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ABSTRACT

A MODELING STUDY OF PLUG MUFFLER

PERFORMANCE

By

Kit Leung Yam

A new approach has been described for solving problems of plane

acoustic propagation in mufflers with partitioned, perforated tubes

with mean flow, by decoupling the governing differential equations.

This approach leads to compact and exact expressions for the matrix

parameters of crossflow elements without any concern for convergence of

infinite series or segmental analysis employed in other studies. The

predicted transmission loss curves agree remarkably well with experi-

mental results in zero mean flow, and for mean flow Mach numbers at

least up to .16. Various muffler configurations can be modeled easily

by applying the appropriate boundary conditions. The resonance fre-

quencies of a plug muffler with no mean flow are seen to coincide with

resonance frequencies of crossflow elements, which in turn may be corre-

lated very simply and accurately with the dimensionless group (w£)2

defined in this work. This correlation bears out observed trends with

variation of geometric parameters.
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CHAPTER I

INTRODUCTION

Mufflers for a variety of applications involve perforated tubes

encased in concentric chambers. Despite their popular usage, the design

of these mufflers is largely empirical. As restrictions on noise con-

trol, exhaust system size and manufacturing cost become tightened, the

time consuming trial-and-error approach is found to be inefficient and

inadequate. There is a strong desire for a model which can provide

better understandings on the performance of such mufflers in order to

develop more sophisticated and effective designs.

Sullivan [1] has derived a closed form analytical solution for

the differential equations describing the plane wave motion in the cavity

and in the center tube of an unpartitioned concentric resonator.

Jayaraman [2] has shown that the performance of such resonators, in the

absence of mean flow, can be analyzed more clearly by decoupling the

differential equations using two transformed variables, one of them

being the radial particle velocity through the perforated interface.

Sullivan [3] has further shown that mufflers with plugged perfor-

ated tubes in a chamber may be treated as a combination of two cross-

flow elements with different terminations on the two ducts involved in

each crossflow element. He has suggested that the transmission matrix

parameters describing plane wave propagation in each element be
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computed by lumping the perforate impedance into several branches

separating rigid walled segments. Each of these segments and associated

branches would be described by a 4 x 4 transmission matrix; for

Sullivan's example of a tube with 3.9 percent porosity, 15 segments were

used so that 30 such matrices were multiplied at each frequency to

obtain, after applying the appropriate termination conditions, the con-

ventional 2 x 2 transmission matrix of a crossflow element.

The difference between the unpartitioned concentric resonator and

the plug muffler lies, insofar as mathematical representation is con-

cerned, in the more complicated assortment of boundary conditions for

the crossflow elements which constitute the plug muffler. The differen-

tial equations describing plane wave propagation in the two ducts are

the same in both cases. In this work, a treatment similar to that of

Jayaraman's analysis is used to decouple the one-dimensional, distrib-

uted model as described by Sullivan. This analysis leads, without any

lumping, into two "straight pipe" equations for transformed variables

including the effect of convection due to mean flow as well as complex

perforate impedance. The resulting expressions for the transmission

matrix parameters of the crossflow element, incorporating any set of

terminations, are exact and may be used to explore more directly the

effect of parameter variations on transmission loss curves.

For typical exhaust systems, mean flow Mach numbers ranging up to

0.3 are representative. The effect of mean flow is to be discussed in

two aspects: (1) computing perforate resistance for mean flow Mach

numt>er and (2) analyzing the differential equations with "convective

ternis" present. An assumption, which shall be shown to be required by

 

 

 



the decoupling approach, is that the tube and the chamber of the concen-

tric component have the same mean flow. This condition is normally not

satisfied in practice because the cross-sectional areas of the tube and

the chamber are usually unequal. However, this assumption does not seem

to be restrictive for mean flow Mach numbers at least up to .l6.

Moreover, for much higher mean flow, an average Mach number for the

tube and the chamber may be used in this model.

Various muffler configurations can be modeled easily by applying

the appropriate boundary conditions to the decoupling model. The muffler

configurations discussed here include plug mufflers, diffusers and muf-

flers with more than one plug. Transmission loss curves computed as a

function of frequency are compared with curves obtained from experiments

when available. The locations and widths of resonance peaks are discussed

for each configuration. The contribution of each crossflow element to

the combined muffler is also examined closely.

Finally, a simple relation between the resonance peak locations of

a crossflow element and its geometric parameters is obtained. This rela-

tion allows very accurate resonance peak locations prediction for cross-

flow elements in the absence of mean flow.



CHAPTER II

MODEL EQUATIONS FOR PERFORATED TUBE RESONATORS

The differential equations describing plane wave propagation in

the two duct configuration [see Figure 1] presented here are proposed

by Sullivan and Crocker [1]. The principal assumptions used in the

formulation of these equations are as follow:

(l) Negligible spatial variations of acoustic pressure and

related density over any cross-section of either the tube

or the cavity.

(2) Fluctuating pressure and density are small compared to the

mean values.

(3) Gradients of mean flow and temperature are neglected.

(4) The only losses in the system are caused by the resistance

at the interface between the tube and the cavity.

 
 

   

  

Figure 1. Configuration of Crossflow Elements.
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The equation of mass conservation and momentum conservation may

be written as

 

301' 3W1] 4 I _ 39]

W1 32 + po 32 + _3I pou - ' at (2'1)

3 3 I _ _ apll

CO (at + N1 32 ) wl - 32 (2.2)

 

for the inner tube (duct 1) of diameter d1; and

  

 

392' awzl _ 4d1 l _ 392'

”2 52"'+ po 32 (d3: - all) Do“ ' ‘ at (2'3)

3 a a I

for the cavity (duct 2) of diameter d2. Here p0, N1 and N2 denote the

time-mean density and the time-mean axial flow velocities while wll,

wzl, pll, pzl and pll, pzl denote the fluctuations in axial particle

velocity, density and pressure in the two ducts; uI is the fluctuating

radial particle velocity in the perforations; setting pI = 9 c2, replac-

ing all fluctuating quantities by their complex amplitudes for a given

frequency w according to

U)

PI = P (2) e1 t ; ul= u(z)emt etc. , i E ,/-1

and relating u (z) to pl (2) and pz (2) by the uniform perforate impedance

oocc

u (z) =ELLZ_L_'_£2_LZ)_ (2.5)
poet

we obtain the coupled differential equations
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d2 iM ka2+k2 d ka2

[H'W‘T‘lfiiw 91(2) =
1

. k 2-k2 k Z-kZ]
1M] a _g__ a (2.6)

‘ [I-M], ( k ) dZ 1_M'1'2"' p2(z)

for the center tube and

d2 iM kb2+k2 d kb2

[32‘2— 'TTMZL’ C—T“) T2— +T—‘M—2" P2“)

2.7

. k 2-k2 k 2-k2 ( )

= - [TLH‘T _—lll—<——) 3521— - Trig—7"] p1(z) for the cavity

Z

_l

C

2_-__4L 222-. 4dk

a k 1 d1; kb "k 1(337:3ITTZ (2‘8)

where k w/c M1 Etch- M25

x

N

I
l
l

and c speed of sound.

A closed form solution of the above differential equations for

concentric resonators has been obtained by Sullivan [1] using an

eigenfunction expansion method. In his solution, it is assumed that

there was mean flow in the tube but not in the cavity.



CHAPTER III

SOLUTION TO MODEL EQUATIONS

In this chapter, a decoupling approach will be used to solve the

model equations with mean flow included both in the tube and in the

chamber. For simplicity, temperature, porosity, mean flow and impedance

of perforation are assumed to be uniform along the crossflow elements.

This approach allows a clear and direct parameter analysis on the trans-

mission loss curves to be studied.

3.1 Decoupling Analysis
 

Two transformed variables P1 and F2 (which are combinations of p1

and p2) are used to decouple the differential equations given in Chapter

11 into propagation equations similar to equations for the straight

pipe. Equations (2.6 and 2.7) may be rearranged to a compact matrix

form

D2 ' 010 + 02 G30 - a“ P1(Z)

o (3.1)

059 - 05 D2 ’ 070 +198 P2(Z)

 

where D E d/dz and the o's may be identified by comparison with equa-

tions (2.6) and (2.7).
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'M %b-k2)

=T-N%(—

IMZ ka+ k2\

5 1_M22 ( k I

02

06

as

is similar to a diagonal matrix of the form

M
> m

 L

F

YlD2 - YzD + Y3

YNDZ  - YsD + Ye]

(3.

(3.

By matching terms in the characteristic polynomials of A and A, the

following equations

+ YaYu = 0‘2 + as + 0107 ' 0130‘s

0(10%; + 042017 ' 0L30‘s ' anus

Y1 + Y» = 2

Y2 + Y5 = 01 + 0‘7

Y3 + Y5 = 0‘2 + as

Y1Y4 = I

Y1Ys + YzYu = 0£1 + 0‘7

Y1Ys + Y2Ys

YzYs + Y3Y5 =

Y306 = 0.203 - ands

(3.

(3.

(3.

(3.

(3.

(3.

(3.

(3.

2)

A, in (3.1) may be diagonalized by assuming that it

3)

4)

5)

6)

7)

8)

9)

10)

ll)



must all be satisfied in order to obtain a consistent solution. Solving

equations (3.4)and (3.7), 71 = y, = 1. Therefore equation (3.8) can be

reduced to equation (3.5), and equation (3.9) can be simplified as

Y2Ys = 0L10‘7 ' 0‘3015 (3-12)

There remains four unknowns (72, Y3, v5 and Y5) and five equations

((3.5), (3.6), (3.10), (3.11), (3.12)). By solving equations (3.5) and

(3.12),

 

Y5 = LaL + 0‘7) i I (0.1 +2@2 ' 413107 " 03(15) (3.13)

and arbitrary pick

 

 

 

 

Y5 = (a1 + a7) + J Q21 +7017)“ 4611“? ' (Hotel (3.14)

such that

Y2 =(a1 + a7) ' J (01 +207Iz' 4(a1a7 ' aaasiI (3.15)

Similarly, solving equations (3.6) and (3.11)

 

Y6 = (“2 + as) i.JT(a2+2a3)z ' TKQ2Qa ‘ anasVI_ (3.16)

and again arbitrary pick

 

Y6 = :02 + 0.31 'I' j (a2 +203)Y_ ' 40.1206 " and?) (3.17)

such that

 

Y3 =.Iaz + 08) ' JTZdz +zaaI‘ ‘ (0208 ' 0406) (3.18)
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Equations (3.14). (3.15), (3.17) and (3.18) compose a set of con-

sistent solutions only if the remaining equation (3.10) is also satis-

fied. Equation (3.10) is satisfied only if the mean flow Mach numbers

in the two ducts are assumed to be identical (i.e., M1 = M2 = M). Note

that this assumption cannot be eliminated even if yz and Y3 take the

positive roots of the discriminates in equations (3.13) and (3.16),

respectively. After substituting the o's by equation (3.2), the y's

are given by

 

Y1 = 1 Y1 = 1

. k 2 + k 2 .

y. =11u7( a k b) y. #14“ (3.19)

= 1 (k 2 + k 2 _ k2) = k2

Y3 l-M a b Y6 '1'-“2M

so the decoupled equations are

 

 

2 2 2

(02 -1137 (klk " k) D +1—Eh14-2—> r, = o (3.20)

2 2iM k2 _
(D - 7:“? k0 + l-M P2 - O (3.21)

where k12 E k2 - 1dftk (7%72) ; r E dl/dz (3.22)

Following a similar analysis to Jayaraman's earlier work, a new

pair of pressures F1 and r2, which are combinations of P1 and P2 , are

defined by

[le -
(3.23)II

I
J
'
)

r
-
-
1

"
1

"
.
1

N
H

L
_
.
.
_
_
J
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where=§= is the matrix of eigenvecroea of__,A_ in equation (3.1). The eigen-

values of=é=are given as the diagonal elements in equation (3.3), where

the y's are given in equation (3.19).

For the eigenvalue A1 = YlD2 - YzD + Y3,

(YZ‘al) D + (02 - Y3) aaD - an

 

  

  

 

A - A1 I =

_. __GsD - 06 (Y2 ' 0t7) D + (as - Y3)_

. k 2-k2 . k 2-k2
1M ( b ) D + (k2-k 2) 1M ( a

1-H2 k b l-M2

, k 2-k2 . k 2_ 2

1M b 2_ 2 1M 3 2_ 2

J-Mz ( k ) D + (k kb ) 1"sz ( k ) D + (k ka )4

. F' - 2 _1

2 2 1 1—?
= 1M (kb -k ) D + (kz-k 2) r

I'M k b 1' 2

-1 r’ .J

 

) D + (kZ-kaz)

  

so the eigen-solution is given by

n+1} P2= 0

Setting P1 = 1, the eigenvector for A1 is thus

1

r.2

rz-l

1

 

(3.24)

Simi ‘larly, the eigenvector for A2 = “D” - YSD+y5 can be found to be

1

[.1 i] 'Therefore the eigenvectors matrice is
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f" '1

1 1

.5. = r2 (3.25)

— rZ-l U

and

1-r2 rz-l

_1

g; = r.2 1_r2 (3.26)

As a check, the relation g; :5: = A can be shown by direct multipli-

cation.

The two transformed variables can now be expressed in terms of p1

and p2.

T1 (I'FZ) (p1 ' 92) (3.27)

F2 = r2 (p1 - Dz) + Pz (3-28)

The new "pressures" F1 and r2 follow equations similar to the classic

equation for plane wave propagation with mean flow in a straight pipe.

Further, P1 (2) is directly related to the fluctuating radial velocity

through the perforations--

F1 (2) = (l-rz) oocc U(2); (3.29)

[so the radial particle velocity propagates with wavenumber k1 given by

equation (3.22), in the absence of mean flow].

The general solutions to equations (3.20) and (3.2l) are obtained

as

r, (z) r: e‘lizz + r,” el¢2z (3.30)

r, (z) r2+ e'1¢3z + r," ei¢,z (3.31)



where

Hen

all:

ma.
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where

 

2 2 _2 2 2

@1 = MM [_(k1 :k ) +/4k1 _4k12 + (51km )]

 >

_ M k12+k2 ~/4kT 2 (PM 2)

4’2 2 l-M [( k ) I +M ‘ 4'“ + (—k') (3.32)

 $3 = m- ; ¢H = I'M

We may now incorporate any set of terminations on the two duct configur-

ation to obtain the matrix parameters.

3.2 Terminations and Matrix Parameters

To take account of the boundary conditions in the two ducts, we

may use the relations

91(2) = I3(2) + I12(2) (3.33)

and

(02(2) = FEET r1(z)+r2(z) (3.34)

For example in the case of the crossflow expansion chamber, with rigid

terminations at z = 0 in the cavity and at z = 2 in the center tube,

the boundary conditions

g21(2) = 0 and-921(0) = 0 (3 35)
2 dz °

may be combined with equations (3.33), (3.34), (3.30), and (3.31) to

obtain

‘I¢1F1+e-1¢1£ + 1¢2F1-e1¢2£'I¢3P2+e-1¢32 + I¢uF2-ei¢hg = 0 (3°36)

r.2

('1¢1rl+ + 1¢2P1-)‘FT:T ' 13133131- + l¢aF2 = 0 (3°37)
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which allow elimination of F2+ and F2' from the relations for p, and p2.

Next, the equations

<1k+M§;)wJ(z)=-g—§Epj(z) j=1.2 . (3.38)
0

may be used to obtain expressions for wj(z) in terms of F1+ and Fl'.

Finally we may write

+ -

91(0) = T1T1 + Tzrl

+ -

o CW(0) = Ta? + T r

0 1 1‘ 1 I (3.39)

+ ..

P2(2) = Tsrl + T6F1

  + -

DOCW2(2) = T7r1 + Terl j

where the {Tj} involving only M, k, k1 and L are given by expressions

noted in the Appendix.

F1+ and F1' may be eliminated from (3.39) to obtain the transmis-

sion matric

      

[731(0) GAE TBe FPZUL)

= (3.40)

_p0cw1(0)_j -Tce Toe-J _pocw2(2)_(

where

TAe = %‘(T1Te - T2T7)

TBe =‘% (Tsz - T1T6)

1
(3.41)

TCe =‘fi (T3Te ‘ T4T7)

1

TDe 'F (TuTs - TsTs)

F (TsTe ' T6T7)
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These expressions represent the exact solution of the two coupled

differential equations (2.6) and (2.7) subject to the boundary condi-

tions of a crossflow expansion chamber. The transmission loss at any

frequency may be computed from the matric parameters by

2 l
} (3.42)

T +T +T +T
A B C D

2

A1 (1+Mi 2

TL = 10 10910 { -—- ---
Ao 1+M0

 

 

where A, and A0 are inlet and outlet areas of cross section for the

 ‘*.
’

crossflow elements; Mi and Mo refer to incoming and outgoing mean flow

Mach numbers. Similar analysis for a crossflow contraction chamber with

boundary conditions

§h(0)=o 9P2(2)=o (343)
z ’ dz '

;yie1ds the same expressions as in (3.41) for the matric parameters but

vvith slight modifications in the {Tj} as noted in the Appendix.



CHAPTER IV

MODEL SIMULATIONS ON TL CURVES FOR PLUG MUFFLERS

WITH NO MEAN FLON

Effects of varying plug location and porosity of plug mufflers,

with no mean flow, on transmission loss curves are examined in this

chapter. The impedance measurements used here are obtained from the

works by Jayaraman [2] and Sullivan [3].

4.1 Theoretical Expression for Matrix Parameters

of Plug Mufflers

A simpler approach compared to that described in the last chapter

can be used here to decouple the differential equations describing the

[flane wave motion of crossflow elements. For the mean flow Mach number

M=O, equations (2.6) and 2.7) can be simplified to

Center tube -g:§;)51 + ka2p1(z) = (kaZ-kz) p2(z) (4.1)

Chamber g3§§ézl + kb2 p2(z) = (kbz-kz) p1(z) (4.2)

The two equations may be rewritten as:

d2 P1 _ ’kaz kaz ' k2 P1

3? [W]- "b2 ‘ "2 'ka '02 (4'3)

1L!

Again, a formal eigenvector analysis yields the decoupled equations

16
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(4.4)

0
.
0
. N

N
"
!

+

x
.

H

N

“
1

H

I

O

0
.
0
. N

N
‘
—
J

+

x

N
.
—
1

N

N

O (4.5)

P; and F2 are the transformed variable which are related to p1 and p2

by equations (3.26) and (3.27). Referring back to Figure l, on page 4,

denoting F1, F2 at z = Le by P13,P22, and at z = 1e + NC by F13,P33, we

obtain first from equations (4.4) and then (4.5).

r— - r- - - _ ‘-

le COS 1(12 flFk—fl 0 0 1‘13

(11‘12 . drn
ETET' klsin kli cos kll 0 0 d z (4 6)

F22 o 0 cos k2 .liiE—5& r23

szz 0 0 kSln k1 cos kt -%£§i

3_E_' ( L;
,

(L— . _ 1“, r .— — d       
This occurs because the decoupled equations for r, and P2 are mathe-

matically identical with the straight pipe equations for plane wave

propagation.

Going back to pressures p12 p13

d2;z d§13

dz _1 z

= 2;; (4-7)

p22 P23

.9222 922;

2 dz

where_.B._ is the matrix of eigenvectors of;
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l O l O

O 1 O 1

g = 1 1” E Dl/Dz (4.8)

l-l/r2 0 1 0

l
0 W 0 1

l-r2 0 -l+r2 0

_1 _ 2 _ 2

J; = 0 1 r 0 1+r

(4.9)

The boundary conditions for the crossflow contraction chamber are

d212 = d 23 =
dz 0, and z 0 (4.10)

may be used to eliminate from equation (4.7) plugglil from the left

and p23,-9§§1 from the right yielding a 2 x 2 matrix. In addition,

knowing that the amplitudes of pressure, p, and particle velocity, v,

are related by

= - ipcv (4.11)

:
1
K
g

N

l
k

on either side, we obtain the transmission matrix 1c for the crossflow

contraction chamber in the relation

P22 TAC TBC P13

=
(4.12)

pcv22 TCC TDC DCV13

1c

where
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[F2F1F4/(r2'1) ' F2F31/(F4-F3).
4 ll

AC

ik[r2(2-2F1F2 ' Fqu - F3F5) - Fle/(r2-1)]/(Fu'F3).
4 N

BC

TCC = FaFu/[1k(1'r2) (Fa-F3)]

Tpc = [r2F2F3/(r2-1) - FlFul/(Fu- Fa) (4°13)

F1 = cos kll F, = k sin kl

F2 = COS k] F5 =1? 5111 k 1

1 1

F3 = ((1 $1" 1(11 F6 =1? 5111 k]

r = d1/d2 (4 14)

Similarly, denoting p1, p2 at z = O by p11, p21 and applying the boundary

conditions for the crossflow contraction chamber,

-9911 = o and 9911- = o (4.15)

We obtain the transmission matrix Te for the crossflow expansion chamber

in the relation

P11 TAe TBe P22

=
(4.16)

pCV11 TCe TDe pCV22

The matrix parameters for a crossflow expansion element may be obtained

1
P
4

from the crossflow contraction transmission parameters of equal chamber

length and porosity by the relations
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TAe TBe TDc TBc

_ 2

TCe TDe TCc TAc

The overall transmission matrix=L=of the plug muffler can now be obtained

by multiplying the matrices 1e and Ic‘

FT 1 1
I =1e1c = A B (4.18)

Tc To

_. .J  

The transmission loss TL may be evaluated by equation (3.41) to be

A. T + T + T + T 2

TL =1o1og10 {T1 A 23 C D } (4.19)

O

 

where A1. and A0 are inlet and outlet cross-sectional areas for the cross-

flow elements.

For equal chamber length and porosity, the transmission losses TLe

for the crossflow expansion chamber and TLc for the crossflow contraction

chamber is related by

TL = TL (4.20)
e C

The transmission matrices derived here are consistent with the transmis-

sion matrices obtained from setting M = O in equation (3.40). One check

on the numbers obtained from the computer is that the determinant of the

overall transmission matrix should be unity for mufflers without mean

flow.

For completeness we note here that similarly, the following equa-

tions may be derived for the concentric unpartitioned resonator in the
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absence of mean flow.
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4.2 Computation Results on Transmission

Loss Curves
 

Expressions (4.13) are first tested on a plug muffler for which

Sullivan [3] has presented experimental data on the perforate impedance

and a transmission loss curve. The specific normal impedance of a per-

forated sample made of 0.81 mm thick plate with 4.2% open area has been

measured by Sullivan to be,

_3 _s

c = [6x10 + i 4.8x10 f]/o (4.22)

in the linear range of particle-velocity through orifices, where f is

the frequency in Hz and o the fraction of open area. The test muffler

for which Sullivan has presented a transmission loss curve, consists of

a tube of diameter 49.3 mm, with centered plug and a uniform open area

of 3.9%, enclosed in a chamber of diameter 101.6 mm and total length

257.2 mm. Figure 2 represents the theoretical and experimental
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transmission loss curves for this plug muffler (all Figures, with the

exception of Figure 1, found on page 4, will be shown in the Appendix).

The agreement between the two curves is very good except for some

differences near the primary resonance peak. The primary resonance

frequency predicted by the expressions is about 100 Hz higher than

the value from experiment. It is seen from equation (4.22) that for a

frequency of 1000 Hz, the resistive part of the impedance is an order of

magnitude lower than the reactive part. Figure 3 compares the trans-

mission loss curves for the same muffler with and without perforate

resistance. Nhen perforate resistance is included, the maxima and the

minima of the resonance peaks are lowered and raised slightly, respec-

tively, the peak locations are unaffected.

We now proceed to investigate the contribution of each crossflow

element to the transmission loss curve for the muffler.

A. Base Case: oe = oc; fie = 1c

Figure 2 shows the transmission loss curves for the crossflow

expansion, crossflow contraction, and the combined muffler. Since the

lengths and the porosities of the two crossflow elements are the same,

their transmission loss curves coincide exactly with each other as dis-

cussed earlier. The peaks of the curves for the two elements are seen

to be located at identical frequencies--2050 Hz and 2600 Hz, resulting

in peaks for the combined muffler at the same frequencies. It might

also be noted that the transmission losses are always positive.

At this point, it is instructive to study the changes in contribu-

tion of the two crossflow elements to the overall transmission loss
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curve, when the fractions of open area or the lengths are different for

the two elements.

B. 0e + 0C; 2e = QC

Figure 3 shows the curves for the muffler of Sullivan's work

with one change: the fraction of open area on the tube after the plug

is changed to .045. The curve for the crossflow expansion element shows

peaks at 2050, and 2600 Hz just as before; the curve for the crossflow

contraction element shows peaks at 2200 and 2700 Hz. That is, the dif-

ference in the peak locations for the two elements is maximum at the

primary peak and diminishes progressively. The net result for the

muffler transmission loss is that the effective width of the first peak

is increased most, and the second less so. If the design objective were

to broaden specific peaks, the difference in porosity would have to be

picked carefully.

c. CE = CC; 26 = % re (me = 102.9 mm; rc = 154.3 m)

Figure 5 shows the curves for this muffler with different lengths

for the two elements. The curve for the crossflow expansion shows only

2 peaks--at 2050, 3050 Hz; the curve for the crossflow contraction shows

3 peaks--at 2150, 2350, and 3250 Hz. The net result is that the muffler

transmission loss curve has resonance peaks at 4 locations; but the

most noticeable difference between Figure 2 and Figure 5 is in the

region of 2300 to 3500 Hz rather than near the primary resonance peak.

It might be pointed out here that the combined muffler transmission loss

is unaffected if the parameters for the crossflow expansion and the

crossflow contraction are switched around.



24

Next, the effect of the porosity variation is studied on trans-

mission loss curves for some test mufflers used at Nelson Industries.

Since the perforate resistance with no mean for these mufflers is small

and has not been available, only purely reactive impedance is used.

The attached mass factors for these calculations was obtained from the .

unpartitioned concentric resonator studies reported by Jayaraman [2].

The agreement between theoretical result and the experimental result

conducted at Nelson Industries is excellent for these plug mufflers at

 least in the prediction of resonance frequencies.

Figures 6 through 8 show the effect of porosity variation for

Nelson mufflers with 1/8" holes on a 2" tube. When the porosity is

changed from 4.81% to 2.405% uniformly along the tube, the transmission

loss displays a trend similar to that observed for unpartitioned

resonators--the resonance frequencies shift to lower values for the

muffler with less open area. Figure 8 seems to indicate that if the

two crossflow elements are of equal length but different porosities,

the peaks on the transmission loss curves for the two elements while

225 coinciding, are close enough to result in broad peaks on the overall

transmission loss curve. The spacing between peaks on the curves for

the crossflow expansion and the crossflow contraction is maximum for

the first peak and diminishes progressively for higher frequency peaks.



CHAPTER V

MODEL SIMULATIONS OF VARIOUS MUFFLER CONFIGURATIONS

WITH MEAN FLOW

Transmission matrix expressions obtained in Chapter III are used

to study the effect of parameters on TL curves for various muffler

configurations with mean flow. As pointed out earlier, the decoupling

approach requires a uniform mean flow inside the entire muffler;

therefore, before the model is to be used, the incoming mean flow should

be corrected to a lower average value for the muffler. The muffler con-

figurations studied here include single plug mufflers, diffusers, and

mufflers with more than one plug. The effect of various parameters,

expecially porosity and chamber length, on TL curves is investigated

for each configuration.

It has been well-known that the presence of mean flow tends to

increase and decrease the resistance and reactance of the perforation,

respectively. The simulations in this chapter are based on a uniform

perforate impedance poc; reported by Sullivan [3] from measurements on

a sample with 4 percent open area, in the presence of mean flow. This

impedance is given by

a; = (.514 g! + i 4.8 x10-5f)/o (5.1)

where d1, M, t, o and f are the tube diameter, Mach number, length of

crossflow element, porosity and frequency (Hz), respectively.

25
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The effect of various parameters on transmission loss curves for a

number of muffler configurations is summarized below.

5.1 Plug Mufflers
 

(1) Base Case

The base case chosen here has the same dimensions as the one used

in Chapter IV, except this time a mean flow Mach number of 0.05 is in-

cluded. The muffler consists of a center plug with a uniform open area

of 3.9% along a 49.3 mm diameter tube; the chamber diameter is 101.6 mm

and the total length is 257.2 mm. Good agreement between the theoretical

and the experimental results is observed for this muffler at 74°C (see

Figure 9). This suggests that, in low Mach number, no correction is

needed for the incoming mean flow to obtain good prediction. Figure 10

shows the TL curves for the same muffler at 22°C. We note that the TL

curves for the crossflow expansion and the crossflow contraction chambers

coincide with each other; also, as temperature decreases, the resonance

peaks shift to lower frequencies. 22°C is used for all the following

computer simulations.

(2) Effect of Porosity Change Le = 2c

Figure 11 shows the TL curves for the same muffler but with one

change: the fraction of open area for the crossflow contraction element

is increased to 4.5%. As a result, the sound attenuation for this ele-

ment decreases slightly due to this change, the overall sound attenua-

tion for the muffler is also decreased.

Figures 12 to 15 present some interesting results from our analy-

sis, on the interaction between effects of porosity and of mean flow.
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These curves are calculated using the same impedance model (as in (5.1))

and the same lengths and diameters for M=O and M=.05 with porosities of

2, 3, 4 and 5 percent. The maximum effect of the mean flow is observed

for the plug muffler with the lowest porosity in that the peak magnitudes

on the transmission loss curves for M=0 and .05 are farthest apart with

2% porosity; this difference decreases consistently as the porosity is

increased. Moreover, while for M=0, the resonance peaks shift to higher

frequencies with increasing porosity as expected, for M=.05, the locations

of the peaks are insensitive to porosity. Only the magnitudes of the

peaks diminish significantly with increasing porosity for M=.05.

From equation (5.1), the resistance component of impedance is

inversely proportional to porosity; the above analysis shows that an

increase in resistance causes the sound attenuation to be increased.

However, in the cases for M=0, as described in Chapter III, the sound

attenuation decreases slightly when resistance is included.

(3) Effect of Plug Location

Figure 16 shows the TL curves for the base case muffler with off-

set plug; the lengths for the crossflow expansion and the crossflow

contraction are 85.7 mm and 171.5 mm, respectively. In contrast to the

effect of porosity variation, varying the lengths of the crossflow ele-

ments affects mostly the peak locations and the sound attenuations are

only slightly affected. Since the crossflow contraction element is

longer than the crossflow expansion element, it shows more peaks. The

number of peaks for the overall TL curve is roughly the sum of the peaks

for the two crossflow elements. However, the peaks of the crossflow
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elements do not coincide with the peaks of the overall TL curves as

sharply as in the cases when M=0.

(4) Sensitivity of TL Curves to Convective Term

Figure 17 presents the transmission loss curves computed using

(a) the expressions in (3.41) incorporating the convective effect of

mean flow and (b) the expressions in (4.13) and (4.17) involving the

mean flow only in the perforate resistance, for the base case muffler

at room temperature over a range of Mach numbers - M = .01, .05 and

‘.15. It may be noted that for M = .01 and .05, the two sets of expres-

sions provide very nearly the same results while the M = .15, the two

curves differ in peak magnitudes by up to 30 percent. Sullivan has

reported (Figure 10 of [3], Part II) that the transmission loss curves

computed with and without convective effects (using a segmental analysis)

are very close even at M = .15. However, experimental transmission loss

curve obtained at Nelson Industries for a plug muffler with a I" hole

tube and 5% porosity agrees very well with our model with convective

term.

5.2 Diffusers

A diffuser (see Figure 18) is a common silencing device consist-

ing of a crossflow expansion chamber followed by an empty chamber. The

inlet and the outlet diameters are assumed to be the same. The empty

chamber can be modeled by a straight pipe with an abrupt expansion

entrance and an abrupt contraction exit. However, in most cases, the

cross-sectional areas of the annulus in the crossflow expansion and of

the empty chamber do not differ greatly; therefore, the effect of the
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abrupt expansion is small and can be neglected.

The transmission matrix for the empty chamber can be modeled as

P2a P15

= I
(5.3)

pcha p c pcvlb

where 1p and 1c are the transmission matrices for the straight pipe and

"
—
1

the sudden contraction, respectively. The matrix parameters for the

straight pipe are given by

T W

TAp TBp

= 5.41p (1

Tcp TDp

.. .1  
where

TAp = F - cos a

TBp = i.F . Sin a

TCp = TBp

TDp = TAP

a = ke/(l-MZ)

F = cos (aM) - i sin (aM) (5.5)

The matrix parameters of the sudden contraction (see [4]) are

giVen by
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" '1

TAc TBc

1c = (5.6)

TCc TDc

 
where

_
1 ll

G-M-(Az- A1)  

.
4 II

1 41.142

DC G. (A: - A2 )

G = 14,117 (5.7)

A1 and A2 are the cross-sectional areas of the tube and the chamber,

respectively.

The transmission loss curves for three diffusers with different

plug locations are plotted in Figures 19 to 21. It is apparent from

these figures that the higher peaks in the overall TL curves correspond

to peaks of TL in the crossflow element, while peaks of TL in the empty

chamber contribute to the shorter peaks in the overall TL curves. As

the plug is shifted closer to the outlet of the diffuser, the peaks of

TL in the longer crossflow element are shifted to lower frequencies

while the peaks of TL in the shorter empty chamber section are shifted

to higher frequencies so that in net effect, the higher peaks of overall

TL are obtained at lower frequencies and the shorter peaks at higher

frequencies. Next, comparing Figure 10 for a center plug muffler with

two crossflow elements and Figure 19 for a center plug diffuser, it may
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be seen that while plateaus or incomplete humps occur on the TL curve

for the plug muffler between crossflow resonance frequencies; for the

diffuser, complete loops with sharp minima are obtained on the TL curve

between crossflow resonance frequencies. The effect of porosity in the

presence of mean flow is the same as discussed for plug mufflers:

decrease in porosity increases the magnitude of sound attenuation, but

the peak locations remain unchanged.

5.3 Two-plungufflers

We now study the utility of inserting more than one plug in the

center tube. Again, a mean flow Mach number of 0.05 is assumed for all

cases to be studied here. Two configurations are considered: one con-

sisting of four consecutive crossflow elements, and the other consisting

of two crossflow elements separated by an empty region.

(1) Two-plug Mufflers in Series

Another common exhaust system design is the series connection of

two or more plug sections (see Figure 22). We study here the simplest

case in which only two plug sections are connected resulting in a total

of four crossflow elements (see Figure 23). The transmission matrix

expressions for this muffler can be obtained simply from multiplying the

transmission matrices of two simple plug mufflers together. An advan-

tagecfl’this design is to provide more freedom in selecting the crossflow

element lengths.

We first put two of our base case mufflers together. The combined

muffler consists of two identical plug sections, each plug section has a

center plug and a total length of 257.2 mm. In Figure 24, curve A
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represents the TL curve for the combined muffler, and curve B represents

the TL curve for either the first or the second plug sections since the

two-plug sections are of identical configuration. As might be expected,

most of the peaks for curve A have magnitudes of sound attenuation of

approximately twice and located just on the top of the peaks of curve B.

The combined muffler provides higher sound attenuation than a single

plug section; however, it is also longer and costs more to be manufac-

tured.

We proceed to a more meaningful comparison of 2-plug and l-plug

mufflers, keeping the same total length. Figure 25 shows the TL curves

for a combined muffler similar to the one described above except with

one change: each crossflow element is reduced to 64.3 mm long. As

before, the upper curve C represents the TL curve for the combined

muffler, the lower curve 0 represents the TL curves for either the first

or the second plug sections. It is informative to compare curve B in

Figure 24 with curve C in Figure 25 since the mufflers representing

these curves have the same total length of 257.5 mm. The difference

between these two curves: curve B represents a single plug muffler with

two crossflow elements; curve C represents a combined muffler with four

crossflow elements, each crossflow element is half as long as the ones

in curve B. Comparing to curve B, since curve C has shorter crossflow

elements, it has fewer peaks and its primary peak occurs at a higher

frequency; on the other hand, since it has more crossflow elements of

equal length, the TL peaks of its crossflow elements coincide to provide

higher sound attenuation.
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We proceed further to study the behavior of our combined muffler

with different plug section lengths. Figure 26 represents the TL curves

for a combined muffler which has two center plug sections with unequal

lengths, the lengths for the first and the second plug sections are

128.6 mm and 257.2 mm, respectively. As a result, the TL curves for the

peaks of the two-plug sections do not coincide with each other, but some

of them are close enough to create broad peaks on the overall transmis-

sion loss curve.

So far, the plug sections studied all have center plugs. When off-

set plug sections are selected carefully, a broader band of attenuation

can be obtained. For example, Figure 27 shows the TL curves for a muffler

with progressively increasing lengths for its four crossflow elements.

The lengths of the crossflow elements are 40 mm, 56 mm, 72 mm, and 88 mm.

As a result, the peaks of the crossflow elements are so close to one

another that a very broad band of attenuation can be observed in the

overall TL curve.

(2) Empty Region Between Two Crossflow Elements

We now study another 2-plug muffler where an empty region is in-

serted between the crossflow expansion and the crossflow contraction

elements (see Figure 28). The effect of the sudden expansion and the

sudden contraction before and after the empty region is small and is

neglected here. Hence, the transmission matrix for this empty region

can be represented by equation (5.5).

We proceed to study the effect of varying the length of this empty

region on TL curve. Figure 29 represents the TL curves for this kind of
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muffler with a gap of 21.43 mm, the ratio between the lengths of the

crossflow expansion, the empty region, and the crossflow contraction is

5.5:l.0:5.5. The transmission loss for the empty region is nearly zero

for the entire frequency range. Comparing to the overall TL curve of

the base case (see Figure 10) which has no gap, the peaks of the over-

all TL in Figure 29 occur at higher frequencies.

To see the effect of the empty region more clearly, we take the

muffler in Figure 29, deleting its empty region, and study the overall

TL curves of the two crossflow elements. The TL curves of this muffler,

which has a shorter total chamber length of 235.76 mm, is shown in

Figure 30. For small gaps, it appears that the empty region has only

a slight effect on the overall TL curve.

However, a larger gap can change the overall TL curve more.

Figures 31 and 32 show the TL curves for two mufflers with gap lengths

of 42.87 mm and 64.29 mm respectively. As the gap becomes longer, the

lengths of the crossflow elements become shorter, and the resonance

peaks are shifted to higher frequencies. It is observed that there is

a broad band of sound attenuation in the frequency range from 2100 Hz

to 3400 Hz. The peak magnitudes and the total number of peaks for the

overall TL curve remain unchanged when the length of the gap is varied.



CHAPTER VI

PREDICTION OF RESONANCE FREQUENCIES IN THE

ABSENCE OF MEAN FLOW

A strikingly simple and useful description of perforated tube

components may be obtained from the expressions in Chapter IV for the

case with no mean flow using a purely reactive perforate impedance:

C = ix/o. For a reactive perforate we may write

X = kA so that c = ikA/o (5-1)

where A is the effective length of oscillating gas column in the per-

forations, determined from the thickness of the tube wall, t and the

hole diameter (10 with attached mass factor A by A = t + A do’ Combining

(6.1) and (3.22) shows that

(15412 = (W - ((4)2 ; ((121224; 7%.] (6.2)

The parameter (we)2 is a dimensionless group incorporating all the geo-

metric parameters of a resonator with real values and hence (klz)2 is

real; k1£ itself will be real only if

(k4)2 > (4412 (6 3)

Looking back at equations (4.4) and (4.5) (with M=0) in the light of

condition (6.3) leads to clear insight into high frequency resonances

of perforated elements. If klz is imaginary (i.e., (k2)2 < (¢£)2), and
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of order 1, F1 is attenuated while F2 propagates with wavenumber k.

However, if klt is real, r1 will be propagated without attenuation,

recalling here that P1 is directly related to the radial velocity fluc-

tuation shows that the transmission loss at higher frequencies corre-

sponding to k2 > $2 must be influenced by the propagation of radial

velocity fluctuations through the holes. As an illustration, consider

an unpartitioned resonator 1 ft long consisting of a 2.125 in tube

with 1/4 in holes amounting to 4.9 percent porosity, in a 5.56 in

chamber with A = .245 in; for this resonator, condition (6.3) yields the

frequency range f > 1440 Hz in which the propagation of radial velocity

fluctuations determines the resonance peaks.

We proceed to show that the resonance frequencies for a reactive

plug muffler may be obtained accurately with a simple formula involving

the dimensionless group (w£)2. Let us begin by noting that the reson-

ance frequencies for a plug muffler after the expansion chamber humps

coincide with the peak frequencies of the crossflow elements comprising

the plug muffler. This may be seen in Figure 4 for a muffler with dif-

ferent pbrosities before and after the plug; and in Figure 33 for

another muffler with different lengths before and after the plug. Hence

it suffices to look at the transmission loss peaks of crossflow elements.

Extensive simulation of reactive crossflow elements reveals that the

resonance frequencies of a crossflow element may be obtained by setting

the common denominator of the expressions in (4.13) to zero. This

yields

  

°_ _ z r_ z 2 ° 2_ 2 T =
k0,”); $111 k0,"); /k0,n9’ 1p 9. Sln lko’nz (1) 5L 0 (6.4)
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k 21_ [nth resonance frequency]

o,n c for crossflow element '

The solutions to equations (6.4) have been plotted in Figure 34 as

straight lines (one for each n) relating ko "A to $222 according to

_ 2

ko n2 - an (we) + bn (6.5)

where the coefficients for the first four resonance peaks are

a1 = 0.1046 b; = 2.1011

a2 = 0.0430 b2 = 4.9913

33 = 0.0298 b3 = 8.0012

at = 0.0219 b, = 11.1035 (6.6)

over the range of (wt)2 between 0 to 40. This range includes a sub-

stantial variety of geometric parameters. To illustrate, let us take

the crossflow contraction from the example of Figure 4 for which

(we)2 = 30 and the resonance frequencies may be determined accurately

(to within 5 Hz) from Figure 34 as 2234 Hz, 2678 Hz, and 3792 Hz.

These frequencies may be verified on the transmission loss curve for

the crossflow contraction in Figure 4 obtained by using the complete

model expressions. In another example of the crossflow expansion treated

in Figure 33, (1119.)2 = 11.48 and the resonance frequencies are once again

predicted accurately from Figure 34 as 1430 Hz, 2374 Hz and 3612 Hz.

These frequencies may be verified on the transmission loss curve for the

crossflow expansion in Figure 33.

Equation (6.5) allows us to see clearly the effect of various

geometric parameters on the resonance frequencies.
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2

Recalling (wt)2 = 335 'T%FY , as the diameter of the center tube is

increased, the peaks will shift to lower frequencies as long as llr

does not increase much. As the diameter of the chamber is increased,

the peaks will also shift to lower frequencies. As the porosity is

increased, the peaks will shift to higher frequencies. As the hole

diameter is increased, A will increase leading to lowering of the peak

frequency locations.

The effect of varying the length of the crossflow element is a

 
little more involved. From equation (6.5), the resonance frequencies

can be obtained as

-c_ _n
fo,n - 2n [anw2g + g ] (6.7)

where fo is a convex function of the chamber length I because an>0,
n

bn>0, for all n. The minimum of this convex function can be identified

easily for each resonance peak as

bn 1

lmin,n = '5— '6' (6'8)
n

For t < 2min n’ an increase in length will shift the resonance peaks to

lower frequencies; for t > 2mi , an increase in length will shift the
n,n

resonance peaks to higher frequencies; also, the lowest resonance fre-

quency for a given w occurs at A . . m mm1n,n As an exa ple, we use so e

Nelson Industries experimental TL curves (Figures 34 to 38) for plug

mufflers to illustrate this point. Table 1 presents the first resonance

peaks for these plug mufflers with different offsets. (e2)2 varies from

3.9 to 35.5. The agreement between the resonance peaks predicted from
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TABLE I

Primary resonance frequencies obtained from experiment and the simple

relation for mufflers in Figures 35 through 38

 

 

Length of Cross- Primary Resonance Frequencies
 

 

flow Element (o2)2 Experiment Simple Relation

3 in. 3.9 1800 1814

4 in. 7.0 1550 1534

5 in 11.0 1450 1406

6 in. 15.8 1350 1354

7 in. 21.5 1350 1345

8 in. 28.1 1360 1363

9 in. 35.5 1430 1399
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our simple relation and the experimental result is excellent. 2min,l is

calculated from equation (6.8) to be 6.77 in, and the lowest experi-

mental frequency resonance peaks also occurs at this length.

The trends described above are most noticeable in the first

resonance peak. It may be noted from equation (6.8) that with increas-

ing n, the effect of geometric parameters, except for the length, is

diminished.

The question arises at this point of how the model simplification

might be extended to mufflers with large perforate resistance, in the

presence of mean flow. For such cases, (k1£)2 is complex and attempts

at deriving simple predictors of resonance frequencies have so far been

unsuccessful. It remains for future work to find an appropriate ana-

logue to equation (6.3) which would provide good estimates of resonance

frequencies for crossflow resonators with mean flow.



CHAPTER VII

CONCLUSIONS

A new approach has been described for solving problems of plane

wave propagation in multiduct configurations with the same mean flow in

the ducts by decoupling the differential equations. This approach leads

to compact expressions for matrix parameters and transmission loss with-

out any concern for convergence of infinite series or segmental analysis

employed in earlier studies. The predicted transmission loss curves

agree very well with published data of Sullivan [3] for plug mufflers

with M = 0 and M = .05.

The predicted transmission loss curves for plug mufflers in the

absence of mean flow agree very well with the experimental results

obtained at Nelson Industries. The resonance frequencies for a plug

Inuffler after the expansion chamber humps coincide sharply with the peak

frequencies of the crossflow elements comprising the plug muffler.

By varying the plug location and porosity, resonance peaks of different

frequencies and width can be obtained.

Although the decoupling analysis requires the mean flows in the

two ducts be the same, this assumption does not appear to be a restric—

tion in predicting observed behavior if an average value, less than the

incoming mean flow, is chosen for the mean flow in the two ducts.

Moreover, for Mach numbers at least up to 0.16 the perforate resistance
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may be adjusted to obtain a good prediction, without convective terms

in the model.

The following trends of geometric variation on TL curves for cross-

flow elements with mean flow are observed. On one hand, as length is

increased, the resonance peaks are shifted to lower frequencies result- :1

ing in more peaks within a given frequency range; however, the magnitude 1

of sound attenuation is relatively insensitive to length variation.

0n the other hand, variation of porosity creates an opposite effect:

as porosity is decreased, there is almost no effect on the peak locations,  
but the sound attenuation is increased. Providing that the pressure

loss is within available limits, low porosity is recommended for obtain-

ing high sound attenuation.

In our study of the performance of various configurations-~plug

mufflers, diffusers and plug mufflers with gaps, the approach of com-

paring the overall transmission loss curves with the TL curves for each

0f the elements comprising these mufflers has consistently yielded useful

insight by allowing us to identify the contributions of various elements

to the overall performance.

Within the same total length and muffler volume as a single plug

muffler, the combination of two-plug mufflers involving four crossflow

eIements can achieve either a broader band of sound attenuation or

higher peaks. A broader band of sound attenuation can be achieved by

choosing different crossflow element lengths, and higher peaks can be

aChieved by choosing the crossflow elements to have the same length.

This type of muffler provides a more selective and economical design.

However, the major drawback is its excessive aerodynamic blockage
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created by more plugs which might make this design impractical in some

cases.

The decoupled equations also clarify the connection between high

frequency resonances of perforated elements and the axial propagation

of radial velocity fluctuations through the holes, without mean flow.

In addition, the resonance frequencies of a plug muffler are seen to

coincide with the resonance frequencies of crossflow elements which in

turn may be correlated very simply and accurately with the dimensionless

group (1)19.)2 defined in this work. This correlation bears out all the

trends observed with variation of geometric parameters. Although these

correlations are obtained by assuming purely reactive mufflers, perfor-

ate resistance without mean flow is too small to affect the peak loca-

tions. Analogous, simple correlations of resonance frequencies for the

largely resistive crossflow elements with mean flow, are not yet avail-

able.

For future work, the decoupling approach may be extended to

describe mufflers with more than two ducts. Experimental data on imped-

ance measurements is also needed for more extensive simulations.
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APPENDIX

{Tj} EXPRESSIONS FOR EQUATIONS (3.38) and (3.40)

The following relations hold for the {Tj} appearing in equations

(3.38) and (3.40).
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FIGURE CAPTIONS

Unless specified otherwise, the following may be assumed:

0 overall muffler

A crossflow expansion

V crossflow contraction

d1 = 49.3 mm; d; = lOl.6 mm;

total length = 257.2 mm; oe==oc = .039.

For diffusers (Figures l9 through 21)

0 overall

A crossflow expansion

-——-straight pipe

For two-plug muffler in series (Figures 24 through 27)

0 overall

A first plug section

v second plug section

3.9% uniform porosities

For mufflers with an empty space between two crossflow

elements (Figures 29, 3l, 32)

0 overall

A crossflow expansion

V crossflow contraction

-——— straight pipe
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Figure l8. Configuration of a diffuser.
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Figure 22. Muffler with several plug sections.
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Figure 23. Schematic of muffler with two-plug sections.
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Figure 28. Configuration of a muffler with an empty

space between two crossflow elements.
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