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ABSTRACT

THE UNIFORM APPROXIMATION OF A FUNCTION AND
ITS DERIVATIVES BY POLYNOMIALS

by Frederick James Schuurmann

Let X be a compact subset of the real line, and let
I be a finlte collection of nonnegative integers including
0. The function f(x) and the base functions {¢i(x)}121 are
assumed to be in CY(X) while the weight functions wk(X) for
keI are continuous on X. The problem is to find real

scalars 81585500058, which minimize

dk
Max Iwk(x) —x [f(x) -

a, 6, (x)]1] .
(x,k)eXxI ax 171

ne s

i=1

The main objective 1s to provide an efficlent method for
the computation of a best approximation on a digital com-
puter when X 1s a closed interval.

First the problem of the exlistence of a best approxi-
mation 1s discussed. Then the characterization of a best
approximation 1s treated to provide a basis for the com-
putational algorithm as well as to provlide a method of
determining when an approximation is a best approximation.
Results are also obtalned concerning the dimension of the

space of best approximations.
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Next, sufficient conditions for the uniform con-
vergence of the polynomial and 1ts derivatives to the
function and 1its derivatives as the number of base
functions 1increases are given.

It was also found that with the appropriate hy-
potheses the approximation of a function and its first
derivative on an interval by certain classes of base
functions 1s unique.

Finally, two algorithms which use linear programming
to find best approximations on finite point sets are pre-
sented and convergence theorems given. Several compu-

tational examples are also presented.
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INTRODUCTION

Many advances have been made 1n the study of approxi-
mation theory since the rise of the electronic computer.
The computer has stimulated the study of approximation
theory because approximations are necessary in the effici-
ent handling of many problems, and the computer provides
the means whereby approximations may be computed. Many
problems which once were diémissed as impractical because
of the difficulties of computation are now solvable using
an electronic computer.

A recent blbliography of approximation theory, a
survey of recent Russian literature in approximation theory,
and a number of papers on approximation theory are given
in Garabedian [10]. Another earlier survey of literature
in approximation theory 1s given by Buck [3,4]. Recently,
several new books have been published which deal exclusively
with approximation theory. Among these are Rice [23] and
Cheney [5]. Both of these books contain extensive biblio-
graphies.

The problem conslidered in this paper 1s that of
approximating a gilven functlion f by a polynomial in such a
way as to make one or more of the derivatives of the
approximating polynomlal approximate the corresponding
derivatives of the functlion f in some prescribed manner.
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In the first chapter, the existence and charac-
terization of best approximations are treated exten-
sively. Next the uniform convergence of best approxi-
mations to f and the continuous dependence of best
approximations on f are studied. A theoretical algorithm
for the computation of a best approximation is also pre-
sented. Then several classes of problems are described
which have unique best approximations. Finally the
computational problems of finding a best approximation
are considered. Two algorithms are given and conver-
gence theorems presented. Several numerical examples

are also given.



CHAPTER I

EXISTENCE AND CHARACTERIZATION

1. Introduction

Let X be a compact subset of the real line, and let
I be an finite collection of nonnegative integers including
0. The function f(x) and the base functions
¢1(x),¢2(x),...,¢n(x) for fixed n > 1, are assumed to be
in c9(X) where q 1s the largest integer in I. For each
kel let wk(x) be a continuous weight function on X. (We
show in Lemma 1.5 that there 1s no loss of generality in
assuming that the welght functions are nonnegative.) The
following standard notation willl be used:

, D = —ii Df(xo) = Qﬁé%l

D :-—' £}
dxk

4
dx

1.1 Definition. Let T be a closed subset of XxI and let

geCd(X). Then define MT[g(x)] = Maxlwk(x)Dkg(x)I. If
(x,k)eT
T = XxI we will write M[g(x)] for MT[g(x)]. (A set TeXxI

is called closed if the sets Vk = {x:(x,k)eT} for kel are

all closed subsets of X.)



1.2 Problem. Find real scalars 215855052, such that
n
MIf(x) - I a,é,(x)]
1=1 iv1

is a minimum. A solution to this problem 1s called a best

approximation to f(x) on XxI with weight functions {wk(x)}.
As a notational convenience, points in E" are repre-

sented by a = (al,az,...,an), B = (bl,b2,...,bn), etc.,

while polynomials are represented by

n
P(x,a) = I a,¢,(x).
3 1=1 171

Also, for any closed set T€ XxI, let

e(T) = Min MT[f(x) - P(x,a)].

aeEn

It is shown in Theorem 1.16 that this minimum exists.
e(T) will be called the deviation of a best approximation

to f(x) on the set T. We define
R(T) = {acE™:MT[f(x) - P(x,a)] = e(T)}

to be the set of all best approximations to f(x) on T.
When T 1s XxI we will write R for R(T) and e for e(T).
The norm to be used on the polynomial coefficients which
are points of ET 1s

|lal| = Max|ay]|
i=1,2,...,n



Throughout this paper the symbol T, with or without a
subscript or superscript, wlll denote a compact subset

of XxI.

1.3 Theorem. MT[g] 1s defined for all gqu(X) and has
the properties:

(a) 0 < MT[g] < =

(b) MT[g] = 0 if g = 0

(¢) MT[tg] = |t|MT[g] for any real scalar t

(d) MT[g + h] < MT[g] + MT[h].

The first three propertles are obvious. The fourth
can be proved using the triangle inequality for real num-
bers. Since we allow the weight functions to be zero, we
cannot prove the converse of (b); hence MT[g] is a pseudo-

norm.

1.4 Corollary. The set R(T) of best approximations 1is

convex.
Proof: If P(x,a) and P(x,B) are two best approximations

and 0 < t < 1, then
MT[f(x) - tP(x,a) = (1 - t)P(x,8)]
= MT[t(f(x) = P(x,a)) + (1 = t)(f(x) - P(x,8))]
< MT[t(f(x) - P(x,a))] + MT[(1 - t)(f(x) - P(x,8))]

= tMT[f(x) - P(x,a)] + (1 - t)MT[f(x) - P(x,8)] = e(T)



Observe that the 1inequality in the above relation is
actually an equality for all t. If this were not true,
some linear combination of P(x,a) and P(x,B8) would be a
better approximation than either P(x,a) or P(x,8).
Therefore, any convex combination of two best approxi-

mations 1s a best approximation. Q. E. D.

1.5 Lemma. Let {wk(x)} for kel be continuous weight

functions and

M,[g] = Max wk(x)Dks(x) s Mylgl = MaXIlwk(x)IDkg(x)l-
(x,k)eXxI (x,k)eXxI

Then P(x,a) 1s a best approximation to f(x) in the pseudo-
norm Ml if and only 1f P(x,a) is a best approximation to

f(x) 1n the pseudonorm M, .

Proof: P(x,a) 1s a best approximation in Ml[g] if it

minimizes

Max |wk(x)Dk[f(x) - P(x,a)]] . (1)
(x,k)eXxI

In the case of M2[g], P(x,a) must minimize

Maxllwk(x)lle[f(x) - P(x,0)]]
(x,k)eXxI

. (2)

It is evident that for a given a, the quantities (1) and
(2) are identical. This implies that an a which minimizes

one of them minimizes both, and completes the proof.



Since the set R of best approximations does not change
if the absolute value of the welght functlon 1s substituted
for the weight function, we will henceforth assume that all
welght functions are nonnegative.

In order to study some properties of the base functions
of the approximating polynomlals, we introduce the followlng

matrices.

1.6 Definition. The interpolation matrix of a set Q

which is a set of m ordered pairs {(xi,ki)}ir:1 or ordered
triples {(xi,ki,si)}irgl is the mxn matrix B whose entry

in the 1th row and jth column 1s

X
b,, = D T¢

1 J(xi),1=1,2,...,m;j = 1,2,...,n.

This matrix will be denoted by IM(Q).

The welghted interpolation matrix of a set Q which
is a set of m ordered pairs {(xi,ki)}iil1 or ordered triples
{(xi,ki,si)}irjl 1s the mxn matrix C whose entry in the 1th
row and Jth column 1s

k
4y = wki(xi)D 1¢J(xi), 1i=1,2,0..,m3 J = 1,2,0..,0.

This matrix will be denoted by WIM(Q).
In the above definitlon, 1t should be observed that
the interpolation matrix, or welghted interpolation matrix

of a set of ordered triples does not depend on the third



element of the triple, the Sy - In addition, the matrices

IM(Q) and WIM(Q) always have n columns if Q 1s nonempty.

1.7 Assumption. We will assume that the base functions

¢1(x),¢2(x),...,¢n(x) are linearly independent in the

sense that
M[P(x,a)] = 0 implies ||a]| = O. (3)

This is a natural assumption since without 1t one cannot
hope to prove uniqueness of a best approximation; 1i.e.,
if M[P(x,a)] = 0 and P(x,B) 1s a best approximation to
f(x), then P(x,ca + B) 1s also a best approximation for
any real c.

The problem of approximating a function f(x) which
1s equal to some polynomial in the n base functlons on
{(x,k)eXxI:wk(x) # 0} 1s easily solved and of little
interest. These problems will be dropped from further
conslderation and hence we may assume that e > 0 for any

particular problem under conslderation.

1.8 Lemma. If MT[P(x,a)] = 0 implies ||a|| = 0, then T
contains a set Q of n points such that det[WIM(Q)] # 0.
(Here det denotes the determinant.)

Proof: Assume that the concluslon 1s false. Let T' be

a set of m points from T for which B = WIM(T') has rank
m < n, where m 1s the maximum rank of any weighted inter-

polation matrix in points from T. Let (xo,ko) be any



point from T and define T" = T'U{(x,,k,)}. Then the rank
of B' = WIM(T") 1s m and the row bm+l of B' corresponding
to (xo,ko) can be written as a linear combination of the
rows of B. Hence 1n matrix notation we have bm+l = yB
where y is a row matrix giving the proper multiples of
the rows of B which are needed to produce bm+1' Next
consider the space of solutions to the problem Bat = 0,
This problem has a solution space of dimension n - m,

and since n > m there exists a nonzero solution a .

o

The weighted value of this polynomial P(x,ao) at (xo,ko)
t _ t _ =

is given by bm+l°o = yBao = 0. Hence MT[P(x,ao)] =0

and ||ao|| # 0 which contradicts the hypothesis of this
lemma. Q. E. D.

2. Existence

1.9 Theorem. G(a) = MT[f(x) - P(x,a)] is a continuous

function for aeER.

Proof: Let K = Max MT[¢i(x)]. If K = 0,
i=1,2,...,n n

G(a) is constant for all aeE"” and hence is continuous.

If K # 0, let o  be a point of E?. Gilven any € >0 let

§ = ¢/nK. Then ||B - aOII < § implies

l6(8) - G(a )| = [MPLf(x) - P(x,8)] - MP[f(x) - P(x,a,)]|
n

<IMITE(x) - P(x,8) = 200 + P(x,a)]] = NOL T (ay = by)oy (x)]
=1

< Max la, - b,|*nK = ||a_ - 8]
1=1,2,...,n + 1 °

‘nK < €. Q. E. D.
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1.10 Corollary. The set R(T) of best approximations is
closed.

Proof: If R(T) 1s empty, the result is trivial. Other-
wise R(T) = {a:G(a) = e(T)} and hence R(T) = G [e(T)].

Since G(a) is continuous and e(T) 1s a closed subset of

the real numbers, R(T) 1is closed. Q. E. D.

1.11 Lemma. If aeR(T) (the set of best approximations

on the set T) then MT[P(x,a)] < 2-MT[f(x)].

Proof: MT[P(x,a)] - MT[f(x)] < MT[f(x) - P(x,a)] < MT[f(x)]
where the second inequality holds because P(x,a) = 0 cannot
be a better approximation than any best approximation. The

result follows from these inequalities. Q. E. D.

1.12 Definition. A family of polynomials {P(x,a)} for

aeS 1s said to be bounded at a set of points Q = {(xi,ki)}ir:1
or a set Q' = i(xi’ki’si)}igl if there exists some constant

z such that |D 1P(xi,a)li z for all aeS.

1.13 Lemma. Let {P(x,a)} for aeSCE" be a family of poly-
nomlials in n base functions which 1is bounded by B' at the

n points of T<CXxI. Then if det[WIM(T)] # O, there exists

a constant B such that ||a||< B for all aeS.

Proof: Since det[WIM(T)] # 0, any polynomial in these

n base functions 1s determined by the values of the poly-
nomial at the points of T. Then if V(xi’ki)’ i=1,2,...yn

gives the values of a polynomial P(x,a) at the points of
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T and LiJ 1s the cofactor of cij from the 1th row and jth
column of WIM(T), the coefficlents of P(x,a) are

n
ay = [iilLiJV(xi,ki)]/det[WIM(T)], J=1,2,...,n.

Then if L = Max|L,,|, E = |det[WIM(T)]| and

IV(xi,ki)I < B' for 1 = 1,2,...,n we have

lajl < nLB'/E  for all aeS.

Thus B = nLB'/E is a uniform bound on ||a|| for a«aeS. Q. E. D.

1.14 Theorem. The set R(T) of best approximations on the

set T is bounded if MT[P(x,a)] = 0 implies ||a|] = O.

Proof: Lemma 1.8 implies that T contains a set

Q = {(x,,k;)}].; such that det[WIM(Q)] # 0 if MT[P(x,a)] = 0

implies ||a]| = 0. Then letting W = Min  |w, (x4)]
k=1,2,...,n "1

and using Lemma 1.11,

k k
2MT[£(x)] > MT[P(x,a)] > |wki(xi)D 1p(x ,0)] 2 WD TP(xy,0)]

for 1 = 1,2,...,n and aeR(T). Since det[WIM(Q)] # O implies
that W > 0, 1t follows that IDkiP(xi,a)l < 2MT[f£(x)1/W

for (xi,ki)eQ and aeR(T). Hence Lemma 1.13 implies that
R(T) is bounded. Q. E. D.

n
1.15 Corollary. If Q = {(x;,k;)}y_, 1s a set of points

from XxI such that det[WIM(Q)] # O, then there exists
a constant B such that ||a]| < B for all aeR(T; U Q) for

any Tlc:XXI.
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Proof: Let T' = TlU Q; then from the proof of Theorem
1.14 we have
ky
2M[f(x)] > 2MT'[f(x)] > W|D “P(xy,a)| for 1 = 1,2,...,n

and any aeR(T'). This implies that

k
ML) > [D *B(x,0)| for 1= 1,2,...,n and aeUR(T,VQ).
W T, € XxI

Then Lemma 1.13 implies that there exlsts a constant B
such that ||a|| < B for all aeR(T;U Q) for any T,CXxI.
Qo E. Do

1.16 Theorem. The set R(T) of best approximations on the
set T is nonempty.
Proof':

Case I.--Assume that MT[P(x,a)] = 0 implies that
| ]a]| = 0. By Theorem 1.1l4 the set R(T) is bounded. Then
G(a) = MT[f(x) - P(x,a)] 1s a continuous function on a
compact set and hence attains 1ts minimum value. Thus a
best approximation exists and R(T) is nonempty.

Case II.--If MT[P(x,a)] = 0 does not imply that
||a]| = 0, there 1s a nontrivial polynomial P(x,8) such

that MT[P(x,8)] = 0. This means that

n
wk(x)DkP(x,B) = w (x) £ b

Dk¢i(x) =0 for (x,k)eT
121

i

where some bi 1s nonzero. Therefore, the set of base
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functions may be reduced in number by at least one without
affecting the values that the welghted polynomial can
attain on T. 1.e., With this reduced set of base functions,
we can approximate f(x) on T just as closely as we could
using the original set of base functions. Thls reduction
in the number of base functions may be repeated until

those remalining satisfy the assumption of Case I. Q. E. D.

3. Characterization

Instead of having one error functlion as in the approxi-
mation of a function by polynomlals, we have an error

function for each kel.

1.17 Definition. Lk(x,a) E wk(x)Dk[f(x) - P(x,a)]. The

functions Lk(x,a), which are defined for all (x,k)eXxI
and aeEn, are called weighted error functions.

Throughout this section on characterization, T will
be assumed to be a closed subset of XxI such that e(T) > 0.

Such sets T exlst because we are assuming that e = e(XxI) > 0.

1.18 Definition. An ordered triple (xgk,8)eXxIx{-1,1}
1s called an extremum with respect to the approximation
P(x,a) to f(x) on the closed set TCXxI 1f (xo,k)eT and

Lk(xo,a) = sd where d = MT[f(x) - P(x,a)].

1.19 Definition. If aeE” and TcXxI 1s closed, let

C(T,a) = {(x,k,s)eXxIx{-1,1}:(x,k)eT and L (x,a) = sd}

where d = MT[f(x) - P(x,a)]. If T = XxI, let C(a) = C(T,a).
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The set C(T,a) 1s called the set of extrema of the approxi-
mation P(x,a) to f(x) in the pseudonorm MT[g(x)].

Since MT[g(x)] gives the maximum absolute value of a
finite number of continuous functions on a compact set,
every approximation must have at least one extremum. This
means that C(T,a) 1s nonempty for each acE™. The polnts
of C(T,a) are of considerable importance in the comput-
tational schemes for solving Problem 1.2 which we discuss
in Chapter IV. Here we are interested in the set C(T,a)
when aeR(T). We shall give certain theorems characterizing

the points of C(T,a) in this case.

1.20 Theorem. There exists an aoeR(T) such that for every
BeR(T) and keI, C(T,ao)<:C(T,E).
Proof: We have previously shown that R(T) is closed, con-
vex, and nonempty. Let m be the dimension of R(T). If
m = 0, R(T) is a single point, the best approximation is
unique, and the theorem 1s true. If m > 1 the set R(T)
has a nonempty interior. Let oy be 1n the interior of
R(T). It will be shown that this point satisfies the
assertion of the theorem.

Let B be any other point in R(T) which 1s not the
same as a_. Extend the line segment E;E beyond a to
some other point aleR(T) so that %y 50, and B are on the
same line with o  between o, and 8. Let (xo,k,s)eC(T,uo).

o

Then ao,must be a point of the hyperplane
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k =
wk(xo)D (f(x)) - P(xo,a)J = se(T). (5)
Suppose, for example, that s = 1 and that
w (x )DX[£(x_) = P(x_,8)] <e(T)
k "o o) o? '

Since the three points ags o and B are on the line seg-

ment a8, i1t follows that oy and B must be on opposite

sides of the hyperplane in line (5). This means that
w, (x )DX[£(x ) = P(x_,0;)] > e(T)
k*"o o) 0’71

which contradicts the assumption that aleR(T). Thus B
must be a point of the hyperplane from line (5) since
BeR(T). This same conclusion is also reached if s = -1.
This implies that every BeR(T) must satisfy line (5) and
hence we conclude that (xo,k,s)eC(T,B) for all BeR(T).
Q. E. D.

We have also proved the following:

1.21 Corollary. If a is an interior point of R(T) then
k k
D P(xo,a) =D P(XO,B)

for every (xo,k,s)eC(T,a) and every BeR(T).

1.22 Definition. The set MES(T) = NC(T,8) 1s called the
BeR(T)
minimal extremal set (or MES) of the best approximations

to f(x) on the set T.
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The previous theorem shows that MES(T) is the
extremal set of any interior point of R(T). Since
Lk(x,a) i1s continuous in x for fixed k and a, we observe

that C(T,a) 1s closed; hence we have the following:

1.23 Corollary. If T 1s any closed, nonempty subset of
XxI, then MES(T) 1s compact and nonempty.
So far we do not have any method for determining
if a given approximation to f(x) is a best approximation.
To alleviate this difficulty, we use the following definition
and theorem.

1.24 Definition. A polynomial P(x,a) 1s said to satisfy
m

10K3584)
(also called points) where (xi,ki,si)eXxIX{-l,l}, if

Condition A with respect to a set of triples {(x

k
sgn[D iP(xi,a)] = -s;, 1 =1,2,...,m.

1.25 Theorem. A polynomial P(x,a) 1s a best approximation
to f(x) on the set T if and only if there 1s no polynomial
P(x,B8) which satisfles Condition A with respect to C(T,a)
the extremal set of the approximation P(x,a).

Proof: Assume that P(x,a) is not a best approximation so
that there exists P(x,y) such that MT[f(x) - P(x,y)]

= d' < MT[f(x) - P(x,a)] = d. Let P(x,8) = P(x,a) - P(x,y).

Then for any (xo,k,s)eC(T,a) we have
w, (x )DX[f(x.) - P(x_,a)] = sd
k*“o o) o’ )

Since wk(xo) > 0 it follows that
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D¥P(x,8) = D[£(x,) - B(x,,1)] - DX[£(x,) - P(x_,a)]

is greater than or less than s(d' - d)/wk(xo) as s 1is -1
or +1 respectively. Therefore, P(x,B) satisfies Condition
A with respect to C(T,a).

Let 4 = MT[f(x) - P(x,a)] and assume that there
exists a polynomial P(x,B8) satisfying Condition A with

respect to C(T,a). Then let

U = Closure {(x,k)eT:sgnD¥P(x,8) = sgnDX[f(x) - P(x,a)]}
da' = Max ILk(x,a)l r = Max Iwk(x)l
(x’k)EU (X,k)&T
s = Max IDkP(x,B)I t = Min{(d-d4')/2rs,d'/rs}.
(x,k)eT
Then

w, (ODKIE(x) - P(x,a = 86)1} = L (x,a) + w, (x)D"P(x,8t) (6)
and using the quantities defined above we have
|, (x)D¥P(x,8t) | < |rtDXP(x,8)| < rts ={Min (d-d')/2,d'}.

On the set U, the two terms on the right side of (6) are

of the same sign and less than d' and (d-d')/2 respectively
in absolute value. On T -~ U (where -~ 1s used to denote

the usual set difference) the terms on the right of (6)

are of opposite sign and satisfy
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L, (x,0) + w (x)DP(x,8t)| < d

since

|wk(x)DkP(x,Bt)| <d'" on T -~ U.

Hence P(x,a) was not a best approximation. Q. E. D.
In order to better understand the characterization
of best approximations, we focus our attention on certain

subsets of the MES.

1.26 Definition. A set QCXxIx{-1,1} is called a minimal
characterization set (or MCS) if there exists no poly-
nomial satlsfylng Condition A with respect to Q but for

any QOCZQ, Qo # Q there exlsts a polynomial which satisfies
Condition A wilith respect to Qo‘ (Observe that a MCS has
nothing to do with a particular function f(x) beilng

approximated.)

1.27 Definition. If T 1s a closed subset of XxI, let
MCS(T) denote the collectlion of all minimal characterization
sets which are subsets of MES(T).

The above deflinition makes sense because there may
be more than one MCS contained in the set MCS(T) as is

shown 1in the following:

1.28 Example. Let X = [0,4n], I = {0}, wo(x) = 1l, n=2,
¢1(x) = 1, ¢2(x) = x, f(x) = sin x. This is an ordinary

Chebyshev approximation problem, and we know that the MES is
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c = {(n/2,0,1), (31/2,0,-1), (51/2,0,1), (7n/2,0,-1)}

Also from the theory of ordinary Chebyshev approximation

we know that both

o
]

{("/2,031)’ (3‘"/2,0,-1), (5"/2,0,1)}

=
[}

{(3"/2,0,-1), (5"/23031), (7"/2,03_1)}
are in MCS(XxI).

1.29 Definition. Corresponding to each ordered triple

(xo,k,s), define a polnt
k k Kk
(sD7¢,(x,) 58D 05(x )50 ussD70 (X))

in E® which will be called an n-point (as opposed to the
point (xo,k,s) itself).
The following theorem 1s a modification and extension

of the Lemma of G. F. Voronoi, Remez [22] p. 1l1l2.

1.30 Theorem. Let Y be a closed subset of XxIx{-1,1}.
Then there exlsts a polynomlal satisfying Condition A with
respect to the points of Y if and only if the convex hull
of the n-points of Y does not contain the origin of ED.
Proof: Suppose the convex hull of the n-polnts of Y does
not contailn the origin. Then since Y is compact, the con-
vex hull of Y 1s compact and hence there 1s a hyperplane

a*Z2 = g z_. + asz, + ... + a = -b where b > 0 which

171
separates the origin and the convex hull of Y. Thus for

z
nn
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each n-point Yi of Y, the 1lnequality a-Yi < 0 1s satis-
fied. Thus P(x,a) 1s a polynomial satisfying Condition A
wlith respect to the points of Y.

Assume that there exists a polynomial P(x,a) satis-
fying Condition A with respect to the points of Y. Then

a*Y, < 0 for all n-points Yi of Y. Then since Y is com-

i
pact, there exlsts a constant b > 0 such that u~Yi < -b

for all Y, of Y. Thus the origin i1s not in the convex

1
hull of the n-points of Y. Q. E. D.

Next we have a theorem which gives an upper bound on
the number of points in a MCS. It states that a MCS can

have at most n+l polnts.

1.31 Theorem. If Y is a closed subset of XxIx{-1,1} and
if the n-points of Y contain the origin in thelr convex
hull, then there 1s a set of k < n + 1 n-points of Y whose
convex hull contains the origin.

This theorem 1s an immediate consequence of the
Theorem of Carathéodory which 1s stated below as given in

Cheney [6] p. 17.

1.32 Theorem of Caratheodory. Let A be a subset of n-

dimensional linear space. Every point of the convex hull
of A 1s expressible as a convex linear combilnation of
n+l (or fewer) elements of A.

In ordinary Chebyshev approxlimation by polynomials
in a Chebyshev set of base functions a MCS must contain

exactly n+l points. This 1s because the interpolation
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matrix in any n distinct polnts 1s nonsingular and hence
for any n distinct points we have a polynomial satisfying
Condition A. In the more general case a MCS may have
fewer than n+l polnts, and there may be more than one MCS
having fewer than n+l polnts. Also, there may be two or
more minimal characterization sets which do not have the
same number of points. These special cases will be shown

in the following examples.

1.33 Example. Let I = {0,1}, wo(x) = wl(x) = 1l, n=4,

i-1

¢i(x) = x for 1 = 1,2,3,1" and X = {-1,-1//?,0,1//-?,1}.

The functlion f(x) 1s defined on XxI by the following

table.
X f(x) £'(x)
-1 -1 0
-1 0 -1
Y3
0 1 0
i 0 1
V3
1 -1 0
Let B, = {(-1,0,-1),(-1/¥3,1,-1),(0,0,1),(1,0,-1)1}.

w
]

5 {(-1,0,-1),(1/v3,1,1),(0,0,1),(1,0,-1)}.
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Then
B' = {(-1,1,-1,1),(0,-1,2/¥3,-1),(1,0,0,0),(-1,-1,-1,-1)}

1s the set of n-polnts of both B1 and B2. The orlgin can

be expressed as a convex combination of these polnts of Eu

by using the multiples

2 + V3 Y3 2 2 - V3
2(4 + V3) 4y + V3 4 + /3 2(4 + V3)

Thus using Theorem 1.30 there 1s no polynomial satisfying

Condition A with respect to the points of B, or B,. The

1 2
nonsignularity of the generallzed Vandermonde matrix im-

plies that there 1s a polynomial satisfying Condition A

with respect to any 3 point subset of elther Bl or B2.

Thus Bl and B2 are both minimal characterization sets.

The sets B1 and B2

is the origin of Eu. Since there 1s no polynomial satis-

are both subsets of C(0) where 0
fying Condition A with respect to Bl or B2, there can not
be any polynomlial which satisfies Condition A with re-
spect to C(0). Hence a = 0 is a best approximation, and
the sets B1 and B, are both in MCS(XxI) if O 1is an interior
point of R.

To show that 0 1s interior to R we will determine R.
Since 0 is a best approximation, e = M[f(x) - P(x,a)] =1

for « = 0 and the following inequalities must be satisfied.
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-1 < £(xy) = P(xy,0) <

1 1

132’3’)4’5

-1 < f'(xi) - P'(Xi,a) <1l 1= 1,2,3,4,5

X, = -1, X,

= -l//§, X3 = 0, Xu = l

/Y3, x. = 1.

In the following computation we will refer to these

inequalities by

a letter and a number.

to line (b) with 1 = 5.

From lines (a) and (b) we have

_]_i
-li

Then adding and

-1 <
-1 <
Adding thesg we
-1 <

-li

-1 - ay + a, - a3 + a,
-1 - a; - a, - a3 - ay
dividing by 2

-1 -2a, - a

1 3

-1l + a
obtaln as < 0.

-1 - a, + (2//§)a3 - ay

-1 +a,+ (2//§)a3 + ay

Adding and dividing by 2

(a)

(b)

e.g., (b) 5 refers

from (a) 1

from (a) 5

from (a) 3.

from (b) 2

from (b) 4.

-1 < -1 + (2/ 3)a; implies 0 < (2/Y3)ay

and using (7) we know ag = 0.

(7)
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Then equation (a)3 implies that a, > O.
-1 <-1-a) +a,+a from (a) 1
-1 <-1-2a; -2a, -3 from (a) 5.

Adding and dividing by 2

-1 < -1 - a, and hence a; < 0 and thus a; = 0.

Equation (b)4 implies that 1 - a, - a; < 1 and hence

-a, - a, < 0.

Then (a) 5 implies that 0 < -a, - a, and hence a, = a,.

From the computation using lines (a) and (b) we know
that the best approximations are polynomials of the form
au(x3 - Xx). Since this family of polynomials is zero at
the points of B1L1B2, the solutlon space R must be deter-
mined by the other points of XxI. Using the equations (b)1l
or (b)5 we have -1 < -a, + ay <1 or -1 < 2a, < 1. Then it
can be verified that all of the other inequalities from (a)
and (b) are satisfied for these values of ay. Thus the
set R of best approximations 1is au(x3 - x) for -1/2 < a) < 1/2.
Therefore, a = 0 1s interior to R, C(0) is the set MES(XxI),

and the sets B, and B

1 5 are in MCS(XxI).

1.34 Example. Let X = {-2,-1,0,1,2}, I

ﬁo(x) = wy(x) =1 and ¢, (x) = 11 for 1

{0,1}, n = 3,

1,2,3. The
function f(x) 1s defined on XxI by the following table:
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X £(x) £1(x)
-2 1 0
-1 -1 0

0 0 -1

1 1 0

2 -1 0

From ordinary Chebyshev approximation theory we know that

Bl = {(-2,0,1),(-1,0,-1),(1,0,1),(2,0,=-1)1}

is a MCS and that o = 0 1s the unique best approximation
with e = 1. Now we will show that

B2 = {(-1,0,-1),(0,1,-1),(1,0,1)}

1s also a MCS. We must show that there 1s no polynomial
satisfying Condition A with respect to B2. Thus we need

to verify that the followlng inequalities are inconsistent.

a) + a, + a3 <0 (8)
a, > 0 (9)
a; - a, + a3 <0 (10)

Adding (8) and (10) we have a, < 0, which contradicts (9).

Therefore, B2 1s a MCS. Since both Bl and B2 are subsets
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of C(0) = MES(XxI), the sets B, and B, are in MCS(XxI).

1 2
Thus the various minimal characterization sets for a
best approximation (those in MCS(XxI)) need not have the

same number of points.

1.35 Theorem. If T is a finite subset of XxI, the
dimension of R(T) 1s n - k where n is the number of base
functions and k is the rank of B = WIM[MES(T)].

Proof: Let T, = {(x,k):(x,k,s)eMES(T)} and let T, =T - T,.
If P(x,y) 1s a best approximation, where y is in the in-
terior of R(T), (if the best approximation is unique, let
P(x,y) be this unlique best approximation) then

MTl[f(x) - P(x,y)] = 4@ < e(T). This 1s because the maxi-
mum 1is taken over points which are not points of MES(T)
and because T 1s finite. Then the continulty of

MTl[f(x) - P(x,v)] in y implies that there exists an

e > 0 such that MTl[f(x) - P(x,y) - P(x,a)] < e(T) for

aeN(o,e) a small neighborhood of the origin in ED.
t

Next consider the solution space S of Ba 0. S
has dimension n-k where k is the rank of B. We also know
that MTo[P(x,a)] = 0 and MTo[f(x) - P(x,y) - P(x,a)] = e(T)
for all aeS. Then for aeN(o,e)) S it follows that

MT[f(x) - P(x,y) - P(x,v)] = e(T) since T = TO\ITl. Since
N(o,e)N S has dimension n-k, the dimension of R(T) must

be at least n-k. But any two best approximatlons must be

equal at the points of To' Then if the dimension of R(T)

1s greater than n-k, the solution space of Bat = 0 must
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also be greater than n-k. Thls 1s a contradiction to
the assumption that k is the rank of B. Q. E. D.
In the followlng corollaries, T i1s assumed to be

a closed subset of XxI and not necessarily finite.

1.36 Corollary. If T is any closed subset of XxI, the

dimension of R(T) is bounded above by n-k.

1.37 Corollary. If R(T) 1s not a single point and

is a boundary point of R(T), then C(T,a) contains at
least one more point than NMES(T).

Proof: 1If not, then the proof of Theorem 1.35 implies
that for some ¢ > 0 there is a neighborhood N(a,e) of a
such that N(a,e)N SCR(T). Tkis contradicts the

assumption that a 1s on the boundary of R(T).

1.38 Corollary. If the rank of WIM[MES(T)] is equal to
n, then the set of best approximations R(T) 1s a single

point and the best approximation s unique.

1.39 Definition. A polynomial P(x,a) 1s said to have a

ziro at the point (xo,ko) or the point (xo,ko,so) if
D OP(xo,a) = 0.

1.40 Lemma. If Q 1s a MCS of k < n + 1 points, then
the ranks of both IM(Q) and IM(QO) are l-1 where QO is

any k-1 point subset of Q.
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Proof: Let m be the rank of IM(Q). This means that the
n-points of Q (to be denoted NQ) span a subspace of jor

of dimension m. (The rows of IM(Q) are the n-points of Q
except for the factor of -1 if s = =1.) The origin of

E? 1s in the convex hull of NQ because Q is a MCS. Apply-
Ing the Theorem of Carathéodory to this m dimensional sub-
space, the origin may be expressed as a convex combination
of some set of not more than m+l points from NQ. Since

Q 1s a MCS, the origlin cannot be expressed as a linear
combination of any subset of NQ and hence k <m + 1. If

k <m+ 1, the rank of IM(Q) 1s k and there exists a poly-
nomial satisfyilng Condition A with respect to Q. Thus

k = m + 1 and the rank of IM(Q) is k=-1.

Suppose that the rank of IM(QO) is less than k-1 for
some k-1 polnt subset Qo of Q. Thls implies that there
exists a polynomial P(x) which is zero at the points of
Qo and nonzero at (xo,ko,so) = Q -~ Qo. Since Q is a MCS
there exists a polynomial V(x) which satisfies Condition A
with respect to Qo such that S, # -sgn[DkOV(xo)]. Then

k
if D °V(xo) # 0,

k k k
V(x) - 2[D °V(x,)Isen[D °P(x_)IP(x)/|D ° P(x,) |

is equal to V(x) at the points of Q, and 1is equal to
k k
-D °V(xo) at (x_,k_,8 ). If D OV(xo) = 0, then

k k
V(x) - s sgnlD °P(x)IP(x)/|D °P(x,)|
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is equal to V(x) at the points of Qo and 1s equal to -5,
at (xo,ko,so). Thus 1n either case, there exists a poly-
nomial satisfying Condition A with respect to Q. This 1s
a contradiction and implies that the rank of IM(QO) is k-1.
Q. E. D.

1.41 Theorem. If any set in MCS(T) contains n+l polnts
then the best approximation is unique.

Proof: Let Q be a set of n+l points which is in MCS(T).
Since we are assuming that e(T) > 0 in this section, the
ranks of WIM(Q) and IM(Q) are the same. (The weight
functions are nonzero on Q.) Since Q is a subset of MES(T)

we may apply Corollary 1.38 and Lemma 1.40. Q. E. D.



CHAPTER II

CONVERGENCE CONSIDERATIONS

1. Uniform Convergence of the Polynomial
to the Function

In uniform approximation theory one basic property
that any set of approximating polynomlals should possess
1s that of the uniform convergence of the polynomials of
best approximation to the function being approximated as
the number of base functions increases. This 1s desirable
because when approximating a function, a certain maximum
allowable deviation 1s usually specified and the number
of base functions 1s chosen so that this requirement can
be satisfied. If the approximating polynomials do not
converge uniformly to the functlon, then for some specl-
fied maximum deviation € > 0 we may use as many base
functlons as we please, but the deviatlion e of the best
approximation will always be greater than €. The follow-
ing example 1llustrates a typical difficulty which must

be avoided.

2.1 Example. Let f(x) = sinx + 1, I = {0,1}, X = [-1,1],

¢i(x) = xi for 1 = 1,2,... and wo(x)

wl(x) = 1., Then

30
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we know that DP(x,a) can approximate Df(x) as closely as
desired using the Welerstrass Approximation Theorem, but
the difference between f(x) and P(x,a) is 1 at x = 0 for
any polynomial in these base functions.

The following theorem gives conditions on the base

functions which are sufficient to overcome this difficulty.

®© 1-1 q
2.2 Theorem. Let {¢i(x)}i=1 include the set ({x }1____1
and let X = [a,b], where b > a. Suppose that for any

£(x)eC(X) and any €' > 0 there exists an n, and a poly-

nomial P(x,B) in n, base functions such that

|Dq[f(x) - P(x,8)]] < €' on X. Then given any € > O

there exists an n and a polynomial P(x,a) = ? ai¢i(x)
such that M[f(x) - P(x,a)] < €. et

Proof: Let € > 0 be given and let e¢' = e¢/E where

E = Max [Iwk(x)l(b - a)q-k]. This maximum exists

(x,k)eXxI
because the functions wk(x) are continuous on X for kel.

Obtain a polynomial P(x,B8) which has {xi-l}g=l among its
base functions and for which the coefficlents of {xi-l}g=l
are zero, such that |D3[f(x) - P(x,8)]| < ¢' on X.

Let T(x) be the Taylor expansion of P(x,B) - f(x)
about the point x = a with q terms and define

P(x,a) = P(x,B) - T(x). Then for any xeX

IDA[£(x) - P(x,a)]| = |DE(x) - P(x,8)]] < e'.

More generally we have
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IDX[£(x) - P(x,a)]] < e'(b - )3 for k = 0,1,...,q

This is true because Dk[f(a) - P(a,a)] = 0 for k = 0,1,..

Hence

|w, (x)DX[£(x) - P(x,a)]] < Max|w, (x)]e'(b - a)3™% < Ee' =
k xeX k

for all keI and xeX. Q. E. D.

2. Contlnuous Dependence of the
Approximating Polynomial
on the Function

The next theorem 1s an extension of a theorem by
Maehly and Witzgall [14]. It relates the closeness of
P(x,af) and P(x,ug), (best approximations to f(x) and g(x)
respectively in the pseudonorm M) as a functlion of the
closeness of f(x) and g(x) where g(x) 1s considered fixed.
As expected, under the appropriate hypotheses the best
approximations to f(x) and g(x) will be close to each

other if f(x) is sufficiently close to g(x).

2.3 Theorem. Let f(x) and g(x) be in c9(X) with sets of
best approximations Rf and Rg respectively on XxI, with
respect to the welght functions {wk(x)}kel' If MCS(XxI)s
(the set of minimal characterization sets which are sub-
sets of MES(XxI) for the functlon g(x)) contains a MCS of
n+l polints, then there exists a constant B which depends

n
only on g(x), {¢i(x)}i=1 and {wk(x)}keI such that

"Q‘l'

€
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Max |DX[P(x,ap) - P(x,0,)]| < B Max IDX[£(x) - g(x)]]
(x,k)eXxI (x,k)eXxI
where “g is the unique best approximation to g(x) and
a, 1s any best approximation in R..
£ n+l £
Proof: Let Q = {(xi,ki,si)}i=l be a MCS from MCS(XxI)g

and let e, and e, be the deviations of P(x,af) and

g
P(x,ag) from f(x) and g(x) respectively. (Since it is
assumed from the beginning of this paper that e, the

deviation of the best approximations to a function, is

nonzero for any function under consideration, we will

assume that eg > 0.) Also let

§ = (x,k?:ﬁxlle[f(X) - g(x)]| and W = (x,ﬂ?:XXIlwk(x)l.
Then
ep < MIf(x) - P(x,0.)] < MI£(x) - g(x)]
+ Mlg(x) - P(x,ag)] < WS + s
and hence

-W8 < ez = €p (1)

We also know that

k

Siwki(x1>D'i[g<X1) - P(xy,0)] = e (2)

k
19y, (%) Ye(xy) - Blxy,a0] < g (3)
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for 1 = 1,2,...,nt+l; upon subtracting (3) from (2) and

using line (1) we have

ky ky
S4 Wy (xi)[D P(xi,af - ag)] > SyWy (xi)D [f(xi) - g(xiﬂ

i 1

+ e -e

g p 2 - 2WS.

Thus letting o = ap = ag we see that

k
s,D 1P(x,,0) > - & ror 1 = 1,2,...n%1 (4)
where z = Min |wk (xi)l. (z 1s not zero because
i=1,...,n+l i
e 0.
g > 0

To complete the proof we shall prove the following
lemma.
2.4 Lemma. Let P(x,a) satisfy

k
D iP(xi,a) > -2Wé/z for 1 = 1,2,...,n+l, where

51

- n+l
Q = {(xi’ki’si)}i=1 is a MCS of n+l points. Then there
is a constant B independent of § such that

Max |D¥P(x,a)| < Bs.
(x,k)eXxI

Proof: Assume that such a constant does not exist. Then

for each integer m there exists an a  such that P(x,0,)

satisfies (4) and Max |DkP(x,am)| > mé. As a conse-
(x,k)eXxI

quence of Lemma 1.40 and Lemma 1.13, the sequence {P(x,um)}

1s bounded at most n-1 points of Q. In addition, for

each polynomial in the sequence there must be a point
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k

1
(x4,k;,5;)eQ such that sgn[D “P(xy,a )] # -s (Other-

1
wise we would have a polynomlal satisfying Condition A
with respect to Q.) Thus for each a  there exlsts a
point (x?,ki,xi) Q such that

k

0 < 5,0 'P(x],a ) < 2Ws/z.

i

Choose a subsequence of {P(x,am)}, ilso to be de-
noted {P(x,um)}, so that the sequences {D iP(xi,um)}
converge to Ai or diverge to +=, Thii divides Q into two
parts, Q1 and Q, where Q is where {D iP(xi,um)} is bounded
and Q2 is the rest. Thus Ql and Q2 are both nonempty and
Ql contains no more than n-1 points.

For each (xj’kj’sj) in Q1 consider the functions
P(x,BJ) such that

k

D JP(xj,B )

[}
]
|
>

J

)

1}
o

k
D JP(xi,B for xite, 1 #3.

J

Then specify P(x,BJ) at as many more points to make it
unique. (We know that these polynomials exist by Lemma
1.40.) Consider the function

P(X,Eﬁ) = P(x,0 ) + I P(x,8

).
i
xieT1

k.
For each point of Q,, {D lP(xi,&'}n)} diverges to s,«.
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For points of Ql we have

k k

i - i
D P(xi,am) =D P(xi,um) + s, - A

i i

k
Thus for m large enough, sgn[D iP(xi,a'm)] = sy for

1 = 1,2,...,0+1 and therefore -P(x,a ) satisfies Condition
A with respect to Q. This 1s a contradiction and com-
pletes the proof of the lemma and Theorem 2.3.

A more general result which 1s applicable to all
approximation problems under consideration 1s obtalned in

the following theorem.

2.5 Theorem. Let M be a pseudonorm over XxI with welght
functions wk(x) for keI. Let f(x) and g(x) be functions

with sets of best approximations R, and Rg respectively.

f
Then given € > 0 there exlsts a § >0 depending only on ¢

and g(x) such that if afeRf, then M[g(x) - f(x)] < §
implies that

Min M[P(x,ag) - P(x,af)] < €.

R
*g®g

Proof: If this theorem 1s not true, there exists an

e, > 0 and a sequence of functlions {f (x)} and their

corresponding sets of best approximations Rf from
m
which we obtaln a sequence {P(x,am)} which satisfles the

following:
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Min M[P(x,ag) - P(x,am)] > €

R
%gtlg

o

for all m. (5)

Mlg(x) - £ (x)] < %

Then using Lemma 1.11 and the triangle inequality we

have

M[P(x,a )] < 2:M[f (x)] < 2(M[g(x)] + 1/m)

< 2M[g(x)] + 2 for all m.

Since we are assuming that M[P(x,a)] = 0 implies ||a|| = O,
there exists a set T of n points which has a nonsingular
interpolation matrix. Lemma 1.13 implies that the co-
efficients of {P(x,am)} are uniformly bounded for all m
and hence there 1s a convergent subsequence, which also
will be denoted {P(x,um)}, which converges to a poly-
nomial P(x,a_). Then the assumption given in line (5)
implies that- P(x,a_) 1s not a best approximation to g(x).
Therefore there exlsts a constant €' > 0 such that 1if

ageRg then
Mlg(x) - P(x,ag)] + e' = Mlg(x) - P(x,a_)]

< M[g(x) - fm(x)] + M[fm(x) - P(X,Gm)]

+ M[P(x,a ) - P(x,a_)]. (6)
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Then determine N so that m > N implies that

Mlg(x) - fm(x)] < e'/lb and M[P(x,am) - P(x,a_)] < e'/b.

(7)

Therefore, for m > N it follows from (6) and (7) that

Mlg(x) - P(x,ag)] + e'/2 < M[fm(x) - P(x,um)]. (8)

But we also have

MOf (x) - P(x,ag)] < MIf (x) - g(x)] + Mlg(x) - P(x,ag)J

< e'/4 + M[g(x) - P(x,ag)] for m > N.
(9)
Thus (8) and (9) imply that there exists an m such that

M[fm(x) - P(x,ag)] + e'/4 < e'/2 + M[g(x) - P(x,ag)]
< MOf (x) - P(x,am)].

This is a contradiction since P(x,am) is a best approxi-

mation to fm(x). Q. E. D.

3. The de la Vallée Poussin Algorithm

In this section 1t will be assumed that X = [a,b]
where a < b. Moreover, the approximation problems under
consideration all satisfy Assumption 1.7 and hence from

Lemma 1.8 there exists a set QO of n points from XxI for
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which det[WIM(QO)] # 0. From the set XxI choose a count-
able dense subset Q' which contains the set QO. Let
Q" = {(x,k)eXxI:wk(x) = 0} and Q = Q' ~ Q". Since the
welght functlions are continuous, Q 1s dense in XxI except
where the welght functions are identically zero on an
interval. In addition, since det[WIM(QO)] # 0, we know
that Q Cc Q.

Let T Dbe subsets of Q defined for m > n and con-

taining m points such that QOCTkCT for k = n,n+l,...

k+1
where the limiting set of points Tm as m approaches « 1is
Q. Also, let Gm (the spacing or density of the set Tm
in Q) be defined as

& = Sup {Min[|x - x'| + (b-a)|k-k'|]}.
(x,k)eQ (x',x')eTm

(10)

The quantity b-a 1s used in this definition so that
Gm < b-a implles that there are at least two points
(x,k)eTm with second coordinates equal for each kel.
Then one would hope that for ameR(Tm) and a*eR

i1t would follow that

2im M[f(x) - P(x,am)] = M{f(x) - P(x,a*)] = e

m->o
More specifically, if {(P(x,a )} 1s any sequence with terms

m

from R(Tm), one would hope that any convergent subsequence

of {P(x,am)} would converge to a polynomial in R. These
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results are proved below, with stronger conclusions being

obtained in certain cases.

2.6 Definition. f(x) is said to satisfy a Holder con-

dition on [a,b] with exponent p 1f there exists a con-

stant A such that

|£(y) = £(x)| < aly - x]|° p > 0O
for all x and y in [a,b].

2.7 Remark. If f'(x) satisfies a Holder condition on
(a,b] with exponent p <1, then f(x) also satisfies a
Holder condition on [a,b] with exponent p. This follows
from the boundedness of f'(x) on [a,b] and the fact that
if f(x) satisfies a Holder condition with exponent 1, then
it also satisfles a Holder condition with exponent p for

0 < p<l. (See Natanson [21] p. T2.)

2.8 Theorem. Let D9f(x) and {Dq¢i(x)}izl satisfy a
Holder condition with exponent p <1. Then there exists

n
a constant K depending on f(x), {¢i(x)}i=l and {wk(x)}kEI

such that
0 < M[f(x) - P(x,a )] - e < K(Gm)p

for m > n and any a _eR(T_). (Here §. 1s defined 1n line

(10).)
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Proof: Choose N so that m > N implies that é < b-a and
then assume that m > N in this proof. Let (y,k)eXxI be
such that

MLf(x) - P(x,a )] = Iwk(y)Dk[f(y) - P(y,ap)]]

for a fixed ameR(Tm); also, let (z,k) be a point in T
such that |y-z| < § . Let e and e(T ) denote the deviations
of P(x,a%*) and P(x,am) from f(x) on XxI and Tm respectively

where o*eR and umeR(Tm). Then

ML£(x) - P(x,a )] = lwk(y)Dk[f(y) - P(y,a)]|

< P DFIE) - 2] + [w (9DEIE(2) - Pz,a)]]

+ |w, (y)DX[P(z,0_) - P(y,a_)]]

< WK (6)° + e(T) + |w (y)D*[P(z,0,) - P(y,a,)]]

(11)

where W = Max Iwk(x)l and we use Remark 2.10.
(x,k)eXxI

Since ro:Tm for all m > n, Corollary 1.15 implies that
there exists a constant B such that ||a|| < B for all
«eR(T ) for any m > n. Therefore, since the base functlons
satisfy a Holder condition with exponent p, there exists a
constant K, such that the term on the right in line (11)

1s less than WK,(s )°. Thus M[f(x) - P(x,a )] < K(8 )" + e

where K = W(Kl + K2). Q. E. D.
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2.9 Lemma. Assume that MCS(XxI) contains a set Ql of
n+l points and let P(x,a*) be the unique best approxi-
mation to f(x) on XxI. If P(x,B) 1s another approximation

to f(x) with deviation e, = M[f(x) - P(x,8)] such that

B
- e| = ¢ then there exists a constant K" not dependent

on € such that

Max IDKEP(x,B) - P(x,a*)]| < K"e.
(x,k)eXxI

Proof: Let Q) = {(xi’ki’si)} 2:% be the n+l point set

from MCS(XxI). Then for this set of points we have

k

s wki(xi)D i[f(xi) - P(x;,a%)] (12)

]
(¢}

k

TR CICRIER N (13)

A
o

Subtracting (13) from (12) we have

k
8y wki(si)D i[P(xi,B) - P(x4,0%)] > e - e; > - ¢

B
Then applying the results of Lemma 2.4 we have the existence

of the constant K". Q. E. D.

2.10 Corollary. If in addition to the hypothesis of
Theorem 2.8 there 1s a set Ql of n+l polints such that
QleMCS(XxI), then there exlsts a constant XK' depending

on {¢i(x)}121, f(x) and {wk(x)}keI such that
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Max_ |D¥[P(x,a%) - P(x,a)]| < K'(6)°
(x,k)eXxI
where o is any best approximation in R(Tm) and a* 1is the
unique best approximation in R.
Proof: Let the ¢ from Lemma 2.19 be equal to K(Gm)p

from Theorem 2.8. Q. E. D.

2.11 Corollary. If the hypotheses of Theorem 2.8 are
satisfied and if {P(x,am)} is any convergent sequence of
polynomials with terms taken from R(Tm), then

2im P(x,am) = P(x,a) 1s a best approximation such that aeR.
m-+e

Proof: This follows directly from the continuity of
M[f(x) - P(x,a)] in a. Q. E. D.



CHAPTER III
UNIQUENESS RESULTS

In this chapter we shall restrict our attention to
the case where X 1s an interval [a,b] and I is {0,11}.
We shall show that under appropriate hypotheses this
problem has a unique solution. We begin with an example

of nonuniqueness.

l. An Example of Nonuniqueness

In Example 1.33 we saw an approximation problem on
a finite point set which did not have a unique solution.
The following 1s an example of nonuniqueness for approxi-

mation on an interval.

i-1

3.1 Example. Let X (0,4], I = {0,1},¢1(x) = X

for 1 = 1,2,3, wo(x) 1 and let

"
»
|
[

Wi(x) = x , £(x) = x2/2 - x , Df(x)

for 0 < x <2

Wi(x) = 4 - x , £(x) = -x°/2 + 3x = 4 , Df(x) = -x + 3
for 2 < x < 4.
This example was constructed so that x/2 - 1 is a best
approximation. To verify this, consider the weighted error
curves:

Ly
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(x-1)(x-2)/2 1f 0 < x < 2

Lo(x) = wo(x)[f(x) - x/2+1] =
-(x=2)(x=3)/2 1f 2 < x < 4
x(x-3/2) 1f 0 < x <2
Ll(x) = wl(x)[Df(x) -1/2]1 =
(4-x)(5/2-x) 1f 2 <x < &

It may be verified that the extreme values of Lo(x)
on [0,4] are 1 and -1 at x = 0 and x = U4 respectively.
The extreme value of Ll(x) i1s 1 for x = 2. Then the claim
is that Q = {(0,0,1),(4,0,-1),(2,1,1)} is in MCS(XxI) and
since the deviliation of the approximation is not attained
at any other point of XxI it follows that Q 1ls equal to
MES(XxI). Using Theorem 1.30 it must be shown that the
origin is in the convex hull of the n-points of Q which
are (1,0,0), (-1,-4,-16) and (0,1,4). Using the multiples
1/6, 1/6 and 2/3 respectively, we have the origin as a
convex combination of these points. Thls shows that there
is no polynomial satisfying Condition A wlith respect to Q.
Then using the propertles of the generalized Vandermonde
matrix, any two point subset Q' of Q does have a poly-
nomial satisfying condlition A with Respect to Q'. Thus
QeMCS(XxI), e = 1, and x/2 - 1 is a best approximation.

Next we observe that ax(x-4) is the only family of
polynomials in the base functions under consideration which
is zero at the polnts of Q. Hence using Corollary 1.21,
the space of best approximations is P(x,a) = x/2 - 1 + ax(x-4)
where a 1s restricted to some interval containing zero.

Then 1t may be verifled that the space of best approximations
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is P(x,a) for ae[-(2v2 - 1)/8,(2Y2 - 1)/8]. The weighted
error curves are given in the following graphs for various

values of a.
al \\

a4\

a
3\‘//——\\

~—3,
b N

a5\

Lo(x) = wo(x)[f(x) - P(x,a)] for a = ay, i=1,2,3,4,5

\au
a5

Ll(x) = wl(x)[Df(x) - DP(x,a)] for a = a

a) = (2/2-1)/8 , a; = 2)/2 , a3 = 0, ay = -ay, a5 = -2,
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2. A General Unlgueness Theorem

We have shown by example that a solution to a problem
of approximating a function and its derivative need not be
unique. However, certain problems do have unique solutilons.
Such a unique solution can sometimes be detected using the
results of Chapter I. For example 1if one has a solution to
a given approximation problem and it has a MCS of n+l points,
then it follows from Theorem 1.41 that this solution is
unique. A much more desirable result 1s one which can be
used to claim uniqueness before a solution is found. Such
a result will hold provided that {¢i(x)}1§l and f(x) satisfy
certain conditions. Filrst we shall indicate conditions on
the base functions which willl be used 1n a uniqueness proof.

Throughout this chapter the notation |S| will be used
to indicate the cardinality of the finite point set S.

We shall first consider the special base functlons

i-1

¢i(x) = X for 1 = 1,2,...,n. We shall use the following

properties of these base functions:

(a) D2¢i(x) exigts on [a,b] for 1 = 1,2,...,n.

(b) DP(x,a) = I aiD¢i(x) has at most n-2 zeros

i=1

on [a,b] if DP(x,a) Z 0 on [a,b].

(c) At most one base function is constant on [a,b].

In the following two lemmas certaln polnt sets of n
and n-1 points are described which have interpolation

matrices of rank n and n-1 respectively. A MES cannot have

an interpolation matrix for which the rank 1s equal to the
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number of polnts. If 1t did, there would exist a poly-
nomial satisfying Condition A with respect to this MES.
Thus we are able to establish a lower bound on the number
of points in a MES. Thils lower bound 1s essentlial to the

proof of uniqueness theorems.

3.2 Remark. If it 1s desired to interpolate the function
0 at the points of a finite set QC XxI by a polynomial in
n base functions, a homogeneous system of m = |Q| linear
equations in n unknowns must be solved. From the theory
of linear equations, the dimension of the solution space
will be n-r where r 1s the rank of the interpolation matrix

of Q in n base functions.

3.3 Definition. A polynomial P(x,a) has a zero at the

point (xo,k) or the point (xo,k,s) if DkP(xo,a) = 0.

3.4 Lemma. Given any set TC[a,b] such that |[T| = n-1,
define Q' = Tx{1l}. Then if n > 1 the interpolation matrix
IM(Q') has rank n-1.

Proof: Assume that IM(Q') has rank k < n - 2. Consider
the problem of interpolatling the function 0 at the polnts
of Q'. The dimenslon of the solution space is n - k > 2.
Since at most one base function is constant on [a,b],

there exists a polynomlial P(x,a) such that DP(x,a) Z 0 on
[a,b] and DP(x,a) has n-1 zeros on [a,b]. This contradicts

property (b) and completes the proof. Q. E. D.
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3.5 Lemma. Let S,T' and T" be finite sets such that
™¢C{a,b}, T'€CScla,b] and |S| + |T'UT"| = n; also,
define T = T'UYT" and Q = Sx{0}{JTx{1l}. Then IM(Q),

the interpolation matrix of Q, 1s nonsingular i1f n > 2

or S in nonempty.

Proof: First we observe that n > 2 implies that [S| > 1.
Then assume that the interpolation matrix for Q is singular
and that n > 2. Thls 1lmplies the existence of a nontrivial
polynomial P(x,a) with zeros at the points of Q. Since T"
can only contain the end points of [a,b], we may apply
Rolle's Theorem to every adjacent palr of points from
Sx{0}, if there are any, to conclude that DP(x,a) has at
least |S| - 1 zeros on [a,b] in addition to the |T|

zeros of Tx{l}. This implies that DP(x,a) has at least

|S| 4+ |T] -1 =1]Q] =1 =n -1 zeros which contradicts
property (b) of the base functions under consideration.
Thus DP(x,a) = 0 and since |S| > 1, it follows that

P(x,a) = 0. Q. E. D.

In Corollary 1.21 we established that any two best
approximations must agree at the points of a MES. 1In the
following theorem we find that under the appropriate
hypotheses the first derivatives of any two best approxi-
mations must also agree at the polnts of MES which are

interior to XxI.
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3.6 Theorem. Let (xo,k,s) be a point from MES(XxI) such
that x_ 1s in the interlor of (a,b]. Then if Dwk(xo)

and Dk+l[f(xo) - P(xoa)] exist for acE"™ it follows that

Dk+l Dk+l

P(x,,0) = DTIe(x,) + seDw, (x_)/[w, (x,)1°

for all aceR.

. - k -
Proof: For any aeR, Lk(xo,a) w, (x )DT[£(x ) - P(x,0)]
has a relative extrema at x  in the interior of [a,b].
Since the derivative of Lk(x,a) exlsts at X 1t must be

zero there. Thus

+
k l[

Dwk(xo)Dk[f(xo) - P(x,,a)] + D*I[r(x,) - P(xg,a)Tw (x,) = 0

o

and since we assume that e > 0 it follows that wk(xo) # 0

and hence

Dk+l k+l

P(x_,a) = D*Ie(x )] + Dw (x)D¥[£(x ) - P(x_,a)1/w, (x,)

=Dk

+1f(xo) + seDwk(xo)/[wk(xo)]2

since Lk(xo,a) = se. Q. E. D.

The proof of the following uniqueness theorem follows
the pattern of the proof used in the classical case of
ordinary uniform approximation theory. If there are two
best approximations, 1t follows from Corollary 1.21 and
Theorem 3.6 that the difference of the two is a poly-

nomial with a certain number of zeros. This number is
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dependent on the number of points in the MES. Under
appropriate conditions this number of zeros is sufficient
to 1nsure that the difference polynomial 1s identically
zero. This completes the proof of uniqueness. Thls same
theorem is given in Moursund [16,17]. The proof here is
considerably simplified, and easlly extends to other cases

of interest.

3.7 Theorem. Let X = [a,b], I = {0,1}, and let
Dwo(x), Dw, (x), and D2f(x) exist on [a,b]. If ¢,(x) = x1-1
for 1 = 1,2,...,nthen one of the following is true:

(a) The best approximation is unique.

(b) The best approximation is unique except for an
additive constant, and if P(x,8) is any best
approximation then DP(x,8) 1s the unique best
approximation to Df(x) with weight function
wl(x).

Proof: For notational convenience we define the following

sets. MES(XxI) is the minimal extremal set of points for

the best approximations on XxI. Then let

o
"

{(x,k):(x,k,s)eMES(XxI)}

(e]
Sy = Qof\(a,b)X{O}
S, = Q,N{(a,0)}
S, =

p = QN{(0,0)}
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T, = Qolﬁ(a,b)x{l}
Ta = Qof){(a,l)}
Ty = Q N {(o,1)}

=
L}

{(x,O):(x,O,s)eSo and (x,l,s)eTO}

* = -
S So W

The set S* 1s the set of interior extrema from So which
do not have the same x coordinate as the interior extrema
from TO.

Case I.--We first conslider the special case when
n < 2 and Sot/Sa()Sb is empty. If n = 1 then MES(XxI) must
contain at least one point since every approximation has
at least one extremum. If n = 2 the set MES(XxI) must con-
tain at least two points because Lemma 3.4 implies that
there exists a polynomial satisfying Condition A with re-
spect to any single point. Therefore ITol + |Ta| + [Tl 2 n
and using Corollary 1.21 the difference between two best
approximations 1s a nontrivial polynomial P(x,a), which 1s
zero at the points of MES(XxI). Thus DP(x,a) has at least
n zeros which implies that DP(x,a) = 0 using property (b)
of the base functions. Thus the best approximations are

unique except for an additive constant.
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Case II1.--The remaining case is when n > 2 or

Sou SaL)Sb 1s not empty. We begin by showing that

2 |TOI + IT + |Tb| + Is*l + ISa| + leI =m > n. (1)

al

We shall show that 1f (1) 1s not satisfied then there
exlsts a polynomial satisfying Condition A with respect
to MES(XxI).

Assume that m < n and let
S'CX -~ {xeX:(x,k,s)eMES(XxI)} such that |S'| = n-m.

Also define

nn
[}

{x:(x,k)eT US*Us_Us U s!

T'

{x:(x,k)eTo} " = {x:(x,k)eTaLJTb}.

Since all of the sets used 1n the definition of S, T' and

T" are pairwise disjoint,

*
Is| = [T | + [s*| + |s | + Isyl + [s']

|| = |7, "] = |T

. + ||

a l a

and 1t follows that the sets S, T' and T" satisfy the
hypothesis of Lemma 3.5. This implies that IM(Q) is non-
singular (the Q is from Lemma 3.5). Since QOC:Q, the

rank of IM(Q ) 1s equal to |Qo|. Thus there exists a
polynomial satisfying Condition A with respect to MES(XxI)
and the truth of line (1) 1s verified by this contradiction.
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Every best approximation must satisfy Corollary 1.21.
Then if there 1s more than one best approximation, the
difference between two of them 1s a nontrivial polynomial
P(x,a) which 1is zero at every point of MES(XxI), or
equivalently on Qo. Moreover, since the hypothesls of
Theorem 3.6 are satisfied for any (xo,k,s) where x is
interior to [a,b], 1t follows that DP(x,a) must be zero
at all points (x,k)ss*(lTo. Thus P(x,a) has double zeros
at the points of ‘I‘o and single zeros at each point of
Tal)Tb, which means that DP(x,a) has at least

2|To| + |Ta| + |T,.| zeros. (See Definition 3.3.) The

N
polymonial DP(x,a) also has zeros at the polnts of S%,
Then because of the manner in which S* was defined we may
conclude that DP(x,a) must have at least

m' = 2|To| + T |+ |T,| + [S*| zeros. From line (1)

we see that m' + [S | + [S | > n, and since

|Sa| + |S,.| < 2 1t follows that m' > n-2. This contra-

b
dicts property (b) of the polynomials under consideration
and implies that DP(x,a) = 0. Therefore, the first
derivatives of any two best approximatlions are equal and
the best approximations may differ by a constant. If
SOL’Sal}Sb‘is not empty, P(x,a) (which is a constant)

must have at least one zero) and hence P(x,a) = 0 and

the best approximation 1s unique. Q. E. D.
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In the next theorem, a class of polynomlals 1is
described which has the same three properties that were
used to prove uniqueness in Theorem 3.7. Since these
three properties are the only properties of the base
functions that were used in the proof, Theorem 3.7 and

its proof are also valld for this class of base functilons.

3.8 Theorem. Let g(x) satisfy the following conditions:
(a) g(x) is strictly monotone on [a,b].
(b) Dg(x) has no zeros on [a,b]
(e) ng(x) exlsts on [a,b]

Then letting

n
P(x,a) = I a, l[g(x)]97t

g=1
it follows that DP(xXx,a) can have at most n-2 zeros on
(a,b], where zeros of multiplicity 2 or more are counted
as two zeros.
Proof: Assume that DP(x,a) has k zeros of multiplicity 1

denoted by {xi}il:l and m zeros of multiplicity 2 or more

k+m

denoted by {xy}y_, .,

19 where k + 2m > n - 2. Then

n §-2
0 = DP(xy,a) = Dg(xi)ngaj(J-l)[g(xi)]
for 1 = 1,2,...,k+m, and
n
0 = D*P(x,,a) = [Da(xy)]° £ a,(5-1)(§-2)[g(xy)1 73

J=3

2 n j=2
+ Dg(x,) I a,(J-1)[g(x,)]
174257 A |

for 1 = k+1,...,k+m.
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Since Dg(x) is nonzero on [a,b] it follows that
n -2
0 = Qlyy) = ¢ a,(J-1)(y,)Y"
17 % 2% 1

for vy = g(xi) s, 1 =1,...,k+tm, and
n -3

for vy = g(xi) s 1 = k+1,...,k+m.

Moreover, g(x) 1s strictly monotone on [a,b], and hence
the numbers {yi}gi? are all distinct. Thus Q(y), which
1s a polynomial in y of degree n-2, has at least n-1

zeros. This 1s a contradiction and completes the proof.

3.9 Corollary. If g(x) satisfies the hypothesis of

Theorem 3.8, Theorem 3.7 1s true for the base functions
= i-1 =
¢4 (x) = [g(x)] for 1 = 1,2,...,n

Proof: These base functions obviously satisfy propertiles
(a) and (c) listed at the beginning of this section. More-
over, the proof of Theorem 3.7 did not consider zeros of
any derivative higher than the second and hence these

base functions also satisfy property (b) as it was used

in the proof. Since properties (a), (b), and (c) are the
only properties of the base functions used in the proof

of Theorem 3.7 and the lemmas leading up to 1t, the proof

of this corollary is complete.
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3. The Trigonometric Polynomials

In this section on trigonometric polynomials, X
will be the half open interval [0,2n) where the topology
of X is the ordinary topology on [0,2n] with the polnts 0
and 2m being identifled with each other. The polynomials

will be represented by

o~ x

P(x,a) = a, +

1 a2icos(ix) + a2i+lsin(ix).

i=1

P(x,a) will be called a polynomial of degree k if
|a2k| + |a2k+1| > 0. It is well known that a trigonometric
polynomial of degree k > 0 has at most 2k zeros counting

multiplicity, on the 1interval X. Thus one can easlily show:

3.10 Lemma. Given sets S and T such that TC€ SCX and

|S| + |T| = 2k+1, the interpolation matrix IM(Q) of

Q = Sx{0}UTx{1l} in n 2k+1 base functions 1s nonsingular.

3.11 Theorem. Let X

(0,2n), I = {0,1}, and let
Dwo(x), le(x), and D2f(x) exist on X; then if the
approximating polynomlals are the trigonometric poly-
nomials of degree k, one of the following 1s true:
(a) The best approximation in unique.
(b) The best approximation is unique except for an
additive constant and if P(x,8) 1s any best
approximation, then DP(x,8) 1s the unique best

approximation to Df(x) with weight function wl(x).
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The proof of this theorem 1s almost i1dentical to
that of Case II of Theorem 3.7. Using the notation intro-
duced there, the sets Sa’ Sb’ Ta’ and T, are empty (and
hence not used) since X has no end points. The two

differences between these two proofs are as follows:

(1) Lemma 3.10 is used here instead of Lemma 3.5.

(2) DP(x,a) in n base functions can have at most
n-1 = 2k zeros for trigonometric polynomials
of degree k instead of the n-2 zeros as

assumed in property (b) of section (2).

4, A Special Class of Polynomlals

This section will deal with the speclal case where

1+k for 1 = 1,2,...,n where k > 0 is a fixed

¢,(x) = x
integer. Let I = {0,1} and X = [a,b] where 0 < a < b.
(Results similar to those obtained in this section hold
if a < b < 0.) The functlons D2f(x), Dwo(x) and le(x)
will be assumed to exist on [a,b]. It should be noted
that both P(x,a) and DP(x,a) in these base functions can
have at most n-1 zeros in the interval [a,b]. This is
because P(x,a) 1s a polynomial of degree n+k with k+l
zeros at x = 0 and DP(x,a) 1s a polynomial of degree
n+k-1 with k zeros at x = 0. From thils property of the

base functions under consideration we have the following

lemma.
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3.12 Lemma. Given sets S and T' such that T'¢ Sc(a,b]
and a set T" which !s empty or is equal to {b} where

|S| + |T'U T"| = n, define T = T'U T" and Q = Sx{0}VU Tx{1}.
Then IM(Q) is nonsingular.

Proof: Assume that IM(Q) 1s singular. Then the problem
of interpolating 0 at the points of Q has a nontrivial
solution P(x,a). If |S| + |T'| = n, this polynomial

P(x,a) has n zeros in [a,b] counting multiplicity. This
implies that P(x,a) = 0 and hence IM(Q) must be nonsingular.
If |S| + |T'| < n it follows that T" is not empty. Then
applying Rolle's Theorem to P(x,a) on the whole real line
we find that DP(x,a) has at least k zeros at x = 0 and at
least n-1 more zeros in (O,b). The zeros counted cannot
include the zero at the point b since b is the furthest
point from x = 0 of all points in [a,b]. Thus DP(x,a)

has at least k+(n-1)+1 = k+n zeros which means that
DP(x,a) = 0. Moreover, P(x,a) has a zero at x = 0 so
P(x,a) = 0 and IM(Q) must also be nonsingular in this

case. Q. E. D.

3.13 Lemma. Let tl’t2"“’tm be m distinct points in
(a,b). Suppose D3g(x) exists on [a,b] and g(a) = g(b) = 0,
and Dg(t,) = D°g(t,) = O for 1 = 1,2,...,m. Then there
exlsts at least 2m+l zeros of Dg(x) in (a,b) counting

multiplicity.
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Proof: If Dg(t,) = D°g(t;) = D>g(t,) = O for some i,

the conclusion is true. Therefore, assume that

D3g(ti) # 0 for 1 = 1,2,...,m. Then the points ti for
i=1,2,...,m are relative maximum or minimum points for
Dg(x). If the 2m zeros which we assume for Dg(x) are the
only ones that Dg(x) has in (a,b), it follows that Dg(x)
is either nonnegative or nonpositive on [a,b]. Hence
g(x) 1s a monotone function on [a,b] and g(x) = 0. Here

we have a contradiction and the proof 1s complete.

3.14 Theorem. Under the assumptions of this section and
the assumption that wl(a) = 0, the best approximation is
always unique.

The assumption that wl(a) = 0 implies that the points
(a,1,1) and (a,l,-1) cannot be in the set MES(XxI). This
restriction of the points of MES(XxI) 1s necessary in
order that the method of proof used in Theorem 3.7 may
also be used here.

The proof of this theorem 1s almost identical to
that of Case II of Theorem 3.7. Using the notation intro-
duced there, the set T, 6 1s empty (and hence not used)
since wl(a) = 0. The three differences are as follows:

(1) Lemma 3.12 is used here instead of Lemma 3.5.

(2) In counting the zeros that DP(x,a) must have

we use Lemma 3.13.
(3) DP(x,a) in n base functions can have at most

n-1 zeros for the polynomlials under
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consideration rather than the n-2 zeros as
assumed in property (b) of section 2.
Finally, since there 1s no constant among the base
functions, two best approximations cannot differ by a

constant. Thus DP(x,a) = O implies that P(x,a) = O.



CHAPTER IV

COMPUTATIONAL ALGORITHMS FOR A

BEST APPROXIMATION

1. Introductilon

The most basic tool in the computation of uniform
approximations 1s linear programming, which can be used
to find best approximations on finite point sets. The
approximation problem under conslderation may be stated
as a linear programming problem as follows: find a point

a = (al,ag,...,an) in E” such that

n
Iwk(x)Dk[f(x) - izlai¢i(X)]| < e for (x,k)eXxI

where e 1s to be a minimum. This 1is equivalent to the
problem:

maximize -e subject to the constraints

w (XIDCE(x) > - + w (X)D¥P(x,0)

for (x,k)eXxI.
—w (X)DEF(x) > —e = w, (x)D¥P(x,a)

Since (1) implies that e 1s nonnegative, the quantity -e
is bounded above. Hence when applied to an approxi-
mation problem on a finlte set TCXxI, the simplex

62
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algorithm for solving a linear programming problem will
terminate at a best approximation on T. (See Arden [1].)
For a comprehensive study of linear programming, see
Dantzig [6].

In Chapter II the de la Vallée Poussin Algorithm for
finding a best approximation was given. In this algorithm
each term of the sequence of polynomials which converges H
to a best approximation is a best approximation on some
finite polnt set. Therefore, linear programming may be

used to generate this sequence. This algorithm 1s accept-

able if we do not demand an approximation which 1s very
close to a best approximation. If a high degree of accur-
acy 1s desired, this algorithm 1s applicable but impracticle
because of the large number of constralnts that must be in-
cluded in the linear program.

To eliminate the need for solving linear programming
problems wlith large numbers of constralnts, an algorithm
based on the characterization of best approximations will
be developed. In the case of the uniform approximation of
a function by polynomials over a Chebyshev set of base
functions, the Remez Algorithm 1s a very effigient method
for generating a sequence of polynomlals which converges
to a best approﬁimation. At each step of this algorithm a
best approximation 1s computed on n+l points. 'This parti-
cular linear programming problem can be reduced to solving
a particular system of n+l simultaneous linear equations

iIn n+l unknowns. Thus at no time in the process does one
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need to solve a linear programming problem involving a
very large number of constraints.

In the more general problem to be considered here,
which includes the welghted approximation of a function
and 1lts derivatives by polynomials 1n a general set of
base functions, the direct extenslon of the Remez Algorithm
does not necessarily converge to a best approxlimatilon.
Moreover, the general n+l point problem 1s not easily con-
verted into a system of simultaneous linear equations ex-
cept 1n certain special cases, (see Moursund and Stroud
[18]). Hence we will rely heavily upon the standard linear
programming algorithm, and develop an algorithm which uses
the fact that the deviatlion of a best approximation on any
compact set T<XxI 1s determined by any MCS in MES(T).
(Recall that any MCS has at most n+l points where n is the
number of base functions.)

In the next section we shall show that with appropri-
ate hypotheses, the deviation of a best approximation on a
finife point set 1s a continuous function of the point set.
Hence computationally we may look for a sequence of finite
point sets which converge to a finite point set contalning
a MCS from MES(XxI) and then conclude that the deviation
on these polnts sets willl approach e. From thlis sequence
of finite polnt sets we may determine an approximation
which 1s close to some best approximation.

Throughout this chapter X will be a closed interval
[a,b] where a < b (except in Example 4.9 where X includes

a finite point set in addition to an interval).
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2. The Continuity of e(T)

The set XxI 1s a subset of E°; therefore, the dis-
tance function p[(x,k),(x',k")] = |x - x'| + |k - k'|
1s a metric on XxI. Uslng this metric we define the dis-
tance from a point (x',k') to a compact set TCXxI to be

a'[(x',k"),T] = Min p[(x',k'),(x,k)].

(x,k)eT

In order to measure the dlstance between two compact sets
T and Q, with the requirement that the distance between
two sets 1s zero if and only 1f they are 1ldentical, we
define the following distance for compact subsets of XxI.

d(T,Q) = Max{Max d4'[(x,k),T], Max d'[(x,k),Q]}

(x,k)eQ (x,k)eT

It can be shown that this distance function 1s a metric on
the compact subsets of XxI. Moreover, the space of all
compact subsets of XxI 1s a compact metric space using
this metric. (See Michael [15].) Metrics such as this
are commonly called Hausdorff metrics on subspaces of a
metric space.

In this chapter the symbol T with or without a sub-
script or superscript will denote a compact subset of XxI,.
The following definition concerning the convergence of
sequences of subsets of XxI 1s the usual one for metric

spaces.
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4,1 Definition. A sequence {Tm} converges to a set TO

if for each € > 0 there exists an integer N = N(e) such

that m > N implies that d(Tm,To) < €

4,2 Lemma. Let the sequence {Tm} converge to TO and let
S be a compact subset of En; then for any € > 0 there

exists an integer N = N(e) such that m > N implies

IMT [£(x) - P(x,a)] - MP_[f(x) - P(x,a)]| < ¢

for all aeS.

Proof: The function Wk(x)Dk[f(x) - P(x,a)] 1s a continuous
function of x,k, and a on XxIxE"® and hence uniformly con-
tinuous on the compact set XxIxS, Thus given any ¢ > 0
there exists a 6(e) such that le - x2| + |kl - ky| <8

implies that

k k
1 2
]wkl(xl)D [f(xl) - P(xl,a)] - wk2(x2)D [f(x2) - P(x2,a)]| < €
for (xl,kl) and (x2,k2) in XxI and for all aeS. Since {Tm}
converges to To there exists an integer N = N(8) such that

m > N implies that d(Tm,To) < 8§, Therefore, it follows

that

IMTm[f(x) - P(x,a)] - MT_[f(x) - P(x,a)]| < ¢

for m > N and aeS. Q. E. D.
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4,3 Definition. Let TCXxI be a set of m points; then

Nb(T,6) = {Q:QCXxI has m points and 4(Q,T) < 6} is a

nelghborhood of T of radius §.

4.4 Lemma. If TCXxI is a set of n points where
det[WIM(T)] # 0, there exists a 6 >0 such that QeNb(T,§)
implies det[WIM(Q)] # O.

Proof: Since a determinant is a continuous function of

its elements and since all of the elements of WIM(Q) are
continuous on XxI, the quantity det[WIM(Q)] 1s a continuous
function of the points of Q. Then if det[WIM(T)] is non-

zero, 1t must be nonzero in some neighborhood of T. Q. E. D.

4.5 Theorem. Let {Tm} be a sequence of compact subsets
of XxI which converges to a compact set TOCZXXI. If To
contains a set of n polnts T' such that det[WIM(T')] # 0

then 2im e(Tm) = e(TO).

m->e
Proof: We know that e(Tm) - e(To) < MTm[f(x) - P(x,ao)] - e(TO)
where aoeR(To) the set of best approximations to f(x) on the

set TO. Then Lemma 4.2 implies that for any € > 0 there

exists an integer N = N(e) such that m > N implies

MTm[f(x) - P(x,uo)] - MTO[f(x) - P(x,ao)] < €.

Thus for m > N we have e(T ) - e(T)) < e.
The set To contains a set T' of n points such that
det[WIM(T')] # 0. Thus by Lemma 4.4 there exists a

60 > 0 such that QsNb(T',Go) implies that det[WIM(Q)] # O.
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Since {Tm} converges to TOZDT' there exists an integer

N, = N,(6,) such that m > N, implies that there exists a

anNb(T"Go) such that ch:Tm. Then Lemma 1.11 impliles
that

MQ [P(x,a,)] < MT [P(x,a )] < 2MT [£(x)] < 2M[£(x)] (2)

where ameR(Tm), the set of best approximations on the set

Tm' Let B, ,[WIM(Q)] denote the cofactor of the entry in

1J
the ith row and jth column of WIM(Q) and define

B = MaxIBiJ[WIM(Q)]I E = Min|det[WIM(Q)]]. (3)
QeNb(T' ,8 ) QeNb(T' _,6,)
i=1,2,...,n
= 1,2,...,0

Since the coefficients of a polynomial P(x,a) are
uniquely determined by the values it has on any point set

= n !
Q = {(xi’ki)}i=1 in Nb(T 0,60), these coefficients are given

by

n kj_
iilBiJEWIM(Q)] wki(xi) D = P(x4,a)
&y = det[WIM(Q) ] s J = 1,2,...,n.

Then if umeR(Tm) for m > N, it follows from lines (2) and

1
(3) that

|am | < 2nB-M[f(x)]/E, J =1,2,...5n
J

where a_ = (a_ ,a

m m ll,a
1

m ). Let S be the set of all
n

acE? for which ||a|| < 2nB-M[f(x)]/E. It follows then

’.
ms
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from Lemma 4.2 that for any € > 0 there exists an integer

N, = N,(e) such that m > N

5 Implies

2

MTo[f(x) - P(x,a)] - MTm[f(x) - P(x,a)] < €
for all aeS (which includes all @ for m > Nl). Thus

e(To) - e(T ) =< MT [f(x) - P(x,a_)]

- MTm[f(x) - P(x,am)] < €

form > N,. Q. E. D.

4.6 Corollary. Under the hypotheses of Theorem 4.5 there
exlsts an integer N such that R(Tm) is contained in some

compact set S for all m > N.

4.7 Corollary. Let {Tm} converge to a set T'o. Then
2im e(T_ ) < e(T'_ ) if the 1limit exists.
Moo m’ — o

This corollary follows directly from the first part

of the proof of Theorem 4.5.

4.8 Corollary. Suppose T' is a set of n points for which
det[WIM(T')] # 0. If T'CT_, for m = 1,2,.... , and if

2im Tm = To’ then

m-ro
Lim e(T_ ) = e(T ).
m->wo m ©
The following 1s an example where e(T) is not a

continuous function of T.
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4.9 Example. Let X = {-1,-1/¥3,0,1/V3}(J[4/5,1], n = 4,

I=1{0,1}, ¢,(x) = xi-1

for 1 = 1,2,3,4 and wo(x) = wl(x) = 1.
The function f(x) is defined by the following table where

k is to be determined later.

X f(x) Df(x)
-1 -1 0
-1/V3 0 -1
0 1 0
1/73 0 1
[4/5,1] k 0

Also let T = {(1,0),(0,0),(-1,0),(1/vV3,1),(-1/V3,1)}
and T, = {(1-1/1,0),(0,0),(-1,0),(1/Y3,1),(-1//3,1)}

for 1 > 5. Then {T,} converges to T,.

The value of e(T,) on any set T, for 1 > 5 can be
determined from the following system of equations where we

let t, =1 - 1/1.

i

(1 b, wp? w3 s)) (2] [ x
1 -1 1 -1 s2 a, -1
1 0 0 0 s3 a3 = 1
0 1 2/V3 1 s) a) 1
L0 1 -2//3 1 s5) ey -1
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In this system of equations the quantitiles sJ for § = 1,...,5

are to be determined to minimize the absoclute value of e1

where s'j may be chosen to be 1,-1, or 0. Uslng Cramer's

rule

kB, - B, + B, + BU - B

1

3 5

[
™~ YN

121585

where B, 1s the cofactor of sJ and i1t 1s noted that B, # 0

J J
for J = 2,3,4,5. Then i1f we choose sy = sgn(BJ) it follows
that e(T,) = |ei| will be a minimum. Moreover, B, = 0
and hence e(Ti) is independent of k. Therefore we may
conclude that e(Ty) < 1 for all 1 > 5 and any k.

Next consider the approximation problem on the set To’
Since the polynomials do not satisfy the requirement that
MT [P(x,a)] = 0 implies | |a]| = 0 we may reduce the number

of base functions by at least 1. Since x = x3

at the poilnts
of To we will use the base functions {l,x,x2}. Consider the
subset T' = {(1,0),(-1,0),(1/v3,1),(-1/V3,1)} of T,. Then

e(To) > |e'| where e' is given by

r 3\ 4 4 4
1 1 1 81 a k
1 -1 1 S2 a2 -1
0 1 2/V3 83 a3 1
| 0 1 -2/Y3 sy} le') | 1)
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Using Cramer's rule and the same notation and argu-

ments as above, we have

kB, - B, + B, + BU

= 1 2 3
e' = u .
r s,B
g=1 94
Since B, = 4L//3 we may make |e'| and hence e(T ) as large

as we desire by choosing k properly. Thus e(T) is not

continuous at the point set To.

3. Two Algorithms

In this section we shall discuss two algorithms which
can be implemented on a computer, and which (theoretically)
can be used to solve the 1lnterval version of the problem of
this thesls. Each algorithm involves the determination of
a sequence of point sets, and uses linear programming to
calculate best approximations to f(x) on the finite point
sets.

Since the continuity of e(T) depends on the presence
of a set T' of n polnts which has a weighted interpolation
matrix of rank n, we must be able to determine such a
set T' for use in the computational algorithm. (Such a
set T' exlsts because of the restrictions on the base
functions and Lemma 1.8.) In problems of computational
interest such a set may be found quite easily. For
example, if the base functions {¢i(x)}ig1 are a Chebyshev
set on [a,b], then any n points from [a,b]x{0} for which

wk(x) is nonzero will have a nonsingular weighted
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interpolation matrix. Also, from the continuity of
det[WIM(T')] in the points of T' we know that i1f any non-
trivial polynomial P(x,a) in the base functions {¢1(x)}ir=1l
can have at most a finite number of zeros on X, then in
any neighborhood of a set of points from [a,b]x{0} for
which wk(x) is nonzero, there will be a set T' for which
WIM(T'j'is nonsingular. Moreover, it should be noted
that such a set T' is independent of the function f(x)
being approximated and hence if a number of functions are
to be approximated on XxI with the same base functlons and
welght functions, a set T' may be determined once and used
for all functions belng approximated.

The convergence of the followling algorithms depends

on the existence and use of thls point set T'.

Algorithm 1

Let T' be a set of n points such that det[WIM(T')] # O
and let e > O be some fixed real number. (In the theorems
which follow we shall show that the use of € = 0 will give
a convergent computational scheme in certain specilal pro-
blems. In actual computational practice, most problems
fall into this class. The use of €y > 0 gives a slightly
different algorithm which will tend to be computationally
slower than the €y = 0 algorithm. However, we shall show
that the algorithm converges 1in all cases 1f €y > 0.) Then
choose some finite polnt set T"o of at least n+l points

from XxI such that e(T"o) > 0. (This set T"o is usually
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chosen to be a set of equally spaced polnts from each set
Xx{k} for keI which includes the points (a,k) and (b,k)
for each keI. If the first choice of T"0 has a deviation
e(T"o) = 0, then additional points must be chosen from XxI
and included in this set T"o until the deviation is non-
zero. Such sets T"o such that e(T"o) > 0 exist because we
are only consldering problems for which any best approxi-
mation on XxI has a deviation e > 0.) Next determine a
best approximation P(x,ao) to f(x) on T"o. (This may be
done using linear programming.) Let Qo be a subset of the
extremal point set C(T"o,ao) such that Qo contains some
minimal characterization set from MCS(T"O) and let

To = {(x,k):(x,k,s)er}. (The set Qo and the sets Qm for
any integer m > 1 given below are easily determined from
the linear program by taking the points of C(T"o,ao) or
C(T"m,am) respectively Wwhich correspond to the slack
variables which are set equal to zero to obtain a solution
of the linear programming problem. The set Qo or Qm will
usually include all the points of c(T"o,ao) or c(T"m,am)
respectively.) Then let t = 0 and define the sequence

of point sets {Tm} and the sequence of approximations

{P(x,am)} recursively as follows (m 0 initially). Ob-

tain a point T' = {(x_,k )} where ILk(x,am)I attains its

maximum on XxI. Let

T U7 ift =0
T" 41 = { mL) ™ m
T,UT' (YT

i1f£ ¢t > 0
m 1=m=t

i



75

"
and find a best approximation P(x,um+1) to f(x) on T m+1

(again we may use linear programming). Let Qm+1 be a sub-
set of the extremal point set C(T ) such that Qm+1

)

m+1°%m+1

contains some minimal characterization set from MCS(T"m+1

and let T ., = {(x,k):(x,k,s)st+l}. Then if

e(Tm+l

increase t by 1.

) 2 e(T ) + e, set t =0 and 1f e(T ;) < e(T ) + e

Algorithm II

This algorithm differs from Algorithm I only in the
determination of the set T'm which 1s defined as follows.

For each approximation P(x,am) we define the set

B = {(x,k)eXxI:|L (x,a )| > e(T )}

The set B conslists of at most a countable number of closed
intervals (allowing single points as degenerate intervals)
from XxI. Then combline the 1ntervals from B 1into larger
sets Jl,J2,...,JJ so that this collection of sets {J,}
satisfies the followlng requirements. Let J* be any
fixed element in {Ji}’ then
(a) only one of the following is true for all
(x,k)eJ*:Lk(x,um) > e(Tm) or Lk(x,am) < - e(Tm),
(b) {k:(x,k)eJ*} contains only one integer,
(e¢) 1f (x,k) and (y,k) are any two points from J*
such that x < y then there 1s no (z,k)eB such

that x < z < y and Lk(x,a ) < - se(T_) where
m - m

s = sgn[Lk(x,am)],
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(d) 1if J' is any element from {Ji} which 1s adja-
cent to J* then sgn[Lk(x',am)] = -sgn[Lk(x*,am)]

where (x',k) J' and (x¥*,k)eJ¥,

Since the function Lk(x,am) is continuous and e(Tm) >0
the collection of sets {Ji} consists of at most a finite
number of subsets of XxI. Then from each set Ji’ pick
out a point where |Lk(x,am)| attains its maximum value

on J,; and let T'm consist of all these points. (In
computational practice the set T'm can usually be defined
to be the set of all points (x,k) which are relative
maxima of |Lk(x,am)| over XxI for which ILk(x,am)l > e(T ).
The only difficulty that this could present 1s that T'm
might contain an infinite number of points, or T'm might
contailn too many polints for efflcient computation of a

best approximation on a finite point set.)

4, Convergence of the Algorithms

The first convergence theorem says that for any
approximatlion problem under consideration in thls chapter,
the polynomial P(x,am) as generated by either of the two
algorithms with €y > 0 will be close to a best approxi-
mation i1f m is taken large enough. First we observe that
the proof of the following lemma follows directly from

the compactness of XxI,
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4,10 Lemma. Let {(xm,k Y17 _. be a sequence of points

m ‘m=1

m-1
from XxI and let Q = U (xi’ki)' Then given any € > 0
' i=1

there exists an integer N = N(e) such that m > N implies

that dl(x_,k ),Q ] < ¢.

4,11 Theorem. Let e, > 0 for Algorithm I be fixed and

let T' be a set of n points such that det[WIM(T')] # O.
Then given any € > 0 and any finite point set T“o for

which e(T"o) > 0, there exlsts an integer N depending on
eo,e,T' and T"o such that if Algorithm I is followed start-

ing with T"O, it follows that

M{f(x) - P(x,a )] - e < e form > N,

e - e(T ) <« for m > N.

Proof: The sequence {e(Tm)} 1s monotone increasing and
bounded above and hence converges to some real number

e' <e. Let m Dbe some integer for which e' - e(Tm ) < e

°°
o

! " ”"
Then it follows that T' T mCT m+1

Since T'(:T"m for m > m, Corollary 1.15 implies that

for all m > m
o}

there exists a compact set SCE" such that R(Tm)(:S for
allm > mg. Thus the weighted error functions Lk(x,a)
defined for all keI, are uniformly continuous in a and x
for aeS and xeX. Therefore, given any ¢ > 0 there exists
a § such that |Lk(x1,a) - L (x,,a) < e for all aeS, keI,

and x;,X,eX satisfying le - x2| < 6.
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Then from Lemma 4.10 there exists an integer N = N(§)

such that
d[(xm,km),T"m] <« & form > N.
Thus for some (x',k')sT"m we have

|Lkm(xm,am)| - ILk,(x',am)l < ILkm(xm,um) - L (x"5a )] < .

Since lLk,(x',am)I < e(T ) < e and
e < M[f(x) - P(x,a )] = ILkm(xm,am)l

we have M[f(x) - P(x,am)] - e < ¢ and e - e(Tm) < €

for all m » N. Q. E. D.

The above theorem and proof are easily extended to
Algorithm II without any significant changes.

The second convergence theorem is one which 1s appli-
cable in certain specilal cases. It states that for certain
problems the two algorithms will converge to a best approxi-
mation with €5 = 0 if we start with a point set T"O for
which e(T"o) 1s close enough to e. We shall first prove

three lemmas to simplify the proof of the theorem.

4,12 Lemma. Let P(x,a) be a best approximation to f(x)
on TCXxI where MCS(T) contains a set of n+l points. If
|Lk (xg5a)| > e(T) for some (x_,k )eX«I, then

o
e(T(}{(xo,ko)}) > e(T).
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Proof: Assume that e(TU{(x_ ,k )}) = e(T). Let a' be
any best approximation in R(TL}{(xO,kO)}); then a' is
also in R(T). Theorem 1.41 implies that R(T) contains
one unique best approximation and thus that o = a'. This

contradicts the assumption that iLk (xo,u)} > e(T). Q. E.
o

oo

i=1
sequence of continuous functions on a compact set X

4,13 Lemma. Let {fm(x)} be a uniformly convergent
which converges to f(x) and for which there exists a

sequence {xm}m=l converging to Xy and satisfying

£f.(x ) = Max|f (x)|. Then Max|f(x)]| = lf(xo)
xeX xeX

Proof: For each m and any xeX, [f (x)| < [f (x )I.

Then using the triangle lnequality we have

£, < e e | < I8 |+ e () = £ (x )|

+ 1 (x) = £(x)]

for any xeX. Then taking the 1limit as m-+» we have
|£(x)| < |f(xo)| for all xeX. (In taking this 1limit we
must use the fact that a uniformly convergent sequence
of continuous functions 1s equicontinuous. See Goffman
(11], p. 106.) Q. E. D.

4,14 Lemma. Let ;12 Tm = TO, ;iz e(Tm) = e(TO) and
;if B, = B, where BmeR(Tm) for all m. Then BoeR(To).

Proof: Since e(Tm) = MTm[f(x) - P(x,Bm)] for all m, it

follows that
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MT [f(x) - P(x,8,)] < e(T ) + M[P(x,8 ) - P(x,8,)]. (¥)

Taking the 1limit of both sides of (4) as m»e,

MTo[f(x) - P(x,BO)] < e(To) which implies that BoeR(TO).

4,15 Theorem. Suppose that in a particular problem of
approximating a function f(x) on XxI all of the point sets
in MCS(XxI) contain n+l points. Then there exists a con-
stant B < e such that 1if T"O is any finite subset of XxI
for which e(T"O) > B and 1f either Algorithm I or Algorithm
II 1s applied with €y = 0 beginning with the set T"O, it
follows that each approximation P(x,am) will be the unique
best approximation on T"m (and hence also on Tm) and

{P(x,am)} will converge to the best approximation on XxI.

Proof: First we shall show that there exists a constant

B < e such that 1f T 1s a finite subset of XxI and e(T) > B,
then every set in MCS(T) contalins n+l points. If this were
not so, then for each integer m > 1 there exists a set of
k < n+l points T such that e(T ) > e - 1/m. Then {T }

has a convergent subsequence, also denoted {Tm}, converging

to a set T . But Corollary L.7 implies that 2im e(T ) < e(Tj

m->o

and hence that e = e(TO) since 2im e(Tm) = e. Since e(To) =
m->o

it follows that RC.R(TO) and since the sets in MCS(XxI) con-

tain n+l points, the set R contalns one unique best approxi-

mation o Thus

MES(TO) CC(TO,u) C C(a) = MES(XxI)

)

e
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and hence any MCS in MCS(TO) is also in MCS(XxI). But
the sets in MCS(TO) can consist of at most n points since
To contains at most n points. This contradicts the
assumption that the sets from MCS(XxI) all contain n+l
points.

The set T' from the algorithms need not be con-
sldered in this proof since €y 0 and hence t = 0 through-
out the algorithm. Assume that e(T"O) > B. Since
e(T ) > e(T" ) for all m, the sets in MCS(T" ) all con-
sist of n+l points and hence by Theorem 1l.41 each e is
the unique best approximation on the set Tm for m > O.
From the three sequences {P(x,am)}, {Tm}, and {T'm}
which are generated by the algorithm, choose three corre-
sponding subsequences also denoted {P(x,am)} {Tm}, and
{T'm} which converge to P(x,a_), T_, and T'_ respectively
and for which MTm[f(x) - P(x,am)] = e(Tm) and
MT'm[f(x) = P(x,am)] = M[f(x) - P(x,am)]. (The convergent
sequence {P(x,am)} exists by Corollary U4.6.) The sequence
{e(Tm)} is monotone increasing and bounded agbove which
means that 2im e(Tm) exists. Corollary 4.7 implies that
e(T_) > e(TE;m> B for all m and hence that the set MCS(T)
contains a MCS, denoted Q*, of n+l points. Let
T* = {(x,k):(x,k,s)eQ*}. Then Lemma 1.40 implies that the
rank of WIM(T#¥) = WIM(Q*) has rank n. Thus T*CT_ and
hence the hypotheses of Theorem 4.5 are satisfied which
means that 2im e(T ) = e(T,). Then Lemma 4.14 implies

m-+e

that P(x,a_) is the unique best approximation to f(x) on T_.
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Assume that P(x,a_) is not a best approximation of
f(x) on XxI. From Lemma 4.13 we know that T'_ contains an
absolute maximum point (x',k') of |Lk(x,aw)| over XxI.
Since P(x,am) 1s not a best approximation,

ILk,(x',aw)| > e(T_) and hence by Lemma 4.12 it follows

that e(T_UVUT' ) > e(T_). Moreover, &im e(TmLJT'm) =e(T_UT' )
by Theorem 4.5 since T*CT_ and the ?;;k of WIM(T#*) is n.

Thus for m large enough, e(TleT'm) > e(T_) which is im-
possible. Thus e(T' UT_ ) = e(T_ ) = e and P(x,a_) 1is the
unique best approximation to f(x) on XxI. Thus the original
sequence P(x,am) generated by the algorithm converges to
P(x,a_).

In general we do not know i1f the hypotheses of the
previous theorem are satlsfled before solving the problem.
However, in computational practice Algorithm II with € 0
has proved to be an efficient method of computing best
approximations even when e(T"o) is not close to e as re-
quired by Theorem 4.14. This is true because for most
problems of computational interest the quantity e(T"m) be-
comes larger than the number B from Theorem 4.5 for quite
small m and hence the theorem may be applicable from this
poiht on.

In problems where MCS(XxI) contalns a set of less
than n+l points or where some points of a set in MCS(XxI)
are very close together, the convergence may be quite slow
and a high degree of accuracy obtalnable only with multiple

preclision arithmetic.
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5. Computational Procedures

In the actual computational use of Algorithm II
using linear programming to find best approximations to
f(x) on finite point sets, certain serious difficulties
were encountered. The most serlious difficulty was that
of the extreme lnaccuracy of the linear programming
solution to certain approximation problems on finite point
sets as computed by the simplex algorithm. It was also
found that the number of elliminations of the simplex
algorithm used in finding best approximations was quite
large. However, there 1is a simple procedure which has
been very successful in eliminating both of these diffi-
culties without changing any of the theory behind the
application of linear programming to the solution of the
approximation problem under consideration.

Instead of solving the system of inequalities of
line (1) page 62 on a finlte point set T"m while minimizing
e, the following procedure 1is used. Using the notation of
the algorithms and defining P(x,a_m) = 0, find a best
approximation P(x,a*) to f(x) - P(x,am_l) on the set T"m

and set a_ = a + a*, This means that the linear pro-

m m-1
gramming problem corresponding to line (1) page 62 1is
modified so that for a fixed a . _, We find a point

a¥ = (al,a2,...,an) in E" such that

W, (0)DFL£(x) - P(x,a - P(x,a*)]| < e

m—l)
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for (x,k)eT"m where e 1s to be a minimum. Then e is
defined to be a1 % a¥,

The followlng example shows how this procedure
affects the speed and accuracy of the simplex algorithm
solution to specific linear programming problems. (The
first method will be called Method I and the later modi-

fication will be called Method II.)

4,16 Example. Let I = {0,1,2,3,4}, X = [-1,1], n = 9
1-1

¢i(x) = X for 1 = 1,2,...,9, f(x) = sin(x), wo(x) =1
Wy (x) = .1(1 - x°) Wy(x) = .001(1 - x0)
wz(x) = ,01(1 - x6) Wu(x) = ,0001

The set T"o was chosen to be ten equally spaced points
from each set Xx{k} for keIl; thus T"O consists of 50
points from XxI. Using single precision arithmetic (ten
decimal places of accuracy) on the CDC 3600, several terms
of the sequence {P(x,am)} were generated using Algorithm
IT with €5 = 0. The followlng table gives a comparison
of Method I and Method II and 1lndicates the advantages of
Method II in both speed and accuracy. The columns marked
"Eliminations" indicates the number of eliminations used
in the simplex algorithm in the solution of the linear

program.



85

Method I Method II
e(T"i) Eliminations e(T“i) Eliminations 1
7.05269x10~° 36 7.05269x108 36 0
8.98299x10~° 49 8.98362x10"2 22 1
1.32349x10723 59 8.98948x10"° 28 2

Letting a, and a'2 denote the third approximation to f(x) as
given by Method I and Method II respectively, 1t was found

that

3.53572x107°

MLE(x) = P(x,0a,5)]

8.99017"10-8

M[f(x) - P(x,a'z)]

The third linear program which used Method I and required
59 eliminations has a computed deviation e(T"2) which 1is
essentially zero and hence glves no indication concerning
the true deviation of a best approximation on the set T"2.
Moreover the set Q2 as determined by the linear program

did not contain a set from MCS(T"2) and hence the algorithm
could not be continued. (It should be noted that the set

T". was the same in both Method I and Method II. The set

1
T"2 was not the same for both methods because the com-
puted solutions from R(T"l) were not the same for both

methods.)
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There 1s one other difficulty which could occur in
theory but which has not been observed in actual compu-
tational practice. The sets T; = {(x,k):(x,k,s)eQi}
could have an increasing number of polnts as 1 becomes
large and hence the whole purpose of solving the problem
on a small number of points would be defeated. If this
would ever become a problem, the set T1 could be replaced
by a subset T* of no more than n+l points by determining
T*# so that e(Ti) = e(T*). This can be done by taking
various n+l point subsets of Ti and calculating the

deviation on these subsets.

6. Computational Examples

Many approximations were computed on the CDC 3600
using single precision arithmetic (ten decimal places of
accuracy) and Algorithm II with €g = 0. The following
examples are given to illustrate some of the unusual
things that can occur in the computation of best approxi-

mations.

.17 Example. Thils example 1s the computer solution to
the approximation problem given in Example 3.1 which does
not have a unique best approximation. It was found that
the best approximation obtained by the algorithm depended
on the initial point set T"o. In each case a best approxi-
mation was determined in two steps of the algorithm. Thus
P(x,al) is a best approximation in each case. This

occurred because the set
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{(x,k):(x,k,s)eMES(XxI)}

was included in the set T"l and thus a best approximation
could be computed exactly. The various sets T"o and

best approximations P(x,al) are given in Table I.

4,18 Example. Let X = [-1,1], I = {0,1}, n = 5,
1-1

¢1(x) = x for 1 = 1,2,...,5, wo(x) 1, wl(x) = ,15(1 - x6),
f(x) = cos(x), Df(x) = -sin(x). The initial set T"o was
chosen to be 6 equally spaced points from Xx{0} including
the end points, and 6 equally spaced points from Xx{1},
including the end points. In Table II the successive x
values of the point sets Ti are given in the columns headed
(1), (2)y...,(6) for values of 1 = 0,1,...,8. The values
which are followed by an asterisk are points (x,1l) from
Xx{1l} while those without an asterisk are from Xx{0}. The
column headed "Elim." indicates the number of eliminations
that were needed to find a best approximation on the set

T", using the simplex algorithm and Method II. The set

i
T, contalned one additional point, namely (0.,0), which

1
is not shown in the table.
It should be noted that the extremal points 1n columns
(4) and (5) are approaching each other as the algorithm
proceeds. It has been observed that when thils occurs, the
ratg of convergence of the algorithm 1s slower than for
similar problems where the extremal points do not come to-

gether. In situations where points come together it may

become necessary to take €5 to be positive in the algorithms.
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