 al2

hx) = xl-Y, Yy<1, g(x) = (1-x) and hence &(n) =n
then we obtain Kinney's results given above by choosing in turn

Ay yx) =%, ¥() =n"?/2

@ y&) =0T, v = a2
G) y&) = x*29 y@) = o/279
l-y
For (1) we choose Bg(l-x) = (l-x)l-a+e, T(x) = xl-a+e and similarly
for the remaining cases.
Proof: Note that
c eine z e-ine |c ‘2
o 12 T n n - n
j_ﬁ\s<e)\ de f—n PN ey PN T ) de = const. ¥ Qz(n) < ®
2
so that S € L .
We write
1 -9
£, (z) = k j ¥ (Q-ze ) S (9)do
Y/Q l_ze"ie
In I, §3 we have shown that if §(x) = h(I%;) and A(n) = Il 6 (x)dx,
1
ikx 1 n

q = 1, then gA(x) =3 A(k)ake = kj'é(ei(x-k))g(t)dc
(where g(x) =% akxk) is finite if g € L except on a set E

of h-measure 0.
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L ) = h(—-—l—E‘-). Then

- la2 i(x-t), g1 .
Let g = |s7|, 8(e ) h(‘l_ei(x-t)‘ leix

\sz(e)\ = ffn h(T:;;l—IET)‘S(e)|2d9 is finite off E, where
-e

iv  pm 1 2
E={e ": h(————=)|S(8)| d6 = »} and h-measure (E) = 0.
{ -[‘-Tl’ ‘eiv_ei-e‘ ‘ ‘ }

_ 1+¢ -
Let Bg(l-x) = \Pl(%# , T(x) =8 1o(hl) g%). Then B(l-x) 1is de-

creasing, so B 1is an increasing function and
Bla(l-x)) 2 kch (1-x) from the above assumptions on .

Now let z € R[T,v], then for suitable k >0,

i i -11 1
‘ele-z\ 2 min lele-z 2 kB o=(— )
ZGRET,v] ‘ h |e1v-eia\
19 1 1
B ( e Y.z ) 2 k, o= (———)
‘ ‘ B h ‘elv_eie‘
so that y(ll-ze-ie[) < k'h(“—‘l"'")
ll-ze'le‘l'l'e \eiv-eie‘

Choosing a > 0,

% -i9
\nv+a y°(1-ze ) _S(e)d912 <

Jv-a l-ze-ie

-i9 .
T {fg::ne” s @ %0 +|[775 |e*-z|*ae|

X e-1
ey 8= e
ze . ) €

by Schwarz inequality using f = ¥
-

I o ey 8@V el [0 el o

i
Choose e v ¢E, z¢€ R[T,v]. Then the first factor is finite and

the second factor goes uniformly to O with a. Since
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1 -ig
™ (Q-ze ) - rv-a via .
I-n( l_ze-ie S(6)de I-n +'Iv-a I:+a and the first and

i o s :
the last are analytic at e v’ then the r-limit exists.

3. r-Tangential Limits of Functions in A(Y,¢)

Let h(r) be a measure function, D the unit disk. The
following theorem, which follaws from a lemma of Ahlfors, has
been established by Rung [11]:

Theorem A. Let U(z) be a real-valued, non-negative, measurable

function defined in D such that

I I U(z)dxdy < =.
D

Then 1lim

dxdy = 0.
YS! J’ij; U(z)dxdy

D(e ",r)
This theorem is used by Rung to obtain results concerning the
class As, 8 > -1: we say that f holomorphic in D belongs

to the class AS if

IDIlf'(z)‘z(l'lzl)sdxdy <o .

He goes on to determine the "statistical" orders of certain func-
tions of the Picard type; the order of a function is said to be
"statistical" if this order is obtained by restricting the choice
of 2z, as for example in Rung's case, to a Stolz domain.

let ¢ be a function which satisfies either of the follow-
ing properties:

(i) ¢(x) is non-negative, non-decreasing and integrable

in (0,1)

or (ii) there is an integer p = 1 such that
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¢(x),¢'(x),...,¢(p-1)(x) are absolutely continuous
in [0,1] and vanish at 1. Also we suppose that

¢(p)(x) has constant sign and ‘¢(p)(x)‘ is non-

decreasing in the subset of (0,1) where ¢(p)(x)

exists.

In the first case define &(n) = Il ¢(x)dx; in the second

Y
case define &(n) = n-P‘¢(P-1)(1 - 1/n)|.

The function ¢(x) = (1-x)8 serves as an example of (i)
if -1< s <0 and as an example of (ii) if s > O.

We shall discuss here the class A(Y,p) where Y 1is a
general function and ¢ satisfies either of the properties given
above. Then £ holomorphic in D belongs to A(Y,p) if
‘fnﬂf‘, (z)|2¢(|z|)dxdy < .

Here we shall write £f(z) =g anzn, z = reie

n
£,(2) =L ¥(n)az
By letting Y(n) =n, ¢(x) = (l-x)s we have the class A°.
Also the Stolz domain is the example +t(r) = r of the tangential

domain R[T,0] = {z: 1 - |z| = T(‘eie-z‘)} in terms of which our

"statistical" results are given.
a. An equivalent series condition

We state here a result of P.B. Kennedy [9] (Thms. 1 & 2).
Theorem B. Let £f(x) =% chxn; 0<x<1; c z 0 and let @ be
as above. Then f(x)¢(x) € L(0,1) if and only if % Q(n)cn is

convergent.
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The following theorem gives an equivalence between A(Y,g@)
and a class of functions with a certain order on their Taylor
coefficients.

n )
Theorem 4. Let f(z) =L az , z=re . Then f € A(Y,p) Iif
and only if % Yz(n)\anlzé(n) < @,

Proof.

fnf\fy(z)\2¢(l2l>dxdy -

n2mal

[ofo 2 ¥@agre™®

°z Y(n)anrne-ine¢(r)rdrde =

[he @l |’ - e

These equalities together with theorem B, above where we are
using c_ = [Y(n)lanljz, gives the desired result.
To obtain the proof of the following theorem, we make the
following assumptions on the functions ¢, ¥y, £ and h:
(1) 1f o >0, hiar) < cah(r) where Ca is a constant depending
on « alone.
) ‘fy(z)‘k is subharmonic in D for k > O.
3) 1f |z -8l <@ - |E])t, 0<t< 1 then g(|z|) 2 C¢,t¢(|§l)~

Theorem 5. Let £(z) be holomorphic in D; k > 0 and

fnj‘fy(z)\k¢(\zl)dxdy < o,

£, ) pclzD @ - |2

Then 1lim 1o = 0 except possibly for a
el h(|z-e"°|)
ie
set of e with zero h-measure.

Proof. Let & €D
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et r=(l-|g])t, 0<t< 1l sothat D(,r) < D.

By (2) above,
nrz‘fY(§)|k < lfY(z)‘kdxdy
D(,r)

Let z € D(§,r). By (3),

2.2 k
@ na - gDl @1 o odeh = [T 15, @) "z axay
D(E,r)

Here we apply theorem A of Rung [11] cited above with
U@ = |£,@|5s(|2]), R = 2|g - ¢'®| and using the assumption

(1) so that h(2|g - e*®|) < c n(|g - e'®|). From this we find

I{ £ 2)| “a(| 2| Yexay

0
D(e” ,R) =
liTe h®) 0
E—e
except on a set of eie with h-measure 0. Together with the

inequality (4), this gives the desired result.
Next we let vy(t) be a function such that g.y is a
function satisfying either properties (i) or (ii) as described

above. We define ¥x(n) to be the function which is defined so

2
that 2121%—151 is the discrete function corresponding to the
% (n)
continuous function g¢y. For example, if ¢-y satisfies property

(1) then

2
QIEX%_KEI = Il py(t)dt .
%X (n) 1L

n
Let fx(z) = 5 x(n)anzn. We now use ¥ to extend the previous

theorem.
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Theorem 6. Let £(z) =% anzn, £ € A(Y,p). Then

£, @ {gvdlzDia - |z
lim =0
i
z—e 6 ‘/h(lz _ eie‘)

except possibly on a set of eie of h-measure O.

Proof.

let g(z) = ¢ %(L:% anzn .

2 2
We note that Yz . xf - |a |2 . é!‘%g) = YZ -3 - |a |2 so that
¥ n X n )
by theorem 4, g € A(Y,py) since here gy 1is to 3y as ¢
2

is to ¢ 1in theorem 4. Therefore we apply theorem X

5 with k =2 to obtain:

ey @ ovdzba - =D°
10 h(le™® - z|)
)

z-e

except possibly on a set of e of h-measure O.

The theorem follows upon noting that gy(z) = fx(z) and taking

of square roots.
b. The generalized tangential limit

Let G € A(Y,p). We use the results of either of the two
preceding theorems to determine an order for G.

Let T be an increasing function with t(0) = 0 and such
that hor 1is a measure function.

Let z € R[(T,0] so that
) lz\ 2 T(‘eie - z|)

and h(l - |z|) = hor(|e!® - 2|y,
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1
hoT(‘eie-z‘)

1
% ha-1z

lo, @ pdlzha - |2)’ s
Then T -0 as z-e ", z € R[T,0]
hot(|e "-z|)

except possibly for a set of e16 whose hort-measure is zero,

which implies that for the same exceptional set

loy @1 pdz @ - 2> i
RO ToD -0 as z-e ", z € R[(T,0] .

As an example, let h(r) = rd, 0O<a <1, and let
t(r) = rB, 1 <8 <1/y. Then the resulting order holds for =z
confined to a tangential approach of order of tangency §8-1

for all el®

outside a set whose gf-capacity is zero. 1In
addition, the statistical result is more simply stated if we
choose g¢(r) = (l-r)s, s > -1.

In determining a tangential approach, as in [10], for
instance we note that we are covering the circles bad points,
i.e. points where limits fail to exist, by a system of circles
with certain radii. The smaller the radii, the larger the per-

missible tangential approach, i.e. the approach missing these

circles.
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By describing our measure function hoT in the previous example
using the technique of Cargo (see §1) of composing the measure
function h with the approach function T, we are able to realize
a wider approach with a still small exceptional set. Naturally
this leads to a loss in the result which describes the order of
the function.

Applying theorem 5 to the above example we find

8/2+1-a/2

|Gy(z)\(1 - |z) -0, z —~ eie, z € R(T,0)]

except possibly on a set of eie of op-capacity 0. Where

a > 0 is small we are permitted to choose values of g 2 1 which
are large, maintaining the relation of < 1. This permits then
a tangential approach of larger order of tangency, while at the
same time, once B is fixed, gives rise to an extremely small
exceptional set since we can choose « (and hence B) to be
arbitrarily small. However the smaller « then diminishes the
order of the overall result. Therefore the wider approach and
smaller exceptional set are obtained at the expense of the
statistical type order.

1f, in theorem 6, we choose Y(n) = n, ¢(t) = (l-c)s,

-8-1, and let +v(t) = (l-t:)zs.2 where

8 > -1 and 80 é(n) =n
s +2p > 1, we then find x(n) = n® so that £ (@) = £2(z), the
fractional derivative of order B of £. We have then the follow-
ing result obtained by Rung [11, p. 329]: Except on a set of
h-measure O,

s+28

1w 122@la -1z 2

3

ig —————
z—e /h(‘eie-z‘)
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This result is applied to the Picard function Q(z) which is

holomorphic in D and omits there the values + 2m n i and which

2+¢

belongs to the class A (see Rung [11, pp. 329-330] for details).

Choosing B =0 we find

L le@la - l=p'e o
z-oeie ‘/ho'r(‘eie-zl)

except for eie which belong to a set of hor-measure O.
Again letting h(r) = ra, T(r) = ra, O<asl1l and § =2 1, with

z € R{1,0] we find

la@la - |t

Qa - ‘z|)d72

ie

-0 as z -~ e

except at most on a set of wb-capacity O. The result of Rung

that limie le@|a - ‘Zl)!ﬂ'e = 0, z confined to a Stolz angle,
z—e

for almost every ©, is obtained by choosing o = § = 1.
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