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ABSTRACT

EMPIRICAL BAYES RESULTS IN THE CASE OF
NON -IDENTICAL COMPONENTS

By

Thomas Eugene O 'Bryan

A Bayes rule with respect to a distribution G will
minimize the risk of a decision concerning a parameter ¢ which
is distributed according to G. The infimum Bayes risk is
denoted by R(G). Herbert Robbins ((1956), An empirical Bayes
approach to statistics. Proc. Third Berkeley Symp. Math. Statist.
Prob., 157-163, University of California Press) demonstrated that,
even if G 1is unknown, in certain cases one can construct
statistical procedures based on data gathered from n independent
repetitions of the decision problem for which the risk converges
to R(G) as n -+ » for all G. Such an empirical Bayes procedure
is asymptotically optimal. Rudimentary forms of this problem had
appeared prior to Robbins' unifying treatment and a huge empirical
Bayes literature has evolved since.

Only sequences of identical component problems have been
treated in the literature. However, it is clear that when the only
difference from problem to problem is sample size, empirical Bayes
methods should still be useful. 1In this case there is not a single

m
Bayes envelope R(G), but rather a sequence of envelopes R n(G)



Thomas Eugene O'Bryan

where m denotes the sample size in the nth problem. Let
a= (01,92,...) be a sequence of iid G variables and let the

X )

conditional distribution of the observations X = (X
“n n,m

o 0,100
given g be (Pen) " n=1,2,... . For a decision concerning
en’ we will investigate procedures tn which will utilize all

the data &1""’§n and which, under certain conditions, arem
asymptotically optimal in the sense that 1lim [Rmn(tn sG) - R n(G)]
= 0 for all G. In particular this paper :reats squared error
loss estimation and linear loss testing in certain discrete

exponent ial families where the construction of asymptotically

optimal procedures 1is tractable.
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CHAPTER I

INTRODUCTION

§1.1 The Statistical Decision Problem

Consider the following statistical decision problem. Let

{Pez

of subsets of Y. ©® will be called the parameter space and 9 will

@ ¢ ®] be a family of probability measures over a g-field B

denote a generic element of ®@. X will be called the observation
space. Let (¢ be an action space with generic element a. Let

L >0 be a loss function defined on ® X ¢. Let G be a probability
measure over &8 g-field F of subsets of ®. G will be called the
"a priori" distribution. With ¢ a g-field of subsets of (&, a
randomized decision rule (decision function) t has domain Y X C
and is such that t(x,-) 1is a probability measure on ¢ for each
fixed x €)Y and t(-,C) is B measurable for each fixed C € C.
When @ is the parameter, the decision rule t results in expected
loss

a.1 R(E,0) = [ ] Lio,a)e(x,da)e (@)
d )

We require that ¢ contain all the singleton subsets of ¢
so that the class of randomized decision rules contains the class of
nonrandomized decision rules. With a nonrandomized decision rule t,
t(x,*) puts all its probability on a singleton set, say {t(x)},

for each x. For a nonrandomized decision rule t



a.r" R(t,8) = { L(e,t(x))Pe(dx) .

R(t,0) 1is called the risk of t with respect to 9. When G is

the "a priori" distribution on @, the overall expected loss is given

by
(1.2) R(t,G) = & R(t,0)G(de)
R(t,G) 1is called the Bayes risk of t with respect to G. Let
(1.3) R(G) = inf R(t,G) .
t

R(G) 1is called the Bayes envelope evaluated at G. If there exists
a decision rule t* such that R(t*,G) = R(G), then we write
t* = tG and call t; @ Bayes decision rule with respect to G.
Note that tG need not exist and, if it does exist, it need not be
unique. However if it does exist, then there exists a nonrandomized
decision rule which is also a Bayes decision rule with respect to G.

We give two examples of the preceedingwhich will illustrate
the two types of decision problems, i.e., estimation and testing,
which we will be concerned with in the following chapters. In both
examples, let @ = (0,o). Let [Pe: @ € 8} be the Poisson family of

distributions with means ¢, i.e., P, admits & density f_ with

] ]

respect to counting measure p on X = {0,1,...} given by fe(x) =
e'eex(xl)-l. Let G be the Gamma distribution on (0,») which has
density with respect to Lebesgue measure ) given by g(g) =

[P(B)]-laeea-leqae for o,p > 0.

Example 1.1. (Poisson) Estimation. Let ¢ = @. Let L(8,a) = (9-3)2.

Then for any nonrandomized decision rule, (1.2) becomes



R(E,G) = [ T (t(x)-e)zfe(x)s(e)de .
x=0

Here the nonrandomized Bayes decision rule with respect to G is
given by a version of the conditional expectation of @ given
X =x,

- Btx
(™) =

Example 1.2. (Poisson) Testing. Let 0 < c<w. Let 7= {al,az}
correspond to the actions '"decide © € c" and 'decide ¢ > c"
respectively. Let L(e,al) = b(e-c)+ and let L(e,az) = b(g-c) .
Here we use the symbol § rather than t for decision rules. Let
§(x) be the probability of choosing action a, given x. Here

we have (1.2) as
R6,0) = [ Z[560L(0,a) + (L-6(0)L(8,8) )¢ I8()do
x=0 0

and a nonrandomized Bayes decision rule with respect to G is

given by
b0 =[TF e ] .

Example 1.3. Consider the problem of Example 1.1 with X = (xl,...,xm),
a sequence of iid random variables each distributed fe. The
statistic Y = 1§1x1 is sufficient for this family. Here Y ~ fme.
The nonrandomized Bayes decision rule with respect to G 1is given
by a version of the conditional expectation of ¢ given Y =y,
tG(y) = g_& . Also we calculate R(G) = ;(-2_-._5 .
The important thing to notice here is that both the Bayes

decision rule with respect to G and the Bayes envelope evaluated

at G depend upon the sample size m.



Throughout this paper, we will let square brackets denote
indicator functions, so that for an event A, [A] denotes the

indicator function of A.



§1.2 The Empirical Bayes Decision Problem

In the case where G 1is known and a Bayes decision rule with
respect to G exists, one merely employs tG and thereby incurs the
minimum possible Bayes risk R(G). But suppose G is unknown. Robbins
(1956, 1963, 1964) showed that if a given statistical decision prob-
lem occurred repeatedly and independently with the same unknown G
throughout, then, under certain conditions, one could exhibit a
sequence of rules {tn} which had Bayes risk with respect to G
converging to the Bayes envelope evaluated at G. As the problem
repeats itself, it presents a sequence of pairs of random variables
[(ei, Xi)} with each pair being independent of all other pairs.

The @, are unobservable and iid with distribution G. The condi-

i

tional distribution of Xi given that ei =9 is given by P

o
Robbins suggested that one use a decision rule tn in the nt+lst
repetition of the problem with € depending on XpseeonX o Robbins'
rationale was that one could use the knowledge about G gained through
the variables xl,...,xn in such a way that for large n the Bayes
risk with respect to G of t, would be close to the Bayes risk

with respect to G of tG. With t, used as the decision rule in

the nt+lst problem, the risk conditional on X e X is

1°° n

(1.4) R(tn,G) = é{gL(e,a)tn(x,da)Pe(dx)G(de)

which satisfies R(tn,G) 2 R(G) in view of (1.3). Hence with the

overall expected loss for the decision concerning 6 denoted by

n+1

(1.5) Rn(tn,G) = E R(tn,G)

we see that



(1.6) Rn(tn,G) 2 R(G)

Definition 1.1: If 1lim Rn(tn,G) = R(G), then {tn] is said to be
N—
asymptotically optimal relative to G and we will write {tn} a.o.

relative to G.



§1.3 History

The search for rules {tn} which are a.o. relative to G
for every distribution G or at least for every G within a certain
class has taken basically two tracks. The first track is to use the
values of xl,...,xn to form an estimate of G, call it én, and
then let t, be a Bayes decision rule with respect to én, i.e., let
tn - té . The second track is to estimate the form of the Bayes
decision rule directly without estimating G first.

In 1955 at the Third Berkeley Symposium on Mathematical
Statistics, Robbins introduced empirical Bayes procedures and dis-
cussed both tracks mentioned above. In 1963 and 1964, two more
papers by Robbins appeared which discussed the empirical Bayes
problem further. Rudimentary forms of the problem had appeared prior
to Robbins' unifying treatment and a huge empirical Bayes literature
has evolved since. We will concern ourselves here with that segment
of the literature which involves situations similar to what we will
discuss in this paper.

Along the second track, Johns (1957) discussed estimation
in the case where the class of probability distributions {Pe: 8 € 0}
was not restricted to a particular parametric family. Macky (1966)
and more recently Hannan and Macky (1971) have dealt with certain
exponential families in the case of estimation and have demonstrated
a.0. rules with weak restrictions on the prior distribution and the
parameter space. Samuel (1963) discussed the testing problem under
various loss structures and in part dealt specifically with the

type of discrete exponential families which we will discuss in



Chapter II. Johns and Van Ryzin (1971) treated the testing problem
with linear loss and developed rates of convergence on
Rn(én,c) - R(G).

Concerning the estimation of G which is part of the first
track, Tucker (1963) examined the case where {Pe: 9 € @} was the
family of Poisson distributions. Rolph (1968) used Bayesian
estimation of G 1in the case where the parameter space @ was
limited to [0,1]. Recently Meeden (1972) has looked at Bayesian

estimation of G in the case where @ may be [0,=).






§1.4 The Non-Identical Case

The history of the empirical Bayes decision problem is such
that the only problem that seems to have been considered thus far is
the problem where the stages are identical repetitions of a given
component problem. One could ask whether it is meaningful and useful
to apply empirical Bayes procedures to sequences of independent but
not identical decision problems all having the same unknown G. We
will attempt to answer this question in part in the remainder of
this paper. Specifically, -we will address the case where the statis-
tical decision problems in the sequence are identical except for
sample size. When we observe a random vector of observations
X = (xl,...,xm), where m may vary from stage to stage, it will
become necessary to consider the dependence of the Bayes decision
rules and the Bayes envelopes evaluated at G upon the values of m
(cf. Example 1.3). This was not necessary before when one considered
problems where the sample sizes were identical at each stage.

In the situation that we are considering, where the problems
occur independently with the same unknown G throughout, there is a
sequence of independent random vectors {(91’51)}’ i=1,2,... where

X = (xil,...,x

2.9 is the sample of size m, from the ith problem.

i,m ) i

i
The random variables ei are unobservable and are iid with distribu-
tion G. Conditional on 9, = 9, X,.,...,X are iid P_. We
i il i,m, 0

consider a decision rule tn for use in the mtlst problem which de-

pends on gl,....gn. Letting m = m, the risk conditional on

rtl

xl,...,gn is given by
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m _ m
1.7) R7(e ,G) = g fm g,L(e’a)tn(ﬁ’da)Pe(dz)G(de)
X

which satisfies R'(t_ ,G) > R'(G) where R"(G) is the Bayes
envelope for a sample size m component problem. Hence, with the

overall expected loss for the decision concerning 6 denoted by

n+l
m

(1.8) Rn(tn,c) = E R (tn,G) ,

we see that

(1.9) R _(t ,6) 2 R™(G)

This motivates the following definition which parallels Robbins'

definition.

Definition 1.2. A sequence of decision rules {tn} is said to
be asymptotically optimal (a.o.) relative to G 1if 1lim Dn(G) =0

mn +1 N—

where Dn(G) = Rn(tn,G) - R G).

The remainder of this paper treats squared error loss estima-
tion and linear loss testing involving certain discrete exponential
families and exhibits sequences of rules [tn] which are

asymptotically optimal in the situation described in this section.

We will approach the problem along the second track discussed before.



CHAPTER II

DECISION PROBLEMS INVOLVING SOME DISCRETE
EXPONENTIAL FAMILIES (PRELIMINARIES)

§2.1 Introduction

We impose the following special structure on the component
problem to be treated in the empirical Bayes framework. Suppose
that conditional on ¢, xl,...,xm are 1iid Pe where Pe has a
density with respect to counting measure p on Y = {0,1,...}

given by

(2.1) fe(x) = exz(e)g(x) where g(x) >0, x € Y

and 9§ € ®c [ where

[+ -]
Nn={e=z20: zexg(x)<m}
x=0

and z is the function defined by

(et g20 .
x=0

z(9)

The function 2z is continuous on [0,x), is decreasing to 0, and

m

is positive on the interval T[I. We note that Y = § Xi is suf-
i=1

ficient for this family. The random variable Y, whose distribu-

tion we will denote by Pe o’ takes values in )X and has density

with respect to u given by

11
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y m
2.2) fon®) =82z (08,0, y €Y
where
m
(y) = L Mmgkx,) >0, yeX
) "y
(2.3)
m
Am(}') = {(xl,...,xm):izlxi = y} .

With ¢ ~ G, the marginal density of Y with respect to

. 1s given by

(2.4) ho ) = q, () g ()

where

(2.5) 1, = [ 0’2" (9)6(d0)
c

is the marginal density for Y with respect to the measure on )
defined by the mass density g, We note that for all m,
qm(y) >0 for all y € X and hence hm(y) >0 for all y € Y,
unless G 1is degenerate at 0 in which case qm(O) - zm(O) =
@10)™ >0, h (0) =1 and q_(y) = h (y) =0 for y = 1.

Of course fe’1 = fe, g, =8 and for convenience we
let h1 =h and q; = 4.

Two common families of the type discussed above are the

Poisson family with

fe(x) = exe.e(x!).1

(2.6) and

- -mQ y -1
£ al e n’ (y!)
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and the Negative Binomial family (r > 0 known) with

_ X r, rix-1
fe(X) =0 (1-8) ( x )

(2.7) and

= oY (1_gOr mrty-1
fe,m(Y) 8" (1-9) " ( y ) .

In this paper we will consider two loss structures. In
Chapter III we will consider

Estimation with @< ¢gc [0,») and L(9,a) = (e-a)2 and
in Chapter IV we will consider

Testing with @ = {al,az} and for b >0 and c¢ € @,
+ -
L(O,al) = b(8-c) , L(G,az) = b(e-c) .

For Estimation (hereafter understood with squared error
loss), the Bayes risk of any nonrandomized rule t based on Y
in the sample size m problem is given by
it 2
(2.8) R(t,G) = [ Z (t(y) -98) £, (y)G(dp)
0,m
y=0
and the nonrandomized rule which is Bayes with respect to G {s

given by a version of the conditional expectation of ¢§ given

Y=y,
) qm(y+1)
(2.9 tc(y) -3;7;7—

where throughout this paper ratios 0/0 are to be interpreted as 0.
For Testing (hereafter understood with linear loss function as
given above), the Bayes risk of any randomized rule § with respect

to G, where §(y) is the probability of taking action a, given
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Y =y, is given by

(2.10) R(5,6) = é yEOEG(Y)L(G,al) + (l-é(y))L(O,az)]fe’m(}')c(de)

and a nonrandomized rule which is Bayes with respect to G 1is given

by

(2.11) 5 (y) = Caz(y) < 0]

where

(2.12) a,(y) =q (yt1)- ¢ 9, .

We will add superscripts m to R,t,tG,5,5G,a and aq whenever it

is necessary to emphasize the dependence on m.

The empirical Bayes problem that we consider involves repeti-

tionsof the component problem (eitherBstimation or Testing) with sample

size m varying from problem to problem. We now turn our attention
to the method that we will use in constructing rules which are a.o.
relative to any G. Notice that the Bayes decision rules (2.9) and
(2.11) depend upon y through q,- With G unknown, U is un-
known but can be estimated. One method is to express q, @as a
function of q, a common marginal density with respect to g of
all xij’ j = 1,...,mi, i=1,2,... and to use the xij data to
estimate q. With the discrete exponential family (2.1) this

method can sometimes be implemented. We note that

(2.13) W = [ "1 (0)6”2(8)G(d0) , ¥ € X -
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If z(8) is a polynomial then zm-l(e) is also a poly-

nomial and we can write for each m
-1 k
(2.14) 2" (8) =L Y0

where the are constants. Substituting (2.14) into (2.13) and

Y

interchanging the order of integration and (finite) summation yields
(2.15) 4,() = T v a0+

so that 1, is expressed in terms of the estimable function q.
Since z(®) 1is continuous, given an interval [0,B],

B < », the Weierstrass' approximation theorem allows that for each

m and every ¢ > 0 there exists a polynomial § Ykek which

approximates zm-l(e) to within ¢ uniformly on [0,3], i.e.,

(2.16) 121 (0) - £ v 8| < e for all o€ [0,8] .
Defining
(2.17) Ga,, ) =T va0H0, v € 1,

we see that
(2.18)  |q_(y) - qm’e(y)l <
m-1 ky vy
12777 - £ v,0|02()g(d0) s e a(y), ¥y € 1L,
@
i.e., 4y e(y) approximates qm(y) to within e q(y) for each
’
y € X and each m.
For the Negative Binomial fe of (2.7) with r an integer,
z(9) = (l-e)r, a polynomial of degree r. For the Poisson f

9
of (2.6), zm-l(e) = e-e(m-l) has a power series expansion about
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0 and the series is uniformly convergent on any bounded set of @
values for each m and hence, for each ¢ > 0, the polynomial
approx imating zm-l to within ¢ wuniformly on the bounded set
of @ values can be found simply by truncating the power series
expansion.

We will find it sufficient but not necessary for our

purposes to require that the estimator of q(y), y € X, be

(2.19) q(y)

il
|
ne s

iq(y), y €)X,
1

i
where for each i, iq(y) is an unbiased estimator of q(y) based
on Ki’ bounded by 1/g(y), and note that iq(y) =0 for all
y 21 if &i = 0. As an average of unbiased and bounded estimators,
;(y) is unbiased and pointwise consistent for q(y), y € X.

We now develop an example of such an estimator. Let
Xl,...,Xm be a sample where, conditional on g, Xl""’xm are

iid fe and where 6 ~ G. An unbiased estimator of q(k) is

provided by [Xl = k]/g(k) since

(2.20) E[X1 = k] = h(k) = q(k)g(k) .

An improved estimator based on the sufficient statistic

Y = X1 +...+ Xm is given by the conditional expectation

P[X; =k, X, ...+ X =y - K]
Y =y] )

<]

[ )
>

—

[

=

—s
n

The probabilities can be computed first conditional on @ and

then unconditionally to obtain the result
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gllyg 1 (y-k)
8 (Y)

(2.21) E[X = K] =

This relation (2.21) holds for all m 2 1, k,y € 1 with the
definitions go(u) =[u =0] and gm(u) =0 if m=21 and
u< 0. In view of (2.20) and (2.21) we see that the estimator

g1 - B

, k €
g, (Y) X

(2.22)

is unbiased for q(k), k € X. Furthermore, 0 < g(k)gm_l(Y - k) <
gm(Y) for each m to ensure that the estimator (2.22) is bounded
by g-l(k), k € X. When X1 = ,..= xm =0 then Y =0 and we see
that the estimator (2.22) is equal to 0 for k 2 1. Therefore,
with Yi denoting the sufficient statistic in the ith component
problem,

gmi_l(Yi -y
(2.23) Ao = . () » Yy EYX, 1=1,2,...

m, i

provides an example of an estimator to be used in (2.19).
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§2.2 Assumptions

The discussion in Section 2.1 helps motivate the imposi-
tion of the following assumptions. In order to exhibit rules
{tn] which are a.o. relative to all G we will impose these

assumptions from time to time in what follows.

(Al-) ®@c [0,8] where B < o .
(Al) ®@c [0,8] where B €1 .
(A2) z(8) 1is a polynomial in 9 € ® .

(A3) The sample sizes m form a bounded sequence, mnﬂ%am, n=1,2,...

In Estimation, the action space ¢ is always taken to be [0,3].

Remark 2.1. The assumption (A2) implies the assumption (Al").
Proof: Recall from the definition of 2z(g§) in Section 2.1 that
(i) z(8) 20 for all 9 =20 and (ii) =z(g) 1 O as @ t .

If (A2) obtains, then
K k
z(9) Eo Yke » 8 €0,

for constants vy,...,y, where 1y, £0. If Yg > 05 zg ykek -
as Qg - » so that ©® must be bounded in view of (ii). 1If
Yg < o, zg ykek - - a8 @ - » so that ® must be bounded in
view of (1i).

Of course, assumption (Al) also implies ® is bounded.
In the presence of (A2), (Al) only adds the requirement that
sup{ele € @} € . Assumption (Al) need not be satisfied when (A2)
is satisfied; for example, with ® = [0,1) = [, the negative
binomial family with r a known integer satisfies (A2); however,

® does not satisfy (Al).



19

§2.3 Lemmas

We will need the following lemmas in Chapters III and IV.

Lemma 2.1. For the discrete exponential family (2.1)
(2.24) Pe,m[Y >y] < PB,M[Y >y] for all y €1,
0SP<SBEN1l<msM.

Proof. Llet y €)X, 0<9<BETN and 1 £m <M be fixed. Since
{fe ln(y)\e € N} has an increasing monotone likelihood ratio in y
H

it follows from Lehmann (1959, Lemma 3.2) that

Pe,m[Y >y] < P_a,m[Y >y] .

. -
Since z}; X, =L, X + i‘{:ﬂ-l X, where the Xi 20, P[zq Xi 2y]=2

P[):T X, 2y] so that

PB:TJ:Y >y] < PB,M[Y >y] .

In our constructions in Chapters III and IV it is necessary
in the absence of (A3) to use the existence of decision rules ) A
such that R(Lm,G) -0 as m-+ o for every G. The two lemmas
to follow will establish the existence of such rules. We notice

that

f (1)
g(0) 9"~ _
2.25 gD @ " °

has a "natural' bounded estimator

m
T [X, =1]
(2.26) T (X X)) -gmii——i—-——
) peeoXn) TSy Tm AB
):[X1-=0]

i=1



20

under (Al-).
Lemma 2.2. (Estimation) Under (Al-), R(Tm,G) -0 a8 m- o»
for any G.

Proof: Let G be an arbitrary but fixed a priori distribution on

m
m P

®. Since 1 L [X, = x] O (x), x €X and f (0) #0 and
TS W ® 0

o € [0,8], we see that

f (1
%) Po x@ 2D

m
T (X g(1) f (0) =8

120Xy
m 2 2
Since (T -96) <8 for all m, the dominated convergence yields

R(Tm,e) = EG(Tm - 9)2 -+ 0 for each ¢

where Ee denotes expectation with respect to the distribution

m m 2 2

Pe. Since EG(T -9) <8 for all 9 and m, another applica-
tion of the dominated convergence theorem yields

(2.27) R(T",G) = g R(T",0)G(de) - O .
For the testing problem we define

(2.28) 8 Xy, X ) = [T" s ¢] .

Lemma 2.3. (Testing) Under (Al-), R(Am,G) -0 a3 m = o for
all G.
Proof: Let G be an arbitrary but fixed a priori distribution

on ® and let EG be as in Lemma 2.3. We can write
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R(™,6) = bE (1" < c)(o - )
+ Ee([Tm >c](8-¢))} b Eele - 9| .

Since T" - g -0 in L, (cf. (2.27)), T" -9 =0 in L

which completes the proof.

1



CHAPTER III

ESTIMATION

§3.1 Estimation Under (Al ) and (A3)

In this chapter we will exhibit sequences of decision rules
which are a.o. relative to every G 1in the case of squared error
loss estimation in the special discrete exponential families des-
cribed in Section 2.1. As has been noted by many authors (e.g.
Macky (1966, pp. 6-7)) and quite apart from distributional assump-
tions if T(X) and ¢ are L random variables then

2

TX) - E[e‘X] and E[Q‘X] - @ are orthogonal in L2 so that
E(TX) - 9)2 - E(E[Q\X] - 6)2 = E(T(X) - E[e‘X])z. This implies

that for estimating @ in our sample size m component decision

problem with an estimator t,
(3.1) R™(t,G) - R™(G) = E(t - cG)Z .

In dealing with risks concerning the estimation of en+1 in the
empirical Bayes problem we will find it convenient to drop sub-
scripts within the ntlst problem. We will let P and E denote
probability and expectation taken over all random variables on
which they operate and Py and Ey denote their conditional

on Y =y counterparts.

The following lemma is motivated by the approach of Robbins

(1964) and proves useful in establishing the asymptotic optimality

22
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of specified sequences of decision rules when assumptions (A1)
and (A3) obtain.

Lemma 3.1. Suppose (A1) and (A3) obtain. Then with t: defined
for each m to be a y-measurable decision rule in the sample size

m problem depending on X ,...,gn and with t: Bayes with respect

1
to G in the sample size m problem (tg is given in (2.9)),

P
(3.2) t:(y) - tz(y) ~J 0 for all y€YX,1 <mgM

m
implies that the sequence t, = tnn+1 is a.o. relative to all G.
Proof: Let G be arbitrary but fixed. By applying (3.1) con-
ditional on 51,...,5n and then completing the expectation, we

m m m 2
see that 0 < Rn(tn.G) - R (G) = E(tn(Y) - tG(Y)) . Condition

(3.2) implies that
(3.3) ) - eney) PO foreach m,1smsM

Under (Al17), the sequence in (3.3) is bounded and for a bounded

sequence, convergence in probability implies convergence in L2

so we see that
(3.4) Rn(t:,G) - Rm(G) -0 for each m, 1 €m <M.

Since 1 < m S M < o for all n under (A3), (3.4) implies

that Dn(G) - 0 (where Dn(G) is defined in Definition 1.2) as
was to be proved.

This lemma shows that in order to find a.o. rules under

(A17) and (A3) it suffices to be able to approximate t"  as

G
n - o for each m. Now under (A2), (2.15) obtains, i.e., for

each m
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3.5) qm(y) =3 qu(y+k), y €X,

and from (2.9) the Bayes rule is provided by

- q, (r+D)
(3.6) tc®) = RO y €Y.
With q defined in (2.19),
_ _ P
3.7) q_(¥) =Ty a6+ 7 q &)

since ;(y+k) is consistent for q(ytk) for each k. So in view

of Lemma 3.1 the following empirical Bayes procedure is a candidate
m

for an a.o0. rule. Let tn = tnn+1 where
-+
o q.’ ()
(3.8) t ) =g AB y€EL nm21.
.,

Remark 3.1. If G 1is degenerate at 0, then each Ki’ i=21, is
degenerate at 0. Then ;(y) =0 if y =21 as required in (2.19)
and we see that a;(y) =0 if y=21, m=1. Hence, t: defined
by (3.8) satisfies t:(y) =0 for all y € X, m =2 1. Since the
Bayes rule (3.6) satisfies tg(y) =0 for all y€ X, m=z21, we
see that Dn(G) =0 for all n if G 1is degenerate at 0, i.e.,
t, is trivially asymptotically optimal relative to G degenerate
at 0. All of the empirical Bayes rules defined in this chapter
can be easily shown to be a.o. relative to G degenerate at 0 and
we will exclude treatment of this case in the proofs of asymptotic

optimality relative to all G. When G 1is not degenerate at O,

qm(y) >0 for all y and m.

m
Theorem 3.1. Under (A2) and (A3) and with L = tnn+1 where t:

is given by (3.8), {tn} is a.o0. relative to every G.



Proof: lLet G and m be fixed, 1 € m € M. By (3.7) and the fact

q,(y) >0, y € X, we see that

-+
q  (r+1) Py qm(}""l)
(3.9 —ry - T(Y) » Y EYL .

9. & m

Since (A2) implies (A1l”) (cf. Remark 2.1) we have O < tz(y) <8,

y € X, so that (3.9) implies
m P m
(3.10) t ) < e ,yEex,

and, hence, (3.2) is satisfied. An application of Lemma 3.1 com-
pletes the proof.

In the absence of (A2) the choice of a sequence {tn}
which is a.o. relative to every G 1is more complicated. However,
in Section 2.1 we saw that under (Al-), for each m and each
e > 0 there exists a polynomial ¢ ykek which approximates
zm-l(e) to within ¢ uniformly in @ € @. For a determination

of such a polynomial, we define

(3.11) 4G ) =Ty a0t L,y e

where q 1is given in (2.19). Reversing the order of summation

in (3.11) we have

_ n
(3.12) Gy () "2 L Ty a0,y €Y,
’ i=1
where for each 1,
° ‘z Vk i.q y+ )\ < P(e:}’) = el z S(Y"'k)

in view of our requirement 1q(y) < g-l(y) in (2.19). Hence,
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2
. p (e.y)
(3.14) Vary(qm’e(y)) < N s YEX, 1 sm<M.

Since E a = € where is defined b
nc qu,‘(y) qm’e(y), y €%, Y, e y

(2.17), we have by (2.18) and (3.14) that

m

2
- 2 Q (E ]!) 2
(3.15) Ey(q ,e(y) - qm(y)) < n + e qz(y). y€EX.

The bound p(e,y) defined in (3.13) is independent of G. With
e - 0 there exist n = n(y,e) such that n-lg(g,y) - 0. By
inverting the function for each fixed y we obtain & choice

e = e(y,n) - 0 with n-lpz(e,y) - 0. For such choices

P

(3.16) G P 2, yEL 1smH.

m
Theorem 3.2. Under (Al”) and (A3) and with tn = tn“+1 where

t: is given by

- +
q (yt+1)
(3.17) t(y) = & ——AB, y€L, 1 smsH,

)

m,e
with a choice ¢ = ¢(y,n) such that (3.16) obtains, {tn} is a.o.

relative to every G.

Proof: lLet G and m be fixed, 1 <sm € M. By (3.16) and the fact

that qm(y) >0,y € X, we see that

+
(yt1) P q _(y+1)
(3.18) g . »y YETX .
+ q (y)
me O m

Under (A17), O < t:(y) €8 so (3.18) implies
m Py m
(3.19) e < o),y €l

and, hence, (3.2) is satisfied. An application of Lemma 3.1 com-

pletes the proof.
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Theorem 3.2 subsumes Theorem 3.1 for in case z(g), 6§ € M,
is a polynomial a choice corresponding to ¢ = O exists. Theorem
3.1 was presented because of its simple proof and because of its

significance in the motivation of Theorem 3.2.
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§3.2 Estimation Under (Al) and (A2)

Let these two conditions hold throughout this section.
The candidate for an a.o. empirical Bayes rule will be based on
t: defined by (3.8). 1In the absence of (A3) we have found it
necessary to examine in greater depth the conditional mean square

error of estimation
(3.20) E_(t"(y) - ()
’ y ' n y ¢ :

Def:ne 1qm(y) =¥ Yic iq(y+k) for each 1i,m,y so that qm =

% T 1ﬁm. Let f' denote the function defined by f£'(y) = f(y+l)
i=1

and fix m,n, and y. Temporarily suppressing the display of the

dependence on m,n, and y (e.g. qm(y) = q) we can write (3.20) as

B-t t
(3.21) jo ¢ Pt >t, + c]dc2 + IOG P[t < te " c]dc2 .
Since t = [(q-')+/(c—1.)+] A B, we see that
(3.22) [t>¢t,+c)<[q<0]+[q" - (¢, +c)a>0].

We can write

(3.23) P[q' - (t; + ©)q > 0] = Plw > 0]
where
- 1 n
(3.24) w== 3 W
no.gqti
and

= §' - -
(3.25) o= 8 (tG + c)iq, i=1,2,... .
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In preparation for bounding the tail probability (3.23) note that,

since t. = q'/q and E 1& = q, we have
(3.26) E@) = -cq .

From (3.25) and the bound for {4 required in (2.19), we have for

c€efo, t; - 8] and for each i that

1 8
G.27) Lol s zlvl G * zoe0) =P -

By (2.3) of Theorem 1 of Hoeffding (1963) we have

(3.28) Plw 2 0] expf-zr{ﬁz’%]z}
and hence
B-t
¢~ 2 _ 290
(3.29) g Plow 2 0)dc” € =5 .
nq

A gimilar treatment of P[; < 0] yields
- 2
(3.30) P[q < 0] < exp{-zt{g%] ]

where use is made of the fact that iq < p/B. Combining (3.22),

(3.29), and (3.30) we obtain

B-t 2 22
(3.31) j‘ G P[t >¢t, + c]dc2 s 24 62 eXP{'—nu‘} =% .
0 G - 2p°

The same bound holds for the second term of (3.21) so that by

(3.20) and (3.21)
(3.32) E, (20 - e’ < B (m,y)

where, with p(m,y) defined in (3.27), Bn(m,y) is defined in

(3.31) with the dependence on m,n and y now displayed.
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Lemma 3.2. Let N be any function from Y to X such that
NM) - as M - o. There exists a sequence {Mn} independent

of G such that

(3.33) Bn(N) v \Y; Bn(m,y) -0 a8 n=o .

mﬁn y<N (Mn)

Proof: Let N be fixed such that N(M) - « as M - ». For each

M, let n = n(M) be any increasing sequence of integers independent

of G such that
(3.34) v V B (my) -0 as M- o .

mM yN Q@)
Inverting n(M) to obtain M(n) will allow a choice of a sequence
Mn = M(n) independent of G such that (3.33) obtains. To see
that such a sequence n(M) independent of G exists, note that

qm(y) 2 zm(B)éeyG(de) 2 zm(a)u.y where p = ge G(de). Then

(3.35) A A qm(y) 2[z() A I]M[p A I}Nm) .
meM y<N(M)
With
(3.36) = vV Vv pmy),
m<M y<N (M)

we see by the definition of B in (3.31) and by (3.35) and (3.36)

that any choice n = n(M) such that

3.37) l'ls[Z(B) A I]M[p A 13N(M) p;;l —+o® 88 M -+
will ensure that (3.34) obtains. Any choice

(3.38) n =00 =(z() A 1371 pf, exp{aN" (1))
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where a and b are constants, a > 0, b > 1, is independent of
G and guarantees (3.37) regardless of the value of . Hence the
proof of the lemma is complete.

We are ready to define a candidate for an a.o. rule. Let

L~ be decision rules such that R(Lm,G) -0 as m~ o for every

G. Such a choice is possible as was seen in Section 2.3. Let
[Hn} be any sequence of positive integers — o a8 n - . For

each n define tn by
m m
- ¢ nt t
(3.39) =L " m, >H ]+t ln o<u )

where for each m, t: is defined in (3.8).

Theorem 3.3. Under (Al) and (A2), with N any function satisfying
the hypothesis of Lemma 3.2 such that PB,kLY >N(k)] -0 as

k -~ », and with t, defined by (3.39) with {Mn} chosen independent
of G so that (3.33) obtains, the rule {tn} is a.o. relative

to every G.

Proof: Let G be fixed. For m o+l > Mn,

™l
(3.40) 0 £D_(G) < R(L "lG) -0 a8 n -~ o

since Mn - . For m = m o1 < Mn’ by applying (3.1) conditional

on gl,...,gn and then completing the expectation,
m m 2
(3.41) 0< Dn(G) E(tn(Y) - tG(Y)) .

Since (t:(y) - tg(y))2 < Bz for each m,y, and n, the right
hand side of (3.41) is bounded (with Nn = N(Mn)) by
N

n 2 2
(3.42) yEO Ey(t:(y) - (N (y) + 8" HY >N
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which in turn is bounded by
3.43 B (N) + 2 p Y >N

from (3.32), the definition of Bn(N) in (3.33), and Lemma 2.1.
Since (3.33) obtains for [Mn] and N, the first term in (3.43)
-+ 0, while the second term in (3.43) - 0 by the definition of
the function N and the proof is complete.

This section is subsumed by the succeeding section in the
same manner &8s Theorem 3.1 was subsumed by Theorem 3.2. However
we have included this section for its significance in motivating
the development of a.o. rules in the succeeding section.

An earlier construction used weaker bounds on the condi-
tional mean square error of estimation and required the imposition

of an assumption

arh OC [a8] = @ >0, B €1

in order to determine the choice [Mn] independent of G.
Professor James Hannan observed that an application of Hoeffding's
Theorem 1 yielded a bound from which a construction could be

accomplished under (Al).
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§3.3 Estimation Under (Al)

Let (Al) hold throughout this section. The candidate for
an a.o. empirical Bayes rule will be based on t: defined in

(3.17). For m =21 and ¢ = 0, define

(3.44) = e

G,e qm ¢

where q, c is defined by (2.17) and f£f'(y) = f(y+1) for any
»
function f. PFor each m and g,

e

m m -
3.45)  |eg o -tgl =an” (o

G,e ) q;\ + B‘q B qm‘} ’

Fixing m and taking 2¢ < zm-l(a) fixed,

(3.46) a_ 2 " L(a)q

and from (3.46), (2.18), and the choice of ¢

(3.47) U, e 29, - €9 2 % zm'l(a)q

Hence from (2.18), (3.47), and the fact that q' < Bq, the right

hand side of (3.45) is bounded by
(3.48) 4 L2 )Y
For the choice of ¢, we see

m
(3.49) 0 < tG,e < 3

where use is also made of (3.47), (3.48), and the fact that

0< tg € B8 under (Al). Now define

m
T

(3.50) n

- o+, -+
R S CRA) /(qm’e) 1A 38
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with ;; ¢ defined in (3.11) and note that
’

m m 2 m m
3.51 -t 2 (t -t
( ) (Tnse G,e) ( n G,e)

where t: is defined by (3.17). Following the same procedure

leading to (3.32), we have that for each m,y,n, and ¢ < zm-l(B)/Z,

m m 2 *
(3.52) Ey(Tn’c(y) - tG,e(Y)) <B (my,e) =

2 2
2 -98°n )
b (my.g) 4 1gg2 Im, g

exp{ 3
nqm’e(y) 2 P (m,y,e)
where
(3.53) p(ﬂaYre) = ZlYk\ (g(y'}'l'*'k) + 8(3Ek ) -

From (3.51) and (3.52), we have

m m 2 *
(3.54) Ey(tn(y) - tc,e(Y)) <B (m,y,e)

for each m,n,y, and ¢ < zm-l(a)/Z.
Lemma 3.3. Let N be any function from Y to Y such that
N(M) -~ as M - ». There exist sequences {Mn} and {en}

independent of G such that

*
(3.55) BN = Vv B*(m,y,en) ~0 @ n = o
mﬂn ysN (Mn)
and
(3.56) ¢ (A 2 lE) 120 a8 now.
msMn

Proof: Let N be fixed such that N(M) - o as M = ». For

each M, let ¢(M) be any null sequence such that gM)( A zm"l(a))“1
oM
-0 a8 M ~ o, Let n =n(M) be any increasing sequence of
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integers independent of G such that
*

(3.57) v \Y) Bn(m,y,e(M)) -0 a3 M- o .

n<M y<N (M)
Inverting n(M) to obtain M(n) will allow a choice of sequences
Hn = M(n) and e, = e(Mn) independent of G such that (3.55)
and (3.56) obtain. Again such a choice of n(M) independent of
G 1is possible. Without loss of generality, eM) < %( A zm-l(e))

msM

so that from (3.47), q_ > % 2" Y(g)q = & 2(p)yY where

»e(M)
o= ée G(de). Then

@58 A A a4 oo = Lz@ A 17T A 1
msM ysN Q) "

With

(3.59) p;'a V Vv plm,y,e®),
m<M y<N (M)

we see as in the proof of Lemma 3.2 that any choice

(3.60) =00 = [2(8) A 1] (o)’ exp(an’ (D)}

where a and b are constants, a > 0, b > 1, is independent of
G and guarantees (3.57). Hence the proof is complete.

Define a candidate for an a.o. rule by letting L™ be
decision rules such that R(Lm,G) -0 as m- o for every G.
Let {Mn} be any sequence of positive integers — o 8 n - o

and let [en} be any null sequence. For each n, define t by

m m
= 7 mtl n+
(3.61) t =L ™ m  >M 1+ i <M

where for each m and ¢, t: is defined by (3.17).
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Theorem 3.4. Under (Al), with N any function satisfying the

hypotheses of Lemma 3.3 such that PB k[Y >N(k)] -0 as k - =,
’

and with £ defined by (3.61) with {Mn} and [en} chosen

independent of G so that (3.55) and (3.56) obtain, the rule

{tn} is a.0. relative to every G.

Proof: Let G be fixed. For m > Mn’ (3.40) holds since

n+l

Mn - o, For m= m o4y S Mn, (3.41) holds and its right hand side
is bounded by

N
(3.62) 2 zn E_(t"(y) - tn (y))zh (y) +

y=0 y n G)en m

N

2 En (th () - tn( ))zh (y) + 2 P Y >N
G.e & ¢ h (v) +8 B,M[ o)
y=0 n n

with N = N(Mn) by use of the cr-inequality (cf. Loeve (1963,
2
p. 155)), the fact that (c: - cg) < 8°, and Lemma 2.1. The third

term of (3.62) - 0 as n = o by the choice of N. Without loss

of generality, €, <5 A z () so that from (3.54) and (3.48)
msM
the first two terms of (3?62) are bounded by

(3.63) 287 () + 88 ¢ (A 2" a7t

m<M
n

which <0 a8s n - o since (3.55) and (3.56) obtain. Hence the

proof is complete.



CHAPTER IV

TESTING AND FINAL REMARKS

§4.1 Testing Under (Al)) and (A3)

In this chapter we will exhibit sequences of decision rules
which are a.o0. relative to every G 1in the case of linear loss
testing in the special discrete exponential families described in
Section 2.1, Recall from that section that a Bayes rule with
respect ot G in the sample size m component problem is provided
by (2.11) and (2.12). Lemma 1 of Johns and Van Ryzin (1971, p.

1524) establishes the useful inequality for each m
“.1) 0s<R (%6 -R"G) b % |an ) |, P Lla @) -
* n'n’ G Y/ 18 y*!'"'n
y=0

m m

a. | 2 |a;m|]
for any empirical Bayes procedure 6: defined by
(4.2) 6p(y) = [a(y) 0],y €X,

where a:(y) is a function of &1,...,§n.

The following lemma proves useful in establishing the
asymptotic optimality of specified sequences of decision rules when
assumpt ion (A3) obtains.

Lemma 4.1. Suppose 6: is defined for each m to be a y-measurable

decision rule in the sample size m problem of the form (4.2)

37
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where a:(y) is a function of X,

(A3) and with G any prior such that é 0 G(dg) < o,

,...,gn for each y € X. Under

P
4.3 a:(y) -~ az(y) for all y €)X, 1 sm <M,
: n,
implies that the sequence 6n = énn is a.o. relative to G.

Proof: Let G be fixed such that f@ G(de) <« ». Fix m,

o

m O m m m
1 sm<M. Since 1 2[a;(y) ¢ 0]Py[|an(y) - ac(y)‘ 2 ‘aG(y)\] -
for each y € X by (4.3) and since ; \am(y)‘g (y) <
y=0 G 'm
f(e+c)G(de) < =, the dominated convergence theorem applies to show
®

that the right hand side of (4.1) - 0 and hence
m m
(4.4) R (6 ,6) -R(G) -0 .

Since 1 < m o s M for all n wunder (A3), (4.4) implies that
Dn(G) - 0 as was to be proved.

Theorem 4.1. Under (Al”) and (A3) and with

(4.5) ) =a, OH) -cq ,yEL w1,

where Eé" is defined in (3.11) with a choic: of ¢ = ¢(y,n)
such that (3.16) obtains, the sequence 6n = 6nn+1 with 6:
defined by (4.2) is a.o. relative to all G.

Proof: Let G be fixed. Under (A1), ® is bounded so that
é 9 G(dg) < ». From (3.16) it follows that (4.3) is satisfied

and so an application of Lemma 4.1 completes the proof.
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§4.2 Testing Under (Al)

Let (Al) obtain throughout this section. With £'(y) =

f(y+l) for any function £, define

(4.6) %, Bme  me’

for each m and ¢ where qa, . is defined by (2.17). With
>

aG defined by (2.12),
m
@n A -l

from (2.18). In light of the fact that q' £ gq, the right hand

side of (4.7) is bounded by

(4.8) e( + c)q .

For each m and ¢, define

m = ) - -
(4.9) anae qm’3 € qmyc’ n= 1’

where a; . is defined by (3.11). Reversing the order of summa-
9

tion in (4.9) yields

n
G.10) af ) =1 EEWGIOHHD < e ), y €T, nx 1,

where for each 1
(4.11) B> Yk(iQ(y+1+k) -c iq(y+k»))\ < p(e,m,y) =

1 c
vl Goriro ¥ sor0)
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in view of our requirement that ;4 < g.1 in (2.19). Noting
m
a

m
that E _(a) (y)) = ay

e(Y), y € X, n 2 1, we have from (4.10)

and (4.11)

2
(46.12)  E (a® (y) - & (y)2 g&feam¥) ooy,
y (4 G’e n

n,
Since

m m

|:|an’e - aG‘ 2 ‘azl] < [‘a:’e - a:’e\ 2 %\a:\] +

[|a2’e - az\ 2 %\az\], n21,

the summand on the right hand side of (4.1) with a: = a: . is
’

bounded for each n,m,e¢, and y by

(4.13) \ag(y)\gm(y)f'y[\a:’e(y) - a';,e(y)l 2 %\a’;(y)\]

+ 23m(y)\az’c(y) - & .

In view of (4.7), (4.8) and the fact that g d s [zm-l(e)]-lhm,

the second term of (4.13) is bounded by

(4.14) 20 2" (®) ] h_ ()

Using a Markov bound on the first term of (4.13), this term is

bounded by

m m 2 %
(4.15) ng(y)EEy(an’e(y) - ac’e(y)) 1%

which, in light of (4.12), is itself bounded by

4.16) 28_(y)n p(esm,y)
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Combining (4.13), (4.14) and (4.16), the first N terms of the

right hand side of (4.1) with a: = a: . is bounded by
-% N m-1 -1
(4.17)  2n b T g (¥)p(e,m,y) + 2b(gtc)elz "(B)] ~ .
y=0

The bound (4.17) motivates the following lemma.
Lemma 4.1, With N any function from Y to 7Y, there exist

sequences Hn and e independent of G such that

NM)
(4.18) pn(N) = n'!5 v ) gm(y)p(en,m.y) -0 a3 n- o
m<M  y=0
n
and
(4.19) b= e (A @) 20 as now.
m‘Mn

Proof: For each M, let ¢(M) be any null sequence such that

eM (A zm-l(B))-l -0 as M - . Since p(M,N) =

N(M
vV I )gm(y)p(e(M),m,y) is independent of G, n = n(M) can be
m<M y=0 -k
chosen independent of G such that n

p(M,N) -0 as M - =.
Inverting n(M) to obtain M(n) allows the choices of Mn = M(n)
and e, = g(Mn) independent of G such that (4.18) and (4.19)
obtain.

Now let L™ be any decision rules such that R(Lm,G) -0

as m - o for every G. Such a choice is possible as was seen

in Section 2.3. Then for any sequences {Mn} and {gn}, define
m m
- ot n+
(4.20) 5, =L l[mnﬂ >M ]+ 5 1[“'n+1 <M
where, for each m and n, 6: is defined by (4.2) with

(4.21) A =& (N,yeLmnzl,

’“n
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where a is defined by (4.9).
n,e

Theorem 4.2. Under (Al) and with N a function from X to X

defined such that
(4.22) Pa,k[Y > N(k)] -0 a8 k- o

and with 6n defined by (4.20) with {Mn} and {en} chosen
independent of G such that (4.18) and (4.19) obtain, the rule
{5n} is a.o. relative to every G.

Proof: Let G be fixed. For mn+1>Mn’

m
(4.23) 05D (6) s R(L ley .0 a8 n=w

since Mn-oeo. For m-mn_'_l

right hand side of (4.1). In light of (4.17), the fact that

< Mn, 0< Dn(G) is bounded by the
gm(y)\a:;(y)‘ $ (ptc)h (y) for each m and y, and Lemma 2.1,
the right hand side of (4.1) is bounded by

*
(4.24) 2b p_) + Zb(gHe)p, + (B-I-c)PB’Mn[Y >NM )]

which - 0 a8 n - o from (4.18), (4.19), and (4.22) by the

choice of N, {Mn], and {gn}. Hence the proof is complete.
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§4.3 Final Remarks

The rules presented in Chapters III and 1V have several
competitors. The first competitor which we shall discuss arises
in the following manner. Suppose for each m that, in an
empirical Bayes problem involving repetitions of a sample size m
component problem, there is a sequence {Y:} of rules which is
a.o. relative to every G. One might then consider for use in the
corresponding varying sample size empirical Bayes problem, a pro-
cedure {qh} which partitions the problem into those involving
a common sample size and uses the appropriate {Y:} within each

class, i.e.,

n
(4.25) = m] where k(n,m) = % [mi =m] .

% ™ Vi, M1
i=1

Such a rule was suggested by Professor Hannan as a first thought

as to what could be done in the varying sample size empirical
Bayes problem. Under (A3), {¢h} will be a.o0. relative to every

G. However such a rule does not use all of the past data at each
stage and so we could say that it does not use all of the available
"information about G". So intuitively at least, when dealing
with the particular component problem of Chapter II, our method
seems better in the sense that it uses all of the past data
available. In the absence of (A3) the rule (4.25) would not be
a.0. since a new sample size can then appear infinitely often.
Professor Hannan has also suggested more sophisticated estimators

of ., based on averaging across m~tuples within gi, m, 2 m,

which use more of the available data.
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One can use {¢h} to obtain g-asymptotic optimality
relative to every G by employing the device used in Sections
3.2, 3.3, and 4.2. For if L™ 1is a decision rule in the sample

size m problem such that R(Lm,G) < e 1if m=2M for every G,

then

* Tkl

9, = cpn[mn+1 <sM] +1L [mn'*'l > M)

will result in 1;;; Dn(G) < ¢ for every G. 1t is possible that
we might obtain asymptotic optimality by replacing M by a proper
choice of Hn - © but this idea has not been fully explored.

The second competitor that we look at is one which would
arise from the first track discussed in Section 1.3. We will
discuss this competitor in the context of the special component
problem of Chapter I1. For an estimator én based on
Kl,...,g and taking values on the set of probability distributions

n
on [0,B], let

(4.26) i, = [ 2" (@8 (o) .
C}

Since eyzm(e) is bounded and continuous in @ € ®, the Helly Bray
Lemma (cf. Loeve (1963, p. 180)) implies that Qm(y) > qm(y)
for each y € ¥ |if én - G in distribution a.s. Tucker (1963),
Rolph (1968), and Meeden (1972) have demonstrated the existence of
such estimators &n in the case of identical sample sizes. We
saw in the proofs of Theorems 3.1, 3.2, and 4.1 that rules based

on consistent estimators of q, can easily be shown to be a.o

relative to every G under (A3). Again in the absence of (A3)
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the rules based on ﬁm might possibly be extended to a.o. rules
by choice of rules L™ and a sequence {Mn}.

The assumption that the parameter space ® 1is bounded is
a stronger assumption than what is needed to prove asymptotic

optimality in the particular case of the component problem of

Chapter II where the sample sizes are identical in the empirical
Bayes problem. Macky (1966) and Hannan and Macky (1971) have
demonstrated a.o. procedures for estimation when @ = [0,»)

while Robbins (1963) and Samuel (1963) have demonstrated a.o.
procedures for testing when ® c [0,») relative to every G for
which Ie G(dp) < ». So one would hope that in the future methods
for estaeblishing a.o, procedures in the varying sample size empirical
Bayes problem could be found without restricting ® to a bounded

set.
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