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ABSTRACT
ON ALGORITHMS FOR NONLINEAR PREDICTION
By

Shashi Phoha

Any claim to prediction, i.e. to foretell the future in what-
ever limited sense, of a dynamic process, is based on a quantitative
understanding of the model. Most processes in nature are such that
their future behaviour is not completely determined by their past.
For such random phenomena the idea of perfect prediction is replaced
by that of a conditional distribution given the past.

In 1959 in their paper in the Harald Cramér volume, N. Wiener
and P. Masani formally defined the non-linear prediction problem for
a univariate strictly stationary stochastic process and obtained an
algorithm for determining the nonlinear predictor in terms of the
moments of the process. The corresponding non-linear prediction
problem for multivariate processes takgs into consideration the in-
formation contained in the correlative behaviour of these variables.
In this thesis, by introducing certain operations on vectors to de-
fine a matrix-algebraic structure on the past, a determinate mathe-
matical problem is established and its solution demonstrated by a
corresponding algorithm.

In an attempt to obtain a more efficient algorithm for the

problem of non-linear prediction for multivariate processes we proceed



Shashi Phoha

along N. Wiener's idea of linearizing statistics of time-series to
obtain the non-linear predictor. The latter half of the thesis deals
with transferring the non-linear prediction problem of a univariate
stationary process to linear prediction of a related infinite-variate

process.
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INTRODUCTION

The ultimate objective of modeling a dynamic system is, of
course, to predict or control the output of the system by observing
and manipulating the inputs. As oppose@ to the hitherto acceptable
idealization that the laws of nature could be formulated linearly,
technology in its trends towards both refinements and magnifications
of scope and complexity, has been pointing with increasing insistence
to the fact that in the formulation of natural laws, modern require-
ments of precision forbid the suppression of nonlinear elements, for
the suitable formulations are almost without exception, nonlinear.
Fundamentals of nonlinear prediction theory as an outstanding con-
tribution of World War II, came out of N. Wiener's work on predicting
aircraft paths for purposes of fire control. The nonlinear theory is
still in a juvenile state. This is a difficult terrain in which the
going has been rough. But beyond the challenge to master difficulties,
the demand for clearing of paths is arising for more mundane considera-
tions. Wiener's work is geared towards applications. In particular,
the theory modified and extended in various ways, constitutes a tool
of considerable potential in forecasting and regulation.

In prediction theory of a stationary stochastic process,
there is first the problem of defining the prediction, i.e., of

showing that we have a determinate mathematical problem, and of



demonstrating its theoretical solution. There is then a theoretical
analysis of time and spectral domains. Finally, there is an attempt
to use the time and spectral analysis to determine the predictor at a
more efficient level. The program for linear prediction has largely
been carried out in the multivariate case by N. Wiener and P. Masani
[20], [21]. Linear predictors for weakly stationary stochastic pro-
cesses are obtained and a factorization of the spectral density under
the boundedness condition yields an algorithm for computing the gen-
erating function. An algorithm for computing the linear predictor

is then obtained from the generating function. This work was gen-
eralized to Hilbert space valued random variables by A.G. Miamee [7].
A needed generalization to random variables defined on a Banach space,
is the content of Chapter III.

For nonlinear prediction of a univariate, strictly stationary,
discrete parameter stochastic process, work has been done at the
first level by N. Wiener and P. Masani [19]; and the ultimate objec-
tive to determine the relevant conditional expectation has been es-
tablished. The predictor, which is the conditional expectation, is
obtained in terms of the moments of the process by reducing the prob-
lem to a projection on the Lz-closure of the algebra generated by the
present and past of the process. In Chapter II of this thesis the
corresponding nonlinear problem is defined for multivariate random
variables. By introducing certain operators on matrices to define a
matrix-algebraic structure on the past, a determinate mathematical

problem is established and its solution demonstrated.



But a solution to the problem -- a solution as an algorithm
which produces a numerical estimate from numerical observations,
perhaps with the intercession of a digital computer, has not yet been
satisfactorily obtained in the literature. Chapters III and IV of
this thesis deal with transferring the univariate nonlinear prediction
to linear prediction of an infinite-variate stationary stochastic
process.

In his paper [18] in the Berkeley Symposium, N. Wiener sug-
gested a closely related method of linearizing statistics of time-
serles to obtain the non-linear predictor. Chapter IV of the thesis
deals with this method. For real-valued, measurable, univariate
random variables {fn: —~» < n < «}, with all powers of fn Lebesgue
integrable, and an ergodic measure preserving transformation T, he
suggested developing a linear theory of multiple prediction for random
variables Xn whose components are products of all combinations of
fl(Tnl),...,fv(Tnv). The autocorrelations demanded are expressions

of the form

n n n
B(E)(T D) x £,(T 5 xouux £(T )},

A dense subspace of L2 generated by {fn: - < n < o} and
consisting of finite products of {fn}fm, can then be arranged as an
infinite-variate stationary stochastic process {Xn: - < n < «}
whose linear past at any stage is exactly the nonlinear past (poly-
nomials and their limits) of the univariate process {fn: -» < n < «},
Due to duplication of subfactors in the components, however, the

vectors Xn(m) do not possess a Hilbert norm. Xn's may then possess



a Banach norm. The linear predictor for {Xn: -© < n < »} may then
be obtained by methods established in Chapter III, which further gives
the nonlinear predictor for the univariate process {fn: —» < n < o},
Conditions on the moments of {fn} that would guarantee the bounded-
ness condition for {Xn: -© < n < »} have not been obtained explicitly.
An example of a two state Markov chain sheds light on the procedures
and some of the intricacies involved.

Following the work of Wiener and Masani much interest has been
aroused in the areas of nonlinear prediction. Some of the more recent
"work related to this problem appears in [4], (81, 191, [10], [11], [14],

[16].



CHAPTER 1

PRELIMINARIES

While observing a random quantity associated with some long
enduring mechanism in nature, from the remote past to the present
moment, we obtain a sequence of readings {xk: k = 0,-1,-2,...}. For
the problems of predicting a future value based on this information
we shall be considering {xk: k = 0,-1,-2,...} as part of a stationary
stochastic process {fn: n=20,+1, + 2,...} defined on a probability

space (Q,F,P) such that
x = fn(mo), wg in Q, =« < n< o .,

Now fn may be square integrable and hence lie in some Hilbert space

H. Following Masani in [5] we have

1.1. The Gram-matricial structure of HN for a fixed positive

integer N.
Let
f1
W o= e =|:|:£,€H 1<1c<N,
£

For f,g in HN, the matricial inner-product of the ordered

pair £f,g 1s defined to be the N x N matrix

(f9g) = [(fi’ gj)]NxN .



Orthogonality in HN is defined as
fLge (f,8) =0

where O denotes the N x N matrix all whose entries are 0. Also

define “f“2 = trace (f,f). Linear combinations in HN are formed

with N x N matrix coefficients.

A subset M of HN is a linear manifold if and only if
f,g € M= for any N x N matrices A,B, Af + Bgec M .

1.2. Lemma. Ref. [20] Lemma 5.8 p. 131.

(1) M 1is a closed linear manifold of HN if and only if M = MN
where M is a closed linear manifold of H. In fact M consists
of all coordinates of elements of M.

(i1) If f 1s an element of HN and M 1s a closed linear manifold
of HN then there exists a unique f in HN satisfying one of

the following equivalent conditions

(1) feM and £f-£f 1 M

(2) fe M and (f - %, £ - f) < (f-g, £f-g) for any
gE M.
Corollary.
In particular for H = LZ(Q,F,P), let L2 denote the space

HN. Then M 1is a closed linear manifold of L2 iff M = MN, where

M 1is the closed linear manifold of L2 consisting of all co-ordinates

of elements of M.



Notation.
f of Lemma 1.2(ii) is called the projection of f onto M
and is written as (f|M).
In this thesis n will always denote an integer and
{-» < n < w} denotes the set {n: n=0, +1, + 2,...}.
1.2.1. Definition.

A N-variate weakly stationary stochastic process is a bi-

sequence {fn: -» < n < «»} such that fn.G HN  and the Gram matrix

depends only on m-n.

Associated with a N-variate weakly stationary stochastic pro-
cess {fn: -© < n < »} are the linear present and past subspaces Mn
for -» < n < o, For a fixed integer n, Mn is defined to be the

closed linear manifold of H" spanned by {f : k < n}. Also

2. The Linear Prediction Problem.

Let {fn: -» < n < ®} be a N-variate weakly stationary
stochastic process with covariance bisequence {Rk: -» < k < »} and

let v > 1. Determine

(1) matrices Aﬁn) such that
2 T (n)
£ o= (f M) = 1im = £
v v 0 n k=0 Ak -k

(1) 6 = (f - fv, £, - Ev).



3. The Linear Prediction Problem for a Banach Space Valued Stationary

Stochastic Process.

3.1. Notation.

For a Banach space X let X* denote the Banach space of all
conjugate bounded linear functionals on X.

For Banach spaces X, Y, let B(X,Y) denote the Banach space
of all bounded linear operators on X to VY.

An operator f in B(X,X*) is defined to be nonnegative if
for each x € X, (f(x)) (x) > 0.

In case X 1is a real Banach space we further assume for non-

negative operators that
(f(x)) (y) = (£(y)) (x) for all x,y in X.

We will alternately use the notation (£f(x), y) for (f(x)) (y).

Let B+(X,X*) denote the set of all elements of B(X,X*) which
are nonnegative.
3.2. Definitions.

For a Banach space X and a Hilbert space K and A, B
elements of B(X,K), (A,B) 1is the unique bounded operator B*A de-

*
fined from X to X . It follows that
((A,B) x,y) = (Ax, By), v x€ X,y y€ VY.

Further let A1 B 1if (A,B) = 0.
3.3. Lemma.
Let {fn: -© < n < o} be a stochastic process such that for

each n, fn is defined on the probability space (Q,F,P) and takes



values in a Banach space VY. If for each x* in y*, xf(fn) € LZ(Q,F,P)
for - < n < », we may identify the process {fn: —» < n < o} with

a process {gn: —» < n < »} where En is in B(X,K) for X = V* and
K = LZ(Q,F,P).

Proof.

Define ga: X > LZ(Q,F,P) as follows
* * *
g (x ) (w) = x (fn(w)), w€ @, x € X .

3.4 Definition.

A bisequence {gn: - < n < o} of elements of B(X,K) where
X 1is a Banach space and K 1is Hilbert space, is called a B(X,K)
valued weakly stationary stochasfic process if the operator E;En in
B(X,X*) depends only on m-n. And then the operator sequence
R(n) = g;gn defined for -» < n < » 1is called the covariance bi-
sequence of the process.
3.4.1. Assumption.

Assume from now on that X 1is separable.
3.4.2. The concepts and theorems from here on up to the end of Section
5 are outlined by A.G. Miamee [7].

With the stationary stochastic process {gn: -» < n < =} are
associated the following subspaces

M_ the subspace of K spanned by {gk(x): - < k < ©», x€ X},

Mn the subspace of K spanned by {gk(x): -» < k<n, x€ X},

and M_= N M.
=< <00



10

3.4.3. The process {En: - < n < =} is said to be
(1) singular if M__ = M for -» < n <

(i1) nondeterministic if M_ g Mn for some finite n,

(111) regular if M= {0}.

4, Time Domain Analysis.

For a B(X,K) valued regular weakly stationary stochastic
process {gn: - < n < »} there exist mutually orthogonal isometries

Sk and Ak € B(X,K) such that

g = L S s
n k=0 n-k Ak

convergence being in the weak sense. Ref. [7] Theorem 3.3.7, p. 18.

5. Spectral Analysis.

5.1. Definitions: Ref. [22], p. 130-132.
A function f defined on a measure space (S,B,u), with values
in a Banach space Y, is said to be finitely-valued if it is of the

n
form I IB yi, yi €Y and n < o, where B,'s are disjoint measurable

1=1 Pi 1
sets of finite py-measure.

The function f 1is said to be strongly measurable if there
exists a sequence of finitely-valued functions strongly convergent to
f a.e. on S.

Further, £ 1is said to be Bochner integrable if there exists a
sequence of finitely-valued functions fn strongly convergent to f
a.e. in such a way that

lim [|f(s) - £_(s)[u(ds) = O.
n»e S
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For any B € B, the Bochner integral of f over B 1is then defined
by

J f(s)u(ds) = s-lim S IB(s)f (s)u(ds).

B e § n
Remark: Note that f 1is Bochner integrable if and only if f is
strongly measurable and /|f|du < =.
5.1.1. For the weakly stationary stochastic process
{En: -» < n < »} which is B(X,K) wvalued, M denotes the closed
linear subspace of the Hilbert space K, generated by

{gnx: x € X, == < n < =}. The shift operator U defined on M as

follows
Ugnx = €n+lx’ x € X, - < n <o
27
-1i6
has a spectral resolution U = E;—f e ~E(d6), where E 1is a projec-
0

tion valued measure over ([0,27],B), B being the oc-algebra of Borel

sets. Ref. [5], p. 359-360. Now define for B & B,
%

Now F(8) = ggE(o,e]go is B(X,X*) valued such that for x,y € X

1 27
(Enx’EOY) = (2__” '('; e

-1inb
E(de)aox,eoy)

m

1l -1ind
= e (E(d8) ons gOY)

m

N

m

1l -in6 , *
= 2_” e (EO E(de)gox’y)

OSSN OSSN

27
(R(n)x,y) = %; / e-ine(F(de)x,y).
0
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Definition.

F defined in 5.1.1 is called the spectral distribution func-
tion for the process {En: -© < n < »},
Assumption.

Assume from now onwards that there exists a B+(X,X*) valued
function £(8) defined on [0,2n) such that

(1) f£(6) 1is strongly measurable

(11) f£(6) 1is Bochner integrable
and (iii) for each Borel measurable A c [0,27)

F(A) = [ £(9)ds.
A

This £(6) will then be called the spectral density of the process
{En: - < n < »}, In general none of the above assumptions may hold.
5.2. Let K be a separable Hilbert space and let LZ(K) denote the
Hilbert space of all K-valued functions on the unit circle which have

a square summable norm with the inner product of 8178, in L2(K)

defined as
2m
i6 ie
(8,>8,) = 1/2n J (g,(e”"), g,(e"))dsb.
1°°2 0 1 2
Define

2n

LK) = (g € Ly(K): 1/2n s &7
0

g(eie)de =0 for n < 0}

2T
s e—ineg(
0

Lg‘(K) - {g € 1,(K): 1/2n el®d9 = 0 for n > 0}.

5.3. Further, define a weakly measurable B(X,K) wvalued function

A(eie) on the unit circle to be
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analytic, if for each x € X, A(eie)(x) is in Lg+(K),
conjugate analytic, if for each x € X, A(eie)(x) € Lg-(K).

5.2.1. Factorization of the Spectral Density.

*

A nonnegative weakly summable B(X,X ) valued function de-
fined on the unit circle is said to be factorable if there exists a
Hilbert space K and a conjugate analytic B(X,K) valued function

*
19) defined on the unit circle such that f(eie) = A (eie)A(eie),

A(e
in the sense that (f(eie) x) (y) = (A(eie)x, A(eie)y) for all x € X,
y € X.

Regarding factorization of the spectral density of a B(X,K)
valued regular stationary stochastic process, the following has been
established in [7] Theorem 3.3.12, p. 23.

5.3.2. Theorem.

The spectral distribution F of a regular B(X,K) valued

stationary stochastic process is absolutely continuous and

%g )% x =‘h¢(eie)xh2

where
10 > -1k8
¢(e”)(x) = L e A-k(x): A-kﬁ B(XsK)°
k=0
5.3.3. Definition.
¢ as defined in the above theorem is called a generating
function of the stationary stochastic B(X,K) valued process

{En: - < n < ®},
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6. Transferring the Linear Prediction Problem from the Time Domain to

the Spectral Domain.

For the N-variate weakly stationary stochastic processes {fn: - < n < =}

an elementary solution to the linear prediction problem is summarized

in [5] by choosing Aén) such that
n  (n)
£, L A £ L £gs £oy0 vees £
k=0
whence

(n) (n)
[éo e AYY HCEG £ (Fs £ (Eys £)

This method is not efficient when n is increasing as our observed
data accumulates. Wiener and Masani transferred the problem to the
spectral domain instead, establishing an isomorphism between the time
domain and the spectral domain and thus obtaining the linear predictor
at a more efficient level. This was done in [21] for a multivariate
real-valued stationary stochastic process. A.G. Miamee [7] has extended
their results to the case of a B(K,K) valued stochastic process for
some Hilbert space K. He established in [7] Chapter VII that under
regularity conditions on the spectral density, the matricial frequency-
response or transfer function Yv that corresponds to the linear predictor

fv in the time domain, is given as

[ e-ive 10

Y

i6 -1
) 0N gy ¢ (e

)
where ¢(ei% is a generating function of the stochastic process.
In chapter III we obtain a factorization of the spectral density

for B(X, K) valued regular stochastic process and thus obtain the linear

predictor and the prediction error matrix Gv’ for any v > 1, for such
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a process. Chapter IV proceeds. to suggest the possibility of utilizing
this analysis for nonlinear prediction problem. Results in chapter IV

are not yet complete.



CHAPTER II

MULTIVARIATE NONLINEAR PREDICTION

In genuine applications one almost always works with systems
whose states must be described by several random variables. Weather
forecasts depend on a set of interdependent variables, for example.
Although it is reasonable that ideas and methods should be developed
first for the univariate case, ultimately one must be able to cope
with the multivariate situation.

The price {pn} and demand {dn} of a certain commodity,
tabulated by days, in themselves form univariate time-series, which are
by no means independent. Nonlinear predictors for each of the pro-
cesses {pn: -o < n < »} and {dn: -» < n < »} may be obtained under
regularity conditions by methods of Wiener and Masani in [19]. However
the predictors ﬁv and av for v > 1, thus obtained would ignore
the information contained in the correlative behavior of P, and dn
for n < 0. It would therefore be natural to consider
{(dn): -» < n < »} as a multivariate process and to define a corres-
pon:ing structure on the past which formalizes the notions of non-
linear predictor and prediction error for a multivariate process. In
fact with the appropriate formalism, all of the work of Wiener and
Magsani in [19] generalizes to this case. We proceed to introduce the

same in this chapter and to obtain the corresponding generalization.

16
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1. Multivariate Stationarity.

Let f - < n < », be real random variables

fnl’fnZ""’ oN’ .
defined on a probability space (X,A,u). Then the multivariate

stochastic process {fn: -® < n < »} where fn = fnl is defined
n2

fon

to be strictly stationary if and only if for each integer v > 0,

€EB eeesf € B ] =
l+v 2 nk+v k

u[fn € Bl’ fn € BZ”"’f

u[fn

€ Bk]’ whatever Bl,...,Bk Borel measur-

1 2 RN

able in RN and -« < n, < n2 <...< nk < o,

1.1. Note.

(1) The multivariate stochastic process {fn: -®» < n < o}

is strictly stationary if and only if for eéery integer v > 0

plo €83 £ (@) €A, (1,3) € 1) =

plw ¢ St fij(m) €A (1,3) € 1]

3

whatever finite I ¢ {-» < n < «} x {1,2,...,N} and Borel measurable
Aij c R.
(11) 1If {fn: -» < n < o} is a multivariate strictly stationary

process then the univariate stochastic processes {fnj: ~® < n < o}

for j =1,2,...,N are all strictly stationary.

1.2. A Characterization of Multivariate Strictly Stationary Stochastic

Processes.
Notation.

For s,t eRN let



18

st= I s,t, .
i=1 ii

Theorem.

The process {fn: -© < n < o} is strictly stationary iff for

N

each tl""’tk.e R and - < n, < n2 <...< nk < o

t.f + t f + + t £

1 nl 2 n2 k nk

and

t.f + t f +...+ t f

+
1 nl+1 2 n, 1 k nk+l

are identically distributed.
Proof.
If {fn: -© < n < o} is strictly stationary then
tlfn +1 + tzfn +1 +...+ tkf +1 is a finite linear combination of

n
1 2 k
univariate random variables and the result then follows from Note

1.1(11).
T N
Conversely for every v > 0 and tj = (tj ¢ ) € R,
RRRRELY
for 1< j<k and any u€ R: N
N k
E[lexp {u(t.f +...+t f )]= E[exp{1 I £ ut, £ _}]
1 n, k n A j=1 2=1 jL njl
k N
= E[exp{{ ¢ ¢ ut_,f }
j=1 =1 jL nj+ll

= E[exp{iu(t_f + t f +...+t f )},
1 nl+1 2 n2+1 k nk+l

Since u and t,'s were chosen arbitrarily, the characteristic

3
function of the joint distributions of {fn gt lsis<k, 1< < N}
3
and {fnj+12; l1<j<k, 1< <N} agree.

Stationarity of {fn}fw follows by Note 1.1(1).
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1.3. Theorem.

[« -]

With the multivariate strictly stationary process {f_}
n =

defined on a complete probability space l(X,A,u), cén be associated a

probability space (2,F,P), a measure preserving transformation T on

2 onto itself and a random variable E on £ such that the stochastic

process {En}fm defined by

?n(w) = f(t"w), w € 0

[+ ]

has the same joint distribution functions as {fn} , 1.e. (in obvious

-0

notation)
F =F y =® < N, <...< Nn_ < o,

Proof.

Let Q be the set of all bisequences of elements of RN, A
the o-algebra generated by cylinder sets and u the Kolmogorov measure
obtained by using the well-known Kolmogorov construction. Ref. [1]
Theorem 2.2, p. 605. Letting T be the forward shift of co-ordinates,
f is obtained as the projection on the 0th co-ordinate, F as the
completion of the g-algebra generated by A and P as the extension

of uy to F.

2. Preliminaries and Notation.

Let HN denote the family of all N x N real matrices.

f
For 1<p< =, Lp(Q,F,P) = {f = .l : £f 1is an equivalence

fy

*
class of (Q,F)-measurable functions and J{/f £}PdP < »}. For
' Q.
fl,f2 € LZ(Q,F,P) the gramian is defined as

*
(£1085) = JE 554 = [(£140859) Iy
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/

fkl

where fk = for k =1,2. Lm(Q,F,P) = {f: £ 1is an equivalence

Fin

class of (Q,F) measurable functions such that there exists an

a€ B with |f | <a,i=1,...,N.

i’
2.1. For a strictly stationary N-dimensional stochastic process

{f 3 -= <n<e} with £ € L_, define for -» <n<w® and q >0

1

Bn = c{f;j(A): A c R, A Borel measurable, —= < k < n,

1<3j<NUA{Aca: PQ) =0}

B = n B
-® =< n<o
B = c{f-l(A): A Borel measurable in R, -q < k < 0,

0,9 kj

1<3<NU{A€ q: P(A) = 0}

where o denotes the generated o-algebra.

Further define

Nn as the set of all RN-valued Bn-measurable functions on €,

N as the set of all RN-valued B measurable functions
09 0,q

on Q,

Mn = Nn n L2

=N_ NL..
Mo.q 0,9 2

2.2. A Matricial Algebra.

Definitions.

N
2.2.1. For X)X, € R let
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+...+ x x k

11 21 12 22 IN 2N
xll x22 + x12 x23 +...+ xlN le
* =
xl xz . . L]
x11 x2N + x12 x21 +...+ x1N x2N_1 .
Note.
(1) If co-ordinates of 3 and x, were arranged along two dif-
ferent circles as follows
X
xlN 1
*12
*13
| g

then Xy * X, is a N x 1 vector whose kth co-ordinate is obtained
as the sum of products of corresponding entries on the two circles
after the second circle is rotated anti-clockwise through k-1 units.
(11) The aim of introducing this special type of multiplication is

to be able to obtain all finite products of co-ordinates of 3 and

X, through the operations of * and premultiplication by suitable

N x N - matrices on 3 and X,e More precisely, for any product

n x,.x for I, Jc {1,2,...,N}, we have
€1 1172]
¥J
n x,.x
g1 2 = { I (I,%,) *(_ .Xx,)}
£3 g 1y Ty
0
j€J
0

where Ili denotes the N x N matrix having 1 in the (1,1)th place
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and all other entries O, and 1 on the right hand side denotes *
multiplication from right to left.

Note that by premultiplication with a suitable elementary
matrix, the position of the finite product on the left hand side of
the equality may be suitably changed.

(111) (a) Note that * multiplication is not commutative.

(b) Also, * multiplication is not associative since

3] (e} -3
(HRHIAHRH

(c) For A c He, A(xl * x2) # Ax1 * x, in general. TFor example

B o))

o G o) -0

2.2.2. 1In the absence of these properties we make the following definition.

and

while

Any expression of the form

2.2.3. a~. + % A (A x * A x , .. A x )
0 nl,...,nl n; 0y n, n, nn,

<r, Ani # 0 in He, ag 1s N x 1 vector of
scalars and I a sum over finitely many terms, is called a polynomial

for 1< nl,nz,...,nl
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in xl,...,xr. Note that the * multiplication operation is always

performed from right to left.
Denote a polynomial in X secesX 2 P(xl,...,xr).

Note.

(1) P(xl,...,xr) is a N x 1 vector each of whose co-ordinates is

obtained by finite operations of addition and (ordinary) multiplication

on the co-ordinates of xl,...,xr. Each co-ordinate of P(xl,...,xr)

is therefore some polynomial in {xij: l<1i<r,1<j <N} with

scalar coefficients. We may thus write

'pl(xij)

-]
~
k]
"
N
L,
=
|A
-
|A

pN(xij)

where Pyse--sPy are polynomials in scalar coefficients.

(i1) Note that sum of two polynomials is also a polynomial and so is
the pre-multiplication by an element of HN. Furthermore the *
multiplication of two polynomials is also a polynomial as may be de-

duced from the following
*
(Alx1 + A2x2) (Bly1 + 32y2)
= * * * *
(Alx1 Blyl) + (Alxl Bzyz) + (A2x2 Blyl) + (A2x2 Bzyz).

(1iii) The Degree of a Polynomial.

Degree of a summand A n (A x *, ..k A x ) 1is de-
nl,..., 2 nl 1 nz 2
fined to be &. The degree of a polynomial P(Xl,...,xr) is the

maximum of the degrees of its summands.



24

Lemma.

The degree of a polynomial

pl(xij)

| A

=
| A

e
IA A
Zz "

P(xl,...,xr) =

(xij)

is the maximum of the degrees of the ordinary polynomials PyseesPye

Proof.

Let the degree of P(xl,...,xr) be m. Then there exists a
summand of this polynomial of the form
A (A x * .. A x )
ces n n_n
1 m m

for 1 < nys...,n < T. Since An #0 for 1i=1,2,...,m, each

i
N x 1 vector An X has at least one nonzero entry. The co-ordinate
i1
polynomials of the N x 1 vector A X * An X therefore have
m-1 "m-1 m m

degree at most 2 and at least one of these has degree exactly 2. Con-
tinuing to perform the * multiplication operation from right to left
it is easy to see that the maximum of the degrees of the polynomials
is exactly m. Since P(xl,...,xr) consists of terms of the above
form, the result follows.

2.2.4. A Métricial Algebra of N-variate Measurable Functionms.

A subset A of the family of all measurable functions on
(Q,F) 1into R' 1is called a matricial algebra if and onlyif it is
closed for the following binary operations

(i) f € A and AlLA, euN Af +A2f2,A

(11) £ f €A = f * f2 € A.

1’
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Note.

(i) If co-ordinates of fl and f2 are bounded in absolute value

so are the co-ordinates of fl * f2.
(ii) Intersection of a family of matricial algebras is again a
matricial algebra. Hence given a subfamily E of A, the inter-
section of éll matricial algebras containing E is the smallest
matrcial algebra containing E.
2.5. Notation.

For any set A let AN denote the set of all N x 1 vectors
of elements of A, i.e. AN = {(?1) : ai € Al.

:\' J
ay/
For any positive integer n let P: denote the family of

n-variate polynomials in r variables x

10000 Xy
Theorem.
N 1 .N
Pr - (PNr)
Proof.
N 1 \N
P_c (er) by Note 2.2.2(1).
"1 1N
Conversely for | : € (PNr) s
Py
2.3.1 Pl | Py
= ¢ I 0 , where 1 is the elementary matrix
L] 2 . 2
P =1 .
\'N 0

obtained by interchanging the 1lst and fth rows of the identity matrix.

Also each P, itself is a finite linear combination of finite products
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X

P, = I a it
el I® g ety

where k < » and I(m) contains a finite number of elements,

repetitions allowed, of {1 < i < r} x {1,2,...,N}, then

[P
0 k
T A { I I,.x.}
mel T™ (g er(m 1
"0
where AI(m) is the N x N matrix with aI(m) in the (1,1)th place
and 0 elsewhere and Ilj is the matrix with 1 in the (1,j)th place and
0 elsewhere. Note that NI here denotes * multiplication. Thus by
2.3.1 above it follows that (P;r)N‘E PS. Hence the result.

Corollary.

Consider the set {xr: r in a countable set I} of N x 1
vectors. PN, the family of polynomials over this set, is defined as
the union of the families of polynomials over any finite subset of

{xr: r€ I}. It is immediate from the theorem then that

= eHl.
Here Pl is the family of all polynomials in {xrj: l<r <o,
1< j <N}
2.4. Let An denote the smallest matricial algebra containing the
1,
1

function 1 =] . and {f : k < n}.
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Let A denote the smallest matricial algebra containing

’
the function 1 and {fk: -q < k< 0}.

Let An denote the linear algebra generated by the function 1
and {fif — < i1<mn, 1<3J<N}.

Let A , denote the linear algebra generated by the function

land {f <1<0, 1< jc< N}

13° 79
Lemma.

An = {a + pX An (n A £ ):
0 nl,...,nﬁeI ) S

I is a finite subset of {k: —» < k < n},An € HN}}.
i

Proof.
Since An is closed for * multiplication and addition and
premultiplication by elements of HN’

2
A > {a, + b An (n A ):
..,niEI 1’ =

I a finite subset of {k: -» < k < n}, A € HN}
i

Conversely the family on the right is a matricial algebra since it is
closed for the required operations; It also contains the function 1
and {fk: k < n}. Hence it contains An' Hence the result

Theorem.

For the strictly stationary process {fn: o < n < o}

A bar on top denotes closure.
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Proof.

An is the family M oof polynomials over {fi: -o < i < n}.

Also An is the family Pl of polynomials over {fij: -» < i < n,
1 < j <N}. So by Theorem 2.3, An = AE. Taking closures in the trace
norm gives the result.
Similarly f A
arly for A,

2.5. The moments of the stochastic process {fn: —» < n < «»} are de-

fined as

a(nl,jl) (“2’j2) yeses (nk,jk)

=/ f x f XeooXx f dP (w)
9 nljl "

for -= <n; <, <...< n and 1 < J1,3,500053 <N

Birkhoff's Ergodic Theorem. Ref. [17] §2.2.

If T 1is a measure-preserving transformation on (Q,F,P)

then for any random variable f defined on Q such that E]fl <

1 n

lim —— 1 f£(T") = E[f|T](0) a.e.,
n+l

2o v=0

where T 1s the family of T-invariant measurable sets. Further if

T 1s ergodic, then

£(Tw) = E[f] a.s.
0

o3

1
Lim n+l
o v
Corollary 1. For a multivariate strictly stationary stochastic pro-

cess {fn: - < n < o}, 1if the unique shift operator defined in 1.3

is ergodic then letting TN denote the inflation of T to N-dimensions
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1 n
1lim — © T ({ f * f *, .. *xT.f (w)}
v+l u=0 N Iljlnl Iljznz Iljrnr

- a(nl’jl)(HZ’jZ)""’(nr’jr) a.e.

whatever -« < n, <mny<...<n <® and 1< jl,jz,...,jr <N.

Proof. The shift operator TN is measure-preserving. Also

™(I, f *I,f * ..%x1_ f }
N3y 3pmy Ip o

0 \
\
u r
=T n £
N -1 "k
: /
0 /
= “Tu n
\\\ k

r
Il

k=1
0

£

k=1 M

0

Using Birkhoff's ergodic theorem the result now follows.

Corollary 2. For a multivariate stationary stochastic process

{fn: - < n < =}, if the unique shift operator T 1is ergodic then

for any polynomial P in N-dimensional variables fn ,...,fn with
) 1 T
matricial coefficients in HN

) H
lim — I T. {P(f ,...,f )} = E{P(f ,f ,...,f )}.
v+l L=0 N n, n_ n, n, n_
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Proof. Note that

|A
4

pl(fnij): l<i<r, 1<

A
[y

<r, 1<

| A
4

p2(fnij): 1<

P(f ’occ,f ) =
n1 nr

Pylf, 93 l<icr, 1<jeN/
i

where PysPyse-+»Py are some polynomials with real coefficients.
The ergodic theorem holds for each coordinate now. This gives the

desired result.

Remark. The assumption of ergodicity of the stationary process is not
necessary in this thesis but with that assumption Birkhoff's ergodic
theorem justifies the possibility of determining moments of the process
from data collectéd from time-series observations. Ref. [19] §3, pp.
195-196. The assumption of stationarity reduces significantly the

number of moments to be determined.

3. Statement of the Problem

3.1. Definition. For a strictly stationary stochastic process
{fn: -» < n < »} with zero expectations and for any v > 0, define

the predictor %v with lead v of the function fv as

[t 180
E(f\)2|30)

(2,24
n__
———

E(vaIB

0

" Let the right hand side of the equation be denoted by E(fv|BO)‘
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3.2. The Prediction Problem.

Given the moments for

a . .
(ny53)(ny53,5) 50005 (n53,)

-°<np <N, <..<m o< and 1 < jl’jz""’jk < N of the multi-

variate strictly stationary stochastic process {fn: -® < N < ®}

with fnlEL°° and with zero expectations, to determine polynomials

¢q of q+ 1 N-dimensional variables with matricial coefficients

such that
£ o= = 14 .
v E[fleO] lim ¢q(f0’fl’ ,f_q)
q—POO
Note.
1. Since the joint distributions F of £ ,f ,...,f
Mysess,sn n,’n n
1 q 1 2 q

have compact support, their moments characterize them completely [12]

Cor. 1.1, p. 11.

2. The assumption fn € Lw is made to reduce the prediction prob-
lem to a projection on the closure of the algebra generated by the past.
The weaker condition of existence of all moments is not sufficient.

Ref. [19] Theorem 6.5.

4. Main Theorems.

4.1. The following are based on [5].

LZ with the inner-product (fl’fZ) = {f f:fzdP};5 which yields
the trace norm, is complete (almost everywhere equal functions are
identified).

Theorem.

For v > O, %v is the orthogonal projection in L2 of fv

on MO' E[vaBO,q] is the orthogonal projection in L2 of fv on

Mo’q.
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Proof.

= N
MO Noﬂ L, 1is a subspace of [, = L,.

Hence Mo, the space of all co-ordinates of elements of Mo, is

_ .N
In fact Mo = LZ(BO) .

LZ(BO)' Also as in the proof of Lemma 2.8 of [5], p. 354.

’ .
(vaMo) =//E(fvl|M0) E(fv1|80)
[ =
i E(£,,[M0) |=[ EC£,[Bp)
\\ E(f .IM );” E(f .lB)/’
N q/ wN'707/
= E(fV|BO).

Similarly for projections on M

4.2, Theorem.

A function f € N0 q iff there exists a Baire function
b
o BT L BN cuch that £ = ¢(F € -,uuisf ).
0’ -1 -q
4.3, Theorem '
For F a distribution function on (RN)q with a compact

carrier J9 for some compact set J c RN and for 1 < p < =, let

Lp F be the space of all RN—valued functions ¢ on (R.N)q which
]

are measurable w.r.t. the Lebesgue-Stieltjes measure generated by F
P / %
and are such that [|¢|"dF < = where [¢| =/ ¢ ¢. Then under the norm

1
lollg,p = ¢ JelelPamr™?

RN and coefficients in HN form an everywhere dense subset of L

, the polynomials in g-variables with values in

p,F’
Proof.
N

= (4. (RMHYI .
L o= {¢: (R) R

; : f{o 0}PdF < =}.

Asin 2.3 Pz denotes the family of polynomials in q N-variate vari-
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;q)N is the family of polynomials in Nq variables

t:1<1<gq, 1< j<N}. By Theorem 2.3 we have Pz = (P1 N

q
ables {xi}i=l' (P

{xij' Nq) .

1
Now PNq is a dense subset of the space L F of all Lebesgue-Stieltjes
P>

measurable functions y defined on RNq into RN with
*
Iy w)de < o, Ref. [19] §6.2, p. 203. Hence for each coordinate

o4 of ¢¢€ Lp,F there corresponds for given ¢ > O, Py € Fﬁq such

P
that ¢, - piH§ < ¢/NP, And then p = € (@

1 )N = PN is such
Nq q

Py
that

2 -1,y |
lo-Flig , = £z Co-p)) 1P/ 245 ¥ Lrfogmpy D < e

Hence Pﬂ is everywhere dense in Lp P

4.4, Theorem.
- o

(1) MO is the closure in L2 of the linear manifold U M

q=0 0,9
(i1) MO,q = AO,q
(1i1) Mo = Ao.
Proof.

Let Mo denote the subspace of L2

ordinates of elements of MO. Similarly define M

consisting of all co-

. Then by Lemma
0,9 Y

1.2 of Chapter I

N
= = M .
Mo’q Mg,q ’ MO 0

Now let f£€ M Since the truncations {£fX of £

0" |£]<n’

approach f in the trace norm, each co-ordinate of f 1s approximable

by simple BO measurable functions. Since BO is the Borel algebra
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oo

generated by U BO » simple Borel measurable functions are

q=0 k
approximable by simple functions of the form 3 uiIF with
o o i=1 i
F,€ U B which obviously belong to U N « Such functions
i — qu - OQq
q=0 q=0
being bounded are in L, and hence in U (N n L)y=uUu M .
2 - 0,9 2 _n 0,4
q=0 q=0
Hence the result.
i1 Let f ¢ . Th . = e
(ii) MO,q en by Theorem 4.2, f ¢(f0,f_l, ,f_q) where

¢ (RN)q+1 -> RN is a Baire function.
Now f € L2, hence ¢ € L, F where F denotes the joint dis-
“

tribution of {f ,: -q < i < 0}, because

¥
nfnf2 - ll¢llsz’F

Also F has a compact carrier. Hence by Theorem 4.3 there exists a

sequence of real polynomials Qn of q+l1 N-variate variables such that

]
7]
]

- o,

4.4.1 le - iz > 0

Now define wn = Qn(fo,f_l,...,f_q). Then wn.E Ao’q. Since

BC Ly vg€ Ly and YIf - ufl =llo - Qlp- By 4.4.1 then

f = 1lim wn in L2-norm.

n>ro
oo
(111) From Definition 2.4 it follows immediately that A_ = U AO .
0 g=0 9
Also from (i1) above U AO is everywhere dense in
© . q=0 i
U M_ . By (i) therefore, AO is everywhere dense in Mo i.e.

=0 0+d
Ay = M-
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Corollaries.

(1) For the strictly stationary stochastic process

{fn: - <n<«} and for v > 0

R,=1hﬂE“vWOA] in L

q—H-'D

5
This is immediate from Theorem 4.4(i) above.

(11) For the strictly stationary stochastic process

{fn: -® < n < »} there exists a sequence ¢q of Baire functions

on (RN)q+1 to RN such that

.,f ) in L

fv = lim ¢q(f0,f_1,.. -q 2

q-»oo
Proof.

From Corollary (i) £ = 1lim E[f |[M_ ].
v oo V' 0,9
q
Also by Theorem 4.2 there exists a Baire function ¢q such

that E[vaMO.q] = ¢q(f0,f_l,...,f_q). Hence the result.

(iii) For the strictly stationary stochastic process
{fn: -® < n < »} and for any integer v > 0, there exists a sequence

of polynomials Qq in q+1 N-variate variables with coefficients in

HN and values in RN such that

,f ) in L

£, = Lim Q (£0,f_j,uunnf_ .

q—)@
Proof.
By Corollary (ii) above there exist Baire functions ¢q

such that va - ¢q(f0,f ,f_q)h2+ 0. Furthermore for given

-l’oc-
e > 0 there exist polynomials Qq of the above type such that
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€ €
ll¢q = Qqhz < zq‘ Thus [l¢q(f0,f1,°°-yf_q) = Qq(fo’f-l"”’f-q) ll2 < zq‘

Hence fv = 1lim Qq(fo,f_l,...,f_q) in L2.

q—bco

5. Computation of the Predictor.

In this section we shall obtain an orthonormal basis for the

space MO = Kb in L2 with the trace norm. The expansion of the pre-

dictor in this basis is then actually computable from the given data.
Define a subset H c L2 to be linearly independent iff for

any finite collection hl”"’hn € H and Ai € HN with 1 <1 <n,

I Aihi =0-= Ai =0 vi with 1 <i<n.

Define the span S(H) of a subset H of L2 to be the

family

n

{: Ah:Aiéﬂ

h, € H and 0 < n < =} ,
o 11 1

N’

A subset H of a subspace M of L2 is said to be a basis

for M 1ff H 1s linearly independent and spans M.
A basis H of a subspace M of L2 is said to be orthogonal

iff for hl # h2 €H

*
(hl’hZ) = Ehlh2 =0.

An orthogonal basis H 1is said to be orthonormal if in

addition v h e H
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.”h[F = trace(h,h) = 1.

5.1. Lemma.

A subset Hc L2 is linearly independent in L2 iff the
/ .

hoy
corresponding set H={h : 1< j <N, h = .1 € H}  1is linearly
J - - .
. .
ndependent in L2. \hN
Proof.
Let hl""’hn be a finite set which is linearly independent
in H. Then
n N
z I h =
ok agghyy = 0efay ag, e agy By
1=1 3=1 0o o o [[n
.o 12 +...
ee. 0 o
i
Doy
841 "t 2N 'hnl 8
+ : 0 E = ©ayy = 0 for 1 <1 <n, 1< 3j<N.
. h .
0 0 - N .
n 0,

Conversely if {h,.: 1 < i <n, 1 < j < N} 1is linearly independent in

ij

L2 then hl""’hn must be linearly independent in L2 since for
k k

matrices Ak [aij]NxN’ kzl Akhk =0 aij =0 for 1<1c<N,

1<j<N and I < {1,2,...,n}, i.e. Ak = 0 for each k € I. Hence
{hl,...,hn} is linearly independent in L2'

The case when the set H 1is not finite is immediate now.

5.1.1. A linear arrangement of the set H = { -~ < 1<0,

fij:
1< j< N s
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Then H = {h : 0<n<«} with hy =1 and for each n > 0

h =f
n n-1 n-1
-5 ,n- [N

n n
where [ﬁ] denotes the integral part of N One method of arranging

all finite products of elements of H 1in a row is given by Wiener and

Masani as follows. Ref. [19] §7, p. 205.

Let p, = k+lth prime, and v j > 1 with the prime factoriza-

tion

j+l = P P oe- pkr , 0 <k

define

{¢J: 1< j <=} 1is then a linear rearrangement of all finite products

of elements of H.

Thus
Mo = clos S{¢j: 0 <j <=} where ¢O =1

M0 is therefore the closure of the subspace of L2 spanned

J:Oij<o}.

o 6

by the set M ={

QO e



39

5.2. A Basis for AO'
Lemma.
A subset M c AO forms an orthonormal basis for A0 in

L

h
2 if and only if the corresponding set M ={ 0l: h€ M} forms

0
an orthonormal basis for AO in L2.

Proof.

By Theorem 2.4 AO = Kg. By Lemma 1.2(i) of Chapter I the

result follows since coefficients in linear combinations of elements

of AO in L come from HN and

2

O e

h
0
“ -) ” 2 = “h“LZ °
j <

Now the set {¢j: 0 < »} need not be linearly independent
in general Ref. [19], §7.3. Although the following procedure of
‘computation of the.predictér is possible without having a linearly
independent set at this stage, we may not be able to keep track of the
number of variables involved in the approximating polynomials. Of
course the computations get more complicated also. We therefore make
the following
Assumption.

The strictly stationary stochastic process {fn: - < n < »}
is such that for any finite set I c¢ {-» < n < »} x {1,2,...,N}, the

spectrum of the joint distribution of {f,,: (i,j) € I} has positive

1]

Lebesgue measure in the II[ dimensional space, where |I| denotes

the cardinality of the set I.
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5.2.1. Lemma.
Under the above assumptions the set {¢j: 0<j<w=} is
linearly independent.

Proof.
n
Let ¢y = I c,¢,, C
i=1 i'i
¢i's are univariate random variables. Let the factors occurring in the

i # 0, be any linear combination. Note that

products ¢i for 1 =1,2,...,n be {fij: (i,j) € I}. Then

Y = Q(fij: (i,j) € I) for some non-zero polynomial Q in II|

univariate variables and

2 , 2
ll™ = rlGeyy: (1,3) € D |aF (xg )

ij
where FI denotes the joint distribution of {fij: (1,j) € I}. Note

that FI has compact support. Since Q can vanish only on at most
a |I| -1 dimensional algebraic surface which is of zero |I|-dimen-

sional Lebesgue measure and the spectrum of F_ has positive measure,

I

it follows that  |jw]| > 0, i.e. ¢ # 0. Hence {¢,:

3 0 < j <o} is

linearly independent.
5.2.2. Corollary.
Under the above assumptions the set {¢j:

orthonormalized to obtain an orthonormal basis {y,:

3

0 <j <«} can be
0 <j <=} for

A in L

0 as follows:

2
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L
0= 1

(¢0!¢O) (¢0’¢1) . . . (¢Os¢k_l) ¢0
(61509) (6156 - - - (b1s0, ) &

(¢k’¢o) (¢k’¢l) e o o (¢k’¢k_l) ¢k

where Ak = det[(¢i,¢j)]o <i,§<K k > 1.
5.2.3. Corollary.
) n
t f = = .
For every integer v > O, v3 E[fvaBO] ii: kzo(fvj,wk)wk

5.3. Computation of the Predictor.

Theorem.

For every v > 0, fv = lim Qn(fo’f-l"'
mreo
increasing sequence of nonnegative integers and Qn is a polynomial

. ) where m_ 1is an
-m n

in mn+1 N-variate variables with co-efficients in HN’ these co-

efficients being computable in terms of the moments

a .
(nl’jl) (n2’j2) oo (nk’jk)
Proof.
As in the univariate case (Ref. [19] Theorem 7.9, p. 209), let
“j be the subscript of the last prime in the factorization of j+1

and let, for any n > 0

m o= max{ul,r..,un}.

Then wk is expressible as a linear polynomial in terms of

{¢j: 0 < j < k}, each one of which is further expressible as a poly-
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nomial in {hj: 1< j < kl.

Thus from the Corollary 5.2.3 there exist real polynomials

qnJ such that
. n
f . =1lim I (f ,,v )y, = limgq ,(f,,: -m_ <1 <0, 1< 2 <N).
v] e k=0 vj’ Tk "k o nj 12 nj
Thus
qn (fij: _mn'i i<0,1<3<N
1
qnz(fij: -m < 1<0,1c<] <N)
% = lj_m ................................
>
qu(fij -m <1<0,1<j<N .
N
Since AO,m = AO,m , there exist polynomials (%IE AO,m
n n n
such that
50301 £ =
fv lim Qn(fo’f—l’f-z""’f—m ).
n>e n

Note: Actually qnj is a linear polynomial in mn+1 variables and

fvj = 1im qnj(hl —mn < 2 <0)
n-->eo
= lim q__ (f :-m_ < 2 <0).
we Moy a-giy °

So the coordinates of the predictor are obtained through the
procedure of this section and are written in terms of limits of

polynomials in N-variate variables in 5.3.1.



CHAPTER III
EXTENSION OF THE ALGORITHM FOR LINEAR

PREDICTION TO BANACH SPACE VALUED
STATIONARY STOCHASTIC PROCESSES

An algorithm for computation of the linear predictor for Banach
space valued random variables is obtained in this chapter. Time domain
and spectral analysis for such processes, including Wold Cramer con-
cordance and necessary and sufficient conditions for factorability of
the spectral density were obtained by A. G. Miammee Ref. [7], Chapter
III. However the algorithm of Wiener and Masani under the boundedness
condition, was obtained only for Hilbert space valued random variables
using Fourier analysis of infinite matrix valued functions Ref. [7],
Chapter VII. Under an extension of the boundedness condition of
Wiener and Masani on the spectral density of the Banach space valued
stationary stochastic process, a corresponding algorithm for computing

the generating function and the linear predictor is obtained.

1.1 The Boundedness condition on the Spectral Density

Let the spectral density fe , of the B(X,K) valued stationary

stochastic process {En: -» < n < »} sgatisfy
0 < m(B8)A*A < fe < M(6)A*A a.e. 6 ¢ [0,2m)

for some A: X+ K with [[A] =1 and M(e), —ov %(Lg))_ summable.

43
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1.2. Lemma.

f
*
Under boundedness condition 1.1 for Ne= LA A A with
. o m(8) + M() ®
] 2 i
M(8) - m(6)
Nellg < M(e) +meey < L
Proof.

Let %6 denote the quadratic form of fe, i.e.
VXE X, E (x) = (£x,%).
For x,y € X

%e(x+y) = %e(x) + Ee(y) +(£,%,3) + (£,7,%)

£ (x-y) = £.00) + £.(y) - (£x,y) = (£y,%).

But fe is Hermitian, i.e. (fex,y) = (fey,x). So

F

(fGX.y) = [fe(x+y) - fe(x—y)]-
Similarly

(Ax,Ay) = %[(A*A(xﬂ').xﬂ') - (A*A(x-y).x-y)L

Therefore
(fex9Y) *
(N (x),y) = ——— - (A"Ax,y)
0 n
£, (x+y) £, (x-y)
= T - (A 3y - (e - ATAGeY) X ).
29 ;)

Due to boundedness assumption 1.1 then
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[ERSROT 4[{M“’) (A"AGeHy) xby) - (A"AGx4y) ,x49)) -

{mégl (A"A(x-y) ,x-y) - (A"A(x-y),x-y)}] a.e. o
5]

[M(e) - m(9) {(A*Ax’x) + (A*Ay,y)} + (M(e) : m(8)

1
4 ae 0

* *
{(A Ax,y) + (A Ay,x)}] a.e. 8 .

Note that E&Ql{&lﬁgil - 2 = 0, which gives
6
M A* *A
| g G0 4y) | < ol Z (8. (A Axx) + (A AW} 4. g
Thus
2 2
(8) - m(6) llax]|” + [[Ay]]
1.2.1. ||Ng| f_ﬂ——————-——— a.e. 8
8 B M(e) + m(e) x:“x”=l
y:Ivi[=1
M(8) - ) . 2
j_ﬁ%gg-:j%§§%- a.e. 6 (since ||A]" =1

1.3. Lemma.

Let the spectral density f satisfy boundedness condition
1.1 and the image AX be dense in K. If A 1is one-to-one onto

then

*
(a) A is one-to-one

*

® A"l @h*

and

..2))(

AX

@ |8 at0,n] < BEL =8O 1y 1ol ae. 8 for kg € AX.

M(6) + m(6)

Proof.

* *
(a) Since AX 1is dense in K, A 1is defined on K to X

* *
as follows V k€ K, A (k) = x where x*(y) = (k,Ay) V y < X.
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Further, for each k,k' € K

A" = AT e vye X, (k,Ay)

= (k',Ay)
o Ve E AX, (k’l) = (k'sl)
o V2eg K, (k,2) = (k',2)

(since AX 1is dense in K)

o k =k'.

*
Hence A is one-to-one.

* * * *
(b) Range of A = {x € X :3d k&€ K with x (y) = (k,Ay) Vy¢< X}.

- -1 %
Also A 1 is defined on a dense subspace of K, and domain of (A 1)

*
is a subspace of X . 1In fact

p(a™H® = (x" e x*: axe K with x (A1) = (k,2) vy € AK)

{x*E X.*: Ik € K with x*(y) = (k,Ay) Vye€ X}

(since A 1is one-to-one onto AX from X).

Therefore D(A*_l) = D((A-l)*)-

1

* *_
Also for x ¢ D(A )

*-1 * *

A "(x) =ke x (y) = (k,Ay) Vye X
® x*(A-lz) = (k,AA-ll) Ve e AX
o x (A1) = (k,2) Ve £ AX

o (ahH*™ = k.

(¢) From 1.2.1 in the proof of the previous lemma 1.2, for x,y< X

M) - m(e) [|ax])® + [|avl® |
M(8) + m(8) 2 e

|Ne(x),y] < 8 .

Thus for k,2 € A(X)
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| a0, | = [ ea 0,87 |

JM©) - m) [t w2,
ZM(8) + m(8) 2 a.e.
2 2
_M(®) - m(@8) Jk|© + [2]
= H(6) + m (o) > FlU 5.e. 0 .
Thus
Wy Al < sup M) = m(®) k2 + el
6" g — 0 P M(8) + m(o) 2
k=1
lll =1
_ M(8) - m(6) 6
M(8) + m(8) :

Hence the result.

1.4. Relationship with the Case of Hilbert Space Valued Random Vari-

ables.

Main Theorem I.

If the spectral density fe satisfies the boundedness con-
dition and A: X > K 1is one-to-one and AX dense in K then there
is a unique stationary stochastic process {nn: -o < n < o} which

is B(K,K) wvalued and is such that

R @ = A*—le(n)A_l on AX

2

1
(11) fn(e) = () + m(8) [1¢

1

*_ - *— -
+ A NOA ] =A 1fE(G)A 1 on AX

where IK denotes the identity operator on K and fE(e) is fe

in our previous notation.

Proof.

*-1 -1 _ 2 *— -1
By Lemma 1.3 A fg(e)A = ﬁzayj;jizgy [IK + A 1NeA ] is

a bounded operator defined on AX. Let &g denote its unique con-

tinuous extension to K. gg is then a B+(K,K) valued function
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defined on the unit circle. Further g(8) 1is strongly measurable

since f(6) 1is assumed to be so. Also by 1.3(c) .“geh.é Ll[O,Zn).

Hence 8g ~is Bochner integrable. Thus for any n, EnA_l defined on

AX 1s such that Vv k € AX

27
poa=lo2 _ 1 *-1_ -1
g AT = 5 (f)(A oA " (k),k)d6
1 2n

o ] (g0

| A

el 10, 20y I < =

Hence gnA_l admits of a unique continuous extension to K, say nn.
{nn: - < n < o} is then a B(K,K) valued stochastic process. 1In
fact {nn: -© < n < »} is stationary as shown in the following
reasoning.

For k,2 € K we must show that (nnk,nmz) depends only on
m-n. Since A(X) 1is dense in K, 3 sequences {xp}, {yq} in X

such that

A(xp) >k in K
and A(yp) + 2 in K.

Then, since N, and n, are bounded

(nnk,nmﬂ) = lim (nn(Axp),nm(Ayp))
-1 -1
=1im (£ A “(Ax ),E A “(Ay)))
n p’’ m P
p—?@
= 11 ,
p_ﬂ (Enxp Emyp)
21
- 1l -i(n-m)6
= lim 27 S e (fexp,yp)de

p>> 0
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which depends on m and n only through n-m.

Furthermore
1 2" i(n-m)e,. -1 -1
(nnk,nmz) = lim m o= e (fqA (Axp),A (Ayp))de
p 0
2m -i(n-m)6, *-1 -1
= lim E—'I (A feA (Ax ),Ay )d8
p P
pr> 0
2
- - * -
= %;—f 1M in a lfeA Lax ) ,Ay ) }de
0 poseo P P
27
= TG 0, (),
0

the last two steps being true since 8o is a bounded operator. Thus

on A(X)
_ _ -1 -1, _ ,*-1 -1 _  *-1 -1
n n
£ () =a"te (o)al,
n '3
n n

and due to continuity of all functions involved, Rn and fn (6) are

*-1 -1 0 %1 -1
the unique continuous extensions of A "R, A and A fg (8)A

g

n n
respectively to K.

1.5. Factorization of the spectral density.

Corollary.

If 9g: K - K 1is the generating function given in [7] 7.3.5,
for the B(K,K) valued stationary stochastic process {nn: -© < n < »}
and if fe satisfies the boundedness condition aﬁd A: X+ K 1s
one-to-one and AX dense in K then ¢6A: X - K 1s such that

*
£, = (08 (6,8).
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Proof.

By Theorem 1.4, ge is the unique continuous extension of

*— -
A lfeA 1. So that

f_.=A geA

* % _ *
A9 00A = (8,A) (6,A).

1.6. The Prediction Error Matrix and the Predictor for a Banach

Space Valued Process.

For the B(K,K) wvalued stationary stochastic process
{nn: -® < n < »} a schematic algorithm to obtain the prediction error

a

matrix Gn and the linear predictor n, of n, for v > 0 based
on the past {nn: n < 0}, is given in [7], Chapter VII. We shall now
find the same for the B(X,K) valued process {gn: —» < < ®},
1.6.1. Notation.

For S c B(X,K) 1let
E(S) denote the smallest (strongly) closed subspace of B(X,K)
containing the set {SB: S € S, B € B(X,X)}
0(S) denote the smallest closed subspace of K containing the set
{sx: S¢S, x € X}.

We shall use the same notation also for subsets S of B(K,K). 1In

this notation then

a(S) = B(X,0(S)) (Ref. [7], 3.2.3, Chapter III, p.

1.6.2. Definition.
For the stationary stochastic B(X,X) valued process

{En: - < n < »} define

9).
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Mn = 5{£k: k < n}, M= o{&kx: x € X; k<n}, =»<nc<ow

M =0M, M =0M
- n
n n

M = o{gk: o <k <}, M= o{gkx: X € X, -» < k < =},

o

Furthermore let Bn’ Bn for -» < n < » denote the corresponding
subspaces for the B(K,K) valued stationary process {nn: —o < n < ®},

1.6.3. Main Theorem II.

The two stationary stochastic processes {&n: ~® < n < »}
and {nn: -o© < n < o} are further related as follows
(1) For each integer v > 0, if £v denotes the projection of gv

on Mo and n, the projection of n, on BO then

*
(11) G, = A GnA

E n
(111) Ev = 1lim I Evkg—k
n+» k=0
where Evk is the kth Fourier coefficient of [e-ive¢(eie)]o+¢-l,

¢ being the generating function of the process {nn: —o < n < o},
Proof.

(1) Note that Ek = nkA for each k. Also AX 1is demse in K
and Ny is bounded. Therefore for each k

o{&kx: x € X} = o{nkl: 2 € K}.

Now for each x € X
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nAG) = (n |B,)(Ax)
= (n Ax|B)

= (g A7 ax|By)
= (g x[By)

= (5\;"'“0)

= (M (o

]
'l
<
~
»
~

(1i) Now for each x € X, y € X

(A*GnA(x))(y) ((ny - ﬁl)(Ax), (ny - ﬁi)(Ay)) (by definition of Gn)

(njAx - ﬁle, n Ax - ﬁlAy)

(6,471 (M) - €160, €A (Ax) - £,()

(using n, = EnA_l on AX and (1))

(slx - EIX.Elx - EIX)

Gg(x).

(111) For each integer v > 0,

n
N (x) =1lim ( Z E . n ) (x) Ref. [7), 7.4.11, Chapter VII,
\Y vk -k
n*° k=0 p. 108

Therefore
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E,(0 = A = i (Ax)
n
= Lim (I B0 (0
n
= lim (I E_ € A D) (Ax)
nwe k=0 VK K
: -1
T e g vt (80
n
T e g KO

1.7. Note.

For results in this chapter the boundedness assumption 1.1 was
made on the spectral density of the process and it was further assumed
that the map A: X - K be one-to-one with the image of X dense in K.
The restriction of AX being dense in K 1is easily deleted by re-
placing K by the Hilbert space H generated by AX 1in defining
the process {nn: -» < n < w}, Generalization when A 1is not one-to-
one calls for a closer look and may be handled as follows: Let K(P)

denote the kernel of any operator P. Then due to boundedness assumption 1.1
1.7.1 K(A) = K(f;) a.e. ®

where fe denotes the quadratic form of fe. Let the quotient space,

denoted by Y, be such that
v x € X, |x|| = 1inf |x - §| = d(x,K(A))

where ; is the equivalence class x + K(A) of elements of x. Now

(Y,“.h) is a Banach space. Ref. [3], p. 140.
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The linear map AQ defined on it as follows

AQ(;) = Ax for x € X
is continuous in the norm of 2. This is shown as follows

lagh = s A, G0l = sup - [ax]l .
|l |=1 x:d(x,K(A))=1

Also for each x € X with d(x,K(A)) =1, x = x + § - § whatever

§ € K(A). So

Jax]l < inf (A + &) + |As[} < dnf {|x + 5} <1
SEK(A) SEK (A)

since A§ = 0 for & € K(A) and |A] = 1.

Hence A is continuous. Furthermore A is such that

Q Q
* ~ o~ *
(AQAQ(X),y) = (Ax,Ay) = (A Ax,y) for x,y € X.
Thus
0)ATA < £ < M(B)ATA 6
m(6) Qg < e = oPq e

and A_.: X+ K is one-to-one, and without loss of generality A (%)

Q Q
is dense in K.

To make sense of the definition of EnA_l

Q
under A_, we must have En uniquely defined on X. It is here that

Q

we would need the assumption of linearity of 5n' Let, for x and vy

on the image of X

in X, Ax = Ay. Then
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le, 0 - & | = |

I
il
&)
7~
%
I

]
~
yTy
o]
~
»
|

Y)a En(x = Y))

"
~
aal

o
~~
b
!

9),s Ey(x = ¥))

]
o

fe(x - y)de
=0 (due to 1.7.1).

So if x = y mod K(A) then En(x) = En(y). Hence V x € X we may

define En(;) = En(x). And the preceding procedures now apply to
-1
Q

dictor for the process {En: - < n < ®},

£nA to ultimately yield the prediction error matrix and the pre-



process was dealt with, in the second chapter of this thesis at the level

of

matical problem and then obtaining the predictor by a more or less direct

CHAPTER IV

ON LINEARIZING STATISTICS OF TIME-SERIES

FOR NONLINEAR PREDICTION

The problem of nonlinear prediction of a stationary stochastic

defining the predictor and showing that we have a determinate mathe-

attack. In order to utilize the time and spectral domain analysis to

obtain an algorithm for the predictor at a more efficient level, N.

in

to

In

[18] suggests a method of relating the nonlinear prediction problem

linear prediction of an infinite-variate stationary stochastic process.

this chapter we will explore this relationship further.

The Related Infinite-Variate Process

Weiner

Let {fn ¢t =» < n < o} be a univariate strictly stationary stochastic

process defined on a probability space (R, F, P), with zero expectations.

Let T denote the shift associated with the process. Further assume
that there exists a > Osuch that |f0|.i a.
Let H={ I £ : Ic {0,-1,-2,...} and I finite}, where elements

iel
of H are written as products of f; with decreasing indices. Let

{¢j' ¢t 1<j' <»} be a linear arrangement of H as in 5.1 of Chapter II.

Let {¢j ¢ 1 < j<=} be the subfamily {¢j. : §' odd}. Note that for
j odd, § + 1 contains a factor of 2 and Po = 2 being the first prime,
the family {¢, : 1 < j < =} consists of those finite products of‘{fi

]
written in descending order, which begin with fo.

56

i < 0},
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1.2,

57
Let

Xo =
¢y

T
Due to duplication of subfactors, for we? , X (w) may not be square
0

summable. Now the shift T acting successively on any finite product

I £, defines a stochastic process in its own right since
el

™ (n f,) = 10 f, .
1e1* 1e1 I
(Ref. Thm. 1.3, Chapter I).

Define for -=<n < =

n
T ¢0

n
X = T :¢1

T“:¢j
Notation |
Let X , denote the kth coordinate of X for 0 < k < .
Let Mk denote the family of square integrable functions which are
measurable w.r.t. the o-algebra generated by {fn tn<k}, along
with all null sets 0 < k < ». Also let M, denote the closed manifold

of L,(Q) generated by the co-ordinate functions {X , : 0 <i <=, n < kl.

Main Theorem

{Xn : - o <n < ®} is a Banach space‘em— valued strictly stationary
stochastic process with shift which is the inflation of T. Further-
more this process is related to the univariate process {fn : - < < o}
as follows

(1) for 2 < k < =

e = Mo
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(ii) for v>0

(fv'Mo) = XvO.
where i; denotes the linear predictor of Xv based on the present and

past of the process {Xn : -® < n < o},

Proof

(1) The polynomials in {fn : n < k} form a dense subset of Mk'
Mk’ on the other hand, is the closure of finite linear combi-
nations of products from {fn : n < kl.

Both Mk and Mk therefore, contain a common dense set. Both
being closed, it follows that
Mk = Mk’

(1i) then follows from the definition of predictors.

1.3, MAIN RESULT I .

The nonlinear predictor (fleo) may thus be obtained as the
0th coordinate of the linear predictor iv of the £”-valued strictly
stationary random process {X, : - =<n<ol,

1.4 Let C0 denote the set of all infinite vector sequences that tend to

zero, C0 is then a (separable) Banach space and its dual space £'

is separable,

1.4,1. MAIN RESULT II

Under the assumption that X e CO, the process {En ¢ = < n < ®}
1
*
defined from the separable Banach space C.o = £ to LZ(Q) as follows

1
y xel , £n(x) (w) = X(xn(w))

may be identified with the process {Xn ! =® < n < ®},
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This identification yields the linear predictor by methods used
in Chapter III, under the boundedness condition on the spectral density
of {§, : == < n < «}, The problem of translating this condition in
terms of moments of the process {fn ¢t =» < n < o} ig still open.

An attempt to obtain extension of the work of Robertson Ref., [10], [11],

has not been made here. This is to be investigated later.

Special Case

We shall, now, consider a particular stationary stochastic process

{fn :t - < n < ®} and its related infinite variate process
{Xn ! =®» < n < «} to shed some light on the difficulty in translating
the condition of boundedness of the spectral density of {Xn: -® < n < ®}

in terms of moments of {fn t =» < n < »w}, Let {fn t —o» < pn < »} be

a two state stationary Markov process with state space {1, -1} and the

1-a)
P = |
l-ag o -

such that P [Xn =1] =P [Xn

transition matrix

e}

1
-1] = 7 for —= < n < =,
Then for each n > 0, the n step transition matrix is

ML, 1 (a1 1 _ 1 -1y
> + 5 (20-1) > 2(20:1)‘]

2

All moments of finite products of {fn}°° are then obtainable as

-00

v
follows, Since for any integer v > 0, £, is 1 or fn according as v

1_1,. .0 1.1 . _.n|
73 (2a-1) 2 + 2 (2a-1) J

is even or odd respectively, to obtain moments of finite products of

{fn} we need just evaluate E(fnl fn2 .. fnk) for —» < n; <, < ...

-00
<n <o, Notice that for an integer v > 0O
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E(f,|£,=1) - E(f,]£,=-1) = P'(1,1) - PV(1,-1) —{(PV(-1,1) - PV(-1,-1)}

1
2

+ %<2a-1)“ -3 - 3 1)) - {%.- 3 (2a-1)V - % - 3 (2a-1))

2 (2a-1)".

Similarly
E(fy|£,=1) + E(fvlfo = -1) = P¥(1,1) - PY(1,-1) + PY(-1,1) - PY(-1,-1) = O.

Now

E(fyfn, fn, -+» £, ) = E(f . £, «.. £, |f
1

ofny fny . - =1 P(f, = 1) -

E(fn, £, «oo fo [fy = -1) P (f5 = -1)

nl nz

£ |f

=1
7[E(f“l fn2 ee fny

0= - E(E; fny .o folfg = -1

1
= i-[E(fnz coofn |fay = 1, f

0o =D P(fn; = lIfO=1)

-E(fn2 ...fnklfnl =-1,£,=1) P(fn; =-1[f =1)
~E(fq, coofn [fn) =1,£g=-1) P(fq; =1|fy = -1)
+E(fy, ...fnklfnl = -1, £,=-1) P(fq =-1|f =-1)]

1 n n
= S{E(fy, ...fnk|fn1 =1) Pl (1,1)-E(fy, ...fnklfnl= -1)P"1(-1,1)

n n
-E(fn2 ...fnklfnl =1) P 1(-1,1)+E(fn2...fnk|fn1 =-1)P"l (-1,-1) j
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= Lrece £ £ =1) e l1,1)-p L (-1,1)) +
FIACHICREL S L »1)-P = (-1,1) E(fnz...fnklfnl = -1)
n n
x(P 1(-1,-1) -P 1(-1,1)}]
_ 1 n !
= JIECE, ...f |fn =1) 2u-1) * + E(f ...f_[f, = -1)(20-1) 7]
2 kK "1 2 k 1
= % (2a-l)nl [ECf, «..f £ =1) + E(fy, ...f |f; = -1)].
2 k M 2 o1
Again repeating the same process
1 n np-nj ny-nj
E(f,f ...f, ) = 5(20-1) E(fy ...f_ |f_=1) {P 1,1)+P -1,1)}
fO nl nk 2 [ n3 nkl nz ( ’ ) ( ’ )
ny—N -
E(E .o gy =-1) (P 2 T(1L,-DR 2L (1,1 ]
3 ™ 2
1 n 11
= 2o-1) L E(E ..ofy £y =D{ 4+ (a-D) © T+ 3 - 2-D)
3 k2
1 1 nz-nl 1 1 n2—n1
-E(f ...fnklfnz =-1) 3-7% (20-1) + 7 - 3 (2-1) }

3
= l-(2a-1)n1 [ECE ...f] |£, =1) -E(f_ ...f_ £, = -D)]
2 3 k2 3 k2

Proceeding thus we obtain

n Nq,-n
E(fofn ...fnk) = %(Za-l) 1 (2a-1) 32 -l)f(-l)kE(f Ifn =-1)]
1

...[E(fnk[fnk_l o, |fo

nl+(n3—n2)+... n-ny_)

= 3{(20-1) }x 2 (2a-1) if k is odd

0 if k 18 even

n2-n1
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n,+n, +...+n, -(n.+n,+... + n )
1 k 4 k-1
= (2a-1) 3 2 if k 1s odd

0 if k is even

We will actually consider the corresponding prediction problem for
{gn: -o<n<>} where gn = 6 fn for some fixed § with 0<§<l. Now if the
condition of boundedness of the spectral density of the related infinite
variate process {xn: -o<n<w} was satisfied, we could determine the
nonlinear predictor for the process {gp: —=<n<=}, hence for the process
{f 2 —o<n<o},

The spectral density for the process {X,: -=<n<=} 1is given as

follows:
® i6h
fe (1,3) = §=_m E(Xoixhj)e 0<i,j<e
h th th
where xhj =T XOj is the h shift of the j coordinate of XO, T being

the shift for the stationary stochastic process {gn: —co<n<®}

Let X 88, +*+8, and ij =g 8 o8y o

Then

£.(1,3) ; E(g.8 g g8 g ) eieh
’ = 8 L B ) e o 0 +h
8 ha—w O 0] R RE, T

iéh i6h
- cen +h...
z E(xoi th) e + I E(gognl gnlghgml h ng+h)e

|h|<n; |h|>n;
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i6h
= I E(X Xh ) e + 0, if I + J is odd
|h|<n o1 "hJ
ny
[ 9 nitng-ny+ ...+n.-n;_;+m +m3—m2+...+mJ-mJ_1
(X X ) el By (a-py ¢ O3 I 1
|h|_<_n1 0 ] h]>n1

if I and J are both odd

n +n,-n,+...+(h-ny)+(my+th-m ~h)+.. .+ (m +h-m -h)
|h'§PI Ihl>nI
i6h
x e } if I and J are both even
= I

- 16h
|h|<n; E(Xgy Xpy) e 1f I + J is odd

8 16h
I E®X. X ) el P4c(i,g) : e 1f I, J odd
|h|<n,  OF hJ BE
=1 nI
8 h 1ie6h
z E(X Xh,) ei h + c(1,j) T (20-1) e ® if I, J even,
01 "hj
lhlinl Ihl)nI

where c(i,j) is the appropriate constant bounded by 1.
The spectral density in all these cases is bounded above by some

M(6) which is integrable since

6h
(1)] ¢ E(g,g. ---8. 8.8 ) e o |
lhlsn; O M1 Pp Bmpth
n
< I 5 ! leiehl = 2nI<SnI

Ihl< n
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i(n,*1l)e
(41) c(i,j) I eieh =2c(i,}) & !

Ihl>n1 1l - eie

which is integrable on the unit circle,

n.+1
(111)  Jed,) £ @e-DP eV < c@1,i) 2(20-1) T T (2e-1)P
|h|>ng h>0

_ 2c(i,9) (2a-1)nI+l
1 - (2a-1)

np+l
_cd,3) (2a-1)
l- a

The spectral density, however, is not bounded away from O. Consider the

diagonal element fe(i,i) where Xoi is BBl B

Then

iehl 21
p) E X e < § x 2I
mjsx % g :
which tends to 0 as I tends to =.

Also

igh

l|£[>1 EXqy th e tends to 0 as I tends to =,

Thus there exists a subsequence {in} such that f (in, in) tends to O

8
as n tends to =, Hence fe cannot be bounded away from zero.

So if we consider the infinite variate process {%TH' By —®<n<=},

its spectral density will also not be bounded away from zero.

Remark.

The above example shows that a non-deterministic stochastic

process with bounded spectral density may very well have its spectral
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density not bounded away from zero. Since the boundedness condition

1.1 of Chapter III is not satisfied, to use Wiener and Masani's algorithm
for éomputing the predictor one must prove a stronger version of our
algorithm techniques given in Chapter III which would be valid in the
absence of a positive lower bound. Once such an algorithm is avail-

able, examples such as above can be more fully investigated.
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