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ABSTRACT

TWO-PHASE FLOW OF GAS BUBBLE
SUSPENSIONS IN POLYMER LIQUIDS

By

Kai Sun

This study was undertaken to explain observed trends in
apparent viscosity of gas bubble suspensions with viscoelas-
tic media flowing through a duct. Experiments were run to
study the two-phase structure developing in slow, isothermal
flow of such suspensions in aqueous Separan solutions as
well as a Newtonian corn syrup (as reference). Bubble
growth is negligible under conditions of these experiments
and the residence time is much smaller than the characteris-
tic time for bubble rise. The variation of bubble volume
fraction across a narrow gap between two plates; is recorded
at two locations along the flow direction. This is done
with a Cesium gamma radiation source focused on a region of
area 0.012 cm2 in the flow plane, and a Sodium iodide detec-
tor across the channel yielding a resolution of 0.0l over
the range of void fraction investigated from 0.02 to 0.08.
This measurement allows us to identify conditions which the
flow may be described by a two phase model with a uniform
bubbly core and a bubble free wall layer. A theoretical
third order suspension model was derived for describing the
bulk stress of a dilute homogeneous suspension inside the

core region, using a second order model for the viscoelastic



medium. The bulk viscosity thus derived for the suspension
has a shear-thinning factor which is related to the elasti-
city of the medium. Using this third order suspension model,
in addition to data on core thickness, bubble concentration
profile in the two-phase flow structure, the apparent visco-
sity can be computed. Such calculations indicate that the
observed reduction in apparent viscosity for the two-phase
flow may be attributed to a bubbly core which is more shear-
thinning than the medium. This two-phase model predicts
that the apparent viscosity decreases with increasing wall
shear stress and with incresing bulk void fraction con-

sistent with experimental observations.
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CHAPTER 1

INTRODUCTION

The rheology of filled polymer materials has become a
subject of considerable scientific and technical interest
because of the growing use of composite materials. Gas
bubbles, fibers and rigid particles are added to polymer
melts or polymer solutions to reduce the production cost, to
reinforce the material strength or to facilitate material
transport. Among filled polymer systems, polymer foams par-
ticularly exhibit unusual rheological behavior, such as a
relative viscosity less than one even at low gas bubble con-
centrations and a yield stress at moderate concentrations.
Polymer foams, suspension of gas bubbles in a polymer
matrix, are commonly produced in thermoplastic extrusion,
injection molding and polymer devolatilization processes.
The gas may be injected directly into polymer melt in the
extruder or it may be generated by decomposition of a chemi-
cal compound ("blowing agent®™) introduced into the polymer:
before extrusion. In polymer devolatilization, releasing
the pressure on molten polymer containing dissolved monomer
produces foams with five to ten percent by volume of monomer
gas bubbles. The foam quality is determined by the distri-
bution of bubbles ("closed cells") in the polymer. This is
obviously affected by any crossflow migration of bubbles in

flow of these suspensions. Furthermore, control of these
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processses requires some knowledge of foam viscosity. The
cell size and structure are functions of rheological prop-
erties of the polymer. With too high a polymer viscos-
elasticity, the bubbles are not able to grow and the optimum
yield of gas is not achieved. On the other hand, if the
polymer viscosity is too low, the bubbles will burst and
leading to open cells.

The measurement of foam viscosity must be done in flow
through a closed conduit, which is generally complicated by
several factors, such as bubble rise, growth and migration
transverse to the flow. Usually bubble migration proceeds
much faster than the other two processes lending to a nonu-
niform suspension. The inhomogeneity of bubble concentration
in the flow makes it even more complicated to predict the
flow behavior. Bubble growth, bubble migration and bubble
rise are all associated with the rheological properties of
medium fluid and bubbles. To have a fundamental understand-
ing of foam flow in viscoelastic liquids, we start with a
study of dilute suspensions, where bubble interactions are
not significant, and the modeling is less difficult. The
study of dilute polymer foams is of significance for polymer
devolatilization processes where monomer trapped in polymer
during emulsion polymerization is removed by extrusion of
the polymer melt into a vacuum. In general, the subject of

bubbly suspension flow in non-Newtonian media involves three
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areas - the dynamics of bubble growth, particle migration in

non-Newtonian fluid and suspension rheology.

1l.A Dynamics of Bubble Growth

Bubble growth upon pressure release is governed by the
diffusivity and solubility of gas in the polymer and by the
resultant pressure difference, interfacial tension and
hydrodynamic resistance. Numerous theoretical studies have
been reported on the growth or collapse of spherical bubble
in inviscid, viscous and viscoelastic fluids. Street et
al. (1971) investigate the bubble growth in a power law
fluid associated with simultaneous momentum, mass and heat
transfer with the assumption that gas concentration gradient
is appreciable only in a thin film next to the bubble. The
bubble growth rate is controlled by the diffusivity and con-
centration of blowing agent, viscosity and the extent of
shear-thinning. With higher shear-thinning fluids, a higher
initial growth rate is obtained. Yang and Yeh (1972)
studied the heat-induced collapse of a spherical bubble in
incompressible Power law and Bingham fluids. Their numerical
solutions show that in the Bingham fluids, a decrease in the
yield stress results in an increase in the collapse rate; a
decrease in power law index n results in an increase in the
collapse rate for power law fluids.

Bubble growth in a viscoelastic fluid was first studied

theoretically by Street (1968), using an Oldroyd fluid
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model, in which the fluid stress on the bubble surface is
determined by the history of rate of strain. The driving
force in this analysis is the pressure difference between
the exterior and interior of gas bubble; diffusion effect
and heat conduction are not included. The bubble growth
rate predicted is faster initially and then slower compared
to that in a Newtonian fluid, thus medium elasticity has a
significant influence on the growth rate. In addition,
Fogler and Goddard (1970) considered inertia effects on
collapse of a bubble in a Maxwellian fluid at moderate and
high Reynolds numbers. In a fluid with large relaxation
times, they showed that bubble may either collapse or under-
go oscillation about an equilibrium radius. Its conduct
depends on whether the ratio of ambient pressure to the
elastic modulus of Maxwellian fluid exceeds a critical value
or not. The bubble collapse process in a fluid with
moderate relaxation timed experiences the same oscillation
but only over a short period of time. At low Reynolds num-
bers, the viscous force dominates the elastic effect, the
collapse rate becomes critically damped, and no oscillation
is observed. Zana and Leal (1975) incorporated mass transfer
into their study on diffusion-induced collapse of a bubble
in an Oldroyd B type fluid, and examined in detail the roles
of viscosity, relaxation time, retardation time, surface
tension and Henry's law constant. The bubble collapse rate

is significantly influenced by the viscosity - an order of



5
magnitude change in viscosity may triple the collapse rate.
The introduction of fluid relaxation and retardation times
causes the bubble collapse rate to initially overshoot its
corresponding steady state value and then approaches a slower
rate later. As the bubble becomes smaller, interfacial
tension functions as an additional driving force besides
pressure difference, therefore, it enhances the collapse
rate. Experimentally, Zana and Leal (1978) investigated the
dissolution of carbon dioxide gas bubble in four aqueous
Separan solutions. The mass transfer rate was significantly
enhanced as a result of viscoelasticity. Pearson and
Middleman (1977, 1978) observed isothermal bubble collapse
in polymer solutions to study the elongational rheology of
viscoelastic liquids of moderate viscosity and high strain
rate. Prud'homme and Bird (1977) derived dilatational prop-
erties of suspensions of gas bubbles in Newtonian fluid,
second order fluid and Goddard-Miller fluid by comparing the
equivalent stresses at boundaries of a compressible cell and
a second cell containing a dilating bubble. They showed
that dilatational properties can be determined from the
rheological properties of continuous phase and volume frac-

tion of gas phase.

1l.B Particle Motions in Non-Newtonian Fluids

Bubble migration in non-Newtonian fluids may result

from the gradient of normal stresses around the bubble,
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inertia, deformation of bubble and hydrodynamic interactions
between bubbles and boundaries. The elasticity of polymers
plays a principal role among all the factors, in bubble
migration and bubble rise in the non-Newtonian fluids. Par-
ticle motion in elastic fluids have been investigated, taking
into account inertia effect (Caswell and Schwarz (1962)),‘
wall effect Caswell (1962, 1970)), and far field hydrodynamic
interaction between particles (Caswell (1977), Brunn (1977)).
In general, the particle dynamics are solved by a regular
perturbation expansion in the Weissenberg number starting
with known results from a Newtonian medium. Nevertheless,
this analytical approach is useful in determining the first
order or second order correction due to elasticity if the
medium flyid is represented by a so called Rivlin and
Ericksen expansion (1955) or order fluids. The stress rela-

tion of these order fluids is given by:
T = 00A +0Aa +0aAl +03As+04( A, Ax + Az Ar)
+ Xs( tr A”°) A4 + higher ferms (r.7)

where the Rivlin-Ericksen tensors A» are defined by

-

A =vy+vL’ (7.2)

én-‘_g_én"_*én.'.vg'kvgréh-l (/15)
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For a simple shear flow, it can be shown that

An = O | for n >=2 (/. %)

and the three material functions can be related to o¢. by

Tia( V) = (0% + 265 ¥2) ¥ (7.5)
N(7Y) = T},—r;z-(ZO(;+O‘I)73 (7. &)
Na(V) = T)— Ty = Oy (. 7)

there T is the stress function, AN,,AMa are normal stress
functions of shear rate 7 with flow direction denoted by /
and the direction of velocity gradient denoted by 2 . The
Rivlin-Ericksen model is a polynomial expansion in velocity
gradient so that the perturbation method can be applied to
solve steady flow (rheologically slow flow) problems. The
dashed-underlined terms, quadratic in the velocity gradients
are referred to as the second order fluid model. The mate-
rial functions in this model are invariant with strain rate.
With all the terms that are cubic in the velocity gradient
included, the relation is referred to as third order fluid
model. This model is better in that it may be used to
represent a shear-thinning fluid, with some elasticity. 1In
general, these order fluids are not suitable for computa-
tions involving unsteady flow. The study of particle motion
in non-Newtonian fluids can be discussed in two areas

- unbounded and bounded flow.



Unbounded Flow

A study of the deviation from Stokes' law due to visco-
elasticity in the unbounded quiescent fluid was first report-
ed by Leslie and Tanner (196l1) who evaluated the drag force
on a sphere in an Oldroyd fluid, and formed the correction
to O(Wez). Giesekus (1962) solved for the simultaneous
translation and rotation of a rigid sphere in a third order
fluid, his result for the drag force is consistent with
Leslie's result. Wagner and Slattery (1971) included the
effect of inertia and particle deformation on particle shapé
in the analysis by considering a third order fluid drop in
another third order medium. For the motion of a spherical
drop in a second order fluid undergoing a steady shear flow,
the velocity and pressure fields were derived by Peery (1966).

For particle-particle interaction, the hydrodynamic
force and torque have to be solved by Oseen method or Green's
function method apart from perturbation expansion. Brunn
(1977) employed Oseen far field approximation for the
particle-particle interaction in a homogeneous second order
fluid to predict the relative orientation of spheres.

Caswell (1977) used Green's function method, in which the
force can be expressed by a single integral equation which
contains information of governing equation and boundary con-
ditions. The integral equation is manipulated and reduced

to a series of auxiliary boundary value equations in an infi-

nite domain, the interaction is 0(d~2), where 4 is the
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distance between particles. For large d, the viscoelasti-
city induces repulsion or attraction between two spheres
depending on the normal stress coefficients. For a slender
axisymmetric rod-like particle in a simple shear flow, the
non-Newtonian force and torque are evaluated by Leal (1975)
using reciprocal theorem of Lorentz which allows the calcula-
tion of second order forces from the first order (Stokes)
flow field. The force correction is found O(We) rather than
O(Wez) as for sphere. The variation appears to be the
characteristic of particle lacking of fore-and-aft symmetry.
The motion of a slightly deformed sphere in the second order
fluid was studied by Brunn (1979) using direct approach of
solving the velocity and pressure fields in the fluid of
O(We).

Experimentally, Chhabra et al. (1979) employed a Boger
fluid to examine the effect of fluid elasticity on the drag
coefficient alone. Por O<Wes< 0.1, no significant deviation
from Stoke's léw is observed. For We >.1l, the drag reduces
continuouély with increasing We and reaches an asympotic

reduction of 26% at We > 0.7 ,

Bounded Flow

The particle motion in the limit of finite boundaries
is more important than in the unbounded flow, because all
the experimental observations have to be performed in a

closed conduit. The most significant case of the wall
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effect is the induced particle crossflow migration in the
Couette viscometers and in the Poiseuille flows. Caswell
(1972) used Green's function method to obtain the first
order wall effect, the correction is independent of the par-
ticle geometry and its surface boundary condition. Sigli
and Coutanceau (1977) conducted experimental investigation
of the effect of finite boundaries on a slow laminar
isothermal flow of a viscoelastic fluid around a spherical
obstacle. The drag reduction is enhanced by the wall effect
and 'becomes even more significant as the elasticity of the
fluid increases.

The observation of particle migration was first
reported by Segré and Silberberg (1962). They found that
rigid spheres in a unidirectional Newtonian flow migrate to
an equilibrium position which is about .6 radius away from
the wall at moderate Reynolds number. Later, Ho and Leal
(1974) showed that in a Newtonian fluid, the occurrence of
particle migration is strictly a result of inertia effect.
The particle migration in Non-Newtonian fluids was observed
by Karnis and Mason (1966), Gauthier et al. (1971 a, b) and
Highgate and Whorlow (1969) and their results are summarized
below. In the Couette flow of viscoelastic fluid, neutrally
buoyant solid spheres migrate toward the cylinder wall but
neutrally buoyant Newtonian drops migrate away from the wall
to an equilibrium position in between. 1In the Poiseuille

flow of viscoelastic fluids both spheres and drops migrate
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away from the wall and settle at the flow axis. However,
the particle migration precedes differently in pseudoplastic
fluids, i.e. the spheres migrate toward the wall while drops
migrate to an intermediate location in between the wall and
flow axis in Poiseuille flow. Particle migration is govern-
ed by the equation of particle motion and by the reversi-
bility condition of Saffman (1956). The reversibility con-
dition means the particle motion is reversible regardless
of time and flow direction. This property can be destroyed
in the presence of inertia effect, wall effect, particle
shape and normal stress.

Chan and Leal (1979) studied cross flow migration of a
deformable second order fluid drop in a Poiseuille flow
(Figure 1.1) of another second order fluid with the help of
Lorentz reciprocal theorem. To take the bounding walls into
account, the method of reflection was useé with an asymp-
totic expansion for a/h << 1 where h is the gap of flow
channel. The dimensional migration velocity for a Newtonian

drop was derived as

Ys '(ﬁ?—) (57 ({9%) 3/5‘(2+3KF(4*k)(/+k)’ {(2’60"’

/0932 K + 23353k + 24606 K + 10995 K“+ 1575 KT) + &,

( 5920 + T7SBB L + 6334/ L+ F0b26 L3+ 32940 ,e‘+a7as~k")}

] y , )
- %'1(%-)(%) (1+&)}=2+3K) {42(.2+3.<)(4+/<) (/13-36K

- Fakt-2url) r O2UE g ;c*slc‘)} (1,.8)
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Figure 1.1 Schematic of Particle in Poiseuille Flow
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where &, , ¢a2 are the primary and secondary normal stress
coefficients, 7 is the medium viscosity, & is the ratio of
normal stress coefficients -4/2(¢+4x) , &£ 1is the viscosity
ratio of component fluids (interior to exterior), and O is
the interfacial tension. The first term in equation (1.8)
is the elastic contribution and second term is the contribu-
tion due to the particle deformation. For an invisid and
spherical particle (£ —0), suspended in a second order

fluid the migration velocity can be simplified to
Us= - %‘-’(%’-}(-5%}[ o.508( Y +%)-o-.5‘87</11] (7, 9)

Note that the elastic term will be nonzero only if the cur-
vature of the velocity profile — 9-64* is nonzero. Also
with the direction shown in Figure 1.1, 2Y24">0 and &py<o , so
that uUs is toward the negative y direction, which means the
particle migrates toward the centerline of the channel. For
the two-dimensional Poiseuille fiow, the quantitative pre-
diction compares unsatisfactorily with available experimen-
tal data (Karnis and Mason (1962), Gauthier, et al.

(1971 a)). The calculated values of the fluid parameters of
the same fluid were found to be inconsistent in different
studies. This is due to the discrepancy between the second
order fluid and strongly viscoelastic fluids used in the

experiments. Qualitatively, the migration theory agrees
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well with experimental observations. The effects of veloc-
ity profile and viscoelasticity on the migration rate and
direction can be predicted.

Particle migration may be observed in Couette viscom-
eters, with significant gap to radius ratio, where the veloc-
ity profile is nonlinear close to the wall (Highgate and
Whorlow (1969, 1970)). Chan and Leal (1981) studied the
migration of deformable droplet in such a Couette viscometer
and their experimental data agree well with their theoreti-
cal calculations. However no theoretical arguments have
been proposed to explain migration of particles towards the
wall in pseudo-plastic fluids as observed by Gauthier et al.
(1971 b). The velocity field in this medium around the
sphere is symmetric as determined by the equation of par-
ticle motion and so frém theories of Chan and Leal (1979),
Brunn (1979), no migration should occur. At present it is
concluded that the overall effect of shear-thinning on par-
ticle migration has not been fully defined.

In practical situations, one encounters multiparticles
problems, so the model of single particle migration no
longer holds. In the suspension system, our main concern is
the void fraction profile rather than single particle
motion. The development rate of the profile is related to
particle migration. Therefore, we believe that further stu-
dies on the profile as a function of medium viscoelastic
properties can lead us to a better understanding of two-

phase flow structure.
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Apparent Viscosity of Suspension in Poiseuille Flow

The flow in the continuous foam extrusion process is a
Poiseuille flow which is complicated by several factors as
discussed above. Due to the complexity of bubble growth and
the nature of flow field inside the die, measurement in
Poiseuille flow can no longer be taken as the shear viscos-
ity but an apparent viscosity. The quality of the foam such
as cell size, product density is commonly correlated with
the apparent viscosity. Bigg and Preston (1976) studied the
dependence of rheological properties of polymer foams on
temperature, shear rate and their effects on foam density.
The apparent viscosity of bubble suspension was less than
that of pure polymer solutions and it became more shear-
thinning. The critical pressure for initiating bubble
growth was reported by Villamizar and Han (1978) in which
temperature effect and shear rate effect are included. The
axial pressure gradient is found nonlinear, the deviation
from linearity being caused by a changing viscosity in the
flow attributed to bubbles growth and migration. The mor-
phology of bubble and apparent rheological characteristics
of bubble suspensions were studied by Oyanagi and White
(1978) and correlated with flow rate, blowing agent, die
geometry and temperature. The extrudate swell of foamy poly-
mer was found larger than the polymer melts without bubbles,

the swell increasing with shear rate. The apparent viscosity
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of polymer melts containing blowing agent is larger than that

of polymer melt at low shear rate and increases with decreas-
ing shear rate. As shear rate increases, a reduction in the
apparent viscosity was observed, the upturn critical shear
rate is a function of temperature and geometry of the die.
Prud'homme (1978) used electrolysis of water on a
stainless steel grid located in the flow to generate spheri-
cal, hydrogen gas bubbles of 0.2 mm in diameter, up to 6
percent by volume is aqueous solutions of polyacrylamide.
He observed the flow of these suspensions through glass
tubes 0.635 cm and 0.953 cm in diameter at Reynolds numbers
of order 10-2 and reported that in range of wall shear
stresses between 16 N/m2 and 32 N/m2, the radial distribu-
tion of bubbles in the duct was uniform with an increase in
bubble concentration leading to iower flow rates. At wall

the tube wall, and an increase in bubble concentration re-
sulted in higher flow rates or reduction in apparent viscos-
ity (Figure 1.2). However, no theoretical explanation was
proposed to correlate these trends. We believe the reduc-
tion in the apparent viscosity at higher wall shear stress
is associated with the change in the void fraction profile
affected by bubble migration. It appears that the viscosity
of central bubble rich region decreases which accounts for

the reduction in the apparent viscosity.
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Figure 1.2 Observed Trends of Apparent Viscosity
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In the above presentations, the experiments were con-
ducted in such a way that bubble growth, bubble migration
are not distinguishable. A more controlled flow experiment
was studied by Prud'homme (1978), in which only bubble migra-

tion effect was considered.

Suspension Rheology

The rheology of suspensions may be described convenient-
ly wherever possible by treating the suspension as a macro-
scopically homogeneous mixture with effective bulk properties.
These bulk properties are determined by the averages over
microrheological parameters with the consideration of parti-
cle interactions, particle spatial distribution and particle
shape. Any of these factors can change the fluid behavior
significantly. Review of Newtonian suspension rheology have
been presented by Brenner (1972), Jeffrey and Acrivos (1976)
and Schowalter (1978). Particle sizes in polymer foams range
from 10-3 to 1 cm, therefore, forces other than hydrodynamic
are negligible, i.e. Brownian force (Brenner (1967, 1974),
electrical force (Russell (1976), Krieger and Eguiluz (1976))
and London-van der Waals forces (Hoffman (1972, 1974)). The
bulk properties of suspension are influenced by the nature
of particle-shape, elastic, viscous, inertia force, particle
interaction. Three models have been proposed for evaluation
the bulk stress of suspensions in Newtonian fluids:

(1) volume average method for dilute system (2) cell model
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and (3) squeezing film model for concentrated system. The
classical Einstein relation (1911) for effective viscosity
of very dilute suspension is computed from the additional
rate of energy dissipation engaged by the introduction of
single sphere into a homogeneous shear flow. The energy
dissipation approach is incapable for yielding a complete
tensorial bulk stress, but only a scalar relative viscosity.
In the dilute suspension, Batchelor (1970) showed that bulk
stress can be calculated exactly by using a volume average
procedure to relate the microscopic to macroscopic proper-
ties in the absence of Brownian motion and particle interac-
tions. By the same token, suspensions were studied by other
investigators, Goddard and Miller (1967) and Roscoe (1967)
for elastic spheres, Schowalter et al. (1968) for deformable
drops, Cox (1969) and Frankel and Acrivos (1970) for time-
dependent deformable drops and shearing flow respectively,
Batchelor (1971) for slender solid particles, Lin et al.
(1970) for solid spheres under the influence of inertia
effect. In all cases, the suspension exhibits non-zero nor-
mal stresses in the Newtonian medium. The Taylor result of
viscosity is unaffected but to slender particles and inertia
effect, additional corrections are related to the aspect
ratio of particles and Reynolds number respectively.
Barthes-Biesel and Acrivos (1973) pointed out that these

dilute suspension theories are limited in the sense of
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experimental measurement but are of gfeat value of testing
for phenomenological equations for non-Newtonian fluids.

Batchelor and Green (1972) took hydrodynamic interac-
tions between particles into account by formulating the
volume average scheme with probability density function.
The contribution to the bulk stress was found to be
where is the particle volume fraction. The probability
density function is indeterminate in the simple shear flow,
therefore the expression for the effective viscosity was
calculated in an extensional flow. The difficulty of obtain-
ing exact theory for concentrated suspension is inherent in
the statistical problems, in which the mutual interactions
of trajectory particles have to be considered. Choi and
Schowalter (1975) used cell model with a deformable sphere
in the center and imposed the far field boundary conditions
around the cell to obtain a constitutive relation for the
concentrated suspension. The drawbacks of the cell model is
that the result depends on the shape of cell and boundary
conditions and the particle interactions are not included
explicitly. Frankel and Acrivos (1967) and Goddard (1977)
adopted classical theory of hydrodynamic lubrication to
study concentrated suspensions of rigid spheres and Hookean
spheres respectively, by calculating the energy dissipated
in the film between spheres. Without considering the sta-
tistical mechanics of the suspension, this analysis has the

same weakness as the cell model.
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Suspensions with a polymer continuous phase have parti-
cularly complex in bulk properties. Highgate and Whorlew
(1970) measured the relative viscosity and normal stress
difference of rigid sphere suspensions in different visco-
elastic fluids with volume fraction up to 10%. The relative
viscosity was found to increase with sphere concentration
and decrease with shear rate until reaching an asymptotic
value. The same trend was observed for normal stress dif-
ference. The correlation of results showed that if relative
viscosity is defined as a ratio of viscosity of suspension
to that of suspending fluid at the same shear stress, it is
then a function of concentration only. Similar observation
on the relative viscosity was reported by Kataoka, et al.
(1978) at low shear rate region. The relation of relative
viscosity can be affected by the particle size distribution.
Han and King (1980) measured the bulk rheological properties
of emulsions with various composition ratio of viscoelastic
droplets in viséoelastic medium, Newtonian droplets in
viscoelastic medium and Newtonian droplets in Newtonian
medium. They observed maxima and minima in the bulk visco-
sity and normal stress difference at certain composition
ratios for all the systems studied. These extrema are
strongly influenced by shear rate and the state of both
phases. This is no existing theory at present time to inter-
pret the experimental results such as the ones above. 1In

this study, we propose that if the elasticity of the medium



22

solution is taken into account, the nonlinear bulk proper-

ties of non-Newtonian suspension may be described adequately.



CHAPTER 2

PROBLEM STATEMENT

2.A Problem Statement

The problem addressed in this work is to explain and
correlate observed trends in apparent viscosity for two
phase flow through a duct of dilute gas bubble suspensions
in viscoelastic fluids. Gauthier et al. (1972 a,b) first
observed that phase segregation occurs in the Poiseuille
flow of viscoelastic suspensions. At steady state there
exist a uniform bubbly core and a bubble free layer next to
the wall. A concentration distribution profile across the
channel was computed by counting number of bubbles on a pho-
tographic plate. This technique is inadequate quﬁntitatively
since all bubbles in the entire domain unaccounted for in
one dimensional photography. Further no éheological data
was ascertained in his work. Prud'homme (1978) reported that
there exists a threshold wall shear stress above which bub-
bles migrate from the wall. Beyond this threshold wall
shear stress he noted that the apparent viscosity of the
suspension in flow is lower than that of the liquid medium.

Quemada (1977) has discussed the use of obgerved con-
centration profiles and a relative viscosity relation to
predict velocity profiles and flowrates for two-phase flow
of suspensions in Newtonian liquids (such as blood) through

tubes and slits. In particular, when Brownian diffusion is

23
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negligible and concentration profile is rectangular with a
uniform core and a wall layer, the relative viscosity rela-
tion for the suspension may be verified directly by measur-
ing the flowrate. The concentration profiles used in this
approach must be stationary. The same approach can be used
in the two-phase flow of gas bubble suspensions in visco-
elastic fluids with a study of bubble concentration profiles
established in the flow. A discussion of the relation be-
tween wall shear stress and flow rate can illustrate our ob-

jectives cleaner.

2.B Flow Structure and Apparent Viscesity

A two-phase flow structure such as that shown in Figure
2.1, has been suggested by Gauthier and Prud'homme as a re-
sult of particle distribution in the viscoelastic liquids.
The gap between two parallel plates consists of a bubbly
of thickness 4¢ and uniform bubble volume fraction @ with
a wall layer of bubble free liquid. The apparent viscosity

may be defined for the entire flowing suspension between

7{5 - Z::‘f> (2.7)

where <, is the wall shear stress, h is the gap between
plates and <v> is the average linear velocity which can be
calculated from the volumetric flowrate. The wall shear

stress can be obtained from the observed pressure gradient
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along the channel by assuming the gradient is linear and nor-

mal stress Tgy |is negligible. So that
Tw = (S2) 4 (2.2)

where 4P 1is the pressure gradient. The velocity profiles
in the two layers may be obtained from the equations of

motion given as

%%JZ--LZ_"I os¥ = ¢ (2.3)
7:’7?.- -2_2-'1 L=y b (2.4)

where & is the effective shear viscosity of the bubbly
core, 7 is the shear viscosity of the medium in thé outer
layers and y is the distance from flow axis. At present,
there is no appropriate model to describe the bulk shear
viscosity of bubble suspensions in viscoelastic fluids.
However, the effective shear viscosity 7 ( 7,c) 1is expected
a function of the bubble concentration in the core as well
as shear rate from the experimental evidence. A constitutive
equation to describe the stress-strain relation of bubble
suspension in viscoelastic liquids adequately, has to be
sought to solve for the velocity profile. The relationship
between the viscosity and shear rate is self-consistent if
the dependence of viscosity on the concentration is known.

Besides having the constitutive equation for the bubbly
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core, the bubble concentration in the core and bubble-free
layer thickness have to be measured along with wall shear
stress to obtain the velocity profiles Uj(§) and i(¥) .
which denote velocity in the two layers. The boundary con-

ditions yet to be taken into consideration may be written as
Vo= U at fa3 (2.5)

h = O at  g= 4 (2.6)

Thus, the average velocity <u> over the gap and the
apparent viscosity may be computed for observed values of

Cw. & and 4c to test the bulk stress relation for the core

and to predict the trends for apparent viscosity.

2.C Objectives

The objectives of present study are:

1) to verify the existence of a stationary, uniform,
bubbly core and a bubble-free wall layer in the
viscoelastic two-phase flow.

2) to correlate the effect of viscoelasticity with the
development of bubble concentration profiles.

3) to develop a bulk stress relation for dilute suspension
of neutrally buoyant, uniform size, spherical Newtonian
drops in viscoelastic liquid medium.

4) to test the bulk stress relation under conditions when

the two-phase flow consists of a bubbly core and wall
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layers.

5) to predict the trends for apparent viscosity from
observed values of wall shear stress, core thickness
and bubble concentration in the core.

To approach the first two objectives, we designed an
experimental apparatus which allows us to obtain a slow
steady unidirectional and isothermal flow through a slit. A
radiation gauge was implemented to measure on-line density
variations transverse to the flow. The experimental setup
along with procedures for preparing gas bubble suspensions
and for obtaining bubble concentration profiles are described
in chapter three and four. The profiles measured with two
different Separan solutions and Newtonian corn syrup as
media are compared and effects of non-Newtonian behavior on
the development of concentration profiles are correlated in
chapter five. 1In chapter six, the classical volume average
method is utilized to achieve a theoretical relation for the
bulk stress of a dilute suspension of neutrally buoyant,
spherical Newtonian drops in a second order fluid undergoing
a simple shear flow. The effect of medium elasticity on the
shear viscosity and normal stress coefficients is discussed.
Finally, in chapter seven, with all the knowledge pursued,
the predicted trends for apparent viscosity are examined in
the light of data. An overall review on the present study
and recommendation for future research in the polymeric two-

phase flow are discussed in chapter eight.



CHAPTER 3

EXPERIMENTAL ARRANGEMENT AND MATERIALS

The bulk properties of gas bubble suspensions in visco-
elastic fluids are dependent on temperature, viscoelasticity
of medium fluids and bubble bulk concentration. In addition,
the flow is complicated by bubble growth, bubble migration
and bubble rise. This investigation focuses only on the
effect of bubble migration on the bulk properties, and thus
we limit ourselves to slow, isothermal, uniform size gas
bubble suspensions in viscoelastic fluids. Based on these
specifications, the apparatus and instrumentation were
designed to permit on-line measurement of density variation
along the flow. Solutions were chosen so that various fluid
properties could be used to achieve low Reynolds numbers and
significant migration effects. A new gas bubble generation
method was introduced to yield uniform-size hydrogen gas
bubbles at room temperature. The procedure for measuring
flow rate and pressure gradient is described in this
chapter. The calibration and procedures to obtain the two-
dimensional bubble concentration profile are presented in

the next chapter.

3.A Apparatus

A schematic of the flow arrangement is presented in

Figure 3.1 The gas bubble suspension was forced out of a

29
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Figure 3.1 Schematic of Flow Arrangement

The components are labeled with numbers.

1.
2.
3.
4.
S.
6.
7.
8.

Tank

Pressure regulator
Flexible tube

Gas release needle
Circular static mixer
Transition channel
Slit section

Stand
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tank by compressed nitrogen, through a- flexible hose, a ball
valve and a static mixer, connected by a tapered transition
to a rectangular channel. The flow as well as density
measurements were carried out all along the rectangular
channel by methods to be described later. The dimension and

function of each device are listed as follows:
Tank

The tank is made of galvanized steel with a 55 liter
capacity (72 cm high, 32 cm in diameter), which may be
pressurized up to 30 psig. Mixing can be performed by a
stirrer propelled by compressed air. The outlet of the tank
is at the bottom, the cover on the top can be removed so
that the tank can be cleaned at the end of each experiment.
The pressure regulator on the cover is used to adjust the
tank nitrogen pressure which governs the flow rate. At the
beginning of each experiment, the down;tream valve of the
tank is always closed so that the nitrogen pressure inside
the tank can be adjusted. Tygon tubing with 7/8" diameter
connects this valve with gas releasing device. The flexi-
bility of Tygon tube allows the movement of the flow channel
in the flow direction to allow measurement of axial density
variations. To ensure a uniform, small-size bubble suspen-
sion, a ball valve with small opening is installed to screen
off the uneven, large sized bubbles. Bubbles larger than .4

to .6mm gathering behind the throttled valve are drawn out
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by a syringe needle inserted vertically through a rubber
stopper which is tightened in a tee tube into the piping
ahead of the valve. This device also eliminates surges in
the flow which might occur with occasional bursting of large
bubbles. From here on, bubble suspensions enter the static

mixer.

Flow Channel

The flow channel comprises three sections in sequence:
a static mixer, a transition channel and a slit channel, all
are made of plexiglass. The transparency of plexiglass
allows good flow visualization. The static mixer (Pigure
3.2) consists of a circular pipe, 30.5 cm long, 3.8 cm in
diameter, within which are fixed a series of triangular ele-
ments arranging in a spiral fashion. These elements are
aligned perpendicularly to the flow direction as suggested
by Middleman (1977), to create a rotational flow and there-
fore achieve a rédial mixing. The mixing destroys the in-
homogeneity caused by bubble migration and leads to a homo-
geneous suspension before entering the slit section. The
transition channel, 8.9 cm long, connecting the static mixer
and slit channel, is built in the tapered shape to eliminate
secondary flow near the entrance. The cross sectional area
of these three sections are the same to retain a constant
velocity. These individual flow compartments are bolted

together and mounted on a horizontal stand with axial guides



Figure 3.2 Static Mixer
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Figure 3.3

Transition Channel and Rectangular
Channel



36

to allow longitudinal movement of the flow channel. They
can also be taken apart for cleaning.

The two most commonly used flow channels for Poisseuille
flow structure are circular tube and rectangular channel, the
latter corresponds to parallel plates. From instrumental and
photographic considerations, the rectangular channel offers a
better geometry for two-phase flow study. It provides a uni-
form cross section, so that the distance which the gamma rays
penetrate through the suspension is constant along the trans-
verse direction. The flat walls eliminate optical distor-
tion. This rectangular channel (Figure 3.3) is 63.5 cm long,
.9 cm wide and 1.27 cm in height. The upper plate is fasten-
ed to a U shape open channel, which is removable for cleaning.
The thickness of the top and bottom plates is .635 cm and the
side walls are 2.03 cm. The channel can sustain pressure up
to 25 psig. With aspect ratio (W/h) equal to 7, the flow in-
side the channel can be approximated as an ideal Poiseuille
flow between parallel plates (cf. Middleman (1977)). The
entrance length for the flow to be fully developed is .5 cm
(cf. Middleman (1977)), which is 1% of channel length. The
entrance effect is negligible. A pressure transducer is

located 2.5 downstream from the entrance.

3.B Materials

The gas bubble suspensions were prepared in three dif-

ferent media - a Newtonian corn syrup, and two non-Newtonian
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aqueous solutions of polyacrylamide (Separan AP-30) con-
taining 2.5 and 3.5 weight percent respectively of the
polymer. The viscosity 7 + the primary normal stress coef-
ficient ¢ , and recoverable shear ratio, Sp=%y/% (all
evaluated at a shear rate of 1 sec~l for the Separan solu-
tions), the density ,0 and interfacial tension o are listed
in Table 3.1. The methods and procedures of preparing solu-
tions as well as measuring these media properties are

described in the following sections.

Corn Syrup:

Syrup is a well known Newtonian solution. Crystal
syrup, a commercial product of A.E. Staley Manufacturing
Co., Illinois, was used to prepare the Newtonian fluid. The
contents in crystal syrup are watef, corn syrup, sugar and
citric acid. The viscosity of.this commercial syrup is too
low to eliminate the bubble rise. To obtain a higher viscos-
ity, some water was boiled off. The color of the syrup
changed from clear to brownish transparency. This was
caused by the over-heating of carbons in the glucose. How-
ever, the heating process did not change the Newtonian be-

havior of the syrup.

Aqueous Separan Solutions

Separan AP 30 is a synthetic polyacrylamide, manufac-

tured by Dow Chemical Co., with a weight average molecular
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Table 3.1 Properties of Media

“Primary Normal
Stress nommmwm»m:n

Surface dyne-sec? Recoverable
Density Tension Viscosity Synecsee Shear Ratio
Medium (g/cc) (dynes/cm) (poise)* cm2 SR=Ny/2 *
Corn Syrup 1.414 60.6 285 0 0
2.5 wt &
Separan Solution 1.006 40.4 368 140 0.19
3.5 wt %
- Separan Solution 1.008 44.7 1210 1540 0.64

*Evaluated at a shear rate of 1 sec~l.
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weight of 4x10%  mig anionic polyacrylamide is water

soluble, has the following structure

—[CHh —CH——
=0
~ NHs |,

Separan AP-30 has good thermal stability below 210t, and
good resistance to shear degradation. Solid Separan polymer
can be dissolved in water in all proportions. For organic
solvents with high oxygen-to-carbon ratio, eg. glycerin,
ethylene glycol can dissolve or swell the polymer. Solvents
like ether, benzene, hexane, methanol and chloroform will
not dissolve the polymer. The viscosity and normal stresses
of Separan agueous solutions are functions of temperature,
concentration as well as pH value.

The manufacturer recommended way to make Separan aqueous
solution is first soaking polymer powder in methanol to keep
the polymer from agglomerating into gelatinous lumps and
then adding water to the solution while stirring. With occa-
sional mixing for three days, the polymer powder can dissolve
in water completely in all proportions. 2.5 wt percent and

3.5 wt percent aqueous Separan solutions were prepared.

Viscosity, Normal Stress Measurements

The rheological properties of medium solutions were

measured at room temperature with Weissenberg
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Rheogoniometer, a simple cone and plate viscometer. The
rheogoniometer can carry out steady shear flow measurement
and oscillatory shear flow measurement. For this study,
only steady shear flow material functions are required. The
directly measured quantities from the rheogoniometer are not
material functions but forces and torques on the cone and
plate and angular velocity of the rotating plate. The

viscosity can be obtained from the torque and angular velo-

city by
3T
1= z=rs5 (2.1)
Y= 6 (2.2)

<7 1is the torque, R is the radius of the plate, Wo is the
angular velocity and 8, 1is the angle bétween cone and
plate. A cone anéle of 0.55220 and a plate diameter of 7.5
cm are used in the measurement. The primary normal stress
coefficient can be calculated from the force and angular
velocity

Y = ;‘;_g_ (3.3)
The procedure for obtaining the primary normal stress is
worth noticing in this study. The piezoelectric load cell
(922F) and coupler (549) supplied by Sundstrand Data
Control, Inc. which designed to sense the normal force on

the plate for the dynamic measurement. 1In the shear flow
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experiment, the transient response was found too quick to
catch visually. Therefore a storage oscilloscope was employ-
ed to record the voltage variation, which was then converted
to the normal force. The instrumental inertia force was not
corrected for our measurements. However, the results com-
pare well with those of Chin et al. (1979). The variation

of 7 and &, with shear rate is shown in Pigures 3.4 to
3.6. The viscosities of Separan solution are shear-thinning

and can be described by the power-law relation

T = KY’,
(3.4)
7 - Ky

where < and n are 36.8 N.secN/m2, 0.346 for 2.5 wt percent
Separan solution and 121 N.sec’/m2, 0.225 for 3.5 wt percent

Separan solution.

Surface Tension Measurement

The tensiometer used for the measurement of surface
tension utilizes the du Nouy ring method. The force requir-
ed for the rupture of a liquid film forming on a wire ring
is correlated to the surface tension. It depends on the den-
sity of the liquid and dimensions of the ring. The surface

tension can be calculated by the following relations.

Surface Tension =S xJ (3.5)



where S:

J:

and J = .72

45
scale reading when film ruptures, dyne/cm

factor converting scale reading to surface tension

7254 043528 + ous3y - 1829

c*( © - our) R/r

(3, 6)

Circumference of ring, cm
density of solution, g/ml
density of air, g/ml
radius of ring, cm

radius of wire of ring, cm

A ring of radius, 0.637 cm, circumference, 4 cm and a wire

of radius 0.015 cm was used in our measurement.

NDensity Measurement

The density was measured by a pycnometer which is made

for viscous fluids. 1Its volume was calibrated with distilled

water at room temperature. The void fraction of bubble sus-

pension can be calculated from the following arguments.

The void fraction of gas in the suspension is defined

P = Va/(Vg+Ve)

= ( PP Pe-Pg) (3.7)
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subscripts 1, g refer to the continuous phase and dispersed
phase. The density of gas is negligible compared to the

medium solution. The void fraction can thus be calculated

from the density by the relation.

@D = ( pe-p)/ Pr (3.8)

In our experiment, the bulk void fraction was measured from
the suspension at the channel exit. This bulk void fraction
represents the bulk void fraction throughout the channel
only if bubble growth is negligible. By assuming the
dispersed phase behaves like an ideal gas, the void fraction
of gas at the inlet of channel is presented in term of the

outlet quantities as

- L=
Prniee (pe-p0) + 5( P-pg) lo«uct

P -0
(Pe-pPl+ 3P lowee

(3.9)
Where & Pruee/ Poscit

In our experiment, the ratio ¥ is close to 1. Therefore,
the void fraction can be assumed constant throughout the

channel. This is confirmed by photographic observations.
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Pressure Measurement

The inlet pressure was measured by a piezoelectric
pressure transducer (Model no. XTM-1-190-10) manufactured by
Klute Semiconductor Co. This pressure transducer uses a
metal diaphragm as a force collector with an integrated sen-
sor as its sensing element. The allowable maximum torque to
this transducer is 25 lbg. The rated excitation pressure
is 10 psig, but it can withstand pressure up to 30 psig.

The measured pressure is signaled out as voltage, so a digi-
tal voltmeter was used to provide the reading. The sen-
sitivity of the pressure transducer was calibrated by a
well-adjusted pressure gauge. The calibration was done by
correcting the transducer and pressure gauge to a tee which
links to a nitrogen cylinder. By varying the nitrogen pres-
sure, we obtained pressure readings from the gauge and volt-
age readings from the pressure transducer. The pressure vs
voltage was plotted (Figure 3.7) and the calibration of the
pressure transducer is 4.7 psi/mV. The transducer was
mounted on the top channel plate flush with the flow. This
eliminated the pressure hole error, which is commonly mani-

fested in the gauge measurement for viscoelastic fluids.

Plow Rate Measurement

The volumetric flow rate was measured by timing the

flow from the exit into 500 ml, 1000 ml cylinders with a
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stop watch. Since the time to fill up the cylinders ranges
from 20 seconds to 80 seconds, it is long enough to minimize
the error. The measurement on the volume flow rate was
recorded right after the collection, so that bubble rise and

growth were minimized.

Bubble Generation Method

Gas bubbles were generated at room temperature without
noticeable heat effects by using finely powdered sodium boro-
hydride as chemical blowing agent. Sodium borohydride
reacts with water to liberate hydrogen according to the
reaction (Wade and Letendre (1980))

NaBHs + 2Hz0 === NaBQa + 4Ha

With borohydride, a chemical reaction occurs where in a pro-

ton (H*) reacts with the hydride hydrogen (H~) on the BH4~

group to produce Hj gas. This reaction is accelerated as
the acidity of the system is increased; hence the yield of
hydrogen gas per gram of hydride is less in basic Separan
solution than in the corn syrup. At room temperature,
hydrogen gas produced in corn syrup is about 800 cc/gram of
NaBH4, and 50 cc/gram of NaBH4 in Separan aqueous solutions.
The water loss from the test solutions due to the hydrolysis
reaction is 10~4 of the total volume of the solution. The

residue, sodium metaborate is traceless in the solution, and
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of negligible amount compared to the whole volume of solu-

tions.

Bubble Size Measurement

Bubble size was determined from the photographs of
the flowing bubble suspension. With a polarized filter oﬁ
the close-up lens of a Canon F camera placed beneath the
lower plate of the slit section and a light source above the
top plate, no optical distortion was observed. Photographs
of the flowing bubble suspension near the entrance and the
end of the flow channel, 5 minutes and 20 minutes after
startup of the flow are presented in Figure 3.8 to 3.1l.
The bubble suspension was prepared with 3.3 volume percent
of bubbles in a 3.5 wt percent aqueous Separan solution; the
average velocity during this run was 0.66 cm/sec, amounting
to an average residence time in the channel section of 1.5
minutes. The dimension from left to right in each figure
represents 2.6 cm along the flow direction. It may be seen
from these Figures that bubbles are mostly 0.4 to 0.6 mm in
diameter and that the bubble size distribution does not
change significantly between the entrance and the end over
the course of the experiment. This is true for all the
media used in this study.

These photographs also indicate the formation of
ordered aggregates of a few bubbles alony the flow direc-

tion. This phenomenon has been reported by Michele et al.
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Figure 3.8 Photograph of Flowing Suspension at
Entrance, 5 min. After Startup
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Figure 3.9 Photograph of Flowing Suspension at
Entrance, 20 min. After Startup
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5 min. After Startup

Photograph of Flowing Suspension at

End of Channel,

Figure 3.10



54

Figure 3.11 Photograph of Flowing Suspension at
End of Channel, 20 min. After Startup
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(1977) who observed suspensions of glass spheres in 4if-
ferent polymer liquids subject to laminar shear flows.
Michele et al. report that aggregation is more noticeable in
liquids with high recoverable shear ratios (Sp~10 ). Poly-
mer bridging between particles is widely recognized as the
cause of this aggregation; the strength and number of such
bridges depend not only on the elasticity of the liquid but
also on the interaction between particle surface and polymer
molecules (¢f. Vader and Dekker, 198l1). As a result of long
term accumulative viscoelastic effects, deformation of
bubbles and the nature of Separan polymer, the formation of
bubble chains can be expected even at lower recoverable
shear ratios. The effect of bubble aggreyation is neglected
in the theoretical derivation for bulk stress relation, the
inclusion of this effect would make the analysis much more

complicated.

Preparation of Gas Bubble Suspensions

Before dispersing the granular powder of sodium boro-
hydride into the solution, air bubbles trapped in the process
of preparing aqueous Separan solutions were eliminated by
drawing a vacuum on the tank containing the solution; when
this was achieved, the vacuum was released gradually to return
the tank to atmospheric pressure. The correlation between
hydrogen yield and amount of sodium borohydride was tested

in the medium solutions, 800 cc/gm for corn syrup, 150 cc/gm
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for Separan solutions. According to this estimated scale,
sodium borohydride was weighed and mixed slowly into the
solution at several points in the tank. The reaction was
simultaneous once the powder contacted the solution, hydrogen
gas bubbles formed immediately. A quick mixing was perform-
ed. Strenuous stirring must be avoided to prevent degrada-
tion of the polymer solutions. The mixture was then pressur-
ized out of the tank into a container. The fluid was then
mixed again to ensure a uniformly distributed bubble suspen-
sion. This mixture was poured into the tank and ready for
the experiment. The bubble suspensions behave differently
in corn syrup and Separan solutions, bubbles were segregated
and stable in corn syrup but tended to grow and agglomerate
in Separan solutions. Separan polymer is well known for its
use in the flocculation of solid particles in suspension.
This particular mechanism may account for the agglomeration
of bubbles. The result is a suspension with mostly .4 to
+.6mm diameter bubbles and a few considerably bigger bubbles;
the bigger bubbles were eliminated later with a syringe

needle installed along the flow channel.

Procedure of Flow Experiment

The procedure for apparent viscosity measurement was
carried out in the following sequence.
1. The bubble suspension was prepared in the solution and

ensured that it was well mixed.



2.

3.
4.

5.

lo.
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The tank was pressurized with nitrogen gas and the
pressure inside the tank was adjusted with a regulator.
The valve was opened for the flow.
Data were collected once the flow was stabilized as
indicated by the pressure transducer reading.
The voltage reading on the voltmeter was recorded for
translation to pressure gradient later.
A graduated cylinder was placed at the channel exit to
collect suspension flow; a timer was set to count simul-
taneously. When the cylinder was almost filled, it was
removed from the flow and the timer stopped. The flow
volume and time were recorded.
The density measurement was started right after the
flow rate was taken.
The suspension discharge was collected in a pycnometer
at the channel exit.
Nitrogen supply was turned off to stop the flow. The
voltage reading was recorded as the reference of zero
pressure.
The pycnometer was weighed to yield the bulk void
fraction.
The residue fluid was discharged from the tank and the
whole apparatus was washed with water to avoid the
build up of corn syrup or polymers on the channel wall
and tank wall.

The bubble generation from sodium borohydride offers an
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isothermal flow, however the bulk void fraction (especially
in Separan solutions) is not easy to control with different
factors involved in the process. With this limitation, it
is difficult to fix the bulk void fraction, so that the
effect of shear stress can be studied alone. Another
problem in the flow measurement is that the pressure gra-
dient can not be fixed constant for different runs within
the transducer sensitivity range. Efforts were made to pro-

vide systematic study on the trend of the apparent viscosity.



CHAPTER 4

RADIATION GAUGE

In the previous studies, two technigues, optical and
photographic, were used to study the particle concentration
distribution due to particle migration. Segre and Silberberg
(1962) used an optical scanning device consisting of mutual-
ly perpendicular light beams, photoelectric transducers and
electric counting circuits. The numbers of particles passing
through the cross section of light beams were counted and
registered. However, this device can not distinguish between
the signal from the presence of a single particle in the
cross section and the coincidental presence of two particles
in the area. The photographic method used by Gauthier et al.
(1971 b) discussed in Chapter. 2 is doubtful for its accuracy;
The radiation attenuation technique employed in this study
has been recognized for its accuracy for void fraction
measurements in the two-phase flow (Schrock (1969), Adams,
et al. (1970)). A radiation gauge was implemented for
measuring the axial and transverse void fractions in
viscoelastic fluids. The most widely used radiation sources
are gamma-rays and x-rays, both of which absorbed more
strongly in denser phases than in lighter ones. X-rays are
typically low energy photons which are easily absorbed more
strongly by structural materials and human body. Gamma rays

are more penetrating and are easily produced by a compact

59
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radioisotope source.

4.A Principles of Gamma Attenuation

When a monoenergetic collimated beam of gamma rays with
an initial intensity of Ij photons/cm2-sec passes through a
homogeneous material with a thickness t, its intensity will
be reduced to another level, I, according to an exponential

law

L _ expr-
7. exp(- /L) (%#.1)

where [l 1is the linear absorption coefficient, cm~l. This
coefficient depends on the composition of the absorber and
. the energy of electromagnetic radiation. It is related to

the absorber density by
U - l%%é_/p ' (4.2)

where Ab 1is the Avogadro's Number, atoms/gm-atom,
A 1is the atomic mass number, gm/gm-atom,
S 1is the microscopic absorption cross section,
cm2/atom,

and /O 1is the absorber density, gm/cc.

With a fixed x-ray source and apparatus geometry (i.e.

sample mounting, cross section area of collimated beam), the
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lenear absorption coefficient, #4 can be written as

where & is the mass attenuation coefficient and ,t( is a
function of the nature of the absorber and the energy of the

gamma photons. The exponential law of attenuation is then

_II_.; - exp(-8pLt) (4, 4)

In principle, the beam attenuation technique is simple.
A selected radiation source is collimated to produce a uni-
directional photon flux normal to the text section. The
beam is attenuated in turn by a channel wall, the two-phase
mixture and the other channel wall. The beam passes through
the opposite collimators and then is measured by an
appropriate detector (Figure 4.1). Applying equation (4.4)

to this two-phase system, we obtain

-IIE, = EXD(- O Pww) EXD(-Bs s W)EXD(-BwPww) (4.5 )
in which subscripts w and s refer to the channel wall and
two-phase fluid, respectively

If the two-phase fluid is a homogeneous mixture, its

properties can be obtained by the additive relation

Bspos = POpLy +(1-P)EkLr (4,6)



62

anbruyosay
uoj3eNUIIIY aRIUJ] JO OFeWAYDS 1°y @anbia

D,
)a.:u%w \Fﬁ ~

N N
N
N
B ~
M M M
™ N
N )
3 IS
N
N NN
N N
10423430 NI PEEN
N soud-omL N
s0powiffor N J  “o40wio9
109y I g Uod
N N



63
where ¢ 1is the void fraction and the subscripts g and 1

refer to the gas phase and liquid phase respectively. The
density of the gas phase is much lower than that of the

liquid phase, so that the above relation can be simplified to

BspPs = (/1 —-P)6sepr (%.7)

For a full channel with liquid phase only

-Ilf'.. = exXp(- 20w ww) eXp(- 6 LLW) (4,8)

From eguation (4,5) and (4,8), we obtain

L 6u0 - Un(I/Ie )/ W
IOS Os ( %, 9)

Combining equations (4,7) and (4,9) gives

-t gL
P e ow LT (4.10)

The gas void fraction is determined using the above relation
from the beam intensity, which is equivalent to the output
signal from the detector; e.g. counts measured by a scaler.
The mass attenuation coefficient of the fluid medium has to
be calibrated before the experiment. The above equation is
valid if the two-phase flow is homogeneous when the gas

bubbles are not uniformly distributed. Several researchers



64
(Petrick and Swanson (1958), Hooker and Popper (1958))
showed that an uneven phase distribution can result in
large errors in the void fraction measurement. In the
current experiment, the cross-section area of the -ray beam
is about 0.012 cm2, which covers an area of nine bubbles at
most. Strictly speaking, the bubbles are uniformly distri-
buted in this small area, thus, this error can be eliminated
in the observation.

In our study, due to a stability problem of the
radiation gauge (to be discussed in the next section), an
altered relation was used to evaluate the density variation,
rather than using equation (4,10). Equation (4,9) can be

rewritten in a more general form

6,0 - 62,02 = #M(—If-) (4.11)

where 1 and 2 refer to two-phase fluids 1 and 2.

If continuous phases of these two fluids are the same, then

O,= 62 , SO

= ._/-ln(_la) (4, 12)

According to this relation, the relative density change
depends on the relative detected radiation intensity and an

attenuation coefficient.
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4.B Instruments of Radiation Gauge

Gamma Source

Cesium 137, a stable gamma radiation source with an
activity of 5 millicurie was used in this study. The half
life of Cesium 137 is thirty years making its activity decay
negligible during the experimental period. If a short
half-life isotope is used, the system has to be calibrated
frequently. It is sealed in a capsule (Figure 4,2), which
has a circular shoulder making it possible to move it using a
15" long remote handle. It was placed in different sites
during the experiment and was kept in a shielded container
when it was not in use. The operator has to be well protect-
ed to handle the source, }.e., gloves, safety goggles are
required. The radiation intensity is inversely proportional
to ihe square of the distance, so that to handling the
material from a distance avoids unnecessary exposure. A
radiation detector was used frequently to check if there was
radiation leakage from the storage container. Routine ring
and a body film badges were worn and these films were proc-

essed every two weeks to determine the personal exposure.

Scintillator and Photomultiplier

The radiation detector consisted of a sodium iodide
scintillator, a photomultiplier, and a counter. The prin-

ciple of scintillation is to convert the energy of radiation
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rays into light photons so that they can be received by dif-
ferent means, such as image forming, light emission, etc.
For gamma-ray measurement, a scintillator of sodium iodide
activated with thallium was used. This has a very high pho-
toelectronic detection efficiency due to the high density of
NaI and high atomic number of iodine.

The detection mechanism in the scintillator is 1)
absorption of gamma-rays energy 2) conversion of absorbed
energy into luminescent emission 3) collection of photons
on the photosensitive cathode, which is part of a photo-
multiplier. 1In the photomultiplier, electrons are accel-
erated by a high potential to the first dynode. There each
electron produces several (n) secondary electrons. These
secondary electrons are similarly accelerated to and
increased n-fold at the second dynode and so on. With N
dynodes the charge of the original photoelectron is
amplified N" times. This multiplication leads to a strong
pulse output which is recorded by a counter. The Nal crystal
was connected to the photo-sensitive face of multiplier tube
with balsam cement to provide better optical contact at the
interface. The multiplier was fixed in a light-tight alumi-
num enclosure which also serves as a reflector to assist in
directing light to the photocathode. The sodium iodide
crystal, which is very hygroscopic and sensitive to light,
was wrapped with tape to protect against moisture and

surrounding light sources. The manufacturer suggested that
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the photomultiplier tube be shielded from magnetic fields,
including the earth's field, to obtain its optimal perfor-
mance. In the laboratory, very little background noise was
received without the shield, so this protection was not
utilized. A voltage stabilizer was connected to the photo-
multiplier high voltage source to prevent fluctuation in the
bias voltage. The signal output from the photomultiplier is
proportional to \&f, so that + 1% of fluctuation inVz corre-

sponds to + 7.5% of error.
Counter

The pulse produced in the output capacitor of photo-
multiplier can be further amplified by an external electron-
ic amplifier. The Mini-Scaler (Model MS-2) manufactured by
Eberline Instrument Corp. provides a complete system con-
sisting of a variable high voltage supply to the photomulti-
plier, a charge sensitive input amplifier with very high in-
put sensitivity and noise rejection, a single channel pulse
height analyzer which can be used as scintillation spectro-
meter, a scaler, a rate meter and a timer. The voltage sup-
ply is adjustable from 200 volts to 1500 volts. The single
channel analyzer uses two discriminators - a pulse height
discriminator and a pulse height window discriminator to
select the pulses which fall in between the predetermined
ranges which are adjusted by the threshold and window set-

tings on the mini-scaler. The device allows true event
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pulses to be differentiated from small amounts of noise and
therefore results in a much more accurate measurement. The
timer can preset the counting intervals from .l minute to 50
minutes in a 1,2,5 sequence referenced to 60 Hz line fre-
quency.

Calibration of Counter

The mini-scaler was calibrated with the sodium iodine
scintillator and photomultiplier to optimize the performance
of the radiation gauge. The following procedures were used
té find the voltage, window width and threshold of the scaler
to maximize the count rate.

1. H.V. adjust was turned to 0.00 and WINDOW IN-OUT was
switched to IN.

2. Detector was exposed to gamma source Csl37,

3. THRESHOLD was adjusted to 6.61. This corresponds to
the 661 kev energy for Csl37,

4. WINDOW was set to 25% of THRESHOLD, 1.65.

5. Counts vs high voltage was plotted (Figure 4.3a)

6. H.V. was adjusted for the peak reading.

7. To optimize window width, the curve of counts vs. win-
dow setting at THRESHOLD knob reading at 6.61 was
plotted (Figure 4.3b). Prom the calibration curves,
the optimal settings were found, 9.58 for H.V., 6.61
for THRESHOLD and 2.2 for WINDOW.
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Radiation Gauge Arrangement ~

Figure 4.4 presents the side and end views of the
radiation gauge used to make on-line density measurements in
the test section. The gamma source, collimators (lead bricks)
and the detector were rigidly fixed with respect to each other
because the misalignment of the beam direction can cause a
great error. Only one Cesium source was used in the experi-
ment for various axial and transverse locations. The Cesium
capsule was inserted successively into six holes drilled in a
10.16 cm thick shielding lead brick. Each hole has diameter
«357 cm and was 2.54 cm long to accommodate the source. In-
side the holes, channels of .12 cm diameter and 7.62 cm long
were drilled so that the narrow collimated beams could be
directed through these openings to penetrate the two;phase
fluid. Pour of these holes wefe positioned below the cen-
terline at distances from the lower plate of .2 cm, .32 cm,
.44 cm and .56 cm; the other two positioned above the center-
line at distances of .28 cm and .4'cm from the upperplate
and were used mainly to confirm the symmetry of the bubble
concentration profile about the centerline (a case is shown
in Appendix A). The detector was placed next to a 10.16 cm
lead shielding brick, with drilled channels to collimate the
beams reaching the detector. The locations of holes on
either side were carefully aligned in order to avoid scat-

tered beams reach the detector through other open channels.
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FIGURE 4.4 Radiation Gauge Mounting

a) Side View
b) End View

The following numbers represent

l. Flow Channel

2. Lead Bricks

3. Gamma-ray Passes

4. Sodium Iodide Detector and Photomultiplier
5. Cesium Source

6. Signal to Counter



73

4
r'd ~
2 " P4 4 \‘i
bt % It g A AR It LA LI LY
2 SIATEE
—eeoccs :}:.‘3.':‘::.::'.’:’: .-.4:?:::: ==
\
-~ ~——— 4




74
The difference in count rate due to the scattered Y -rays
was found to be less than 2%. Therefore the effect of scat-
tered rays was not included in the data analysis.

In between the source and detector, the flow channel
was positioned on a wooden stand, 127 cm long, 12.7 cm wide
and 14 cm high with guides on either side. The flow channel
could be moved axially along guides on the stand to allow
measurement of density at different_axial locations. The
channel movement in the axial direction does not affect the

flow rate or entrance pressure.

Calibration of Gamma Attenuation

Equation (4,10) indicates that if density and mass
attenuation coefficient of medium fluid (continuous phase)
are known, the void fraction of the suspension can be calcu-
lated from the intensity ratio. Therefore, the mass atten-
uaﬁion coefficient has to be determined first from calibra-
tion. The coefficient differs from slot to slot, in which
the yY-source was inserted, due to the difference in geometry
of each slot. The flow channel was filled with corn syrup
and Separan solutions in different compartments made of mold-
ing clay and then exposed the fluids to the source to cali-
brate their intensities and mass attenuation coefficients.
The error in the reproducibility of intensity level was + 10%
which was found due to the disturbance of moving the source.

The count rate changed when the source was taken out of one



1.2

/.1

/10

//7(1/14-. )

75

SIot2 ge.ssy

$oF; grass
SIO)“A-,M
1 1 1 1 1 1 1 d
-3 -2 -1 0o U4 2 3 4
AP (9m/mi )
Figure 4.5 Linear Mass Attenuation

Coefficients



76
slot and then put back into the same slot. Therefore, the

void fraction can not be calculated directly from relation
(4,10) due to the inconsistent intensity. However, the rela-
tive density variation can be obtained by using relation
(4,12), if the relative intensity ratio is reliable. 1In the
system, the bubbles are uniformly distributed at the channel
entrance, the void fraction then is identical to the bulk
void fraction measured at the channel outlet. By fixing the
radiation source in one location, the intensities were
measured at the entrance and two axial locations. The
intensity ratio of the~downstream ones to the entrance one
will be sufficient to determine the density variation. To
search for the attenuation coefficient §, methanol-water
mixture with densities in the range 0.9-1 g/cc, Separan
solution and corn syrup were placed in cells made of molding
clay. All these test solutions contain a great amount of
water, so their mass attenuation coefficients are nearly the
same, the slopes of Figure 4.5 show linear relations.

The attenuation coefficients ranged from 0.557 to 0.704
and were obtained for various slots. These coefficients were
not affected by the movement of the source, even though the
intensity changed.

Separan solution with density of 1 g/ml was chosen as
the reference solution. The slope of each slot measured at

different axial locations is consistent.
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Discussion of Errors

In nature, all the high enerqgy particles from
radioisotope decay are random, associated with statistical
fluctuations. The probability law indicates the uncertainty
of the experimental observation of total number of counts,
from an essentially infinite number of counts, is

%)& ( %, 13)

&L=
When the total number of counts is small, the reliability of
the result may be considerably different from the true value.
One method to improve the accuracy of measurement is increas-
ing the number of measurements. The detector background
count is about 1% or 1.5% of the total count, it has to be
subtracted out. If the background count is comparable to
the same count, considerable error may be introduced.
Counts should be recorded for enough time to obtain a reso-
lution in density within one percent. 1In the exberiment,
twelve to sixteen measurements were taken with a mean value
about 7500 + 1000 counts/12 sec which varies with locations
and fluids, + .27% to .36% error has to be considered.
Since the density variation was calculated from the com-
parison between the measurements being made in the channel
entrance and axial locations, therefore, the total error has

to be doubled, + .54% to .72%. The mass attenuation coef-



78

ficient was also determined from the radiation measurement,
in which ten measurements were counted for each particular
solution with a mean value of 17,500 + 2,000 counts/24 sec.,
the statistical error lies from .23% to .25%. The propaga-
tion error is the sum of errors from these two independent
measurements which is +.77% to +.97%. The theoretical reso-
lution of density detection is fairly satisfactory, by
doubling number of measurements will reduce the error to
+.54% or +.69%, the improvement is insignificant compared to
the efforts have to be put in. The resolution was also ana-
lyzed experimentally by sending corn syrup solution con-
taining no bubbles through the flow channel and measuring
the density profiles along the flow direction. The result
(Figure 4.6) shows the fluctuation in density measurement is
+.01 g/ml, which matches the theoretical prediction. The
radiation attenuation method proves to be an effective means
to detect the void fraction distribution in moving
materials.

Procedure of Density Measurement

Density measurement consists of two portions, data
collection and data analysis, the steps were conducted in the
following sequence.

1. H.V. control, THRESHOLD, WINDOW WIDTH were adjusted to
the calibrated setting to yield the optimal intensity

level.
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Voltage supply to photomultiplier was turned on. Timer

was set at 12 second position.

Background count was recorded to ensure that background
"noise" was low.

Cesium 137 source was taken from its container and
placed into the first hole.

Flow channel was adjusted such that the first axial
location (3 cm away from the entrance) was exposed to
gamma-rays.

Flow was started and steps for apparent viscosity
measurement were carried out except the last one -
measure the bulk density with pycnometer.

RESET-START bottom was pushed and counting started.
Four to five count readings were recorded.

The channel was moved to a second and a thifd axial
location, four to five count readings were recorded at

each location.

The channel was moved back to its first location and

the process repeated until twelve to sixteen readings
were recorded for each location, so that data were
collected evenly throughout the time span.

The source was shifted to the second hole and the steps
from 5 to 9 were carried out. The process was repeated
for the other holes.

The bulk density was measured and thus assumed this

density represent a uniform transverse density at the
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entrance (first axial location).

The group of collected counts often has some members
deviating greatly from the mean. Thus the choice had to be
made to keep or to reject there. These particular obser-
vations are not necessarily wrong but the deviations may
have an significant influence on the mean value that is com-
puted. Chauvenet established a criterion which considered
the magnitude of deviation and number of observations made.
The rejection of the datum is allowed if the datum lies out-
side the (1-2—'§)x 100% confidence region, @ is the total
number of observations. After screening questionable data,
a new mean value is calculated, the criterion may be applied
to the remaining data. One example is shown in Appendix B
to demonstrate the procedures of obtaining axial.and trans-

verse void fractions.



CHAPTER 5

VOID FRACTION PROFILES IN VISCOELASTIC FLUIDS

Void fraction profiles observed in flowing gas bubble
suspensions with corn syrup and aqueous Separan solutions as
media are presented in this chapter, for a range of wall
shear stresses and flow rates. The causes of bubble migra-
tion in non-Newtonian fluids undergoing plane Poiseuille
flow are then discussed, along with conditions for a two-
phase flow structure with a uniform core and a uniform wall
layer.

Bubble rise and bubble growth are not significant in
our study, as discussed in Chapter 3. The bubble rise time
is 20 times longer than the maximum residence time and pho-
tographs taken at different axial locations and times show
bubble sizes of 0.4 to 0.6 mm throughout. Void fraction
profiles obtained with corn syrup, 2.5 wt percent and 3.5 wt
percent aqueous Separan solutions are shown in PFigure 5.1 to
5.32. In each figure, the profile at an axial location of
18 cm from the entrance, denoted by o is compared with that
at 47 cm from the entrance, denoted as A . The coordinate y
is the distance from the centerline of the channel. Since
the profiles are symmetric, only half of the gap is plotted
in these figures. Each density measurement in these figures
represents the average over a region of diameter equal to a

tenth of the gap dimension in the flow plane. The average

82
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axial velocity, denoted by <U'> and the bulk void fraction

¢ are specified in each figure.

S.A Profiles in Corn Syrup

Figures 5.1 to 5.9 show that in the Newtonian corn
syrup, bubbles are uniformly distributed across the gap at
both axial locations with different values of bulk void
fraction and flow rate. The scatter of data about the bulk
void fraction is due to the statistical error of radiation
measurement. The applied wall shear stresses are above
32 N/m2, which is an empirical value reported by Prud'homme
(1978), beyond which, he observed bubble migration. The
data show that the "tubular pinch effect"™ due to inertia -
observed by Segré et al. (1962) does not occur at Reynolds
numbers considered here. The “"tubular pinch effect” involves
crossflow migration of suspended particles toward an equilib-
rium position at a distance of 0.6 radius from the flow axis
at moderate or high Reynolds number (Ho and Leal (1974)).
Reynolds numbers based on gap dimension (Rep= o<o>4 / 7 ) are
of order 10-3 and bubble Reynolds numbers (Rep=oco>a /7 )
are of order 10-4, so that inertia effects are indeed negli-
gible. The other factor which might cause crossflow migra-
tion of particles suspended in a Newtonian medium is shape
distortion, the extent of which is governed by the capillary
number 709y and the ratio of viscosities /7 , where 7, 7

are the viscosities of suspending medium and suspended par-
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ticle, G is the average rate of strain, g 1is the intérfacial
tension. When the capillary number is very small, the bub-
bles remain spherical irrespective of the viscosity ratio.
The observation of uniform void fraction across the gap with
corn syrup would suggest that there is very little shape dis-
tortion. This is confirmed by photographs taken of the flow-
ing suspension in corn syrup. Also, the capillary number is
found to be between 0.1 and 0.2 for all runs made with the
corn syrup system. Bounded walls also cause crossflow migra-
tion, but this wall effect is negligible with the ratio of
bubble diameter to slit dimension 2a/h=0.03¢< 1.

The properties presented in Table 3.1 for both polymer
solutions indicate the Reynolds numbers as well as the
capillary numbers are of comparable magnitudes for all three
media so that the factors of inertia and viscous shape dis-
tortion of bubbles may be ruled out in all cases. Thus, any
crossflow migration observed in the polymer solutions must
be due to non-Newtonian effects - viz. the gradient of nor-
mal stresses around the bubble (cf. Chan and Lean (1979))
and pseudoplastic effect (cf. Gauthier, et al., (1971)).

The interpretation of the data in the light of these two
effects is discussed after presenting the trends in void

fraction profiles with the polymer solutions.
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5.B  Profiles in 2.5 wt. Percent Separan Solution

Void fréction profiles measured with the 2.5 wt. per-
cent Separan solution are presented in Figures 5.10 to 5.20.
The profiles indicate that bubble migration is toward the
centerline of flow channel; the number of bubbles decreases
next to the wall. The development of the void fraction pro-
file is quicker at higher flow rates and higher void frac-
tions. For instance, at an average linear velocity of 0.82
cm/sec and a bulk void fraction of 0.02 (Figure 5.11), the
downstream profile is sharply peaked at the center while the
upstream profile shows little change from the uniform bulk
at entrance. As the bulk void fraction is increased to
0.032 with the same average linear velocity (Figure 5.15),
both upstream and downstéeam profiles are séen to be peaked,
the downstream one being sharper. With about the same void
fraction ¢» = 0.034 (Figure 5.18), the upstream profile is
nearly uniform as the entrance profile, but downstream pro-
file develops into one that may be presented by a uniform
bubbly core and a bubble free wall layer. Similar trend can
be observed in FiguresS5.13, 5.14 and 5.19, where the average
linear velocity is about .55 cm/sec. As void fraction in-
creases from 0.024 to 0.035, the void fraction profile
develops from a peaked one to one that may be presented by a
uniform core at downstream locations. With the same void

fraction, for instance, ¢ = 0.032 (Figure 5.15), as the
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average linear velociéy increases from 0.78 cm/sec to 1.18
cm/sec (FPigures 5.16, 5.17), the void fraction at both axial
locations develops into a uniform bubbly core and a wall
layer. With high bulk void fraction and high flow rate,

the uniform core develops much faster and is obsgrved at
both upstream and downstream locations (e.g. Figure 5.24).
The reproducibility of void fraction profile is satisfactory
(see Pigures 5.13 and 5.14, Pigures 5.16 and 5.17), the sha-

pes are consistent within the experimental error.

5.C Profiles in 3.5 wt Percent Separan Solution

The void fraction profiles of bubble suspensions in 3.5
wt percent Separan solution are presented in Figures 5.21 to
5.32. In the case where the flow rate is very low (Figures
5.29 and 5.28), the bubble migration can still be observed,
confirming that even very weak elastic forces can overcome
the shear forces and contribute to crossflow migration
towards the centerline of the channel. With the same void
fraction, as the flow rate increases, the profile develops
into a peak one or one with a uniform core. For instance,
with bulk void fraction about 0.035, at average linear velo-
city 0.32 cm/sec (Figure 5.22), the profiles at upstream and
downstream locations do not deviate from the uniform entrance
profile much, the migration is very slow. As average linear
velocity increases to 0.91 cm/sec (Figure 5.23), the upstream

and downstream profiles become peaked, as the velocity in-
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creases further to 1.5 cm/sec (Figure 5.24), both upstream
and downstream profiles indicate core - annular flow. The
core void fraction is increased in the downstream location
compared to the upstream one, which means the core thickness
is narrower with increasing flowrate. Similar trends can be
observed in the cases of bulk void fraction of 0.043 (Figures
5.27 and 5.26), with increasing flow rate, the uniform core
gets narrower at downstream location. With the same average
linear velocity, the formation of uniform core is enhanced
by the increasing bulk void fraction. For instance, with
average linear velocity about 0.8 cm/sec (Figure 5.23), at
bulk void fraction of 0.026. (Figure 5.21), the profile of
upstream shows little change from the uniform bulk at en-
trance, the profile of downstream is peaked. As bulk void
fraction increases to 0.035 (Figure 5.23), profiles at both
upstream and down-stream locations are peaked. As bulk void
fraction increases further to 0.056 (Figure 5.31), the pro-
files at upstream and downstream locations are both uniform
near the centerline. The downstream profile is narrower
than the upstream one. With similar bulk void fraction and
flow rate, the bubble migration effect in 3.5 wt percent
Separan solution is more significant than that in 2.5 wt
percent Separan solution (cf. Figures 5.16 and 5.23). The
core thickness is narrower in the 3.5 wt percent Separan
solution (Figure 5.26) than that of 2.5 wt percent Separan

solution (Figure 5.17). The void fraction profiles develop
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at a lower flow rate.«vﬁmv0.7) in 3.5 wt percent Separan than
w>~1.0) in 2.5 wt percent Separan solution. The formation
of uniform bubbly core is affected more by flow rate than
the bulk void fraction. It would seem that high elasticity
of the medium is responsible for greater nonhomogeneity and

quicker core formation in this medium.

5.D Correlation of Two-Phase Structure With Medium Properties

Previous studies (Gauthier et al. (1971la,b)) have estab-
lished that particle migration is toward the flow axis in
viscoelastic fluids and toward the wall in pseudoplastic
(i.e. only shear-thinning) fluids. Separan solutions are
highly elastic but they also have characteristics of a pseudo-
plastic fluid. Although normal stresses gradients and shear-
thinning effects on bubble migration cannot in general be
separated easily, the trends discussed above may be corre-
lated by means of a recoverable shear ratio - i.e. Ny/2T ,
where N} is the primary normal stress difference and T is
the shear stress.

Chan and Leal (1979) derived the migration velocity of
a deformable droplet in a second order fluid undergoing a
unidirectional flow. PFor an inviscid drop, the migration

velocity can be written as

V= - (SHNGEIT[ 508 4run) - s870]  (5.0)
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which indicates the migration velocity is a function of
shear rate, the gradient of shear rate, drop size, medium
viscosity and elasticity. 1In general, the secondary normal
stress coefficient ¢z is usually about 10% of primary nor-
mal stress coefficient ¢, and is negative. So assuming

Y= -, 14, , the migration velocity can be simplified to

a&
V = ./3 %—(ﬁf){-ﬁ%)

= ”a(M”dy

= .26 dsﬂ(dga (5.2)

The migration velocity is proportional to the recoverable
shear ratio Sir. This was derived only for a single bubble
in a second order fluid. It is worthwhile to note that
recoverable shear ratio Sp is maximum at the wall, where
bubbles are quickly aepletéd. The value of this recoverable

shear ratio at the wall,

Sp/W = Nl/ZTaJ

may be obtained from measurements of the wall shear stress,

using the curves for pure polymer solutions of Nj and T vs

Y in Figures 3.5 and 3.6. Thus, a qualitative correlation

between the recoverable shear ratio at the wall Sg 4 and the
profile developmept is attempted in Table 5.1. In cases

where a uniform central core is formed, the core thickness



COMPARISON OF VOID FRACTION PROFILES
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TABLE 5.1

2.5 wt Percent Separan Solution

Upstrenm Downstrem
Flgure cw/sec| N/u?|sp, (18 cm) (47 cm)
5.10 «018 o7 44.26 | 329 no variation unl form core
5.1; «02 82 | 44.57] .329 no verlation peak «d
S5.12 «022 4 38.2 | .292 peaked peak ed
5.13 | .024| .58 |44.57|.329 | pesked pek o
S.14 25 «54 | 40.1 | .268 no veriation unl form core
5.15 <032 «78 | 44.0 | 276 peak od peak «d
5.16 032 ) 1.17 | 49.7 | 396 peak ed peak od
5.17 031 ] 1.18 | 49.7 | 396 peak od unl form core
5.18 234 +81 | 44.4 | .396 no varlation unl form core
5.19 <035 N ) 40.1 | .268 no veriation uni form core
5.20 <077 1.33 | 50.9 | 341 uni form core] unlform core
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TABLE 5.1

3.5 wt Percent Separan Solution

Upstrean Downstream

Figure cwsc| N/m?| spw| (18 cm (47 ca)
S.21 <026 <93 51.3| .443]| no verlation no varlistion
.22 «032 «32 20. «27 no variation no varlation
5.23 «033 «91 49.7] .441] unlform core un! form core
5.24 035 | 1.9 49.7]| .441] unifora core uni form core
5.23 «04 .82 39.7) .36 peaked peak ed

5.26 <043 | 1.29 43.0| <375} unlform core unl form core
95.27 . 045 N 36.4] .345| no variation peaked

5.28 «049 o5 33.1| .328| unlform core uni form core
5.29 <03 o4 24.6| .282| no varlation peak ed

5.30 «051 | 1.18 38. 35 uni fd':. core uni form core
S5.31 <036 73 5. «338 | uniform core uni form core
5.32 <057 «65 39.7] .36 unl form core uni form core
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Oc , may be estimated from the core concentration with the
knowledge that expansion during the experiment is negligible.
It is to be noted that the residence times corresponding to
the two locations are different in different runs, as shown
in Table 5.1. The recoverable shear ratios at wall (.28 to
+47) of 3.5 wt percent Separan solution are in general
higher than those of 2.5 wt percent Separan solution (.26 to
«39), which account for quicker formation of void fraction
profile in the former solutions. Higher values of Sg,y (>
0.35) lead to quicker formation of uniform central bubbly
core, and a narrower core or a thicker bubble free layer.
At bulk void fractions of 0.05 or less, the effect of Sy,w
dominates. At bulk fractions greater than 0.05, the for-
mation of uniform core and wall layer is enhanced by the
increasing bubble void fraction. - The effect of bulk void
fraction on the profile dominates the medium effect in con-
centrated suspensions has been observed by Karnis and Mason
(1967) which may even change the velocity profile into a
blunt one. However, in this study, the bulk void fraction
is much less than that in the concentrated system, the

effect of elasticity seems to be the predominate one.



CHAPTER 6

BULK RHEOLOGY OF DILUTE
SUSPENSIONS IN VISCOELASTIC LIQUIDS

6.A Introduction

The experimental studies of suspensions of rigid or
deformable, neutrally buoyant particles in viscoelastic
liquids demonstrate that such suspensions are often macro-
scopically nonhomogeneous even in extremely low Reynolds
number flow as a consequence of the medium elasticity. Our
observations indicate that flow may still be divided into a
few macroscopically homogeneous regions so that a bulk
stress relation for a homogeneous suspension is useful in
each of the subregions. A relative viscosity relation for
the suspension is required to explain the increase in .
flow rate with increasing void fraction in such situations.

The relative shear viscosity of suspensions of rigid,
spherical particles in polymer solutions as well as polymer
melts has been measured by several investigators including
Highgate and Whorlow (1970) and Kataoka et al. (1978). They
conclude that for dilute suspensions at low shear rates, the
relative viscosity increases with concentration but decreases
with shear rate; however the effect of medium properties on
this dependence was not clear from these studies. Han and
King (1980) report that the relative shear viscosity of sus-

pensions containing 10 percent of spherical (Newtonian) poly-
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butene droplets in a 2 wt. percent aqueous solution of
Separan is lower that one and decreases with concentration
at shear stresses of 50-100 N/m2 over the low concentration
range. The primary normal stress difference is reported to
increase with concentration of disperse phase in suspensions
of rigid spheres as well as droplets.

The object of work presented in this chapter is to
drive a theoretical relation for the bulk stress in dilute
suspensions of neutrally buoyant, uniform size, spherical
inclusions -~ rigid or deformable -~ with a viscoelastic
medium under simple shear. The inclusions are assumed to be
small enough to remain spherical, and large enough for
exclusion of Brownian motion in the analysis. The visco-
elastic medium may be described by the second order fluid
model if the fluid motion is "rheologically slow", that is
the fluid relaxation time is small but finite compared to
the time scale of fluid motion. The disturbance velocity
and pressure fields interior and exterior to a spherical drop
suspended in a second order fluid undergoing steady shear
far from the drop were derived by Peery (1966) for small
Weissenberg numbers, omitting inertia. These fields are used
to derive an average stress over a volume small compared to
the dimension along the shear gradient direction, yet con-
taining many particles, following the discussion of Batchelor
(1972). The result is a third order fluid model for the

suspension, which shows that the dependence of relative
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shear viscosity on shear rate is associated with the elasti-
city of the medium.

This chapter starts with a statement of the microrheol-
ological problem involved here and a summary of Peery's solu-
tion to this problem. This is followed by a discussion of
the integrals that arise on applying the averaging procedure
to dilute suspensions in the second order fluid medium. The
resulting third order fluid model is then discussed in the

light of available data from viscometers.

6.B Microrheology

The microrheological problem here involves creeping
flow of an incompressible, second order fluid around a
single spherical drop of an incompressible, Newfonian fluid
in the absence of external force or torque, with a steady
shear flow imposed far from the drop. The relevant equations

of continuity and motion are
V-U=0 , V-g =0 (6.1)
G=-PI+ %k~ FLlas (Pt )l L (4,2)

for the continuous phase with constant viscosity 7, and
constant primary and secondary normal stress coefficients

Yo, Yo . L . L2 are Rivlin-Erickson tensors given by
Lo = VU +9U” (6.3)

La = U-VL + L-VU +9U" L, (6.4)
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The fields inside the Newtonian drop obeys the equations

vV-Uy=0 . vV-g'=0 (6.5)
g'=-PI+ 7(VU+VUT) (6.6)

where the primed variables corresponds to the disperse

phase. The above equations may be nondimensionalized using
the radius of drop "a" as the length scale, Ga as the velo-
city scale, where G is the bulk rate of shear strain, and %G
as the (viscous) stress scale. The resulting dimensionless

equations including boundary conditions are summarized below.

Exterior flow field
V-s =0 , V’E"'O A (6.7)
T =PIl +A +2&A,+ A(A - A7)  (6.8)

A 1is the index of the medium elasticity -- a modified
Weissenberg number, and &, = - ¢¥u/2(pot¥s2) is a ratio of
normal stress coefficients typically between -0.5 and -0.85.

A and A2 are defined similar to 4, and 42 as
A =VyY + vy (6.9)

Az= U-VA + A-VL +VL™ A (6.10)
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Interior flow field

V=0 ; VI'=0 (6.41)

T = -PL+KIVY +VYT) (6.s2)

K 1is the ratio of drop viscosity to medium viscosity.
The origin of the coordinate system coincides with the
center of the drop, the disturbance due to the presence of

the sphere is zero far from the sphere.
o= r (6.43)
?-O {6,[“)

where ¢ 1is a constant and from the incompressible fluid
conditions $vg)=0. At the drop-medium interface, the no-slip
condition is imposed and so is the continuity of tangential

stress. Assuming the drop is spherical, its surface is

therefore given permanently by r=/. Thus

4 - (6.5)
r=1 ax(MT-T)2=0 (6.%6)
D= (6.7)

Assuming zero Reynolds ndmber, the governing equations for
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creeping motion are '

Vd -VP+9-2 =0 (6./8)
Vd - yp =0 (6./9)

where £ .represents the non-Newtonian part of second order
fluid. A perturbation scheme can be used to solve the non-
linear exterior creeping motion equation by assuming the
velocity and pressure fields may be expressed as an expan-

sion in power of

“ Yo &
P P,
| - »p,’ +Aal T 4=---- (6.20)
L_‘ Ho Qo'
-4 R P’

Here the zeroth order terms solve the problem with a
Newtonian medium. Expressions for the zeroth and first
order terms in various fields have been derived by Peery

(1966) and are summarized in appendix C.

6.C The Bulk Stress

The bulk (macroscopic) properties can now be described
in terms of averages over corresponding microrheological
quantities. Associated with the volume average method,

there are four characteristic length scales depicted in
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Figure 6.1: 1) a, the radius of a drop; 2) 4, the average
distance between the centers of adjacent drops; 3) the
largest linear dimension £ (>>d) of a representative
volume V containing a significant number of drops and over
which the microrheological properties vary with simple shear
appreciably; 4) H, the length scale over which the suspen-
sion is undergoing a simple shear. With a«d , only nonin-
teracting spherical drops are considered; with L« # , we
may evaluate average quantities at a "macroscopic point" --
that is, on the scale of the flow, the neighborhood of
averaging may be treated as a point. This is useful in
discussion quantities such as ¢(A,'A> and<As> .

The dimensionless bulk stress T may be written at

very low Reynolds number, following Batchelor (1970) as

T "\/L[L-;.‘:’-Tdv”szlr/dv} (6.21)

where ¢ and S. denote the volume and surface area of a
single drop. With the help of a tensor identity and the

equation of motion, ZI’ can be written as

T =v(mgc)-(v-T )L

- V() (6.22)

Using the divergence theorem on the second volume integral

and incorporating stress continuity at the interface, we
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Figure 6.1 Characteristic Dimension of Dilute
Suspension in Simple Steady Shear
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obtain

-z*-

I=4[[.  Tav+L[ e Z(‘?)ds] (6.33)

The first volume integral can be related to average quan-

tities by the following identities

<a>= £ [, Adv +L [, aav]

=S ge ddv + T (40 +0au)ds]
(6.24)

> = [ [z a9V + L[, 5 V]
<ﬁ‘.é‘>- ‘VL[]v_z* é,-é;dv +wa d".ég dV]
Substituting from (6.7), (6.11]) and (6.24) into (6.23) and

separating the isotropic terms (as qI), we obtain for the

bulk deviation stress

T +81 = <AD> +2€<A> +A<AA>+Te  (6.25)

The extra stress due to the disperse phase, Z; involves

surface and volume integrals taken over a drop.

-4 { [[2(Te-redt)-(2¢r2r)]
ds - [u.[ A& AT VL -~ v /:\.')

+ A é;-g,’] 4v } (6.26)

The identity V(LA )= _g.Vé. +(V~g)¢, + With V. gy =0
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has been incorporated into equation (6.26). The terms <A-AD>
and <Aa> in equation (6.25) deserve some attention here,
for example, writing A, , as the sum of the average ¢A> and a

fluctuation A , we obtain
<A -AID> = (é:>~;(él>—<a';°31> (6.27)

If one looks at these averages at a "macroscopic point®, the
fluctuating quantities when averaged, <a':- ?_’:) should be
of order ¢* , where ¢ is the volume fraction of disperse
phase. Since we are considering dilute suspensions, it

should be reasonable to omit <a',-£z> , 80 that
<AA> = <A> <A (é6.28)

Similarly, fluctuating quantities involving second order

terms in <4¢> can be omitted, so that
<A2> CU> VCAD>+CAD> - <PU>+KVLT> <A,> (6,29)

Substituting for Ja in equation (6.26) and recognizing that
the disperse phase volume fraction is related to the number

of drops N in the volume V by
b =22 )Ny (6.30)

we obtain

7= -i%(g-,-ria) (6.31)
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where Jy is a surface integral

\Z’ -f& ds Q-[(—PI +4: +Aelég * ):v-él)[

- el A ] (6.32)

and 5 1is a volume integral
= -fv. dv | A&l A7 vg s vy A+ AAA| (6.33)

Since the velocity and pressure fields occurring in
equations (6.32) and (6.33) are available up to O(A) from
Peery (1966), the extra stress tensor Ja in our work in-

cludes all terms up to O(»*) .
Z = as{[ £(-RI+A0IL~( DU+ Le8) s [2:(-nF+ AT
o MDA+ EAR)L ~( 2L + ) - &L Ao)| + X[

O AZ-AT + AT- A% + €A% )L - €. (2 Ao -4@4“)]} (6,3¢)

Z "fv.d\l{)\[ (A M) - (VLS Aid + A vs”)]
+ X[ (& Qi + A7 AS) - (VS L - Vi Jio

+ & VTs pi v (6.35)

Subscripts 0 and 1 denote zeroth and first order terms in A ,
e.g. :\f: is A/ evaluated with the first order interior velo-
city field. 1In evaluating J and % for this simple
shear flow, only the symmetric part (the stresslet) will be
considered to obtain 7g . This is sufficient since there

is no external torque on the system. The terms in Z and 3
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are up to order o* and ,* as may be seen from the follow-

ing example

A ldd = A& [ tofio + Al WA - o gu)] (6.36)

The first term on the right hand side of equation is of
order A and quadratic in ¥ noting that « is linear in g
and Awn is linear in & . The second term 1is then of
order £ and cubic in & noting that & , A, are
quandratic in & and Ae , 4« are linear in & . The

surface integrals over a sphere can be evaluated with identi-

ties given by Brenner (1964)

] n.;n‘jd.n. - 3‘;::&5
f mryn‘n(dn - 4,—;_‘-( Sg&g +Sf~%‘l *Jtl.%'g) (6.97)
[ nin; Mene Nplig d A = 7‘;—';‘. ( 83 Skt Spg + 14 Similar

combinations )

The volume integrals in Jz can be evaluated only when the
integral terms are expanded in terms of X and [ for

example

Jo F(zr)dv = Zf g (ax-er)dv

where the identity



V(5 aegr)dV =(u-n)L(x-x-r) (6.39)

is used applying the same approach, all the volume integrals
may be evaluated. The terms besides IE in equation (6.25)
are of order A at most and quadratic in & . So, starting
with a second order. fluid model for the medium, the third
order fluid model is obtained for the dilute suspension;
this does not account for any departure from sphericity of

the drop surface.

6.D Third Order Model For Suspension

In order to obtain the parameters of this third order
model, the expressions involving & resulting from all the

integration are first evaluated in unidirectional shear flow,

i.e.
o 1 o
X=|0o o o] (6.%0)
o o o
and
Z= (&.41)

This will allow us to evaluate the viscosity function and
the normal stress coefficients which may be used to set up
the general third order fluid model for steady shear.

The bulk stress may be written
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I+38z1 =(X+XT)+ A6 (X X + 2T X+ AT XT)
+A(5+5’)-(£¢+g¢")+]_‘g (6.42)
This relation can be reduced as
Z+8Z =[ 1+ X0F(4 7:7)] 3
+ .Ae,[ 1+ d( b”'b”)(_ 7 - x+x"7)
+)s[/+¢(bu-bu)] zz ( 6.,43)

where b, , baa, bss and F are obtained as functions of &

and X by summing J1, and J2 (cf. Appendix D). The result
for unidirectional shear is

Sk+2
( A '+FRe® ©
IZ+8I = * e U¢ A+ 2AE, o
(o] (o) le]
bu © ol o F o
+PA| © baa O+ F o0 ol (6.44)
fe) o bggJ o o o

where by , b2z, b33 and F depend on & and &£ as follows

bu = (—K—iﬁ[(ﬂ.ﬂk‘aﬁ 1.86K +238)+&)( 2275 K+ /1. 83k+8)] (6.45)
ha= 7'56'77[( -7.51 +8.71 K= 1.69) +&(28.25K+13.37K +8)] (6.%6)

baz= {Ti.'.).[(_,_f,e+a.7ax+zzz)+e,(2)-28#4./6.31&«*77)] (6.47)
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F= 0‘5%!’[('6'75"""7““*/0-34&—/0./6)+e,(2.6x’+ 13.64k+268K

—6.56) +E& (117 K% 14.19K+13. 57K +8.8 /)] (6,.48)

Reverting to dimensional terms, the shear viscosity z and
normal stress coefficients ¢4 and ¢z of the dilute suspen-

sion may be identified as follows

r(-r(o[;+5fg,!)—¢+¢ﬁ-%,—p] (6,49)

This relation includes in addition to the "Taylor correction"
for suspensions in Newtonian media, a shear rate dependent
term involving the Weissenberg number ( We = $o&/ 7, )

which is a ratio of fluid relaxation time to fluid flow

time. The higher the Weissenberg number, the stronger the
shear rate dependence of suspension viscosity. PFurther, as
the volume fraction ¢ is increased, this dependence is
once again enhanced. The normal stress coefficients of the

suspension are
G = o[ 1+ B(lshaz)] (6.50)

Yo = Gho + P Yo+ Pao)( baz—ba3) (6.57)
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6.E Discussion

We proceed to evaluate the above material functions for
two limiting cases of rigid spheres and inviscid drops
selecting ¢ho/¢o to be -0.1 (Oor & = -056 ). Por a

suspension of rigid spheres (kK »o0) , we obtain

7 -Z,(/+z.s-¢-6.8a¢6’¢b‘/7p) (6.52)
b= Yol ) +13.7D) (6.53)
Y= Yho( ! +6/PD) (6,54)

For a suspension of inviscid drops (k£-+0), we obtain

M=l 1+ @ -3 0D/ ) (6.55)
Baof 7+ I.43P) ' (6.56)
Gr= ol 7+ 38.5D) (6.57)

For both cases, the viscosity decreases with shear

strain rate at a rate proportional to We2. It is worth

noting that the microrheological properties were solved for
We </ , and medium viscosity is shear-rate independent,
hence the utility of these results is in indicating trends,
viz.
1) as the volume fraction ¢ or the shear strain rate

is increased the bulk viscosity is decreased.
2) as the volume fraction ¢ 1is increased, both normal

stress coefficients are increased in magnitude.
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For rigid spheres, the viscometric data of methacylate
spheres in 3.5% aqueous carboxymethylcellulose solution
(SCMC) reported by Highgate and Whorlow (1970) can be used
to test this model. Sodium Carboxymethylcellulose solution
has low Weissenberg numbers, from 0.2 to 0.47 over the shear
rate range 1 sec~l to 10 sec~l. The experimental relative
viscosity decreases with shear rate as well as void fraction
as shown in Figure 6.2 to 6.5. The relative viscosity
matches the Einstein relation approaching zero shear rate
and volume fraction. As shear rate increases or as volume
fraction increases, the gap between the experimental result
and the Einstein relation becomes larger; the suspension
becoming strongly shear-thinning. At high shear rate, all
data show limiting relative viscosities; 1.01, 1.03, 1.05,
1.06 for volume fractions of 0.02, 0.05, 0.07 and 0.10
respectively. The relative viscosity limit is attained at
shear rate of about 5 sec~l at low volume fraction of .
The predicted relative viscosity follows the same trend as
experimental data from volume fraction 0.02 to 0.10. How-
ever, the predicted relative viscosities are higher than the
observed ones for all the volume fractions. At ¢#<« 0.05,
referred to as dilute suspension, the theoretical results
are satisfactory. At $>cos5, the largest deviations from
data occur at shear rate of 2 sec~l, the error is about 6%.
The departure at low shear rate may be due to the particle

aggregation and disaggregation (cf. Matsumoto (1978)), which
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have been neglected in our derivation.

The relative primary.normal stress difference obtained
from our model is only a function of void fraction, their
relation is plotted in Figure 6.6, the slope of ¥/ ¢ vs &
is the constant coefficient. However, Highgate's data show
the relative primary normal stress difference is also a
function of shear rate. This can be understood because our
model is derived to o(we'), the shear rate dependent normal
stress correction only comes if O(we’) is taken into con-
sideration. 1Including one higher order of we means doubled
terms have to be evaluated, it is not our major concern at
present, since our attention is on the apparent viscosity
problem. Three experimental primary normal stress ratios
at zero shear rate are used to verify our coefficient, the
errors are within thirteen percent. Both suspension visco-
sity and normal stress different relations are proved to be
capable of predicting suspension rheological properties
under reasonable circumstances.

For viscous droplets, the viscometric data of Newtonian
polybutene drops in 2 wt. percent agueous Separan solution
were presented by Han and King (1980). The reported relative
viscosity ratio & is 0.74 for 10 percent of droplets at a
shear stress of 10N/m2. At this shear stress, the calculated
'Lq; is 0.8 by using relation (6.48) with component visco-
sity ratio k, 0.015 and Weissenberg number, 1. As for nor-

mal stress coefficients, the available data have too large
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Weissenberg numbers to be verified by our model.

The important aspect of this study is to show that
shear-dependent behavior of dilute suspension in non-
Newtonian medium can be attributed to the elasticity of

medium in the absence of drop deformation.



CHAPTER 7

PREDICTION OF APPARENT VISCOSITY IN TWO-PHASE FLOW

We turn now to evaluate the utility of bulk stress
relations such as those in chapter six, for predicting
trends in apparent viscosity of gas bubble suspensions in
viscoelastic liquids flowing through a plane slit. This will
be done for cases where a uniform bubbly core and a bubble
free wall layer are obtained. The velocity profile for such
a core annular flow may be obtained with selected expressions
for the suspension viscosity and the medium viscosity, using
observed values of wall shear stress Tw , core volume frac-
tion and core thickness Ac . An average flow rate over the
entire gap may then be computed to yield an apparent viscos-
ity with equation (2.1). It is appropriate to note here
that there is a thin transition region, a bubble diameter,
over which the void fraction changes from the core value to
that in the outer layer. We shall assume that the two
layers are much thicker than the bubble size and carry out
the analysis as through two immiscible fluids were flowing
together. Some analysis with a linear variation of void
fraction in a transition region indicates that the above
assumption leads to answers matching within experimental
errorc.

In the following discussion, first, for a qualitative

understanding, we explore the effect of medium elasticity on

149
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the apparent viscosity by using the third order suspension
model. Then a power law model is used to correlate observed

apparent viscosity data.

7.A Third Order Suspension Model

The shear viscosity for a dilute, uniform bubbly core
with low (particle) Weissenberg numbers, and a constant

medium viscosity, '(, is given by
Te=7o| 1+ - Fel W06/ 7)°] (7.1)

where ¢ is the constant primary normal stress difference
of the medium, ¢ is the volume fraction of bubbles in the
core and F is a number of order 1 depending on the ratio of
normal stress coefficients. The computations here were done
only for the 2.5 wt percent Separan solution, wherein the

particle Weissenberg numbers are 0.1 to 0.4 for this solution.
%= 7[ 1+ tet1-255%)] (7 2)

?-7(, (7,3)

where 7L is 36.8 N/m2 at shear rate of 1 sec~l. The
velocity profile Ui(¥) 1in the outer bubble-free layer is

immediately obtained with equation (7.3) as

La(g)a--_-%ﬂ% %._4_!5%_ (7 4)
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The other profile Ur¢4) in the core region is obtained by

solving for aU7/24 from the nonlinear equation (7.5).
3
aur |” _ au7|_.2tb£
2-5'¢c|71 (7+ ﬁ;)l'aji' T A = O (7.5)

The roots of this cubic equation may be found in a straight
forward manner, using a computer ;rogtam (MODEL I, given in
the Appendix E). The root selected at any y is the one
closest to velocity gradient obtained with the pure medium in
the entire gap. Throughout the calculation, the other two
roots were very different so that the selection was unambig-
uous.

The results of these calculations are presented in
Figure 7.1 and 7.2. Figure 7.1 shows the variation of
apparent viscosity with wall shear stress at bulk void frac-
tions about 3%. It is seen from this plot that at very low
shear rates, the shear-thinning factor is not important and
the apparent viscosity is higher for the suspension accord-
ing to Taylor's result. At higher shear rates, the shear-
thinning factor associated with medium elasticity becomes
significant and leads to decreasing apparent viscosity even
to lower values than that for the medium. Figure 7.2 pre-
sents a comparison of this theory and experimental data over
a range of void fractions at higher wall shear stresses.

The theoretical study here is qualitative correct; however,
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there is a discrepancy of about 10%. It is understandable
since the medium used is itself shear-thinning. The results
of the computation thus far indicate that the shear-thinning
factor in the suspension viscosity associated with the elas-
tic parameters of the medium lead to a reduction in apparent
viscosity which displays the trends observed in experimental

data.

7.B Power Law Suspension Model

In order to obtain a close quantitative fit of the
apparent viscosity data, one must take into account the
shear-thinning characteristics of the medium used. This is

done with the following expressions:

Te = 01+ BN 1-bge7™) (7.6)
7= Ky ™! (7.7)

It might be noted here that the expression in equation (7.6)
is patterned on that in equation (7.2) with the exponent m
and the coefficient b in the second bracket being
adjustable. In the absence of medium elasticity, m and b
are zero, equation (7.6) reduces to Taylor's expression.

The parameters in equation (7.7) are measured directly, k =
36.8 N sect~1l/m and n = .364 as given in Chapter 3. The

velocity profile Vacg) in the outer bubble-free layer is
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obtained as

P + »
g =~ ZRI (2 47 -] (78

and Ur¢¥) in the core is obtained by solving the shear rate

in the following equation

(1 g0t - 4] 39 |")| |- 25 - 0 (7.9)

The shear rate can be solved by Newton-Ralphson iteration,
using a computer program (MODEL II, given in the Appendix
E). The best fit values of the constants » and » was
found to be 2.78 and 0.4, tespeciively. The resulting ratio
of apparent viscosity is also plotted in Figure 7.2. The
trends predicted are still the same; but the qualitative fit
to data is close. This set of calculations indicates that
the choice of power law viscous models for both medium and
suspension with an additional shear-thinning factor for the
suspension reproduces observed data for the apparentAviscos-

ity in two-phase flow of these suspensiens.
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Figure 7.2 Apparent Viscosity Ratio
vs Volume Fraction
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CHAPTER 8
CONCLUSIONS AND RECOMMENDATIONS

8.A Conclusion

This investigation has focused on the isothermal devel-
opment of two-phase flow structure due to bubble migration

in a plane gap at Reynolds number of 103 an3 on the apparent

viscosity associated with the flow structure. The bubble
concentration profile over a 1l.27cm gap containing 0.04cm

gas bubble suspensions in both Newtonian and viscoelastic
fluids, with bulk void fractions of 0.05 or less, is measur-
ed by a radiation attenuation technique. Although the effort
involved in calibration and averaging of measurements is con-
sidered, the radiation gauge yields a resolution of less

than 0.01 g/cc,'provides more reliable concentration data
than techniques of previous studies, i.e. light scanning or
counting on photographs (without depth). The Reynolds num-
bers and capillary numbers based on bubble size of order

10~4 for all three media. Similarly, the capillary number,

i.e., the ratio of viscous to surface tension forces is

small (about 10-1) for all three media. Measurements with a
Newtonian corn syrup as a medium confirm that inertia and

viscous deformation are insignificant in these experiments;
so any nonhomogeneity observed in the polymer solutions may

be attributed to their non-Newtonian behavior - elasticity
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and shear-thinning. Gauthier‘gsugl.'(l97l a,b) observed
that particles migrated towards the wall of flow channel in
pseudoplastic fluids. Our experimental data show that
bubbles migrate towards the flow axis in the polymer solu-
tions at the shear-thinning region. This observation con-
firms that the elastic effect dominates over the shear-
thinning effect which.leads to particle migration towards
the centerline of the channel as predicted by Chan and Leal
(1979). A uniform bubbly core and a bubble free layer near
the wall was observed in the channel at average velocity '
above 1.0 cm/sec. Increasing flow rate and increasing void
fraction both lead to a faster development of a uniform
bubbly core and bubble free layers. The development of such
flow structure is correlated well with the effect of medium
elasticity and bulk void fraction. It appears that with
higher recoverable shear ratios at the wall, (Sgr,w), the
core develops more quickly and is narrower. Higher values
of bulk void fraction lead to a wider central bubbly core or
thinner bubble free layers. The two-phase flow may be de-
scribed by a two fluid model comprising a bubble free layer
(shear-thinning) fluid and a uniform bubbly core for Sp,w >
0.35.

Next, to characterize the bubbly core, a theoretical
relation was derived for the bulk stress in dilute suspen-
sions of neutrally buoyant, uniform size, spherical

Newtonian drops in a second order fluid medium. As a result
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of this derivation including terms up to order We2, the

shear viscosity of a suspension of Newtonian droplets in a

second order fluid given by

Tsusp = 7[’*;%'57¢+F(/¢,&)¢%%:-] (8.1)

This relation includes in addition to the Taylor result, a
shear-thinning factor with F< 0 over all the £'s. The pri-
mary and secondary normal stress coefficients of the suspen-

sion are given by
Vssosp = W[ 1+ fi(£,€)P) (8.2)
s, sup = Yao| 1+ falk. €)P) (8.3)

Both normal stress coefficients are increased with volume
fraction¢ i.e. f,>0 and fa>0 for all the £'s. These trends
are borne out qualitatively by available viscometric data or
rigid spheres and droplets. This model indicates that the
shear-thinning factor for the suspension arises from the
elasticity of the medium; however, the normal stress coeffi-
cients are shear-rate-dependent if the averaging procedure
includes terms up to order We3. The relative shear viscosity
expression was tested further indirectly with data from this
study on the two-phase flow structure comprising a stationary
uniform bubbly core and wall layers. The core thickness and

core volume fraction observed for this structure in a 2.5 wt
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percent Separan solution were used to calculate an apparent
viscosity. The apparent viscosity observed for the suspen-
sion was up to 20 percent lower than that for the medium at
a bulk volume fraction of 0.05. The predicted apparent vis-
cosity reduction using relation (8.1).13 only 10 percent be-
low the medium value. This discrepancy is understandable
since the medium used is itself shear-thinning rather than
shear-rate-independent like a second order fluid. An empir-

ical relation was proposed to correlate data

Te=20/+®N1+b&Y") (8.4)
7 = k7" (8.5)

The expression in equation (8.4) is patterned on that in equa-
tion (8.1) with the exponent m and the coefficient b being

adjustable with the elasticity of the medium.

8.B Recommendations

Although there is some indication that the effects re-
ported on two-phase structure as well as apparent viscosity
are more strongly influenced by medium elasticity, the reso-
lution into separate effects of shear-thinning and elasticity
is not available. Therefore, Boger fluids (Chhabra, et al.,
(1980), Boger and Nguyen, (1978)) which has a constant vis-
cosity over a wide range of shear rates, 0.5 sec~l to 50

sec~l, have to be used for future theoretical research in
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this area. More viscometric measurements of bulk properties
on uniform dilute emulsions with such fluids at low
Weissenberg number are needed to confirm relations (8.1l) to
(8.3).

Realistically, most polymer solutions are shear-
thinning, derivation of bulk stress relation for such fluids
has to use a third order fluid model. The interior and
exterior flow fields to a spherical drop suspended is a
simple shear flow of a third order fluid can be solved by
the same approach that Peery (1966) employed for the second
order fluid. By the same token, the effects of deformation
and elasticity can also be included into the computation.
For the concentrated suspension in viscoelastic liquids, the
cell model (Frankel and Acrivos (1967), Goddard (1975)) can
be employed to derive the bulk stress relation. The effect
of medium elasticity on the rheological functions -~ shear-
thinning or shear thickening (Han and King (1980)) can there-
fore be investigated in the nondilute region.

The effective viscosity of suspensions in viscoelastic
fluids can be predicted by our proposed third order suspen-
sion model with data obtained from Couette viscometers.
However, it is noted that migration occurs in Couette device
in the presence of velocity profile curvature. The inhomo-
geneity existing in the wall layer near to the boundary
would affect the measured viscosity. This can be correlated

by incorporating the presence of the bounding walls. TOzeren
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and Skalak (1977) have included the wall effect on viscosity
of Newtonian suspension by considering the flow field around
a sphere near a plane wall and using the surface averaging
to evaluate the mean stress throughout the gap. Similar
approaches can be carried out to correlate the third order

suspension model by taking the wall layer into account.



APPENDIX A
SYMMETRY OF VOID FRACTION

The symmetry of void fraction profile was tested in

Newtonian and polymeric suspension flows. One case is pre-

sented below.

05 - -
4% (o) 3 Ao
o4 b [4) T © o i
qb .03 I~ _ ‘ -
|
.02 r . -
l -
o/ -
] | | | |
.635 355 .95 re) 195 .35 435 .635
Y(cm)

2.5 wt Percent Separan Solution
Py =042 ,<U>=.] crysec (tr=63 sec )

The uniform core is observed around the flow axis, the con-
centrations above the centerline are the same as the ones

below, within the resolution of radiation gauge.
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APPENDIX B

EXAMPLE OF DATA ANALYSIS FOR DENSITY MEASUREMENT

The following density calculation is based on the data
collected for 3.5 wt percent Separan solution with ¢, =.035
and <y>=. 9/ cm/sec (Figure 5.23). Radiation counts recorded

at entrance at two axial locations are listed in the tables.

SLOT 1 SLOT 2
Numb er Entrance| Upstream| Downstresm Entrance] Upstream ] Downsiream
1 7953 8125 8161 7521 7312 7480
2 7918 8053 7872 7434 7505 7492
3 8010 7982 8169 7449 7549 7443
4 7871 7392 8116 . 7472 7399 7622
] 802% 8077 7930 7484 7468 762%
6 7897 8071 8161 7402 7496 7434
7 7968 8080 8060 7494 7479 7484
8 8049 1927 8076 7540 7684 7581
9 7953 8110 7985 - 7340 7442 7521
10 814 8147 8033 7534 4N 7534
" 7992 8007 8044 7614 7805* 7440
12 7994 7989 7962 7552 7617 7645
13 7924 8018 8119 7592 7634 7590
14 7494 7465 7514
Mean 7976 8037.1 8052 7507 7537.% 7328.9
Standard
Deviation 66.7 7%.6 98.7 56.6 110.4 72.4
Mean 71976 8037.1 8052 7307 ™7 7528.9

* Datum has to be rejected according to Chauvenet criterion
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SLOT 3 SLOT 4

Numb er Entrance| Upstream| Downstream Entrance] Upstreaam| Downstream
1 6880 no2 6941 7750 7854 7810
2 6813 6838 6886 7826 772 7690
3 6842 6933 6769 7737 7740 7750
4 7017 6883 6997 7731 7869 7830
S 6901 69549 6977 7871 7827 ™m9e
6 6994 éns3 6974 7891 721 7741
7 7051 6869 6851 77%8 7868 7796
8 6949 7006 6936 772% 7623 7830
9 6971 6954 6839 ™me 7841 7736
10 6882 6842 6861 ™14 7554 7820
1" 6763 6933 6908 7753 7698 7722
12 6948 6847 6964 mna 7783 7622
13 6853 6803 6903 7865 7609 7726

Mean 6905 6903 6909 7788.9 775%1.3 7734.8

Standard

Deviation 30.9 97.3 67.% 3.2 104.3 61.6

From the mean and standard deviation, we can reject the
datum deviates too much from the mean. Using equation
(4.12) and linear mass attenuation coefficients measured
from the calibration, the density variations can be computed
from the intensity difference between the downstream loca-
tions and entrance.

Slot 1 Upstream AP =-In(8037.177976)/.659 = —.0/16
Downstream J4P=-/n(8052/7976)/-659 = —.OIu4k

Slot 2 Upstream AP = -/n( 7517/ 7507)/. 557 = —.00U
Downstream 4L =-/n(7528.9/ 7507)/).557 = ~.008

Slot 3 Upstream AP m-/N(6903/6905)/.655 = . 000
Downstream 4,0 =m-/n(6909/690%5)/.655 e .00/

Slot 4 Upstream 8P = -/n( 77573/ 7788.9)/. 704 = .007
Downstream 4,0 m—/n(7754.8/ 2768.9)/.70% ar.006

The void fractions can then be evaluated by equation (4.7)

and plotted.



APPENDIX C

FLOW FIELD OF A NEWTONIAN SPHERICAL DROP
IN A SECOND ORDER FLUID UNDERGOING A SIMPLE SHEAR FLOW

External Flow Field

Zeroth Order Solution

& =[( 35 - TP (xrr) L+ (- 2,,+I)zr+(-—,-.-)u~]
Po=-Zx(a:rr)

First Order Solution

ol (225 - 55 - 8% - 22 (x:cr )L+ (TR 4+ 5y

Zk+1)
- 2G4 2 (e + ) (- e g - A+ 2T

)L+ (-2t 5 - G+ G+ Sl

LA
R
5
IX
5

Sz 4 S8 )(o-reoer)l +
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H-;T;L:F[(-ZQ‘%’-";?: + 258 - -3%-4*”;-%’-)(5:::)-*

0

306G Cra_ _ o . &
(-—r';z“"'r%*;%"'qrv as'r L %r)+ (22

3

T 2gs 4 G , Os
Te+ IR T e ) (RF - TR AN GE

2
- .ss'rf)("-‘&'a‘f""( -?a‘a" :s%"' 35ré )(“ °‘+ “ “T)]

Internal Flow Field

Zeroth Order Solution

Yo = FTF[ (oc:rr)r+ -j-(:rh—zn-/)g-_r_--l-zL(sr‘-z/c-f)g&]

Rf-:;Tffjj(Efic.)

First Order Solution

& = oty S o) (- S o) r e &) HEE

(Xr-%rr+( %"_‘ (Crrcint Q%Lo‘én').)(o:.ot.r) .,.(?‘;"_", &

252 - am e

-3 )+ (FE + G- S5 ) (o) (- AL Gzl
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A= e[S (e (S5 - 3 (. o) HEL - Xl

Coefficients

C, = ( SK*+2K) + & (5K ™ 2k)

Ca = (500K 320K +32) + & ( 500 K*+ 180k + 32)

C3 = (5K +20K+4)+ & (25k*+ 206+ 4 )

G = (/30K*+//12k +40O) + €/(/30&%+ 252K + 4O)

G = (550K + 434k +22¢) + &/(350K™+ S04k + 224)
Co = (50K™+ 130k —64) + & ( 260K+ 340k —-64 )

Cr = (SSOK '+ w34k +22¢)+ €( 770K+ P24 + 224)
Cg = (50K +/30k~64) + € (- /60k™~ Bok — 64 )

Cy = (2570K°+ /8204 4/064) + &,( 1/90K™+ 1260 K + 1064 )
Ciom ( Jok+ 134 ) + &(3710K™+ 3780k +1064. )
Cum (2K*)4+ &(3K&*)

Ciz= (40K *+/6K)+ € SSA*+ 22k)

G3s = (/50K *+/20k+24 )+ €E(125K*+ 100K + 20 )

Cu = (4POK*+ 472k +40) + € (670K + 792k +40)



and
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Crm (SK*+7K+42)+ € (10K 14K+ 4)

Crom (25&™ 20k¢+ 4) + € (SOK+ 4ok + 8)

Cr7 = (1000 K*+ 134OK + 484 ) + €/ 184OK™+ 2600k + Poi )
Crg = (/000K™+ 13UOK + 484) + €/( 1560 K*+ 2040k +624)

Com (l0OK*+/20K+68) + €/ ( 100K + /20K + 68)

C = (SK - 22k4+ &) + /(- SK*+ /08K + L)

Cam (SK+/172K -4 )+ &( 5K ~/08 - 4)

Cy = (SK*-32K+172)+ & (- S&™+/08K+ 4 )

Co = ( 775 &>~ /420K + 2332) + & ( 3295Kk*4 8100k - /88 )
Cs m (775K~ 1420k + 2332) + &/(- 174516‘4-.3060#-188)
Cé= (5hk*~32K-/22)+ &/(~ §K "+ /08K + 4 )

C7 = (475K *+ 2300k +1/66) + € (1735 £+ 2160k - /64)

Cé = (25k>+ 8ok + 27 )+ €/( 95K +/50k-8)

G = ( 475K+ 2300+ 1/66) + €/(~ TBSK ~360K ~ 164 )

Com (25K + 80k +27)+ € (- 45K 410K - 8)

Cim (275>~ 1760K —968) + 6 (=~ 275 K>+ SP«0k + 220)
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Gi = (275K"= 170K + 14584) 4+ &)~ 275 K™+ SPuOK+ 220)
Ci3 = (25K™+ Bok=103) + €,( 95 &>+ 150k -8)

G = ( 25K™ BOK =103) + &/(~ 45K + 10K -8 )

Gy =( SSK*~352K-4024) + E&i(- SSL™ 1188k +44L)

Co=(25K"+ oK +107 )+ &( 25 K>+ 8ok -8)



APPENDIX D
EVALUATION OF J)1 and J2

Exterior Flow Field Terms

o
[ot-Rlires = {5z &)

4 _Sk+d =T
J;‘ﬁlo‘.ﬁ.f ds = F{oeee(&* & )

[(ng+ won)ds - %[ sz (2T

oA )
-[5:?.(- p,g )..'.'.'45 - :5’5{1.;7’,.'.?([(2,95;{#0.4/:*492) + €(#3K"+0.68k +aga)]
(:x™)I + [(qa?K‘-aue?KM.éf)-t éEf@s3kr-2.1k

+o.67)]( xT. %) - [( 0.39K*~.89K +0.65 ) + &+ 33Kk

-—o.sIkt/) 47)](5' x” ))}

f An'RLdS = -‘3’-‘-{ (-E:":;)'x([( = /.23 K>+ 0.6k +0.15) + & T.49K™+ 8. 36K

+ 3-47)]( &I *[( 0.43K*+ 343K —o0.14) + &
0.13&"-0.8K -o/u.)]( - ) +[(- 431 K*-0.28k-1.98)

+&(073K - o.26£—o./4)](0_<' e.z))}
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];gé,a' do)-nrds = %{m[( 1796~k +1.03)(o¢: XTI T + (27943

t25k+206)( xTex + a'o.")]}

L Azo DLIS= -?,’5{ '(7<*+0F[( 3.57K™~1.29k +0.63)(px: XTI +( 364K+

8.13Kk+1.26) (X )+(0.e4k*~0.874 -/./4)(5-5'5”

LS-QQJ +yn)ds = £ {Tmr([(-074K-0-36)1'64(-2¢$K'—8.a6t

-3 33)](gt X)X + [( 1.37K*+ 3.67k -0.37) + €,
(483&* 9k~a .-17)](& &) +[( 095K + 927K +

2.59)+E(~-237%+ 1.8k -0 37)]( - g-'))}

L_Q‘(goélo’ ds = O

j;{ ﬁ:o‘ﬁn t4, A nrds = —43’-‘-{(-5%’3[(- 7S 3= /2.42K+21.196-3,79)
+E(6.39K% /18.87K2+28.1k ¢+ 352 )]

G g+ 57)}

fs_a-(oba,,)ds- o
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orx)

L‘ézrll-f das = %"E{m [(- 3K2+4/.26K" 2497k - 8.28) + E,(-1.9u~"

+ 8L+ 20/<+78)] (g + o_c"')}

LQ'( Qhe)ds = %{T“_‘,’IF[( 064 K>+ . 5K +0.83Kk +0.3) +&(-2.926

-5.93K"- 4.29& -1.27)G (X + 5”]}

Internal Flow Field Terms

O(A°)

(ﬁé-éfo) dv = %‘— e (o.24)(g¢: )T + (zoa)(g'-ga-'o_t-g')]
TErTF

L(Aﬂo-v_g:".;- v_g.’-éf,)dv- %E-{ 'Y (o.5«)(o¢: XTI +(0.6&k+1.11)

(x"g)+(-06k~009)x- g")]}

Q(A )
[(8 & orav = [ bl wom v o ren ran)e e

822 L4 25634 0.73)] G o+ 57')}
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(B v 4 v Bl + B i + vi ) AV
=5 { (GT :'P'[( OISK>+ .77 K™~ 019k + 223) + €(~0.2K°- 03787+ 10 73K

+ o.as)] G (x+ 9_‘7)}

Summation of QO(A°) :

'é'Z{L‘Q'(-RZ)IJS*I& Ao oL dS —Jlgg. + b )d.s}

-2 Tt x7)

Summation of Q(A):

([, o-RIras + [ A-rzdS +[( Ay Ae) nLdsS
t&f A nrds -[ (nu+un)ds - &f a(sdolds

-[Vo A Ao dV - e,fv(oé',,- Vs + vg--ﬂ.'o)dv}

AD
(k+i1)*

[( 3.505K™~ 2835k - 222)+&(23228K 16,2/ +2.73)( e¢: ") T
+ [( £2&4KL™+1.07K40.16) + €, (~0.53K>- 438K +1.05)( xT. o)

+ [( -11.08K*- 7.93K -3.9/) +& ( 507K~ 2.84k +0.65 )( &8 X7) }
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Summation of (O(A*)

FL{ [ 2otn e 2-do)ncds + & auacas - 6 fa(uae

v,

+ goﬁn)ds -L( ﬁ:oé:l + é:rﬁ:o)dv- & [ ve: d:l + ng'ﬂl‘o -0-41:'%'

+ Ao v_g?}dv}

X

= (k+ip [(° 6. 747 K3~ 17.04K>+ 10. 3k = 10.16 ) + €( 2.6 KO+ /3.6 &'+ 26.8K

~6.50)+ &M 117K+ 14198+ 13.57K + 8.8 )] G*of+ &)



APPENDIX E

COMPUTER PROGRAMS FOR SOLVING VISCOSITY RATIO

Program Model 1 is for solving shear rate with suspension

model (equations 7.7, 7.8)

100:: FROGRAM MODEL1 ( INPUT»OUTFUT)
110= DIMENSION XX(500),V(500)
120~ REAL MoNoH

130-C N IS THE POWUER LAWY INDEX

1402C V50 15 THE POWER LAW PARAMETER. K
150:C PG IS THE PRESSURE GRADIENT

160=C CO IS THE EULK VOID FRACTION
170=C D IS THE CORE THICKNESS

1802C U IS THE WIDTH OF CHANNEL

190=C H IS THEH HEIGHT OF CHANNEL

2003C R IS THE BUBBLE RADIUS
210=C BP.BM ARE THE BOUNDARIES OF CONCENTRATION TRANSITION

220=C DY IS THE INCREMENT IN Y DIRECTION

230=C 00 IS THE VOLUMETRIC FLOW RATE WITHOUT BUBBLE SUSPENSIONS
240=C X IS THE SHEAR RATE

2%50=C V IS THE VELOCITY

260=C VOLUME IS THE VOLUNETIRC FLOW RATE WITH BUBBLE SUSPENSION.

270=C

280= N=,364

290= B=.278

300= H=.4

310=1 READX,PGoCO»D

320= PRINTR¢PGsCO»D

330= PRINT®¢BoM

340= VvS0=36.8

350= KK=101

360= VEL=0.

370= U=3.582.34

380= VOLUNE=O0.

390= H=1,27

400= R=.025

410= pY=,01

420= Y=.1

430= BPs(EB+R)S2./H

440= BN=(K-R)X2./H

450= ﬂolz.lﬂt(PGIVSO)lt(I.IN)I(NIZ.)ll((l.O?.‘N)lN/(l.f?-lN)
460= DO 100 I[=1,KK ’
470= Y=1,-DYE(I-1)

480= YYsYRH/2.

490= X=(PGRYY/VSO)I XX (1. +N)

300= IFCY.LE.BM)GOTOS

310= IFCY.LT.BPIGOTO22

520= GOT02S

530=5 C=CO0

S540= CPR=0.

350= GOT010

560=22 C'-?Sl(-(ﬂtYIZ.)tlS.Il.fUl(NtY/?.)ll?.#(thZ.-ﬂ!lz.)I(MIY/2.)
370= 040(!3./3.-Rl!2.10—2.‘R!t3./3.)t(-t./RllB.)

3580= -.C=CO

390= CPR=.7S€( -(HEY/2 . ) 882, tDPHRY +REED, -nesl,. )8(-1./RK%3,)
600= CFR=CPRxCO

610= GuTo10
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620=23 C=0.

430= CPR=0.

640= GOoTo18

6350=10 CONTINUE

640=C NEWTON RAPHSON ITERATION OF SHEAR RATE

670=9 XEUs(DECEXXE(MEN) +PGRYY/VS0/(1.4C) )8R (1./N)
680= RE=ABS(XEW-X)

690= IFC(RE.LT.1.E-3)GOT0A3

700= X=XEW

710= GOTOo?

720=10 XEUs(PGEYY/VSD)SR(1./N)

230= XsXNEW

740=43 CONTINUE

750= XX¢I)=XEW

760=100 CONTINUE

770= V(1)=0,

780= DO 8 [=2,KK

790s= K=I-1

800= VEL=VEL#XX(K)*DYEH/2.

810= V(1) =VEL

820= VOLUME=VOLUNE+(V(I)+V(K))/72.8DVEHEY
830=8 CONTINUE

640= PRINT 460¢(VCL)»Img,KK)

850=C EVALUATION OF APPARENT VISCOSITY RATIO
860= AVSR=00/VOLUME

870= PRINT 70+VOLUME + AVSR

860=12 FORMAT(6(EL12.6+2X)) .
890=40 FORMAT(6X o KYX9 14X s XXEr 12 Xs 2VISCO%» 1 1Xs X*STRESSEs11X s &Ck)

900=350 FORMAT(S(EL2.6+3X))

910=60 FORMAT(10(E12.601X))

920=70 FORMAT (%08, XFLOW RATE=%,F12.5,10X¢s*APP VISCOSITY RATIO=%F12.3)
930= sTop

940= END



Program
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Model 2 is for solving.shear rate with suspension

model (equations 7.19, 7.20)

100=
110=
120=
140=C
150=C
160=C
170=C
180=C
190=C
200=C
210=C
220=C
230=C
240=C
230=C
260=C
270=C
2680=C
290=
300=
310=1
320=
330=
340=
350=
340=
370=
380=
J90=
400=
410=
420=
430=
440=
450=
440=
470=
480=
490s=
$500=
S10=
3$20=9
$530=
J340=

PROGRAM MODEL2(INPUT,OUTPUT)
DIMENSION ACA4)¢Z(3)¢XX(300)V(500)
REAL H
VSO IS THE VISCOSITY
PG IS THE PRESSURE GRADIENT
A’S ARE THE COEFFICIENTS OF POLYNOMIAL EQUATION
2°S ARE THE ROOTS OF THE POLYNOMNIAL EQUATION
D IS THE CORE THICKNESS
U IS THE WIDTH OF CHANNEL
H IS THEH HEIGHT OF CHANNEL
R IS THE BUBBLE RADIUS
BP,BM ARE THE BOUNDARIES OF CONCENTRATION TRANSITION
DY IS THE INCREMENT IN Y DIRECTION
Q0 IS THE VOLUNMETRIC FLOW RATE WITHOUT BUBBLE SUSPENSIONS
X IS THE SHEAR RATE
V IS THE VELOCITY
VOLUME IS THE VOLUMETIRC FLOW RATE WITH BUBBLE SUSPENSION.

A(l)=1,

A(2)=0,
READ%+PG¢CO+D
PRINTS,PG»COsD
VS0=346.68

KK=101

VEL=0.
U=n3,.5%2.34
VOLUNME=0.

Hs),27

R=,02S

DY=,01

Y=,1
BP=(B+R)%2./H
BM=(B~R)%2./H
Q0=Ux(PG/VSO)EH
DO 100 I=1,KK
Y=1,.,-DY&(I-1)
YY=YEH/2. -
X=(PGXYY/VSO)&%(1.+N)
IF(Y.LE.BM)GOTOS
IF(Y.LT.BPIGOTO22
GoT023

C=Co0

CPR=0.

GQoT010

3350=22 Cue758(=C(HEBY/2.)883./3. +DE(HRY/2.)882. +(RE%2.~-DXX2, )X (HRY/2,)

S560=
570=
580=
3590=
600=

000'!3./3.-Rll2.!0-2.1Rll3-/3.)t(-l./RtlJ.)

C=CO
CPR=,75%(~(HEY/2.) 882, +DEHEY+REED, -D2X2, )R (-1 ./R8X%3,)
CPR=CPR%CO

GOTui0
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610=25 C=0.
620~ CPR=0.
430= GOT018
440=10 CONTINUE

650=C SOLVE FOR SHEAR RATE
460= A(3)=(~-1,.2CORC)/(D2(2.8PG/(B.xHXVSO) ) &x2,.%C0%C)

670= AC4)=(-PGEHRY/(VS0%2,.)/(D2(2.8PG/(8.8HXVSO) ) %3, 8CO%C)
680=C ZPOLR IS THE IMSL SUBROUTINE FOR SOLVING ROOTS OF THE NTH ORDER

690=C POLYNOMIAL EQUATION

700= CALL ZPOLR(AYNDEG+Z» IER)

710= PRINT 129(2(J)0J=1,3)

720= XEW=Z(3)

730= GOT043

740=18 XEW=PGSYRVSO

7350= X=XNEW

760=43 CONTINUE

270= XXCI)=XEW

780=100 CONTINUE

790= V(1)=0.

800= 00 8 I=2,KK

810= Ksl-1

820= VEL=VEL+XX(K)EDYEH/2,

830= V(I)sVEL

B840= VOLUNE=VOLUNE+(V(I)$V(K))/2.8DYXHRW
850=8 CONTINUE

860= © PRINT 60¢(V(I)sI=1oKK)

870=C EVALUATION OF APPARENT VISCOSITY RATIO
880= AVSR=Q0/VOLUNME

890= PRINT 70,VOLUME»AVSR

900=12 FORMAT(6(EL12.692X))

910=40 FORMAT(6X oYX 14X o EXEKo 121X RVISCOXs 11X ¢ ¢ STRESSS 911X 8CX)

920=350 FORMAT(S(EL2.603X))

930=60 FORMAT(10(EL12.601X))

940=70 FORMAT (208, SFLOW RATE=%,F12.5,10XsSAFPFP VISCOSITY RATIO=2F12.3)
950= sTOP

960= END
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