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DATA ANALYSIS STRATEGIES FOR QUASI-EXPERIMENTAL STUDIES
WHERE DIFFERENTIAL GROUP AND INDIVIDUAL
GROWTH RATES ARE ASSUMED

By
Stephen F. 0lejnik

Selecting an appropriate analysis strategy for a study based on
a quasi-experimental research design has been a topic of considerable
controversy. Recently, the discussion has focused on the issue of
academic growth rates. Some authorities have suggested that the initial
difference between comparison groups on a pretest measure implies that
comparison groups are growing at different rates academically. The
differential growth rate problem has been labeled the fan spread
hypothesis. This theory suggests that along with an increasing mean
difference between groups there is a proportional increase in the within
group variability. Under this model traditional analyses techniques
have been challenged as inappropriate on the basis that they underadjust
for group differences.

The purpose of the study was to compare four analytic strategies
for quasi-experimental studies where differential group and individual
growth rates are assumed. Two models of growth were considered. One
assumed that both individual and group growth were linear. The second
model assumed linear group growth but an individual's growth rate within
the group was assumed to vary over time. Under the second model of

within group growth, an individual's relative academic position within
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the group was likely to change. For each of these models four analytic
strategies were considered: (1) gains in standard scores; (2) single
covariable analysis of covariance with estimated true scores; (3) gain
scores adjusted for differential growth rates; and (4) multiple fallible
covariable analysis of covariance. The appropriateness of each proce-
dure under the two models was based on two criteria: (1) the effect
estimated, and (2) the precision with which each effect was estimated.

The results of the study showed that when individuals and groups
grow at different rates but in a linear fashion, gains in standard
scores, estimated true score analysis of covariance and gain scores
adjusted for differential growth rates, all provide the correct estimate
of group differences. For the second model of growth considered, gains
in standard scores and gain scores adjusted for differential growth
rates were both shown to estimate the desired effect. Only the multiple
fallible covariate analysis of covariance procedure was shown to be an
inappropriate technique for both models of differential growth.

The standard error associated with each competing analytic strategy
was then compared for sample sizes ranging from 20 to 120 and the corre-
lation between the pretest and posttest measures ranging from .1 to .9.
The results indicated that when the sample is large and the correlation
between the measures high, all three procedures provide approximately
equal precision. As the sample size and the relationship decrease,
greater precision was provided by the gain score technique adjusted
for differential growth rates. The analysis also indicated that gains

in standard scores provided a spuriously low standard error as a result
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of the two stage process of first calculating the adjusted variable and
then estimating the treatment effect. As the sample size and relation-
ship decreased, the greater the underestimation in the standard error.
It was concluded that when data are available from two points in
time prior to the period investigated, adjusted gain scores provide the
best analytic strategy of those considered where group growth is linear.
If data are available from a single point in time and individuals and
groups are growing differentially but linearly, then true score analysis
of covariance provides the preferred analytic approach. In situations
where only the results of a single pretest are available and individual
growth rates vary across time, gains in standard scores may be appro-
priate but the sample size must be large. To demonstrate these results
a data set was obtained and analyzed using the three competing
strategies. The findings of this analysis were consistent with

those predicted above.



ACKNOWLEDGMENTS

I am especially grateful to Dr. Andrew C. Porter, my friend and
the chairman of my dissertation committee, for his support and guidance
throughout this research project and my graduate program. By giving
generously of his time and knowledge, Andy has enriched my educational
experiences and made them happy ones. I would also like to thank
Dr. Kenneth Arnold for his assistance, especially in the mathematical
aspects of this study. Sincere appreciation is extended to Drs. John
Schweitzer, Robert Flooden, and William Schmidt for their constructive
criticisms and suggestions in earlier drafts of this dissertation.

I am also grateful to Ms. Janice Cave for her encouragement
throughout my doctoral program and her assistance in the typing
of the initial drafts of this paper.

Finally, I am indebted to the Institute for Research on Teaching
for their financial support during the past year while this research

was conducted.

ii



TABLE OF CONTENTS

LISTOF TABLES . . . . .« . v o v v s i s e s s s e et e e e

LIST OF FIGURES . . . . .« v v v v v vt e v e e e e e e
Chapter

T. INTRODUCTION . . . . & v v v v vt e v e e e e e e e

Statement of the Problem . . . . . . . . . . ... ..

Purpose of the Study . . . . . . . . . ... ... ..

2. THE ANALYTIC STRATEGIES . . . . . . . . . .« . .« ..

Gains in Standard Scores . . . . . . . ... 0. ..

REVIEW OF RELEVANT LITERATURE

EFFECTS ESTIMATED AND THEIR STANDARD ERRORS

Analysis of Covariance With Estimated True Scores

Adjusted Gains Scores . . . . . 4 . 4 et e e . : :

Analysis of Covariance With Multiple Covariates

Summary . . . . s e e e e e e e e e e e e e e e : :

Data Analysis for Quasi-Experiments . . . . . . . ..
Raw Gain Scores . . . . ¢« & v ¢ i e it e e e e e e
Gains in Standard Scores . . . . . . . o0 000 .
Estimate True Score Analysis of Covariance . . . . . .

Analysis of Covariance With Multiple Fallible

Covariates . &« & v v v 6 vt e e e e e e e e e e e
SUMMATrY & v v v v v v e e e e e e e e e e e e e e e

Estimation of Treatment Effects . . . . . . . . . . .
Estimation With Gains in Standard Scores . . . . . . .

Estimation With True Score Analysis of Covariance

Estimation With Adjusted Gain Scores . . . . . . . . .
Estimation With Multiple Fallible Covariates . . . . .
Precision . . . ¢ ¢ ¢ v ¢ v v i b e e e e e e e e
Standard Error For an Index of Response . . . . . ..
The Standard Error For Kenny's Procedure . . . . . ..
The Standard Error For Porter's Procedure . . . . . .



Chapter Page

The Standard Error For Adjusted Gain Scores . . . . . . 82
The Standard Error For the Keesling-Wiley Procedure . . 84
5. DISCUSSION . . . . & & e e e e e e e e e e e e e e 95
A Data Example . . . . . . . ¢ i i 0 e e e e e e e e e 102
General Linear Models of Group Growth . . . . . . . .. 108
One Group vs. Two Group Research Designs . . . . . . . . 112
Limitations . . . . ¢ « ¢« . ¢t 0 i et e e e e e e 114
Appendix
A. THE VARIANCE OF THE PRODUCT OF TWO RANDOM VARIABLES . . . 116
B. THE COVARIANCE OF A RANDOM VARIABLE AND THE PRODUCT
OF TWO RANDOM VARIABLES . . . . « ¢ ¢ v v ¢ v ¢ v ¢« o v 117
C. THE COVARIANCE OF TWO ADJUSTED VARIABLES . . . . . . . . . 118
D. THE EXPECTED VALUE OF THE RATIO OF TWO NON-INDEPENDENT
SAMPLE STANDARD DEVIATIONS SQUARED . . . . . . . . . . .. 119
E. THE EXPECTED VALUE OF THE RATIO OF TWO NON-INDEPENDENT
SAMPLE STANDARD DEVIATIONS . . . & ¢ v ¢ e ¢ ¢ ¢ ¢ o o o 123
F. THE EXPECTED VALUE OF A SAMPLE REGRESSION COEFFICIENT . . 124
G. THE EXPECTED VALUE OF A SAMPLE REGRESSION COEFFICIENT
SQUARED . . & & & e e e e e e e e e e e e e e e e e 129
H. THE VARIANCE OF THE ADJUSTED GAIN SCORE VARIABLE . . . . . 133
BIBLIOGRAPHY . . . & & i i i i i e e e e e e e e e e e e e e e e 137

iv



Table
1.

LIST OF TABLES

A Hypothetical Data Example of the Fan Spread
Hypothesis With the Linear Model of Within-Group
Growth . . . . . . L e e e e e e e e e e e e e

A Hypothetical Data Example of the Fan Spread
Hypothesis With the Non-Linear Model of Within-Group
Growth . . . . . . . L e e e e e e e e e e e e e e e

The Expected Value of the Ratio of Two Non-Independent
Sample Standard Deviations When the Population Standard
Deviations Are Equal . . . . . ¢ ¢ ¢« ¢ ¢ e e e e e e e

The Variance of the Ratio of Two Non-Independent
Sample Standard Deviations When the Population
Standard Deviations Are Equal . . . . . . . . . . . « ..

The Variance of a Sample Regression Coefficient
When the Population Standard Deviations of the Two
Variables Are Equal . . . . . . ¢« ¢ ¢ ¢ ¢t v e e e e .

The Variance of the Adjustment Coefficient Suggested
in the True Score Analysis of Covariance Procedure

The Standard Errors Associated With Gains in Standard
Scores, True Score Analysis of Covariance, and
Adjusted Gain SCOres . . v v v v v v ¢ e e e e e e e e

Coefficients for the Second, Third, and Fourth
Components of the Standard Error Associated With

the Three Competing Analytic Strategies When p = .9

for the Manifest Variables and the Population Variance
of the X and Y Variables Are Equal . . . . . . . . . ..

Coefficients for the Second, Third, and Fourth
Components of the Standard Error Associated With

the Three Competing Analytic Strategies When p = .8

for the Manifest Variables and the Population Variance
of the X and Y Variables Are Equal . . . .. . .. . ..

Page

53

54

75

76

81

83

86

88

89



Ta



Table
10.

11.

12.

13.

14.

15.

16.

Coefficients for the Second, Third, and Fourth
Components of the Standard Error Associated With

the Three Competing Analytic Strategies When p = .7
for the Manifest Variables and the Population Variance

of the X and Y Variables Are Equal . . . . . . . . . . ..

Coefficients for the Second, Third, and Fourth
Components of the Standard Error Associated With

the Three Competing Analytic Strategies When p = .6
for the Manifest Variables and the Population Variance

of the X and Y Variables Are Equal . . . . . e e e e e e

Coefficients for the Second, Third, and Fourth
Components of the Standard Error Associated With

the Three Competing Analytic Strategies When p = .5
for the Manifest Variables and the Population Variance

of the X and Y Variables Are Equal . . . . . e e e e e e

Coefficients for the Second, Third, and Fourth
Components of the Standard Error Associated With

the Three Competing Analytic Strategies When p = .4
for the Manifest Variables and the Population Variance

of the X and Y Variables Are Equal . . . . . .. c e e e

Group Means in the Metric of Grade Equivalent Scores
and Standard Deviations on the Paragraph Meaning

Subtest of the Stanford Achievement Test Battery . . . . .

Results of the Data Analyses Using the Gains in Standard
Score Strategy, True Score Analysis of Covariance,
Adjusted Gain Scores With the Analysis of Variance Model,
Adjusted Gain Scores With the Derived Standard Error,
Traditional Analysis of Covariance and Analysis of

Variance With Residualized Gain Scores . . . . . . . . . .

The Effect Estimated by the Gains in Standard Scores,
True Score Analysis of Covariance and Adjusted Gain

Scores, and Traditional Analysis of Covariance . . . . . .

Vi

Page

90

91

92

93

103

105

106



Figure

LIST OF FIGURES

The selection by maturation interaction: 1increasing
mean differences in achievement between comparison
groups across time . . . . . . . .0 0000 .

The fan spread hypothesis: increasing mean difference
in achievement between comparison groups with a

proportional increase in the within-group var1ab111ty
across time . .. ... ... ... e e e e e e e

The fan spread hypothesis with the linear model of
within-group growth . . . . . . . . . . . .. ..

The fan spread hypothesis with a non-linear model of

within-group growth . . . . . . . . . . .0 0oL

Underadjusting for group differences with the raw gain
score procedure in a situation conforming to the

differential growth rate theory . . . . . . .. .. ..

Differential growth rates considered over three points

BT 5 1117

Group achievement means plotted across three points in

time . . . . e e e e e e e e e e e e e e e e e e e e e

Page

17

26

103



in

Me

Chy
iny

The

Con
One

1nVe



CHAPTER 1

INTRODUCTION

Individuals are dynamic; attitudes, perceptions, and knowledge
continually change as a result of interactions among individuals and
the communications media. The understanding of this dynamic nature and
at times the modification of it, is a major concern of social science
research. Interest in naturally changing entities has raised, however,
difficult problems in measurement and analysis. Although considerable
discussion has been devoted to the topic of measuring change (McNemar,
1958; Lord, 1956, 1958, 1963; Bereiter, 1963; Cronbach and Furby, 1970;
Linn & Slinde, 1977), the problem is far from resolved.

The problems related to measuring change exist to varying degrees
in all research designs. These issues are less troublesome in experi-
mental studies where the investigator manipulates the variables of
interest and the effects on other variables are observed. Measuring
change is more difficult in quasi-experimental studies where the
investigator lacks the freedom to manipulate the variables of concern.
The present study focuses on the issues of change associated with the
latter design. Specifically, this study considered the non-equivalent
control group design (Campbell & Stanley, 1963) where the results of
one or two pretests are available prior to the period under

investigation.



Another popular research design frequently adopted by social
scientists is based on natural variation. In these studies the
investigator identifies a group of individuals and observes them
in their "natural environment" on a set of variables of interest.

The relationship among these variables is then based on correlational
techniques. Measuring change in these studies is more difficult than
in quasi-experiments and is not considered here. The finding of the
present study may, however, be indirectly relevant to studies based
on natural variation.

The evaluation of an educational program frequently results in
a quasi-experiment of the type considered here. Compensatory education
programs such as Head Start and Follow Through, in particular, have
been the focal point of much discussion on growth assessment in quasi-
experimental studies (Campbell & Erlebacher, 1970). In these programs
students are not randomly assigned to treatments, but rather those in
greatest need are given the treatment--that is, additional assistance.
Treatment effects are estimated by comparing the academic achievement
of those students receiving the additional assistance with a group of
students who did not receive the additional assistance. Evaluation
in quasi-experimental settings raises a number of issues and problems
not generally encountered in true-experimental designs. Campbell and
Boruch (1975) discuss in detail several concerns which may arise in
the analysis and interpretation of quasi-experimental data. The
overriding theme of their work revolves around the issue of bias in

the estimation of treatment effects. An estimate of the treatment



effect is biased if the estimate indicates that the effect of the
program was either positive or negative when there were no true
treatment effects or vice versa. Although there are several factors
which contribute to a biased estimate, the entire problem originates
from the fact that without randomization there are likely to be sub-
stantial differences between the individuals in their initial status
on the outcomes to be assessed. Estimating the treatment effects
solely on the differences in post-treatment test scores may be biased
since, depending on the direction of the initial differences, a program
may appear effective or harmful even though there were not true treat-
ment effects. Several strategies have been suggested which take
initial differences into consideration when estimating a program's
effectiveness. Campbell and Boruch (1975) argue, however, that these
adjustment procedures frequently fall short of eliminating all of the
bias that can result from initial differences. The magnitude of the
bias is related to two issues: (1) specifying the appropriate var-
jables on which the adjustment is made, and (2) identifying the
appropriate model to use the variables in predicting change. These
are difficult problems to solve. Specifying the appropriate variables
means that the investigator can identify those variables which are
predictive of all confounding variables that affect the dependent
variable. Knowledge of those variables on which the assignment of
individuals to groups was based would provide one possible solution.
Another solution is the random assignment of individuals to groups.

This solution is not possible for studies being considered here.



The present study does not pursue this aspect of the specification
problem.

The second issue, that of specifying the appropriate model is
a major concern here. This aspect of the specification problem
includes the question of measuring the adjustment variables reliably.
The unreliability issue has been considered in detail and several
solutions have been suggested (Lord, 1960; Porter, 1967; De Gracie,
1968; Stroud, 1972). Specifying the appropriate analytic model is
dependent on how individuals change over time. The issue of growth
models has recently been considered explicitly by several researchers
(Campbell, 1971; Kenny, 1975; Bryk & Weisberg, 1977). Campbell in
particular has been concerned with the relationship between growth
rates and estimates of treatment effects. Although his interest has
centered on the evaluation of compensatory education programs, his
work applies equally to other quasi-experimental investigations.

The issue which Campbell has raised involves the implications
of initial differences on the outcome dimension for the prospect of
differential growth rates. His reasoning is based on the belief that
groups which differ in their initial average performance also differ
in their rate of development on the outcome dimension. Thus, in the
evaluation of compensatory education programs, a control group may have
a higher average pretest score because as a group these individuals
have grown quicker than the group who will receive the treatment, and
this development is 1ikely to continue without program intervention.

Pictorially this selection by maturation interaction can be presented



as in Figure 1, where the lines represent group average performance

over time.
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Figure 1. The selection by maturation interaction:
increasing mean differences in achievement
between comparison groups across time.

Campbell further develops this idea of differential growth rates into
a theory which he has labeled the "fan spread hypothesis." It states
that along with the increasing mean difference between the compared
groups, a proportional increase in the variance within the groups
occurs. Figure 1 can be modified to reflect the changing variance

as in Figure 2. The labels for treatment-control are arbitrary.
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Figure 2. The fan spread hypothesis: increasing mean
difference in achievement between comparison

groups with a proportional increase in the
within-group variability across time.

The dashed lines represent the increasing range of achievement scores
within the treatment and control groups over time. This relationship
between the increasing mean difference and the within-group variance

can be represented in the following formula:

M, o =H
xEt0 xct _ ¢
t

where:

Hyots Myct are the population means on measure (X) for the
P program and control groups, respectively, at time t;

o4 is the pooled within-group standard deviation of the
outcome measure at time t; and

K is a constant.



Thus the difference between group means relative to the pooled
within-group standard deviation remains constant over time. It might
be noted here that parallel growth patterns between groups may also
conform to Campbell's fan spread model if the within group variance
remains constant across time. Evidence supporting the fan spread model
of growth has been provided by both cross-sectional and longitudinal
studies (Osborne, 1966; Baugham & Dahlstron, 1968; Fennessy, 1974).
Although this is a relatively small sample of studies on which to base
a theory, Campbell is confident that additional findings will support
the model (Campbell & Boruch, 1975). Kenny (1975) has argued for the
reasonableness of the theory and has provided additional data conforming
to the fan spread hypothesis. This model of growth suggested by
Campbell and supported by Kenny presents a special case of a more
general issue involving linear-growth models. Bryk and Weisberg (1977)
have gone beyond Campbell's fan spread hypothesis and have considered
the problem of differential linear-growth patterns. By varying the
initial starting points of growth and the average rate of group growth,
several linear models were considered.

The discussions of growth models presented by Campbell, Kenny,
Bryk, and Weisberg have concentrated on differential growth rates
between comparison groups and have ignored the issue of differential
growth rates within groups. The question of growth rates within groups
can be conceptualized in at least two ways as presented in Figures 3

and 4.
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Figure 3. The fan spread hypothesis with the linear model
of within-group growth.

Achievement

Figure 4. The fan spread hypothesis with a non-linear
model of within-group growth.



In each diagram the solid line represents the average growth rate

for the group, while the dotted lines represent individual rates of
growth. Figure 3 presents within-group growth rates that are generally
associated with the fan spread hypothesis. It conceptualizes within-
group growth as having a common starting point and different linear
rates of individual growth across time. Thus, in any two subsequent
points in time, individuals maintain their relative position within

the group. Figure 4, on the other hand, represents the situation in
which the group's mean growth is linear but individual growth is not
linear. Under this model an individual's growth rate may vary over
time, i.e., growth may occur in spurts, but group growth may be con-
stant. Both of these models can result in data conforming to Campbell's
fan spread hypothesis. The implications these models of within-group
growth have for data analysis and estimation of treatment effects are
substantially different.

Given that the fan spread model represents a valid conceptual-
ization of how individuals and groups change over time in quasi-
experimental studies, Campbell (1971) has argued that current analytic
strategies are inadequate in adjusting for the differential nature of
growth., As a result, recent efforts to evaluate compensatory education
programs may be misleading since the differential growth patterns have
not been considered. The conclusion that these programs have been
ineffective or even harmful may be a statistical artifact rather

than actuality.
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In response to Campbell's argument that current analytic
strategies inadequately adjust for the fan spread model, several
researchers have proposed new or modified techniques to resolve the
differential growth problem. Kenny (1975) has argued that given the
fan spread model, an appropriate analytic strategy is what he calls
standardized gain scores (also referred to as gains in standard scores).
The fan spread hypothesis suggests increasing variability within groups
across time. Kenny's approach counters this increasing variability by
standardizing the pretest and posttest scores using the pooled within-
group standard deviation at time 1 and time 2, respectively. The
difference between the standardized scores is then computed and used
as the dependent measure with the analysis of variance model.

Another solution to the fan spread model was proposed by Porter
and Chibucos (1974). They suggested that the analysis of covariance
model was appropriate for the differential growth rate situation if
the covariate was perfectly reliable. Given that the covariate was
fallible, then analysis of covariance with the estimated true score
of the covariate, would adequately adjust for the fan spread model.
Estimated true score analysis of covariance was originally developed
by Porter (1967) as a solution to the single fallible covariate problem.

Still another solution which might be considered to adjust for the
fan spreaa effect is the use of gain scores adjusted for differential
group growth. The raw-gain-score strategy assumes that groups are
changing at relatively equal rates, and that the only difference

between the groups other than that caused by treatments, is the
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initial status at the point of intervention. The fan spread model
allows that not only do the groups differ in their pre-treatment
performance levels, but also that the groups are changing at different
rates. Therefore simple gain scores could be inappropriate in light
of the fan spread model. If, on the other hand, the gain scores
themselves were adjusted for the differences between the groups'
growth rates, an appropriate estimate of the treatment effect might
be obtained. An adjustment of the type just described could be made
if data from two pretests over time rather than one pretest were
available. Given that two pretests were available for each group,
then each group's growth rate could be estimated by the difference
between the group's mean performance on the first and second pretests.
Given that multiple pretest data are available, a fourth procedure
which might be considered to analyze data conforming to the fan spread
hypothesis is the analysis of covariance model with multiple covariates.
This technique might be used by researchers in the field where the
tendency is to use all available information on a group of subjects
in the hope of increasing precision and adjusting for all initial
differences. Furthermore, in light of the earlier discussion on
analysis of covariance, multiple covariates may also adjust for the
differential growth rate problem if corrected for their unreliabilities.
Recently, Keesling and Wiley (1976) have suggested a procedure which
they argue solves the multiple fallible covariate problem. Their pro-
cedure may therefore also provide an appropriate solution to the fan,

spread problem.
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Statement of the Problem

A great number of educational research efforts are based on
designs that are quasi-experimental. As a result, researchers in the
field frequently encounter difficult problems in measuring change and
estimating treatment effects. Campbell has argued that a difficulty
which has not always been explicitly recognized in quasi-experimental
studies is a question of differential growth rates. In particular,
the evaluation of compensatory education programs, where the children
with the slowest academic growth receive the treatment, may be
especially vulnerable to this problem. Campbell has suggested
that traditional analyses strategies fail to take the differential
growth patterns into consideration in estimating treatment effects;
thus traditional strategies result in biased estimates of program
effectiveness. These programs have therefore appeared less beneficial
than was actually the case. In response to Campbell's arguments,
several analytic strategies have been suggested which may provide

the appropriate adjustment under the fan spread condition.

Purpose of the Study

The purpose of the study was to compare four procedures in terms
of their appropriateness as strategies for data analysis in quasi-
experimental studies given that individuals and groups may grow
differentially. The four strategies considered were these: (1)
gains in standard scores, (2) single covariable analysis of covariance
with estimated true scores, (3) gain scores adjusted for differential

growth rates, and (4) multiple fallible covariable analysis of
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covariance. Specifically, two types of individual growth were
considered: first, the situation in which the correlation between

the pre-intervention and post-intervention measures was unity, p=1,
except for measurement errors; and second, the situation in which the
relationship between the two measures was not perfect, p#1, regardless
of measurement errors. This second case results when individuals begin
to grow at different points in time and grow at different rates, or
when individuals grow academically in spurts.

The appropriateness of the four strategies was based on two
considerations: first, the effect estimated by each technique, and
second, the precision with which each effect was estimated. Further-
more, a discussion of the effects and implications of violating either
of two assumptions was considered. They were the homogeneity of
regression assumption and the assumption that individuals and groups
grow in a linear fashion.

In conducting this study two approaches were used. First, the
four analysis strategies were considered analytically to determine
whether the procedures estimated the effect of interest. Standard
errors were then derived for those strategies estimating the appro-
priate effect to identify those procedures which offered the greatest
precision. The second approach in comparing the strategies was to
analyze a set of data with the procedures that estimated the appropriate
effect. The conclusions drawn by each strategy were then compared as

were their respective error terms.



CHAPTER 2

THE ANALYTIC STRATEGIES

The previous chapter has raised explicitly the question of
differential growth rates in quasi-experimental studies. While some
detail was given to the presentation of this problem, only general
statements as to possible solutions to the fan spread model were pro-
vided. In this chapter the analytic strategies suggested are considered
in detail. Before studying these solutions, however, a brief discussion
is presented concerning the inadequacies of raw gain scores and analysis
of covariance without correction for an unreliable covariate in
quasi-experiments.

In experimental studies where individuals are randomly assigned
to a treatment or a control group, program effectiveness can be esti-
mated by the difference between the group means on some measure of

interest following the treatment:

* 7 Hyp ~Myc
Where
a is the estimate of the treatment effectiveness;
“yp’“yc are the population means on the post-treatment measure

(Y) for the program and control groups, respectively.

14
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Since individuals were randomly assigned to the two groups, it can
be assumed that prior to the implementation of the treatment, the
groups differ only by chance factors on the outcome dimension and
their average growth rates were in the long run the same. Furthermore,
if the treatment has no true effect, the groups would remain equivalent
after the period of program experience and the above estimate would
equal zero. For the situation described, the analysis of variance
model provides an appropriate analytic strategy to compare the group
means in that it estimates the effect of interest. The dependent
measure using this strategy is simply the performance on a post-
treatment measure on a dimension of interest.

With quasi-experimental studies initial differences are likely
on the outcome dimension even before the treatment is implemented.
If the above procedure was used to estimate the treatment effect
and the program had no true effect, then the initial difference
would have been treated as a program effect and erroneous conclusions
would have been drawn. Thus in quasi-experimental studies some type
of an adjustment is necessary to take into consideration those initial
differences which may influence the final outcome measure.

Two strategies frequently chosen by researchers in the field for
data analysis in quasi-experimental studies have been the analysis
of variance model with raw gain scores as the dependent measure and
analysis of covariance. Though the former strategy has often been
criticized (Cronbach & Furby, 1970; Campbell & Erlebacher, 1970),

it still remains a popular approach for researchers in the field
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(Richards, 1975). Raw gain scores are calculated by taking the
difference of the post-treatment and pre-treatment scores (post-pre)
and creating a new variable. For example, if Y represents the post-
treatment score on some variable of interest and X represents the
pre-treatment score, a new variable W is created by the simple
difference between the two scores; i.e., W =Y -X. Since the new
variable is created by taking the difference between scores, this
procedure logically requires that the same or equivalent form of

the measure be administered at the two points in time. The analysis
of variance model is then used with W as the dependent measure. The
program effectiveness when the raw gain score strategy is used can be

written as:

Where:

o5s is the treatment difference estimated by using the
gain score strategy;

HynsHye  are the population means on the post-treatment measure
vy (Y) for the program and control groups, respectively; and
“xp’“xc are the population means on the pre-treatment measure

(x) for the program and control groups, respectively.

The adjustment which is made using this technique in a situation
conforming to a fan spread model when there are no true treatment

effects is presented in Figure 5.
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Achievement

Time

Figure 5. Underadjusting for group differences with the
raw gain score procedure in a situation conforming
to the differential growth rate theory.

The solid lines represent actual mean growth of individuals in the
two groups and the dashed line represents the adjusted growth pattern
for GZ‘ The difference at t, between the solid line for G], and the
dashed line for 62 represents the bias remaining after adjustment in
estimating the treatment effect. It is clear that the gain score
strategy requires the assumption of equal growth rates between com-
parison groups in light of no treatment effects. Violation of this
assumption results in an underadjustment in the situation depicted and
therefore is a biased estimate of the program effect.

A second popular analytic strategy frequently adopted by
researchers in the field is the analysis of covariance model. This

procedure is similar to the raw gain score strategy in the nature of
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the adjustment made, but it is not restricted to the use of the same

or parallel form of the outcome measure in order to make the adjustment.
Rather than subtracting the pretest score from the posttest score, the
analysis of covariance model subtracts only a portion of the difference
of pretest from the posttest. That portion is equal to the pooled
within-group linear regression slope of the line predicting the outcome
measure from the adjustment variable. To facilitate the understanding
of the effect estimated, the dependent variable can conceptually be
thought of as w==Y-by.xX for the analysis of variance model. Although
the adjusted variable is not actually computed, it can be thought of as
such to facilitate comparisons across other similar analytic strategies.

The treatment difference can then be written as:

pc = Hyp ~Hye " By,x(uxp-uxc). (1)
Where:
apc s the estimate of the treatment difference using the
analysis of covariance strategy;
Byex is the pooled within-group linear regression slope of
Y Y on X; and
“yp’“yc’“xp’”xc are as defined previously.

Campbell and Erlebacher (1970) and Kenny (1975) have argued that
in situations conforming to the fan spread hypothesis this strategy also
underadjusts for initial differences. As a result, the strategy pro-
vides a biased estimate of the treatment effect. Their discussion,

however, focused on analysis of covariance with a fallible covariate.
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Furthermore, the distinction between the two models of within-group
growth, that was proposed in Chapter 1 was not made in either
presentation. The importance of this distinction is examined

in Chapter 4. Bryk and Weisberg (1977), on the other hand, have
suggested that the analysis of covariance with a reliable covariate

was an appropriate strategy for the fan spread condition. Their
conclusion was based on the assumption of linear growth for individuals
within treatment groups. The same conclusion was drawn by Porter and
Chibucos (1974).

Analysis of covariance has also been criticized as inappropriate
in situations conforming to the fan spread model because the assumption
of homogeneity of regression slopes between treatment groups may be
violated. Bryk and Weisberg (1977) and Campbell and Boruch (1975)
have suggested that differential growth rates imply a differential
relationship between the covariate and the dependent measure for the
comparison groups. These authors, however, may have confused the
regression of achievement on time as presented in Figure 1 with the
regression of posttest achievement on pretest achievement. These two
regressions are not the same and a violation of the homogeneity of
regression slopes does not have to occur for the latter case. The

regression slope for each comparison group is defined as:

S

by-x N er Sl'

X
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b is the regression slope;

X is the correlation of the pretest and posttest
Y measures; and

S,,,S is the standard deviation of the posttest and
pretest, respectively.

The fan spread model suggests only an increasing variance across time
such that Sy > Sx' This increase in variance occurs in both groups.
Nothing in the differential growth rate situation suggests that the
correlation between the two measures should differ from one group to
the other. It does not follow then that a violation of the homogeneity
of regression slopes assumption is likely. Chapter 4 presents two
hypothetical examples conforming to the fan spread model where the
assumption is not violated.

Finally, the analysis of covariance strategy has been criticized
as inappropriate in quasi-experiments since the slope, reflecting
growth over time, is underestimated due to measurement errors in the
covariate. This is a legitimate criticism which has received consid-
erable attention as noted earlier. Several solutions to this problem
have been suggested. Later in this chapter one of those suggested
solutions will be considered in detail.

Thus several methodologists have argued that data analysis for a
study based on a quasi-experimental design may be extremely troublesome
as a result of differences in growth rates between comparison groups.
The evaluation of compensatory education programs, in particular,

has been singled out as being especially vulnerable to this problem.
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Traditional strategies for estimating treatment effects 1like gain
score analysis of variance and analysis of covariance have been
criticized as inappropriate since they can underadjust for initial

as well as growth related differences between groups. Figure 5
presented a hypothetical example of the bias remaining after using

the gain score strategy. It will be shown that a similar underadjust-
ment could arise with the analysis of covariance strategy depending on

the nature of growth and the value of By-x in equation 1.

Gains in Standard Scores

There have been several proposals as to how data might be analyzed
in 1ight of the fan spread hypothesis. One approach to the problem
suggested by Campbell (1971) and later by Kenny (1975) was the use of
gains in standardized scores. This approach counters the increasing
variability within the treatment and control groups across time by
standardizing the pretest and posttest scores separately ("given unit
variance and a mean of zero," Kenny, 1975, p. 347). To standardize the
scores obtained at each test administration, Kenny suggested the fol-
lowing procedure: from each score, subtract the grand mean (across
groups) and divide this difference by the pooled within-group standard
deviation. (Since subtracting a constant has no effect on further
analysis, it is not considered in the subsequent discussion of the
strategy. Rather, standardization is achieved by simply dividing each
score by the pooled within-group standard deviation for the pretest
and posttest data considered separately.) Conceptually, this results

in a new dependent variable W, created by subtracting from the posttest
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score the product of the ratio of the pooled within-group standard
S
deviation (posttest to pretest) and the pretest score, i.e., W=Y -Seix.
X
The variable W is then taken as the dependent measure in the analysis

of variance model. The treatment difference can be presented as:

%y
-5 (- )

%6sS T Myp " Hyc o xp T xe!

Where:

is the estimate of the treatment difference

estimated by the gains in standard score

strategy;

5 are the pooled within-group standard deviations

y of the pre-treatment and post-treatment measures,
respectively; and

“yp’“yc’”xp’”xc are as defined previously.

The above statement of the treatment difference is only an approximation
since E(S) # 0. The use of this strategy, like that of raw gain scores,
logically requires that the pre-treatment measure be identical to or a
parallel form of the post-treatment measure.

In defending the use of this technique, Kenny (1975) presented
several examples where standardized gain scores provided an unbiased
estimate of program effects while raw gain scores and analysis of
covariance were shown to be biased. He concluded that in certain
situations (i.e., where individuals were assigned to a program based
on sociological or demographic variables) gains in standardized scores
provide the best analytic strategy. Bryk and Weisberg (1977) provided
further evidence showing that this strategy is appropriate in

situations conforming to the fan spread hypothesis.
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Analysis of Covariance With Estimated True Scores

Another approach which has been suggested as appropriate in
a situation conforming to the fan spread hypothesis is the use of
estimated true scores in the analysis of covariance. This procedure
was originally developed (Porter, 1967) to eliminate the bias intro-
duced by measurement errors when analysis of covariance is used to
estimate treatment effects in quasi-experimental studies. Porter and
Chibucos (1974) showed that this procedure corrects for the fan spread
theory when the pre-treatment measure predicts the post-treatment
outcome perfectly except for errors of measurement. To use the
procedure suggested by Porter, the estimated true scores of the

covariate must be computed. This can be achieved with the following

formula:
A=___+ —_
T =X Pax (x-X)
Where:
T is the estimated true score of the covariate;
X is the group mean on the covariate;

X is the covariate's observed score; and

Pyx is the reliability of the covariante.

This approach requires knowledge of the covariate's reliability.
The question as to which reliability coefficient should be used in
the above formula has not been completely answered, but Porter and

Chibucos (1974) have suggested that if possible a test-retest
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reliability coefficient over a relatively short period of time should
be the first choice. Having estimated the covariate's true score,
this variable is then used as the covariate in the analysis of
covariance model to estimate group differences.

Using Porter's procedure the program effect can be written as:

B
= - AR -
oTs uyp Uyc Pyx (“xp uxc)'

Where:

O1g is the estimate of the treatment difference
computed by the true score analysis of
covariance strategy; and

Dyp,uyc ,UXD,UXC ’
By-x and Pyy are as defined previously.

The similarity of this approach to that of gains in standard scores
presented earlier is clearly shown with the following substitution:

o
X
AR Xy Oy

The estimate of the treatment difference can now be written as the
following:

Py Oy
p.. O

(Mg = Hyp)
xx Ox Xp XC

%Ts T HPyp " Hye
Given individuals conform to the fan spread, pre-treatment scores
should predict post-treatment scores perfectly except for measurement

errors. Thus the ratio of the correlation between measures and the
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Y
pretest reliability is equal to unity, 5§f =1 if Pux = pxy’ The
estimate of the program effect provided by true score analysis of
covariance and gains in standard scores is the same for fan spread
data conforming to the first model of within group growth. This
similarity is only true for the linear growth model for individuals
within comparison groups. When individuals within groups are growing
non-linearly, the ratio of the correlation between measures and the
reliability coefficient of the pretest does not equal unity. The
effect estimated by the gains in standard scores and analysis of
covariance with estimated true scores is therefore different. The
two procedures also differ in that the gains in standard scores
approach assumes that the correct ratio of the standard deviations

is known for the population, while estimated true score analysis of

covariance estimates the parameter on the sample data.

Adjusted Gains Scores

The inadequacies of the raw gain score strategy in situations
conforming to the fan spread hypothesis were discussed in some detail
earlier. It was shown that for the general fan spread model of growth,
gain scores were inappropriate since they adjust only for initial
differences at the point of intervention and not for differences in
the rate of growth as the model predicts. These latter differences,
if uncontrolled, would result in a biased estimate of program effec-
tiveness. The gain score strategy may still be appropriate, however,
if modified to reflect not only initial differences but also growth

rate differences. Such a modification could be made if additional
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additional data collected at some time prior to the point of

intervention were available. This modified gain score approach

then could provide a third alternative solution to the fan spread

hypothesis.

To facilitate a discussion on the development of the modified

gain score procedure, Figure 6 presents in greater detail differential

achievement growth over time for a hypothetical program and control

group without a treatment effect.

Achievement

Figure 6.

Point of End of
Intervention TreatTent
]

Control
Group

Program
) Group

Time

Differential growth rates considered over three
points in time.
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The horizontal axis T denotes time while the vertical axis W represents
achievement. On the time dimension three points are identified: t],
tss and ts. The vertical dotted line at t2 indicates the point of
intervention while the dotted lines at t] and t3 represent points in
time prior to and at termination of the intervention, respectively.
The solid lines represent the linear regression of achievement on time
for the populations of program and control groups. In this figure the
control group is shown to have a higher achievement rate (growing
faster) than the program group. The points at which these growth
curves intersect the dotted vertical lines represent the average
achievement level on the measure administered at time t. For example,
(t2’“xp) represents the population mean on measure X for the program
group at the time of intervention. These solid lines can be defined
in regression equations and used to predict the average group perfor-
mance at any point in time. If, for example, group performance at t3

was of interest, the following equations may be used:

=
"

+ -
yp = 2p thplty-t))

and

h=
]

where:

MypoHMyc are the population mean performance on measure (Y)
Py at time t3 for the treatment and control groups,
respectively;

,a are the intercept constants of the growth curves
for the treatment and control groups, respectively,
at t,;

2!

a
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are the slopes (rate of growth per unit time) of
the regression line predicting achievement from
time for the program and control groups,
respectively; and

t3- t2 is the period of intervention.

The difference in average performance of the program and control
groups at the termination of the intervention can be determined as

- bc)(t3 - tz)]-

OLAGS =y - u "(ap"ac)'[(bp

yp yc

When the intervention has no effect, the equation is as follows:

0 = 1y = by - (35 - ac) = (b, =) (E5 - t)].

Since the intercepts a_. and a. of the growth curves are the initial

P
achievement levels prior to the point of intervention, then,

4p =3 T Hxp " Hxc

the difference in the mean pretest scores of the two groups. With
this substitution the expression becomes the following:

o=, = (uy -y

yp ~yc = iy~ Hye) = [, =) (t5 - )], (2)

xc p_cC

The first two terms of the equation are identical to that of raw gain
scores that adjust for initial differences in test performance while
the second component adjusts for the differential growth rates. If

the slopes are equal, that is the rate of growth is the same for both
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groups, the second component equals 0 and raw gain scores provide

the appropriate adjustment procedure. The fan spread model, however,
states that the growth rates are not equivalent, and therefore an
additional adjustment is needed. The slope of a regression line is
defined as the ratio of the change in the vertical axis to the change
in the horizontal axis, i.e., b = %#. By using the information
available before the start of the intervention, the growth rate for
each group can be estimated. For the program group, the regression

slope can be written as the following:

b = oxp_tzp
This equation is the ratio of the change in population mean achievement
at two points in time prior to the intervention with the period of time
between testing. Similarly for the control group the regression slope
can be written as the following:

H " H
b = _XC_"ZC

C tz‘t] *

With these estimates of growth rates, the third term of expression 2

can be written as:

[( Hxp ~¥zp Mxe " Mzc
- (ta-t,)

Myt uzp) = (ye = 1,0)
L( Tty -t )(t3't2)]'

[(b) - be)(ts - t5)]
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If the period of time between the first and second testing equals the
period of intervention t2 to t3, the above equation can be simplified

as the following:
[(bp - bc)(t3 - tz)] = [(pr 'Uzp) = (UXC -uzc)]'

Thus, the difference in group mean gains prior to the period of
intervention can be an appropriate estimate of the difference in
growth rates between program and control groups. The combination of
this adjustment for differential growth rates and the adjustment for
differences in initial performance levels results in estimating the

treatment effects as:

) - (uxp-uzp) -(uxp - U,.)

AGSs ~ Hyp “Myc T (“xp'“xc ts- t (t3°t2)] .

To achieve this type of adjustment requires the creation of a

new variable that takes into consideration all three test results.

A variable, W, can be defined as the following:

L ta-t
W=Y-X-(W-7) 2

tz't] :

Where:

X,Y,t3-t2,t2-t] are as defined earlier;

X is the group mean on the pretest administered
at t2 or the point of intervention; and

Z is the group mean on the pretest administered
at t, or some point in time prior to the
intervention.
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If the time between the first two test administrations equals the
period of intervention, the new variable is simply a gain score minus
the difference of the group's means at two points in time prior to the
intervention. This second factor adjusts for the growth rate of the
group. Since this technique makes no assumptions as to the rate of
growth or the initial starting point, it is appropriate for any

situation where growth is linear for groups.

Analysis of Covariance With Multiple Covariates

The strategy presented above required that two assessments be
made prior to the start of the intervention. Given the availability
of this pre-treatment information, a fourth procedure which has been
suggested to analyze data in a quasi-experimental setting conforming
to the fan spread model is analysis of covariance with the two pretests
as covariates. It was suggested when this technique was proposed that
the covariates should be corrected for their unreliability. Keesling
and Wiley (1977) have recently suggested a new approach to the problem
which may provide a reasonable solution to the question of multiple
fallible covariates. Their approach estimates the treatment effects
within groups separately and then compare the magnitude of those
effects across groups.

The general model for estimating the adjusted posttest mean

for a group can be written as:
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Where:

TG is the estimate of the effect for group G;

HyG is the population mean on the posttest measure Y for
group G;

b iy are the vector of population means on the fallible and
error free covariates, respectively, for group G; and

r'R' are the row vectors of structural regression coefficients
for the fallible and error free covariates, respectively,
for the group G.

In the present study the adjustment procedure using fallible
covariates is of primary interest, and therefore a discussion of the
error free covariates and their structural coefficients will not be
presented here.

In the situation under consideration the posttest mean adjusted
by the two pretest means under the Keesling-Wiley model can be written

as:
T = Hyg ~MiMxY2¥z-

Where:

My oHy and u, are the population means of the three tests as

Y defined earlier; and

YisYo, are the structural regression coefficients for
the two fallible covariates.

The estimates of the structural regression coefficients are defined

as the following:



33

= (2 _ 2
" (052051“ CJE152052”)/(051 £, ~ %6 6

<
(V)
]

2 _ 52
GE] 0520 051 5205171) / (o E] 52 E] 52)

Where:
E1sE9sN represent the true scores of the first covariate Z,
the second covariate X, and the posttest measure Y;
and

0%,0 represent the variance and covariance of the
subscripted variables, respectively.

In terms of the notation used elsewhere in this study, the structural

regression coefficients can be written as the following:

Yy = (By .7 =Br .1 Br .r )/ (1-0%1);
1 T Ty T T Ty T, T,

Yo = (BT S TXBTy-TX)/(] “er )

(For a discussion of the distinction between structural equation models
and regression models, see Goldberger and Duncan, 1973.) It might be
noted at this point that the above regression coefficients are similar
to those used by Pravalpruk (1974) in one of the two methods he con-
sidered for solving the multiple fallible covariate problem. His

estimates were:

Y]:

)/ ()

v___
Yp = I/—BT Ty yT )/(1'0'2[XTZ)‘

and
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In his study, however, Pravalpruk only considered situations where
the reliabilities of the covariates were equal. Furthermore, since
BY'Tx yT;
sidered by Pravalpruk and those considered by Keesling and Wiley are

= BTy'Tx and B = BTy'Tz’ the adjustment coefficients con-
identical. To obtain his regression coefficients, Pravalpruk first
computed the estimated true scores for his covariates and then cor-
rected for the attenuated relationship between the two covariates.
Concerning this approach, Pravalpruk concluded that while the correct
effect was estimated, the appropriate probability of a type I error
was only obtained in a two-group design but not in a four-group design.
When a four-group design was considered, the test statistic was shown to
be too liberal for practical purposes. Thus Pravalpruk concluded that
his method did not provide a satisfactory solution to the multiple
fallible covariate problem.

In the approach suggested by Keesling and Wiley the true score
variance-covariance matrix is estimated using the replicate measures
of the covariates. Using the true score relationship the structural
regression coefficients are then estimated. The estimation of these
parameters is provided in a computer program by Joreskog and Van
Thillo (1972).

To facilitate comparisons across the analytic strategies proposed
for solving the fan spread problem the estimate of a treatment effect

can be written as the following:
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p

-p, - P o
T,Ty T, 1,0, < Ty

aMAC = (pr' Uyc) - 1- p%XTZ OTX ) (uxp -UXC)

[0 -p P o
Ty (T )
1= o2 . zp ~ Hzc
TxT, T,

While the above procedure has been demonstrated on a data set,
there have not as yet been any investigations considering the properties
of the distribution of the test statistic in small samples. Although
further study of the Keesling-Wiley procedure is needed before it can
be adopted as a competing analytic strategy, it was considered in the
present study because it appeared to be a promising technique for the

future.

Summary

The four analytic strategies proposed as solutions to the fan
spread model have been considered in some detail in this chapter. The
following chapter reviews the literature concerning data analysis in
quasi-experiments, focusing on discussions directly relevant to the

strategies considered in the present chapter.



CHAPTER 3

REVIEW OF RELEVANT LITERATURE

The first chapter began by identifying the measurement of change
as a difficult problem in a study based on a quasi-experimental research
design. As an example of this type of study, the evaluation of com-
pensatory education programs was suggested. These investigations are
characterized by the fact that comparison groups frequently differ in
their initial status on the outcome of interest which generally is some
measure of achievement. It was then pointed out that some authorities
have suggested that differences in initial achievement levels were an
indication that the groups were growing academically at different rates.
Campbell has labeled this differential growth rate issue the fan spread
hypothesis. Given this model, traditional analytic strategies have been
questioned. Several procedures were then introduced as potential solu-
tions for differences in growth rates. These solutions were described
in detail in Chapter 2. The present chapter reviews the literature as

it relates to the proposed solutions.

Data Analysis for Quasi-Experiments

The debate on the analysis of quasi-experiments has ranged from
pessimistic arguments stating that appropriate analytic procedures do

not currently exist for these studies (Lord, 1967; Crombach & Furby,

36
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1970) to the optimistic view that a cautious interpretation of
carefully analyzed data is useful (Elashoff, 1969; Harnquist, 1968;
Porter, 1973). Campbell and Erlebacher (1970) reviewed and explicitly
demonstrated using simulated data, many of the problems raised when
treatment effects are estimated from quasi-experiments. The purpose
of their presentation was to illustrate the inappropriateness of gain
scores and analysis of covariance for estimating the effectiveness of
compensatory education programs. Campbell and Erlebacher observed that
pretest data often showed control groups having a higher average per-
formance than those individuals involved in the compensatory program.
“"That difference no doubt is there because of previously more rapid
rate of growth on the part of the Control Group, which would be expected
to continue during the period of the experimental treatment" (p. 198).
Thus in addition to all of the other problems the literature has iden-
tified as being present in quasi-experimental studies, differential
growth rates of treatment groups must also be considered in the
selection of an analytic strategy. Campbell and Erlebacher suggested
that as a result of all of these issues, traditional analyses techniques
were inadequate to estimate the effectivenss of compensatory education
programs. When these procedures were used, biased estimates'resulted,
and programs appeared to be ineffective or even harmful.

In discussing the fan spread hypothesis, Campbell and Erlebacher
have focused on differences in growth rates between comparison groups
and have neglected the question of within group growth. Their argument

that analysis of covariance is inappropriate for the fan spread model
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is dependent on the nature of the within group growth. This issue

is examined in detail in the next chapter. The authors also have
confused the problem of differential growth rates with the problem

of an unreliable covariate. Given the linear model of within group
growth, analysis of covariance provides an appropriate adjustment if
the covariate is perfectly reliable. Finally, Campbell and Erlebacher
do not point out that parallel growth rate for comparison groups is a
special case of the fan spread model when the variance of the measure
remains constant across time.

Building on many of the same arguments raised by Campbell and
Erlebacher, Campbell and Boruch (1975) identified six ways in which
quasi-experimental research designs in evaluations of compensatory
education programs underestimate program effectiveness. The issue
of differential growth rates among treatment groups was cited as a
major contributing factor to a biased estimate of a program effect.
Although the authors attempted to clarify the question of differential
growth rates, they fell short of addressing those issues ignored in
the Campbell and Erlebacher paper. The authors did provide, however,
several examples of studies from the literature which supported their
contention that cognitive test scores do follow fan spread patterns.
As a possible solution to this problem, the authors suggested that
"standardizing scores (to mean zero and variance one) at each age
level would produce a metric which eliminates differential growth
rates" (p. 37). While this procedure may be appropriate, Campbell
and Boruch argued that actual growth patterns in achievement were not

very well understood and deserved further study.



39

Raw Gain Scores

Several authorities (Lord, 1956; McNemar, 1958; Cronbach & Furby,
1970; Marks & Martin, 1973) have considered the question of measuring
true change with gain scores. Their concern, however, has been with
individuals rather than groups. Although related, a distinction should
be made between the two topics. The literature has not always done
this with the result of conflicting statements and confusion as to
the appropriateness of analysis strategies.

The use of gain scores as a strategy to measure group change has
been questioned by Cronbach and Furby (1970). These authors pointed
out that in true experiments only differences in the post-treatment
tests were needed to determine a treatment effect. If a pre-treatment
measure was available, then other more powerful techniques such as
analysis of covariance provided more powerful estimates of treatment
effects than gain scores. In quasi-experimental studies Cronbach and
Furby argued that the distribution of true pre-treatment measures was
different across the subpopulations being compared. As a result, these
authors agreed with Lord (1967) and concluded that no analysis strategy
was appropriate to compare treatment effects in quasi-experiments.

Not all authorities share this pessimistic view concerning gain
scores as an analytic strategy in quasi-experimental studies. Porter
(1973) who has argued that the use of gain scores does not provide the
best strategy in true experimental studies, has suggested that under
certain assumptions gain scores may provide the best technique for

quasi-experimental investigations. The issue of the appropriateness
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of the technique is dependent on the reasonableness of the assumption
that the relationship between the true pre and true post measures is
actually unity (BTY,TX='1). Porter argued that given the assumption
that the treatment effects are additive and that pretest and posttest
measure the same variable in a common metric, it can be shown that the
relationship between the true parts of the measures does equal unity.
He concluded that given these assumptions, the gain score strategy does
provide a reasonable approach to data analysis in quasi-experimental
studies.

The situation in which Porter has suggested that gain scores
would be appropriate is the special case of the fan spread model when
the growth patterns are parallel and the variance of the measures remain
constant across time. The additivity assumption implies the linear

within group growth model.

Gains in Standard Scores

As noted earlier, a solution to the more general fan spread
model was proposed by Campbell and Boruch (1975). Their solution was
to standardize the observation at each point in time. Although they
indicated that this procedure may be appropriate they did not recommend
its use, but rather suggested that further study of academic growth
patterns is needed. Kenny (1975) took a much stronger position on
Campbell's proposed solution and argued that under certain conditions
standardized gain scores provided the best analytic strategy for quasi-
experiments. Kenny pointed out that in quasi-experiments the procedure

assigning groups to a treatment was the determining factor in selecting
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the appropriate analysis strategy. For example, if subjects were
assigned to the treatment strictly on test scores to be used as the
covariate then analysis of covariance without adjustments for the
unrealiability of the covariate was the appropriate analysis technique.
On the other hand, if the subjects themselves determined which treatment
they received, then analysis of covariance corrected for a fallible
covariable was the appropriate approach. Finally, if the treatment
was assigned to groups based on sociological or demographic character-
istics of the group, then the use of standardized gain scores was the
appropriate procedure. An example of a study based on sociological or
demographic variables is one in which members of a particular social
group are eligible for treatment as a matter of legislation. Another
example is a study in which treatment is given to members of a partic-
ular organization such as a school district. A current example where
a compensatory education project was assigned by legislation is the
Response to Educational Needs Project in the Anacostia region of
Washington, D.C. This program was initiated by the President and
Congress specifically for this area in order to increase community
involvement and the quality of education in the schools of the region.
(This project is currently being evaluated by the National Institute
of Education.)

Kenny suggested that the assigning of groups to treatments
based on sociological and demographic factors resulted in situations
conforming to the fan spread model. That is, treatment and control

groups were likely to have different growth rates. Kenny judged the
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use of raw gain scores, analysis of covariance, and adjusted analysis

of covariance to be inappropriate strategies for these types of studies.
Standardized gain scores, however, were appropriate since the technique
adjusts for the increasing variability across time. To support his
contention as to the appropriateness of the procedure, Kenny cited two
examples in an attempt to demonstrate the inappropriateness of raw gain
scores and analysis of covariance with or without correction for the
fallible covariate while the standardized gain score strategy drew the
correct conclusion. He thus concluded that the use of standardized
gain scores was an appropriate technique for many quasi-experimental
studies.

Kenny's presentation on the appropriateness of the procedure
he advocates has several weaknesses. First the label of standardized
gain scores is misleading. Gains in standard scores is a more accurate
description of the approach. A second weakness is the author fails to
distinguish different models of within group growth. As a result his
conclusion that adjusted covariate analysis of covariance does not
estimate the treatment effect correctly is in error. This issue is
addressed in Chapters 4 and 5. A third problem with Kenny's paper is
that after showing that gains in standard scores appropriately estimates
the treatment effect of interest, the author fails to consider the
standard error of the approach. As a result of this oversight, Kenny
failed to recognize that the procedure he recommended results in a
spuriously low standard error. The standard error issue is considered

in detail in Chapters 4 and 5.
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Estimate True Score Analysis of Covariance

The second solution to the general fan spread model that was
proposed in the first two chapters was the estimated true score
analysis of covariance. The technique differs from traditional
analysis of covariance in that the estimated true score rather than
the observed score on the pre-treatment measure is used as the
covariate in the analytic model.

Analysis of covariance with an observed score covariate has
been criticized as inappropriate as a result of measurement errors.
The problem arises in the calculation of the slope of the regression
of the posttest on the pretest used in computing the residuals. The
treatment effect which is of interest is based on the latent true
variables, but only the observed scores are available. If the re-
gression slope estimated on the observed scores is not the same as
that which would be obtained if the latent true scores were available,
the regression estimate is said to be biased, and the effect which
is estimated is not likely to be the desired one. In the classical
analysis of covariance model the covariate is assumed to be fixed
rather than random. That is, the levels of the covariates are chosen
by the researcher. Berkson (1950) considered using a controlled
observation (fixed levels) as the independent variable in estimating
the regression line. He concluded the regression slope in this
situation to be unbiased. On the other hand, when the independent
variable is uncontrolled (a random sample from an existent population),

the slope is biased. "The distinction between the two situations
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resides not in what the variate represents but how the observations

are acquired. If the values are obtained by taking a sample from

an existent population, we have the biased situation. If they are
obtained by making them as controlled observations, we have the biased
situation" (Berkson, 1950, p. 179). In education and psychology, it

is rare to find a situation where the covariate is fixed. Rather,

for most cases the covariate is a random variable and it is usually
measured with error. Thus the slope which is estimated on the observed
scores is biased, and the effect which is estimated is not the one of
prime interest when treatment groups differ on their mean covariate
score. The nature of the bias in using the observed scores rather

than the latent true variables can be shown in a number of ways. From
a measurement perspective, it is most easily seen through the following

set of identities:

g
= Y
Byex = Pxy 3 (3)
X
Pyy = Pt 7P (4)

c’x'-'c’Tx/',-FT);(— (5)
i oo

6y-x ) pyTx Pxx Pxx o7 (6)
X

w
]

je]
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Equation 7 shows that when the observed scores are used to estimate
the slope of the regression of the dependent measures on the covariate,
it underestimates the desired relationship based on the latent true
variables. The observed score regression is biased by a factor equal-
ling the reliability of the covariate. The treatment effect estimated

by the observed score analysis of covariance can be written as

apc = g (

“Hyc T Pyex

Myp Myp - Hye)

The treatment effect estimated on the latent true variables, on the

other hand, can be written as

B

= - AR, -
s = Hyp “Hyc Py (“xp Mye) -

Since the latent slope is always larger than the observed score slope,
the difference between the two group means on the posttest is adjusted
to a lesser extent with the unadjusted regression slope. In the case
of evaluating compensatory education programs, analysis of covariance
with observed scores underadjusts for initial differences between
comparison groups mean on the covariate.

To obtain an unbiased estimate of the regression slope, Lord
(1960) suggested a large sample approach which required two independent
measures of the covariate. The resulting test statistic, U, was shown
to follow the normal distribution and provide an unbiased estimate of
treatment effects. This procedure is limited to studies comparing two
groups with large samples and two measures on the covariate. Porter

(1967) studied the distributional properties of the U statistic when
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samples were small. His results indicated that a sample size

larger than 20 was necessary for the U statistic to converge to

the normal distribution when the reliability of the covariate and/or
the correlation of the covariate and dependent measure were low.

Another approach to this issue of bias was suggested by
Harnquist (1958). He proposed that the problem of an unreliable
covariate could be solved simply by multiplying the sum of squares
of the covariable by the estimate of the covariable's reliability.
Porter (1967), in further developing this idea, suggested that the
estimated true score of the variable be used as the covariate. Using
this approach, Porter showed that this techﬁique provides an unbiased
estimate of the regression slope. Furthermore, in a simulation study
using this technique, he showed that the analysis of covariance strategy
using true scores followed very closely the theoretical F-distribution.

Stroud (1972) provided still another solution to the problem of
an unreliable covariate but his procedure required knowledge of the
error variance of the covariate. This approach is also a large sample
solution and as yet no small sample distributional investigations have
been done with this procedure.

The fan spread model as suggested by Campbell is a special
conceptualization of a more general linear growth model. Several
models of linear-group growth, including the fan spread, were con-
sidered in detail by Bryk and Weisberg (1977) for the non-equivalent
control group design. These authors suggested that a simple repre-

sentation of individual linear growth could be provided by considering
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the product of growth rate (m) and time, i.e., the difference between
(tj) the point of assessment and (T) the initial starting point of
growth; growth = n(tj -1). Similarly, the average performance of a
group at time t] was defined as u“(t] '“r) where u, was the average
growth rate for individuals within the group and . Was the average
starting point within the group. By changing the initial starting
point for the groups and their rate of growth, Bryk and Weisberg
considered five linear growth models. To produce the fan spread
condition, a common starting point was assumed for all individuals

and the average rate of growth was assumed constant for the group but
varied between the groups. Growth within the groups was assumed con-
stant for the individual but varied across individuals. Using this
model of growth, the authors compared four analyses strategies on the
basis of the effect estimated by each technique. The procedures which
were considered were the following: (1) raw gain scores, (2) gains in
standard scores, (3) analysis of covariance, and (4) Belson's approach
to analysis of covariance. Belson's method, in contrast with tradi-
tional analysis of covariance, estimates the regression slope using
only the data on the control group. In contrast to Kenny's conclusions,
Bryk and Weisberg's analysis indicated that both gains in standard
scores and analysis of covariance adequately adjusted for the fan
spread model. This conclusion was based on the assumption that the
covariate was perfectly reliable. When considering the other models
of linear growth that were studied, the authors concluded that these

approaches were inadequate in estimating treatment effects. They
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therefore suggested that pretest-posttest data were inadequate to adjust
for initial differences that frequently accompany the non-equivalent
control group design. Bryk and Weisberg further recommended that
researchers develop new procedures which might take into consideration
more data on growth collected prior to an intervention.

In their study, Bryk and Weisberg made a basic assumption that
both groups and individuals within groups grow linearly. As a result
they showed that analysis of covariance with a reliable covariate
correctly adjusted for the differential growth rates. The assumption
that individuals within groups grow linearly, however, is not necessary
for the fan spread situation as was pointed out in the first chapter.
Without this assumption and the assumption of a perfectly reliable
pretest, however, the procedure would not provide the appropriate
adjustment. These assumptions were not explicitly stated or discussed
in the authors' presentation. Furthermore, Bryk and Weisberg in con-
cluding that both gains in standard scores and analysis of covariance
provide the appropriate adjustment, implied that the two procedures
are equally appropriate. This is not completely true. While both
procedures estimate the same effect, the precision with which the
estimate is made differs. The precision of the strategy suggested
by Kenny is spuriously high. The issue of precision is considered

in detail in the next two chapters.
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Analysis of Covariance ith Multiple Fallible Covariates

The fourth analytic strategy which was proposed as a solution
to the fan spread model was the analysis of covariance with multiple
covariates. This procedure is an extension of the single covariate
analytic technique previously discussed. As in the single covariate
approach, multiple covariate analysis of covariance has been challenged
as inappropriate because of the unreliability of the measures. Unfor-
tunately, the solution to this problem appears more complex than the
single fallible covariate case. Pravalpruk (1974) considered two
approaches to this problem when two fallible covariates were available.
The first method he considered was an extension of Porter's (1967)
procedure of using estimated true scores as covariates. In addition,
however, he corrected the correlation between the two covariates for
attenuation before calculating the beta weights. In the second approach
considered, Pravalpruk transformed the second fallible covariate to be
independent of the first fallible covariate and then used the estimated
true score procedure. The first method was shown to estimate the
desired effect, while the second method did not. In simulating the
distributions of the F-statistic computed by the two methods, he found
that in the case of two-group designs the probability of a type I error
rate was satisfactory. In the case of a four-group design, however,
the type I error rates were found to be too liberal for practical use.
Pravalpruk concluded that the problem of multiple fallible covariate

remains unsolved.
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Stroud (1974) extended the procedure he suggested to the
single fallible covariate problem to include multiple covariates.

His solution, however, requires knowledge of the error variances
associated with each covariate. As yet no investigations have been
conducted studying the distributional properties of his test statistic
when small samples are available.

More recently, Keesling and Wiley (1976) have suggested a
procedure to adjust for initial differences that may accompany the
non-random assignment of experimental units to treatment groups. Their
technique is an extension of Lord's (1960) large sample covariance
analysis (discussed earlier) to include multiple covariates, some of
which may be error-free and others fallible. The two approaches are
similar in that the Keesling-Wiley procedure is also a large sample
solution; it requires replicate measures of the fallible covariates,
and it is useful in the analysis of two-group designs. Unlike Lord's
technique, however, the Keesling-Wiley procedure requires replicate
measures of the dependent variable as well as the covariates. It
does not require that the replicate measures be parallel, nor is
it limited to two replicates per variable.

Briefly, the Keesling-Wiley strategy is to take the within-
cell observed variance-covariance matrix of all replicate measures
to estimate the within-cell true score covariance matrix. Using these
estimates of true score relationships, the parameters of the structural
regression system of true dependent variables on the true covariates

can then be computed. These structural regression coefficients are
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maximum-1ikelihood estimates of the parameters computed following the
procedure suggested by Joreskog (1973) and implemented in a computer
program by Joreskog and Van Thillo (1972). The true adjusted dependent
variable is then calculated for each treatment group and compared to
assess the treatment differences. Further discussion of this approach

was presented in the previous chapter.

Summary

The review of the literature has indicated that the measurement
of change and the estimation of treatment effects in quasi-experimental
studies has been a focal point of a great deal of discussion. In dis-
cussing these issues, researchers have shown considerable disagreement
as to the appropriateness of various analytic strategies suggested for
quasi-experiments. The lack of explicit recognition of differential
growth rates as a contributing factor to biased estimates of program
effectiveness has contributed to that debate. The literature review
has also identified a serious weakness in the previous work in the area
of analytic strategies for quasi-experiments. That deficit concerns the
almost total neglect of precision as an issue in selecting among
competing analytic strategies. The next two chapters attempt to
shed some 1ight on the issue of precision as it relates to the

four proposed solutions for the fan spread condition.



CHAPTER 4

EFFECTS ESTIMATED AND THEIR STANDARD ERRORS

The four strategies considered in the second chapter have been
suggested as possible solutions to the problem of differential growth
rates between comparison groups in quasi-experimental studies. The
present chapter compares and evaluates these strategies on the basis
of two criteria: (1) the appropriateness of the effects estimated,
and (2) the precision with which the effects are estimated. While
the first criterion must be met before the issue of precision can be
sensibly addressed, the second criterion provides a useful basis on
which to decide among appropriate competing analytic strategies.

Two conditions of within-group growth are considered in evaluating
the effect estimated by each‘strategy. The first assumes growth to be
linear at the individual level across time such that an individual's
relative position within the group remains constant over time. This
is the "traditional" model of the fan spread condition examined by
Campbell and others and represented pictorially in Figure 4 found
in Chapter 1. This model of growth suggested that individuals began
to grow at some common point in time; and that the rate of growth
varied among individuals, but is constant for an individual within a
group. As a result, the relationship between test performance across

time is perfect except for measurement errors, p=1. Table 1 depicts

52
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Table 1

A Hypothetical Data Example of the Fan Spread Hypothesis
With the Linear Model of Within-Group Growth

Time O Time 1 Time 2
Individual YA X Y
1 1.8 3 4.2
Group 1 2 3.0 5 7.0
3 4.2 7 9.8
Mean 3.0 5 7.0
Standard deviation 1.2 2 2.8
4 4.8 8 11.2
Group 2 5 6.0 10 14.0
6 7.2 12 16.8
Mean 6.0 10 14.0
Standard deviation 1.2 2 2.8

this model of within-group growth for two hypothetical groups, each
consisting of three individuals at three points in time. For this data
set, measurement errors are assumed to equal zero. The second condition
of within group growth which is considered assumes that individuals
within a group do not grow linearly but rather in "spurts." The rate

of growth for an individual may therefore vary across time resulting in
some variability in the relative position an individual holds within the
group. This view of the fan spread model has not previously been con-
sidered in the literature. Pictorially it was represented in Figure 5
found in Chapter 1. Fol]owing‘this model of within-group growth, the
relationship between test performances across time is no longer perfect

even without measurement errors, p#1. Table 2 presents this model of
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Table 2

A Hypothetical Data Example of the Fan Spread Hypothesis
With the Non-Linear Model of Within-Group Growth

Time O Time 1 Time 2

Individual z X Y

1 2 11 22

2 3 17 31

Group 3 3 4 15 25

4 5 18 28

5 6 19 34

Mean 4 16 28
Standard deviation 1.56 3.16 4.74

6 4 15 28

7 5 21 37

Group 4 8 6 19 31

9 7 22 34

10 8 23 40

Mean 6 20 34
Standard deviation 1.56 3.16 4.74

within-group growth for two hypothetical groups each consisting of five
individuals at three points in time. For these data it is assumed that
there are no errors of measurement. While the two conditions described
above differ in terms of within-group growth rates, both have average
group growth that is linear. In considering both the appropriateness
of the effect estimated and the question of precision, it has been
assumed that the measures available are the same or parallel forms

of the same instrument.
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Estimation of Treatment Effects

The fan spread model of growth, as discussed earlier, suggests
that concomitant with an increase in mean difference between comparison
groups is a proportional increase in within-group variability. Further-
more, this relationship between the mean differences and pooled standard
deviation remains constant across time. Algebraically this relationship

is presented as

The terms are as defined previously. This representation of the
differential growth rate problem indicates that the appropriate

adjustment strategy should take the following form:

An analytic strategy having the above form would provide an unbiased
estimate of group differences in situations conforming to the fan spread
model of growth. Since the definition of the fan spread hypothesis does
not include a reference to the nature of the within-group growth pattern,
the above approach is appropriate for both condition 1, p=1, and con-
dition 2, p#1. Assuming that group 1 represents a program group and
group 2 the control, the estimate of a non-existent treatment effect

for the data from Table 1 depicting condition 1 is as follows:
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o
|

= -7-1.4 (-5).

Similarly assuming that group 3 represents a program group and group 4
its control, the estimate of the group differences for the data in

Table 2 representing condition 2 is as follows:

4.74
(28 - 34) - 76 (16 - 20)

o
]

(-6) -1.5 (-4).

The above examples demonstrate the appropriateness of the adjustment
technique suggested by the definition of the fan spread model or

alternatively that the data conform to the fan spread model.

Estimation With Gains in Standard Scores

The nature of the hypothesis tested by each of the four
analytic strategies is reflected in their respective estimates of
group differences presented in Chapter 2. The gains in standard
scores approach suggested by Kenny was shown to estimate group

differences as

%6SS ~ Myp “Hyc 7T, YMxp “Hxe’:
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This equation is identical to the adjustment strategy suggested above
based on the definition of the fan spread model of growth. In
Campbell's definition of the fan spread model, however, it was not
clear whether or not the hypothesis was based on manifest or latent
variables. If the fan spread hypothesis is defined on the latent true
variables then gains in standard scores uses the ratio of the standard
deviations on the observed variables, ;1 » when the ratio of the
standard deviations of the true variables, g%f ,» is desired. The

relationship between the variance of the manifest variables to the

variance of the latent true variables are shown in the following

expressions:
2 _ 42
and
2 _ 2
o =0 .
y =1y Pyy

The ratio of the standard deviations on the manifest variables in terms

of the latent true variables can be written as the following:

LY

If the reliability of the pretest equals the reliability of the post-

test, Pyx = Pyy? then the ratio of the observed score standard deviations

Yy
is appropriate for the latent fan spread model. On the other hand for

the latent fan spread model, the ratio of observed standard deviations
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is an inappropriate adjustment coefficient when the reliability of the
measures are not equal. Under the manifest fan spread model, gains in
standard scores strategy as proposed by Kenny is appropriate regardless.
While the discussion of the fan spread model indicated that
the appropriate adjustment coefficient was the ratio of the population
standard deviations for the posttest to the pretest, Kenny's procedure
estimates that ratio using the sample standard deviations. The expected
value of the ratio of the sample standard deviations, however, does not
equal the ratio of the population standard deviation, E(Sy/Sx) #oy/ox ,
where the samples are small. The effect estimated by Kenny's technique,
therefore, is not the desired one when the sample size is small.
Further discussion of this point is presented later in the chapter.
A final consideration concerning the gains in standard scores approach
is the fact that this procedure is not affected by the relationship
among the individuals within the comparison groups. For large samples,
then, the technique estimates the appropriate effect for both models of

within-group growth.

Estimation With True Score Analysis of Covariance

The second solution to the fan spread hypothesis proposed
earlier was the analysis of covariance model with estimated true
scores as the covariate. This approach estimates the group differences

as
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This statement of the estimate of group differences indicates

that this strategy is identical to the adjustment strategy suggested
by the fan spread definition except for the ratio of pxy/pxx‘ This
ratio provides a correction for errors of measurement. Therefore,

if the true relationship between the two measures is perfect as pro-
posed by condition 1, the ratio of the correlation to the reliability
of the covariate will also equal unity. Thus for the first condition
being considered, the analysis of covariance model with estimated true
scores provides the appropriate adjustment for the fan spread situation.
This result contradicts Kenny's (1975) conclusion that analysis of
covariance adjusted for an unreliable covariate does not appropriately
adjust for the differential growth rate problem. Since Kenny did not
specify the model of within group growth in his study, it must be
assumed that his examples illustrated situations where individual
growth rates were not linear across time.

Previously a distinction was drawn between the manifest and
latent fan spread models. Considering the latent model, the rela-
tionship between the adjustment coefficient provided by estimated true
score analysis of covariance and the ratio of the latent variable

standard deviations can be written as

o
Pxy %y . Ty
Pxx 9% 9Ty

The above expression is true when the reliability of the pretest and

posttest are equal for the linear model of within group growth. If
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the reliabilities are not equal then the following set of relationships

show that the appropriate adjustment is still provided by the procedure:

o o
Pxy %y &1(&)/( TX)
Pxx 9%  Pxx \YPyy YPxx

(0]
Puy Ty VPrx

Pxx Tx 7pyy

(o]
Ty
YOxx GTX

The last expression equals the ratio of the latent standard deviations
when the Tlinear model of within group growth is true. If the manifest
fan spread model is assumed then the effect estimated by the true
score analysis of covariance strategy is appropriate only when the
reliabilities of the pretest and posttest are equal.

The data example presented earlier from Table 1, where no
errors of measurement were assumed and p=1, demonstrated the appro-
priateness of the true score analysis of covariance technique. The
example also demonstrated that the assumption of the homogeneity of
regression slopes between comparison groups need not be violated in
a fan spread situation. For both groups the relationship between
the X and Y measures equaled one and the standard deviation for each
variable was equal across the two groups. The regression slopes are
therefore equal between comparison groups.

Under condition 2, however, the true relationship between the

pretest and posttest does not equal unity even after correcting for
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errors of measurement. The data in Table 2 represent this type of
situation. In this example the true relationship between the X and

Y measures equals .90. The estimate of the adjusted group difference
determined by the analysis of covariance model with estimated true

scores of the covariate is as follows:

GACTS © (“yp'“yc) T b

(28 - 34) - (.90) (‘3‘—7%) (16 - 20)

(-6) - (1.35) (-4)
= -.60.

Thus under condition 2 this strategy underadjusts for initial group
differences. The data in Table 2 also demonstrate the assumption of
homogeneity of regression slopes does not have to be violated in

situations conforming to the fan spread model.

Estimation With Adjusted Gain Scores

The third analytic strategy proposed in Chapter 2 to provide
an appropriate adjustment for the differential growth rate problem was
the adjusted gain score stratagy. This technique suggested that given
the results of two test administrations prior to the introduction of
the treatment, the average rate of growth within each group could be
estimated and used to adjust the raw gain scores for differences in
the growth rates. Estimating group differences with the adjusted gain

score strategy was represented as
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aags = (yp = Hye) = Gigy =) = [ (yp = gp) = (g - )]32—'3-
AGS yp ~Myc! T WHxp THxc Hxp ~ Hzp’ = VHxc " Hzc t-tp
The terms are as previously defined. In situations where the period
of time between the first and second pretests, (t] - to) equals the

period of intervention, (t2 - t]), the above estimate can be simplified

as the following:

O-AGS = (pr - Uyc) = Z(pr - ch) + (Uzp = uZC).

The utility of the effect estimated is demonstrated for the fan spread
data by showing that %NGS =0. Assume that the difference between the

two group means on the X variable equals some constant (a), u a.

xp ~Hxc ©
And the difference between the group means on the Y measure equals

(a+b) where b is any constant +b. Then for fan spread

? qu - uyc = a
data and equally distant time points the difference between the group
means on the Z measure would equal a-b; Hzp =Mz = a-b. The effect
estimated by the adjusted gain score strategy can be written as the

following:

%gs = Hyp ~Hyc " 2(uxp - uxc) + (uzp - Hye)

at+b-2(a)+(a-b)

2a - 2a
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The adjusted gain score procedure does not require equal time periods
between the administration of the tests. The group's growth rate can
be adjusted for differences in time periods by the ratio of the time
under investigation to the time between the first and second pretests.
Since the adjusted gain scores are only a function of means and thus
unaffected by errors of measurement, the procedure is appropriate for
both the manifest and latent fan spread models. Finally the adjusted
gain score strategy is not influenced by the model of within-group
growth, it is therefore appropriate for both condition 1, p=1 and
condition 2, p#1 of the fan spread hypothesis.

The estimate of the group difference provided by the adjusted

gain score approach using the data for Table 1 is as follows:
apgs = (Byp = Hye) = Gugp =mye) = Dluygp =50 = Gy = )]

(7-14)-(5-10) -[(5-3)-(10-6)]

o
1]

-7+5-[(2-4)].

For the data found in Table 2 the estimate of the group difference is

as follows:
tpas = (uyp-uyc) -(uxp - Uye) -[(uxp -uzp)'-(uxc - u,.)]

(28-34) -(16-20) -[(16-4)-(20-6)]

o
n

-6+4-[12-14].

Both of these examples assume that the period of time between to and t]

is equal to the period from t; to t2.
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Estimation With Multiple Fallible Covariates

The final analytic strategy suggested to adjust for the problem
of differential growth rates between comparison groups was the analysis
of covariance model with multiple covariates. The multiple covariates
are the double pretest data collected prior to the period of interven-
tion. In the review of the literature it was pointed out that because
of measurement errors in the covariates, the analysis of covariance
model has been judged as inappropriate in quasi-experimental studies.
It was also pointed out, however, that Keesling and Wiley (1976) have
suggested an approach which adjusts for the fallible covariates. As
a result their technique was suggested as a possible solution to the
fan spread problem. Following the Keesling-Wiley procedure, an

estimate of the group differences is stated as the following:

g
pTxT_y - pTxszTle T_y

=y -y - 7 (b, -wu,)

OMAC yp “yc 1 -pTxTz oT,  XP XC
T, Ty ™ PTTPT, Ty OTy )
- - U, _ -4 .

]- pTxTz OTZ zp ‘'zc

On the surface this estimate differs considerably from the one
suggested by the definition of the fan spread model. The nature

of the coefficients must therefore be examined. For condition 1 the
relationship between the test performance was said to be perfect, p=1.
Under this assumption, then, the following is true: pTxTy==pTxTz =
pTzTy’=]' In the above adjustment coefficients, there appears the
following factor in the denominator: 1 -p%xTz. If, as condition 1

suggests, the true relationship between test performance is perfect,
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then denominators in these coefficients are zero, and the coefficients
are undefined. The Keesling-Wiley approach is inappropriate for con-

dition 1 when the covariates are repeated administrations of the same

or parallel forms of the posttest measure.

Condition 2, on the other hand, suggests that the relationship
between test scores across time is not perfect p#1. Under this con-
dition the adjustment coefficients suggested by the analysis of
covariance strategy are defined. It is necessary then to determine
whether or not the coefficients provide the appropriate adjustment.
For the Keesling-Wiley procedure to be appropriate under condition 2

of the fan spread model, the following equality must be true:

p}[Xl-pXZpZ.!SX(U Su )+ e, 'pxgpx Sx(u -y )=(‘7‘Y‘(U v )
-Py; 9y  XP xc 1- Pyy Oy 2P zC o, Xp TXC

Where in the above expression the correlation coefficients, (p), and
the variances, (o), are in terms of the latent true variables. The
fan spread model defines the differences between the group means on

the Z variable as the following:

)

- Z _
Hzp “Hze T Oy (”xp Mxc

The Keesling-Wiley coefficient can then be written as

Pyy = Py P, O - Py 2Py
By Pdlay v,y el oy Iy o i)
Pxz X Pxz  Ox

[}
Q lg<Q
—
~

°°xz zy . Pzy pxz‘)Xy:l

X ] - p 1- pxz
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For the Keesling-Wiley procedure to be appropriate, then, the factor

in brackets must equal unity:

Py = P

Y

xz%zy | Pzy “Pxafxy _ |
1-p2 1-p2
Xz X2

This may be rewritten as the following:

= 2
or

(

- 2
pxy'+pzy) (1-0,,) =1 -0}, -

Further simplification of the equation is provided by noting that:

2

V-0, = (T-p,,) (T+0,,).

Thus for the Keesling-Wiley procedure to appropriately adjust for the

fan spread hypothesis under the second model of within group growth
(pyy *pzy) = (1+0,,).

This can only be true if both Pxy and p,, are greater than Pyz*

y
Since Pzy involves variables measured at two points farther apart in
time than Pyz? the above is highly unlikely. Given the more reasonable
assumption that the correlations between any two equally distant points
in time are equal, the statement cannot be true. Thus the Keesling-

Wiley procedure is inappropriate as a solution to the fan spread model.
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The data presented in Table 2 demonstrate the inappropriateness
of the Keesling-Wiley procedure for condition 2 of the fan spread
model. For these data the true relationships between the measures

are as follows:

Pox = .85, Ozy = .70, and pxy = .90,

With these values, the estimate of the group difference is as in the

following:
Py, - P,,P g P,., -~ P, P o]
i} ) _Pxy " PxzPzy By ) P2y " PxaPxy Cy )
“MAC (“yp L&c) =02, o, (“xp Mee) T -02, 0, (Uzp uzc)

(28 -34) - 20 (BBLLTO) 273 (16 - 20)

.70 - (.85)(.90) 4.74
1-(.85)7 T.56 (4-6)

-6-(1.099)(1.5)(-4) - (-.2342)(3.038)(-2)
-6 +6.595-1.4229
= -.8279.

The analysis of covariance with the two pretests as covariates does
not therefore estimate the desired effect under the fan spread model
for either condition 1, p=1, or condition 2, p#1.

The examination of the estimates of group differences by the four
analytic strategies has shown that for condition 1, p=1, gains in

standard scores, analysis of covariance with estimated true scores
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of the covariate, and adjusted gain scores all estimate the effect of
interest. Only the Keesling-Wiley analysis with the double pretests

as covariates was shown to estimate the wrong effect. For condition 2,
o#1, only gains in standard scores and adjusted gain scores were shown
to estimate the desired effect. Thus, researchers have a choice in
selecting an analytic strategy in both condition 1 and 2 of the fan
spread model. Given these findings, the selection of one technique

over another might be based on precision.

Precision

The precision of an analytic strategy is defined in terms of the
standard error of a simple contrast which in turn is determined by
the variability of the adjusted variable. Therefore, a comparison of
the standard errors associated with each analytic strategy provides
a way by which the precision of each technique can be assessed.

It was pointed out in Chapter 2 that each analysis strategy being
considered could be conceptualized in terms of an adjusted dependent
measure. In comparing a program group with a control group, the
contrast of interest is the difference between the means of the two

groups on the adjusted variable. The standard error is therefore

the square root of the variance of this contrast, ¢ Var (Wb-—ﬁk).

The variance of the contrast is defined as

var (W

p"WE) = Var (Wb) +Var (WE) -2 Cov (Wb,WE). (8)
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To determine the standard error of the contrast, both the variance and
the covariance of the adjusted means are needed. A1l of the analytic
strategies considered take this general form and differ only in the

approach used to define the adjusted variable, W.

Standard Error For an Index of Response

Since the gains in standard scores and the analysis of covariance
model with estimated true scores as the covariate use only a single
pretest and the posttest, the two approaches are similar in how the
adjusted variable is created. They both take the general form of an

index of response,
W =Y -KKX.

Where X and Y are the pretest and posttest scores, respectively, and
K is the adjustment coefficient. The contrast of interest, however,
is stated in terms of the group means on the adjusted variable which
can be written as: W = Y-KX. The variance of the adjusted mean is
the variance of the linear combination of posttest means minus the

product of the adjustment coefficient and the pretest mean,

var (W) = var (Y-KX)

(9)

1]

Var (Y) +Vvar (KX) -2 Cov (Y,KX).

If K is known to the researcher independently of his data--that is the
population parameter K is a known constant--the variance of the mean of

the adjusted variable could be further simplified to:
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Var (W) = var (Y) +Kk? var (X) - 2K Cov (V,X).

The strategies suggested by Kenny (gains in standard scores) and Porter
(analysis of covariance with estimated true score of the covariate) do
not assume knowledge of the correct adjustment coefficient; rather,
they require that the coefficient be estimated on the data. As a
result of fluctuation from sample to sample, the adjustment coefficient
must be considered a random variable. In determining the variance of
the adjusted mean, the adjustment coefficient appears only in combina-
tion with the pretest mean. Thus, to determine the variability of the
adjusted variable, the variance of the product of two random variables
and the covariance of a random variable and the product of two random
variables are needed. Keesling and Wiley (1976) have derived statements
for both of these terms assuming that K is independent of both X and Y.
The variance of the product of two independent random variables can be

written:
Var (KX) = E(K)? var (X) +E(X)2 var (K)+Var (K) var (X). (10)

The covariance of a random variable with the product of two independent

random variables can be written:
Cov (Y,KX) = E(K) cov (V,X),

where again, K is assumed to be independent of the pretest and posttest
means. The proof of these two statements is provided in Appendices A

and B. In summary, then, the variance of the adjusted variable is:



Var (W) = var (Y) +E(K)2 var (X) +E(X)? var (K)+Var (K) var (X)
- 2E(K) Cov (X,Y).

Finally, to determine the variance of the contrast of interest
(equation 9), the covariance of the two adjusted means is needed; i.e.,
Cov (Wﬁ,ﬁ;). Since only the adjusted coefficient is common to the group
mean on the adjusted variable, Keesling and Wiley state this covariance

term as:

Cov (wp,W;) = E(Yb) E(YE) var (K). (1)

The proof of this statement is provided in Appendix C.

Substituting equations 10 and 11 in equation 9, and assuming a
balanced design with the program and control groups having equal var-
iance on the pretest and posttest measures, the variance of the contrast

between two group means on an adjusted variable is:

var (W

p-Wc) = 2 [var (V) +E(K)2 var (X) +Vvar (K) var (X)

- 2E(K) Cov (Y;V)]-+E(Yb)2 Var K-+E(i;)2 var (K)

- 2E(Yb) E(i;) var (K).

This can be simplified to:
Var (W54-WE) = 2 [var(Y) + (E(K)%2+ var(K)) var (X)

- 2E(K) Cov (X,Y)] +[E(Yb) —E(X"C)]2 Var (K).
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Furthermore, E(Yb) = Yyp and E(YE) = u,.» SO that,
Var (Wp-ﬁc) = 2 [Vvar (Y)+(E(K)% +Var (K)) Var (X) - 2E(K) Cov (Y,X)]
+ (uxp-uxc)2 Var (K). (12)

Equation 12 is a general statement of the variance of the contrast of

interest.

The Standard Error For Kenny's Procedure

The strategy suggested by Kenny defined the adjustment coefficient
as the rato of the pooled standard deviations of the posttest to the
pretest: K:=§x-. To determine the expected value and the variance of
this coefficient, the density function of the ratio of two correlated
standard deviations is needed. Bose (1935) and Finney (1938) have
derived this function from the bivariate normal density function. The
density function of two correlated standard deviations is written as

the following:

n-l n-2 -2
dF = 2(1 -p2) 27 v ] - 4p%v? 2
CHEE o VT

where:

o represents the relationship between the pretest and posttest
for the population on the manifest variables;

B is the beta function;
S S

v al/a)-(—;and
y X

n is the sample size.
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The expected value of the ratio of the standard deviation is determined

over the interval from 0 to « the density function as in the following:

E(v) =/‘°° v dF .
0

To determine the variance of the coefficient, the expected value of the
squared ratio of the standard deviation is needed. This value is cal-
culated by integrating from 0 to = the product of the ratio of the

variances and the density function:

E(v?) =/ov2 dF,,.

Solving the above equation results in:
SY\_ (n-1)-20% O
(X )=An-1)= XL .

S2 n"3 02

X X
Appendix D provides the calculation leading to the above solution. The
solution to determining the expected value of the ratio of standard
deviation was more difficult and required the numerical integration
of the following function:

n-4

5
S * o
E = Iin-1 _/ Y (1-02)+8p% Y(1-Y (Yl-x) dy =L .
(—g—) [_i_'—Tr("—g-) /A (va-x) Ty

The derivation of this solution is provided in Appendix E. To integrate

this function, a "canned" computer program called DCADRE (de Boor, 1971)

was used in conjunction with the CDC6500 computer at Michigan State
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University. The solution of the equation for values of n ranging from
20 to 120 in multiples of 10 and values of p for the manifest variables
ranging from .1 to .9 in increments of .1 are presented in Table 3.
Earlier in this chapter it was stated that the ratio of sample standard
deviation was a biased estimator of the rate of population standard
deviation. The results found in Table 3 confirm that statement. If
the ratio of the standard deviations was an unbiased estimator of the
ratio of the population standard deviations then all entries in Table 3
would have been one. For a sample of size 30 and a correlation of .1
between the measures, the ratio of the standard deviations equals
1.0178. As the sample size becomes large and the correlation between
measures high, the magnitude of the bias is reduced. For example, with
a sample of 50 and a correlation of .8, the ratio of the sample standard
deviations equal 1.0038. Thus the procedure suggested by Kenny provides
the appropriate estimate of the group differences in a fan spread
situation only when the sample is large and the correlation between
measures is high.

The variance of the adjustment coefficient suggested by Kenny is

determined by:
() - [+()- («(2))

These results are presented in Table 4, assuming the population
variances of the two measures are equal. For a sample of 30 and
a correlation of .1, the variance of the ratio of the standard

deviations equals .03733. As the sample size and the correlation
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between the measures increase, the variance of the ratio decreases.
For a sample of 50 and a correlation of .8 the variance of the ratio

of the standard deviations equals .00769.

The Standard Error For Porter's Procedure

The analytic strategy suggested by Porter using the analysis of
covariance model with estimated true score of the covariate, defines
the adjustment coefficient as the ratio of the linear regression slope
of posttest on pretest to the reliability of the covariate: K = %¥:5-.
One way of calculating the reliability coefficient is to use the X
sample data and estimate a measure of internal consistency for the
pretest. It was suggested earlier, however, that a test-retest
reliability was a more desirable coefficient. If one of the two
administrations is also used as the covariate, there would be a lack
of independence between the regression slope and the reliability
coefficient, thus complicating the estimation of the expected value
and the variance of the adjustment. A second approach of estimating
the reliability coefficient would be to select an independent sample
of subjects and administer the instrument twice. This estimate of the
test-retest reliability could be obtained in the pilot testing of the
instrumentation. In both of these methods the resulting estimate of
the reliability coefficient is a random variable whose fluctuation from
sample to sample must be taken into consideration in estimating the
variance of the adjustment coefficient. A third way of determining
the reliability coefficient is to use the published test-rete;t reli-

ability coefficient if one is available. The researcher, however, must
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be careful that the reported reliability is appropriate for the
population he is studying. This latter approach was taken in the
present study because it seemed likely that a standardized instrument
would be used in an evaluation study and because it simplified calcu-
lations since the coefficient would be constant across replications.
Given that the reliability estimate is known, the expected value
of the adjustment coefficient is the product of the reciprocal of the
reliability coefficient and the expected value of the regression slope:

E(by"‘> -1 E@b. ),

oXX

and the variance is:

b
Var (—é’:) p:‘:x var (b ).
Thus the problem of determining the expected value and variance of the
adjustment coefficient is simplified to determining the expected value
and variance of the regression slope. To obtain these values, the
density function of a regression coefficient is needed. This function
is well known and appears in several forms. Kendall and Stewart (1952)

present the density function of the regression coefficient as:

dF =F(%)(]'pz)ﬂé]—<f& . db :
B YT (IL%J-) %

2) n/2
o2 po
2 y
0 “-pz)+<b-7;> ‘
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Where
p,oy,ox, and n are as defined previously; and

I represents the gamma function.

The expected value of the regression slope is determined by integrating

over the range, -« to +«, the product of the regression coefficient

and the density function,

(e}
E(b ) =op ai’- (13)

Appendix F presents the details of the integration. This result shows
that the sampled regression coefficient is an unbiased estimator of the
population regression coefficient. To determine the variance of the
regression slope, the expected value of the squared regression coeffi-
cient is needed. This is determined by integrating over the range of
-» to += the product of the squared regression coefficient and the
density function:

+
2 = 2
E(by°x) f b dFB.

- 00

Appendix G contains the solution to this integration problem.
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o o2
E(b2, ) = —X Y42 Y (14)
yx Oy

Combining equations 13 and 14:

Var (by.x) = E(b;,x) -(E(by.x))z,
_(-pn) %y
- 0)2('

In the earlier discussion of the adjustment coefficient suggested by
Kenny, it was assumed that the standard deviations of the two variables
were equal. Making the same assumption here simplifies the formula for
computing the variance of the regression coefficient and facilitates
comparisons with Kenny's adjustment coefficient. The variance of the
regression coefficient therefore is equal to:

2

Var (by~x) = ;—%g— .

Table 5 contains values of this ratio for the same values of p and n
that were considered in the discussion of Kenny's adjustment coeffi-
cient. For example, the variance of the regression slope with a sample
size of 30 and a correlation between the measures equaling .1 is equal
to .03667. As the sample size and the correlation between the measures
increase, the variance of the regression slope decreases. With a sample
of 50 and a correlation of .8, the variance of the regression slope

equals .00766. The variance of the adjustment coefficient suggested
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by Porter can then be calculated by multiplying the variance of the
regression slope by the reciprocal of the reliability coefficient
squared. The reliability coefficient for each entry in Table 5 equaled
the respective correlation between the measures. These results are
presented in Table 6. For a sample of size 30 and a correlation between
the measures equaling .1 with a reliability coefficient of .1, the
variance of the adjustment coefficient equals 3.6667. As the sample
size increases and the correlation and reliability increase, the var-
jance of the adjustment coefficient decreases. For a sample of 50 and

a correlation of .8 with a reliability coefficient of .8, the variance

of the adjustment coefficient equals .01197.

The Standard Error For Adjusted Gain Scores

The derivation of the standard error for the adjusted gain score
strategy involves a slightly different approach. An individual's

adjustment score is determined by the following formula:

Y-X-(X-7)

=
n

or

Where
Z,X, and Y are the first pretest, the second pretest

(administered just prior to the introduction
of the treatment) and the posttest, respecitvely.

The variance of this variable can be written as the following:
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Var (W) = Var (Y) +Var (X) +Vvar (X) +Var (Z) - Cov (Y,X) -2 Cov (Y,X)
+ 2 Cov (Y,Z) +Cov (X,X) -2 Cov (X,Z) -2 Cov (X,Z).
The above can be simplified to:

Var (W) = var (Y)+ (1 +%) Var (X) - (z+%) Cov (X,Y)

+l— [var (Z) +2 Cov (Y,Z) -4 Cov (X,Z)]

(see Appendix H). To facilitate comparisons with the two previous
standard errors, the above variance of the contrast of adjusted group

means can be written as the following:

Var (W) = var (1) +(1+3) var (X) - (2+3) cov (X,V)

+% [var (Z)+2 Cov (Y,Z) -4 Cov (X,Z)],

;]]. [var (Y)+(1 +-?‘—) Var (X) - (2+%—) Cov (X,Y)]
*E]T (Var (Z) +2 Cov (Y,Z) -4 Cov (X,Z) .

The Standard Error For the Keesling-Wiley Procedure

Since the analysis of covariance with multiple covariates was
shown to be inappropriate in fan spread situations for either con-
dition 1 or 2, the standard error associated with that technique is

not considered.
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To facilitate comparisons of statistical precision, Table 7
presents in summary, the standard errors associated with the competing
analytic strategies. The formulas presented in Table 7 indicate that
the standard errors of the analytic strategies being considered are
determined by a combination of four components. The first three
components involving: the variance of the posttest, the variance
of the pretest, and the covariance of the pretest and posttest, are
included in all three standard errors. Standardized gains and analysis
of covariance with estimated true scores consider the squared difference
between the population means in the fourth component, while the fourth
component of the adjusted gain score strategy involves the variance of
the first pretest and the covariance of the first pretest with the
second pretest and with the posttest. Since the three standard errors
are determined by basically the same components, the differences in the
precision of the analytic strategies can be explained by differences in
the coefficients of the four components.

The first component of each standard error is identical for all
three analytic strategies with 1 as the coefficient of the posttest
variance term. The coefficient of the last three components, however,
differ considerably. Both gains in standard scores and estimated true
score analysis of covariance strategies determine these coefficients
using the expected value and variance of their respective adjustment
coefficients. These expected values and variance estimates were pro-
vided in Tables 3, 4, and 6. The adjusted gain score approach, on the

other hand, determines the coefficient of the last three components
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solely on the sample size. Tables 8 through 13 present the coefficients
associated with the second, third, and fourth components of the standard
errors for the three analytic strategies being considered. For example,
the standard error for each competing analytic strategy when the sample
size equals 60 and the correlation between the measures equals .8 (see

Table 9) can be computed as the following:

for gains in standard errors:

/% [Var(Y)+(1.0194)Var(X)-2.0096 Cov(X,Y)+.00634(u, - u, )

for true score analysis of covariance:

[ & Dar(v)+(1.00968)Var(x)-2.0 Cov(X, 1)1+ .00968(u, -y )?

for adjusted gain scores:

/g%{Var(Y)+(1.0SO)Var(x)-Z.033Cov(x,Y)]+.00056[Var(Z)+2Cov(Y,Z)-4Cov(X,Z)]

Tables 8 through 13 were compiled using the previously derived
expected values and variances of the adjustment coefficients when the
variance of the pretest and posttest are equal. The fan spread model,
however, suggests increasing variability from pretest to posttest. This
assumption has the effect of increasing the expected value and variance
of the adjustment coefficients (see Tables 3, 4, and26) by a factor of

g

the population posttest to pretest variance ratio, 3%-. In general,
X
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the greater the difference between the two variances, the larger the
standard error. This results from the fact that the second component
is increased by the ratio of the variances while the third component
is increased by the ratio of the standard deviations. However, the
magnitude of the increased standard error is the same for the gains in
standard score approach as that for the estimated true score analysis
of covariance technique. Thus, in comparing the precision associated
with these two strategies, the coefficients found in Tables 8 through
13 provide a reasonable basis on which judgments can be made. The
adjusted gain score approach is not affected by the fan spread assump-
tion. Thus, the standard errors presented in Tables 8 through 13 remain
the same regardless of the difference between the variance of the pre-
test and posttest. The implications of this result when comparing the
standard error associated with the adjusted gain score approach with
either gains in standard scores or the estimated true score analysis

of covariance techniques are discussed in the following chapter.



CHAPTER 5

DISCUSSION

The previous chapter has considered the fan spread model from
two perspectives. One approach, the traditional perspective, is
viewed within group growth as linear with a common starting point
and a constant rate of growth for an individual but varying rates of
growth among individuals. This view of growth suggested a perfect
relationship, p=1, between test performances except for measurement
errors. The second perspective of the fan spread model viewed within
group growth as non-linear for an individual, but linear for the average
of the group. This approach suggested a less than perfect relationship,
p#1, between test performances even with perfectly reliable measures.
In considering the traditional conceptualization of the fan
spread model, gains in standard scores, estimated true score analysis
of covariance, and adjusted gain score strategies, were all shown to be
appropriate techniques. Choosing one of these strategies in preference
to the others must therefore be based on some criterion other than the
effect estimated. A second criterion was suggested involving the pre-
cision provided by each procedure in testing the common hypothesis. To
evaluate the precision, the standard error associated with each approach
was derived. Examining these standard errors showed that they were

determined by the same basic components. The three competing strategies
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have the same first three components consisting of the posttest
variance, the pretest variance and the pretest-posttest covariance.
They differ, however, in the coefficients associated with the second
and third components. The coefficients for the gains in standard scores
and true score analysis of covariance are determined by the expected
value and variance of their respective adjustment coefficient. The
second and third coefficients for the adjusted gain score procedure,
on the other hand, are determined solely on the basis of sample size.
There are considerable differences among the three strategies in the
fourth component of the standard errors. The fourth component for the
gains in standard scores and true score analysis of covariance is
determined by the square of the population mean difference between

the comparison groups on the pretest measure. They differ only in

the coefficient for this component which is determined by the variance
of their respective adjustment coefficients. The fourth component for
the adjusted gain score procedure, on the other hand, is determined by
the variance of the first pretest, the covariance of the first pretest
and second pretest, and the covariance of the first pretest and the
posttest. The coefficient for this component is determined by the
sample size. Although there were differences in the fourth component,
it was suggested that a comparison of the component coefficients could
determine differences in the precision provided by the three analytic
strategies. The coefficients of those components were presenfed in
Tables 8 through 13. These coefficients were appropriate for the

special case where the variance of the pretest measure and the posttest
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measure were equal. Conclusions based on this data, however, can
be extended to situations where the variances are unequal.

The first three tables, Tables 8, 9, and 10, present the coef-
ficients for the situations when the correlations between measures is
high (p>.7) which is 1ikely for condition 1. Under this condition,
there appear to be only minor differences between the coefficients
defined by the three strategies for the three components. Furthermore,
this result is consistent for both small and large samples. Special
attention might be given to the coefficients for the fourth component.
When the relationship between the measures is high, the coefficients
associated with the fourth component appear to be very small. For
practical purposes these coefficients could be judged to be essentially
zero.

The second three tables, Tables 11, 12, and 13, present the
coefficients for the situations when the correlation between measures
is low, (p<.7). Under this condition, typical for condition 2 of the
fan spread model, the coefficients associated with the second and third
components again appear similar for the three strategies. As the sample
size increases, the magnitude of the coefficients decreases, thus
reducing the standard error and increasing the precision of the test.
The coefficients associated with the fourth component, however, can no
Tonger be judged as being equal across the three competing strategies.
The coefficients for the fourth component of the adjusted gain score
strategy are unaffected by the relationship between the measures and

thus, remain essentially zero. The coefficients for gains in standard
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scores and estimated true score analysis of covariance, on the other
hand, are inversely related to the relationship between the measures.
The effect of this relationship is greatest in small samples. Thus,

in comparing the precision associated with the three strategies, the
adjusted gain score procedure must be judged as providing the smallest
standard error when the relationship between the measures is low. It
should also be remembered that the adjusted gain score procedure is the
only one of the three to provide unbiased estimates of effects for data
with Tow correlations.

The above discussion was based on the coefficients presented in
Tables 8 through 13. These values were determined for the situation
when the variance of the pretest equals the variance of the posttest.
The fan spread model suggests, however, that the variance increases
with time. This assumption of the fan spread model has no effect on
the standard error associated with the adjusted gain score strategy.
The standard errors of the gains in standard scores and true score
analysis of covariance are, however, affected by increasing variance.
As variance increases, the expected value and variance of the adjustment
coefficients increase, which in turn increases the coefficients of the
three components previously discussed. In comparing the three competing
analytic strategies, under increasing variance greater precision is
achieved through the adjusted gain score procedure than either gains
in standard scores or true score analysis of covariance. Furthermore,
the difference in precision increases as: the relationship between the
pretest and posttest measures decreases, the sample size decreases, and

the greater fan spread.
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The adjusted gain score procedure requires the availability of
two pretests prior to the intervention. When these data are not
obtainable, the decision must be made between gains in standard scores
and estimated true score analysis of covariance. Concentrating on the
coefficients for the gains in standard scores and estimated true score
analysis of covariance, a review of Tables 8 through 13 indicates
almost no differences when the relationship is high between the pretest
and posttest measures. Sample size has very little effect on the
magnitude of these coefficients in the first three tables. As the
relationship decreases between the measures, the coefficients associated
with the estimated true score analysis of covariance procedure became
slightly larger than those for the gains in standard scores approach.
This difference was more prominent in small rather than large samples.
The dissimilarity between the coefficients was especially salient in
comparisons considering the fourth component. These results indicate
that in situations where the relationship is low between the pretest
and posttest measures, gains in standard scores are likely to have a
smaller standard error than estimated true score analysis of covariance.
The observations on which this conclusion was based, were derived for
the special case when the variance of the pretest and posttest measures
was equal. In situations conforming to the fan spread model, the
increase in variability affects both strategies equally. Thus, the
above conclusion applies equally to situations conforming to the

general fan spread hypothesis.
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It should be noted that the standard error given for the gains
in standard scores procedure differs from that suggested by Kenny.
Kenny has suggested a two-stage process: first, determine the adjusted
variable; and second, use it as the dependent variable in the analysis
of variance model. This procedure assumes that the adjustment coeffi-
cient determined in step 1 is a constant across replications. Based

on this assumption the standard error takes the following form:

S? S
/—%—[Var‘ (v)+§{- Var (X) -2 31 Cov (x,v)]
X X

Kenny's standard error, therefore, differs from the correct standard
error presented in Table 7 by eliminating all factors involving the
variability of the adjustment coefficient. This reduced form of the
standard error produces spurious precision which leads to a liberal
test of the hypothesis under investigation.

The degree to which Kenny's procedure is too liberal is dependent
on the variability of the adjustment coefficient. Tables 8 through 13
provide some information on this question. When the relationship
between the pretest measure and the posttest measure is high and the
sample size is large, Table 6 indicates that the variability of the
adjustment coefficient is essentially zero. As shown earlier, these
are the only conditions under which the procedure estimates the correct
effect. Thus, under those conditions the procedure suggested by Kenny
is 1ikely to be appropriate. As the sample becomes small and the

relationship between measures weakens, the probability of error
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associated with Kenny's technique increases as does the bias in
estimating the effect. These observations were based on the situation
when the variance of the measures are equal across time. In situations
conforming to the fan spread model, the variability associated with the
adjustment coefficient increases and with it the inappropriateness of
the gains in standard scores technique. Thus, unless the sample is
large and the relationship between the measures is high, the use of
gains in standard scores as proposed by Kenny should be avoided. On
the other hand, the estimated true score analysis of covariance tech-
nique does take the variability of the adjustment coefficient into
consideration in determining its standard error. This procedure is,
therefore, appropriate when only a single pretest measure is available
and data conform to condition 1.

In summary, for the fan spread hypothesis under both condition 1,
p=1, and condition 2, p#1, the above findings have indicated that the
most desirable analytic strategy of those considered is that of adjusted
gains. This approach tested the correct hypothesis under both models of
the fan spread condition and with equal to or greater precision than the
competing analytic strategies. When only a single pretest was available,
estimated true score analysis of covariance was shown to be a more
desirable strategy than gains in standard scores for condition 1. This
conclusion, however, was limited only to the traditional conceptualiza-
tion of the fan spread model. This finding, however, was further
qualified by suggesting that when (a) the variance of the measures

are equal, (b) the relationship between pretest and posttest is high,
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and (c) the sample is large; the two procedures estimate the desired
effect with equal precision. Finally, when only a single pretest is
available and the second model of the fan spread hypothesis is appro-
priate, no strategy was appropriate. The multiple covariate analysis
of covariance as suggested by Keesling and Wiley (1976) was rejected
as an inappropriate technique for any condition of the fan spread

hypothesis.

A Data Example

To demonstrate the above results, which were derived analytically,
a data set was obtained and analyzed. These data were collected on
students from seven different elementary schools over a three-year
period. Each Spring these students were given the Stanford Achievement
Test battery and scores were recorded in the metric of grade equivalents
for each subscale of the test as well as total scores. In order to
simulate a situation similar to the evaluation of a compensatory
education program, random samples of 30 students from the first
quartile and 30 students from the second quartile, based on fourth
grade total reading scores, were chosen for comparative purposes.
Since the students involved were not part of any special program,
the only difference between the two groups was their growth rate.
The dependent measure chosen to compare the three analytic strategies
was the paragraph meaning subtest. Table 14 presents the means in grade
equivalents for the hypothetical treatment group (first quartile) and
the control group (second quartile) over the three year period. The

values in parentheses are the respective standard deviations.
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Table 14

Group Means in the Metric of Grade Equivalent Scores and
Standard Deviations on the Paragraph Meaning Subtest
of the Stanford Achievement Test Battery

Spring 1973 Spring 1974 Spring 1975
First quartile
(treatment) 3.01 (.530) 4.03 (.723) 4.44 (1.218)
Second quartile
(control) 3.97 (.453) 4.94 (.939) 5.54 (.939)

These group means are plotted on a time by achievement graph in Figure 7.
For the paragraph meaning subtest, students in the first quartile were
approximately one grade equivalent behind the students in the second
quartile. This difference remained constant over the three-year period.
The ratios of the group mean differences to the pooled standard

deviations at each point in time were 1.935, 1.089, and 1.012.

5.5F
5.0
4.5
4.0
3.5

3.0r

1 1 1

Spring '73 Spring '74 Spring '75

Figure 7. Group achievement means plotted across three points
in time.
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In addition to the three competing analytic strategies considered
in this study, traditional analysis of covariance and analysis of
variance with residualized gains were also computed. The residualized
gains procedure creates a new variable, W, by subtracting from the
posttest the product of the regression slope and the pretest measure.
The new variable is then used as a dependent variable in the analysis
of variance model. The results of these analyses are presented in
Table 15. Table 16 presents the effects estimated by each strategy.

These results illustrate several points raised in the earlier
discussion. Since there were no differences between the groups except
for natural growth rates, the correct conclusion from the analyses
should have been that the groups do not differ. The adjusted gain
score and gains in standard scores procedures indicated this conclu-
sion. Estimated true score analysis of covariance, on the other hand,
indicated a significant difference between the two groups. Examining
the relationship between the covariate (Spring 1974 data) and the
dependent measure (Spring 1975 data) indicated a correlation of .33.
To correct for measurement errors the Kuder-Richardson reliability for
internal consistency was used since the more desirable test-retest
reliability coefficient was not available. This reliability coef-
ficient equaled .92. The ratio of the correlation coefficient to
the reliability coefficient was, therefore, significantly less than

unity and little adjustment was made for initial differences.
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Table 15

Results of the Data Analyses Using the Gains in Standard Score
Strategy, True Score Analysis of Covariance, Adjusted Gain
Scores With the Analysis of Variance Model, Adjusted Gain

Scores With the Derived Standard Error, Traditional
Analysis of Covariance and Analysis of Variance
With Residualized Gain Scores

Sources d.f. MS F F prob.
Gains in standard scores
Between 1 .0835 .063 .802
Within 58 76.4297
True score analysis of covariance
Between 1 4.905 4.605 .036
Within 57 1.065
Adjusted gain scores (using the analysis of variance model)

Between 1 .8449 .667 417

Within 58 1.2661

Adjusted gain scores (using the derived standard error in a t-test)

Y _ -.604-(-.367) _ -.237 _ _ go92

p_¢ - -
——— > 5962
/H var (¥ -¥,) /3'6 (1.3157)

F=t2%=.64037

Traditional analysis of covariance

Between 1 5.690 5.343 .024
Within 57 1.065

Analysis of variance with residualized gains

Between ] 7.439 7.108 .010
Within 58 1.047
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Table 16

The Effect Estimated by the Gains in Standard Scores, True Score
Analysis of Covariance, Adjusted Gain Scores, and
Traditional Analysis of Covariance

Gains in standard scores:

S
agsg = Yp-VC - gf (xp-xc)

1.0785
.831

4.44 -5.54 - (4.03 - 4.94)

05sS .08

Estimated true score analysis of covariance:

b
N 2 3
org Yp YC oo (X-p XC)
= 4.44-5.50 - *2% (4.03 - 4.94)
XF;
ars = -.665

Adjusted gain scores:

e = Yp Y. - (xp -X) - [(Yp -Tp) - (X, -7.)]

4.44 -5.54 - (4.03-4.94) -[(4.03-3.01) - (4.94-3.97)]

“es = -.24

Traditional analysis of covariance and residualized gains:

ape = Vo=V =byoy (K -X0)

4.44 -5.54 - .44 (4.03 - 4.94)

% © .70
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Kenny's procedure indicated no statistically significant
differences between the comparison groups when the posttest was
the Spring 1975 data and the pretest was the Spring 1974 data. The
conclusion would have been different, however, if the period under
investigation was the 1973-74 school year. The effect estimated by
the strategy would have been the following:
S

— --—- ——1- — -—
%ss = Yp Ve Sy (Xp Xe)

n

4.03-4.94 - =831 (3.01-3.97)

-.91-1.689 (-.96)

g1,

thus indicating a positive treatment effect when there actually was
no treatment.

The adjusted gain score approach was computed treating the
adjustment as a constant (like Kenny's technique) and as a variable.
The degree to which the former analysis is spurious is illustrated by
a comparison of the two F-ratios. The F-ratio when the adjustment was
treated as a constant was slightly larger, indicating a slightly more
powerful test.

The data were also analyzed using the traditional analysis of
covariance and the analysis of variance with residualized gains as
the dependent variable. The purpose of doing these analyses was to
illustrate the inappropriateness of both procedures. The adjustment

coefficient used by both procedures is the same, i.e., the observed
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The average achievement for a particular group was then defined as

Average Achievement = y_ (tj '“r)’

Wy is the average growth rate of the group;

t. is as defined above; and

u is the average point in time when the individuals in the
group began to achieve.

Based on this simple model of linear growth, the authors showed that
the theoretically correct adjustment coefficient for all linear growth

patterns should take the form

)

TC™

S

Moo (ty- (ty-u
X

Hap (t

qu) U
up) Mo (t

X 't
where the subscripts p and ¢ indicate the program and control groups,
respectively. This coefficient times the difference between the two
groups on the pretest, results in the adjustment factors

TR -(unp (ty-urp) - (t

yp  "yc '“tc))'

y

From this formulation of individual growth, Bryk and Weisberg argued
that the gains in standard scores and analysis of covariance with a
reliable covariate provided an unbiased estimate of group differences
in situations conforming to the traditional fan spread model. Bryk and
Weisberg suggested, however, that in situations other than the tradi-

tional fan spread, neither of these procedures adequately adjusts for
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differential linear growth patterns. Their conclusion, therefore,
concurs with the findings observed in the present study.

The present study introduced an adjusted gain score strategy.
The estimate of group differences determined by this procedure was

written as

s = Hyp " Hyc -(uxp -uyc) -[(uxp -uzp) - (bye =1y 3

In terms of Bryk and Weisberg's model, this estimate of the group

difference can be written as

%ags = Fyp ~Hyc T (uxp-uxc) [(u"p(tx-u ) -u .,rp( ;- p))

’

'(“nc(tx '“Tc) '“nc(tz 'urc))] :

Where:
Hyp u"p(tx -urp);
Mo Hrp(ty = ¥pp)s
Mxe “wc(tx"“rc); and

Mye et M)

Since the average growth rate for each group is assumed to be constant
across time, the above estimate of group differences can be simplified

to

OGS = Pyp My = (ixp ~txc) = [al (tx =ugp) - (£, =)

el -l - (- 1]
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Further simplification is obtained by the following substitution:

t -u

X = (t,-t,)+ (t

) z"“rp)'

Therefore, the adjusted group difference can be written as

%gs = Pyp ~Hyc -(uxp -uxc) -[uﬂp(tX -t,) - (ty - t,)].

If the period of time between the first and second pretests equals the

period of intervention, and changing u

)

Xp and u, . to unp(tx -qu) and

p (t, -u

I(ohe S J'

%gs = Hyp —uyc--[unp(tx “Hep) Hpc{ty hpe) st -t )t -t ).
Combining similar terms:

Ogs = Yyp My~ [Hmpl (ttep) * (ty = t)l-uncllte -uec) + (ty - tx)]] ‘
Which can be further simplified to

“AGS = Hyp “Hyc '[“np(ty"“rp) '“nc(ty"“rc)]'
This is the adjustment factor identified by Bryk and Weisberg for all
linear growth patterns. Thus, the adjusted gain score strategy provides

not only the appropriate adjustment for the fan spread model but also

any situation in which group growth is linear.
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One Group vs. Two Group Research Designs

The adjusted gain score strategy has been shown to be an
appropriate technique in situations where groups are changing linearly.
Given the assumptions of linear growth and the availability of data
from two pretests, the necessity of having an independent control group
may be questioned. Under these conditions it might be argued that a
treatment group could serve as its own control. This could be achieved
by defining a regression line based on the pre-intervention data and
predicting posttest scores under a no-treatment effect condition. Dif-
ferences between the obtained posttest performances and the predicted
performances might then be attributed to the treatment. While this
approach might be used, it would be difficult to argue that differences
between the observed and expected posttest performances were due solely
to the treatment. History, maturation, testing, and regression effects
are all reasonable threats to internal validity for this approach. The
first two threats represent those alternative explanations which can be
attributed to changes either outside or within the individual that
occur concurrently with the treatment. The last two threats, on the
other hand, are factors which could distort the predictive regression
line. Testing refers to changes in test performance from the first
pretest to the second pretest that are a result of familiarity of test
items. Regression effects are those distortions attributed to positive
or negative errors of measurement. The use of an independent control
group provides a means by which the effects of these threats to internal

validity can be controlled as long as those effects are equal across the
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two groups. For example, if there are testing effects equaling
(a) units on the X measure and this distortion is the same for both
groups, then the estimate of the group difference using the adjusted

gain score procedure could be written as

Hyp “Hye ~Llyp+a) - Gy @) T - [l +a-uyp) - (u +a-u, )]

yp "yc

Myp My [(uxp “u ) *(a- <‘=\)]-[(uxp “Hzp) = (iye - Hge) +(a-a)l.

Thus, as long as the distortions affect both groups equally, estimates
of group differences are still appropriate. The selection by regression
or testing interactions refer to the distortions which affect one group
to a greater extent than the other group. If this assumption is
violated then the group difference estimated is biased.

In addition to the issue of internal validity discussed above, a
further consideration is the question of precision. With an independent
control group, the contrast of interest is the difference between the
adjusted group means. The standard error associated with that contrast

can be written as
Y2 Var (W).

The degrees of freedom associated with this test is the sum of the two
sample sizes minus 2. In the single group design the contrast of
interest is the adjusted group mean minus zero. Its standard error

can be written as

Y Var (W).
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The degrees of freedom associated with this test is the number of
individuals in the group minus one. Comparing the one group versus
the two group design in terms of precision would indicate smaller
error variance associated with the former. The two group design,
however, has more degrees of freedom. The difference between the
degrees of freedom becomes negligible, however, when the sample is
large. Thus, the one group design is likely to provide greater
precision than the two group design. The problems related to threats
to internal validity in the one group design, however, discourage the

use of this approach.

Limitations

The adjusted gain score procedure has been presented as an
appropriate analytic strategy for situations conforming to the fan
spread model. In order to focus attention on what were considered to
be the central points for comparison, some assumptions about the cir-
cumstances of application have been made. A basic assumption was that
it is possible to measure the same individuals repeatedly on the same
variable. This may be difficult in a real world setting. The example
data examined in the present study to illustrate the analytically
derived results, however, has indicated that it is not impossible
to obtain such measurements. In schools both the administration and
teachers require repeated testing to monitor student progress. These
tests, however, may not be appropriate for the adjusted gain score
approach since they are unlikely to be the same test or a parallel
form of the test. With careful planning, repeated testing of

individuals with parallel forms of a test may be possible.
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A second assumption has been that there are no selection by
regression or selection by testing interactions. Regression effects
and testing effects were briefly discussed earlier. If these dis-
tortions of the group's growth rate affect both groups equally, then
an estimate of group differences is not affected. On the other hand,
when there are differential effects associated with these threats to
internal validity, then the estimated group difference is biased.

Finally, the adjusted gain score strategy has been based on the
assumption that groups grow in a linear fashion. This assumption is
likely to be met in situations involving short periods of time. Over
extended time periods it seems less likely that a linear model would
adequately characterize group changes. The estimated true score
analysis of covariance and gains in standard scores strategies also
make the same assumption about linear growth. These procedures,
however, use data obtained over a shorter period of time than adjusted
gain scores and thus less likely to violate the assumption. When the
assumption is violated, the adjustment provided by the adjusted gain
score strategy can be totally inappropriate. Thus, in situations
where the intervention period is extensive, the use of the adjusted

gain scores may not be appropriate.
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APPENDIX A

THE VARIANCE OF THE PRODUCT OF TWO RANDOM VARIABLES

Given: X and Y stochastically independent such that
£,  E(Y)
var(X) = =

E(X) n

jo»
"

|><
'

™

X’ - Zx’

<
o
S
—~~
-<
o
"
Ky
n
| <
'
1>

Var[X'Y] = Var [£'n+E'S+e'n+e's]

var (£'n) +Var[g's] +Var[e'n] +Var [e'8] +2 Cov(g'n,E'S)

+2 Cov(£'n,e'n) +2 Cov(E'n,e'8) +2 Cov(£'S,e'n)
+2 Cov(g's,e'6) +2 Cov (e'n,e's)

0+£'5,E+n'En +E[(€'6)2]+0+0+0+0+2E[(£'8)(e'8)]
+2E[e'n,e's]

_Q_'ZXE+D_‘Z£Q+E[tr{(_e_'g)(_d_'e)}]+2E[tr{(§_'g)(§‘g)}]
+2E[tri(n'e)(e's)}]

E'LE+n'E CNHELtr {(88")(ee' )]+ 2E [tr{(88")(eg")}]
+2E[tr{(cs )(8n')}]

g'eyk +H'Z£n+tr‘{E(§(_5_') E(ee')}+2tr{E(s6') E(e£")}
+2tr{E(ee’) E(sn')

g+n'e n+tr{r I }

TELATLEAT I

If X and Y are scalars rather than vectors:

var(XyY) = [E(X)] 0 +[E(Y)] o2 +ox y
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APPENDIX B

THE COVARIANCE OF A RANDOM VARIABLE AND THE
PRODUCT OF TWO RANDOM VARIABLES

Given: W =12 - X Y where Z and Y are stochastically independent of X

and such that

E(X) = &,  E(Y)

Ex, Var(Y)

n E(Z)

Zy, var(Z)

g
Var(X)

2 -
o7 Cov(z,y) = OZX

Cov(Z,X'Y)

E(Z,X'Y) -E(Z) E(X'Y)
E(X') E(Z,Y) -z &'n
g'[E(Z,Y) -zn]

£' Cov(Z,Y)

- £'%y

If X and Y are scalars rather than vectors:

= E(X) Cov (Z,Y).
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APPENDIX C

THE COVARIANCE OF TWO ADJUSTED VARIABLES
If w] = Z] - _X_'X_] and N2 = ZZ - XIYZ

Z] and Y] are independent of Z2 and Y2 and X independent of Y and Z

Cov (N]wz) Cov (X'Yy» X'Y5)

tr(Zy

Y, ZQ-+nT£h-+gT

3
2 % = Y~

1<

13

0 Iy o

Ix

If X and Y are scalars rather than vectors

= E(Y]) E(Yz) var(X).
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APPENDIX D

THE EXPECTED VALUE OF THE RATIO OF TWO NON-INDEPENDENT
SAMPLE STANDARD DEVIATIONS SQUARED
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APPENDIX D

THE EXPECTED VALUE OF THE RATIO OF TWO NON-INDEPENDENT
SAMPLE STANDARD DEVIATIONS SQUARED

The density function of the ratio of two correlated standard

deviations was derived by Bose (1935) and Finney (1938) as the

following:
n-1 _n
dF - gﬁj _Ez )_2_ . wn-2 I 4pzw2 2-
s(%5L, 150) " ew™ | e’
Where
y o 2/%
5179,

-1__ 2 _b1/52-4,b1v'€2-4
bsvb?-4  b¥/bZ-4 2

let's choose the + sign for x

x=-]é-gb+m% X! =]§{b-fl;5-—4}
X+ xV=b
X -x'=/b2-4
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If X = W2, b= (1-02) (t+t2) +4p2-2
2
(W+W1)% = W2+W242 = b+2 = (1-p2)(t+t1) +4p?

(W) W-W ) B= (-p2)(tre ) (b-t) &

2 2
W ) < 1 ) ) 1
1+ W2 W+W2 (1-p2)(t+t1)% +4p?

1-4p2 ( W ) - (1-p2)(t+t'1)i
(1-p2)(t+t"1)" +4p?

(W2-W2)=y/b2-4 =/ (b-2)(b+2)

100 e+ )" +ap2H{(1 - 02) (£ +27)" +4p? - 4]

J-ef - (et +aor Hi(e ) -4

[}

(t-t)(1-02)"" {1 -02)(t+t) " a2}

dw (1-p2)(t+t2)(t-t 1) dt
W (t-t)(1-02)" {1 -02) (b + ) a2} 8

(1-02)"2 (£+t71) dt

(-2 (t+t) -ap2} 0t
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2 n-1 -
(i) |7 e () | o
(1 +W?) 1+W2 W

i L (1-p) (e )’ +4pz}% (1-02) " (t+t) dt
E-Z]" 7 n 2 172 ¢
t(l-oz)(ut")zwoz; (1-07) (w222 ;(1-02)(1:% ) +a02
) 1] gft'
—
(12) 7 (s0e)
dF, = 2 ] S‘-t-t-

t -
(%% ) (et ]

2
Let y = 1-y= d=——2tdt2
1+4t2 1+¢t2 (1+t2)
n-3 n-3 n-3
2 dt 2t t dt 2 2
= =y (1-y) dy
(t+t 1)1 ¢ (1+t2)"3 (1 +2)
7o
2
dfF = -y dy
y B n-1 "'1)
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Where (W+W-1)’ "%%%?"7 + 4p7

2
E(W+W™!)

E(W+W-1)

T T

_ A2 1
(1-0%) E grroyy + %
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E(W2) +E(W-2)+2 = 2 {E(W?) +1}

. 4(n-2)(n-3) _ 4(n-2)
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THE EXPECTED VALUE OF THE RATIO OF TWO
NON-INDEPENDENT SAMPLE STANDARD DEVIATIONS

From Appendix D:

2
ek = [y + 4o

E(W+W-1) = 2E(W)
n-3
A va
0 8("% %

" n-4
I'(n-1 2
m_rﬁﬂ,.j)]f [T=07 +40% y(1-y) [y(1-y)] 2
0

The above integral was evaluated with the DCADRE program on the
CDC6500 computer.

9y S,
2 51

S
E(-S-f-)ﬁn,lﬁ.,f Y1 -7 +407 y(1-y) [y(l-y)]Tdy—]
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APPENDIX F

THE EXPECTED VALUE OF A SAMPLE REGRESSION COEFFICIENT

Density function for (By-x) =
5
LUATE R -
dF = r(g)o - (Sy—\)n g b 72
g p g, \2)n
77 (%) ;yr“'pz)*(b' Ty')
X X
(0]
let =L = k
c)‘)(
E(b = ﬁ)“ o) (" b db
yex)
/Tr(ﬂé—l) o ’kz(l - p2) + (b - pk)2{"/2
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let t =b-pk
b=1t+pk
db = dt
v = k?(1 -p?)
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|}
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+
+
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<
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—
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N
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17 [%_ (v - vy)1”2 (_\))] - [(v-vy)l/z;— (y)]l/z

dt =
y
_ 2 [v-(-y)1 v\
y
-;_ l:.y1/2_y1/2 w172 4 12 (1 -_Y)l/2 Q ‘.Y)VZJ
_ [ -y) y]'2
y
_\)1/2 y+1l-y
T2 Ty v~
y
_yl/2 1
dt = \)2 dy

[(1-y) y]*2y
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t dt
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1+ -ti)nm vi/2
v

_\)1/2 1 dy
172 2 [(] -y) V2 yuz] y vi72
n-4
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THE EXPECTED VALUE OF A SAMPLE REGRESSION
COEFFICIENT SQUARED

n-1

- - r@)-e1) 2 (3)"'] 2 db 2

() N ;’rn-oz)«»(b-";x) i
X
o
let Ef = k
n-1
E(b?) = r(%)(l-nsz)T -1 f+°° b _db

ﬁ?r(T) - ,kz(l -pZ)+(b-gk)"W2

+ o0
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2
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t=b-pk
b=t+pk
db = dt
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From Appendix F
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THE VARIANCE OF THE ADJUSTED GAIN SCORE VARIABLE

Let: Z represent the first pretest

X represent the pretest administered immediately prior to
the intervention

Y represent the post-intervention test performance

Then the adjusted score is determined as follows:
W=Y-X-[X-7]
W=Y-X-X+Z

Var (W) = Var [Y-X-X+Z]
Var (Y) +Vvar (X) +var (X) +Var (2)
2Cov(Y,X) - 2Cov(Y,X) + 2Cov(Y,Z) + 2Cov(X,X) - 2Cov(X,Z) - 2Cov(X,Z)

Nn -
LI (Y-u)(X-u)

Cov(Y,X) = N
Nn _ Nn Nn Nn
=£ZYX-ZZYux-EZXuy+ZZuyux/Nn
P{ —— N
=InYX-ZnYyu, -Nn M, H +Nn “y“x/N"
N _ _ N
=zY‘x-ux2Y/N
N __ wu,u
zvx-—"n—l
= N
= Cov (Y,X)
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Cov (Y,Z) = Cov (VY,2)
Cov (X,X) = var (X)
Cov (X,Z) = Cov (X,Z)

Assume a single population with observations on two variables X and Y.

Select N random samples of size n from that population, then:

cov (X.Y) = Cov nX,Y)
N _ _
_ oz (Xmu)(Y-u)
Cov (X,Y) = N
-g_V Y +
= 22X V-Xu -V u uxuy)/N
N__ N_ N _
= ZXY-ZXuy-ZYuxH: My uy)/N
e N
=(ZXY-Nu, uy-N My u tN oy uy)/
- N"V
={z XY-N My uy)/N
nn
N__ N
IXV =1 X Y
r‘2

n n n
EXIZY=¢C XiYi+n(n-l) My My
o, (X3 +X) (Y +Y,) =X Y+ XY, + XYy +X5Y

assuming that all pairs where i # i' are independent and there are

n(n-1) such pairs.



N
z

1 nxn
n £IX I

3

(

1 Nn N ]N2
Y = — ZZXY-Znuxuy +Hz2n Ho M

1 Nn
[ﬁr [ZZXY-Nn uxuy]+Nuxu

y-N My uy] / N

]Nn
o ZZXY—Nnuxuy]/Nn

1
n

Cov (X Y).
Var (W) = var(Y) +Vvar(X) +Var(X) +Var(Z) - 2Cov(Y,X) - 2Cov(Y,X) + 2Cov(Y,Z)

+2var(X) - 2Cov(X,Z) - 2Cov (X,Z)

Assuming independent samples Cov(X,Y) = glr(ful .
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Var(W) = Var(¥) +Var(x) +< var(x) + L var(z) - 2Cov(¥,X) -  cov(¥,x)

2 2 4
o Cov(Y,Z) e Var(X) - Cov(X,Z)

var(Y) + [Var(X) +;— Var(X) +;2‘- Var(x)] + [- 2 Cov(X,Y) -% Cov(X.Y)]

1

2 4
e Var(z) + o Cov (Y,Z) - Cov(X,Z)

var(Y) + ( 1 +%) var(X) -(2+-r2]-)Cov(X,Y)

+%— [Var(Z) +2Cov(Y,Z) - 4Cov(X,Z) - 4Cov(x,Z)]
Var(W) = %[Var(Y) +(1 +%\ Var(X) -(2 +%—)Cov(x,Y)]

+;‘lz_ [Var(Z) +2Cov(Y,Z) - 4Cov(X,Z)] .
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