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ABSTRACT

The three primary plant nutrients, nitrogen, phosphoric acid and
potash are major farm resource inputs. In 1954, farmers in the United
States paid over a billion dollars for various commercial forms of these
plant nutrients. In order to allocate optimally their resources, farmers
need information as to the productivity of expenditures made for various
production inputs including the three primary plant nutrients.

In the spring of 1954 the Michigan Agricultural Experiment Station,
aided in part by resources contributed by other interested agencies,
initiated a series of plant nutrient input-crop yield output experiments
which has been expanded in each succeeding year. Experimental input-
output information analyzed in this thesis included data for the following
cropst (1) a rotation of oats, wheat, alfalfa and corn on a Kalamazoo
sandy loam soil in Calhoun and Kalamazoo counties (2) a rotation of corn,
field beans and wheat on a Simms loam soil in Gratiot county (3) corn
produced in continuous culture on a Wisner clay loam soil in Tuscola
county and (L) potatoes grown on a Houghton muck soil at the Experiment
Station muck farm near East Lansing. in total, over 1150 individual
experimental plots were contained in these experiments in 1956.

The primary objectives of this thesis are (1) to estimate plant
nutrient input-crop yield output production surfaces and then (2) to

provide an economic analysis of the physical input-output relationships
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derived, Continuous function analysis is utilized to estimate the
input-output relationships of interest to researchers and farmers.
Two general formulations of the production functions for plant

mutrients are fitted for most crops. These are a polynomial of the type:
Y=a+ b,N+ bN?+ b,P+ b,P?2+ bK + bgk® + b, NP + bgNK + bgPK

where N, P and K represent pound per acre inputs of nitrogen, phosphoric
acid and potash. The second production function formlation is an

exponential of the Carter-Halter type:

Y = aNblclnszcszbacaK

Both equations are fitted by least squares techniques, the latter being
first converted to logarithms.

Significant yield response to applied nitrogen was found for corn,
wheat, oats and field beans. Corn, wheat and field beans showed a signifi-
cant yield response to applications of phosphoric acid. Only potatoes
showed a significant response to applied potash for crops produced during
the growing seasons for which experimental data were analyzed.

Despite statistically significant response to applied plant nutrients
for several crops, applications of plant nutrients were profitable for
only two crops assuming current crop and fertilizer prices. Nitrogen
applications were profitable for corn produced on a Kalamazoo sandy loam
soil in 1955 and for field beans produced on a Simms loam soil in 1956.

In corputing high=-profit plant nutrient inputs, however, no credit wes



made for residual fertility or benefits derived from seedings in the
small grain crops. Mid and late summer drouths in 1955 and 1956 very
probably reduced the crop yield benefits which might have been derived
from applied plant nutrients particularly on the lighter soils. Further
information on input-output relationships over time and with varying
weather conditions is needed to establish a probability distribution of
these relationships.

The experimental results analyzed in this thesis are from a very
limited number of soil types. These soils tend to be either very fertile
or very unproductive. One might expect ghe largest yield responses to
applied plant nutrients on soils with a high production potential but
depleted in fertility; such soils are not included in the experiments
analyced here., However, as individual low-treatment plots in the experi-
ments become depleted and if treaitments are rerandomized, é wide range
of combinationé of residual fertility and applied nutrients should be
observed.

The adjusted coefficients of multiple correlation between applied
plant nutrients and crop yields ranged from .28 to .78 for the various
production function forrulations for the different crops studied.
Further analysis indicated substantial amounts of yield variance not
associated with regression were due to experimental error and inability
to control entirely unstudied variables., Limited analysis to relate
residual fertility, as measured by scil tests, to the deviations of

predicted from observed yields (Yi - Ii), was relatively unsuccessful,
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However, further extension of this type is nceded in order to provide

conclusive results.
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CHAPTER T

THE NATURE AND MAGUITUDE CF FERTILIZIR USE PROBLELNS

Current Research Problems in Fertilizer Use

Recently much attention has been devoted to the economics of ferti-
lizer use in the United States. Research receiving increased emphasis
includes various attempts to determine the most efficient forms and
carriers of the three primary plant nutrients: nitrogen, phosphorus
and potassiumn,

A second important area of research is that of attempting to determine
the relative effectiveness of alternative methods of fertilizer appli-
cation, OCne such alternative is broadcasting the fertlilizer and plowing
it down prior to planting the crop. A sacond alternative is placing
all or a portion of the fertilizer in bands of varying depths and dis-
tances from the seed. A third method is that of applying all or a
portion of the fe:tilizer by top dressing the growing crop. Other
alternatives include combinaﬁions of the above listed procedures.

A third major area of fertilizer research, which 1s interrclatzd
with the previously mentionzd two, is that of deriving fertilizer input-
crop output ratios and relationships. Current research includes deriving

such input-output relationships for the three primary plant nutrients



N

for a number of crops on a variety of soil types and for differing

management practices.

ct

This by no means exhausts the list of fertilizer-oriented reszarch
work currvently being conducted. However, it indicates three of the
major areas in which fertilizer research is being conductad and illustrates

the diversity of current fertilizer research. The latter reszarch area,

that of derivin~ inmit-cutrut relationships plus an econom’c interpreta=

tion of these relationships, is the primarv concern in this thesis,

Derivation of physical input-output ratios or physical production
functicns is only the first step in an economic analysis designed to
deternine optimel fertilizer use. Once such physical relationships have
been empirically established, profit maximization principles can be
empcyed to determine optimal fertilizer use with a given set of crep and
fertilizer prices and given the earning power or marginal value productiv-
ity of other farm expenciture or investment caterories.

The Imnortance of Fertilizer as an Arricul tural
Frodnobion Facuer

The expanded interest and resources currently being allocatzd to
obtaining more detailed and reliable information about the economics of
fertilizer use appears to be warranted by (1) the importance of fertilizer
as production factor in United Stetes and lMichigsan agriculture and (2) the
need for greater production from American a-riculture in the years ahead.
The latter can be obtained only by tie use of mere produciion raosources

and/or a more efficient combination of production factors.



Fertilizer conswmption in the United States has increased rapidly
over the past several decades as indicated by the data shown in Table 1.
Consumption of the primary plant nutrients in 1910 totaled L6,000 tons
of nitrogen, 199,000 tons of P 0g, the common fertilizer form of phos-
phiorus, and 211,000 tons of K,0, the common fertilizer form of potassium,
By 1954 these totals had increased tov1,868,000 tons of nitrogen,
2,228,000 tons c¢f F,04 and 1,868,000 tons of KéO. Recently particularly
large increascs have occurred in.the consumption of nitrogen and potassiun
with nitrogen consumption more than doubling from 1949 to 195L. Freliminary
estimates indicate further substantial increases for 1955 with a slight
decline in 1956. The decline in consumption in 1956 was accompanied by
a decrease in total crop acreage for the United States as a whole during
that year.

Increases in fertilizer consunption have occurred in Michigan with
even greater relative increases in recent ycars than for thé United States
as a wnole. In contrast to total United States consumption wih:ich declined
slightly in 1956, Michigan conswmtion increased slightly over that of
1955. The annual consumption of the primary plant nutrients for iMichigan
during the period 1939 to 1955 is indicated in Table 2. During this
period total nitrogen consumption increased over 11 fold from 3,31k to
37,10l tons while consurmtion of P,0g increased from 18,015 to 88,228
tons. Consumption of K,0, which was only 9,974 tons in 1939, increased
to 85,343 tons in 1955. Assuming a price of .15 per pound for elemental

1 .
nitrogen, £.10 per pound for P,0g and ¢ .11 per pound for K0, the total

lThese are the prices currently being usced by fertilizer experts
as being typical of prices paid by lichigan farmers.
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TABLE 1

UIITZD STATSS FIRTILIZER COLSUNFTION 1910-1955

Year Primary Plant Hutrients in Thousands of Tons
i P 0g h 0
1910 L6 L99 211
1920 228 660 257
1925 279 680 282
1930 377 793 35L
1940 L19 912 L35
1913 L58 993 L67
1942 399 1,131 5L6
1943 508 1,238 6L3
194k 635 1,405 6L9
1945 6Ll 1,435 753
1946 759 1,671 854
1947 835 1,775 878
19L8 8Ll 1,8L2 956
1949 911 1,88L 1,065
1950 1,126 2,073 1,215
1951 1,265 2,091 1,413
1952 1,484 2,218 1,607
1953 1,648 2,209 1,720
1954 1,868 2,228 1,868

1Source: Agricultural Statistics 1955, U. S, Department of Agri-
culture (Washington: U. S. Government Printing Office, 1956).




TABLE 2

MICHIGAN FZRTILIZEZR CONSUMPTION 1939-1955

Year Primary Plant Nutrients in Tons1
N , P,0q K,0

1939 3,31 18,016 Rk
1910 3,931 19,672 11,074
1941 l,5L8 21,328 12,175
1942 14,991 3L,730 19,303
1943 L,651 39,967 19,280
19LL 7,223 36,647 19,628
1945 7,995 37,074 21,909
19L6 9,235 51,291 26,096
1947 9,821 L7,823 27,946
19,48 9,498 56,361 32,186
1949 . 12,078 59,923 37,498
1950 1h,LoL 66,7h6 L5,171
1951 16,941 70,002 56,272
1952 21,794 75,937 66,513
1953 23,8U7 75,117 70,253
1554 30,190 76,277 Th,172
1955 37,184 68,228 85,343

1Source: Michigan Agriculbural Statistics, (Michigan Department of
Agriculture, July, 1956). These esitimates were made by the Soil Science
Department at Michigan State University.




cash expenciturs Zor Michigan would have been §$11,155,200 for nitrogen,
$17,6LE,600 for phosphorus, and §18,775,460 for poiassium in 1955,
The total cost for all three of the primary plant mutrients would have
been $1,0,630,2L0 in 195k and #47,576,260 in 1955.

Although not all fertilizer is used in production of agricultural
crops, non-agricultural uses in Michigan were est.imatedl to be only about
5.3 percent of the total nitrogen, 2.1 percent of the total P,0 and

0.9 percent of the total K,0 consumed. Estimates made in The 195l Census

2
of Arriculture indicate the total expenditure for fertilizer for farm

use in Michigan was only $31,163,000 in 1954. Consequently, at least a
portion of the plant nutrients were purchased at prices less than those
listed as typical. The estimated cost for the total on-farm consuﬁption
of the three primary plant nutrients for the entire United States was
$1,024,105,000 in 19511.3 Thus, farm expenditures on fertilizer exceeded

a billion dollars in 1954 and was still increasing.

Reasons for Increased Fertilizer Use

Several reasons exist for increased use of commercial fertilizer
by farmers. Plant mutrients have become mich cheaper relative to most

other farm inputs due primarily to a reduction in bulk and utilization

lEstimates made by W. H. Heneberry, Department of Agricultural
Economics, Michigan State University.

21yse and Expenditures for Fertilizer and Lime," adapted from
The 195l Census of Agriculture, (Washington: U. S. Government Printing
Office, 1956).

2Ibid.



of more efficient manufacturing processes. Excluding transportation
costs, the 1954-55 price of a unit of nitrogen was only about one-
third of the adjusted 1920 price.1 A unit of K,0 was only one-fifth of
the adjusted 1920 price in 1954-55 while the adjusted price of a unit
of P,0y decreased about 27 percent during this 35-year period.

A second important reason for increased fertilizer use is the
availability of more information concerning the yield benefits realized
by various crops from application of the primary plant mutrients. This
information has been forthcoming in increasing quantities from numerous
sources., Experimental results from Agricultural Experiment Stations and
private fertilizer companies have been utilized by farmers. Agencies
such as the Federal Extension Service, the Tennessee Valley Authority
and others have aided in providing farmers with educational materials
and demonstrations of the effects of fertilizer on crop yields. In ad-
dition, farmers personal experiences with plant nutrients together with
those of their neighbors are the basis for increased fertilizer use by
many farmers.,

It seems that we can validly conclude that commercial fertilizer
is an important agricultural production factor as indicated by the fact
that the value of the three primary plant nutrients used exceeded a

billion dollars in 195L4. It is a productive input used by a great mumber

17, P. Hignett, "Our Changing Technology," Methodological Procedures
in the Economic Analyses of Fertilizer Data, Zdited by b. L. Baun,
Earl O. leady and John blackmore (ames: lowa State College Press, 1956)
p. 205.




of farmers producing a variety of crops. Farmers have greatly expanded
fertilizer use in the past decacde. They need additional information as
to what expenditures for fertilizer are yielcing in dollar returns.

Such information is necessary if farmers are to allocate optimally their

capital rescurces between alternative farm investments and expenditures.

I.onc=3un Arricultural Production Neads

One of the major problems currently facing American Agriculture is
that of surpluses for some of the najcr farm crops. In view of this
problem, a question arisss as to tne loglc of engaging in research which
could result in recommendations indicating greater uses of commercial
fertilizer, larger crop yields and greater total production.

Several studies have been made in which atterpts have been made to
forecast future needs for farm products in the United States. Predictions
of future potential demancs for agricultural products are all considerably
hicher than quantities supolied by current production. Two factors
seem to be of primary irmportance in these higher predictions. First,
large population increases have been predicted. Using thz period 1251-53

1
as a base, predictlons made by the Dureau of the Consus in 1555 are for
a population increase of 11 percent by 1950 and an incrcase of more than
onz-third of the bass period population by 1275.

Secondly, large increases in consunsr income accomanying an exmand-
J & L O L

Y

ing economy have besn predicted. Istimates made by the United Statbes

13urezu of the Census, Current Ponulation Reports, Serics P-25
No. 123 (Washington: U. S. Government rrinting Gifice, Octovber 20, 1955).




Department of Agriculture indicate an increase of real per capital con-
sumer income of almost two-thirds greater than the 1951-E3 base period
by 1975.1 Estimates of total crop production needs for 1975 are about
25 percent above actual 1951-53 prod.uction.2 This overall increase is
nov uniformly distributed over all crops, however. For example, more
than proportional increases are predicted for pasture and feed grain
crops since a needed increase of L5 percent in livestock production is
forecast, The needed average yearly increase in production of feed
grains from the 1951-53 base period to 1975 is 5 1/2 times the historical
average annual long-term increase,

No attempt will be made here to provide a comprehensive analysis of
future agricultural production needs. Rather, the point being made here
is that agricultural production needs will be much higher in the years
ahead. This greater production must come from use of more resources,

3
more productive resources and/or a more productive combination of resources.

1§, H. Wooten and J. R. Anderson, "Agricultural Land Resources in
the United States--with Special Reference to Present and Potential Crop-
land and Pasture,"™ Agricultural Information Bulletin 140 (Washington:

U. S. Department of Agriculture, June, 1955).

2G, T. Barton and R. O. Rogers, "Farm Output, Projected Changes
and Projected Needs," Agricultural Information Bulletin No. 162
(Washington: Agricultural Research Service, August, 1956).

3A particularly critical problem currently faced by farmers and by
.farm management researchersis that of finding combinations and quantities
of other resources which will increase the marginal value productivity of
labor., Numerous farm management studies have indicated an extremely low
marginal value product for this extremely important farm resource.

A discussion of the low marpginal value productivity of labor as
well as a bibliography of other work on this subject may be found in,
E. I. Fuller, "Michigan Dairy Farm Organizations Designed to Use Labor
Efficiently," Unpublished Masters Thesis, Department of Agricultural
Economics, Michigan State University, 1957.
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Research workers in the Agricultural Research Service1 have made pro-
jections of probable increases in pasture and cropland acreage of 25
million acres by 1975 or an increase of about one ﬁillion acres per
year. If the projected increase in cropland occurs, the necessary annmual
increase in crop production per acre will still be about 50 percent
larger than that occurring in the post World War II period.

In view of the long-run needs for farm products it is apparent that
there will be a need for improved or increased use of farm resources in
the next two decades. Improved information about the productivity of
various resources, including fertilizer, will help farmers make the

necessary production adjustments on an economical basis.

The Type of Information Needed by Farmers

In order to make economically sound decisions regarding how much
and what analysis of fertilizer to use, farmers need rather specialized
information. First, they need informaticn on yield response to the three
primary plant nutrients of the various crops which they produce. They
need information about the affects of different forms of fertilizer and
different application methods. In addition, this information must be
applicable to their particular type of soil, the soil management practices
which they use or should use, and the weather conditions which they
encounter. Differences in the fertility level of the soil will influence

the yields obtained by various amounts of applied plant nutrients; thus,

1H, H. Wooten and J. R. Anderson, op. cit.
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effects of residual fertility need to be known. Finally, the price of
fertilizer and the price of the crop produced will influence the high
profit combination of plant nutrients to apply.

Specification of the type of irformation needed by farmers is a
guide in determining what research is needed and what research procedures
may be followed in obtaining this information. For example, the effects
of different variables such as the effects of the various plant nutrients
on crop yields, the eaffects of weather on yield responses and the signifi-
cance of crop and fertilizer prices on optimal fertilizer use will be
treated quite differently in the analysis. Applied plant nutrients can
be measured and controlled and their effect on crop yields determined by
statistical estimation. Weather cannot be controlled but if experi-
mentation is carried out over a number of years and a variety of weather
conditions, yield responses for several sets of weather conditions and
a probability distribution of responses with respect to weather can be
acquired. In the case of crops and fertilizers, various prices may be
applied to the physical input-output relations to correspond with expected
farm conditions.

Currently, researchers are attempting to devise methods for incorporat-
ing information about soil fertility acquired by chemical soil tests into
their predictions of yield responses to fertilization. An attempt will
be made in this thesis to reduce unexplained variances in crop yields by

taking into account soil test data.
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Succeeding chapters of the thesis will pertain to alternative
analytical procedures, specification of the experimental work being
carried on at the Michigan Agricultural Experiment Station, analysis of

the experimental data and, finally, evaluation of the results.



CHAPTER TIT
VMETHODS OF ANALYSIS

It is the generally recognized task of scientific endeavor to
establish and verify relationships which are universal to some popula=-
tion.l When relating various phenomena in the real world we find two
dimensions of such relationships subject to variance. First, the
relationships may vary with respect to the reliability of the empirical
estimates which we can derive or establish for them, i.e., variance in
the reliability dimension. Secondly, the size of the population to
which such relationships are universal may vary considerably, i.e.,
variance in the application dimension. One would not expect, for example,
to establish relationships between plant nutrients and crop yields as
accurate or as general as those which have been established between the
volume and pressure of gas as Boyle!'s law. However, if we believe that
there are logical, systematic and describable relationships existing
between plant nutrients and crop yields, it seems to be our task as
scientists to attempt to quantify such relationships to the best of our
ability. This is true particularly in view of the need for such infor-

mation indicated in Chapter I. In so doing, an optirum level of

lost of these relationships will of course be probability state-
ments about relationships. Thus the universality referred to here does
not imply absoluteness of the relationships specified, but rather implies
universal applicability to some population of the deductions and infer-
ences mace.
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accuracy of quantitative estimates can be defined by equating the cost
of additional accuracy with ifs value. Failure to structure and
quantify relationships systematically, when such action is possible, is
likely to result in a failure to make optimum use of scientific procedure
in developing a body of interpersonal inforration useful to researchers
working on this and related problems of soil fertility and/or farm

managenent.,

Methods of Collectine Data

Two methods of securing data for use in determinings the relation-
ships existing between variables are generally recormized as being valid
forms of scientific methodology. These are (1) controlled experirentation
and measurement of relationsnips and (2) collection of non-controlled
observations, as in astronomy, which typily the population being studied
and to wrich relational inferences are to be made. Both of these two
methods have advantages as well a8 some disaavantages which vary some-
what with the nature of the spa=cific proolem being studied. The discussion
which follows is an attempt to evaluate the two procsdures in the contaxt
whaere determination of plant nuirient input-crop yield cutput relation-
sihips is the problem being investirataed.

The former method, controlled experimentation, has the relative
advantage of lending itsclf to more precise estimation of relationships
between relevant variables. Greater accuracy is usually obtained in
controlled experimentation for two reasons. First, variables can be

measured more accurately. Fertilizer applications and crop yields,
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for example, can be measured quite accuratzly on experimental plots.
Secondly, controls can be enforce’ (uite rigorously; for example,
tillage practices, insect infestations, soil characteristics,etces can be
controlled better on experimental plots than under farm conditions.
Such controls, though facilitating accurate estimation of relationships
between studied variables have an accompanying disadvantage. This dis-
advantage is that there is a possibility that no population other than
the experimental one may have exactly the same combination of controlled
and uncontrolled variables interacting in the production processes being
studied. It follows that one may not be able to draw inferences from
the experimental results and apply them validly to any given farm popu-
lation. The alterrative method, that of collecting non-controlled
observations by a sample survey procedure, has proven effective in
numerous types of research. It is difficult, however, to utilize this
method when acquiring fertilizer response information because (1) dif-
ferences in numerous uncontrollable factors such as insect damage,
weather, tillage and harvesting methods are apt to bias the results or
introduce excessive unexplained variance and (2) studied inputs are
difficult to measure accurately. Another shortcoming of using the sarple
survey method in estimating fertilizer response surfaces is the difficulty
of acquiring observations dispersed over the range and combination of
plant nutrients necessary to obtain a statistically reliable estimate

of the yield response surface. These and olher problems have been
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encountered by rescerchars working wiitn non-experimental data.l

It is the opinion of most soil scientists and other ressarchers
that the controlled experiment method of obtaining data is not only the
more scientific method but the only one producing reliavle estimates of
fertilizer input=-output functions. As experimenial input-output cata

<4

become available, a logical follow-up staze of aralyslis would be to
test the applicabiliby of these resulis under farm conditions. This
19¢ )

procedure should indicate whetiier or nol results obtained from the

experimental sample may be velidly inferred to some farm pepulation.

The Concent of Functicnal Relationships

The principles utiliz=d by economists in deteriining various opbimal
conditions of resource use and production outpul are stvetzd in numerous
publications by numerous autliors., Eowever, it seems desirable to outline
briefly some of the principles of economic theory which can readily be
applied to the production relationships of interest in agronomic-economic
work. In order to apply effectively the deductive principles of economic
theory, the relevant production relationships need to be specified

rather systematically or formally.

lFor a discussion of problems encountered and results obtained using
non-experimental data in fertilizer input-crop output determinations see
E. W. Kehrberg, "3ome Problems Involved in Fitting Production Functions
to Data Recorded by Soil-Testing Laboratories," Mathodological Procedures
in the Economic Analyses of Fertilizer Data, Edited by K. L. Bawn, marl
0. Heady and Join Blackmore (hmes: lowa State College Press, 1956) pp.
134-140 and H. H. Yeh, "Estimating Input-Output Relationships for Wheat
in Michigan Using Sampling Data, 1952-Gl;, Unpublished Masters Thesis,
Michigan State University, 1955.
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Agronomists have hypotheslzed for years that plant nutrients and
crop yields are functionally related. Numerous attempts have been made
to specify these relationships in equation form for various crops and
plant nutrients. In its simplest form, this functional relationship may
be written

Y = £(X)
where Y is the crop yield and X the plant nutrient, in this examplz
nitrogen. Recognizing that other factors interact with nitrogen, X,,

and are necessary for crop production, we write:
Y = f(xl’x2’°°",xi,°”‘ﬁxn)

where X; represents nitrogen and X, to X, are other factors such as
P.0g5, K30, water, temperature etc. To symbolize that all factors except

nitrogen are fixed at some constant level, we write
Y = f(Xlﬂz,oooo,Xi’oooc,xn)o

Furthermore, if all factors affecting crop yields cannot be isolated

and specified, we say

Y= f(xl/XB,oo.o,Xi,cooo,Xn)+ U

where U is an error term representing the unexplained variance of Y

1
(predicted yield) from Y (observed yield). If it can be validly

1Tf unexplained variance is to be validly attributed solely to
components of the error term, U, the specified functional relationship
must be the right one, i.e., it must be the real world functional
relationship.
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assumed that: (1) factcrs which contribute to U, i.e., unspecified
factors, are normally and randomly distributed with respect to the
measured variables (in this case X;) and (2) that the expected value of
U is zero, the existence of this unspecified source of yield variance
does not bias statistical estimates of the influence of the observed
variables on Y.

The specification of the functional relationship between plant
nutrients and crop yields, commonly called a production function, has
taken different forms over a period of years. Justice Von Liebigts
"Law of the Minimum" was an early attempt to specify the form of fertili-
zer production functions. This formulation postulated that crop yields
increased in direct proportion to additions of the nutrient which was
limiting plant growth. Thus, other production factors were assumed to
be perfect conplements of the limiting factor. This formulation of the
fertilizer=crop yield production function has been rejected because
researchers have ooserved that: (1) procduction factors are not perfect
complements, i.e., a given crop yield may be produced with varying
quantities and corbinations of applied K, P C;, K,0, water etc. and (2)
additional inputs of a factor limiting crop yields does not typically
result in linear additions to crop yields but rather it results in
diminishing additions to crop yields for a time and eventually further
additions of the factor cause an actual decrease in total yield.

Since Von Liebi;'s eurly formulation, numerous atbempts have been
made to use different forms of production functions to descrive these

input-output relationsiiips. althougnh numerous types of functions havs
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forrnmlation of the input-output relationships betwszen fertilizer inputs
and crop outpﬁts. The function should be capable of raflecting suc-
cessively the following yield responses to added inputs of plant nutrients:
(1) yields increasing at a diminishing rate and (2) decreasing total
yields. If the soill is relatively low in initial fertility, an earlier
staze of input-output relationshiip may be present. This is the starge
where yields increasc at an incrzasing ratc in response to additional
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inputs of plant rutrisnts. In adcition, if interaction between plant

nutrients is sxpected, the formmlation should include equational variablas
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to specify this interaction.
If the characteristics of plant ;rowth and creop yields could be
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23uch interaction ray be incorporated into the funciional reiation-
ship in several ways. It is in a sense automatically included in a
production function of product form such as an exponential. Special
cross product terms may be included in a polymomial type equation. The
point of importance is that it be included so that partial derivatives of
yield with respect to individual plant nutrients reflects tae level at
whiich other interacting nutrients are considered.



20

could be deduced, statistical estimation of the production function would
be greatly siiyplified. The statistical task would then be only that of
estimating parameters for the variables in the functional relationship
and cbtaining reliability measures for these parameters. I[lowsver, lacli-
ing a precis2 theory as to the proper functional form, it is necessary
to compare various eauations to s2e which "best" describes the observed
relationships. Various problems of desi;n and altsrnative analysis
necessitated by lack of knowledge about the appropriate functional forw

will be developed later in this chapter,

Setorrinine Soenoric Ontira

After obtaining an esuimate of the production furction for plant

nutrierts, various optimal conbinaticns ol plant nutricnis nay be

ceterninad. If for example, the Iollowin: 2cuation:

Y=a+ by +b%+ bl 4 bula? + ks + baks
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cescribes tie relation of yield to the three plant nuurients {,, X,, and
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Setting eacn parvial cerivative equal to zero and solving Tus thrae
zguations simullancousr; :ives thie corvliratbtion of plany nuvrisuts pro-
ducing the maxirum crop yizld. To obiain tiie economically optimal
comtination of plant nutrients the prices of plant nutricnts, Pxj, whiere
=1, 2, 3, and the product price, Fy, need to be consldersd. Thzs2
are considered in the profit equation, wiiere w indicates profit, which

follows:

v

m=YF; =X, Pxy =4, Pxy =43 Pxg = FC.

This equation sets profit equal to the value of tha product less the
cost of the plant nutrients less fixed costs.
When utilizing unlimited resourceas, the high-profit combination of
. . o1
plant nutrients occurs where th2 marginal value product of each, which
is the value of the product produced by an additional unit of the input

factor, is just equal to the cost of the nutrient input, i.e.,

D
~ = 0,

94(1
This occurs where 7?_Y < P = Px.

@Ai y

DY Pxs
Dividing by Py gives - = =
ividing by Py g 7%, T

lMarginal value products presented later in this thesis do not
include a value for residual fertility resulting from applied plant
nutrients., The value of residual fertility should be included in the
marginal value product, however, problems of measurement prohibit esti-
mating such values at present.
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which is the equational form of the partial derivatives which can be
readily used in solving for high-profit plant nutrient inputs. Utilizing
the partial derivatives of the previous example gives:

Px
P

(1) by + 2b X, = v

Px
(2) by + 2b X, = P—ya

(3) bg + 2bX -%’;—1

Solving these three equations simultaneously gives the optimal conbination
of plant nutrients for a given set of product and factor prices. A second
order condition is necessary to insure that the combination of nutrients
is indeed an optimal one, i.e., one maximizing profits. The second
partial derivatives of yield with respect to the various nutrients, izzzé,
must be negative, indicating that the marginal value productivity of ha
eacn of the nutrients was decreasing at the point of optimal combination.

Attainment of this second order condition is assured by the law of

diminishing returns.

Alternative Types of Analysis

Several methods have been used by agronomists and economists to
utilize experimental input-output data in analyses designed to predici
optimal rates and combinations of plant nutrients. The two most common
methods of analysis are (1) contimuous function analysis and (2) analysis

of variance. A recently developed method termed "discrete point" or
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form free" analysis has not been used extensively as yet.

The existence of several analytical procedures provides two important
implications to researchers. First it poses a problem of experimental
design. An experimental design which provides satisfactory data for
analysis of variance does not necessarily provide satisfactory nor even
adequate data for continuous function analysis and conversely so.
Secondly, the type of profit maximizing principles that can be applied
and the type of inferences which can be made about the existence of
optimum plant nutrient combinations vary considerably depending on the
analysis used. The important alternative types of analysis will be de=
veloped briefly in the following paragraphs. Under ideal circumstances,
the various types of analysis should provide similar estimates of high-
profit applications of plant nutrients, i.e., the logic of alternative
procedures is not conflicting nor inconsistent. However, the reliability
and preciseness with which such optima may be specified varies consider-
ably depending on the analysis used. This is particularly true when data are
characterized by large amounts of unexplained variance and/or some of the

functional forms used are inappropriate.

Continuous Function Analvysis

The use of continuous function analysis assumes, essentially, that

by using statistical estimating procedures one can obtain a sulfficiently

1For a discussion of this general procedure, see C. Hildreth, "Point
Estimates of Ordinates of Concave Functions," Journal of the Amcrican
Statistical Association, Vol. li9 (September, 195L) pp. Ly8-cl19.
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reliable estimate of the economically relevant portions of fertilizer-
crop yield production surface to be able to predict input-outrut relation-
ships at any relevant point on the surface. This assumption is made not
only for the yield of a crcp resulting from one plant nutrient variable
with others fixad, but also for several plant nutrients in varying
combinatigns. If tne functional relatvionsiiip between applied nitrogen

and crop yields is specified as:

the peraneters b, and b, are estimated statistically and are assuned to

be valid over tlhie .72 of obsec 15 from whi hey were estinated.

be valid over the rangs o rvations frocm which t! were estinate
Two iliportant problems involved in this proccdure are those of:
p2cifying the ect rorm of the ctiona ship an

1) specifying the correct rform of the functional relat and

(2) acauiring a sulficient number of straterically located observatbions

to pernit reliable estimation ol the vararcteors. As previously mentloncd,

szlection ol w2 preper funcilonal forit is a problzi of considerable

irportance. Currently the conssnsus ol ouvinicn on tiils problem szans

to be tiet: tns fanction must eilow for at lezst tue latier two of ¢

tiirze stazes of production l.e., yields (1) increasing abt en increasin;

rate, (2) increasing at a decreasing rete, ana (2) decreasing with

additional ferdilizer impmus. In some cases, tlie inli

duction must also e aescr: rinel sclection ol the proper functional
form can be facilitated by statistical measures of the goodness of it
of the varlious functions to the obssrved cata. OSuch vests are

essenbtially of tuo tmes: (1) coeflicicnbs of rulticlz correiabtion and

;—
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multiple determination or othnr mcasures which corpare e amount of
variance explained by resression wita the total amount present in the
yield data and (2) standard ervors of the paransters and of the pradiction
equavion. These measures not only provids a measure of reliability of
tnzse suatistics but also provide some insigihts as to the reliability of
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derivatives of the funcilon. Zarlicr in bhis chaptar it was pointed
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shiese derilvatives are necessary
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out thetb - n estinating optimum and maxiimmn
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quantities of plant nmutrient inputs. These objective tests may be
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supplemanted by the researchers examination of the mamitude and distribu-
tion of residuals of observed from predicted yield values and his general
familiarity with the data. Some statisticians would argue that statistical
estimating procedures are being improperly used when the statistics

derived are used to corpare two or more functions in order to choose the
best alternative. They would argue that the proper functional form should
be established a priori to the fitting by utilizing theory, logic and
experience, and the statistical estimation should only be used to estimate
the parameters of the equation of proper form. However, lacking sufficient
knowledge about the functional form of fertilizer-yield relationships it
seems not only justifiable but also necessary to utilize statistical
measures as aids in choosing the appropriate functions.

A second major task involved in contimuous function analysis is that
of designing the experiment to provide enough strategically located
observations to permit reliable estimation of the parameters in the
equation. The question, of, "when is a production surface adequately

specified?" is a nebulous one to which no absolute answer is available.
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However, some general bench marks may be established as to what consti-
tutes adequate sampling of the production surface. Sampling only four
points on a nitrogen-yield production surface without replication and

fitting a function of the form
Y=a+ by, N+ bN?+ b,N3

to the data from the four points may result in a good fit for locating

the four points, i.e., variance of observations about the estimated

surface may be small and the function may appear to fit quite well.

However, we know that such estimations are not very reliable because:

(1) as many parameters have been estimated as there are observations

and consequently no degrees of freedom exist and (2) we realize intui-

tively from our empirical association with fertilizer-crop yield data

that such a functional relationship is much too complex to be validly

estimated from only four observations. Although no absolute criteria

can be established for determining the experimental design which provides

adequate data for continuous function analysis, some criteria can be set

up relative to the design needs of alternative analytical procedures.
Relative to the data needed for analysis of variance, the design

for functional analysis should include a more complete specification

of the production surface, i.e., observations need to be spread more

completely over the entire production surface. Regions of the production

surface where one expects chanéing productivity of plant nutrients should

be adequately sampled to lend sufficient reliability to estimates of the

surface and its derivatives in these critical regions.
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Particularly critical regions of the production surface are the
origin and points of inflection of the function. Since reliability
measures can be calculated for the estimate of the entire surface, repli=-
cations of individual observations are not as valuable in the case of
continuous functions as in the case of analysis of variance, i.e., we are
not as interested in measuring significant differences between points on
the surface, which requires replicating these points, as we are in obtain-
ing a measure of the reliability of our estimate of the complete production
surface and its derivatives. Omitting individual surface points from the
design does not affect the reliability of the estimates appreciably.

Thus the experimental design used can be flexible to the extent of allow-
ing the use of incomplete factorials or other incompletely specified
designs. Very complex functions may be fitted to the data since each
added parameter uses only one degree of freedom which is of little conse-~
quence in any experiment containing numerous observations. Corplications
in calculations, however, impose practical limits on the complexity of
functions which can be used. In addition, the more complex the function,
the more difficult it is to approximate a reliability measure of the
partial derivative of the yield estimate with respect to individual plant

?

1 Y
nutrients, i.2., O — .
’ ok

1The general problem of acquiring estimates of the reliability of
yield derivatives is discussed in more detail in Chapter IV,
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Analysis of Variance

Historically, the procedure most commonly used by agronomists in
analyzing fertilizer input-output data has been analysis of variance.
Essentially, this procedure treats individual points on the production
surface independently, the objective being to determine whether or not
the yield differences between points are statistically significant.
Typically ro assumption is made as to the shape of the surface between
points, nor is any such inference valid from the analytical procedures
used. However, one can test for significant differences between surface
points assuming different functional forms. For example, a test may be
made for significant differences between production surface points under
the hypothesis that the surface is flat i.e., that relationships between
the yield variable and plant nutrient variables are linear or, alterna-
tively, that they are of quadratic or cubic form. Profit maximization
principles can only be applied to selection of the most profitable
combination of plant nutrients observed, whereas the optimal combination
may fall somewhere between two observed points. One can assume a linear
relation between sarpled points and interpolate on this basis, however,
such interpolation has only subjective justification. Linear interpol-
ation for short distances on the production surface, i.e., between
closely spaced points, may be justifiable. However, in order to have
points closely spaced and, sirmultaneously, to have individual point
estimates of sufficient reliability requires numerous points and numerous

replications.
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Experimental designs which provide satisfactory data for use of
analysis of variance procedures are less flexible than those satisfactery
for continuous function analysis. A complete factorial design is neces-
sary for a comprehensive analysis of variance study. Replications of
individual surface points are almost a necessity for testing for signifi-
cant differences involving within treatment variance for most fertilizer
input-output determinations. As in the case of functional analysis,
interaction between nutrients can be tested as well as the individual
effects of single plant nutrienis. For exarple, with three plant nutrients
and assuming linear relationships, seven parameters can be tested for
significance. These seven parameters are indicated by the bs's in the
following equation in which the mean of the observation is represented

by/ji and the three plant nutrients by N, P and K:

?N?K =f- b,N + baP + bK + bliP + bgNK + bgPN + b NPK.

Other data such as quality determinations, nutrient deficiency
determinations; etc.,may be a desired by-~product of the input-output study.
Such factors may be characterized by different relationships than the
curvilinear relations expected for plant nutrient input-crop yield output
relations. In this case, replication within the overall continuous
function design, of a factorial, to provide data suitable for analysis
of variance treatment of these factors on a limited scale may be desir-
able, It is the conclusion of the author that when the data produced
from an experiment are to be used in estimating production surfaces, the

advantages gained from sarpling additional surface points outweighs that
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of obtaining more than two or three replications at any given point.
However, once committed to a non-factorial experiment with few replica~

tions one has difficulty in utilizing analysis of variance,

Discrete Point Analvsis

A method has recently been developed1 to predict optimal fertili-
zation rates without imposing a specified functional form to the plant
nutrient-crop yield relationships. This procedure is a form of discrete
point analysis referred to as form free functional analysis. This type
of analysis has the advantage of not necessitating as many a priori
asswptions as to the form of the production function and suffering the
consequences of being wrong. There is, however, no assurance that this
method of analysis will provide as good a characterization of the actual
procduction surface as would a functional form wilh more a priori assump-
tions. When evaluating the relative merits of discrete point analysis
vs those of continuous function analysis, an important factor te consider
is the extent to which a theory of yield response to plant nutrient inputs
has been formalized. In general, the more developed the theory, the
greater would appear to be the justification for imposing additional
restrictions on the functional form., The procedure of form free analysis
consists of making simple logical assumptions about tne input-output
relationships, such as diminishing returns to inputs, i.e., concavity of
the production surface, and then solving for the optimal surface point,

i.e., the optimal fertilizer treatment.

1Tbid.
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Discrete point analysis has the limitation, as do analysis of
variance procedures, in limiting optimal points to observed points with
no basis for interpolation in between. This is to say the analysis pro-
vides a choice of the optimal fertilizer treatment from those included
in the experiment with a given set of restrictions as to shape of the
surface, crop and fertilizer prices, etc. Rather complete specification
of the surface overcomes the interpolation difficulty to some extent but
requires experinents with a large nunber of observations which may
become impracitical because of thie land and labor requirements necessary

5L -

to conduct them. In addition, reliance o f estirates of
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indivicdual surlace points alrosht n2cessitabes replication of tuese
points to insure the accuracy of their observed values.

Additional elucidation and erpirical testing of this procedure nay
result in its wider application in the future. IHowever, firsily, bacause
of the limitations and difficulties of alternative procedures, and,
secondly, because the experiments were designed specifically for this

type of analysis, the analysis in this thesis will be limited to that of

continuous functions.
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Several experinents arz currcontly bHeing conducted by w.e richisan
mcerimony Stavion to determine fertilizer input-crop output relation-
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crops. This objective, together with the restriction of limited funds
for experimentation, provide the main restrictions for the framework
within which the experimental designs were developed. In conforming to
these restrictions the designs have the following general characteris-
ticst (1) individual observations cover those portions of the production
surfaces of interest to researchers, (2) the experiments contain a
minimum number of replicated plots since the objective is to estimate

the entire surface over the range in which it is of economic importance
thus minimizing the need for establishing accurate measurements of
individual surface points (3) the designs involve numerocus check plots
(plots to which no fertilizer is applied) to establish the origin of
fitted functions, i.e., the yield value with no plant nutrients applied
and (L) to the extent possible, intercorrelations among the amounts of
nutrients applied have been minimized to facilitate estimation of the
equational parameters with greater reliability than woulc be the case if
such intercorrelations were high. The designs vary somewhat for different

experiments but may be broadly classified as incomplete factorials.

The Qats, Wheat, Alfalfa and Corn Rotation

In the spring of 1955 an experiment was initiated for a rotation
of oats, wheat, alfalfa and corn. This experiment is located at two
sites in Kalamazoo and Calhoun counties on a Kalamazoo sandy loam soil.
This is a light upland soil having a tendency to be somewhat drouthy and

of relatively low natural fertility. Each crop of the rotation is
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grown each year; thus there are four fields each having the same experi-
mental design. The experiment includes all three of the primary plant
nutrients, nitrogen, phosphoric acid and potash in varying combinations.
Six treatment levels, including the zero application level, are included
in the experiment for each of the plant nutrients. These treatment

levels measured in pounds per acre are:

N - 0 20 L0 80 160 240
PO, - O LO 80 160 320 L8O

K.0 = C 20 LO 80 160 240

Ninety-one individual surface points are sampled, twenty-seven of which
are replicated twice in a 3 x 3 x 3 factorial at the 2nd, Lth and 6th
treatment levels. There are eleven replications of the check (0,0,0,)
treatment.

There are one hundred and thirty plots in each of the four fields
in the experiment.

Indivicual plots are 50 x 1l feet in size, making a total area per
plot of about 1/62.5 of an acre. The 1l foot width facilitates use of
a 7 foot grain drill for fertilizer and seed application and a 7 foot
self propelled combine for harvesting operations. Almost all fertilizer
applications are made by broadcasting the fertilizer, either mechanically
or by hand, prior to plowing the ground and preparatory to planting the
crop. Two notable exceptions are: (1) the first level of applied P,0g

(LO pounds per acre) is applied in the row at planting time as a starter
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fertilizer and (2) the alfalfa crop is fertilized by top-dressing in
the spring. The design for this experiment is shown in detail in

Table 3,

Continuous Corn

An experiment in which corn is grown in continuous culture was
initiated in Tuscola County in 1956, This experiment is located on a
Wisner clay loam soil which is one of the heavier, more productive soils
occurring in the state. The experiment contains 20l individual plots
representing 139 surface points. Included in the design is a 3 x 3 x 3
factorial replicated three times including observations at the 2nd, Lth,
and 6th treatment levels. In addition, there are eight check plots.
Inclusion of the triplicated factorial allows limited study of yields
and other experimental data by analysis of variance techniques. The
seven treatment levels in pounds per acre for the three plant nutrients

in this experiment are as follows:

N - 0 20 Lo 80 160 210 320
P.Os - O L0 80 160 320 L80 640

<

K0 - 0 20 LO 80 160 2L0 320

Individual plots are 55 x 1l feet in size allowing L rows of corn spaced
L2 inches apart to be grown on each plot. The design for this experiment

is shown in detail in Table L.
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TABLE 3
EXPERIMENTAL DESIGN FOR THE OATS, WHEAT, ALFALFA AND CORN ROTATION

Plant Nutrients No. Plant Nutrients No.
(Pounds Per Acre) of (Pounds Per Acre) of
N P,.05 K30 Plots N P,0g K30 Plots

0 0 0 11 80 160 80 2

0 0 0] 1 80 160 21,0 2

0 LO 20 1 80 320 L0 1

0 160 0 1 80 320 160 1

0 160 80 1 80 320 240 1

0 150 210 1 80 L80 o) 1

0 L80 80 1 80 L80 20 2

0 LEo 210 1 80 L8O 80 2
20 0 20 1 80 L80 160 1
20 Lo 0 1 80 L80 2110 2
20 Lo 20 2 160 Lo LO 1
20 LO 80 2 160 Lo 160 1
20 Lo 2L0 2 160 80 20 1
20 60 L0 1 160 80 LO 1
20 60 160 1 160 80 80 1
20 160 20 2 160 80 21,0 1
20 160 80 2 160 160 LO 1
20 160 24,0 2 160 160 160 1
20 320 LO 1 160 160 240 1
20 320 160 1 160 320 20 1
20 480 20 2 160 320 60 1
20 L8O 60 2 160 320 160 2
20 L8O 210 2 160 320 210 1
LO L0 Lo 1 160 320 LO 1
10O Lo 160 1 160 L8 80 1
LO 80 20 1 160 L&0 150 1
LO 80 LO 2 160 1,80 210 1
LO €0 80 1 21,0 0 60 1
L0 80 21,0 1 21,0 0 2L0 1
LO 160 Lo 1 21 1.0 20 2
LO 160 160 1 2L0 LO &0 2
LO 320 20 1 210 Lo 21,0 2
Lo 320 8o 1 210 80 16C 1
LO 320 240 1 2L0 160 20 2
L0 L&o L0 1 21,0 160 &0 2
LO L&O 160 1 2L0 160 21,0 2
80 0] 0 1 2L0 320 0 1
80 0 60 1 21,0 320 LO 1
80 0 240 1 240 320 160 1
80 LO 20 2 210 320 24,0 1
80 Lo 30 2 21,0 L&O 0 1
80 LO 21,0 2 21,0 L60 20 2
€0 60 L0 1 2L0 L80 o0 2
80 60 160 1 25,0 LB0 160 1
80 160 0 1 24,0 L&0 2.0 2
50 160 20 2
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Plant Nutrients MG FPilant Iutrients 1.0,
(Founcs Fer Acrc) of (Pounds Per fcre) ol
N P.Cg K0 Plots I Po.C,  Ka0 Flots
0 C C o he 20 e 1
C C 1.C 1 1.C c2C 1:°C 1
C LG 210 1 Lo s200 220 1
0 80 0 1 L0 1,80 L0 1
(0] 80 Lo 1 L0 180 80 1
0 160 320 1 L0 L8o0 240 1
0 320 160 1 L0 6L0 20 1
0 L80 20 1 Lo 640 160 1
0 6L0 80 1 LO 640 320 1
0 640 320 1 80 0 0 1
20 LO 20 3 80 0 160 1
20 Lo 80 3 80 Lo 20 3
20 LO 160 1 80 LO 60 3
20 Lo 210 3 80 Lo 240 3
20 80 20 1 80 80 L0 1
20 80 &0 1 80 80 160 1
20 8o 2,0 1 80 80 240 1
20 160 20 3 80 160 20 3
20 160 Lo 1 80 160 80 3
20 160 80 3 80 160 240 3
20 160 2440 3 80 160 320 1
20 320 20 1 80 320 0 1
20 320 160 1 80 320 Lo 1
20 320 320 1 80 320 160 1
20 L80 20 3 80 L80 20 3
20 180 Lo 1 80 180 Lo 1
20 L8O 80 3 80 L80 80 3
20 L8o  2u40 3 80 L80 240 3
20 6L0 160 1 80 6L0 80 1
20 640 320 1 80 640 320 1
LO 0 0 1 160 0 20 1
LO 0] LO 1 160 0 80 1
Lo 1,0 20 1 160 Lo 0 1
Lo Lo L0 1 160 LO 80 1
Lo Lo 80 1 160 Lo 240 1
LO LO 160 1 160 80 Lo 1
Lo Lo 320 1 160 80 160 1
Lo 80 0 1 160 160 0 1
LO 80 Lo 2 160 160 20 1
LO 80 2440 1 160 160 60 1
LO 160 20 1 160 160 160 1
Lo 160 80 1 160 160 240 1
LO 160 160 1 160 160 320 1
Lo 160 240 1 160 320 LO 1
Lo 320 20 1 160 320 80 1
LO 320 Lo 1 160 320 160 2

Continued
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Table i concluded

Plant Nutrients No. Plant Nutrients No.
(Pounds Per Acre) of (Pounds Per Acre) of
N P,0g K0 Plots N ' Po0g K0 Plots

240 640 160
21,0 6L0 320
320 0 80
320 LO 20
320 Lo 2L0

160 L80 20
160 180 80
160 L80 320
160 640 80
160 6L0 210

2,0 0 0 320 80 0]
2L0 0 Lo 320 80 80
2L0 LO 20 320 80 160
2,0 Lo 80 320 80 240
21,0 Lo 240 320 80 320
2,0 80 0 320 160 0

2,0 80 10
21,0 60 160
2L0 80 320
2L0 160 20
24,0 160 80
21,0 160 2,0
2L0 320 O
2,0 320 160
20 320 320
2,0 180 20
21,0 L80 80
240 L&o 21,0
240 64,0 Lo

320 160 L0
320 160 320
320 320 Lo
320 320 80
320 320 160
320 320 2,0
320 1,80 20
320 180 160
320 L80 320
320 6L0 L0
320 610 80
320 6L0 2L0
320 640 320

HWWWRFFWOWHRFHFFEFWWWHREFEEREF
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Field Beans, Wheat and Corn Rotation

An intensive rotation of field beans, wheat and corn was initiated
in Gratiot county in 1955. Corn was produced on these plots in 1955 and
field beans in 1956. The experiment is located on a Simms loam soil, a
heavy productive soil which can be cropped quite intensively without
hazard of erosion damage. The seven treatment levels for the three

plant mutrients are identical to those in the continuous corn experiment.
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The treatments in pounds per acre of applied plant nutrients are:

N - 0 20 1,0 60 160 2,0 320

P,O0g - O LO 80 160 320 L8O 610
- K.0 - 0 20 Lo 80 160 2L0 320
The experiment is an inconplete factorial consisting of 193 individual
surface points of which twenty-seven are replicated twice ina 3 x 3 x 3
factorial at the 1st, Lth, and 6th treatment levels. There are 11 check
plots in the basic experimental design which contains a total of 233
individual plots. Extra plots were included in the experiment for purposes
of other analyses bringing the total number of plots to 258. Individual
plots in this experiment are 50 x 1l feet in size.

The design for this experiment includes a more complete specification
of the production surface th:an any of the other experiments with the total
of 193 different surface points exceeding that of any other experiment
currently being conducted. The experimental design for this experiment

is shown in Table 5.
Potatoes

Two experiments have been established to measure the response of
potatoes to variable quantities of applied P,05 and K,0. The first of
these experiments was initiated in 1954 and the second in 1956. Both
experiments are being conducted on a Houghton nuck soil on the Bxperiment
Stafion muck farm near East Lansing. Only two plant nutrients, P,0g and
K,0 are treated as variables in this experiment. The muck soil is high

in organic matter content and consequently high in nitrogen. Available



TABLE 5

EXPERTMENTAL DESIGN FOR THE BEANS, WHEAT AND CORN ROTATICN

Lo

——

i

e

Plant Nutrients No. Plant Nutrients No.
(Pounds Per Acre) of (Pounds Per Acre) of
N P.0g K,0 Plots N P_0g K0 Plots

0 0 0 11 20 320 160 2

0 0 20 1 20 320 320 2

0 0 L0 1 20 L30 20 1

0] 0] 60 1 2C LEo L0 1

0 0 160 1 20 160 160 1

0 0 240 1 20 L8O 320 1

0 0 320 1 20 610 20 2

0] L0 0 1 20 540 1O 1

0] 40 2L0 1 20 610 60 1

0] &0 0 1 20 6L0 150 2

0 60 L0 1 20 640 24,0 1

0 160 0 1 20 6L0 320 2

0 160 320 1 L0 0 0] 1

(0] 320 0 1 Lo 0 LO 1

0] 320 160 1 L0 1,0 20 1

0 LEO 0] 1 LO LO 60 1

0 L&0 20 1 Lo LO 160 1

(0} 640 0 1 LO L0 320 1

0 6L0 b0 1 L0 60 0 1

0 oL0 320 1 L0 80 L,O 2
20 (0] 0] 1 L0 60 21,0 1
20 L0 20 2 LO 00 320 1
20 1,0 L0 1 LO 160 20 1
20 1.0 ) 1 Lo 150 &0 1
20 Lo 160 2 L0 160 160 1
20 Lo 2L,0 1 L0 160 320 1
20 LO 320 2 L0 320 20 1
20 & 20 1 L0 320 &0 1
20 £o co 1 LO 320 160 1
20 6o 160 1 Lo 32 320 1
20 60 2L0 1 Lo 10 NIS) 1
20 . 80 320 1 Lo Loo Lo 1
20 150 ZC 1 Ite) L0 2L0 1
20 150 0o 1 e 600 20 1
20 16C 150 1 40 6LC 116) 1
20 160 210 1 LO ALl 16C 1
20 150 32 1 Lo 54O 320 1
20 520 20 2 oG C C 1
20 320 L] 1 1410) 0] 320 1
20 320 c0 1 8o e 2C 1

Continuzd



Table 5 continued

Plant Nutrients No. Plant Nutrients No.
(Pounds Per Acre) of (Pounds Per Acre) of
N P 04 K0 Plots N P,0g K-0 Plots

80 Lo 80
80 Lo 160
80 LO 320
80 80 Lo
80 80 240
80 80 320
80 160 20
80 160 80
80 160 160
80 320 20
80 320 80
80 320 160
80 320 320
80 L&0 LO
80 L&o 2L0
80 L80 320
80 640 0
80 6L0 20
80 640 L0
80 6L0 160
80 6L0 2L0
80 6L0 320
160 o} 0
160 0 160
160 Lo 20
160 Lo Lo
160 L0 80
160 Lo 160
160 Lo 210
160 Lo 320
160 80 20
160 80 80
160 80 160
160 80 2L0
160 80 320
160 160 20
160 160 L0
160 160 160
160 160 320
160 320 0

160 320 20
160 320 Lo
160 320 60
160 320 160
160 320 2L0
160 320 320
160 180 20
160 L,80 Lo
160 L80 160
160 L80 320
160 640 20
160 6L0 LO
160 6L0 €0
160 6L0 160
160 6L0 240
160 640 320
2,0 0 0
21,0 L0 20
21,0 LO 80
21,0 Lo 160
240 Lo 320
21,0 80 Lo
21;:0 80 320
2L,0 160 20
20 160 80
24,0 160 160
2,0 160 2,0
210 320 20
2,0 320 80
21,0 480 160
24,0 320 6L0
21,0 L80 Lo
2L0 180 80
24,0 L80 2,0
2L0 6L0 20
21,0 640 80
2L0 6L0 160
21,0 640 320
320 0 0
320 0 80

HFRFEFHEFEPRPREREFFEFOEORRPORFRRERRRRRRRERREE RO R R R
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Continued
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Table 5 concluded

Plant Nutrients No. Plant Nutrients No.
(Pounds Per Acre) of (Pounds Per Acre) of
N P05 K,0  Plots N  P,0, K,0  Plbts
320 0] 320 1 320 320 Lo 1
320 Lo 20 2 320 320 80 1
320 L0 L0 1 320 320 160 2
320 LO 80 1 320 320 240 1
320 LO 160 2 320 320 320 2
320 LO 240 1 320 1,80 20 1
320 LO 320 2 320 L80 Lo 1
320 80 20 1 320 L80 160 1
320 80 80 1 320 L80 320 1
320 80 160 1 320 640 0] 1
320 80 240 1 320 6L0 20 2
320 160 o 1 320 6L0 LO 1
320 160 20 1 320 oli0 80 1
320 160 L0 1 320 640 160 2
320 160 160 1 320 640 24,0 1
320 160 320 1 320 640 320 2
320 320 20 2

nitrogen may be in short supply at a given time but largely because of
weather conditions not conducive to sufficiently repid nitrification.
Thus, it usually does not pay to apply commercial nitrogen fertilizers
unless temporary nitrogen deficiencies are evident. Furthermore, if
nitrogen applications are made, the amount of applied nitrogen is, at

best, a poor indicator of the amount of nitrogen available for plant use.

The 195} Potato Exmeriment

1
The experiment initiated in 1954 consists of an incomplete factorial

1The experimental design and treatment rates used in this experiment
were established by Professors G. L. Johnson and J. F. Davis of the
Michigan Agricultural Experiment Station.
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of seven levels of P,05 and nine levels of K;0. The treatment rates in
pounds per acre are as follows:

PCs - 1 25 50 100 200 300 L50

K0 - 1 25 50 100 200 350 550 750 900
The design includes forty-seven surface points, twenty-nine of which are
replicated twice for a tetal of seventy-six plots in the experiment.
Individual plots are L9 by 11 feet in size.

Application of a single pound of a plant nutrient to some plots
constituted a substitution for the zero treatment level. Utilizing a
one pound treatment alleviated the problem of having to use negative
logarithms when fitting exponential functions to zero treatments. The
design for this experiment is presented in detail in Table 6.

After the first potato crop was produced on these plots, the plots
were split and half of the plot continued to receive the original
fertilizer treatment while the other half of the plot received no ferti-
lizer in subsequent years. This procedure was practiced because of
complications due to the high fertility level of the land at the time
the experiment was initiated. This original high fertility level resulted
in negligible yield changes wiih additional applications of plant
nutrients. Continuous soil testing of these experimental plots in
succeeding years should provide valuable information with respect to
residual fertility values since over time a wide range of fertility levels

should develop on these plots.
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EXPERTIENTAL DESIGN FOR TS 1954 PCTATO EXPIRTCNT

1
P,0s Treatment (pounds per acre)
1 25 50 100 200 300 L50
©
& 1 X X X
3]
B 25 .0 X X XX XX X
o5
2 50 XX X XX X XX
2
& 1co XX X p o q X XX
g 200 X p.o4 X XX XX X X
ﬁ‘:)
*;f 350 XX X XX X XX
€4 550 XX X XX X XX
-
[0
= 750 ZX XX X XX XX X
9C0 X X X ol X

1Bach X represents one experimental plot.

The 1205 Potato Jporiment

A neu polato experiment was initiated in 1956. This experinent was
established on a newly cleared ruck soil which had not becn previously
farmed and which had not rcceived previous applications of plant nutrients.
The experimental design includes 4o different surface poinis. Jleplications
and check plets bring the total nwiver of plots to 1ly. All surface points

1

are replicated twices with th2 excoption of a Iy x 4 triplicated factorial

and | chack plots.



The design utilized in this experiment is basically an incomplete
factorial but it also includes several additional features. Included
in the design are:

(1) A L x L triplicated factorial. The treatment levels included
in this factorial are the following in pounds of plant nutrients per
acre:

P05 - 1CO 200 300 1,00

K,0 = 200 e 600 8co

Inclusion of this triplicated factorial allows limited study by analysis
of variance procedures. The experiment produces a large amount of useful
agronomic data as a by-product of the basic input-output study. Such
data includes information on the quality and chemical corpositions of

the product, plant characteristics, residual fertility,etc. Analysis of
these data by continuous function analysis may not be feasible or
appropriate.1 By including a triplicated factorial in the experimental
design, analysis of variance treatment of such data is facilitated at a
small additional cost.

2
A 3 x 3 conposite design is included in the experiment for the

1For example, protein content of wheat may increase linearly or
curvilinearly with additional nitrogen inputs up to some maxirmum value
and then remain unchanged with additional nitrogen inputs. In such an
event, continuous function analysis might not be the appropriate means
of analyzing data to acquire determinations of quality differences.

2This design is described by R. L. Anderson in "A Conparison of
Discrete and Continuous Models in Agricultural Production Analysis,"
Methodological Procedures in the Economic Analyses of Fertilizer Data,
Edited by E. L. Baum, Earl O. Heady and John Blackmore (Ames: Iowa
State College Press, 1956) p. L9.
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purpose of comparing it with a 3 x 3 factorial design as to its effective-
ness as a basis for estimating the response surface by least squares

techniques. The treatments used for this comparison are shown in Table 7,

TABLE 7

EXPERIMENTAL DESI@I FOR THE 1956 POTATO EXPERIMENT

l
i

Plant Nutrients No. Plant Nutrients No.
(Pounds Per Acre) of (Pounds Per Acre) of
P,0s K0 Plots P,0s K0 Plots
0 0 L 200 600 3
0 2C0 2 200 700 2
25 25 2 200 800 3
25 75 2 250 250 2
50 50 2 250 L0O 2
50 1C0 2 250 500 2
50 150 2 250 600 2
50 1,00 2 250 750 2
75 225 2 300 200 3
100 0] 2 300 300 2
100 100 2 300 1100 3
100 200 3 300 600 3
100 3C0 2 3C0 700 2
100 1,00 3 300 600 3
100 600 3 300 900 2
1C0 800 3 350 350 2
150 150 2 350 LOO 2
150 300 2 350 500 2
150 L50 2 350 700 2
150 600 2 L0 200 3
200 1CO 2 1,00 LL00 3
200 200 3 L,oo 600 3
200 1,00 3 1,00 800 3
200 500 2 100 900 2
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(3) Points on three constant-proportion P,05-K,0 diagonals are
sufficiently sampled to permit estimation of these diagonals individually.
These are the diagonals in the experimental design in which P,0g and
K,0 are applied in 1:3, 1:2 and 1:1 proportions respectively. Estimation
of yield response along these constant proportion of P,05 and K 0

diagonals allows comparison of these estimates with those derived from

estimates of the entire surface,

The Totel Hperimental Program

Exclusive of the sugar beet experiment initiated in 1957, the
nutrient level experiments described in this chapter contain about 1150
individual pil_ots.l Relative to experimental work undertaken elsewhere,
this is an elaborate project. Over 20 acres of land are required for
the experimental work. Acquiring soil samples, plant tissue samples,
crop yields and qualivy determinations for the various crops are tasks
entailing large labor inputs. In addition, chemical analysis as well as
tabulation and computational analysis of these data are time consuming
undertakings.

In addition to the basic input-output determinations, the experi-
ments produce a large amount of by-product data of interest to agronomists
and economists, For example, data acquired.from these experiments are

being utilized to compare alternative methods of testing soil for

Mumerous other experiments are conducted by the Michigan Agri-
cultural Experiment Station, many of which also provide data for
fertilizer input-output determinations.
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residual quantities of the three plant nutrients. The influence of
various plant nutrient treatments on the quality of crops produced is
being studied utilizing data from these experiments. A comparison of
experimental results from field and greenhouse experiments is being
conducted in conjunction with the basic input-output studies. 1In brief,
the experiments described in this chapter produce a wealth of data which
is being used for a diversity of research projects.

Date produced from the experiments described in this chapter from

195,1-56 were used for the analysis conducted in Chapter IV.



CIAPTER IV

ANALY3IS OF TiZ DATA

The Cats, Wheat, Alfalfa and Corn Rotation

The oats, wheat, alfalfa and corn rotation experiment was initiated
in 1955 and data have been collected for two years. Only two harvested
crops were produced in 1955 as alfalfa and wheat stands could not be
established in time for harvest during the 1955 crop year. Yield data
were acquired for both corn and oats in 1955 and all four crops were
produced in 1956. Due to a heterogeneous stand of alfalfa, no data were

acquired for that crop in 1956.
Analycis of the Czts Data

Oats were produced on two of the experimental sites in Calhoun and
Kalamazoo counties in 1955. Preliminary graphic analysis of these data
indicated that the variance present in the yield data was not associated
with different quentities of applied plant nutrients. This hypothesis
was further substantiated by fitting a polynomial equation to the cata.

The equation fitted was of the type

Y=a+by N+ byL®+ b, F+ by F°+ bg K+ by K2 + by 1P +

by L.k + by Fh.
Thie variables L, P and K represent per acre applications of N, P.Cg

Lo



and K,0, respectively. None of the variables in this equation had
estimated parameters significantly different from zero. Apparently
weather conditions were the main determinants limiting crop yielcs

during the 1955 crop growing season, Unfavorable weather conditions,
largely the result of a late summer drouth, prevented crop yield increases
which might have occurred with increased applications of plant nutrients
under more favorable weather conditions.

Yield cdata for oats were acguired again in 1956. Preliminary
graphic analysis of these data indicated that positive relationships
existed between oat yields and applied N and P,05. Furthermore, these
relationships appeared to be curvilinear, reflecting diminishing returns
to plant nutrient inputs.

The first formulation of the functional relationship which was
attempted for the 1956 data was a polynominal equation identical to the
one fitted to the 1955 data. This polynomial contains first and second
degree terms for N, P05 and K,0 and first degree, cross-product terms
for all nutrients taken two at a time., This formulation containing the
estimated parameters is shown in equation I. Values listed below the
estimated parameters and included in parentheses are standard errors of
the respective parameters. N, P and K represent per acre applications
of N, P,0g and K0 respectively as is the case in all equations unless

otherwise indicated.

Equation (I): Yo = L3.326378 + 40112190 K - 00130761 N® - 00650205 P
(.05115313)  (.0019075) (.02579697)

+ .0000053L P2 + ,06186818 K - .C0010387 K2 + .00000068 NP - .C001C905 NK
(.0o00LT7T75) (.05196548)  (.000191L48)  ( .00C06L9S) (.0001302¢C)

+ ,00007542 PK
( .00006430)
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The adjusted coefficient of multiple correlation for this equation
was ,690. The coefficient of multiple determination indicated that
about L8 per cent of the variance in crop yields was associated with
variance explained by the regression equaticn. Estimated coefficients
for the nitrogen variables were significant at the one per cent prob-
ability level., None of the coefficients for other variables were sig-
nificant at the ten per cent level of probability.

Because of the large amount of variance not associated with re=-
gression and the non-significant coefficients which were estimated for
several variables, a second formulation of the production function
relationship was attempted. This formulation was an exponential equation
of the Carter-Halter1 type. This exponential equation is quite flexible
depending on the magnitude of parameters estimated for the variables.

In addition to retaining the curvilinear properties postulated to exist
in fertilizer input-crop output relationships, use of this equation
facilitates estimation of input-output relationships ranging over all
three stages of production, i.e., returns to additional plant nutrients
which (1) increase at an increasing rate (2) increase at a decreasing

rate and (3) become negative. This formulation in equational form is:

by N

Y = aN bzcz Kb3c§

P

By taking the logarithm of this equation, we can acquire an equational

form of this relationship for which the parameters can be estimated by

1The usefulness of this equation as a production function formu-
lation was first noted by H. O. Carter and A. N. Halter.
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the technique of least squares. The form in which this equation is

fitted statistically is:

Log Y =loga+b; logN+ N logcy+ b, logP+ P logcy+

b, log K + K log c5.
The equation with estimated parameters is shown in Equation II.

Equation (II): Log Y, = 1.57315152 + .16L75028 log N - .CO057687 N -
(.02022815) (.0O0150L6)

02111052 log P + .000056055638 P + .0063L3LLET log K + 4000217567362 K
(.016L6C10) (.00C0669L) (.02017332) (.COC1LLT1L)

The coefficient of multiple correlation for this equation was .760.
The coefficient of multiple determination indicated that about 58 per
cent of the variance in oat yields was associated with regression.

In tkis equation, coefficients for nitrogen variables were signifi=-
cant at the five per cent probability level as was the coefficient for
the first phosphorus variable,

Testing the significance of coefficients for individual variables
in an equation which contains more than one variable fer a given plant
nutrient is a practice of limited usefulness. The related variables in
an equation such as N, N2, log N, etc., are obviously highly correlated.
Estimates of individual parameters may be subject to large standard
errors reflecting these high intercorrelations. Cne might conclude tnat
since individual parameters are not statistically significant, no sig-

nificant effects are present. This conclusion might well be fallacious.



If the aggregate effect of all variables representing a particular
plant nutrient could be tested for significance, the test might indicate
a significant aggregate effect. This situation illustrates an inadequacy
of current statistical testing procedures. In cases where (1) two or
more independent variables in a production function occur in product
form or (2) more than one variable is used to measure the effects of a
particular plant nutrient, it would be desirable to obtain a reliability
measure on the derivative of crop yield with respect to individual plant
nutrients. Such derivatives are necessarily utilized in determining
marginal nutrient effects and consequently optimal applications of plant
nutrients., A satisfactory procedure for computing reliability measures
for such derivatives has not yet been developed but is a critical need

in much analyvical procuction economics work.

Interpretation of the Statistical Results

It appears assirable to investigate several aspects of the two

alternative production function forrulations presentea here. A corparison

-

of the production surfaces gensrated by the two funciions is of particular

interest. In addition, it is interestingz to compare the cosbirations of
plant nutricnts which (1) maximize yields and (2) maximize profits uncer
various plant nutrient and crop prices. A comparison of precicted oat

yields using the two functions and selectcd combinations of anvlizad plant

nutrients is shiown in Table 8. Cbservavions {ron twoniy-eis vt corbinations

. ol Era N . :
Tabl2 e Tizozs Incluce

.

"
52rvatlons

of plant nutrients are included in

(&
o
o

from all 27 plots in the 3 x 3 x 3 replicated facbtorial in addition te

the averapge ylelid from all check plots.



TABLE 8
OBSERVED AND ESTIMATED OAT YIELDS, 1956

Treatment Observed Residu-12
(Pounds per Acre) Predicted Yield Yielcl (¥ ;
_ (Bu. per Acre) (Bu. per Acre) 73-Y5)
N P-0g K50 Exp.3 Poly. Exp. Poly
0 0 0 37.k4 L3.3 ©38.7 1.3 =116
20 L0 20 56.7 51.8 67.5 10.8 15.7
20 Lo 80 58.9 Sh.9 55.1 -3.8 0.2
20 Lo 2,0 6L.3 59.6 63.5 -0.8 3.9
20 160 20 56.3 51.3 51.0 -5.3 ~0.3
20 160 80 58.5 SL.9 70.L 11.9 15.5
20 160 21,0 63.8 61.2 57.9 5.9 -3.3
20 L80 20 8.8 50.8 56.4 =2.1 5.6
20 1,80 80 61.1 55.9 60.0 -1.1 0.1
20 180 2,0 6617 66.0 60.6 -6.1 5.
80 LO 20 65.7 67.9 75.8 10.1 7.9
80 LO 80 68.14 70.6 72.1 3.7 1.5
80 Lo 21,0 7h.6 74.3 8lL.2 9.6 9.9
80 160 20 65.3 67.4 76.9 11.6 9.5
80 160 80 67.9 70.7 L9.L -18.5  =21.3
80 160 2L0 74.0 75.8 71.0 -1.8 -3.0
80 1180 20 68,2 66.9 61.2 -7.0 5.7
80 L80 80 70.9 1.7 72.3 1. 0.6
80 L80 2L0 774 80.6 8L.3 6.9 3.7
24,0 Lo 20 63.7 6L .8 T1.7 8.0 6.9
21,0 LO 60 66.2 66.5 66.6 0.l 0.1
21,0 L0 21,0 72.3 67.3 61.7 -10.6 -£.6
2L0 160 20 63.2 6li.3 57.2 ~6.0 -7.1
240 160 80 65.8 66.6 66.2 0.4 =0.l
240 160 21,0 1.7 68.9 69 .2 =2.5 0.3
21,0 L8O 20 66.1 63.9 76.2 10.1 12.3
2,0 1,80 80 68.7 67.6 72.3 3.6 L.7
2,0 180 2Lo 75.0 73.7 80.6 5.6 6.9

1The observed yield for the 0-0-0 treatment is an average of yields
from 11 plots, all other observed yields are averages of two plots.

2Residuals are deviations of predicted yields from average observed
yields.

3In corrputing ii for zero treatments of plant nutrients using the
exponential equation, inputs of a single pound of N, P,0g and K,0 were
used. This introduces a slight ypward bias in the predicted yield but
overcomes the problem of having Y; = O when any of the treatments is
zero. This procedure is utilized throughout this chapter when computing
Yi from exponential equations.
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Statistical measures derived for the equations, including the co-
efficient of rultiple correlation and standard errors of the regression
coefficients, indicate that the exponential is a slightly, but not
significantly, more appropriate formulation than the polynomial,
Measures such as correlation coefficients and standard errors of regres-
sion coefficients and equations are not without some limitations in
conparing these two functions, The observations, and hence the variances,
of the variables are not readily comparable since in one instance they
are in real numbers and in the other in logarithms. The real numbers
and logarithms, although bearing a consistent monotcnic relationship to
each other, do not maintain a relationship of equivalence or of constant
ratios, Hence, the listed statistical measures should not be given an
absolute interpretation for comparative purposes, i.e., they should,
instead, serve as a basis for a rough corparison. Inspection of the
residual values, (Y; - ii) for both functions provides little basis for
choice between functions since the individual residual values about the
two functions are about equally dispersed with respect to magnitude and
direction,

Some additional insight into the appropriateness of the two altern-
ative functions may be gained by comparing the derivatives of these
functions with respect to their correspondence to input-output relation-
ships postulated to exist in accordance with currently held theory.

In addition, the derivatives are used to calculate plant nutrient combi-

nations which produce (1) maximum yields and (2) maximum profits.

1These residuals are shown in columns 7 and 8 in Table 8.
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Maximum yields occur where the first order partial derivatives of the
functions are equal to zero. Maximum profits occur where the partial
derivatives with respect to individual plant nutrients are equal to the
plant nutrient-crop price ratios.

Since most of the variance explained byAregression is associated
with the nitrogen variable, the derivatives of the functions with respect
to nitrogen are of particular interest. The partial derivatives of the
two functions with respect to nitrogen, /%Xﬁ , are represented by the
following equations IIT and IV. All derivatives are taken for a unit

(one pound) change in plant nutrients.

Equation (ITT) =~ polynomial: -g—-ga = b, -~ 2, N+ b, P+ bgK

Substituting in the estimated parameters from equation (I) gives

@Yy . 40112190 - 2(.00130761)N + .00000C68 P - .0OUL0905 K

DN
. ... @YX 2 (1P Y in g N by
Equation (IV) - exponential: a———-Q-N = R(N ¢, 3, + ¢4 by N )

Where R = antilog (2 + b, log P + + log C, + by log K + K log C,).

The expression of the partial derivative of the exponential may be

simplified by factoring out Y, which leaves

Y b
¢ 1o~ 51
5T Yo (In cq + T ).

Substituting in the estimated parameters from equation (II) gives

2y

o N ¢

= Y, (-.00132053 +



The partial derivatives of the two functions with respect to N are shown
in Table 9 with P,C5 and K,0 fixed at three different lévels, 20-L0,
80-160 and 2L0-LEO pouncs per acre respectively. These derivatives are
also shown in Figure I. Derivatives of the exponential function are
larger at small nilrogen inputs than is the case for the polynomial
function. It is the opinion of the author that the exponential generates
a production surlace rising too rapidly with small nitrogen inputs. If
this is true, the derivatives are probably too responsive to input
changes, i.e., they probably are too large with small inputs and change
rapidly to become too small with larger inputs. This phenonenon is due
in part to the fact that when Xy = 0, Y = O. The function may still be
quite reliable over the range of moderate inputs.

The derivative of the exponential function is 1..456 bushels per
pound of nitrogen with a nitrogen input of 5 pounds and decreases to
.T77 bushels when 10 pounds are applied. These values of the derivative
seem excessively high from a viewpoint of plant physiology, i.e., it is
difficult to visualize how one pound of additional nitrogen could resuit
in the production of 1.L56 bushels of additional wheat. However, the
derivatives of the exponential type function are not restricted to a
linear function of plant nutrient inputs as is the case with a polynonial
with only first and second degree terms. This linezr restriction on the
derivatives of a polynomial can be overcome by modifying the formulation
to include variables raised to fractional powers, e.g., poucers such as

3/2, 1/2 etc. and/or by adding variables involving powers hicher than 2.



TABLE 9

CHANGES IN CQATS YIELDS RESULTING FROM UNIT CHANGES
IN NITROGEN APPLICATIONS

Treatment Level Nitrogen Treatment Derivative of Derivative of

of P,0g & K,01 Level Polynomial®  Exponential?
(pounds per acre) (bu. per acre) (bu. per acre)
1 20 «3L7 393
1 Lo <291 7L
1 80 190 .050
1 120 005 .005
1 160 -.019 -.018
1 200 =-.12} -.031
1 21,0 ~-.229 -.039
2 20 3Ll .L06
2 LO .288 160
2 80 .18l .051
2 120 Q79 .005
2 160 -.013 -.018
2 200 -.130 -.032
2 210 -.235 -.CLOo
3 20 323 L62
3 L0 270 «205
3 80 166 059
3 120 061 .C06
3 160 -.0L3 -.C21
3 200 -.148 -.C37
3 210 -.253 -.046

INitrogen is varied with P,0g and K,0 fixed at three levels:
(1) LOo-20, (2) 160-80 and (3) L8B0-2L40 pounds per acre respectively.

2The derivatives are those resulting from an additional pound of
nitrogen.
The statistical fit might not be improved by such a modification buv
derivatives would be allowed to become a curvilinear function of
additional plant nutrients. Further experimentation with the use of

fractional powered and more complex polynomials and additional
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inspection cf tho derivatives of these functlons is needed

The partial derivatives of yield with rsspect to P,0g and K, 0 are
shown in Tables 1C arnd 11 and Fipures 2 and 3 respsctively. As in the
case for the derivatives with respect to nitrogen, the derivetivas of
the expeonentials take more extrzme valuss than those of the polymomial.
However, the derivatives of boith functions are small and may be non-

significant and the absolute value of the difference bebtween the two

derivatives is not large.

Eish Profit Combinations of Flant Mutrients

The optimal amount of plant nutrients to apply, as has been previously
stated, is a function nct orly of the procuctivity of applizd nutrients
but also of plant nutrient and crop prices. To solve for the combination

of applied plant nutrients wihich will maximize yields, the partial

derivatives of yield with respect to all plant nutrients are set equal

to zero and solved simultaneously. For the polynomial equation, the maxi-

mum estimated yield is obtained with 152 pounds of N, a clightly negative

quartity of P,0y and .1 pound of ¥,C. The ectimatzd amounts of F 04 and

K-0 resulting in maximum yields are neitvher statistically nor eéonomically
cnificant, i.e., they are not signilicantly different frem zero. It

becomes profitable to apply plant nutrients to ocats only when the prica

of oats is in excess of :'1.CO per bushel and even then oniy nitrogen

1
applications are profitable.

1plant nutrient prices used in computing the high profit inputs
were ${0.15 per pourd for nitrogen, £0.10 for phosphoric acid and 0.1
for potash.



CHANGZS IN CATS YIELDS RIS

TABLE 10

IN P05 APPLICATICNS

TING FROM UNIT CHAMNGES

61

Treatment Level
of N and K01

P.0g Treatment

Level

(pounds per acre)

Derivative of

Polynomial?®

(bu. per acre)

Derivative of
Exponential3
(bu. per acre)

1 20 -.C05 -.022
1 LO -.C0L ~-.00L
1 80 -.C03 .C03
1 160 -.CC2 .C07
1 2L0 -.002 .008
1 320 -.C01 .C09
1 L8o .000 .C10
2 20 .000 -.027
2 Lo .000 ~.006
2 80 .001 .CO5
2 160 .002 .C08
2 2L0 .003 .C10
2 320 .00k .C11
2 L&0o .005 012
3 20 012 -.028
3 L0 .013 -.006
3 80 .013 .CO5
3 160 Noil 009
3 240 015 011
3 320 016 .C12
3 L&o 017 013
IPhosphoric acid is varied with N and K,0 fixed at three levels:

(1) 20-20 (2) 60-80 and (2) 2L0-2l0 pounds per acre respectively.

2Regression coefficients for phosphoric acid variables were not

significant.

3The regression coefficient for only one phosphoric acid variable

was significant.
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TABLE 11

CHAIIGZS IN QATS YIHELDS RHSULTING FROM UNIT CHANGLS
IN K,0 APPLICATICIS

i

Treatment Level K.O Treaument Derivative of Derivative of
of N and P,0g? Level Polynomial Lxponential

(pounds per acre) (bu. per acre) (bu. per acre)

1 20 .059 .ClL6
1 Lo Coly .038
1 00 0L6 .03
1 120 037 .C33
1 160 .029 .033
1 200 021 034
1 2,0 012 .034
2 20 L0451 .C083
2 Lo 057 LCLly
2 60 .0L9 .39
2 120 .0LO .C38
2 150 .032 030
2 2C0 024 .C39
2 2L0 .C15 032
3 20 LOO7 Lol
3 Lo .06l LOhls
3 50 L5 .ChO
3 120 LOh7 L039
3 16C 059 039
3 200 050 039
3 240 022 .CLO

lpotash is varied with N and P,0g fixed at three levels: (1) 20-L0
(2) 50-16C and (3) 2L,0-LGO.
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Cn the basis of yield resvonse measured for 1455 and 1955, fertiliz-
ing of oats was not a profitable practice. The only possibile justifi-
cations for application of plant nutrients to the cats crop anrear to
be wiien a seeding is being establisned witn the oats and/or thic benefits

derived from resicual plant nutrients by other crops in the rotation.
Analysis of the Wheat Data

Wheat was produced on the Kalamazoo County experimental site in
1956. The yield data produced in this experiment were analyzed in the
samne manner as the oats data. The original function fitted to the wheat
data was a nine variable polynomial. This forrulation with estimated

parameters is shown in Equation V.

Equation (V): Y= 28.538730321 + .08598L60LY N - .CO02208L56 N +
(.016959906L)  (.0000632L18)

.0163750688 P = .CO0035115L P2 + 0065708071 K + .000021323L K2 +
(.0065530282) (.00001586325) (.017229242L)  (.000063L867T)

00001902116 P = ,0000799L31 NK + .0000151210 PK

(.0000215352) (.0000LL566T) (.709260110)

The adjusted coefficient of multiple correlation for this equation was
.66 and the coefficient of multiple determination indicated that about
Ll per cent of the variance in yield was associated with variance in
applied plant nutrients., As was the case for oats, only the estimated
parameters for the nitrogen variables were statistically significant at
the one per cent probability level, However, the phosphoric acid vari-

ables, P and P were significant at the five per cent probability level.
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A Carter-talter type exponential function was also fitted to the

wheat data. The results of this fit are shown in Equation VI.

Equation (VI): Log fw = 1,L45047179 + .0226356023 log N + Q00172688218 N +
(.0117451331) (.0000873600L8)

.0165763652 log P = ,0000173738L1 P+ .0012796889 log K + .0001C8232188 K
(.0095686935) (.000038867869) (.0117132969) (.00C0854L36998)
The adjusted coefficient of multiple correlation for this equation
was .65. The adjusted coefficient of multiple determination indicated
that about L3 per cent of the variance in crop yields was associated with
variance in the amounts of applied plant nutrients. The first three
estimated coefficients in this equation were significant at the 10 per
cent probability level and were almost significant at the five per cent
probability level. The last three coefficients in the equation were not
statistically significant. A corparison of observed yields with yields
estimated by using the two functions is shown in Table 12, As was the
case for the oats data, the tabular comparison includes observations and
predictions for 28 combinations of applied N, P,0g5 and K,0. The observed
yield values are averages of two replications for all treatments except
the check (0,0,0) treatment which is an average of eleven replications.
The coefficients of rultiple correlation and determination indicated
that the two functions were about equally effective in explaining variance
in wheat yields. Inspection of the residuals for the two functions,
(Yy - 6i), further substantiates the conclusion that the two functions
produce about equally good fits. These residuals are shown in columns

7 and 8 of Table 12.
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TABLE 12

OBSERVED AND ESTTMATED WHEAT YIRLDS, 1956

— -—
——— m———

Treatment Predicted Yield Dbserved Yield?l Residual?
(pounds per acre) (bu. per acre) (bu. per acre) (Y; - ?i)
N P.0g K50 Exp. Foly. Exp. Poly.
0 0 0 27.9 28.5 28.2 0.3 =0.3
20 LO 20 32,2 30.9 29.5 =2.7 =1l.h
20 LO 80 32.7 31.5 29.3 3. =2.2
20 L0 2L0 3Lh.1 33.8 3L.6 0.5 0.8
20 160 20 32.8 32.1 31.2 -1.6 =0.9
20 160 80 33.3 32.8 30.hL =2.9 2.1t
20 160 21,0 32.7 35.4 35.1 0.4, =0.3
20 L60 20 33.0 30.4 32.1 -C.9 1.7
20 L&0 80 33.5 31.L 31.9 1.6 0.5
80 L0 20 3L4.0 3h.7 37.5 3.5 2.8
80 L0 80 3L4.6 35.0 3449 0.3 -0.1
80 LO 2L0 36.1 36.6 37.2 1.1 0.6
80 160 20 3L.6 36.1 L0.9 6.3 L.8
80 160 60 35.2 3645 3647 1.5 0.2
80 160 240 3647 38.3 36.5 -0.2 -1.8
80 L& 20 3h.8 3L.7 26.7 -6.1 =6.C
80 160 60 35.4 35.4 39.0 3.6 3.6
80 LEO 24,0 36.9 38.0 38.6 1.7 0.6
24,0 LO 20 37.2 37.C 36.6 -0.6 =0.4
2L0 1,0 80 37.8 36.6 35.1 2.7 =1.5
2L0 LO 2110 39 .4 36.1 35.1 =3.3 -1.0
2L0 160 20 37.8 38.8 L2.1 L.3 3.3
21,0 160 80 38.5 38.L 393 0.8 0.9
25,0 160 24,0 LO.1 38.2 38.4 -1.7 0.2
21,0 L60 20 38.1 38.4 L2.9 L.8 L.5
21,0 LEO 80 38.7 38.3 38.2 -C.5 -0.1
210 1,80 2L0 0.3 38.8 38.8 1.5 0.0

1The observed yield is the average of two replications except for
the check (0,0,0) treatment which is the average of 11 replications.

“Residuals are the difference between average observed yields and
estimated yields.



68

Derivatives of the two functions with respect to all three of the
plant nutrients are presented in Tables 13-15 and in Figures L-6. The
derivatives of the two functions produce different estimates of the
productivity of the various plant nutrients. For example, the derivative
of the polynomial indicates that the marginal productivity of nitrogen
over the range of 30 to 1CO pounds, which is a corron range of application,
is almost double the marginal productivity schedule gensrated by the
derivative of the exponential., Derivatives of the two functions with
respect to P05 also exhibit substantial differences over the range of
usual aprlications. Iliowever, the marginal productivity of phosphorus
is low and the absolute value of the differences betwecn the two deriva-
tives is small as is shown in Table 1l and Figure 5.

Estimated derivatives of the two functions with respect to K0 also
differ widely as indicated in Table 15 and Figure 6. The derivative of
the polynomial with respect to K,0 exhibits increasing returns to addi-
tional applications of K,0 which is not a logical phenomenon. The deriva-
tive of the exponential exhiibits only slightly diminishing returns. As
previously indicated, however, the K,0 variables in both equations lack
statistical significance at any acceptable probability level,

Inferences made about the productivity of all three plant nutrients
will vary considerably depending on which function is chosen as "best",
Inspection of residuals of the two functions does not provide any

satisfactory basis for choosing between the two functions.
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TaBLE 13

CHANGES IN WIEAT YITLDS RISULTING FRGI URIT CHAJICES
IW NITROGZN APYLICATICLS

Treatrent Level  Nitrogen Trecatment  Derivative of Derivative of
of Level Pelynonial Zxponential
P,Cg & KO (pounds per acre) (bu. per acre) (bu. per acre)

1 20 L0765 .ClL9

1 40 LUAT .02

1 0 GG 23

1 120 L3552 L2k

1 140 LU .C19

1 200 ~-.C03 C1o

1 2h0 -zl 10

2 20 C7h RT

2 1:C .06 L0323

2 53U Cu7 024

2 12¢ Lo 021

2 150 .Cl2 020

2 200 -.0Ch LL12

2 2.C -.023 LC13

3 20 007 .03

3 Lo .50 NV

3 LU Ll 25

3 120 .23 .C22

3 150 .05 G2l

3 200 -.012 (20

3 240 =-.030 .C20

Mitrosen is varied with F.0g; and K,0 fixed at three levels;
(1) LC-20 (2) 140-15C and (3) 4tu-210 pounds per acre respechtively.
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CIANG=3 TN wlilanT YIELDS RwsULTING /0L Unil CHilals
IN P,Cy aPPLICATICES

Treatment Level P,Cy Treatment Derivative of Derivative of
of 1 Levzl Polynomial Exponential
N and K,0 (pounds per acre) (bu per acre) (bu. per acre)
1 Lo .01 012
1 to .01, .006
1 150 .006 .002
1 2110 .0C0 .001
1 320 -.005 .001
1 L.Co -.011 .000
1 L8O -.017 .000
2 LO 016 013
2 80 .013 .006
2 160 .008 .003
2 2110 .002 001
2 320 -.003 .001
2 1100 -.009 .000
2 LG0 -.015 .CCO
3 e .022 015
3 80 019 .CO7
3 160 .013 .003
3 240 .008 .002
3 320 .002 .001
3 100 -.00L .0C0
3 L30 -.009 .000

1p_0g is varied with N and K,0 fixed at three levels: (1) 20-20
(2) 80-80 and (3) 2L0-24;0 pounds per acre respectively.
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TABLE 15

CHANGZS IN WIZAT YISLDS RESULTING FROM UNIT CHANGES
IN K,0 APPLICATIONS

————— —
——— — ———

Treatment Level Potash Treatment Derivative of Derivative of
of Level Polynomial Exponential
N and P,0g1 (pounds per acre) (bu. per acre) (bu. per acre)

1 20 .008 .010

1 Lo .C09 009

1 80 011 .009

1 120 013 .009

1 150 Noailt .009

1 200 .016 .009

1 240 .018 .009

2 20 .005 .010

2 L0 .006 .009

2 80 .008 009

2 120 .010 .009

2 160 011 009

2 200 .013 .009

2 240 .015 .009

3 20 -.003 011

3 Lo =.002 011

3 80 .000 .010

3 120 .002 .010

3 160 .003 .010

3 200 .005 .010

3 240 .007 .010

potash is varied with N and P,05 fixed at three levels:
(1) 20-40 (2) 80-160 and (3) 240-LU0O pounds per acre respectively.
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Maximum Yields and High Profit Plant Nutrient Applications

Maximum yields of about 39 bushels per acre are predicted using
the polynouial equation. This yisld occurs with plant nutrient appli-
cations of about 196 pounds of N, 300 pounds of P,05 and 61 pounds of
K;0. The maximum yield predicted using the exponential is in excess
of any yield observed in the experiment and requires plant nutrient
applications in excess of any quantities applied in the experiment.
Since the predicted maximum yield and the plant nutrient inputs producing
this yield lie beyond the range of observed values, they are probably
invalid inferences,

Both functions gensrated response surfaces which illustrated sub=-
stantial positive yield response to N and P,05. However, because of
the moderate slopes of the response surfaces, the value of additional
production was less than the cost of plant nutrients necessary to obtain
the increases in yields.1

Applications of nitrogen and phosphoric acid would have been profit-
abie only at wheat prices of about $3.00 per bushel. Such wheat prices
appear extremely unlikely. It is important to note that although the
derivatives of the two functions differ considerably, the same conclusion,
that no fertilizer applications were profitable at typicél prices, would

be reached using either function as a basis for computing high-profit

fertilizer inputs.

MNo credit was given for possible residual fertility. With large
fertilizer applications some carryover fertility would be expected,
however, the magnitude and value of this carryover can only be determined
over time. .



76

Analysis of the Corn Data

Two corn crops have been produced and harvested in the rotation
experiment. The corn plots were located at the Calhoun county site in
1955. A severe surmer drouth reduced corn yields in this area,
particularly on the lighter upland soils. An extensive analysis of the
1955 corn data was conducted by Jack Knetsch and has previocusly been
reported.1 Knetsch found that a Carter-Halter type exponential provided
the best statistical fit to the data. Significant response was found to
exist only for applied nitrogen. The fitted function was

.18627 (N + 0.1)

YC = 39.71(N + .01) 56230 s
where N was measured in 20-pound units. The addition of .1 of a unit
alleviated the problem of forcing the function to have a value ol zerc
when any one of the plant nutrient inputs was zero. The coefficient of
miltiple correlation for this equation was .69. The high profit nitrogen
application varied from 29 to 5L pounds per acre as the price of corn
was varied from §.80 to {2.00 per bushel with nitrogen priced at $.15
per pound. A comparison of observed and predicted yields is shown in

Table 16,

1The results of this analysis are contained in: Jack L. Knetsch,
"iethodological Procedures and Applications for Incorporating Eronnmic
Consicerations into Fertilizer Recommendations," Unpublished lastert's
Thesis, Michigan State University, 1956, and Jack L. Knetsch, L. S.
Robertson, Jr., and W. B. Sundquist, "Zconomic Considerations in Soil
Fertility Research," Michigan Agricultural Hxperiment Station, Quarterly
Bulletin, August, 1956, pp. 10-16.



TA3LE 16

COI'PARISCN OF OBSzRVED AND PREDICTZD CORN YIZLDS
CN A KALAIWZCO SA1IDY LOAM SOIL, 1955

Average Predicted larginal Product
Number of Actual Yield of of 20-pound
N Per Acre of Yields Corn Units of N
(pounds) Plots (bu. per acre) (bu. per acre) (bu. per acre)
0 18 26.3 25.8 0
20 2L LO.6 38.2 12.4
Lo 14 L3.5 1.8 3.6
80 29 L3.h Ll 1.152
160 18 L2.8 L3.C -0.502
21,0 27 L0.7 39.8 -0.051

IAverage marsinal product of 20-pound units of nitrogen for the
LO-pound incremental intervals showm in colwm 1.

Corn was produced on the Kalamazoo county site in 19%6. Once again
the crop was damaged by a severe late summer drouth. Check plot yields
were not significantly different from those receiving applied plant
nutrients. Preliminery tabulations indicated very little association
of yield variance with variance in any of the three applied nutrients.
This lack of relationship was further substantiated by functional analysis.
A nine-termgpolynomial was fitted to the data with the estinated para-
meters shown in Equation VII.

A~

Equation (VIJT): Y, = 5L.8CLCLO9 = .COLST61891 N + .000113767680 N2 -
(0391267523 (.0001L5E95850)

LO1L1869251 P + .COOGO93102508 P2 + ,0269173L92 K = .CO0092531L50 K2 +
(.0196L3161)  (.00003652L4729)  (.039750LL01)  (.001LSLET332)

.0000646977L119 TP + .0C00357228950 K # .O0COD6027392 FK
(.0000L96TT356E)  (.00009954LL3LY) (.CO00L91628629)
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plant nutrient arnlications were profitadlc

weavhier conclitions wirich occurrad in thesa
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e allalfa was ~rowm in the Lirst zav of the exporiment becaus2 ol
» to establish any harvestanle frowth in the first yoar of

the wyerinmi, In 1976 tie stund of allalla was vary helcroscnaous.
Largs conticuous arsas in the [H:21d had modzratzly cood stznds wniile

othiur areas had alrmost no alfalfa growing on them. o atterpt was aade

to collect ancd analyze yiasld dita becauss yield differences wers obviously

a functvion of differcizes in stand not associatad with appllied plant

nuLtrients.

Aralyvsis of the Continnous Corn Data

The initial corn crop in a contimmous corn rotaticn was produced cn
a Wismer clay-loam soil in Tuscola county in 1956. Preliminary inspection
of the data indicated small and heterogeneous yield responses to applied
plant nutrients. The eight check plots in this experiment had an average
yield of 1C0.6 bushels per acre, while the average of all 210 plots in
the experiment was 109.7 bushels per acre.

A nine variable polynomial was fitted to the data and the results
of this formulation are shown in Equation IX.

Eouation (IX): ic = 1CL.565510278 + .06991)36 N + .05075L350 P -
(.0347CL916)  (.01L7279507)

.001629512 K - .C00356932 N2 - .000068956 P2 -~ .000053579 K2 =
(.034855587  (.C00106282) (.C000287L43) (.C0011.6055)

.000039695 NP + .000112058 NK + .000060759 PK
(.000039782)  (.000C79363) (.0CC0L3830)
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Coefficients of four of the variables N, N2, P, and P? were sig-
nificant at the one per cent probability level, whereas none of the
potash variables were statistically significant. Only a small portion
of yield variance was associated with applied plant nutrients as the
coefficients of multiple correlation and multiple determination were
only .LO and .16 respectively.

Since none of the independent variables containing a potash term
were statistically significant, the polynomial was reformulated, dropping
the variables containing a potash term. The shortened polynominal is

shown in Equation X.

~

Equation X¢ Y

c * 10L.082698623 + .07370L5u6 N + .050022726 P -

(.034298683)  (.01711.6212)
.000331599 N2 - ,000056021 P2 - ,00CC25460 NP
(.000107266)  (.00002733L) (.000038963)

In equation X the first four coefficients are significant at the
one per cent probability level. The fifth term, a cross product, was
not significant at any acceptable significance level., The coefficients
of multiple correlation and multiple determination for the shortened
polynomial were .39 and .16 respectively.

Due to the small portion of yield variance associated with applied
plant nutrients as indicated by inspection and the fitted polynomials,

no attenpt was made to fit an exponential type equation to the data.

Faximum Yield and High Profit Combinations of Plant Nutrients

Coefficients for the nitrogen and phosphoric acid variables were

similar for the two polynomials fitted to the data. Since the potesh



coefficients were not significant, the plant nutrient combination
providing maximum yields was restricted to N and P,05 and was calculated
from Equation X. The maximum predicted yield, 123.L bushecls per acre,
was obtained using 95 pounds of N and L25 pounds of P,0s. The cost of
using any amount of applied plant nuirients exceeded the returns unless
corn prices exceeded £2.00 per bushel., The latter corn price situation
is, of course, an unlikely phenomenon.

The high check plot yields, in excess of 100 bushels per acre,
probably indicates the soil was quite fertile prior to additional appli=-
cations of plant nutrients although soil tests indicate only a moderate
fertility level. Other possible sources of yield variance were prescnt
in the experimental field, including differences in previous cropping
history. Although yields from the plot areas with different cropping
histories were not statistically different, this factor of heterogenity
may have contributed some variance to crop yields.

Analysis of the Bean Data from the Corn,
Beans and Wheat Rotation

Field beans were produced on a Simms loam soil in Gratiot county
in 1956. The bean crop is part of an intensive cash crop rotation of
corn, beans and wheat., Experimental plets had received plant nutrient
treatments in 1955 identical to the 1956 treatments. Thus, some residual
fertility might have been expected to be present in 1956, particularly
on plots receiving heavy fertilizer applications the previous year.

Preliminary tabulation of the data indicated a substantial response to
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nitrogen applications, a smaller response to phosphoric acid, and no
appreciable response to apyvlied potash,.

Three functions were fitted to the bean data. The first two func-
tions are exponential type formulations and the third a five variable
polynomial. The original production function formulation is a six
variable exponential of the Carter-hHalter type. Although preliminary
analysis had indiceted no response to potash, variables containing
potash terms were included in this original exponential which is showm
in Equation XI.

Equation (XI): Log Y = 1,203L797 + .C32812261 log N + .CO0398971 N +
(.017529035) (.CC1CEL)

01952713k log P + .000062271 P + .001830612 log K + .0COC50911 K
(.015569387) (.0000L950L)  (.018591118) (.C00068525)

The adjusted coefficient of multiple correlation for this equation
was 605 and the coefficient of rmultiple determination was .266. This
indicates that about 37 per cent of the variance in bean yields was
associated with regression. Because of the large standard errors for the
potash coefficients, a second formulation of the exponential was made
dropping the potash terms. This exponential is shown in Equation XII.

Equation (XIT): Log Yb = 1.207L135791 + .03L7393520 log N + .00C396596L N
( LOLEGT6657) ( .00CLLES0L95)

+ .021L6077C0 log P + .0000597327 P
(.011609617) (.0000L6352231)

The adjusted coefficient of rultiple correlation for the shortzened

exponential was .€07 and the coefficient of rmltiple determination was
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«369. Coefficients of the nitrosen and phosphoric acid variables were
not changed appreciably by omilting the non-significant potash terms.
Phosphoric acid terms were not sicnificant at the 10 per cent probability
level as the size of the estimated coefficients for these terms exceeded
their respective standard errors. Finally, a five variable polynomial
was fitted to the bean data. The results of this fit are shown in

Equation XTII.

Equation (XTITI): ﬁb = 17.60231LL + 0636876985 N - .COCILC7064L1 N2 +
(.011L222) (.000035L159)

.0127459698 P - ,OCOCLCSHLT PR 4+ 0000063492 1P
(.005802485) (.00C0037362C)  (.000C130957)

Tre adjusted coefficients of rmltiple correlaticn and determiration
for this equation were .6L5 and .lj17, respectively.

A corparison of observed and predicted yields using the three
functions fitted to the data are presented in Table 17. As in previous
cases, inspection of the residuzl quantities, i.e., differcnces between
predicted and observed values, of the three functions proviaes little
basis for choosing any one function over tne others. Tnis is true because
of the relative uniformity of the magnitude and direction of the resicuals.
Partial derivatives of the three functions with resp=ct to nitrogen are
shown in Table 18 and Figure 7. Fartial derivatives with respect to

phosphoric acid are presented in Table 19 and Figure 8.

Faximum Yields and Ortirmm Irvuts of Plant MNutrients

Derivatives of the two exponential equations with respect to nitrogen

are characterized by properties which are unusual for mar;-inal product



TABLE 17

OBSERVED AND ESTIMATED BEAN YIFLDS, 1956

I

Treatment Observed Residual3
(pounds per acre) Predicted Yieldl Yiela® (vi - 93)
N P.0g K,0 Poly Exp(1) Exp(2) Poly Exp(l) Exp(2)

0 0 0 17.6 16.1 16.0 17.L -0.2 1.3 1.L
20 1,0 20 19.3 19.8 19.6 25.0 6.1 5.6 5.8
20 Lo 160 19.3 19.8 20.0 25.9 6.1 6.1 5.9
20 Lo 320 19.3  19.6 20.4 19.6 0.3 =~0.2 -0.8
20 320 20 21.9 21.5 21,2 15.L -6.5 =6.1 -5.8
20 320 160 21,9 21.5 21.6 2L .5 2.6 3.0 2.9
20 320 320 21.9 21,5 22.1 21.L -0.5 =0.1 -0.7
20 6L0 20 22,7 229 22.5 25.8 3.1 2.9 3.3
20 6L0 160 22.7 22.9 23.0 21.0 <1.7 =1.9 -2.0
20 6L0 320 22,7 22.9 23.0L 14.8 -7.9 =8.1 -8.6
Lo 80 Lo 21.0 21.1 20.9 21.9 0.9 0.8 1.0
60 160 860 23.9 23.0 22.8 31.1 7.2 8.1 8.3
160 Lo 20 25.6 244.2 23.8 23.8 -1.8 =0.L 0.0
160 1,0 160 25.6 24.2 2.3 26.9 1.3 2.7 2.6
160 L0 320 25.6  24.2 2.8 27.8 2.2 3.6 3.0
160 320 20 28.L 26.3 25.8 31.6 3.2 5.3 5.8
160 320 160 28.L 26.3 26.U 33.8 S 7.5 T4
160 320 320  28.L  26.3 26.9 25.6 -2.8 -0.7 -1.3
160 6L0 20 29.5  27.9 27.4 2L.7 =L.6 =3.2 2.7
160 6L0 160 29.5 27.9 26.0 33.5 L.C ©5.6 5.5
160 6.0 320 29.5 27.9 28.5 29.3 -0.2 1. 0.8
2h0 h80 2)40 31.1 29 06 29 09 29 05 -106 "Ool "'O.)_L
320 1,0 20 27.6 28.7 28.2 32.4 L.8 3.7 L.2
320 1,0 160 27.6 28.7 28.8 27.5 0.1 -1.2 -1.3
320 N} 320 27.6 28.7 291 26.1 1.2 =2.3 -3.0
320 320 20 30.7 31.2 30.6 3.1 3. 2.9 3.5
320 320 160 30.7 31.2 31.2 29.7 -1.0 -1.5 -1.5
320 320 320 30.7 31.2 31.9 27.8 -2.9 =3.4 4.1
320 6L0 20 32.2  33.1 32.5 3L.8 2.6 1.7 2.3
320 640 160 32.2 33.1 33.1 33.7 1.5 0.6 0.6
320 6L0 320 32.2  33.1 33.8 30.6 -1.6 =2.% -3.2

2Exp (1) is the four term exponential and Exp (2) is the six term

exponential,

2The observed yield for the C-0-0 treatn~nt is an average of yields
from 11 plots, all other observed yields are averages of two plots.

SResiduals are deviations of predicted yields from average observed

yields,
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TABLE 18

CHANIGES IN BuAN YIXLDS RESULTING FROM UNIT CHANGES
IN AFPLIZD NITROGEN

Treatment Nitrogen Treatment Derivativeof Derivativeof Derivative of
Level of Level Polynomial Exp. (1) Zxp. (2)
P05 and K0 (pounds per acre) (bu.per acre) (bu.per acre) (bu.per acre)

1 20 060 052 .05C
1 Lo .055 037 - L.03%
1 80 0l7 .030 029
1 120 .038 026 .027
1 160 .030 027 027
1 200 .021 027 027
1 2L0o 013 027 027
1 320 .005 029 .029
2 20 060 .C55 .C52
2 L0 056 .C39 037
2 80 .oL8 .C31 030
2 120 039 .029 .029
2 160 030 029 .028
2 200 .022 .029 .C28
2 21,0 .013 .029 .029
2 320 .00, .031 .C31
3 20 062 .057 .055
3 LO .058 .CLO .039
3 80 .C50 .032 .032
3 120 Ol .030 .030
3 160 .032 .030 .030
3 200 .02L .C30 .030
3 2L,0 015 020 .030
3 320 .002 .32 .032
L 20 063 .050 .00
L Lo .059 .Ch2 .Ch2
L 80 .01 .C3L .03L
L 120 .0L2 .032 .C33
L 160 .033 051 .C32
L 2C0 .025 .03 .032
L 21,0 016 .C32 .C33
N 320 .001 .C33 .C35

INitrogen is varied with P,05 and K,0 fixed at: (1) L0-20 (2) 160~
80 (3) 320-160 and (L) 6L0=-320 rcspectively. Derivatives of the poly-
noriial and Exp. (1) are independent of applied K 0 since there were no
K,0 variables in the funcitions for which these derivatives were taken.
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furctions for beans with respect to nitrogen.
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CHANGES I BuaN YIELDS RESULTING FRGi UNIT CHANGLS
IN APPLI=D PLCSPICRIC ACID
Treatment P 05 Treatment  Derivative ol WDerivative of Derivative of

Levcl

of Level

Polymomial

N and K,0 (pounds per acre) (bu.per acre)

Zxp. (1)
(bu.per acre)

m. (2)

(bu.rer acr

e)

LO

012

U13

.012

1
1 80 L0101 .COU 000
1 160 009 005 .00
1 240 008 .C05% Nael
1 320 Mool .CCly Nelon
1 1,CO 0Ciy LCh LOGl
1 L&0 003 L0k Neol
1 [SRe .CCL LCOL LLO4
2 1O 012 (15 .15
2 60 012 LLUY .bL/
2 150 LU1C SLUO :
2 2L LCOL e
2 320 LCC5 LU
2 1,Co LU NEo
2 Liu .CC3 L0
2 640 .CCO .CCL
2 e .C13 L0146 (15
3 6G LL13 .10 10
3 140 11 LG 'Z LT
3 210 02 L0 L(CH
5 320 «COC Ll .CL)
3 L&o LCH LCUs L\,
3 150 oo .co¥ .CCE
3 61,0 L0008 U7 .u_,
L LO .C1y 015 NS
il Co 013 Lul2 L2
I 160 (11 05 L5
Iy 2.0 LC1C LCUT LT
b 32¢ RN L85 LOCH
i tee; L5 LD RSN
L L€ LU HEA JLC5
i o5 L0L LCH L0H
P .0s is varizd with II and K,C fixed at (1) 26-20 (;) LG=10 (2) 15C-
15C and (4 1) 520320 T respecbively. Derlvabives of the polruomial and
Bw. (1) are inazpondont of anlisd .0 since thers wore n ?AO variables
in the functions for wiilch these darivativas were talin,.
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Because of the phenomenon of increasing returns to nitrogen inputs
exhibited by the exponential functions, maximum yilelds and high profit
plant nutrient inputs lie beyond the range of experimental inputs. The
maximun yield as calculated from the polynomial equation is 32.2 bushels
per acre., This maximum is achieved using slightly less than 318 pounds
of nitrogen and about 629 pounds of P,0g. The quantities of N and P,0g
producing the maxirmum bean yield are almost identical with those of the
highest treatment level in the experiment.

Despite the large phosphoric acid inputs which produced maximum
yields, applications of phosphoric acid were not profitable at typical
crop and fertilizer prices. Assuming a price of &0.10 per pound for
P_Og, use of P 05 became profitable only with bean prices in excess of
$7.C0 per bushel, Nitrogen inputs, on the other hand, were profitable
over a wide range of bean and nitrogen prices. Assuming a price of £0.15
per pound for nitrogen, the high profit quantity of nitrogen rangsd from
about 76 pounds with bean prices at £3.50 per bushel, to 205 pounds at
#7.50 per bushel. Estimated high profit nuitrient inputs for various

bean prices are shown in Table 20.
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TABLE 20

HIGH PROFIT FERTILIZER IWFUTS FOR FIZLD BZANS
WITH VARYING BzZAaN PRICES

High Profit Plant

Bean Price Mutrient Inputl Predicted Yielc
(per bushel) N P 0g (bu.per acre)
£3.00 35 0 19.70
3.50 76 0 21.82
4.Co 106 0 23.15
L.50 130 0] 2L4.07
5.00 16 0 23,68
5.50 164 0 25.16
6.CO 177 0 25.52
6.50 188 0 25.79
7.CO 197 0 25.99
7.50 205 35 26,60

IN and P,0g were priced at #0.15 and 0.1C per pound respectively.

Aralvsis of the Potato Data

The original potato experiment was initiated in 195),. Data have
been collected for three successive years. Only P,05 and K,0 were varied
in this experiment. The response surface estimated for the 195l data
was one of diminishing absolute yielcs with additional inputs of P,.(Cg &nd
K,0. The pre-treatment fertility level of the plots was such that,

given the weather conditions existing in 1954, the portion of the response
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surface characterized by the experiment was that of stage three in
the input-output dimension, i.e., negative marginal returns to additional
plant nutrient inputs.

Preliminary analysis of data collected from the two succeeding
years, 1955 and 1956, indicated no significant change in potato yields
associated with applied plant nutrients. Furtiier analysis of the soil
test data and associated changes in yields over time may provide useful
information as to depletion rates and residual fertility as well as
yield response to applied plant nuvrients. However, data collected to
date from the original potato experiment do not indicatve P,0g and K,0
responses of economic consequence.

Data were also collected in 1956 for the 11l plot potato experiment
initiated on a previously unfarmed parcel of muck soil. Preliminary
analysis of these data indicated that much of the variance in poteto
yields was not associated with variance in applied plant nutrients.
However, as some discernible relationships were evident in the data, a
functional analysis was conducted and is presented in Equations XIV and XV.

The first formilation attempted was a five-variable polynomial
which is shown in Equation XIV.

1 -~ - ,
BEquation (XIV) : Y, = 38.L8031L37 = .C6692653 P + .12060566 K +
(.0L3130259)  (.019792L7

.00002556 P2 - .CCO13183 K2 + .C00225C2 PK
( .00009859) (.00002250) (.0000397%)

1Yjelds expressed in Equations XIV and XV are pounds per plot.
Multiplying pounds per plot by a conversion factor of 6.80062 gives the
potato yield in bushels per acre.



The adjusted coefficients of rultiple correlation and multiple determin-
ation for this equation are .50l and .251 respectively. The sscond,
fourth and fiftnh variables of this equation have coefficients whiich are
statistically sisnificant at the one per cent probabilitly level.

The second formulation of the functional relaticnship was an
exponantial type equation as shown in Bquation XV.

50970 log P = LCOC12065 P o+

Squaticn (X7): Log SE0097T
2LOTLAS) (.COCLII19)
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20502089 log K - .00C21112 ¥

(.02Ceh7h2) (.CO0CE217)

The adjusted coefficients of rmltiple correlation and multivle determin-
ation for Equaticn XV are .505 and .3L2 respectively. In the latter

formulaticn, coefficients estimated for both K,0 variables are significent

at the one percent probability level.

ard Vioh Profit Plart Intriont Arplications

3ecause of the complex nature of the P,o05-K,0 yield relationship,
it is extremely difficult to determine the amounts cof plant rultrient inputs
(1) which maximize yields or (2) which maximize profits. The corplexity
of these relaticnships is further exemplified by the derivatives of the
functions, For example, the partial derivative of yizld with respect
to phosphoric acid for the polynomial is negative for almost any quantity
of P_0; unless K,0 is fixed at a level of at least 250 pounds per acre.
In the case cof the exponecntial, the pvartial derivative of yizld with

respect to phosphoric acid is alwuys negative.
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phenomena, at ordinary potato prices the calculated high-profit quantity
of P.Og is negative and consequenily outisice of the range of observed
values.

It is the expressed opinion of soil scientists that the interaction
between P,0g5 and K,0 is an important corplementary relationship for
potato production on nuck soils, This interaction effect may exceed in
irportance the individual effects of either plant nutrient. There is,
in particular, a commonly held belief that applied P,0g will cause
significant increases in potalo yields only if adequate amounts of K,0
are concurrently present in the soil. In view of this, it may not be
illogical to assume that P,05 applications had a non-significant effect
on yields at low K,0 treatment levels. Both equations contain atv least
one nonsignificant P,Cq coefficient which may bias the estimate of the
production surface and consequently the derivatives of the function.

Further detailed analysis of these data is necded; however, it
appears that, given the weather conditions of 1956, no substantial appli-
cations of plant nutrients were profitable. If any plant nutrient
applications were profitable at 2ll in 1556 they were only moderate

applications of potash.



CHAPTER V

SOURCES OF UNIXPLATNED VARTIANCE IN YIELDS AND
BIAS OF REGRESSION COLFFICIENTS

The analysis presented in Chapter IV was designed primarily to
explain variance in crop yields with logically formulated functional
relationships between quantities of applied plant nutrients and crop
yields. Statistical estimates of the parameters of the plant nutrient
variables were made using alternative production function formulations.
On the basis of these estimates, inferences were made as to the shape
of the plant nutrient-crop yield production surface, plant nutrient
combinations producing maximum crop yields, plant nutrient combinations
producing maxinmum dollar profits, etc.

Variance in crop yields was not solely a function of variance in
the quantities of applied plant nutrients. The adjusted coefficients
of multiple determination ranged from a high of .58 to a low of .C5
for the crops analyzed. Lacking knowledge of the exact form of the
functional relationship between applied plant nuirients and crop yields
and, furthermore, lacking completely effective control over unstudied
variables, one should not expect 1CO per cent of the variance in crop
yields to be associated with regression. One might, however, expect a
greater proportion of yield variance to be gssociated with regression

than was found to be the case in the analysis of the preceding chapter.

9L
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Failure to characterize the major portion of yicld variance by
functional analysis raises questions as to whether or not experimental
controls were rigidly enforced.

This chapter will be directed first tewards an explanaticn of
variance in crop yields not explained by the regression of applied plant
mutrients. An additional problem deals with whether or not unspecified
variables were randorly and normally distributed with respect to the

independent variables studied.

Sources of Uneyplained Variance in Yielcs

Sources of unexplained variance in yield can be broacly classified
as being due to (1) experimental error with respect to variables specified
and measured and (2) inadequate control over unspecified and unmeasured
variables. Since these two sources of yield variance should be normally
and randomly distributed with respect to treatment variables, they may

be viewed as being sources of within treatment yield variance.

Experimental Error

Some portion of tne unexplained variance in crop yields is undoubt-
edly due to experimental error. Such errors are made by not applying
the specified amounts of plant nutrients on individual plots or errors
made in acquiring yield measurements from the plots. Other sources of
experimental error are uneven seed and fertilizer distribution on plots
to mention only a few. In general, however, these errors are expected

to be somewhat normally and randomly distributed with respect to
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treatments and should be averaged out in the statistical estimating
process. HResearchers should recognize that this component of variance
is present even in rigorously controlled experiments. Competent
researchers should attempt to minimize such errors subject to the con=-
dition that the cost of reducing the errors is not in excess of the
value of the gain in accuracy resulting from their reduction. For
example, mechanization of controlled experiments may introduce experi-
mental error in excess of that occurring with the use of hand-labor
methods. However, minor increases in experimental error may be more
than offset by the acquisition of additional information and better
functional analysis resulting from additional plots and/or larger plots.
Thus, reduction of experimental error should not be established as an
absolute goal but rather one subject to economic considerations.

It is the opinion of the author that the data analyzed in the
preceding chapter did not, in general, have excessive experimental error.
Some experimental error, however, was present. In particular, the con-
tinuous corn experiment was characterized by a considerable amount of
such error. Due to unfavorable weather conditions it was necessary to
harvest the continuous corn plots by hand. Only a subsample from each
plot was harvested; consequently, due to the smaller harvested sarple a
larger experimental error would be expected. Furthermore, the previous
cropping history varied for some of the plots in this esxperiment.
Althourh corn yields from plols on the two arcas with different cropping
histories were not significantly different statistically, this hetero-

geneity of previous land use probably contributed to a minor amount of
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variance in yields. Since the totval yield variance was small originally,
the existence of experimental error made it difficult to isolate the
effects on yield variance due to variance in the quantity of applied

plant nutrients.
Uncontrolled and Unmeasured Variables

Numerous factors such as weather, insects, bacterial action in the
soil, etc.,are possible sources of variance in crop yields not explained
by the functional analysis in Chapter IV. The field bean input-ouiput
experiment was duplicated in the greenhouse. Results of the greenhouse
experimentation are presented here to substantiate the hypothesis that
yield variance could be explained by functional analysis given adequate
control of unmeasured variables affecting yield and/or specification and
measurement of these variables.

A nine variable polynonial was fitted to data produced in the green-
house., The soil contained in individual greenhouse pots was acquired
from the corresponding field plots. The same nwiber of observations were
acquired using the same treatment levels as in the field experiment.
Yields acquired in the greenhouse were for bean numbers per pou since the
beans could not be allowed to mature under greenhouse conditions.1 The

results of this regression analysis are presented in the following equation:

1Bean count and bean yields are not perfectly correlated, however,
the two measures should be sufficiently correlated to allow valid infer=-
ences to be made from one to the other quantity-(yield) wise. Bean count
might, however, be a considerably less valid measure of the quality of
the crop.
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$on = 9.22679560 + .LSLOBLOB N + 0203075 P + .07L73918 K - .COOB1362 N2 -
(.0376L4006)  (.01919871) (.037790LC)  (.0OC11092)

.C0001986 P2 - ,000256338 K2 + ,0C0197867 NP + .00012933 I'K - .COC03616 PK

(.€00019655) (.C0011181) (.CO003765) (.C0007785) (.C0003762)
R = .1
R? = ,B28

These results indicate that about 63 per cent of the variance in
bean count for the greenhouse pots was associated with regression. In
the functional analysis of the field data, however, only L2 per cent or
about one-half as much of the variance in bean yields was asso;iated'
with regression. The inference suggested by this comparison of analyvses
is that explanation of more of the variance in yield under field concdi-
tions would be possible if variables affecting yield could be hetter
controlled and/or measured and specified in the functional relationship.

Erfects of Within Treatment Variance
on Statistical Estimates

The presence of within treatment variance should be noted when evalu-
ating the relative success of particular functional forms in characterizing
input-output relationships. If there is a difference in the ylelds from
plots receiving the sarme plant nutrient applications, any function fitted
to these data by least squares teciniques, or any valid estimating
procedure, will miss one or both yield observations. The greater the
difference in yields between replicated plcts, the greater will be the
variance which cannot be explained by the function. Failure to explain
this within treatment variance is not therefore a valid criticism of a

particular functional form.
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The effects of within treatment variance on the amount of total
variance explained by regression may be exemplified by use of data from
the 1956 wheat experiment. Data from all 130 plots were used in acquir-
ing the statistical estimates made for the nine variable polynomial
function presented in Equation V. A second polymial equation was fitted
to the average yields of the plois which had a minirum of two replications
for a given treatment. These observations include yields from the
3 x 3 x 3 factorial which was replicated twice and the 1l check plots
for a total of 65 plots averaged into 28 observations. Statistical
results for the function fitted to the average yields from replicated
treatments is shown in Equation XVII.

-~

Equation XVII: Y. = 27.87267 + .11222667 N - ,00028877 N2 + .02207650 P =
(.0292398L)  (.0001C52C) (.01461992)

.00CL1605 P2 - ,01L407013 K + .00011011 K2 + .00003065 MNP - .00013398 NK +
(.00002630) (.292396L) (.0001C520) (.00002736) (.0C005472)

.00001869 PK

(.00002736)

Tne adjusted coefficients of multiple correlation and multiple determin-
ation for this equation were .79 and .62 respectively as cormpared to .66
and .L4 for the function fitted to all 130 individual observations. This
sizeable increase in the amount of yield variance explained by regression
illustrates that within treatment variance was an important component of
total yield variance. The parameters of a function fitted to the average

¥

value of replicated plots, if all plots are replicated an equal number of
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times, shoulc be the same as thesz2 for a function fitted to the non-
averaged observations, however, avera;ing values fer replicated observ-

ations discarcds part of the information provided by the experimental data.

Tacteora Related to the TIndependent Variables

Ugad dn .izxession anelivsis

I i

Vicual observation of the experimental plots incicates that there
were yileld variance creating components which were associated with plant
nutrients and which therefore were either (1) sourccs of biases in the

R}

estimzted effects of plant nutrients on yielcs or (2) sources of yielc

variznce which should be considered when evaluating the aggrerate efects

of 2pplied plant nutrients.

Incidence of Weeds, Lodging and Plant Uisease

o

Coservational data collected for oats in 1954 incdicated si;mificant
¢ifferences in weed growth and plant lodging which were associated with
nitrogen applications. Prior to harvesting the oats crop, individual
plots were ranked as to the degree of weed infestation and plant lodging
and then these ranks were tabulated against nitrogen applications. The
results of this classification are shown in Table 21. The incidcnce of
weeds in plots was ranted from O to 3 with an increase in rumber rank
indicating an increase in wead infestation. Lodging was ranked similarly
from 0 to . Weads and lodging not only affected the absolute crcp
yvields produced on sore plots but the horvestability of the crop as well.

The ratio of the amount of grain produced to the anount of grain
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TAZLE 21

INCIDENCE OF WHbD INFESTATION AND PLANT LODGILG CN CAT FLOTS
AS RALATED TO NITROGEN APYLICATICNS

Silancara Stanaard
Nitrozen Nurmber Average Deviation Average  Deviation
Application of Locdging of Lodeing Weed? of Weed
(pounds per acre) Plots Scorel Score Score Score
0 18 889 <TL1 0 0
20 2L 2.250 1.561 167 .3L0
L,O 1L 2.143 1.187 143 324
80 29 L.650 1.511 .£28 L57
160 18 6.LLL 1.257 1.556 .889

IPlots were ranked from O to 8§ according to the extent of lodging
present.

Zlleed incidence was ranked from O to 3.

harvested was probably significantly different for badly lodged plots as
compared to non-lcdged plots. No statistical measures of these differences
were made, however,

Incidence of plant disease as well as weed growth varied with plant
nutrient applications on the field bean plots. Particularly, quack
grass infestations were more pronounced on high niltrogen plots tian on
plots receiving smaller applications of nitrogen. Plots with a large
amount of plant foliage tended to have more shading of lower leaves and
bean pods and consequently more disease infestation. The quantity of
foliage on plots was, in turn, associated with the quantity of applied

nitrogen.
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These and otner variance gencrating factors wnich are not inde-
pendent of quantities of applied plant nutrients, but which may influ-
ence yields in a manner other than that specified in the production
function formulation are sources of bias, i.e,, they distort the absolute
crop yield producing effects of plant mutrients. If such distorticn
or bias is a necessary consequence of applying plant nutrients it shiould
be measured and considered when evaluating the effects of plant nutrient
applications. In sone instances, however, utilization of improved crop
management practices may eliminate such effects. For example, if weeds
could be adequately controlled and if a sufficiently strong strawed
variety of wheat were available for planting, the potential effects of
applied plant nuirients on crcp yields might be realized. The ef{fects
of factors which are sources of bias in plant nutrient input-crop yield
output estimates as well as a discussion of other factors interacting
with plant nutrients in the production of crops are discussed adequatecly

1
in other literature and will not be enlarged upon here.
Relationships Between Residual Fertility and Crop Yields

All plots in the two rotation experiments received the same plant

nutrient applications in 1955 and in 1956. It secmed logical to expect

1For a discussion of these factors see L. S. Roberison Jr., G. L.
Johnson and J. F. Davis, "Problems Involved in the Integration of Agrono-
mic and Economic liethodologies in Economic Cptima Experiments," Fertiliuer
Inncvations and Resource Use, ¥dited by E. L. Baum, E. O. Heady, Jd. T.
Pesck and C. G. iilareon (smes: Iowe State Collesge Press, 1956) pp. 226-
22, and L. S. Robertson Jr., W. B. Sundquist and L. Ili. Shepherd "A Prog-
ress Report of the Studies on the EZconomics of Fertilizer Use on Beans
and Potatoes," limeographed Report presented at a T.V.A. sponsorsd sym-
posium on the economics of fertilizer use at Knoxville, Tennessce, larch
1957.




some carryover or residual effects in 1956 from plant mutrient appli-
cations made in 1955. This was particularly true for the plots receiving
heavy plant nutrient applications in the preceding year. Soil tests for
P-0g and K;0 were taken preceding and following every crop produced.
Consequently, differences in fertility between plots prior to plant
nutrient applications made in 1956 would be expected to be related to
these soil test measures. The method utilized in attempiing to relate
variance in crop yields to soil fertility as measured by soil tests will
be surmarized briefly. Soil test measures were first correlated with
the applied amounts of the same nutrient for the individual plous. I
this correlation was very high it would indicete that (1) variance in
yield could probably be explained as well by the original functional
analysis using only applied plant nutrients and/or (2) it would be diffi-
cult to include both soil test and applied plant nutrient measures in a
functional analysis since the presence of high intercorrelations1 woulid
reduce the reliability of estimated parameters of a function containing
both measures as variables. If, on the other hand, the correlation
between quantities of applied plant nutrients and soil tests was low,
indicating some independence of the two measures, soil tests might
successfully be used to explain a portion of the variance not associated
with regression. The procedure used in relating soil test data to un-

explained variances was to correlate the soil test data with the

1The distinction betwzen high and low correlations is quite arbi-
trary, however, as intercorrelations approach .70 the reliability of
estimated parameters probably begins to decrease quite rapidly.
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residuals corputed from the original funcitional analysis. Tie results
obtajned by this method of anzlysis are shown for one crop from each of
the rotation experiments, namely, the wheat and bean crops produced in

1956.

Effects of Residnal Fertility on Wheat Yields

Soil test data were collecled for P,0g and K,0 preceding the wheat
crop grown in 1956. No analysis of residual nitrogen has been completed
to date.1 The first analysis conducted was that ol correlating pre-1956
crop soil test measures2 with the applications of P,0g5 and K;0 made in
1955. In the following discussion, soil test values of P, 0 and K, 0 are
designeted as Pgy and Kst respectively. Applied P,05 and K50 are
designated Pa and Ka'

A regression analysis was conducted using P.y as the dependent
variable and P, as the independent variable. The resulting regression
equation is as follows:

P, = 3L.9760 + 166659 P,
(.016565)

The coefficient of correlation for this equation was .662 and the co=-

efficient of determination .38, A similar regression analysis was

1Several nitrogen tests determinations have been made for soil
samples from these plots. No nitropgen soil tests have as yel been
generally accepted as satisfactory. A statistical corparison of the
effectiveness of alternative nitrogen soil tests for residual nitrogen
is currently in process using soil samples from this experiment.

RThese soil samples were acitually acquired in September of 1955
immediately preceding seeding of the wheat crop which was harvested in

1956.
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conducted relating soil test measures and applied quantities of K,0.
The resulting regression equavion is as follows:
Kot = 75.108L + 276689 K,
(.039190)

The coefficients of correlation and determination for this equation were
.526 and .277 respectively. A preliminary inspection of the residuals
of these functions indicates that 1little, if any, improvement could be
made by changing the formulation, i.e., by fitting a curvilirear form
such as Pgt, = a + Py + P to the P,05 variables.

As evidenced by the preceding analysis, applied and residual plant
nutrients show a moderate amount of interdependence or correlation.
A correlation as high as .66, as was found between Pgy and P, might

indicate that the effects of residual and applied P,05 coulc not be

5
easily separated. The correlation between Kgy and Kgs .53, does not,
however, appear to be pronhibitively high.

On the basis of the preceding exploratory analysis it was deciced
that some reduction in unexplained yield variance might be accomplished
by incorporating the residual fertility measures into the analysis.
Simple correlation analysis was conducted using FPg and Kgi as separate
independent variables and the residuals from the nine variable polynomial
(Equation V) as the dependent variable. Designating the residuals or
deviations from the polynomial (Y3 = §i) as D, the results of these

simple correlation analyses are as follows:



D = -.159656 + .002L.05 Pgy,
(.GOGET)

r= .01

r? = 00095

(C064L0)
T = .190
T2 = 0362

Phosphoric acid soil test measures appear to bear no relation to the
unexplained residuals of the original funciional analysis, whereas,
potash soil tests are slignily, but not significantly, related to these
residuals., The inference supggested by this analysis appears to be that
soil test measures do not provide an aid in reducing unexplained yielc
variance in the case of wheat, at least not in the simple relational
form analyzed here. It should be remembered, however, that soil test
rieasures were corrclaved with quantities of applied plant nutrients and
that most of their effects on yielcs are probably incorporated in the
original functional analysis. Additional work is currently in progress1
evaluating soil test procedures and relating these measures to quanti-

ties of applied plant nutrients.

1Gordon Anderson of the Depariment of Agricultural Economics and
Arthur Wolcott of the Department of Soil Sciecnce of the liichigan Agri-
cultural Experiment Station are cooperating on ti:is phase of research
work.



Effcets of Rosidual Fertility on 32an Yields

i,

As in the case of wheat, soil test aala were collectea prior to
fertilization and planting of the 1956 bean crop. P,0g soil test

observations ranged in values from L& to S0L, however, only one observ-

ation wes in excess of L0O. K,0 scil tests ranged from a low of 8L to a

hich of LOO. Application rates in the bean experiments renged from O
to 320 for K,0 and from O to 6LC for P,0.. A regression analysis was

conducted using Py as the dependent variable and P, as the independent

a

variable. The results of this regression were as follows:

?st = 57.,9670078 + 2.253587 P
(.11616L)

a

T2 = 593

The same analysis was conducted using potash soil test measures and
treatment rates as variables. Tne results of this regression are shown

in the following equation:

Kgp = 7970613 + 1.2L5960 K
(.091687)

T = .85

-1-:2 = ,hlé

As in the case of the wheat experiment, a greatcr portion of the
variance in P;0g soil tesis was assoclated with variance in F,0g appli-
cations of the prececing year than was the case for K,0. Correlations

as large as these, .770 and .OLS respectively, indicate that the elfect

o
b3
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of resicual fertility on bean yields might well have been explained at
least in part by the original functional analysis in which yield vari-
ance was formulated as a function of variance in applied plant nutrients
alone.

Despite the high correlation between soil test measures and quanti-
ties of applied P.Cy and K 0, a multiple regression analysis was conducted
using Pgp and Kgy @S dependent variables andé the residuals, (Y; - Y:),
from Zquation XI, the six variable erponential equation, as the dependent
variable. The results of this multiple regression analysis are as

follows:

D = 2.C157 - .07973 Pgt ~ 02042 Kot
(.C0E79) (.0ClLE)

The parameters of this equation are highly si:nmificant, however, the

.
adjusted coefficient of multiple correlation is only .CG8. This value
of R is not significantly different from zero. As in the wheat experiment,
no significant amcunt of the variance in ylelds not explained by the

.

original regression analysis with applied plant nutrients as independent

variables can be attributed to residual fertility as measurced by K.0

O]

and P,0g5 soil test

There are several reasons wiy failure to relate uneyplainaed yiesld
variance to soil test measures should not be interpreted as meaning that
crop yields are not a function of residual fertility. FP,0g and K, 0 soil
tests were found to be significantly related to amounts of applied

rutrients, hence, a portion of their effect on yileld variance would be

expected to be characterized by the original functional analysis.



In adcition, soil test measures for nitrogen, wiiich in almost all
experiments had the predomninaent effect on crop yields, were not included
in the analysis. Soil test mcasures are thenselves subject to consider=-
able reriance because of errors in sarpling and in testins the sarmles.

Additional research needs to be undertaken in calculating sarpling
and testing variances for soil test procedures. Such research would
provide an aid¢ in evaluating the accuracy and adequacy of soil testing
procecures currently being used. Another possible explanation of the low
correlation between soil tests and resicuals is that a more complex
forrmlation of the relationship between soil test measures and unex-
plained residuals would have becn more appropriate, i.e., the linear
relationship assumed in simple correlalion analysis may be an over-
simplification of the relationship between these variables.,

Because of the importance of soil teét data in making current
fertilizer recommendations, additional work needs to be done relating
alternative soil test measures to: (1) variance in crop yielas (2) quanti-
ties of applied plant nutrients to establish substitution ratios between
applied and residual plant nutrients and (3) other soil testing methods
to determine the most effective soil test procedures available.

The plant mitrient input-output experiments described earlier should
provide data well adapted to an analysis of soil testing procedures.

Tke experiments contain exiremely high and extremely low levels of plant
nutrient applications and conscauently a wide range of resicual fertility
values is developing on the plots. As indivicual plots become extremely

depleted of plant nutrients or extremely fertile they will previde a
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wide range of soll test observations. If plent nutrient applications
were to be rerandorized on the plcts, a wide range of residual and
applied nutrient combinations could be observed. Thus the effects of
residual fertility migcht be studied without the complicating influence
of highly correlated plant nutrient applications. Furthermore, substi-
tution ratios vetween residual and applied nutrients could be estimated

from a wide range in the cormbinations of the two.
Conclusions

Several sub-inferences may be drawn from the anelysis presented in
his chaptor. The important conclusion, however, seems to be simply
this: Given (1) adequate control over specified factors affecting crop
yields, and (2) a random and normal distribution of other factors affect-
ing crop yields, functional analysis should provide an adequale repre-
sentation of plant nutrient input-crop yield output relationships. The
relatively small amount of total variance in crop yielcs explained by
functional analysis is not an irherent characteristic of the analysis
and/or the functional forms used but rather is largely a function of the

uncontrolled factors enumerated in this chapter.



EVALUATICN OF P:OCELURSS AID RESULTS

zvaluation of Txrnerimertal Desi ms

The experimental desigms uscd in the several experinents described
in this work were formulated with several restrictions and objectives in
view. Prior to designing the experiments, it was decided that continuous
function analysis of the experimental data would provide a better basis
for (1) estimating plant nutrient input-crop yield output coefficients
and (2) facilitating an economic analysis to determine optimal plant
nutrient applications, than would alternative methods of analysis. Thus
the experiments were designed to provide data suitable for continuous
functicn analysis. Restrictions on funds, labor and equipnent limited
the number and/or size of the experimental plots. Individual treatments
or cells in ihe experimental designs were selected to: (1) describe the
econonically relevant portion of the production surface sufficiently to
obtain reliable estimates of parametérs of the production functions
(2) establish with adequacy input-output measures for critical points on
tre production surfaces, e.g., oripgin of the functions and their inilec=-
tion points and (3) minimize intercorrelations among treatment variables.

It is the opinion of the author that the experimental designs were

quite satisfactory as a basis for providing data for continuous functions

111



o]
'-J
o

analysis. The experimental desiens ubilized in the two oriszinal rota-
tion experiments are not highly efficient in proviaing data which

1
readily facilitates estimation of (1) within treatnent yield veariance
(2) crop cuality differences associated with treatmenis, (3) differsnces
in plant nutrient content of plant tissue and (L) differences in other
plant and soil characteristics associated with plant nuirients but not
in the manner prescribed for the basic input-output rclationship.

Once cormitted to an incomplete factorial design with a minimm
number of replications, analysis of such factors as those listed above

5
may be auite difficult. Howsver, the desiegns which were used are adcquate
for these determinations il (1) the determinations can be made by correc-
lation analysis or (2) if the determinations for one plant nuiriznt can
be assumed to be independent of thie treatment level of other plant
mutrients. In the latter case this means that all obscrvations for
which the treatment level of the studied variable are constant can be
considered as replications of that treatment.

A modification of the incorplete factorial--minimum replication
desifn used in the rq}ation experiments was incorporated into the con-
tinuous corn, the 1956 potato and the new suger beet erxperiments. These
designs include a triplicated factorial in acddition to other treatments

which were replicated twice. This modification was incorporated into

1Tnability to specify within treatment variance is not considered
to be an important criticiom of the experimental desion.

“The inference being made here is that some of the determinations
listed above can best be acquired by analysis of variance techniques.



the designs to facilitate analysis of by-vrocuct data produced in the
experiment. The experimental designs, as modified, still provide numerous
non-replicated treatments in order to specify the production surfacs
adequately for continuous function analysis, Irnclusion of a factorial

into the experimental design facilitetes utilization of analysis of

1.

variance techniques on a limited basis at little additicnal cost.

A possible criticism of the experimentel desirns which were used
micht be the larce spacing betwzen treatment levels of the various plant
nutrients. Obviously, it would be desirable to Lave observations at
treatment levels intermediate to those contained in the experiment,
however, the experiments already were large and required a considerable
arount of land, labor, machinery, equipment and supervision. Larger
experiments would have created problems in conducting experimental work,
such as seeding, harvesting etc., with appropriate timeliness. The prirary
consideration in not enlarging the experiments by including intermediate

N

treatrment levels was tihat of the accitionzal time and cost which would be
necessitated by such an expansion.

The correlation between applied and residual plant nutricnts is
relatively hizh in these experiments since individual plots receiva the
same treatment in successive years. A more comprechensive analysis of
residual and applied plant mutrient relationships woulc be facilitated
by rerandomizing treatments on the experimental fields., Such a modifi-
cation of the experimental design would provide observations over a nuch

wider range of combinations of residual and applied nutrients. This is a

modification of the experimental design currently being contemplated.
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Evaluation of Hsmperimental Proceduras

To the extent feasible, the experimental work wus conducted utiliz-
ing mechanized procscures. When soil conditions allowed, plant nutrisnt
applications were made with a 7 fi. tractor drawn ¢rill. Small grain
seedings were also made with a 7 ft. drill which required one round on
the plots which were 1 feet wide. Wheat and oats crops were harvested
with a 7 ft. self propelled combine, A portion of the corn crop was
harvested by using an especially constructed single-row corn picker.

In instances where weather conditions prevented fertilizer application
and corn harvest by machine, this work was accorplished by use of hand
labor.

Some amount of additional experimental error undoubtedly occurs due
to use of machinery as corpared to hand laborj; for example, plant
nutrient applications are not precisely weiched out and cdelivered in exact
amounts to individual plots. Small amounts of grain remain in the corbine
from one pldt to another when harvesting etc. and introduce some small
experimental error. These errors should, for the mest part, however,
average out and not bias the plant nuirient input-crop yield output esti-
mates made.

Mechanization of experimental work provides sone interesting and
important implications particularly with respect to the number and size
of individual plots which can be satisfactorily incluced in an experiment.
Two objectives of plant nutrient input-crop yield output research appear

to be of relevance here, First, we want research results to be valicly



inferrable to some farm population. Farmers typically operate as units
fields of a minirmum of several acres in size. The larger the experi-
mental plots, the more nearly they represant the conditions actually
existing on farms. Farmers, and consequently researchers whose objective
i3 to make input-output estimates applicable to farm conditions, are not
particularly interested in measuring within treatment yielcd variance.
Rather, they are interested in determining the variance in yield which
can be attributed to variance in plant nutfient applications under farm
conditions e.g., the change in yield resulting from application of an
additional 20 pounds of nitrogen etc. Researchers are interested,
however, in having som: assurance that witnin treatment yield variance

is not pronhibitively large so as to constitute a large portion of total
yield variance. Within treatment variance is reduced by increasing the
size of individuel experimental plots and the harvested portion of these
plots. Increases in plot size are facilitated by mechanizing the experi=-
mental procedures used. Errors of inference due to excessive within
treatment yield variance can be eliminated alternatively by replicating
a given treétment several times and averaging the yields of the several
replications. Additional replications of a treatment require more labor

and have a higher cost than is true for a comparable enlargcment of a

(o]

given plot. It is the opinion of the author that when the main objzctiv
of experimentation is to estimate plant nutricnt response surfaces,
increasing plot size is a more efficient alternative.

A second objective of our research, that of estimating input-output

coefficients to which we can attach acceptable reliability measures,
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is aided by increasing the number of indivicdual plcts in an experiment.
he standard error of estimate for parameters in a functicnal equation
diminishes as the nuriver of observations increases. Attainment of both
accurate and applicable rescarch results is, thercfore, enhanced by
increasing the size and number of experimental plotis.

It is the copinion of the author that within treatment variance in
the experiments was probably higher than was necessary. Use of larger
plots and/or harvesting a laryer portion of individual plots would
prooably have provided results the additional accuracy of which would

have been worth the cost of obtairing this accuracy.

Svalvation cf Analvtical Procodures

The Continuocus Functicn Analysig
o)

A brief justification for utilizing continuous funcition analysis was
presented in Chapter IT and will not be repcated or expanced here.
Rather, a brief a posteriori evaluation of the effectiveness of the con-
tinuous function analysis used will be attempted here. Both polynonial
and exponential type formulations of the respective procuction functions
were fitted for all crops for which preliminary analysis indicated that
an appreciable amount of variance in yield was associated wilh veriance
in applied plant nutrients. lio criteria are available which provide a
basis for saying onz forrmlaticn is "absolutely" more appropriate than
the other; however, some measures which provice somewhat of a cquantitative

bacis for corparison are available. rthernore, logic and theory provice
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a basis for selecting one formulation in preference to the other in at
least two instances.

As previously mentioned, comparison of the coefficients of multiple
correlation for the two functions provides a gulde as to the relative
amount of yield variance associated with regression. This comparison is
somewhat subjective, however, since: (1) in the case of the exponentials,
variance is measured in logarithms and in the polynomials it is measured
in real numerical values. Although the logarithms and real numbers
bear a consistent monotonic relationship to each other over the range of
the values which they take in the cata, they do not retain a relationship
of constant ratios. (2) The two formulations differ as to the number of
variables in the respective equations, hence there is a small difference
in the nwiber of degrees of frecedom used in the two analyses. The latter
difficulty is not an important one, however, because of the large nurber
of observations and, hence, degrees of freedom, present in the analysis.
A comparison of the coefficients of multiple correlation and determin-
ation for the functions fitted is shown in Table 22. In three of the
six comparisons a larger amount of yield variance is explained by
regression for the exponential equations than for the polynomials. In
one case, that of the field beans, the polynomial equation has larger
values of R and ﬁg, whereas, in the remaining two cormparisons values
of R and R? for the two equations are almost identical. This comparison
provides no very conclusive indication as to the superiority of either

type of formulation.
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TADLD 22

COMPARISCN OF AMCOULTS CF YILZLD VARTANCE ASSCCIATZED WITH
ALTRUATIVE FRAODUCTION FUNCTICH FCRIULATIOLS

Number of

Crop Function Variables R B2
Oats, 1956 Polynomial 9 69 L6
Exponential 6 .76 .53

Wheat, 1956 Polynomial 9 66 il
Exponential 6 .65 112

Corn, 1955 Exponential 6 .70 L7
Polynomiall 9 Ol Ll

Corn, 1956 Polynomial 9 <23 .C5
Exponantial 6 2L .CH

Cont. Corn, 1956 Polynonial 9 Lo .16
Polynomial 5 .39 A6

Beans, 1956 Polynomial 5 .65 L2
Uxponential 6 61 ST

Zxponential L 01 37

Potatoes, 1956 Polvnomial 5 .50 .25
woponential L 59 3l

1The polynomial used on the 1955 Corn data was a souare root
polynomial of the form Y = a + b,N + b, /N + b P + by Vi oK + bg /b +
b, /L + bg /lin + bg /Fn
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A second comparison of the two types of functions was incluced in
. . ~

the analysis. Resicual measures, (¥; - Yi), were conputed for both
types of functions. These residuals are measures of the deviation of
precdicted yields from observed yields. The residuals are almost identi-
cal for both t;pes of functions for all crops. This is true for the
magnituds of residuals as well as for their sign or direction. In
summary, inspection and measurement of the resicualis provides no discern-
able basis for choosing one function in preference to the other.

A third comparison of the poliynomial and exponential functions
which might provide some btasis for choosing the more appropriate one is
an inspection of the derivatives of these functions. Inspection of the
partial derivatives of the exponential functions with respect to indivicual
plant nutrients shows that the derivatives are usually of extreme
masnitude (negative or positive) for small inputs of the plant nutrients

L) . . 1 .
and then become exiremely small quite rapidly. Extrenely large deriva-

. ?Y . . 1. o Fel 1 4
tives, == , with small inputs of the X; are a consequence of the yield

’9Ai’ i
being zero when any of the X; = 0. Derivatives of the polynomials in
conmpeariscn usually take less extreme values.

It is the opinion of the author that over moderate plant nutrient

input ranges for most crops, generally in the range of 20 lbs. to 200 1lbs.,

the exponential is probably a satisfactory formulation ol most of tie

1There are excepticns to ti:iis statement. For example, the vartial
derivatives of bean yields with respect to nitrocen cecreaszs at first
and then increase wilh aaditional nitrogzen inputs. here are other
excepuvlions to this statement as wsll.



pub-outout relationships. Derivatives of the exponenvials for field
beans and potatoes, howsver, are contradictory to the usually accepted
concept of diminishing returns, Iiaximum yields predicted using the
exponential functions were outside of the range of observed invuts for

1

the bean and potato crops. However, the maximum potato yleld predicted
was secured using quantities of plant nutrients outside of the range of
observed inputs using the polynomial as well.

Calculation of the quantities of plant nuirients which result in
aximun profits is a much more complex procedure using the exponential
type formulation than using a polynomial. Solving the exponential for
optimal inputs requires use of a series of successive approximations

2
known as Newton's m=thod. This method requires in part a grephic
aéproximation refined by solving a series of equations. Statistical
estimates of the parameters of both types of equations are rather easily
acquired by methods of least squares.

The primary advantage of the exponential type forrulation as com-

pared to the particular polynomial used is that it permits derivatives,

(B4

2 %1’ to take onnon-linear forms. Derivatives of a polymomial containing
A

1The phenomena of maximum predicted yields beliy; outside of the
range ol observed inputs is a criticism of the funciion only if in
realily the maxinum yield aons occur williin thie range of ovserved lmputis
and is fallaciously prec¢icted to ve outslas I7, inda2d, the truo naii-
leid exdisis horond td& ran;s or OJSQCV:@ inwuts 1% i
L«

yi
menval Gesim, not the lunciion, witich siiould be criti

24 corplebe explanation of th2 mothod ol solvir: a Curter-lalter
tpe erponential is explained in a foruvhcoming arbticls in the dournil
of Farm Beorenics Ly Al 1. (alter, . C. Carter and J. G. bLoclling,

The auv:ors aiso aiscuss in sone Q;uaLl toe propertics ol thils family of
functions.

io
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Utilisation of Soil Test lieasures

No significant amount of variance not explained by regression was
explained by use of P,05 and K,0 soil test measures. Soil tests for
resicdual quantities of P,05 and K,0 were not significantly correlatad

PN
with residuals (Yi - Yi) from the functions fitted for wheat and beans.
The analysis presented here does not provide a &ery comprelensive
exploitation of the possibilities of using soil test measures in supple-
menting functional analysis of applied plant nutrients. The Federal
Extension Service, as well as Agricultural kxperiment Stations and private
fertilizer companies rely heavily on soil test data as a basis for making
fertilizer recommencations. Because of the wiaespread use of these soil
test procedures, any additional information relating variance in soil

test measures to crop yields would be a very valuable contribution.

“conomic Interpretation and Zvaluation of Results

The most profitable amounts of plant nutrients to apply were computed

for all crops except alfalfa. The analysis presented in Chapter IV



indicated a sisnificant response to nitrogen for corn produced on a
Kalamazoo sandy loam soil in 1955, Sicnificant yield responscs to
applied nitrogen were recorded for oats, wheat, field beans and corn
produced on a Wismer clay loam soil in 1956, The only crop not showing
a significant response to nitrogen in 1956 was the corn procuced on a
Kalamazoo sancy loam soil.

Statistically significant response to appliied phosphoric acid was
recorded for wheat, field beans and the corn produced on a Wisner clay
loam soil in 1956. Oats and corn produced on a Kalamazco sancy loam
soil in 1956 did not show significant yield response to applied phosphoric
acicd. The only crop showing significant yield response to applied
potash was the potato crop produced in 1956 on a Houghton mick soil.

Despite the several significant responses recorded, only small
amounts of plant nutrient applications were incicated to be profitable.
Predicted high-profit plant nuvrient inputs for the various crops are
shown in Table 23. No applications of P,0g5 and K,0 were indicated to be
profiteble for any of the crops produced at typical crop and fertilizer
prices. Nitrogen applications were profitable for five of the crops
produced if crop prices were sufficiently high. Assuming typical prices,
however, nitrogen applications were profitable only for corn procuced
in 1955 and field beans produced in 1956.

Some qualification of these results secms to be warranted. First,
the 1955 and 1996 growing seasons were characterized by severe surmer
drouths. Thus the responses recorded may not typify tle long-run

expected responses to applied plant nutrients. Addilional data collected
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ESTTHATED RIGH-FROFIT PLANT NUTRIZHT APPLICATICIIS

FOR VaitIOUS CRCPS

Estimated High Profit Plant Nutrient

Inputs?
Crop - - e ——
N FoUg K50
Oats, 1955 lione None lone
Cats, 1556 (nly if the
price of oats None None
>$1.00
Wheat, 1956 Only if the
price of wheat None lone
> 2,00
Corn, 1955 About LC 1lbs.
(on FKalamazoo Sandy loam soil) at Corn None Hone
prices of
Corn, 19556
(on Kalamzzoo Sandy loam soil) lone None lione
Corn, 1556 Only if +the
(on Wisner Clay loam soil) price of corn None lone
> 2.00
Field Beans, 1956 75 1lbs. with Only if None

beans 3,50,
150 1bs, with
beans at {5.C0
and 200 lbs.
with beans at
$7.C0

Not varied in
experiment

Potatoes, 1956

bean prices
are > 7,00

lione Mone at
orcinary
prices

1Coriputed with N at ¢0.15 per 1lb., P 05 at {'C.10 per 1b. and K,C

at $0.11 per 1lb.



over time are nzeced to obltain a probability distribution of yicld
responses over the range of existing waather conditions.

4s a further qualification, it should b2 notad that the ciperimentel
results reported in the preceding anzlysis were obtained frem soils
either (1) relatively unproductivz, as in the case of the Kalamazoo
sancy loam soil or (2) relatively heavy and productive in the cases of
the Simms loam and Wiesner clay loam soils. Cne might expect, a priori,
to obtain the greatest yicld response to aprlied plant nutrients from
soils with a high productive potential but with low fertility levels.,
Greater yield response may be noted in future years on low nutrient level

plots as residual fertility is aepleted.

Concludine Remarks

The analysis of experimentel work prescntad here is rather limitced
in scope with respzct to numter of soils, crops and growing seasons.
fdditional work is neoded befor2 the optimal plant nutrient treatments
estinzated here can bz substantiated or invalidated as long-run optimal
applicetions. The distribution of yield responses over time is likely
to be characterized by wide dispersions, particularly in the case of the
lighter soils which are frequently subject to damaging drouth periods.
However, some interesting cuestions and implications are posed by the
results of the analyscs presznted here.

o siynificant response was obitainzd from applied potash fer the
several crops grown on mnineral soils during a two-yoar period of

experirentation. This lack of rcsponse poses a question as to the
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validity of recommencding a program of "balancad" plant nutriont appli-

cations. Ralher, the gsneral responses recorded from these experimznis

\

indicate that nitrogen was the primary scurce of crop yicld responsc.

38}

Cn the basis of these results it apvcars thet a plant nutrient coritination
weizhted more heavily wilh nitrogen relative to potash might b2 optimal
at least until residual potash is depleted soncwhatb.

A second general implication posed by the experimental results is,
"despite statistically sipnificant yleld responses, in most cases the
cost of applying additionzal plant nutrients exceeded the value of the
additional crop produced." This general result would indicate that
analysis which only catects si mificant yield differences which are
associated with plant nutrient applications is notl an adequate procecure
for determining the most profitable application rates. This result in
itself would seem to validate or ai least vindicate the general type of
analysis used in this dissertation, i.e., that of contimuous function
analysis to which economizing principles may be applied.

In conclusion, at the farm management application level of fertili-
zation practices, these practices cannot be consicdered independent of
other alternative farm business expenditures nor can they be considered
independent of the numerous factors with which they interact. For exurmple,
a livestoclk farmer may find it profitable to fertilize oats, not for the
oat yield benefits, but in order to establish a clover or grass seeding
which is essential to his livestock enterpriss. However, if a farm

manager is to intelligently and economlically syntlhesize the costs and




benefits of the numerous corponents of his farm business he needs infor-
mation as to the productivity of expendilures made for plant rnutrients

ari ; - iu . Additional t nutri input-crop
for the various crops he produces ditional plant nutrient input-cror

yield output estimates will help to provide this information.
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