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ABSTRACT
OPTIMAL CONTROL COMPUTATIONS FOR LINEAR SAMPLED-DATA SYSTEMS

By

Jeng Nan Lin

This thesis presents a new algorithm for computing optimal
controls for linear sampled-data systems in which easily-imple-
mented matrix calculations are performed at each step. A com-
prehensive analysis 1s given for several classes of optimiza-
tion problems and numerical data are presented for six example
problems.

The thesis considers an ntn order, time-invariant,
scalar-control, linear discrete system dfl which is governed
by the following difference equation:

x((i+1)T) = ¢x(iT) + bu(iT), (1)
where ¢ 1is an (nxn) constant transition matrix, b 1is an
(nx1l) non-zero vector, u(t) 1is constant in the interval
iT s t < (i+1)T and |u(iT)| s 1 for all i.

Iteration on (1) starting with i = 0 and x(0) = 0 yields

x(N) = 2N ou(0)+eN"2bu(T)++ -+ bu((N-2)T)+bu((N-1)T).

(2)
u((N-J)T),

Let x,, = x(NT), z; = @l'lb, i=1,2,...,N, and uj

j =1,2y...,N. Then (2) becomes

X\, = 24,4, +

NNt OZN-1¥y-1r T T 2

Uy + ZqUy. (3)
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The reachable set from the origin at time N, RN d

N
[xN € BN : Xy = T z.Uy luil s 1, 1s1is< N} can be described

i=1
as a system of linear inequalities: |cj x| < 1, where cj is
a computable (nx1l) vector, j = 1,2,...,K, and K =< (nyl)' The
properties of this set are fundamental in the computing algor-
ithms in this thesis.

Two broad classes of problems are considered:
1. Time-optimal control problem - Given the linear system &f:

starting from x(0) = O, and given a desired terminal target

point d, find the smallest integer number N such that d = XN

=

= i:lziui.
(1) When the optimal time is N < n, the solution to the
time-optimal control problem always exists and is
shown to be unique.
(ii) When the optimal time is N > n, the solution to the
time-optimal control problem is, in general, not
unique. In this case, in addition to seeking a
time-optimal control sequence, a choice is made to
also minimize the absolute value of Uy e
An algorithm for implementing the optimal control sequence is
presented, which avoids the corresponding tedious quadratic and
linear programming problems. The solution exhibits the special
features that Xy is in R, when u(N-1) 1is applied at the
first stage, X5 is on the boundary of R, when u(N-2) is

applied at the second stage, ..., etc., and finally x, 1is on

N
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the boundary of R,, a set closely related to R when u(0)

N’
. . th

is applied at the N stage.

2. Terminal-error regulator problem - Given<ic with x(0) = 0,
the terminal time N, and a desired terminal state d at time

N; find a point x € R, such that Hd—xH2 is minimum, and the

N
corresponding optimal control sequence, where | ¢|| denotes the
Euclidean norm.

(1) In the case where N < n, it is shown that the con-
trol sequence always exists and is unique.

(ii) Consider the case where N =z n. If d € aRN, the
control sequence is unique; if d € Ry but d 4 SRy
the optimal control sequence is not unique. This
then leads to the time-optimal problem, and the

minimum of |u can be required to make the time-

x|
optimal control sequence unique. If d £ RN’ then
Hd—xH2 > 0 and the corresponaing optimal control
sequence is unique. A control algorithm which
terminates in a finite number of steps and guaran-
tees the exact solution except for round-off errors
is demonstrated. This algorithm does not require
solving the corresponding quadratic programming
problem.

These new methods include matrix calculations which are
easily programmed. The above results for the time-optimal and

terminal-error regulator problems can easily be extended to

apply to:



(1)

(i1)

(iii)

(iv)

(v)

(vi)

(vii)

Jeng Nan Lin
Control constraints given in the form of Iuilzsni,
n; > 0, 1 =1,2,...,N.
Target sets given in the form of z&: X'Sx 2 [, where
S 1s an (nxn) symmetric, positive definite matrix
and p > 0.
Target sets which are time-varying, i.e.,z£==xi(i).
Time-varying linear discrete systems.
Systems with variable sampling instants.
Linear discrete systems with the initial state
x(0) £ 0.

Multi-input control systems.

A brief survey of these extensions is presented.
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CHAPTER 1 INTRODUCTION

During the last two decades, discrete optimal control
problems have been investigated by many workers. One of the
basic problems in the theory of optimal control is the time-
optimal control problem. 1In general terms, the problem is
the determination of system inputs which will take the system
from a certain initial state to a prescribed terminal state
in the shortest possible time, subject to various constraints.
Numerous techniques for obtaining solutions to the time-
optimal control problems have been proposed by many investi-
gators [D2, D3, D4, El, Gl, H6, K6, N1, N4, Tl1l, T2, T3, T4,
Wl, Z1]*. Other related problems such as minimum norm prob-
lems [Cl, C2, Rl1], minimum energy problems [C4, R1], mini-
mum effort problems [C3], terminal state problems [B2, N2,
N3, P2], minimum time-fuel problems [Tl, Z1], minimum time-
energy problems [C5, H6] and problems of minimum quadratic
functionals of states and/or controls [c6, C7, C8, C9, Dl, Gl,
H4, H7, K2, P1l] have also been considered. Linear programming
(F1, Hl1, T1l, Z1], non-linear programming [C5, H6, N2, N3, P1,

R2], dynamic programming [Bl, D1, T5], Pontryagin's maximum

*
The alphanumeric numbers refer to the references at end of
this dissertation.



2
principle [B3, C7, C8, C9, H2, H3, H7, H8, H9, R3, R4, R5]
and variational methods [J1, K3, K4] are among the various
techniques which have been used extensively.

One main subject of this dissertation is the discrete
time-optimal control problem: determining an input signal
which steers a linear discrete time-invariant ntn order
system from the origin to a desired terminal state d in mini-
mum time (the minimum number of sampling periods, N) sub-
ject to amplitude constraints on the input signal. When
n 2 N, a method is proposed for finding the unique optimal
solution.

When n < N, the optimal solution is, in general, non-
unique [H6], and various procedures have been suggested for
finding that time-optimal control which, among all time-
optimal controls, also minimizes the energy supplied to the
system [C5, H6] or which also minimizes the fuel consumption
[Tl, z1]. A new algorithm is presented to find the minimum

time N such that d 1is in R the reachable set from the

N’
origin at time N. Then, a new method is proposed for find-
ing the unique time-optimal control sequence whose first mem-
ber is minimum in absolute value.

Another main subject is the terminal-error regulator
problem: determining a control sequence such that the gquan-

12

tity ||d - x is minimum, where N 1is the given terminal

N



3
time. Based on the fact that the control input is constrained

in magnitude, the reachable set can be described by the inter-

N

section of 2 n-1

) closed half-spaces, and the boundary of
the reachable set RN is formed by subsets of hyperplanes.

A new algorithm for solving the terminal-error regulator prob-
lem is developed. 1In contrast to a previously suggested method
[N2, N3], this algorithm does not involve solving a quadratic
programming problem.

The outline of the thesis is as follows. In Chapter 2
some elementary results on linear algebra, fundamental pro-
perties of the reachable set, and the computing algorithm
for the optimal control uﬁ are presented. Chapter 3 con-
tains the precise statement of the time-optimal control prob-
lem and algorithms for implementing the optimal control
sequence. Chapter 4 involves the exact statement of the
terminal-error regulator problem and algorithms for calcula-
ting the corresponding optimal control sequence. In Chapter
5 a brief summary of new results, and some possible exten-
sions of these results are carefully stated. Finally, in
Chapter 6 examples of time-optimal control problems and
terminal-error regulator problems are given; certain perti-
nent conclusions are drawn by comparison with other existing

techniques in the literature.



CHAPTER 2
PRELIMINARY ANALYSIS AND THEORETICAL DEVELOPMENT

In Section 2.1 some fundamental definitions and well-
established theorems from vector spaces and matrix algebra
needed in the sequel are presented. A description of the
system to be studied is stated in Section 2.2 and the assump-
tion of complete controllability is stated in Section 2.3.
Section 2.4 contains the main body of the theory as well as
properties of convex sets, polyhedra, and the reachable set.
Section 2.5 involves the computation of the optimal control

*
uN.

2.1 Vector Spaces, Linear Transformations, Elementary

Matrices, and Solution Properties of AXx=y.

A brief description of some standard definitions and
well-known theorems from finite-dimensional vector spaces
and linear algebra [F2, F3, H10] 1is given for the contin-
uity of presentation in the sequel. Also the solution pro-
perties of the equation AXx=y, where A 1is (nxm), are
discussed.

Definition If a Euclidean vector space has dimension n,

then it is denoted by E'. In E the scalar product is
L4




introduced by the formula:

(x,y) = X1¥1 + x2y2 + ceeee + XV’

th

where Xy and y; are the 1 components of x and Yy

respectively. The length of a vector x € E' is defined as

_ (2 2 ..., 2,1/2
l‘xll—(xl+x2+ +Xn o

n

Definition Two vectors x, y € E are said to be orthogonal

if their scalar product is equal to zero.

Definition The identity matrix of order n, written U or

Un’ is a square matrix having ones along the main diagonal

and zeros elsewhere.

100 e o0
O lo e e
OO l ¢ o0

O O O

000 -+ 1

Definition Let A be an (nxn) matrix. If there exists

an (nxn) matrix B which satisfies the relation
AB = BA = Un’
then B 1is called the inverse of A.

Definition The rank of an (mxn) matrix A, written r(4),

is the maximum number of linearly independent columns in A.

Theorem 2.1.1 If a square matrix A has an inverse, then

so does A' and (A')-l = (A'l)', where A' denotes the



transpose of A.

Theorem 2.1.2 For any matrix A, 7r(A), the rank of A 1is

equal to r(A').

Theorem 2.1.3 For two conformable matrices A and B,

r(AB) < min {r(A),r(B)}.

Theorem 2.1.4% If A 1is (nxk), and A has rank k, then

T(A'A) =r(4h).
Theorem 2.1.5 Let G = A(A'A)-IA', where A 1is (nxk),

k< n and A has rank k. Then the image Gx under G of
each vector x € E" (also in En) lies in the subspace Ay
of EY spanned by the column vectors of A.

Proof By Theorem 2.1.4, the rank of A'A 1is k. Since the
matrix A'A 1is (kxk), it has an inverse. Thus G 1s well-
defined. For any vector x € E%, Gx = A(A'A)-lA'x. Let

A = (21’22”':jzk1 and

X1

-1 _ _ .o
(A'A) “A'X = . Then Gx = X121 * X525 + + X2y -

Thus Gx € Ak.

Theorem 2.1.6 Let G = A(A'A) TA'. Then G° = G = G', and

Gx 1s orthogonal to x - GX.

Proof Since G = A(A'A)-lA' =G', 02 = GG = [A(A'A)'lA']



7
(acarmy™tar] = acarm)tar = 6. 6 (u-g)
(Gx,‘x-Gx) = (Gx,(U-G)x) = (x,G'(U-G)x)

G-G2=Oo

(x,0) = 0. Hence

Gx 1s orthogonal to x - Gx.

Definition The distinguished columns of A are the /L non-
zero- columns of A, no one of which is a linear cambination

of its predecessors.

Def;nition An  (nxk) matrix of rank /U is a row _echelon
matrix if its last (n-L) rows are zero, its distinguished
cq}umns are the first /U columns of the identity matrix Un
in order, and the 1's in these columns are the first nonzero
entries of their respective rows. If /U = n, there are no

rows of O's and the (nxk) matrix is a reduced row echelon

matrix.

The transpose of a row echelon matrix is a column echelon

matrix.

Example 2.1.1 The following matrices are row echelon matri-

ces. The fourth one is a reduced row echelon matrix.

12303 (0120] (10 0] 12010

00011 0001 010 00120

00000(; 0000O0]|:; oo1l}ls; |oooo01lf .
0000 00 0]

Definition A null matrix of dimension (nxk) 1is one with

every entry O.

Definition Let eij denote the (nxk) matrix obtained

from the (nxk) null matrix by replacing just one entry,



the 1ij eutry, by 1.

Now some solution properties of the equation Ax =y
are presented. Let the equation Ax = y Dbe given, where
A 1is (nick) known matrix of rank ~ and y 1is a known vector. -
When solving this equation for x, the following operations
will simplify a set of n linear equaticns without changing
the solution set (if any solutions exist):

El. Add v times equation 'j to a lower equation 1

(where j < i).

E2. Add v times equation j to an upper equation i
(where j > 1i).

E3. Multiply equation i by a scalar v #Z 0.

E4. Interchange equations i and J.

Given the equation Ax =y, it can be written as follows:

X
(A’Y) 1 = 0. (1)

In actual computations, however, it is much simpler to work
with the coefficient matrix (A,y) in (1) whén y 1is a
known constant vector. Thus the matrix (A,y) 1is transformed
to a row echelon matrix by successive elementary operations
on rows. These transformations have the same effect on the
rows as the operations just described do on the equations.
Each operation is effected by a left-sided multiplication by
a corresponding elementary matrix, of one of the following

types:
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El. Lower elementary: Add v times row j to lower

row 1 Matrix Lij(V) = U+ v € j < i.

J

E2. Upper elementary: Add v times row j to upper
row i Matrix Lij(v) =U - v eij j> 1i.

E3. Elementary diagonal: Multiply row i by v £A0

Matrix Ly(v) =T + (v-1) €54°
Ek. Transposition: Interchange rows 1 and

- €.. + + €

ii Jji ‘

Matrix Lij =U - € eij ji
Suppose the equation Ax =y 1is given. Let L denote
the product of elementary matrices that reduce A to an

echelon matrix LA, i.e.,

L4, yl= |-=-—--- = |----- , @

where L2A in (2) is the (n-/Uxk) null matrix, and

LlA = C is a (1xk) reduced echelon matrix. The following

theorem is useful.

Theorem 2.1.7 If A 1is an (nxk) matrix of rank /U, and

y 1s (nx1l) constant vector, the equation Ax =y has a
solution for x if L2y =0 in (2).

Proof Since the product of elementary matrices is non-
singular, the equation Ax =y has the same solution set as

the equation L(Ax-y) = 0. Equivalent to the equation
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Ax =y are the two equations: L (Ax-y) = Cx-L;y =0 and
L2(Ax-y) =-L,y =0 (see equation (2) ). Thus the necessary
condition for a solution 1is L2y = 0. Sufficient conditions
are L2y =0 and Cx = Lly. This completes the proof.
Remark: Consider a special case of Theorem 2.1.7 where A
is an (nxk) matrix with k s n and /U= k. In this case
C 1is a reduced echelon matrix of dimension (k xk) and thus
C = Uk' It is clear that if L2y = 0, then the solution for

x 1is given by x = L;y = (A'A)'lA'y.

2.2 Description of the System

Let an ntn order, time-invariant, scalar-control,
linear discrete system &ﬁ/ be governed by the following
difference equation:

x((1+1)T) = ¢x(iT) + bu(iT), (3)

where 1 = integers 0,1,25¢¢4.. ,

T = sampling period in seconds,

x(iT) = (nx1) state vector at time 1iT,

¢ = (nxn) transition matrix,

b= (nxl) non-zero vector.
The scalar control has the following pre-determined proper-
ties:

u(t) = constant iT s t < (i+1)T (%)

|lu(iT)| s 1 for all i. (%)

In the subsequent development, the case where x(0) = 0 is
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considered for notational simplicity. The more general case
when x(0) #Z 0 requires only slight modifications.

Since the system Sf, is time-invariant, no loss of gen-
erality will occur if the system is started at i =0 of (3).

By iteration on (3), x(NT) 1is given by

N-1 N-2

X(NT) = ¢ bu(o) + ¢ bu(T) + <+ + & bu((N-2)T) +

bu((N-1)T). (6)

By defining Xy = x(NT), z; = @l-l b for i=1,2,...,N and

+

X Un_125-1 +oceeet 4 uyzy. (7)

N~ Un®N
Definition A control sequence uy = [ul,uz,...,uN] of

length N 1s called admissible if each u; > i=1,2,...,N

satisfies (&) and (9).

2.3 Assumption of Complete Controllability

It is assumed that the system 5zi is completely con-
trollable in the sense of Kalman [K2]. This assumption is
satisfied if and only if for any integer k > O, the n
vectors zk’zk+l"’°’zk+n-l are linearly independent, where
z, = gi-1 b, i = k,k+1l,...,k+n-1 [B2,K2]. Often a stronger
condition than complete controllability is required; thus
the following definition is useful.

Definition The system at: is normal in the discrete sense

if every set of n vectors 1z, ,z. yeeesZy with

ll l2 n

ix< il < i2 < *r0 < in is linearly independent.
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2.4 Convex sets, Polyhedra, and Properties of the Reachable
Set
Some standard definitions and properties concerning con-
vex sets, polyhedra, and the reachable set which are needed
in the subsequent presentation are given in this section.

Definition The set of points X c E? is said to be convex

if whenever two points X19%5 belong to X, all the points
of the form
¥yt A Xy

where xl,x2 2 0 and Xl + xz = 1, also belong to X.

Definition The line segment 4(X,y) Dbetween x and y 1is

the set of all points of the form ax + By, where a 2 O,
p 20, and a + p = 1.

Definition The convex hull h(Y) of any arbitrary set of

points Y in E' is the set of points which is the inter-
section of all the convex sets that contain Y.

Definition A set X 1in En is said to be open in En if

for each point x 1in X, there is a positive number ¢
such that every point y 1in E" satisfying ||x-y|| < ¢ also
belongs to the set X.

Definition A point x in E' is called a point of closure

of a set X in E% if x € X or if for every € > 0
there is a point y, y #x and y € X such that |x-y|| < €.

Notation The set of points of the closure of X 1is denoted
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by X.
Definition A set D in E" is closed if D = D.
Definition If x 1s in En, then any set which contains an

open set containing x 1s called a neighborhood of x 1in EC.

Defihition A point x 1is said to be an interior point of
a set X 1if X 1s a neighborhood of the point x.
Definition The difference X ~ Y is the set of elements in

X which are not in Y. Thus X~ Y ={x : x € X and x £ Y}.

Dgfinition A point x 1is said to be a boundary point of a
subset X of E® if every neighborhood of x contains a
point of X and a point of C(X) = E® ~ X.

Definition The boundary of a subset X of En, denoted by
3X, 1s the set of all boundary points of X.

Definition Let RN be the set of states of Jﬁz which can

be reached at time N, starting from Xy = O, with an édmiss-

N

ible control sequence Uy s i.e.,

g n N >
Ry = {xN € E : xy = iElziui with uy = [ul,uz,...,un]

admissible},RN is called the reachable set at time N.

It follows that R has the following properties:

N
Property 1: RN is convex.

pProof Suppose X, € RN’ X5 € RN’ i.e.,

N
z

) 1ziui with luil <1 and

xl=
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X
2 4

z
1

;¥ with fyg| s 1,

IntM=

Then for 0O s \x s 1,

N N
AX, + (1-A)x5 = X £ z;u, + (1-1) Z:Y s
1 2 i=1 171 i-1 i'i
N
= iilzi[xui + (1—x)yi].

By the triangle inequality,

[aug + (I-0)vg ] s [aug] + 13- vy

MMugl + (-0 vyl
Hence for 0 s A s 1, le + (1-)) X5 € RN if X)X, € RN’

which implies that R is convex.

N
Property 2: RN is closed and bounded, i.e., RN is compact.
Proof By the definition of RN’ if XN € RN’ then
N
X = T Z.U.
N i-1 i“i
EN
u
2
= [zl,z2, ..... ,zn] ]
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211 %12 21N 4 4
Zo1 %22 T77 2oy U us

- . . . - Z . . (lO)
| ?n1 2n2 777 Zon | | YW YN

Since zi = (zli’zzi"'°’zni)’ i=1,2,...,N are given

bounded constant vectors, the linear transformation Z 1is
continuous. And since |ui| <1, i=1,2,...,N, therefore
the linear transformation Z 1in (10) maps the closed unit
cube in the control signal space onto a closed subset

RN c En. Since |ui| <1, i=1,2,...,N, 1s bounded, it

1s clear that RN is bounded for N finite.

Property 3: R is symmetrical with respect to the origin,

N
and hence 0 1is an interior point of Ri’ i 2 n.

N
Proof If x € Ry» then x = iZ::lziui with |u;| s 1 for
N
i=1,2,...,N. Clearly -x = % z. (-u.) € R,, because
o1 1 i N
|-ui| = |ui| = 1. Since Ry 1s symmetrical with respect to

the origin, O 1s an interior point of RN’

Property 4: Ry 2 Ryop 2 Byp 2 "°°r 2 By 2 Ryy By 1s a
set contalining one single element 0, the origin.
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k Y
- n . - —
Proof R, = {x e E" : x = iElziui, Uy = [ul,uz,...,uk]
admissible}.
n k+1 N
R, = {xeE 3 x= iElziui, Uy, = [ul,u2,...,uk+l]

k

admissible}. Suppose Xx € Rk’ then x = £ z.,u. with
jo1 171

|lu;| =1 for i =1,2,...,k. Take wu . , = 0, then

k
X = iElziui + 2 1Yy, which implies that x € Rk+l' Thus

Rk+l ) Rk’ By finite induction on k, it follows that

RN ) RN—l

By the assumption that the system Jﬂ, is completely con-

) RN_2 D sesee D Rl po) RO'

trollable, z, 0 Vi. since 2y 11 £ 0, Ry 11 # Ry, for

k = 0,1,..., therefore RN 2 RN—l 2 RN-2 ; Tt 2 Ry 2 RO.
Also since the system Ji is started from the origin, hence
at time O, RO = 0.

Definition A hyperplane in E' is the set H of all

points x € E° such that a'x = ps where a 1is an (nx1)

non-zero constant vector called the normal to H, and P is

a scalar.

Definition A support hyperplane Hs to RN is a hyper-
plane such that RN lies entirely to one side of HS and
intersects RN in at least one point, i.e., either

a'x < B or a'x z p.



17
Theorem 2.4.1 Let a'x = B Dbe a support hyperplane to R

N’
N 2 n. Then

p >0 if and only if \/ Xy € RN’ a‘XN < B,
and B <0 if and only if V Xy € Rys a'xy = B.
Proof Only the case where J > 0O 1s considered; the proof
for B <0 1s similar.
N.
Suppose a'xN > B \/ XN € RN. Then a'0O =0 > B, a contra-

(=) Assume P > 0. In view of Property 4 of RN’ O € R

diction. Heuce a'xN < B \/ Xy € RN'

(=>) Assume a'xy < B Y Xy € Ry. Since 0O € Ry, hence

N
O s B. By Property 4 of Ry» O 1is an interior point of RN,

hence p Z 0; for otherwise a'x = 0 cannot be a support

hyperplane to RN.
Definition Let a'x = B Dbe a support hyperplane HS to

Then a 1is called the outward normal to Hs if p > 0;

R

No

a 1s called the inward normal to H, 1f p < O.

Theorem 2.4.2 Let a'x = B be a support hyperplane to RN.
Then |a'xg| s |l VXN € Ry.

Proof

Case 1. p > 0. By Theorem 2.4%.1, a'xN S B k/xN € RN.
By the symmetry property of RN’ ~Xx € RN’ hence
-a'xN < B \/XN € RN. It is clear that
la'xyl s p VY xy € Byr if B > 0. (11)
Case 2. P < 0. Similarly, it can be obtained that

latxy| s-p \/ %, € Rys if p < O. | (12)
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Combining (11) and (12), it is clear that la‘le < lﬁl\/}%JER

Definition A point v 1in RN

N
IR

where luil =1, i =

exists at least one support hyperplane to RN with v

only intersection point. Examples

v= T zjug, |ui| =

i=1
hence property (2) is essential.

Theorem 2.4.3

time N, RN’ and a vertex v

plane to RN at v

v = lziui and |u;| =1 for i

.

1

M=

satisfies uja'z; 2 0 x/ i. For B

of R

is described by

is called a vertex if (1)

1,2,...,N and (2) there

as the

show that points

].\/j. may be interior points of RN;

Consider the reachable set from the origin at

N If a support hyper-

a'x = p with p > 0,

then ui

1,2’.00,N’

{=oVY 1.

< 0, uia'z. <

Proof Consider the case [ > 0. By Theorem 2.4.1,
a'x s pVY xe Ry (13)
Suppose for some Kk, uka‘zk < 0. Then
a'v - 2ua'z, = a'(v-—2ukzk) = p-2ua'z,. (14)
But vy = v--2ukzK of (14%) is in RN’ because
N N
vy = v--2ukzk = iElziui -z = iElziui + zk(-uk),
17k 1#k

where |u;| =1 ¥/1J This implies

a'vy > B, a contradiction.
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Since uka'zK < 0 for no k, therefore uia'zi 2 OVi.
Consider p < 0. By Theorem 2.4%.1, if a'x = < 0, then
a'x z ﬁv X € Ry, or equivalently, a'x = -f Vx € Ry If for
some Kk, uka'zk > 0, then

-a'v + 2ua'z, = -p + 2u.a'z, > -p.
Because Vo = -V + 2ukzk is in RN, hence a contradiction.
Therefore if p < 0, then uia'zi <0 V’i. This completes the

proof.

Definition A point e 1n the closed convex reachable set

R is an extreme point if there are no two points w, and

N

y of RN such that

e =Aw + (1-A)y, 0s A =1 (WFge,y#Fe

Lemma 2.4.4 Vertices of R are extreme points of RN and

N
vice versa.

Proof
This part is to prove that vertices of RN are its
extreme points. Let v Dbe a vertex of Ry and let a'x =
describe a support hyperplane to RN at v. Without loss of

generality it can be assumed that B > 0. Two cases are
considered.
Case 1. a'x < B \/ x € Ry (see Figure la).
Suppose Vv 1s not an extreme point of RN. Then there
exist two points w and y € RN’ w#Zv, y#Zv such that
Vv=Aw + (1-A)y with 0 s \x s 1.

Hence
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a'v = xa'w + (1-a)a'y,

A

A max{a'w,a'y} + (1-\) max{a'w,a'y},

max{a'w,a'y},

< B,
which is a contradiction to a'v = B. Therefore v 1is an
extreme point.

Case 2. a'x < B \/ X € Ry, (see Figure 1b).

N
Suppose Vv 1is not an extreme point. Then v = Aw +
N N
(1-\)y, where w = T z.p., ¥y = £ z.n. with |p:| s 1,
jop 101 jop1 11 i
and Inil < ].\/ i. Thus
: 5
a'v = ¢ u.a'z, = B (19)
j21 1 i
and also
N N
a'v =\ T pja'z; + (1-\) £ nja'z;. (16)
i=1 i=1

Since w#Z v and y # v, there exist kl and k2 such

that py # ukl, and nkzﬁ w_ . Hence u a'z,

1 2

and u, a'z, >m, a'z for a'z, #Z0 and a'z, #£O.
Ky Tkp o Tk Ky k) ko

Thus i1t is clear from (16) that a'v < j§, contrary to (15).
Therefore v must be an extreme point.

= 0, the proof given above 1s not
2

If a'z = a'z

kq k

valid. However, recall that one of the necessary conditions



21

for v =
i

™M=

u.z., to be a vertex is |u.| =1, i =1,2,...,N.
] 171 i

Clearly, if there is at least one i such that |ui| £ 1,
then v 1s not a vertex. This argument can be used in
the following proof.

Again suppose v 1is not an extreme point, then there
exist two points w and y in Ry» W A v, y # Vv such
that

v = Aw + (1-\)y with 0 < A < 1, (17)
where w and y are as given above. From (17), v can be
written explicitly as

N N

AT p:z2; + (1-\) T n;2.
i=1 *t =1t *

<
1l

N
e+ (10 g 2y (18)
i=

Since w # y, therefore there exists at least one k3 such

that »p Amn, . Thus |xp + (L-a)n, | s alp, |+ (1-))]|n |
ky o kg k3 ks ky Ky

< 1, and clearly v 1is not a vertex.

We now prove that the extreme points of R are 1its

N
vertices. Let v = g z;u; be a vertex with Juy| =1 Vi.
i=1
N
It is clear that vy = 1§lziui + 2Py is not a vertex if
ik

Iyl #1. Then -1< P < 1. Therefore there exist two
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scalars § and £€,, with €, < p, < § such that
1 2 1 k 2

vy = Aw + (1-\)y where w = i}ilziui + €12, and
ik
N
y = iElziui + €,2,. Clearly w 2 Vis ¥ £ v, and
i£k

W,y € RN. Hence vy is not an extreme point. Thus the
proof is completed. This theorem is valid for any linear
systems.

The following theorem from Eggleston [E2] 1is presented
here without proof:

Theorem 2.4.5 (1) A support hyperplane to the closed,

bounded, convex set RN contains at least one extreme point
of RN.

(2) The closed, bounded, convex set RN
is the closure of the convex hull of its extreme points.

Definition Let X be any convex, closed and bounded set

in En, nz 2. An edge ¢ 1s a line segment between two
vertices Vis Vs of X such that there exists a support
hyperplane Hy of X satisfying: (1) Hg 2 e (2) Hg
contains no vertices except Vi and Voo Note: & c X.
Definition A face 1is the intersection of a support
hyperplane to RN with RN.

Clearly, a vertex is a point and hence a zero-dimensional
face, an edge is a one-dimensional face. The largest dimen-

sion for a face in EY is (n-1). An (n-1)-dimensional
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face in E% 1is a hyperplane which can be described as
H=({x¢€ E' : a'x = B}, where a 1is an (nx1l) constant non-
zero vector and P a constant. If the hyperplane passes
through the origin then p = 0. Only (n-1) independent
vectors are required to determine the components of a.
Assume N > n. It follows from the assumption of complete
controllability that any n consecutive vectors from
{21’22""’ZN} form a linearly independent set, thus
21925500092, 1 determine a hyperplane in E".

Let a} = [all,a12,...,aln] and zj = [zll’z2l"'°’znl]’

25 = (21092505 wes2pplaeeenzy = (29 19525 fgseees2y nq]e

If a'x = 0 passes through 21’22""’zn—l’ then

(211811 * 2p1810 % "ttt 2980, =0

Z1p817 * Zppdyp *otttt * 2081y = O

* (19)
( ?1,n-1%11 * Zp,n-1%12 * 7ttt 2 0181 7 O

Since z,,255...,2,_ 1 are linearly independent, (19) can be
solved for, say, a1558713s 00087 in terms of aqs i.e.,
aj = [pll,p12,...,pln] ajys where p;; =1. It can further
be required that this hyperplane aix = 0 pass through a

point wy yet to be determined. That is,

By = Deypspypo-eeopyplx = [pggopypy-eepypliy . (20)
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'Let T = {1,2,...,N}, Ay = {1,2,...,n-1} and

C(Ary) = {n,n+l,...,N} =7 ~ A,. Define w, = ¢ Nq1-2y
1 1 1 keC(A;) 1k“k

where Inlkl =1 and nlk[pll’plZ’”."Pln]zk > 0 for all
ke C(Ay). If there is some J such that (py1spP1000-+>
pln]zJ = 0, then 2; is contained in the hyperplane

-[911,912,---,p1n]x = 0. Therefore 2z. can be neglected in

J
determining w;. Consequently from 2,,Z55¢¢+,2 an
1 1’72 n-1

(n-1)-dimensional face can be constructed.which passes
through w1 and has the following form:
(1) p12,ooo’pln]x = Blo (20')

Division of both sides of (20') by ﬁl yields

1 P12 Pin 7 . _
[51’ 5i, ey ﬁi ] x = 1. (21)

For brevity (21) is written as

cix =1, (22)

1 Pio P1n
where c¢! = ey T, ey
1 [51’ By’ ’ 51]

From (22), two closed half-spaces can be constructed as:

I‘i = {x € E : cix 2 -1} and
(23)
r2=(xes”:cyx= 1.
In a similar manner, from 21925900032y _o59Zps Ao =
{1,2,...,11-2,!'1},6( A ) = {n-l’n+1’ooo,N}, w = 2 ﬂ VA
2 2 keCay) XK
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with |n2k| = 1 and n2k[l,p22,...,p2n]zk >0 for k €(( A2),
the hyperplane can be constructed as
(Lpppree+rppq)% = o

where B, = [l,p22,...,p2n]w2.

P P
Finally let cé = [ 1 22 _gg] ’

R
clx=1. (24)

From (24), two closed half-spaces can be constructed as:

r {x € E' : clx=2 -1} and

2

NN N

{x € EY ¢ oc!

Sxs 1}.

This procedure can be carried out consecutively up to the

final step at which T 1 and T 2 are constructed from

p p
zN-n+2’zN-n+3’""ZN-l’ZN’ where p = (nyl) » the total
number of ways of choosing (n-1) vectors from N vectors.
It can be observed that there may exist some (n-1) vectors
from {21,22,...,ZN} which are linearly dependent. 1In this
case, these (n-1) vectors do not uniquely determine a hyper-
plane in En, and they are contained in some hyperplanes
which pass through these (n-1) 1linearly dependent vectors.
Definition All the hyperplanes ci
in short form lci x| =1, i=1,2,...,K, K = <;¥1> , are

Xx =1 and cix = -1, or

called boundary hyperplanes of RN. For notational simpli-

city, let the total number of the boundary hyperplanes of
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RN be denoted by K.
Thus, given zi's, it is possible to compute boundary

hyperplanes of R and hence T g|s.

N’
Example 2.4%.1 Given 2z, = 2 z. = |9 Z, = 1 as in
— 1 7|11}’ <2 217 °3 -1

Figure 2, then N = 3, n = 2, and hence p = (nND=(3>= .

1 2 1 2 2

. 1
Flnd rl’ r l) r2’ r2, r3, r 30

Solution: Let ai = [all,alz], z, = [5] . Then from (19)

it follows that 2all + aj, = 0 i.e., aj, = -Zall.
Hence aj = [l,—2]all.

Now m = {1,2,3}, A= {1}, C.( Al) = {2,3}.

Define Wy = ni,Z, + ny3z3, with |nl2| = |n13| = 1.
Since n12[1"2] [g] = -hnlz > 0, hence ny, = -l.

Since nl3[l,—2] [}J = 3”13 > 0, hence ni3y = 1.

Therefore Wy = -2, + z3 = _[S] + [ﬂ] = [iﬂ .

_ML -2 1 _ 2 i[5, 2] x = -
Let ci—[,?, 7:]. ThenI‘l-{er .[7, 7 x 2z -1}
and I‘% = {x € E2 : [%3 %%] x < 1}.
Let aé [321,a22], z, = [g] . Then from (19) it follows

that Oa2l + 2322 =0 i.e., asy = 0, and a any number.

2l

[l,O]a2l.

=
(o]
£
=
n
1

{2}, and C(n,) = {1,3}.



Define W, = n5j2) + my323,  with |n21| = |ﬂ23| = 1.
. 2
Since ”21[1’0] [l] = 27]21 >0, =« . Moyl = 1.

Since n23[l,0] L%]

Therefore w2 = zl + z3 = [i] + [;ﬁ] = [8] .

I
3
\)
w
Vv
(@)
3
AV}
w
!
'_l

= {x € E° : [%,O]x 2 1)

and r

{x € E2 : [%,O]x < 1}.

Finally let aé = [831’332]’ and 2y = [}i] . Then from (19),

it follows that

a31 - 332 =0 i.e., a32 = a3l.

Now Ay = {3}, and C(A3) = {1,2}.
Define wy = m312) + n3yZ,s With |n3l| = |n32| = 1.
Since ”31[1’1][5] = 3n3; > 0, . nyp = 1.

since my,[1,1] [g] = 213, > 0, .+ nyp = L.

Therefore w3 = zl + 22 = {f} + [g] = [g] .

by = 111 [2] = 5.

Let cé = [% % . Then T % = {x ¢ E2 : [% %] x 2z -1}
and r § = {x € E2 : [% %] xs 1}.

It is shown now that the reachable set R is directly

=2

related to the sets T g's.
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e e _ 1 2 _ 1 2 _

Definition Let Q; = T7N Tq 0y = T5N Cos eees QK =
1 2
I‘K n I‘K.

Theorem 2.4.6 For the reachable set at time N, Ry RN =

Ql n 02 N «.. N QK’ where Qi, i=1,2,...,K are defined
above.

Proof First prove RN c Ql. Any point XN € RN can be
written as XN = iglziui, |ui| <l,1=1,2,...,N. Hence
cl Xy = g clz.u — Since Q. = rl n 2 ct z. =0 for
1 T L8 At S BN E S B

b
keC(nq)

for k € C(A 1) {n,n+l,...,N}, hence

|c! x

i *yl

1
1t ke@ay)
(29)
The last inequality of (25) follows because of Iuil <1,

i = 1,2,-.0,No B’th

1 P12 Pin
Then z cl 2z, | = z [——u ) seey Z
kee(n)) T % kee(np) ELFL Py By d 7k
1 1
= z [1’9 ’ P ]Z = K. =1 (27)
By keC(n) 12 1n % ~ B By

z.u.| s Juglley Zkl < lci Zkl°
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From (25), (26) and (27), it tollows that

|c]'_ le s 1. (28)
From (28), it follows that Xy € Ql = I‘% n I‘%. By similar
arguments it can be shown that xN € 02,...,QK. Hence

Xy € Ql n 02 N ==+ nN QK.
Next it remains to be shown that Q) N G, N ...nN QK c RN'
N
This is equivalent to show that x, = z.u, € R, implies
N o1 11 N

that  xy 4 0 N Ly N ... N Q. By definition of a vertex

V, there exists at least one support hyperplane a'x = p to

RN with v as an intersection point, and v satistfies

N
v = % zu, with |u,| =1, 1=1,2,...,N. Since R
jop i i

is
N

closed, convex, and symmetrical with respect to the origin,

therefore cy is an outward normal to R and perpendicular

N
to the hyperplane ci x = 1. By definition, Qy is construc-
N
1 _ 3 - —_
ted from ci x = l, with x = K'zilz]t{uk, |uk| =1Vke Cla i).
For those J € Ai’ ci zj = 0, hence uj can be taken as
either 1 or -1. Since there are (n-1) elements in A 10

n-1

hence ¢! x =1 actually passes through 2 vertices.

i
n-1

All of these 2 v's satisfy ci v = 1, while

c! XNSIVXNER

i The corresponding symmetrical hyper-

N.
plane is defined by ci v = -1, while ci Xy < -1\/XN € RN.
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By Theorem 2.4.5, the reachable set Ry is the convex hull

of its vertices, thus if xg £ Ry then lep x| > 1 for at
least one k. This implies that if xy £ Ry» then xy 4 Q,

for at least one k. Consequently Xy € Ql N 02 N...N QK’

This establishes the proof.
By Theorem 2.4.6, the reachable set from the origin at

time N, is described as Ql nNna,N...Nn Q,, where

N’ 2 K

and Q, = {x € E' ¢ |c! x| = 1} for i =1,2,...,K.
n- l i

Here l's are constructed from a set of (n-1) vectors in
{zl,zz,...,zN}. RN+1 is described in a similar manner, the

only difference is that for R the set is {21’22”"’ZN’

N+1

zN+l}° All the combinations of (n-1) vectors from

{zl,zz,...,zN+l} consist of two parts: one part contains

ZN+1’ the other does not. That part which does not contain

z is simply all the combinations of (n-1) vectors from

N+1
the set {zl,z2,...,zN}. The other part which contains

Zy41 corresponds to all the combinations of (n-2) vectors

from the set {Zl’z2""’zN} plus =z with a total

N+1
number of (n-1) vectors. Thus it is obvious that there

is a certain relation between the ci's of RN and those

T.'s of R The following theorem states this relation.

i N+1°
Theorem 2.4.7 If Ry has lci x| =1 as a boundary hyper-
c!
~ i _ .
plane, then Ry,, has [c} x| IT:TET x| =1 as its
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corresponding boundary hyperplane, where § = ci N+1°

Proof  Since the c¢;, for i =1,2,...,K with K s( )
are constructed in exactly similar manner, the theorem is
proved without loss of generality for the first case 1 = 1.
Thus consider c¢; and El be constructed from Z13Zr 00>

2,1+ For Ry and Ry,qi» [pll’plZ""’pln] are the same,

as demonstrated in equation (18). For RN, wy is defined
as Wy = £ My,Zs where lnlkl =1 and ”1k[Pll’pl2’
keC(ny)

""pln]zk > 0. Then define f; = [pll,pl2,...,pln]wl and

Now for RN+1’ wy = nlk Kk

_ [911 P12 pln]
kEC(A

R R

* N N+1ZN41 C W1 T N1, N+1ZN+1 where Inl,N+l| =1 and

“l,N+1["11’p12""’pln] Zy+1 > 0. Define Fl = [pll’pl.Z’”"

~

1 P11 P1» pln] ~
w which is the same as —_ —_—_—— T e ey — .
pln] l! B [ﬁl ’ l ’ ’ ﬁl l
El P11 P1p Pin
1 [ By By By ] 2
where € = c! z Therefore E = P11 P12
1 21 B (T E)” B (L+IET)”

Pln 1 . .
ceoos ﬁl T+]¢ )] = i:TET-ci. This completes the proof.

Thus in constructing the boundary hyperplanes

Ce s ‘ N
|ct x| =1 of Ryy1» 1t is only required to solve (;_2>

i
additional systems of (n-1) linear equations in (n-1)
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unknowns. All the others are constructed from those

|ci x| =1 of R, by merely a simple translation with an

N
adjustment factor of |§]| = |c} ZN+1|’ Considerable time is

reduced in using this property to construct the boundary

nyperplanes |} x| =1 of Ry, from those |cf x| =1

of RN.
2.5 Computation of the Optimal Control uﬁ

The method for constructing R was presented in

N
Section 2.4, for given zi's. For a certain point I € En,

if fe€R, and f £ R then the optimal control u* can

N N-1" N

be found. Theorem 2.5.1 establishes the optimal condition
that uﬁ satisfies. An algorithm for finding the uﬁ is
proposed.

Theorem 2.5.1 Given N > n, ZysZps 2y and f ¢ RN-RN-l'

* 1 -
If u is the value u such that ¢ uNZN € RN-l and

N

P . S ek .
y| = minimum, define fy = f - ufzy € Ry ;. Then f, is

unique and lies on the boundary of Ry-1°

Proof (1) Because |uy| > 0 for uy #0 and O for

U, = 0, its minimum is unique and at u, = 0 1if no restric-

N N
tion is imposed on Uy (see Figure 3). But since it is re-

quired that f = fo + UpZys where £ ¢ RN—RN_l and fO €

N-1° therefore uN cannot be zero. It is shown in

Figure 4 that uf is the minimum of |uN|

f = fo + uNZN' It is clear that if uﬁ is the minimum then

R

such that
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- .. . _ *
uN cannot be the minimum. For if ¢ fO + uN zN

= - x
g fO uN

Therefore u

and

z then f = fo, which is a contradiction.

N’
E is unique, and hence f, is unique.

(2) By the result of (l),|uﬁ| is the minimum dis-

tance from f to f - uNzN (in the direction of =z

Since R

By

where f - u,,z,, € R is a closed convex

N™N N-1° N-1

= - ux i
subset of E' and f £ Ry_1» hence fy =f - uf z, is on

the boundary of Ry-1-

- * x s . .
Let £ fo + uNzN, where uN is as defined in

u*
- _ N —
Theorem 2.5.1. Also let zy = uﬁzN, then f = fO + uﬁ zy
N-1
_ = . = _ n | _ —
= fO + yﬁ zN. Define RN = {XN € E @ Xy = iElziui + Z uN,
|lu;| s 1 =1,2,...,N}, then f 1is on the boundary of ﬁﬁ.

Let the boundary hyperplanes of ﬁN be specified by

|e! x| =1 and those of Ry by |c} x| = 1.

i N
Theorem 2.5.2 Let uﬁ satisfy Theorem 2.5.1, 1i.e.,
* i -
uy 1s the value Uy such that ¢ uyzy € RN-l and
_ e . . oo ok )
|uN| minimum, and f, 1is defined as fy = f - uf 2y
ux

Also let Yﬁ = TEQT, EN = uﬁ 2y and let f satisfy
N :

TIf =6, where & is either 1 or =-1. Then Ei £f>0

if and only if <! fj > 0; and similarly Ei f <0 if and

only if ¢!l fO < 0.

Proof Consider & = 1. Then Ei f =1 and Ei is the

outward normal to ﬁN' Clearly T3 is perpendicular to
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contains

the hyperplane ci x = 1. Since RN 2 RN_l and RN

the origin, hence Ei f > Ei fo.
(1) Suppose ¢! fo > 0. It is obvious that ci f> ci fO > 0.
(ii) Assume ci f =1. Since f = fo + yﬁ Zys thus
Ei (fo + Yy ZN) = 1. (29)
Because Eﬁ € Ry, thus T} Zy < 1. From (29), it follows that
T! fozl-yﬁt'i'z'N>o. (30)

The last inequality of (30) follows because |vf| = 1.

The case & = -1 <can be proved similarly by remembering
c! f <cl fy< 0. Thus the proof is completed.

Remark For a special case of the theorem when f € aRN,
then |uﬁl =1 and this theorem states: ¢! f > 0 if and
only if ci fo > 05 and similarly ci f <0 1if and only if
ci fo < 0.

Corollary 2.5.3 Let the boundary hyperplanes of RN be

specified by |c! x| =1, 1 =1,2,...,K, where K = <p§i> .

If £ eR f e€R and f. € 3R

N’ N-1° 0 N-1°

and only if ci fO > 0; and similarly ci f < 0 if and only

then ci f >0 if

if ci fo < 0.

Proof The necessary part is obvious, since fO € RN_1 g RN’

and [ € RN. Now suppose that ci f > 0, then

ci f = ci(fo + uNzN) > 0. (31)

But ci is found such that
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uyclzy = 0. (32)
Equality of (32) holds if cizN = 0. Thus it is clear from
(32) that cl fO > 0. An alternative proof is easily seen
by applying Theorems 2.4.7 and 2.5.2. The proof that
ci f < 0 if and only if ci fO < 0 can be carried out
similarly.

Corollary 2.5.4 Let the boundary hyperplanes of RN_l be

specified by |g! x| =1, 1 =1,2,...,K', where

N-
K! S<é_£> . If f € RN’ f g RN-l’ and fo € aRN-l’ then
gi f >0 1if and only if gi fo > 0; similarly gi f <O
if and only if gi fO < 0.
Proof Only the first half and the sufficient part is proved.

Suppose gi f > 1> 0, then there exists a corresponding

boundary hyperplane ci x =1 of R such that ci f >0,

N
€4 L ; '
where ¢y = I:TEEEET by Theorem 2.4%.7. Since i f >0,
it is clear that cl fO > 0 Dby Corollary 2.5.3. Consequently
gi fo > 0.

By applying Theorem 2.5.2 and Corollaries 2.5.3 and
2.5.4%, the unique uﬁ satisfying Theorem 2.5.1 can be
found by the following

Algorithm for Computing uj Let f € Ry but f 4 Ry_1-

Assume that the boundary hyperplanes of RN_l are specified
by |eg} x| =1, 1=1,2,...,K', where K S(g:l) . Since

by the assumption that f ¢ Ry_1» then lg! £] > 1 for at
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least one 1i. It is desired to find that g for which

gi(f'-uNzN) =8 =+ 1 and further (f-—uNzN) € aRN_l, or
equivalently

g £ =06 + (glzpduy. (33)
From (33), Uy is given as

g!f - 8 L

uNZ'(?z—N)—. (3)
If this Uy satisfies (f - uy N) € aRN_l, then it is uﬁ.
Proof of the Algorithm Since [ = fo + uNzN, thus

g] T =gi(fy + uyzy) = gf £y + uyleizy). (35)

If g/ £>1>0, then g! f, > 0 Dby Corollary 2.9.4%. Take

0
gifo = 1. Since fO is required to be on the boundary
hyperplane gi x =1 of RN—l’ thus

g} T =1+ u(glzy) =1+ o. (35")

From (359, it yields

Uy S Telzy) (30)
Similarly, if gi f < -1 < 0, then gi fO < 0. Thus
g} £ = -1+ ug(gizy) = -1+ o', (37)
From (37) then
- e
Uy = (glzy) ° (38)

After having found Uy by either (36) or (38), it can be

checked whether (f - Uy ) € 3R If indeed

N-1°
(I‘-uNzN) € d9Ry_,» then this wuy is wuf, the optimal
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solution. On the other hand, if (f -uyzy) € 3Ry_;, then
other g;'s have to be considered for which Igi fl > 1,

until this unique uX* 1is found such that (f-—uﬁzN) € 3R

N N-1°

Theorem 2.5.5 If uﬁ satisfies Theorem 2.5.1, then

i
Xy = kEluKzK € aRi, i=2,3,...,N-1, with xl € Rl and
XN € aRN.

Proof By Theorem 2.5.1, f, € 9Ry_y. Clearly £, =x

Suppose for some i # 1 such that X3 4 3R, .

N-1

€ 3Ry ;-

Then either x, 4 R, or x;

i is an interior point of R; -

x; £ Ry 1is not possible. If x; 1is an interior point of

R then x.,. 1s an interior point of Ri+ J = 125600,

i’ i+ J’

N-i-l. In particular, xN—l is an interior point of

R This is a contradiction to XN-1 € 9Ry_q+ Therefore

N-1°

fOI‘ i = 2,3,0.-,N-l, X

i € aRi, and XN € aRN. For all

i = 2,3’000,N_l, X.

i € 9Ry, it is not required that

X, € 3Ry Actually, 3R, is simply the set {zl, -zl}.
As Figure 5 shows, X, € 3R, without Xy being on the

boundary of Ry



CHAPTER 3 TIME-OPTIMAL CONTROL PROBLEM

3.1 Statement of Time-Optimal Control Problem

Given the linear system ;f; as described in Section
2.2, and a desired target point d € En, da' = (dl’dZ""’
dn), find the smallest integer N and an admissible

control sequence Uy = [ul,u2,...,uN] such that d € Ry

i.e.,
ulzil + u2zi2 + e + uNZiN = di, 1 = 1,2, LI o’n (l)
|uj| s l, j = 1,2’000,N (2)
where di is the ith element of d, and Zij is the
itn element of z..

J
Observe that equation (1) can be rewritten in several

equivalent forms:

Ziuy + ZoUy + ttttc o+ zpug = d, (3)
210 215 ++- Zpy| [wq] dq
Zoy 253 ccc Zon| M2 ds
. o - . s (!+)
_an Zn2 oo o an\l_ LUN- -dn-
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Zu-=4d, (5)

where Z = (21’22""’ZN) is an (nxN) constant matrix.
It can be shown [D4, H6, K1] that for unstable systems,

a solution exists for (1) and (2) while for stable systems,

a solution exists for very limited casés.

EEConsider the last n columns of the matrix Z. Then
it c;n be asserted tﬁat : 1. The last n columns of 2
are linearly independent, and thus form a basis for the n-
diﬁensional state space. 2. The matrix §N becomes un-
bounded when N - «» for an unstable system.

From the preceding two statements, it is a simple
matter to conclude that an unstable system witharbitrary
constraints can always be steered to any desired terminal
state d, | d|| < e, by choosing as control policy zero
controls for the first N-n memters and some appropriate
control signals for the last n members for N sufficiently
large. On the other hand, only a sufficiently small region
around the origin can be reached by a stable system starting

from the origin.

3.2 Solution Properties and Computing Algorithm for Time-
~Optimal Control Problem
Because a direct method to find the minimum control

time required is not avallable, a systematic iterative
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process is employed. To ensure that the N found is the

smallest integer such that d € R N 1is set initially to

N’
1. The computer algorithm for the time-optimal control
problem proceeds in four phases as is illustrated by Figure 6.
Phase 1. For N s n, does 2Zu =d for some (Nx1l) vector
u?

Let N =1, does 2Zu =d for some (Nx1l) vector u?
If the answer is in the affirmative, Phase 2 is started. If
the answer is in the negative, set N = 2 and Phase 1 is
repeated. This process is carried out iteratively for
Nsn. If N=n and d ¢ Ry» then set N =n + 1, and
Phase 3 is initiated. 1In Phase 1, the minimal integer N
has to be found for which (5) is satisfied. To see whether
there is a solution for Zu = d, Theorem 2.1.7 can be employed.

Let L denote the product of the elementary matrices that

convert Z to an echelon metrix

=
—~
N
Q.
~
|
|
|
I
]
|
|
I
|

S N

If L2d # 0, then there is no solution for u i=1,2,...,

i’
N such that (5) 1is satisfied. 1In this case, N 1is

increased by 1 and Phase 1 computations are carried out
repeatedly. If L2d #0 for N=1,2,...,n, then N is

set equal to n + 1 and the calculations are done in
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Phase 3. If for some N s n, L,d = 0, then Phase 2 calcula-
tions are performed to find the unique ui's for which (&)
is satisfied.
Phase 2. Compute u = le, is u admissible?
If the control sequence u = L,d found is admissible,
then the time-optimal control problem is solved and the

-
unique optimal control is wu, = u. However, if u 1is not

N
admissible, then Phase 3 1s started.

Following the assumption that the system ot: is

completely controllable, the N vectors z; = @l_lb, i=1,

25.++3N s n are linearly independent. Therefore it is
obvious that the control sequence is unique and is given by
C-lle = le, where the ith component of le corresponds
to u; . Now it is clear whether this control sequence is
admissible. Suppose the control sequence is not admissible,
then the desired state d cannot be reached in less than or
equal to n sampling periods, as the following Lemma 3.2.1

shows. Thus Phase 3 has to be considered.

Lemma 3.2.1 Let d ¢ En, and ul"zl + u2"22 + eee + uk"zk.= d

With k s n. Then there exist no ui's satisfying

Up2g + UpZp + 700 W2y W g2y bttt 02y = dy
where u;" £ u; for i =1,2,...,k.
Proof Assume the converse is true. Then

ujyz, + ugz, + -0 +ulz = d (7)
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and u;zp + Us25 + *cc + U, 2 + U 12K+1 + e + u, 2, = d.
(8)
Subtract (7) from (8), then
(up-uf)zy + eoe + (Mo + W 929 *+ 00+ Wz, = 0.
(9)
Since 2132550052, are linearly independent, hence
u; = uf, u, = ug, ceey uk = uﬁ, and uk+l = 0y ooy u, = 0.
This completes the proof.
-1

Remark: For N = n, Z has an inverse. Thus u = Z d

can be obtained directly and checked whether it is admissible.
It has been established in either Phase 1 or Phase 2

that N s n 1s not the minimal time. The calculations to

find the minimal time N and the corresponding optimal

control for N > n are considered in Phases 3 and 4. For

the case when N > n, it has been shown [H6] that there

exists either a unique or an infinity of control sequences

to the time-optimal control problem. The calculations in

Phase 3 will indicate whether the control sequence 1is

unique or not.

Phase 3. For N > n, is d € RN?
By Theorem 2.4.6, Ry = 04 5 N K

d £ Ry if and only if d 4 Q;, for at least one 1, where

n Q oo N Q Thus
l1s1isK. Since Q; = {x¢ ET : Ici x| s 1}, to find

whether d £ Q;, or equivalently d £ Ry» it is only
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necessary to check whether |cj d| > 1 for some 1. If
da £ Ry, then N is increased by 1, and check whether
a € RN’ etc. The procedure can be continued up to a certain

N, such that d € Ry. If d ¢ Ry» this algorithm will indi-

N.
cate whether the control sequence is unique. As is shown in

Theorem 3.2.2, any point d € 3R, with N > n corresponds

N
to a unique optimal contrcl sequence. Thus if d € Ry» and
ir |c5d| =1 for at least one J, then d € 3Ry, and the
optimal control sequence is unique. If d € Ry, and the
solution for control is not unique, then Phase 4 has to be
started.

a

u

Phase 4. Find y for which |uy| = minimum, and the

x
algorithm terminates.
When an infinity of control sequences exists, it is
desirable to choose, among those which satisfy the minimum-
time, a unique control sequence which also minimizes luNI,
vhere uy = u(0) 1is the first member of the control

sequence. In a more compact form the problem can be

"stated as ¢

to rina min {|uyll, | (10)
juglsl
where d==d0 + UpzZy, do € RN-i
Minimization of (10) can be obtained by directly applying

Theorem 2.5.1; the solution is unique as is shown in
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. Theorem 3.2.4. ﬁet f =d, and f. = do, then f_ € 3R

0] 0 N-1°
As proved- below in Theorem 3.2.2, fo € aRN_l has a unique
control sequence, and thus the time-optimal control problem

is completely solved.

Theorem 3.2.2 For a linear normal system a point

T e §RN corresponds to a unique control sequence

-
uy = [ul,u2,...,uN]..

Proof Suppose f 1is on the hyperplane ci x=1, i.e.,
ci f =1. From the way 4 is constructed, there are n-1

vectors 2y j € CL(Ai), such that c:!Lzj = 0; and there

are N-n vectors z , m € A;, such that cjz # 0. For

those z with clzg £ 0, the corresponding control is such

that |u | = 1. and uciz > 0. Therefore these N-n
controls with magnitude unity are determined and unique.

On the other hand, when cizj =0, Je€ (:(Ai), these

controls uj are not specified. However, any set of n

vectors from (zl,z2,...,zN} forms a linearly independent
set in E®. 1In particular, zj, J e (i(Ai), is a linearly

independent set. Since ¥ zu =d, thus

z z.u, +
je€ry) 39 mea ™

=d - r zu. (ll)

¥ zZ.u,
jeCay) VY meAy T
Solution of (11), i.e., determination of Uy j € (3(A1)
is guaranteed by the linear independence of Zj5 j e C(Ai),
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and the solution 1s unique. Therefore it is concluded that
corresponding to a point on the boundary of RN’ the control
sequence is unique and has at most (n-1) members with
magnitude less than unity.
Corollar 2. A point T € aRk’ k = N-1, N-2, ..., n+l,
corresponds to a unique control seugence ﬁk = [ul,uz,...,uk].

Theorem 3.2.4 The solution to (10) is unique.

Proof Two different situations will be considered.

(1) Wnen d = f € 3Ry.

This i1s proved in Theorem 3.2.2.
and d =f ¢gR

(ii) When d = f € d3R,, but d = f € R

N’ N N-1°

Minimization of (10) is obtained by applying Theorem

2.5.1. Since the minimal Uy uﬁ is unique for (10), then

%k = * =
0 + uN zN do + uN ZN’ where do fo € aRN_l.

By Corollary 3.2.3, the optimal control sequence is unique.

d=f=1

This completes the proof.



CHAPTER % TERMINAL-ERROR REGULATOR PROBLEM

h.1 Statement of Terminal-Error Regulator Problem

The system considered is the one described in Sec-
tion 2.2. It is desired to determine a control sequence
ﬁﬁ = [ul,uz,...,uN], |ui‘ <1, 1 =1 s N, such that the
scalar quantity

P = (d-x)'Q (d-xp) (1)

is minimum, where d 1is the desired terminal state of
the system, Q 1s an (nxn) positive definite metrix, and
the terminal time N 1s given in advance. It is well
known [01] that any positive definite matrix can be decom-
posed into the product of the transpose of some (nxn)
matrix W and itself, i.e., Q = W'W. By a change of

variable, w = Wx, P becomes

P

(wd._wN) ' (wd_wN) ’ (2)

where Wy = wd and wy = WXN. Consequently, it is clear

from (2) that no loss of generality will occur if the
original matrix Q in (1) 1is assumed to be the identity

matrix Un' Since the reachable set RN is compact, it

is clear that there exists a unique point x such that

N
(1) is minimum. However, there may be several control

46
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sequences which generate Xy The solution properties and
computing algorithms for generating XN and some 3ﬁ are
considered separately depending upon whether n > N or
n s N.
L.2 Solution Properties and Computing Algorithm for the

Terminal-Error Regulator Problem; n > N

It is shown that the terminal-error regulator optimal
control sequence must exist and is unique. Moreover, the
procedures for finding the optimal control sequence are
described thoroughly.

Given the terminal time N, let Z Dbe defined as
Z = (zl,zz,...,zN), an (nxN) matrix whose columns con-
sist of Z)s2Z5s e es2ye By the controllability assumption
of the system ;f, , the vectors zl,z2,...,zN with
N s n are linearly independent, and therefore r(Z) = N.
From Theorem 2.1.4, Z'Z 1is non-singular and its inverse
exists. Let G = Z(Z'Z)-lZ‘. For any vector d € EY, the

vector Gd 1s a projection of d on A which is the

N’
subspace spanned by zl,z2,...,zN. These results follow.

from Theorem 2.15 and Theorem 2.1.6. Cases Gd € RN and

Gd £ RN are considered separately.

Case 1. If Gd € R then the optimal control

N,
sequence is unique. This is a consequence of the remark

following Theorem 2.1.7.
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Case 2. If Gd £ RN’ the optimal control sequence is

also unique, and a point € RN can be found such that

12

p'e
N
Hd-xNH2 is minimum. Since Hd-xNH2 = Hd-GdH2 + HGd-xN

’

where Ild-GdII2 is a fixed number for given G and d, thus

2

Gd-x is minimum implies that |/d-x 2 is minimum.
N

N

The problem then becomes finding a point Xy € RN such

that || Gd-x is minimum.

Wl

As has been described, for both cases Gd € R and

N
Gd £ RN the optimal control sequence 1s unique. The
procedures for finding the optimal control sequence are
presented now.

Given the terminal time N =< n, and the desired
terminal state d, then 2Z = (21’22""’ZN) and
G = 2(2'2)"1z' are well-defined. To check whether

Gd € R or not, Theorem 2.1.7 1is employed. Apply elemen-

N
tary transformations to convert (Z,Gd) to an echelon

matrix, then

L(Z,6d) = |===1-==| = |-=—== : (3)

It L2Gd =0 in (3), then Gd € R Also C = le = U.

N.
The unique optimal control sequence is given by

(le)_lLlGd = C_lLlGd = L,Gd, where the ith component of

LlGd is ui, i=1,2y...,N. On the other hand, if
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L,Gd # 0, then Gd £ Ry- In this case, a different approach
is taken to implement the optimal control sequence by using
Gram-Schmidt orthogonalization process. As a consequence,
the problem becomes an equivalent one where the dimension
n is reduced to N.

Since zl,22,...,zN are linearly independent, they
can be converted into an orthogonal set in E' as is
illustrated in the following:

('21 R !
2, =~ 2z, =

0T 2p T 8ppZp *a512y .
~ ~ ~ (%)
Z3 = 833Z3 * 83575 * A37)

l

L.ZN T %y ToAn,NAN toen,N-1%n-1 7T T ay,e%e
ay, 1217
where 31’52""’EN are mutually orthogonal. Clearly,

other orthogonal sets are also available but will not affect

later computations.

From (4) it follows directly that
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451 ~ 1 ~
2y = ——— 2, + — 2
2 a22 1 oo 2
831, %324 1 4
7. = - Z, - Z., + z (%)
3 a3z 1 oaz3 2 a3y 3

a a a
ZN :"aN - El - aN . E2 T T ag,ﬁ-l EN—l + a]- Zn'
4 N,N N,N ’ N,N

Observe that 31,32,...,3 is a basis for the subspace

N
spanned by 21’22""’ZN’ If 21’22""’ZN are expressed

as linear combinations of 31,32,...,3 as in (5), then the

N
coefficient matrix is [yl,yz,...,yN]', where

in = (1’0’0--,0)

a
21 1
y' = (- ’ ’ O, e e oy O)
2 asp 2pp
ﬁ y (6)
o= (- aNll, e\ 0Y- ) aN,N-l, 1y,
- b L ]
NN an, N 2N,N AN,N 3N,N

Using the correspondence between z5 and Yi» i=1,2,...,N,

then the reachable set at time N from the origin, namely,

R

| ™M =

= {XN e E" : x, =

N ZiUy, luil <1, i=1,2,...,N},

N i

i=1

(7)



can be converted to

ntM=

~ _ ~ N B ~ _
RN = {XN € E : Xy =

i=1

(8)
Now a similar expression can be found for Gd. Applying
Theorem 2.1.5,

6d = 2(2'2) 7120 = (2),2,,.0052)(2'2) T20d

= dlzl + d222 + e + szN’ (9)
.th

where Ei = the 1 component of (Z'Z)-lZ’d. After some
simple algebraic manipulations, Gd can be shown to corres-

pond to
Yq = djyy + diy, + o0 4 dﬁyN. (10)

Note that the dimension of yi's in (6) is N. Then the

problem becomes: given M CIEEEEN AT and the terminal

€ R

state y4, find a point X and the corresponding

N N
control sequence such that |y, - ian = minimum. This
equivalent problem has n = N and thus can be solved by the
procedure of the next section.
4.3 Solution Properties and Computing Algorithm for the
Terminal-Error Regulator Problem; n s N
Now the case when n s N 1s considered. In the case
where the desired terminal state d 1lies outside the
reachable set RN at time N, then the optimal control

sequence is unique and P > O. When the desired terminal

it is clear that x

state d 1is an element of R N

N’ = d,

YiUss luil <1, i=1,2,...,N}.
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P = 0, and the optimal control sequence is, in general, not
unique.
Case 1. P = 0.
The determination of the smallest m such that d € Rm

and d € R is the time-optimal control problem which can

m-1
be solved by the algorithm in Section 3.2. Therefore an

effective procedure for the terminal-error regulator problem
with n s N can begin by using the algorithm of Section 3.2
Subject to m s N. If d ¢ Ry» then P > 0 and Case 2 is

used. If d € R then P = 0 and the time-optimal solu-

N’
tion m satisfies m < N. If m = N, then the time-optimal

=

-
control sequence u, equals Uy the terminal-error regula-

-
tor optimal control sequence. If m < N, then uy =

[ul,uz,...,um,0,0,...,O], i.e., the last (N-m) members of

-

u are zero.
N

Case 2. P > 0.
Clearly P > 0 if and only if d £ Ry- Since d £ Ry

N € @Ry has to be found such that Hd-xNH2

is minimum. From Theorem 2.4.6, RN = Ql N 02 N =+ N QK’

and thus the boundary of RN is contained in the hyper-

a unique point x

plane specified by ci x=%6,1=1,2,...,K where & = +1

and K s (nql). Obviously, Xy is an extreme point (i.e.,

vertex) of R or is contained in the intersection of at

N
most (n-1) hyperplanes: ci X = 6. The problem of finding
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Xy € Ry such that Hd-xNH2 is minimum can be solved in three

parts.

N

1. Verification of vertex of RN

Recall that v 1is a vertex of RN if 1) v = a

1

n M=

& G524

1

|ai| =1, 1=1,2,...,N and 1ii) there exists at least

one support hyperplane to RN with v as an intersection

point. By Theorem 2.4.6 \/ X € Ry it is true that

ey x| =1, 1 =1,2,...,K, where K % (nfl) and ¢! x =8

are the boundary hyperplanes as defined previously in
Section 2.4. It is obvious that if v = .g a;z; satisfies
i) and lcj vl =1 for some j, then v i;_i vertex of RN.
2. Determination of a closest vertex of RN to d

The procedure described below permits finding one of the

closest vertices of R to d. It can be observed that

N
there may be several different vertices of RN with the
N
smallest equal distance to d. Let v(l) = X ai(l)zi be
i=1

any vertex of RN. By changing signs of some of the con-

~ N _
trols ai(l), a new vertex v(l) = T ai(l)zi can be found.
i=1
Compute Ild-v(l)n2 and HdJV(l)Hz. If Hd-v(l)n2 <

“d_v(l)HZ (2) _ v(l); if Hd_v(l)H2 > “d_v(l)HZ’

» then set v
then set v%) =%1) . nus it is clear that

Hd-v(l)n2 2 Hd-v(z)nz. In a similar manner
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.es.y etc. can be found and they satisfy

;(2);v(3)’7(3)’v(4)’
Hd-v(z)ll2 2 nd-v(3)u2 2 Hd-v(h)n2 2 ..., etc. Since vertices

of RN are finite in number, it is evident that the process
will terminate in a finite number of steps and determine one

of the closest vertices of R to d.

N
3. Determination of the optimal u;'s satisfying luil <1

Observe that the point x, € R, satisfying Hd-xNH2 =

N N
minimum is contained in a zero-dimensional face (i.e.,

vertex), one-dimensional face (i.e., edge), two-dimensional

face, ..., or . (n-l)-dimensional face of R Consider

N.
Fd = d-v, where v 1is determined in part 2). Let

= H = H $2:) > .
I ={J: (Fyray25) < 0} = {J (V’aaza) (d,ay2z5)}. The
following theorem is useful in identifying which members of
the control sequence obtained in part 2) can be modified to

yield smaller length of d-x for some X € RN.

Theorem 4.3.1 Let v = T ajz;, laj| =1 be a vertex of
i=1

RN which is one of the closest to d. Let d be the
desired terminal target point and d é-RN. If there is a k

such that (d-v,akzk) < 0, then there exists a point x € RN

such that [d-x| < [[d-v]|.
. N _ N
Proof Let x = I a;2z; + a2, Where q_ P4 a - Then the

i=1
iAk

squared lengths of d-v and d-x can be computed:
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N
- Z(d’akzk) - 2(dy, £ a:2.)

N
la-vl|® = Jjall® + | ozl

llll
17k ik
> N
+ lagz I + 2(ay 2y, (B 81%3) (11)
ik
N
lla-xll® = Yl ® + | z Jaszl® - 20Tz - 2, E Gyny)
i#k 1%k
- 2. .. X
* Iz ™ + 262 T ay2y). (12)
iZk

To compare ||d-v||2 and nd—xHZ, their difference is taken:

la-vll® - lla-xlI® = llaz,l® - 15, 2,012
N
+ 2(ak2k - Ekzk, Elalzl - d) (13)
i

12K

”akzk“2 - Hakzkﬂz

+ 2(a v-d - (14)

K%k T %%k’ Ay ) -
Equation (14) can be examined more closely by assigning
either ay = +1 or a = -1. Consider ap = +l. It is

clear that x ¢ RN if =1l-¢, 0 < e s 2. If this value

Ek
is substituted for Ek in (1%), then

la-viiZ - Jda-x|I? = 2(z,, v-d) - ¢ |z, (15)

Since (zk, v-d) >0 by hypothesis, there always exists an
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€ such that Hd—xH2 < Hd-vnz. Clearly Ek € [-1,1). For
a = -1, it is also true that there exists at least one
Ek € (-1,1] such that Hd-xH2 < nd-vn2. This completes the
proof.
As demonstrated in Figure 7, Ek can be taken to be
xak, O< A <1, to improve the minimum squared length of F<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>