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ABSTRACT

THE INFLUENCE ON A FINITE GROUP OF THE
COFACTORS AND SUBCOFACTORS OF ITS SUBGROUPS

By

Larry Ray Nyhoff

There are a number of theorems of the form: If every proper
subgroup of the finite group G has property X, then G has property Y.
Examples are the classic results of Schmidt, Iwasawa, Ito, and Huppert.
Such results have been extended by imposing condition X on only one
maximal subgroup of G (Deskins, Huppert, Thompson) or on a certain
class of subgroups (Rose). The major goal here is to extend results
of this type by imposing condition X on only the ''worst' parts of the
"bad" subgroups of G (from the viewpoint of normality), namely, the
cofactors or subcofactors of the self-normalizing or abnormal sub-
groups of G. In some cases, X is also imposed on the ''good'" sub-
groups, those which are normal or close to being normal in G. In the
last chapter, the influence on G of X-outer cofactors of subgroups is
examined.

Throughout, G denotes a finite group. For a subgroup H of G,
the cofactor and subcofactor of H are cofGH = H/corGH and scofGH = H/scorGH
respectively, where corGH is the core of H in G, and scorGH = the sub-
normal core of H is the largest G-subnormal subgroup of H.

For X = nilpotency, we have: G/F(G) is nilpotent if-f cofGS

is nilpotent for all maximal subgroups S of G, where F(G) is the Fitting

subgroup of G. Also, if Yn(G) is the (n+l)st term of the descending
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central series of G, the following are equivalent: (a) G/F(G) has
class = n. (b) cofGS has class £ n for all maximal subgroups S of G.
(c) yn(G) is nilpotent. (d) ‘Yn(H) 44 G for all (abnormal) H § G.

Under the hypothesis that G is solvable, one can replace Yo
by the (n+l)st derived subgroup and '"has class = n" by "has derived
length 2 n" in (a)-(d) above. The resulting statements are equivalent.

In the preceding results, G need not have a normal Sylow sub-
group. If, however, each K ¥ G also is nilpotent, but G itself is not,
then for some prime p_ where le| = iil piai, we obtain, among other
results: (1) |G:F(@G)| = p, 80 that G has normal p -Sylow subgroups P,
for each i # r, and each P, G'. (2 \H/ecorcﬂl = 1 or p_ for each
H®G. (3) For each abelian P, i ¥ r, G has pi81 pi-complements,
CG(Pi) = F(G), and piai divides the number of p_-Sylow subgroups of
G. (4) If all the P, i ¥ r, are abelian, then G has |G|/prar pr-Sylow
subgroups.

Under the preceding hypotheses, |m(G)| can be arbitrarily large.
Defining H < G to be nearly normal in G if |H/corGH| = 1 or a prime,
however, we have that if G is nonnilpotent but has all nearly normal
maximal subgroups nilpotent as well as the cofactors of maximal sub-
groups, then |n(G)‘ = 2, all proper subgroups of G are nilpotent, and
thus the Schmidt-Iwasawa conclusions hold.

For X = p-nilpotency, we have: If (a) scofGH is p-nilpotent for
each self-normalizing HE G, or if (b) scofGH is p-nilpotent for each
abnormal H 3 G and either p is odd or the p-Sylows of G are>abe11an,
then, in each case, G has a normal p-subgroup P with G/P p-nilpotent.

If in addition to (a) or (b), each K ?c is p-nilpotent while

G itself is not, then, among other things: (1) G has a normal p-Sylow

subgroup P with P< G'. (2) If P is abelian, then Cg(P) = FP(G), the
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largest normal p-nilpotent subgroup of G. (3) For G solvable,
|G:FP(G)| is equal to a prime # p; and if also P is abelian, G has
exactly pa distinct p-complements, where |G| = pam with (p,m) = 1.

If (a) or (b) as above holds and each proper somewhat normal
subgroup of G is p-nilpotent, but G is not, where H < G is somewhat
normal in G if H/corGH is cyclic of prime-power order, then lG\ = paqb
for some prime q ¥ p, and the Ito-Schmidt-Iwasawa conclusions hold.

Defining G to be (p:q)-nilpotent if (i) G is p-nilpotent, and
(ii) G is q-nilpotent with q||c| in case p y ]G‘ and |G| > 1, we obtain:
If each K ¥ G is (p:qK)-nilpotent and cofGH is (p:qH)-nilpotent for
each H & G, then G is solvable and has a normal Sylow subgroup (in
addition to (1)-(3) above holding in case G is not p-nilpotent).

For X = supersolvable or Sylow-towered, cofGS supersolvable for
all maximal subgroups S of G does not imply that G is solvable. But
for a fixed ordering o of a set of primes containing n(G), we have G
solvable with G/F(G) o-Sylow-towered if either (a) scofGH is g-Sylow-
towered for each self-normalizing H * G, or (b) scofGH is o-Sylow-
towered for each abnormal H ¥ G and the 2-Sylows of G are abelian.

If (a) or (b) holds with "supersolvable'" replacing "o-Sylow-
towered," or if (c) scofGH is supersolvable for each abnormal H 3 G
and the abnormal maximal subgroups of G have prime-power index, then,
in each case, G is solvable with G/F(G) supersolvable and Fitting length
of G' = f(G') s 2, f(G) S 3. These are the best possible bounds on
f@") and f(@).

In the last chapter, the outer cofactors of a subgroup H as a
kind of dual to cofGH are considered. These are of the form C/corG(C N H)
where C¢ H and L € H for each proper G-normal subgroup L of C. We

term this a normal, self-normalizing, or abnormal outer cofactor of H
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according as C is normal, self-normalizing, or abnormal in G. General
results for nonnormal outer céfactors, from which corollaries parallel
to the preceding results follow, are: Given a subgroup-inherited pro-
perty 6 which is invariant under homomorphisms. If (a) G has a g-maxi-
mal subgroup whose self-normalizing (abnormal) outer cofactors are ©-
groups, or if (b) the self-normalizing (abnormal) outer cofactors of
each abnormal maximal subgroup of G are §-groups, then, in either case,
cofGH is a 9-group for all self-normalizing (abnormal) H 3 G.

The following are some of the properties of the normal outer
cofactors. For a maximal subgroup S of G, the normal outer cofactors
of S are isomorphic; the order of any one is callgd the normal index of
S. The normal outer cofactors of S are p-solvable (solvable) if-f the
normal index of S is a power of p or is prime to p (is a power of a
prime); in the solvable case, the normal index and the index of S are
equal.

The influence on G of normal outer cofactors is described by:
(a) G is p-solvable if-f (b) G has a p-solvable maximal subgroup
having p-solvable normal outer cofactors 1if-f (c) the normal outer
cofactors of each (abnormal) maximal subgroup of G are p-solvable if-f
(d) the normal index of each (abnormal) maximal subgroup of G is a power
of p or is prime to p. If "p-solvable" is replaced by '"solvable' and
"is a power of a prime'" replaces '"is a power of p or is prime to p,"
the resulting statements are equivalent to (e) the normal index and the
index of each (abnormal) maximal subgroup of G are equal.

Finally, the intersection of all the maximal subgroups of G
with normal index divisible by both p and some prime ¥ p coincides with

the intersection of all abnormal maximal subgroups having this property,



Larry Ray Nyhoff

and is equal to the largest normal p-solvable subgroup of G. Replac-
ing "p-solvable" by '"solvable" and '"divisible by both p and a prime

# p" by '"divisible by two distinct primes" yields an immediate corollary.
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CHAPTER ONE

INTRODUCTION; PRELIMINARY RESULTS

There are a number of known theorems of the type: For a finite
group G, if every proper subgroup of G has property P, then G has pro-
perty Q. For example, Schmidt (187 and Iwasawa [14] have shown that if
every proper subgroup of a finite group G is nilpotent, then G is solv-
able. More precisely, if G itself is not nilpotent, then |G| = paqb
for distinct primes p and q; G has a normal p-Sylow subgroup P with
$(P) < Z(G), and thus P has class & 2; exp(P) = p or exp(P) £ 4 accord-
ing as p is odd or p = 2; each q-Sylow subgroup Q of G is cyclic with
$@Q) € 2(G). Huppert [12] and Doerk [6] have obtained corresponding
results for the case where the proper subgroups of G are supersolvable.
Results are also known for the cases where the proper subgroups of G
are p-nilpotent, or abelian, or g-Sylow-towered for some fixed ordering
o of a set £ of primes containing the prime divisors of |G|.

Extensions of such results have been obtained by imposing the
conditions not on the totality of proper subgroups, but only on certain
subgroups. Thus there are a number of theorems in which the conditions
are imposed on only one maximal subgroup of G. For example, Deskins
has shown in [4] that the finite group G is solvable if it possesses
a nilpotent maximal subgroup having Sylow subgroups of class £ 2. There
are also a number of results in which the conditions are imposed on the
proper subgroups of a certain kind. Examples of this are the following
two results established by Rose in [17]: (1) If all the proper ab-
normal subgroups of the finite group G are nilpotent, then G is solvable;

in fact, G has a normal Sylow subgroup P such that G/P is nilpotent.
1



(2) 1f all the proper self-normalizing subgroups of the finite group
G are supersolvable, then G is solvable.

In the following chapters, the major effort is directed at
extending theorems of the type described. We shall, like Rose, con-
sider the influence on a finite group G of conditions imposed on those
proper subgroups of G which, from the viewpoint of normality, are the
"bad" subgroups, namely, the self-normalizing subgroups of G, or the
abnormal subgroups of G. However, we will not require that the con-
ditions be satisfied by these subgroups themselves, but only by their
"worst'" parts (from the viewpoint of normality or subnormality), that
is, their cofactors, or subcofactors (or, as in Chapter 3, their outer
cofactors). In all the cases we consider, this will be enough to guar-
antee the solvability or p-solvability of G, and in several cases we
can say more. To obtain still more information about the structure
of G, we shall on occasion impose the conditions on the ''good" sub-
groups of G also, chat’is, the normal subgroups, or the subgroups of
G which are rather close to being normal in the sense that their co-
factors are quite small. In the last chapter, we define the outer co-
factors of subgroups of G, as a kind of dual to the cofactors, and
investigate their influence on the group G.

To begin, therefore, we make the following definitions.

Definition 1.1: For a proper subgroup H of the finite group G,

we define:

(1) the core of H in G, corGH, as

= the largest G-normal subgroup of H;



(ii) the subnormal core of H in G, scorGH, as
scor, H = the largest G-subnormal subgroup of H

G
=<L|L S Hand LaaG>.

Note: It is a well-known property of subnormal subgroups (see,

for example, Scott [19], 15.2.4) that if L, and L, are subnormal sub-

groups of a finite group G, then'<11 ,L2>~is also subnormal in G.

Thus the subnormal core of a subgroup H of G is well-defined.

Le 1.1: For a proper subgroup H of the finite group G, ScorGH is

normal in H.

Proof: From the definition, L = scor H is subnormal in G, say

G
La Nl q...49 Nr = G. Now, let x be any element of H; then, clearly,
Lx <1N){<1 <1N’:, = G so that L* 4 4 G. By the above note, <L,Lx>

also is subnormal in G. From the definition of L = scorGH it follows

that L* = L. Thus (scorGH)x = scorGH for each x € H so that
scor H < H. |
The preceding lemma makes possible the second part of the

following definition.

Definition 1.2: For a proper subgroup H of the finite group G, we

define:

(1) the cofactor of H in G, cofGH, as’
cofGH = H/corGH;

(ii) the subcofactor of H in G, scof H, as

====2 G

scofGH - H/scorGH.

Since we shall be dealing only with finite groups, we assume at

the outset that all groups considered here are finite. It might be

mentioned, however, that the preceding definitions of the core and the

cofactor of a subgroup of a given group G are still legitimate in the



case that G is an infinite group. Also, one can show (see, for example,

Scott [19], 3.3.5) that if G possesses a proper subgroup K of finite

index, then G/corGK is a finite group. Thus, the results obtained do

give some information about such infinite groups. For suppose that
some group-theoretic property 6, which is preserved under homomor-
phisms, is required of the cofactors (and/or cores) of subgroups of

G, and that K is a proper subgroup of G of finite index. Then the

cofactors (and/or cores) of proper subgroups of G/cofGK also are -

groups (since (i) and (iii) of Lemma 1.4 hold for any group G). Thus,
for example, supposing that the cofactors of all maximal subgroups of

G are nilpotent as are the proper normal subgroups of G and that G has

a proper subgroup K of finite index, we have that G is solvable and

the conclusions of Theorem 2.11 hold for G/corGK.

Lemma 1.2: Let ¢ be a homomorphism-invariant property, that is,
homomorphic images of @-groups are 9-groups; and let H be a
proper subgroup of the finite group G. If cofGH is a @-group,
then scofGH also is a @§-group.

Proof: This is immediate; for it follows from the definitions
that cor H € scor H. Thus, scofGH = H/scorGH is a homomorphic image of
the 9-group cof H = H/corGH, and hence is also a 9-group. ||

It follows from the preceding lemma that any theorem which gives
information about G resulting from conditions imposed on the subcofactors
of subgroups of G will automatically be true if these conditions are
satisfied by the cofactors of these subgroups (provided, of course,
that these conditions are homomorphism-invariant properties). Conse-

quently, wherever possible, we will impose conditions on only the sub-

cofactors of subgroups as opposed to their cofactors.



The subnormal core of a subgroup H of a finite group G is in
general not equal to the core of H. One need only take H and G so that

H4a44G but H4 G to see this. For example, if G = A, = the alternating

group of degree 4, and H i8s a subgroup of order 2, then corG}l =<1>,

but scorGH = H. For maximal subgroups, however, the core and subnormal

core must always coincide.

Lemma 1.3: If S is a maximal subgroup of the finite group G, then

corGS = scorGS .

Proof: From the definition, scorGS is subnormal in G, say
scorGS 3 N, ? N2 ﬂ oo ¥ Nr = G; and no subgroup H of S properly con-
taining scorGS can be subnormal in G so that, in particular, Rl ¢S

since N1 449 G. From Lemma 1.1 we have scorGS Q S; also, scorGS Q Nl.

Therefore, scorGS < <H1 » S> = G, which implies that scorGS S corGS.
Since the reverse inclusion is immediate from the definitions, this
establishes the desired equality. ||

Because many of our results will involve induction arguments,
we must examine for a given group G the relationship between the core
and the subnormal core of a subgroup of a homomorphic image of G and
those of the corresponding subgroup of G. The following basic lemma
does precisely this.
lemma 1.4: ILet H and K be proper subgroups of the finite group G with

K< G and K € H. Then:

(1) cor

G/K

(i1) scor:G/K

(iii) cofG/K('H/K) = cofGH;

(H/K) = corGH/ K;

(H/K) = scorGH/ K;

(iv) scofG/K(H/K) & scof H.



(H/K). Since L4 G and L € H, we

Pr.oof: (i) Let L/K = cory, o
have L ¢ cor H; thus corG/K(H/K) c corGH/ K. Conversely, since K a G
and K € H, we have K © corGH; and since corGH 4 G and corGH < H, we

have corGH/ K¢ cor, o

(11) is proved in a similar way.

(H/K). Therefore, cor,, (H/K) = corGH/ K.

/X

(1ii) From the definition of cofactor, part (i), and the Third

Isomorphism Theorem, we have

- —H/K - __H/K _
cofg /g /0 cor, /K(H/K) corGH/K * H/corGH cof JH.

(iv) follows in a similar manner. [

The three results that follow illustrate the close connection
between the cores and subnormal cores of subgroups of a finite group
G and the normal structure of G.

Lemma 1.5: Let G be a finite group. Then:
(i) corGH # < 1> for all proper subgroups < 1> # H %G if and
only if every minimal subgroup of G is normal in G.
(ii) scor H # <1> for all proper subgroups <1> # H ¥ G if and
only if every minimal subgroup of G is subnormal in G.

Proof: (i) Suppose first they every nontrivial proper subgroup
of G has nontrivial core, and let M # < 1> be any minimal subgroup of
G. By hypothesis, cor M # <1>; thus, by the minimality of M, we have
M= corGM is a normal subgroup of G.

Conversely, suppose that every minimal subgroup of G is normal
in G, and let H be any nontrivial proper subgroup of G. Taking x € H
of prime order, we have that since <x> is a minimal subgroup of G, it
is, by hypothesis, normal in G. Thus, <1> ¥ <x> < cor H 8o that

G

corGH is nontrivial.

(ii) is proved in a similar manner. [



Theorem 1.6: For a finite group G, corGH is nontrivial and is Hall in

H for all proper nontrivial subgroups H of G if and only if

all subgroups of G are normal in G, that is, G is a Dedekind

group.

Proof: Suppose first tﬁat every proper nontrivial subgroup H
of G has a nontrivial core which is a Hall subgroup of H, and let K be

any subgroup of G. Since the trivial subgroups < 1> and G are normal
a
r
in G, we may assume that < 1> # K.$ G. Let \K‘ = 1 pii where the P
i=1
are distinct primes dividing ‘Kl; and for each i =1, ..., r, let

X € K have order Py* Then, from Lemma 1.5, <x, > a G for each i, and

i

thus L =<xXy><X,> .0 <xr><1 G; since L€ K, we have L & corGl(.

Consequently, pi‘|corGK\ for each i = 1, ..., r. But since corGK is
Hall in K, no Py can divide |K:corGKl; hence |K:corGK| = 1 so that
K = corGK is normal in G.
The converse is immediate, since if G is Dedekind, each sub-
group of G is equal to its core. |
Theorem 1.7: For a finite group G, acorGH is nontrivial and is Hall
in H for all proper nontrivial subgroups H of G if and only if
all subgroups of G are subnormal in G, that is, G is nilpotent.
The proof of this result is entirely similar to that of Theorem

1.6 and amounts to not much more than replacing '"normal" by ''subnormal"

and cor, by scor,.



CHAPTER TWO
THE INFLUENCE ON A GROUP OF THE COFACTORS
AND SUBCOFACTORS OF ITS SUBGROUPS
2.1 Basic Results
There are two quite general results due to Baer [1] and a well-
known theorem of Ore [15] of which we shall make rather frequent use.
These are given in Theorem 2.1. To state these, however, we need two
preliminary definitions. In what follows, we shall assume that the
trivial group is always a 9-group.

Definition 2.1: For 6 a group-theoretic property, the §-commutator

subgroup, [G,0], of a given group G is defined by
{6,8] =nN{K a G|G/K is a @-group}.

From this definition it is easily seen that for § a homo-
morphism-invariant property, the §-commutator subgroup [G,0] is a
characteristic subgroup of G. 1In particular, one can form the factor
group G/[G,0] and make the following definition.

Definition 2.2: A group-theoretic property 8§ is said to be strictly

homomorphism-invariant if:

(a) 9 is homomorphism-invariant; that is, homomorphic images
of 9-groups are 6-groups;
(b) 6 is subgroup-inherited; that is, subgroups of 8-groups
are @-groups;
(c) 6/(G,8] is a @-group.
It is quite easy to show (see, for example, Baer [1]) that in
the presence of conditions (a) and (b), condition (c) is equivalent to:
(c') Direct products of @-groups are §-groups.

8



As an example, if we take ¢ = abelian, we then have [G,8] = G',
the ordinary commutator (or derived) subgroup of G. Clearly,
6 = abelian is a strictly homomorphism-invariant property as are
® = nilpotent, p-nilpotent, supersolvable, or solvable.
Theorem 2.1: Let @ be a strictly homomorphism-invariant property and
G a finite group.
(i) (Baer) If §-groups are nilpotent, then [G,9) is nilpotent

if and only if cofGS is a §-group for all maximal sub-

groups S of G.
(ii) (Baer) [G,0] is nilpotent and G/[G,6] is solvable if and

only if cof S is a @-group for all maximal subgroups S of

G
G and equicore maximal subgroups of G are conjugate in G.

(iii) (Ore) 1If G 1is solvable, then equicore maximal subgroups

of G are conjugate in G.
An immediate corollary to this theorem is obtained by consider-

ing the Fitting subgroup of a group. This characteristic subgroup is

defined as follows.

Definition 2.3: The Fitting subgroup, F(G), of a finite group G is

the largest normal nilpotent subgroup of G; that is, F(G) =
the product of all normal nilpotent subgroups of G.

Corollary 2.2: Let § be a strictly homomorphism-invariant property

and G a finite group.

(i) If @-groups are nilpotent, then G/F(G) is a §-group if
and only if cofGS is a 9-group for all maximal subgroups
S of G.

(ii) If G is solvable, then G/F(G) is a 9-group if and only if

cofGS is a @-group for all maximal subgroups S of G.
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Proof: Statement (i) follows immediately from the definition
of [G,0], the normality of [G,9] and F(G), and Theorem 2.1. For
G/F(G) is a o-group if-f [G,0] € F(G) which is true if-f [G,6] is nil-
potent, and by the theorem, this in turn is true if-f cofGS is a @~
group for all maximal subgroups S of G. Statement (ii) follows in the

same manner. |

2.2 Nilpotent Cofactors or Subcofactors
In this section we seek to determine the influence on a group
G of nilpotent subcofactors of subgroups of G, and to investigate what
additional structure is forced upon G if one then also requires that
the proper normal subgroups of G be nilpotent, and finally, that the
nearly normal maximal subgroups be nilpotent. The classic results in
this direction are due to Schmidt [18] and Iwasawa [14] (also proved
by Huppert in [11], 5.1, 5.2) and are given in the following theorem.
Theorem 2.3: 1If all proper subgroups of a finite group G are nil-
potent, but G itself is not nilpotent, then:
) |G' = paqb for distinct primes p and q.
(ii) G has a normal p-Sylow subgroup P.
(iii) P has class = 2; in fact, §(P) € Z(G).
(iv) If p is odd, exp(P) = p; if p = 2, exp(P) = 4.
(v) Each q-Sylow subgroup Q of G is cyclic; also, §(Q) < Z(G).
In this same direction, Rose [17] has established the follow-
ing result.
Theorem 2.4: If all the proper abnormal subgroups of the finite group
G are nilpotent, then G has a normal Sylow subgroup P such that
G/P is nilpotent.
Since we will be concerned chiefly with the subcofactors and

cofactors of abnormal or self-normalizing subgroups, let us make the
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following definitions.

Definition 2.4: A subgroup H of a given group G is said to be self-

normalizing in G if NG(H) = H, that is, H is its own normalizer

in G. H is said to be abnormal in G, denoted H > G, if

x €E<H, H > for every x € G, or equivalently, if every sub-

group of G containing H is self-normalizing in G and H is not

contained in two distinct conjugate subgroups of G.

The following remarks are immediate consequences of this
definition and familiar results from Sylow theory:

(1) IfH>G and HE K= G, then K >3 G.

(2) A maximal subgroup S of G is abnormal in G 1if-f S is

self-normalizing in G if-f S is nonnormal in G.

(3) For every Sylow subgroup P of G, NG(P) > G.

As a first result describing the structure forced upon a finite
group by nilpotent cofactors or subcofactors, we take § = nilpotent in
Corollary 2.2-(i). Since nilpotence is clearly a strictly homomorphism-
invariant property, we obtain the following result.

Theorem 2.5: For G a finite group, G/F(G) is nilpotent if and only if

cofGS = S/corGS is nilpotent for all maximal subgroups S of G.

In slightly different terminology, this theorem states that:

f@G) = 2 if-f cof

GS is nilpotent for all maximal subgroups

S of G,
where_F(G) denotes the Fitting length of G and is defined as follows.

Definition 2.5: The ascending Fitting series of the group G,

<l>= FO(G) c Fl(c) S ... © Fi(c) CF @G < ...

i+l

is defined by Fy;(G) =< 1>, and F (c)/r-'i(c) = F(G/Fi(c)),

i+l
the Fitting subgroup of G/FiGG). The Fitting length of a
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finite solvable group G, ‘F(G), is the least integer n for

which Fn(G) = G.

One would hope to be able to say more if the cofactors of the
maximal subgroups are all required to be nilpotent of the same class.
Before stating the result, however, we first recall the definition of
the class of a nilpotent group.

Definition 2.6: The descending central series of a group G,

G = YO(G) 2 yl(G) 2 cee 2 Yi(G) 2 Yi+l(c) 2 e
is defined by y,(G) = G and v, (G) = [Yi(c) » G] = the sub-
group generated by all commutators [x,y] = x-ly-lxy, where
x € ¥;(G) and y € G. The class of a finite nilpotent group
G, cl(G), is the least integer n for which yn(G) =< 1>,
The following remarks are immediate consequences of this
definition:
(1) 1f ¢ is a homomorphism of G onto G, then yi(a) = q)(Yi @))
for each i.
) Yi(G/Yi(G)) =< 1> for each i.
Lemma 2.6: Let I"n denote the property '"nilpotent of class = n."
Then:
(i) For any group G, [G,l"n] = Yn(G), where [G,I‘n] is the
I"n-comnut:ator subgroup of G.
(ii) I‘n is a strictly homomorphism-invariant property.
Proof: (i) [G,r ] =N{K < G|G/K is a T _-group}
=n{K < 6|y (G/K) =< 1>}
=NfK «q G|Yn(G)K/ K =< 1 >} (by remark (1) above)
=N{K q Glyn(c) c K}

=Y, G)
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(1i) Let G be any I"n-group, that is, yn(G) =< 1>, and let
H be a subgroup of G. It is clear from the definition that yi(l-l) < yi(G)
for each i; thus, Yn(ll) = < 1> also so that H is a I"n-group. There-
fore, I‘n is a subgroup-inherited property. From remark (1) above,
it follows that I‘n is homomorphism-invariant. And from remark (2)
above and part (i), we have yn(G/[G,l"n]) = Yn(G/Yn(G)) =< 1> 8o
that G/[G,I‘n] is a I‘n-group. Consequently, 1"n is a strictly homo-
morphism-invariant property. ||
Theorem 2,7: For a finite group G, the following are equivalent:

(1) G/F(G) is nilpotent of class S n.

(i) cofGS = S/corGS is nilpotent of class § n for all maximal
subgroups S of G.

(iii) Yn(G) is nilpotent.

(iv) yn(ﬂ) <4 4 G for all subgroups H of G.

) Yn(H) <4 4 G for all proper abnormal subgroups H of G.

Proof: The equivalence of (i) and (ii) is an immediate con-
sequence of Lemma 2.6 and Corollary 2.2-(i); and (ii) - (iii) follows
from Theorem 2.1-(i) and Lemma 2.6.

(1ii) - (iv). If H is any subgroup of G, then yn(H) c yn(G).
Since yn(G) is nilpotent, yn(ﬂ) is subnormal in yn(G) which is normal
in G; hence, yn(H) 44 6.

(iv) - (v) is trivially true.

(v) = (ii): Let S be any maximal subgroup of G. If S 4 G,
then cofGS = < 1 > obviously has class = n. Thus suppose S # G, and
hence S >3 G. Then, since yn(S) 4 49 G, we have, using Lemma 1.4, that
yn(S) c scorcs- corGS. Now, by the remark (2) above, Yn(S/yn(S)) =

< 1> so that S/yn(s) is a l"‘n-group, and hence, by Lemma 2.6-(ii), so
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also is its homomorphic image S/corGS. Therefore, cofGS = S/corGS
is nilpotent of class = n. |

We obtain a similar result using the property An: solvable of
derived length £ n. Here we mean, as usual, by the derived length of

a finite solvable group G, the least integer n for which the term G(n)

of the derived series of G is trivial; the derived series of G,

(i)

G = G(O) 2 G(l) 2 ... 26 2 G(i+l) 2

is defined by G(o) = G and G(i+1) = (G(i))', the derived subgroup
(1)

of G
As before, the following remarks are immediate consequences:
= = (1) (1)
(1) 1f ¢ is a homomorphism of G onto G, then (G) =4G )
for each i.
(2) (c/c(i))(i) = < 1> for each i.
lemma 2.8: Let A, denote the property '"solvable of derived length

S n." Then:
(1) For any group G, [G,An] = G(n), where [G,An] is the
An-commutator subgroup of G.

(ii) An is a strictly homomorphism-invariant property.

Proof: (i) [6,A ] =N{K < G|G/K is a A -group}
= Ak < 6] 6/R ™ = <15}
=n{K a G\G(n)l(/ K =< 1>} (by remark (1) above)
=n{K a c\c(“) < K}

= c™

(ii) Clearly An is subgroup-inherited; and by remark (1) above,
it is homomorphism-invariant. From part (i) and remark (2) above, we

(n), ()

have (G/[G,An])(n) = G/6")

group. Thus, An is a strictly homomorphism-invariant property. {

= < 1>, so that G/[G,An] is a A -
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Theorem 2.9: Let G be a finite solvable group. Then the following
are equivalent:
(1) G/F(G) has derived length = n.

(ii) cofGS = S/corGS has derived length 2 n for all maximal

subgroups S of G.

(i) ¢™ is nilpotent.
(n)

(n)

(iv) H 4 4 G for all subgroups H of G.

(V) H 9 4 G for all proper abnormal subgroups H of G.
Proof: (i) » (ii) = (iii) is immediate from Lemma 2.8 and

Corollary 2.2. (iii) = (iv) = (v) - (ii) follows as in the proof
)(n)

and "nilpotent of class = n"

of Theorem 2.7, replacing yn( ) by (
by "solvable of derived length = n." |

We have seen that if the cofactors of all the maximal subgroups
of a finite group G are nilpotent, then G is solvable and of Fitting
length at most 2; and in the preceding results, we have seen the ef-
fect on G of requiring these cofactors to all be nilpotent of class at
most n. These conditions are not sufficient, however, to guarantee
that G has a normal Sylow subgroup; in particular, the conclusions of
Theorem 2.4 need not hold. 1In fact, it is not even sufficient to re-
quire that the cofactors of all proper subgroups of G be abelian, as
the following example shows.
Example 2.10: let G =S, X AA’ where 83 is the symmetric group on 3

3
letters and A4 is the alternating group of degree 4. Then:

(1) G has no normal Sylow subgroups.

(ii) H/cor H is abelian for all proper subgroups H of G.

G
Proof: (i) is immediate since 83 has no normal 2-Sylow sub-

group and A4 has no normal 3-Sylow subgroup.
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(ii) Let S, =S, X<1>, A, =<c1>XA ,U=UX<1l>=the

3 3 4 4
normal 3-Sylow subgroup of §5, and V = <1> X V = the normal 2-Sylow
subgroup of A,. We note first that G/F(G) = G/UV is isomorphic to

4
the direct product of a cyclic group of order 2 with a cyclic group

of order 3, hence is abelian, so that from Corollary 2.2-(i), T/corGT

is abelian for all maximal subgroups T of G.

Now let H be a proper subgroup of G; we wish to show that H/corGH

is abelian. Since this is trivially true if H 9 G, we may assume that
H4A4G. Also, in view of the comment above and the fact that groups of
order p or p2 (p a prime) are abelian, the only cases that need be
checked are for |H| =6, 8, 12, or 18.

Case 1: |H‘ =6, H#4 G.—Let x = (a,b) € H have order 2, and
z = (p,q) € H have order 3. Then at least one, but not both, of b and
q is 1. For if b#¥ 1 and q ¥ 1, then<b,q> = A,, which implies that

|H| z 12, a contradiction. And if b =1 =q, then<x,z> = §3 < H 8o

that H = S3 9 G, also a contradiction.

Suppose q = 1. Then U=<z>c H, thus Uc corGH, and hence

H/corGH is cyclic of order 2.

Suppose q ¥ 1, thus b = 1 and a ¥ 1. Then ap has order 2;
consequently, (ap,q) has order 6. And since (ap,q) € H, this means

that H is cyclic of order 6 so that H/corGH also is cyclic.

Case 2: |H| =8, HdA G.—In this case, the normal subgroup V

of G is contained in H, hence is contained in corGH. Therefore,

H/corGH is cyclic of order 2.

Case 3: |H| = 12, H4 G.—Since A4 has no subgroups of order 6

and |H n XIJ = |HHK4‘/|HK4| = 144/‘HX4|, it follows that \H n K‘J =2

or 4. In the latter case where |H n X‘J = 4, the normal subgroup V
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of G is contained in H, hence in corGH, so that H/corGH is cyclic
of order 3.
Thus, suppose that |H N A/| = 2, and let x = (1,b) € HN A,

have order 2. Then H N §3 ¥ < 1>; for otherwise, H % H§3/ §3 = G/ §3 = AA,

from which it follows that H has no normal subgroup of order 2; how-

ever, H N Zz is normal in H and of order 2.

Now, suppose first that 2||H N S;|; let y = (a,1) € HN S, have

order 2, and z = (p,q) € H have order 3. Then ap has order 2, and
(l,qz) = (ap,q)2 € H. It follows then that q = 1, since otherwise we
would have < (l,qz), (1,b)> = K; S H, which implies that H = Kz is
normal in G. Thus, < (a,l), (p,1)> = gs is contained in H, hence in
cor H, so that H/corGH is cyclic of order 2.

Suppose now that 2f|H N §5|, and thus 3||H n §5|. Then the nor-
mal subgroup U of G is contained in H, hence in corGH, so that H/corGH
has order 4 and is therefore abelian.

Case 4: |H| = 18, H 4 G.—In this case, the normal subgroup U

of G must be contained in H, hence in cor H, so that \H/corcul s 6.

G
We may assume that |H/corGH| = 6 (since in the other cases H/corGH
is clearly cyclic), and thus that U = cor H. Then G/corGH =G/U is
isomorphic to C2 X A4 where C2 is a cyclic group of order two. It is

easily checked that this group has no proper subgroup isomorphic to 83;

consequently, H/cor H cannot be isomorphic to S

G
cyclic group of order 6. |

3 and is, therefore, a

If we now require that in addition to the cofactors of all
maximal subgroups of G being nilpotent, the proper normal subgroups of
G also be nilpotent, we would certainly hope to be able to say more

about the structure of G. Because of Example 2.13, we cannot hope to
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recover all the results of the theorems of Schmidt, Iwasawa, and Rose
(Theorems 2.3 and 2.4). Nevertheless, we do find that the structure of
G is quite severely restricted, and that if G is not itself nilpotent,
then, in comparison with Theorem 2.3, it is within a prime of being
nilpotent; more precisely, G/F(G) is of prime order. To state the
complete result, the following definitions are needed.

Definition 2.7: A finite group G is said to be p-nilpotent if it has

a normal p-complement; that is, there exists K @ G such that

leK‘ and \G:Kl is a power of p.

It is quite easy to show as a consequence of this definition
that G is nilpotent if and only if G is p-nilpotent for all primes p
which divide |G|.

Definition 2.8: A subgroup H of a given finite group G will be said

to be nearly normal in G if cof H = H/corGH is trivial or of

prime order. H will be said to be nearly subnormal in G if

scofGH = H/scorGH is trivial or of prime order.
a

Theorem 2.11: Let |G| = E P ii vhere the p, are distinct primes
dividing |G|. Su;;ise that cofGS = S/corGS is nilpotent for
all maximal subgroups S of G and that all proper normal sub-
groups of G are nilpotent, but that G itself is not nilpotent.
Then the following hold.

(a) G is solvable.

(b) F(G) is the unique maximal normal subgroup of G.

(c) There exists a prime, say P> dividing |G| for which the
following hold.
(1) G is pr-nilpotent.

(2) For all i ¥ r, G is non-p, -nilpotent.
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@) |e:F@)| = p_-

(4) For any proper subgroup H of G, scofGl-l = H/scorGH
has order 1 or P in particular, all proper sub-
groups of G are nearly subnormal in G, and all
maximal subgroups are nearly normal in G.

(5) For each i # r, G has a normal pi-Sylow subgroup P..

(6) For each i # r, P, < G'; thus, G/G' is a p_-group.

a
(7) p divides d = Iil r ,'1 -1) for all i # r.
r Py y=1 %

(8) For each pr-Sylow subgroup Q of G, QG = G, that is,

Q has G as its normal closure.

(9) For each i # r such that P, is abelian,
(1) G has exactly p 181 distinct pi-complements,

(ii) CG(Pi) = F(G), and thus G induces in P . a cyclic
group of automorphisms of order P

(iii) the number of pr-Sylow subgroups of G is a
a4
multiple of p {
(10) 1f P, is abelian for all i # r, then:
(1) G has exactly ‘Gl/pr *r distinct p _-Sylow subgroups,
each of which is abnormal in G.

(1i) The set of pr-Sylow subgroups of G = the set of
system normalizers of G = the set of Carter
subgroups of G.

(1ii) If, in addition, a_ = 1, then G = X U X' where X
is the set of pr-element:s of G and X' is the set
of p;_-elements; thus, G is a Frobenius group

with kernel = F(G) = G' = the normal p -complement

of G; also, Z(G) =< 1>.
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Proof: (a) follows from Theorem 2.5; and (b) is immediate
since every proper normal subgroup of G is, by hypothesis, nilpotent
and hence is contained in F(G).

(¢) (3) Since G is solvable and F(G) is a maximal normal sub-
group of G, G/F(G) is of prime order. Relabelling if necessary, we
may assume that |G:F(G)| =P

(1) We have |G:F(G)| =P, and F(G) is nilpotent, hence P.-
nilpotent. Let T be the normal pr-complement of F(G). Then T is

characteristic in the normal subgroup F(G) of G so that T a G; also,
a

le:T| = |6:F@)||F@6):T| = P, . Thus T is a normal p -complement of G.

(4) Let H be any proper subgroup of G. If H < F(G), then by
the nilpotence of F(G), HqQ a4 F(G) 9 G, so that H 9 4 G. Thus

scor H = H and |H/scorGH| = 1. Now suppose H ¢ F(G) = F. Then by

the maximality of F, we have HF = G so that |H N F| = l%%%%L = +§+-.%gl = lﬂL.
r

Pr

From the nilpotence of F, we have HN F A4 4 F 4 G, that is, HN F g9 4 G;

it follows that HN F € acorGH. Hence, 8since |H:H n F| = P>

H/scorGH has order 1 or P, In either case, therefore,lscofGH| =1

or p. as we wished to show. If S is a maximal subgroup of G, then
by Lemma 1.3, scorGS = corGS. By what we have just shown,

S/corGS = S/scorGS has order 1 or p, 8o that S is nearly normal in G.
(5) If 1 # r and P, is a p,-Sylow subgroup of F(G), then by
the nilpotence of F(G), we have Pi char = F(G) 4 G, hence P1 4G.
And since |G:F(G)| =P, is prime to P> P, is a normal pi-Sylow sub-
group of G.
(2) Suppose that for some i ¥ r, G is pi-nilpotent. Then
there exists a normal subgroup T, of G with |G:Ti| = piai. By

hypothesis, T1 is nilpotent, and thus has a characteristic pr-Sylow
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a,
subgroup Q. Then Q 4 G; and since \G:T‘ = P bois prime to P> Q is

a normal pr-Sylow subgroup of G. However, this together with (5)
implies that all the Sylow subgroups of G are normal in G, contradict-
ing the nonnilpotence of G. Therefore, G is non-pi-nilpotent for

each i # r.

(6) Let G denote the smallest normal subgroup of G for

(r;)
which the factor group is an abelian P, -8roup. We show first that

for i # r, G' = G. For suppose that G' # G for some i # r.
r,) (r;)

i
Then G' is a proper normal subgroup of G, hence is nilpotent by

(pi)

hypothesis, and in particular, is pi-nilpotent. This means that there

;)

‘Gzpi):Ti\ = a power of P Then Ti 4 G and \G:Ti\ = ‘G:GEpi)\\Gzpi):Ti\

is a power of Py so that G is pi-nilpotent, in contradiction to (2).

exists a characteristic subgroup Ti of G with Ti a p'-group and
i

Thus, G' = G for each i # r. From one of the basic transfer

(pi)

theorems (see, for example, Scott [19], 13.5.2), it follows that

R

= '
<1> G/G(Pi)

that is, P, < G'.

Pi/Pi N G'. For each i # r, therefore, Pi neg'= Pi’

(7) Case 1: For some i # r, the normal pi-Sylow subgroup Pi
of G is not minimal normal in G.—Let M q G with < 1> # M S Pi; we

show that G/M is not pi-nilpotent. For suppose that it is; then there

a. -m, m,
' where ‘M\ =p, -

exists T 4 G with |G:T| = |e/M:T/M| = P; i

Since M is properly contained in P P, divides ‘G/M] so that T is

i’
a proper normal subgroup of G, hence is nilpotent by hypothesis; in
particular, T is pi-nilpotent. There exists, therefore, a character-
istic subgroup U of T with |T:u| = pimi. Then U < G and |G:U| =
\G:Tl‘T:U\ = pi.ai, which means that U is a normal pi-complement of G.

This, however, contradicts (2).
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Thus, G/M is not nilpotent. And since all proper normal sub-
groups of G are nilpotent, the proper normal subgroups of G/M are all
nilpotent. Also, the cofactors of the maximal subgroups of G/M are
nilpotent. For if S/M is a maximal subgroup of G/M, then S is a
maximal subgroup of G. By hypothesis, cofGS is nilpotent so that,

by Lemma 1.4, cof_, (S/M) = cofGS also is nilpotent.

G/M

The hypotheses, therefore, hcld for G/M; consequently, since

each p, divides |{G/M|, we have by induction that for each i # r,
i Pr

b, b b
L. * j _ 1 r
divides d m (p. "~ -1) where ]G/M‘ =p cee P . Hence, p_also
Pi j=1 t 1 r r
aj
divides d = T (p J -1) for each i # r.

Case 2. a > l.—Llet Q be a pr-Sylow subgroup of G. From (4)
we have \Q/corGQ\ = pr, and thus, since ar > 1, corGQ $£<1> Now

suppose that G/corGQ is pi-nilpotent for some i # r. Then there
a a

. ; . = i =
exists T; 4 G with ‘G/corGQ : Ti/corGQ| =r; so that |G:T| =Py

i
’

which implies that G is pi-nilpotent. This, however, contradicts (2).
Therefore, G/corGQ is not nilpotent; and as in Case 1, all
proper normal subgroups of G/corGQ and all cofactors of maximal sub-
groups of G/corGQ are nilpotent. Hence, by induction, since all the
P; divide ‘G/corGQ|, we have the result as in Case 1.
Case 3: a_ =1 and for all i # r the p,-Sylow subgroup P, of

G is minimal normal in G.—In this case, each Pi for i # r is elemen-
e,
i . = 1 = -
tary abg}lan, thus |Aut(Pi)l Py .dpi where e, ai(ai 1)/2 and
1 .
dp = 1 (piJ - 1). Now from (9), which will be proved independently
i =1
of (7), we have CG(Pi) = F(G) for all i # r, so that ‘G:CG(Pi)| = P,

for i # r. Since G/CG(Pi) is isomorphic to a subgroup of Aut(Pi),

this means that P, divides |Aut(P1)‘, and hence divides dp for all
i
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i#r.

(8) Suppose that QG i G for some pr-Sylow subgroup Q of G.
Then QG is a proper normal subgroup of G, hence is nilpotent so that
Q is characteristic in QG. But this implies, since QG 4 G, that Q is
normal in G, which together with (5) means that all the Sylow sub-
groups of G are normal in G, contradicting the nonnilpotence of G.
Therefore, QG = G for each pr-Sylow subgroup Q of G.

(9) (i) This is an immediate consequence of Theorem 2.25:
Given a solvable non-p-nilpotent group G having all proper normal
subgroups p-nilpotent, and with |G‘ = pam where (p,m) = 1. If G has
an abelian normal p-Sylow subgroup, then G has exactly pa distinct p-
complements.

(ii) Let P, be abelian for some i # r. Since P, < F(G) and
F(G) is nilpotent, it follows that F(G) centralizes Pi' Thus,
F@G) < CG(Pi); from the maximality of F(G), we have CG(Pi) = F(G) or
G. Now, Pi € Z(G); otherwise, Pi would centralize and hence normalize

a pi-complement Ti of G, which would imply that T, is normal in G, con-

i
tradicting (2). Therefore, CG(Pi) # G so that CG(Pi) = F(G).

(iii) Let P, be abelian for some i # r; then, from (i), G has
a,
exactly P N distinct pi~comp1ements. We show first that each pr-Sylow

subgroup Q of G is contained in some pi-complement. For this, we have

F(G) nilpotent, hence p-nilpotent, and thus has a unique pi-complement
W which is normal in G. Since |G:F(G)| = p_and |[F@) M| =p, *, it

a -1 a,.
follows that \W! =p r I p, 3,

r j#i,r 3
Now, since Wa G, Q N W is a pr-Sylow subgroup of W so that
a -1

Q N W has order P, ro Therefore

ar| ‘
P W a
W r i
QNw > a -1 rl ‘ i h|
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which shows that QW is a pi-complement of G.

We note next that p:r divides the order of each pi-complement
of G for i # r. Consequently, each pi-complement of G, for i # r, con-
tains a pr-Sylow subgroup of G. |

Also, no two distinct pi-complements X # Y of G can contain
the same pr—Sylow subgroup of G. For since F(G) is normal in G,

XN F(@G) and YN F(G) are pi-complements of F(G); thus, XN F(G) =
YN F(G) =W, the unique pi-complement of F(G). Now,
a,
_lel7e?

lX:W = W = lG:F(G)‘ = Pr

and similarly, lY:W\ =P, Therefore, since We XN Yand XN Y #X, Y,
we must have X N Y = W. Since p:r does not divide \wl = ‘X n Yl , 1t
follows that X N Y contains no pr-Sylow subgroup of G so that X and Y
can have no pr-Sylow subgroup of G in common.

Finally, since G is solvable, any two distinct pi-complements X
and Y of G are conjugate. Consequently, X and Y must contain the same
number, say A, of pr-Sylow subgroups of G.

We therefore have the following: each pr-Sylow subgroup of G
is contained in some pi-complement of G; no two distinct pi-complements
have any pr-Sylow subgroup of G in common; each pi-complement of G con-
tains ) pr-Sylow subgroups of G; G has exactly p:i distinct P -
complements. From these it follows that G has exactly )\p:i distinct
pr-Sylow subgroups.

(10) (i) Let n = the number of distinct pr-Sylow subgroups of
G. Since P, is abelian for all i #br, froma(9)-(iii) we have that
piai ln for all i # r, so that n = p o Py for some br z 0. How-

r
ifr
ever, from the Sylow theorems, n = 1 (mod pr)' This implies that
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81 ar
br = (0, and hence n = T[] Py = lG|/pr .
ifr

Now, if Q is any pr-Sylow subgroup of G, by what we have just
shown, |G:Q| = the number of distinct pr-Sylow subgroups of G, which
in turn is equal to |G:NG(Q)|. Hence, Q = NG(Q) so that Q is abnormal
in G, since the normalizers of Sylow subgroups are abnormal subgroups.

(i1) Since F(G) is nilpotent as in G/F(G), it follows by a
result of Carter [3] that the Carter subgroups of G are identical with
the system normalizers in G.

Now, G has a unique pr-complement since it is pr-nilpotent;
and for each i ¥ r, G has p:i distinct p;-complements. Thus G has
|G| /p:r distinct Sylow (complement) systems, and hence has at most
|| /p:r distinct system normalizers. But each p -Sylow subgroup is
a nilpotent self-normalizing subgroup of G, that is, a Carter subgroup
of G, and by the preceding comments, is, therefore, a system normalizer
of G. It now follows that since G has exactly lG\ /p:r distinct P.-
Sylow subgroups, these must be all the system normalizers of G.

(1i1) I1f a_ = 1, then by (i), G has exactly ‘G‘/pr distinct
pr-Syluw subgroups. Since cach of these has order pr and cvery pr-
clement of G belongs to some pr-Sylow subgroup, the number n of non-

identity pr-element:a of G is given by n_ = %’Q-L(pr - 1) = \G\ - %)-QL .

r r

Since G is pr-nilpotent, the number n;_ of p;-elements different from

1 is n;_ - .})Q.L - 1. Since n_ + n; = ‘G‘ - 1, the first conclusion of
r

(iii) now follows.

From (i) we have Q = NG(Q) for each pr-Sylow subgroup Q of G.
Since ‘Q] = P this implies that Q N Qx =<1> for all x € G - Q, and
hence that G is a Frobenius group with kernel = the set of pt'_-elements
of G, which by (3) is equal to F(G). Also, from (6), G/G' is a P."

group so that |G/G'| = 1 or p.- Since G is solvable, G' # G, hence
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|le/c'| = P Therefore, since G' < F(G) and |G:F(G)| = p.» we have
G' =F(@G).

Finally, it follows from a well-known property of solvable
groups having all Sylow subgroups abelian (Taunt [20], also proved by
Huppert in [11], 14.3) that G' N Z(G) = < 1>; thus, |Z(@G)| = 1 or P,
since ‘G/G'] = p,- But since the p-Sylow subgroups of G are non-
normal, we have |z(G)| # p, 80 that Z2(G) = <1>. |

Statement (c)-(4) of the preceding theorem shows that if we
extend the requirement of nilpotence of normal subgroups to the nearly
normal maximal subgroups of G, we then have all the maximal subgroups
of G being nilpotent so that Theorem 2.3 holds. This gives the following
corollary to Theorem 2.11.

Corollary 2.12: Suppose that the cofactors of all maximal subgroups

of G are nilpotent as are the nearly normal maximal subgroups
of G, but that G itself is not nilpotent, say G not p-
nilpotent. Then the following hold.
(1) All proper subgroups of G are nilpotent.
(1) |e| = paqb for some prime q ¥ p, and the conclusions of
Theorcm 2.3 hold.
(iii) The conclusions of Theorem 2.11 hold with r = 2, Py = Ps
P, ™ Qs a, = a, and a, =b.
The condition imposed in Theorem 2.11 that a nonnilpotent group
G have the cofactors of all its maximal subgroups and all its normal
subgroups nilpotent does not impose any bounds on lﬂ(G)\ = the number
of distinct prime factors of |G‘. Neither does it guarantee that G has

a normal Sylow subgroup for which the factor group is nilpotent. In

fact, it is not even sufficient to require that the cofactors of all
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proper subgroups and all normal subgroups of G be cyclic. More pre-
cisely, we have the following example.
Example 2.13: For all n = 3, there exists a finite nonnilpotent group
G such that:
(1) the cofactors of all proper subgroups of G and all proper
normal subgroups of G are cyclic;
(i11) |G| is divisible by n distinct primes;
(iii) G has no normal Sylow subgroup Q for which G/Q is nilpotent.
Proof: Let T = {p;,..., pn-l} be any collection of n-1 dis-

tinct odd primes and Pi = <x,> be a cyclic group of order P, for each i.

i
Then each Py has an automorphism oy of order 2. Let K = Pl XeeoX Pn-l;
o =a X.eoX o1 is an automorphism of K of order 2. Now let G be
the extension of K by . G is not nilpotent; for if it were, then <o>
would be a normal subgroup of G, hence would centralize K, which con-
tradicts the fact that |a| = 2. We show now that G satisfies the three
conditions. Since (ii) is clear, only (i) and (iii) require proof.
(i) Let H be any proper subgroup of G. Suppose first that

2f|u|, say |H| = pi1 -+ P, where each P, €. In this case, we must

k

have H = P, X...XP which is cyclic.
1 "

Suppose now that 2||H|. Then since H # G, some pt“lﬂ so that
Pt N H=<1> Now, H i8 not normal in G; for suppose that it is.

Then since 2||H| » the 2-Sylow subgroups of G are contained in H; in

t
axta € H. But since Pt = <xt> is a characteristic

particular, o € H. Since H is normal in G, we have x ax, € H, and

t
subgroup of G, we have {xt,a] € Pt' Thus, [xt,a] € Pt NH=<1>,

hence, [xt,a] =x

which implies that (xt)a =X, This, however, contradicts the fact

that o

. =a|p has order 2. Therefore, H 4 G; and it is clear that
t
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corGH is the product of the Pi for Py dividing \Hl. Consequently,

H/corGH is cyclic of order 2.
(iii) The P1 are the normal Sylow subgroups of G. If for some

i, G/Pi is nilpotent, then TP, is a proper normal subgroup of G for T

i
a 2-Sylow subgroup of G. However, this contradicts the proof in (i)
that if H is a proper subgroup of G and 2||H|, then H is not normal in

G. Therefore, G has no normal Sylow subgroup for which the factor

group is nilpotent. [

2.3 p-nilpotent Cofactors or Subcofactors

We now turn to a consideration of those finite groups G for
which the cofactors or subcofactors of certain proper subgroups of G
are p-nilpotent, that is, they possess a normal p-complement. As in
the preceding section, we will later require that the proper normal
subgroups of G also be p-nilpotent in order to further delimit the
structure of G, and finally, that the somewhat normal subgroups of G
also be p-nilpotent. One of the major results that we seek to extend
is the classic theorem due to Ito [13] (also proved by Huppert in
f11], s.4).

Theorem 2.14: If all the proper subgroups of a finite group G are

p-nilpotent, but G itself is not, then
(i) all proper subgroups of G are nilpotent.
Thus, the conclusions of Theorem 2.3 hold; that is,
1) |e| = paqb for some prime q ¥ p;
(iii) G has a normal p-Sylow subgroup P; P has class $# 2, and
in fact, &(P) € 2(G); if p is odd, exp(P) = p, and if

p =2, exp(P) & 4;
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(iv) the q-Sylow subgroups of G are cyclic; and if Q is any
such, §@Q) < 2(@G).
Rose [17] has also established some results in this direction.
The following are two such theorems.

Theorem 2.15: If every proper self-normalizing subgroup of G is

p-nilpotent, then G has a normal p-subgroup P0 (which may
be trivial) such that G/P0 is p-nilpotent.

Theorem 2.16: If every proper abnormal subgroup of G is p-nilpotent

and either p is odd or the p-Sylow subgroups of G are abelian,

then the conclusion of Theorem 2.15 holds.

That the added conditions on p in the preceding theorem cannot
be omitted is shown by the following example of Rose, the details of
which appear in [17].

Example 2.17: Let H be the s8imple group of order 168 (H = PGL(3,2) =

GL(3,2) = PSL(3,2)), and G the split extension of H by the

automorphism ¢ of H defined by «: X - (x-l)t, where yt

denotes the transpose of the matrix y. Then every proper

abnormal subgroup of G is supersolvable, hence 2-nilpotent,

but G is not solvable, hence not 2-solvable.

As we now show, the two results of Rose (Theorems 2.15 and 2.16)
can be extended by requiring not that the self-normalizing or abnormal
subgroups themselves be p-nilpotent, but only their subcofactors. To
establish this, we will use the following well-known results due to
Burnside (2] and the following lemma.

Theorem 2.18: (1) If the finite group G is not p-nilpotent, then G

has a nontrivial p-subgroup Py and a p'-element x such that

x € NG(PO) but x ¢ CG(PO).
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(2) 1f G is a finite group with P a p-Sylow subgroup, and if
Pc Z(NG(P)), then G is p-nilpotent.

Lemma 2.19: Let @ be a group-theoretic property such that products
of normal @-subgroups of a group are again @-groups. If the
finite group G has a nontrivial subnormal §-subgroup, then
G has a nontrivial normal §-subgroup.

Proof: Let K ¥ <1> be a §-subgroup of G, and
K=k ¥k ¥x, 9 ... ¥k _,¥x_=¢

where r is the minimal length of subnormal chains from K to G. We

use induction on r. The result is trivially true if r = 1; thus,
suppose r > 1. By induction, Kr-l has a nontrivial normal @-subgroup.
Let K* be the product of all such. Then K* is a nontrivial g-group,
is clearly characteristic in Kr-l’ and hence is normal in G. {

Definition 2.9: A finite group G is said to be p-solvable if it has

a normal series < 1> = KO c l(1 c...C Kn = G in which each
factor Ki/Ki-l is either a p-group or a p'-group. For a

p-solvable group G, the ascending p-series

> = < - - eee C =
<l> PO NOC‘PICNICPZC (—PCCNC G

is defined by taking Nilpi to be the largest normal p'-

subgroup of G/Pi’ and Pn

/Ni the largest normal p-subgroup
of G/N . The p-length of G, LP(G), is the least integer t
such that Nt = G.

The following are well-known consequences of this definition:
(1) G p-nilpotent - G is p-solvable.

(2) G is solvable if-f G is p-solvable for all primes p which

divide |G|.
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3) LP(G) is the smallest number of p-factors that can occur
in a normal series of G for which the factor groups are
either p-groups or p'-groups.
Definition 2.10: For a subgroup H of a finite group G, the hyper-
pormalizer of H in G, denoted N; (), is defined to be the sub-
group in which the ascending chain H =H a4 H,aH,a ...,

0 1 2
defined by Hi = NG<Hi-1)’ terminates.

Theorem 2.20: If the subcofactor H/scorGH of each proper self-
normalizing subgroup H of G is p-nilpotent, then there exists

a normal p-subgroup P, of G (Pb may be trivial) such that

G/Pb is p-nilpotent. In particular, G is p-solvable of

p-length = 2,

Proof: The proof is by induction on |G|. We may assume that
G is not p-nilpotent, since the result is trivially true otherwise.

It suffices to show that G has a nontrivial normal p-subgroup Po.

For if H = H/P0 is any proper self-normalizing subgroup of G = G/Po,
then clearly H is a proper self-normalizing subgroup of G; thus, by

hypothesis, H/scorGH is p-nilpotent; hence, by Lemma 1.4, so also is

i]scora(ﬁ) ® H/scorGH. The hypotheses therefore hold for G = G/P0 so

that, by induction, there exists a normal p-subgroup ;1 = PllP0 of G

such that E/ ;1 is p-nilpotent. Then P, is a normal p-subgroup of G

1
and G/P1 % G/ ;1 is p-nilpotent.

Since G is not p-nilpotent, it follows by Theorem 2.18 that G
has a nontrivial p-subgroup P and a p'-element x such that x € NG(P)-CG(P).
Let N = Né? (P) be the hypernormalizer of P in G. If N = G, we then have

<1> % Pdgd4G so that from Lemma 2.19, G has a nontrivial normal

p-subgroup. The result then follows from our comments above.
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Thus, suppose that N # G. Since N is clearly a self-normaliz-
ing subgroup of G, we then have, by hypothesis, that N = N/scorGN is
p-nilpotent. Now let P = PscorGN/scorGN and x = xscorGN. Since x
normalizes P, we have Pa<?P , ;>; and since < P s x> is p-nilpotent
as a subgroup of ﬁ, we also have <x> g <;,;>. Since x is a p'-
element of G, it follows that <P , ;> =P X <;>, hence that x
centralizes P.

Since x ¢ CG(P), there exists u € P such that [u,x] = wlxlux # 1.
And since x centralizes P, we have [u,x] € scorGN; also, [u,x] € P
since x ¢ NG(P). Thus 1 # [u,x] € PN scorGN so that P N scorGN is
a nontrivial p-subgroup of G; and since P 4 4 N, we have
PN scorGN 44 scorGN <4 a G, hence, P n scorGN 4<49G. From Lemma 2.19,
we conclude that G has a nontrivial normal p-subgroup; and the result
now follows as above.

That G has p-length € 2 is now an immediate consequence of the
remark (3) following Definition 2.9. For we have shown that G has a
normal p-subgroup Po (perhaps trivial) such that G/Pb is p-nilpotent.
Letting T/P0 be the normal p-complement of G/Po, we have the normal
series G2 T » Pb 2 < 1> with factors that are either p-groups or
p'-groups, at most two of which are nontrivial p-groups. [

Corollary 2.21: 1If the subcofactor H/scorGH of each proper self-

normalizing subgroup H of G is 2-nilpotent, then G is solvable,

and there exist normal subgroups H, K of G such that H/K

is isomorphic to a 2-complement of G.

Proof: From the theorem, there exists a normal 2-subgroup K
of G such that G/K is 2-nilpotent. Thus there exists H 4 G such that

H/K is a 2-complement of G/K (and hence is isomorphic to a 2-complement
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of G since K is a 2-group). Now, H/K has odd order. By the Fcit-
Thompson Theorem, therefore, H/K is solvable. Since the 2-groups K
and G/H are solvable, it follows that G is solvable. [

To extend Theorem 2.17, we make use of the Glaubermann-
Thompson Theorem concerning the Thompson subgroup J(P) of a p-Sylow
subgroup P. Various definitions of J(P) have been given; we shall use
the following (given by Gorenstein in [8], in which a proof of the
Glaubermann-Thompson Theorem also appears).

Definition 2.11: For a given p-group P, the Thompson subgroup J(P)

of P is defined by J(P) = <A|A € @(P) >, where @(P) is the
collection of all abelian subgroups of P of maximal order.
Note: For P and J(P) as in the definition, we have

Z(P) S Z(J(P)). For if A € 7(P) and x € Z(P), then <A, x> is abelian;

thus, by the maximality of |A|, we have x € A, from which this in-

clusion follows.

Theorem 2.22: (Glaubermann-Thompson Theorem) Let P be a p-Sylow sub-
group of the finite group G with p odd. Then, if NG(Z(J(P)))
is p-nilpotent, so also is G.

Theorem 2.23: If the subcofactor H/scorGH of cach proper abnormal sub-
group H of G is p-nilpotent and either p is odd or the p-Sylow
subgroups of G are abelian, then there exists a normal p-sub-
group By of G (B, may be trivial) such that G/Po is p-nilpotent.
In particular, G is p-solvable of p-length = 2,

Proof: The last statement follows as in the proof of Theorem

2,20; thus only the existence of P0 requires proof. For this, we pro-

ceed by induction on |G|. Suppose that G has a nontrivial normal p-

subgroup P*. If H = H/PS is any proper abnormal subgroup of G = G/Pg,

0]
clearly H is a proper abnormal subgroup of G so that, by hypothesis,
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H/scorGH is p-nilpotent, hence so also is ﬁ/scorc(ﬁ) = H/scorGH (by

Lemma 1.4) . Since the other hypotheses obviously hold for E, we have

by induction that G possesses a normal p-subgroup P. = PO/PS such that

0
Elii) is p-nilpotent. Then P0 is a normal p-subgroup of G and
G/P0 ® E/i%) is p-nilpotent. Thus, we may assume that G has no non-

trivial normal p-subgroup, and hence, by Lemma 2.19, no nontrivial
subnormal p-subgroup; and we must show that G is p-nilpotent.

Let P be a p-Syléw subgroup of G. We consider first the case
where P is abelian. Let N = NG(P). Then N is an abnormal subgroup of
G, and since P A G, N # G; by hypothesis, therefore, N/scorGN is p-

nilpotent. Let T/scor . N be the normal p-complement of N/scorGN. Now,

G
since P a4 N, we have P N scorGN 4 scorGN 144G so that P n scorGN 44 G.
Since G has no nontrivial subnormal p-subgroups, we have P N scorGN =<1>

and hence that scorGN is a p'-group. This implies then that T is a
normal p-complement of N, from which it follows that N = P X T. There-
fore, T ¢ CG(P); and since P is abelian, P ¢ CG(P). From this it
follows that P < Z(NG(P)) so that, by Theorem 2.18, G is p-nilpotent.
Now consider the case where p is odd, and let K- NG(Z(J(P))),
where J(P) is the Thompson subgroup of P. Since Z(J(P)) is char-
acteristic in P, we have Z(J(P)) « NG(P), and thus NG(P) < ’I.!' Since
NG(P) is abnormal in G, it follows that N also is abnormal in G. And
since G has no nontrivial normal p-subgroups, § # G so that ﬁ is a

proper abnormal subgroup of G. By hypothesis, therefore, N/scor N is

G
p-nilpotent.
Suppose now that P, = P N scorGN # <1>. Then, since
scorcﬁ < ﬁ, we have P1 =PnN scorcﬁ 4 P, and hence Pl must intersect

Z(P) nontrivially. Therefore, since Z(P) € Z(J(P)) by the above note,
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this means that P, = P, N Z(J(P)) # < 1> also.

2

Now, P, = P. N Z(J(P)) =PnN scorcﬁ NZ@(P) =2 (P))) N scor N.

2 1 G
= ~ ~
And since Z(J(P)) 4 N, we have P2 =zJ(@®)) N scorGN q scorGN 4406,
so that P, 4 4 G. Thus P, is a nontrivial subnormal p-subgroup of G,

2 2

which is a contradiction to the fact that G has no such subgroup.
Consequently, P N scorcﬁ =< 1> so that scorGﬁ is a p'-group.

Since ﬁ/scorcﬁ is p-nilpotenﬁ, it now follows, as in the previous case,

that N = NG(Z(J(P))) is p-nilpotent. By the Glaubermann-Thompson Theorem,

therefore, G is p-nilpotent. ||

Corollary 2.24: If the subcofactor H/scor. H of each proper abnormal

G
subgroup H of G is 2-nilpotent and the 2-Sylow subgroups of G

are abelian, then G is solvable, and there exist normal sub-
groups H, K of G such that H/K is isomorphic to a 2-complement
of G.
Proof: This follows from the preceding theorem and the Feit-
Thompson Theorem in the same manner as Corollary 2.21 was proved. [
Example 2.10 of the preceding section shows that a non-p-nil-
potent group having the cofactors of all its proper subgroups p-nil-
potent need not have a normal p-Sylow subgroup. This is no longer the
case if we require that, in addition, all the proper normal subgroups
of G be p-nilpotent. Before establishing this and other properties of
G, however, we first prove the following result (which we have already
used in Theqrem 2.11).
Theorem 2.25: Let G be a solvable non-p-nilpotent group having all
proper normal subgroups p-nilpotent, and let |G‘ = pam where
(pym) = 1. If G has an abelian normal p-Sylow subgroup P,

then G has exactly pa distinct p-complements.
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Proof: Extend G D PO < 1> to a chief series

G=c03.“DGm=P3qMID.“DGMn=<1>

and set Pi = Gm+i for i =0, 1, ..., n. We assert first that for each
iz1, G/Pi is not p-nilpotent. For suppose that for some i = 1, G/Pi
is p-nilpotent, say with normal p-complement K/Pi’ Then K 4 G; and

since P1<; Pforizl, pl‘G/Pi\ so that K is a proper normal subgroup
of G. By hypothesis, therefore, K is p-nilpotent. If T is the normal
p-complement of K, then T char = K 4 G, which implies that T 4 G; also,
|e:t| = |c:k||x:T| = |G/Pi:K/Pi|‘K:T| = p®. Thus T is a normal p-

complement of G; but this contradicts the non-p-nilpotence of G.

Let now (G/Pi)' denote the least normal subgroup of G/Pi

®
for which the factor group is an abelian p-group. Then (G/Pi)zp) = G/Pi
for all 1 =2 1. For suppose not and that (G/Pi)zp) = L/Pi where L ¥ G

for some i =z 1. Then, by hypothesis, L is p-nilpotent, and hence so
also is L/Pi’ Let U/Pi be the normal p-complement of L/Pi’ Since U/Pi
is a characteristic subgroup of L/P;, we have U/P, a G/P,; also,
\G/Pi:U/Pi\ = \G/Pi:L/Pi||L/Pi:U/Pi| is a power of p. This means that
G/Pi is p-nilpotent, a contradiction to what we have shown above.

Now, for each i = 1, let 7, be the transfer of G/Pi into its
abelian normal p-Sylow subgroup P/Pi. From the basic properties of the
transfer (see, for example, Scott [19], 13.5.2, 13.5.5), we have that
ker T, = (G/Pi)zp), and since P/Pi is an abelian normal p-Sylow subgroup
of G/Pi’ TiQG/Pi) = (P/Pi) n Z(G/Pi). Since we have just shown that
(G/Pi '(p) = c;/1>i for each 1 2 1, we have 'ri(G/Pi) = < 1>, and hence
that (P/Pi) n Z(G/Pi) =<1> for all i = 1.

For each 1 =1, 2, ..., n, therefore, since Pi-l < P and

(p/P) N 2(G/P)) =< 1>, we have (P, _;/P,) N Z(G/Py) =<1>. 1In
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alternate terminology, this means that each of P/PI’ P1/P2, e

Pn-I/Pn is an eccentric chief factor of G. A result of P. Hall [10]

states that for a solvable group G, the number of p-complements of G

is equal to the product of the orders of the eccentric p-chief factors

of G. Thus we have that the number of distinct p-complements of G is

equal to iﬁl\Pi_l/Pil =|p| = 2. 1
We now examine the structure of a non-p-nilpotent finite group

G having all its proper normal subgroups p-nilpotent as well as the sub-

cofactors of its self-normalizing or abnormal subgroups. Although

Example 2.13 shows that we cannot hope to recover all of Theorem 2.14,

we do discover a considerable amount of structure in G.

Theorem 2.26: Let G be a finite non-p-nilpotent group having all of
its proper normal subgroups p-nilpotent, and let |G| = p°m
with (p,m) = 1. Suppose also that one of the following
two conditions holds:

(a) The subcofactor of each proper self-normalizing subgroup
of G is p-nilpotent.
(b) The subcofactor of each proper abnormal subgroup of G is
p-nilpotent and either p is odd or the p-Sylow subgroups
of G are abelian.
Then, the following hold:
(i) G has a normal p-Sylow subgroup P.
(ii) Pc G', and thus G/G' is an abelian p'-group.
(ii1) FPQG), the largest normal p-nilpotent subgroup of G, is the
unique maximal normal subgroup of G, and G/FP(G) is a p'-group.

(iv) For all K ¥ ¢, (|c/K| ,dp) # 1 where dp -1 ¢! - .
i=1
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(v) 1f P is abelian, then CG(P) = Fp(G); thus G induces a
p'-group of automorphisms in P.

(vi) If G is solvable, then |G:FP(G)‘ = q for some prime q
dividing |G| and dp. If also P is abelian, then G has
exactly pa distinct p-complements.

Proof: (i) Suppose that G has no normal p-Sylow subgroup. From
Theorem 2.20 or 2.23, there exists a normal p-subgroup Pb of G such that
G/Po is p-nilpotent, say with normal p-complement K/Po. Since Po is not
a p-Sylow subgroup of G, we have K E G. By hypothesis, therefore, K is
p-nilpotent, say with normal p-complement T. Since T is characteristic
in the normal subgroup K of G, we have T 4 G; also, |G:T‘ = lG:K“K:Tl =
lG/PO:K/PollK:T\ is a power of p. However, this means that T is a
normal p-complement of G, contradicting the non-p-nilpotence of G.
Therefore, G does have a normal p-Sylow subgroup.

For (ii), the proof of part (c)-(6) of Theorem 2.1l carries
over with pi = p.

(1iii) is immediate. For if K is any proper normal subgroup of
G, then, by hypothesis, K is p-nilpotent and thus is contained in FP(G),
from which it follows that FP(G) is the unique maximal normal subgroup
of G. In particular, the normal p-Sylow subgroup P of G must be con-
tained in Fp(G) so that G/FP(G) is a p'-group.

(iv) We suppose this result to be false, and let G be a minimal
counterexample. Then there exists I.g G with (lG/L‘,dP) = 1. Let K
be a maximal normal subgroup of G containing L and let |G:K\ = n; then
n also is relatively prime to dp. Now, from (iii), FP(C) is the unique
maximal normal subgroup of G. Consequently, we have K = FP(G). And

from (1ii) again, FP(G) has index prime to p. Therefore, G/K is a
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p'-group so that |G:K| = n is prime to p also, and the normal p-Sylow
subgroup P of G 1is contained in K.

Suppose now that P is not minimal normal in G. Then there exists
MdGwith<l>#M 3 P. If G/M were p-nilpotent, say with normal p-
complement U/M, then U 4 G, and U # G since p||G/M|; by hypothesis,
therefore, U is p-nilpotent. Then the normal p-complement V of U is
normal in G, and |G:v| = |G:U||u:v| = |c/M:u/M||u:v| is a power of p
so that V is a normal p-complement of G. But this contradicts the non-
p-nilpotence of G. Thus, G/M is not p-nilpotent. Also, the proper
normal subgroups of G/M are clearly p-nilpotent. Since, from Lemma
1.4, acofG/M(H/M) - scof H for each proper subgroup H/M of G/M, and
since it is immediate from the definitions that H is self-normalizing
(abnormal)bin G 1if H/M is self-normalizing (abnormal) in G/M, it follows
that (a) or (b) holds in G/M according as (a) or (b) holds in G. 1In
addition, KM ¥ G/M since K 9 ¢, and |G/M:KM| = |G:K| = n s prime to
dp, hence is prime to d; = 1§1(pi - 1) where pB is the highest power of
p which divides |G/M|. But this means that G/M is a counterexample to
this result with |G/M| < |G|, which contradicts the minimality of G.
Therefore, P i8 a minimal normal subgroup of G, hence is elementary
abelian. The order of the automorphism group of P, Aut(P), is thus
equal to pe.dp where e = a(a - 1)/2.

Now, since T is a normal p-complement of K and P & K, we have
K=PX T so that T centralizes P; and since P is abelian, P ¢ CG(P)
also. Thus, K=PXTC CG(P) from which it follows that the order of
c/cG (P) divides |G:K| = n and hence is prime to both p and dp. How-
ever, G/CG(P) is isomorphic to a subgroup of Aut(P) so that lG/CG(P)‘
must divide |Aut(P)\ - pe.dp. Thus we have a contradiction so that no

such minimal counterexample to (iv) can exist.



40

W) FP(G) is, by definition, the largest normal p-nilpotent
subgroup of G; let W be its normal p-complement. Since P is normal
in G and is trivially p-nilpotent, we have P < Fp(G). It follows
that FP(G) = P X W so that W centralizes P. Since P is abelian,

Pc CG(P) also, and hence Fp(G) c CG(P). From Theorem 2.18, since
G is not p-nilpotent, P & Z(G) = Z(NG(P)). Thus, by the maximality
of FP(G) established in (iii), we have FP(G) = CG(P).

(vi) For G solvable, we have |G/FP(G)‘ = q for some prime q,
since Fp(G) is a maximal normal subgroup of G; and from (iv), we have
that q\dp. The last statement of (vi) follows from Theorem 2.25. [

Corollary 2.27: Let G be a finite group having all of its proper

normal subgroups p-nilpotent and |G\ = pam where (p,m) =1

and a = 1. Suppose also that either condition (a) or (b) of

Theorem 2.26 holds. Then G is p-nilpotent if and only if

there exists a proper normal subgroup K of G with (‘G:K\,dp) =1,

where dp = iEll(pi - 1.

Proof: 1f G is p-nilpotent, then there exists K ? ¢ with
lG:K‘ = pa which is prime to dp. On the other hand, if G is not
p-nilpotent, then by (iv) of the preceding theorem, every proper
normal subgroup of G has index prime to dp' 0

In Theorem 2.26 and its corollary, we have required that all
the proper normal subgroups of G be p-nilpotent. If we now extend
this requirement of p-nilpotence to the larger class of somewhat

normal subgroups of G, as defined below, we recover all of Theorem 2.14.

Definition 2.12: Let H be a proper subgroup of a given finite group G.

H will be said to be somewhat normal in G if cofGH = H/corGH

is cyclic of prime-power order.
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Theorem 2.28: Let G be a finite non-p-nilpotent group having all of

its proper somewhat normal subgroups p-nilpotent. Suppose

also that one of the following two conditions is satisfied:

(a) The subcofactor of each proper self-normalizing subgroup
of G is p-nilpotent.

(b) The subcofactor of each proper abnormal subgroup of G is
p-nilpotent and either p is odd or the p-Sylow subgroups
of G are abelian.

Then:

(i) |6| = paqb for some prime q # p; in particular, G is
solvable.

(ii) All proper subgroups of G are nilpotent.

(iii) The conclusions of Theorems 2.14 and 2.26 hold.

Proof: (i) It follows from Theorem 2.26 that G has a normal
p-Sylow subgroup P. We consider first the case where P is not a min-
imal normal subgroup of G. Then there exists M q4 G with < 1> # M % P.
Since scofG/M(H/M) z scof H for each proper subgroup H/M of G/M (by
Lemma 1.4), and since H is self-normalizing (abnormal) in G if H/M is
self-normalizing (abnormal) in G/M, it follows that hypothesis (a) or
(b) holds in G/M according as (a) or (b) holds in G. Also, the proper
normal subgroups of G/M are clearly p-nilpotent. Finally, G/M is not
p-nilpotent. For if T/M were a normal p-complement of G/M, then T
would be a proper normal subgroup of G since pl‘G/M‘, and hence p-
nilpotent by hypothesis, say with normal p-complement U. As in the
proof of the preceding theorems, it then follows that U would be a
normal p-complement of G; but this contradicts the non-p-nilpotence

of G.
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The hypotheses are thus satisfied by G/M. Since p||G/M|, we
have by induction, that |G/M‘ = pkqb for some prime q # p. Therefore,
le] = paqb where |M| = Pa-k.

Now consider the case where P is minimal normal in G and thus
elementary abelian. Let ‘G‘ = pa.ﬁlq:)i where p and the q, are dis-
tinct primes dividing |G‘. Suppo;; now that r > 1. Then for each
i=1l,...,r, if Qi is any qi-Sylow subgroup of G, Rzi is a proper
subgroup of G, and thus so also is P<x> for each x € Qi' Now, since
PaG, we have P ¢ corG(P<x >) so that P<x>/corG(P<x >) is a homo-
morphic image of P<x>/P % <x> and is therefore a cyclic qi-group.
Hence, for each i =1, ... ,r and for each x € Qi’ P<x> is a somewhat
normal subgroup of G and, consequently, is p-nilpotent by hypothesis.
This implies that < x> is normal in P<x > so that x centralizes P;
and since this is true for each x € Qi’ we have Qi < CG(P) for each
i=1,...,r. Since P is abelian, we also have P < CG(P). It follows
that G = <P, Ql’ cen s Qr> < cG(P), that is, P < Z(G). But by (2) of
Theorem 2.18, this implies that G is p-nilpotent, a contradiction.
Therefore, r = 1, and |Gl = paqlbl .

The solvability of G now follows from the well-known theorem of
Burnside that groups of order paqb, where p and q are primes, are
solvable.

(ii) Since P 4 G and |G| = paqb, G is q-nilpotent so that all
subgroups of G also are q-nilpotent. Let K be a maximal normal subgroup
of G containing P. Then K is g-nilpotent, and by hypothesis, K is p-
nilpotent; consequently, K is nilpotent.

Since G is solvable, G/K is of prime order; and since P ¢ K,

we have \G/Kl = q. Now let S be any maximal subgroup of G; by what we
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have shown, S is q-nilpotent. Either S = K, in which case S is nil-
Is{|x| _ |s]
le q
By the nilpotence of K, SN K4 4K« G, that is, SN K94 G, and thus

potent, or SK = G. In this latter case we have |S N K| =

SNKg scorGS = corGS. Hence, S/corGS has order 1 or q so that S is
somewhat normal (in fact, nearly normal) in G. By hypothesis, there-
fore, S is p-nilpotent; and since S is also gq-nilpotent, this means
that S is nilpotent. Thus all the maximal subgroups (and hence all
proper subgroups) of G are nilpotent.

(iii) now follows immediately from (ii). ]

We conclude this section with the following result in which, as
in the preceding theorem, we again strengthen the conditions imposed
in Theorem 2.26. Since the p-nilpotence of a subgroup or of the
subcofactor of a subgroup provides no useful information in the case
that this subgroup or subcofactor has order prime to p, we would hope
to obtain more of the structure of G if we impose some additional
condition on these. Although, by Example 2.13, we cannot hope to
recover all of Theorem 2.14 under the conditions imposed in the fol-
lowing theorem, we do, nevertheless, obtain some additional information
about G. To state the result we need the following definition.

Definition 2.13: A finite group G will be said to be (p:q)-nilpotent if:

(i) G is p-nilpotent;
(ii) qllGl and G is q-nilpotent in case p Y|Gl and lGl > 1.

Theorem 2.29: Let G be a finite group with p a prime factor of |G| for

which every proper normal subgroup K is (p:qK)-nilpotent for
some prime 9 depending on K. Suppose also that the cofactor
H/corGH of each proper subgroup H of G is (p:qH)-nilpotent for
some prime 9y depending on H. Then the following hold:
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(i) G is solvable.

(ii) G has a normal Sylow subgroup.

(iii) If G is not p-nilpotent, then the conclusions of Theorem
2.26 hold; in particular, G has a normal p-Sylow subgroup
PcG'; Fp(G) is the unique maximal normal subgroup of G and
|G/FP(G)‘ = q for some prime q # p; if P is abelian, then G
has exactly pa distinct p-complements where |G‘ = pam with
(p,m) = 1.

Proof: (iii) follows immediately from Lemma 1.2, part (i), and
Theorem 2.26; only (i) and (ii) require proof. For these, we consider
two cases.

r a,

Case 1: G is p-nilpotent.—Let lGl = .E P; ! where Py =P and
the p, are distinct primes dividing |G|. We m;;lassume that r > 1,
since the result is trivially true otherwise. Then there exists

a
T, 94 G with |G:T1| = P, 1 since G is pl-nilpotent. Since T1 $#<1>

1

is a proper normal pi-subgroup of G, it is, by hypothesis, pi-nilpotent

for some i = 2, say for i = 2. Thus there exists T2 characteristic in
a

Tl’ hence normal in G, with |T1:T2‘ = Py 2. Continuing gives a normal

sceries of G,

G = TO - T1 ) T2 ) el DD Tr-l o} '1'r =.-1 -,
a.
where for each i =1, 2, ..., r, |Ti I/Ti‘ =P, ! It follows that G is

solvable with a normal pr-Sylow subgroup Tr-l'

Case 2: G is not p-nilpotent.—Then by Theorem 2.26, G has a
normal p-Sylow subgroup P so that (ii) holds. We consider separately
the two possibilities that P is or is not a minimal normal subgroup
of G.

(a) Suppose P is not minimal normal in G. Then there exists

M4 Gwith<1>#M¥ P. We show that the hypotheses are satisfied
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by G/M.
I1f H/M is any proper subgroup of G/M, then H is a proper sub-
group of G. By hypothesis, cofGH = H/corGH is (p:qH)-nilpotent for

some prime a9y depending on H. From Lemma 1.4, we have that cof

cm®/M
is isomorphic to cofGH and is therefore (p:qH)-nilpotent relative to
this same prime 9y

Clearly, all proper normal subgroups of G/M are p-nilpotent.
Now suppose K/M # < 1> is a proper normal p'-subgroup of G/M. Then
K 3 G, hence is p-nilpotent by hypothesis, say with normal p-complement
T. Since T is characteristic in K, T is normal in G; and since M is
the p-Sylow subgroup of K, K =M X T. Now since T is a nontrivial
proper normal p'-subgroup of G, it is q-nilpotent for some prime q
dividing |T|. Hence, since K/M ® T, q divides |K/M| and K/M is
q~nilpotent.

The hypotheses thus hold for G/M so that, by induction, G/M is
solvable. And since the p-group M is solvable, it follows that G also
is solvable.

(b) Suppose now that P is minimal normal in G. Then either
there exists a minimal normal subgroup L of G which is distinct from
P, or else P is the unique minimal normal subgroup of G.

In the first case, we have LN P = < 1> so that L is a proper
normal p'-subgroup of G, hence is q-nilpotent for some prime q
dividing |L\. Since the normal q-complement of L is characteristic
in L, it follows from the minimality of L that L is a q-group.

As in (a), the conditions on the cofactors of subgroups of G/L
are satisfied, and all proper normal subgroups of G/L are p-nilpotent.

Now let K/L # < 1> be a proper normal p'-subgroup of G/L. Then since L
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is a p'-group, K is a proper normal p'-subgroup of G, and hence is, by
hypothesis, ql-nilpotent for some prime 9, dividing \Kl. Let U be the
normal ql-complement of K. Now, if q1||K/Ll, we have exhibited a

prime q, dividing lK/L| for which K/L is ql-nilpotent. Suppose, there-
fore, that q does not divide \K/L\. This means that q; =9, from which
it follows that K = U X L. Now since U is a nontrivial proper normal
p'-subgroup of G, it is qz-nilpotent for some prime a, dividing \U‘.
Since K/L ® U, we have that q2||K/L\ and that K/L is qz-nilpotent.

The hypotheses thus hold for G/L so that, by induction, G/L is
solvable. Since the q-group L is solvable, this means that G also is
solvable.

There remains to consider only the possibility that P is the
unique minimal normal subgroup of G. By the Schur-Zassenhaus Theorem,
P has a complement T in G. Now if H is any subgroup of T (not neces-
sarily proper), H is a proper p'-subgroup of G; and since it does not
contain the unique minimal normal subgroup P of G, we have corGH =<1>
so that H = cofGH. By hypothesis, therefore, each nontrivial subgroup
H of T (including T itself) is qH-nilpotent for some prime 9y dividing

|H| (where Ay depends on H).
t b

Let |G| = pa I q; i, where p and the q, are distinct primes
i=1 t b,
dividing \G‘. Then T, being a p-complement of G, has order Tl 9 k.
i=1

Since T is qi-nilpotent for some i, say for i = 1, there exists

b
T, 4 T with \T:T1| =q, 1. Tl is qi-nilpotent for some i = 2, say for

1

i = 2, and thus there exists T2 characteristic in Tl’ hence normal in

T, such that |T1:T2‘ = qz2 . Continuing gives a normal series of T,

T=T,D>T,>OT D...DTt~lDTt=<l>,

0] 1 2

with ‘Ti-I/Ti‘ =q; L for each i = 1, 2, ..., t. Therefore, T is
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solvable. Since G/P ® T, we have G/P solvable; and since the p-group

P is solvable, it follows that G also is solvable. |

2.4 Sylow-towered and Supersolvable Cofactors or Subcofactors

In this section we examine the influence on a finite group G of
supersolvable subcofactors of certain subgroups of G and, more generally,
of o-Sylow-towered subcofactors where o is some fixed ofdering of a set
v of primes containing w(G) = the set of prime factors of |G\. Our
goal is to extend the well-known theorem of Huppert__ If all the
proper subgroups of a finite group G are supersolvable, then G is
solvable__ and some extensions of this result by Rose (16, 17], who
required that only the self-normalizing or abnormal subgroups of G
be supersolvable, or, more generally, o-Sylow-towered.

The concept of a group being 0-Sylow-towered is defined as
follows.

Definition 2.14: Let G be a given finite group and w(G) the set of

prime factors of ‘Gl. let o = (pl, P . pt) be a fixed

g2ttt

ordering of a set ¥ of primes containing w(G). Then G is said
to have a g-Sylow-tower if there exists a normal series

<1l>= G0 < G1 C .ee & Gt = G such that for each i = 1,

2, vee, t, Gi/Gi is isomorphic to a p -Sylow subgroup

-1
of G (which we allow to be trivial in case Py ! leh.
For example, let ¥ = {pl, Pys coes pn} 2 n(G) and ¢ the natural
descending order of ¥, say ¢ = (pl, Pgs eees pn) where Py > P, >.00> P*

It is well-known (see, for example, M. Hall [9], 10.5.3) that if G is

supersolvable, then G has a o-Sylow tower for this o.
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We might mention that Doerk in [6] has extended the theorem of
Huppert, which was stated above, by describing much of the structure
of G. Several of his results parallel those of the Schmidt-Iwvasawa
Theorem (Theorem 2.3); some of these are given in the following
theorem.

Theorem 2.30: Let G be a finite group all of whose proper subgroups

are supersolvable. Then:
(i) G is solvable;

(ii) G has a 0-Sylow tower where O is the natural descending
order of n(G), or G is a nonnilpotent group having all its
proper subgroups nilpotent.

If G itself is not supersolvable, then the following also

are true:

(iii) G has exactly one normal Sylow subgroup P.

(iv) 8(P) < Z(G) so that cl(P) = 2; exp(P) = p for p odd and
exp(P) = 4 for p = 2, where P is a p-group; ¥ (P) is super-
solvably embedded in G, that is, there exist normal sub-

groups N, of G such that <1> =No CN, C... CNm = §(P)

1

and ‘Ni/N =p for each i =1, ... , m.

i-1l

) ‘G‘ is divisible by at most three distinct primes.

Our first result in this direction follows from Corollary 2.2
of Section 1. Before stating it, however, we first establish the
following lemma.

Lemma 2.31: For a given group G, F2(G') = G', that is, G' has Fitting
length = 2, if and only if G/FZ(G) is abelian.

Proof: We show first that F(G') = F(G) N G'. For this, we have

that since F(G') is characteristic in G' which is normal in G, F(G') is
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normal in G and is nilpotent, hence is contained in F(G); conscquently,
F(G') <« F(G) N G'. But F(G) N G' is normal in G' and is nilpotent,
hence is contained in F(G'). Thus, F(G') = F(G) N G'.
Using this equality and the normality of G' and F(G), we now
have the following chain of equivalent statements:
F,(G') =G' if-f G'/F(G') is nilpotent
if-f G'/F(G) N G' is nilpotent
if-f G'F(G)/F(G) is nilpotent
if-f G'F(G)/F(G) < F(G/F(G)) = F,(G)/F(G)
if-f G'F(@G) < FZ(G)
if-f G' € F,(6)
if-f G/FZ(G) is abelian. [

Theorem 2.32: Let G be a finite solvable group for which the cofactors

of all maximal subgroups are supersolvable. Then:

(i) G/F(G) is supersolvable.

(ii) f@") = 2; that is, F,(@') = G', or equivalently, G/F,(C)

is abelian.
(ii1) f(6) # 3; that is, F,(G) = G.

Proof: (i) Supersolvability is clearly a strictly homomorphism-
invariant property in the sense of Definition 2.2. Thus, since G is
solvable and cofactors of maximal subgroups are supersolvable, it
follows from Corollary 2.2-(ii) that G/F(G) is supersolvable.

(ii) Since G/F(G) is supersolvable, its derived subgroup
(G/F(G))' is nilpotent. By the ;;mark (1) preceding Lemma 2.8,
(G/F(@G))' = G'F(G)/F(G), which is isomorphic to G'/G' N F(G), and
which is in turn equal to G'/F(G') by the proof of Lemma 2.31. There-

fore, G'/F(G') is nilpotent so that Fz(G') =G'.
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(iii) From Lemma 2.31, it now follows that G/FZ(G) is abelian,
hence nilpotent, and thus G has Fitting length = 3. |

That m = 2 and n = 3 are the best possible integers for which
G' = Fm(G') and G = Fn(G) in the preceding theorem is shown by the
foliowing example.

Example 2.33: Let S4 be the symmetric group on 4 letters. Then S4 is

solvable, the cofactors of all proper subgroups of S4 are
supersolvable, the Fitting length of S& = A4 (the alternating
group of degree 4) is 2, and the Fitting length of S4 is 3.

Proof: The solvability of S, is well-known. The Fitting sub-

4
group of Si = A4 is the four-group V, from which it is clear that
j-‘(Aa) = 2. Also, it is immediate that F(S,) = F,(S,) =V and F,(5,) = A,

so that f(SA) = 3.

4 having order 4 or 12 are normal in S4 and

hence have trivial cofactor. The subgroups of order 1, 2, or 3 are

The subgroups of S

obviously supersolvable, and thus so also are their cofactors. The
only other subgroups of S4 that need be checked are those of order 6.
These have trivial core and are isomorphic to the group S3 which is
supersolvable. Consequently, the cofactors of all proper subgroups
of 5, are supersolvable. I

In Example 2.17 of the preceding section, a group G was con-
structed which was not solvable, but in which all the proper abnormal
subgroups were supersolvable. This shows that the hypothesis of G
being solvable in Theorem 2.32 cannot be omitted; that is, the super-
solvability of the cofactors of all maximal subgroups of G is not

sufficient to guarantee that G is solvable. As we now show, however,

if we enlarge the class of subgroups which are to have supersolvable
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cofactors or subcofactors (more generally, o-Sylow-towered subco-
factors) from the nonnormal maximal subgroups to the collection of all
self-normalizing subgroups of G, then G is solvable. This extends the
following result due to Rose [16].

Theorem 2.34: Let o be a fixed ordering of a set ¥ of primes containing

m(G). If every proper self-normalizing subgroup H of G has a
g-Sylow tower, then G is solvable.

Theorem 2.35: Let o be a fixed ordering of a set ¥ of primes containing

m(G). If the subcofactor H/scorGH of each self-normalizing sub-
group H of G has a 0-Sylow tower, then G is solvable. Moreover,
G/F(G) has a o-Sylow tower.
Proof: We first establish the solvability of G, using induction
on |G|. If G is simple, then every proper subgroup has subnormal
core = < 1>, and hence has a o-Sylow tower. The solvability of G
then follows by Theorem 2.34.
Thus, suppose that G is not simple, and let M be a minimal normal
subgroup of G. If H = H/M is any proper self-normalizing subgroup of
G = G/M, then clearly H is a proper self-normalizing subgroup of G.
By hypothesis, H/scor H is @-Sylow-towered; hence, from Lemma 1.4, so

G
also is H/scorc(ﬁ) % H/scor H. Thus, since m(G/M) € n(G) € ¥, the

G
hypotheses hold for G = G/M so that, by induction, G/M is solvable.
We show now that the hypotheses hold for M. ' For this, let H
be any self-normalizing (in M) proper subgroup of M. Then N = NSD(H) =
the hypernormalizer of H in G is a self-normalizing subgroup of G.
Now, M ¢ N; for otherwise, since H 4 4 N, we would have H 4 a4 M, in

contradiction to the fact that H is self-normalizing in M. Thus,

N # G; by hypothesis, therefore, N/scorGN has a o-Sylow tower and
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hence, so also does its subgroup HscorGF/scorGN.

Now, since H 4 4 N, we have H N scorGN 44 scorGN 444G so

that H N scorGN is subnormal in G and thus must be contained in scorGH.

Hence, H N scor N ¢ scor H & ScorMH (the last inclusion being true

G G
since scorGH subnormal in G implies that it is subnormal in M). Since
H/H N scor N, being isomorphic to HscorGN/scorGN, has a o0-Sylow tower,

so also does its homomorphic image H/scorMH.

Thus, since m(M) € n(G) & £, the hypotheses hold for M so that,
by induction, M is solvable. And since G/M is solvable, it follows
that G also is solvable.

To show that G/F(G) has a 0-Sylow tower, we need only show that
the property To of having a o-Sylow tower is a strictly homomorphism-
invariant property in the sense of Definition 2.2. For the hypotheses
of the theorem imply that S/scorGS = S/corGS = cof S is a T_-group for
all maximal subgroups S of G, since each maximal subgroup of G is
either normal, and thus has trivial cofactor, or is self-normalizing
in G. Also, we have proved that G is solvable. Therefore, if Tc is a
strictly homomorphism-invariant property, then by Corollary 2.2-(ii),
G/F(G) is a T,-group.

The fact that Ta is strictly homomorphism-invariant is almost
immediate. For let<1l>=G, <G, € ... & Gt = G be a 0-Sylow tower

0 1

of G. If ¢ is a homomorphism of G onto E, then clearly
<l> = ¢(Go) c ¢(G1) c ... < ¢(Gt) =G

is a o-Sylow tower for G; consequently, Ty is homomorphism-invariant.

Also, if H is a subgroup of G, then

<1>=Hn GO SHN G1 € ... HN Gt =H
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is a 0-Sylow tower for H; thus, Tc is subgroup-inherited. Finally, if

<1l> = Ko = K1 € ... € Kt = K is a 0-Sylow tower of the group K, then

<1l> = G0 X Ko < G1 X K1 € ... € Gt X Kt =G X K

is a 6-Sylow tower fo: G X K. Therefore, TO is a strictly homomorphism-
invariant property, and the result now follows. |

We have already commented that a supersolvable group G has a
o-Sylow tower for ¢ the natural descending order of a set £ of primes
containing w(G). The following corollary now is an immediate conse-

quence of the preceding theorem and Theorem 2.32.

Corollary 2.36: If the subcofactor H/scorGH of each proper self-
normalizing subgroup H of G is supersolvable, then G is
solvable. Moreover, G/F(G) is supersolvable and G/FZ(G) is
abelian; thus, f(G') = 2, f(@) = 3.
It might be mentioned that Rose in [17] has shown that, in com-
parison with Doerk's result (Theorem 2.30), for all n > 1, there exists
a group G such that ‘n(G)l = n, G is not supersolvable, but every self-
normalizing proper subgroup of G is cyclic. Thus, assuming that G is
not supersolvable, or more generally, not o-Sylow-towered, in these
results imposes no bounds on the number of prime factors of |G|.
As we have already seen, the group G in Example 2.17, constructed
by extending the simple group of order 168 by an automorphism of order
2, is not solvable but has every proper abnormal subgroup supersolvable.
One cannot, therefore, replace '"self-normalizing'" by "abnormal" in the
three preceding results without imposing some additional condition.
Rose in [16] has shown, however, that the following is true.

Theorem 2.37: Let o be a fixed ordering of a set §£ of primes containing

m(G). If every proper abnormal subgroup H of G has a o-Sylow
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tower and the 2-Sylow subgroups of G are abelian, then G is
solvable.

Theorem 2.38: Let o = (pl, Pos cov s Pn) be a fixed ordering of the set

{pl, Pps eee s pn} of primes containing n(G). If the subcofactor
H/scorGH of each proper abnormal subgroup H of G has a o-Sylow
tower and the 2-Sylow subgroups of G are abelian, then G
is solvable. Moreover, G/F(G) has a o-Sylow tower.
Proof: The last statement follows as in the proof of Theorem
2.35 so that only the solvability of G requires proof. For this, we
suppose that it is not solvable, and let G be a minimal counterexample.
Then G has no proper nontrivial solvable normal subgroup. For if K
were such a subgroup, then by the minimality of G, G/K would be solv-
able, since it is easily checked that the hypotheses hold for G/K.
Since K is solvable, this would mean that G is solvable. Thus, G has
no nontrivial normal solvable subgroup and hence, from Lemma 2.19,
no nontrivial subnormal solvable subgroup.
Now define the integer r = n by the following conditions: There

exists a normal chain Gr c Gr R Gn = G such that Gr is not

+1

pr-nilpotent; and in case r < n, Gi/ci is isomorphic to a pi-Sylow

-1
subgroup of G for each 1 = r + 1, ..., n. Since G is not solvable and
groups having a o-Sylow tower are solvable, we have r > 0, so that
H=6_ # <1>. There are two possibilities: (1) P, =2, and ) p_
is odd.

Case 1: P, = 2.—let P be a 2-Sylow subgroup of H = G- Then,
since 2 does not divide |G:H|, P is a 2-Sylow subgroup of G. Thus,

N = NG(P) is abnormal in G, and N # G since G has no nontrivial normal

solvable subgroups; by hypothesis, therefore, N/scorGN has a o-Sylow
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tower. Now, since P a4 N, we have P N scorGN q scorGN 4 4 G so that

PN scorGN 44 G. Since G has no nontrivial subnormal solvable sub-
groups, PN scorGN =< 1>, that is, scorGN is of odd order, hence is
solvable by the Feit-Thompson Theorem. Again, since scorGN 44 G and

G has no nontrivial subnormal solvable subgroups, we have scorGN =<1>.
Therefore, N = N/scorGN has a 0-Sylow tower, and thus so also does its
subgroup NH(P) = NN H.

Now, since p ;5 -.., p_ do not divide ||, it follows that
NH(P) has a (pl, ey pr)-Sylow tower; in particular, NH(P) is pr-
nilpotent, say with normal pr-complement (= 2-complement) T. Since
both P and T are normal in NH(P)’ we have NH(P) = P X T; consequently,
T centralizes P. But P is abelian by hypothesis so that P < CG(P). It
now follows that P = Z(NH(P)), and hence, by Theorem 2.18, H = Gr is
pr-nilpotent. This, however, contradicts the choice of r.

Case 2: P is odd.—Let P be a pr-Sylow subgroup of H = Gr and
thus, as in Case 1, a pr-Sylow subgroup of G also. Let J(P) be the
Thompson subgroup of P, as defined in Def. 2.11, and let N = NG(Z(J P®))).
Now NG(P) is abnormal in G; and Z(J(P)) char = P « NG(P) implies that
Z(J(P)) is normal in NG(P) so that NG(P) < N. Consequently, ; also
is abnormal in G. And since G has no nontrivial normal solvable sub-
groups, we have ﬁ # G. By hypothesis, therefore, ﬁ/scorcﬁ has a o-
Sylow tower, and hence so also does its subgroup (ﬁH) (scorcﬁ) /scor §

G

H n scorcﬁ, being

Gﬁ)/scorcﬁ, also has a o-Sylow tower.

Now, Po1? ** s Py do not divide |H| and thus do not divide ‘ﬁﬂl .

where ﬁH = NH(Z am)) = ﬁ N H. It follows that ﬁu/ﬁ

isomorphic to ('EH) (scor

~
~

Consequently, ﬁH/ N. N scor N has a (pl, cen s pr)-Sylow tower. In

H G
particular, ﬁH/ ﬁH n scorGﬁ is pr-nilpotent.
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Suppose now that P, = P N scorcﬁ # <1>. Then since scorcﬁ < ﬁ,

1

we have < 1> # P1 <4 P so that P1 must intersect Z(P) nontrivially.

Since Z(P) € Z(J(P)) by the note following Definition 2.11, this

implies that P2 = Pl N Z(J(P)) is also nontrivial. Therefore,

<1>#PB, =P NZ@(®) =Pn scorcﬁ AZEE@) =z2UE@E)) N scorcﬁ.

But since Z(J(P)) « ﬁ, we have < 1> # P2 =Z2WJ@®E))n scorcﬁ q scorcﬁ 446

so that < 1> # P2 <4 4 G; and this contradicts G having no nontrivial

subnormal solvable subgroups.

I =
Thus P N scorGN = < 1> so that scorGN is a p;-group, and hence

8 = = =
so also is NH n scorcﬁ. But since NH/N n scorGN is pr-nilpotent, this

H

implies that N, = NH(Z(J(P))) is also pr-nilpotent. By the Glaubermann-

H
Thompson Theorem (Thm. 2,22), it follows that H = Gr is pr-nilpotent,
which again contradicts the choice of r.

Each case, therefore, leads to a contradiction; and we conclude
that no such minimal counterexample can exist. [

From this theorem and Theorem 2.32, we have the following
corollary.
Corollary 2.39: If the subcofactor H/scor H of each proper abnormal

G

subgroup H of G is supersolvable and the 2-Sylow subgroups

of G are abelian, then G is solvable. Moreover, G/F(G) is
supersolvable and G/FZ(G) is abelian; thus, f(G') = 2 and
fe) 3.

Rose has also established in [17] the following result:

Thoerem 2.40: If every proper abnormal subgroup H of G is super-

solvable and the abnormal maximal subgroups have prime-power

index, then G 1is solvable.
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Here again it is sufficient to require only that the subco-
factors of the abnormal subgroups of G be supersolvable. To establish
this, we need the following lemmas, the first of which is due to
Gaschutz [7].

Lemma 2.41: For a given group G, let I'(G) be the intersection of all
the abnormal maximal subgroups of G, and % (G) the Frattini
subgroup of G. Then I'(G)/3(G) = Z(G/3(G)); in particular,
['(G) is a normal nilpotent subgroup of G.

Lemma 2.42: Suppose that G is a simple group and that G = HK where
H and K are proper subgroups of G. Then corH(H A K) =
corK(H NnK =<1>.

Proof: Let C = corH(H N K). Then,

-1
C=cy cglg €6>

< k) 'k |h e H, k € K>

< k'ICklk € K> (since C 4 H)

so that CG = K<; G. Thus, CG is a proper normal subgroup of G.
Since G is simple, we have CG = < 1>, Therefore, C =< 1> also.
Similarly, corK(H NK =<1>.]

Theorem 2.43: 1If the subcofactor H/scorGH of each proper abnormal

subgroup B of G is supersolvable and the abnormal maximal

subgroups of G have prime-power index, then G is solvable.

Moreover, G/F(G) is supersolvable and G/FZ(G) is abelian;

thus, f(G') = 2 and f(6) = 3.

Proof: The last part follows as before, and only the solv-
ability of G requires proof. For this, we proceed by induction on
|G|. If G is simple, then all maximal subgroups of G are abnormal

in G and have subnormal core 1, hence are supersolvable by hypothesis,
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so that G is solvable by Theorem 2.30 or the preceding theorem.

Thus, suppose that G is not simple, and let M be a minimal
normal subgroup of G. Now, if H = H/M is any proper abnormal subgroup
of G = G/M, then clearly H is a proper abnormal subgroup of G; by
H is supersolvable, and hence, by Lemma 1.4, so

G

also is ﬁ/scorﬁfﬁ) = H/seorGH. And if S = S/M is any abnormal max-

imal subgroup of 6, then S is an abnormal maximal subgroup of G so

hypothesis, H/scor

that |E}§‘ = |G:S\ = a power of a prime. The hypotheses therefore
hold for G/M; consequently, G/M is solvable by induction. If G has
another minimal normal subgroup M* # M, then G/M* is likewise solvable
by induction, hence so also is G/M X G/M*. And since G = G/M N M* is
isomorphically embedded in G/M X G/M*, it follows that G also is
solvable.

We may assume, therefore, that M is the unique minimal normal
subgroup of G, and we need only show that M is solvable. We assume
that it is not, and will show that this leads to a contradiction.

So suppose that M is not solvable. Then M = Ml X oo0e X Mk’
where the Mi are isomorphic simple nonabelian groups. From Lemma 2.41,
I'(G) = the intersection of all abnormal maximal subgroups of G is a
normal nilpotent subgroup of G. Since M is not solvable, we have
M ¢ I'(G), from which it follows that there exists an abnormal maximal
subgroup S of G not containing M. By the uniqueness of M, we have
saorGS = corGS = < 1>, and thus, G possesses maximal subgroups of
core 1.

Suppose now that there exists only one conjugacy class C of
maximal subgroups of core 1. Then, by hypothesis, for some power pa

of a prime p, |G:S| = pa for all S € ¢ Since M¢ S for § € C, we
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have MS = G so that po = |G:s| = |Ms:s| = |M:M n S|, and hence p||M|.
Let P be a p-Sylow subgroup of M; then, <1> # P ¥ M since M is not
solvable and p||M|. Now, from the Frattini argument, G ==PNG(P);

and by the minimality of M, NG(P) # G. Thus NG(P) c T for some maxi-
mal subgroup T of G. Since G = MNG(P) = MT', we have M ¢ T, hence

corGT = < 1> by the uniqueness of M. It follows that T € ¢, so that

pa = lG:T\ = ‘MT:T\ = lM:M N T\. This, however, contradicts the fact
that since PS MA N (P) € MN T, pf|M:M N T|. Therefore, G has at
least two distinct conjugacy classes of maximal subgroups of core 1.

Now let S be a maximal subgroup of G with corGS = scorGS =< 1>,

and let P be a p-Sylow subgroup of S, where p = max(m(S)). Since

S 4 G, S is abnormal in G, and hence, S = S/scor.S is supersolvable

G
by hypothesis. This means, in particular, that since p is the great-
est prime factor of |S‘, P is normal in S so that S ¢ NG(P). And
since G has no nontrivial solvable normal subgroups, it follows
from the maximality of S that § = NG(P); also, it is now clear that
P is a p-Sylow subgroup of G.

Thus, if S and T are maximal subgroups of G with core 1 and
p = max(m(S)) = max(m(T)), then S = NG(P) and T = NG(P*) for some
p-Sylow subgroups P and P* of G. Since P and P* are conjugate in G,
so also are S and T. Therefore, if S is any maximal subgroup of G
with core 1 and p = max(m(S)), then the conjugacy class of S = C(p) =
{NG(P)‘P a p-Sylow subgroup of G}.

Let now c(pl) and C(pz) be two such conjugacy classes of maxi-
mal subgroups of core 1, with Py > P, Then Py = p = the greatest
prime factor of |G|. For if T € C{p,)» then p, = max(v(T)); and since

PZP; > P, this implies that both p and P divide ‘G:T\- By
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hypothesis, |G:T\ is a power of a prime, and thus p = Py-

let S € C(pl) =C(p) and T € C'/(pz). Then \G:T\ = power of p
and pf|T| so that T is a p-complement of G. Let q||G:S| and U be a
q-complement of S, hence of G. (U exists since S = S/scorGS is super-
solvable, hence solvable.) Then, since M@ G, TN M and U N M are p-
and q-complements respectively of M; and since M is a direct product
of the Mi’ TN Mi and U N Mi are p- and q-complements respectively
of Mi’ for each i =1, ..., k. From this it follows that
Mi = (TN Mi)(U N Mi); and since T N Mi and U N Mi are supersolvable
while M is not, these must be proper subgroups of M, for each i. By
Lemma 2.42, therefore, Ai =TNUN Mi contains no nontrivial normal
subgroup of either T N Mi or UN M,.

Now, A, is a Hall {p, q}'-subgroup of M, for each i; for p

i

and q do not divide ‘Ail , and |A | = \T n MiHU N Mi|/|M1| so that

j_‘
\Mi:Ai‘ - |Mi:'1‘ n MiHMi:U n Mi\ = paqb for some a and b. It follows
that A, is a q-complement of T N Mi and a p-complement of U N M, .

We assert now that Ai is abelian. For this, let P be a p-Sylow
subgroup of U N M, . Since p = max(m(U N Mi)) and U N Mi is super-
solvable, we have P q U N M, so that Pc F(U N Mi)’ the Fitting sub-
group of U N Mi' If P were properly contained in F(U N Mi)’ then

F(UN Mi) would have a nontrivial normal p-complement K which, being

. But then K must

characteristic in F(U N Mi) , is then normal in U N Mi

be contained in the p-complement Ai of U N Mi’ which contradicts the
fact that Ai contains no nontrivial normal subgroup of U N M. Thus,
P=F@UN Mi); and since U N M, is supersolvable, (UN Mi)' ¢ F@UN Mi)

so that (U N Mi)/P ® A, is abelian.
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Also, we have q = max(m (T N Mi))' For let q' be the greatest
prime factor of |T N Mi‘ , and let Q be a q'-Sylow subgroup of T N M.
since T N Mi is supersolvable, Q is normal in T N Mi' And since Ai
contains no nontrivial normal subgroup of T N M, Q ¢ A hence
q'HT n Mi:Ai|, which means that q' = q. From this fact that
q = max (T N Mi))’ it follows, in particular, that q # min(n(‘Mi)).
For if it were, then T N M, would be a q-group, making Mi a{p,q}-
group and hence solvable by Burnside's Theorem.

Now let A=T N UN M; then A is a Hall {p, q}'-subgroup of
M, and A is abelian as the direct product of the abelian groups Ai.
Let r = min(m(M)); by what we have just shown, p > q > r. Let R be
an r-Sylow subgroup of A, hence of M; R is abelian. We claim that
N = NG(R) is a proper abnormal subgroup of G. That N # G is clear,
since G contains no nontrivial solvable normal subgroups. Now, since
MaG, R=R¥N M for some r-Sylow subgroup R* of G. If x € NG(R*),
then R® = (R*)x n M = g A M=R, thus x € NG(R). This shows then
that NG(R*) = NG(R); and since NG(R*) >q G, NG(R) also is abnormal
in G.

By hypothesis, therefore, N/scorGN is supersolvable, and thus
so also is its subgroup (NM) (scorGN)/scorGN where NM = NM(R) =MANN.

Hence, NM/NM N scor N = (NM) (scorGN)/scor N is supersolvable; and

G G
since r = min(m M)), NM/NM n scorGN is r-nilpotent, say with normal
r-complement L,NM n scorGN.
Now, since R is normal in N = NG(R), we have R N scorGN < scorGN;

and since scorGN 4G, it follows that R N scorGN 44 G. Because G

has no nontrivial solvable normal subgroups and hence, by Lemma 2.19,

no nontrivial solvable subnormal subgroups, we have R N scorGN =< 1>.
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This means then that NM n scorGN is an r'-group, and thus that L is
a normal r-complement of NM = NM(R). It follows that NM(R) =R XL
so that L centralizes R. And since R is abelian, R & CG(R); hence
RE Z(NM(R))' But, by Theorem 2.18, this implies that M is r-
nilpotent, and thus has a proper characteristic subgroup, which
contradicts the minimality of M.

Therefore, M is solvable, and the result now follows. ||

As an addition to Corollaries 2.36, 2.39, and the preceding
theorem, we have the following result.

Theorem 2.44: Let G be a finite nonsupersolvable group having all

proper normal subgroups supersolvable. Suppose also that one

of the following two conditions holds:

(a) The subcofactors of the proper self-normalizing subgroups
of G are supersolvable.

(b) The subcofactors of the proper abnormal subgroups of G are
supersolvable and either the 2-Sylow subgroups of G are
abelian or the abnormal maximal subgroups of G have prime-
power index.

Then the conclusions of Theorem 2.43 hold, and G has a normal

p-Sylow subgroup for p the least or largest prime factor of |G|.

Proof: Let p = min(m(G)). Then the proper normal subgroups and

the subcofactors of the self-normalizing (abnormal) subgroups of G are
p-nilpotent. If G is not p-nilpotent, then by Theorem 2.20 or 2.23, G
has a normal p-Sylow subgroup. On the other hand, if G is p-nilpotent,
say with normal p-complement T, then T is, by hypothesis, supersolvable.

Thus if q is the largest prime dividing lG\, hence the greatest prime



63

factor of \Tl, T has a normal q-Sylow subgroup Q. Then Q, being
characteristic in T, is normal in G; and since |G:T| is prime to q,

Q is a normal q-Sylow subgroup of G. [



CHAPTER THREE
THE INFLUENCE ON A GROUP OF THE

OUTER COFACTORS OF ITS SUBGROUPS

3.1 Introduction; Definitions and Basic Properties

For H a proper subgroup of a given finite group G, corGH was
defined as the maximal G-normal subgroup contained in H. In the pre-
ceding chapter we have considered the effect on G of conditions imposed
on corGH and cofGH'= H/corGH (or scofGH), where H ranges over a certain
class of proper subgroups of G. Now, one might hope to be able to
"dualize'" some of the results obtained. Thus, we consider for a given
proper subgroup H of G, those subgroups which are outside H, or at least
not contained in H, and which are in some sense minimal with respect to
the normal structure of G. Following basically the ideas suggested by

Deskins in [5)], we make the following definitions.

Definition 3.1: For H a proper subgroup of a finite group G we let

Ob(H) denote the collection of subgroups C of G which satisfy

the following conditions:

(i) c ¢ H;

(ii) each proper G-normal subgroup of C is contained in H.

Notice that if C € OC(H) and C 4 G, then C is minimal with
respect to being normal in G and not contained in H; thus, in a
sense, we have dualized the notion of the core of H.

In this "outer family" OC(H) of H, we single out certain sub-

collections as given in the following definition.

64
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Definition 3.2: For H a proper subgroup of a finite group G, we define:

(1) Oy, @ = {c €0, @|cacl;
@) 04 M) ={ce€ chn)|c 4 G};
3) O(sn)G(H) ={Cce¢€ odG (H)\C is self-normalizing in G};
%) Oy @ = {ce O4c (H)|c is abnormal in G}.

Lemma 3.1: Let H be a proper subgroup of a given finite group G,
C € OC(H)’ and D the maximal G-normal proper subgroup of C.
Then:

(i) D = corG(C N H).

(ii) If Ca G, then D corG(C nH) =CnN corGH.

(iii) If C 4 G, then D corG(C nH) = cor ,C.

Proof: (i) Since D 4 G and D is properly contained in C, we
have, by definition of OC(H)’ Dc H. Thus, Dc CN H, and hence
D c corG(C N H). On the other hand, since corG(C N H) 4 G and
corG(C N H) is properly contained in C (since C N H # C), we have
from the maximality of D that corG(C N H) ¢ D. Therefore, the equality
in (i) holds.

(ii1) For C a G, we have that C N corGH is normal in G and is con-

tained in C N H; thus C N corGH (= corG(C A H). But clearly, corG(C NH cC

since CN H < C; and since corG(C A H) is normal in G and is contained

in CN H < H, we have corG(C n H) < corGH so that corG(C ANAH cCn corGH.

Therefore, corG(C AH) =CAN corGH for C 4 G.

(iii) Since C N H £ C, the inclusion corG(C N H) < corGC is

immediate. Now, since C 4 G, corGC is properly contained in C; thus by

the maximality of D, corGC cD-= corG(C A H). Therefore,

corG(C N H) = corGC for c4G. |
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Using the properties established in the preceding lemma, we can
now make the following definitions of the various outer cofactors of
a subgroup H.

Definition 3.3: Let H be a proper subgroup of a finite group G. For

CE€ OG(H), we call C/corG(C N H) an outer cofactor of H in G.

More precisely, for C € O<1G (H), we call C/corG(C N H) =

c/cn corGH a normal outer cofactor of H. If C € GdG (H), we

will say that C/corG(C N H) = C/corGC is a nonnormal outer

cofactor of H; in particular, if C € O

(sn)G(H)’ we will say

that C/corGC is a self-normalizing outer cofactor of H, and if

C € o><lG (H), C/corGC is an abnormal outer cofactor of H.

3.2 1Influence on a Group of the Nonnormal Outer Cofactors of Subgroups
In this section, our goal is to parallel the results of the
preceding chapter by investigating the properties of a finite group G
which arise from conditions imposed on the self-normalizing (or ab-
normal) outer cofactors of maximal subgroups of G. One such result
is given by Deskins in [5]; with the terminology and notation that
we have adopted, it can be stated as follows.
Theorem 3.2: If the finite group G contains a maximal subgroup S which
is supersolvable and if for each C € Ob(S) with C 4 G or
CNS #<l>, C/corG(C N S) is supersolvable, then G is solvable.
We will now establish two general theorems from which results
parallel to those of the preceding chapter are immediate corollaries.
In these two theorems, we shall assume that the trivial group is always

a 9-group, and hence, in particular, that @-groups do exist.
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Theorem 3.3: Let § be a subgroup-inherited homomorphism-invariant
property. If the finite group G has a maximal subgroup S such
(1) nonnormal
that S and all its {(2) self-normalizing ) outer cofactors are
(3) abnormal
6-groups, then cofGH = H/corGH is a g-group for all proper

(1) nonnormal
(2) self-normalizing ) subgroups H of G.
(3) abnormal
Proof: Let H be any proper (k)-subgroup of G, where k = 1, 2,
or 3 (that is, (k) denotes one of the three properties (1) nonnormal,

(2) self-normalizing, or (3) abnormal). Now, if H < S, then trivially

H/cor H is a B-group since S is a 9-group and § is subgroup-inherited

G

and homomorphism-invariant. Thus, suppose H ¢ S. If corGH < S, then
H is an element of OdG ), o(sn)G(S)’ or O><1G (S) according as k = 1,
2, or 3 so that, by hypothesis, H/corGH is a @-group. 1If cor H ¢€s,
then S corGH. = G by the maximality of S. In this case, since S is a
0-group and § is homomorphism-invariant, G/corGH = ScorGH/corGH which
is isomorphic to S/S N cor H also is a 9-group; hence, since § is sub-
group-inherited, H/cor.H is a 9-group. [|

G

Note: The proof of the preceding theorem also shows that if S
and all its (k)-outer cofactors C/corGC, with C a maximal subgroup of

G, are @-groups, then H/corGH is a g-group for all (k)-maximal sub-
groups of G.

The following results are now immediate consequences of the pre-
ceding theorem or the note, Lemma 1.2, and the corresponding results
of Chapter 2. Part (b)-(vi) strengthens Theorem 3.2 by removing the

condition "or CN S # <1>" and by giving information about the Fitting

lengths of G' and G. These results also show that there is nothing
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especially significant about the condition of supersolvability imposed

in Theorem 3.2, but that it can be replaced by a variety of other

Suppose that the finite group G has a maximal subgroup

S for which one of the following nine conditions holds:

(a) S and

all its abnormal outer cofactors T/corGT with T a

maximal subgroup of G are

(i)

(ii)
(iii)

(b) S and
(iv)

)

(vi)

(c) S and

(vii)

(viii)

(ix)

nilpotent.

=

nilpotent of class n.
solvable of derived length = n.

all its self-normalizing outer cofactors are
p-nilpotent.

o-Sylow-towered for ¢ some fixed ordering of a set T
of primes containing w(G).

supersolvable.

all its abnormal outer cofactors are

p-nilpotent, and either p is odd or the p-Sylow
subgroups of G are abelian.

o-Sylow-towered for o some fixed ordering of a set T
of primes containing n(G), and the 2-Sylow subgroups
of G are abelian.

supersolvable, and either the 2-Sylow subgroups of G
are abelian or the abnormal maximal subgroups of G

all have prime-power index.

Then, in the respective cases, the following hold:

(a)

(i) G is solvable with G/F(G) nilpotent.
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(ii) G is solvable with yn(G) nilpotent (and the other
conclusions of Theorem 2.7 hold).

(n)

(iii) If G is solvable, then G is nilpotent (and the
other conclusions of Theorem 2.9 hold).
(b) (iv) G has a normal p-subgroup PO (which may be trivial)
such that G/PO is p-nilpotent; in particular, G is
p-solvable of p-length = 2,
(v) G is solvable with G/F(G) o-Sylow-towered.
(vi) G is solvable with G/F(G) supersolvable and G/FZ(G)
abelian; thus f(G') s 2, f(G) s 3,
(c) (vii) Same as (iv).
(viii) Same as (v).
(ix) Same as (vi).
Theorem 3.5: Let § be a subgroup-inherited homomorphism-invariant
property. Then the following are equivalent:

(a) For all abnormal maximal subgroups S of G, the

(2) abnormal
. _ (1) self-normalizing
(b) H/corGH is a p-group for all {(2) abnormal

subgroups H of G.

{(1) self-normalizing) outer cofactors of S are g-groups.

Proof: (b) - (a) is immediate.

(a) - (b): Suppose this to be false, and let G be a minimal
counterexample. Then there exists some proper (k)-subgroup H # <1> of
G such that H/corGH is not a 8-group, where k = 1 or 2.

Suppose first that corGH =<1>, Then H ¢ I'(G) = the interscction
of all abnormal maximal subgroups of G. For, by Lemma 2.41, I'(G) is
a normal nilpotent subgroup of G, and if H < I'(G), then H4 aT(G) QG,

hence H 4 @ G; however, if H is a (k)-group, it cannot be subnormal



- RS mm—" S————eESEENE




70

in G. Thus, H¢ I'(G), and there exists an abnormal maximal subgroup S

of G not containing H. Since corGH =<1>c S, H belongs to & ()

(sn)G
or ch (S) according as k = 1 or 2, so that H/corGH is a §-group by

hypothesis. This, however, contradicts the choice of H.
Suppose now that corGH # <1> and consider G = G/corGH. We

assert that (a) holds for G. For this, let S = S/corGH be any abnormal

maximal subgroup of E, and let C = C/corGH be any element of &

(sn)-(s)

or °><E (§) according as k = 1 or 2. Then S is an abnormal maximal
subgroup of G, and C is a (k)-subgroup of G; also, C ¢ S since C ¢ §S.

Now, from Lemma 1.4, we have cora-(E) = cor C/corGH. Since cora(E) cs

G
(from the definition of an outer cofactor of E), it follows that

corGC < S, and thus that C belongs to ¢ (8) or O > (S) according

(sn)G
~as k =1 or 2. By hypothesis, therefore, C/corGC is a §-group, and
hence so also is E/corc.(E) = C/corGC (by Lemma 1.4).

Since (a) thus holds for G and |E‘ < |G|, it follows from the
minimality of G that (b) also must hold for E, that is, the cofactors
of all proper (k)-subgroups of G are §-groups. In particular, H =
H/corGH is a proper (k)-subgroup of G and coré-(ﬁ) = <1> so that
H = i/cora-(ﬁ) is a @-group. However, this again contradicts the
choice of H.

We conclude, therefore, that no such minimal counterexample
can exist; and the result now follows. [|

Note: An obvious modification of the preceding proof shows
that the following are equivalent:

(a) For all abnormal maximal subgroups S of G, the (k)-outer

cofactors T/corGT of S with T a maximal subgroup of G

are 9-groups.
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(b) H/corGH is a @-group for all (k)-maximal subgroups H of G.
Corresponding to Corollary 3.4, we have the following results
which are direct consequences of the preceding theorem or the note,

Lemma 1.2, and the corresponding results of Chapter 2.

Corollary 3.6: Suppose that for each abnormal maximal subgroup S of

the finite group G, one of the following nine conditions holds:
(a) The abnormal outer cofactors T/corGT of S with T a maximal
subgroup of G are:
(i) nilpotent.
(ii) nilpotent of class = n.
(iii) solvable of derived length = n.
(b) The self-normalizing outer cofactors of S are:
(iv) p-nilpotent.
(v) o-Sylow-towered for o some fixed ordering of a set T
of primes containing m(G).
(vi) supersolvable.
(c) The abnormal outer cofactors of S are:
(vii) p-nilpotent, and either p is odd or the p-Sylow sub-
groups of G are abelian.

(viii) o-Sylow-towered for o some fixed ordering of a set T
of primes containing w(G), and the 2-Sylow subgroups
of G are abelian.

(ix) supersolvable, and either the 2-Sylow subgroups of G
are abelian or the abnormal maximal subgroups of G all
have prime-power index.

Then, in the respective cases, the conclusions (a)-(i) through

(c)-(ix) of Corollary 3.4 hold.
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3.3 Influence on a Group of the Normal Outer Cofactors of Subgroups
We turn now to a consideration of the normal outer cofactors of

the maximal subgroups of a finite group G and investigate what effect

properties imposed on these will have on G. Such an approach is sug-

gested by Deskins in [5]. As mentioned there, while every maximal sub-

group of a finite solvable group has prime-power index, the converse

is not true, as the simple group of order 168 shows. Deskins then

defines the normal index of a maximal subgroup; it is precisely this

that must be of prime-power for the group to be solvable.
Let us recall that for a maximal subgroup S of a finite group G,
CLIG(S) consists of all those subgroups H € G which satisfy
(1) H¢ S, that is, HS = G,
(2) H 4 G (where we allow H = G), and
(3) Lc S, that is, LS = S, for all proper G-normal subgroups
L of H.
Also, the normal outer cofactors of S are the groups H/corG(H ns)s=
H/H N corGS with H € 06<;(S). Using this terminology and notation,
we can state the theorem of Deskins, which makes possible the defin-
ition of normal index, as follows.
Theorem 3.7: Let S be a maximal subgroup of the finite group G. Then:
(i) All normal outer cofactors of S have the same order.
(ii) 1f |G:S‘ = a power of a prime, then there exists a
unique H € G<IG (S).

Definition 3.4: The normal index of a maximal subgroup S of a finite

group G is the order of any normal outer cofactor of S.
The following theorem extends statement (i) of the preceding

theorem and also shows that if we impose a condition on one of the



TS R te— — —



73

normal outer cofactors of a maximal subgroup S, then, in fact, we

are imposing it on all of them.

Theorem 3.8: Let S be a maximal subgroup of a finite group G. Then
all the normal outer cofactors of S are isomorphic.

Proof: Let H and K be distinct elements of O<lG (S). We are

to show that H/H N corGS and K/K N corGS are isomorphic.

Case 1: corGS =< 1>.—In this case, H and K are minimal

normal subgroups of G. For suppose L 4 G with L % H. Then, since
H € OdG (S), we have L € S; and since L 4 G, this means that

Lc corGS =<1>, so that L = <1>. Consequently, H contains properly

no nontrivial normal subgroup of G, and is therefore minimal normal in
G. Similarly, K is shown to be minimal normal in G. It follows then
that H and K centralize each other.

Also, we have HN S = KN S =<1>. For since H is normal in
G, HN S is normal in S, and thus S © NGCH N S). Now, K centralizes H,
hence centralizes HN S so that K¢ NG(H N S) also. Consequently,

G =KS¢ NG(Hn S), that is HN S @ G. But since corGS =< 1>, this

means that HN S =< 1>, 1In the same way we obtain KN S =< 1>,
Now, from Dedekind's Law, H(HK N S) = HK N HS = HK N G = HK,
and K(HKN S) =HKN KS =HKN G = HK also. It follows that

H=H/HANAK=HK/K = KMHKN S)/K® (HKN S)/(HKN SN K) =HKN S,

~

and similarly, K= HK N S. Thus H/H N corGS =H=®=K=K/KNn corGS.

Case 2: corGS # < 1>.—In this case we consider G = G/corGS,

and we let S = S/cor. S, H = HcorGS/cor S, and K = KcorGS/cor S. We

G G G

show first that H and K belong to 045 (§).

For this, suppose that L = L/corGS is a normal subgroup of G

which is properly contained in H. Then, since HN LA G, HN L% H, and
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H € O<1G (S), we have that HN L€ S, and hence HN L ¢ corcs. But

since corGS € L, we have HN cor SS HN L; thus, HN L =H N corGS and

G

|| cor s|
D]!}'lf%%l' |Hni] = [Hn corGS| = ]H_cor_cgr .

And since HL = H(L corGS) = (HcorGS)L = Hcor,S, it follows that

G
\L\ = |corGS| so that L = <T>. This shows that ﬁ € Oqa(g); and
in a similar manner, one shows that K¢ G< E(g).
Now, since cora(g) = <T>, it follows from Case 1 that H = K.
Therefore, H/H N corGS =TH=KE®K/KnN corGS. 1
Statement (iii) of the following result coincides with statement
(ii) of Theorem 3.7. We include a proof of it here since none is given
in [5].
Theorem 3.9: Let S be a maximal subgroup of a finite group G. Then:
(i) The normal outer cofactors of S are p-solvable if and only
if the normal index of S is either a power of p or is prime
to p.
(ii) The normal outer cofactors of S are solvable if and only if
the normal index of S is a power of a prime. Then, the
normal index of S = the index of S.
(iii) I1f S has prime-power index, or prime-power normal index,

(s) .

then there exists a unique H in O<1G

Proof: (i) Suppose first that the normal outer cofactors of S

are p-solvable, and let H ¢ oaG(S)° As in the proof of Theorem 3.8,

H = HcorGS/ cor S € O, E(S) where S = S/co:.'G

since cora(g) = <-1->, H is minimal normal in G. Now, by hypothesis,

S and G = G/corGS; and

H/H N corGS is p-solvable, hence so also is H = H/H N corGS. Thus,

H is either a p-group or a p'-group so that the normal index of S =

|H/H N corGS| = ‘ﬁ‘ is either a power of p or is prime to p.
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The converse implication is an immediate consequence of the
definition of normal index.

(ii) The equivalence of the two statements given here follows
from (i) together with the fact that a finite group G is solvable
if-f G is p-solvable for all primes p dividing |G| . For the second
part, let H € odG(S) with H/H N corGS solvable. For E, §, and H

as above, we have H e Oda(g) and H is minimal normal in G. Since

= |

= H/H N corGS, H is solvable, hence is elementary abelian. Now

n s q S since ﬁq E; and H gl S q H since ﬁ is abelian; thus, we have

x|

H n S<aHS =G. But corE(-S—) =<T1> so that H ns = <T>. Therefore,
\G:Sl = |6§| = lﬁgg\ = lﬁ:ﬁn §| = |§‘ = |H/H n corGS| = the normal
index of S.

(iii) We note first that if H ¢ OQG(S)’ then H/H N corGS is
divisible by |H:H N S| = |HS:S| = |G:S|, so that the index of S divides
the normal index of S. If the normal index of S is a power of a prime,
therefore, so also is the index of S. Thus, suppose that S has prime-
power index, say |G:S| = pa; and let H ¢ G<1G(S) .

Case 1: corGS = < 1>.—In this case, H is minimal normal in G,
as shown in the proof of Theorem 3.8. 1If CG(H) =< 1>, then H is the
unique element of O<1G(S)' For if K € 0<1G(S) and H # K, then K also
is minimal normal in G so that HN K =< 1>, and H and K centralize
each other; thus K ¢ CG(H) =< 1>, which is impossible since K € OQG(S)
implies that K ¢ S.

So suppose that C = CG(H) #<1> Since Cq G, we have C ¢ S

since corGS =<1>, so that CS =G. Then HN S = <1>. For since

HaG, we have HN S 9 S; also, C ¢ NGCH N S) since C centralizes H,
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hence centralizes HN S. Thus G = CS ¢ NG(H n s), that is HN S 4 G.

But since corGS =< 1>, this means that HN S =< 1>,

Therefore, |H| = \H:H n S| = lHS:S\ B.‘stl = pa so that H is
solvable, hence elementary abelian, and H & C = Ce (H). It follows from
this that CN S =<1>. For CN S is normal in S, and H centralizes C,
hence centralizes CN S; thus G = HS < NG(C N Ss), that is, CN S < G.
However, corGS =<1>, sothat CN S =< 1>.

It now follows by Dedekind's Law that

H=H(CNS)=CNHS =CNG = C.
This then implies that H is the unique element of O<1G(S)' For any
other K ¢ OQG(S) would centralize H as above, which would contradict
H = CG(H).
Case 2: cor.S # <1>.—In this case, we let G = G/cor,S and

G G

S = S/corGS. Now let H ¢ O<IG(S)' As before, H = Hc?orGS/ corGS € OQE(S).

Thus, by Case 1, since |6§| = |G:S‘ = pa and cora(-s-) =<1>, H is
the unique element of 04 E(g).
Now suppose there exists K € OQG(S) with K # H. Then, as

before, K = KcorGS/ corGS € OQE(E). We will show that K # H, which

contradicts the uniqueness of H, and thus establishes the result. For

this, suppose that i = i{- so that HcorGS = KcorGS. Let x = hk, where
h € H, k € K, be an arbitrary element of HK. Then h-ls1 = k82 for

= = -1 .
some 8,, 8, belonging to corGS. Hence, x = hk 818, € corGS. This
shows then that HK c corGS. But this is impossible, since H € GQG(S)
implies that H ¢ S. Therefore, K # H as we wished to show. [

Deskins has shown in [5] the following equivalences.

Theorem 3.10: For G a given finite group, the following are equivalent:

(i) G is solvable.
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(ii) Each maximal subgroup of G has prime-power normal index.
(iii) The index and normal index are equal for each maximal
subgroup of G.

Our next two theorems are extensions of this result. The
following lemma will prove useful in establishing not only these two
theorems but later results as well.

Lemma 3.11: Let M be a normal subgroup of the given group G and S/M

a maximal subgroup of G/M. Then each normal outer cofactor

of S/M is isomorphic to every normal outer cofactor of S.

Proof: Let G = G/M, S = S/M, and let K/K n cora-(g) be a
normal outer cofactor of §, where K = K/M. We have immediately that
S is a maximal subgroup of G, K4 G, and K¢ S. It follows that
L& K for some L € OQG(S)'

Now, ML = K. For ML € K so that ML = ML/M € K/M = K; also,
ML< G, and ML ¢ S (since L & S). Thus, since K ¢ OQE(E) , we have
ML = i, and hence, ML = K.

Since M ¢ cor, S, it follows that

L/L N cor S = LcorGS/ cor S = IM corGS/ cor

= KcorGS/ corCS % K/K N corGS;
and from Lemmas 3.1 and 1.4, we Have

K/M
corG(K ns) /M

K/K N corGS = K/corG(l( ns) =

= K/cor=(K N S) = K/K N cor (g).

G C

Therefore, the normal outer cofactor K/K N corc»(g) of S = S/M is
isomorphic to the normal outer cofactor L/L N cor.S of S, and hence,

G

by Theorem 3.8, to every normal outer cofactor of S. |
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Theorem 3.12: For a finite group G, the following are equivalent:

(i) G is p-solvable.

(ii) G has a maximal subgroup S such that S and its normal
outer cofactors are p-solvable.

(iii) For each abnormal maximal subgroup S of G, the normal

outer cofactors of S are p-solvable.

(iv) For each abnormal maximal subgroup S of G, the normal
index of S is either a power 6£ p or is prime to p.

Note: As the proof shows, the word "abnormal" can be omitted

in (iii) and (iv).

Proof of Theorem 3.12: (i) - (ii) is trivially true.

(i1) = (i): We use induction on |G|. Let S be a maximal sub-
group of G which is p-solvable, and let K € CLjG(S) with K/K N corGS
p-solvable.

Case 1: Kn corGS = < 1>.—Then K is a minimal normal subgroup
of G. For if L is a normal subgroup of G with LF K, then since
K € CZ:G(S)’ we have LS S. Thus L< KN S; and since L 4 G, this means
that L ¢ corG(K NS) =KnN corGS =«<1>, hence L =< 1>.

Now, by hypothesis, K = K/K N cor,.S is p-solvable. This implies

G

that since K is minimal normal in G, K is either a p-group or a p'-group.
Since KS = G, we have G/K = KS/K ® S/S N K is p-solvable, since S is
p-solvable. Therefore, since K is either a p-group or a p'-group,

G is p-solvable.

Case 2: KN cor S #<1l>.—Let M be a minimal normal subgroup

G

of G contained in KN corGS. Since M S, M is p-solvable, and hence

is either a p-group or a p'-group.
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Now, (ii) holds for G/M. For S/M is a p-solvable maximal sub-
group of G/M; and by Lemma 3.11, each normal outer cofactor of S/M
is isomorphic to the normal outer cofactors of S, hence is p-solvable.
By induction, therefore, G/M is p-solvable. And since M is either a
p-group or a p'-group, it follows that G is p-solvable.

(i) - (iii) is clear.

(iii) -» (i1): If G is simple, then every maximal subgroup of G

is abnormal in G. Let S be any such, and let H ¢ f)d (S). Then

G
H< S, Ha G, and G simple imply that H = G so that OqG(s) = {G}.
Therefore, since corGS =<1>, G =G6/G N corGS is p-solvable.

So suppose that G is not simple and let M be a minimal normal
subgroup of G. Then M is p-solvable, hence is either a p-group or a
p'-group. For if M € T'(G) = the intersection of all abnormal maximal
subgroups of G, then since '(G) is nilpotent by Lemma 2.41, M is nil-
potent, thus is p-solvable. On the other hand, if M ¢ I'(G), then there
exists an abnormal maximal subgroup S of G which does not contain M.

Then M € qu(s) so that M = M/M N corGS is p-solvable by hypothesis.

Now consider G = G/M. Then (iii) holds for G. For let S = S/M
be any abnormal maximal subgroup of 6, and let K = K/M € Od E(g); we
must show that K/ K N cora(g) is p-solvable. S is clearly an abnormal
maximal subgroup of G; by hypothesis, therefore, all normal outer co-
factors of S are p-solvable. By Lemma 3.11, K/K N cora(g) is isomorphic
to the normal outer cofactors of S, and hence is p-solvable.

The hypotheses thus hold for G = G/M so that, by induction, G/M
is p-solvable; and since M is either a p-group or a p'-group, it

follows that G is p-solvable.

(iv) -» (i) is immediate since (iv) clearly implies (iii).

y %
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(i) - (iv): Llet G be p-solvable, S a maximal subgroup of G,
and K € O«G(S)' To show that K/K N corGS is either a p-group or a
p'-group, it suffices to show that it is a chief factor of G. And

this is immediate. For if L < G with KN cor.S € L ¥ K, then L € S

G
since K € qu(S), and thus L ¢ corGS since L 4 G. Therefore

LEcKn corGS so that L = KN corGS. 0

Theorem 3.13: For a finite group G, the following are equivalent:

(i) G is solvable.
(ii) G has a maximal subgroup S such that S and its normal
outer cofactors are solvable.
(iii) For each abnormal maximal subgroup S of G, the normal
outer cofactors of S are solvable.
(iv) For each abnormal maximal subgroup S of G, the normal
index of S is a power of a prime.
(v) For each abnormal maximal subgroup S of G, the normal
index of S = the index of S.
(vi) For each abnormal maximal subgroup S of G, KN S is
normal in G for all K € OQG(S)'
(vii) For each abnormal maximal subgroup S of G, KN S is
subnormal in G for all K € O«G(S)'
Note: As in the preceding theorem, the proof shows that the
word "abnormal' can be omitted in (iii)-(vii).

Proof of Theorem 3.13: The equivalence of  (i)-(iv) is immediate

from Theorem 3.12 and the fact that a finite group G is solvable if-f
G is p-solvable for all primes p dividing |G|. (i) - (v) follows

from Theorem 3.9.
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(v) - (i): I1f G is simple, then all the maximal subgroups of G

are abnormal in G. Let S be any such and K ¢ CEJG(S). Then K 4 G,

K¢ S, and G simple imply that K = G, and thus that CLIG(S) = {G}.
Also, corGS = < 1> since G is simple. By hypothesis, \G:S\ = the
normal index of S = |G/G al corGS| = |G‘ so that ‘Sl = 1. Therefore,

G has no nontrivial maximal subgroups, hence is cyclic of prime order,
and thus is solvable.

So suppose G is not simple, and let M be a minimal normal sub-
group of G. Then (v) holds for G/M. For if S/M is an abnormal
maximal subgroup of G/M, then S is an abnormal maximal subgroup of
G; and by Lemma 3.11, each normal outer cofactor of S/M is isomorphic
to the normal outer cofactors of S so that the normal indices of S/M
and S are equal. Thus, |G/M:S/M| = |G:M| = the normal index of S =
the normal index of S/M.

By induction, therefore, G/M is solvable. If G has a minimal
normal subgroup M* # M, then G/M* is likewise solvable by induction,
hence so also is G/M X G/M*. Since G = G/M N M* is isomorphically
embedded in G/M x G/M*, it follows that G also is solvable.

We may assume, therefore, that M is the unique minimal normal
subgroup of G; and we need only show that M is solvable. This is
clear if M ¢ $(G); so suppose that M € 3(G), and hence that there
exists a maximal subgroup of G not containing M. Let the prime p
divide |M|. Now, if S is maximal in G and M ¢ S, then S 4 G by the
uniqueness of M so that S is abnormal in G; by hypothesis, therefore,
since M € Ct:G(S)’ |6:s| = the normal index of S = |M/M N corGS‘ = M|,
so that p||G:S|. Thus Mc N {S|S is a maximal subgroup of G with

pX\G:S‘]; and this latter group is a normal solvable subgroup of G
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(see, for example, Deskins [5]). Consequently, M is solvable, and
the result follows.
(v) » (vi): Let S be a maximal subgroup of G and K € OQG(S)'

Then,

KNSaG if-f Kn corGS=corG(Kn S) =KN S

if-f |K/KN corS|

|K:K n Sl (since K N corGS < KN S)

if-f |K/KN corys| = |ks:s| = |c:s|
if-f normal index of S = index of S.
(vi) + (vii): We show first that if T is any proper subgroup
of G and K € O<1G(T)’ then scorG(K NT) =KnN scorGT. For since K a4 G
and scor, , T 944 G, we have KN scor ,T <4 4 G; hence, KN scor, T is con-

G G G
tained in scorG(K N T). On the other hand, since scorG(K N T) is con-
tained in T and is subnormal in G, it must be contained in scorGT;
consequently, scorG(K NT) SKN scorGT . The equality now follows.

Now let S be a maximal subgroup of G and K € OQG(S). By what
we have just shown, we have, as a consequence of Lemmas 1.3 and 3.1,
that scorG(K NsS) =KnN scorGS =KnN corGS = corc(l( A S). Therefore,
since KN S a4 G if-f scorG(l( NS) =KnN S, it follows that
KNSaqaG if-f KNS = corG(Kn S), which is true if-f KN S is.
normal in G. ]

Our last two results are mild extensions of the following

theorem of Deskins [5].

Theorem 3.14: The intersection of those maximal subgroups of G whose

normal indices are divisible by two distinct primes is the

largest normal solvable subgroup of G.

(Here, and in the following, the intersection of an empty
collection of subgroups is, as usual, understood to be the entire group

G.)
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Theorem 3.15: Let p be a prime dividing |G\, RP(G) = the largest
normal p-solvabie subgroup of G, and 'mp(G) = the collection
of maximal subgroups of G with normal index divisible by both
p and some prime distinct from p. Then:

Rp(G) =n {s|s ¢ mp(c)}
=n {S|s > G and s e'mp(c)}.

Note: 1In view of Theorem 3.9-(i), the collection 'Inp(G) could

as well be defined as the family of maximal subgroups whose normal
outer cofactors are not p-solvable.

Proof of Theorem 3.15: We show (i) Rp(G) =N {S‘S € 'IRP(G)},

and then (ii) R (6) =N {s|s > G and s emp(c)}.
(1) Let T (6) =N {s|s € mp(c)}; we wish to show that
RP(G) = Tp(G). We note first that every p-solvable minimal normal
subgroup M of G (which is thus either a p-group or a p'-group) is
contained in Tp(G). For suppose M ¢ TP(G) for such an M; then there
exists S € 'f)zp(G) with M ¢ S, and thus, M ¢ corGS. Now, M € odG(S)
8o that the normal index of § = |M/M N corGS\ = |M|, and hence |M|
is divisible by both p and some prime # p. Thus, M is not p-solvable.
It follows then that if TP(G) =< 1>, then RP(G) =< 1> also,
so that Tp(G) = RP(G). We may assume, therefore, that TP(G) #<1>.
Now, Tp(G) is a normal subgroup of G. For, from the definition of

odG(S) for S a maximal subgroup of G, if x € G, then H € O<1 (S)

G
if-f H € OQG(SX); thus, the normal index of S = the normal index
of S*. Therefore, § € M, @) if-f s* ¢ m,(6) for each x ¢ G.

Now, let M be a minimal normal subgroup of G contained in

Tp(G). We show first that M is p-solvable, hence is either a p-group

or a p'-group and is contained in RP(G). For suppose that M is not
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p-solvable. Then M is not contained in the nilpotent subgroup T'(G) =
the intersection of all abnormal maximal subgroups of G. Thus there
exists an abnormal maximal subgroup S of G not containing M. As above,
Me O<1G(S) and the normal index of S = |M| . Since M is not p-solvable
and hence is neither a p-group nor a p'-group, there exists a prime

q # p such that both p and q divide |M|. Then both p and q divide the
normal index of S so that. S € 'mp(G). And since M ¢ S, this means

that M ¢ Tp(c).

Now, Rp(G/M) = RP(G)/M. For since RP(G) is a normal p-solvable
subgroup of G containing M, we have RP(G)/ M is p-solvable and normal
in G/M; thus RP(G)/M < Rp(G/M). On the other hand, if Rp(G/M) = K/M,
then K is normal in G, and K is p-solvable since K/M is p-solvable
and M is either a p-group or a p'-group. Thus K ¢ RP(G) so that
RP(G/M) =K/Mc RP(G)/M, which establishes the equality.

Also, we have Tp(G/M) = TP(G)/M. For as was shown in the proof
of Theorem 3.11, if S/M is a maximal subgroup of G/M, then the normal
outer cofactors of S/M are isomorphic to the normal outer cofactors of
S and the normal index of S/M = the normal index of S. And since
Mc TP(G), we have M ¢ S for all S € 'II(P(G). It follows, therefore,
that § € m (G) if-f S/M € 'mp(c/M). Thus,

mp(c/M) = {s/M|s € mp(c)},
so that
T,G/M) =N {sM|s € mp(c)}' = [n {s|s emp(c)}]lu = T,6)/M.

Now, by induction, TP(G/M) = RP(G/M). By what we have just
shown, therefore, 'rp(c) M = RP(G)/ M, and hence, T (G) = RP(G).

(ii) Let %p(G) =N {S\S > G and S G‘IRP(G)}; we wish to show

now that EP(G) - Rp(G). First, it is immediate from the definitions
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that 'rp(G) < %p(c); thus, if '?p(c) =< 1>, then TP(G) =<1>, and from
(1» R (©) =<1> 80 that ?p(c) =R ©).

So suppose that ;p(G) $f<1>. ;p(c) is a normal subgroup of G.
For from (i), we have S ¢ mp(G) if-f §¥ € mP(G) for each x € G; and
from the definition of abnormality, it is clear that S >3 G if-f
s* >q G for each x € G.

Now let M be a m;_ni_mal normal subgroup of G contained in ;p(c).
From (i), RP(G/M) = Rp(G)/M. Also, we have Ep(c/n) = ?p(c)/n. For
letting ;’IP(G) = {S‘S >d G and S € mp(G)}, we have from the proof of
(i) that

ﬁp(c/u) = (S/M|S/M >1 G/M and S ¢ LNONE
and since it is immediate from the definition of abnormality that
S/M >aG/M if-f S >1 G and M € S, we have
i)'zp(clu) = {s/M|$ >a 6, s €M (@), and M < 5}
= {s/M|s ¢ ';'np(c) and M € s}.
But since M ¢ ;p(G), we have that M c S for all S € ﬁp(c); thus
77tp(G/M) = {s/M|s € ﬁp(c)}.
Hence,
'T:p(c/M) =n (s/mls €fi @) = [n {s|s ¢ '/'ip(c)}]/u = "f‘p(c)/u.

Now, by induction, RP(G/M) = 'EP(G/M); therefore, RP(G)/M =

%p(c)/u, that is, R @) =T (). |

Corollary 3.16: Let R(G) = the largest normal solvable subgroup of G

and M(G) = the collection of all maximal subgroups of G with
normal index divisible by two distinct primes. Then,
R(@) =n {s|s € m@G)}

=N {S|s > G and 5 € M(@G)}.

/
/— |
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Note: As in the theorem, we can, by Theorem 3.9-(ii), let Mm(G)
be the family of all maximal subgroups whose normal outer cofactors
are nonsolvable.

Proof of Corollary: Let w(G) = {pl, Pys v+ s pm}. From the

fact that a group H is solvable if-f it is p-solvable for all primes p

m
dividing \H‘, it follows that R(G) = N Rp (G). Now, for each
i=1l *i
i=1, 2, ..., m, let mp @G) = {Sijlj =1, .0., ni]. Then, from the
i
preceding theorem, we obtain

m m npi
RG) = NR_G)=n n s, =n {s|s ene]i.
i=1 Pj i=1 j=1 *J

In a similar maunner, R(G) =N {S\S >A G and S € Mm@G)}. |

3.4 Addendum

Since the preparation of this thesis, two papers relevant to
the results given here have come to my attention. The first of these,
"The J-normalizers of a finite soluble group" by R. Carter and T.
Hawkes, appears in the Journal of Algebra, 5 (1967), 175-202, and is
a study of finite solvable groups from the viewpoint of the theory of
formations. Although there is little actual overlap with this thesis,
some of the results are related to those of this thesis. For example,
the equivalence of the first two statements of Theorem 2.9 is a con-
sequence of one of the results of this paper. And since the normal
outer cofactors of a subgroup of a finite group G are chief factors of
G, the theorems of Carter and Hawkes dealing with chief factors of a
finite solvable group have some bearing on the results of Chapter 3 and,
more particularly, on those of Section 3.3.

The second paper is that of J. Beidleman and A. Spencer, 'The

normal index of maximal subgroups in finite groups', which, as of this
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date, has not yet been published but has been submitted to the Illinois

Journal of Mathematics. The results are closely related to those of

Section 3.3. There are, for example, statements which can be added to

the lists of equivalent statements in Theorems 3.12 and 3.13.
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