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ABSTRACT
FUNCTION MINIMIZING ALGORITHMS
By

David George McDowell

We consider the problem of minimizing a real valued function
f in n-dimensional Euclidean space by the method of conjugate
directions.

First, the case when f s quadratic with a positive semi
definite coefficient matrix is examined. Two examples of the
conjugate direction method are considered, the Fletcher-Powell
formulation of the Davidon algorithm and the conjugate gradient
algorithm of M.R. Hestenes. An extension of the Fletcher-Powell
method is given and shown to be theoretically equivalent to an
extension of the conjugate gradient method given by M.R. Hestenes.
As a result of this equivalence we show that the conjugate
gradient and Fletcher-Powell methods are equivalent.

These two methods are then applied to the minimization
of non-quadratic functions. Convergence is shown and conditions
on the rates of convergence are derived. The rate of convergence
for the conjugate gradient method is shown to be geometric and
for the Fletcher-Powell method better than geometric.

Finally a general algorithm for the minimization of non-
quadratic functions is given. The above two methods are essentially
special cases of this algorithm. The rate of convergence for this

general method is shown to be at least geometric.
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INTRODUCTION

le The Problem,

This thesis deals wlith the study of lterative procedures
for minimizing real valued functions on Euclidean n-space,

It is divided Into three parts, the first two parts deal with
quadratic functions and the third part with non-quadratic
functlons,

In particular, the first chapter considers quadratic
functions whose leading coefficlents are positive semi
definite, - The iteration method of conjugate directlions Is
glven along with a geometric Interpretation, This materlal
is an extension of results found in [1]* and [2] by E,
Stiefel and M, R, Hestenes.,

The second chapter starts with a description of the two
main algorithms, The first is by M, R, Hestenes [2], The
second Is an extension of Davidon's method [7] as formulated
by Fletcher and Powell [3]. Properties of the algorithm are
also given, The equivalence of the two algorithms s then
proved, A speclal case of this equivalence is shown by G,

Myers [5 ] .

*Numbers In square brackets refer to bibllography.
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Two speclial cases of the algorlithms are glven for
minimlzing a quadratic functlion with positive seml deflinlte
leading coefficlent, These are the conjugate gradlient method
and the Floécher-Powell formulation of the Davidon method.
The case when the leading coefficient is only positive
definite can be found In [1], [2], and [3]. It Is shown that
these two cases of the main algorithms are also equivalent,
In [2], M. R, Hestenes proved that every conjugate direction
method Is a conjugate gradient method, From this and above
results we are able to conclude that every conjugate direction
method Is also a Fletcher-Powell method,

The last section of Chapter |l shows that minimlzing the
quadratic form by the method of conjugate dlirections Is
equivalent to performing Gauss elimination on the coefficlent
matrix, The case when the matrix is only positive definlte
is done in [1].

The final chapter applies the minimizing algorithms to
non-quadratic functions., Convergence for the algorithms Is
shown and conditions on the rates of convergence are derlved,

The Fletcher-Powell method Is shown to converge
faster than geometrically, Two forms of the conjugate
gradient method are given, and both are shown to converge
geometrically, The second scheme was suggested In [9].

In numerical tests [4], the second method did show better
convergence than the first method.

The algorlithms In the last chapter, rather than glven In



terms of the function to be minimized, are presented in a form
that Is convenient for comparing and deriving convergence
results, The equivalence between these algorithms and the
minimization of a non-quadratic function Is given In the last
section,

2, Preliminaries,

We conslider the quadratic form

(2,1) E(x) = (r,Rr)
with
(2,2) r = k-Ax

where R, and A are nxn dimensional matrices and x, k are

n dimensional vectors. It will be assumed the elements of

R, A, x, and k are real numbers, and the matrix R Is positive
definite, We are concered with finding a minimum to (2,1)

which is also a solution to the linear equation
(2¢3) Ax = k

(1f one exists) by searching in conjugate directlions,

Glven any two vectors x and y where
X = (xlo s X)Ly = (Y]o e yM
we have

Xty = (x'+yl, o 0 o xn+yn)

ax = (ax', ax") ,



where a Is a scalar, The Inner product of two vectors Is

glven by

(x,y) = x]yl + 0 0 o 4 x0yn

and the length of the vector x Is given by
I1x] = (x,x)'/z.

The conjugate transpose of a matrix A will be denoted by

A* and A* satlisfles the relatlion
(Ax,y) = (x,A*y),

The matrix A Is sald to be positive definite If (x,Ax)>0

for all x and equal to zero If and only If x = 0, It is
positive semi definite If (x,Ax)20 for all x, If A 1s positive
sem| definite then A = A*, The null space of a matrix A,
indicated n(A), is the set of all vectérs'that A maps Into

the zero vector, If A Is positive sehl definite and

(x,Ay) = 0, with x and y not in the null space of A, then

x and y are sald to be A=-orthogonal or A=-conjugate,

At each vector or point x the vector defined by (2,2)
will be called the residue at x, The functlon E(x) deflined
by (2,1) will be called the error function, This comes from
the fact that E(x) is a measure of accuracy with which x
approxlmates a solutlon to (2.3).

The error function E(x) = 0 If and only If x Is a
solutlon to (2.3). that Iis r(x) = 0, The error functlon Is a

positive quadratic form and In the following work we will be



looking for a minimum to E(x). In the case where (2,3) has
a solution then a point minimizes E(x) iIf and only If it {is
also a solutlion to (2,3). Let M be the set of all points

that minimize E(x), that Is
M= [x|E(x) = minimum],

If A Is nonsingular then M contains a single point, If A

is singular then M generally contains more than one point,
It should be noted that any positive quadratic form can

be put In the form of (2,1) plus a constant, Therefore our

methods for minimizing (2.1) hold for all positive quadratic

forms,

Given two vectors x and y we have

(2.4) E(x+y) = E(x) - 2(g,y) + (y,Ny)
where

g = A*Rr

N = A*RA

where r Is given by (2,2) and A Is an arbitrary nxn matrix,
The matrix N Is positive semi definite, The vector g will
be called the gradient of E(x) at x, It differs from the
usual gradient by =-1/2,

Setting y = tp In equatlon (2.4), where t Is a scalar,

we obtaln

(2,5) E(x) - E(x+tp) = 2t(g,p) - tz(p.Np).



Using the following lemma we will obtaln some properties of
the error function,

Lemma 2,1 Given N = A*RA where R |s positive definite

then the followiqg hold

a) p Is In n(N) If and only If p Ls In n(A).

b) p 1s in n(N) If and only If (p,Np) = 0.

c) p ls In n(A) implies (g,p) = O,

proof. p is in n(A) Implies p Is in n(N) by the definl-

tion of N, If p Is In n(N) then
0 = (p,Np) = (p,A*RAp) = (Ap,RAp).

Thus, Ap = 0 and p Is in n(A), This completes the proof of
a)e b) follows from a) and the proof of a). To show c)

we have
(g,p) = (p,A*Rr) = (Ap,Rr) = 0

since Ap = 0,
We can now derlve some elementary properties of E(x).,

Lemma 2,2 Given vectors x and p, not Iin n(N), the

function E(x+tp) conslidered a

a functlion gi‘t L& minimized

when t = a, where

(g.p)

(p,Np)

Me also have

E(x) = E(x+ap) = az(p,Np)’



E(x) - E(x+tp) = 0

Proofs If p is not in n(N) then by lemma 2.1 we have
(p,Np) # 0, Hence minimizing E(x) - E(x+tp) as a function of

t ylelds t = a and
E(x) - E(x+ap) = 2a(g,p) - a>(p,Np) = aZ(p,Np).

The last part follows dlirectly from (2.5) and lemma 2,1,

Lemma 2,3 et B be a linear subspace of En, then

E(x+y) 2 E(x)

or all y In B If and only 1f g Is orthogonal to B,

Proof. Equation (2.4) Implies inequality holds whenever

(g,y) = 0. Clearly n(N) is contalned in B by lemma 2,2, |If
(g,p) # 0 for some vector p not In n(N) and p in B, then from

lemma 2,2
E(x) = E(x+ap) = az(p,Np)>0

and the inequality does not hold when y = ap,
Recall the set M was defined as the set of points that
minimize the function E(x), We now obtaln an expression for

the set M,

Lemma 2,4 M = n(N) + h where h satisfles the Inequallty

E(h) ¢ E(x)



or all x 1| EnJ

| - Proofs If v Is In the n(N) then by (2,4)
E(h+v) = E(h) = 2(g,v) + (v,Nv) = E(h)

by lemma 2,1, Thus h + n(N) is contained in M, Let h be
In M and set v = h = h, Then h = h + v and E(h) - E(h) = 0
by the definition of M, Suppose v Is not in n(N) then lemma

2,1 implies (v,Nv) # 0, We have
E(h) = E(h+av) = a?(v,Nv) < 0

since h minimizes E(x), Thus a = 0 and (g,v) = 0, Therefore
0 = E(h) = E(h) = E(h) = E(h+v) = =(v ,Nv) ,

This Is a contradiction to the assumption v Is not In n(N),
Therefore v is in n(N) and M Is contained in the set h + n(N),
Lemma 2,5 g(x) = 0 if and only if xeM,

Proof. g(x) = 0 implies
E(x) = E(x+tp) = =t2(p,Np) < O

for all t and all p, and hence x Is in M, Suppose g(x) ¥ O
then If x Is In M we have E(x) - E(y) < 0O for all y in E",

In particular let y = x+tg, then
2 2
E(x) - E(x+tg) = 2t|g|® - t“(g,Ng) > 0

for t sufficlently small, This'ls a contradiction to x being

in M, Therefore g(x) = 0,



These lemmas glve us some of the basic propertles
concerning the error function and the linear manifold M,

Before considering finite iteration methods we note that

g(x) = A*Rr(x) = A*R(k-Ax)

= K - Nx

where k = A*Rk,

The previous lemma shows that x is Iin M if and only If

k = Nx = 0, We know from preliminary remarks that x in M
solves Ax = k If and only If Ax = k has a solution, Therefore
the two linear systems Ax = k and Nx = k are equivalent If and
only If Ax = k has a solutlon,

3. I|terative procedures,

We will be considering iterations
(3.1) Xje1] = X + t;py Il =0, 1, ° *

such that x, is in M, m ¢ n, Here p; is a direction vector

and t; Is a scalar, The iterative procedures wlll be used to

minimize the error function E(x)., We set

(3.2) QI - A*Rr| cl - (9|.Pl)
N = A*RA di = (py.Npy)

and we have from lemma 2,2 E(x;,)) - E(x,) attalning Its
minimum when t;, = a; and p; Is not In n(N), and E(x;,,)
- E(x') = 0 when p; Is In n(N), Therefore for an arblitrary

initial point x, our iteration will take the form
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x'*l - Xl + a'pl

(303) r“_l - rl - a'Ap' l’o = k"AXo
with
(g sp,)
a. = o hhd A8 p; not In n(N)
L 0 p' in n(N).

Since E(x,+|) - E(x;) = 0 for all t; when p, Is in n(N) and

Xig] = X; + t.p;, we pick t; = a; = 0 for convenience, Thus

i
the iteration will be completely determined by our choice of
Pos Pye * * where Xq and R have already been chosen,

We have the following definitions concerning

Pos P » Pr o T S n=1, We say the vectors Por» Py * °

¢« ¢« p,. are linear independent if
r
z ajp; = 0 implies a; = 0, | =0, * *« , r,
imo
If B Is an nxn matrix then the vectors p,, Py, * * *, P,
are B-linear independent If
r
I a;p; In n(B) implies a; =0, I =0, 1, « ¢ +,r,
imo
Clearly B-linear iIndependence implies linear independence and
if B is nonsingular then the two definitions are equivalent,
Let m = rank of A, then n-m = dimension of n(A). We
also have m = rank of N and n-m = dimenslion of n(N). The

next two lemmas give us the properties concerning the



1

vectors p,y, Py * .

Lemma 3.1 |f m vectors, m < n, are chosen so that

(3.4) dy = (pys Npy) >0, (pyNpy) =0 1 4

‘then Po? N ‘s Pp-) 2re N-linear Independent and hence

also A=-linear Iindependent, Independent of the cholce of -

Xo» the vector x. daffned by (3.3) Is In M, We also have the

following conditlons satisfied,

(3.5) (gypy) =0 J =m0, * ¢ ¢, 0=
(306) (Q'QPI) - (QJ.P‘) J =0, * 0=,

Proof, We flrst note that dl > 0 Impllies that Py is

not In n(N)., Condition (3.6) shows that If

(QIOP[)
a‘ - e~ 4
A(p'ONP‘)
then
(g°|pl)
a' - L ] °
(PioNP;)
We note
me= 1 m=1
"L ,cyp, In n(N) means N( £ cyp,) = O,
1P P
im0 im0
therefore

m=1
Iio c,Np; = 0 and cj(pj,ﬂpj) =0
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for J = 0, * ¢ *, m=1, Hence cy = 0, j =0, * * , m=1 and
Pis * ° * WP,y are N and also A=-linear Independent, We next

prove conditlons (3.5) and (3.6). We have

9p41 = A*Rri4 = 91 - agNpy
and hence

(91410p5) = (gy4p;) - ay(Npyupj) e
For | # J this becomes by (3.4)

(gy410p;) = (gpupy)

and the formula for a; Implies (g;,;,P;) = 0. Therefore we

get (g;,p;) = 0 for 1 > J. We also obtaln
(gy4yoPy) = (gy0pj) = ag(Npyypy) = (gyspg), Jo14]
which Tmplies
(gi.yepy) = (gygepy) =+ ¢ ¢ = (ggpy).

This completes the proof of (3.5) and (3.6), To show x

is in M we note that
(g 0Pj) = 0 J =0, ", ml

and g, Is orthogonal to n(N) by lemma 2,1, The dimension of
n(N) is n-m, thus g  Is orthogonal to E", Hence g, = 0 and
lemma 2,5 Implies x, Is In M,

We have as a converse to lemma 3,1 the following lemma.
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Lemma 3.2 ‘Let.vettors.po,p],,..,p be A-linear independent.

Then there exists a positive definite matrix R such that (3.4) holds

with N = A*RA, |If in iteration (3.1) x is in M then t, = a;.

- Proof, Let P be a matrix whose columns are Pot * ' %

Ppeje Let Q = AP with columns Vor 0 eV that Is

m=1°
vy = Apjy 1 =0, ¢ ¢ *,m=1, The vectors Vor * ° *y Vpe) are
linear Independent since the vectors p,, * * *,p . are

A-linear Independent, Extend v_, * +,vp.; to a basis for E",

o!

Thus we have n linear independent vectors vg, * ° ,voo).

Let a be the nonsingular matrix whose columns are v

o' ’

Vp=ie [If we set R = (56*)-1. then R Is a positive definite

matrix, We have
Q*RQ = T*(JQ*) 7R = Qxx"! = 1,
that is
(vt,RvJ) =01 ¢ ] 1,] =0, * *,n=1
and
(visRvy) =1
Therefore if we set N = A*RA we have

PANP = (AP)*R(AP) = Q*RQ = 1,

and (3.4) holds,

To show t' = a; we note that
Xm = Xp ot Hppp v T T tnePpe

and r = k-Axp. Since x_  is in M we have g = 0, therefore
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O = A*Rr = A*R(k=-Ax;) = R=Nx, = 0,
Now
g; = A*Rrp = KeNx; = N(xp=x;)
= tyNp; 4+ ° 4 to Np .

Therefore

(g;oP;) - t;(NP; .p‘)

(=
Al

with p; not in n(N) and hence

(g74py)

t W e ——— - 3

(pioNpy) v

An iteration (3.3) in which the vectors py, * * *,p
are chosen as in (3.4) is called the method of conjugate
directions (cd-method) by M, R, Hestenes and E, Stiefel

(i,

We have the following theorem concerning the cd-method,

Theorem 3,1 Lg_the cd-method the polnt x; minimizes

E(x) on the line x = x;_) + tpj.; and also on the 1I-

dimensional plane of points
X = x, + topo + o e & ti_]pl_].

The point x; Is the center of the (i-1)-dimensional ellipsold

which Js the intersection 2£ this plane with the level curve
E(x) = E(x;).

This theorem follows from lemmas 2,2, 2,3 and 3,1, This



15

theorem differs from theorem 3,1 in [2] because there the
level curve E(x) = E(x_) Is an (n-1)-dimensional ellipsoid
whereas here this level curve Is an (m=1)-dimensional
ellipsoidal cylinder with center M, Recall the set
M = h+n(N), where h is a point that minimizes E(x).

When the matrix A Is nponsingular the level curves
E(x) = constant form a one-parameter family of (n-1)-
dimensional ellipsoids with center M (a single polint), the
solution to Ax = k,

In the case where A is singular and has rank m then the
level curves E(x) = constant form a one-parameter family of
(m=1)=-dimensional ellipsoidal cylinders with center M,

In order to see this we consider the linear mapping
A: E"»D ’

where D Is an m=dimensional linear subspace of E", and where

dimension n(A) = n-m, We have
E" = n(A) + Bm
where B, Is an m-dimensional linear subspace of E" and
A: Bp»D

one-to-one, Let A be a nonsingular matrix such that Ax = Ax

for all x In B, We have E(x) = E(x) for all x In B, where
E(x) = (k=Ax,R(k=Ax)),

The level curves E(x) = constant form a one-parameter family
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of (n=1)-dimensional ellipsolds. Thus the intersection of the
level curves E(x) = constant and B form a one-parameter

family of (m=1)=dimensional ellipsoids in B But since E(x)

m.
and E(x) agree on B, then the Intersection of the level
curves E(x) = constant and Bm are (m=1)-dimensional
ellipsolds in B, where the center minimizes E(x) In E".  We

also have

E" = n(A) + B
and
E(x+q) = E(x)

for all q in n(A), hence the level curves E(x) = constant are
(m=1)=dimensional ellipsoidal cylinders with center axis M,

If In theorem 3.1 we let

i=1
By = {jEO tjpjltj arbitrary} ,

i =1, °°* *,m, then B; is an i-dimensional linear subspace
géenerated by I A-linear independent vectors and B  Is as
above, We have B; C Bj,) for each i, hence the level curve
E(x) = constant Intersects By In an (1=1)=-dimenslional
ellipsold,

In the cd-method we have an arbitrary initial point Xgoe
This results in a displacement of each B; by an amount Xg
The geometrical interpretation is the same as above except

we are dealing with hyperplanes that are not subspaces, The

points xo, * ° °,x; are In x + B, and x; Is the center of
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the (i1-1)=dimensional ellipsold which is the intersection of
the level curve E(x) = constant and x, + B;. The polnt xj
minimlizes E(x) and Is the Intersection of x_ + B, and M,

The previous two sections are an extension of the
results found in [1] and [2], to the case where A Is a
singular matrix,

We now consider varlous methods for generating vectors

that satisfy condition (3.4).
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GENERAL ALGORITHMS

4, Methods for generatlngﬁconjugate directlon vectors,

leen a positive semi definite matrix N we can generate
vectors that are N-conjugate by taking n basis vectors
ups® ¢ * yu, and then N-orthogonalizing them by a Gram-
Schmidt process, This method will be looked at In sectlon 9,

In this section we will present two algorlithms, The
first Is by M, R, Hestenes and can be found In [2], The
second method Is an extenslion of the Davidon algorithm, as
formulated by Fletcher and Powell in [3], We will show In
section 5 that the two algorithms are equivalent,

The following theorem is due to M, R, Hestenes and can
be found in [2],

Theorem 4,1 Let K and N be positive semi deflinlte

matrices and let g_ b n arbitrary vector not Lg n(K).

O e emm

The algorlthm

Po = Kgg gr+1 = 91 = ajNpg
aj = CI/d' » b[ - el/d'
dj = (pyaNei) , c; = (gq4py)

e; = - (Npy,Kgpyy)

18



19

generates non-zero vectors g_,9), * ° °*.* and p. Py, ¢ ° °

satisfqug the relatlions

("’02) (gingJ) = 0 » (P|.NPJ) = 0 i o J .

The algorlthm will terminate in r steps where r

< min (m,s)

where m li the rank 21 N and s Li the rank gi K. ﬁg the rth

step one of the following wlll hold, ) g, = 0, il) g, ¥ O,

Kg, = 0, iil) Kgr ¥ 0, Np, = O with p,. ¥ O,

Corollary 1. If K Is positive definite and (z,g,) = 0

or all z lg_n(N) then algorithm (4,1) will terminate In r

steps, r 5 rank of N, If and only If g = 0,

Proof. Clearly case 11) of theorem 4,1 cannot occur

with K positive definite. If (z,g9,) = 0 for all z in n(N)

then
(zy9,) = (z490) = a5 (z,Npo) = + = « = aj_1(z,Npj) = 0
for all z in n(N) and | < r. In case (ii) Np, = 0 means
Pr= Kgr + broypray
is in n(N). Therefore
0 = (g.4p,) = (g, yKgp) = bpoy (gp4pp-y)
= (g,..Kg.)

Thus 9, = 0 and algorithm terminates in r steps If and only

if 9r'°'

Corollarz 2 |f both K and N are positive definite then
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(4e1) will terminate In r steps, r s n, If and only If g, = O,

It will be convenient to describe the materlial dealing
with the Davidon algorithm as formulated by Fletcher and
Powell In terms of the Dirac bracket notation, Fletcher and
Powell used this notation in [3]. The reason for this Is that
outer products of vectors occur in this algorithm and they
have a convenient formulation In this notation., A column
vector (x!, ¢ ¢ « ,x") is written as x> . The row vector
with these same elements is denoted by <}|. The scalar
product of <§| and |j> is written <x|y> . The notatlion
|x><y| Is the outer or vector product of the two vectors
]x> and <y|. It Is the matrix whose elements are (xLyJ).
If H Is an nxn matrix then H|x> 1Is a column vector and
{x|H is a row vector and {x|H|y)> s a scalar.

The following theorem glves an algorithm that generates
vectors which are N;conjugate. It is an extension of the
Davidon algorithm as formulated by Fletcher and Powell [3],

Theorem 4,2 Given positive semi definite matrices Ho

and N and

s> = Holeo) lgi+1) = la1) = aiN[s;)

i1 = Wiy lore)
Hi+|.H]+A'+B' ’

vector g, not In n(Hy) then the algorithm

(443) where

LD AT LN TP A TIL]
<D yployly
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and

lo > =apls> o lyp> = le> = lats1)
a, = ci/dy 4 ¢ = <9[|51> » 4y = <SIIN|’I>

generates non-zero vectors Sg, Sy, °* °* °* ° satisfying the

relation

<S'|N|SJ> = 0 l*j .

The algorithm terminates In r steps when one gi the following

holds. 1) |g,» =0, t1) |g,>% 0, H _y|g,> =0,
it1) o lg > # 0,N[s.> = 0 with [s >+ o0,

Theorem 4,2 will be proved by means of two lemmas,

Lemma 4,1 The scalars a;,c;, and d; are positive for

] <r, Moreover, the followluwj. hold

a) oplgjsr) =0
b) HisiN[o> = |0,
(4.4) c) <B'|N[o]+1>» =0
d)  <x[H;[x> 20 for all x
e) <gylHilgie1 ) =0
) <opoleier) =0
g) <y'|H||y|>>0,l<r.

The algorithm terminates In r steps If and only If one of the

followlng holds, 1) |g,.> =0, 11) [g.>F O, H__ lg,> =0,
1it) Hr-l|9r>" O,ler> = 0, in this case |s,.>¢ 0.

Proof. a; Is chosen so that <§'|g|+|>' = 0, therefore
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Coylarer) = a1 sylamry =0,

To show b) we have

Higy Moy = Higly > = Hily> + Aply> + 81ly,D>

=ty +le ) = HlyD = o>
For ¢)
0 = Lgpprlod = ogprltpainlo > = spppInlog)
implying

ogerlNlog)

We prove d) by induction. We are given H, positive semi

definite, Assume H;, * * * ,H_ are positive semi definite and

let |[p> = (n,) 172 x> 4 la) = (H)/2 |y, > with |q># o,
For k<r we will show in 4,4 g) that |q>9‘ 0, Then

<plp> {ala) - <plad ? <XI°k>

since

pled<ata) - <plad? 20

by Schwartz's Inequality., Also

<ok|yk> - <ok|N|ck> >0 , ker
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Therefore <x[H,1|x> > 0 for all «x,

To show e) we observe that

LoilHilar ) = sylogsr) = 0.
Now

<°1-||91+1> = <°l-l|9|> - <opoyINlog> =0

estabiishing f).

For g) we note that

S R CI TIRILA LIRS
= oyliplar > + aperltylaer) -

Since | <r and H; Is positive seml definite then

<9||“||91>> 0 and <9|+||H||9|+|> 2 0

and therefore

<yi|H'|y|>> o, 1 <r,

The scalars a;, c;, and d; are positive for | <r since

c; = Larls1) = <apluglgp> o

and
d; = s IN[sD>> 0
and

a‘l - C'/din
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We now prove the last statement of the lemma, |If

|9r> = 0 then |s,.) = Hr|9r> = 0 and the algorithm terminates,
I f Igr>#0 and Hr_‘|g‘,> = 0 then

sp ) = Helg, ) = Hearloe) + Aclqlee) + Bratlgp

with Ar-||9r> = 0 and Br_,lg,.> = 0, thus |sr>- 0 and
algorithm terminates. If H__;|g.> # 0 and Njs > =0

then |y,.> - N|°r> = 0 and hence H_,, Is undefined since

both Ar and B, are undefined. Therefore the algorlthm
terminates in r steps, In this case we have Isl.># 0 since

If |s.,> = 0 then H_|g,> = 0, and

Heaylge) + Beailer) = 0,

Writing thls equation out gives us

(1+¢) H ]|9r> r-‘> =0

where

STIL D,
ypatltpatly e

Thus If t ¥ 0 then

I+t
0 = <9r‘sr-l> - —t— <9r|Hr-l|9r>

implying Hr-l'9r> = 0 , which is a contradiction, |If
t = 0 then



25

0 = Hr|9r> = Hr-llgr> ¢

This is agaln a contradiction since in case iil) It Is assumed
Hr-]lgr> * 0‘
If none of the three condltions hold then er>

= Nlo, > # 0. Also H |y > # 0 for if Hr|yr> = 0 then

Hl’|g|"> - Hr|9r+l> and

<9r|Hr|9r> - <9r|Hrl9r+l> = <sr|9r+l> =0,

Hence Isr> - Hr|9r> = 0 and N|o,) = 0, which Is a
contradiction to the assumption N|°r> ¥ 0; thus Hrlyr># 0,

We therefore have

<Yr|°r> - <°r|N|°r> > 0 and <yr|Hr|yr> >0,

hence both A, and B, are defined and H.,| Is a positive seml
definite matrix, Thus the algorithm does not terminate at

th

the r step and

Isr+|> - Hr+]|9r+]> » With |9r+]> - |9r> ',N|°r>‘

This completes the proof of the lemma.

Lemma 4,2 The vectors s.,S), * * ° generated by

algorithm (4,3) satisfy the followling relations:

a) <s;|N|sJ> =0 1 ¥ ]

(4.5) b) HN|oj> = |cj> J <k
c) <s,|gj>-_-o i =0, °°, =1
d) <s,lgj>-c, J=0, o 0o 1
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Proof, In view of lemma 4,1 relations (4.5) a), b)
and c¢) hold for I, J < 1, Assume they hold for I, J < k and

we shall prove they hold for I, J s k + 1, We have

16> = log1D = Nlokard = lga1) = Nlog 1> =+ ¢ =Nlo >

and

Coplg,y = Loglarar) = KogplNlogey D= o o o =<oy|Nfoga)
= 0 for I < k ,

Also, we have
{oploger1) = <opley) - CoyINfog) =0
for I < k + 1, From 4,5 b) we obtain

{oyINlo > = ak <c'iN|sk> = o {op|NHK oKD

= ay <o'|gk> =0 for 1 <k ,

Since a, Is positive then <°l|9k>’ = 0, From this we observe

that

Snltlo> = Kvloy> = o lulagy = o

for | < ks Therefore

o> <oy [Ny
<°k|yk>

Hk+|N|o|> = HNjo > +

ey il M o)
<Yk|Hk|Yk>

= HkN|°|> = lo,>
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for | < k and

HetN[o > = oy >

From thls we get

0= {ogyylo)> = <okt HgarN oD
= {sppiNle)  for 1 <k + 1,

Hence <s||N|sJ> -0 P, J sk +1
and (4.,5) a), b) and c) are proved for 1,] s k + 1,

To prove d) we have

<51|90> - <s||91> + a9 <sl|leo> - <sl|9l> A I

Assume d) holds for j < k, that is

sileyD> = e Jo=0, """ ke

Then we note that

<5k+1|9_]> - <sk+l|9k+l> + a; <Sk+1|N|SJ>

+ 000+ oa <sk+||N|5k> = karlokerD = cun

and lemma 4,2 Is proved,
Theorem 4,2 follows from lemmas 4,1 and 4,2,
The vectors s ,s), * * , Spa) and gg, 0y, * * * , el
are N-linear Independent and hence also linear independent,
The next two lemmas glive some properties of the matrices

Hyy 1m0, * 0 r,

Lemma 4,3 n (Hj) = n(H;) , 1>0,
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Proof, Assume z is In n(H') » | < k and show that z Is

in n(H We have

k+l)'
Hk+]|z> - Hk|z> + A 2D + By | 2>
loy ) <o 12>

- Ak|z> = .

<°k|Yk>

We note that |°k> - 1/ak Hk|9k> , hence

<ak|z> = 1/a, <9le,klz> =0

and therefore A |z) = 0. Thus Hiy)|z) = 0 and z Is In

n(H We therefore have n(H;) contained In n(H;4j) for

k+l)'
each I, and hence n(Ho) contained In n(H;) for each I,
To complete the proof we need only show that If z Is

in n(Hk) then z is in n(H _y). Assume z Is in n(H ) then

zlok-y> 2
{ok-1lye-1D

<z|Hk|z> - <z|Hk-||z> +

) Yyat IHk-1]2> 2

et Mgt v

Let |p> - (Hk-,)|/2|z> and |q> - (Hk_‘)l/zlyk_,> ¥ 0 then

(4,6) 0 = <z|_Hk|z>
_ plp)lalad - <pla) . {zlo > 2 ‘
{ala) yarlokar)

By Schwartz's Inequality we have
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(plpdalad = Colad? 20

Thus, for the right hand slde of equation (4,6) to be zero

we must have

Crlpdalad - <plad? =0

and

{zloga1> =0 .

Therefore,

H Ho
0 = H > = Hey]zD - k=11 V1= Dy [He-1 12

STRILPSITR);

= Heylz - tk-l‘/k.|>
where
Cygat k=112

<Yk-1 M1 1Y) .

We therefore have z - tk_lyk_‘ in “(Hk-l)' However, we have

L

just shown that if a vector is in n(Hk-)) then It Is In n(Hy).,

Hence |z = ty_yy,.1> Is in n(H) and

0 = Hglz - tk-lyk-l> - - tk-lHkIYk-|>
- - tk-ll"k-l> , where |°k-l>" 0.

This implies t,_, = 0 and z is in n(H,_y). Therefore n(H;)

Is contained In n(Ho) for each i and the proof Is complete,

Lemma 4.4 If Hy Is positive definite then Hy Ls goéltlve
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definite for each i,
| Proof., The proof of thls follows directly from (4,4d)
of lemma 4,1, and lemma 4,3,

We complete this section with two corollaries to theorem

4,2

Corollary 1 If H, 1s positive definite and <z |g°> = 0

or all z in n(N) then algorlthm (4.3) will terminate In

rsteps, r s rank of N, If and only If lg,> = 0.
Proof., If <z_|g°> = 0 for all z in n(N) then <z|g'> =0
for all | < r,
It Is only necessary to show that case i1) and case
i11) of theorem 4,2 cannot occur. Clearly case Ii) cannot
occur since H__, Is positive definite by lemma L.4,

In case 111) we have H__,g, ¥ 0 and ler>> = 0 with

s, > = Heleed =Heylg > + Brgle >

Since |s is in n(N) and {z]g = 0 for all z In n(N),
r i

then

<Vr-l|Hr-l|9r> : )
<Vr-||Hr-l Iyr-l>

In order for the right hand slde of this equation to be zero

0= <9r|sr> = Soplhegle ) -

it Is necessary that

lep) = tlyer)

for some scalar t, If t # 0 then
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|s,> = Hr|9r> - tH.-Iyr-l> = tlor-l>

and Nlor_,>' = 0, This contradicts our assumption that the

th Step. I1f t = 0 then Igr> = 0

algorithm terminates at the r
and "r-l|9r>’ = 0 , which contradicts Hr-l|9€> ¥ 0, Therefore
case 111) cannot occur and the algorithm terminates If and
only if |gr> = 0,

Corollary 2 |f both Ho and N are positive definite then

algorithm (4,3) will terminate In r-steps, r < rank of N,

-l_f- and onlz -I_f. lgr> = 0,
5. Jhe equivalence of algorithms (4.,1) and (4.3).

In thls section we prove the equivalence of algorlithms
(4.1) and (4,3). We do this by showing that If H, = K then
the two algorithms generate vectors that are scalar multiples
of each other, G. E. Myers proved a speclal case of thls In
[5]. There H, and K were both equal to | and N was positive
definite,

In order to prove thls equivalence we need the following
two lemmas,

Lemma 5.1 '<QJ|H""91>' =0 forl <jscr

Proof. Slince

Hi-tlyio Dy lHi-1l9)
yparltialyap

|s;> = Hilgy D = Hiayley) -

<s“gj> -0 l<jcr
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by 4,5 ¢) , we have
(5.1) 0= Lojlsid> = <aylHyoylap

C SoglHaly o DLy I le)
il o)

We note that

<93|H;-1|v1-1> = - <91|“I-I|9l>

and

ialtiaaly ) = Laiaalale D> + CTILIMIET

Therefore (5,1) can be written as

RETILIIED ]

(5.2) 0= g 'H - |9 I-
CTILI l>[ <g'_]|H‘_||gt-l>"<9;|”i-l|9l>

Also

Lor-1lHyqlg1> >0

since | = 1 < r, Therefore equation (5.2) is zero If and

only if
<9j|H|'||91>' =0 for 1 <j<r,

Lemma 5,2 H‘Igj> - Ho|9j> for | < j < r.
Proof, We first note that (4,5c) implles

Ai|9J>. 0 for i = 0, * ¢ ¢« ,j -1, hence



33

"]|91> - Hi-]lgj> = H;-]|Y3-|><Y;-]|Hl-l|912_
ST LI 7).

= Hiley) - HI-I|Y1-1>[<g;_||H‘_‘|gj> _ <Q'IH"'IQJ>J |
yiaqliialyiaD

However,

opliiyley> =0

by the previous lemma, and

Lop-rlHiaglegd> = Lsimrleg) =0

Therefore
H||gj> - H"]Igj> for 1 < j f r
and

Ml = Hiaalegd = v = Holepd

which proves the lemma.,

Theorem 5.1 1f K = H  then algorithms (4.1) andv(h.B)

generate vectors l& the same directions,
Proof., The proof of thls theorem Is by induction, We
_. B

have

s> = Holag D> = Klagg> = lp,> -

Assume [s;) = tilp'> with t; > 0 and | < k < r where
|p,>', Il =0, **" ", k, are generated by algorithm (4.1)

and |s,>», i =0, *** , k, are generated by algorithm (4,3).
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We have

(5.3) s> = Hk+||9k+|> - “k|9k+]> + 8k|9k+l>

Hilyi O <y [y e )
Corlela) + Koket lHglag, D

- “°|9k+l> -

Now

(5.8) Hely> = Hele > = Hilog > = Isi > = HolegeD o
and

(5.5) <Yk|Hk|9k+l> - <Yk|"°|9k+|> = - <9k+]|Ho|9k+l> .

Substituting (5.4) and (5.5) Into (5.3) and collecting terms

we obtalin

(506) I5k+]> = tk+l Holgk+|> + Sk'sk>

where

<9kl.Hk|9k> >0
<9kIHk|9k> + <9k+| |H°|9k+|>

i+

and

£ CPRILALIY): v CPRILIES):

“ ECALMER): ty Coplklg >

Using (4.,1) and (L4.2) we can show

b - <9k+l|K|‘9k+l>
“ <oplklg >
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hence Ek - l/tk by

Therefore (5.,6) becomes

Is 1> = tketl Klake1) + beleed> =t lpar) -

Corollarz 1 | H° = K Is positive definite and

<z|g°> = 0 for all z in n(N) then algorithms (4.1) and (4.3)

are equivalent in the sense described above,

Lemma 5.3 <g'|Hk|gj> =0 for | < J and k < I,

Proof, For k= | we have

<91|Hllgj> - <si|gj> =0 for | < j .
For k < | we have

opltle> = <oglHyoqleg> =0,

with lemma 5.2 implying the flirst equality and lemma 5,1 the
second,

We note that in particular

<g'|H°|gJ> =0 for i ¥ J .

6., Converse to theorem 4,1 and theorem 4,2,

Algorithms (4.1) and (4.,3) can be used to generate any
set of N=conjugate vectors where N is a positive sem|l definlite
matrix, In [2] this is shown for algorithm (4,1) when N and
K are positive definite matrices,

Theorem 6,1 et N belg'posltlve sem| definite matrix wlth

rank m and let Por = ° ° » Pm-l be m vectors such that
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(6.1) d] = (P;oNp|)>° ’ (P|.NPJ) =0 , 1 ¥ J.

Let Cor ** * " ,cpme) be m positive real numbers and set
aj = cj/d; i =0, * ¢ ,m=1 an

(6.2) 9o = NP+ ° ° ° + apaiNpg .

et 91, * ' * 4, 9p-) be generated by

(643) 941 ™ 91 - NPy

Then there exists a poslitive semi definite matrix K such that

(6.4) Po = Kgg » Pie1 = Kaj4y + bypy
W'th b| - Ci.’.]/C' . -A_lio_
(6.5) c; = (gi.Kg') » (Q'OKQJ) =0, 1 ¥ ]J.

Proof, Let G and P be the nxn matrlices whose columns are

go’ ¢ e .gm"lbol.. .0 Bﬂd Poo ¢ e .pm-]p 0' ’ 0
respectively, Let A, C, D be diagonal matrices whose

diagonals are ag, ‘' * *,ap.1, 0, * *, 0 5 ¢y * * ° yCpaly

0, ** ,0 ;andd,, * * * *» dpy, 0, * ** ,0, Let A, T, D
be diagonal matrices whose diagonals are l/ao. ¢ v ,I/am.l,

e, * * ,0 ; 1/ege * * * , Ve o, * ** , 0 ; and

m=1"?

1/dg, * ¢, 1/d 0+« 0,

m=1°
Set b; = c;,,/¢c; , and let B be the matrix with

bos * * * sbpe2y 0, ¢ ¢ ¢ » 0 Jjust above the diagonal and

zeros elsewhere., Let V = (VIJ) with vij = 1 when | = j+I

and vij = 0 elsewhere, and set T = | - V,
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We have
A= CD=Dc , B= CVXC , PANP = D,
Relatlion }6.3) has the form
GT = NPA,
It follows that
P*GT = P*NPA = DA = (C,
Since C* = C, we have
C = C*x = (P*GT)* = T*G*P
and GxP = T~ lc,
If we define Q = PCT* then

G*Q = GH*PCT* = T*"ICCT* = T4~ 177% = T

where

with | an mxm identity matrix, Defline K = QCQ* then
KG = QCQ*G = QCT* = QCT = QC.,
Since
PCT*C = QC = KG

and
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PCT*C = P(1-B) = P-PB,
we have
KG = P-PB,

Hence P = KG+PB

éstablishing (6.4), Also

G*KG = G*QCQ*G = C

and K is positive semi definite, This completes the proof

of the theorem, =

We can also choose K positive definite, Let K be a
positive seml definite matrix whose null space Is generated
bY 9o» ° * ° +9m-1 » then K defined by K = K+K Is a positive
definite matrix., The matrix K also satisfles conditions (6.4)
and (6,5) of theorem 6,1,

Theorem 6,1 is an extension of theorem 5.1 in reference
[2], from N and K positive definite to N and K positive semi

definite,

Theorem 6,2 et N be a positive semi definite matrix of

rank m and pgy, * * * ,Pp-] M vectors such that

(Pi.NPi)>o ’ (PIONPJ) = 0 T # Jo

Lf (6.2) and (6.3) hold then there exists a positive semi

definite matrix Ho such that

(6.6) Po = Ho90 » Piel = Hisr 914y
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where Hy,) Is defined as In algorithm (4,3), Also

Proof, Statement (6.6) follows from the equivalence of
algorithms (4,1) and (4.3) and theorem 6,1, We get (6,7) from
lemma 5.3 and the fact that H Ts positive seml definite,

We now describe the conjugate gradient method (cg-method)
and the Davidon method as formulated by Fletcher and Powell
(FP-method).

7. The cg-method.

The following is essentially the method described In
[1] and [2]., However here we are allowing A to be a singular
matrix, The method of conjugate gradients used to minimlize
the function E(x), where E(x) = (r,Rr) with R a positive
definite matrix and r = k-Ax, Is as follows, Select a
positive definite matrix K and an Initial estimate x, and
compute ro = k=Ax,, go = A*Rr,, and po = Kgo. The vector g,
Is a negative scalar multiple of the usual gradient of E(x)
at x = x5, and Is therefore in a direction of decrease of E(x).
Having obtained x;, r;, g; and P; we compute Xp.1, Figpsr 9141,

and pj,; by the following, We have

(Q'OP]) (Q'oK9|)
a W8 CESEeSESEsEt— - R ————
(P‘oNPl) (P|.NP‘)

with N = A%*RA
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Xi41] ™ X1 * app;

ri+l = k = Ax; 4y = r{ = ajAp;
(7.1)
gi+1 ™ A*Rris)

X (NpyoKgyy) (g1+14Kg741)
=T -

(P[oNP|) (9;|K9|)

Pie1 = Kajyey *+ bypy -

We note that

9141 = A*Rryyq = g; - ajNpy.

The vectors gy, gy, ° * * are orthogonal to n(N) and hence
algorithm (7.1) satisfies the hypothesis of corollary 1 to
theorem 4,1, Therefore algorithm (7.1) terminates in r steps,
r s rank of N, when g, = 0, By lemma 2,5 x, minimizes E(x)

and Is therefore a solution to Ax = k If one exists,

Theorem 7,1 The gﬂ;method i a_cd-method and the solution

xp Is In M, The polints xo, * * * x; (I ¢ r) generated

EL the gg;method lle lﬂ an l-dimenstonal subsgace m;e The

polnt xi minimizes the functlon E(x) 1n =;.

This theorem Is proved In [2], however it Is shown above
that xp Is in M,

The following theorem completes this section on the
cg-method, It essentially shows that every cd-method is a
cg-method,

Theorem 7,2 Let N be positive seml definite matrlx

2
N ¢ o 0

such that m Is the rank of

an et

_—_p°.

s Pm=1 be m

vectors such that
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d] = (PloNP|)>° ’ (ploNPJ) =0 ¥ J.

Then there exists 2_£2rmethod such that the algorlthm described

lg.sectlon 7 generates po, ° * * , Ppale

Proof, To prove this we need only show that golles
Iin the space spanned by Npg, * * ¢ , Np,.)] and then apply
theorem 6,1 and ;he paragraph following it, I|f m = n then
Npgs» * * * » Npm=1 spans E" and we are done, |f m<n, then gn
Is spanned by Npo’ * * * , NppaprQme® * * 4q,-; Where

Ams» * * * » Qp-) spans the null space of N, Thus,
9 * agNpg + ° * + ap Nppoy + v
where v is In n(N), Hence
0 = (v.go) = (v,v)
and therefore v = 0, This means
9o = NP + ° * + apaNppay
where

(gooP])

a - aSsesssssstsees (8 a' .

The material in this sectlon for the case when A Is

nonsingular can be found in [2].

8, The FP-method.
We consider here the application of the FP-method to a

quadratic function, in particular to the error function E(x).
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The method is as follows,

Select an Initial point Xq and compute

lre> = 1> = Alx. >, 9oy = A*R|r >

and |s°> - H°|g°> , where Hy is a given positive definite
matrix, Having obtained H;, x;, r;, g;, and s; we compute
Hisle @) Xj41 Tis) 91+1 and sj,) by the following formulas,

We have

oo Sailsi
l <s'|N|s|>

X|+l - x' + a||s'>

|r‘+l> - |r‘> - a,A|s|>
A*R|'l+l> - Ig'> - a'le'>

Hy + A, + B,
lo > <oyl
olypp
-Hily ) <y lHy
yildply D
lo)> = ailsid> W Iy = 19> = loyyy)> = Nlop)

I5141) = Hiprlarer).

Er

A

NV
'

x
+
)

This algorithm is equivalent to algorithm (4,3) where

g9os» ° * ° 4 g, are the negative gradient vectors of E(x) at
Xos * * * 4%, respectively, As in the last section the
gradient vectors are orthogonal to the null space of N, and

hence this algorithm satisifes the conditions of corollary |
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to theorem 4,2, Therefore the algorithm terminates If and

only If lgr> = 0, This Implies that x_ minimizes E(x),

r
In view of corollary 1 to theorem 5,1 the cg-method and
the FP-method are equivalent. This means that If Ho and K
are equal and the two methods start at the same Initial point
X, then they generate directlion vectors that are scalar
multiples of each other and hence generate the same points
Xpe " 0 0 Xpo

Theorem 8,1 Theorem 7.1 holds with cg-method replaced

21 FP-method.,

Theorem 8,2 Every cd-method s an FP-method.

Proof, Thls follows from the equivalence of the cg and
FP-methods and theorem 7.2,

From theorem 8,1 we have that Oos * ° * »0j.) spans an

i-dimensional subspace w; and the point x; minimizes E(x) In

"je |If we let W be the space spanned by oy, * * ° 00 pa) then

the matrix H; projects the gradient vector 9 into W in the
direction of oj. This becomes the next direction of search
for a minimum to E(x)., We note that W Is N orthogonal to r;.
If N Is positive definite then E" = m; + W where W = n,N.

Lemma 8,1 |If N lg.posltlve sem! definite then Hr Is a

left Inverse to N on the gpacé gpnerated El,oot' * ° 40 pale

If N labposltlve definite and r = n then
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Proof, We have

(8.2) HNJoy> = o> , J =0, * * * ,rel,

Hence H,  Is a left Inverse to N on the space generated by
0os° * 'y Op=le If N Is positive definite and r = n then
(8.2) implies ”n" N1,

We observe that S'NS = A where S Is the matrix whose
columns are 0o, ° * * ,0,.| and S' Is the transpose of S
and A Is dlagonal with <o'|N|o‘>», =0, " ,n-1,

along the diagonal. The matrix N satisfies the equation
Nwst=las™!h e (sa”lsn)=?
hence
N - saTls e z(a™h) |o ><o |
i Pt i i
- -‘ -
"3<°i|"l°s> lo; ><o ! fAr
This completes the proof of the lemma and also completes
section 8,

The last two parts of lemma 8,1 can be found In [3].

9. Second method for constructing vectors that are N-con]ugate.

In section 4 we mentioned another method for generating
N-conjugate vectors, This is the usual Gram=Schmidt method,
The connection between the cd-method and Gauss elimination will
be examined in this section. This Is consldered in [1] but
with the restriction that the matrix we are dealing with be

positive definite, Here we will relax this restriction to
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Include positive semi definite,
Let N be a positive semi definite matrix and Upe * 0 ° ¢

up, be n linear independent vectors, We generate Prs ° * *

Ph, by the following algorithm

P1 = uj
(9.1) i

Pi+1 = Uj+y = I t;.p
i j=1 1%}

where

4

(pyoN )
-21—-21:1- P not In n(N)

ti_] = (PtpNPJ)

0 Py Tn n(N),
If pj is In n(N) then t;j can be arbitrary for each i,
however we pick t'] = 0 for convenience, Some elementary
properties are stated Iin the following lemma,

Lemma 9,1 If po, * * *, pp are generated by (9.1)
then the following hold.,

a) The vectors p;,* * ° ,Pn are linear independent.

b) If uj Is in n(N) then pj = uj.

1s in n(N)

c) \.f T Is the set of indices for which p

r
then I, J not InT Implies (pIONPJ) = 0 I 4 j and
(PloNPl)>0-

T

d) The

—

he set of vectors {p;|! not in T} are N-linear

e)

independent,

f) (p;.Nuj) = 0 for j<i and (p;,Nuj) = (p;,Np;).

et of vectors {pg|r In r}form a basis for n(N).
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Proof, To prove a) we note that (9,1) implies
Uly o ¢« ¢« p U, can be written as a linear combination of
P1s* * *4Ppe Therefore py, * * *, p, span E" and are linear
independent, If u, Is in n(N) then by (9.1) tj-1J = 0 for
J = 1, ¢ ,1-1 and p; = u;, establishing b). We note that
c) follows directly from (9.1) and the definition of trge
For d) we observe that if v Is In n(N) then

n

and
0 = Nv = 5 a'Npl,
hence

0 = aJ(PjoNPJ) » JET

implying a; = 0 for j not in T , Therefore

vV = I aiP: .
ier i

We get e) directly from c).

The vectors "j can be written as a linear combination

of py » Py where (pysNpy) = 0 for 1 # j. This Implies

that (py,Nuj) = 0 for J<i and
(proNuy) = (py N(p;+v))
where v is a linear combination of py, * * °, p;_y« Therefore

(P'oNui) - (P;oNP‘)o
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completing the proof of the lemma.

This method of orthogonalizing vectors Is just the
standard Gram=Schmidt method,
| We have a second method of computing the vectors
Pir» ° * * » P, from dl, * ¢ *, upe This is found In [1] and
It Is through this method we show the relationshlip between
Gauss elimination method for solving a linear system and the
cd=-method,

Let py, * * * , Pn be generated by the followling

algorithm,

u'l - u; I = 1, ¢ °* *,n
- u.d
(9.2) I
u'J+I = u'J - tlij | = j+1, * o «.'n
(U|J .NUJ)

—— L 0>], pj not in n(N)
tiy = 9 (pJ.NUJ)

0 pj In n(N)

.

The following lemma indicates some of the propertlies

concerning this algorithm

Lemma 9.2 If py, * ° °, pp are generated by (9.2)

then the conditions in lemma 9.1 hold alqgg with the

followlng additions

g) (u'k.NUJ) = 0 J<k
h) (u|k,NPJ) -0 <k

K
) up” = up = tgpy =0 et Pl

We now look at the connectlon between Gauss elimination
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method and algorithm (9.2). Consider the linear system

Nx = k where N Is a positive seml definite matrix, The
followlng shows that solving this linear system by Gauss
elimination Is equivalent to solving it by the cd-method
where the direction vectors are found by the N-orthogonallza-

tion of the vectors e;, ° ° *, e  where

0‘ - (0.0. i ° .0. I. 0. o .. 0)
with 1 In the lth position, Thls is done in [1] for the case
where N is positive definite,

Iteration (3.3), with Initial point taken as zero,

becomes
xI = 0
x',,,] T X + a|p|
(9|.P|)
(9.3) — p; not In n(N)
a; = ﬁ(P|oNP|)
L 0 pi in n(N)
gl - Kk - NX‘
and wlth

g9 = k = Nxy = k ,
Lemma 3.1 states that for p; not in n(N)

(gle[) (9].P|) (kopl)
a - - = °
' (P;oNP]) (P'uNP;) (P[oNP|)

The vectors Pi» * * * » P, are generated by the recursion

formula
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1

l.l| = e|
i
(9.4) Py = u'
uij+l - u'J - t'JpJ I = j+1, ¢ ¢ ¢ |n
(Nu‘J.eJ)
—— pj not in n(N)
tij = (NPJo°J)
L 0 Pj in n(N),
These formulas generate mutually conjugate vectors pl.' * *uPp

and by (9.3) corresponding points x),* * °,x5. The vectors
P1o* ° *yp, satisfy lemma 9.2, The inner products In ti]

and a; can be computed in an easy way, The method Iis the one
used In elimination, We also get a basis for the null

space of the matrix N In the process,

First we write down the matrices N, | and the vector k.

r”rlz rln10°'~-°k|

rap ra2 * * * rap 010 ° ° ° 0 ky
(9.5) ‘

Al Tfh2 * * * fpp 0 ° * * 01k

where N is an nxn matrix, | is the identity matrix and k Is
an n vector. We will assume the equation Nx = k has a

solution, By (9.3) and (9.4) we have



We also have

where
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(Nutl,el)

i

tyy =] (Npyeey)

0

.

rn

p; not In n(N)

Py In n(N),

p; not In n(N)

Py fn n(N),

Multiplying the flrst row by t;; and subtracting from

the itV row (i=2,¢ ¢ ¢+ ,n), we obtain the new matrix

roriz to
0 rzzzo .
(9.6) .
0 l"“z ° L
where
2
l"J
with

We also have

"In

2
ran

Piy*

P2+’

L2
U3] .

=Tyt tnnonyy
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Py = (pll' * 'opln)

P2 = (P21s+° * *y P2p)

U'Z - (u]lzi BN ulnz) | = 3. o o ',n.

The following two lemmas summarize the results,

Lemma 9.3 1f p, = e Is not 1| n(N) then the following

hO'do

a) r;Jz - (Nulz, °j)

b) k2 = (k,u,?)

c) rljz - rjlz Ty = 2, ¢ ¢,0

d) g, = (0, ko2, * + ., kn?)

e) Npy = (0, rpp?, = ¢ ¢y rzp?)
Broof. a) rypf = riy -ty
= (Nej,e;) = t; (Nej,eq) = (Nej,ej) = tyj(Ney,e)
- (N(e|'t;|e|).e1) - (NU,2 .ej).
In particular we have
ra2? = (Npasep) 4 ri2? = (Nup 2 ye5),
b) k2 = kymtpiky = (k,ep) = t;g(ky,e)
= (k, ) - tjje;) = (k,u;2)

We observe here that ky2 = (k,pp).

c) We have Fiy ™ i since N = N* and also
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r r
1 1
= ST R ST A B B

t.,r
[ I
] R R B

hence

2 2
rIJ - rlj‘tilrlj = rj"tjlrl' = rJ'

for 1,j =2, ¢ * *,n.

d) 92l = (gy,e7) = (g o‘l) - a,(Np;,e;)
» 2:¢ 1 1 {NPyeey

k
] 2
= ky= == ryyp = kp =tk = ky

i

) ' - 2"0 [} o.n

wlith
k
1 1
92 = ky = == r =0"
m
2 2
e) If ri;° = (Nu;®,ej) then
2 [ ] [ ] [
r2y = (NP20°j) J =1, oNe
Therefore
2 ° L] °
and

2
rz‘ = (sz.pl) = 0 .

Lemma 9,4 If Py = e Is in n(N) then rqpy ™ Mg =0 for

I =1, ¢« ¢ ¢,r and the five conditions in lemma 9,3 reduce to
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a) r|jz - r|J y | = 2, ° * *'n

J=1, ** *,n

b) k2w k, , 1 =2,°° *,n and k; = 0

c) r|12 - rjlz 1, =2, ° ",n .
By a) thls reduces to STEITE

d) g = (ookzo ¢ .okn)

e) Npy = (04rpp0 * * *yrpp)

Proof, We have r{; = ry; =0 for I = 1, ° ° *,n since
Np; = Ne, = 0, Conditions a) through e) are a direct
consequence of tj) = a; = 0. In b) k; = 0 since we have

assumed Nx = k has a solution, Thls ends the proof of lemma

9.4,

In the case p; is in n(N) we have
XZ-X] +a]pl = 0,

We will conslider another step before looking at the

general case, From algorithms (9,3) and (9.4) we obtaln

X3 = Xy + azp2
(

J-——————— pp not In n(N)
a; = § (Npy,e3)
0 pa In n(N)
\ 2 .
TR TR IR IPL! P= 3, ° 7 %

where
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(Nu,2,e,)
. . z;;l.i;%- p, not In n(N)
i2 20

0 pz in n(N)o

.

If p, Is not In n(N) then by lemma 9.3

2

2

2

Multiplying the second row of (9.6) by t;, and subtracting

from the 19 row (1=3, * * *,n), we obtaln the new matrix
Fli Mz M3 "t fe Pl T T P Ky
2 2 [ ] L[] [ ] 2 [} L] [ ] 2
0 rpp” r23 F2n P21 Pan k2
(9.7) T R Te i PYRNCELICIN S R Po
0 o mzd e ud L und k?
0 0 rn33 s o o rl'\ﬂ3 un'3 « o o "003 kn3 R
We have
ry’ "'Jz ) tlz"zj2 = 3,° * *yn
J = 2,0 ¢ *yn
u;3 - u|2 = tiyP2 I = 3, ° ° *,n
with

P3 = u33 and k,3 - k,z - tlzkzz

3.

where p; = (p3|, o o ',p3n) and u'3 = (u|,3, *C C,upn
The following two lemmas summarize the results,

Lemma 9.5 If py is not in n(N) then the following hold




Lemma 9,6

a) rIJB - (Nu'3.ej) I =3, ° *,n
J =2, *n
b) k|3 - (k,u,3) I =3, °° *,n
c) 'lj3 - rj|3 1o = 3,° ° *,n
d) g3 = (0, 0, k3, « « «, Kk 3)
e) Np3 = (0, O, r333, RN '3n3 )e
Lf py Is In n(N) then rjp 2 = ryp 2 =0
| =2,°° *,n and the five conditlions In lemma 9.5 reduce
a) '113 - rijz I =3, ¢ *,n
Jem2,°° *n
b) ki3 = k,2 I =3, *n and k,?
c) 'lj3 - rj|3 1,] = 3, ° *,n,

By a) thils red
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uces to r;lz -r, 2

and also
| f Py is

would look 11k

r

0
(9.8)

ji °

d) g3 = (0, 0, kj3?

e) Np3 = (0, 0, ry;2, -

X3 - Xz.

in n(N), then

1M M2 113 ° ° ° M
0 ¢ o e o o o 0

2 L ] [ ] [ ]
0 r33 3n

by lemma 906.

L] ° L] 2
’ nkn )

2
Y r3n )

the

pll L] ] L]

fo

matrix (9.7)
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In thls case we have

P3 = U3

3

- u32 = (0312.

., “3n2)'

It should be noted that iIf we had not assumed the existence

of a solution to Nx = k then kzz may not have been zero In

the case of p, in n(N).

We now consider the general

Pls ° * *4Pm and x), * ° *,x. then by algorithms: (9.3) and

(9.4) we have

Xm+l = X + apPp

where

t

(k,pm)

4(Npm.em)

m
= timpm

(Nuim,em)
-

(Npmoep)

0

N

If p,, Is not In n(N) then we have

m
tim b rlm /rmm

The matrix is

m and

in the form

case,

Suppose we have.

Pm NOt in n(N)

Pm In n(N)

| = mel, * * *,n

Pm Mot in n(N)

Pm In n(N),

amp = kmm/rmmm .
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0 0 ¢« « 0 r M ¢ o o r m P ¢ ¢ o m
mm mn ml Pmn k
(9.9) "
¢ ¢ 0 0 4 0 4 e e e et e e s e e e e e e e e e
0 0 ¢ ¢ 0 rpp™oe e e M ™o e e Mk, -
.)
Multiplying the mt" row of (9.9) by t;m and subtracting {
from the 1th row (1 = mél, ¢ ¢ ¢ ,n), we obtain the new matrix
(9.10)
FIl F12 Mmoo P Pyttt P Ky
2 L) (] [} 2 2 (] ] ° 2
0 r22 Fom 't T2n P21 P2n k,
. m ¢« o o m e o o m
0 0 ) . " mm "mn Pmi Pmn km
+
0 0 e« ¢ 0 C l’mx'm,.,l o o rm*]n pm+ll ¢ o Pm-l-ln km+]m+l
0 0 m+ | o o pmtl mel o, Ml omed
ram+) fan Yn “an n *
We have
r'Jm+l =Ty t,mrmjm | = m¢l, ¢ ¢ ¢ .n
: J = my ¢ ¢ *yn
+
lJ'm ! = ul - t'mpm | = m‘.‘l. ¢ ¢ e,N
K™ -k ty Ky I = mel, ¢ ¢ *,n
and

Pme1 = (Pmyt1s’

*» Pneln)
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u'm+l - (u'|m+l’ m+l)

[ ] [ ]
u
®* "In

| = m+l,* o

The following two lemmas summarize the results,

Lemma 9.7 If p, Is not in n(N) then the followlng hold
a) rljm+] - (Nu'm*l,ej) | = mél, * ¢ *,n
J=m,* * *,n _
b) k'm+l - (k, u|m+l) | = mel, ¢ * *.n
c) 'ljm+‘ - rJIm*] 1, = m#l, * * *,n
d) Il ™ (o, * ° *, 0, km+]m+l. N knm+l)
e) Nppyy = (0, ° ‘s 0,y rm+|m+1m+‘0 * rm+lnm”)' .

Lemma 9.8 If pp Is In n(N) then ryp" = r

ml

=0 (I =m, * * *,n) and the five conditions in lemma 9.7

reduce to
LW " ]

8) F'Jm+'

m
= r'J
b) k|m+l - k'm
c) I’|Jm+] - I'J|m+l

By a) thls reduces to rljm - rJ,m .

d) gpey = (0, * * ¢, 0y kpe1™y ¢

e) Nppey = (O, ‘s 0, rm+lm+1m'

an

Xmel = Xpe

In this case we also have

- m+ 1 - m
Pm+1 Un+1 Un+ |

and again kmm = 0 since we are assuming

solution,

Py

j-m...].oo

I = mel, ¢ °

J = m+l,

vkp™)

m
» Tm+ln )

that Nx = k has a
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Recall that applying the cd-method to minimize the error
function E(x) Is equivalent to solving the linear system Nx = k
If E(x) Is sultably chosen, Let E(x) = (r,Rr) where R is a

positive definite matrix and r = E-Ax. The gradient vector
g = A*Rr = k=Nx
whe re H

k = A*Rk, N = A*RA,

Since E(x) Is minimized when g(x) = 0 then we see that
minimizing E(x) is equivalent to solving the linear system
Nx = k,

From the work In section 9 we see that in choosing our
direction vectors p;, * * °,p, by N-orthogonalizing
€1, * * *,e, the Inner products in algorithms 9,3 and 9,4 are
found by performing Gauss elimination on the system Nx = k,
Hence the application of Gauss elimination to Nx = k and
solving Nx = k through algorithms (9.3) and (9.4) are
equivalent,

Let N be positive definite in the previous material of
section 9, Since every cd-method Is a cg-method then there
exists a positive definite matrix K such that

9, = k
(9.11)

P1 = Kgy gi+1 = 91 = ajNpy

(931P;) (k.PI)

a =
! (P;oij) (P]oNP|)
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Pi+1 = K9jey + bypy

by = cyer/e; v cp = (gepy) = (kypy)e

The vectors gy, ° *y g are generated by (9.11) since

gi+] = k = Nxj4) = k = Nx; = a'Np' = gp - a'Np'.
From the proof of theorem 6,1 we see that if we choose
K = 6+ lcg™! |

where G Is the matrix whose columns are g1s ° * *49y and C

Is the dlagonal matrix with c; down the diagonal, then (9.11)

Is satisfied, Hence the vectors p;, * * +,p, generated by

N-orthogonalization of e;, ¢« « » ‘se, are also generated by
(9.11), and solving Nx = k by Gauss elimination Is equlvalent
to solving It by the cg-method whose direction vectors are

given by (9,11),

We now apply the cg-method and FP-method to the

minimization of non-quadratic functions,
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APPLICATIONS TO NON=-QUADRATIC FUNCTIONS

10, Algorlthms for non=-quadratic functlons,

The algorithms considered In this section and also
sections 11 and 12 are for minimlzing a non-quadratic function
f(x), bounded from below for all x and having a positive
definite Hesslan matrix at the minimum point, The minimum
point found Is of course just a local minimum, These algorithms
differ only In the method for generating the direction vectors
Po? P1o * * * These vectors are the directions in which
the functlon f(x) Is minimized. The algorithms presented in
sections 10, 11, and 12 will not be glven In terms of f(x) but
Iin a form that Is convenlent for comparing and derliving
convergence results. In section 13 the relationship between
the minimization of the functlon f(x) and the algorithms in
sections 10, 11, and 12 will be shown,

Let {C;} and {T;} be sequences of positive definite
matrices converging to C and T respectively, where C and T
are positive definite,

Theorem 10,1 If g, Is a non-zero vector then the algorithm

Po ™ To9 gj+1 = 91 = a;Cypy

(gloP[)
a'-

(10,1) (pysCypy)
61
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Pral ™ Tis1914)

generates non-zero vectors g,, 91, * * * and pgy, Py, * °* °

such that
(1002) (g].'.]' pl) - 00

The algorithm terminates in r steps If for some r, g, = 0;

otherwise

(10.3) 1im g; = 0,
|+
Proof. The scalar a; Is chosen so that (10.2) holds,
If g, = 0 for some r then p, = 0 and the algorithm clearly
terminates, The proof of (10,3) Is a result of the following
lemma and theorem,

Lemma 10,1 There exists positive real numbers m and M

such that

(10.4) 0 <mg<1/a; s M

Proof, From (10.1) we have

(97,7 "ap)

o
(P|0C;P|)

The eigenvalues of C,T; are zeros of the determinates of the
matrices C|'] A - Ty and Tl" A = Cis Therefore 1/a; Is
between the maximum and minimum eigenvalues of C;T;. Since

C' and T, are positive definite then the matrilx CITI has real

1
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positive eigenvalues, Thus

0 < Alm[n L 1/8' S A'max

where al and Al are respectively the maximum and minimum
max min

eigenvalues of C'T'. The minimum and maximum elgenvalues

of C'T| converge respectively to the minimum and maximum

eligenvalues of CT, Since the eligenvalues of CT are real and N

positive there exists m and M such that

0 <m g Almln < V/a; < Al ax < M i

for all 1,

Theorem 10.2 |f algorithm (10.1) does not termlnate In

a finite number of steps there exists positive real numbers

v and w such that 0 < v < 1| an or I > w

(1005) (9|+|oc-19[+]) 5 v (gl.c-lg').

Proof, We have

(10.6) (g741:C""g;,q) = (9|.C"9|) - 2a|(g,.C"C]T|9,)

+ 8'2 (g',T'C'C-IC'T'g').
This equation can be written in the form
(1007) (9|+].C-lg'+')b' (g'.C-lg') - zal(g].Tlgl)Gl(g')

where

(x,c"1c; T x) (x,Ty€,C~Vc,T,x)
6 (x) = —— VIR gy 2 i,
(X.TIX) (X,T]ClTP()
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Since C; converges to C,

lim Gl(x) = 1/2

{ >

for all x ¥ 0, Hence there exists w > 0 such that for all

I > w

(10,8)

GI(X) > ]/" .

By lemma 10,1 a; 2 1/M. Hence from equation (10,7) we obtaln

T

(9141+C ' gy41) 2

L (g1+Tigy)
2 (gq,Cgy)

where
a; (91,7y9y)
- <l- M/ZM
2 (g7, 'gy)
with 0 < m < M, By choosing
vel-m/2M,
we have 0 s v < 1 and
( c"lg,,,) < vigy,c'g))
- F P W) 9]+] S Viggo 9
for all 1 > w,

As a consequence of (10,5) we have

1im (g‘,c-]g') =0,

]+

and hence

F=

2
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Iim 9; = 0.
|+
Therefore the proof of theorem 10,2 completes the proof of
“theorem 10,1,
Theorem 10,2 shows that for | > w the sequence
{(g‘.c']g,)} converges as fast as a geometric progression -
with ratlo v, j

Before considering a speclal case of theorem 10,1 we

finish this section with the following lemma and theorem,
Lemma 10,2 [1f Dy = I-a,C,T; then X 1s an elgenvalue
D; If and only If (1-1)/a; 1s an eigenvalue of C;T;.

Proof. Since
L ]

lO
*
T

D; = A 1 = a;p [1 (1-2)/a; - ;7]

and a, is bounded away from zero for all i, then A Is a zero
of the determinate of D; - Al If and only If (I-A)/a' is a
zero of the determinate of | (1-3)/a; = C,T,.

Theorem 10,3 If in algorithm (10.1) p; 1s the elgenvector

corresgondlng o the maximum elgenvalue 2i C'Tl then
lgterl < lgyl

or all i,

I i
Proof, Let A max and A m

In be respectively the maximum

and minimum eigenvalues of D,. By lemma 10.2 (I-A'm'n)/a'

and (1-a} )/al are respectively the maximum and minimum

max

eigenvalues of C We note that A‘ma < 1 since

[ x

(lrklm.x)/ag > 0., Since
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(gy4py) (PyoT1™Tpy) l

(pyoCipy)  (pyaCypy) max, elgenvalue of C;T,

then l/ai Is the maximum eigenvalue of C'T|. This means

i

Amin = 0 and all elgenvalues of D; lle in the interval

[0, 1), Therefore, by (10,1),

9i41 = 97 - @1CyTy9; = Dygy

and

|9|+|| < "‘D|“ |9‘|< |9;| .

11 The FP-algorlthm for non-quadratic functlions,

The FP-algorithm is a speclial case of algorithm (10,1),
However, before looking at it we first consider the following

result,

If {T;} Is a sequence of positive definite matrices such

that

lim T; = uc™!

{ >

where u is a positive real number, then algorithm (10,1)

converges,
With the above cholce for the sequence {T'} we get a
convergence which is stated in the following theorem,

Theorem 11,1 £ 7y la.deflned as above and algorlithm

(10,1) does not terminate | a finite number 2£ steps then

900 910 * ¢ ¢ satlsfy

(11.1) lgjarl s vilggl
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where Vi 2 0 an

(11.2) 1im V'-O

|+

Proof. Let

(x,T;""x)
L!(x) --:.-.—'——:-
(x,Cyx)

then

1im Ly(x) = 1/u

'0&

for all x ¥ 0, Therefore

lim a, = 1im L'(pl) = 1/u

|+ | >0

and

]‘m C'T' = ulo

| o0

If we choose v; = [[o;]| then

1im vy = 1im [[1-a;¢;Ty|| = 0.
| > |+

Since gj41 = Djg;4s we have
lgtarl = 1oy Hlgyl = vilggle

We now give the FP-algorithm for minimizing a non-quadratic

functlion,
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Theorem 11,2 The conclusion gi theorem 10,1 follows LL

we replace {T;} by {H'} where H Is a positive definite

matrix and

H|+| = H' + Al + By
LAY
BRI
(11.3) TNV ASTILL
RS
log = alP> o 11D = Cifop

Proof., To prove this theorem It is only necessary to
show that H; Is positive definite for each | and converges to
a positive definite matrix,

The proof Is by induction., The matrix Hy Is positive
definite by hypothesis, We assume H;, ° * * ,H  are positive

definite and show that Heey 1s positive definite, We have

X|ok x|H |y
<x|Hk+I|"> - <X|Hk|x> + < o > - < | kl k> \
ok lvip A
e = ()2 x> and o) = (4)'/2 v > with
IQ> ¥ 0, then

eIl - el ? Ko’
{a|e) Lok V)

(11.8) x|H x> =
with

(11.5) Lokl ) = <oklCklok) > 0.

By Schwartz's Inequality we have
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(11.6) plepLala) = Kplad? 20,

and Is equal to zero If and only If

(11.7) P> = t|q)

for some non-zero t. Since H_is positive definite, (11.7)

Is equivalent to

|x> = tlyk> .

I f <x|ok> = 0 for |x)> # 0, then |x)> ¥ t]y ) by
(11.5). Hence (11.6) Is a strict inequality and <x|H. 4 |%> > 0.

1f <{x|o, > # 0 then <x|ok>2 >0 and <"|Hk+l|">> 0.

From the definition of H;,; we have

His1Cy |°|> - |°;>

and

prlcyloy =0

for each I, The definition of H; here and In section L differ
In that here y; = Cjo; and in section & Y; = Noj. Since C;
converges to C we have
-1

lim H| = C .

|+
Therefore {H;} is a sequence of positive definite matrices
whose limit is positive definite,

The next theorem gives a result on the convergence of the

FP-algorithm,
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Theorem 11,3 If T, Is equal to H; and algorithm (10,1)

does not terminate in g.flnlte number 2£ steps then there

exists positive real numbers vi such that

(11.9) lojer] < vi|g'|

an

(11,10) Iim vi = 0.
)

Proof, With the cholice of T; = H; for each |, the
hypothesis of theorem 11,1 Is satisfied, Therefore both (11.9)
and (11,10) hold,

12, The cg-algorithm for non-quadratic functions,

In this seciton two cg-algorithms are given for non-
quadratic functions, Both methods, however, generate the same
direction vectors when the function to be minimized is
quadratic,

We again have the sequence {C;} of positive definite
matrices converging to the positive definite matrix C,

Theorem 12,1 Given a goslflve definite matrix K and

non-zero vector g, then the algorithm

Po ™ Kgg 9ie1 ™ 91 = a1Cypy

(gy4py)

a| =
(PysCypy)
(12,1)
Pie) ™ Kgjyy * bypy
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(Kgie14Cipy)
bi = =

(P14Cypy)

generates non-zero vectors g ., 9y, * * * and p,, Py, * * °

such that

(12,2) (9]4-]091) =0, (PH.].C;P') =0

for all I, The algorlthm t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>