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ABSTRACT
SAMPLED-DATA CONTROL OF SYSTEMS
WITH SLOW AND FAST MODES
By
Bakhtiar Litkouhi

The class of linear time-invariant singularly perturbed discrete-time
systems is considered. Different sources and typical representations of this
class of systems is surveyed. The infinite-time optimal regulator problem and
the asymptotic behavior of the resulting algebraic Riccati equations, as the
perturbation parameter tends to zero, are studied. It is shown that,
analogous to the continuous-time case, a near-optiomal solution can be
obtained by applying slow-fast decompositions. An iterative technique for
solving the full algebraic Riccati equation which uses the so]utidn of slow
and fast modes is introduced. This technique has a high degree of convergence
and alleviates the curse of dimensionality by eliminating the stiffness and
reducing the order of the system.

Furthermore, feedback stabilization and control of this class of systems
is considered. The two-time-scale nature of the system is exploited to
decompose the design problem into two lower-order design problems. Moreover,
we address the important issue of "multirate measurements" or "multirate
sampling.” Composite control strategies are developed for the case of
single-rate measurements as well as for the case of multirate measurements.
Stability results and closeness of trajectories are shown under the

application of these composite controls.



Our findings are applied to the deterministic model of the longitudinal
motions of an F-8 aircraft and simulation results supporting the theory are

presented.
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CHAPTER 1
INTRODUCTION

Simplification of mathematical models for many physical and
engineering problems is a common practice of control engineers. In anal-
ysis and design of large scale control systems the need for such simpli-
fications emerge quite naturally.

Methods of reduced-order modeling and control have received a

great deal of attention in recent years. Of these methods, aggregation
(Aoki, 197831, and singular perturbation [Kokotovic et al., 19761, seem
to be the most well-known. A typical simplification is to neglect some
small "parasitics" as time constants, moment of inertia, masses, capacitanges
and inductances. Neglecting these small parasitics alleviates the "curse
of dimensionality" by lowering the model order and exclusion of the fast
states which result in "stiff" models. Approximated models using exclusion
of fast states, as in aggregation, may result in an unstable system or
a system which is far from its desired optimum. Singular perturbation
technique improves this approximation by reintroducing the fast states
as a "boundary layer" correction calculated in a separate time scale.
An important characteristic of singularly perturbed models is that the
structure of the system remains the same for time-varying and nonlinear
systems. This is established by a fundamental theorem by Tihonov [1952].

The singular perturbation approach is not only helpful in design

procedures but is a powerful tool for analytical investigations of the



properties of the system as behavior of optimal controls near singular
arcs, stabilizability, systems robustness, etc.

The singular perturbation method has attained a certain maturity
in continuous-time control systems [Kokotovic et al. 1976]. The multiple-
time-scale property of these systems has been used in deriving the reduced-
order models which have been employed in approximation of some desired
objectives of the original high-order "stiff" models. More specifically,
the analysis and control design of linear time-invariant continuous-time
singularly perturbed systems has been well documented [Chow and Kokotovic,
1976, a.b.].

In spite of increasing flow of research directed in the area
of singular perturbation theory, many questions are still open as was
discussed in [Kokotovic et al. 19763].

One area where on-going research is still in its earlier stages
is singularly perturbed difference equations. Hoppensteadt and Miranker
(19777 developed a multitime method for difference equations. Phillips
[1980] considered the singularly perturbed discrete systems in state
variable form and reduced-order models were obtained without considering
the initial value lost in the process of order reduction. Blankenship
{1980] developed a method of matched asymptotic expansion for a class
of singularly perturbed difference equations arising in optimal control
problems. Also, different applications of singular perturbation ideas
to discrete systems have been investigated by Mahmoud [1982], Naidu and
Rao [1981, a,b], Rajagopalan and Naidu [1980], and Sycros and Sannuti
[19831].



The objective of this dissertation is to investigate some open
problems for the class of linear time-invariant singularly perturbed
difference equations and employ the structural properties of singularly
perturbed systems to acheive the approximate control design for such

systems. The organization of the dissertation is as follows:

In Chapter 2, the continuous-time singularly perturbed systems
are, briefly, introduced and a decoupling transformation to separate
the slow and fast modes which is applicable to both continuous and discrete
systems is studied.

A historical review of singularly perturbed difference equations
is performed in Section 2.3 which discusses different model representations
and some structural properties of this class of systems. In Section 2.4
different sources of singularly perturbed difference equations are invest-
igated. In the last section of this chapter, Section 2.5, we introduce
a useful stability criterion for the class of linear discrete-time systems.
Also, an initial value problem, in which solutions of slow and fast problems
are used to approximate the solution of the full problem, is investigated.

Chapter 3 deals with the problem of Infinite-Time Optimal
Regulators for singularly perturbed difference equations. First, a related
background is provided to familiarize the reader with the problem and our
motivation. Asymptotic behavior of the optimal solution of linear quad-
ratic regulators is investigated. Conditions for independent design of
slow and fast subsystems is studied. A composite feedback control law,
which employs the slow and fast controls, is formed and applied to the

original system which results in a near-optimal solution.



Also, an iterative technique for solving the discrete-time stiff
Riccati equation is presented. This technique, by using the slow and
fast subsystems, overcomes the ill-conditioning and provides a fast
convergence. An illustrative example which supports the theory is given
at the end of this chapter.

Chapter 4 discusses the stabilizability of singularly perturbed
difference equations, in view of multirate measurements of the state
variables, using a composite feedback control law.

Different design procedures for forming a stabilizing composite
feedback control are investigated in this chapter,and it is shown that
the application of such control laws results in asymptotic stability of
the closed-loop systems and closeness of the trajectories to those pre-
dicted by slow and fast subsystems. Two different time-scales, slow and

fast, are introduced. The fast-time-scale has a period 1, while the slow-

\
K

m|—

time-scale has a period N = [%J (N is an integer such that ‘% -1 < N<
The composite feedback control law is formed by using the

stabilizing feedback controls of slow and fast subsystems when

i) Both evolve in the fast-time-scale n and their measurements are

available for al1 n (single rate), n =0,1,2, ...N,... .

ii) The measurements of slow states are available only at slow-time
intervals, but the measurements of fast states are available for
all n. In this case we have a multirate measurements and slow and
fast controls are designed independently, "Parallel Design". Also,
the values for slow states for n # é-, K=20,1,2,... are predicted

using their values at the beginning of the slow periods.



iii) There is a multirate measurement scheme but a pre-conditioning
feedback gain which stabilizes the fast states is designed first
and based on this gain the slow subsystem is designed, "Sequential
Design".

Finally, a numerical example for parallel design illustrates our
claims.

Chapter 5 is devoted to the numerical solutions of a more
realistic physical model. We have considered the deterministic model of
an F-8 aircraft with four state variables, two of which are slow states
(incremental velocity, pitch angle) and the other two are fast states
(angle of attack, pitch rate). Our claims about the near-optimality of
infinite-optimal regulator, iterative technique and multirate stabiliz-

ation is confirmed using this model.

Chapter 6 is the conclusion which precedes the list of the

programs used in solving our numerical examples and application.



CHAPTER 2

STRUCTURAL PROPERTIES AND MCCELING OF TWO-TIiiE-SCALE
DISCRETE-TIME SYSTEMS

2.1 Introduction

The main objective of this chapter is to familiarize the reader
with two-time-scale 1inear time-invariant discrete-time systems and their
structural properties. Also different sources of such systems are dis-
cussed.

In Section 2.2 continuous-time singularly perturbed systems are,
briefly, discussed and an important decoupling transformation for
separating the slow and fast modes of such systems is introduced. Con-
ditions for existence of this decoupling transformation, which could
be appiied to both continuous and discrete systems, are given.

Section 2.3 introduces the two-time-scale time-invariant discrete
systems. A historical review, which includes different model representa-
tions of this class of systems, describes some structural properties as
pole clustering, and contains different methods for accomplishing slow-fast
decomposition. This, hopefully, provides the reader with a better
understanding of the subject.

In Section 2.4 different sources of singularly perturbed dif-
ference equations are investigated.

Finally, in Section 2.5, a useful stability criterion for dis-
crete-time systems is introduced. An initial value problem is discussed

which reveals an 0(€) approximation between solution of the slow system



represented by differential equations and the one obtained from difference
equations. Also approximation of the full states using slow and fast
states is investigated.

2.2. Continuous-Time Singularly Perturbed Systems and Decoupling Trans-
formation.

Control systems possessing slow and fast phenomena are frequent
in applications. A linear continuous-time invariant model of such systems

is
x(t) = A]]x(t) + Alzz(t) + Byu(t), x(0) = Xg (2.1a)

€ z(t) = Aypx(t) + Ajnz(t) + Byu(t), 2(0) = z (2.1b)

0

where the state vector comprises the M, - and m,= dimensional vectors
x and z, the control u 1is an r-dimentional vector and € is a small
positive parameter representing small time constants. A1l matrices have
compatible dimensions. Slow and fast modes correspond to small and large
eigenvalues, respectively.

For € =0 in (2.1) the order (m] + m2) of the system reduces

to m, that is (2.1) reduces to

Y=A”§+Am5+%5 , (2.2a)
0= Az]x + A222 + Bzu, (2.2b)
where bar indicates that € is set to zero. If A22 is invertible,
then
- -1 - 1. -
z =-A, A x -A . B,u, (2.3)

22 21 2272



yielding the reduced model

X = Agx + Bou , (2.4)
where
) -1
Ao = Ay = Aghgohs
B. =B, - A ALl
R B Ve YL

The use of € = 0 1is formal since then

could be unbounded. That is why systems presented in the form (2.1)
are called "singularly Perturbed Systems."

Unless Xg and Zg are such that z(0) = Zg» the boundary

condition z(0) = z, will not be met by the approximation (singular
perturbation) (2.2).

If quantities on the right hand side of (2.1) are of the same
magnitude, z will be of the magnitude g—i. For this reason z is considered
a "fast" state and (2.4) which neglects the fast dynamics is considered
as "slow" system.

System (2.1) is said to possess a two-time scale property if it

has m small eigenvalues of magnitude 0(1) and m, large eigenvalues

of magnitude 0(%). Singular perturbation exploits this property of

the system to approximate it with two lower order, slow and fast, sub-
systems. The approximate slow subsystem is justified by considering that

in an asymptotically stable system the fast modes co}responding to large



eigenvalues are important only during a short initial period and after
this period the behavior of the system could be represented by its slow
modes. Neglecting these fast modes is equivalent to assuming that they
are infinitely fast, that is pushing € -~ 0 in (2.1). [Chow and Kokotovic,
1976]. A fast subsystem is derived by assuming that the slow variables

are constant during the fast transients. Now subtracting (2.2 b) from

(2.1 b) yields

€ x, = A,,x. + B,u

£ = RogXe * Byups x5(0) = 2

where
-2 and uf =u - u.

To separate the slow and fast modes of the singularly perturbed
system (2.1) a state transformation due to Chang [1972] is used which
completely decomposes the system (2.1) into slow and fast modes by trans-

forming it into a block diagonalized system as in (2.6)

o ( SO
" Ay + 0(€) 0 |

€0y | 0 Ayy O(t)|tn2j . By + 0(€) |

From (2.6) it is obvious that as & - 0, the first m eigen-
values of the original system (2.1) tend to the eigenvalues of the reduced

system (2.4), while the remaining m, eigenvalues tend to infinity as the

. A2
eigenvalues of —=

Let these eigenvalues be divided into two distinct sets which

are arranged in increasing order



[xg 1/lag | << 1. (2.7)

A schematic representation of (2.7) is shown in Figure 2.1 where the

shaded areas indicate the locations for slow and fast eigenvalues.

A Im

Y

o/ /;/,//
/h ‘:,‘3;‘-0(1-)_ // L
, /i:::::/ slow P

TN

N

r
fast

N

Figure 2.1.

If the system % = AX satisfies condition (2.7), then it
possesses a two-time-scale property.

The decoupling transformation is a useful tool in decomposing



11

the singularly perturbed systems into slow and fast parts and could be
applied to both continuous and discrete systems. A more general case

of block-diagonalization of ill1-conditioned systems is presented by
Kokotovic [1975] which considers systems not necessarily in singularly
perturbed form. Due to importance of this transformation throughout our
present work, we give a brief explanation of the latter work.

Consider the following free system

where x and z are m, - and mz-dimensional state vectors.

Let np =zt Lx , (2.9)
where L is a real root of
A

If L exists, then substitution of (2.9) into (2.8) yields the block

triangular form

(2.11)

—_
3
n
——
"
——
o
@
N
——
3
[20]
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where
By = Ay - Al (2.
B, = A22 + LA]Z' (2
If A22 is invertible,let
_ p-] -
Lo = Axghay » Ag = Ay - Apgly. (2.
Now L is sought in the form
L= L0 + D, (2.
where D 1is a real root of
DA0 - (A22 + L0A12)D - DA]ZD + LOA0 = 0. (2.

It is proved by Kokotovic {1975] that a unique real root of (2.16)

exists satisfying

ALl Ll
<lof ¢ 20— (2
if the following condition on matrix norms is met
A < T iadl + kAl g
22li f§ | Ol 1R121 Loi) , (2-

where || | is assumed to be a 2-norm.

12)

.13)

14)

15)

16)

.17)

18)

He also proves that D 1in (2.16) is an asymptotically stable

equilibrium of the difference equation
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D -L,A

_ a1 -
ka1 = Azz (LoAg*DiRgLoAyaDy-DyAyaDy ) = F(Dy) . (2.19)
Furthermore, using the change of variable
npo= X - Mn2 . (2.20)

where M is a real root of

B,M - MB, + A, =0, (2.21)
and substitution into (2.10) yields
L] r
]= (2.22)
e
Ly O B n;

It is proved that under the conditon (2.18) the solution M of (2.21)

is the asymptotically stable equilibrium of the linear difference equation

_. -1

MK+1 = [(A]] A]ZL)MK MKLA12JA22 + A]2A22. (2.23)
The above two-stage transformation could be represented by
X } I Mo ! ”1§
|
| L (2.24)
z ; -L I,-LM [ qZJ

where I] and 12 are the m, - and mz-dimensiona] identity matrices

respectively.
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It is easy to see that

" I,-ML -M X
(2.25)

n2

r
N

The above transformation is particularly convenient for singularly

perturbed systems and was introduced by Chang {1972] in the form

r w
n, I-EML -&M X

(2.25a)

[ "2 | L L jL?)
and was applied on many control problems of singularly perturbed systems.
[Kokotovic, Haddad, 1975], [Chow and Kokotovic, 1976].

In many applications we are dealing with continuous-time models ‘
which possessa two-time-scale property, while they are not, explicitly,
in the singularly perturbed form. The major problem in converting a
given system of equations to a singularly perturbed form is in grouping
the state variables into slow and fast states such that (2.18) is
satisfied. If the original system possesses a two-time-scale property
(2.7) but condition (2.18) is not satisfied, it may still be possible
to satisfy (2.18) by either scaling and regrouping the state variables
or by allowing linear combinations of certain fast states with the
slow state group. Readers who are interested in learning about this
modeling process are referred to Chow and Kokotovic [1976-b], Sain

et al. [1977], Anderson [1978],Sycros and Sannuti [1983] and Chow [19831].
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2.3. Historical Review of Two-Time-Scale Discrete-Time Systems.

The well known difficulties in dealing with high-order models
and the class of "stiff" systems plus the recent interest in optimization
and control algorithms for discrete systems operating on widely separated
time-scales has provided an impetus for applying singular perturbation
methods to order reduction and control of discrete systems.

The objective of this section is to describe previous efforts
to extend singular perturbation techhiques to discrete-time systems
having a two-time scale property. Different approaches to characterize
two-time-scale discrete-time systems are presented.

The models considered earlier in the literature classify into
three groups.

1. Phillips,and Rajagopolan and Naidu

2. Mahmoud

3. Hoppensteadt and Miranker, and Blankenship.

Group I.

Philips [19801] considers linear time invariant discrete-time
systems. There is always a basis such that a discrete-time system takes

the form
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xs(k+1) As 0 xs(k) { BS
= + u(k) , (2.26)
xg(k+1) 0 Ag x¢ (k) Bs
where
kf < ls
Ae & max ]Aj(Af)l
J
A & min lxi(AS)|.

1

The system (2.26) is not necessarily in its modal form. However, multiple
and complex conjugate eigenvalues are naturally grouped together in either
AS or Af. System (2.26) is said to possess a two-time-scale property

if there is a sufficient gap between the eigenvalues of AS and Af,

i.e.

Kf << A, (2.27)
Noting that

(Tower bound)
max [kj(Af)l < “Afﬁ (upper bound).

the two-time-scale property can be expressed as

AT 5> i, (2.28)
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Phi11ips(1980], then considers a class of discrete-time system of the

form

x(k+1) = A -x(k) + € JA__z(k) + B u(k), x(0) = x (2.29a)

11 12 0

2(k+1) = EjAZ]x(k) + €Ayz(K) + Bou(k), 2(0) = z, (2.29b)

where x and z are m, - and mz-dimensional vector states, u is an
r-dimensional input, € is a small positive parameter, 0 < j <1 and
A;} exists. He shows that for sufficiently small €, the system (2.29)
possesses a two-time-scale property. In particular, let

A-]

!
a = Ay, - AyApy A

b = Ay ATl

21 1
c = Al
and
d=a+b
Then, if
€« —4d

c(d%+3ab)

the system (2.29) can be transformed using the decoupling transformation

of Kokotovic {19751 into the form (2.26) with
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R LT
A = €y + €1 Ay,
B = (I-ML)B, - M8,
B = LB, + B, .

The matrices L and M satisfy equations (2.10) and (2.21) with A12’
1-3 J .
A21 and A22 replaced by € A]2, € A21 ?nd EAZZ’ respectively. '
Furthermore, he shows that L = O(EJ) so that letting L = &L,

the matrices As and Af take the form

- -

A = Ay - S Al Ag = (A,

Thus, the system satisfies the two-time-scale property (2.28) since for

sufficiently small €

~

R B L Y (2.30)

Also, x 1is the slow state and 2z 1is the fast state.
A special case of (2.29) with j = 0 has been considered by

Rajagopolan and Naidu [1980]. It takes the form

x(k+1) = Ajyx(k) + € A, Z(k) + B, u(k) (2.31a)

Z(kH1) = Ayx(k) + € Ay F(K) + B, u(K). (2.31b)
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Although (2.31) is a special case of (2.29), it is seen that in the
absence of inputs the two systems are equivalent in the sense that
3(k) = € z(k).

For simp]icity‘let us continue our discussion using the model
(2.31). Letting € =0 1in (2.27) yields a reduced (degenerate) system

of order of m,.

[}
>

X(K+1) x(K) + B,u(K) (2.32a)

]
>

Z(K+1) x(K) + BZU(K) . (2.32b)

We note that x(0) = Xg and z(0) # 2y This situation of order re-
duction and consequent loss of initial conditions is analogous to singular
perturbation in differential equations [0'Malley 1971].

The state variables of the full system (2.31) and the reduced

system (2.32) are shown in Figure 2.2.

1 + Po
—&— - Aled), gy L XK g A gy K
it T , ]
k), \// ) a:| ——-—-t,.:L-!——-
‘>‘\
— L 2(k#1), zopsy Wy e A e z(k) N

«QaH

Full System Reduced System

Figure 2.2
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System (2.31) may be regarded as a system in slow-time scale, that is,

the slow state is varying on an 0(1) time-scale.

Group I1
Mahmoud [1982] considers the system

(2.33a)

x(K+1) = Ap x(K) + A]Zz(K) + B]u(K), x(0) X9

z(K+1) AZ]X(K) + A222(K) + Bzu(K), z(0) (2.33b)

%
His work is essentially repetition of the work of Phillips [1980] and
Kokotovic [1975], except that € does not appear in his system explicitily.
By using the decoupling transformation, mentioned in Section 2.2, he
arrives at a similar condition as (2.30) so the system (2.33) possesses

a two-time-scale property.

Group III

Hoppensteadt and Miranker [1977] have considered a free system

of the general form

x(K+1) = Ax(K) + & f(x(X),€),x(0) = x (2.34)

0’

where A and f are time-invariant.

They assume that there existsan invertible matrix P such that

-1

PT'AP = diag(s,S), (2.35)

where the matrix 9 1is oscillatory, that is, has all characteristic

roots on the unit circle, |x] =1, and the matrix S is stable, that
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is, has its eigenvalues insidethe unit circle, |r]| < 1.
The matrix o6 1is assumed to be diagonalizable. They also assume

that f s a smooth function of its arguments. Applying the transformation

5 u(K)
xt«) =P | k) | (2.36)
vields
u(k+1) = u(k) + € e X g KuK) v (k) ,€) (2.37a)
v(K+1) = Sv(K) + €h(sRu(K),v(K),€), (2.37b)
where
f=P@).

Next it is assumed that there is a smooth function & (u,€)

(fast quasi-steady-state) such that

2(0° u(k) L&) = ss(u(k) £) +€n(euF,0,8),  (2.38)
with ¢ = 0(€).
Letting v(K) = ¢(9Ku(K),e) + V(K) yields
u(k1) = u(K) + € 2 % TgeXu(K) s + v(K),€) (2.39)
V(K+1) = SV(K) + ‘é{h(eKU(K),d,a + V(K),‘C)-h(:"KU(K),:»,&)}.

(2.39)

Due to the location of €, u will change 1ittle before V has reached

0(€). Thus the slow behavior is found by solving
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K-1_,.K

u(k+1) = u(k) + € 0N Tg(eXu(K) s (55u(k),€),€) (2.40)

By expanding u(K) in €, the solution of (2.40) is found in the form
u(K) = U(K,S,€) = U0(k,s) + € ul(K,3) + 0(€?), (2.41)

where S = €K. Note that U is evolving in slow time scale S.
Solving for the terms in the expansion yields

0

(

Wk+1,s) = 0O(k,s). (2.42)

0 . L
So U” is independent of K, that is, in the slow-time scale the limiting
value of u 1is constant.
Equating coefficients on a fast time-scale and taking the limit

as € > 0 and assuming U] is bounded yields

K-1
% I 7" Tg(3"0(s),0,0). (2.43)
n=0

al |

Tim
S Koo

Thus, it is shown that the solution to (2.34) can be approximated by

0
2"u (€)

x(K) = P K + 0(€), (2.44)

S'v

0

where
u0(0)
p = Xa.
Vo 0

And the approximate solution to the original problem is determined by

the solution to the reduced equations (2.43) and (2.44).
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Blankenship [1980] analyzed the system

x(K#1) = x(K) + € Ay x(K) + € Ajp2(K) + € Bu(K) (2.45a)

1

Z(K+1)

AZZZ(K) + € A21X(K) + €D z(K) + (B2 + €H )u(K). (2.45b)

The above system is a fast time-scale model.

Here the fast eigenvalues are inside the unit circle but of
0(1). The eigenvalues corresponding to slow modes are assumed O0(€)
away from 1. This model thus assumes that the slow modes are almost
constant while the fast modes are approximately given by the boundary-

layer system.

z(K+1) = A, z(K) + Bzu(K). (2.46)

22

It should be noted that system (2.29) assumes that the fast state z

is treated on a time-scale slow enough for its response to be deadbeat
while system (2.46) assumes that the slow state is treated on a time-
scale fast enough for the slow state x to remain approximately constant.

The presence of € in the above mentioned models classifes them
as singularly perturbed systems as the order reduction and separation
of time-scales are apparent by setting € = 0.

It should be noted that system (2.37) has the structure of (2.45)
where u(K) 1is the slow state and v(K) is the fast state. The two-
time-scale property of the system (2.45) will be shown in Section 2.4.
Blankenship examines a linear quadratic regulator problem subject to the
system equation (2.45).

In deriving the results in his work, the control input is assumed
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t o consist of two components, one which vanishes as K +- = and the other

which is bounded. That is

u(K) = v(K) + u(&k) , K =0,1,2,... (2.47)
1im  v(K) = 0.
Ko .

For u(K) of this form a solution of (2.45) is sought in the form

x(K) = a(K) + X(&K), z(K) = b(K) + Y(&K) (2.48)
with
1im a(K) = 0, 1im b(K) = 0. (2.49)
Ko< K~

The terms (X(e€K), Y(&K)) are "outer solution" and (a(K),b(K)) are
43 nitial boundary layers" similar to those defined for singularly per-
turbed differential equations [Hoppensteadt, 19711.

The final-value problem

a(K+1) = a(K) + EA”a(K) + eA]Zb(K) + € B]u(K)
b(K+1) = A22b(K) + €A2]a(K) + €D b(K) + (BZ+€H)V(K) (2.50)
1im a(K) =0 , 1im b(K) =0 (2.51)
Kow Ko
defines the boundary layer terms, and
X(€K+€) = (I+EA”) X(€K) + EA]ZY(EK) + EB]U(EK)
Y(EK+€) = A22Y(EK) + EAZ] X(eK) + €DY(€K) +(82+6H)U(eK) (2.52)



.
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X(0) = X923 > Y(0) = zo-b

defines the outer solution.

Now by assuming that A22 is stable and that u(K) 1is any

function which satisfies (2.47) and

@ ©

Gy = 7 My, sy = T elndgsy, E v ()] « =,

n=0 n=0 (2.53)

where S = €K (superindex (n) shows the nth derivative) and by taking
asymptotic expansions in a,b, X, and Y and matching the coefficients
in € 1in the fast-time-scale K and slow time-scale S, he shows that

the solution of (2.45) satisfies

x(k) = x{0) (ex) + o(e) (2.54a)
2(k) = (O (ek) + (O (k) + o(e), (2.54b)
whe re
3X;é§l = Ak 0(s) + 1A, (1-8,,) T8, + 8,3u0)(s), x(0)(0) =
(2.55)
v(0)(s) =(1-A22)'132u(°)(s) (2.56)
a®x) = 0 (2.57)

0
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Note that the system (2.55), (2.56) is the "reduced-order" system cor-
r-esponding to (2.45). It evolves in the slow time scale S = €K con-
s i stant with the analogous notion of reduced-order in the continuous-
t ime problems and the solution is obtained by solving the differential
Equation (2.55). Also it is interesting to note that this solution
parallels the expressions derived for the uncontrolled cases by Hoppensteadt
and Miranker [1977] since they use the method of matched asymptotic
expansion using a multitime method and, 1ike Blankenship, they exhibits
a hybrid situation where the slow system is represented by a set of
differential equations and boundary-layer (fast) system is given by
difference equations, which is different from the case of Mahmoud and
Phillips where the slow and fast systems are both given by difference

equations.

In this thesis we adopt the model of Blankenship and Hoppensteadt

and Miranker. Justification for adopting this model is given in Section 2.4.

2.4, Sources of Singularly Perturbed Difference Equations.

There are four important sources of discrete-time models de-
ScCribed by singularly peturbed difference equations of the form (2.45).

These sources are presented in this section.

2~\4-L Inherently discrete-time singularly perturbed models.

This class of systems results when the physical system is in-
he?entl,y discrete. Such models are common in economic, biological, and
Sociological systems. Some examples of this type of discrete-time
singularly perturbed systems are given in [Hoppensteadt and Miranker,

197737. We breifly explain one of these examples.
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E xample 2.4.1: A population genetics model

In a large population of diploid organisms having discrete

generations, the genotypes determined by one locus having two alleles,

A and a, divide the population into three groups of type AA, Aa, and

aa, respectively. The gene pool carried by this population is assumed

to be in proportion Pn of type A in the nth generation. It follows

that [Crow and Kimura, 1970]

o s PR(1-P )TN, =Wy o)P Y+ (W5 =Wop ) (1-P )]
> 2
w]]Pn + zw]ZPn(1-Pn) + w22(1-Pn)

, (2.59)

where w”. N]Z, and W‘22 are the relative fitnesses of the geno-

types AA, Aa, and aa, respectively. Now if the selective pressures

are acting slowly, i.e., if w” =1+ &, w12 =]

» Wop = 1 + €8,
where €

is small positive number, then

P,(1-P ) (a+8)P -8

Py = Py * € T 079 . (2.60)

n+1

Th i s model is a special case of (2.45) where there is a slow state only.

%Z_. Singularly perturbed difference equations obtained by numerical

SO Tution of stiff differential equations.

This class of systems is ususally found as a result of numerical
SoOulution of stiff differential equations where they are approximated

by corresponding difference equations, usually for the purpose of digital

Simulation. To clarify this we give two examples; the first one was

Considered by Hoppensteadt and Miranker [1977] and the second one by
Blankenship [19811.
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E xample 2.4.2.

T he two-dimensional stiff linear differential equation

alo
=S

=(B+€C)Z , B-= [ b 0] , (2.61)
0 0

which is written in the fast time-scale is considered. Let Z = (x,_y)T,
Introducing a mesh with increment h and applying an r-step linear

multistep method to the system leads to the following difference equations.

r r
Z o Zn_j-h(8+€C) Z BJ. Zn_j=0,n=r',r+’l,...
j=0 j=1
(2.62)
_ T _ T
Let Xn = (xn, X713+ xn-r+1) and Yn = (yn’yn-l""’yn-rﬂ)

and the r x r matrices

r

- - -y )
B Tl T l By .. 8]
R = 1 0 | and 38 = J . (2.63)
: 0
L 1 0

The difference equation for Zn may be_written in the following form

pe
LA

R §ﬂ + hbsgn + &hs(cngn + C]2 Yn) (2.64a)

=<
|

41 S RY+ ER(C, X+ CouY ). (2.64b)
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Equation (2.64) is of the form of (2.34) and by using a transformation
s imilar to (2.36) it is shown [Hoppensteadt and Mirankar 1977] that

the system can be brought into the singularly perturbed form.

E xample 2.4.3. Blankenship uses the Euler's approximation for the fol-

1 owing stiff differential equations,

Gt) - R R(t) + Bi(t) + FU(t) (2.652)
€ d—Z%l = T X(t) + D3(t) + § U(t) (2. 65b)

~ IR M2
x(0) = x, &R ', 2z(0) =2z, €R , 0<t<],

0 0

where the matrices are constant, € > 0 is a small parameter and D
is assumed to be nonsingular.

Introducing the stretching time scale t = t/€ and
1~

y(r) = 2(€) + 07 Tx(&), x(x) = X(&), u(x) = U(&r),

we obtain

€ Ax(t) + € B y(t) + € Fu(x), (2.66a)

(o8
o
Il A
"

at S y(z) + €&x(x) + €Dy(t) + (G + €H)u(x), (2.66b)
x(0) = x5 » ¥(0) =yq, 0 <t <l/€,

where the coefficients A,B, etc., are simple combinations of A,B, etc.;
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Let {0,h,2h,...,Nh} be a mesh on [0, 1/€] and let

Xp = x(nh), Yy = y(nh), u, = u(nh)

be a numerical approximation to x(t), y(t), and u(t). Using Euler's

approximation to the derivative we obtain

X Xp * € hAxn + EhByn + EhFun (2.67a)

n+l

Ypi1 * (I+hS)yn + Ethn + éhDyn + hGu_ + EhHun (2.67b)

x(0) = xg, ¥(0) =yq» n=0,T,...,N-1 =0 (1/€h).

We note that system (2.67) is a singularly perturbed system
equivalent to (2.45) with h=1 and I + hS = A22.

Also, note that for a discrete model obtained in this way,
(I +hS) 1is generally nonsingular since h must be small for a good

approximation to a continuous-time system.

2. 4.3. Sampled-Data Control of Singularly Perturbed Systems.
Another source of singularly perturbed difference equations comes
forn study of sampled-data systems or computer-controlled systems where
@ continuous-time singularly perturbed system is driven by an input
SPecified at discrete-time points and has output and state v'ariab1es
Sampled only at discrete-time points.
The standard example of sampled-data system follows when u(t)

is a piece-wise constant function of time, i.e.



31

u(t) = u(t t,<t<t

K o K+ >

and the state and output are sampled at discrete time points tK. Con-
s ider the following singularly perturbed linear time-invariant continuous-

€t ime system

x = A

n
x

x(t) + A,,Z(t) + B]u(t), x(0)

12 (2.68a)

11

€ 1

n
N

Az]x(t) + A LL(t) + Bzu(t), Z(0) (2.68b)

22 0’

where x and Z are m, - and m2-d1‘mens1'ona’l state vectors and all the
matrices have compatible dimensions with A22 nonsingular.

The solution of the system (2.68 ) between (0,t) is given by

x(t) X
0 N
= At + J EF y(e)de, (2.69)
Z(t) Z, 0
whevre
A Ay B,
A = , B = ) (2.70)
Ao Ay B,
€ < <€

For a piece-wise constant u(t) = u(t.), t, <t <t and the sampling

K+1

Period €T =t - t, we have [Levis, et.al., 19711, [Levis, Dorato,

K+1 K

19713
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x(K+1) x(K)
= 5(€T) + T(€T)u(K) ,
Z(K+1) Z(K)
where
- €T ~
s(€T) = ™T  and  r(€T) = j Magt |
0

To evaluate eAt

diagonalize A and we get

i I M Apq-Aq,L 0
A =
-L [ -€LM 0 A2 + LA
2 < " Y
and
: « e(A]]-A]ZL)t 0
O
(A22+€LA
-L I,-€LM 0 e
e
L
[
(A -A L)t (A, +<LA, . )t/€
o M2 (1,-6L) e 22"
(Ayy-A L)t (Ay,*ELA ) t/€

-Le 12 (I,-€ML)+(1,-€LM)e 22

2

we use the Chang transformation (2.25a) to block

I]—EML

12)t/€

-&M

(2.71)

(2.72)

-€M
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(A

clLe n

-A

-A

12

12

L)t (A22+€LA

M+ €Me

L)t

M+ (I,<LM)e

2

(A,,*€ LA

22

]Z)t/e

12)

I] and 12 are my and mz-dimensiona1 identities, respectively, L

t/E

satisfies (2.10) and M satisfies (2.21) and could be approximated by

L= Ay Ay + 0(€) = Ly + 0(€)
- -1 -
M= Ajy App + 0(€) = My + 0(€).
_ -1 . , o '
Let A0 = A]]-A12A22A2]. For sufficiently small €,5 (€T) 1is given by
the following: (1,1) element is
€LAO(E T 5 [Ayot O(E]T
= e [I,-€M L. + 0(€°)] +€[M_ + 0(€)le [Ly *+ 0(€)]
1 0°0 0 0
2 2 e 2ol

=[]+ €TA+0(€°)ILI,-€M L +0(€°)]+ €[ M +0(c)ile + 0(€)ILLA*+0(C )]

0 1 0-0 0 0
=1+ €CTA +M (eAZZT-I )L + 0(€?) (2.74)

00 2’°0 :
- 2
=1+ €A+ 0(€%),
where A22T

= ’ -
A TAb + Jo(e IZ)LO
(1,2) element is
€LAH+O(€)IT [Ay, + O(€)T
= -€e [MO + 0(€)] + E[MO + 0(€)]e
2 Ayl

= -6[11 + EAOT + 0(€ )][MO + 0(€)] + e[MO + 0(€)1e + 0(€)1
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A, LT
=eMy(e 22 -1,) + 06?) =€ B+ 0€?), (2.75)
where
AT
B=M(e 22 -1,)
0 2’
(2,1) element is
=-;L0+0(6 e [I]-EMOL0+0(€ )J+E12-& L0M0+0(e ) Je [LO+0(6)]
= - DL +0(€)IL I,+ETA +0(€2)I0 I,€M L +0(€2)1+IT, €L M +0€ 2)] eA22T+O(E)]
0 170 1= "o =125t (
[L0+0(€)]
A22T
= (e ‘Iz)Lo + 0(e) = C+ 0(€), (2.76)
where A
T
- 22
C = (e 'I2)L0-
(2,2) element is
€f A0+0(€ T ) Ay, T
= [L.+0(€)]e €[ M +0(€ )I+ (I, €L M +0(E)IL e +0(€ )1
0 0 2 00
A22T )
= e + 0(€) = S + 0(c), (2.77)
where
AT
S=e 22 .
We have
F](ET) €T AAt~
C(eT) = J Mt
r (€T) 0
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Let A0 = A]]-A L. and F,, = A22 +el A]Z’ then

120 22
€T (A0t Fzzez [Ag + 0€Nt
r,(eT) = e B, + Me B,-e MB+0(€ )1dt,

1 0 ] 2 2

and
€T F, .t [(A+0(€) 1t F,.t [A+0(€) It
_ 1 T22% 0 222 0
F
-LMe 22 B, + 0(€) dt.

For sufficiently small €, F22 is invertible and we have

F

T €T TALHO(€)1t
rq(eT) = et(e % 8, +J e O

1) e (B,-18,)+0(¢ )1 dt.

Using Householder theorem (see appendix 2.1) we obtain

FoT

€T, [A+0(€)It |
22y [ le B dt] + 0(€2),

A'1B + 0

r](ET) = &[Mo(e 228>

2) jo

where

By = By-MgB,.

A0 + 0(€)

Using the power series expansion for e we can see that

r](ET) can be obtained by

2
= - €
ri(€T) = €M (e I,)A%58, + ge  Bydtl+0(¢%).

A22T -1 €T 1 Aot :
2272

By the same type of approximations we have
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AT AT
- 22 -1 22 -1
rz(tT) = (e 'IZ)AZZBZ + €(e ’Iz)AzzLBl
€T [A,,0(€)1t AT
0+ - - 22 -1
; JO Le 8, + 0(€)Tdt-eLle 2 -1,)A518,
+ 0(€9),
. . . €At .
By using power series expansion of e we obtain
¢ + 0(€?)
T(€T) = , (2.78)
G + 0(€)
where
AT
N 22 -1
G = (e -I2)A2282
and
F = MOG + TBO.

Now system (2.71) can be represented by

x(K#1) = CI+€A + 0(€%)1 x(K) + €[B + 0(€)IZ(K) + €CF + 0(€)Iu(K)

Z(K+1) = [C+0(€)] x(K) + [S + 0 (€)1 Z(K) + [G + 0(€)Iu(K) , (2.79)
which is a singularly perturbed difference eauation,

2.4.4 Two-time-scale discrete-time systems which can be brought into the
singularly perturbed form by artificial introduction of €.
In conclusion of this section we give a simple example of dis-

crete-time systems which are not in, so called, "explicit singularly



37

perturbed" form but € can be introduced artifically to transfer the

system into singularly perturbed difference equations.

Consider the following discrete-time system:

x](K+1) 1.025 .0175 -.0075 X1(K) .0082
XZ(K+1) = -.0232 .978 .0192 X2(K) + [ -.029 u(K),
Z(K+1) -1.325 .975 -2.1 Z(K) 1

with eigenvalues A= 1.009643, Ay = -2.109263, and Ay = 1.002619. By
investigating the numeriés of the above system it is seen that the system

could be put in the singularly perturbed form as follow:

X(K+1) I+&A” EA] 2 X(K) 681
= + u(K),
Z(K+1) A21 A22 Z(K) 82
where
_ v _ T
€= .01 X = [x] x2]
2.5 1.75 -.75
A]] = , A12 = , A21 = (-1.325 .975)

2.32 -2.2 1.92

.82
Ay, =-2.1, B, = and B, = 1.
22 1 [_2'9} 2

For a physical example one can refer to Mahmoud [1982] who has considered
ninth-order boiler problem and € could be introduced artifically similar

to the above example.
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It should be noted that in most physical problems some scaling
and regrouping may be needed to obtain €. This is shown in Chapter

five where we consider an F-8 aircraft model.

2.5 Stability and Approximation Results

This section addresses some important topics which are useful
to understand the two-time-scale nature of systems described by singularly
perturbed difference equations. In particular, stability and approximation
results are presented.

Consider the following discrete-time system

x(n+1)

[I+€A]1(€)]x(n) + € A12(€)Z(n) (2.80a)

Z(n+1)

Ay (€) x(n) + Ay (€)2(n), (2.80)

where (IZ'AZZ(O)) is invertible, x and Z are m, - and mz-dimensiona1

state vectors, respectively,and all the matrices are analytic functions

of € with compatible dimensions. Unsing the transformation

y(n) = Z(n) + L x(n), (2.81)
we have
X(n+1) = [T + €A, (€)-€A,,(€)L1x(n) + €A1, (€)y(n) (2.82a)
y(n1) = [Ay (€)-App(€)L + L + eLA]1(e)-eLA]2(e)L]x(;) +
[Ay5(€) + €LA;,(€)y(n) (2.82b)
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Using the implicit function theorem and nonsingularity of (IZ-AZZ(O))
it can be shown that for sufficiently small € there exists L

satisfying

A, (€)-A(€)L + L + ELA]](e)-&LAlz(G)L = 0, (2.83)

21 22

and it can be approximated by
-1
L= -[I-A22(0)] A21(0) + 0 (€),
which reduces the above system to the following block triangular form

x(n+1) I+ €+ 0(€f) €y, (€) x(n)
. . (2.88)
y(n+1) 0 Agpl0) + 0(€) [ 1 y(n)

where

1

Ag = Apq + AalT-Ay) Ay

Transformation (2.81) is the same one presented in Section 2.2.

From (2.84) it is seen that the eigenvalues of (2.80) are given
by the eigenvalues of [I + EAO + 0(62)] and [A22(0) + 0(€ )J]. Using the
continuous dependence of the eigenvalues of a matrix on its parameters it follows
that the eigenvalues of I + EAO + 0(62) are in the neighborhood of
the point z =1 1in the complex plane and the eigenvalues of AZZ(G) +
0(€ ) are in the neighborhood of the eigenvalues of A22(0). Since

EZAZZ(O) is nonsingular, AZZ(O) has no eigenvalues at the point
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z =1, or in other words, the eigenvalues of A22(0) are 0(1) away
from the point z = 1. Thus, for sufficiently small €& the eigenvalues
of (2.80) are clustered into slow and fast eigenvalues as shown in Figure
2.3. There are my slow eigenvalues and m, fast eigenvalues. Figure

2.3 is the discrete-time (or z-domain) version of Figure 2.1 which shows

}nm
//'/- - N - fast
/ : s
Unit Circle™ s -
’l ! v * _ ,.Re
‘ T stow
. /"‘
Y . o
\‘\‘ o S~
~~——}
Figure 2.3

the slow-fast clustering of eigenvalues in the continuous-time (or s-
domain). If we denote the set of slow eigenvalues by mg and the set
of fast eigenvalues by Mes then, for sufficiently small €, the eigen-

values of (2.80) satisfy the condition
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min |1-3, |
1€mf

max 1. 7 (2.85)
j&mg

Notice that (2.85) is more general than the eigenvalue separation condition
(2.27) which was used by Phillips [1980] to define the two-time-scale
property of discrete-time systems. Notice, however, that if £2.80) is
asymptotically stable and the fast eigenvalues are well-damped, then (2.85)
implies (2.27). Phillips' definition cannot handle the cases of unstable
eigenvalues (outside the unit circle) or stable but oscillatory eigen-
values (inside the unit circle but close to it). These cases are important
since, in general, we deal with open-loop systems where the eigenvalues
could be of any of the above forms. Such eigenvalues will then be stabilized
by the use of feedback.

The block triangular form of (2.84) leads to the following stability

criterion.

Theorem 2.5.1. If the eigenvalues of A0 are in the open left-half
complex plane, i.e., ReA(AO) < 0, and the eigenvalues of A22 are inside
the unit circle, i.e., [A(A,5(€)]| < 1, then there exists € >0 such

*
that for all 0 < € < € the system (2.80) is asymptotically stable.

Proof: From (2.84), the eigenvalues of (2.8C) are given by the eigenvalues
of I+ E(A0 + 0(€) and AZZ(O) + 0(€). Since the eigenvalues of
A22(0) are inside the unit circle, it follows that, for sufficiently

small €, the eigenvalues of A22(0) + 0(€) will be inside the unit



42

circle. By a well-known theorem [Stewart 1973, pp. 266] the eigenvalues
of I+ e(AO + 0(€)) are given by 1 + éxi where A; are the eigen-
values of A0 + 0(€). For sufficiently small € the eigenvalues of

A0 + 0(€) have negative real parts. Let Ap = et jei, ay > 0. Then

1

2 .2 2 2.2 2, 2 2
1+ &Ai| = |1 -&ai + &351| < (]'Eai) + € 8y = 1'26“1 + € (ai + Bi%

which is less than one for sufficiently small €. Thus all the eigen-

values of (2.80) are inside the unit circle.

Approximation Results:

Consider the linear time invariant discrete-time singularly

perturbed system

x](n+]) [I+ €A]](€)]x](n) + EA]Z(E)xz(n) + &Bl(é)u(n) (2.86a)

Xp (1) = Ay (€) x(n) + Ayp(€)x,(n) + B,(€)u(n). (2.86b)

x](O) and x2(0) are given and € is a small positive parameter .

A11 the matrices are analytic functions of € and IA(AZZ)] < 1. The
control input u(n) is assumed to be constant for K/€ < n < K+l/€,
Where K indicates the sampling points of slow states (see Figure 2.4).
Matrices evaluated at € = 0 are denoted by deleting the argument

€, i.e., A= A(0). The solution of (2.86) will be approximated by the
solutions of slow and fast subproblems defined to describe the behavior

of the slow and fast states, respectively.
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u(n)
[
: —
' i —
! | J n
22484 4 ] .
012349 2 3 o P
€ & € &

Figure 2.4

Slow subproblem

Assume that x2(n) has reached its steady state, then system

(2.86) reduces to
Kp(n+1) = (1 + €A (€)1, (n) + €A, (€)X, (n) + €8, (t)u(n)  (2.87a)
Xy(n) = Ayy (€)x,(n) + Ays(€)x,(n) + B,(€)u(n), (2.87b)

where bars show the steady state case and u(n) = U(n). From (2.87b)

we have
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Xp(n) = [LrAyy(€)17 [Ay (€)X, (n) + B,(€)T(n)1, (2.88)

So

-] -

Xp(n41) = L1+ €(A1(€) + AL (€)(1y-Any(€)) Ay (€) K, ()

+ €08, (€) + A, (€)(1y-Ayy (€))7B,(€)10(n),X, (0) = x.
(2.89)

Since the matrices Aij(e) and Bi(e) are analytic in €,
they can be approximated, up to 0(€), by their values at € = 0. Further-

more (IZ-AZZ(E))'] can be approximated as

s r(1,-A,,) + 0(6)17 = (1-A,,)" + 0(€).

[1,-Ayn(€)] 2P0 27P22

Employing these approximation in (2.89) we obtain

I](N+1) = (I + éAo);](n) + €8.u(n), I](o) = x,(0), (2.90)
where
) -1
Ag = App * AyalIp-Ans) Ay
) 1
By = By *+ App(Iy-Ay,) B,

Note that systems (2.86) and the reduced system (2.90) evolve in the
fast time-scale n.
Since U}(n) is constant over the cycle é Sn< = we

can express §1(5£l)' in terms of Q](é) and u(K/€)
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K+1 1 K+1 1-3
~ K 1/€_ € - € 3
X1 (5g )= (I + €A5)  x (K/€) + jZK/e [(I; + €A,) ,&-ByTU(K/€).
(2.91)
Letting i = E%l -1-j we get
1/€-1
PTLAT +EA]/E~EE ea ) iB T(x/e
Now let
xg(K) = % (K/€), u (K) = U(K/€),
and
A0 1 Ao(l-t)
AS =e ", B = JO e dtB0 . (2.92)
We define the slow subsystem to be
xS(K+1) = Asx (K) + BsuS(K), xs(o) = x](O). (2.93)

Fast Subsystem:

Consider x](n), Yé(n) to be constant during the fast transients.

Let
xf(n) = x2(n) - xz(n), (2.94)
where

[AZ]I](n) + sza(n)J. (2.95)
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The fast subproblem is defined to be

xe(M41) = Apxe(n) ,  xp(K/9 = x,(K/€)%yp (K/€), (2.96)

or

2
We note that for eQery period of slow-time-scale the fast sub-

xp(K/€) = x,(K/€) = (LApn) ' IAX, (K/€) + B,U(R)] for K = 0,1,2,...

system has a different initial condition due to ;Z(K/é) which- depends
on Ii(K/&). Figure 2.5 shows a typical shape of the response of ii
and Xg At the beginning of every 1/€ cycle, the fast modes are excited

by the jump in wu. Then Xe dacays exponentially towards zero.

Jx1(n)

| »

] i
i i i >n

0] |/e 2’é 5.'.;
X ¢(n)
\\
N~ NG r\\\‘
' "z %

Figure 2.5
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Let us apply the Chang transformation (2.25a) to the system (2.86) i.e.,

n](n) I]'EM(E)L(E) -EM(€) X](n)

ny(n) L(€) I x,{n) (2.97)
where L(€) and M(€) satisfy

L(€) = App(E)L(E) -EL(E)A(€) + EL(E)AH(€)L- Ay (€) (2.98)

22

0 = M(€)A,5(€) - M(€) -€LA;1(€) -A,(C)L(E)IM(E) +€ ME)L(€)A,,(€)

-A (e)a )
12 (2.99)
and could be approximated by
~ -1
- -1
M(&) - - A]Z(I - A22) + O(&)‘ (2.]0])
We get
( 2 ]
n](n+]) I] + EAO + 0(€%) 0 n](n)
nz(n'”) L 0 A22+O(E) Y'nz(n)
g, + o(tz)]
+ u(n), (2.102)
| B * 0(%)
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where
i} -1
Ag = Ay * Ap(T-Ay) A,
- -1
By = By * AplI-Ay) B,
The solution for " and o for K/€ <nc< Ezl is
2 n-K/& n-1 2. i
n](n) = [1I+ EAO + 0(€%)1] n](K/e) + € '20 [T+ €Ay + 0(€%)1
1:
(S (S
[By + 0(€)T u(Kk/€) (2.103)
n-K/€ n-1 5
ny(n) = [Ay, + 0(€)] ny (K/€) + _20 [Ay, + 0(€)1°(B, + 0(€)Iu(K/€),
1:
(2.104)
From (2.103) we obtain
1
1/¢€ €- .

K+1, _ 2 K 2,3
n(Gg) = [T+ €Ay + 0(€7)]  n () + € iZO [T+ €Ay + 0(€7)1CB, + 0(€)3,

u(K/€), (2.105)
Using the following identities
rrea+ o) s rreart vo(e), 0 < se (2.106)
1/¢€ A
[I + €A] = e + 0(€) (2.107)

1

T -l . 1

e 7 r+en)t = [ A0 gty g (2.108)
i<0 ‘0
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(for proofs see Appendixes 2.2, 2.3 and 2.4, respectively)and the continuous
dependence of the solution of difference equations on parameters (see

Appendix 2.5) we get

n](K/E) = xs(K) + 0(€). (2.109)
Now Chang transformation yields

x](K/E) = xs(K) + 0(€). (2.110)

(2.110) shows that the slow trejectories X could be approximated up
to 0(€) by the solution of the slow subproblem.
We define the steady state of ”2(") as follow

my = [Ayt0(e) T, + [B,00() 1u(d), Fen < B (2.111)

Subtraction of (2.111) from (2.102) (nz - equation) and letting

Ny = ny - ﬁé yields

K K+1

ny(n#1) = [Ayy + 0(8)Iny(n) , g n <=, (2.112)
with initial conditions
no(K/€) = ny(K/€) - ny(K/€), K = 0,1,2,...

= - (1-hgy) Ay X (K/€) + BRu(K/€)] + xp(K/€) + 0(€).
(2.113)
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Comparing (2.112), (2.113) and (2.96) and using again the continuous-

dependence of solutions on parameters we obtain

To(n) = xe(n) +0(€) , & <n <KL (2.114)

But for K/€ <n< Ezl we have
xp(n) = (I-A22)'1n1(n) + ny(n) + 0(€), (2.115)

or

= (I-Bpp) " Ayig (n) + xp(n) + Tyln) + 0(€)

x
N
—
3
~
|

1

(I-Azz)']AZ]H](n) + xf(n) + éI-AZZ)- Bzu(K/E) + 0(€), (2.116)

where R](n) is an 0(€)-approximation of n](n) which is given by

~ -K/€ n-1 i K K+1
0} = 1+ @) (k/€) + € ] (14 ) TequK/€), g e < S
(2.117)

Thus, we can express x2(n) in terms of the fast and slow states and

control input.

Based on our discussion above, the following theorem holds.

Theorem 2.5.2: If |A(A22)| < 1, then for all finite K > 0 the solution

of (2.86) can be approximated by
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X1 (K/€) = x (K) + 0(€)

-1
xp(n) = (1-Ayp) Ay LT + €)™ S (k) + ¢ T

i
0 X L (I + éAO) Bou(K/e)]

22) Bu(K/E) + 0(€), K on < KL,

+ xf(n) + (I-A
where X and Xg are solutions of the slow subsystem (2.93) and the
fast subsystem (2.96), respectively. Moreover, if Re x(AO) < 0, the

above theorem holds for all K > 0.



APPENDIX 2.1

Householder Theorem:

If A 1is a nonsingular matrix then [Householder, 1964]

(A +8c0)"" = At - ala(r + coale) Teoa !,
For C = V'] we have
(A+8v ) = A" - aTery + pa e Mot .

In particular when B = €1 and V = 1 we have

-1 1 1.7

(A+e) ) =at sealr+ eonty DA

If all the matrices are 0(1), then we obtain

-1

A+ )V =at s o
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APPENDIX 2.2

Wish to prove that for any positive integer j < 1/€
, 2 J J
(I + €A+ €B(€)) -(I+€A)[ =o0(€). (1)

Let L.H.S. of (1) =T., (Al =a and [B(€)] <b. Then

P j-i .
T 1€ () (1+&) (&), (2)

(2) can be shown by mathematical induction. Apparently, T1 5€2b.

Suppose that (2) is valid for (j-1). Then

j-1
(1 + €A + €28)(1 + €A + €%)

—
"

- (T+ QAT +€r) |

2 2 J-1
(1+ )T, + €1 + @ + &)

A

j-1
(1+ &)
1

¢ (1) (0 + @) (@)’
1

A
Hi~11

j-1 . .
7 € Jh v @)@
r=0

<+

-1 o . .-
=7 €0 gre)@) sy
1 ! r=0

[l
ne-

1‘

j-1

L

(3N + ey N(ep) +
1 ! i

I~

| (D (1eea)I ()

i 1

53

1 . .
EY'+] (J;] )(-I+Ea)J‘]‘r

(eb)r+]
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-1 o . C . . .
121 E1E(Ji1) + (%_})3(1 + )N (ep)" + d(ep)d
-1 .. . . . .
_21 €)1 + &)I (&) + d(ep)d -

i= i

€ (ha + @)
(&),

[N BT
—

which proves (2). Now, using (2) we have

€ () (1 + @)iT(e)]

—
A
n~1¢a.

i=1

A i
o+ 1) )

i. . .
(e@® T e (),
1=

1A

. . 1/€ _ a . *
Since 1lim (1 + €) = e° , there exists € >0 such that for all

L €0
€< €
(1+ &)/ ek ek
So I s ;
T, < K 121 € (1) (&) i< /€
J
=k § (%) (9
i1
I 200 5y
=KL} (€°D)" (%) - (2]
i=0 L
)
= k(1 + €b) - 17

KC(1 + €2p)1/€ _ 15

LA

1,1
(z-1)
EiE%T——— SR

K[1 + % €2b +



A
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K[1 + € + €2b2 + €3b3 +eee =11

K € b{1 + (€b) + €%+ ..v 7

Q.E.D.




APPENDIX 2.3

Wish to prove [[(I + EA)]/e - eAH = 0(€) .
Let A} = a,
and et Y= Ln(1+ &)/ = Lin(r + e
R-C N CVL N UL
= A - % € A2 + % €2A3 -
=A+e[-‘§A2+%eA3-]IezA4+ cee 7.

Inside the bracket, by ratio test, is convergent series and bounded since

“--;-A2+&g3 _6224 b datelead Tt
< a2 + &+ €2a4 + eee = a2 (1 + €a + (Ea)2 +oeee )
_2
T-€&a  T-€
So we have
Y = A+ 0(€),
and
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1+ e)V/€o ol o A0S

Applying norms we obtain

RER AN

2 3
| 1+A+0(€) + (A+g§§)) + (A+g§6)) Foooo(

o(€)t

o(€)C
0(€?)

0(€%)

o(€’)

2a 3a2

V+or+ 5

1+a+ %7 +

]
?-[1+a+

3%-[1 +a+

1

.i—u

[1+at+

57

+ 4a

=
+

Iﬂ‘
+

[h¢]

|m
+

n
w
(o]

N
LR A )
+

3
KN

+oeee ]

[«7)
o]

=1+ (A+0(€) +

1

2.

I+ A+ +—+ o0

(A +0(€)2 + ...

AZ
2.

A3
3

lf
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= 0(€) e + 0(€%) g + 0(€3) g; +eee = 0(€),

Q.E.D.



APPENDIX 2.4

Wish to prove that for sufficiently small €

1/€ -1 _—
el are =] et o (1)
%0 0

We have

J1 eA(]'T)dr = ]

€ €
J BRI EE (2)
0 i

1/€(i-1)

!
[N St I

Let t = €i - t, then the above is equal to

€

1€ € pp-ei +t),, _ Y& ag-ei) (€ At
i=1 /0 i=1 0 :
But
2 2 2.3 €
Mot = | 1+ At + iéﬁl— Feeadt = It + AL LA L
2. 2. 3.
0 0 0
= €] + 62 A + e3 AE + oo
2. 3.
2
= €] + 62[%¥-+ Eﬁ- + ]
Using the ratio test on the norms and letting [|Al = a yields
2 2 2.3
“%¥ + §6 +eeo | < f# + 53— + 64? + ...<afl + € + (Ea)2 +o.. ]
= a—.
1-€a °

59
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Thus
€
eAtat = €1 + 0(€?).
-0
' Also,
1/¢€ .
Y eA(1°E1) =1+ eeA + eZeA + o.. + ee(]/E-l)A .
i=1
Thus
1 A(1-1) €A (-
J e dt = €[l +e  + <= + ¢ LI + 0(€)1,
0
1/€-1 ..
e 7 S0 (e).
i=0

On the other hand [Hoppensteadt and Miranker, 1977]
(1+ea)t = eSTAr 4 0e)y .

So

-1 : 1/€ -1

n\‘__a

Thus

r+en) =6 7 eSTAr 4 o),
i=0

(5)

(8)

Q.E.D.



APPENDIX 2.5

Lemma: Consider the difference equations

x(k + 1)

"
>
x

——~
Py
o
x
—~
o
N
n

Xge (1)

and

where |||l = 0(e) and “xo-yoﬂ - 0(e).
The following assertions are true

(i) [x(k) - y(k)|l = 0(¢) for all finite K

(1) If |A(A)] < 8 <1, then [x(k) - y(K)|| < C €af for all

where 0 < a < 1, Hence [[x(K) - y(K)| 0 as K=+,

Proof: The assertion is obvious in the case of finite time. We prove

it only for the infinite-time case. From the continuous dependence of
*

the eigenvlaues of a matrix on its parameters there exists ¢ > 0

such that for all ¢ < e* the eigenvalues of (A + E) satisfy
|>\(A+E)|§8]<'|.
Moreover, for any & > 0 there exists a matrix norm |.| such that
|(A+E)!_<_[‘A(A+E)|+558-|+d.

61
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Choosing § = (1-81)/2 we get
[(A+E)] <8, <1, (3)

where 8, = (1 + B])/Z
Subtracting (1) from (2), letting g, = |y(k) - x(k)| and using the

equivalence of nqrms we get

1 = 1Y(KET) = x(k+1)] = [(A+E)y(K) - Ax(K)]
= [(AME)(¥(K) - x(K)) + E x(K)|
<8y g + EL [x(K)|
<8y 90t G € Ixglet
So we have

K
9K+~|5329K+C263 3<],82<].

From above we get

<89 * Gy €

(Ta]
—
A

2
Bp9y * Gy €8 23590+ 8,0, €+ Cy €8

A

n-1
) n K n-1-K
g 8,99 * C, € KZO 8, B .

A

n

But

n-1 8, K
Sn-'I-K = Bn-] z (TZ)

K=0

n-1
K
! 8,

K=0



= g ] 5 (4)
T B
If 82 < 8 , then we have
n n n
n-] 1 = (82/8) _ 8 - 82 n
) / = <KBg
1 - Bo/8 B -8, -
If 32 > 8, Then
BayN
n-1 (_2) -1 82 _ Bn
(4) =3 : S 7B, -3
52 4 2
B
1 -(s/8,)"
- Bg 1 2 < K Bg
] = 8/82
If 82 = g , then
n-1 n-1 n-1 n-1 n-1 n-1
4) = ) g =naR = n(v8 ) < 3 since g8 < I,
(4) :0 (V8)" " (VB) < K (V3) i 1
So we have

(o]
A
™
N
Yol
o
+
m
(qp]
L
3
-
Q
A
—
-



64

where C 1is a constant of 0(1).

So gn+0 as n > o«

Q.E.D.



CHAPTER 3

INFINITE-TIME OPTIMAL REGULATORS FOR
SINGULARLY PERTURBED DIFFERENCE EQUATIONS

3.1. Introduction

Optimal control of infinite-time regulators for singularly per-
turbed continuous-time systems have been discussed by Chow and Kokotovic
[1976] and the role of slow - fast decomposition and composite control
in approximating the performance index are thoroughly investigated.
Also, Blankenship has considered the optimal control of finite-time
linear quadratic regulators of singularly perturbed difference equations
and showed that the basic features of singular perturbation theory can

be extended to the class of discrete systems as well.

Section 3.2 is devoted to discussing their work and, hopefully, pro-

vide the reader with a better understanding of the problem and our motivation.

In Section 3.3 the problem statement is introduced and, more
specifically, the source of difficulty in applying Blankenship's approach
is addressed.

Section 3.4 deals with asymptotic behavior of the optimal solution
of linear quadratic regulators and some improtant theorems are proved
which removes the difficulty in dealing with the problem mentioned in
Section 3.3.

In Section 3.5 it is shown that a near-optimal solution can be

obtained by applying slow-fast decompositions as -in the continuous-time
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work of Chow and Kokotovic [1976]. In our case the slow optimal control
problem will be a continuous-time problem, while the fast optimal control
problem will be a discrete-time problem. _

In Section 3.6 we present an interative technique to slove the
discrete-time stiff Riccati equations which avoids the il11-conditioning
problem and provides a high convergence rate.

Finally, our claims are illustrated, by considering a simple

example, in Section 3.7.

3.2. Related Background

Chow and Kokotovic [1976] investigated a near-optimum state re-
gulator for singularly perturbed continuos-time systems which is composed
of the slow and fast subsystem regulators and showed that a second-order
approximation of the optimal performance is achieved. Also, they for-
mulated a complete separation of slow and fast regulator designs.

Due to close anology of our problem with the continuous-time
problem we give a brief explanation of their work.

They consider the continuous-time singularly perturbed system

Xy = Anx.| + A.ﬁzx2 *+ By, x](O) = X109 (3.1a)
&xz = Az]x] + A22x2 + Bzu, x2(0) = Xoq (3.1b )
Yy = C]X] + C2X2 s (3.1¢c )

where € is a small positive scalar, the state x is formed by m,
and m, vectors XqsXo- The control u dis an r vector and the out-

put y is a K vector.
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The performance index is

—

min J = 3 J (yTy + u'Ru)dt, R > 0. (3.2)
0

Optimal control is given by

_ -1,.T
Uopt = -R"'B'Kx, (3.3)

wnere K is the stabilizing solution of the Riccati equation

0 = -KA-ATK + Ksk-c'c (3.4)
. ) LT
with C = [C] C2], S =BR B, and

[ ) ( )

Al Ay By
A = . B =

7] B,

. < < | <

By assuming A22 is nonsingular, the slow and fast subsystems are defined

(see Section 2.2) with their performance indexes.

Slow regulator problem:

For the slow subsystem

x‘
n

s ons + BouS R x_(0) = X10 (3.5a)

= CoxS +D

<
w
|

0Ys » (3.5b)
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where

By = Ap-Aighoahar » By = By-AyAgs8)

Co = C1-CAAy  » Dy =<CoA50B,, (3.5¢)
find ug to minimize

3, = %-J; (yiyg + ulRu)dt, R>0. (3.6)

In terms of X and ugs (3.6) becomes

_1 (7L TT T T T
JS =5 JO EXSCOCOXS + 2uSDOC0xS + uSRouS]dt . (3.7)
where
_ T
RO =R + DODO.

They prove that if the triple (AO,BO,CO) is stabilizable-
detectable, then the Riccati equation

=157 1,7

_ 1T o T -
0 = - K (Ag-BoRy Do) - (Ag-BoRg Do) K * KBoRg Bk,
T 1.1
- Co(1-DyRy Dy)C, (3.8)

has a positive semidefinite stabilizing solution Ks and the optimal

control for (3.5) and (3.6) is

TooTe. + 8Tk )x_. (3.9)

- T
ug = -Ry (Dply * BgKg)xg

S

Fast regulator problem:

For the fast subsystem
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g = ApoXe + Boue , xc(0) = X0 - Ié(o) (3.10a)

yf = C2xf s (3.10b)
where

xf =X, - ié s U T U - U and Ye =Y = Yo

find Ug to minimize

-]

21 T T
3= jo (vlye + ulRuc)dt, R > 0. (3.11)

It is also shown that if the triple (A22,82,C2) is stabilizable-

detectable, then the Riccati equation

+ K.B.R"TBk.-Clc

.
227 AooKs + KeBoR TBoKe-CoCy (3.12)

0= -KfA

has a positive semidefinite stabilizing solution Kf and the optimal

control for (3.10) and (3.11) is

_ p-1,T
Ug = -R Bszxf. (3.13)

It is shown that, under the stabilizability-detectability of slow
and fast subsystems, the solution of the Riccati Equation (3.4) possesses

a power series expansion at &€ = 0 that is,

(i) (1)
Ky &K, ] | Ky €K;
K = + 7 € , (3.14)
=1 77 T .
T ! (1) (i)
&, K, €K, &g
and
Ky = Kg» Ky = Ke and Ky = (K ,Ke). (3.15)
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Furthermore, it is proved that for the composite feedback control

DR i SR BRI S T 1T, -1 1ot
ue = ~L(I-R™'BJKAZ,B, )RS (D1Cy + BaK.) + R™'BJKCAZ A, 1x, = RTIBIK X,
(3.16)
uopt = Ut o(€), (3.17)
and
3= 3.+ 06, (3.18)

where JC is the value of performance index J of system (3.1) with
Ue and hence the composite feedback control (3.16) is an 0(62) near-
optimal solution to the complete regulator problem (3.1), (3.2).

B]ankénship (19811 studied 1inear quadratic optimal control problems
for singularly perturbed difference equations when the cost function is

defined on a finite-time period. In particular he considered the system

x(nt1) = x(n) + €Ax(n) + €BZ(n) + €Fu(n) (3.19a)

Z(n+1) = SZ(n) + €CX(n) + €DZ(n) + (G+€H)u(n), (3.19b)
where

x(0) = Xq and Z(0) = ZO'

x and Z are mq= and m2~dimensiona1 state vectors and the control
input u is r-dimensional. All the matrices are constant matrices of ap-
Propriate dimensions. € > 0 is a parameter and n = 0,1,2,...,N-1.

The performance index to be minimized is
T T T N1
Jr(u) = X (N)K]X(N) + 2X (N)KZZ(N) + 7 (N)K3Z(N) + ) [u (K)Ru(K)
K=r
+ XT(K)QX(K) + 2K (KIQRZ(K) + ZT(K)Q Z(K)1, O < 1 < N-1,
(3.20)



where

5
R=RT:0. v - =k >0,

oK

Q=0 >0 with Q defirez <~ Q., i=1,2,3 in the same way.
Slow-fast decompesiticn o7 system (3.1) was discussed in Chapter

2. He, essentially, shcwed tn:7 the basic features of the singular
perturbation approach to czatin.~us-time can be extended to discrete-
time ones. We extend on his -or' 3and consider the infinite-time optimal

control problem and stucy

t2 27, ototic behavior of the resulting

algebraic Riccati equations as t:e perturbation parameter tends to zero.

It is shown in Secticn 2.3 that the asymptotic behavior of the in-

finite-time problem does nct -~ 72w as a limiting case of the finite-

time problem. A special

is employed and is shown

scz.i: 27 the solution of the Riccati equation

tc ce z.oropriate to expand solution as a series

in the perturbation parairszc:

3.3. Problem Statement

Consider the linezr =i :-invariant discrete-time system
x(n+l) = n) += Bz(n) +< Fu(n) (3.21a)
z{n+i) = © - 3z{n) + Gu(n) (3.21b)
yln) = - - Dzz(n) + Mu(n), (3.21c)
where ¢ > 0 s a small -:: 7 .= ~arameter, the state vector comprises

the my and m, dimensicr:l ::tors x and z, the control u is an
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r-dimensional vector and the output y is a k vector. The initial
states x(0) and 2z(0) are given. The controls u(n) are to be selected

to minimize the performance index

J=c¢ E [yT(n)y(n) + uT(n)R u(n)l, R=R > 0. (3.22)

For simplicity the matrices A, B, C, F, G, S, D], DZ’ M and R are
taken to be independent of € but they could be analytic fuﬁctions of
e and the problem would be treated in the same way. The finite-time
version of this problem was considered by Blankenship who investigated
the asymptotic behavior of the optimal solution as € -+ 0. The asymptotic
behavior of the infinite-time problem we are discussing here does not
follow form Blankenship's study as a 1imiting case when the terminal
time N tends to «. To see this observe that he gives the solution
to the Riccati equation by defining

V(x(n),Z(n), n, €) = mln [Jn(u)] ,
where V is the "cost to go" from the point (X(n),Z(n)) at time n

in the problem (3.19), (3.20).

He proves that V has a Hamilton-Jacobi equation which has

Solution
V(x,Z,n) = x"plx + 2xTp2z + 2TP37 | (3.23)
where Pn = (Pl, Pﬁ, Pg) satisfies
P2 = qy + PP, ) + 0(€) (3.24)

P2 =q, + FE(PE, 1, PO,0) + O(E) (3.25)
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1.5l 1,,2 3
Pn h pn+1 * Q] +F (Pn+]’ Pn+‘|) + O(E) (3.26)
PN = Ki’ i = ]g293 9 n= 0,1»,...,N’]. (3.27)

Under proper conditions, he gives the solution to Pn up to O(Ez)

for sufficiently small €, In particular the solution for Pl is given
by
Pl = p10en) + 40+ (n-n)cg, + F1(P2, P2)1 + 0(€),  (3.28)

1

where P]0 indicates the zero order term of P and Llo represents

the zero -order term of the boundary layer solution. Note that (3.28)
gives an asymptotic formula for the solution of the associated Riccati
equation which is proportional to N, so it blows up as N + =. By
appropriately scaling the solution of the Riccati equaiton, similar to
(3.14), in the next section we will be able to overcome this difficulty.
The infinite-time regulator problem (3.21) (3.22) could be a
result of discretization or sampled-data control of infinite-time regulators
for singularly perturbed continuous-time systems using the method of
CLevis and Dorato, 1971]; the details are similar to the finite-time
example presented by Blankenship [1981] and explained in Section 2.4.
The form of the performance index is a little bit more complicated than
the one studied by Blankenship because of the presence of the matrix M.
When M = 0, the performance index J reduces to the one studied by
Blankenship. The current form is chosen to accommodate the sampled-
data control case where J is obtained by discretizing an integral per-

Formance index of a continuous-time system.
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It was shown by [Levis and Dorato, 19711, (See Appendix 3.1),
that discretizing an integral performance index with quadratic terms in
the state and control (and no cross product terms) results in a discrete-

time performance index of the chosen form with M'# 0.

3.4. Asymptotic Behavior of the Optimal Solution

The optimal control of the system (3.21) with performance index

(3.22) is given by [Levis and Dorato, 19711

T 1.7 T (

[B'PA+M D] X 1, (3.29)
Y4

M+3 PR1” n)
n)J

uopt(") = -[R+M

where P 1is a stabilizing solution of the discrete-time algebraic Riccati

equation
P = DT0+ATPA_[ATP3+DTM][R+MTM+BTPB]'][BTPA+MTD] , (3.30)
and where
I«€A  ¢B €F
A= R 8= » D D],D2
L c s G

In studying the asymptotic behavior of the Riccati equation (3.30), we

Seek the matirx P in the form

P = . (3.31)
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The form (3.40) plays a crucial role in studying the solution of the

Riccati equation (3.30).

ship since he used

Substituting (3.31) into

yields

where the functions f],

study the solution of (3.

It is different from the form used by Blanken-

(3.32)

N~

(3.30) and partitioning the Riccati equaiton

f1(P1sPysP3x), (3.33)

fo(P1oPyPas), (3.34)
fa(P1sPysPauc), (3.35)
f2 and f3 are defined in Appendix 3.2. To

33)-(3.35) near €= 0, it is natural to start

by setting €=0 1in (3.33)-(3.35). This yields
0 = P, (0)A+0,(0)C+ATP, (0)+CTP(0)+C P, (0)C+D]D,
- [Py (0)F+P,(0)G+C P, (0)6+DIMICRHH MG P, (0)61"
X CFTP (0)+GTP,(0)+G P, (0)C+MTD, 1, (3.36)
Po(0) = P, (0)B+P,(C)S+CTP4(0)5+D]D,
-[P](0)F+P2(0)G+CTP3(0)G+D{M][R+MTM+GTP3(0)G]']
(6P, (0)5+M D, 1, (3.37)
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- T Ty _ceT Turr rauTiecT -1
P3(0) = S'P;(0)S+DD,-[S'P4(0)GHD,MILR4M' M+G P4 (0)G]

(6P (0)S+M1D,)3. (3.38)
Equation (3.38) is a discrete-time algebraic Riccati equation. It is
well known [(Kwakernaak and Sivan, 1972] that if the pair [S-(-:\(R+MTM)'1
MTDZ,G] is stabilizable and the pair [S-G(R+MTM)']MTD

JD;DZ-D;M(RMTM)']MTD2 ] is detectable then (3.38) has a unique positive

2,

semidefinite solution. It is obvious that the stabilizability of

[S-G(R+MTM)']MTDZ,G] is equivalent to the stabilizability of [S,GI.

Moreover, using the matrix identity I-M(R+MTM)']MT = (I+MR'1MT)'1 (For
proof, see Appendix 3.3), it can be shown that the detectability of

Ty ']MTDZ '] is equivalent to the detecta-

T LT, Co—
s-G(ReH M) MTD,, Jbzoz-DZM(R+M M)

=17

bility of [S-G(R+M'M) M D,,D,]1 which is equivalent to the detectability

of [S,Dz]. Note that

[ T T T '1 T - g’ T ;T -.I T
[P30,-D M(R#M M) IM'D, = DirT-M(R+TM) ™M 3D,
FT T

(I+MR'1MT)']D2 QQTQ, for some matrix Q.

= ‘102

Thus we assume that the triple [S,G,02] is stabilizable-detectable which
guarantees the existence of P3(0) > 0. Furthermore, from the properties
of Riccati equations [Kwakernaak and Sivan, 1972] we have the stability

property

A ag)] <1, | (3.39)
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Toecl

where oy = S-GLR+M MG P T

(0)63"'raTp T

3 3(0)s+M DZ].

We turn now to equation (3.37) and notice that P2(0) can be

expressed in terms of P](O) and P3(0) as

P,(0) = Ly + Py(0)L (3.40)

2 b}
where

= nl T T Ton T 1
Ly = {0102+C P3(0)S-[C P3(O)G+D MICR+M

T -
1 M+G P3(0)G]

o7 T -1
[6'P5(0)S*+M'D, 1L,

TuenT

L, = {B-F[R+M M+G'P Tt 1

- T -
3(O)G] (G P3(O)S+M 02]}L3 R

L3 I-a3 s

and where the nonsingularity of L3 follows from the stability property

(3.39). Substituting (3.40) into (3.36) yields

A+ATp. (0)+0-p. (0)3R~15T

0 = P, (0)A+ATP, (0)+Q-P, (0)BR™B™P, (0), (3.41)
where

B = F4L,G,

R = R+MTM+GTP3(O)G,

A = A+LC-BR™1caLT+6Tp, (0)c+MTD, 1,

2 116 P3 1

and

N TT.T

Q = D1D]+L]C+C L]+C P3(O)C

] [L]G+CTP3(O)G+D¥M]§-]EGTL¥+GTP3(O)C+MTD]3.
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Equation (3.41) is a continuous-time algebraic Riccati equaiton. We
assume that the triple (A,é,/a) is stabilizable-detectable. This
guarantees [Kwakwenaak and Sivan, 1972] that (3.41) has a unique positive

semidefinite solution P1(0) >0 and
Re {A(a])} < 0, (3.42)

where

ay = Z\—éli-] éTP] (0).

Thus we have established the existence of the solution of (3.33)-(3.35)

at € =0. For € near zero, let

Py = Pi(O) + € E; for 1 =1,2,3, (3.43)

where Ei indicates the non-zero-order terms. The existenc of Ei’
i=1,2,3 1is established by applying the implicit function theorem where
the nonsingularity of I-a3 and s (which follow from the stability
properties (3.39) and (3.42), respectively), are used to show that the
Frechet derivatives of Ei for i=1,2,3 at € =20 1is invertible.
This is shown in Section 3.6 and the existence of Pi for i =1,2,3
follows immediately.

It remains now to show that this solution is stabilizing. THis,
however, follows immediately by applying the stability criterion, derived
in Appendix 2.1, to the closed-loop system where the stability properties
(3.39) and (3.42) are used. Our conclusion is summarized in the following

theorem.
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Theorem 3.1: Assume that
Condition a: The triple (A,é, é) is stabilizable-detectable

in the continuous-time sense; i.e., every eigenvalue of A which lies

in the closed right-half complex plane is controllable and obserable,
Condition b: The triple (S,G,Dz) is stabilizable-detectable

in the descrete-time sense; i.e., every eigenvalue of S which has modulus

greater or equal to one is controllable and observable.

* *
Then there exists € > 0 such that for all 0 < €< €, the Riccati
equation (3.30) has a unique positive semidefinite stabilizing solution.
Furthermore, the solution has a power series expansion at € = 0, that
is

piilze o1

O
"
Hr~8
o
-4~1m

i ()T (i
P21) P31)

One unpleasant feature of Theorem 3.1 is that Condition a is
dependent on P3(0), the solution of the discrete-time Riccati Equation
(3.38). It will be shown later that the matrices A,é and 6 are in-
deed independent of P3(O). For the time-being, however, let us assume
that Conditions a and b hold so that Theorem 3.1 provides us with a
reasonable way to approximate the optimal control for small € . An

approximate state feedback control is defined by

u(n) = ~CR+M'Msm P 2271 cm'P A+MTD] “x(n) (3.44)

;kz(n), ?

where P  is obtained by truncating the expansion of P; i.e.,
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~ N:] 1
P = 1 & : (3.45)
1= . .
()7 (i)
. P3

The near optimality of the control law (3.44), (3.45) is established in

the following theorem.

Theorem 3.2: Under conditions (a) and (b), the use of feedback control

(3.44), (3.45) is O(GZN) near-optimal in the sense that

3-d_. = 0(e?M

opt (3.46)

where J is the value of the performance criterion when (3.44), (3.45)

is used, while Jo is its optimal value.

pt
Proof
Let us represent the optimal feedback control as
x(n)
u . = -(FY F9x(n)z -5%(n); x(n) = . (3.47)
opt 1 °2 = Z(n)
then
= €xT
Jopt X" (0)PX(0), (3.48)

where P satisfies equation (3.30). Similarly, the approximate feed-

back control is represented as

u=-(F F,)X(n) & -FX(n). (3.49)
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It can be easily verified that
,» 1=1,2. (3.50)
The closed-loop system under the feedback control (3.49) is

X(n+1) = (A-BF)X(n), (3151)
and the performance index is

J = €XT(0)P'x(0), (3.52)

where P' satisfies the Lyapunov equation

T Tl

P' = (A-TF) P! (AGF)+D D+F (R+M'M)F-D MF-F M'D . (3.53)

Subtracting (3.30) from (3.53) and letting R = (R+MTM+BTPB) yields

T

P'-P = (A-mF) (P'-P)(A-EF) + (A-TF)'P(A-&F)

ATPA+F (R+MTM))F - DM - F'MID

+(aTem+d™) ®1 (zTPA+M'D)

.7

(A-KF)T(P'-P)(A-BI) -F3 PA-ATPB$ + rT

3 PRF

T(RMTM)F - DTMF-FTMD + (a'pPm+D MR~ (@ Pa+MTD)

+

F

1.7

TR% '5"pa

(a-5F) " (P'-P) (A-%F)-F

1 T

AP RIRF+FRF

0TMF-FMTD + (aTpme0™M) B (8'Pa+M'D)
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= (A-BF)(P'-P) (A-7F) -F R R~! (B'PA+MID)
- AP M) RV RF+ 35 5+ (ATPBADTM)R
(@' Pa+M'D)

(a-5F) T (P'-P)(A-mF) + [F'-(aPR+D MR 3

ReF-R (BTPA+MTD)] )

So we obtain

P'-P = (A-F)(P'-P)(A-EF)+(F-301" (R+M "Mz P)[F-301. (3.54)
But the term inside the last bracket is
(5-701 = [F,-F3, FpmF07 = 0(eV).
Letting P'-P =V, (3.54) becomes
V= (a-mF) v (a-mx)+o( 2. (3.55)

By application of the Implicit Function Theorem we can show that P'

possesses a power series expansion at &= 0. So V can be expanded

as follows:
(1) (1)
- i We vy
V= _20 Sr . (3.56)
=0 ()T (1)
V3 V3

Partioning (3.55) and matching the zero order terms yields
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0= v§°)(A RN v Oy (a-rrZINT) Ty (0)

00 2 00 1
+ wTvéo)T+wTv§°)w, (3.57a)
(0), _ ,(0),.,(0) T,(0)
v2 = V] J+v2 a3+w v3 o3 (3.57b)
V§0) - O‘;'\,§0)QL3 , (3.57c)
where
_ T, ~T
R0 = R+M M+G P3(O)G s
_ T T
D0 =S P3(O)G+DZM .
N. = P, (0)F+P. (0)G+C P, (0)G+DIM
0 1 2 3 17 °
= rorp-InT
J B FR0 D0 ,
W o= R T
W C-GR 0 -
. .. (0) _
Stability of oq implies V3 = 0.

Evaluating Véo) from (3.57b) and substituting into (3.57a) and using

(3.57c) yields

/(0

1 on.l+a.]rV(o) = 0.

But o is stable which implies V
For higher order terms up to (2N-1) we prove, by induction,
that v§i) =0 for j=1,2,3 and i=1,...,2N-1 .

Let A-FRI'N] = &, then partitioning (3.55) yields
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V. N | T Ty T et Ty arawe Tyl o
0=ViB' + VW' +38 Vit WV, + W Vo +€(B V W'+ TV 8" HH vzs)
+ 0™,
1 N T s Ty oy Tyl N
v2 V]J + v2a3 + W v3a3~+e (8 V]J + B V2a3 + W v2J ) + 0(5? )»
= |T ' IT ' |T ' |T T ' 2N
Vg = ay Vg +€(J Vyd' + 0" Vaad 4 aj Vyd ) + 0(e"), (3.58)

where B8',W',J', and aé are matrices analytical on € with their zero-
order terms given by 8,W,J, and aqs respectively.

Now assume that for 1 < i < K-1 we have

v§i) =0, j=1,2,3, (3.59)
(K) . : a
and we prove that Vj =0, j=1,2,3.
Note that we already proved that (3.59) holds for K = 1.
Matching the Kth-order terms in equation (3.58) yields
0= V(K)s + V(K)w + BTV(K) +g (V(i)) , (3.60a)
1 2 1 13
(K) _ y(K) (K) T, (K) (i)
V2 = V] J + V2 ag + W V3 aq + 92(Vj ) (3.60Db)
(K) _ T,(K) (1)
V3 = a3V3 ay + g3(VJ. ) (3.60c)

(1)

where 915 9> and gy are functions of Vj for

0 <i<K-1 and j =1.2.3.
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In view of (3.59), (3.60) reduces to

0= V%K)S + VéK)w + BTV§K), (3.61a)
VéK) = V1(K)J + VéK)a3 + wTvgk)o‘3 , | (3.61b)
VgK) = a§V§K)a3 . (3.61c)

But (3.61) is similar to (3.57) and we can repeat the same argument which

completes the proof of theorem 3.2.

3.5. Slow-Fast decompostion and composite control

System (3.21) is singular as a function of ¢ ; i.e., we can
observe order reduction and separation of time scales as ¢ - 0. Blanken-
ship [1981] showed that for small €& the variables can be decomposed.into
slow and fast variables. Using Blankenship's time decompostions, slow
and fast subproblems are defined in a way similar to that of Chow and
Kokotovic [1976].

Slow Subproblem: The slow variables, evolving in slow time scale

en, satisfy the outer solution

X(€n+€)-X(en) =€ AX(€n) + €BZ(en) +¢€ FU(en) (3.62a)
Z(a) = CX(en) + SZ(en) + GU(gn) (3.62b)
Y(en) = D]X(en) + DZZ(en) + MU(en). (3.62¢)

Dividing (3.62a) by € and letting €~ 0 yields

Q.
x|

= A Xx(t) +B Z(t)+ F u(t) (3.63a)
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2(t) = C X(t) + S zIt) + G u(t) (3.63b)

y(t) D, x(t) + D, zZ(t) + Mu(t), (3.63c)

Assuming that (I-S) 1is nonsingular, (3.63b) can be used to eliminate

z(t) from (3.63a) and (3.63c) resulting in the slow subsystem

dx
“3%“ Axg(t) + Bou (t) (3.64a)
ys(t) = Csx(t) + Dsu (t), (3.64b)

where x_ =X,y =y, u =u and x_(0) = x(0), and where

A+8(1-5)"'c, B, = F+8(1-5)" g,

>
n

D,+D,(1-S)" ¢, D= M4D (1-s)" 6.

S 172

(]
]

2

We define a slow performance index JS as

Jg = J: (yT(t)y (t) + ul(t)R us(t))dt. (3.65)

where in obtaining (3.65) we used the 1imiting relation

I

1im € 5 U'(en)R U(en) = j 0T (t)Ru(t)dt.
€0 n=0 0

The slow problem defined by (3.64), (3.65) is a continuous-time regulator
prbb]em identical to the slow problem of Chow and Kokotovic [1976].

Following their work we assume that

Condition a': the triple (AS,BS,CS) is stabilizable-detectable
in the continuous-time sense; i.e., every eigenvalue of AS which lies
in the closed right-half complex plane is controllable and observable.

Under Condition a', the optimal feedback control law of the slow problem
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(3.64), (3.65) is given by

1.7 T

= R A -
us(t) RS [DSCS + BSPs]xs(t) 4 -F x_(t)

X (1), (3.66)

where RS = R+DZDS and PS is the unique positive semidefinite stabilizing

solution of the continuous-time algebraic Riccati equation

-1
s

1

_ _ T n - TnTe 3T
0= P (A-BR.'DC) + (A;-BLRIDC.) P

1T T 1,7
- PBR.'BP. + C (I-DRT'D)C.. (3.67)

Fast Subproblem: Assume that the variables x(n), z(n), y(n)

and u(n) decompose as

x(n) = xg(n) + x (t) | (3.68a)

z(n) = z¢(n) + z (t) (3.68b)

y(n) = yeln) + y (t), (3.68¢)
and

u(n) = uc(n) +u (t). (3.68d)

Substituting (3.68) in (3.21), taking the 1imit ¢ - 0 and using (3.63b)
and (3.63c) we get

zf(n+1) = Szf(n) + Guf(n), (3.69a)
ye(n) = Dyze(n) + Muc(n). (3.69b)
We define a fast performance index Jf as

(yE(n)ye(n) + ul(n)Rug(n). (3.70)

[

[}
Wi~ 8
o

fon
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The fast discrete-time regulator problem (3.69), (3.70) is a standard
problem and it is well-known [Kwakwenaak and Sivan, 1972] that if the
triple (S,G,Dz) is stabilizable-detectable (condition b), then the

optimal solution is given by

TueeT

Ug(n) = -[ReMTM+G'P T

-1
61716 Pes#MTD, 12 (n) & -F ez (n), (3.71)

where Pf is the unique positive semidefinite stabilizing solution of

the discrete-time algebraic Riccati equation

T T T
D2+S PfS-[G PfS+M D

2]T[R+MTM+GTPfG] 16Tp

T

Pe = D s#M'D,1. (3.72)

f
Inspection of (3.38) and (3.72), together with the uniqueness of the solution

of the Riccati equation, shows that
(3.73)

Motivated by the results of Chow and Kokotovic [1976] in the continuous-
time case it is natural to ask the question: is there a similar relation
between P](O) and PS? The answer is yes, as it can be seen from the

following Temma.

Lemma 3.1. If (I-S) is nonsingular, then the matrices A, B and 6

appearing in (3.41) are given by

ol T
A=A-BRIDIC (3.74)
BR7 18T = B R ]BZ , (3.75)
q = CT(I DR 10Z)c (3.76)

The lemma is proved in Appendix (3.4)

As a consequence of the lemma we have
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P](O) =P . (3.77)

Also, condition (a) is equivalent to condition (a') which is independent
of P3(0). Therefore Theorems 3.1 and 3.2 hold under conditions (a')
and (b).

Composite Control: With the solutions of the slow and fast problems

in hand, a composite feedback control is formed as

= +
Uo = ug + ug

-sts(t)-Ffzf(n).

Approximating zf(n) by z(n)-z(t), expressing z(t) in terms of

xs(t) and us(t) and approximating xs(t) by x(n), we get

=
|

= -F x(n)-FeLz(n)-(1-5) 7" (C-6F)x(n)]

~LF~F(1-8) T (C-GF ) x(n)-F z(n) . (3.78)

The composite feedback control law (3.78) is near-optimal as established
in the following theorem.

Theorem 33: Under Conditions (a') and (b) the composite control
)

(3.78) is 0(¢ near-optimal in the sense that

- 2
J-Jopt = 0(e").

Proof: The main step in the proof is verifying that the feedback co-
efficients in (3.78) are 0(€) perturbations of the feedback coefficients
in the optimal control (3.29). To see this, note that from (3.29) we

have



Fo - [Ry + 0(€)]

90

T

=147
[Ny + 0(€), Dy

+0(€)1.

Using Householder Theorem we obtain

-1
0

0

(R, + 0(€)

RN

T
00

+ 0(

ne-

9, 9y

C 2

On the other hand

Fe

So by comparing with (3.29)

0.
Fp =
Let
Fy =
Using
_ p=1/nT
_ Fs = Rs (Ds(cs+
yields
F. = (1 + RIIDN(I-S)
1 0 "0
Using (1) from Appendix 3.4
_u=15-1, T
Fy = HRS(DC_ + B
_o-1,T.T -1
= Ro H BSPS + R0
T T
(G PfS‘+ M 02)(

T

T
JNy + o(€) , Dy

+ 0(€)]

1.7

€) , Ro DO + 0(€)]

1.7

when it is partioned we get
Fe + 0(€),

-1
Fo - Fe(1-8)7' (C-6F)

1

[+ Fo(1-5)6IF, - Ff(I-S)']C.
T
BP.),
1.o-1 T -1.T -1
GIRS (DTC + BLP) - Ry'Dy(1-S)7'C.
and defintion of H'] we get
T -1, T,-TAT -1
PS) - RyHHT D (I-5)7'C
T T -1.T 10T
H [D.C, - (1+R0 DO(I-S) G)
1-s)'1c1.
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Inside the bracket is

T T

“Ta T 1. AT
DSCs -G PfS(I-S) C-M DZ(I-S) C-G'(

1-5)'T00R61Dg(r-5)'1c.

Using (3.72) yields

Te _aT(ray-T T T T -1
DyCe-G (I-5)7 [(I-5) PS - Po#DD, + S'PLSI(I-5)'C

- MTDZ(I-S)'1C

T
S

T T

- Tir_ey-T e P -1
D Cs + G (I-S) PfC G (I-S) DZDZ(I-S) C-M DZ(I-S) C.

Substituting for DzCS yields

o1 TeT
Fy = Ry H'BP + R

1Tyl

-T,T
g HIMD

1-5)"ToID, + G (I-S

T
( 271

+ G ) Tp.co.

1 f

Using (2), and (5) of Appendix 3.4 we obtain

_ p-1 T T T T
Fi = Ry [(F + L,G) P, + (LiG + C PG + DyM) ']
ool T T T, ol T
= RO [F PS + G (L1 + LZPS) + G PfC +M D]].
So
_ - 1yT
F'«I-RoNoc

By comparing with (3.29) we obtain

0.
Fy = Fy + 0(€).

The rest of the proof is similar to the proof of Theorem 3.2.
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3.6 An Iterative solution of Riccati Equation for Linear Quadratic

Singularly Perturbed Systems.

One of the main difficulties in dealing with optimal control of
infinite-time regulators of singularly perturbed systems is solving the
stiff Riccati equation arising in this class of systems. In this section
an efficient iterative technique for solving the stiff algebraic dif-
ference Riccati equation (3.30) is developed and it is shown that the
accuracy of 0(61) can be obtained by performing only (i-1) iterations.
Also, since only the lower order systems are employed, the algorithm is
very efficient from the computational point of view.

Let Pi = Pi(O) + EEi for i =1,2,3 as in (3.43), where

Pi(O) indicates the zero-order terms and let

Ny = ATPJA + ATP.C + CTPIA,
N, = ATP.B + ATP,S + CPIB,
Ny = B'P,8 + BTP,S + sTp)B,
N, = FTP.F + FTp6 + 6TPlF,
Ng = ATPIF + CTPOF + ATPG,
Ng = BP,F + STPIF + BTP.G,

and

- T
N =EF+ EZG + C E3G.

Note that
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RV =(R+Mmape)™" = (R+ MM+ 6TP,(0)6 + €(GTELG + N

3 3 4

and by Householder theorem (see Appendix 2.1) we obtain

T TPB)_] - R-]

~-1 _
R =(R+M 0

M+3 + €K

where

T

- T -1 -1
K= -[Ry + € (G E4G + N4)] (G E56 + N4)RO .

Dividing K into zero-order and non-zero-order terms we get

K=K+ €K

0 1
where
_ =1..T T T T,T -1
K0 = - R0 (G E3G + F P](O)F + F P2(0)G + G PZ(O)F]R0 .
and
_ T -1 -1 -1
K] = -K(G E3G + N4 )RO - R0 N4eR0 R
where
N4 - N4(0)
N, = .
de €
Now subtracting (3.38) from (3.35) yields
_ T -1,.T T T
€E3 = €(S E3S + N3)-E[DOR0 (G E3S + N6) + (S E3G + N6)
-1.T T . .2.,.T ~-1,.T T
RO Do + DOKDO 3-€°C(S E3G + N6)R (G E3s + N6)
T T T T
+ DOK(G 535 +w6) + (S E3G + N6)KDO] .

fFliminating € and factoring yields the discrete Lyapunov equation

)17,
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Ey - agEgag = Cg + € vy (EEpEq€) (3.79)
where
C3 = N3(0) - DGRGINT(0) - N (0)R7'0] + D RN, (0)R3 oS!
Y3 = Nag = DgRoINE, = Mg RETDT - DK,DF - [(STES6 + N)R!
(GTEgS + Nj) + DbK(GTE3S + Ng) + (STESG + NG)KD]1.
Note that

Ny - Ng(0)
Njg = = , i = 1,....6.

By the same way, subtracting (3.37) from (3.34) and (3.36) from (3.33),

respectively yields

T -1.T -1.T -1.T -1.7
E2 - E]B - EZS -C E3S + NOR0 G E3S + NeRO D0 - NOR0 G E3GR0 D0
= C2 + e ‘{2 (E]’E21E3, ), (3-80)
and
T T.T T -1,T -1,.T -1.T -1,.T
E]A + A E] + E2C +C E2 +C E3C-N0R0 Ne - NeRO N0 + NOR0 G E3GR0 N0
where
_ -1,T -1.7T -] -1.T
C2 = N2(0) - NORO N6(O) - N5(0)R0 DO + NOR0 4(O)R0 DO
va = Mog = NoRoNge - NogR3 Dg - Nok;Df - (Ng + NOIR™(6TES + N)
T T T
- NOK(G E3S + N6) - (Ne + Ns)KD0
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. T AT o AT
C1 = N1(0) + NOR0 N5(0) + N5(0)R0 NO NOR0 4(O)R0 NO ,
and
) .7 AT T ~-1 T
Yy = -Nyg ¥ NgRy Ngg + NeoRo Ng + NoKyNg + (Ng + NgR (N, + Ng)
T T
+ NOK(Ne + Ns) + (Ne + NS)KNO.
. 1T T
Letting W = C-GRg'NJ and J = B-FRS'D} from (3.80) we get
E, = (EJ + WE.a, + C, + € y,)LD! (3.82)
2 1 337 V2 Yo/t3 ¢ .

Substituting (3.82) in (3.81) and using (3.79) yields the continuous

Lyapunov equation

-1
E, (A-FR T

.
oMo )

N~ + LW

2 E

-1, T
+ sz) + (A-FR0 0

1

. oy =ty T =T e \TuT =Tre o Te oy -]
= -(Cy + S )L W-W LT (Cy + &) =W LS (Eg-aqEqa)Ly W

But

1,7
- L,GR N0

+LW=A+1L,C-FR 2GRy

A-FR 2 2 0

1,T
00

1.7
N N0

1,7

= A+L,C- (F+L G)R0 N0 )

2 2

Using the proof of Theorme 3.3 we have

T _ T T Ty T
No = (F + L,G) P](o) + (L]G +C P3(0)G +DM),

and by recalling that B=F+ L2G we obtain
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-1,T ) 2o-1aT 201 ,cT T
A-FR0 N0 + L2N = A+ L2C - BRO B P](O) - BR0 (G L.l
T Toy = & . Ap-1aT B}
+ G P3(O)C +MDy) =A- BR, B P,(0) = .
Now ,(3.83) reduces to
T -1, T =T T
Ejag + oqEy = =(Cp + &)Ly W - WLy (C) + &)
T, AT -1
- Wiy (Cq+ Syg)lg W + Gy + &y,
or
E, a, + aTE = + € (3.84)
14 19 Yo :
where
_ 1, T -T.T . T, -T. -1
= -C2L3 W-W L3 cz-w L3 C3L3 W+ C]

A, T T T T =T -1
“rply W-W L3 vp-Wily sl W + vy

Y

Equations (3.79), (3.82), and (3.84) have an interesting form since all
non-linear terms and cross-coupling terms are multiplied by a small
parameter €. This suggests that a successive approximation algorithm

can be efficient for their solution.

Let us propose the following algorithm:

e+, 4 T+ oy e 0D (3.85a)
1 1 171
(i+1) To(i+1) _ (1)

E3 - 0-3E3 '13 = C3 + e Y3 E) (3-85b)
(i+1) (i+1) To(i+1) -1 -1 (i), 41

E2 E] L2 + W E3 43L3 + C2L3 + € (5 L3 ’

(3.85¢)
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E§°) G A )R (3.86)

Theorem 3.4:
The algorithm (3.85), (3.86) converges to the exact solution E with

the rate of convergence of 0(€), i.e.,
te-e*) < oqee-e) L 1= 00102, (3.87)
or equivalently

=g = o€y, i=1,2,... . (3.88)

Proof:

Let us represent equation (3.85) by
Qi(E],Ez,E3,&) =0 , i=1,2,3. _ (3.89)

As a starting point we need the existence of bounded solutions of
E],Ez, and E3 in the neighborhood of € = 0. This is established by
applying the implicit function theorem to show that the Frechet derivatives
of Q], QZ’ and Q3 with respect to E], E2, and E3 at € =0 are
invertible. 1i.e.,
d Qi(E,E) is invertible for i =1,2,3,

€=0

E=0
where

. Q;(E+xsE)-Q, (E)
in = 1im :

A0

(3.90)
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But
Q = Eyay + @iy - ¢ - €r(EqrE,,Eqy€)
17 By * g 12E22E355)
So
dQ = Tim L [(E, + A6E:)ay + ol (Ey + ASE,) - &
Newo ~ im HE Peg + oo (E 1
E=0

- EY(E] + ,\<5E1,E2 + xaEZ, E3 + >\<SE3) )

(SE;)ay + aI(GE]). (3.91)

X is stable matrix in the continuous-time sense, so given dQ1, there
exists a unique E] satisfying the continuous-time Lyapanov equation
(3.91).

By the same way we obtain

do, = sE, - ol (5E (3.92)

3 = @3(0E3)as-
aq is stable matrix in the discrete-time sence, so given dQ3, there
exists a unique 6E3 satisfying the discrete-time Lyapanov equation

(3.92). For Qz, using the same approach, we get

dQ, = SE, Ly - (E )J-W' (SE

o L3 (3.93)

1 33
L3 is invertible, so given dQZ’ there is a unique 6E2 satisfying
(3.93). The existence and uniqueness of SE], 6E2 and 6E3 for any
given 501, 502 and 603 establishes the invertibility of the Frechet

derivative.
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For i = 0, subtracting (3.85b) from (3.79) yields

EgE{ )y = €0vg(E],E,0E50€) —v5(0,0,0,€)1.

T
( 'l! 2’ 3’

(1
(E3-E3 )) - a3

By stability of a3 and existence of bounded solutions of E]’EZ’ and

E3 we obtain

le,-e{1) = oce). (3.94)

Similarly, subtracting (3.85a) from (3.84) yields

1 T 1
(E]'E'§ ))C‘] + a](E]'E'f )) =€ Y (E,E).

By stability of oy and existence of bounded solutions Ei’ i=1,2,3,

we get
-8 = oge, (3.95)

and by subtracting (3.85c) from (3.82) and using the same approach we

have
ie,-e510 = oge). (3.96)

For the next iteration step we have

and subtracting the above from (3.79) yields

7)) + aj(e £ ey = €rpglE 0y (e 000,

The term [Y3(E,E)-Y3(E(1),E)J satisfies a Lipschitz condition uniformly
in € for € sufficiently small. Hence its order of magnitude is the

same as (Ej—Eg])), j=1,2,3. So from (3.94) we obtain
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lE-£32)) = € - 0(e) = o(e?). (3.97)
Repeating the same arguments we can conclude that

o(e'y,

54|
and by analogy

oe’) ,

;-4

le,-e{1)) = o(eh),
or

le-e() = o(eh),

which proves the theorem.

Clearly, since we are doing iterations of the same system of
equations, this algorithm is efficient not only for obtaining required
accuracy, but for finding an exact solution.

It should be pointed out that another way to overcome the stiff-
ness problem in solving the Riccati equation (3.30) is by using a power
series expansion with respect to small parameter € and matching the
corresponding coefficients. This provides us with a family of well-
defined problems for which standard techniques are applicable. However,
if we are interested in high order of accuracy the amount of required
computations can be substantial, even though we are faced with solving
low order problems.

The steps in our alogrithm are as follow:
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Algorithm

Step 1.
Solve (3.36)-(3.38) i.e. find P](O), P2(O) and P3(0).
Step 2.
; o
Find a], “3, C], C2, C3 and ©°.
Step 3.

let i =0, Ego) =0 for j=1,2,3.

Step 4.
Set p§‘) = p,(0) + & E§i) L3 =1,2,3.
Step 5.
(i) (1) _(1)

Find Y1 Yo s Y3 , and Y(i).
Step 6.

Solve (3.85).

Step 7.
Check the required accuracy. If it is not satisfied, set

i=1+1 and go to step 4, otherwise stop.

Thus, the overall solution of (m] + m2) dimensional algebraic
Riccati equation (3.30) can be found by solving two lower-order Riccati
and two lower-order Lyapanov equations which can bring considerable

saving in computations and high rate of convergence.

3.7. Numerical example

In this section by means of a simple example we illustrate the

points in Theorem 3.2 and the iterative technique mentioned earlier.
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Consider the difference equations

x(K+1) = (1-2€)x(K) + € z(K) + 1.5€ u(K) (3.98a)
z(K+1) = -.7x(K) + .45z(K) + .8 u(K) (3.98b)
y(K) = .6x(K) + .75z(K) + .4 u(K), (3.98¢)

with the performance index

mn 9= € 1 Ly2(K) + u2(K)3 (3.99)
Slow subsystem:
dxS
ot - -3.272727xs(t) + 2.954545 (3.100a)
ys(t) = -.3545xs(t) + 1.490909 us(t), (3.100b)

with the performance index
- 2 2
) = JZ y2(e) + uB()dt .

Fast subsystem:

zf(K+1) = .452f(K) + .8 uf(K) (2.101a)

ye(K) = .752f(K) + .4 uf(K), (3.101b)
with the performance index

3= 1 + K. (3.102)

K=0
Using "LAS package" [Bingulac et al., 1982] the programs for solving the

example are written and .run on Prime Computer at Michigan State University.
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Solving for slow and fast Riccati equations yields

Pf = ,508377,
Ps = ,006971,
and
PZ(O) = L] + PSL2 = ,380134.

Solution of the approximate feedback ¥ 1is found to be
F = (.191039, .325184).

In the next table values of V = P-P' and II-?OI, for different values

of €, are given.

Table 3.1
FeFL Ry | PP Py, PRy
€= ] .062091 .019034 -.020479 .001304 -.000626 i
€= .05 .035648 .009489 -.011813 .000323 -.000148
€= .,025 .022486 .004739 -.008277 .000080 -.000036 i

As we see the numerical values aqree with the theoretical results.

bty
)

L]
[}

o(e) , i

1,2,

and

0(€?) , i

O
]

0
[}

1,2,3
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and consequently

- 2
J-Jopt = 0(€%).

On the next table we give the numerical results using the iterative
technique for € equal to .1, .05, and .025, respectively. Also the

exact solution is evaluated for comparison.

Table 3.2
; €= .,025 €= .05 €=.1

froration] P P2 P3 P P2 P3| P PaP3
1 |.016971 .375847 .510311 | .026655 .371657 .512107 |.045149 .363768 .51576
2 .017281 .375743 .510353 | 027857 .371248 .512324 |.049660 .362293 .516363
3 .017291 .375739 .510355 | .027937 .371256 .512339 |.050239 .362079 .516443
4 .017291 .375739 .510355 | .027942 .371254 512340 |.050310 .362052 .516453
5 | " v | .027942 .371254 .512340|.050319 .362049 .516454
6 " " " " " v |.050320 .362048 "
; . . ; . . ] . ; ;

Exact

Solution |.017291 .375739 .510355 .027943 .371263 .5123601.050320 .362048 .516455

By investigating the results in Table 3.2 we observe that the iterative
technique has a convergence rate of €, or even less, at each iteration
and tends to the exact solution. It is interesting to note that this
algorithm gives better result as the value of € decreases while the

standard methods for solving discrete-time Riccati equations exhibit
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worse results for smaller values of €. In Table (3.3) the number of
iterations to obtain convergence in our iterative technique is given for

different values of €.

No. of iterations for Convergence

€ up to Gth digit after the decimal point.
.025 3
.05 4
.1 6

It should be noted that, due to the round-off errors of the

computer system, there are some small errors on the Sth or Gth digit
after the decimal point. (As in the case of values of Pi’ i=1,2,3,

for € = .05).



APPENDIX 3.1

Consider the sampled-data control of the regulator problem
x(t) = Ax(t) + B u(t) , X(tg) = x
y(t) = C x(t),

with the performance index

J = J (yTy + uTRu)dt

t
= J [xTCTCx + uTRu]dt s, R>0.
%

Let u(t) be a piecewise constant function of time, i.e.,
u(t) = U(ti) = ui R ti < t < ti+1'

By sampling the above system with period T, see Section 2.4, we obtain

Xig1 = q)(T)x,i + T(T)ui » Xg = X(to)
y; o= C Xi +D us
Where
s(T) = &,
and

106
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with the performance index

(Co(T)x; + T(T)uy2TCTets (Txy + T(Thuyd + ujRug)

[
[}
W~ 8

i=0

So, J will take the form

I T Tx
J = _Z [x;Qx; + 2x.Muy + us Ru.d,
i=0
where
T
T
Q= j sT(T)CTes (T),
0
T
M = j sT(T)cTer(T),
0
and

T
R = J (R + FT(T)CTCF(T)]dt )
0

We note the appearance of the cross product matrix M when a continuous-

time regulator without a cross product is sampled.



APPENDIX 3.2

The functions f], f2 and f3 in (3.33)-(3.35) are defined by

£, = P A+PCHATP, + CTPL

T T
1 1447, 1 + C P,C+D

2 3¢*0;D

1

To A+aTp,cocTp]

+ e[A 1 2

Al

- [PyF+P,G+CTPGHOIMHe (TP FATP,GHCTPIF) Ix

1 "2 37 1 2

[R+MTM+GTP3G+E(FTP]F+FTPZG+GTP; 117! x

T, T, T T
+G P2+G P3C+M

M+e (A

T T ToTaseT
FF P] D]+e(F P]A+G P2A+F PZC)] s

Tp_s+cTp!

. To canT
f, = P.B+P,S+C P,S+D ,S¥C'P,

T

T T
]F+PZG+C P3G+D]

Mee (ATP, F+ATP G+CTPLF) Ix

- [P 1 280 P,

Taant

[R+MTM+GTP Tp Faf]

Gte (FTP F+FTP G+GTP;F)]'] %

3 1 2

T Tp B+GTP B+ETP. S

.
[G'P,S+M'D +¢(F ] 2 2 )1,

2
and

_ ol T T
f3 =3 P3S+DZDZ+E[B P]B+B

T ToT
P25+S PZB]

G+D e (BTP, F+BTP.G+STPIF) ] x

.
- [S'P36+D, 1 26+S'Py

Tl F)]'] X

[R+MTM+GTP T F+FTp.G+GT

G+e(F P,F+F P, G+G

1 oG+GP

N —

3

T T T ToTnareT
(G P3S+M 02+e(F P1B+G P28+F PZS] .
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APPENDIX 3.3

Wish to prove that

I-MR + M) IMT = (1 + mRIMD)T
Note that
CI-M(R + MM)"IMTICT + MR™TMT
= T MRTM - MR+ MMM - MR + MTM)TTMTMRTMT

= T+MRIM - MR+ MM) M - MR + MTM)"V R + MTM-R)R™TMT
= T+MRMT - MR+ MTM)"TMT - MRTTM + MR + MTM) " TMT
= I .
By the same way
[T+ MRTIMIICT - MR+ MTM) M3 = 1 .

109

Q.E.D.
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Proof of the Lemma: Define

_ 1.7 -1.T,-1
H = I-R0 DO(I-S+GR0 00) G,
then
-1 _ =1.T -1
H' = I+R0 DO(I-S) G.

H and H'] are well defined if (I-S) 1is nonsingular. Consider

“Tr p] 1-s)"Tp 107 (1-5) 6.

T
00 "0

= R4GT(1-5)"TD 401 (1-5) "' g+G

H 0 0*0o

ROH

Using equaiton (3.38) (or equivalently, equation (3.72), to eliminate

-1.T
DOR0 D0 we get

= R.+G T

T
ot (

ST T oyl
1-5)7'Dy#Dy(1-5) "G

+ GT(I-S)'T[D£D2+STPfS-Pf] (1-5)" 6.

Substituting for R0 and D0 using their defining expressions, given

after (3.57c), we have

Ty ] TuoeT

RHMTM+GTP T

G+D;M)+(MTD +6TP.S)(1-5)" "6

H 2*% Tf

ROH

6461 (1-5)7T(sTP

f f

T, T

T(1-5) o)

-+

G 02(I-s)']G+GT(1-s)‘T(sTpfs-Pf)(1-5)"6

I-S)'TD£M+MTDZ

1-5)'T0T02(1-5)'1G

T T( ’

REMTMEG (1-5)" T+ T

110
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+ GT(I-S)°T(I-S)TPf(I-S)(I-S)']G+GT(I-S)'TSTPf(I-S)(I-S)']G+GT(I-S)'T

(1-5)TP.s(1-5)"" + 6T (1-5)"T(sTP.s-P.)(1-5) G
£ £

f
_ T T -T T T T T -1
= R+DSDS+G (I-S) "[(I-S) Pf(I-S)+S Pf(I-S)+(I-S) PfS + S PfS-Pf](I-S) G.
Inside the bracket is zero, so we obtain
=Ty -1 _ T
H ROH = R+DSDS .
Hence
-Ty -1
H ROH = Rs (1)
Consider next
B = F+L.G = F+(B-FRZ1DI)(I-5+6R-'D7) V6
2 00 00
_ =1-T 10Ty =Tep= 10T 7 ey -]
= F+(B-FR ODo)[I—(I-S+GR0 DO) GR0 DOJ(I S) G
_ -1 -1.T -1 -1.T -1
= F+B(I-S) G-FR0 DO(I-S) G-LZGR0 DO(I-S) G

BS-(F+L2G)(H']—I) = B_-B(H'-1).
Hence

B = B_H. (2)

Using (1) and (2) we get
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1 éT - BSHR'] T, T _

B R o H By = Bg R s
which proves (3.75).
Consider now

r - P S A % SR
A = A+LoC-B ROTLG L +G PLCHM D] (3)

The second term L2C is given by

(B—FR']DT)(I-S+GR6]D£)']C

L,C o Do

AT S1.Ty-1 AT 14T -1
(B-FRy D) (1-S+GRy D)™ (I-S+6Ry Dy-GRy Do) (1-5)7'C

_ 1T 1Ty -10-1.T
= (B-FRy Do) I-(I-S+6R7'Dy) ™ GRy'D,

1(1-5)"'¢

B(I-S)']C—(FR6108+LZGR61Dg)(I-S)'1C

B(1-S) 'c-B R61Dg(1-5)'1c , (4)

and the third term of (3) is given by

T =1.T =1.Ty-1
0 DOJ(I-S+GR Dn) G

L.G+C TP G+DIM = [(DTD +CTP.S-(C o'og

1 f 172 f

T T
+C PfG+D]

p G+DIM)R

f

M.

Using the matrix identity

1. Ty-T. -1 1.7 21Ty -1
(I-S+GRG'D,) ™ G = (I-S)7 GLI-Ry Dy (I-S+GR; D) 61 ,

and the definition of H, we get

Ty aeT T e T
1D,#C PLS) (1-5)7 GH+(C PG+D .

1

M

T T
LlG+C PfG+D] (D M)H

;
0,0,

1 (1-5)"

(1-5)" GH+D{MH+CTPf GH.  (5)



113

Now (2), (4) and (5) yield

~AREPAUTS U S Ay SRS DU SRPRTE I AR A, GRS |
A = A-BHR)'H [H 'Dy(I-S)” C+6' (I-5)7'D,Dy + M Dy + G (I-S)7 'P.CI.
Substituting for HT and D, and using (1) yield
"URPRRPS B, SRS AR B SRR B | Vel -1
A= AS BSRS [G (I-S) DORO DO(I-S) C+M DZ(I-S) C+G PfS(I-S) C
Terav-ToTn awTn aeTrrocy-T
+ G (I-S) DZD]+M D]+G (1-5) PfC].

Using (3.72) to eliminate Pf, we get

- A nT)r y-TaT
A=A-BRIG (I-5)7'D,

I-S)'TD;D]]

02(I-S)']C+MT02(I-S)']C+MTD

1

+ GT(

1-T
DsCs ’

As-BeRg
which proves (3.74)

Finally, for proving (3.76) we write L, as

L, = [DIDZ+CTPfS-(CTPfG+D:M)Ra]DS][I-S+GR6]DEJ-] 0-s+6R3 o]
- R 'D]1(1-5)""
= [D}D,#C P s-(cTP G+IM)RS D] 10 1- (1-5+6R5' D)) TRy D] 3(1-5)
= (D]D,#C"P S1(1-5)7 - (L G+cTP GH0IM)RT T (1-5) 7.
Now we get
Q = D70;+01D,(1-5) " cxcT(1-5) " Toj0, +¢TP s (1-5) TewcT(1-5) TS o c
+ €Tp C-(L,6+cTP G+0IMIRS D) (1-5) T e-cT(1-5) To Ry (L6
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fG+DIH)T-(L G+CTp G+DTM)R6](L]G+CTP

+ CTP 1 £6+D;

G+D.M

T
#8401

Using (5) and simple algebraic manipulations we get

Te _¢Tiroey-ToT -
CC-C' (1-5)7'D,D,(1-5)

1

Q C+CT(I-S)'T[IFS)TPfS+STPf(I-S)

T

(I-S)TPf(I-S)](I-S)']C-[(DIDZ+C PfS)(I-S)'1G+DT

1

S1,-TAT
MIR_'HT'D,

+

101 o Tn o oT -1
RS [(D{D,*+C P,S)(1-5)7 64D

TaT

T( !

(1-5)"Tc-c I-S)‘TDOH' M3

T T

[(D]D,#CTPS) (1-5)""

T
1

loinTuaT

G+D G+D]M] .

1 T LT -
M]RS [(D]D2+C PfS)(I-S)
Using (3.72) we obtain

Te _(Tiroey=ToT TeaeT(1cy-TrpT
CCq-C (1-8)71D,D,(1-) 7 C+C ' (1-5)7 (D,

1.7

-1
oRo DO](I-S) C

O
n

Dz"D

1 Ta+DT1eC 1

1

T 1o, T - T T y-1.o-1
[010,(1-5)7 '6+C PS(1-S) (I-S)7 DgH™ IR

[D{D (1.5)'1G+chfs(I-s)']G+D.]rM+CT(I-S)'TDOH'1]T

2

+

T cv-To y=Tp=Ty=TaT, 1 o=
¢’ (1-8)"'DgH™ RS 'H™ Dy (1-5)"C,

After eliminating similar terms, the maninulations are just repetitions of

T T
]G+C PfG+D]

is substituted, using (5). Second, (3.72) is used to eliminate Pf. The

what was done to prove (3.74) and (3.75). First the term (L M)

remaining expression, which is independent of Pf, can be easily shown to

=TT

T
be CS(I-DSRS DS)CS.



CHAPTER 4
COMPOSITE CONTROL AND MULTIRATE MEASUREMENT

4.1. Introduction

In singular perturbation theory the use of feedback control
input which is obtained by composing the control inputs of slow and fast
subsystems is considered frequently. By employing such feedback controls
on the full system a close approximation of the design objective has
been acheived. [Chow and Kokotovic, 19761, [Phillips, 19801.

In chapter three an infinite-time regulator problem for difference
equations was studied and the role of composite feedback control in
achieving an 0(62) near-optimality was discussed. In this chapter we
extend on our discussion on the role of composite feedback control in
the context of stabilization. Also, the problem of stabilization in view
of multirate measurements of the state variables using a composite feed-
back control is investigated and different designs are proposed.

In section 4.2 we consider a discrete linear-time-invariant
system and by using the stabilizing feedback controls of slow and fast
subsystems, which evolve in fast time-scale, we introduce a composite
feedback control for stabilizing the full system and we show the close-
ness of trajectories.

Section 4.3 deals with the same problem as section 4.2 but the
composite feedback control employs multirate measurements. By letting

{0,€,2¢,...,N€} to be a mesh on (O, %], the fast states are measured

115
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for every n,while the slow states are measured periodically

with a period of % . To compute the slow states for any n, we solve
their dynamic equations in terms of their measurements at the beginning
of the slow measurement periods.

This way of forming the composite control is quite natural be-
cause one, usually, expects to acquire the measurements of slow states
at slow-time intervals, while for fast states the measurements are ob-
tained for each mesh point n.

A parallel design procedure for slow and fast subsystems is
introduced and a composite feedback control is formed, using these sub-
systems. By applying this composite feedback control to the full system,
the aysmptotic stability and closeness of trajectories is shown. Also,

a numerical example to illustrate the claims is given at the end of this
section.

| Finally, in Section 4.4 a sequential design is studied where a
pre-conditioning feeback gain is designed first. The role of this gain
is to stabilize the fast modes and allocates the corresponding eigenvalues,
appropriately. Based on this pre-conditioning gain the slow subsystem
is designed. A composite feedback control is formed and a similar in-

vestigation as in Section 4.3 is performed.

4.2. A Stabilizing Composite Control with State Measurements in Fast

Time Scale
In this section we discuss the application of composite feed-
back control in the context of stabilizability and closeness of trajectories

for the case that slow and fast subsystems evolve in the fast time-scale (n)
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and the measurements of states are available at all values of n. Con-

sider the linear time-invariant discrete-time singularly perturbed system

as in (2.86)
x](n+1) = [I]+€A1](€)]x](n) + &A]Z(é)xz(n) + 681(€)u(n) (4.1a)
x2(n+1) = AZ](E)x](n) + A22(€)x2(n) + Bz(é)u(n). (4.1b)

The initial values are given and all the matrices are analytic functions
of € and (IZ-AZZ) is nonsingular.

We assume that the control input decompses as
u(n) = u](n) + uz(n), n=0,1,2,...
where uz(n) is exponetially stable i.e.,
luy(n)] < k", <1,

The procedure for finding the slow and fast subproblems is
similar to the "approximation result" discussed in Section 2.5. So

in this section we briefly reintroduce them.

Slow Subsvstem

Assuming xz(n) has reached its steady state (“2(") = 0)and

repeating the same steps as in Section 2.5, we arrive at
x](n+1) = (I+€A0)x](n) + &Bou](n), x1(0) = x](O) (4.2)

where
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) -1
Ag = App * AqalTpmRy,) "Ry

-A)" '8

B 12(15-A%;

B, +A

0 1 2"

Note again that matrices evaluated at € = 0 are denoted by deleting the
argument €, This will be used through the text. Also, bars indicate
the steady state case. Now letting x_(n) = i](n) and u (n) = E}(n)

we define the slow subsystem to be

xs(n+1) = (I1+€A0)xs(n) + EBOus(n), xS(O) = x](O). (4.3)

Condition a.
Suppose that the state feedback control law for us(n) is

designed as
us(n) = sts(n) (4.4)

where FS is chosen such that the Re A(A0 + BOFs) < 0 or equivalently

the closed-loop system

xs(n+]) = [I+E(AO+BOFS)]xs(n) (4.5)

is asymptotically stable in the discrete-time sense and meets some de-

sign objectives as pole-placement, linear quadratic, etc.

Fast subsystem

Following the same procedure as in Section 2.5 and letting

xg(n) = x,(n) - §z(n) and uc(n) = uy(n) and
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Xp(n) = (1-Ay) Ay X, (n) + B, ()] . (4.6)

The fast subsystem is defined to be

~

xf(n+1) = A22xf(n) + Bzuf(n),xf(o) = x2(0) - x2(0) . (4.7)

Condition b.

Suppose that the feedback control law uf(n) is designed as
uf(n) = fof(n) (4.8)
where Ff is chosen such that the closed-loop system

xf(n+1) = [A,,+B,F_Ix.(n) (4.9)

22 "2 f°f

is asymptotically stable and meets some design objectives. Again the

design method is not crucial.

Composite Control

With the solutions of slow and fast problems,a composite feed-

back control is formed as

uc(n) = us(n) + uf(n) = sts(n) + fof(n). (4.10)

Substituting for xf(n) = xz(n) - iz(n), using (4.6) and (4.4), and

approximating xs(n) by x](n) yields

-1
[Fg = FelIp-Ayn) (Ayy + ByFJIx (n) + Fexp(n)  (4.11)

u.(n)

F]x1(n) + szz(n),
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Applying the composite feedback control (4.11) to the full system (4.1)

yields
x1(n+1) = [1,+€R,1)€)1x; (n) + EK]Z(&)xz(n) (4.12a)
Xo(n+1) = Ay (€)xq(n) + Ayn(€)x,(n) (4.12b)
where
K}j(E) = A5(€) + By(&)F; 1,5 =1,2. (4.13)

Using a decoupling transformation similar to (2.25a), i.e.,

I]-€M1(€)L1(E) -&M, (€)
n = X (4.]4)
L](e) I

where the matrices L1 and M.I satisfy

0 = Ayq (€) + Ly (€)-Ryp(€)L(E) + €L (€)TAL(€)-A;,(€)L,(€)]
(4.15)
0 = Ry, (€) + M (€)M ()R, (€) + ELA {€)-A;,(€)L (€)1 M,

- €M1(6)L1(€)Kiz(€) (4.16)

In fact L](E) and M](E) can be approximated by

1

+ 0(€) = -[1,-A,,-B,F

227BFp1 A

21 + ByFy1 + 0(€)

(4.17)

2"

-1

M (€) = - Ayp(IyFyy +0(€).

(4.18)

-1 - -
) + 0(€) = -[A]Z + B]F2][I2-A22 BZF2]
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The system (4.12) becomes

) _— -5 2
np(n#1) = (1 + €& 4R, (1K) T Ay) + 0(€%)In,(n)  (4.192)

ny(n+1) = [Kéz + 0(€)In,(n) (4.19b)

where we have used Householder Theorem to show 0(&) approximation
of matrices.

But (see Appendix 4.1)

— — L =1=

A]] + A]Z(IZ-AZZ) A21 = Ao + BO%' (4.20)

Now the asymptotic stability of (4.19) and consequently (4.12) follows
by using

Re A(AO + BOFS) <0

[A(Ayy + BSF.)| <1

22

and Theorem 2.5.1.
By comparing (4.5) and (4.19a) and using (4.20) and (4.14) it

is obvious that
x](n) = xs(n) + 0(€) . (4.21)

Similarly, comparing (4.9) and (4.19b) and using (4.14) it follows that

Xo(n) = xeln) - Ly x (n) + 0(€)

xg(n) + (IZ-AZZ-BZFZ)'](A21+82F])xs(n) +0(€) .
(4.22)
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But

1
(Iy-Ayp=BoF,)  (Ayy*8,Fy)

e -1
= (Ty-Ayp=BaFe) [Apy+BoFg-BoFc(T5-Ags )" Ry +B,F )]

i 1 1
= (Iy-Ayp=BoF ) (Tp-Rpp=BoF ) (15-A55) Ay,

+

-1 -1
(Ip-Ang-BoFe)  (I5-Ayn-BoF ) (I5-Ayn) " 'B,F

-1
27hy0) (A

(I

21%85F) -

Hence
xp(n) = xe(n) + (Ip=Ap) ™ (A, +8,F )x (n) + 0(€) (4.23)

which agrees with the intuitive decomposion of X, as the sum of Xo
and ;2, where §2 is given by (4.6).

Based on our discussions above we conclude the following theorem.

Theorem 4.2.1

Under the conditions a and b, and for sufficiently small €,
the application of the composite control (4.11) to the system (4.1)
results inan asymptotically stable closed-loop system. Moreover, the

solution of (4.1) can be approximated by

xg(n) + 0(€)

x
—
—
3
~
"

Xo(n) = xc(n) + (I-Azz)'l(Bst+A21)xS(n) + 0(€)

where Xg and x, are solutions of the fast subsystem (4.9) and the

slow subsystem (4.5), respectively.
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4.3. Multirate stabilization with slow state measurements in slow

time-scale.

The practical need for multirate measurement is a basic con-
sequence of the finite computing capabi]ities.of onboard digital computers
and the common goal of reducing the operating cost. Functions associated
with fast modes typically demand measurements an order of magnitude higher
than the rate which is necessary for suitable control of slow modes of
the system. Faced with widely varying measurement requirements among the
dynamic modes of the system, a multirate feedback control structure is
the solution to computational and cost limitations.

Synthesizing a multirate control system to meet desired objectives
has been a difficult task. As an example, the problem of multirate
sampled-data control of optimal regulators for singularly perturbed systems
has been an open subject.

In this section we investigate the application of a multirate
stabilizing composite feedback control on system (4.1) when the measure-
ments of the slow states are available only at slow time-scale (é),
K=0,1,2,..., and the control input consists of slow and fast parts.

A parallel design procedure for designing control inputs of slow and

fast subsystems is introduced. Also, an overall control input which is
composed of control inputs of slow and fast subsystems is evaluated which
results in stabilizing control for the full system.

Again, consider system (4.1). We assume that the control input

decomposes as
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where u](n) is constant for é <n< = and u2(n) is exponentially

stable, i.e.,

Slow subystem

Assume that xz(n) has reached its steady state (uz(n) = 0).

Repeating the same steps as in Section 2.5, we arrive at (4.2) which is
x](n+1) =(I]+€Ao)x](n) + EBou](n), x](O) = x1(0)

and AO,B0 are given as before and U}(n) = u](n). Since G}(n) is

constant over the cycle ‘é <nc< KZ] we can express il(ﬁzl) in terms

of i](K/E) and U}(K/E).

o KT 1

1. j
% (KE) = (1,+68))E % (§) + € jZK/é (100 € Bgi 5.

Letting i = Eél -1-J we obtain
o K+ a VS e VT
) = (1yreng) - (k&) v e ] (1 Ag) B (K/€). (4.24)
Now let
u_(K) = 0y (%) (4.25)
3 1'€ :
xS(K) = i](K/E) (4.26)
A
A = e 0 (4.27)

and
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1 AO(]-t)
Bs = JO e dtB0 (4.28)
We define the slow subsystem to be
xS(K+1) = A xS(K) + B, uS(K), xS(O) = x1(0). (4.29)

Suppose that the state feedback control law for uS(K) is designed as
u_(K) = FS x_(K) (4.30)
where FS is chosen such that the closed-loop system

xs(K+1) = (AS+BSFS)xS(K) (4.31)

is asvmptotically stable and meets some design objective like pole-

nlacement, linear quadratic, etc.

Fast subsystem

Following the same procedure as previous section we define the

fast subsystem to be

xe(n+1) = Ayoxe(n) +Bouc(n), xc(5) = x,(8) - (5 (4.32)
where

~ L Tep 3 = -

x2(n) = (12-A22) [Az]x](n) + Bzul(n)J. (4.33)

From (4.32) and (4.33) the initial conditions for fast subsystem
are

k) = &) - (1,850 Tty 0 (K) + Bu (k)3 (4.34)
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where we have used (4.25)

From (4.34) we obtain

xg(0) = x5(0) = (I,-Ay,)" 'L oA Ay1x1(0) + Bou (0)1. (4.35)

Now, let us rewrite the equation for Xo- Applying (4.33) during the
(k=-1)th cycle we get

xp(n) = (Iy-Ayp) 1TAL K, (n) + Bou (k-1)1 , &b < 5.§ :
Thus
x,(5) = (12-A22)'1[A21x]g§) + Byu (K-1)1.
Now, the. inijtial condition of equation (4.34) reduces to
xe(8) = (1y-8,,) "B Lu (K-1) - u (K)T , K> 0. (4.35)

Again, assume that condition 'b’, as in section 4.2, is satisfied

so we have the asymptotically stable closed-loop system

xf(n+1) = (A22 + BzFf)xf(n) (4.37a)

with

-1

xf(O) x2(0) - (I2 22) [A21x](0) + BzuS(O)] (4.37b)

xe(§) = (1,-Ry0) 7 '8,0u (K-1) - u (K)1 , K> 0. (4.37c)

We notice that the initial conditons for the fast subsystem depend on the
slow control. This means that anv abrupt change in the slow control will

excite the fast modes and causes fast transients for a short period.
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This observation is particularly important in our scheme since for every
% time-intervals there is an abrupt change in the slow control so that
the fast subsystem has to be resolved at the beginning of each cycle of

the slow control.

Comnosite Control:

With the solutions of slow and fast subsystems in hand, a composite

feedback control is formed as

u (n) = u (n) +ugc(n) = Fx (K) + Fexe(n), Eenod

c s .(4. 38)

So we have

u_(n)

. Foxg(K) + Felxy(n) - §2(n)]

SS

sts(K) + foz(n) F (12 22) [A21 1( n) +B u (n)1]

ml=

We approximate G}(n) by F x]( ) and also approximate §](n) by inter-

polating (4.2) for %<:n < KE] , i.e.
- n-% n-1 n-1-j
x](n) = [(I]+€A0) +€ JEK (I +6A0) ByF ¢ I (e) (4.39)
€

K . ~ K
Note, for n =g we define x](n) = x](g) .

Thus we have the following form for the composite control law

u(n) = F(n)xg () + F <n < K (4.40)

m|=

£Xo(n)
where

(e K+1 (4.47)
€

s f(IZ—AZZ) [A21 (n) + BZFS], K/€ < n <

|
-1 -
\F “Fe(Tywhy) T (A #BoF ) n = K/€
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and V(n) satisfies

K

V(n+1) = (1 +6A )V (n) + B0F, V() = I (4.42)

The use of the composite feedback cohtrol law (4.42) is justified

by the following theorems.

Theorem 4.3.1: Stability Result

If the feedback control input Ues defined by (4.40), is applied
to the system (4.1) and if the closed-loop systems (4.31) and (4.37) are
asymptotically stable in the discrete-time sence, i.e., all their eigen-
values are withing the unit circle, then for sufficiently small €,

X(n), XT(n) = [xI(n), x;(n)], is asymptotically stable, i.e.,

X(n) >0 as n > .

We note that while the measurements of X, are available at only
slow cycles (%p, K integer, Theorem 4.3.1 gives the asymptotic stébi1ity

of Xy at all fast mesh points n.

Theorem 4.3.2: Approximation Result

If the conditions of Theorem 4.3.1 are met and if the initial con-

ditions
x,(0) = x;(0), (4.43)
xp(0) = x,(0) = (Iy-Ayy)™ (Ay1+8,F )x, (0) (4.43b)
xe(X) = (1,-A0) TTB,F [x (K-1) - % (K)1, K > O (4.43c)

are satisfied, then, for sufficiently small €, the state trajectories

could be approximated as
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x1(K/€) = x (K) + 0(€)
xy(n) = xg(n) + (IZ-AZZ)'1[A2]V(n) + BF Ix (K) + 0€)
We note that

(1) Theorem 4.3.2 gives an approximation result for Xy only, at the
points K/€ while it gives an approximation result for Xo for all n,

which is the best we can expect in view of using multirate measurements.

(2) The value of the theorem as a design tool can be seen if we desire a
specific case, pole-placement design say. A designer would choose Fs

to locate the poles of the closed-loop system (4.31) at certain locations
inside the unit circle. Next, Ff is chosen to locate the poles of the
closed-loop system (4.37) at certain locations inside the unit circle.
Finally, (4.31) and (4.37) are solved for the initial conditons (4.43)
to obtain x_(K) and xf(n). The actual response of the system is

s
predicted using the relations

x (9 = x(K)

and
Xp(n) = xe(n) + (1,-Apn) 'TAyV(n) + BF Ix_(K).

If the designer is not satisfied with the response, the choice of

FS and Ff is iterated until a satisfactory choice is reached.

(3) The solutions of (4.31) with initial conditions (4.43a), and of (4.37)
with initial conditons (4.43b,c) can be obtained simultaneously. At K =0,

given x](O) and x2(0) we can compute xf(n) for all 0 < n < % .
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At K =1, given xS(O) we comnute xs(l) which together with xS(O)

provides the initial conditions xf(%) so that we can compute xf(n) for

SAES-

i In general, at any K, xS(K) and xS(K-l) will be available
so that (4.37) can be solved in the K

th cycle.

Proof of the Theorem 4.3.1

First, we prove the asymptotic stability for x](é) as K =+ =,
Second, we prove that x1(n) and x2(n) are linear combinations of
x](é) and xz(%) with bounded coefficients and so they are asymptotically
stable as n > .

Applying the composite feedback control (4.38) to the full system

(4.1) yields

x.l(n+'l) = [I-“" A”(E)]x](n) +6[A]2(6)+ B] (e)Ffsz(n) +€B](e)f=(n)x.|(é-)
(4.443)
xp (1) = Agq (€)xq(n) + [Ayn(€) + BH(€)Fxy(n) + B,(€)F (n)x;(§). (4.44b)

Using the decoupling transformation

r -
I,-€1,(€)L,(€) - My(€)
n= X (4.45)
L,(€) I, ]

where the matrices L2 and M2 satisfy

0 = Ayq(€) + Ly(€) = [Ay,(€) + B,(€)FLIL,(€)

of

+ €L (E)IA (€) - (A,(€) + By (E)F)L,(€)] (4.46)
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0= A]Z(e) + B](e)Ff + Mz(é) - Mz(é)[Azz(e) + BZ(E)Ff]

+ TAjp(€) - (Ag,(€) + Bi(€)FL)L,(€)]

- My(E)L,(€)T (A ,(€) + B, (€)F )L, (€)] (4.47)
yields
n](n+1) = [I]+€K+0(€2)]n](n) + €[§+0(E)]?(n)x](K/€) (4.48a)
nz(n+1) = [A22+82Ff+0(&)]n2(n) + [Bz+0(€)]%(n)x](K/é), (4.48b)
where

- -1
A= Ajp + (Ap*ByFe) (T15-Ayn-BoFe) ™ TA,, (4.49)
5 _ -1
B = By + (Aj*BiFe)(I,-Asn-BoF )™ 'B, . (4.50)
From (4.48a) we have
nq(n) = (1+€e0(2)1"RS o (ke
n-1 502y n-1-j = -
+€ 7 [+ A+0(€%)] [B+0(€)IF(J) x,(K/€),
L 1 1
j=K/¢€
Ben KL (4.51)
In particular
n (B8 = r1s@ro()1Y € 0 (k€
117¢€ 1 1
Eﬁl._] K+1 .
s M Ny il -
+ e 7 [1,+&+0(€7)] [B+0(€)IF(§)x, (K/€)
j=K/ €

(4.52)
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using the inverse of transformation (4.45) we get

1 Eél -1 l<:l -1-
(8D = o) 1€ ¢ § r1eRe0(€d)1 S TBRO(€)IF(3)1n, (B)
j=¢
K
0(€)ny ().
It is shown in Appendix 4.2 that
K+1
1 T -1 Bl 1 g -1 214
(I]+€K) + € -ZK (I]+6K) BF(j) = (I,+€A)E + € Z (1,+4,) BoFs-
J7g £=0
On the other hand, using (2.107) and (2.108) we have
e o
(I]+&A0) + 0(€) = AS + 0(€) (4.53)
-1 ; 1 Ay(1-t)
¢« 57 apreagagr, = | e Bydt F, + O(€)
Jj=0 0
= B.F, + 0(¢). (4.54)
Noting
1 1 - .
I (I4+6Ag)® = T (I¥A0) (4.54)
£=0 j=0
we get
1 (5Eh) = (A48 F+0(€)1ny (8 + 0(€)n,y(B) . (4.55)
Similarly, from (4.48b) we have
- n-K/¢€
ny(n) = [Aso+BF+0(€) 17 Ty (K/€)
n-1 n-1-j 5 K K+1
+ jéK/t[A22+82Ff+0(c)] [8,+0(e ) IF(J)x ](K,G), g <hs¢
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and
K+1
kel aw - K, 5 ! a1

Fi)x (). (4.57)
Using the asymptotic stability of (A22+82Ff) it follows that

1
+B.,F +0(€)]€ = 0(¢€)

[Ayo*BoF s

Using above and (4.41) yields

kel - KL 1.

K+l _ K € -1 K
ny (=) = 0(€)n,(R) + jzé [A,,*B,F+0(€)] [1,-BoFe(I5-Ayn) " 1BoF X (g)
K+1
e ; 1 -1
- Jgé [Ayo*B,F +0(€)] BoF(1,-A,0) " AyyV(n)x, (K/€)
+ 0(€)x, (K/€), (4.58)
1

where V(n) satisfies

V(n+1) = (I+6A)V(n) + €BF, V(E) = L (4.59)
Noting that
Jo (1 oa - -1 1/
Ly Paa'Bafe)™ = (TghpmBFe) LTy (RggtBFe) ™)

_ -1
= (Ip-App-BFg)  + 0(S),

the second term on the right hand side of (4.58) simplifies to

[(12-A22)452FS + 0(€) 1x, (K/€) (4.60)
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To simplify the third term on the R.H.S. of (4.58) we need the following

Temma

Lemma 4.3.1:

n-1 .

Let v(n) = J, A" 3B V(). §en < KL (4.61)
J=¢

where V(n) satifies (4.59) and [|A]l =« < 1(A is an asymptotically

stable matrix).

Then ,
=l n-1-j K K+1
Y(n) = .ZK A B V(n) + 0(€), g<n< ¢, (4.62)
J=¢

or, equivalently,

K
Y(n) = (1-A)"V(1-A""€)BV(n) + 0(€). (4.63)
Proof:
(4.61) can be written as
n-1 . n-1 .
vin) = 5, A" Jev(n) + T AT IBou(s)-vin)d, £ <n < KL (aea)
J=€ J:E-

From (4.59) we observe that
V(n+l) - V(n) = 0(€).
So we obtain
[v(n) - v(i)l s c e €,

where £ = n-j.
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Nows for the second summation in (4.64) we have

-1 . .
HTZK A1 By (g)-vin) < TZK 1A 1=31 8l v (3)-v(m)l

J=g =g
K
n-1 . n-
= C' ZK ST e =g ZE'az-] s
J=g £=1
where
c = clsf.
Let
K
"3 K
S = ..E 0‘2-] £=1+20 + 3a2 Foeooot (n_é)an']-g ,
£=1
then
K
K n-
S-Sa =1 +°‘+0L2 P an—]-g ) (n-é)a z
K
'I-an-E n‘é
=S - Qs .
So )
1 ]-an-g K n-—é- K K+
s=1-a[ ]-a = (n’é')a ],€<niT’

which is bounded.

Now using (4.65), equation (4.64) reduces to

n-1 .
v(n) = T AT Bu(n) + 0(€), §on < KL
J=¢g

(4.65)

Q.E.D.
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Using (4.60) and Lemma 4.3.1, (4.58) can be rewritten as

L K1
K+ R ) ¢ -1+ A,
n2(Te) = Llip-Ay) BoF - jZé (Rp2*8,F ) BoFe(IpmAgp) Ag VI

+ 0(€) Ix; (K/€) + 0(€)n,(E). (4.66)

But
kil _ K .. ]
= ! = -1-d ¢ .
i (Agp*ByFe) = 1 (Ay*ByFe)
J=¢ £=0

= (I,-A + 0(€) (4.67)

-1
27R227BoF ¢)
and

K+1
(1+ea )1/€ 4 e (1+€A )Ezl "1 € B.F
0 Lk 0 ofs
J=g
1/¢€ €
)
(I+€A0) + LZO (I+6A0) €B

OFs’

which, in view of (2.106)-(2.108), is given by
K1, _
V(=) = AS + BSFS + 0(€). (4.68)

Using (4.67), (4.68) and x](n) = n](n) + O(E)nz(n) in (4.66) yields

np (51 = tH + 0(€)In; () + 0(€)ny(§), (4.69)

where

] 2 -1
H = (IZ-AZZ) [A21(AS+BSFS) + BZFS] + (IZ-AZZ-BZFf) A21(AS+BSFS)'(4'7O)

K+l
)
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Combining (4.55) and (4.69) and using transformation (4.45) yields

& | [ ager) + oo oe) | [ x, &
R || (1) Ty (A I8P 3+ 0(€), 0(6) | | xy()
{ J J
(4.71)
The above system can be represented as
x(®) = e . Ll = oo, (4.72)
where
A + BF, 0
A = . (4.73)
(1,-App) Ay (AFBF) + ByF ] 0

Using the asymptotic stability of (AS+BSFS) and the continuous dependence
of eigenvalues of a matrix on its parameters, it follows that for suf-

ficiently small € the system (4.71) is asymptotically stable. Hence
K >0 and x>0 as K-o (4.74)
X-l‘é 26 S . .

To show that the asymptotic attractivity holds for every n, let us

rewrite (4.51) as
n-1 1o C
n(n) = C(1+R)" RS s e f (1) TTIBRGG) + 0(€)Iny ()
=z :

+ 0(€)ny (K/€),E < n < KL, (4.75)
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where (2.106) has been used.

Using Appendix 4.2, (4.75) can be written as

K
n-g n-1 123
ny(n) = C(I;+€A)) © + € J-Zg (1,+€40)" B F + 0(€)In; () + 0(€)ny(§),
é< n < %1' . (4.76)

Inside the bracket above is bounded using (2.106)-(2.108). Now,
asymptotic stability of . n](é) an ”Z(é) implies n](n) +0 as
n+ o,

Using the inverse of transformation (4.43), equation (4.56)

can be written as

n-g g Nl n-1-j -
ny(n) = [Ay+B,F+0(€)1 Tny(g) + jZK/G [Ay,*B,F c+0(€) 17" "V [B,+0(€)IF(J)
(0 (@) + 0(E)ny(£)) » E<n < KL, (4.77)

Using Lemma 4.3.1 it can be shown that

n-1

Ty [Ayp#B,F +0(€)1" 13 [B,+0(€) 17 (3)
iz

n-K
is bounded while the boundedness of [A22 + BZFf +0€)] € follows

from the stability of [A22 + BzFf].
Again, by asymptotic stability of n](é) and nz(é) we can
see from (4.77) that ”2(") +0 as n - =,
Q.E.D.

Proof of the Theorem 4.3.2:

From (4.71) we have

K+1 ~ (K K
x (8D = (A8 F+0(€) 3% (§) + 0()x, ().
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gomparing above with (4.31) it is obvious that
x1(8) = x (K) + 0(€)
1'€ s .

To prove the rest of the claim, first we estéb]ish a relationship
between ”2(") and xf(n).

We rewrite (4.48b) as

-1
ny(n+1) = [(A,5*B,Fc) + 0(€)Iny(n) + [By+ O(€)HKI,-Fe(I-Asn)" B))

K A,
Fo + 0(€) 1% (2)-Fe(I5-Any) " "Asyixy (n)

where El(n) is given by (4.39).

Define ﬁé (K) as

= (K = = -1 -1
Mg (K) = [Agy*BoFc+0(€) In, (K)+(BYH0(€ ) JL1y-F(1,-A,,) By IF-Fe(1,-A,,)

K
Subtracting ﬁé(K) from n, and letting vy(n) = nz(n)-ﬁé(K) yields
- -1 ~ -
v(nH1) = [Ayy*ByFe + 0(€)1v(n)-[B,+ 0(€)IF(1,-A,,) A21[x1(n)-x](é)].

kel

e (4.79)

v(©) = ny(§)-7, (), Lane

Now,we represent vy(n) as the sum of a zero-input response

8 and a zero-state response Yoo

v(n) = yy(n) + v,(n), (4.80)
where

vy (1) = TR B F et 0(€) Ty (n) , K cn < K (4.81a)

with the initial conditions
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Y] (0) = Y(O) = nz(o) - ;2(0)=-(12'A22)_] (A2]+BZFS)X](O) + X2(0)+ O(E)
Y-l (é) = nz(é) -?Z(K)=(IZ-A22)-]BZFSEXS(K-]) - XS(K)] + 0(6): (4.8]b)
. K+1
where (4.71) has been used to substitute for x2(-§-0 and
Y2(n+]) = [A22+82Ff + o(e)]Yz(n) = EBZ+ O(E)JF‘F(IZ-AZZ)-]AZ][;](n)-;'l (é’)]a
@) =0, k>0, Fen<&l. (4.82)
From (4.82) for é <n< Ezl we get

n-1 .
) = n-1-j -1 K

n-1 .
n-1-J -1~ 4.
- jzé [Ayp*BoF e + (€)1 VI8, + 0(€)IF(I-Any) " %4(3),
(4.83)
K K+1
€<nfT.

Using the asymptotic stability of (A22+82Ff) and Lemma 4.3.1
(Note that from (4.39) I](j) satisfies a similar equation as (4.59)),

(4.83) reduces to

g

] . Ty K
Vp(n) = (TpmAyy=BpFg) "Llp=(Ryp*BaFe)  T1B5Fe(Tp-Rpp) "Apyx (@)

n-1

- T TA,#B.F. + 0(€)1" 1 Irg

2 2 22

where we have used the Householder Theorem.

Or, equivalently,

K
- -1 n-g -1
¥o(n) = (1-Ay-BoF )T L1, (ApstBoF ) T1B,Fc(1,-Ann) Ay
[X] (é)';](n)], 'é< n < % . (4.84)
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~ K ~ ~
From (4.39) we have x,(g) = xl(é) and  x;(n+1) = x,(n) + 0(€)
and we obtain
Ux1(é)'- Xyl =2 -0(€)scee,
where C is a constant and £ =n - é X

Now,(4.84) reduces to
(0) = (Io-Aun-BoFo) BoFo(To-Aon) VA 1x: (5) = % (n)]
Y2 2772272 f) Fate\i2™R22/ “a1t™lE 1

K
n-¢

- (TyhyyByF )™ (RyptByF )

-] K ~
BaFe(Ig-Rap) "Aptxy (@) = ()]
+0 (€) . ~ (4.85)

We also note that

n-§ K

1 (A8, F) CBpF (1,oAp) o (B (Ml < Ca (n- &) 0(e) (4.86)
where

1Ay #B,Fll = a < 1.

Using (4.86), (4.85) reduces to

vp(n) = (LyApBoFe) 1B c(Iy=n) 1Ay [x (§) - X, (n)3 + 0(€)

-1 -1 Ky _ %
[(15-Ap9-BoFe) Ay = (I5-Ayn) " "Any1TX () - xq(n)] + 0O(€).
(4.87)

Now, by comparing (4.81) with (4.37) we observe that

1(n) = xc(n) + 0(€) . (4.88)
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From the inverse of the transformation (4.45) we get
Xz(n) =‘L2ﬂ~|(n) + nz(n) + O(E)
-1 \
= (1y-Ayy-ByF ) Ayiny (n) + ny(n) + O(€). (4.89)
But
ny(n) = v(n) + ny (k) = 11(n) + vy (n) + ny(K), (4.90)
where Hé(K) is obtained from (4.78) to be
— eyl -1 K
01y g BF ) (LTpmByF e(1yRgp) ™ IBF (-ByF (15mRgp) ™ Ay iy (4 0€)
= C(ImRpp) " (ByF HAyy) = (Ip-RypBoFe) Ay Ixq (§) + 0(€)  (4.91)

In view of (2.106)-(2.108) and Appendix 4.2, comparison of
(4.39) with (4.51) yields

ny(n) = ;](n) + 0(€) . (4.92)

Now, using (4.87), (4.88), (4.91) and (4.92), equation (4.89)
reduces to
-1
xp(n) = (Ty=AgpByFe) ™ ApyXy(n) + x¢ln) +

[(I,-A,,-B,F )y A, -(1,-A )7 TA, 10x, (%) - X (n)3
27227 2 ¢! P\t ™Ra2) PrittE 1

# (TP ) V(BF #A,0) = (1,-A,.-B.F.) 1A, Ix. (%) +
27722 2's 121 27722752 ¢! P21 M e

K+1

0(€), é cn< e (4.93)

Or



143

xp(n) = Xp(n) + (L-Ayp) Ay Xy (n) + (1,-Ap0) 'B,F x; (§) + 0(€) . (4.94)

Approximating x](é) by xs(K), using (4.39) and (4.42) we

obtain

Xp(n) = Xe(n) + (I-Agn) " T[B,F #A, V() Ix (K) + 0(€), & < n < KEL. (4.95)

Q.E.D.

Equation (4.95) states that xz(n) can be approximated for all

n, using the solution of slow and fast subsystems.

Example: To illustrate our claims, we apply the above design procedure
to the example of Section 3.7 when the design criterion is the pole-
placement.

Consider the difference equations

x](n+1) (1-2€)x](n) + €x2(n) + 1.5€u(n), x1(0) = .5 (4.96a)

x2(n+1) -.7 x](n) + .45x2(n) + .8 u(n), x2(0) = -.5 (4.96b)

Slow subsystem

x (K1) = Ao x (K) + B, u (K), x (0) = .5, (4.97)

where
AS = ,038073 and BS = ,868406

The gain FS in u_(K) = FSxS(K) in chosen such that the closed-loop

s
slow subsystem has eigenvalue located at .5,i.e,, AS + BSFS = .5 which

results in Fs = ,532026.
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Fast subsystem

xf(n+1) = A22Xf(") + Bzuf(n)
where A22 = .45 and 82 = .8.

The gain F; in uf(n) = fof(n) is chosen such that the closed-loop

fast subsystem has eigenvalue located at .5, i.e., A22 + BZFf = .5,

which yields

Ff = .0625.

The programs are written, using 'LAS package' [Bingular et al.,
19821, and run on the Prime computer at Michigan State University.

The results are evaluated for three different values of €
(.1, .05, .025) and four slow periods.

The results are tabulated in following tables. For the sake of
compactness we do not give all the values of xz(n) and xé(n) (which
is the predicted value of xz(n) given by (4.95) and should be within

0(€) from xz(n) for each n), although these values are available.
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€
Table 4.1
n\l X5(n) X5(n)
0 ' -.5 -.5
1 g -.374718 -.266433
5 . .031076 .027385
10 f .098466 .074759
110 -.012021 .026102
16 | -.004897 .028341
20 .038196 .037697
21 . -.008541 .013053
26 j -.001639 .014173
30 | .018002 018352
!
31 | -.003950 .006528
36 | -.000779 .007088
0 - .008434 .009428
|
Table 4.2
x, (%) x4 (K) x,(%) x5 (%)
n | .5 5 -.5 -.5
1 | .236551 .250044 .098966 .074759
2 | .110806 .125044 .038196 .037697
3 | .051924 .062533 .018002 .018352
4 | .024331 .031272 .008434 .009428
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€ = .05 -
Table 4.3

nw xz(n) xé(n)

0 ! -.5 -5

1 % -.374718 -.320600

10 § .031778 -.000245

20 % .076225 .072006

21 | -.022511 -.000961

30 | -.000947 013139

40 | .035731 .036010

M -.011732  -.000481

50 § 066265 .006570

60 % .017445 .018008

61 | -.005718 -.000240

70 | .032341 .003286

80 | .008514 .009006

Table 4.4

K| %9 x¢ (K) X, (K/€) x5 (£)
0 | .5 5 -5 -5
1 243044 .250044 .076225 .072006
2 | .118622 .125044 .035731 .036010
3 | .057894 .062533 .017445 .018008
4 | .028255 .031272 .008514 .009006
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€=.025
Table 4.5
d\\? X,(n) x5(n) | » Xo(n) x5(n)
0| -.5 -.5 ! 81 | -.012994 -.007248
1| -.374718 _.347659 | 90 | -.023584 -.014802
10| -.067701 -.059808 ; 100 |  .002864 .005327
20 | .022807 021298 || 110 013188 .013939
30| .058087 055736 i 120 017200 .017607
40 | .072016 .070402 ﬁ
41| -.025451 -.014493 | 121 -.006423 -.003625
50 | -.047775 -.029598 | 130 -.011660 -.007402
60 | 008765 010651 | 140 |  .001416 .002664
70 | .026662 .027873 }é 150 | .006520 .006971
80 |  .034785 .035207 !i 160 |  .008504 008805
Table 4.6

K\{ x () x(K) X, (K/€) x5 (K/€)

o | .5 5 -.5 -.5

1 .246391 250044 .072016 .070402

2 f .121821 .125044 .034785 .035207

3 | .060230 .062533 .017200 .017607

029778 .031272 008504 008805
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By noting the results in Tables 4.1-4.6 we can observe the
following:
1 - Asymptotic stability of x](é) and xz(é) as: K increases.
- Asymptotic stability of x2(n) as n increase.

The closeness of x](é) and xS(K), K=0,1,2,..., up to 0(€).

F-3 w N
1

- The closeness of xz(n) and xé(n), which is the approximated value
of x2(n), up to 0(€).

5 - The abrupt change in xz(n) and xé(n) at the beginning of each

slow cycle which is a result of the abrupt change in the slow control

that excites the fast modes.

4.4, Sequential Design

The composite control of Section 4.3 has a slow component, which
stabilizes the slow modes, and a fast component, which stablizes the fast
modes. Suppose, however, that the open-loop fast modes are already
asymptotically stable with acceptable transient response, i.e., the
eigenvalues of A22 are appropriately located inside the unit circle,
then the fast component of the composite control may be omitted and only
the slow control is used. If this is possible, a considerable reduction
in the on-line computations will be achieved since implementation of the
slow control does not require the solution of the slow equations.

Even if A22 "is not asymptotically stable,or it is so but
its eigenvalues are not sufficiently well damped,the above idea might
still be useful by using feedback from the fast variable to pre-condition
the matrix A22 to have the desirable stability property and then a slow

control can be designed as in Section 4.3. Such a design procedure will



149

be sequential since the design of the slow control will be dependent on
the pre-conditioning feedback gains.

In this section we investigate this sequential design procedure
and give a similar approximation results as Sectibn 4.3.

Again, consider the singularly perturbed difference equation
(4.1) where (IZ'AZZ) is nonsingular and let the input control decomposes in-
to two parts as in (4.98).

u(n) = u1(n) + uz(n) (4.98)

where u](n) is constant over the cycle é-f n < Ezl . Let ‘us choose

the feedback control
uz(n) = szz(n) (4.99)

such that the matrix A22+82F2 is asymptotically stable and meets some
desired objectives or has appropriate eigenvalue locations. Now, system

(4.1) becomes

x](n+1) [I]+6A]](€)]x](n) + E[A]2(6)+B](€)F2]x2(n) + GB](E)u](n)

(4.100a)

xz(nfl) A21(€)x](n) + [A22(€)+82(€)F2]x2(n) + Bzu](n) (4.100b)

STow subsystem

Following the same method as in previous section the slow

subsystem is defined to be

xS(K+]) = Asxs(K) + Bsus(K)’ xS(O) = x](O) (4.101)
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where A_ = A B, = j (1- t)AdtB A and B are defined by (4.49)
0

and (4.50)
Suppose that the state feedback control law for uS(K) is de-

signed as

u_(K) = F_x_(K), (4.102)

where FS is chosen such that the closed-l1oop system
XS(K+])='(AS+BSFQXS(K) (4.103)

is asymptotically stable and meets some-design criteria.

Composite Control

With the pre-conditioning feedback gains and slow control in

hand, a composite feedback control is formed as

u.(n) = Foxy(n) + ug (n) = Foxy(n) + Fox (K). (4.104)
By approximating xS(K) with x](é) we obtain
K K+
u (n) = Fprpn) + Fx(8) , & n < KL (4.105)

Applying (4.105) to system (4.1) yields

t (101) = TIH6y ()3 () 4601 (148) ()FTay(n) + €8 (€)F 3, ()
(4.106a)
xp(M#1) = Ay (€)x;(n) + Ay (€)4B,(€)F,Tx,(n) + B,(€)F xq(g).  (4.106b)

We define the fast subsystem to be
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xf(n+1) = (A22+82F2)xf(n) (4.107a)
- -1
xf(O) = x2(0)-(12-A22—BzF2) (A2]+BZFS)X1(O) (4.107b)
Ky _ -1 ' _
xf(g) = (IZ-AZZ-BZFZ) BZFS[XS(K-l)-xS(K)], K=1,2,...
(4.107¢c)

Theorem 4.4.1

If the feedback control input Ues defined by (4.105), is
applied to the system (4.1), if the matrices (A22+82F2) and (AS+BSFS)
are asymptotically stable in the discrete-time sence, i.e., all their

eigenvalues are inside the unit circle, and if the initial conditions

xS(O) = x](O)

1
X(0)-(I5-Ayp-BFy) " (Ayq+B,F )x(0)

x¢(0)
xe(§) = (1,-A,-B,F,) 1 BF_[x_(K-1)-x_(K)1, K = 1,2
i€ 27722772720 PplsMX AR lITXG IR s R E LG,

are satisfied, then for sufficiently small €, x1(n) and xz(n) are

asymptotically stable solutions and
x,(2) = x_(K) + 0(€) , K =0,1,2
" & S bl ’ b 9o
and
- -1 Tin)-
xz(n) = xf(n) + (IZ-AZZ-BZFZ) [82F5+A21I(n)JxS(K)‘+ o(e),

where

nt1) = (1,+€R)T(n) + €BF_ , W) = 1,.
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Proof

This is a special case of Theorem 4.3.1 with A22 and A]2
replaced by A22+BZF2 and A12+B]F2, respectively and Ff = 0.

Q.E.D.

To point out the computational difficulties for this type of
design procedure let us, for example, choose the design criterion to be
pole-placement.

The designer first evaluates the pre-conditioning gain F2'
Using F2, the poles for slow subsystemare selected. .On applying the
composite feedback control, if the designer is not satisfied with the
response of the system, the whole procedure should be repeated. If
the design of the pre-conditioning gain is costly, then the sequential de-
sign procedure is not desirable. Based on the specific problem, the designer

may wish to choose the parallel design, discussed in previous section.



APPENDIX 4.1

By letting F, = F. and F, = F we have

Ry ¥ g1y p) Ry = Ay B FH(A) ¥, F ) (1pRyp-8F ) (Ayy#8,F)
= ARy *B P ) (Ly-Apy-BoF ) Ay +HBIHAL,+8.F) (Ly-ApnB,F ) 1B, IF = ReBF .
Now wish to prove
A+BF = A+BF,
LHS. = Agp#(Ag 5By P (TpmRyp-BF )T Ay #LBY (A 548 F) (1p-RppoByF )T 8,0
([1y~F(1p-Rgp) 1B, IF-F (Iz‘Azz) 21}
= ARy 81 ) (TR ByFe) " LpmBaF (15 ) ™ gy By FelTpohyg)”

Ayt (A g#81Fg) (1-Agp=BoF )7 (15RppmBoF ) (T,-Ag) ™ BF
+ By [1y-Fe(Iy-Ay,) 1B, TF
= Ay (TyRgg) T Ry F(TyRyg) ™ Ag By FelT,Agy)
+ Ay (T,-Ano) TBF 481 F
= Aty p(Tphyy) T Ay T8 A (1pmRyp) 1By IF
= Ag*Bofs
Q.E.D.
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Wish to prove by induction that

n-1

€ ZK (1,+6a)" T8 F

(@)™ € (TR () = (10 )"'€ 3

for é<n<ﬁé—]— _ (1)

For n = é+ 1, (1) reduces to

I]+&(A+BF) = I1+6(AO+BOFS),

which is true (see Appendix 4.1) where

= _ -1
F = FS-Ff(IZ-Azz) (A21+82Fs) .
Now Tet the assertion be true for n = é+ m, 0<mc< ]@ i.e.
e é+m-'| m+é—-1-j~A K+m-'l -E—+m—1-j
(I#€A)7 + € T (I1+€A) BF(3) = (1;+€A, "+ € ZK (1,+€A)
J=¢ =g
BOFs
Or by £ = J-% we have the following equality
~\M m-1 2 m, ¢ m-1 m-1-2
(I]+&A) + € Z (1 +EA) BF ((2+ ) = (I]+&A0) + Z (I1+&A0) ByFs-
(2)
For n=m+ 1 +§ we should have
m & Koy ] m & m &4
m+1 - - _ m+
(1+)™ + € T, (1) © BRI = (1™ + € T (1raBF.
J-z J=¢g
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Or by £ =3 -K/€ we get

¥ \m+1 m F\M-Lx- Ky _ m+l m m-2
(I]+&A) + € £20(11+EA) BF (2+ E) -(I]+&A0) + € ZZO(I]f&AO) BOFs’
(3)
where
’ -1 £
(FgFe(Iy-A)” B Fo-Fe(TymAy) T Ay L(T +6A ) +er0 (1,+€A, ﬁ
Fler§) = 240
F for £ =0
Let
. i, g i-1-¢ K
Q(i) = (I+€A))' + € T (I+€A )" "B F , 0 < i <g.
220
So
2o Ky -1
F(erg) = C-Fe(ly-Ayn) AxQ(2) » 2>0, (4)
where

C = FyeFelTpApy) T ByF

" The L.H.S. of (3) is

m-1

(1 +eh)™! 4 elzo (1,46K) ™ 45F (2+ &) + BF(m §)
m-]

= (1]+:’K)[(I]+€K) +e (I +€A)
£=0

m-£-1x K ~ -1
B (£+~€)] + EB[C-Ff(IZ-Azg) AZ]Q(m)J,

where we have used (4). Inside the first bracket above is equal to

Q(m) by (1), so we get
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LH.S. of (3) = (1 +€H-€BF (1,-Ay)" iAZ]]Q(m) + €BC . (5)
But
1y HCRB ((TyRg) Ay ] = Lp¥ELAy +(A) 0¥ F ) (1,oRp5B,F ) Ay,

- (By#(A) By F ) (oA BoF o) 1B, )F L(1,-,,)”

= TyHEA Ry B F ) (TpmRppoByF o) T LTp-BoF (1)) T Iy,

- BF(Iyhgy) Ay

= 1]+6[A +(A +B Ff)(I -A22) -B F (IZ-AZZ)'

= 1]+6A0 . (6)
Also

~ - ~ - - -]
= -1 -1
= [B]+(A12+B Ff)(I2 29 82 f) 82][12 f(IZ A22) BZJF

-1
By LIp-Fe(Ip-Ay,)" BZJF H(A1*B1FE) (15-Ay5) " 'B,F

Using (6) and (7), the R.H.S. of equation (5) becomes

+1 m m-£
(1,+€A,)Q(m) + €B.F = (I]+EA0)m + € zzo (I,+€A0)" "ByF

R.H.S. of (3) .
Q.E.D.
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Wish to prove

n-1

.ZKcA22+BZFf+0(e)J""'%Bzw(en?(j) = 0(1). (M)
e
L.H.S. of (1) = ni] (A, +B,F +0(¢) "1 Ip +0( )1
H.3. L Dhop*BaFt0le 2
J=—-
€

(TR FelTyhy) ™ (A V(3)48,F )1,

where ?(j) has been substituted for using (4.41).

Using Lemma 4.3.1 we get
nil
L.H.S. of (1) = (A
K 22

i

-1
[FS-Ff(Iz-AZZ) (AZIV(n)+BZFS)]+0(€)

n-1-j
+B,Fc+0(€) ] [Bz+0(e)].

K
_ -1 s
= [1y-Rgp=ByFt0(€) 1 "[I,-(Ayy*B,Fc*0(e) € I

(B,+0(€) 1Fg-Fe(Iy-Apy) ™' (AyV(n)+B,F ) 140(€)

= 0(1).
Q.E.D.
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CHAPTER 5
APPLICATION

5.1 Introduction

The main objective of this chapter is to use a more realistic
physical model to demonstrate our results about near-optimality of the
composite feedback control for infinite-time regulators and the iterative
technique for solving the discrete-time stiff Riccati equations which
were presented in Chapter 3, and also the asymptotic stability of the
solutions and closeness of trajectories in multirate stabilization pre-
sented in Chapter 4. For this purpose, we consider the deterministic
model of an F-8 aircraft. Different control problems of this aircraft
are investigated by different authors [IEEE Transaction on Automatic
Control, Mini issue on the F-8 aircraft, Oct., 19771].

In particular, we consider the model considered by J. Elliott

£197713.

5.2. Longitudinal Equations of Motion for an F-8 Aircraft

The linearized aircraft equations of motion is given by

r W r = 3 ‘1
u x =9 x_ 0 ( u ( X, X
u e I be 5 T
6 o o0 o1 || 0 0
| s
d _ ! e
at - | o [ ,
« z, 0 z 1 ! a ! zde 0 L(ST
M 0 MM |- M. 0
- q J \ u a q J L \ -I L °e
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where

u = incremental velocity, ft/s.

6 = incremental pitch angle, rad.

a = incremental angle of attack, rad.

q = incremental pitch rate rad/s.

Sg = incremental elevator position, rad.

§t = incremental throttle position, nondimensional.
g = gravity acceleration
M( ) X( ) Z( ) are longitudinal dimensional stability derivatives
reffered to stability or wind axes.
By experience with this model, it is known that u and o are

slow while o and q are the fast variables.

UX
0
R

x ~.

)
horizental

q:

Figure 5.1. Aircraft longitudinal variables.
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Representative numbers for flight of the F-8 at 20,000 ft. with

total equilibrium velocity = 620 ft/s (Mach number = .6) and % .078

rad. are
7 [ )
u] [-.015  -32.2 -14.0 0 u] |-1.1 8.9

6 0 0 0 1 e 0 0

%E' o =] -.00019 o0 -.84 N I T

_q) | .00005 0 -4.8 -.49 g 8.7 0

)t (5.2)

Scaling

First scaling is to bring the system into the normal singularly

perturbed form. This system takes the form

M Mase
A2 Raz/e |
. (el 0 : .
The transformation 1 brings the system into the form
0 12
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We take € = %ﬁ which is the ratio of the magnitude of slow to

fast poles. The first scaling is

S = diag -,

30 ’ 30 ) ], ]]. (5.3)

Second scaling is to balance the outer diagonal elements of

-1
(Ayy = A2Rgahar)

11

= 43 1
S, = diag (705 ° 1, 1, 11. (5.4)

Now, total scaling is

} I B
and we have
[ _.015 -.0805 -.0011666 0
A = 0 0 0 .03333
-2.28 0 -.84 1 (5.6a)
B 0 -4.8 -89 |
[ - .0000916 .0007416 |
0 0
B, = -1 0 . (5.6b)
| -8.7 o
;

The initial values are (-1, 0, .08, 0]'.
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We use the sampled-data to discretize the system. Two different
sampling rates are chosen, T = .05, which is a typical value [Elliott,
19771, and T =1 which is much larger, and we observe that our claims
hold for both choices. The choice of sampling period T 1is based on a

theorem [Kalman et al. 1963] which states that:

If the continuous time-invariant system is completely controllable, then

the time-inv<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>